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čũźŻŹŨŪŻ

2¼ ×­� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ÒÜÎÎÁÜ¼�¯¼© ìÁÜ¼© Ò×�ÎÒį »¯�ÎÁ¼ŅÒ¯ñ�� �ÜÒ× ©Î�¯¼Ò ©ÎÁæ Áå�Î »ÁÎ�
×­�¼ ×�¼ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� ¯¼ Ò¯ñ� Ü¼×¯µ ×­�ì ¨ÁÎ» Ìµ�¼�×ÒĮ a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ìµ�ìÒ
�¼ ¯»ÌÁÎ×�¼× ÎÁµ� ¯¼ ×­¯Ò ÌÎÁ��ÒÒ ¯¼ ×æÁ Î�©�Î�Òĭ K¼ ×­� Á¼� ­�¼�į ¯× �Î¯å�Ò ×ÜÎ�Üµ�¼�� ¯¼ ×­�
�ÜÒ× µ�ì�Î �ÎÁÜ¼� ×­� »¯�ŅÌµ�¼� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ aÜÎ�Üµ�¼�� ¯¼¨µÜ�¼��Ò ×­� ÌÎÁ��ÒÒ
Á¨ Ìµ�¼�× ¨ÁÎ»�×¯Á¼ �× �µµ Ò×�©�ÒĮ K¼ ×­� Á×­�Î ­�¼�į ×­� ¯¼Ò×��¯µ¯×ì ��¼ ¯¼�Ü�� �Á¼��¼×Î�×¯Á¼
Á¨ »¯µµ¯»�×Î�Ņ �¼� ��¼×¯»�×Î�ŅÒ¯ñ�� �ÜÒ× �©©Î�©�×�Ò ¯¼ ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� Áå�Î��¼Ò¯×¯�ÒĮ
*ÎÁ» ×­� �Áµµ�ÌÒ� Á¨ ×­�Ò� Áå�Î��¼Ò¯×¯�Òį Ìµ�¼�×�Ò¯»�µÒ æ¯×­ Ò¯ñ�Ò Á¨ ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ ³¯µÁŅ
»�×Î�Ò �»�Î©� ń � �ÎÜ�¯�µ Ò×�Ì Á¼ ×­� Ì�×­ ×Á ×�¼Ņ×­ÁÜÒ�¼�Ņ³¯µÁ»�×Î�ŅÒ¯ñ�� Ìµ�¼�×ÒĮ

�Á×­ �ÒÌ��×Ò Á¨ ×­� ¯¼Ò×��¯µ¯×ì �Î� ¯¼å�Ò×¯©�×�� ¯¼ ×­¯Ò ×­�Ò¯ÒĮ 2¼ � ¨¯ÎÒ× ÌÜ�µ¯��×¯Á¼į ¯× ¯Ò
Ò­Áæ¼ ×­�× ×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Á¨ ×­� Ìµ�¼�×�Ò¯»�µÒ ¯Ò ��××�Î Î�ÌÎ�Ò�¼×�� �ì � ÌÁæ�Î µ�æ
æ¯×­ �¼ �ëÌÁ¼�¼×¯�µ ×�Ì�Î¯¼© �× ¯×Ò ­¯©­Ņ»�ÒÒ �¼� ×­�¼ �ì � ÌÁæ�Î µ�æ Á¼µìĮ 2¼ � Ò��Á¼� ÌÜ�µ¯�Ņ
�×¯Á¼į ×­� ¨¯ÎÒ× Ò¯»Üµ�×¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò Á¼ ©µÁ��µ Ò��µ�Ò �Î� ÌÎ�Ò�¼×�� ×­�× ¯¼�µÜ��
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò æ�µµ �Ò >�©Î�¼©¯�¼ Ì�Î×¯�µ�Ò ×Á »Á��µ ×­� �ÜÒ×Į 2¼ ×­¯Ò Ò×Ü�ìį ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò �Á¼Ò¯��Î�� �Ò � ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� �¼� �Ò ÒÜ�­ �Á»Ì�Î�� ×Á �¼Á×­�Î
­ì�ÎÁ�ì¼�»¯��µ ¯¼Ò×��¯µ¯×ìį ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ 2¼ Ì�Î×¯�Üµ�Îį ¯× ¯Ò Ò­Áæ¼ ×­�× ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ×­� �Á»¯¼�¼× ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� ¯¼ ×­� �ÜÒ× µ�ì�Î ¯¨ �Á×­ ¯¼Ò×��¯µ¯×Ņ
¯�Ò ��©¯¼ ×Á ©ÎÁæ Ò¯»Üµ×�¼�ÁÜÒµìį æ­¯µ� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Î�»�¯¼Ò �Á»¯¼�¼× ¯¨ ¯× ­�Ò
�µÎ���ì Ò�×ÜÎ�×�� ��¨ÁÎ� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ò×�Î×Ò ×Á ÁÌ�Î�×�Į a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
��ÜÒ�Ò æ��³�Î ×ÜÎ�Üµ�¼�� �¼� �ÜÒ× �¯¨¨ÜÒ¯Á¼ ×­�¼ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ FÁ¼�×­�µ�ÒÒį
×­� ×æÁ ¯¼Ò×��¯µ¯×¯�Ò ¯¼ �Á»�¯¼�×¯Á¼ ©¯å� Î¯Ò� ×Á ��¼Ò�Î �ÜÒ× ���Ü»Üµ�×¯Á¼Ò ×­�¼ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì �µÁ¼�Į a­¯Ò ¯¼�¯��×�Ò ×­�× ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯Ò �Á¼�Ü�¯å� ×Á Ìµ�¼�×�Ò¯»�µ
¨ÁÎ»�×¯Á¼ Áæ¯¼© ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ



{żźŨŴŴŬŵŭŨźźżŵŮ

2¼ ��¼ ÌÎÁ×ÁÌµ�¼�×�Î�¼ \�­�¯��¼ Ü» ±Ü¼©� \×�Î¼� æ��­Ò�¼ »¯³ÎÁ»�×�Î©ÎÁ¬� \×�Ü�³ÄÎ¼�Î
Ü» »�­Î �µÒ ñ�­¼ +ÎÄ¬�¼ÁÎ�¼Ü¼©�¼į �¯Ò Ò¯� Vµ�¼�×�¼ �¯µ��¼Į �¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ÒÌ¯�µ×
¯¼ �¯�Ò�» VÎÁñ�ÒÒ ¯¼ ñæ�¯�Îµ�¯ 0¯¼Ò¯�­× �¯¼� æ¯�­×¯©� XÁµµ�ĭ �¯¼�ÎÒ�¯×Ò å�ÎÜÎÒ��­× Ò¯� aÜÎ�ÜŅ
µ�¼ñ ¯¼ ��Î Ò×�Ü�Î�¯�­�¼ \�­¯�­× Ü» �¯� E¯××�µ���¼� ÌÎÁ×ÁÌµ�¼�×�Î�Î \�­�¯��¼Į aÜÎ�Üµ�¼ñ ��Ņ
�¯¼¨µÜÒÒ× ��¼ VÎÁñ�ÒÒ ��Î Vµ�¼�×�¼�¼×Ò×�­Ü¼© ¯¼ �µµ�¼ \×��¯�¼Į ž¼��Î�ÎÒ�¯×Ò ³�¼¼ �¯� 2¼Ò×��¯µ¯Ņ
×�× �¯¼� <Á¼ñ�¼×Î�×¯Á¼ åÁ¼ »¯µµ¯»�×�ÎŅ Ü¼� ñ�¼×¯»�×�Î©ÎÁ¬�¼ \×�Ü��©©Î�©�×�¼ ¯¼ ©Î�å¯×�×¯å
¯¼Ò×��¯µ�¼ i��Î�¯�­×�¼ ��æ¯Î³�¼Į žÜÒ ��» <Áµµ�ÌÒ �¯�Ò�Î i��Î�¯�­×�¼ ©�­�¼ Vµ�¼�×�Ò¯»�µ�
­�ÎåÁÎį �¯� »�­Î�Î� ñ�­¼ Á��Î ­Ü¼��Î×� <¯µÁ»�×�Î ©ÎÁ¬ Ò¯¼� ń �¯¼ �¼×Ò�­�¯��¼��Î \�­Î¯×× �Ü¨
��» p�© ñÜ ñ�­¼×�ÜÒ�¼� <¯µÁ»�×�Î ©ÎÁ¬�¼ Vµ�¼�×�¼Į

��¯�� žÒÌ�³×� ��Î 2¼Ò×��¯µ¯×�× æ�Î��¼ ¯¼ �¯�Ò�Î žÎ��¯× Ü¼×�ÎÒÜ�­×Į 2¼ �¯¼�Î �ÎÒ×�¼ o�ÎÄ¨¨�¼×Ņ
µ¯�­Ü¼© æ¯Î� ©�ñ�¯©×į ��ÒÒ �¯� ÜÎÒÌÎß¼©µ¯�­� E�ÒÒ�¼¨Ü¼³×¯Á¼ ��Î Vµ�¼�×�Ò¯»�µ� ��ÒÒ�Î �ÜÎ�­
�¯¼ VÁ×�¼ñ©�Ò�×ñ ��Ò�­Î¯���¼ æ¯Î�į ��Ò ¨ßÎ ­Á­� E�ÒÒ�¼ �ëÌÁ¼�¼×¯�µµ ��¨�µµ×į �µÒ �ÜÎ�­ �¯¼
Î�¯¼�Ò VÁ×�¼ñ©�Ò�×ñĮ 2¼ �¯¼�Î ñæ�¯×�¼ o�ÎÄ¨¨�¼×µ¯�­Ü¼© æ�Î��¼ �¯� �ÎÒ×�¼ \¯»Üµ�×¯Á¼�¼ ÌÎÁŅ
×ÁÌµ�¼�×�Î�Î \�­�¯��¼ �Ü¨ ©µÁ��µ�¼ \³�µ�¼ ÌÎ�Ò�¼×¯�Î×į �¯� ÒÁæÁ­µ �¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì
�µÒ �Ü�­ >�©Î�¼©�Ņa�¯µ�­�¼ ñÜÎ EÁ��µµ¯�ÎÜ¼© ��Ò \×�Ü�Ò Ü»¨�ÒÒ�¼Į 2¼ �¯�Ò�Î \×Ü�¯� æ¯Î� �¯�
\×Î��»¯¼© 2¼Ò×��¯µ¯×ì �µÒ WÜ�µµ� åÁ¼ aÜÎ�Üµ�¼ñ ��×Î��­×�× Ü¼� �µÒ ÒÁµ�­� »¯× ��Î o�Î×¯��µ \­��Î
2¼Ò×��¯µ¯×ìį �¯¼�Î æ�¯×�Î�¼ ­ì�ÎÁ�ì¼�»¯Ò�­�¼ 2¼Ò×��¯µ¯×�×į å�Î©µ¯�­�¼Į 2¼Ò��ÒÁ¼��Î� æ¯Î� ©�Ņ
ñ�¯©×į ��ÒÒ �¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì åÁÎ­�ÎÎÒ�­�¼� �µÒ WÜ�µµ� åÁ¼ aÜÎ�Üµ�¼ñ ¯Ò×į æ�¼¼ ��¯��
2¼Ò×��¯µ¯×�×�¼ ñ�¯×©µ�¯�­ �¼¨�¼©�¼ ñÜ æ��­Ò�¼Į 0¯¼©�©�¼ �µ�¯�× �¯� o�Î×¯��µ \­��Î 2¼Ò×��¯µ¯Ņ
×ì �Á»¯¼�¼×į ¨�µµÒ Ò¯� ��Î�¯×Ò Ò�×ÜÎ¯�Î× ¯Ò×į æ�¼¼ �¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ñÜ �©¯�Î�¼ ��©¯¼¼×Į
�¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì å�ÎÜÎÒ��­× Ò�­æ��­�Î� aÜÎ�Üµ�¼ñ Ü¼� \×�Ü��¯¨¨ÜÒ¯Á¼ �µÒ �¯� o�ÎŅ
×¯��µ \­��Î 2¼Ò×��¯µ¯×ìĮ F¯�­×Ò��Ò×Á×ÎÁ×ñ ¨ß­Î× �¯¼� <Á»�¯¼�×¯Á¼ ��Î ��¯��¼ 2¼Ò×��¯µ¯×�×�¼ ñÜ
�¯�­×�Î�¼ \×�Ü��¼Ò�»»µÜ¼©�¼ �µÒ �¯� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì �µµ�¯¼�Į �¯�Ò ¯»Ìµ¯ñ¯�Î×į ��ÒÒ �¯�
o�Î×¯��µ \­��Î 2¼Ò×��¯µ¯×ì ¨ÄÎ��Îµ¯�­ ¨ßÎ �¯� �¼×Ò×�­Ü¼© åÁ¼ Vµ�¼�×�Ò¯»�µ�¼ �Ü¨©ÎÜ¼� ��Î \×Î��Ņ
»¯¼© 2¼Ò×��¯µ¯×ì ¯Ò×Į



>ŰźŻ Ŷŭ ŷżũųŰŪŨŻŰŶŵź

a­¯Ò ×­�Ò¯Ò ¯¼�µÜ��Ò ×­� ¨ÁµµÁæ¯¼© ×æÁ ÌÜ�µ¯��×¯Á¼ÒĮ �Á×­ ­�å� ���¼ ÌÜ�µ¯Ò­�� �Ò Ì��ÎŅÎ�å¯�æ��
�Î×¯�µ�Ò ¯¼ ×­� ±ÁÜÎ¼�µ ŮËÐÇ»¶»µã Ş ŮËÐÇ»Å¨ãËª�ËĮ

ĂĮ \�­�¨�Îį fĮį v�¼©į �ĮŅ�Įį �¼� 4Á­�¼Ò�¼į žĮ 2¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»��
�ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ ŮŞŮį ĆĊĈĭžćĊį ăāĂĈĮ

ăĮ \�­�¨�Îį fĮį 4Á­�¼Ò�¼į žĮį �¼� ��¼�Î±��į XĮ a­� �Á�ë¯Ò×�¼�� Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
�¼� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ćĄĆĭžĂĊāį ăāăāĮ

2¼ æ­�× ¨ÁµµÁæÒį ×­�Ò� ÌÜ�µ¯��×¯Á¼Ò �Î� Î�¨�ÎÎ�� ×Á �Ò \v4ĂĈ �¼� \4�ăāĮ a­�ì �Î� Î�ÌÎÁ�Ü��� ¯¼
�­�Ì×�ÎÒ Ć �¼� ć æ¯×­ Ì�Î»¯ÒÒ¯Á¼ Ų�\KĮ





�Á¼×�¼×Ò

� 2ŵŻŹŶūżŪŻŰŶŵ Ă

� �ŨŹŹŰŬŹź ŭŶŹ ŪŶųųŰźŰŶŵŨų ūżźŻ ŮŹŶžŻů Ć
ăĮĂ K�Ò�Îå�×¯Á¼Ò Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ć
ăĮă �Áµµ¯Ò¯Á¼�µ ÁÜ×�Á»�Ò �¼� Î�µ�×¯å� å�µÁ�¯×¯�Ò Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ĉ
ăĮĄ �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ ��ÎÎ¯�ÎÒ Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ăā
ăĮą X��¯�µ �Î¯¨× ��ÎÎ¯�Î Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ăą

� \ŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ ĂĊ
ĄĮĂ >¯¼��Î ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĂĊ
ĄĮă FÁ¼Ņµ¯¼��Î ¯¼Ò×��¯µ¯×ìį �ÜÒ× �Á¼��¼×Î�×¯Á¼į �¼� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Į Į Į Į ăć
ĄĮĄ Vµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ąă
ĄĮą K�Ò�Îå�×¯Á¼�µ �å¯��¼�� Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ąĉ
ĄĮĆ K×­�Î »��­�¼¯Ò»Ò ¨��¯µ¯×�×¯¼© �ÜÒ× �Á¼��¼×Î�×¯Á¼ �¼� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ąĂ

� 2ŵźŻŨũŰųŰŻŰŬź Ũŵū ŻżŹũżųŬŵŪŬ ĆĄ
ąĮĂ K�Ò�Îå�×¯Á¼Ò Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĆĄ
ąĮă +Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ćć
ąĮĄ E�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĆĈ
ąĮą VÜÎ�µì ­ì�ÎÁ�ì¼�»¯� ¯¼Ò×��¯µ¯×¯�Ò Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ćĂ

ąĮąĮĂ o�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ćĂ
ąĮąĮă �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì �¼� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į ćĈ

ąĮĆ 0ì�ÎÁ�ì¼�»¯� ¯¼Ò×��¯µ¯×¯�Ò ¯¼åÁµå¯¼© �ÜÒ× Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĈĂ
ąĮĆĮĂ \×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĈĂ
ąĮĆĮă �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į ĈĄ
ąĮĆĮĄ <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Į Ĉą

� 2ŵŰŻŰŨų ŴŨźź ŭżŵŪŻŰŶŵ Ŷŭ ŷųŨŵŬŻŬźŰŴŨųź ŭŶŹŴŬū ũƀ ŻůŬ źŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ ĈĈ

� aůŬ ŪŶŬſŰźŻŬŵŪŬ Ŷŭ ŻůŬ źŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ Ũŵū ŻůŬ ŽŬŹŻŰŪŨų źůŬŨŹ ŰŵźŻŨũŰųÕ
ŰŻƀ Űŵ ŷŹŶŻŶŷųŨŵŬŻŨŹƀ ūŰźŲź ĉĊ

� KżŻųŶŶŲ ĂāĊ

čŪŲŵŶžųŬūŮŴŬŵŻź ĂĂĂ

XŬŭŬŹŬŵŪŬź ĂĄć

čŷŷŬŵūŰſ č +Ũź ūŰźŲ ŴŶūŬų ĂĄĈ

čŷŷŬŵūŰſ � \ƀŴũŶųź ĂĄĊ





1
2¼×ÎÁ�Ü�×¯Á¼

Vµ�¼�×Ò ¨ÁÎ» ¯¼ ×­� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �ÎÁÜ¼� ìÁÜ¼© Ò×�ÎÒĮ \×�ÎÒ �¼� �¯Ò³Òį ¯¼ ×ÜÎ¼į �»�Î©�
¨ÎÁ» ×­� ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨ ×­� �ÁÎ�Ò Á¨ »Áµ��Üµ�Î �µÁÜ�Òį ×­� ��¼Ò�Ò× �¼� �Áµ��Ò× Î�Ņ
©¯Á¼Ò ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü»Į �Áµµ�ÌÒ� �¼ÒÜ�Ò æ­�¼ ×­� Ò�µ¨Ņ©Î�å¯×ì Á¨ � »Áµ��Üµ�Î �µÁÜ�
�ÁÎ� Áå�Î�Á»�Ò ×­� Ò×��¯µ¯Ò¯¼© �¨¨��×Ò Á¨ ×­�Î»�µ ÌÎ�ÒÒÜÎ�į »�©¼�×¯� ¨¯�µ�Òį �¼� ×ÜÎ�Üµ�¼��
Ł�Į©Įį E�� >Áæ �¼� <µ�ÒÒ�¼ ăāāąĹ E�<�� �¼� KÒ×Î¯³�Î ăāāĈłĮ Kæ¯¼© ×Á ×­� Î�¼�Á» ×ÜÎ�Üµ�¼×
»Á×¯Á¼Ò ¯¼ ×­�»į �ÁÎ�Ò ÌÁÒÒ�ÒÒ � ¼Á¼Ņñ�ÎÁ ¼�× �¼©Üµ�Î »Á»�¼×Ü»Į žÒ � �Á¼Ò�ÍÜ�¼�� Á¨ ×­�
�Á¼Ò�Îå�×¯Á¼ Á¨ ×­¯Ò �¼©Üµ�Î »Á»�¼×Ü»į ×­� �Áµµ�ÌÒ� Á¨ � �ÁÎ� µ���Ò ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨ � ÎÁŅ
×�×¯¼© ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ ÒÜÎÎÁÜ¼�¯¼© ×­� Łµ¯³�æ¯Ò� ÎÁ×�×¯¼©ł Ò×�Î Ł�Į©Įį >¯ �× �µĮ ăāĂął ń �¼�
Ì�Î­�ÌÒ Á¨ Á¼� ÁÎ »Üµ×¯Ìµ� Ò×�µµ�Î �Á»Ì�¼¯Á¼Ò Ò¯¼�� ��ÁÜ× ­�µ¨ Á¨ �µµ Ò×�µµ�Î ÒìÒ×�»Ò �Î� »ÜµŅ
×¯Ìµ� ÒìÒ×�»Ò Ł�ÜÍÜ�¼¼Áì �¼� E�ìÁÎ ĂĊĊĂĹ X�©­�å�¼ �× �µĮ ăāĂāłĮ

*¯©ÜÎ� ĂĮĂ Ò­ÁæÒ ¯»�©�Ò Á¨ ×­� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �ÎÁÜ¼� ×­� Ò×�ÎÒ 0> a�ÜÎ¯ Łµ�¨×ł �¼�
2E >ÜÌ¯ ŁÎ¯©­×łĮ a­�Ò� ¯»�©�Ò �Î� Á�×�¯¼�� ¨ÎÁ» Á�Ò�Îå�×¯Á¼Ò Á¨ �ÜÒ× ¯¼ ×­� �¯Ò³ÒĮ >¯³� ×­�
¯¼×�ÎÒ×�µµ�Î »��¯Ü» ×­�ì ¨ÁÎ» ¯¼į ÌÎ¯Ò×¯¼� �¯Ò³Ò �ì »�ÒÒ �Á¼Ò¯Ò× Á¨ 99% ©�Ò �¼� 1% ÒÁµ¯� �ÜÒ×Į
2¼¯×¯�µµìį � ìÁÜ¼© Ò×�Î �¼� ×­� �¯Ò³ ÒÜÎÎÁÜ¼�¯¼© ¯× �Î� �»������ ¯¼ �¼ �¼å�µÁÌ� ¨ÎÁ» æ­¯�­
�Á×­ ���Î�×� Ł�Į©Įį >¯ �× �µĮ ăāĂąłĮ 2¼ ×­¯Ò ×­�Ò¯Òį 2 ¯¼å�Ò×¯©�×� �¯Ò³Ò �× � µ�×�Î ×¯»� æ­�¼ ���Î�×¯Á¼
�¼� ÁÜ×¨µÁæÒ ­�å� ��ÜÒ�� ×­¯Ò �¼å�µÁÌ� ×Á �¯ÒÌ�ÎÒ�Į a­� �¯Ò³ �µÒÁ ÒµÁæµì �¯ÒÒÁµå�Ò ����ÜÒ� Á¨
���Î�×¯Á¼ �ì ×­� Ò×�Îį »�©¼�×¯��µµì µ�Ü¼�­�� ±�×Ò �¼� �¯Ò³ æ¯¼�Òį �Ò æ�µµ �Ò Ì­Á×Á�å�ÌÁÎ�×¯Á¼Ă

Ł�Į©Įį žµ�ë�¼��Î �× �µĮ ăāĂąłĮ ž¨×�Î � ×ìÌ¯��µ µ¯¨�×¯»� Á¨ � ¨�æ »¯µµ¯Á¼ ì��ÎÒ Ł0�¯Ò�­ �× �µĮ ăāāĂĹ
E�»�±�³ ăāāĊłį �µµ ×­� ©�Ò ¯¼ ×­� �¯Ò³ ­�Ò �¯ÒÒ¯Ì�×�� �¼� Á¼µì ÒÁµ¯�Ò �¼� Ìµ�¼�×Ò Î�»�¯¼Į

aæÁ Ò��¼�Î¯ÁÒ �ë¯Ò× ¨ÁÎ ×­� ¨ÁÎ»�×¯Á¼ Á¨ � Ìµ�¼�× ¯¼ � ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ĭ ×ÁÌŅ�Áæ¼ ¨ÁÎ»�Ņ
×¯Á¼ �ì �Áµµ�ÌÒ� Á¨ � ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� Î�©¯Á¼ ¯¼ ×­� �¯Ò³ �¼� �Á××Á»ŅÜÌ ¨ÁÎ»�×¯Á¼ ¨ÎÁ»
�ÜÒ×Į 2¼ ×­� ¨ÁÎ»�Î Ò��¼�Î¯Áį ©¯�¼× Ìµ�¼�×Ò »�ì ¨ÁÎ» ¯¼ ��ÁÜ× 1000 ìÎį �Ü× Á¼µì ¯¼ �Á»Ì�Î��µì
»�ÒÒ¯å� �¯Ò³Ò æ¯×­ � ÒÜ¨¨¯�¯�¼×µì Ò­ÁÎ× �ÁÁµ¯¼© ×¯»�Ò��µ� Ł�Į©Įį �ÁÒÒ ăāāăį ăāĂāĹ 0�µµ�� �× �µĮ
ăāĂąĹ <Î�××�Î �¼� >Á��×Á ăāĂćį Ò�� �µÒÁ \��×Į ąĮăłĮ *ÜÎ×­�Î»ÁÎ�į ×­� ¨ÁÎ»�×¯Á¼ Á¨ �ÎÁæ¼ �æ�Î¨Ò
ÁÎ Ò×�µµ�Î �Á»Ì�¼¯Á¼Ò ¯Ò »ÁÎ� µ¯³�µì ×­�¼ ×­�× Á¨ ©¯�¼× Ìµ�¼�×Òį �¼� ¯× ¯Ò �¯¨¨¯�Üµ× ×Á �ëÌµ�¯¼ ×­�
¨ÁÎ»�×¯Á¼ Á¨ ×�ÎÎ�Ò×Î¯�µ Ìµ�¼�×Ò �¼� »¯¼ÁÎ �Á�¯�Ò µ¯³� �Ò×�ÎÁ¯�Ò �¼� ×Î�¼ÒŅF�Ì×Ü¼¯�¼ Á�±��×Ò
æ­¯�­ �Î� ÌÎ��Á»¯¼�¼×µì ÒÁµ¯� Î�×­�Î ×­�¼ ©�Ò�ÁÜÒĮ

ĂV­Á×Á�å�ÌÁÎ�×¯Á¼ ��¼Á×�Ò ×­� ­��×¯¼© �ì ¯Á¼¯Ò¯¼© Î��¯�×¯Á¼ �»¯××�� �ì ×­� ��¼×Î�µ ÁÎ ¼��Î�ì Ò×�ÎÒį �¼� ×­�
Î�ÒÜµ×¯¼© �Ò��Ì� Á¨ ×­� ©�Ò ¨ÎÁ» ×­� �¯Ò³ ¯¨ ¯×Ò ÒÁÜ¼� ÒÌ��� �ë����Ò ¯×Ò ÁÎ�¯×�µ ÒÌ���Į

Ă
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'JHVSF ���� *NBHFT PG UIF EVTU JO UIF QSPUPQMBOFUBSZ EJTLT TVSSPVOEJOH UIF TUBST )- 5BVSJ 	MFȼU
 BOE *. -VQJ 	SJHIU
� *U JT
JOUFSFTUJOH UP OPUF UIF TUSVDUVSF PG DPODFOUSJD SJOHT JO UIF GPSNFS EJTL BOE UIF UIJDLOFTT PG UIF MBUUFS EJTL JODSFBTJOH XJUI UIF
SBEJBM EJTUBODF UP UIF TUBS� *NBHF DSFEJUT� "-." 	&40�/"0+�/3"0
 	MFȼU
� &40�)� "WFOIBVT FU BM��%"355�4 DPMMBCPSBUJPO
	SJHIU
�

a­� �Á××Á»ŅÜÌ Ò��¼�Î¯Á Ł\�¨ÎÁ¼Áå ĂĊćĊł ¯Ò Ò×Ü�¯�� ¯¼ ×­¯Ò ×­�Ò¯ÒĮ 2¼ ¯×į »¯�ÎÁ¼ŅÒ¯ñ�� �ÜÒ×
©Î�¯¼Ò »ÜÒ× ©ÎÁæ Áå�Î 13 ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� ¯¼ Ò¯ñ� ń 39 ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� ¯¼ »�ÒÒ ń
×Á 10 000 ³»ŅÒ¯ñ�� Ìµ�¼�×ÒĮ a­� ×¯»� Ò��µ� Á¨ Ìµ�¼�× ¨ÁÎ»�×¯Á¼ ¯¼ ×­¯Ò Ò��¼�Î¯Á ¯Ò �Á¼Ò×Î�¯¼��
�ì ×­� µ¯¨�×¯»� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �Ò ×­� µ�Ò× Ò×�Ì ¯¼ ×­� ¨ÁÎ»�×¯Á¼ Á¨ � ©�Ò ©¯�¼× Ìµ�¼�×į ×­�
���Î�×¯Á¼ Á¨ ¯×Ò ©�Ò�ÁÜÒ �¼å�µÁÌ� Ł�Į©Įį 0�µµ�� �× �µĮ ăāĂąĹ 4Á­�¼Ò�¼ �¼� >�»�Î��­×Ò ăāĂĈłį »ÜÒ×
Á��ÜÎ ��¨ÁÎ� ×­� ©�Ò ¯¼ ×­� �¯Ò³Ò ­�Ò �Á»Ìµ�×�µì �¯ÒÌ�ÎÒ��Į a­� Ò×�©�Ò Á¨ �Á××Á»ŅÜÌ Ìµ�¼�×
¨ÁÎ»�×¯Á¼ �Î� ¯µµÜÒ×Î�×�� ¯¼ *¯©Į ĂĮăĭ 2¼¯×¯�µµìį �ÜÒ× ©Î�¯¼Ò ¨ÁÎ» µ�Î©�Î �¼� µ�Î©�Î �©©Î�©�×�Ò
Áæ¯¼© ×Á �Á�©Üµ�×¯Á¼į ×­�× ¯Ò ×Á Ò�ì ×­�ì Ò×¯�³ Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼Ò ŁÒ�� �­�Ì×�Î ăłĮ 2× ×�³�Ò
��ÁÜ× 103 ×Á 104 ÁÎ�¯×�µ Ì�Î¯Á�Ò ¨ÁÎ �©©Î�©�×�Ò ×Á ©ÎÁæ ×Á Ò¯ñ�Ò Á¨ »¯µµ¯»�×Î�Ò Ł{ÒÁ» �× �µĮ ăāĂāĹ
>ÁÎ�³ �× �µĮ ăāĂĉłĮ 0Áæ�å�Îį Á¼�� ×­�ì ­�å� Î���­�� ×­�Ò� Ò¯ñ�Òį ×­�ì �Î� ÌÎÁ¼� ×Á �ÁÜ¼�� ÁÎ
�å�¼ ¨Î�©»�¼× æ­�¼ ×­�ì �Áµµ¯�� ŁÒ�� \��×Į ăĮĄłĮ *ÜÎ×­�Î»ÁÎ�į ×­� �Î�© �ë�Î×�� �ì ×­� ©�Ò Á¼ ×­�
�ÜÒ× µ���Ò ×Á ×­� �ÜÒ× �Î¯¨×¯¼© ×Áæ�Î�Ò ×­� Ò×�Î ¯¼ ×­� Î��¯�µ �¯Î��×¯Á¼į æ­¯�­ ÌÁÒ�Ò � ×¯»� �Á¼Ņ
Ò×Î�¯¼× ¨ÁÎ �ÜÒ× ©ÎÁæ×­ ŁÒ�� \��×Į ăĮąĹ p­¯ÌÌµ� ĂĊĈăĹ ž���­¯ �× �µĮ ĂĊĈćĹ p�¯��¼Ò�­¯µµ¯¼© ĂĊĈĈ�Ĺ
�Î�Ü�Î �× �µĮ ăāāĈłĮ

žÎ©Ü��µì ×­� »ÁÒ× ÌÎÁ»¯Ò¯¼© »��­�¼¯Ò» ×Á Áå�Î�Á»� ×­�Ò� ��ÎÎ¯�ÎÒ ¯Ò ×­� Ò×Î��»¯¼© ¯¼Ņ
Ò×��¯µ¯×ìĮ 2× ��¼ ¯¼�Ü�� ×­� µÁ��µ �Á¼��¼×Î�×¯Á¼ Á¨ ��¼×¯»�×Î�ŅÒ¯ñ�� �ÜÒ× �©©Î�©�×�Ò ¯¼ ©Î�å¯×�Ņ
×¯Á¼�µµì Ü¼Ò×��µ� �µÜ»ÌÒ æ¯×­¯¼ ÒÁ»� ×�¼Ò Á¨ ÁÎ�¯×�µ Ì�Î¯Á�Ò ŁÒ�� �­�Ì×�Î ĄĹ �Į©Įį vÁÜ�¯¼ �¼�
+ÁÁ�»�¼ ăāāĆĹ vÁÜ�¯¼ �¼� 4Á­�¼Ò�¼ ăāāĈĹ 4Á­�¼Ò�¼ �¼� vÁÜ�¯¼ ăāāĈĹ 4Á­�¼Ò�¼ �× �µĮ ăāāĈį
ăāāĊĹ ��¯ �¼� \×Á¼� ăāĂā�į�į�łĮ žÒ æ� Ò­Áæ ¯¼ \4�ăāį ×­¯Ò �ÜÒ× ���Ü»Üµ�×¯Á¼ ¯Ò Ò×ÎÁ¼©�Î ¯¨ ¯× ¯Ò
��ÜÒ�� ¼Á× �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �µÁ¼�į �Ü× �ì � �Á»�¯¼�×¯Á¼ Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
�¼� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ a­� �Áµµ�ÌÒ� Á¨ ×­� �ÜÒ× �µÜ»ÌÒ Î�ÒÜµ×Ò ¯¼ ×­� ¨ÁÎ»�×¯Á¼ Á¨
Ìµ�¼�×�Ò¯»�µÒ Ł+Áµ�Î�¯�­ �¼� p�Î� ĂĊĈĄł ń Ò¯»¯µ�Î ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ò×�ÎÒ ¯¼ »Áµ��Üµ�Î �µÁÜ�
�ÁÎ�ÒĮ Vµ�¼�×�Ò¯»�µÒ �Î� �Á�¯�Ò æ¯×­ ×ìÌ¯��µ Ò¯ñ�Ò Á¨ ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ ³¯µÁ»�×Î�Ò æ­¯�­ �Î�

ă
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'JHVSF ���� 4J[F TDBMFT PG CPUUPN�VQ QMBOFU GPSNBUJPO
 GSPN NJDSPO�TJ[FE EVTU UP 10 000 ³»�TJ[FE QMBOFUT� 5IF EBTIFE
MJOFT JOEJDBUF UIF EPNJOBOU HSPXUI QSPDFTTFT BU EJǯGFSFOU TJ[FT
 XIJMF UIF EPUUFE MJOFT SFQSFTFOU HSPXUI CBSSJFST� 5IF JN�
BHFT TIPX
 GSPN MFȼU UP SJHIU� BO JOUFSQMBOFUBSZ EVTU BHHSFHBUF GSPN UIF 4PMBS 4ZTUFN
 UIF ,VJQFS CFMU PCKFDU ������ "S�
SPLPUI
 BOE UIF &BSUI� *NBHF DSFEJUT� /"4" 	MFȼU
� /"4"
 +PIOT )PQLJOT 6OJWFSTJUZ "1-
 4PVUIXFTU 3FTFBSDI *OTUJUVUF
 BOE
3PNBO 5LBDIFOLP 	NJEEMF
� /"4"hT &BSUI 0CTFSWBUPSZ 	SJHIU
�

�ÁÜ¼� �ì Ò�µ¨Ņ©Î�å¯×ì Î�×­�Î ×­�¼ »�×�Î¯�µ Ò×Î�¼©×­ �¼� �Î� ¼�©µ¯©¯�µì �¨¨��×�� �ì ×­� �Î�© �ë�ÎŅ
×�� �ì ×­� ©�Ò Ł�Į©Įį 4Á­�¼Ò�¼ �× �µĮ ăāĂąłĮ a­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Á¨ ×­� Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼©
å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ­�Ò ���¼ ÒÜ�±��× Á¨ � ¼Ü»��Î Á¨ ¼Ü»�Î¯��µ Ò×Ü�¯�Ò Ł4Á­�¼Ò�¼ �× �µĮ
ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćį ăāĂĈĹ ž�Á� �× �µĮ ăāĂĊĹ >¯ �× �µĮ ăāĂĊĹ +Áµ� �× �µĮ ÒÜ�»¯××��Ĺ \v4ĂĈł �Ò ¯×
�ÎÜ�¯�µµì ¯¼¨µÜ�¼��Ò ×­� ¨ÁµµÁæ¯¼© Ò×�©�Ò Á¨ Ìµ�¼�× ¨ÁÎ»�×¯Á¼Į 2¼ \v4ĂĈį æ� ¨¯¼� ×­�× ×­� »�ÒÒ
�¯Ò×Î¯�Ü×¯Á¼ ¯Ò Î�ÌÎ�Ò�¼×�� ��××�Î �ì � ÌÁæ�Î µ�æ æ¯×­ �¼ �ëÌÁ¼�¼×¯�µ ×�Ì�Î¯¼© ×­�¼ �ì � ÌÁæ�Î
µ�æ Á¼µìĮ

a­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×Ò ÌÎÁ����Ò æ¯×­ æ­�× ¯Ò ��µµ�� �ÁÎ� ���Î�×¯Á¼ Ł�Į©Įį 0�µµ�� �× �µĮ ăāĂąĹ
4Á­�¼Ò�¼ �¼� >�»�Î��­×Ò ăāĂĈłĮ 2¼ ×­� ��Îµì Ò×�©�Òį Ìµ�¼�×�Ò¯»�µÒ ©ÎÁæ �ì �Áµµ¯Ò¯Á¼ÒĮ K¼��
×­�ì �××�¯¼ Ò¯ñ�Ò Á¨ ×­ÁÜÒ�¼�Ò Á¨ ³¯µÁ»�×Î�Òį ×­� ���Î�×¯Á¼ Á¨ µ�Î©� �ÜÒ× �©©Î�©�×�Ò ���Á»�Ò
×­� »ÁÒ× �¨¨¯�¯�¼× ©ÎÁæ×­ »��­�¼¯Ò»į � ÌÎÁ��ÒÒ ×­�× ¯Ò Î�¨�ÎÎ�� ×Á �Ò Ì���µ� ���Î�×¯Á¼Į p­�¼
Ìµ�¼�×�Îì �ÁÎ�Ò Î���­ ×­� ÒÁŅ��µµ�� Ì���µ� ¯ÒÁµ�×¯Á¼ »�ÒÒ Á¨ Ò�å�Î�µ ×�¼Ò ×Á ÒÁ»� ­Ü¼�Î�� ��Î×­
»�ÒÒ�Òį ×­�ì ��Îå� � ©�Ì ¯¼ ×­� ©�Ò �¯Ò³ æ­¯�­ ¯¼­¯�¯×Ò ¨ÜÎ×­�Î Ì���µ� ���Î�×¯Á¼Į �Á¼Ò�ÍÜ�¼×µìį
×­� ©�Ò�ÁÜÒ �¼å�µÁÌ� �ÎÁÜ¼� ×­� �ÁÎ� ¯Ò ¼Á µÁ¼©�Î ­��×�� �ì Ì���µ� ���Î�×¯Á¼ �¼� �Á¼×Î��×ÒĮ
žÒ ÒÁÁ¼ �Ò ×­� �¼å�µÁÌ� »�ÒÒ ¯Ò �Á»Ì�Î��µ� ×Á ×­� �ÁÎ� »�ÒÒį � Ò×�©� Á¨ ÎÜ¼�æ�ì ©�Ò ���Î�Ņ
×¯Á¼ ��©¯¼Òį æ­¯�­ �¼�Ò æ¯×­ ×­� �¯ÒÒ¯Ì�×¯Á¼ Á¨ ×­� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į a­� ¨¯¼�µ �Î�­¯×��Ņ
×ÜÎ� Á¨ � Ìµ�¼�×�Îì ÒìÒ×�» ¯Ò Ò­�Ì�� �ì ¯¼×�Î��×¯Á¼Ò ��×æ��¼ Ìµ�¼�×Ò �¼� ×­� ©�Ò�ÁÜÒ �¯Ò³ Ł�Į©Įį
��ÎÜ×��Ü �× �µĮ ăāĂął �Ò æ�µµ �Ò »Ü×Ü�µµì ��×æ��¼ Ìµ�¼�×Ò Ł�Į©Įį ��å¯�Ò �× �µĮ ăāĂąłĮ

žÒ Á¨ žÜ©ÜÒ× 2020į Áå�Î 4300 �ëÁÌµ�¼�×Ò ­�å� ���¼ ¨ÁÜ¼� ¯¼ �µÁÒ� ×Á 3200 �ëÁÌµ�¼�×�Îì ÒìÒŅ
×�»Òį Á¨ æ­¯�­ »ÁÎ� ×­�¼ 700 �Î� »Üµ×¯Ìµ� ÒìÒ×�»ÒăĮ K�Ò�Îå�×¯Á¼�µ �¯�Ò ¨�åÁÜÎÒ ×­� ��×��×¯Á¼
Á¨ µ�Î©� Ìµ�¼�×Ò �µÁÒ� ×Á ×­�¯Î ­ÁÒ× Ò×�ÎĮ 2¼ Ì�Î×¯�Üµ�Îį ×­� Ìµ�¼�×Ò ¯¼ ×­� \Áµ�Î \ìÒ×�» æÁÜµ� �ì

ăcook5**`sjkg\i`o)`p*^\o\gjb*
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×�¼��¼�ì �� �¯×­�Î ×ÁÁ Ò»�µµ ń ×­� ×�ÎÎ�Ò×Î¯�µ Ìµ�¼�×Ò ń ÁÎ ×ÁÁ ¨�Î �æ�ì ¨ÎÁ» ×­� Ò×�Î ń ×­� ©¯�¼×
Ìµ�¼�×Ò ń ×Á �� ��×��×�� Ł�Į©Įį p¯¼¼ ăāĂĉłĮ FÁ¼�×­�µ�ÒÒį ¯× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á �Á¼Ò¯��Î ×­� ¨Î�Ņ
ÍÜ�¼�ì Á¨ ×­ÁÒ� ×ìÌ�Ò Á¨ Ìµ�¼�×Ò ¨ÁÎ æ­¯�­ Ò×�×¯Ò×¯�Ò �Î� �Á»Ì�Î�×¯å�µì �Á»Ìµ�×�Į +¯�¼× Ìµ�¼�×Ò
æ¯×­ �¼ ÁÎ�¯×�µ Ì�Î¯Á� Á¨ �× »ÁÒ× � ¨�æ ì��ÎÒ �Î� ­ÁÒ×�� �ì∼10% Á¨ \Ü¼Ņµ¯³� Ò×�ÎÒį �¼� ÒÁŅ��µµ��
­Á× 4ÜÌ¯×�ÎÒ æ¯×­ ÁÎ�¯×�µ Ì�Î¯Á�Ò Á¨ ×�¼ ��ìÒ ÁÎ µ�ÒÒ �ì ∼1% Á¨ ×­�» Ł�Į©Įį p¯¼¼ ăāĂĉłĮ \»�µŅ
µ�Î Ìµ�¼�×Ò æ¯×­ ÁÎ�¯×�µ Ì�Î¯Á�Ò Ò­ÁÎ×�Î ×­�¼ � ­Ü¼�Î�� ��ìÒ �¼� Ò¯ñ�Ò ¯¼ ×­� Î�¼©� ��×æ��¼
×­ÁÒ� Á¨ ��Î×­ �¼� F�Ì×Ü¼�į æ­¯�­ �Î� Î�¨�ÎÎ�� ×Á �Ò ÒÜÌ�ÎŅ��Î×­Ò ÁÎ ÒÜ�ŅF�Ì×Ü¼�Òį �Î� »ÁÎ�
�Á»»Á¼Į a­�ì ��¼ �� ¨ÁÜ¼� �ÎÁÜ¼� ��ÁÜ× ­�µ¨ Á¨ �µµ \Ü¼Ņµ¯³� Ò×�ÎÒĮ

aÜÎ�Üµ�¼�� �¨¨��×Ò �µµ Ò×�©�Ò Á¨ Ìµ�¼�× ¨ÁÎ»�×¯Á¼ĭ ¨ÎÁ» ×­� ¨ÁÎ»�×¯Á¼ Á¨ � �ÜÒ× µ�ì�Î ¯¼
×­� »¯�ŅÌµ�¼� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò æ­ÁÒ� ×­¯�³¼�ÒÒ ¯Ò ��×�Î»¯¼�� �ì ×­� ��µ�¼�� ��×æ��¼
å�Î×¯��µ Ò��¯»�¼×�×¯Á¼ �¼� ×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼ Ł�Ü�ÎÜµµ� �× �µĮ ĂĊĊĆĹ *ÎÁ»�¼© �¼� V�Ì�µÁ¯ñÁÜ
ăāāćĹ ��Î��µµ¯�Á �× �µĮ ăāāćĹ vÁÜ�¯¼ �¼� >¯×­æ¯�³ ăāāĈłĹ ×Á �ÜÒ× ©ÎÁæ×­ �ì ×ÜÎ�Üµ�¼× �Áµµ¯Ò¯Á¼Ò
ŁÒ�� �­�Ì×�Î ăłĹ ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Áæ¯¼© ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� �­�Ì×�ÎÒ Ą
�¼� ąłĹ ×Á Ìµ�¼�×Ņ�¯Ò³ ¯¼×�Î��×¯Á¼Ò Ł�Į©Įį ��ÎÜ×��Ü �× �µĮ ăāĂąłĮ ž ¼Ü»��Î Á¨ ¯¼Ò×��¯µ¯×¯�Ò ­�å�
���¼ ×­�ÁÎ�×¯��µµì �Ò×��µ¯Ò­�� �Ò ÒÁÜÎ��Ò Á¨ ×ÜÎ�Üµ�¼�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ŁÒ�� �­�Ì×�Î ąłį
�»Á¼© æ­¯�­ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯Ò Á¼� Á¨ ×­� »ÁÒ× ÌÎÁ»¯Ò¯¼© ŁÒ�� \��×Į ąĮąĮĂłĮ 2¼
\4�ăāį æ� ÌÎ�Ò�¼× ×­� ¨¯ÎÒ× ��×�¯µ�� Ò×Ü�ì Á¨ ×­� ×ÜÎ�Üµ�¼�� ��ÜÒ�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį
�Á×­ ¯¼ ¯ÒÁµ�×¯Á¼ �Ò æ�µµ �Ò ¯¼ ¯¼×�Î��×¯Á¼ æ¯×­ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ 2¨ �Á×­ ¯¼Ò×��¯µ¯×Ņ
¯�Ò Ò×�Î× ×Á ©ÎÁæ �× ×­� Ò�»� ×¯»�į æ� ¨¯¼� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á �Î¯å� ×­� ×ÜÎ�Üµ�¼�� ¯¼
×­� �¯Ò³ »¯�ŅÌµ�¼� Į K¼ ×­� Á×­�Î ­�¼�į ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Î�»�¯¼Ò ×­� »�¯¼ ÒÁÜÎ��
Á¨ ×ÜÎ�Üµ�¼�� ¯¼ ×­¯Ò Ìµ�¼� ¯¨ ¯× ­�Ò �××�¯¼�� � Ò�×ÜÎ�×�� Ò×�×� ��¨ÁÎ� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
��©¯¼Ò ×Á �� ÁÌ�Î�×�Į

a­¯Ò ×­�Ò¯Ò ¯Ò Ò×ÎÜ�×ÜÎ�� �Ò ¨ÁµµÁæÒĭ 2¼ �­�Ì×�Î ăį 2 ÌÎ�Ò�¼× Á�Ò�Îå�×¯Á¼�µ �¼� ×­�ÁÎ�×¯��µ
�Á¼Ò×Î�¯¼×Ò Á¼ ×­� »�ë¯»Ü» Ò¯ñ� ×Á æ­¯�­ �ÜÒ× ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ��¼ ©ÎÁæ �ì �Á�©Üµ�Ņ
×¯Á¼Į a­�Ò� �Á¼Ò×Î�¯¼×Ò �Ò×��µ¯Ò­ ×­� ¼���ÒÒ¯×ì Á¨ � »��­�¼¯Ò» ×Á ��ÜÒ� µÁ��µ �ÜÒ× Áå�Î��¼ÒŅ
¯×¯�Ò ×­�× Ü¼��Î©Á ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� �¼� ¨ÁÎ» Ìµ�¼�×�Ò¯»�µÒĮ a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò
¯¼×ÎÁ�Ü��� �Ò ÒÜ�­ � »��­�¼¯Ò» ¯¼ �­�Ì×�Î ĄĮ K�Ò�Îå�×¯Á¼�µ �å¯��¼�� ¨ÁÎ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»Ņ
�×¯Á¼ å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� ×­� �¯Î×­ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ Á¨ ×­�Ò� Ìµ�¼�×�Ò¯»�µÒ �Î�
�µÒÁ �Áå�Î�� ¯¼ ×­¯Ò �­�Ì×�Îį �Ò �Î� Á×­�Î »��­�¼¯Ò»Ò ¨��¯µ¯×�×¯¼© Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į 2
�¯Ò�ÜÒÒ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò � ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� ¯¼ �­�Ì×�Î ąį �µÁ¼© æ¯×­ � ¼Ü»��Î
Á¨ Á×­�Î ¯¼Ò×��¯µ¯×¯�Ò ×­�× �Î¯å� ×ÜÎ�Üµ�¼�� �¼� �ÜÒ× �ì¼�»¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ a­¯Ò
�­�Ì×�Î ¨ÜÎ×­�Î ¯¼�µÜ��Ò � Î�å¯�æ Á¨ ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­Ò Á�×�¯¼�� ¨ÎÁ» �¯Ò³ Á�Ò�Îå�×¯Á¼ÒĮ
2¼ �­�Ì×�ÎÒ Ć �¼� ćį ×­� ÌÜ�µ¯��×¯Á¼Ò \v4ĂĈ �¼� \4�ăā �Î� Î�ÌÎÁ�Ü���Į a­� »Á��µ Á¨ ×­� ©�Ò
¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�× ¯Ò �»ÌµÁì�� ×­ÎÁÜ©­ÁÜ× ×­¯Ò ×­�Ò¯Òį æ¯×­ ×­� �ë��Ì×¯Á¼ Á¨ \v4ĂĈį
�Ò æ�µµ �Ò ×��µ�Ò �Á¼×�¯¼¯¼© �µµ Òì»�ÁµÒ ÜÒ�� ¯¼ ×­� ×­�Ò¯Ò ��¼ �� ¨ÁÜ¼� ¯¼ žÌÌ�¼�¯��Ò ž �¼� �į
Î�ÒÌ��×¯å�µìĮ

ą



2
��ÎÎ¯�ÎÒ ¨ÁÎ �Áµµ¯Ò¯Á¼�µ �ÜÒ× ©ÎÁæ×­

2¼ ×­� ¨¯ÎÒ× Ò×�©� Á¨ ×­�¯Î ©ÎÁæ×­ ×Á Ìµ�¼�×�Îì Ò¯ñ�Òį �ÜÒ× ©Î�¯¼Ò æ¯×­ Ò¯ñ�Ò Á¨ ÜÌ ×Á »¯�ÎÁ¼Òį
�Ò �Î� Á�Ò�Îå�� ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» ŁE�×­¯Ò �× �µĮ ĂĊĈĈłį ¨ÁÎ» �©©Î�©�×�Ò å¯� �Á�©Üµ�Ņ
×¯Á¼Į a­�× ¯Òį ×­�ì Ò×¯�³ ×Á©�×­�Î æ­�¼ ×­�ì �Áµµ¯�� Áæ¯¼© ×Á ¯¼×�Î»Áµ��Üµ�Î ¨ÁÎ��Ò µ¯³� ×­� å�¼
��Î p��µÒ ¨ÁÎ�� �¼� ­ì�ÎÁ©�¼ �Á¼�¯¼©Į a­� ¨Á�ÜÒ Á¨ ×­¯Ò �­�Ì×�Î ¯Ò ×Á �¯Ò�ÜÒÒ ×Á æ­¯�­ »�ëŅ
¯»Ü» Ò¯ñ� �©©Î�©�×�Ò ��¼ ©ÎÁæ ¯¼ ×­¯Ò »�¼¼�ÎĮ K¼ ×­� Á¼� ­�¼�į ×­� ¨��× ×­�× ×­�Ò� »�ë¯»Ü»
Ò¯ñ�Ò �Î� Ò»�µµ�Î ×­�¼ Ìµ�¼�×�Ò¯»�µ Ò¯ñ�Ò ��»Á¼Ò×Î�×�Ò ×­� ¼���ÒÒ¯×ì Á¨ � »��­�¼¯Ò» µ¯³� ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á ¯¼�Ü�� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ �ì ���Ü»Üµ�×¯¼© �ÜÒ× ¯¼ ©Î�å¯×�×¯Á¼�µµì
Ü¼Ò×��µ� Áå�Î��¼Ò¯×¯�ÒĮ K¼ ×­� Á×­�Î ­�¼�į ×­� Ò×Î�¼©×­ Á¨ �ÜÒ× �Á¼��¼×Î�×¯Á¼ �¼� ×ÜÎ�Üµ�¼��
��ÜÒ�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ��Ì�¼� Á¼ ×­� �ÜÒ× Ò¯ñ�Į a­� ¯¼Ò×��¯µ¯×ì ��¼ ¯¼�Ü�� Ìµ�¼Ņ
�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Á¼µì ¯¨ ×­� �©©Î�©�×�Ò �Î� ÒÜ¨¨¯�¯�¼×µì µ�Î©� ŁÒ�� \��×Į ĄĮăłĮ

�¾� KũźŬŹŽŨŻŰŶŵź

K�Ò�Îå�×¯Á¼�µ �Ò×¯»�×�Ò Á¨ �ÜÒ× Ò¯ñ�Ò ¯¼ ×­� ¯¼×�Î¯ÁÎ Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ��¼ �� Á�×�¯¼��
¨ÎÁ» ×­�Î»�µ �ÜÒ× �»¯ÒÒ¯Á¼ �× æ�å�µ�¼©×­Ò Á¨ »¯µµ¯»�×Î�Ò �¼� ��¼×¯»�×Î�Ò Ł�Į©Įį �Î�¯¼� ăāāćĹ
a�Ò×¯ �× �µĮ ăāĂąłĮ a­� ÌÎ�Ò�¼�� Á¨ � �¯Ò³ �ÎÁÜ¼� � ìÁÜ¼© Ò×�Î ¯Ò Î�¨µ��×�� ¯¼ �¼ �ë��ÒÒ ¯¼ ×­�
Ò×�µµ�Î ÒÌ��×Î�µ �¼�Î©ì �¯Ò×Î¯�Ü×¯Á¼ �× ¯¼¨Î�Î�� �¼� µÁ¼©�Î æ�å�µ�¼©×­Ò æ­¯�­ ¯Ò ��ÜÒ�� �ì �ÜÒ×
�»¯ÒÒ¯Á¼ĂĮ a­� �»¯ÒÒ¯Á¼ ¯Ò ÜÒÜ�µµì �ÒÒÜ»�� ×Á �� ÁÌ×¯��µµì ×­¯¼ �× »¯µµ¯»�×Î�Ņ ×Á ��¼×¯»�×Î�Ņ
æ�å�µ�¼©×­Ò ¨ÁÎ ×æÁ Î��ÒÁ¼Òĭ *¯ÎÒ×µìį �Áµ��Î �¯Ò³ Î�©¯Á¼Ò �µÁÒ� ×Á »¯�ŅÌµ�¼� �Î� ÌÎÁ��� �× ×­�Ò�
æ�å�µ�¼©×­ÒĮ a­¯Ò ¯Ò ����ÜÒ�į ���ÁÎ�¯¼© ×Á p¯�¼ōÒ �¯ÒÌµ���»�¼× µ�æį ×­� æ�å�µ�¼©×­ �× æ­¯�­
×­� ÒÌ��×ÎÜ» Á¨ � �µ��³ �Á�ì Ì��³Ò ¯Ò ¯¼å�ÎÒ�µì ÌÎÁÌÁÎ×¯Á¼�µ ×Á ×­� ×�»Ì�Î�×ÜÎ�Į \��Á¼�µìį
�ÜÒ× ��¼ ¼Á× �¨¨¯�¯�¼×µì ��ÒÁÎ� Î��¯�×¯Á¼ æ¯×­ æ�å�µ�¼©×­Ò »Ü�­ ©Î��×�Î ×­�¼ ¯×Ò Ò¯ñ�Į 2¨ ×­�

Ăa­� ÌÎÁ�Ü�× Á¨ æ�å�µ�¼©×­ �¼� ¨µÜë ��¼Ò¯×ì �Ò � ¨Ü¼�×¯Á¼ Á¨ ×­� æ�å�µ�¼©×­ ¯Ò �Á»»Á¼µì Î�¨�ÎÎ�� ×Á �Ò ×­�
ÒÌ��×Î�µ �¼�Î©ì �¯Ò×Î¯�Ü×¯Á¼Į a­� Ò­�Ì� Á¨ ×­� ¯¼¨Î�Î�� �ë��ÒÒ ¯¼ ×­� ÒÌ��×Î�µ �¼�Î©ì �¯Ò×Î¯�Ü×¯Á¼ Á¨ ìÁÜ¼© Ò×�ÎÒ
©¯å�Ò Î¯Ò� ×Á � ��×�©ÁÎ¯Ò�×¯Á¼ ¯¼ �µ�ÒÒ�Ò 2 ×Á 222į æ­¯�­ Î�¨µ��×Ò � �­ÎÁ¼ÁµÁ©¯��µ ÁÎ��Î Ł>��� �¼� p¯µ³¯¼© ĂĊĉąĹ ž��»Ò
�× �µĮ ĂĊĉĈĹ >��� ĂĊĉĈłĮ p­¯µ� �µ�ÒÒ 2 ìÁÜ¼© Ò×�µµ�Î Á�±��×Ò Łv\KÒł �Î� Ò×¯µµ �»������ ¯¼ �¼ �¼å�µÁÌ�į Ò×�ÎÒ æ­ÁÒ�
�¼å�µÁÌ� ­�Ò �¯ÒÒÁµå�� �Î� Î�¨�ÎÎ�� ×Á �Ò �µ�ÒÒ 22 v\KÒ ÁÎ Ł�µ�ÒÒ¯��µł a a�ÜÎ¯ Ò×�ÎÒĮ �Á×­ �µ�ÒÒ 2 �¼� �µ�ÒÒ 22 Ò×�ÎÒ
�Î� ÒÜÎÎÁÜ¼��� �ì � ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į ž¨×�Î ×­¯Ò �¯Ò³ ­�Ò �¯ÒÌ�ÎÒ��į � �µ�ÒÒ 222 v\KÒ ÁÎ æ��³Ņµ¯¼� a a�ÜÎ¯ Ò×�Î
Î�»�¯¼ÒĮ a­� ×Î�¼Ò¯×¯Á¼Ò ��×æ��¼ ×­�Ò� �µ�ÒÒ�Ò �Î� ¨µÜ�¼×į ×­ÁÜ©­į �¼� �¼ ���¯×¯Á¼�µ �µ�ÒÒ ā Łž¼�Î� �× �µĮ ĂĊĊĄł �¼�
� �µ�ÒÒ æ¯×­ ¨µ�× ÒÌ��×Î�µ �¼�Î©ì �¯Ò×Î¯�Ü×¯Á¼Ò Ł+Î��¼� �× �µĮ ĂĊĊął ­�å� ���¼ ¯��¼×¯¨¯��Į

Ć
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�»¯ÒÒ¯Á¼ ¯Ò ¯¼���� ÁÌ×¯��µµì ×­¯¼į ×­� ÁÌ��¯×ì Á¨ ×­� �ÜÒ× ��¼ �� �ÌÌÎÁë¯»�×�� �Ò κλ ∝ λ−β į
æ­�Î� λ ¯Ò ×­� æ�å�µ�¼©×­ �¼� ×­� ÒÌ��×Î�µ ¯¼��ë β ��Ì�¼�Ò Á¼ ×­� »�ë¯»Ü» �ÜÒ× Ò¯ñ�Į p­¯µ�
¨ÁÎ ©Î�¯¼Ò ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» β ≈ 1.7į ×­� ÒÌ��×Î�µ ¯¼��ë �ÌÌÎÁ��­�Ò ñ�ÎÁ ¨ÁÎ µ�Î©�Î
�©©Î�©�×�ÒĮ

��Î¯å¯¼© ×­� »�ë¯»Ü» �ÜÒ× Ò¯ñ� ¨ÎÁ» ×­� ÒÌ��×Î�µ ¯¼��ë Á¨ ×­� ÁÌ��¯×ì Î�ÍÜ¯Î�Ò � ¼Ü»��Î Á¨
�ÒÒÜ»Ì×¯Á¼Òį ¯¼�µÜ�¯¼© ��ÁÜ× ×­� �Á»ÌÁÒ¯×¯Á¼ �¼� ÌÁÎÁÒ¯×ì Á¨ ×­� �ÜÒ× �Ò æ�µµ �Ò ×­� �ÜÒ× Ò¯ñ�
�¯Ò×Î¯�Ü×¯Á¼Į a­¯Ò �¯Ò×Î¯�Ü×¯Á¼ ¯Ò ÜÒÜ�µµì �ÒÒÜ»�� ×Á �� � ÌÁæ�Î µ�æį dnd/da ∝ a−q į æ­�Î� nd

¯Ò ×­� �ÜÒ× ¼Ü»��Î ��¼Ò¯×ì �¼� a ×­� �ÜÒ× Ò¯ñ�Į a­� �ëÌÁ¼�¼× q = 3.5 ¯¼ � Ò×���ìŅÒ×�×� �Áµµ¯Ņ
Ò¯Á¼�µ ��Ò���� »Á��µį ¯¼ æ­¯�­ »�ÒÒ ¯Ò ×Î�¼Ò¨�ÎÎ�� ¨ÎÁ» µ�Î©�Î ×Á Ò»�µµ�Î �Á�¯�Ò �ì ¨Î�©»�¼×Ņ
�×¯Á¼ Ł�Á­¼�¼ì¯ ĂĊćĊĹ p¯µµ¯�»Ò �¼� p�×­�Î¯µµ ĂĊĊąłį �¼� Î�¼©�Ò ��×æ��¼ 3 �¼� 4 ¯¼ »Á��µÒ
�¼� Á�Ò�Îå�×¯Á¼Ò Á¨ ���Î¯Ò �¯Ò³Òă Ł�Į©Įį 0Ü©­�Ò �× �µĮ ăāĂĉł �Ò æ�µµ �Ò ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü»
ŁE�×­¯Ò �× �µĮ ĂĊĈĈłĮ

*ÎÁ» ×­� ÁÌ��¯×ì ÒÌ��×Î�µ ¯¼��ëį �ÜÒ× Ò¯ñ�Ò Á¨ ÜÌ ×Á ��¼×¯»�×Î�Ò ¯¼ ×­� ¯¼¼�Î Î�©¯Á¼Ò Á¨ ÌÎÁŅ
×ÁÌµ�¼�×�Îì �¯Ò³Ò �¼� »¯µµ¯»�×Î�Ò ¯¼ ×­� ÁÜ×�Î Î�©¯Á¼Ò �Î� ¯¼¨�ÎÎ�� Ł�Į©Įį V�Î�ñ �× �µĮ ăāĂăį ăāĂĆĹ
a�Ò×¯ �× �µĮ ăāĂąĹ a�ññ�Î¯ �× �µĮ ăāĂćĹ E��Ǟ�Ò �× �µĮ ăāĂĊłĮ 0Áæ�å�Îį �ÁÜ�× ­�Ò Î���¼×µì ���¼ ��Ò×
Á¼ ×­� �ÒÒÜ»Ì×¯Á¼ Á¨ ÁÌ×¯��µµì ×­¯¼ �»¯ÒÒ¯Á¼ ����ÜÒ� Ò��××�Î¯¼© �ì �ÜÒ× ©Î�¯¼Ò »¯©­× µ��� ×Á
ÁÌ×¯��µµì ×­¯�³ �¯Ò³Ò ��¯¼© »¯Ò×�³�¼ �Ò ÁÌ×¯��µµì ×­¯¼ Ł>¯Ü ăāĂĊĹ {­Ü �× �µĮ ăāĂĊłĮ 2¨ �¯Ò³Ò æ�Î�
¯¼���� ÁÌ×¯��µµì ×­¯�³į »�ë¯»Ü» �ÜÒ× Ò¯ñ�Ò æÁÜµ� �»ÁÜ¼× ×Á ¼Á× »ÁÎ� ×­�¼ »¯µµ¯»�×Î�ÒĮ a­¯Ò
æÁÜµ� �µÒÁ �ëÌµ�¯¼ ×­� ¨��× ×­�× ×­� Á�Ò�Îå�� ×Á×�µ �ÜÒ× »�ÒÒ�Ò ¯¼ �¯Ò³Òį Ì�Î×¯�Üµ�Îµì �ÎÁÜ¼�
µÁæŅ»�ÒÒ Ò×�ÎÒį �Î� ¯¼ÒÜ¨¨¯�¯�¼× ×Á ���ÁÜ¼× ¨ÁÎ ×­� Á�Ò�Îå�� ×Á×�µ Ìµ�¼�× »�ÒÒ�Ò ¯¼ �ëÁÌµ�¼�×Ņ
�Îì ÒìÒ×�»Ò ŁF�±¯×� �¼� <�¼ìÁ¼ ăāĂąĹ EÜµ��ÎÒ �× �µĮ ăāĂĆĹ E�¼�Î� �× �µĮ ăāĂĉł Ò¯¼�� �ÜÒ× æÁÜµ�
�� ­¯���¼ ¨ÎÁ» Á�Ò�Îå�×¯Á¼Ò ¯¼ ×­� ÁÌ×¯��µµì ×­¯�³ Î�©¯Á¼ÒĮ

K�Ò�Îå�×¯Á¼Ò æ¯×­ ×­� ž×���»� >�Î©� E¯µµ¯»�×�ÎĺÒÜ�»¯µµ¯»�×�Î žÎÎ�ì Łž>Ežł Î�å��µ � Ò×ÎÜ�Ņ
×ÜÎ� Á¨ �Á¼��¼×Î¯� Î¯¼©Ò ¯¼ »�¼ì ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ŁÒ�� *¯©Į ĂĮĂłĮ �ì �»ÌµÁì¯¼© »Á��µÒ Á¨
×­¯Ò Ò×ÎÜ�×ÜÎ� ×­�× ¯¼�µÜ�� Ò��××�Î¯¼© �¼� �Á ¼Á× ÌÎ�ÒÜÌÌÁÒ� ÁÌ×¯��µµì ×­¯¼ ÁÎ ×­¯�³ �»¯ÒÒ¯Á¼į
��ÎÎ�Ò�ÁŅ+Á¼ñ�µ�ñ �× �µĮ ŁăāĂĊł ¯¼¨�Î �ÜÒ× Ò¯ñ�Ò Á¨ � ¨�æ »¯µµ¯»�×Î�Ò ¯¼ ×­� ÁÜ×�Î Î�©¯Á¼Ò �¼�
µ�ÒÒ ×­�¼ Á¼� »¯µµ¯»�×Î� ¯¼ ×­� ¯¼¼�Î Î�©¯Á¼Ò Á¨ ×­� �¯Ò³ �ÎÁÜ¼� 0> a�ÜÎ¯į æ­¯µ� a�Ì¯� �× �µĮ
ŁăāĂĊł ¨¯¼� ×­�× ×­� �ÜÒ× ­�Ò ©ÎÁæ¼ �Ò µ�Î©� �Ò � ��¼×¯»�×Î� ¯¼ ×­� »¯�ŅÌµ�¼� Á¨ ×­¯Ò �¯Ò³Į

ž¼Á×­�Î �ÌÌÎÁ��­ ×Á Á�×�¯¼ »�ë¯»Ü» �ÜÒ× Ò¯ñ�Ò ¯Ò Ò×Ü�ì¯¼© ×­� ÌÁµ�Î¯Ò�×¯Á¼ Á¨ ×­� �»¯ÒÒ¯Á¼
Á¨ �ÜÒ× ©Î�¯¼Ò Î�ÒÜµ×¯¼© ¨ÎÁ» Ò��××�Î¯¼© �ì Á×­�Î �ÜÒ× ©Î�¯¼ÒĮ a­� �»¯ÒÒ¯Á¼ ¯Ò »ÁÒ× Ò×ÎÁ¼©µì
ÌÁµ�Î¯Ò�� ¯¨ ×­� »�ë¯»Ü» Ò¯ñ� ¯Ò �Á»Ì�Î��µ� ×Á λ/(2π) Ł<�×�Á³� �× �µĮ ăāĂĆłĮ a­¯Ò �ÌÌÎÁ��­
ì¯�µ�Ò Ò¯ñ�Ò Á¨ �× »ÁÒ× � ¨�æ ­Ü¼�Î�� »¯�ÎÁ¼Ò ¯¼ �¯Ò³Ò Á�Ò�Îå�� æ¯×­ ž>Ež Ł<�×�Á³� �× �µĮ
ăāĂĈĹ ����¯Á××¯ �× �µĮ ăāĂĉĹ K­�Ò­¯ �¼� <�×�Á³� ăāĂĊłĮ K¼ ×­� Á¼� ­�¼�į ×­�Ò� »�ë¯»Ü» Ò¯ñ�Ò
�Î� �Á¼Ò¯Ò×�¼× æ¯×­ ×­� Á¼�Ò ¯¼¨�ÎÎ�� ¨ÎÁ» ×­� ÁÌ��¯×ì ÒÌ��×Î�µ ¯¼��ë ¯¨ ×­� �ÜÒ× �»¯ÒÒ¯Á¼ ¯Ò
ÁÌ×¯��µµì ×­¯�³ Ł>¯¼ �× �µĮ ăāăāĹ K­�Ò­¯ �× �µĮ ăāăāłĮ K¼ ×­� Á×­�Î ­�¼�į v�¼© �¼� >¯ Łăāăāł �¼�
<¯Î�­Ò�­µ�©�Î �¼� ��Î×Î�¼© Łăāăāłį Î�ÒÌ��×¯å�µìį ÌÎÁÌÁÒ� ×­�× ×­� �¯Ò�Î�Ì�¼�ì �Î¯Ò¯¼© ¯¨ ×­�
�»¯ÒÒ¯Á¼ ¯Ò ÁÌ×¯��µµì ×­¯¼ ��¼ �� �µµ�å¯�×�� æ­�¼ �Á¼Ò¯��Î¯¼© ×­� �­�»¯��µ �Á»ÌÁÒ¯×¯Á¼ �¼�
×­� Ò­�Ì� Á¨ ×­� �ÜÒ× ©Î�¯¼ÒĮ

*ÜÎ×­�Î ¯¼�¯��×¯Á¼Ò Á¨ ­Áæ µ�Î©� �ÜÒ× �©©Î�©�×�Ò ��¼ ©ÎÁæ �ì �Á�©Üµ�×¯Á¼ ��¼ �� ¨ÁÜ¼�
¯¼ ×­� \Áµ�Î \ìÒ×�»Į �­Á¼�Î¯×�Òį Ò×Á¼ì »�×�ÁÎ¯×�Ò ×­�× ¼�å�Î »�µ×��į �Á¼×�¯¼ Ò»�µµ ÒÌ­�Î¯��µ
©Î�¯¼Ò ��µµ�� �­Á¼�ÎÜµ�ÒĮ a­� Ò¯ñ�Ò Á¨ ×­�Ò� �­Á¼�ÎÜµ�Ò �»ÁÜ¼× ×Á ÜÌ ×Á � ¨�æ »¯µµ¯»�×Î�Ò Ł�Į©Įį

ăž ���Î¯Ò �¯Ò³ ¯Ò ×­� �¯Ò³ Á¨ �ÜÒ× �¼� ÒÁµ¯� ���Î¯Ò ×­�× Î�»�¯¼Ò �¨×�Î ×­� ©�Ò ¯¼ ¯×Ò ÌÎÁ©�¼¯×ÁÎ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³
­�Ò �Á»Ìµ�×�µì �¯ÒÌ�ÎÒ��Į

ć



ăĮăĮ �K>>2\2KFž> Kfa�KE�\ žF� X�>ža2o� o�>K�2a2�\

�Á»Ì�Î��µ� �ÜÒ× �©©Î�©�×� Ò¯ñ�Òĭ

\×¯�³¯¼© �ÁÜ¼�¯¼© *Î�©»�¼×�×¯Á¼

\»�µµ�Î ÌÎÁ±��×¯µ�į µ�Î©�Î ×�Î©�×ĭ

E�ÒÒ ×Î�¼Ò¨�Î
�ÎÁÒ¯Á¼ �¼�

�Î�×�Î¯¼©

'JHVSF ���� 4LFUDIFT PG UIF QPTTJCMF PVUDPNFT PG DPMMJTJPOT CFUXFFO UXP EVTU BHHSFHBUFT� 0G UIFTF
 POMZ TUJDLJOH PG TJNJMBSMZ
TJ[FE BHHSFHBUFT BOE NBTT USBOTGFS GSPN B TNBMMFS UP B MBSHFS BHHSFHBUF SFTVMU JO HSPXUI
 XIJMF CPVODJOH JT OFVUSBM JO UIJT
SFTQFDU� *O DPOUSBTU
 GSBHNFOUBUJPO BT XFMM BT FSPTJPO BOE DSBUFSJOH MFBE UP B SFEVDUJPO JO UIF BHHSFHBUF NBTTFT�

*Î¯��Î¯�­ �× �µĮ ăāĂĆłį æ¯×­ �å¯��¼�� ÒÜ©©�Ò×¯¼© ×­�× ×­�ì ¨ÁÎ» ��¼×¯»�×Î�ŅÒ¯ñ�� �©©Î�©�×�Ò Ł\¯Ņ
»Á¼ �× �µĮ ăāĂĉ�į�łĮ E��ÒÜÎ�»�¼×Ò Á¨ ×­� �Á»�× ćĈVĺ�­ÜÎìÜ»ÁåŅ+�Î�Ò¯»�¼³Á �ì ×­� XÁÒ�××�
»¯ÒÒ¯Á¼ ¯¼�¯��×� ×­�× ¯× �Á¼Ò¯Ò×Ò Á¨ »¯µµ¯»�×Î�ŅÒ¯ñ�� �©©Î�©�×�Ò Ł�µÜ» �× �µĮ ăāĂĈłĮ

K�Ò�Îå�×¯Á¼Ò ÌÎÁå¯�� ¯¼Ò¯©­×Ò ¼Á× Á¼µì ¯¼×Á ­Áæ µ�Î©�į �Ü× �µÒÁ æ­�¼ �ÜÎ¯¼© ×­� �åÁµÜ×¯Á¼ Á¨
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �ÜÒ× �©©Î�©�×�Ò ©ÎÁæĮ K�Ò�Îå�×¯Á¼�µ �å¯��¼�� Ò­ÁæÒ ×­�× �ÜÒ× Á¨ 100ÿ»Ņ
ÁÎ »¯µµ¯»�×Î�ŅÒ¯ñ�Ò ¯Ò ÌÎ�Ò�¼× �µÎ���ì �× �¼ ��Îµì Ò×�©�į æ­�¼ � ìÁÜ¼© Ò×�Î �¼� ×­� �¯Ò³ ÒÜÎŅ
ÎÁÜ¼�¯¼© ¯× �Î� Ò×¯µµ �»������ ¯¼ �¼ �¼å�µÁÌ� ŁE¯Á×�µµÁ �× �µĮ ăāĂąĹ 0�ÎÒÁ¼Á �× �µĮ ăāĂĉĹ ž©ÜÎ×ÁŅ
+�¼©�Ò �× �µĮ ăāĂĊłĮ �ÜÒ× ­�å¯¼© �µÎ���ì ©ÎÁæ¼ ×ÁÁ µ�Î©� ×Á �� Á�Ò�Îå��µ� æÁÜµ� ÌÎÁå¯�� �¼Ņ
Á×­�Î �ëÌµ�¼�×¯Á¼ ¨ÁÎ ×­� �¯Ò�Î�Ì�¼�ì ��×æ��¼ ×­� ×Á×�µ »�ÒÒ Á¨ ×­� �ÜÒ× ¯¼ �¯Ò³Ò Á�Ò�Îå��
�¨×�Î ×­� �¯ÒÒ¯Ì�×¯Á¼ Á¨ ×­�¯Î �¼å�µÁÌ� �¼� ×­� ×Á×�µ »�ÒÒ Á¨ �ëÁÌµ�¼�×�Îì ÒìÒ×�»Ò ŁF�±¯×� �¼�
<�¼ìÁ¼ ăāĂąĹ E�¼�Î� �× �µĮ ăāĂĉłĮ

�¾� �ŶųųŰźŰŶŵŨų ŶżŻŪŶŴŬź Ũŵū ŹŬųŨŻŰŽŬ ŽŬųŶŪŰŻŰŬź

p­�×­�Î ×­� �Áµµ¯Ò¯Á¼ Á¨ ×æÁ �ÜÒ× �©©Î�©�×�Ò µ���Ò ×Á ©ÎÁæ×­ ��Ì�¼�Ò Á¼ � ¼Ü»��Î Á¨ Ì�Î�Ņ
»�×�ÎÒį ¯¼�µÜ�¯¼© ×­� Î�µ�×¯å� å�µÁ�¯×ìį Ò¯ñ�į �Á»ÌÁÒ¯×¯Á¼į �¼� ÌÁÎÁÒ¯×ì Á¨ ×­� �©©Î�©�×�ÒĮ a­�
ÁÜ×�Á»�Ò Á¨ �Áµµ¯Ò¯Á¼Ò ¨�µµ ¯¼×Á ¨¯å� ��×�©ÁÎ¯�Òį �Ò ��Ì¯�×�� ¯¼ *¯©Į ăĮĂ Ł�Į©Įį +ß××µ�Î �× �µĮ ăāĂāĹ
�¯Î¼Ò×¯�µ �× �µĮ ăāĂćĹ �µÜ» ăāĂĉłĮ a­Î�� Á¨ ×­�Ò� ��×�©ÁÎ¯�Ò Ì�Î×�¯¼ ×Á �Áµµ¯Ò¯Á¼Ò ��×æ��¼ ×æÁ
�©©Î�©�×�Ò Á¨ Ò¯»¯µ�Î Ò¯ñ�Òĭ

Ĭ \×¯�³¯¼©

Ĭ �ÁÜ¼�¯¼©ĭ �ÁÜ¼�¯¼© µ���Ò ×Á ¼�¯×­�Î �¼ ¯¼�Î��Ò� ¼ÁÎ � ���Î��Ò� ¯¼ ×­� �©©Î�©�×� »�ÒÒ�Òį
�Ü× ÌÁÒÒ¯�µì ×Á �Á»Ì��×¯Á¼ Á¨ ÌÁÎÁÜÒ �©©Î�©�×�ÒĮ

Ĭ *Î�©»�¼×�×¯Á¼ĭ a­� Î�ÒÜµ×¯¼© ¨Î�©»�¼×Ò �Î� µ�ÒÒ »�ÒÒ¯å� ×­�¼ ×­� �Áµµ¯�¯¼© �©©Î�©�×�ÒĮ

a­� Á×­�Î ×æÁ ��×�©ÁÎ¯�Ò �Áå�Î ÁÜ×�Á»�Ò Á¨ � Ò»�µµ�Î ÌÎÁ±��×¯µ� ­¯××¯¼© � µ�Î©�Î ×�Î©�×į æ¯×­
×­� ÌÎÁ±��×¯µ� ¨Î�©»�¼×¯¼© �Ò � Î�ÒÜµ× Á¨ ×­� �Áµµ¯Ò¯Á¼ĭ

Ĉ
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Ĭ E�ÒÒ ×Î�¼Ò¨�Îĭ EÁÎ� »�ÒÒ ¯Ò ×Î�¼Ò¨�ÎÎ�� ¨ÎÁ» ×­� ÌÎÁ±��×¯µ� ×Á ×­� ×�Î©�× ×­�¼ ¯Ò µÁÒ× �ì
×­� ×�Î©�× �ÜÎ¯¼© ×­� �Áµµ¯Ò¯Á¼Į

Ĭ �ÎÁÒ¯Á¼ �¼� �Î�×�Î¯¼©ĭ �Á×­ �ÎÁÒ¯Á¼ �ì Ò»�µµ�Î ÌÎÁ±��×¯µ�Ò �¼� �Î�×�Î¯¼© �ì µ�Î©�Î Á¼�Ò
��ÜÒ� � »�ÒÒ µÁÒÒ Á¨ ×­� ×�Î©�×Į

a­¯Ò ��×�©ÁÎ¯Ò�×¯Á¼ ¯Ò ¼Á× �ë­�ÜÒ×¯å�Į *ÁÎ ¯¼Ò×�¼��į ×­� �µ��×ÎÁÒ×�×¯� Î�ÌÜµÒ¯Á¼ Á¨ �ÜÒ× æ¯×­
µ¯³� �­�Î©�Ò ¯Ò ¼Á× �Á¼Ò¯��Î��į æ­¯�­ ��¼ ¯¼­¯�¯× ×­� ©ÎÁæ×­ �× Ò¯ñ�Ò Á¨ »¯�ÎÁ¼Òį �Ü× ��¼ ��
Áå�Î�Á»� �ì ×ÜÎ�Üµ�¼�� ŁK³ÜñÜ»¯ ăāāĊį ăāĂąĹ ž³¯»³¯¼ �× �µĮ ăāăāłĮ

X�µ�×¯å� å�µÁ�¯×¯�Ò ��×æ��¼ �ÍÜ�µµì Ò¯ñ�� �©©Î�©�×�Ò ��¼ �� ��ÜÒ�� �ì �ÎÁæ¼¯�¼ »Á×¯Á¼ ÁÎ
�ì ©�Ò ×ÜÎ�Üµ�¼��Į 2¼ ���¯×¯Á¼į �Áµµ¯Ò¯Á¼Ò Á¨ �©©Î�©�×�Ò æ¯×­ �¯¨¨�Î�¼× Ò¯ñ�Ò ��¼ Á��ÜÎ ����ÜÒ�
×­� Î��¯�µ �¼� �ñ¯»Ü×­�µ �Î¯¨× ÒÌ���Òį æ­¯�­ Î�ÒÜµ× ¨ÎÁ» ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼�
�ÜÒ× ŁÒ�� \��×ÒĮ ăĮą �¼� ĄĮĂłį �Ò æ�µµ �Ò ×­� å�Î×¯��µ Ò�××µ¯¼© ÒÌ��� ŁÒ�� \��×Į ąĮĂł å�Îì æ¯×­ ×­�
�©©Î�©�×� Ò¯ñ�Į a­� Î�¼�Á» å�µÁ�¯×¯�Ò Á¨ �ÎÁæ¼¯�¼ »Á×¯Á¼ �× � ×�»Ì�Î�×ÜÎ� T �Î� ��Ò�Î¯���
�ì � E�ëæ�µµŅ�Áµ×ñ»�¼¼ �¯Ò×Î¯�Ü×¯Á¼į æ¯×­ ×­� »��¼ Î�µ�×¯å� ÒÌ��� Á¨ �©©Î�©�×�Ò Á¨ ×­� Ò�»�
Ò¯ñ� ��¯¼© �ÍÜ�µ ×Á

∆vd,Bm =

√
16kBT

µmd
, ŁăĮĂł

æ­�Î� kB ¯Ò ×­� �Áµ×ñ»�¼¼ �Á¼Ò×�¼×į µ = 2.33 ×­� »��¼ »Áµ��Üµ�Î æ�¯©­×į �¼� md ×­� �ÜÒ×
»�ÒÒĮ

p­�×­�Î �¼� ­Áæ Ò×ÎÁ¼©µì �ÜÒ× ¯Ò Ò×¯ÎÎ�� �ì ©�Ò ×ÜÎ�Üµ�¼�� ��Ì�¼�Ò Á¼ ×­� Ò×ÁÌÌ¯¼© ×¯»� Á¨
×­� �ÜÒ×į ×­� ×¯»� Ò��µ� Áå�Î æ­¯�­ ×­� �ÜÒ× �××�¯¼Ò ×­� Ò�»� å�µÁ�¯×ì �Ò ×­� ©�Ò Áæ¯¼© ×Á ×­�¯Î
»Ü×Ü�µ �Î�©ĄĮ a­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� ¯Ò ©¯å�¼ �ì

td,stop =
md∆v

Fdrag
=

{
ρsa
ρgcs

a ≤ 9
4λg,mfp Ł�ÌÒ×�¯¼ Î�©¯»�ł ÁÎ

4ρsa2

9ρgcsλg,mfp
a > 9

4λg,mfp Ł\×Á³�Ò Î�©¯»�ł,
ŁăĮăł

æ­�Î�∆v ¯Ò ×­� Î�µ�×¯å� å�µÁ�¯×ì ��×æ��¼ �ÜÒ× �¼� ©�ÒįFdrag ×­� �Î�© ¨ÁÎ��į ρg ×­� ©�Ò ��¼Ò¯×ìį
�¼� cs ×­� ÒÁÜ¼� ÒÌ���Į 2¼ �­�Ì×�Î ăį 2 �­ÁÁÒ� � ©�¼�Î¯� ÒÁµ¯� ��¼Ò¯×ì Á¨ ρs = 1 © �»−3į æ­¯�­
¯Ò �Á»Ì�Î��µ� ×Á ×­�× Á¨ æ�×�Î ¯�� Ł1 © �»−3ł �¼� Ò¯µ¯��×�Ò Ł∼3 © �»−3łĮ Ła­� ÒÁµ¯� ��¼Ò¯×ì ρsį
×­� »�ÒÒ Ì�Î åÁµÜ»� Á¨ �ÜÒ× »�×�Î¯�µį ¯Ò ¼Á× ×Á �� �Á¼¨ÜÒ�� æ¯×­ ×­� �ÜÒ× ��¼Ò¯×ì ρdį ×­� »�ÒÒ
Ì�Î åÁµÜ»� Á¨ ÒÌ���Įł a­� ©�Ò »��¼ ¨Î�� Ì�×­ µ�¼©×­ λg,mfp = 1/(σgng)į æ­�Î� ng ¯Ò ×­� ©�Ò
¼Ü»��Î ��¼Ò¯×ì �¼� σg = 2× 10−15 �»2 ×­� »Áµ��Üµ�Î �Áµµ¯Ò¯Á¼ �ÎÁÒÒ Ò��×¯Á¼ Ł�­�Ì»�¼ �¼�
�Áæµ¯¼© ĂĊĈāłĮ a­� �ÜÒ× Ò¯ñ� ��¯¼© �ÌÌÎÁë¯»�×�µì �ÍÜ�µ ×Á ×­� »��¼ ¨Î�� Ì�×­ µ�¼©×­ »�Î³Ò ×­�
×Î�¼Ò¯×¯Á¼ ¨ÎÁ» ×­� �ÌÒ×�¯¼ ×Á ×­� \×Á³�Ò �Î�© Î�©¯»�į ¯¼ æ­¯�­ td,stop ∝ a �¼� td,stop ∝ a2į
Î�ÒÌ��×¯å�µìĮ

a­� �¯»�¼Ò¯Á¼µ�ÒÒ \×Á³�Ò ¼Ü»��Î St = td,stopΩK ©¯å�Ò ×­� Î�×¯Á Á¨ ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»�
×Á ×­� �ì¼�»¯��µ ×¯»� Ò��µ� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį ×­� ¯¼å�ÎÒ� Á¨ ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ¨Î�Ņ
ÍÜ�¼�ìΩK = vK/rĮ 0�Î�į vK ¯Ò ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ÒÌ��� �¼� r ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�ÎĮ
�ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î »Ü�­ Ò»�µµ�Î ×­�¼ Á¼� ���Ì×Ò ×Á ×­� ©�Ò »Á×¯Á¼Ò Á¼ � »Ü�­ Ò­ÁÎ×�Î
×¯»� Ò��µ� ×­�¼ ×­� �ì¼�»¯��µ Á¼�į ×­�× ¯Ò ×Á Ò�ì �µ»ÁÒ× ¯¼Ò×�¼×�¼�ÁÜÒµìĮ +�Ò �¼� �ÜÒ× �Î� ×­ÜÒ

Ąa­� ©�Ò Ò×ÁÌÌ¯¼© ×¯»� ��¼ �� ��µ�Üµ�×�� �Ò tg,stop = ρg/ρd td,stopĮ

ĉ



ăĮăĮ �K>>2\2KFž> Kfa�KE�\ žF� X�>ža2o� o�>K�2a2�\

Ì�Î¨��×µì �ÁÜÌµ�� å¯� �Î�©Į K¼ ×­� Á×­�Î ­�¼�į ¯¨ ×­� \×Á³�Ò ¼Ü»��Î ¯Ò »Ü�­ µ�Î©�Î ×­�¼ Á¼�į
©�Ò �¼� �ÜÒ× �Î� �¨¨��×¯å�µì ���ÁÜÌµ��Į a­� \×Á³�Ò ¼Ü»��Î ¯Ò � �Á¼å�¼¯�¼× »��ÒÜÎ� Á¨ ×­� �ÜÒ×
Ò¯ñ� æ­�¼ Ì­ìÒ¯��µ ÌÎÁ��ÒÒ�Ò ¯¼åÁµå¯¼© ×­� �Î�© ��×æ��¼ ©�Ò �¼� �ÜÒ× �Î� �Á¼Ò¯��Î��į �¼� ÜÒ��
�Ò ÒÜ�­ ¯¼ ×­¯Ò ×­�Ò¯ÒĮ

2¨ ×­� Ò×ÁÌÌ¯¼© ×¯»� Á¨ � �ÜÒ× �©©Î�©�×� ¯Ò ©Î��×�Î ×­�¼ ×­� ×ÜÎ¼Áå�Î ×¯»� Ò��µ� Á¨ � ×ÜÎ�Üµ�¼×
���ì ¯¼ ×­� ©�Òį ×­� »Á×¯Á¼ Á¨ ×­� �©©Î�©�×� ¯Ò ¼Á× �Á»Ìµ�×�µì ��±ÜÒ×�� ×Á ×­� ×ÜÎ�Üµ�¼× »Á×¯Á¼
��¨ÁÎ� ×­� ���ì ����ìÒĮ a­¯Ò Î�ÒÜµ×Ò ¯¼ � Î�¼�Á» å�µÁ�¯×ì Á¨ ×­� �©©Î�©�×�Į a­�Ò� Î�¼�Á» å�Ņ
µÁ�¯×¯�Ò �¯¨¨�Î �å�¼ ¨ÁÎ �©©Î�©�×�Ò æ¯×­ ×­� Ò�»� Ò¯ñ�Į aÁ ��Î¯å� ×­� \×Á³�Ò ¼Ü»��Î Stturb Á¨
×­� Ò»�µµ�Ò× �©©Î�©�×�Ò ×­�× �Î� Ò×¯ÎÎ�� �ì ×ÜÎ�Üµ�¼��į 2 �ÍÜ�×� ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� æ¯×­ ×­�
���ì ×ÜÎ¼Áå�Î ×¯»� Ò��µ� τη �× ×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ� η ŁE�Î³¯�æ¯�ñ �× �µĮ ĂĊĊĂĹ �Üññ¯ �¼� 0Á©�¼
ăāāĄĹ KÎ»�µ �¼� �Üññ¯ ăāāĈłĮ 2 ¨ÜÎ×­�Î �ÒÒÜ»� ×­�× ×­� ×ÜÎ¼Áå�Î ×¯»� Ò��µ� τL �× ×­� ¯¼±��×¯Á¼
Ò��µ� L ¯Ò �ÍÜ�µ ×Á ×­� �ì¼�»¯��µ ×¯»� Ò��µ� 1/ΩKĮ a­ÜÒį

τη
τL

= td,stopΩK = St. ŁăĮĄł

a­� µ�¨×Ņ­�¼� Ò¯�� Á¨ ×­¯Ò �ÍÜ�×¯Á¼ ��¼ �� Î�µ�×�� ×Á ×­� X�ì¼Áµ�Ò ¼Ü»��Î Reį æ­¯�­ �ëŅ
ÌÎ�ÒÒ�Ò ×­� Î�×¯Á Á¨ ×­� ×ÜÎ�Üµ�¼× ×Á ×­� »Áµ��Üµ�Î å¯Ò�ÁÒ¯×ìĮ 2¨ ×­¯Ò ¼Ü»��Î ¯Ò ©Î��×�Î ×­�¼
Ü¼¯×ì ×­� ©�Ò ¯Ò ×ÜÎ�Üµ�¼×į �¼� µ�»¯¼�Î Á×­�Îæ¯Ò�Į a­� Î�×� �× æ­¯�­ ³¯¼�×¯� �¼�Î©ì ¯Ò ¯¼±��×��
�× ×­� Ò��µ� L ¯Ò �ÍÜ�µ ×Á ×­� Î�×� �× æ­¯�­ ¯× ¯Ò �¯ÒÒ¯Ì�×�� ����ÜÒ� Á¨ ×­� »Áµ��Üµ�Î å¯Ò�ÁÒ¯×ì Á¨
×­� ©�Ò �× ×­� Ò��µ� ηĮ f¼��Î ×­¯Ò �Á¼�¯×¯Á¼į

v2g,L
τL

=
v2g,η
τη

⇔
νg,turb
τ2L

=
νg,mol

τ2η
⇔ Re =

νg,turb
νg,mol

=
τ2L
τ2η

, ŁăĮął

æ­�Î� vg,L �¼� vg,η �Î� ×­� ©�Ò å�µÁ�¯×¯�Ò �× ×­� ¯¼±��×¯Á¼ �¼� ×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�į Î�ÒÌ��×¯å�µìĮ
a­� »Áµ��Üµ�Î å¯Ò�ÁÒ¯×ì

νg,mol =
1

2
λg,mfpvg,therm, ŁăĮĆł

æ­�Î� vg,therm =
√
8/π cs ¯Ò ×­� »��¼ ×­�Î»�µ ÒÌ��� Á¨ ×­� ©�ÒĮ

aÁ ��µ�Üµ�×� ×­� ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì νg,turbį ×­� ÒÁŅ��µµ�� αŅ»Á��µ ��å¯Ò�� �ì \­�³ÜÎ� �¼�
\Ü¼ì��å ŁĂĊĈĄł ��¼ �� ÜÒ��ąĮ a­�ì ��¨¯¼� νg,turb = αcsHgį æ­�Î� ×­� �¯»�¼Ò¯Á¼µ�ÒÒ Ì�Î�Ņ
»�×�Î α ¯Ò � »��ÒÜÎ�»�¼× Á¨ ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ �¼� Hg ¯Ò ×­� ©�Ò Ò��µ� ­�¯©­×Į 2¼ ×­�
×­¯¼Ņ�¯Ò³ �ÌÌÎÁë¯»�×¯Á¼į ×­�× ¯Ò �ÒÒÜ»¯¼© ×­�× ×­� Î��¯ÜÒ r ¯Ò »Ü�­ ©Î��×�Î ×­�¼ ×­� ­�¯©­× z
��Áå� ÁÎ ��µÁæ ×­� »¯�ŅÌµ�¼�į ×­� ©�Ò Ò��µ� ­�¯©­× Hg = cs/ΩK �¼� ×­ÜÒ

νg,turb =
αc2s
ΩK

. ŁăĮćł

K¼ ×­� Á×­�Î ­�¼�į

νg,turb ∼ v2g,turbτL =
v2g,turb
ΩK

=
M2

gc
2
s

ΩK
, ŁăĮĈł

ąa­�αŅ»Á��µ æ�Ò ÁÎ¯©¯¼�µµì ��å�µÁÌ�� �ì \­�³ÜÎ� �¼� \Ü¼ì��å ŁĂĊĈĄł ×Á ��Ò�Î¯�� ×­� �¼©Üµ�Î »Á»�¼×Ü» ×Î�¼ÒŅ
ÌÁÎ× �ì ×ÜÎ�Üµ�¼�� ¯¼ ×­� ���Î�×¯Á¼ �¯Ò³Ò ÒÜÎÎÁÜ¼�¯¼© �µ��³ ­Áµ�ÒĮ 2× ��¼ �� �ÍÜ¯å�µ�¼×µì �ÌÌµ¯�� ×Á �¼©Üµ�Î »ÁŅ
»�¼×Ü» ×Î�¼ÒÌÁÎ× �¼� ×ÜÎ�Üµ�¼�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ

Ċ
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æ­�Î�Mg ¯Ò ×­� E��­ ¼Ü»��Î Á¨ ×­� ©�Ò »Á×¯Á¼ÒĮ �Á»Ì�Î¯¼© �ÍÒĮ ăĮć �¼� ăĮĈ ì¯�µ�Òα ∼ M2
g

�¼�
νg,turb ∼ M2

gcsHg, ŁăĮĉł

æ­¯�­ 2 ×Î��× �Ò �ÍÜ�µ¯×¯�Ò Î�×­�Î ×­�¼ Ò¯»¯µ�Î¯×¯�Ò ¯¼ ×­� ¨ÁµµÁæ¯¼©Į
*ÎÁ» �ÍÒĮ ăĮĄ �¼� ăĮąį ¯× ¨ÁµµÁæÒ ×­�× ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� �¼� ×­� ���ì ×ÜÎ¼Áå�Î ×¯»� �×

×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ� ��¯¼© �ÍÜ�µ ¯Ò �ÍÜ¯å�µ�¼× ×Á St = Re−1/2Į a­�× ¯Òį ©�Ò ×ÜÎ�Üµ�¼�� ¯¼�Ü��Ò
Î�¼�Á» å�µÁ�¯×¯�Ò Á¨ �ÜÒ× �©©Î�©�×�Ò ¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �©©Î�©�×�Ò �ë����Ò

Stturb = Re−1/2 =
√

νg,mol

νg,turb
=

√√
2

π

λg,mfp

M2
gHg

. ŁăĮĊł

2¨ ×­� Ò×ÁÌÌ¯¼© ×¯»� ¯Ò ¼Á× Á¼µì ©Î��×�Î ×­�¼ ×­� ×ÜÎ¼Áå�Î ×¯»� �× ×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�į �Ü×
�µÒÁ µ�ÒÒ ×­�¼ ×­� Á¼� �× ×­� ¯¼±��×¯Á¼ Ò��µ�į ×­� Î�µ�×¯å� å�µÁ�¯×ì Á¨ �ÍÜ�µµì Ò¯ñ�� �©©Î�©�×�Ò
�»ÁÜ¼×Ò ×Á

∆vd,turb =
√
2StMgcs ŁăĮĂāł

ŁKÎ»�µ �¼� �Üññ¯ ăāāĈłĮ a­� µ�××�Î �Á¼�¯×¯Á¼ �ÁÎÎ�ÒÌÁ¼�Ò ×Á ×­� \×Á³�Ò ¼Ü»��Î ��¯¼© µ�ÒÒ ×­�¼
Ü¼¯×ì Ò¯¼�� 2 �ÒÒÜ»� ×­�× ×­� ×ÜÎ¼Áå�Î ×¯»� �× ×­� ¯¼±��×¯Á¼ Ò��µ� ¯Ò �ÍÜ�µ ×Á ×­� �ì¼�»¯��µ ×¯»�
Ò��µ�Į

�¾� �ŶżŵŪŰŵŮ Ũŵū ŭŹŨŮŴŬŵŻŨŻŰŶŵ ũŨŹŹŰŬŹź

�ÜÒ× �©©Î�©�×�Ò ��¼ ©ÎÁæ �ì �Á�©Üµ�×¯Á¼ Á¼µì ×Á ��Î×�¯¼ Ò¯ñ�ÒĮ žÒ ÒÁÁ¼ �Ò ×­�ì Î���­ ×­�Ò� Ò¯ñ�Òį
×­�ì Ò×�Î× ×Á �ÁÜ¼�� ÁÎ ¨Î�©»�¼× Î�×­�Î ×­�¼ Ò×¯�³¯¼© Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼ÒĮ +ÎÁæ×­ ��ìÁ¼�
×­�Ò� Ò¯ñ�Ò ×­ÜÒ Î�ÍÜ¯Î�Ò � »��­�¼¯Ò» ×­�× �Á�Ò ¼Á× ��Ì�¼� Á¼ �Áµµ¯Ò¯Á¼Ò ��×æ��¼ �©©Î�©�×�ÒĮ
2¼ æ­�× ¨ÁµµÁæÒį 2 ÌÎ�Ò�¼× �Ò×¯»�×�Ò Á¨ ×­� Ò¯ñ�Ò ×­�× »�Î³ ×­� ×Î�¼Ò¯×¯Á¼ ¨ÎÁ» Ò×¯�³¯¼© ×Á �ÁÜ¼Ņ
�¯¼© ÁÎ ¨Î�©»�¼×�×¯Á¼Į 2¼ �Á¯¼© ÒÁį 2 ¨Á�ÜÒ Á¼ »Á¼Á�¯ÒÌ�ÎÒ� ©ÎÁæ×­Į a­�× ¯Òį 2 �ÒÒÜ»� ×­�×
�µµ �©©Î�©�×�Ò �Î� Á¨ ×­� Ò�»� Ò¯ñ�Į a­�Î�¨ÁÎ�į 2 Á¼µì ×�³� ¯¼×Á ���ÁÜ¼× Ò×¯�³¯¼©į �ÁÜ¼�¯¼©į �¼�
¨Î�©»�¼×�×¯Á¼ �Ò �Áµµ¯Ò¯Á¼�µ ÁÜ×�Á»�ÒĮ 2 ¨ÜÎ×­�Î ×Î��× �©©Î�©�×�Ò �Ò Ì�Î¨��×µì �Á»Ì��× ÒÌ­�Î�Ò
æ¯×­ � �Á¼Ò×�¼× ÒÁµ¯� ��¼Ò¯×ì Á¨ 1 © �»−3Į 2 �Á»»�¼× Á¼ ×­� ��Ì�¼��¼�� Á¨ ×­� �Ò×¯»�×�Ò Á¼
×­� �©©Î�©�×� ÌÁÎÁÒ¯×ì ��µÁæĮ a­� »Á��µ Á¨ ×­� ©�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�× ¯Ò ÜÒ�� ¯¼ ×­¯Ò
×­�Ò¯Òį æ¯×­ ×­� �ë��Ì×¯Á¼ Á¨ \v4ĂĈį ¯Ò ��×�¯µ�� ¯¼ žÌÌ�¼�¯ë žĮ *ÁÎ Ò¯»Ìµ¯�¯×ìį æ­�¼ �ÌÌµì¯¼©
×­¯Ò »Á��µ 2 Á¼µì �Á¼Ò¯��Î ×­� �¯Ò³ »¯�ŅÌµ�¼� ×Á æ­¯�­ ×­� �ÜÒ× Ò��¯»�¼×ÒĮ

�»ÌµÁì¯¼© µ��ÁÎ�×ÁÎì �ëÌ�Î¯»�¼×Òį p�¯�µ¯¼© �× �µĮ ŁăāĂăł Ò­Áæ ×­�× �Áµµ¯�¯¼© �©©Î�©�×�Ò
�ÁÜ¼�� Á¨¨ Á¨ Á¼� �¼Á×­�Î ¯¼Ò×��� Á¨ Ò×¯�³¯¼© ×Á©�×­�Î ¯¨ ×­�¯Î Î�µ�×¯å� å�µÁ�¯×ì ¯Ò ©Î��×�Î ×­�¼Ć

∆vd,boun =

(
md

3.3× 10−3 ©

)−5/18

�» Ò−1 = 6.36

(
a

100 ÿ»

)−5/6

�» Ò−1. ŁăĮĂĂł

p­¯µ� p�¯�µ¯¼© �× �µĮ ŁăāĂăł ÜÒ� Ò¯µ¯��×� �©©Î�©�×�Ò ×Á Á�×�¯¼ ×­¯Ò ×­Î�Ò­Áµ� å�µÜ�į +Ü¼�µ��­
�× �µĮ ŁăāĂĉł �¼� EÜÒ¯Áµ¯³ �¼� pÜÎ» ŁăāĂĊł ¨¯¼� ×­�× æ�×�Î ¯�� �©©Î�©�×�Ò �Î� ¼Á× »ÁÎ� ÌÎÁ¼�
×Á Ò×¯�³¯¼© ×­�¼ ×­�Ò�Į

Ća­¯Ò ¯Ò � �Á¼Ò�Îå�×¯å� �­Á¯�� Á¨ ×­� »¯¼¯»Ü» Î�µ�×¯å� å�µÁ�¯×ì ����ÜÒ� �Áµµ¯Ò¯Á¼Ò æ¯×­ ×­¯Ò å�µÁ�¯×ì �µæ�ìÒ µ���
×Á �ÁÜ¼�¯¼©į �Ü× �ÁÜ¼�¯¼© ¯Ò � ÌÁÒÒ¯�µ� ÁÜ×�Á»� �µÒÁ ¨ÁÎ µÁæ�Î å�µÁ�¯×¯�Ò Łp�¯�µ¯¼© �× �µĮ ăāĂăłĮ

Ăā



ăĮĄĮ �KfF�2F+ žF� *Xž+E�Faža2KF �žXX2�X\

'JHVSF ���� 3FMBUJWF WFMPDJUZ PG EVTU BHHSFHBUFT∆vd JO UIF EJTL NJE�QMBOF BT B GVODUJPO PG UIF EVTU TJ[Fa� )FSF
 * FYFNQMBS�
JMZ DIPPTF B SBEJBM EJTUBODF UP UIF TUBS PG10�Ü BOE B .BDI OVNCFS PG UIF HBT WFMPDJUZ PG0.01
 CVU UIF GPMMPXJOH DPODMVTJPOT
BSF FRVBMMZ WBMJE GPS B MBSHF SBOHF PG SBEJJ BOE .BDI OVNCFST 	TFF NBJO UFYU
� 5IF CMVF MJOFT TIPX UIF SFMBUJWF WFMPDJUJFT
UIBU BSF JOEVDFE CZ #SPXOJBO NPUJPO∆vd,Bm 	&R� ����� TPMJE MJOF
 BOE CZ HBT UVSCVMFODF∆vd,turb 	&R� ����� EBTIFE MJOF


XJUI UIF MBUUFS CFJOH NVDI MBSHFS UIBO UIF GPSNFS� 'PS UIF EVTU UP CF TUJSSFE CZ UVSCVMFODF
 JUT TUPQQJOH UJNF NVTU CF
FRVBM UP PS IJHIFS UIBO UIF FEEZ UVSOPWFS UJNF BU UIF EJTTJQBUJPO TDBMF� 5IJT DPOEJUJPO ZJFMET B UISFTIPME 4UPLFT OVNCFS
PG St = Re−1/2 	TFF &R� ���
 BOE UIF UISFTIPME BHHSFHBUF TJ[F XIJDI JT EFQJDUFE BT B TPMJE HSFFO MJOF� 5IJT TJ[F NBSLT UIF
USBOTJUJPO GSPN TUJDLJOH UP CPVODJOH PG DPMMJEJOH BHHSFHBUFT CFDBVTF UVSCVMFOU SFMBUJWF WFMPDJUJFT FYDFFE UIF POFT UIBU MFBE
UP CPVODJOH∆vd,boun 	&R� ����� TPMJE PSBOHF MJOF
 BU BMM BHHSFHBUF TJ[FT� 'SBHNFOUBUJPO
 PO UIF PUIFS IBOE
 SFRVJSFT UVSCV�
MFODF UP DBVTF SFMBUJWF WFMPDJUJFT JO FYDFTT PG∆vd,frag = 100 �» Ò−1 	EBTIFE PSBOHF MJOF
� 5IJT DPSSFTQPOET UP BHHSFHBUF
TJ[FT UIBU BSF BU MFBTU FRVBM UP UIF WBMVF NBSLFE XJUI B EBTIFE HSFFO MJOF� 5IBU JT
 MBSHFS SFMBUJWF WFMPDJUJFT BOE TJ[FT PG UIF
EVTU BSF OFDFTTBSZ GPS GSBHNFOUBUJPO UIBO GPS CPVODJOH�

X�µ�×¯å� å�µÁ�¯×¯�Ò ×­�× µ��� ×Á ×­� ¨Î�©»�¼×�×¯Á¼ Á¨ Ò¯µ¯��×�Ò ¯¼ �ëÌ�Î¯»�¼×Ò �Î� ×ìÌ¯��µµì Á¨
×­� ÁÎ��Î Á¨ 1 » Ò−1 Ł�Į©Įį �µÜ» �¼� pÜÎ» ăāāĉĹ +ß××µ�Î �× �µĮ ăāĂāłĮ 0¯©­�Î Î�µ�×¯å� å�µÁ�¯×Ņ
¯�Ò �Î� ¼���ÒÒ�Îì ¨ÁÎ æ�×�Î ¯�� ×Á ¨Î�©»�¼× ¯¼ ×­� �ëÌ�Î¯»�¼×Ò �ìį ¨ÁÎ �ë�»Ìµ�į +Ü¼�µ��­ �¼�
�µÜ» ŁăāĂĆłĮ 0Áæ�å�Îį �Ò ¼Á×�� ��Áå�į +Ü¼�µ��­ �× �µĮ ŁăāĂĉł �¼� EÜÒ¯Áµ¯³ �¼� pÜÎ» ŁăāĂĊł
¨¯¼� ¼Á ÒÜ�­ �¯¨¨�Î�¼�� ��×æ��¼ ×­� Ò×¯�³¯¼© ÌÎÁÌ�Î×¯�Ò Á¨ Ò¯µ¯��×�Ò �¼� Á¨ æ�×�Î ¯��Į a­� µ�××�Î
�Ü×­ÁÎÒ �Á¼�Ü�× �ëÌ�Î¯»�¼×Ò �× ×�»Ì�Î�×ÜÎ�Ò ×­�× �Î� µÁæ�Î �¼� ×­�Î�¨ÁÎ� »ÁÎ� Î�ÌÎ�Ò�¼×�×Ņ
¯å� Á¨ ×­� ×�»Ì�Î�×ÜÎ�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�¼ ×­� Á¼�Ò ¯¼ ÌÎ�å¯ÁÜÒ �ëÌ�Î¯»�¼×Òį ¯¼�µÜ�Ņ
¯¼© ×­� Á¼�Ò Ì�Î¨ÁÎ»�� �ì +Ü¼�µ��­ �¼� �µÜ» ŁăāĂĆłĮ a­�Î�¨ÁÎ�į 2 �ÒÒÜ»� ×­�× �©©Î�©�×�Ò
¨Î�©»�¼× ¯¨ ×­�¯Î Î�µ�×¯å� å�µÁ�¯×¯�Ò �ë���� ∆vd,frag = 1 » Ò−1į Î�©�Î�µ�ÒÒ Á¨ ×­� �Á»ÌÁÒ¯×¯Á¼
Á¨ ×­� �©©Î�©�×�ÒĮ

a­� Î�µ�×¯å� �ÜÒ× å�µÁ�¯×¯�Ò ×­�× �Î� ��ÜÒ�� �ì �ÎÁæ¼¯�¼ »Á×¯Á¼ Ł�ÍĮ ăĮĂł �¼� ©�Ò ×ÜÎ�Üµ�¼��
Ł�ÍĮ ăĮĂāł �Ò æ�µµ �Ò ×­� Á¼�Ò ×­�× Î�ÒÜµ× ¯¼ �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ �Î� ��Ì¯�×�� ¯¼ *¯©Į ăĮăĮ
*ÎÁ» ×­� ¨¯©ÜÎ�į ¯× ��¼ �� Ò��¼ ×­�× �ÎÁæ¼¯�¼ »Á×¯Á¼ ��¼ �� ¼�©µ��×�� ¯¨ ×­� �ÜÒ× ¯Ò Ò×¯ÎÎ�� �ì
×ÜÎ�Üµ�¼�� ¯¼ ×­� ©�ÒĮ a­¯Ò ¯Ò ×­� ��Ò� ¯¨ ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� �ë����Ò ×­� ×ÜÎ¼Áå�Î ×¯»� Ò��µ�
Á¨ ×­� ×ÜÎ�Üµ�¼× ���¯�Ò �× ×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�į ÁÎ �ÍÜ¯å�µ�¼×µì ¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ×
¯Ò �× µ��Ò× �ÍÜ�µ ×Á Stturb ŁÒ�� �ÍĮ ăĮĊłĮ

ĂĂ
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2¼ ���¯×¯Á¼į ×­� ¨¯©ÜÎ� Ò­ÁæÒ ×­�× �å�¼ ×­� µÁæ�Ò× Î�µ�×¯å� å�µÁ�¯×¯�Ò ¯¼�Ü��� �ì ×ÜÎ�Üµ�¼��
¯¼å�Î¯��µì µ��� ×Á �ÁÜ¼�¯¼©Į a­�× ¯Òį �Ò ÒÁÁ¼ �Ò �ÜÒ× ©ÎÁæÒ ×Á � \×Á³�Ò ¼Ü»��Î Á¨

Stboun(z = 0) = Stturb(z = 0) = 1.48× 10−4
( r

1 �Ü

)1/2(Mg

0.01

)−1

, ŁăĮĂăł

�ÁÜ¼�¯¼© ÌÎ�å�¼×Ò ¨ÜÎ×­�Î �Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­Į žÒÒÜ»¯¼© �Î�© ¯¼ ×­� �ÌÒ×�¯¼ Î�©¯»�ćį \×Á³�Ò
¼Ü»��ÎÒ ��¼ �� �Á¼å�Î×�� ×Á �ÜÒ× Ò¯ñ�Ò �Ò

a(z = 0) =
St(z = 0)ρg(z = 0)cs

ρsΩK(z = 0)
= 5.02

(
St

0.01

)( r

1 �Ü

)−1
�» ŁăĮĂĄł

ŁÒ�� �ÍĮ ăĮăłĮ 2× ¨ÁµµÁæÒ ×­�× �©©Î�©�×�Ò �ÁÜ¼�� Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼Ò ¯¨ ×­�¯Î Ò¯ñ� ¯Ò �× µ��Ò×

aboun(z = 0) = 743
( r

1 �Ü

)−1/2
(
Mg

0.01

)−1

ÿ». ŁăĮĂął

2 ¼Á×� ×­�× �× å�Îì µ�Î©� Î��¯�µ �¯Ò×�¼��Ò ×Á ×­� Ò×�Î �¼� ­¯©­ E��­ ¼Ü»��ÎÒį ¯× ¯Ò ÌÁÒÒ¯�µ�
×­�× �©©Î�©�×�Ò æ­ÁÒ� Î�µ�×¯å� å�µÁ�¯×¯�Ò �Î� ��ÜÒ�� �ì ×ÜÎ�Üµ�¼�� Ò×¯�³ ×Á©�×­�Î Î�×­�Î ×­�¼
�ÁÜ¼�¯¼© Á¨¨ Á¨ ���­ Á×­�Î æ­�¼ ×­�ì �Áµµ¯��Į a­¯Ò ¯Ò ×­� ��Ò� ¯¨ ×­� »¯¼¯»Ü» Î�µ�×¯å� å�µÁ�¯×ì
×­�× µ���Ò ×Á �ÁÜ¼�¯¼© Á¨ ×­� Ò»�µµ�Ò× ÒÜ�­ �©©Î�©�×�Ò∆vd,boun(Stturb) ŁÒ�� �ÍĮ ăĮĂĂł ¯Ò ©Î��×�Î
×­�¼ ×­�¯Î ×ÜÎ�Üµ�¼× Î�µ�×¯å� å�µÁ�¯×ì∆vd,turb(Stturb) ŁÒ�� �ÍĮ ăĮĂāłĮ 0Áæ�å�Îį ¨ÁÎ � E��­ ¼Ü»Ņ
��Î Á¨ 0.01į æ­¯�­ ¯Ò � ×ìÌ¯��µ å�µÜ� ¯¼ ×­� »¯�ŅÌµ�¼� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ŁÒ�� �­�Ì×�Î ąłį
×­¯Ò �Á¼�¯×¯Á¼ ¯Ò »�× Á¼µì �× Î��¯¯ µ�Î©�Î ×­�¼ 579 �ÜĮ ž¼� �å�¼ ¨ÁÎ � E��­ ¼Ü»��Î Á¨ 0.1į ×­�
×­Î�Ò­Áµ� Î��¯ÜÒ �»ÁÜ¼×Ò ×Á 93 �ÜĮ 2 ×­�Î�¨ÁÎ� ¼�©µ��× ×­� ÌÁÒÒ¯�¯µ¯×ì Á¨ Ò×¯�³¯¼© �Ò � Î�ÒÜµ× Á¨
�Áµµ¯Ò¯Á¼Ò ¯¼�Ü��� �ì ×ÜÎ�Üµ�¼��Į

*ÎÁ» ×­� ¨¯©ÜÎ�į ¯× ¯Ò ¨ÜÎ×­�Î �å¯��¼× ×­�× ¨Î�©»�¼×�×¯Á¼į µ¯³� �ÁÜ¼�¯¼©į ¯Ò � ÌÁÒÒ¯�µ� �Áµµ¯Ņ
Ò¯Á¼�µ ÁÜ×�Á»� Á¼µì ¯¨ ×ÜÎ�Üµ�¼�� ©¯å�Ò Î¯Ò� ×Á ×­� Î�µ�×¯å� å�µÁ�¯×¯�Ò ��×æ��¼ �©©Î�©�×�ÒĮ F�åŅ
�Î×­�µ�ÒÒį ¨Î�©»�¼×�×¯Á¼ Î�ÍÜ¯Î�Ò ­¯©­�Î Î�µ�×¯å� å�µÁ�¯×¯�Ò ×­�¼ �ÁÜ¼�¯¼©Į ����ÜÒ� ×­� Î�µ�×Ņ
¯å� å�µÁ�¯×ì ¯¼�Ü��� �ì ×ÜÎ�Üµ�¼�� ¯¼�Î��Ò�Ò æ¯×­ ×­� \×Á³�Ò ¼Ü»��Îį ­¯©­�Î \×Á³�Ò ¼Ü»��ÎÒ
�Î� ×­ÜÒ ¼���ÒÒ�ÎìĮ a­� Î�ÍÜ¯Î�»�¼× ×­�× ×­� ×ÜÎ�Üµ�¼× Î�µ�×¯å� å�µÁ�¯×ì∆vd,turb =

√
2StMgcs

¯Ò �ÍÜ�µ ×Á ÁÎ ©Î��×�Î ×­�¼ ×­� Á¼� Î�ÒÜµ×¯¼© ¯¼ ¨Î�©»�¼×�×¯Á¼∆vd,frag ì¯�µ�Ò � »¯¼¯»Ü» \×Á³�Ò
¼Ü»��Î Á¨ Stfrag = ∆v2d,frag/(2M2

gc
2
s ) ÁÎ

Stfrag(z = 0) = 5.00× 10−3
( r

1 �Ü

)1/2(Mg

0.01

)−2

, ŁăĮĂĆł

�¼� � »¯¼¯»Ü» �©©Î�©�×� Ò¯ñ� Á¨

afrag(z = 0) = 2.51
( r

1 �Ü

)−1/2
(
Mg

0.01

)−2

�». ŁăĮĂćł

ća­� ×Î�¼Ò¯×¯Á¼ ¨ÎÁ» ×­� �ÌÒ×�¯¼ ×Á ×­� \×Á³�Ò �Î�© Î�©¯»� Á��ÜÎÒ �× � �ÜÒ× Ò¯ñ� Á¨

a(z = 0) =
9
4
λg,mfp(z = 0) = 4.388

( r
1 �Ü

)9/4
�»

ŁÒ�� �ÍĮ ăĮăłĮ

Ăă



ăĮĄĮ �KfF�2F+ žF� *Xž+E�Faža2KF �žXX2�X\

a­�Ò� Ò¯»Ìµ� �Ò×¯»�×�Ò Ò­Áæ ×­�× ×­� ÒÁŅ��µµ�� �ÁÜ¼�¯¼© ��ÎÎ¯�Î ń ×­� ×�Î» ¯Ò �Á¯¼�� �ì {ÒÁ»
�× �µĮ ŁăāĂāł ń ¯¼­¯�¯×Ò ©ÎÁæ×­ �ì �Á�©Üµ�×¯Á¼ ��ìÁ¼� Ò¯ñ�Ò Á¨ ­Ü¼�Î��Ò Á¨ »¯�ÎÁ¼Ò ÁÎ � ¨�æ »¯µŅ
µ¯»�×Î�ÒĮ žÒ ¼Á×�� ��Áå�į ×­� ��Î¯å�×¯Á¼ Á¨ ×­� �Ò×¯»�×�Ò ¯¼åÁµå�Ò ×­� �ÒÒÜ»Ì×¯Á¼ Á¨ Ì�Î¨��×µì
�Á»Ì��× �©©Î�©�×�ÒĮ *ÁÎ � ©¯å�¼ »�ÒÒį �©©Î�©�×�Ò �Î� µ�Î©�Îį �Ü× ×­�¯Î \×Á³�Ò ¼Ü»��Î ¯Ò Ò»�µŅ
µ�Î ¯¨ ×­�ì �Î� ¼Á× �Á»Ì��×Į a­� µ�××�Î ¯Ò ����ÜÒ� St ∝ aρs ∼ md/σdį �¼� ×­� �ÎÁÒÒ Ò��×¯Á¼ Á¨
×­� �ÜÒ× σd ¯¼�Î��Ò�Ò æ¯×­ ¯×Ò Ò¯ñ�Į *ÜÎ×­�Î»ÁÎ�į �ÁÜ¼�¯¼© ��¼ �¼×�¯µ �Á»Ì��×¯Á¼ Á¨ ×­� �ÁµŅ
µ¯�¯¼© �©©Î�©�×�Ò Ł�Į©Įį �µÜ» �¼� pÜÎ» ăāāĉĹ p�¯�µ¯¼© �× �µĮ ăāāĊĹ +ß××µ�Î �× �µĮ ăāāĊłį æ­¯�­
µ���Ò ×Á � ���µ¯¼� ¯¼ Ò¯ñ� �¼� �ÎÁÒÒ Ò��×¯Á¼į �Ü× �¼ ¯¼�Î��Ò� ¯¼ \×Á³�Ò ¼Ü»��ÎĮ

ž��¯×¯Á¼�µµìį ¼Ü»�Î¯��µ Ò¯»Üµ�×¯Á¼Ò ¯¼�¯��×� ×­�× ÌÁÎÁÜÒ �©©Î�©�×�Ò Á¨ �Á»Ì�Î��µ� Ò¯ñ�Ò
Ò×¯�³ ×Á©�×­�Î �å�¼ ¯¨ ×­�ì �Áµµ¯�� æ¯×­ å�µÁ�¯×¯�Ò �ë����¯¼© 1 » Ò−1 Łp��� �× �µĮ ăāāĊį ăāĂĂĹ
\�¯ñ¯¼©�Î �¼� <µ�ì ăāĂĄłį ¯Į�Į æ¯×­ å�µÁ�¯×¯�Ò ×­�× 2 �ÒÒÜ»� ×Á µ��� ×Á ¨Î�©»�¼×�×¯Á¼Į 0Áæ�å�Îį
¯¼ �ëÌ�Î¯»�¼×Ò �Áµµ¯Ò¯Á¼Ò æ¯×­ ÒÜ�­ å�µÁ�¯×¯�Ò �Î� ¨ÁÜ¼� ×Á Î�ÒÜµ× ¯¼ �ÁÜ¼�¯¼© ÁÎ ¨Î�©»�¼×�×¯Á¼
Ł�µÜ» �¼� pÜÎ» ăāāĉĹ +ß××µ�Î �× �µĮ ăāĂāĹ p�¯�µ¯¼© �× �µĮ ăāĂăĹ <Á×­� �× �µĮ ăāĂĄĹ p�¯�µ¯¼© �¼�
�µÜ» ăāĂĆłĮ

2× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á ¼Á×� ×­�× ×­� �Ò×¯»�×�� »�ë¯»Ü» \×Á³�Ò ¼Ü»��Î Á¨ ∼10−4 ×Á æ­¯�­ �©Ņ
©Î�©�×�Ò ��¼ ©ÎÁæ �× � Î��¯ÜÒ Á¨ 1 �Ü ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­ ×­� å�µÜ� ×­�× {ÒÁ» �× �µĮ ŁăāĂāł Á�×�¯¼
ÜÒ¯¼© � �¯Ò×¯¼�×µì »ÁÎ� ÒÁÌ­¯Ò×¯��×�� »Á��µĮ X�×­�Î ×­�¼ �ÒÒÜ»¯¼© »Á¼Á�¯ÒÌ�ÎÒ� ©ÎÁæ×­ Á¨
�Á»Ì��× �©©Î�©�×�Òį ×­�Ò� �Ü×­ÁÎÒ ��Ò� ×­�¯Î »Á��µ Á¼ ×­� �ëÌ�Î¯»�¼×�µ Î�ÒÜµ×Ò Á¨ �Áµµ¯Ò¯Á¼Ò
��×æ��¼ �Á×­ ÌÁÎÁÜÒ �¼� �Á»Ì��× �©©Î�©�×�Ò æ¯×­ �¯×­�Î Ò¯»¯µ�Î ÁÎ �¯¨¨�Î�¼× Ò¯ñ�ÒĮ 2¼ ×­�¯Î
»Á��µį ©ÎÁæ×­ ¯Ò �Ò æ�µµ µ¯»¯×�� �ì �ÁÜ¼�¯¼©į ¼Á× ¨Î�©»�¼×�×¯Á¼ ÁÎ �ÎÁÒ¯Á¼Į v�×į ×­� ×Î�¼Ò¯×¯Á¼
¨ÎÁ» Ò×¯�³¯¼© ×Á �ÁÜ¼�¯¼© ¯Ò ¼Á× �ÒÒÁ�¯�×�� æ¯×­ ×­� ×Î�¼Ò¯×¯Á¼ ¨ÎÁ» �ÎÁæ¼¯�¼ »Á×¯Á¼ ×Á ×ÜÎŅ
�Üµ�¼× Î�µ�×¯å� å�µÁ�¯×¯�Ò ń �å�¼ �©©Î�©�×�Ò ×­�× �Î� Ò×¯ÎÎ�� �ì ×ÜÎ�Üµ�¼�� ��¼ Ò×¯�³ ×Á©�×­�ÎĮ 2¼
���¯×¯Á¼į ×­� �Ü×­ÁÎÒ ¨¯¼� ×­�× ×­� »�ë¯»Ü» \×Á³�Ò ¼Ü»��Î ×Á æ­¯�­ �ÜÒ× ��¼ ©ÎÁæ ¯Ò µ�Î©�µì
¯¼��Ì�¼��¼× Á¨ ×­� ©�Ò ��¼Ò¯×ì �¼�į ¯¼ �Á¼×Î�Ò× ×Á æ­�× ��¼ �� ©�×­�Î�� ¨ÎÁ» �ÍĮ ăĮĂăį �µÒÁ Á¨
×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­Į

\�å�Î�µ Ì�×­æ�ìÒ ­�å� ���¼ ÌÎÁÌÁÒ�� ¨ÁÎ �Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­ ×Á Áå�Î�Á»� ×­� ��ÎÎ¯�ÎÒ ÌÁÒ��
�ì �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ĭ

Ĭ 2¨ ×­�ì �Î� µ�ÒÒ �¨¨��×�� �ì �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ ×­�¼ »ÁÎ� �Á»Ì��× �©©Î�©�×�Òį
­¯©­µì ÌÁÎÁÜÒ �©©Î�©�×�Ò æ¯×­ ¯¼×�Î¼�µ ��¼Ò¯×¯�Ò Á¨ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� µ�ÒÒ ×­�¼ Ü¼¯×ì
»�ì ©ÎÁæ ×Á Ìµ�¼�×�Ò¯»�µÒ ŁK³ÜñÜ»¯ �× �µĮ ăāĂăĹ <�×�Á³� �× �µĮ ăāĂĄĹ <Î¯±× �× �µĮ ăāĂć�Ĺ
+�Î�¯� �¼� +Á¼ñ�µ�ñ ăāăā�į�łĮ a­�ì ��¼ Áå�Î�Á»� ×­� Î��¯�µ �Î¯¨× ��ÎÎ¯�Î ŁÒ�� \��×Į ăĮąĹ
K³ÜñÜ»¯ �× �µĮ ăāĂăĹ +�Î�¯� �¼� +Á¼ñ�µ�ñ ăāăā�į�ł Ò¯¼�� ¨ÁÎ � ©¯å�¼ »�ÒÒ ×­�ì �Î� �Á»Ņ
Ì�Î�×¯å�µì µ�Î©�į �¼� ×­�¯Î ©ÎÁæ×­ ×¯»� Ò��µ� τd,grow ∝ aρs ∼ md/σd ¯Ò ×­ÜÒ Ò­ÁÎ×Į 2¼
���¯×¯Á¼į ÌÁÎÁÜÒ �©©Î�©�×�Ò Î���­ Ò¯ñ�Ò ¯¼ �ë��ÒÒ Á¨ ×­� ©�Ò »��¼ ¨Î�� Ì�×­ µ�¼©×­ �×
Ò»�µµ�Î \×Á³�Ò ¼Ü»��ÎÒ St ∝ aρs ×­�¼ �Á»Ì��× Á¼�ÒĮ ž× ×­�Ò� Ò¯ñ�Òį ×­�× ¯Ò ×Á Ò�ì ¯¼ ×­�
\×Á³�Ò �Î�© Î�©¯»�į St(z = 0) ∝ r−5/4į æ­¯µ� ¯¼ ×­� �ÌÒ×�¯¼ Î�©¯»� St(z = 0) ∝ r ŁÒ��
�ÍĮ ăĮăłĮ 2¼ ×­� \×Á³�Ò Î�©¯»�į ×­� ¯¼æ�Î�Ò Î��¯�µ �Î¯¨× Á¨ �©©Î�©�×�Ò æ¯×­ � \×Á³�Ò ¼Ü»Ņ
��Î ©Î��×�Î ×­�¼ Á¼� ×­�Î�¨ÁÎ� Î�ÒÜµ×Ò ¯¼ �¼ ¯¼�Î�»�¼×�µ ¯¼�Î��Ò� ¯¼ ×­�¯Î \×Á³�Ò ¼Ü»��Î
�¼� �Á¼Ò�ÍÜ�¼×µì � ÒµÁæ�Áæ¼ Á¨ ×­�¯Î �Î¯¨×Į K¼�� �©©Î�©�×�Ò ­�å� ÒÜ�Ò×�¼×¯�µµì ©ÎÁæ¼
¯¼ »�ÒÒį �Á»Ì��×¯Á¼ �ì ×­� ÒÜÎÎÁÜ¼�¯¼© ©�Ò �¼� Ò�µ¨Ņ©Î�å¯×ì ��¼ ¯¼�Î��Ò� ×­�¯Î ¯¼×�Î¼�µ
��¼Ò¯×ì ×Á ×­�× �ëÌ��×�� ¨ÁÎ Ìµ�¼�×�Ò¯»�µÒ Ł<�×�Á³� �× �µĮ ăāĂĄłĮ 0Áæ�å�Îį �ÎÁÒ¯Á¼ ¯¼­¯�Ņ
¯×Ò ×­� ©ÎÁæ×­ Á¨ ÌÁÎÁÜÒ �©©Î�©�×�Ò ��ìÁ¼� \×Á³�Ò ¼Ü»��ÎÒ Á¨ Ü¼¯×ì Ł<Î¯±× �× �µĮ ăāĂĆį
ăāĂć�łĮ

ĂĄ
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Ĭ a­� Î�µ�×¯å� å�µÁ�¯×¯�Ò ��ÜÒ�� �ì �ÎÁæ¼¯�¼ »Á×¯Á¼ �¼� ×ÜÎ�Üµ�¼�� �Î� ¼Á× �µæ�ìÒ �ÍÜ�µ
×Áį �Ü× �¯Ò×Î¯�Ü×�� �ÎÁÜ¼� ×­� å�µÜ�Ò ©¯å�¼ ¯¼ �ÍÒĮ ăĮĂ �¼� ăĮĂāĮ p¯¼�»�Î³ �× �µĮ ŁăāĂă�į�ł
�¼� +�Î�Ü� �× �µĮ ŁăāĂĄł ×­�Î�¨ÁÎ� ÌÎÁÌÁÒ� ×­�× ŊµÜ�³ìŌ �©©Î�©�×�Ò ×­�× �Î� ¯¼åÁµå�� Á¼µì
¯¼ �Áµµ¯Ò¯Á¼Ò æ¯×­ µÁæ Î�µ�×¯å� å�µÁ�¯×¯�Ò �åÁ¯� �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ �¼� �Á¼×¯¼Ü�
×Á ©ÎÁæĮ a­�¯Î ©ÎÁæ×­ ¯Ò �¯��� �ì »�ÒÒ ×Î�¼Ò¨�Î ¯¼ �Áµµ¯Ò¯Á¼Ò æ¯×­ Ò»�µµ�Î �©©Î�©�×�Ò
Ł�Į©Įį �µÜ» �¼� pÜÎ» ăāāĉĹ p¯¼�»�Î³ �× �µĮ ăāĂă�łĮ FÁ¼�×­�µ�ÒÒį ±ÜÒ× �Ò ×­�Î� �Î�
ŊµÜ�³ìŌ �©©Î�©�×�Òį ×­�Î� �Î� ŊÜ¼µÜ�³ìŌ Á¼�Ò æ­¯�­ �ÁÜ¼�� ÁÎ ¨Î�©»�¼× �µ×­ÁÜ©­ ×­�¯Î
Ò¯ñ�Ò �Î� Ò»�µµ�Î ×­�¼ ×­� Á¼�Ò �Ò×¯»�×�� ��Áå�Į

Ĭ \×�¯¼Ì¯µñ �× �µĮ ŁăāĂĊł ¨¯¼� ¯¼ �ëÌ�Î¯»�¼×Ò �¼� Ò¯»Üµ�×¯Á¼Ò ×­�× »¯µµ¯»�×Î�ŅÒ¯ñ�� �©©Î�©Ņ
�×�Ò æ¯×­ ÁÌÌÁÒ¯×� �­�Î©�Ò Ò×¯�³ �¼� ¨ÁÎ» ��¼×¯»�×Î�ŅÒ¯ñ�� Á¼�Ò Î�×­�Î ×­�¼ �ÁÜ¼�¯¼©
Á¨¨ Á¨ Á¼� �¼Á×­�ÎĮ �Áµµ¯Ò¯Á¼Ò ��×æ��¼ �ÜÒ× ©Î�¯¼Ò ��¼ ��ÜÒ� ÁÌÌÁÒ¯×� �­�Î©�Ò �å�¼ ¯¨ ×­�
©Î�¯¼Ò �Î� ¯��¼×¯��µ �¼� ¼Á �ë×�Î¼�µ �µ��×Î¯� ¨¯�µ� ¯Ò ÌÎ�Ò�¼× ŁvÁÒ­¯»�×ÒÜ �× �µĮ ăāĂĈłĮ

Ĭ �ÜÒ× ©ÎÁæ×­ ×Á ��¼×¯»�×Î� Ò¯ñ�Ò ¯Ò �Ò æ�µµ ÌÁÒÒ¯�µ� ÁÜ×Ò¯�� Á¨ ¯�� µ¯¼�Ò ŁXÁÒ �¼� 4Á­�¼Ò�¼
ăāĂĄĹ XÁÒ �× �µĮ ăāĂĊłĮ žÒ ¯�ì �©©Î�©�×�Ò »Áå� Î��¯�µµì ¯¼æ�Î�Ò �¼� �ÎÁÒÒ �¼ ¯�� µ¯¼�į ¨ÁÎ
¯¼Ò×�¼�� Áæ¯¼© ×Á ×­�¯Î Î��¯�µ �Î¯¨× ŁÒ�� \��×Į ăĮąłį ×­�ì ÒÜ�µ¯»�×�Į a­� ¨ÁÎ»¯¼© å�ÌÁÜÎ
�¯¨¨ÜÒ�Ò ���³ ÁÜ×æ�Î�Ò Áå�Î ×­� ¯�� µ¯¼� �¼� �Á¼��¼Ò�×�Ò Á¼ ×­� �©©Î�©�×�Ò ÁÜ×Ò¯��Į

�¾� XŨūŰŨų ūŹŰŭŻ ũŨŹŹŰŬŹ

a­� �Î�© �ë�Î×�� �ì ×­� ©�Ò Á¼ ×­� �ÜÒ× ��ÜÒ�Ò � Î��¯�µ �ÜÒ× �Î¯¨× ×Áæ�Î�Ò ×­� Ò×�Îį æ­¯�­ ÌÁÒ�Ò
� ×¯»� �Á¼Ò×Î�¯¼× �¼� ×­ÜÒ �Á¼Ò×¯×Ü×�Ò �¼Á×­�Î ��ÎÎ¯�Î ¨ÁÎ ×­� ©ÎÁæ×­ ¨ÎÁ» �ÜÒ× ×Á Ìµ�¼�×Ò
Łp­¯ÌÌµ� ĂĊĈăĹ ž���­¯ �× �µĮ ĂĊĈćĹ p�¯��¼Ò�­¯µµ¯¼© ĂĊĈĈ�Ĺ �Î�Ü�Î �× �µĮ ăāāĈłĮ a­¯Ò ¯Ò Ò¯¼�� ×­�
©�Ò ��¼Ò¯×ì �¼� ×�»Ì�Î�×ÜÎ� ���Î��Ò� æ¯×­ ¯¼�Î��Ò¯¼© Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�Îį �¼� ×­� ©�Ò
¯Ò ×­ÜÒ ÒÜÌÌÁÎ×�� �©�¯¼Ò× ×­� Ò×�µµ�Î ©Î�å¯×ì �Á×­ �ì ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� �¼� �ì � ÌÎ�ÒÒÜÎ�
©Î��¯�¼×Į a­�Î�¨ÁÎ�į ¯×Ò ÁÎ�¯×�µ ÒÌ��� ¯Ò Òµ¯©­×µì µ�ÒÒ ×­�¼ <�Ìµ�Î¯�¼Į a­� �ÜÒ×į Á¼ ×­� Á×­�Î
­�¼�į ¯Ò ¼Á× ÌÎ�ÒÒÜÎ�ŅÒÜÌÌÁÎ×��Į 2× æÁÜµ� ÁÎ�¯× æ¯×­ ×­� <�Ìµ�Î¯�¼ ÒÌ��� ¯¨ ¯× æ�Î� ¼Á× �ÁÜÌµ��
×Á ×­� ©�Ò å¯� �Î�©Į ����ÜÒ� Á¨ ×­� �Î�©į ­Áæ�å�Îį ×­� �ÜÒ× µÁÒ�Ò �¼©Üµ�Î »Á»�¼×Ü» ×Á ×­�
ÒµÁæ�ÎŅÎÁ×�×¯¼© ©�ÒĮ a­¯Ò µ���Ò ×Á ×­� Ò×�µµ�Î ©Î�å¯×ì ��×¯¼© Á¼ ×­� �ÜÒ× ¼Á× ��¯¼© ��µ�¼��� �ì
×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ��į �¼� ×­� �ÜÒ× ×­ÜÒ ÒÌ¯Î�µµ¯¼© ×Áæ�Î�Ò ×­� Ò×�ÎĮ

a­� ÒÌ��� Á¨ ×­¯Ò Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× ��¼ �� ��Î¯å�� �Ò ¨ÁµµÁæÒ Ła�³�Ü�­¯ �¼� >¯¼ ăāāăĹ
žÎ»¯×�©� ăāĂāłĭ a­� �ÍÜ�×¯Á¼Ò Á¨ »Á×¯Á¼ Á¨ ×­� �ÜÒ× ¯¼ ×­� Î��¯�µ �¼� �ñ¯»Ü×­�µ �¯»�¼Ò¯Á¼
Î���

∂vd,r
∂t

=
v2d,φ
r

− v2K
r

−
vd,r − vg,r
td,stop

�¼� ŁăĮĂĈł

∂ (rvd,φ)

∂t
= −

r (vd,φ − vg,φ)

td,stop
, ŁăĮĂĉł

æ­�Î� v ¯Ò ×­� å�µÁ�¯×ì �¼� t ¯Ò ×­� ×¯»�Į a­� ÒÜ�Ò�Î¯Ì×Ò d �¼� g Î�¨�Î ×Á �ÜÒ× �¼� ©�Òį æ­¯µ� φ
��¼Á×�Ò ×­� �ñ¯»Ü×­Į a­� ¨¯ÎÒ× ×�Î» Á¼ ×­� Î¯©­×Ņ­�¼� Ò¯�� Á¨ ×­� ¨ÁÎ»�Î �ÍÜ�×¯Á¼ Î�ÌÎ�Ò�¼×Ò

Ăą



ăĮąĮ Xž�2ž> �X2*a �žXX2�X

×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� �¼� ×­� Ò��Á¼� ×�Î» ×­� Ò×�µµ�Î ©Î�å¯×ìį æ­¯µ� ×­� µ�Ò× ×�Î» Á¼ ×­� Î¯©­×Ņ
­�¼� Ò¯�� Á¨ �Á×­ �ÍÜ�×¯Á¼Ò ��Ò�Î¯��Ò ×­� �Î�© �ì ×­� ©�Ò Á¼×Á ×­� �ÜÒ×Į

a­� ÒÜ�Ņ<�Ìµ�Î¯�¼ ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� ©�Ò ��¼ �� �ëÌÎ�ÒÒ�� �Ò vg,φ = vK −ΠcsĮ a­� �¯Ņ
»�¼Ò¯Á¼µ�ÒÒ Ì�Î�»�×�ÎΠį æ­¯�­ ¯Ò ¯¼×ÎÁ�Ü��� �ì ��¯ �¼� \×Á¼� ŁăāĂā�łį ¯¼�¯��×�Ò ×­� Ò×Î�¼©×­
Á¨ ×­� Î��¯�µ ÌÎ�ÒÒÜÎ� ©Î��¯�¼×į

Π = − 1

2csρgΩK

∂P

∂r
. ŁăĮĂĊł

2¼ ×­� »¯�ŅÌµ�¼� Á¨ ×­� �¯Ò³ »Á��µ ��Ò�Î¯��� ¯¼ žÌÌ�¼�¯ë žį ¯× �»ÁÜ¼×Ò ×Á

Π(z = 0) = 0.046
( r

1 �Ü

)1/4
. ŁăĮăāł

2× ¨ÁµµÁæÒ ×­�×
v2K = v2g,φ + 2vg,φΠcs +Π2c2s . ŁăĮăĂł

\¯¼�� ×­� ��å¯�×¯Á¼ Á¨ ×­� ÁÎ�¯×�µ ©�Ò å�µÁ�¯×ì ¨ÎÁ» ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì ¯Ò Ò»�µµį 2 ¼�©µ��× ×­�
µ�Ò× ×�Î» Á¼ ×­� Î¯©­×Ņ­�¼� Ò¯�� �¼� �ÌÌÎÁë¯»�×� ×­� Ò��Á¼� ×�Î» �Ò 2vKΠcsĮ 2¼ ���¯×¯Á¼į v2g,φį
�¼� �¼�µÁ©ÁÜÒµì v2d,φį ��¼ �� �ëÌ�¼��� ¯¼ � a�ìµÁÎ Ò�Î¯�Ò �ÎÁÜ¼� v2Kį

v2g,φ = v2K +
∂v2g,φ
∂vg,φ

(vg,φ − vK) +O
[
(vg,φ − vK)

2
]

≈ v2K + 2v2g,φ − 2vg,φvK

⇔ v2g,φ ≈ 2vg,φvK − v2K.

ŁăĮăăł

\Ü�Ò×¯×Ü×¯¼© �ÍÒĮ ăĮăĂ �¼� ăĮăă ¯¼×Á �ÍĮ ăĮĂĈ Î�ÒÜµ×Ò ¯¼

∂vd,r
∂t

=
2vd,φvK − v2K

r
−

2vg,φvK − v2K + 2vKΠcs
r

−
vd,r − vg,r
td,stop

= −2vKΠcs
r

+
2vK (vd,φ − vg,φ)

r
−

vd,r − vg,r
td,stop

.

ŁăĮăĄł

2 �ÒÒÜ»� ×­�× ×­� Î��¯�µ �ÜÒ× �Î¯¨× ¯Ò »Ü�­ ¨�Ò×�Î ×­�¼ ×­� ©�Ò �Î¯¨×į vd,r ) vg,rį �¼� ×­�× ×­�
�Î¯¨× ÒÌ��� Á¨ ×­� �ÜÒ× ¯Ò �Á¼Ò×�¼× ¯¼ ×¯»�į ∂vd,r/∂t = 0Į

2¨ ×­� �ÜÒ× ­�Ò ÒÜ¨¨¯�¯�¼×µì Ò�××µ�� ×Áæ�Î�Ò ×­� »¯�ŅÌµ�¼�į ¯×Ò <�Ìµ�Î¯�¼ ÁÎ�¯×�µ å�µÁ�¯×ì ��¼
�� �ÌÌÎÁë¯»�×�� �Ò

vK =

√
GMSr2

(r2 + z2)3/2
≈
√

GMS

r
, ŁăĮăął

æ­�Î� G ¯Ò ×­� ©Î�å¯×�×¯Á¼�µ �Á¼Ò×�¼× �¼� MS ×­� Ò×�µµ�Î »�ÒÒĮ *ÜÎ×­�Î �ÒÒÜ»¯¼© ×­�× ×­� ÒÌ�Ņ
�¯¨¯� �¼©Üµ�Î »Á»�¼×Ü» Á¨ ×­� �ÜÒ× Î�»�¯¼Ò �µÁÒ� ×Á <�Ìµ�Î¯�¼į vd,φr ≈ vKrį �ÍĮ ăĮĂĉ ì¯�µ�Ò

∂ (rvd,φ)

∂t
≈ ∂r

∂t

∂ (rvK)

∂r
= vd,r

(
vK + r

∂vK
∂r

)
= vd,r

(
vK − 1

2
vK

)
=

1

2
vd,rvK �¼� ŁăĮăĆł

ĂĆ



�0žVa�X ăĮ �žXX2�X\ *KX �K>>2\2KFž> �f\a +XKpa0

'JHVSF ���� 3BEJBM ESJȼU WFMPDJUZ vd,r JO UIF EJTL NJE�QMBOF BT B GVODUJPO PG UIF EVTU TJ[F a� 4PMJE MJOFT PG EJǯGFSFOU DPMPVST
EFQJDU UIF WFMPDJUZ BU EJǯGFSFOU SBEJBM EJTUBODFT r GSPN UIF TUBS� 5IF EBTIFE MJOF NBSLT UIF USBOTJUJPO GSPN UIF &QTUFJO UP
UIF 4UPLFT ESBH SFHJNF� 5IF NBYJNVN ESJȼU TQFFE
 BCPVU 0.01 �Ü ìÎ−1
 JT SFBDIFE GPS EVTU TJ[FT PG EFDJNFUSFT UP NFUSFT�

vd,φ − vg,φ = −1

2

td,stopvd,rvK
r

. ŁăĮăćł

�ì ÒÜ�Ò×¯×Ü×¯¼© ×­¯Ò �ÍÜ�×¯Á¼ ¯¼×Á �ÍĮ ăĮăĄį 2 Á�×�¯¼

0 = −2vKΠcs
r

+
2vK
r

(
−1

2

td,stopvd,rvK
r

)
−

vd,r
td,stop

= −2vKΠcs
r

− vd,r

(
td,stopv2K

r2
+

1

td,stop

) ŁăĮăĈł

⇔ vd,r =
2Πcs

td,stopΩK + (td,stopΩK)
−1 =

2Πcs
St + St−1 . ŁăĮăĉł

�ÜÒ× �©©Î�©�×�Ò æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ Á¼�į ¯Į�Į � Ò×ÁÌÌ¯¼© ×¯»� ×­�× ¯Ò �ÍÜ�µ ×Á ×­� �ì¼�»Ņ
¯��µ ×¯»� Ò��µ�į �Î¯¨× æ¯×­ ×­� ÒÌ��� vd,r = ΠcsĮ a­¯Ò ÒÌ��� ¯Ò �ÍÜ�µ ×Á ×­� �¯¨¨�Î�¼�� ��×æ��¼
×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì �¼� ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� ©�ÒĮ a­� �Î¯¨× ÒÌ��� ¯Ò µ�ÒÒ �ì � ¨��×ÁÎ Á¨ St
¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× St * 1į �¼� �ì � ¨��×ÁÎ Á¨ 1/St ¯¨ St ) 1Į 2¼ ×­� ¨ÁÎ»�Î ��Ò�į
�ÜÒ× �¼� ×­� ©�Ò �Î� æ�µµ �ÁÜÌµ�� �¼� ×­� ÁÎ�¯×�µ ÒÌ��� Á¨ ×­� �ÜÒ× ¯Ò �µÁÒ� ×Á ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼
ÒÌ��� Á¨ ×­� ©�ÒĮ 2¼ ×­� µ�××�Î ��Ò�į Á¼ ×­� Á×­�Î ­�¼�į ©�Ò �¼� �ÜÒ× �Î� �¨¨��×¯å�µì ���ÁÜÌµ��į
�¼� ×­� �ÜÒ× ÁÎ�¯×Ò æ¯×­ ×­� <�Ìµ�Î¯�¼ ÒÌ���Į

2 Ò­Áæ ×­� �Î¯¨× å�µÁ�¯×ì �Ò � ¨Ü¼�×¯Á¼ Á¨ ×­� �ÜÒ× Ò¯ñ� ¯¼ *¯©Į ăĮĄĮ 2× ��¼ �� Ò��¼ ×­�×į ��Ì�¼�Ņ
¯¼© Á¼ ×­�¯Î Î��¯�µ µÁ��×¯Á¼į ���¯»�×Î�Ņ ×Á »�×Î�ŅÒ¯ñ�� �©©Î�©�×�Ò ��¼ �Î¯¨× 1 �Ü ¯¼ �Ò µ¯××µ� �Ò �
­Ü¼�Î�� ì��ÎÒį æ­¯µ� »¯µµ¯»�×Î�ŅÒ¯ñ�� �©©Î�©�×�Ò ×�³� ×�¼ ×­ÁÜÒ�¼� ì��ÎÒ ÁÎ »ÁÎ� ×Á �Î¯¨× ×­�
Ò�»� �¯Ò×�¼��Į

aÁ �Ò×¯»�×� � �ÜÒ× Ò¯ñ� �× æ­¯�­ ×­� Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× �Á¼Ò×¯×Ü×�Ò � ��ÎÎ¯�ÎĈ ¨ÁÎ ¯×Ò
©ÎÁæ×­ �ì �Á�©Üµ�×¯Á¼į 2 �Á»Ì�Î� ×­� Î��¯�µ �Î¯¨× ×¯»� Ò��µ� τd,drift = r/vd,rį ¯Į�Į ×­� ×¯»� Ò��µ�

Ĉ����ÜÒ� ×­� Î��¯�µ �Î¯¨× ¯Ò ¨�Ò×�Ò× ¨ÁÎ �ÜÒ× �©©Î�©�×�Ò æ¯×­ Ò¯ñ�Ò Á¨ ��ÁÜ× »�×Î�Òį ×­� Î��¯�µ �Î¯¨× ��ÎÎ¯�Î ¯Ò �µÒÁ
Î�¨�ÎÎ�� ×Á �Ò »�×Î�ŅÒ¯ñ� ��ÎÎ¯�ÎĮ

Ăć



ăĮąĮ Xž�2ž> �X2*a �žXX2�X

Áå�Î æ­¯�­ � �ÜÒ× �©©Î�©�×� �Î¯¨×Ò ¯¼×Á ×­� Ò×�Îį ×Á ×­� ©ÎÁæ×­ ×¯»� Ò��µ� td,grow = a/ȧį æ­�Î�
×­� �Á× Òì»�Áµ¯Ò�Ò ×­� ×¯»� ��Î¯å�×¯å� Ł�Į©Įį <µ�­Î �¼� �Á��¼­�¯»�Î ăāāćĹ �¯Î¼Ò×¯�µ �× �µĮ ăāĂăį
ăāĂćłĮ 2¨ ×­� ¨ÁÎ»�Î ×¯»� Ò��µ� ¯Ò µ�ÒÒ ×­�¼ ×­� µ�××�Îį �Î¯¨× ¯Ò ¨�Ò×�Î ×­�¼ ©ÎÁæ×­Į

ž Ò¯»Ìµ� �Ò×¯»�×� Á¨ ×­� ©ÎÁæ×­ Î�×� ȧ ��¼ �� Á�×�¯¼�� �ì �Á¼Ò¯��Î¯¼© »Á¼Á�¯ÒÌ�ÎÒ� ©ÎÁæ×­
�¼� Ì�Î¨��× Ò×¯�³¯¼© Á¨ �Áµµ¯�¯¼© �ÜÒ× �©©Î�©�×�Ò Ł<ÁÎ¼�× �× �µĮ ăāāĂłĮ a­�× ¯Òį ���­ �Áµµ¯Ò¯Á¼
µ���Ò ×Á � �ÁÜ�µ¯¼© ¯¼ �©©Î�©�×� »�ÒÒĮ 2 ¨ÜÎ×­�Î �ÒÒÜ»� ÒÌ­�Î¯��µ �©©Î�©�×�Ò æ¯×­ � �Á¼Ò×�¼×
ÒÁµ¯� ��¼Ò¯×ìĮ f¼��Î ×­�Ò� �ÒÒÜ»Ì×¯Á¼Òį

ȧ =
∂a

∂md

∂md

∂t
=

1

4πa2ρs

md

τd,coll
. ŁăĮăĊł

a­� �Áµµ¯Ò¯Á¼ ×¯»� Ò��µ�į ×­�× ¯Ò ×Á Ò�ì ×­� �å�Î�©� ×¯»� ×­�× Ì�ÒÒ�Ò ��×æ��¼ ×æÁ �Áµµ¯Ò¯Á¼Òį
�»ÁÜ¼×Ò ×Á τd,coll = 1/(ndσd,coll∆vd,Bm)Į 0�Î�į Á¼µì Î�µ�×¯å� å�µÁ�¯×¯�Ò ��×æ��¼ �Áµµ¯�¯¼© �©Ņ
©Î�©�×�Ò ×­�× �Î� ¯¼�Ü��� �ì �ÎÁæ¼¯�¼ »Á×¯Á¼ �Î� ×�³�¼ ¯¼×Á ���ÁÜ¼× ����ÜÒ� 2 ń ¯¼ �Á¼×Î�Ò×
×Á ÌÎ�å¯ÁÜÒ �Ü×­ÁÎÒ µ¯³� �¯Î¼Ò×¯�µ �× �µĮ ŁăāĂăį ăāĂćł ń ¼�©µ��× Ò×¯�³¯¼© �Ò � ÌÁÒÒ¯�µ� ÁÜ×�Á»� Á¨
�Áµµ¯Ò¯Á¼Ò ×­�× �Î� ¯¼�Ü��� �ì ©�Ò ×ÜÎ�Üµ�¼�� ŁÒ�� \��×Į ăĮĄłĮ a­� �ÎÁÒÒ Ò��×¯Á¼ ¨ÁÎ ×­� �Áµµ¯Ò¯Á¼
Á¨ ×æÁ �©©Î�©�×�Ò ¯Ò �ÍÜ�µ ×Á σd,coll = 4πa2Į

a­� Î��¯�µ �Î¯¨× ×¯»� Ò��µ� ��¼ �� �ÌÌÎÁë¯»�×�� �Ò τd,drift ≈ r/(2ΠcsSt) ŁÒ�� �ÍĮ ăĮăĉł ¯¨
�©©Î�©�×�Ò �Á ¼Á× ©ÎÁæ ×Á � \×Á³�Ò ¼Ü»��Î Á¨ Á¼� �¼� ×­ÜÒ �Á ¼Á× Î���­ ×­� »�ë¯»Ü» �Î¯¨×
ÒÌ���Į �ì �ÍÜ�×¯¼© ×­¯Ò ×¯»� Ò��µ� æ¯×­ ×­� ©ÎÁæ×­ ×¯»� Ò��µ� τd,grow = aρs/(ρd∆vd,Bm) �¼�
�ÒÒÜ»¯¼© �Î�© ¯¼ ×­� �ÌÒ×�¯¼ Î�©¯»� ŁÒ�� �ÍĮ ăĮăłćį 2 ��Î¯å� ×­� ×­Î�Ò­Áµ� �ÜÒ× Ò¯ñ� ¨ÁÎ æ­¯�­
¨ÜÎ×­�Î �Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­ ¯Ò ¯¼­¯�¯×�� �ì ×­� Î��¯�µ �Î¯¨×į

adrift =

(
3kBTr2ε2ρ2dρ

2
g

πµρ5sΠ
2Ω2

K

)1/7

ŁăĮĄāł

ŁÒ�� �µÒÁ �ÍĮ ăĮĂłĮ 2¼ ×­� »¯�ŅÌµ�¼� Á¨ ×­� �¯Ò³ »Á��µ 2 ÌÎ�Ò�¼× ¯¼ žÌÌ�¼�¯ë žį ×­¯Ò �ÁÎÎ�ÒÌÁ¼�Ò
×Á

adrift(z = 0) = 883
( r

1 �Ü

)−5/7
(
ρd
ρg

)2/7

ÿ». ŁăĮĄĂł

fÒ¯¼© ×­� ¯¼å�Î×�� �ÍĮ ăĮĂĄį

St(z = 0) = 1.99× 10−3
( a

1 �»

)( r

1 �Ü

)
, ŁăĮĄăł

×­¯Ò ×­Î�Ò­Áµ� Ò¯ñ� ��¼ �� �Á¼å�Î×�� ×Á � ×­Î�Ò­Áµ� \×Á³�Ò ¼Ü»��Î Á¨

Stdrift(z = 0) = 1.76× 10−4
( r

1 �Ü

)2/7(ρd
ρg

)2/7

. ŁăĮĄĄł

*¯©ÜÎ� ăĮą ��Ì¯�×Ò ×­� �Ò×¯»�×�� »�ë¯»Ü» Ò¯ñ�Ò �¼� \×Á³�Ò ¼Ü»��ÎÒ ×Á æ­¯�­ �ÜÒ× �©©Î�©Ņ
�×�Ò ��¼ ©ÎÁæ �ì �Á�©Üµ�×¯Á¼ ��¨ÁÎ� ×­�ì �ÁÜ¼�� Ł�ÍÒĮ ăĮĂă �¼� ăĮĂął ÁÎ ¨Î�©»�¼× Ł�ÍÒĮ ăĮĂĆ
�¼� ăĮĂćł ¯¨ ×­�ì �Áµµ¯�� ÁÎ ��¨ÁÎ� ×­�¯Î Î��¯�µ �Î¯¨× ¯Ò ¨�Ò×�Î ×­�¼ ×­�¯Î ©ÎÁæ×­ Ł�ÍÒĮ ăĮĄĂ �¼� ăĮĄĄłĮ
a­� ¨¯©ÜÎ� Ò­ÁæÒ ×­�× �ÜÒ× Ò¯ñ�Ò �Î� µ¯»¯×�� ×Á »¯µµ¯»�×Î�Ò �× Ò»�µµ Î��¯�µ �¯Ò×�¼��Ò ×Á ×­� Ò×�Î
Áæ¯¼© ×Á �ÁÜ¼�¯¼©į �¼� ×Á ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ »¯�ÎÁ¼Ò �× µ�Î©� Î��¯¯ ����ÜÒ� Á¨ ×­� �Î¯¨×Į FÁ¼Ņ
�×­�µ�ÒÒį �Ò �¯Ò�ÜÒÒ�� ¯¼ »ÁÎ� ��×�¯µ ¯¼ \��×Į ăĮĄį ×­� ��Ì¯�×�� �Ò×¯»�×�Ò �Î� ��Ò�� Á¼ ×­� Ò¯»Ņ
Ìµ¯¨ì¯¼© �ÒÒÜ»Ì×¯Á¼ Á¨ »Á¼Á�¯ÒÌ�ÎÒ� ©ÎÁæ×­ Á¨ Ì�Î¨��×µì �Á»Ì��× ÒÌ­�Î¯��µ �©©Î�©�×�ÒĮ

ĂĈ



�0žVa�X ăĮ �žXX2�X\ *KX �K>>2\2KFž> �f\a +XKpa0

'JHVSF ���� %VTU TJ[FaBOE 4UPLFT OVNCFSSt JO UIF NJE�QMBOF BT B GVODUJPO PG UIF SBEJBM EJTUBODF UP UIF TUBSr� 5IF CMVF BOE
PSBOHF MJOFT TIPX UIF UISFTIPME TJ[F BOE 4UPLFT OVNCFS GPS CPVODJOH 	&RT� ���� BOE ����
 BOE GPS GSBHNFOUBUJPO 	&RT� ����
BOE ����

 SFTQFDUJWFMZ
 VOEFS NVUVBM EVTU DPMMJTJPOT� 5IF UISFTIPME WBMVFT BU XIJDI UIF SBEJBM ESJȼU PG UIF EVTU JT FRVBMMZ
GBTU BT JUT DPMMJTJPOBM HSPXUI 	&RT� ���� BOE ����
 BSF NBSLFE XJUI HSFFO MJOFT� )FSF
 * BTTVNF B .BDI OVNCFS PG 0.01 BOE
B EVTU�UP�HBT EFOTJUZ SBUJP PG POF
 XIJDI BSF UZQJDBM WBMVFT JO UIF NJE�QMBOF PG QSPUPQMBOFUBSZ EJTLT 	TFF $IBQUFST � BOE �
�
*U JT FWJEFOU UIBU EVTU JT QSFWFOUFE CZ CPVODJOH GSPN HSPXJOH MBSHFS UIBO NJMMJNFUSFT BU TNBMM SBEJJ
 BOE CZ UIF ESJȼU GSPN
HSPXJOH MBSHFS UIBO UFOT PS IVOESFET PG NJDSPOT BU MBSHF SBEJJ�

Ăĉ



3
\×Î��»¯¼© ¯¼Ò×��¯µ¯×ì

žÒ �¯Ò�ÜÒÒ�� ¯¼ ×­� ÌÎ�å¯ÁÜÒ �­�Ì×�Îį �ÜÒ× �©©Î�©�×�Ò ��¼ ©ÎÁæ ×Á Ò¯ñ�Ò ��×æ��¼ ­Ü¼�Î��Ò Á¨
»¯�ÎÁ¼Ò �¼� ��¼×¯»�×Î�Ò å¯� �Á�©Üµ�×¯Á¼į ¯Į�Į �©©Î�©�×�Ò Ò×¯�³¯¼© ×Á©�×­�Î æ­�¼ ×­�ì �Áµµ¯��Į
�Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­ ��ìÁ¼� ×­�Ò� Ò¯ñ�Ò ¯Ò ÌÎ�å�¼×�� �ì �ÁÜ¼�¯¼© ÁÎ ¨Î�©»�¼×�×¯Á¼ Ü¼��Î »ÜŅ
×Ü�µ �Áµµ¯Ò¯Á¼Ò ŁÒ�� \��×Į ăĮĄł �Ò æ�µµ �Ò �ì ×­� Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× ×Áæ�Î�Ò ×­� Ò×�Î ×­�× ¯Ò
��ÜÒ�� �ì ×­� �Î�© Á¨ ×­� ©�Ò Á¼×Á ×­� �ÜÒ× ŁÒ�� \��×Į ăĮąłĮ ž ¼Ü»��Î Á¨ »��­�¼¯Ò»Ò ­�å�
���¼ ÌÎÁÌÁÒ�� ×Á Áå�Î�Á»� ×­�Ò�Ò ��ÎÎ¯�ÎÒ �¼� ¯¼�Ü�� ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒį ×­�
¼�ë× Ò×�©� ¯¼ ×­� ©ÎÁæ×­ ¨ÎÁ» �ÜÒ× ×Á Ìµ�¼�×Ò Ł+Áµ�Î�¯�­ �¼� p�Î� ĂĊĈĄłĮ Vµ�¼�×�Ò¯»�µÒ �Î�
×ìÌ¯��µµì ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ ³¯µÁ»�×Î�Ò ¯¼ Ò¯ñ�į µ�Î©� �¼ÁÜ©­ ×Á �� �ÁÜ¼� �ì Ò�µ¨Ņ©Î�å¯×ì �¼�
×Á �� �¨¨��×¯å�µì ���ÁÜÌµ�� ¨ÎÁ» ×­� ©�Ò Ł�Į©Įį 4Á­�¼Ò�¼ �× �µĮ ăāĂąłĮ a­�× ¯Òį ×­�ì �Î� ¼Á× �¨¨��×��
�ì �¯×­�Î �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ ÁÎ �ì Î��¯�µ �Î¯¨×Į p­¯µ� 2 ¯¼×ÎÁ�Ü�� Á×­�Î »��­�¼¯Ò»Ò
¨ÁÎ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ \��×Į ĄĮĆį ×­� ¨Á�ÜÒ Á¨ ×­¯Ò ×­�Ò¯Ò ¯¼ ©�¼�Î�µ �¼� ×­¯Ò �­�Ì×�Î ¯¼
Ì�Î×¯�Üµ�Î µ¯�Ò Á¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò �Î©Ü��µì ×­� µ���¯¼© ��¼�¯��×� »��­�¼¯Ò»Į

�¾� >ŰŵŬŨŹ ŰŵźŻŨũŰųŰŻƀ

a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì æ�Ò �¯Ò�Áå�Î�� �¼�µì×¯��µµì �ì vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł �Ò � µ¯¼Ņ
��Î ¯¼Ò×��¯µ¯×ìĮ a­� ¼Ü»�Î¯��µ Ò×Ü�¯�Ò �Á¼�Ü�×�� �ì vÁÜ�¯¼ �¼� 4Á­�¼Ò�¼ ŁăāāĈłį 4Á­�¼Ò�¼ �¼�
vÁÜ�¯¼ ŁăāāĈłį �¼� ��¯ �¼� \×Á¼� ŁăāĂā�ł �Á¼¨¯Î»�� ×­� ÌÎ�Ò�¼�� Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì �¼�
Ò­Áæ�� ×­�× ¯× �åÁµå�Ò ¯¼×Á � ¼Á¼Ņµ¯¼��Î Î�©¯»�Į a­� ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò æ­�¼ ÎÁ×�×¯¼© ©�Ò �¼�
�ÜÒ× �Î� »Ü×Ü�µµì �ÁÜÌµ�� å¯� �Î�© �¼� ×­�Î� ¯Ò � Î��¯�µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ�Į 2× ×�ÌÒ
¯¼×Á ×­� ¨Î�� �¼�Î©ì ÌÎÁå¯��� �ì ×­¯Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į 2¼ ©�¼�Î�µį ��¼Ò¯×ì �¼� ×�»Ì�Î�×ÜÎ�
���Î��Ò� æ¯×­ ¯¼�Î��Ò¯¼© Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�Î ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį �¼� ×­� ¯¼Ò×��¯µ¯×ì
¯Ò ×­ÜÒ ��×¯å� ¯¼ �µµ �¯Ò³ Î�©¯Á¼Ò ¯¼ æ­¯�­ �ÜÒ× ¯Ò ÌÎ�Ò�¼×Į 2¼ ×­� ¨ÁµµÁæ¯¼©į 2 Ò³�×�­ ×­� ��Î¯åŅ
�×¯Á¼ Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì �Ò ÌÎ�Ò�¼×�� �ì vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł �¼� 4��ÍÜ�× �× �µĮ
ŁăāĂĂłĮ

>¯¼��Î ¯¼Ò×��¯µ¯×¯�Ò �Î¯Ò� ¨ÎÁ» µ¯¼��Î Ì�Î×ÜÎ��×¯Á¼Ò ×Á �¼ �ÍÜ¯µ¯�Î¯Ü» Ò×�×�į ×­�× ¯Ò ×Á Ò�ì ×Á
ÒÁµÜ×¯Á¼Ò Á¨ ×­� �ÍÜ�×¯Á¼ Á¨ »Á×¯Á¼Ò ×­�× �Î� �Á¼Ò×�¼× ¯¼ ×¯»�Į vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł
�¼� 4��ÍÜ�× �× �µĮ ŁăāĂĂł Á�×�¯¼ ×­� �ÍÜ�×¯Á¼Ò Á¨ »Á×¯Á¼ Á¨ ×­� �ÜÒ× �ì �ÌÌÎÁë¯»�×¯¼© ¯× �Ò �
ÌÎ�ÒÒÜÎ�µ�ÒÒ ¨µÜ¯�Į a­¯Ò �ÌÌÎÁë¯»�×¯Á¼ ¯Ò å�µ¯� ¯¨ ×­� �ÜÒ× ��ÁÌ×Ò ×­� ¨µÜ¯� ��­�å¯ÁÜÎ Á¨ ×­�

ĂĊ
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©�Ò ����ÜÒ� ©�Ò �¼� �ÜÒ× �Î� Ò×ÎÁ¼©µì �ÁÜÌµ�� å¯� �Î�©į ¯Į�Į ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� ¯Ò Ò­ÁÎ×�Î
×­�¼ ×­� �ì¼�»¯��µ ×¯»� Ò��µ� 1/ΩK �¼� ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× ×­ÜÒ Ò»�µµ�Î ×­�¼ Á¼�
ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆĹ vÁÜ�¯¼ �¼� 4Á­�¼Ò�¼ ăāāĈĹ 4��ÍÜ�× �× �µĮ ăāĂĂłĮ 2¨ ©�Ò �¼� �ÜÒ× �Î�
Á¼µì µÁÁÒ�µì �ÁÜÌµ��į ×­ÁÜ©­į ×­� ×Î�±��×ÁÎ¯�Ò Á¨ ��±���¼× �ÜÒ× �©©Î�©�×�Ò ��¼ ¼Á× �� �ÒÒÜ»��
×Á �� Ò¯»¯µ�Î �Ò ×­� Á¼�Ò Á¨ ©�Ò »Áµ��Üµ�Òį �Ü× ��¼ �å�¼ �ÎÁÒÒĮ 2¼ ���¯×¯Á¼į ×­� ��Ò�Î¯Ì×¯Á¼ Á¨
×­� �ÜÒ× �Ò � ¨µÜ¯� æ¯×­ ñ�ÎÁ ÌÎ�ÒÒÜÎ� �µµÁæÒ ¨ÁÎ Ü¼Ì­ìÒ¯��µ �¯Ò�Á¼×¯¼Ü¯×¯�Ò ¯¼ ×­� �ÜÒ× ��¼Ò¯×ìĮ
žÎ×¯¨¯�¯�µ �ÜÒ× å¯Ò�ÁÒ¯×ì ��¼ �� �»ÌµÁì�� ×Á ÌÎ�å�¼× ×­�Ò� �¯Ò�Á¼×¯¼Ü¯×¯�Ò ¯¼ ¼Ü»�Î¯��µ Ò¯»Üµ�Ņ
×¯Á¼Òį �Ü× ×­¯Ò ¯¼ ×ÜÎ¼ �µ×�ÎÒ ×­� �ÜÒ× �ì¼�»¯�Òį ¯¼�µÜ�¯¼© ÒÜÌÌÎ�ÒÒ¯¼© �ÜÒ× �Á¼��¼×Î�×¯Á¼ÒĮ

a­� �ÍÜ�×¯Á¼Ò Á¨ »Á×¯Á¼ Á¨ ©�Ò �¼� �ÜÒ× �Ò � ¨µÜ¯� �Î� ©¯å�¼ �ì

∂ρg
∂t

+∇ · (ρgvg) = 0, ŁĄĮĂł

∂ρd
∂t

+∇ · (ρdvd) = 0, ŁĄĮăł

∂vg
∂t

+ (vg ·∇)vg = −Ω2
Krr̂ −

1

ρg
∇P +

ρd
ρg

vd − vg
td,stop

į �¼� ŁĄĮĄł

∂vd
∂t

+ (vd ·∇)vd = −Ω2
Krr̂ −

vd − vg
td,stop

, ŁĄĮął

æ­�Î� r̂ ¯Ò ×­� Ü¼¯× å��×ÁÎ ¯¼ ×­� Î��¯�µ �¯Î��×¯Á¼ �¼� P ×­� ©�Ò ÌÎ�ÒÒÜÎ�Į a­� ¨¯ÎÒ× ×�Î» Á¼ ×­�
Î¯©­×Ņ­�¼� Ò¯�� Á¨ ×­� »Á»�¼×Ü» �ÍÜ�×¯Á¼Ò Á¨ ©�Ò Ł�ÍĮ ĄĮĄł �¼� �ÜÒ× Ł�ÍĮ ĄĮął Î�¨µ��×Ò ×­� Î��¯�µ
Ò×�µµ�Î ©Î�å¯×ìį æ­¯µ� ×­� µ�Ò× ×�Î» ©¯å�Ò ×­� ����µ�Î�×¯Á¼ ��ÜÒ�� �ì ×­� »Ü×Ü�µ �Î�© ��×æ��¼
©�Ò �¼� �ÜÒ× ŁÒ�� �ÍĮ ăĮăłĮ *ÁÎ Ò¯»Ìµ¯�¯×ìį �Á×­ å�Î×¯��µ Ò×�µµ�Î ©Î�å¯×ì �¼� Ò�µ¨Ņ©Î�å¯×ì Á¨ ©�Ò
�¼� �ÜÒ× �Î� ¼�©µ��×��Į

aÁ �µÁÒ� ×­� ÒìÒ×�» Á¨ �ÍÜ�×¯Á¼Òį �Á×­ vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł �¼� 4��ÍÜ�× �× �µĮ ŁăāĂĂł
�ÒÒÜ»� ×­�× ×­� ©�Ò ¯Ò ¯¼�Á»ÌÎ�ÒÒ¯�µ�Į a­�× ¯Òį ×­� ��¼Ò¯×ì Á¨ �å�Îì ©�Ò Ì�Î��µ ¯Ò �Á¼Ò¯��Î��
×Á Î�»�¯¼ �Á¼Ò×�¼× ¯¼ ×¯»�Į a­¯Ò �ÒÒÜ»Ì×¯Á¼ ¯Ò ±ÜÒ×¯¨¯�� ¯¨ ×ÜÎ�Üµ�¼× å�µÁ�¯×¯�Ò ¯¼ ×­� ©�Ò �Î�
ÒµÁæ�Î ×­�¼ ×­� ÒÁÜ¼� ÒÌ���į ¯Į�Į ×­� ×ÜÎ�Üµ�¼�� ¯Ò ÒÜ�ÒÁ¼¯�Į f¼��Î ×­¯Ò �Á¼�¯×¯Á¼į ×­�Î»�µ
»Á×¯Á¼Ò ×Î�¼ÒÌÁÎ× ¯¼¨ÁÎ»�×¯Á¼ ��ÁÜ× �­�¼©�Ò ¯¼ ×­� ©�Ò ��¼Ò¯×ì ¨�Ò×�Î ×­�¼ ×­� �­�¼©�Ò �Î�
¯¼�Ü��� �ì ×ÜÎ�Üµ�¼× »Á×¯Á¼ÒĮ a­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ¯¼����
ÒÜ�ÒÁ¼¯� ŁÒ�� \��×Į ąĮĆĮĂłĮ 2¨ ¯× ¯Ò ¯¼�Á»ÌÎ�ÒÒ¯�µ�į ×­�× ¯Ò ×Á Ò�ì ∂ρg/∂t = ∇ρg = 0į ×­� �Á¼×¯¼ÜŅ
¯×ì �ÍÜ�×¯Á¼ Á¨ ×­� ©�Ò Ł�ÍĮ ĄĮĂł Î��Ü��Ò ×Á

∇ · vg = 0. ŁĄĮĆł

F�³�©�æ� �× �µĮ ŁĂĊĉćł Á�×�¯¼ ÒÁµÜ×¯Á¼Ò ×Á ×­� »Á»�¼×Ü» �ÍÜ�×¯Á¼Ò Á¨ ©�Ò �¼� �ÜÒ× Ł�ÍÒĮ ĄĮĄ
�¼� ĄĮął ×­�× �Î� Ò×���ì ¯¼ ×¯»�Į a­� ��Î¯å�×¯Á¼ Á¨ ×­�Ò� �ÍÜ¯µ¯�Î¯Ü» ÒÁµÜ×¯Á¼Ò ¯¼åÁµå�Ò ×­�
�ÒÒÜ»Ì×¯Á¼ Á¨ �ë¯Òì»»�×Îìį ¯Į�Į ¯¼��Ì�¼��¼�� Á¨ ×­� �ñ¯»Ü×­Į 2¨ ×­� å�Î×¯��µ Ò×�µµ�Î ©Î�å¯×ì ¯Ò
¼�©µ��×��į ×­� ÒÁµÜ×¯Á¼Ò ��¼ �� �ëÌÎ�ÒÒ�� �Ò

vg,r =
2Stfgfd
1 + St2f2

g

Πcs, ŁĄĮćł

ăā
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vd,r = −
2Stf2

g

1 + St2f2
g

Πcs, ŁĄĮĈł

vg,φ = vK +

(
fd

1 + St2f2
g

− 1

)
Πcs, ŁĄĮĉł

vd,φ = vK − fg
1 + St2f2

g

Πcsį �¼� ŁĄĮĊł

vg,z = vd,z = 0, ŁĄĮĂāł

æ­�Î� fg = ρg/ρtot �¼� fd = ρd/ρtot �Î� ×­� Î�×¯ÁÒ Á¨ ©�Ò �¼� �ÜÒ× ��¼Ò¯×ìį Î�ÒÌ��×¯å�µìį ×Á ×­�
×Á×�µ ��¼Ò¯×ì ρtot = ρg + ρdĮ 2 Î�¨�Î ×Á \��×Į ăĮąį ¯¼ æ­¯�­ 2 �ëÌµ�¯¼ ×­�× � ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×
�¯Î��×�� Î��¯�µµì �æ�ì ¨ÎÁ» ×­� Ò×�Î ��ÜÒ�Ò ×­� ÁÎ�¯×�µ å�µÁ�¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× ×Á �� Òµ¯©­×µì
µ�ÒÒ ×­�¼ ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì �¼� ×­� �ÜÒ× ×Á �Î¯¨× Î��¯�µµì ×Áæ�Î�Ò ×­� Ò×�ÎĮ a­� �¯»�¼Ò¯Á¼Ņ
µ�ÒÒ Ì�Î�»�×�ÎΠį �Ò ¯¼×ÎÁ�Ü��� �ì Ł��¯ �¼� \×Á¼� ăāĂā�łį ©¯å�Ò ×­� Ò×Î�¼©×­ Á¨ ×­¯Ò Î��¯�µ ÌÎ�ÒŅ
ÒÜÎ� ©Î��¯�¼×Į 2¨ ×­�ì æ�Î� ¼Á× �ÁÜÌµ�� å¯� ×­�¯Î »Ü×Ü�µ �Î�©į ×­� �ÜÒ× �¼� ×­� ©�Ò æÁÜµ� ÁÎ�¯×
æ¯×­ ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì vK �¼� ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼ å�µÁ�¯×ì vK −Πcsį Î�ÒÌ��×¯å�µìĮ

2× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á �Á¼Ò¯��Î ×­� �ÍÜ¯µ¯�Î¯Ü» å�µÜ�Ò Á¨ ×­� ©�Ò �¼� �ÜÒ× å�µÁ�¯×¯�Ò ¯¼ ×­� µ¯»Ņ
¯×Ò Á¨ å�Îì µÁæ �¼� å�Îì ­¯©­ Î�×¯ÁÒ Á¨ �ÜÒ× ×Á ©�Ò ��¼Ò¯×ìį �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á fg → 1 Łfd → 0ł
�¼� fd → 1 Łfg → 0łį Î�ÒÌ��×¯å�µìĮ a­� ¨ÁÎ»�Î ��Ò� Î�¨µ��×Ò ×­�× ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á
¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» �¼� �Á¼Ò�ÍÜ�¼×µì ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ¯Ò ©�¼�Î�µµì »Ü�­ µ�ÒÒ
×­�¼ Á¼�Į 2¼ ×­¯Ò ��Ò�į ×­� ©�Ò �Á�Ò ¼Á× »Áå� Î��¯�µµìį æ­¯µ� �ÍĮ ĄĮĈ ¯Ò �ÍÜ¯å�µ�¼× ×Á �ÍĮ ăĮăĉ ©¯åŅ
¯¼© ×­� Î��¯�µ �Î¯¨× å�µÁ�¯×ì Á¨ ×­� �ÜÒ×Į a­� Î��¯�µ �ÜÒ× �Î¯¨× ¯Ò �¯Ò�ÜÒÒ�� ¯¼ ��×�¯µ ¯¼ \��×Į ăĮąĮ
�Á×­ ©�Ò �¼� �ÜÒ× ÁÎ�¯× æ¯×­ � å�µÁ�¯×ì ×­�× ¯Ò �µÁÒ� ×Á ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼ Á¼� Á¨ ×­� ©�Ò ����ÜÒ�
×­� �Î�© �ë�Î×�� �ì ×­� ©�Ò Á¼ ×­� �ÜÒ× ¯Ò »Ü�­ Ò×ÎÁ¼©�Î ×­�¼ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�ÒĮ

p¯×­ ¯¼�Î��Ò¯¼© �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Áį ­Áæ�å�Îį ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ©�Ò �¼� �ÜÒ× ¯¼Ņ
�Î��Ò�Ò ×Áæ�Î�Ò ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì Á¨ ×­� �ÜÒ×Į ž��¯×¯Á¼�µµìį ×­� ¯¼æ�Î�Ò Î��¯�µ �Î¯¨× Á¨
×­� �ÜÒ× ÒµÁæÒ �Áæ¼į æ­¯µ� ×­� ©�Ò ��©¯¼Ò ×Á �Î¯¨× Î��¯�µµì ÁÜ×æ�Î�ÒĮ a­� µ�××�Î ¯Ò Ò¯¼�� ×­�
��¼×Î¯¨Ü©�µ ¨ÁÎ�� ��×¯¼© Á¼ ×­� ©�Ò �¼� ¯×Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×į æ­¯�­ �Î� �Á×­ �¯Î��×�� Î��¯�µµì
ÁÜ×æ�Î�Òį �Î� ¼Á µÁ¼©�Î ��µ�¼��� �ì ×­� ¯¼æ�Î�ÒŅ�¯Î��×�� Ò×�µµ�Î ©Î�å¯×ìĮ 2¼ ×­� µ�ì�Î �ÎÁÜ¼�
×­� �¯Ò³ »¯�ŅÌµ�¼� ×Á æ­¯�­ ×­� �ÜÒ× Ò��¯»�¼×Òį ×­� �ÜÒ× ��¼Ò¯×ì �ÌÌÎÁ��­�Ò ×­� ©�Ò ��¼Ò¯×ìĮ
2¨ ×­�ì �Î� �ÍÜ�µį ©�Ò �¼� �ÜÒ× �Î¯¨× Î��¯�µµì æ¯×­ ×­� Ò�»� ÒÌ���Į >Á��µµì ¯¼ �ÜÒ× Áå�Î��¼Ò¯×Ņ
¯�Òį ¨ÁÎ ¯¼Ò×�¼�� ¯¼ ×­ÁÒ� ��ÜÒ�� �ì ×­� ¼Á¼Ņµ¯¼��Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ĄĮăłį ×­� �ÜÒ×
��¼Ò¯×ì ��¼ �å�¼ �ë���� ×­� ©�Ò ��¼Ò¯×ì �ì ÁÎ��ÎÒ Á¨ »�©¼¯×Ü��Į 2¼ ×­� µ¯»¯× Á¨ å�Îì µ�Î©� �ÜÒ×Ņ
×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯ÁÒį ×­� Î��¯�µ å�µÁ�¯×¯�Ò Á¨ �Á×­ ©�Ò �¼� �ÜÒ× å�¼¯Ò­Į a­¯Ò ¯Ò ����ÜÒ� ×­� �Î�©
�ë�Î×�� �ì ×­� �ÜÒ× Á¼ ×­� ©�Ò �Á»¯¼�×�Ò Áå�Î ×­� �¨¨��× Á¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į

a­� ��Ì�¼��¼�� Á¨ ×­� �ÍÜ¯µ¯�Î¯Ü» ©�Ò �¼� �ÜÒ× å�µÁ�¯×¯�Ò Á¼ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ×
�µÒÁ »�Î¯×Ò � �Î¯�¨ �¯Ò�ÜÒÒ¯Á¼Į F�¯×­�Î ×­� �ÜÒ× ¼ÁÎ ×­� ©�Ò �Î¯¨× Î��¯�µµì ¯¨ ×­� \×Á³�Ò ¼Ü»��Î
¯Ò �¯×­�Î å�Îì Ò»�µµ ÁÎ å�Îì µ�Î©�Į 2¼ ×­� ¨ÁÎ»�Î ��Ò�į ×­� ©�Ò �¼� �ÜÒ× �Î� ×¯©­×µì �ÁÜÌµ��į �¼�
�¯×­�Î ×­� �ÜÒ× ¯Ò �Î�©©�� �µÁ¼© �ì ×­� ©�Ò ÁÎ å¯�� å�ÎÒ�į ��Ì�¼�¯¼© Á¼ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì
Î�×¯ÁĮ 2¼ ×­� µ�××�Î ��Ò�į Á¼ ×­� Á×­�Î ­�¼�į ©�Ò �¼� �ÜÒ× �Î� �¨¨��×¯å�µì ���ÁÜÌµ��Į a­ÜÒį ×­�
©�Ò ÁÎ�¯×Ò æ¯×­ ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼ å�µÁ�¯×ìį æ­¯µ� ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� �ÜÒ× ¯Ò <�Ìµ�Î¯�¼Į

ăĂ
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aÁ �ë�»¯¼� æ­�×­�Î ×­�ì µ��� ×Á ¯¼Ò×��¯µ¯×ìį vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł �¼� 4��ÍÜ�× �× �µĮ
ŁăāĂĂł �¼�µìÒ� Ì�Î×ÜÎ��×¯Á¼Ò ×Á ×­� �ÍÜ¯µ¯�Î¯Ü» Ò×�×� ń ×­� å�µÁ�¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× ¯¼ ×­¯Ò
Ò×�×� �Î� ©¯å�¼ �ì �ÍÒĮ ĄĮć ×Á ĄĮĂā ń æ­ÁÒ� Ò¯ñ� Ò��µ�Ò �Î� »Ü�­ µ�ÒÒ ×­�¼ ×­� �¯Ò×�¼�� ×Á ×­� Ò×�ÎĮ
a­�Î�¨ÁÎ�į ×­�ì ��ÁÌ× ×­� Ò­��Î¯¼© �Áë �ÌÌÎÁë¯»�×¯Á¼ Ł+Áµ�Î�¯�­ �¼� >ì¼��¼Ņ��µµ ĂĊćĆłĮ 2¼
×­¯Ò �ÌÌÎÁë¯»�×¯Á¼į � �¯Ò³ Î�©¯Á¼ ¯Ò �Á¼Ò¯��Î�� ×­�× ¯Ò Ò»�µµ �¼ÁÜ©­ �Á»Ì�Î�� ×Á ×­� Ò¯ñ� Á¨
×­� �¯Ò³ ¨ÁÎ ×­� �¯Ò³ �ÜÎå�×ÜÎ� ×Á �� ¼�©µ¯©¯�µ�Į

>Á��×¯Á¼Ò ��¼ ×­�Î�¨ÁÎ� �� ¯¼�¯��×�� ÜÒ¯¼© � ��Î×�Ò¯�¼ �ÁÁÎ�¯¼�×� ÒìÒ×�» æ­ÁÒ� ÁÎ¯©¯¼ ¯Ò
µÁ��×�� �× ×­� ��¼×Î� r0 Á¨ ×­� �¯Ò³ Î�©¯Á¼ Ł+Áµ�Î�¯�­ �¼� >ì¼��¼Ņ��µµ ĂĊćĆĹ vÁÜ�¯¼ �¼� +ÁÁ�Ņ
»�¼ ăāāĆłĮ a­� �ìµ¯¼�Î¯��µ Î��¯�µ �ÁÁÎ�¯¼�×� r ��¼ �� �Á¼å�Î×�� ×Á ×­� ��Î×�Ò¯�¼ Î��¯�µ �ÁÁÎ�¯¼Ņ
�×� x �Ò

x = r − r0 ŁĄĮĂĂł

�¼� ×­� �ìµ¯¼�Î¯��µ �ñ¯»Ü×­�µ �ÁÁÎ�¯¼�×� φ ×Á ×­� ��Î×�Ò¯�¼ �ñ¯»Ü×­�µ �ÁÁÎ�¯¼�×� y �Ò

y = r0 sin(φ− Ω(r0)t) ≈ r0(φ− Ω(r0)t), ŁĄĮĂăł

æ­�Î� Ω ¯Ò ×­� ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ìĮ a­� å�Î×¯��µ �ÁÁÎ�¯¼�×� z Î�»�¯¼Ò ×­� Ò�»�Į \¯»¯µ�Î ×Á µÁ�Ņ
�×¯Á¼Òį å�µÁ�¯×¯�Ò �Î� µ¯¼��Î¯Ò�� æ¯×­ Î�ÒÌ��× ×Á ×­� ÁÎ�¯×�µ å�µÁ�¯×ì �× ×­� ��¼×Î� Á¨ ×­� Î�©¯Á¼Į
2¼ Ì�Î×¯�Üµ�Îį �ëÌ�¼�¯¼© ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì ΩK ∝ x−3/2 ŁÒ�� �µÒÁ �ÍĮ ăĮăął ¯¼ �
a�ìµÁÎ Ò�Î¯�Ò �ÎÁÜ¼� x = 0į

ΩK(x) = ΩK(x = 0) +
∂ΩK(x)

∂x

∣∣∣∣
x=0

x+O(x2)

≈ ΩK(x = 0)− 3

2

ΩK(x)

x

∣∣∣∣
x=0

x,

ŁĄĮĂĄł

ì¯�µ�Ò ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ å�µÁ�¯×ì

vK(x) = vK(x = 0)− 3

2
ΩK(x = 0)x. ŁĄĮĂął

a­� �ÍÜ¯µ¯�Î¯Ü» ©�Ò �¼� �ÜÒ× ��¼Ò¯×¯�Ò �Î� �ÒÒÜ»�� ×Á �� ­Á»Á©�¼�ÁÜÒ æ¯×­¯¼ ×­� Î�©¯Á¼į
�¼� ×­� �ÍÜ¯µ¯�Î¯Ü» ©�Ò ÌÎ�ÒÒÜÎ� ×Á ���Î��Ò� µ¯¼��Îµì æ¯×­ ¯¼�Î��Ò¯¼© Î��¯�µ �ÁÁÎ�¯¼�×� ŁvÁÜ�¯¼
�¼� +ÁÁ�»�¼ ăāāĆĹ 4��ÍÜ�× �× �µĮ ăāĂĂłĮ a­�× ¯Òį ×­� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× ¯Ò �Á¼Ò×�¼×Į a­�Î�¨ÁÎ�į
×­� �ÍÜ¯µ¯�Î¯Ü» å�µÜ�Ò Á¨ ×­� Î��¯�µ å�µÁ�¯×¯�Ò Á¨ ©�Ò Ł�ÍĮ ĄĮćł �¼� �ÜÒ× Ł�ÍĮ ĄĮĈł �Î� �µÒÁ �Á¼Ò×�¼×į
æ­¯µ� ×­� �ñ¯»Ü×­�µ ©�Ò Ł�ÍĮ ĄĮĉł �¼� �ÜÒ× å�µÁ�¯×¯�Ò Ł�ÍĮ ĄĮĊł å�Îì Á¼µì æ¯×­ ×­� <�Ìµ�Î¯�¼ å�µÁŅ
�¯×ìĮ

a­� Ì�Î×ÜÎ��×¯Á¼Ò ×Á ×­� �ÍÜ¯µ¯�Î¯Ü» Ò×�×� �Î� �Á¼Ò¯��Î�� ×Á ÌÁÒÒ�ÒÒ ×­� ¨ÁÎ» Á¨ �ë¯Òì»Ņ
»�×Î¯� æ�å�Ò ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆĹ 4��ÍÜ�× �× �µĮ ăāĂĂłĮ a­�× ¯Òį ×­�ì �Î� ÌÎÁÌÁÎ×¯Á¼�µ
×Á exp[i(kxx+ kzz − ωt)]į æ­�Î� kx �¼� kz �Î� ×­� æ�å� ¼Ü»��ÎÒ ¯¼ ×­� Î��¯�µ �¼� å�Î×¯��µ
�¯»�¼Ò¯Á¼ �¼� ω ¯Ò ×­� æ�å� ¨Î�ÍÜ�¼�ìĮ ���­ Á¨ ×­� ©�Ò �¼� �ÜÒ× ��¼Ò¯×¯�Ò �¼� å�µÁ�¯×¯�Ò �Ò
æ�µµ �Ò ×­� ©�Ò ÌÎ�ÒÒÜÎ� �Î� �ëÌÎ�ÒÒ�� �Ò ×­� ÒÜ» Á¨ ×­� �ÍÜ¯µ¯�Î¯Ü» å�µÜ� �¼� � Ì�Î×ÜÎ��×¯Á¼į
æ¯×­ ×­� Ì�Î×ÜÎ��×¯Á¼ ��¯¼© å�Îì Ò»�µµ �Á»Ì�Î�� ×Á ×­� �ÍÜ¯µ¯�Î¯Ü» å�µÜ�Į \Ü�Ò×¯×Ü×¯¼© ×­�Ò�
�ëÌÎ�ÒÒ¯Á¼Ò ¯¼×Á ×­� �ÍÜ�×¯Á¼Ò Á¨ »Á×¯Á¼ Ł�ÍÒĮ ĄĮĂ ×Á ĄĮĆłį µ¯¼��Î¯Ò¯¼© ×­� Î�ÒÜµ× æ¯×­ Î�ÒÌ��×
×Á ×­� Ì�Î×ÜÎ��×¯Á¼Òį �¼� ÒÁµå¯¼© ¨ÁÎ ×­� æ�å� ¨Î�ÍÜ�¼�ì ì¯�µ�Ò � ÌÁµì¼Á»¯�µ �¯ÒÌ�ÎÒ¯Á¼ Î�µ�Ņ
×¯Á¼ ω(kx, kz)Į �å�Îì ÎÁÁ× Á¨ ×­¯Ò ÌÁµì¼Á»¯�µ Î�ÌÎ�Ò�¼×Ò � »Á��į � Ò�× Á¨ �Á­�Î�¼× ÁÒ�¯µµ�×¯Á¼Ò
Á¨ ×­� ��¼Ò¯×¯�Ò �¼� å�µÁ�¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× �Ò æ�µµ �Ò Á¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ�Į

ăă
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a­� ÁÒ�¯µµ�×¯Á¼Ò Á¨ � »Á�� ©ÎÁæ �¼� ×­ÜÒ ��ÜÒ� ¯¼Ò×��¯µ¯×ì ¯¨ Î��µ å�µÜ�Ò Á¨ Î��¯�µ �¼� å�Î×¯��µ
æ�å� ¼Ü»��Î �ë¯Ò× ¨ÁÎ æ­¯�­ ×­� ¯»�©¯¼�Îì Ì�Î× Á¨ ×­� æ�å� ¨Î�ÍÜ�¼�ì ¯Ò ÌÁÒ¯×¯å�ĂĮ 2¨ ×­� ¯»�Ņ
©¯¼�Îì Ì�Î× ¯Ò ¼�©�×¯å�į ×­� ÁÒ�¯µµ�×¯Á¼Ò Á¨ ×­� »Á�� �Î� ��»Ì��Į žÒ ©�Ò �¼� �ÜÒ× �Î� ��Ò�Î¯���
�ì �¯©­× �ÍÜ�×¯Á¼Ò Á¨ »Á×¯Á¼į ×­Î�� ���­ ¨ÁÎ ×­� ×­Î�� å�µÁ�¯×ì �Á»ÌÁ¼�¼×Ò �¼� Á¼� ���­ ¨ÁÎ
×­� ��¼Ò¯×ìį ×­� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ ¯Ò Á¨ ��©Î�� �¯©­×Į a­� �ÒÒÜ»Ì×¯Á¼ Á¨ ©�Ò ¯¼�Á»ÌÎ�ÒÒ¯�¯µ¯×ì
Î��Ü��Ò ¯×Ò ��©Î�� ×Á Ò¯ëĮ K¨ ×­�Ò� Ò¯ë »Á��Òį ×­Î�� �Î� Ò×ÎÁ¼©µì ��»Ì��į æ­¯µ� ×­� Á×­�Î ×­Î��
�Î� �¯×­�Î æ��³µì ��»Ì�� ÁÎ ©ÎÁæ¯¼© ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆĹ 4��ÍÜ�× �× �µĮ ăāĂĂĹ 4�ÜÌ�Î×
�¼� >�¯�� ăāăāłĮ

a­� µ�××�Î ×­Î�� »Á��Ò ��¼ �� ¯ÒÁµ�×�� ¨ÎÁ» ×­� ¨ÁÎ»�Î ×­Î�� �ì »��¼Ò Á¨ ×­� ÒÁŅ��µµ�� ×�ÎŅ
»¯¼�µ å�µÁ�¯×ì �ÌÌÎÁë¯»�×¯Á¼ ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆĹ 4��ÍÜ�× �× �µĮ ăāĂĂłĮ a­¯Ò �ÌÌÎÁë¯»Ņ
�×¯Á¼ ¯Ò ��Ò�� Á¼ ×­� �ÒÒÜ»Ì×¯Á¼ ×­�× ¨ÁÎ��Ò Î�ÒÜµ×¯¼© ¨ÎÁ» ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Ò �Î� �µæ�ìÒ
��µ�¼��� �ì »Ü×Ü�µ �Î�© ¨ÁÎ��Ò ��×æ��¼ ©�Ò �¼� �ÜÒ× ń ×­� ×�Î»¯¼�µ Î�µ�×¯å� å�µÁ�¯×ì Á¨ ©�Ò �¼�
�ÜÒ× ¯Ò �××�¯¼�� ¯¼Ò×�¼×�¼�ÁÜÒµìĮ a­�× ¯Òį

1

ρg
∇P =

ρd
ρg

vd − vg
td,stop

−
(
−vd − vg

td,stop

)
ŁĄĮĂĆł

ŁÒ�� �ÍÒĮ ĄĮĄ �¼� ĄĮąłĮ a­� µ�¨×Ņ­�¼� Ò¯�� Á¨ ×­¯Ò �ÍÜ�×¯Á¼ ©¯å�Ò ×­� ����µ�Î�×¯Á¼ Á¨ ×­� ©�Ò ¯¼Ņ
�Ü��� �ì ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Òį �¼� ×­� ¨¯ÎÒ× �¼� Ò��Á¼� ×�Î» Á¼ ×­� Î¯©­×Ņ­�¼� Ò¯�� ×­� ����µŅ
�Î�×¯Á¼ Á¨ ©�Ò �¼� �ÜÒ×į Î�ÒÌ��×¯å�µìį Áæ¯¼© ×Á �Î�©Į a­� Î�µ�×¯å� å�µÁ�¯×ì Á¨ �ÜÒ× �¼� ©�Ò ��¼
×­ÜÒ �� �ëÌÎ�ÒÒ�� �Ò

vd − vg =
td,stop
ρtot

∇P. ŁĄĮĂćł

a­� ×�Î»¯¼�µ å�µÁ�¯×ì �ÌÌÎÁë¯»�×¯Á¼ ¯Ò å�µ¯� Ü¼��Î ×æÁ �Á¼�¯×¯Á¼Ò Ł4��ÍÜ�× �× �µĮ ăāĂĂłĭ \¯»¯µ�Î
×Á ×­� �ÌÌÎÁë¯»�×¯Á¼ Á¨ �ÜÒ× �Ò � ÌÎ�ÒÒÜÎ�µ�ÒÒ ¨µÜ¯�į ¯× Î�ÍÜ¯Î�Ò ×­�× fgSt ¯Ò »Ü�­ Ò»�µµ�Î ×­�¼
Á¼�į ×­�× ¯Ò ×Á Ò�ì ×­�× ©�Ò �¼� �ÜÒ× �Î� ×¯©­×µì �ÁÜÌµ��Į 2¼ ���¯×¯Á¼į ¯× ¯Ò ¼���ÒÒ�Îì ×­�×

fgkxt2d,stop
ρtot

∂P

∂r
* 1. ŁĄĮĂĈł

�ì �ÌÌµì¯¼© ×­� ×�Î»¯¼�µ å�µÁ�¯×ì �ÌÌÎÁë¯»�×¯Á¼į ×­� ��©Î�� Á¨ ×­� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ ��¼
�� Î��Ü��� ¨ÎÁ» Ò¯ë ×Á ×­Î��Į a­¯Ò �Ü�¯� Î�µ�×¯Á¼ ¯Ò ©¯å�¼ �ì

ω3 + td,stop

(
iΩ2

K
ρd
ρtot

+
ρg
ρ2tot

∂P

∂r
kx

)
ω2 −

(
ΩK

kz
k

)2

ω + td,stopΩ
2
K
ρd − ρg
ρ2tot

∂P

∂r

kxk2z
k2

= 0,

ŁĄĮĂĉł
æ­�Î� i ¯Ò ×­� ¯»�©¯¼�Îì Ü¼¯× �¼� ×­� æ�å� ¼Ü»��Î k =

√
k2x + k2z Ł4��ÍÜ�× �× �µĮ ăāĂĂłĮ 2 ¼Á×�

×­�× vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł Á�×�¯¼ � Òµ¯©­×µì �¯¨¨�Î�¼× Î�µ�×¯Á¼ ¯¼ æ­¯�­ ×­� ¨¯ÎÒ× ����¼�
Á¨ ×­� ×�Î» ×­�× ¯Ò ÍÜ��Î�×¯� ¯¼ ×­� æ�å� ¨Î�ÍÜ�¼�ì ¯Ò ©Î��×�Î �ì � ¨��×ÁÎ Á¨ k2x/k2Į 4��ÍÜ�× �× �µĮ
ŁăāĂĂł �××Î¯�Ü×� ×­¯Ò �¯Ò�Î�Ì�¼�ì ×Á � ×ìÌÁ©Î�Ì­¯��µ �ÎÎÁÎ ¯¼ ×­� Î�µ�×¯Á¼ ¯¼¨�ÎÎ�� �ì vÁÜ�¯¼ �¼�
+ÁÁ�»�¼ ŁăāāĆłĮ

Ă2¼Ò×��¯µ¯×¯�Ò µ¯³� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×­�× �Î¯Ò� ¨ÎÁ» ©ÎÁæ¯¼© ÁÒ�¯µµ�×¯Á¼Òį ×­�× ¯Ò ×Á Ò�ì ¨ÎÁ» »Á��Ò æ¯×­
¼Á¼Ņñ�ÎÁ Î��µ Ì�Î× Á¨ ×­� æ�å� ¨Î�ÍÜ�¼�ìį �Î� Á¨×�¼ Î�¨�ÎÎ�� ×Á �Ò ŊÁå�ÎÒ×��¯µ¯×¯�ÒŌĮ a­¯Ò ¯Ò ×Á �¯Ò×¯¼©Ü¯Ò­ ¨ÎÁ» Ŋ¯¼Ņ
Ò×��¯µ¯×¯�ÒŌ æ­¯�­ �Î� ��ÜÒ�� ¼Á× �ì ÁÒ�¯µµ�×¯Á¼Òį �Ü× �ì »Á��Ò æ¯×­ � ÌÜÎ�µì ¯»�©¯¼�Îì æ�å� ¨Î�ÍÜ�¼�ìĮ

ăĄ
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'JHVSF ���� 'JHVSF BEPQUFE GSPN :PVEJO BOE (PPENBO 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� -PHBSJUIN PG
UIF HSPXUI SBUF s PG UIF TFDVMBS NPEF PG UIF MJOFBS TUSFBNJOH JOTUBCJMJUZ BT B GVODUJPO PG UIF 4UPLFT OVNCFS PG UIF EVTU τs
BOE UIF SBUJP PG EVTU ρd UP HBT EFOTJUZ ρg� 5IF HSPXUI SBUF JT HJWFO SFMBUJWF UP UIF ,FQMFSJBO PSCJUBM GSFRVFODZ Ω EJWJEFE
CZ 2π� *U JT EFQJDUFE JO HSFZ UPOFT BOE BT DPOUPVS MJOFT� 5IF HSPXUI SBUF JT IJHIFS JG UIF 4UPLFT OVNCFS JT DMPTFS UP POF� *O
BEEJUJPO
 HSPXUI JT GBTUFTU JG UIF EVTU�UP�HBT EFOTJUZ SBUJP JT OFBSMZ FRVBM UP POF
 CVU TVQQSFTTFE JG UIF EFOTJUJFT PG EVTU BOE
HBT BSF UPP TJNJMBS�

aæÁ Á¨ ×­� ×­Î�� »Á��Ò ��¨¯¼�� �ì ×­¯Ò Î��Ü��� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ �Î� ��»Ì�� �Ì¯�ì�µ¯�
ÁÒ�¯µµ�×¯Á¼ÒĮ a­�Ò� ��¼ ©ÎÁæ ¯¨ ×­� ¨Üµµ �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ ¯Ò �Á¼Ò¯��Î�� ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼
ăāāĆĹ 4�ÜÌ�Î× �¼� >�¯�� ăāăāłĮ F�å�Î×­�µ�ÒÒį ×­� ©ÎÁæ×­ Î�×� Á¨ ×­� ×­¯Î� Ò��Üµ�Î »Á��į ×­�× ¯Ò
×Á Ò�ì ×­� ¯»�©¯¼�Îì Ì�Î× Á¨ ¯×Ò æ�å� ¨Î�ÍÜ�¼�ìį ¯Ò �µæ�ìÒ µ�Î©�Î ×­�¼ ×­� Á¼�Ò Á¨ ×­� �Ì¯�ì�µ¯�
ÁÒ�¯µµ�×¯Á¼Ò ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆłĮ aÁ µ���¯¼© ÁÎ��Î ¯¼ ×­� Ò×ÁÌÌ¯¼© ×¯»� Á¨ ×­� �ÜÒ×į
×­� Î��µ Ì�Î× Á¨ ×­� æ�å� ¨Î�ÍÜ�¼�ì Á¨ ×­¯Ò Ò��Üµ�Î »Á�� ¯Ò �ÍÜ�µ ×Á

Re(ω) = −td,stop
ρd − ρg
ρ2tot

∂P

∂r
kx ŁĄĮĂĊł

�¼� ×­� ¯»�©¯¼�Îì Ì�Î× ×Á

Im(ω) = t3d,stop
ρd (ρd − ρg)

2

ρ5tot

(
∂P

∂r

kkx
kz

)2

ŁĄĮăāł

Ł4��ÍÜ�× �× �µĮ ăāĂĂłĮ žÒ æ¯×­ ×­� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼į vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł ¨¯¼� � ©ÎÁæ×­
Î�×� ×­�× ¯Ò µ�Î©�Î �ì � ¨��×ÁÎ Á¨ k2x/k2Į

*¯©ÜÎ� ĄĮĂ ��Ì¯�×Ò ×­� ©ÎÁæ×­ Î�×� Á¨ ×­� Ò��Üµ�Î »Á�� �Ò �Á»ÌÜ×�� ¨ÎÁ» ×­� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�Ņ
×¯Á¼ Á¨ ��©Î�� Ò¯ëĮ *ÎÁ» ×­� ¨¯©ÜÎ� �¼� �ÍĮ ĄĮăāį ¯× ¯Ò �å¯��¼× ×­�× ×­� ©ÎÁæ×­ Î�×� ¯¼�Î��Ò�Ò æ¯×­
×­� å�µÁ�¯×ì Á¨ ×­� Î��¯�µ �ÜÒ× �Î¯¨× ŁÒ�� �ÍÒĮ ăĮăĉ �¼� ĄĮĈłį ¯Į�Į æ¯×­ ×­� Ò×��Ì¼�ÒÒ Á¨ ×­� ©�Ò ÌÎ�ÒŅ
ÒÜÎ� ©Î��¯�¼× �Ò æ�µµ �Ò ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× ÁÎ �ÍÜ¯å�µ�¼×µì ¯×Ò Ò×ÁÌÌ¯¼© ×¯»�Į �ÍÜ�Ņ
×¯Á¼ ĄĮăā ¯¼�¯��×�Ò ×­�× ×­� ©ÎÁæ×­ Î�×� ¼Á»¯¼�µµì ��Ì�¼�Ò Á¼ ×­� �Ü�� Á¨ ×­� Ò×ÁÌÌ¯¼© ×¯»�Į

ăą
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FÁ¼�×­�µ�ÒÒį vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł ¨¯¼� ×­�× ©ÎÁæ×­ ¯Ò ¨�Ò×�Ò× æ­�¼ kz ∝ td,stopk2x �¼�
×­� ©ÎÁæ×­ Î�×� ×­�Î�¨ÁÎ� ÌÎÁÌÁÎ×¯Á¼�µ ×Á ×­� Ò×ÁÌÌ¯¼© ×¯»� ŁÒ�� �µÒÁ *¯©Į ĄĮĂłĮ p­�¼ \×Á³�Ò
¼Ü»��ÎÒ �ë����¯¼© Á¼� �Î� �Á¼Ò¯��Î��į ×­� ©ÎÁæ×­ Î�×� ���Î��Ò�Ò æ¯×­ ¯¼�Î��Ò¯¼© \×Á³�Ò ¼Ü»Ņ
��ÎĮ 0Áæ�å�Îį ¼�¯×­�Î ×­� ¨µÜ¯� �ÌÌÎÁë¯»�×¯Á¼ Á¨ ×­� �ÜÒ× ¼ÁÎ ×­� ×�Î»¯¼�µ å�µÁ�¯×ì �ÌÌÎÁë¯»Ņ
�×¯Á¼ �Î� �ÌÌµ¯���µ� ¨ÁÎ ×­�Ò� \×Á³�Ò ¼Ü»��ÎÒĮ

žÒ ��¼ �� Ò��¼ ¨ÎÁ» ×­� ¨¯©ÜÎ�į ×­� »�ë¯»Ü» ©ÎÁæ×­ Î�×� æ¯×­ Î�ÒÌ��× ×Á ×­� Î�×¯Á Á¨ �ÜÒ×
×Á ©�Ò ��¼Ò¯×ì ¯Ò Î���­�� æ­�¼ ×­� Î�×¯Á �»ÁÜ¼×Ò ×Á � ¨�æĮ a­� ©ÎÁæ×­ Î�×� ���µ¯¼�Ò �Ò ×­�
�ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á �ÌÌÎÁ��­�Ò å�µÜ�Ò »Ü�­ Ò»�µµ�Î ÁÎ »Ü�­ µ�Î©�Î ×­�¼ Ü¼¯×ìĮ a­¯Ò ¯Ò
����ÜÒ� ×­� �¨¨��× Á¨ ×­� �Î�© �ì ×­� ©�Ò Á¼×Á ×­� �ÜÒ× ¯Ò ¼�©µ¯©¯�µ� ¯¼ ×­� ¨ÁÎ»�Î ��Ò� �¼� �ì
×­� �ÜÒ× Á¼×Á ×­� ©�Ò ¯¼ ×­� µ�××�Î ��Ò�Į 2¼×�Î�Ò×¯¼©µìį ×­� ©ÎÁæ×­ Î�×� ¯Ò �µÒÁ Î��Ü��� ¯¨ ×­� �ÜÒ×Ņ
×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ¯Ò ×ÁÁ �µÁÒ� ×Á Á¼�Į 2¨ ×­� ��¼Ò¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× �Î� �ÍÜ�µį ×­� ©ÎÁæ×­
Î�×� ©¯å�¼ �ì �ÍĮ ĄĮăā å�¼¯Ò­�ÒĮ p­¯µ� ©ÎÁæ×­ ¯Ò ÒÜÌÌÎ�ÒÒ��į ×­� ©ÎÁæ×­ Î�×� ¯Ò ¼Á¼Ņñ�ÎÁ æ­�¼
×­� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ Á¨ ��©Î�� Ò¯ë ¯Ò �Á¼Ò¯��Î�� ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆłĮ

a­� �Ü�¯� �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼ Ò­ÁæÒ ×­�× Á¼µì »Á��Ò æ¯×­ ÁÒ�¯µµ�×¯Á¼Ò �Á×­ ¯¼ ×­� Î��¯�µ �¼�
¯¼ ×­� å�Î×¯��µ �¯»�¼Ò¯Á¼ �Î� Ü¼Ò×��µ�Į 2¨kz = 0į �ÍĮ ĄĮĂĉ Î��Ü��Ò ×Á � µ¯¼��Î �¯ÒÌ�ÎÒ¯Á¼ Î�µ�×¯Á¼į

ω = td,stop
ρg
ρ2tot

∂P

∂r
kx − itd,stopΩ

2
K

ρd
ρtot

. ŁĄĮăĂł

a­�× ¯Òį Á¼µì Á¼� »Á�� æ¯×­ ÌÜÎ�µì Î��¯�µ ÁÒ�¯µµ�×¯Á¼Ò �ë¯Ò×Òį æ¯×­ ×­� ÁÒ�¯µµ�×¯Á¼Ò ��¯¼© ��»Ì��
Ò¯¼�� ×­� ¯»�©¯¼�Îì Ì�Î× Á¨ ×­� æ�å� ¨Î�ÍÜ�¼�ì ¯Ò ¼�©�×¯å�Į 2 ¼Á×� ×­�× X��××¯© �× �µĮ ŁăāĂĆłį
\�­Î�¯��Î �¼� <µ�­Î ŁăāĂĉłį �¼� <µ�­Î �¼� \�­Î�¯��Î Łăāăāł Î�ÌÁÎ× ×­�× ×­�ì ¨¯¼� ×­� Ł¼Á¼Ņ
µ¯¼��Îł Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ÁÎ �× µ��Ò× � å�Îì Ò¯»¯µ�Î ¯¼Ò×��¯µ¯×ìį ×Á ÁÌ�Î�×� ¯¼ Ò¯»Üµ�×¯Á¼Ò Á¨
×­� Î��¯�µŅ�ñ¯»Ü×­�µ Ìµ�¼�Į 0Áæ�å�Îį ×­¯Ò ¯Ò ¯¼ �Á¼×Î�Ò× ×Á ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì �Ò ÁÎ¯©¯¼�µµì
�¯Ò�Áå�Î�� �ì vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł �¼� �¯Ò�ÜÒÒ�� ¯¼ ×­¯Ò Ò��×¯Á¼ ©ÎÁæ¯¼© Á¼µì æ­�¼
×­� å�Î×¯��µ �¯»�¼Ò¯Á¼ ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼×Į

2¼ ×­� ��Áå� ��Î¯å�×¯Á¼ Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ìį �ÜÒ× ¯Ò ×Î��×�� �Ò � Ò¯¼©µ� ÒÌ��¯�Ò æ¯×­ � Ü¼¯Ņ
¨ÁÎ» \×Á³�Ò ¼Ü»��ÎĮ <Î�ÌÌ �× �µĮ ŁăāĂĊł �¼� {­Ü �¼� v�¼© ŁÒÜ�»¯××��ł ¨¯¼� ×­�× ×­� ©ÎÁæ×­
Î�×� ��¼ Ò¯©¼¯¨¯��¼×µì ���µ¯¼� ¯¨ »Üµ×¯Ìµ� �ÜÒ× ÒÌ��¯�Ò æ¯×­ �¯¨¨�Î�¼× \×Á³�Ò ¼Ü»��ÎÒ �Î� ×�³�¼
¯¼×Á ���ÁÜ¼× ¯¼Ò×���Į 2¨ �¼� ­Áæ Ò×ÎÁ¼©µì ×­� ©ÎÁæ×­ Î�×� ���Î��Ò�Ò æ¯×­ ×­� ¼Ü»��Î Á¨ ÒÌ��¯�Ò
��Ì�¼�Ò Á¼ ×­� »¯¼¯»Ü» �¼� »�ë¯»Ü» \×Á³�Ò ¼Ü»��ÎÒ �¼� Á¼ ×­� Î�×¯Á Á¨ ×­� �ÜÒ× ×Á ×­�
©�Ò ��¼Ò¯×ì Ł<Î�ÌÌ �× �µĮ ăāĂĊĹ {­Ü �¼� v�¼© ÒÜ�»¯××��ł �Ò æ�µµ �Ò Á¼ ×­� ÒµÁÌ� Á¨ ×­� ÌÁæ�ÎŅµ�æ
�¯Ò×Î¯�Ü×¯Á¼ Á¨ \×Á³�Ò ¼Ü»��ÎÒ Ł{­Ü �¼� v�¼© ÒÜ�»¯××��łĮ p­¯µ� ×­� ��Ì�¼��¼�� Á¼ ×­� »¯¼Ņ
¯»Ü» \×Á³�Ò ¼Ü»��Î �¼� ×­� Ò×��Ì¼�ÒÒ Á¨ ×­� \×Á³�Ò ¼Ü»��Î �¯Ò×Î¯�Ü×¯Á¼ ¯Ò �Á»Ì�Î�×¯å�µì
æ��³į ×­� ©ÎÁæ×­ Î�×� ���Î��Ò�Ò �ì Ò�å�Î�µ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� ń �¼� �Á�Ò ¼Á× �Á¼å�Î©� ¨ÁÎ ÜÌ
×Á 2048 Ł<Î�ÌÌ �× �µĮ ăāĂĊł ÁÎ 4096 ÒÌ��¯�Ò Ł{­Ü �¼� v�¼© ÒÜ�»¯××��ł ń ¯¨ �Á×­ ×­� »�ë¯»Ü»
\×Á³�Ò ¼Ü»��Î �¼� ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á �Î� µ�ÒÒ ×­�¼ Ü¼¯×ì Ł<Î�ÌÌ �× �µĮ ăāĂĊĹ {­Ü �¼�
v�¼© ÒÜ�»¯××��łĮ 2 ¼Á×� ×­�× ×­� ¼Ü»�Î¯��µ Ò×Ü�¯�Ò Á¨ ×­� ¼Á¼Ņµ¯¼��Î ¯¼Ò×��¯µ¯×ì ÌÎ�Ò�¼×�� �ì
��¯ �¼� \×Á¼� ŁăāĂā�ł �¼� \�­�¨¨�Î �× �µĮ ŁăāĂĉł �Á ¼Á× ¯¼�¯��×� ÒÜ�­ � ���µ¯¼� ¯¼ ×­� ©ÎÁæ×­
¯¨ »Üµ×¯Ìµ� �ÜÒ× ÒÌ��¯�Ò �Î� Ò¯»Üµ�×��Į a­¯Ò »¯©­× �� ����ÜÒ� ×­� �¯¨¨�Î�¼× ÒÌ��¯�Ò ¯¼ ×­�Ò�
Ò¯»Üµ�×¯Á¼Ò �Î� ¼Á× æ�µµŅ»¯ë��Į X�×­�Îį �ÜÒ× æ¯×­ � Ò»�µµ�Î \×Á³�Ò ¼Ü»��Î ¯Ò µ¯¨×�� ×Á ©Î��×�Î
­�¯©­×Ò �ì ×­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� ¯¼Ò×��¯µ¯×ì ×­�¼ �ÜÒ× æ¯×­ � µ�Î©�Î \×Á³�Ò ¼Ü»��Î ŁÒ��
\��×Į ąĮĆĮĂłĮ

ăĆ
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V­ìÒ¯��µ ¯¼×�ÎÌÎ�×�×¯Á¼Ò Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì ­�å� ���¼ ��å¯Ò�� �ì 4��ÍÜ�× �× �µĮ ŁăāĂĂłį
>¯¼ �¼� vÁÜ�¯¼ ŁăāĂĈłį �¼� \ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ŁăāĂĉ�į�łĮ >¯¼ �¼� vÁÜ�¯¼ ŁăāĂĈł Ò­Áæ ×­�× ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį �¼� ¯¼ ¨��× �¼ì ¯¼Ò×��¯µ¯×ì æ­¯�­ ¯Ò ¯¼�Ü��� �ì ×­� »Ü×Ü�µ �Î�© ��×æ��¼
©�Ò �¼� �ÜÒ×į �Î¯Ò�Ò ����ÜÒ� �­�¼©�Ò ¯¼ ©�Ò ÌÎ�ÒÒÜÎ� µ�© ��­¯¼� �­�¼©�Ò ¯¼ �ÜÒ× ��¼Ò¯×ì æ­�¼
×­� Ò×ÁÌÌ¯¼© ×¯»� Á¨ ×­� �ÜÒ× ¯Ò ¨¯¼¯×�Į 2¨ ×­�ì �Î� ×¯©­×µì �ÁÜÌµ��į ©�Ò �¼� �ÜÒ× ��¼ �� �ÌÌÎÁë¯»Ņ
�×�� �Ò � Ò¯¼©µ� ¨µÜ¯�Į a­� ��¼Ò¯×ì Á¨ ×­¯Ò ¨µÜ¯� ¯Ò �ÍÜ�µ ×Á ×­� ×Á×�µ ��¼Ò¯×ì Á¨ ©�Ò �¼� �ÜÒ×į æ­¯µ�
Á¼µì ×­� ©�Ò �Á¼×Î¯�Ü×�Ò ×Á ×­� ÌÎ�ÒÒÜÎ� Á¨ ×­� ¨µÜ¯�Į ž Ì�Î×ÜÎ��×¯Á¼ ×Á ¯×Ò �ÍÜ¯µ¯�Î¯Ü» ÌÎ�ÒÒÜÎ�
µ���Ò ×Á ×­� ¨µÜ¯� �ëÌ�¼�¯¼© Ł�Á¼×Î��×¯¼©ł ×Á Î�×ÜÎ¼ ×Á ×­� �ÍÜ¯µ¯�Î¯Ü» Ò×�×�Į 0Áæ�å�Îį ×­� ¨µÜ¯�
Áå�ÎÒ­ÁÁ×Ò ×­¯Ò Ò×�×� ����ÜÒ� ×­� �ÜÒ× ��¼Ò¯×ì Ò×¯µµ ¯¼�Î��Ò�Ò Ł���Î��Ò�Òł æ­�¼ ×­� �ÍÜ¯µ¯�Î¯Ü»
ÌÎ�ÒÒÜÎ� ¯Ò Î���­�� ¯¨ ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� ¯Ò ¼Á¼Ņñ�ÎÁĮ aÁ �Á»Ì�¼Ò�×� ¨ÁÎ ×­¯Òį ×­� ¨µÜ¯� �Á¼Ņ
×Î��×Ò Ł�ëÌ�¼�Òłį �Ü× Áå�ÎÒ­ÁÁ×Ò �©�¯¼Į a­�Ò� ÁÒ�¯µµ�×¯Á¼Ò �ÎÁÜ¼� ×­� �ÍÜ¯µ¯�Î¯Ü» Ò×�×� ©ÎÁæ
�¼� ¯¼Ò×��¯µ¯×ì �¼ÒÜ�ÒĮ

\ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ŁăāĂĉ�į�ł �µ�ÒÒ¯¨ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò � Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µŅ
¯×ì ŁÒ�� �µÒÁ \ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ăāăāłĮ X�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×¯�Ò Á��ÜÎ æ­�¼ ©�Ò �¼� �ÜÒ×
�Î� �ÁÜÌµ�� å¯� ×­�¯Î »Ü×Ü�µ �Î�© �¼� � ÒìÒ×�»�×¯� »Á×¯Á¼ Á¨ ×­� �ÜÒ× ¯Ò ¯¼ Î�ÒÁ¼�¼�� æ¯×­ �
æ�å� ¯¼ ×­� ©�Òį ¨ÁÎ �ë�»Ìµ� �Ì¯�ì�µ¯� ÁÎ �ÜÁì�¼× ÁÒ�¯µµ�×¯Á¼Ò ŁÒ�� �µÒÁ \��×ÒĮ ąĮąĮĂ �¼� ąĮąĮăłĮ aÁ
¯µµÜÒ×Î�×� ×­¯Òį 2 �»ÌµÁì � ×Áì »Á��µ ×­�× æ�Ò ¨¯ÎÒ× ÜÒ�� �ì 4��ÍÜ�× �× �µĮ ŁăāĂĂł ×Á �µÜ�¯��×� ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Á¼µì �¼� µ�×�Î �ÌÌµ¯�� �ì \ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ŁăāĂĉ�ł ×Á Î�ÒÁ¼�¼× �Î�©
¯¼Ò×��¯µ¯×¯�Ò ¯¼ ©�¼�Î�µĮ 2 �Á¼Ò¯��Î �¼ ÁÒ�¯µµ�×¯Á¼ ¯¼ ×­� ©�Ò æ­¯�­ �¼×�¯µÒ µÁ��µ »�ë¯»� ¯¼ ×­�
©�Ò ÌÎ�ÒÒÜÎ�Į \¯»¯µ�Î ×Á ×­� �ÜÒ× Î��¯�µµì �Î¯¨×¯¼© ×Áæ�Î�Ò ×­� Ò×�Îį ¯Į�Į ×Áæ�Î�Ò ×­� ©µÁ��µ ©�Ò
ÌÎ�ÒÒÜÎ� »�ë¯»Ü»į ×­� �ÜÒ× »Áå�Ò ×Áæ�Î�Ò µÁ��µ ÌÎ�ÒÒÜÎ� »�ë¯»� ŁÒ�� \��×Į ĄĮĆłĮ a­� �Î�© �ì
×­� �ÜÒ× Á¼×Á ×­� ©�Ò µ���Ò ×Á ×­� ©�Ò ¨ÁµµÁæ¯¼© ×­¯Ò »Á×¯Á¼Į a­¯Ò Î�ÒÜµ×Ò ¯¼ �¼ �¼­�¼��»�¼×
Á¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ� »�ë¯»� �¼� ×­� �»Ìµ¯×Ü�� Á¨ ×­� æ�å�į �¼� ×­ÜÒ ¯¼Ò×��¯µ¯×ìĮ 2 ¼Á×� ×­�×
×­¯Ò ×Áì »Á��µ ¯Ò Á¼µì �ÌÌµ¯���µ� ¯¼ ×­� ×�Î»¯¼�µ å�µÁ�¯×ì �ÌÌÎÁë¯»�×¯Á¼į ×­�× ¯Ò æ­�¼ ×­� �Î�©
��×æ��¼ ©�Ò �¼� �ÜÒ× ��±ÜÒ×Ò ¯¼Ò×�¼×�¼�ÁÜÒµì ×Á ©Î��¯�¼×Ò ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ�Į 2¼ ���¯×¯Á¼į
¼�¯×­�Î ÎÁ×�×¯Á¼ ¼ÁÎ ×­� ©µÁ��µ Î��¯�µ ÌÎ�ÒÒÜÎ� ©Î��¯�¼× �Î� ×�³�¼ ¯¼×Á ���ÁÜ¼×į ×­ÁÜ©­ ×­�Ò�
�Î� ¼���ÒÒ�Îì ¨ÁÎ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á ÁÌ�Î�×�Į

ž��ÁÎ�¯¼© ×Á ×­� ¯¼×�ÎÌÎ�×�×¯Á¼ �ì \ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ŁăāĂĉ�į�łį ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
¯Ò ��×Ü�µµì ×æÁ �¯¨¨�Î�¼× ¯¼Ò×��¯µ¯×¯�Òĭ K¼� Á¨ ×­�» Á��ÜÎÒ ¨ÁÎ �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯ÁÒ µ�ÒÒ
×­�¼ Ü¼¯×ìĮ a­¯Ò ¯¼Ò×��¯µ¯×ì ¯Ò � Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×ì æ­¯�­ Î�ÒÜµ×Ò ¨ÎÁ» ×­� Î��¯�µ �Î¯¨× Á¨
×­� �ÜÒ× ��¯¼© ¯¼ Î�ÒÁ¼�¼�� æ¯×­ �Ì¯�ì�µ¯� ÁÒ�¯µµ�×¯Á¼Ò Á¨ ×­� ©�Ò ¯¼ ×­� Î��¯�µŅå�Î×¯��µ Ìµ�¼�Į
a­� Á×­�Î ¯¼Ò×��¯µ¯×ìį æ­¯�­ ¯Ò ��×¯å� ¯¨ ×­� �ÜÒ× ��¼Ò¯×ì ¯Ò ©Î��×�Î ×­�¼ ×­� ©�Ò ��¼Ò¯×ìį ¯Ò ¼Á× �
Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×ìĮ a­¯Ò �¯Ò×¯¼�×¯Á¼ ¯Ò Î�¨µ��×�� ¯¼ ×­� µ¯¼��Î ©ÎÁæ×­ Î�×� Á¨ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì ��¯¼© ÒÜ�Ò×�¼×¯�µµì Î��Ü��� ¯¨ �ÜÒ× �¼� ©�Ò ��¼Ò¯×ì �Î� ×ÁÁ Ò¯»¯µ�ÎĮ

�¾� FŶŵÕųŰŵŬŨŹ ŰŵźŻŨũŰųŰŻƀ¿ ūżźŻ ŪŶŵŪŬŵŻŹŨŻŰŶŵ¿ Ũŵū ŷųŨŵŬŻŬźŰŴŨų ŭŶŹŴŨŻŰŶŵ

a­� µ¯¼��Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î¯Ò�Ò ¨ÎÁ» ©ÎÁæ¯¼© ÁÒ�¯µµ�×¯Á¼Ò ¯¼ ×­� ©�Ò �¼� �ÜÒ× å�µÁ�¯×¯�Ò
�¼� ��¼Ò¯×¯�Ò �Ò æ�µµ �Ò ×­� ©�Ò ÌÎ�ÒÒÜÎ�į æ¯×­ ×­� ÁÒ�¯µµ�×¯Á¼Ò ¯¼ ×­� �ÜÒ× ��¼Ò¯×ì �¼×�¯µ¯¼© �ÜÒ×
Áå�Î��¼Ò¯×¯�ÒĮ 0Áæ�å�Îį ×­� �»Ìµ¯×Ü�� Á¨ ×­�Ò� ÁÒ�¯µµ�×¯Á¼Ò ¯Ò ¼Á× Î�µ�å�¼× ¨ÁÎ �¼� ×­ÜÒ ¼Á×
�Á¼Ò×Î�¯¼�� �ì ×­� �¼�µìÒ¯Ò Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ìĮ \¯»Üµ�×¯Á¼Ò �ìį ¨ÁÎ �ë�»Ìµ�į 4Á­�¼Ò�¼ �× �µĮ
ŁăāāĊį ăāĂăį ăāĂĆłį ��¯ �¼� \×Á¼� ŁăāĂā�į�łį �¼� v�¼© �¼� 4Á­�¼Ò�¼ ŁăāĂął Ò­Áæ ×­�×į �¨×�Î ¯× ­�Ò
×Î�¼Ò¯×¯Á¼�� ¨ÎÁ» ¯×Ò µ¯¼��Î ×Á ¯×Ò ¼Á¼Ņµ¯¼��Î Î�©¯»�į ×­� ¯¼Ò×��¯µ¯×ì ¯¼�Ü��Ò �ÜÒ× Áå�Î��¼Ò¯×¯�Ò

ăć



ĄĮăĮ FKFŅ>2F�žX 2F\až�2>2avį �f\a �KF��FaXža2KFį žF� V>žF�a�\2Ež>
*KXEža2KF

r

φ

vK

vK −Πcs

�µÜ»Ì Á¨ �ÜÒ×
�©©Î�©�×�Òĭ

vd,r

vg,φ
vd,φ

\¯¼©µ� �ÜÒ×
�©©Î�©�×�ĭ

'JHVSF ���� 5PZ NPEFM PG UIF OPO�MJOFBS TUSFBNJOH JOTUBCJMJUZ� 5IF JMMVTUSBUJPO TIPXT UIF SBEJBM�B[JNVUIBM QMBOF� 4PMJE BS�
SPXT EFQJDU UIF PSCJUBM WFMPDJUJFT PG HBT vg,φ BOE EVTU vd,φ UIBU BSF DPVQMFE WJB UIFJS NVUVBM ESBH
 XIJMF EBTIFE BSSPXT
SFQSFTFOU UIF SBEJBM EVTU WFMPDJUZ vd,r � 8IFSF OP EVTU BHHSFHBUFT BSF QSFTFOU
 UIF HBT PSCJUT XJUI UIF TVC�,FQMFSJBO WFMP�
DJUZ vK −Πcs
 XJUIΠ FYQSFTTJOH UIF TUSFOHUI PG UIF SBEJBM QSFTTVSF HSBEJFOU JO UIF HBT 	TFF 4FDU� ���
� 0O UIF PUIFS IBOE

UIF PSCJUBM TQFFE PG UIF BHHSFHBUFT JO JTPMBUJPO XPVME CF FRVBM UP UIF ,FQMFSJBO TQFFEvK� 0XJOH UP UIFJS NVUVBM ESBH
 UIF
PSCJUBM WFMPDJUZ PG UIF DPVQMFE HBT BOE EVTU MJFT JO CFUXFFO� *O UIF WJDJOJUZ PG B DMVNQ PG EVTU BHHSFHBUFT 	MFȼU
 JU JT DMPTFS
UP UIF ,FQMFSJBO WFMPDJUZ UIBO OFBS B TJOHMF BHHSFHBUF 	SJHIU
 CFDBVTF UIF MPDBM SBUJP PG EVTU UP HBT EFOTJUZ JT IJHIFS 	TFF
&RT� ��� BOE ���
� 5IFSFGPSF
 UIF TQFFE PG UIF SBEJBM ESJȼU PG UIF DMVNQ JT MFTT UIBO UIBU PG UIF TJOHMF BHHSFHBUF 	TFF &R� ���
�
5IF DMVNQ DBO UIVT BDDSFUF TJOHMF BHHSFHBUFT UIBU BSF NPWJOH TMPXFS B[JNVUIBMMZ CVU GBTUFS SBEJBMMZ� " GFFECBDL MPPQ FO�
TVFT� 5IF BDDSFUJPO PG BHHSFHBUFT DBVTFT UIF DMVNQ UP ESJȼU NPSF TMPXMZ JO UIF SBEJBM EJSFDUJPO BOE UP PSCJU NPSF SBQJEMZ

XIJDI JO UVSO MFBET UP JU BDDSFUJOH FWFO NPSF BHHSFHBUFT�

×­�× �ë���� ×­� ©�Ò ��¼Ò¯×ì �ì ÜÌ ×Á ¨ÁÜÎ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü��Į a­¯Ò ¯Ò ÒÜ¨¨¯�¯�¼× ¨ÁÎ ×­� �ÜÒ×
×Á �Áµµ�ÌÒ� Ü¼��Î ¯×Ò Ò�µ¨Ņ©Î�å¯×ìį µ���¯¼© ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒĮ a­� Ò¯»Üµ�×¯Á¼Ò
ÌÎ�Ò�¼×�� �ì ×­�Ò� �Ü×­ÁÎÒ ¯¼�µÜ�� ×­� å�Î×¯��µ Ò×�µµ�Î ©Î�å¯×ìį æ­¯�­ ¯Ò ¼�©µ��×�� ¯¼ ×­� �¼�µìÒ¯Ò
Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ìĮ a­� ©Î�å¯×ì µ���Ò ×Á ×­� �ÜÒ× Ò�××µ¯¼© ×Áæ�Î�Ò ×­� �¯Ò³ »¯�ŅÌµ�¼� �¼�
�¼� ¨ÁÎ»¯¼© � ��¼Ò� µ�ì�Î �ÎÁÜ¼� ×­¯Ò Ìµ�¼�Į

0Áæ �ÜÒ× ¯Ò �Á¼��¼×Î�×�� �ì ×­� ¼Á¼Ņµ¯¼��Î ¯¼Ò×��¯µ¯×ì ��¼ �� �µÜ�¯��×�� æ¯×­ ×­� �¯� Á¨
×­� ×Áì »Á��µ ¯µµÜÒ×Î�×�� ¯¼ *¯©Į ĄĮă Ł4Á­�¼Ò�¼ �¼� vÁÜ�¯¼ ăāāĈłĮ 2 �ÒÒÜ»� ×­�× ©�Ò �¼� �ÜÒ×
�Î� æ�µµŅ�ÁÜÌµ�� å¯� �Î�© �¼� ��©¯¼ �ì �Á¼Ò¯��Î¯¼© � Ò¯¼©µ� �ÜÒ× �©©Î�©�×� ŁÎ¯©­×łĮ a­� ©�Ò
�æ�ì ¨ÎÁ» ×­¯Ò �©©Î�©�×� ÁÎ�¯×Ò æ¯×­ ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼ å�µÁ�¯×ì vK − Πcsį æ­�Î� Π ¯¼�¯��×�Ò
×­� Ò×��Ì¼�ÒÒ Á¨ ×­� Î��¯�µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ŁÒ�� \��×Į ăĮąłĮ a­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨
×­� �©©Î�©�×� æÁÜµ� �� <�Ìµ�Î¯�¼ ¯¨ ¯× æ�Î� ¯ÒÁµ�×��į �Ü× ¯Ò Î��Ü��� �ì ×­� �Î�© Á¨ ×­� ÒµÁæ�ÎŅ
ÁÎ�¯×¯¼© ©�Ò Á¼×Á ×­� �©©Î�©�×�Į F�å�Î×­�µ�ÒÒį ×­� �©©Î�©�×� �µÒÁ �ë�Î×Ò � �Î�© Á¼ ×­� ©�ÒĮ
a­�Î�¨ÁÎ�į ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� �ÁÜÌµ�� ©�Ò �¼� �©©Î�©�×� ¯Ò »�Î©¯¼�µµì ©Î��×�Î ×­�¼ ×­�
ÒÜ�Ņ<�Ìµ�Î¯�¼ å�µÁ�¯×ì Á¨ ×­� ©�Ò ¯¼ ¯ÒÁµ�×¯Á¼Į

�Á»Ì�Î�� ×Á ×­� Á¼� �ë�Î×�� �ì � Ò¯¼©µ� �©©Î�©�×�į ×­� �Î�© Á¨ � �µÜ»Ì Á¨ �ÜÒ× �©©Î�©�×�Ò
Á¼×Á ×­� ©�Ò ¯Ò Ò×ÎÁ¼©�Î Łµ�¨×łĮ a­� ÁÎ�¯×�µ ÒÌ��� Á¨ ×­� �ÁÜÌµ�� ©�Ò �¼� �µÜ»Ì ¯Ò ×­�Î�¨ÁÎ�
�µÁÒ�Î ×Á <�Ìµ�Î¯�¼ ×­�¼ ×­�× Á¨ ©�Ò �¼� Ò¯¼©µ� �©©Î�©�×�Į �Á¼Ò�ÍÜ�¼×µìį ×­� Î��¯�µ �Î¯¨× Î�ÒÜµ×Ņ
¯¼© ¨ÎÁ» ×­� Ò×�µµ�Î ©Î�å¯×ì ¼Á× ��¯¼© ��µ�¼��� �ì ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� æ­�¼ ×­� �ÜÒ× ÁÎ�¯×Ò
æ¯×­ � ÒÜ�Ņ<�Ìµ�Î¯�¼ ÒÌ��� ¯Ò »ÁÎ� Î�Ì¯� ¯¼ ×­� ��Ò� Á¨ � Ò¯¼©µ� �©©Î�©�×� ×­�¼ ¯¼ ×­�× Á¨ ×­�
�µÜ»ÌĮ a­¯Ò ¨ÁµµÁæÒ �µÒÁ ¨ÎÁ» �ÍÒĮ ĄĮĈ ×Á ĄĮĊĭ �Á»Ì�Î¯¼© ×­� �µÜ»Ì æ¯×­ � Ò¯¼©µ� �©©Î�©�×� �ÁÎŅ

ăĈ



�0žVa�X ĄĮ \aX�žE2F+ 2F\až�2>2av

Î�ÒÌÁ¼�Ò ×Á �Á¼Ò¯��Î¯¼© � ­¯©­�Î Î�×¯Á Á¨ ×­� �ÜÒ× ��¼Ò¯×ì ×Á ×­� ×Á×�µ ��¼Ò¯×ì Á¨ ©�Ò �¼� �ÜÒ×Į
*ÁÎ ­¯©­�Î fd �¼� µÁæ�Î fgį ×­� Î��¯�µ å�µÁ�¯×ì Á¨ ×­� �ÜÒ× vd,r ¯Ò Ò»�µµ�Îį æ­¯µ� ×­� �ñ¯»Ü×­�µ
å�µÁ�¯×¯�Ò Á¨ ©�Ò vg,φ �¼� �ÜÒ× vd,φ �ÌÌÎÁ��­ ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì vKĮ

a­ÜÒį � µ�Î©� �µÜ»Ì Á¨ �©©Î�©�×�Ò ��¼ ©ÎÁæ �ì ���Ü»Üµ�×¯¼© Ò»�µµ�Î �µÜ»ÌÒ �¼� Ò¯¼©µ� �©Ņ
©Î�©�×�Ò ×­�× �Î¯¨× Á¼×Á ¯× Î��¯�µµì ÁÎ ¯× �Î¯¨×Ò Á¼×Á �ñ¯»Ü×­�µµìĮ +ÎÁæ×­ Á¨ ×­� µ�Î©� �µÜ»Ì µ���Ò
×Á ����µ�Î�×¯Á¼ Á¨ ¯×Ò Î��¯�µ �Î¯¨× �¼� ����µ�Î�×¯Á¼ Á¨ ¯×Ò ÁÎ�¯×�µ »Á×¯Á¼į æ­¯�­ ¯¼ ×ÜÎ¼ Î�ÒÜµ×Ò ¯¼
×­� �µÜ»Ì ���Î�×¯¼© �å�¼ »ÁÎ� Ò»�µµ�Î �µÜ»ÌÒ �¼� �©©Î�©�×�ÒĮ a­¯Ò �¨¨��× ��¼ �� µ¯³�¼�� ×Á
×Î�¨¨¯� ±�»Ò Ł4Á­�¼Ò�¼ �¼� vÁÜ�¯¼ ăāāĈłĮ 2× ¯Ò �µÒÁ Î�µ�×�� ×Á ©ÎÁÜÌÒ Á¨ �ì�µ¯Ò×Ò ÁÎ ¨µÁ�³Ò Á¨ �¯Î�Ò
»Áå¯¼© ¨�Ò×�Î �¼� ��×�­¯¼© ÜÌ ×Á ¯ÒÁµ�×�� �ì�µ¯Ò×Ò ÁÎ �¯Î�Òį Î�ÒÌ��×¯å�µìį Ò¯¼�� ×­� ¯¼�¯å¯�Ü�µ
»�»��ÎÒ Á¨ ©ÎÁÜÌ ÁÎ ¨µÁ�³ �Î� µ�ÒÒ �¨¨��×�� �ì �¯Î Î�Ò¯Ò×�¼�� ń �ÜÒ× �ëÌ�Î¯�¼��Ò � ­���æ¯¼� Á¨
ÒµÁæ�ÎŅÁÎ�¯×¯¼© ©�Ò ń ×­�¼ ×­� ¯ÒÁµ�×�� �ì�µ¯Ò× ÁÎ �¯Î�Į vÁÜ�¯¼ �¼� 4Á­�¼Ò�¼ ŁăāāĈł ¼Á×� ×­�×
æ­¯µ� ×­¯Ò ×Áì »Á��µ ¯µµÜÒ×Î�×�Ò ­Áæ ×­� ¯¼Ò×��¯µ¯×ì ¯¼�Ü��Ò ©ÎÁæ×­ Á¨ ¼Á¼Ņµ¯¼��Î Ì�Î×ÜÎ��×¯Á¼Ò
¯¼ ×­� �ÜÒ× ��¼Ò¯×ìį ×­� Ò�»� �¨¨��× �Á�Ò ¼Á× µ��� ×Á ©ÎÁæ×­ Á¨ µ¯¼��Î Ì�Î×ÜÎ��×¯Á¼ÒĮ

a�³¯¼© ¯¼×Á ���ÁÜ¼× � ¼Ü»��Î Á¨ �ÜÒ× ÒÌ��¯�Ò æ¯×­ �¯¨¨�Î�¼× \×Á³�Ò ¼Ü»��ÎÒ Î�×­�Î ×­�¼
Á¼µì Á¼� ÒÌ��¯�Òį �Ò 2 ¯»Ìµ¯�¯×µì �ÒÒÜ»� ¯¼ ×­� ×Áì »Á��µ �¯Ò�ÜÒÒ¯Á¼ ��Áå�į ­�Ò ¨ÜÎ×­�Î ¯»Ìµ¯�Ņ
�×¯Á¼Ò ¨ÁÎ ×­� Î��¯�µ �¼� �ñ¯»Ü×­�µ å�µÁ�¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× Ł��¯ �¼� \×Á¼� ăāĂā�Ĺ \�­�¨¨�Î
�× �µĮ ăāĂĉłĭ a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î¯Ò�Ò ¨ÎÁ» ×­� ¯¼×�Î��×¯Á¼ ��×æ��¼ ×­� ©�Ò �¼� ×­� ÒÌ�Ņ
�¯�Ò æ¯×­ ×­� ©Î��×�Ò× \×Á³�Ò ¼Ü»��ÎÒį ¯Į�Į ×­� ÒÌ��¯�Ò æ¯×­ ×­� æ��³�Ò× �ÁÜÌµ¯¼© ×Á ×­� ©�ÒĮ
����ÜÒ� Á¨ ×­� ¯¼æ�Î�Ò Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× �¼� ×­� �Á¼Ò�Îå�×¯Á¼ Á¨ �¼©Üµ�Î »Á»�¼×Ü»į
×­� ©�Ò �Î¯¨×Ò Î��¯�µµì ÁÜ×æ�Î�ÒĮ a­¯Ò ��¼ �� ©�×­�Î�� ¨ÎÁ» �Á¼Ò¯��Î¯¼© �ÍĮ ĄĮć ¨ÁÎ � ¨¯¼¯×�
�ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Áį ¯Į�Į ¼Á¼Ņñ�ÎÁ fg �¼� fdĮ p­¯µ� ×­� ÒÌ��¯�Ò æ¯×­ ×­� µ�Î©�Ò× \×Á³�Ò
¼Ü»��ÎÒ �Î¯¨× ¯¼æ�Î�Òį ×­� ÒÌ��¯�Ò æ¯×­ Ò»�µµ�Î \×Á³�Ò ¼Ü»��ÎÒ �Î� »ÁÎ� ×¯©­×µì �ÁÜÌµ�� ×Á
×­� ©�Ò �¼� �Î¯¨× ÁÜ×æ�Î�Ò æ¯×­ ¯×Į F�å�Î×­�µ�ÒÒį ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� ©�Ò ¯Ò �µÁÒ�Î ×Á ×­�
<�Ìµ�Î¯�¼ å�µÁ�¯×ì Áæ¯¼© ×Á ×­� �Î�© �ë�Î×�� �ì ×­� Ò»�µµ�Î ÒÌ��¯�Ò ×­�¼ ¯¨ ×­�Ò� ÒÌ��¯�Ò æ�Î�
¼Á× ÌÎ�Ò�¼×Į a­ÜÒį ×­� ¯¼æ�Î�Ò Î��¯�µ �Î¯¨× Á¨ ×­� µ�Î©�Ò× ÒÌ��¯�Ò �¼� ×­� ÁÜ×æ�Î�Ò �Î¯¨× Á¨ ×­�
©�Ò �Î� ÒµÁæ�Î ×­�¼ ×­�ì æÁÜµ� �� ¯¼ ×­� ��Ò�¼�� Á¨ ×­� Ò»�µµ�Î ÒÌ��¯�ÒĮ

Kæ¯¼© ×Á ×­� �¨¨��× ×­�× 2 ��Ò�Î¯�� �»ÌµÁì¯¼© ×­� ×Áì »Á��µį ×­� Ł¼Á¼Ņµ¯¼��Îł Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì �Á¼��¼×Î�×�Ò �ÜÒ× ¯¼ Î��¯�µµì Ò»�µµ �Ü× �ñ¯»Ü×­�µµì �µÁ¼©�×�� ¨¯µ�»�¼×Ò Ł4Á­�¼Ò�¼
�× �µĮ ăāāĈį ăāāĊĹ ��¯ �¼� \×Á¼� ăāĂā�Ĺ <Áæ�µ¯³ �× �µĮ ăāĂĄĹ v�¼© �¼� 4Á­�¼Ò�¼ ăāĂąĹ >¯ �× �µĮ ăāĂĉĹ
ž�Á� �× �µĮ ăāĂĊĹ \v4ĂĈłĮ a­�Ò� ¨¯µ�»�¼×Ò ¨ÁÎ» æ¯×­¯¼ ¼Á »ÁÎ� ×­�¼ ÒÁ»� ×�¼Ò Á¨ ÁÎ�¯×�µ Ì�Î¯Ņ
Á�Ò ¨ÁÎ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨∼0.1 Ł�Į©Įį 4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāāĊĹ v�¼© �¼� 4Á­�¼Ò�¼
ăāĂąĹ >¯ �× �µĮ ăāĂĉĹ ž�Á� �× �µĮ ăāĂĊłį �Ü× ×­�¯Î ¨ÁÎ»�×¯Á¼ ×�³�Ò ÜÌ ×Á ∼1000 ÁÎ�¯×�µ Ì�Î¯Á�Ò ¯¨
\×Á³�Ò ¼Ü»��ÎÒ Á¨ 0.01 ÁÎ 0.001 �Î� �Á¼Ò¯��Î�� Łv�¼© �× �µĮ ăāĂĈłĮ a­� ¨ÁÎ»�×¯Á¼ ×¯»� Ò��µ�
¯Ò ¼Á¼�×­�µ�ÒÒ Ò­ÁÎ×�Î ×­�¼ ×­� Î��¯�µ �Î¯¨× ×¯»� Ò��µ� �å�¼ ¨ÁÎ ×­� µ�××�Î \×Á³�Ò ¼Ü»��ÎÒ ŁÒ��
\��×Į ăĮą v�¼© �× �µĮ ăāĂĈłĮ 2¼ ×­� µ�¨× Ì�¼�µ Á¨ *¯©ÜÎ� ĄĮĄį 2 Ò­Áæ ×­� ¨¯µ�»�¼×Ò ×­�× ¨ÁÎ» ¯¼ �
Ò¯»Üµ�×¯Á¼ ÌÎ�Ò�¼×�� ¯¼ \v4ĂĈĮ a­� ¨¯µ�»�¼×Ò �Î� �µÁÒ� ×Á �ë¯Òì»»�×Î¯� �Á×­ ¯¼ Ò­��Î¯¼© �Áë
Ò¯»Üµ�×¯Á¼Òį ×­�× ¯Ò ×Á Ò�ì ¯¼ Ò¯»Üµ�×¯Á¼Ò Á¨ �¯Ò³ Î�©¯Á¼Ò Á¼ � µÁ��µ Ò��µ� Ł�Į©Įį v�¼© �¼� 4ÁŅ
­�¼Ò�¼ ăāĂąĹ >¯ �× �µĮ ăāĂĉĹ ž�Á� �× �µĮ ăāĂĊĹ \v4ĂĈłį �¼� ¯¼ Ò¯»Üµ�×¯Á¼Ò Á¨ �¯Ò³Ò Á¼ � »ÁÎ� ©µÁ��µ
Ò��µ� Ł<Áæ�µ¯³ �× �µĮ ăāĂĄłĮ v�¼© �¼� 4Á­�¼Ò�¼ ŁăāĂął �¼� >¯ �× �µĮ ŁăāĂĉł Á�×�¯¼ Ò¯»¯µ�Î å�µÜ�Ò Á¨
×­� �å�Î�©� Î��¯�µ �¯Ò×�¼�� ��×æ��¼ ×­�Ò� ¨¯µ�»�¼×Ò Á¨∼0.2 �¼�∼0.15 ©�Ò Ò��µ� ­�¯©­×ÒĮ ž�Á�
�× �µĮ ŁăāĂĊł ¨¯¼� ×­�× ×­� Î��¯�µ �ë×�¼× Á¨ ×­� ¨¯µ�»�¼×Ò ¯¼�Î��Ò�Ò æ¯×­ ×­� Ò×Î�¼©×­ Á¨ ×­� ©�Ò
ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į

ăĉ



ĄĮăĮ FKFŅ>2F�žX 2F\až�2>2avį �f\a �KF��FaXža2KFį žF� V>žF�a�\2Ež>
*KXEža2KF

'JHVSF ���� 'JHVSF BEPQUFE GSPN 4:+��� -PHBSJUIN PG UIF EVTU TVSGBDF EFOTJUZ Σp BT B GVODUJPO PG UIF SBEJBM DPPSEJOBUF x
BOE UIF B[JNVUIBM DPPSEJOBUF y JO B MPDBM TIFBSJOH CPY TJNVMBUJPO� 5IF EVTU TVSGBDF EFOTJUZ JT FYQSFTTFE BT B GSBDUJPO PG
UIF HBT TVSGBDF EFOTJUZ BU UIF DFOUSF PG UIF TJNVMBUJPO EPNBJOΣg,0
 XIJMF UIF SBEJBM BOE B[JNVUIBM DPPSEJOBUFT BSF HJWFO
JO VOJUT PG HBT TDBMF IFJHIUTHg� 5IF TUSFBNJOH JOTUBCJMJUZ DBVTFT UIF EVTU UP BDDVNVMBUF JO GPVS lMBNFOUT UIBU BSF SBEJBMMZ
UIJO
 CVU MBSHFMZ BYJTZNNFUSJD 	MFȼU QBOFM
� 0XJOH UP UIFJS TFMG�HSBWJUZ
 QBSUJDVMBSMZ EFOTF EVTU DMVNQT JO UIFTF lMBNFOUT
VOEFSHP HSBWJUBUJPOBM DPMMBQTF
 XIJDI MFBET UP UIF GPSNBUJPO PG QMBOFUFTJNBMT 	SJHIU QBOFM
�

p¯×­¯¼ ×­�Ò� ¨¯µ�»�¼×Òį Áå�Î��¼Ò� �µÜ»ÌÒ Á¨ �ÜÒ× ��¼ �Áµµ�ÌÒ� Ü¼��Î ×­�¯Î Ò�µ¨Ņ©Î�å¯×ìį �Á¼Ņ
×Î��×į �¼� ¨ÁÎ» Ìµ�¼�×�Ò¯»�µÒ Ł4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāāĊį ăāĂĂį ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćį ăāĂĈĹ
\v4ĂĈłĮ a­� Ò¯ñ�Ò Á¨ ×­�Ò� Ìµ�¼�×�Ò¯»�µÒ Î�¼©� ¨ÎÁ» ×�¼Ò ×Á ­Ü¼�Î��Ò Á¨ ³¯µÁ»�×Î�Ò Ł4Á­�¼Ò�¼
�× �µĮ ăāāĊį ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćĹ ž�Á� �× �µĮ ăāĂĊĹ \v4ĂĈłĮ a­� Ìµ�¼�×�Ò¯»�µÒ �»�Î©¯¼© ¨ÎÁ»
×­� ¨¯µ�»�¼×Ò ��Ì¯�×�� ¯¼ ×­� µ�¨× Ì�¼�µ Á¨ *¯©Į ĄĮĄ ��¼ �� Ò��¼ ¯¼ ×­� Î¯©­× Ì�¼�µĮ a­� �Áµµ�ÌÒ�
×Á 10 ³»Ņ �¼� 100 ³»ŅÒ¯ñ�� Ìµ�¼�×�Ò¯»�µÒį Î�ÒÌ��×¯å�µìį ×�³�Ò � ¨�æ ­Ü¼�Î�� ì��ÎÒ �¼� ∼25 ìÎ
¯¨ ×­� ³¯¼�×¯� �¼�Î©ì ¯¼ �µÜ»ÌÒ ¯Ò �¯ÒÒ¯Ì�×�� ÒÁµ�µì å¯� �Áµµ¯Ò¯Á¼Ò ��×æ��¼ �ÜÒ× �©©Î�©�×�Ò Łp�­µŅ
��Î© 4�¼ÒÒÁ¼ �¼� 4Á­�¼Ò�¼ ăāĂąłĮ K¼ ×­� Á¼� ­�¼�į ×�³¯¼© ¯¼×Á ���ÁÜ¼× ×­� �Î�© Á¨ ×­� �ÜÒ×
Á¼×Á ×­� ©�Ò ����µ�Î�×�Ò ×­� �Áµµ�ÌÒ� Ò¯¼�� ¯× ¨��¯µ¯×�×�Ò ×­� �¯ÒÒ¯Ì�×¯Á¼ Á¨ ³¯¼�×¯� �¼�Î©ì Łp�­µŅ
��Î© 4�¼ÒÒÁ¼ �¼� 4Á­�¼Ò�¼ ăāĂĈłĮ K¼ ×­� Á×­�Î ­�¼�į ×­¯Ò �Î�© µ���Ò ×Á ×­� �Áµµ�ÌÒ� ��¯¼© Î�Ņ
×�Î��� ����ÜÒ� ×­� ©�Ò ÌÎ�ÒÒÜÎ� ¯¼ � �µÜ»Ì ¯¼�Î��Ò�Ò æ¯×­ ���Î��Ò¯¼© Ò¯ñ� Á¨ ×­� �µÜ»Ì Ł\­�ÎŅ
¯¨¨ �¼� �Üññ¯ ăāĂĆłĮ p� ¯¼ \v4ĂĈ �¼� ž�Á� �× �µĮ ŁăāĂĊł Ò­Áæ ×­�× »ÁÎ� ¼Ü»�ÎÁÜÒ �¼� »ÁÎ�
»�ÒÒ¯å� Ìµ�¼�×�Ò¯»�µÒ �»�Î©� ¯¼ µ�Î©�Î ¨¯µ�»�¼×ÒĮ a­� Ìµ�¼�×�Ò¯»�µÒ ×ìÌ¯��µµì »¯©Î�×� ¯¼ ×­�
Î��¯�µ �¯Î��×¯Á¼ ×­ÎÁÜ©­ �¼� ×­ÜÒ ���Î�×� �ÜÒ× ¨ÎÁ» »ÁÎ� ×­�¼ Á¼� ¨¯µ�»�¼×į ×­ÁÜ©­ Ł\v4ĂĈłĮ

ž �ÜÒ× �µÜ»Ì ¯Ò �Á»»Á¼µì �ÒÒÜ»�� ×Á �Áµµ�ÌÒ� æ­�¼ ×­� Ò�µ¨Ņ©Î�å¯×ì Á¨ ×­� �µÜ»Ì Áå�Î�Á»�Ò
×­� ×¯��µ ¨ÁÎ�� Á¨ ×­� Ò×�Î ×­�× ��×Ò ×Á Ò×Î�×�­ ¯×ăį ×­�× ¯Ò æ­�¼ ×­� ��¼Ò¯×ì Á¨ ×­� �µÜ»Ì ¯Ò ­¯©­�Î
×­�¼ ¯×Ò XÁ�­� ��¼Ò¯×ì Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĂį ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćĹ \v4ĂĈłĮ a­� XÁ�­� ��¼Ò¯×ì
��¼ �� ��Î¯å�� �ì �Á¼Ò¯��Î¯¼© �¼ ¯¼�¯å¯�Ü�µ �©©Î�©�×� æ¯×­¯¼ � �µÜ»ÌĮ 2 �ÒÒÜ»� ×­�× ×­� �µÜ»Ì
¯Ò µÁ��×�� ¯¼ ×­� �¯Ò³ »¯�ŅÌµ�¼� �¼� ×­� �©©Î�©�×� Á¼ ×­� Ò¯�� Á¨ ×­� �µÜ»Ì ¨��¯¼© ×­� Ò×�ÎĮ
2¨ ×­� Î��¯�µ �¯Ò×�¼�� ��×æ��¼ ×­� �©©Î�©�×� �¼� ×­� ��¼×Î� Á¨ »�ÒÒ Á¨ ×­� �µÜ»Ì ¯Ò �ÍÜ�µ ×Á
×­� ÒÁŅ��µµ�� 0¯µµ Î��¯ÜÒ rHį ×­� ©Î�å¯×�×¯Á¼�µ ¨ÁÎ�� �ë�Î×�� Á¼ ×­� �©©Î�©�×� �ì ×­� Ò×�Î ¯Ò ¯¼

ăa­� ×¯��µ ¨ÁÎ�� �ë�Î×�� �ì ×­� Ò×�Î Á¼ � �Á�ì ¯Ò ×­� ¨ÁÎ�� ×­�× Î�ÒÜµ×Ò ¨ÎÁ» Ì�Î×Ò Á¨ ×­� �Á�ì ×­�× �Î� �µÁÒ�Î ×Á
×­� Ò×�Î ��¯¼© »ÁÎ� Ò×ÎÁ¼©µì ©Î�å¯×�×¯Á¼�µµì �××Î��×�� �ì ×­� Ò×�Î ×­�¼ ×­ÁÒ� ×­�× �Î� ¨ÜÎ×­�Î �æ�ìĮ

ăĊ
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�ÍÜ¯µ¯�Î¯Ü» æ¯×­ ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� �¼� ×­� ©Î�å¯×�×¯Á¼�µ ¨ÁÎ�� �ì ×­� �µÜ»Ì ��×¯¼© Á¼ ×­�
�©©Î�©�×�Į a­�× ¯Òį

GMSmd

(rS − rH)
2 = mdΩ

2
K (rS − rH) +

Gmcmd

r2H
, ŁĄĮăăł

æ­�Î�mc �¼�md �Î� ×­� »�ÒÒ�Ò Á¨ �µÜ»Ì �¼� �©©Î�©�×�į �¼� rS ¯Ò ×­� Î��¯�µ �¯Ò×�¼�� ��×æ��¼
×­� ��¼×Î� Á¨ »�ÒÒ Á¨ ×­� �µÜ»Ì �¼� ×­� Ò×�ÎĮ 2¨ ×­� �µÜ»Ì �Ò � æ­Áµ� ¯Ò ÁÎ�¯×¯¼© æ¯×­ ×­� <�ÌŅ
µ�Î¯�¼ ¨Î�ÍÜ�¼�ì ΩK = (GMS/r3S)

1/2 ŁÒ�� �µÒÁ �ÍĮ ăĮăąłį ×­� ��Áå� �ÍÜ�×¯Á¼ ì¯�µ�Ò

MS

(rS − rH)
2 =

MS (rS − rH)

r3S
+

mc

r2H

⇔ MS
(
3r2SrH − 3rSr

2
H + r3H

)
r2H = mc (rS − rH)

2 r3S.

ŁĄĮăĄł

\¯¼�� ×­� Ò¯ñ� Á¨ ×­� �µÜ»Ì ¯Ò »Ü�­ µ�ÒÒ ×­�¼ ¯×Ò Î��¯�µ �¯Ò×�¼�� ¨ÎÁ» ×­� Ò×�Îį ¯Į�Į rH * rSį ×­¯Ò
�ÍÜ�×¯Á¼ Î��Ü��Ò ×Á

3MSr
2
Sr

3
H = mcr

5
S ŁĄĮăął

⇔ rH = rS 3

√
mc

3MS
. ŁĄĮăĆł

2¨ ×­� �µÜ»Ì �Á¼Ò¯Ò×Ò Á¼µì Á¨ �©©Î�©�×�Ò ×­�× �Î� µÁ��×�� æ¯×­¯¼ ¯×Ò 0¯µµ Î��¯ÜÒį �µµ Á¨ ×­�Ò� �©Ņ
©Î�©�×�Ò �Î� »ÁÎ� Ò×ÎÁ¼©µì ©Î�å¯×�×¯Á¼�µµì �××Î��×�� �ì ×­� �µÜ»Ì ×­�¼ �ì ×­� Ò×�ÎĮ a­�× ¯Òį ×­�
Ò�µ¨Ņ©Î�å¯×ì Á¨ ×­� �µÜ»Ì ¯Ò Ò×ÎÁ¼©�Î ×­�¼ ×­� ×¯��µ ¨ÁÎ�� Á¨ ×­� Ò×�Î ��×¯¼© Á¼ ¯×Į žÒÒÜ»¯¼© �
ÒÌ­�Î¯��µ �µÜ»Ì æ¯×­ � ­Á»Á©�¼�ÁÜÒ ��¼Ò¯×ìį ×­¯Ò �Á¼�¯×¯Á¼ ¯Ò �ÍÜ¯å�µ�¼× ×Á ×­� ��¼Ò¯×ì Á¨ ×­�
�µÜ»Ì ��¯¼© ©Î��×�Î ×­�¼ ×­� XÁ�­� ��¼Ò¯×ì

ρR =
3mc

4πr3H
=

3mc

4π

3MS

r3Smc
=

9MS

4πr3S
=

9Ω2
K

4πG
. ŁĄĮăćł

+�Î�¯© �× �µĮ Łăāăāł �¼� <µ�­Î �¼� \�­Î�¯��Î Łăāăāł �ë×�¼� ×­¯Ò �Î¯×�Î¯Á¼ ¨ÁÎ ©Î�å¯×�×¯Á¼�µ
�Áµµ�ÌÒ� Á¨ �ÜÒ× �µÜ»ÌÒ �ì �ÒÒÜ»¯¼© ×­�× ×­� �Áµµ�ÌÒ� ¯Ò ¯¼­¯�¯×�� ¼Á× Á¼µì �ì ×­� Ò×�µµ�Î ×¯��µ
¨ÁÎ��į �Ü× �µÒÁ �ì �¯¨¨ÜÒ¯Á¼ Á¨ ×­� �ÜÒ× ¯¼�Ü��� �ì ©�Ò ×ÜÎ�Üµ�¼��Į \Ì��¯¨¯��µµìį +�Î�¯© �× �µĮ
Łăāăāł Ò­Áæ ×­�× ×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼ ÌÎ�å�¼×Ò ×­� �Áµµ�ÌÒ� Á¨ � �µÜ»Ì Á¨ Î��¯ÜÒ rc ¯¨

rc <

√
αcsHgΩK

4πGStρc
, ŁĄĮăĈł

æ­�Î�ρc ¯Ò ×­� ��¼Ò¯×ì Á¨ ×­� �µÜ»Ì �¼� ×­� Ì�Î�»�×�Îα��Ò�Î¯��Ò ×­� Ò×Î�¼©×­ Á¨ ×­� ×ÜÎ�Üµ�¼×
©�Ò å¯Ò�ÁÒ¯×ì νg,turb = αcsHg ŁÒ�� \��×Į ăĮăĹ \­�³ÜÎ� �¼� \Ü¼ì��å ĂĊĈĄłĮ <µ�­Î �¼� \�­Î�¯��Î
Łăāăāłį æ­Á �Á¼Ò¯��Î ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò ×­� ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼į Á�×�¯¼ �
×­Î�Ò­Áµ� �¯�»�×�Î Á¨ ∼100 ³» Á¨ �µÜ»ÌÒ ×­�× �Î� �Á×­ ��¼Ò� �¼ÁÜ©­ ×Á Áå�Î�Á»� ×­� ×¯��µ
¨ÁÎ�� �¼� µ�Î©� �¼ÁÜ©­ ×Á ¼Á× �� �¯ÒÌ�ÎÒ�� �ì ×ÜÎ�Üµ�¼��Į

a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �µæ�ìÒ ÁÌ�Î�×�Ò ¯¨ �ÜÒ× �¼� � Î��¯�µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ�
�Î� ÌÎ�Ò�¼×Į 0Áæ�å�Îį ×­� ¨ÁÎ»�×¯Á¼ Á¨ ¨¯µ�»�¼×Òį �¼� Ìµ�¼�×�Ò¯»�µÒ ¯¼Ò¯�� ×­�»į Á��ÜÎÒ Á¼µì
¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× �¼� ×­� Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì ń Á¨×�¼ Î�¨�ÎÎ�� ×Á

Ąā



ĄĮăĮ FKFŅ>2F�žX 2F\až�2>2avį �f\a �KF��FaXža2KFį žF� V>žF�a�\2Ež>
*KXEža2KF

'JHVSF ���� 'JHVSF BEPQUFE GSPN :BOH FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨&40
� 3BUJP PG EVTU UP HBT
TVSGBDF EFOTJUZ Z BOE 4UPLFT OVNCFS PG UIF EVTU τs QMPUUFE PO UIF PSEJOBUF BOE BCTDJTTB
 SFTQFDUJWFMZ� 5IF HSFFO SFHJPO
FODPNQBTTFT BMM DPNCJOBUJPOT PG 4UPLFT OVNCFS BOE TVSGBDF EFOTJUZ SBUJP GPS XIJDI UIF TUSFBNJOH JOTUBCJMJUZ DPODFOUSBUFT
EVTU JO lMBNFOUT GSPN XIJDI QMBOFUFTJNBM FNFSHF� 5IF OFDFTTBSZ TVSGBDF EFOTJUZ SBUJP JT MPXFTU JG UIF 4UPLFT OVNCFS JT
FRVBM UP0.1
 CVU TUJMM FYDFFET UIF DBOPOJDBM JOUFSTUFMMBS NFEJVN WBMVF PG1%� -BSHFS TVSGBDF EFOTJUZ SBUJPT FOBCMF lMBNFOU
BOE QMBOFUFTJNBM GPSNBUJPO GPS 4UPLFT OVNCFST CFUXFFO 10−3 BOE B GFX�

�Ò »�×�µµ¯�¯×ì ń Ł4Á­�¼Ò�¼ �× �µĮ ăāāĊĹ ��¯ �¼� \×Á¼� ăāĂā�Ĺ �Î�ô³ÁæÒ³� �¼� �Üµµ�»Á¼� ăāĂąĹ
��ÎÎ�Î� �× �µĮ ăāĂĆĹ v�¼© �× �µĮ ăāĂĈł �Ò æ�µµ �Ò ×­� Ò×Î�¼©×­ Á¨ ×­� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ł��¯ �¼�
\×Á¼� ăāĂā�Ĺ �Î�ô³ÁæÒ³� �¼� �Üµµ�»Á¼� ăāĂął �ë���� ¯¼×�Î��Ì�¼��¼× ×­Î�Ò­Áµ� å�µÜ�ÒĮ a­�
��Ì�¼��¼�� Á¼ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò Î�µ�×�� ×Á ×­� ©ÎÁæ×­ Î�×� Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì
��¯¼© µ�Î©�Ò× ¯¨ ×­� �ÜÒ× åÁµÜ»� ��¼Ò¯×ì ¯Ò ­¯©­�Î ×­�¼ ×­� ©�Ò åÁµÜ»� ��¼Ò¯×ì ŁÒ�� \��×Į ĄĮĂĹ
vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ăāāĆłĭ *ÁÎ � ©¯å�¼ \×Á³�Ò ¼Ü»��Î �¼� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ò×Î�¼©×­į Á¼µì
¯¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò ­¯©­ �¼ÁÜ©­ �Á�Ò ×­� »��¼ åÁµÜ»� ��¼Ò¯×ì Á¨ ×­� �ÜÒ×
µ�ì�Î �ÎÁÜ¼� ×­� �¯Ò³ »¯�ŅÌµ�¼� �ë���� ×­� ©�Ò åÁµÜ»� ��¼Ò¯×ì ¯¼ ×­¯Ò µ�ì�Î Ł4Á­�¼Ò�¼ �× �µĮ
ăāāĊłĮ ž¼� Á¼µì ×­�¼ �Á�Ò ×­� Ł¼Á¼Ņµ¯¼��Îł ¯¼Ò×��¯µ¯×ì ©¯å� Î¯Ò� ×Á Ò×ÎÁ¼© �ÜÒ× �Á¼��¼×Î�×¯Á¼
Ł4Á­�¼Ò�¼ �¼� vÁÜ�¯¼ ăāāĈĹ 4Á­�¼Ò�¼ �× �µĮ ăāāĊłĮ

\�³¯ì� �¼� K¼¯Ò­¯ ŁăāĂĉł ÌÎÁÌÁÒ� ×­�× ×­� ��¯µ¯×ì Á¨ ×­� ¯¼Ò×��¯µ¯×ì ×Á ��ÜÒ� �ÜÒ× ���Ü»Üµ�Ņ
×¯Á¼ ¯¼ ¨¯µ�»�¼×Ò ¯Ò ¼Á× ��Ì�¼��¼× Á¼ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Z �¼� Á¼ ×­� Ò×��ÌŅ
¼�ÒÒ Á¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼× ń �ëÌÎ�ÒÒ�� ¯¼ ×­� Ì�Î�»�×�Î Π ń ¯¼�¯å¯�Ü�µµìį �Ü× Á¼ ×­� �¯Ņ
»�¼Ò¯Á¼µ�ÒÒ Ì�Î�»�×�Î (2π)1/2Z/ΠĮ aÁ �Á¼¨¯Î» ×­¯Òį ×­�ì �Á»Ì�Î� Ò¯»Üµ�×¯Á¼Ò æ¯×­ ×­� Ò�»�
å�µÜ� Á¨ ×­¯Ò Ì�Î�»�×�Îį �Ü× �¯¨¨�Î�¼× ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁÒ �¼� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ò×Î�¼©×­ÒĮ
a­� ¯¼Ò×��¯µ¯×ì ¯¼���� ©¯å�Ò Î¯Ò� ×Á Ò¯»¯µ�Îµì ��¼Ò� �ÜÒ× ���Ü»Üµ�×¯Á¼Ò ¯¼ ×­�Ò� Ò¯»Üµ�×¯Á¼ÒĮ

��ÎÎ�Î� �× �µĮ ŁăāĂĆł �¼� v�¼© �× �µĮ ŁăāĂĈł �Á¼�Ü�× Ì�Î�»�×�Î Ò×Ü�¯�Ò ×Á ��×�Î»¯¼� ×­Î�Ò­Áµ�
\×Á³�Ò ¼Ü»��ÎÒ �¼� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁÒ Î�ÍÜ¯Î�� ¨ÁÎ ×­� ¯¼Ò×��¯µ¯×ì ×Á ¯¼�Ü��
¨¯µ�»�¼× �¼� ÒÜ�Ò�ÍÜ�¼×µì Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į a­� Î�ÒÜµ×Ò Á¨ ×­�Ò� Ò×Ü�¯�Ò �Î� ��Ì¯�×��
¯¼ *¯©Į ĄĮąĮ 2¼ ×­� Ò×Ü�¯�Òį � ¨¯ë�� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ò×Î�¼©×­ Á¨ Π = 0.05 ¯Ò �ÒÒÜ»��Į v�¼©
�× �µĮ ŁăāĂĈł Á�×�¯¼ �ÍÜ�×¯Á¼Ò �ëÌÎ�ÒÒ¯¼© ×­� ×­Î�Ò­Áµ� å�µÜ� Zthres Á¨ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á

ĄĂ
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�Ò � ¨Ü¼�×¯Á¼ Á¨ ×­� \×Á³�Ò ¼Ü»��Îį

log10 (Zthres) =

{
0.3 log10 (St)

2 + 0.59 log10 (St)− 1.57 St > 0.1 ÁÎ
0.1 log10 (St)

2 + 0.2 log10 (St)− 1.76 St < 0.1.
ŁĄĮăĉł

�ÎÜ�¯�µµìį ¨ÁÎ �µµ \×Á³�Ò ¼Ü»��ÎÒ ×­� ×­Î�Ò­Áµ� Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì �ë����Ò
×­� ��¼Á¼¯��µ å�µÜ� ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü»į �¼� ×­�Î�¨ÁÎ� ¯¼ ÌÎ¯Ò×¯¼� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį
Á¨ 1% Į ž× ��Ò×į ×­� ×­Î�Ò­Áµ� å�µÜ� �»ÁÜ¼×Ò ×Á 0.015 ¨ÁÎ � \×Á³�Ò ¼Ü»��Î Á¨ 0.1Į F�å�Î×­�Ņ
µ�ÒÒį ¨ÁÎ µ�Î©�Î ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁÒ Ò×ÎÁ¼© �ÜÒ× ���Ü»Üµ�×¯Á¼ Á��ÜÎÒ ¯¨ ×­� \×Á³�Ò ¼Ü»��Î
¯Ò �Ò Ò»�µµ �Ò 10−3 ÁÎ �Ò µ�Î©� �Ò � ¨�æĮ ��¯ �¼� \×Á¼� ŁăāĂā�łį Á¼ ×­� Á×­�Î ­�¼�į ¨¯¼� ×­�× ¯¨
�ÜÒ× æ¯×­ � �¯Ò×Î¯�Ü×¯Á¼ Á¨ \×Á³�Ò ¼Ü»��ÎÒ Î�¼©¯¼© ¨ÎÁ» 10−3 ×Á 1 ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼×į ×­�
×­Î�Ò­Áµ� ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á �»ÁÜ¼×Ò ×Á 2% �¼� 6% ¯¨ ×­� Ì�Î�»�×�Î ©¯å¯¼© ×­� Ò×Î�¼©×­ Á¨
×­� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Π = 0.025 �¼� Π = 0.1į Î�ÒÌ��×¯å�µìĮ a­¯Ò ¯Ò �Á¼×Î�Ò× ×Á ×­� ©ÎÁæ×­ Î�×�
Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì ¯¼�Î��Ò¯¼© æ¯×­ ×­� ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ò×Î�¼©×­ ŁÒ�� �ÍĮ ĄĮăāłĮ

2× ¯Ò �å¯��¼× ×­�× ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �µÁ¼� ��¼ ¼Á× ¯¼�Ü�� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Ü¼Ņ
��Î �Á¼�¯×¯Á¼Ò ×ìÌ¯��µ ¨ÁÎ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ *¯©ÜÎ� ăĮą Ò­ÁæÒ ×­�× �ÁÜ¼�¯¼© Ü¼��Î »Ü×Ü�µ
�Áµµ¯Ò¯Á¼Ò �¼� Î��¯�µ �Î¯¨× ÌÎ�å�¼× �Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­ Á¨ �Á»Ì��× �ÜÒ× �©©Î�©�×�Ò ��ìÁ¼� Ò¯ñ�Ò
Á¨ »¯µµ¯»�×Î�Ò ¯¼ ×­� ¯¼¼�Î �¯Ò³ Î�©¯Á¼Ò �¼� ×�¼Ò ÁÎ ­Ü¼�Î�� Á¨ »¯�ÎÁ¼Ò ¯¼ ×­� ÁÜ×�Î Á¼�ÒĮ a­¯Ò
¯Ò �ÍÜ¯å�µ�¼× ×Á \×Á³�Ò ¼Ü»��ÎÒ Á¨ 10−4 �¼� Á¨ 10−3į Î�ÒÌ��×¯å�µìĮ *ÁÎ ×­�Ò� \×Á³�Ò ¼Ü»��ÎÒį
v�¼© �× �µĮ ŁăāĂĈł ¨¯¼� ×­�× ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¼���Ò ×Á �� �¼­�¼��� �ì � ¨��×ÁÎ
Á¨ ¨ÁÜÎ ÁÎ »ÁÎ� �Á»Ì�Î�� ×Á ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» å�µÜ�Į �Á¼å�ÎÒ�µìį ×­� ×­Î�Ò­Áµ� ÒÜÎ¨���
��¼Ò¯×ì Î�×¯Á ¯Ò µÁæ�Ò× ń �Ü× Ò×¯µµ »�Î©¯¼�µµì ­¯©­�Î ×­�¼ ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» ń ¨ÁÎ �ÜÒ×
æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.1į æ­¯�­ �ÁÎÎ�ÒÌÁ¼�Ò ×Á � �ÜÒ× Ò¯ñ� Á¨ 10 �» �× � Î��¯�µ �¯Ò×�¼��
×Á ×­� Ò×�Î Á¨ 5 �Ü �¼� ×Á 1 �» �× � Î��¯ÜÒ Á¨ 50 �Ü ¯¨ �Á»Ì��× �©©Î�©�×�Ò �Î� �Á¼Ò¯��Î�� ŁÒ��
�ÍĮ ăĮĂĄłĮ

0Áæ�å�Îį � å�Î¯�×ì Á¨ ÌÎÁ��ÒÒ�Ò ��¼ ��ÜÒ� �¯×­�Î �¼ �¼­�¼��»�¼× Á¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì
Î�×¯Á ×­�× ¯Ò �Á¼�Ü�¯å� ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ÁÎ �ÜÒ× ©ÎÁæ×­ ��ÒÌ¯×� ×­� �ÁÜ¼�¯¼© �¼�
Î��¯�µ �Î¯¨× ��ÎÎ¯�ÎÒĮ 2 �¯Ò�ÜÒÒ ×­� ¨ÁÎ»�Î ³¯¼� Á¨ ÌÎÁ��ÒÒ�Ò ¯¼ \��×Į ĄĮĆį �¼� ×­� µ�××�Î ³¯¼� ¯¼
\��×Į ăĮĄĮ �ÜÒ× �©©Î�©�×�Ò ��¼ ©ÎÁæ ×Á ��¼×¯»�×Î�ŅÒ¯ñ�Ò �× ¯�� µ¯¼�Ò ŁXÁÒ �¼� 4Á­�¼Ò�¼ ăāĂĄĹ
XÁÒ �× �µĮ ăāĂĊłį ¯¨ ×­� �©©Î�©�×�Ò �Î� �­�Î©�� Ł\×�¯¼Ì¯µñ �× �µĮ ăāĂĊłį ÁÎ ¯¨ ×­�ì �Î� ŊµÜ�³ìŌ ¯¼
×­�× ×­�ì �Î� ¼Á× ¯¼åÁµå�� ¯¼ �Áµµ¯Ò¯Á¼Ò æ¯×­ ­¯©­ Î�µ�×¯å� å�µÁ�¯×¯�Ò Łp¯¼�»�Î³ �× �µĮ ăāĂă�į�Ĺ
+�Î�Ü� �× �µĮ ăāĂĄłĮ *ÜÎ×­�Î»ÁÎ�į <Î¯±× �× �µĮ ŁăāĂĆį ăāĂć�ł ¨¯¼� ×­�× ÌÁÎÁÜÒ �©©Î�©�×�Ò æ¯×­
\×Á³�Ò ¼Ü»��ÎÒ ��×æ��¼ 10−2 �¼� � ¨�æ �Î� ÌÎ�Ò�¼× ¯¼ µ�Î©� Î�©¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ

�¾� VųŨŵŬŻŬźŰŴŨų ŰŵŰŻŰŨų ŴŨźź ŭżŵŪŻŰŶŵ

2¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ ��¼Á×�Ò � �¯Ò×Î¯�Ü×¯Á¼ Á¨ �¯Î×­ »�ÒÒ�Òį »ÁÒ× �Á»»Á¼µì Á¨ Ò×�ÎÒ �Ü× ­�Î�
Á¨ ×­� Ìµ�¼�×�Ò¯»�µÒ ×­�× �»�Î©� ¨ÎÁ» ¨¯µ�»�¼×Ò ¨ÁÎ»�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ a­� »�ÒÒ
�¯Ò×Î¯�Ü×¯Á¼ ��¼ �� �ëÌÎ�ÒÒ�� ¯¼ �¯¨¨�Î�¼×¯�µ ¨ÁÎ»į dN/dM į ÁÎ ¯¼ �Ü»Üµ�×¯å� ¨ÁÎ»į

N>(M) =

∫ Mmax

M

dN

dM ′dM
′, ŁĄĮăĊł

æ­�Î� N ¯Ò ×­� ¼Ü»��Î Á¨ Ìµ�¼�×�Ò¯»�µÒį M ×­�¯Î »�ÒÒį �¼� Mmax ×­�¯Î »�ë¯»Ü» »�ÒÒĮ a­�
¼Ü»��Î Á¨ Ìµ�¼�×�Ò¯»�µÒ æ¯×­ »�ÒÒ�Ò Î�¼©¯¼© ��×æ��¼ M �¼� M + dM ��¼ �� ��µ�Üµ�×��

Ąă



ĄĮĄĮ V>žF�a�\2Ež> 2F2a2ž> Ež\\ *fF�a2KF

'JHVSF ���� 'JHVSF BEPQUFE GSPN 4JNPO FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� %JǯGFSFOUJBM NBTT EJT�
USJCVUJPO dN/dMp BT B GVODUJPO PG UIF QMBOFUFTJNBM NBTT Mp� 5IF WBMVFT QMPUUFE PO UIF BCTDJTTB BOE UIF PSEJOBUF BSF
OPSNBMJTFE CZ UIF UPUBM EVTU NBTT MTotal BOE JUT JOWFSTF
 SFTQFDUJWFMZ� 5IF NBTT EJTUSJCVUJPOT JO UISFF TJNVMBUJPOT XJUI
EJǯGFSFOU DPNCJOBUJPOT PG UIF 4UPLFT OVNCFS PG UIF EVTU τ BOE UIF EVTU�UP�HBT TVSGBDF EFOTJUZ SBUJP Z BSF EFQJDUFE VTJOH
EJǯGFSFOU TZNCPMT BOE DPMPVST
 XJUI UIF DPNCJOBUJPOT CFJOH HJWFO JO UIF MFHFOE� %FTQJUF UIF WBSZJOH 4UPLFT OVNCFST BOE
TVSGBDF EFOTJUZ SBUJPT
 FBDI PG UIF UISFF EJTUSJCVUJPOT JT EFTDSJCFE XFMM CZ B QPXFS�MBX EJTUSJCVUJPO dN/dMp ∝ M−1.6

p

	EBTIFE MJOFT
�

�Ò dN/dM dM į æ­¯µ� N>(M) ©¯å�Ò ×­� ×Á×�µ ¼Ü»��Î æ¯×­ »�ÒÒ�Ò ©Î��×�Î ×­�¼ M Į 2¼ Á×­�Î
æÁÎ�Òį ×­� ÌÎÁ���¯µ¯×ì ¨ÁÎ ×­� »�ÒÒ Á¨ � Ìµ�¼�×�Ò¯»�µ ×Á �ë���� M ¯Ò �ÍÜ�µ ×Á N>(M)/NtotĮ
0�Î�į Ntot ¯Ò ×­� ×Á×�µ ¼Ü»��Î Á¨ Ìµ�¼�×�Ò¯»�µÒĮ 2¼ ×­¯Ò Ò��×¯Á¼į 2 ¨¯ÎÒ× �¯Ò�ÜÒÒ ×­� Ò­�Ì� Á¨ ×­�
¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ �¼� ×­�¼ ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ Ìµ�¼�×�Ò¯»�µÒĮ

žµµ Ò×Ü�¯�Ò Á¨ ×­� Ìµ�¼�×�Ò¯»�µ �¯Î×­ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ­�å� ���¼ �Á¼�Ü�×�� ¼Ü»�Î¯��µµì ÜÒŅ
¯¼© ×­� Ò­��Î¯¼© �Áë �ÌÌÎÁë¯»�×¯Á¼ ŁÒ�� \��×Į ĄĮĂĹ 4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćį ăāĂĈĹ
ž�Á� �× �µĮ ăāĂĊĹ >¯ �× �µĮ ăāĂĊĹ +Áµ� �× �µĮ ÒÜ�»¯××��Ĺ \v4ĂĈłĮ �Á¼Ò�ÍÜ�¼×µìį ¯¼ ×­�Ò� Ò×Ü�¯�Ò ×­�
»�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ �Á�Ò ¼Á× Á¼µì ��Ì�¼� Á¼ Ì­ìÒ¯��µ Ì�Î�»�×�ÎÒ µ¯³� ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­�
�ÜÒ× �¼� ×­� Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ìį �Ü× �µÒÁ Á¼ ¼Ü»�Î¯��µ Ì�Î�»�×�ÎÒ µ¯³� ×­� Ò¯»Ņ
Üµ�×¯Á¼ �Á»�¯¼ Ò¯ñ� �¼� Î�ÒÁµÜ×¯Á¼Į 2¼ Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Òį � �Á»�¯¼ ¯Ò �Á¼Ò¯��Î�� ×­�×
¯Ò »Ü�­ Ò»�µµ�Î ×­�¼ ×­� Ò¯ñ� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ a­�× ¯Òį µÁ��µ Ò��µ�Ņ¨Î�� Ü¼¯×Ò ��¼ �� �»Ņ
ÌµÁì��Į 2¼ Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ×­�Ò� ×ìÌ¯��µµì �Î� ×­� ©�Ò Ò��µ� ­�¯©­× Hgį
×­� �ì¼�»¯��µ ×¯»� Ò��µ� 1/ΩKį �¼� ×­� ©�Ò ��¼Ò¯×ì �× ×­� ��¼×Î� Á¨ ×­� �Á»�¯¼ ρg,0 �Ò ×­�
Ü¼¯×Ò Á¨ µ�¼©×­į ×¯»�į �¼� ��¼Ò¯×ìĮ �Á¼Ò�ÍÜ�¼×µìį �Î�¯×Î�Îì å�µÜ�Ò Á¨ ×­� �¯»�¼Ò¯Á¼µ�ÒÒ Ì�Î�Ņ
»�×�ÎÒ Π ŁÒ�� �ÍĮ ăĮĂĊł �¼�

γ =
4πGρg,0

Ω2
K

=
9ρg,0
ρR

ŁĄĮĄāł

ŁÒ�� �µÒÁ �ÍĮ ĄĮăćł ��¼ �� �­ÁÒ�¼Į p­¯µ� Π �ëÌÎ�ÒÒ�Ò ×­� Ò×��Ì¼�ÒÒ Á¨ ×­� ©µÁ��µ ©�Ò ÌÎ�ÒÒÜÎ�
©Î��¯�¼×į γ ©¯å�Ò ×­� Î�µ�×¯å� Ò×Î�¼©×­ Á¨ Ò�µ¨Ņ©Î�å¯×ì ń ¼Á»¯¼�µµì Á¨ ×­� ©�Òį �Ü× �µÒÁ Á¨ ×­� �ÜÒ×
©¯å�¼ � �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ń �¼� ×¯��µ ¨ÁÎ�� �ë�Î×�� �ì ×­� Ò×�ÎĮ 2 ¼Á×� ×­�×į ��ÒÌ¯×� ×­�
�Á»�¯¼ �¯»�¼Ò¯Á¼Ò ��¯¼© »Ü�­ µ�ÒÒ ×­�¼ ×­ÁÒ� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį ¯¼ �µµ Ò­��Î¯¼© �Áë
Ò¯»Üµ�×¯Á¼Ò Á¨ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×­� Î�ÒÁµÜ×¯Á¼ ¯Ò ×ÁÁ µÁæ ×Á
Î�ÒÁµå� ×­� ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨ �ÜÒ× �µÜ»ÌÒ �Áæ¼ ×Á Ìµ�¼�×�Ò¯»�µ Ò¯ñ�ÒĮ

ĄĄ
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a­� Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Á�×�¯¼�� ¯¼ � »�±ÁÎ¯×ì Á¨ Ò×Ü�¯�Ò ¯Ò Î�ÌÎ�Ò�¼×�� æ�µµ
�ì � ÌÁæ�Î µ�æ

dN

dM
∝ M−1.6 ŁĄĮĄĂł

Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćį ăāĂĈĹ ž�Á� �× �µĮ ăāĂĊłĮ 2 Ò­Áæ ×­¯Ò »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼
¯¼ *¯©Į ĄĮĆĮ p­¯µ� >¯ �× �µĮ ŁăāĂĊł ¨¯¼� � ¨Ü¼�×¯Á¼ �Á»ÌÁÒ�� Á¨ »Üµ×¯Ìµ� ÌÁæ�Î µ�æÒ ×Á ì¯�µ� �
��××�Î ¨¯× ×Á ×­� �¯¨¨�Î�¼×¯�µ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ×­�¼ � Ò¯¼©µ� ÌÁæ�Î µ�æį �× µ��Ò× Á¼� Á¨ ×­� ¨¯××��
ÌÁæ�ÎŅµ�æ �ëÌÁ¼�¼×Ò µ¯�Ò ¯¼ ×­� Î�¼©� ��×æ��¼ −1.35 �¼� −1.87Į a­� ÌÁæ�ÎŅµ�æ �¯Ò×Î¯�Ü×¯Á¼
©¯å�¼ ¯¼ �ÍĮ ĄĮĄĂ ¯Ò Ü¼¯å�ÎÒ�µ ¯¼ ×­�× ¯×Ò �ëÌÁ¼�¼× ¯Ò µ�Î©�µì ¯¼��Ì�¼��¼× Á¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨
×­� �ÜÒ× ŁÒ�� *¯©Į ĄĮĆĹ \¯»Á¼ �× �µĮ ăāĂĈłį ×­� Ò¯»Üµ�×¯Á¼ Î�ÒÁµÜ×¯Á¼ Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ \¯»Á¼
�× �µĮ ăāĂćłį �Ò æ�µµ �Ò ×­� Ì�Î�»�×�ÎÒ Π Łž�Á� �× �µĮ ăāĂĊł �¼� γ Ł\¯»Á¼ �× �µĮ ăāĂćłĮ a­� »�ÒÒ
�¯Ò×Î¯�Ü×¯Á¼ ��¼ �� �Á¼å�Î×�� ×Á � Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ �Ò

dN

dR
=

dM

dR

dN

dM
∝ R2

(
R3
)−1.6

= R−2.8, ŁĄĮĄăł

æ­�Î� R ¯Ò ×­� Ìµ�¼�×�Ò¯»�µ Ò¯ñ� Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćĹ ž�Á� �× �µĮ ăāĂĊłĮ
2× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á �Á»Ì�Î� ×­� Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ ×Á ×­�× Á¨ Ò×�ÎÒĮ a­� Ò×�µµ�Î

»�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ��¼ �� �ëÌÎ�ÒÒ�� �Ò dN/dM ∝ M−2.3 ¨ÁÎ Ò×�ÎÒ æ¯×­ »�ÒÒ�Ò �ë����¯¼© Á¼�
\Áµ�Î »�ÒÒ Ł\�µÌ�×�Î ĂĊĆĆĹ <ÎÁÜÌ� ăāāĂĹ �­��Î¯�Î ăāāĄłĮ a­�× ¯Ò ×Á Ò�ìį ¯× ¯Ò ×­� Ò×��Ì�Î ×­�¼
×­� »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒĮ a­� ×Á×�µ »�ÒÒ Á¨ Á�±��×Ò æ¯×­ »�ÒÒ�Ò ¯¼ ×­� ¯¼×�Îå�µ
��×æ��¼ M �¼� M + dM ��¼ �� �Á»ÌÜ×�� �Ò M dN/dM dM Į 2¼ ×­� ��Ò� Á¨ Ò×�ÎÒį ×­¯Ò ×Á×�µ
»�ÒÒ Ì�Î »�ÒÒ ¯¼×�Îå�µ ¯Ò ÌÎÁÌÁÎ×¯Á¼�µ ×ÁM−1.3Į a­ÜÒį ×­� µ��Ò× »�ÒÒ¯å� Ò×�ÎÒ �Á¼×Î¯�Ü×� »ÁÒ×
»�ÒÒ ×Á ×­� ×Á×�µ »�ÒÒ Á¨ �µµ Ò×�ÎÒĮ 2¼ �Á¼×Î�Ò×į ×­� Ìµ�¼�×�Ò¯»�µ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ �ëÌÎ�ÒÒ�� ¯¼
�ÍĮ ĄĮĄĂ ì¯�µ�Ò � ×Á×�µ »�ÒÒ Ì�Î »�ÒÒ ¯¼×�Îå�µ ÌÎÁÌÁÎ×¯Á¼�µ ×Á M−0.6Į a­�× ¯Òį ×­� »ÁÒ× »�ÒÒ¯å�
Ìµ�¼�×�Ò¯»�µÒ �Á»¯¼�×� ×­� ×Á×�µ Ìµ�¼�×�Ò¯»�µ »�ÒÒĮ ž�Á� �× �µĮ ŁăāĂĊł ¨¯¼� ×­¯Ò ×Á �� ×ÎÜ� �å�¼
¯¨ ×­� ¨ÁÎ»�×¯Á¼ Á¨ ×­� Ìµ�¼�×�Ò¯»�µÒ ¯Ò ¼Á× ¯¼�Ü��� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ

p� ¯¼ \v4ĂĈį ž�Á� �× �µĮ ŁăāĂĊł �¼� 4Á­�¼Ò�¼ �× �µĮ ŁăāĂĆł Ò­Áæ ×­�× ×­� �¯Î×­ »�ÒÒ �¯Ò×Î¯Ņ
�Ü×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ×­�× ¨ÁÎ» Áæ¯¼© ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò �ëÌÁ¼�¼×¯�µµì ×�Ì�Î��
�× ×­� ­¯©­Ņ»�ÒÒ �¼�Į 2¼ *¯©ÜÎ� ĄĮćį ×­� �Ü»Üµ�×¯å� �¯Ò×Î¯�Ü×¯Á¼ ¯¼ � Ò¯»Üµ�×¯Á¼ ÌÎ�Ò�¼×�� ¯¼
\v4ĂĈ ¯Ò ��Ì¯�×��Į 2× ¯Ò �å¯��¼× ×­�× � ÌÁæ�Î µ�æ æ¯×­ �¼ �ëÌÁ¼�¼×¯�µ �Ü×Á¨¨ exp[−(M/Mexp)0.38]
ŁÎ�� µ¯¼�ł ¨¯×Ò ×­� �¯Ò×Î¯�Ü×¯Á¼ ��××�Î ×­�¼ � ÌÁæ�Î µ�æ æ¯×­ÁÜ× �Ü×Á¨¨ Ł©Î��¼ µ¯¼�łĮ KÜÎ Ò¯»ÜŅ
µ�×¯Á¼Ò æ¯×­ �¯¨¨�Î�¼× �Á»�¯¼ Ò¯ñ�Ò ì¯�µ� �Á»Ì�Î��µ� å�µÜ�Ò Á¨ ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­�
�Ü×Á¨¨ Mexp �¼� ¯×Ò �ëÌÁ¼�¼×į æ¯×­ ×­� µ�××�Î Î�¼©¯¼© ¨ÎÁ» 0.3 ×Á 0.4Į \¯»¯µ�Î ×Á ÜÒį ž�Á� �× �µĮ
ŁăāĂĊł ¨¯¼� �¼ �ëÌÁ¼�¼×¯�µµì ×�Ì�Î�� ÌÁæ�Î µ�æį dN/dM ∝ M−1.3 exp(−M/Mexp)į ×Á Î�ÌÎ�ÒŅ
�¼× ×­� »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ��××�Î ×­�¼ � Ò¯»Ìµ� ÌÁæ�Î µ�æį dN/dM ∝ M−1.6Į a­¯Ò ¯Ò å�µ¯� ¯¼Ņ
��Ì�¼��¼× Á¨ ×­� Ò×Î�¼©×­ Á¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į F�å�Î×­�µ�ÒÒį ×­� �ëÌÁ¼�¼×¯�µ �Ü×Á¨¨
�Á¼Ò¯��Î�� �ì ž�Á� �× �µĮ ŁăāĂĊł ¯Ò Ò×��Ì�Î ×­�¼ ×­� Á¼� æ� ¯¼¨�Î ¯¼ \v4ĂĈĮ 4Á­�¼Ò�¼ �× �µĮ ŁăāĂĆł
��×�Î»¯¼� �¼ �å�¼ ­¯©­�Î �ëÌÁ¼�¼× Á¨ ×­� �Ü×Á¨¨ Á¨ 4/3Į 2 ¼Á×�į ­Áæ�å�Îį ×­�× Ò¯©¼¯¨¯��¼×µì
¨�æ�Î Ìµ�¼�×�Ò¯»�µ »�ÒÒ�Ò �Á¼Ò×¯×Ü×� ×­� �Ü×Á¨¨ ¯¼ ×­� Ò×Ü�ì �ì 4Á­�¼Ò�¼ �× �µĮ ŁăāĂĆł ×­�¼ ¯¼
×­� Á¼� �ì ž�Á� �× �µĮ ŁăāĂĊł �¼� ¯¼ ÁÜÎÒ Ł�Á»Ì�Î� *¯©Į ą Á¨ 4Á­�¼Ò�¼ �× �µĮ ŁăāĂĆł æ¯×­ *¯©Į ć Á¨
ž�Á� �× �µĮ ŁăāĂĊł �¼� *¯©Į ą Á¨ \v4ĂĈłĮ

2¼ ���¯×¯Á¼ ×Á ¨ÁÎ � �Ü×Á¨¨ �× ×­� ­¯©­Ņ»�ÒÒ �¼�į �å¯��¼�� �ë¯Ò×Ò �µÒÁ ¨ÁÎ � ×ÜÎ¼Áå�Î �× ×­�
µÁæŅ»�ÒÒ �¼� Á¨ ×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼Į a­� ¨¯ÎÒ× �Ü×­ÁÎÒ ×Á ÌÎ�Ò�¼× ÒÜ�­ �å¯��¼�� æ�Î� >¯
�× �µĮ ŁăāĂĊłĮ a­�ì Ì�Î¨ÁÎ»�� ×­� Ò¯»Üµ�×¯Á¼ æ¯×­ ×­� ­¯©­�Ò× Î�ÒÁµÜ×¯Á¼ ×Á ��×�į æ¯×­ ­¯©­�Î

Ąą
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'JHVSF ���� 'JHVSF BEPQUFE GSPN 4:+��� $VNVMBUJWF NBTT EJTUSJCVUJPO N>
 SFMBUJWF UP UIF UPUBM OVNCFS PG QMBOFUFTJN�
BMTNtot
 BT B GVODUJPO PG UIF QMBOFUFTJNBM NBTTM � "T DBO CF HBUIFSFE GSPN B DPNQBSJTPO PG UIF QPXFS�MBX EJTUSJCVUJPOT
XJUI 	SFE MJOF
 BOE XJUIPVU FYQPOFOUJBM UBQFSJOH 	HSFFO MJOF

 UIF GPSNFS SFQSFTFOUT UIF QMBOFUFTJNBM NBTT EJTUSJCVUJPO
CFUUFS�

Î�ÒÁµÜ×¯Á¼Ò �¼��µ¯¼© ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ò»�µµ�Îį µ�ÒÒ »�ÒÒ¯å� Ìµ�¼�×�Ò¯»�µÒ Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ
\¯»Á¼ �× �µĮ ăāĂćĹ >¯ �× �µĮ ăāĂĊłĮ >¯ �× �µĮ ŁăāĂĊł Ò­Áæ ×­�× ×­� �¯¨¨�Î�¼×¯�µ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ¯¼
×­¯Ò Ò¯»Üµ�×¯Á¼į æ­¯�­ ��¼ �� Ò��¼ ¯¼ *¯©Į ĄĮĈį ¯Ò ��Ò�Î¯��� æ�µµ �ì � �ÎÁ³�¼ ÌÁæ�Î µ�æĮ +Áµ�
�× �µĮ ŁÒÜ�»¯××��ł Ì�Î¨ÁÎ» Ò¯»Üµ�×¯Á¼Ò æ¯×­ � µÁæ�Î Î�ÒÁµÜ×¯Á¼į �Ü× ¯¼�µÜ�¯¼© �Î¯å�¼ ×ÜÎ�ÜŅ
µ�¼��Į a­�ì �Ò æ�µµ ¨¯¼� � ×ÜÎ¼Áå�Î ¯¼ ×­� »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼į �¼� ×­� �¯Ò×Î¯�Ü×¯Á¼ ×­�Î�¨ÁÎ� ×Á
�� æ�µµŅÌÎ�Ò�¼×�� �ì � �ÎÁ³�¼ ÌÁæ�Î µ�æĮ Vµ�¼�×�Ò¯»�µÒ Á¼µì ¨ÁÎ» ¯¼ ×­�¯Î Ò¯»Üµ�×¯Á¼Ò ¯¨ ×­�
×ÜÎ�Üµ�¼�� ¯Ò ¼Á× ×ÁÁ Ò×ÎÁ¼© ŁÒ�� \��×Į ąĮĆĮĂłĮ 0Áæ�å�Îį ¯¨ Ìµ�¼�×�Ò¯»�µÒ �»�Î©�į ×­�¯Î ¯¼¯×¯�µ
»�ÒÒ ¨Ü¼�×¯Á¼ ¯Ò µ�Î©�µì ¯¼��Ì�¼��¼× Á¨ æ­�×­�Î ×ÜÎ�Üµ�¼�� ¯Ò ÌÎ�Ò�¼× �¼� Á¨ ×­� ×ÜÎ�Üµ�¼×
Ò×Î�¼©×­Į 2 ¼Á×�į ×­ÁÜ©­į ×­�× ×­� �ëÌÁ¼�¼× Á¨ ×­� ÌÁæ�Î µ�æ �× ×­� µÁæŅ»�ÒÒ �¼� ×­�× +Áµ�
�× �µĮ ŁÒÜ�»¯××��ł Á�×�¯¼ �¯¨¨�ÎÒ ¨ÎÁ» ×­� Á¼� ��×�Î»¯¼�� �ì >¯ �× �µĮ ŁăāĂĊłĮ ž��¯×¯Á¼�µµìį ×­�
ÌÁæ�Î µ�æ ×­�× +Áµ� �× �µĮ ŁÒÜ�»¯××��ł ¨¯× ×Á ×­� ­¯©­Ņ»�ÒÒ �¼� Á¨ ×­� �¯¨¨�Î�¼×¯�µ �¯Ò×Î¯�Ü×¯Á¼
¯Ò �Á¼Ò¯��Î��µì Ò×��Ì�Î ×­�¼ ¯¼ �µµ ÌÎ�å¯ÁÜÒ Ò×Ü�¯�Òį æ¯×­ ×­� �ëÌÁ¼�¼× Î�¼©¯¼© ��×æ��¼ −2.48
�¼� −2.71Į

p­¯µ� ×­� Ò­�Ì� Á¨ ×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ ń ÒÌ��¯¨¯��µµì Á¨ ×­� ÌÁæ�ÎŅµ�æ �¯Ò×Î¯�Ü×¯Á¼ �ëŅ
ÌÎ�ÒÒ�� ¯¼ �ÍĮ ĄĮĄĂ ń ¯Ò »ÁÎ� ÎÁ�ÜÒ× ¯¼ ×­¯Ò Î�©�Î�į ×­� ¼Ü»��Î �¼� »�ÒÒ�Ò Á¨ ×­� Ìµ�¼�×�Ò¯»Ņ
�µÒ �»�Î©¯¼© ¯¼ Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Ò å�Îì æ¯×­ �Á×­ ¼Ü»�Î¯��µ �¼� Ì­ìÒ¯��µ Ì�Î�»�×�ÎÒĭ
*¯ÎÒ×µìį æ¯×­ ¯¼�Î��Ò¯¼© Î�ÒÁµÜ×¯Á¼ ×­� »¯¼¯»Ü» »�ÒÒ Á¨ Ìµ�¼�×�Ò¯»�µÒ ���Î��Ò�ÒĮ a­�¯Î »��¼
»�ÒÒ ���µ¯¼�Ò �Ò æ�µµ Ò¯¼�� ×­�¯Î »�ë¯»Ü» »�ÒÒ Î�»�¯¼Ò ÎÁÜ©­µì �Á¼Ò×�¼×į æ­¯µ� ×­�¯Î ¼Ü»Ņ
��Î ¯¼�Î��Ò�Ò Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćĹ >¯ �× �µĮ ăāĂĊłĮ \��Á¼�µìį ¨�æ�Î �¼� ¯¼ ×Á×�µ
µ�ÒÒ »�ÒÒ¯å� Ìµ�¼�×�Ò¯»�µÒ �»�Î©� ¯¨ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼× ¯Ò Ò×��Ì�Î Łž�Á� �× �µĮ ăāĂĊłĮ K¼
×­� Á×­�Î ­�¼�į ž�Á� �× �µĮ ŁăāĂĊł ¨¯¼� ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­� �ëÌÁ¼�¼×¯�µ ×�Ì�Î¯¼© Á¨
×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ ×Á ¯¼�Î��Ò� µ¯¼��Îµì æ¯×­ ×­� Ò×Î�¼©×­ Á¨ ×­� ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į Ła­�ì
¼Á×� ×­�× ×­�ì ��¼ ¼Á× �ë�µÜ�� ×­�× ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ ¯Ò ¯¼��Ì�¼��¼× Á¨ ×­� Ò×Î�¼©×­Įł
a­¯Ò »¯©­× �� � �Á¼Ò�ÍÜ�¼�� Á¨ Î��¯�µµì µ�Î©�Î ¨¯µ�»�¼×Ò ¨ÁÎ»¯¼© ¯¼ Ò¯»Üµ�×¯Á¼Ò æ¯×­ Ò×ÎÁ¼©�Î

ĄĆ
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'JHVSF ���� 'JHVSF BEPQUFE GSPN -J FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� /VNCFS PG QMBO�
FUFTJNBMT QFS NBTT CJO BT B GVODUJPO PG UIF QMBOFUFTJNBM NBTT Mp� 5IF MBUUFS JT HJWFO JO VOJUT PG HSBWJUBUJPOBM
NBTTFTMG = 4π5G2Σ3

d/Ω
4
K
 XIFSFΣd JT UIF EVTU TVSGBDF EFOTJUZ 	"CPE FU BM� ����
� *U JT FWJEFOU UIBU UIFSF JT B UVSOPWFS

JO UIF NBTT EJTUSJCVUJPO� 5IVT
 UIF EJTUSJCVUJPO JT lUUFE XFMM XJUI B CSPLFO QPXFS MBX 	PSBOHF MJOF
�

ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Ò Ò¯¼�� ×­� �Ü�©�× Á¨ �ÜÒ× »�ÒÒ �å�¯µ��µ� ¨ÁÎ �å�Îì Ìµ�¼�×�Ò¯»�µ ×Á ���Î�×� ¯¼Ņ
�Î��Ò�Ò æ¯×­ ×­� ¨¯µ�»�¼× Ò¯ñ�Į 2¼ \v4ĂĈį æ� ¯¼���� Á�×�¯¼ �¼ �¼�µÁ©ÁÜÒ Î�ÒÜµ× ¨ÎÁ» �Á»Ì�Î¯¼©
Ò¯»Üµ�×¯Á¼Ò æ¯×­ �¯¨¨�Î�¼× �Á»�¯¼ Ò¯ñ�Òĭ ×­� »��¼ Ìµ�¼�×�Ò¯»�µ »�ÒÒ �¼� �­�Î��×�Î¯Ò×¯� »�ÒÒ
Á¨ ×­� �ëÌÁ¼�¼×¯�µ �Ü×Á¨¨ ¯¼�Î��Ò� æ¯×­ ×­� Î��¯�µ ¨¯µ�»�¼× �ë×�¼×Į

a­¯Î�µìį ×­� ×Á×�µ Ìµ�¼�×�Ò¯»�µ »�ÒÒ ¯¼�Î��Ò�Ò æ¯×­ ×­� \×Á³�Ò ¼Ü»��ÎÒ Á¨ ×­� �ÜÒ×į æ­¯µ�
»¯¼¯»Ü» �¼� »�ë¯»Ü» »�ÒÒ Î�»�¯¼ µ�Î©�µì �Á¼Ò×�¼× Ł\¯»Á¼ �× �µĮ ăāĂĈłĮ *ÜÎ×­�Î»ÁÎ�į ×­�
»�ë¯»Ü» »�ÒÒ ¯Ò µ�Î©�Î ¯¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Z ¯Ò ­¯©­�Î Ł4Á­�¼Ò�¼ �× �µĮ
ăāĂĆłį �¼� �Á×­ ×­� »�ë¯»Ü» �¼� ×Á×�µ »�ÒÒ �Î� �¼­�¼��� ¨ÁÎ ©Î��×�Î å�µÜ�Ò Á¨ ×­� Ì�Î�Ņ
»�×�Î γ Ł\¯»Á¼ �× �µĮ ăāĂćłĮ a­¯Ò ¯Ò ����ÜÒ� ×­� Ò×Î�¼©×­ Á¨ ×­� �ÜÒ× Ò�µ¨Ņ©Î�å¯×ì ¯¼�Î��Ò�Ò
æ¯×­ Zγ ∝ GZρg,0 ∼ Gρd ŁÒ�� �ÍĮ ĄĮĄāłĮ 2¼ Á×­�Î æÁÎ�Òį ¯¨ Zγ ∝ ρd/ρR ¯Ò ©Î��×�Îį æ��³�Î
�ÜÒ× Áå�Î��¼Ò¯×¯�Ò �ë���� ×­� XÁ�­� ��¼Ò¯×ìį ��¼ Ü¼��Î©Á ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� �¼� ¨ÁÎ» Ìµ�¼Ņ
�×�Ò¯»�µÒĮ *¯¼�µµìį ×­� ¼Ü»��Î �¼� ×Á×�µ »�ÒÒ Á¨ Ìµ�¼�×�Ò¯»�µÒ ���Î��Ò�Ò æ¯×­ ×­� Ò×Î�¼©×­ Á¨
×­� ©�Ò ×ÜÎ�Üµ�¼�� Ł+Áµ� �× �µĮ ÒÜ�»¯××��łĮ FÁ¼�×­�µ�ÒÒį ×­� ×ÜÎ¼Áå�Î »�ÒÒ�Ò Á¨ ×­� �ÎÁ³�¼
ÌÁæ�Î µ�æÒ ×­�× +Áµ� �× �µĮ ŁÒÜ�»¯××��ł ¨¯× ×Á ×­� »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼Ò ¯¼ Ò¯»Üµ�×¯Á¼Ò æ¯×­ å�ÎìŅ
¯¼© ×ÜÎ�Üµ�¼× Ò×Î�¼©×­Ò �¯¨¨�Î Á¼µì »�Î©¯¼�µµìĮ

2¼ æ­�× ¨ÁµµÁæÒį 2 ��ÁÌ× ×­� �ÌÌÎÁ��­ ��å¯Ò�� �ì >¯Ü �× �µĮ Łăāăāł ×Á ��Î¯å� � �­�Î��×�Î¯Ò×¯�
Ìµ�¼�×�Ò¯»�µ »�ÒÒ Mchar ��Ò�� Á¼ ×­� ¨¯¼�¯¼©Ò �¯Ò�ÜÒÒ�� ��Áå�Į >¯³� >¯Ü �× �µĮ Łăāăāłį 2 �ÒŅ
ÒÜ»� ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­� �ëÌÁ¼�¼×¯�µ �Ü×Á¨¨ Á¨ ×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ ¯¼¨�ÎÎ��
¯¼ \v4ĂĈ ×Á �� ×­� ¨¯�Ü�¯�µ �­�Î��×�Î¯Ò×¯� »�ÒÒĮ a­¯Ò ¯Ò ±ÜÒ×¯¨¯�� �ì ×­� »ÁÒ× »�ÒÒ¯å� Ìµ�¼�×�ÒŅ
¯»�µÒ ���¯¼© »ÁÎ� »�ÒÒ Ì�Î »�ÒÒ ¯¼×�Îå�µ ×Á ×­� ×Á×�µ Ìµ�¼�×�Ò¯»�µ »�ÒÒ ×­�¼ µ�ÒÒ »�ÒÒ¯å�
Ìµ�¼�×�Ò¯»�µÒĮ žÒ ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­� �Ü×Á¨¨ å�Î¯�Ò ��×æ��¼ 1.82 × 10−5 ρg,0H3

g

�¼� 1.85× 10−4 ρg,0H3
g ¯¼ ×­� Ò¯»Üµ�×¯Á¼Ò æ� ÌÎ�Ò�¼× ¯¼ \v4ĂĈį � å�µÜ� Á¨ 5× 10−5 ρg,0H3

g ¯Ò
ÜÒ�� ¯¼ ×­� ¨ÁµµÁæ¯¼©Į ����ÜÒ� ρg,0 �¼� Hg �Î� ×ìÌ¯��µµì ÜÒ�� �Ò ×­� Ü¼¯×Ò Á¨ ��¼Ò¯×ì �¼� µ�¼©×­

Ąć
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¯¼ Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ×­� Ü¼¯× Á¨ »�ÒÒ ¯¼ ×­�Ò� Ò¯»Üµ�×¯Á¼Ò
¯Ò [M ] = 1 ρg,0H3

g Į
2¼ \v4ĂĈį æ� �­ÁÁÒ� � \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× Á¨π/10į � Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì

Á¨ 2%į �¼� ×­� Ì�Î�»�×�Î å�µÜ�Ò γ = 1/π �¼� Π = 0.05Į \¯¼�� ¼�¯×­�Î ×­� »¯¼¯»Ü» ¼ÁÎ ×­�
»�ë¯»Ü» Ìµ�¼�×�Ò¯»�µ »�ÒÒ å�Î¯�Ò Ò¯©¼¯¨¯��¼×µì æ¯×­ ×­� \×Á³�Ò ¼Ü»��Î Ł\¯»Á¼ �× �µĮ ăāĂĈłį
×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ ¯Ò �Á¼Ò¯��Î�� ×Á �µÒÁ �� ¯¼��Ì�¼��¼× Á¨ ×­� \×Á³�Ò ¼Ü»��ÎĮ 2¼ ���¯×¯Á¼į
¯× ��¼ �� Ò��¼ ¨ÎÁ» ×­� Î¯©­× Ì�¼�µ Á¨ *¯©Į Ċ Á¨ \¯»Á¼ �× �µĮ ŁăāĂćł ×­�× ×­� »�ë¯»Ü» »�ÒÒ
�ÌÌÎÁë¯»�×�µì Ò��µ�Ò æ¯×­ γ3/5Į 2 ��ÁÌ× ×­¯Ò Ò��µ¯¼© ¨ÁÎ ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒĮ 2 ¨ÜÎ×­�Î ¨ÁµµÁæ
>¯Ü �× �µĮ Łăāăāł ¯¼ �ÒÒÜ»¯¼© ×­� Ò��µ¯¼© æ¯×­ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ×Á �� ×­� Ò�»� �Ò
×­�× æ¯×­ γĮ a­� ±ÜÒ×¯¨¯��×¯Á¼ ¨ÁÎ ×­¯Ò ¯Ò ×­�× Zγ �ëÌÎ�ÒÒ�Ò ×­� Ò×Î�¼©×­ Á¨ ×­� �ÜÒ× Ò�µ¨Ņ©Î�å¯×ìĮ
*ÜÎ×­�Î»ÁÎ�į ž�Á� �× �µĮ ŁăāĂĊł ¨¯¼� ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­� �ëÌÁ¼�¼×¯�µ ×�Ì�Î¯¼© ×Á ��
ÌÎÁÌÁÎ×¯Á¼�µ ×Á ΠĮ >�Ò×µìį ����ÜÒ� ×­� »�ÒÒ �× æ­¯�­ +Áµ� �× �µĮ ŁÒÜ�»¯××��ł ¨¯¼� ×­� ¯¼¯×¯�µ
»�ÒÒ ¨Ü¼�×¯Á¼ ×Á ×ÜÎ¼ Áå�Î ¯Ò ¯¼��Ì�¼��¼× Á¨ ×­� Ò×Î�¼©×­ Á¨ ×ÜÎ�Üµ�¼��į 2 �ÒÒÜ»� ×­¯Ò ×Á ��
×ÎÜ� ¨ÁÎ ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ �Ò æ�µµĮ

�Á»�¯¼¯¼© ¯×Ò ¨¯�Ü�¯�µ å�µÜ� æ¯×­ ¯×Ò ��Ì�¼��¼�� Á¼ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á �Ò
æ�µµ �Ò Á¼ ×­� Ì�Î�»�×�ÎÒ Π �¼� γ ì¯�µ�Ò ×­� �­�Î��×�Î¯Ò×¯� Ìµ�¼�×�Ò¯»�µ »�ÒÒ

Mchar = 1.70× 10−5

(
Z

0.02

)3/5 ( γ

0.1

)3/5( Π

0.05

)
ρg,0H

3
g . ŁĄĮĄĄł

aÁ �Á¼å�Î× ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ ¨ÎÁ» µÁ��µ ×Á ©µÁ��µ Ü¼¯×Òį 2 �ÌÌµì ×­� »Á��µ Á¨ ×­� ©�Ò ¯¼
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ÌÎ�Ò�¼×�� ¯¼ žÌÌ�¼�¯ë žĮ 2¼ ×­� �¯Ò³ »¯�ŅÌµ�¼� Á¨ ×­¯Ò »Á��µį ×­� »�ÒÒ
Ü¼¯× [M ] = 1 ρg,0H3

g ¯Ò �ÍÜ¯å�µ�¼× ×Á

[M ](z = 0) = 3.48× 1026
( r

1 �Ü

)−1
© = 374

( r

1 �Ü

)−1
MCeres, ŁĄĮĄął

æ­�Î� MCeres ¯Ò ×­� »�ÒÒ Á¨ ×­� �æ�Î¨ Ìµ�¼�× ��Î�Òį ×­� »ÁÒ× »�ÒÒ¯å� Á�±��× ¯¼ ×­� �Ò×�ÎÁ¯�
��µ×Į \¯»¯µ�Îµìį ×­� Ì�Î�»�×�Î γ ��¼ �� �Á¼å�Î×�� �Ò

γ(z = 0) = 0.021
( r

1 �Ü

)3/4
ŁĄĮĄĆł

�¼� ×­� Ì�Î�»�×�Î Π ÜÒ¯¼© �ÍĮ ăĮăāĮ a­�× ¯Òį ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ ��¼ �� �ëÌÎ�ÒÒ�� �Ò

Mchar(z = 0) = 2.47× 1027
(

Z

0.02

)3/5 ( r

1 �Ü

)−3/10
g

= 2.29× 10−3

(
Z

0.02

)3/5 ( r

1 �Ü

)−3/10
MCeres.

ŁĄĮĄćł

žÒ �¼ �ë�»Ìµ�į �ÒÒÜ»¯¼© � �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 2% ń ��ÁÜ× ×­� µÁæ�Ò× å�µÜ� ¨ÁÎ
æ­¯�­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ��¼ ¯¼�Ü�� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ŁÒ�� *¯©Į ĄĮą �¼� �ÍĮ ĄĮăĉł
ń ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ ¯Ò �ÍÜ�µ ×Á 1.75 × 10−3 MCeres �× ×­� Ì�Î¯­�µ¯Á¼ Á¨ ��Î�Òį æ­¯�­ ¯Ò
µÁ��×�� �× � Î��¯�µ �¯Ò×�¼�� ×Á ×­� \Ü¼ Á¨ 2.5 �ÜĮ

ĄĈ
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ž�Á� �× �µĮ ŁăāĂĊł �Î� ×­� Á¼µì �Ü×­ÁÎÒ ×Á ÌÎÁÌÁÒ� � Ì­ìÒ¯��µ �ëÌµ�¼�×¯Á¼ ¨ÁÎ ×­� å�µÜ� Á¨ �
Ì�Î�»�×�Î Á¨ ×­� Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼Į a­�ì ¨¯¼� ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ¯×Ò
�ëÌÁ¼�¼×¯�µ �Ü×Á¨¨ ×Á �� Ò¯»¯µ�Î ×Á ×­� ©Î�å¯×�×¯Á¼�µ »�ÒÒ

MG = π

(
λG

2

)2

Σd = 4π5G
2Σ3

d

Ω4
K

=
81π3

4

Σ3
d

ρ2R
ŁĄĮĄĈł

ŁÒ�� �µÒÁ �ÍĮ ĄĮăćłį æ­�Î� Σd ¯Ò ×­� �ÜÒ× ÒÜÎ¨��� ��¼Ò¯×ì �¼� ×­� æ�å�µ�¼©×­

λG = 4π2GΣd

Ω2
K

=
9

π

Σd

ρR
ŁĄĮĄĉł

Î�ÒÜµ×Ò ¨ÎÁ» �¼ �¼�µìÒ¯Ò Á¨ ×­� µ¯¼��Î ©Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ìĮ ž× æ�å�µ�¼©×­Ò µ�ÒÒ ×­�¼λGį Ò�µ¨Ņ
©Î�å¯×ì ¯Ò Ò×ÎÁ¼©�Î ×­�¼ ×­� Ò×�µµ�Î ×¯��µ ¨ÁÎ��Į a­� ¨¯¼�¯¼© ×­�× ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­�
�Ü×Á¨¨ �¼� ×­� ©Î�å¯×�×¯Á¼�µ »�ÒÒ �Î� �Á»Ì�Î��µ� ¯»Ìµ¯�Ò ×­�× ×­� ¨ÁÎ»�Î �Á�Ò ¼Á× ��Ì�¼� Á¼
æ­�×­�Î ¯× ¯Ò ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ÁÎ � �¯¨¨�Î�¼× »��­�¼¯Ò» ×­�× �¼­�¼��Ò ×­� �ÜÒ× ��¼Ò¯×ì
ÒÜ¨¨¯�¯�¼×µì ¨ÁÎ ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� ×Á µ��� ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į

2× ��¼ �� Ò­Áæ¼ ×­�× ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨ ×­� �Ü×Á¨¨ ×­�× æ� ¯¼¨�Î ¯¼ \v4ĂĈ ¯Ò ¯¼���� �µÒÁ
Á¨ ×­� ÁÎ��Î Á¨ ×­� ©Î�å¯×�×¯Á¼�µ »�ÒÒĮ žÒ �¯Ò�ÜÒÒ�� ��Áå�į ×­¯Ò �­�Î��×�Î¯Ò×¯� »�ÒÒ ¯Ò Ò¯»¯µ�Î
×Á Mexp = 5× 10−5 ρg,0H3

g Į a­� ©Î�å¯×�×¯Á¼�µ »�ÒÒ

MG =

√
2

2
π9/2Z3γ2 ρg,0H

3
g ŁĄĮĄĊł

Łž�Á� �× �µĮ ăāĂĊłĮ a­ÜÒį ©¯å�¼ ×­�× � �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Z = 0.02 �¼� � Ì�Î�Ņ
»�×�Î γ = 1/π �Î� �­ÁÒ�¼ ¯¼ \v4ĂĈį ×­� �­�Î��×�Î¯Ò×¯� »�ÒÒ Mexp = 0.505MG Į

�¾� KũźŬŹŽŨŻŰŶŵŨų ŬŽŰūŬŵŪŬ

ž>Ež Á�Ò�Îå�×¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ÌÎÁå¯�� ¯¼�¯��×¯Á¼Ò Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼Ņ
�Ü�¯¼© ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒĮ �Üµµ�»Á¼� �× �µĮ ŁăāĂĉł �ÒÒÁ�¯�×� ×­� µ�Î©�µì �Á¼��¼×Î¯�
�ÜÒ× Î¯¼©Ò ¯¼ ¨¯å� �¯Ò³Ò Á�Ò�Îå�� �Ò Ì�Î× Á¨ ×­� �¯Ò³ \Ü�Ò×ÎÜ�×ÜÎ�Ò �× 0¯©­ ž¼©Üµ�Î X�ÒÁµÜ×¯Á¼
VÎÁ±��× Ł�\0žXVł æ¯×­ ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ŁÒ�� \��×Į ĄĮĆłĮ a­�Ò� �Ü×­ÁÎÒ ¨¯¼� ×­� Î�×¯Á Á¨ �ÜÒ×
×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì ¯¼ ×­�Ò� Î¯¼©Ò ×Á �� ÌÁ×�¼×¯�µµì ­¯©­ �¼ÁÜ©­ ¨ÁÎ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼
Áæ¯¼© ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ žµµ �¯©­× Î¯¼©Ò ¯¼ ×­�Ò� ¨¯å� �¯Ò³Ò �Î� »�Î©¯¼�µµì ÁÌ×¯��µµì
×­¯¼į æ¯×­ ×­�¯Î ÁÌ×¯��µ ��Ì×­Ò µì¯¼© ¯¼ ×­� Î�¼©� ��×æ��¼ 0.2 �¼� 0.5Į ��Ò�� Á¼ � »Á��µ Á¨ Á¼�
Á¨ ×­� Î¯¼©Òį \×�»»µ�Î �× �µĮ ŁăāĂĊł ¯¼×�ÎÌÎ�× ×­� ¨��× ×­�× ×­� ÁÌ×¯��µ ��Ì×­Ò �Î� ¼Á× ­¯©­�Î �Ò
�å¯��¼�� ¨ÁÎ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ 2¼ ×­�¯Î »Á��µį �¼ ÁÌ×¯��µ ��Ì×­ Á¨ ∼0.5 ¯Ò �ÍÜ¯å�µ�¼× ×Á
×­� ��¼Ò¯×¯�Ò Á¨ ©�Ò �¼� �ÜÒ× ��¯¼© �ÍÜ�µĮ �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯ÁÒ �ë����¯¼© Ü¼¯×ì �Î� ¼Á×
Á�Ò�Îå��µ� ����ÜÒ� Ò×ÎÁ¼©�Î �ÜÒ× Áå�Î��¼Ò¯×¯�Ò �Î� �¼­�¼��� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ü¼×¯µ
×­�ì �Áµµ�ÌÒ� �¼� ¨ÁÎ» Ìµ�¼�×�Ò¯»�µÒĮ

E��Ǟ�Ò �× �µĮ ŁăāĂĊł �µÒÁ »��ÒÜÎ� ÁÌ×¯��µ ��Ì×­Ò Á¨ 0.7 ÁÎ µ�ÒÒ ¯¼ ×­� ¨ÁÜÎ Î¯¼©Ò ¯¼ ×­� �¯Ò³
ÒÜÎÎÁÜ¼�¯¼© 0� ĂćĊĂąăĮ \Ì��¯¨¯��µµì ¯¼ ×­� ¯¼¼�Î»ÁÒ× Î¯¼©į ×­�ì ¨ÜÎ×­�Î ¯¼¨�Î � �ÜÒ× ÒÜÎ¨���
��¼Ò¯×ì ×­�× ¯Ò �Á»Ì�Î��µ� ×Á ×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Á�×�¯¼�� �ì *���µ� �× �µĮ ŁăāĂĈł �¼� � »�ëŅ
¯»Ü» �ÜÒ× Ò¯ñ� Á¨ 5 »»Į a­�Ò� �Î� ¯���µ �Á¼�¯×¯Á¼Ò ¨ÁÎ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á µ��� ×Á

Ąĉ
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Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į Ł2 ¼Á×� ×­�× ×­�Ò� �Ü×­ÁÎÒ ��Î¯å� ×­� �ÜÒ× Ò¯ñ� ¨ÎÁ» ×­� ÒÌ��×Î�µ ¯¼��ë
Á¨ ×­� �ÜÒ× ÁÌ��¯×ìį �Ü× �Á ¼Á× ×�³� ×­� �¨¨��× Á¨ Ò��××�Î¯¼© �ì �ÜÒ× ©Î�¯¼Ò Á¼ ×­� ÁÌ��¯×ì ¯¼×Á
���ÁÜ¼×Ĺ Ò�� \��×Į ăĮĂĮł

žÒ×�ÎÁ¯�Òį <Ü¯Ì�Î ��µ× Á�±��×Òį �¼� �Á»�×Ò �Î� Î�»¼�¼×Ò Á¨ ×­� ¨ÁÎ»�×¯Á¼ �¼� �åÁµÜ×¯Á¼ Á¨
Ìµ�¼�×�Ò¯»�µÒ ¯¼ ×­� \Áµ�Î \ìÒ×�» Ł�Į©Įį 4Á­�¼Ò�¼ �× �µĮ ăāĂąłĮ �µÜ» �× �µĮ ŁăāĂĈł ¨¯¼� ×­�× ×­�
�Á»�× ćĈVĺ�­ÜÎìÜ»ÁåŅ+�Î�Ò¯»�¼³Áį æ­¯�­ æ�Ò ¯¼å�Ò×¯©�×�� �ì ×­� XÁÒ�××� »¯ÒÒ¯Á¼į ÌÎÁ���µì
¨ÁÎ»�� ¨ÎÁ» ×­� ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨ �¼ ���Ü»Üµ�×¯Á¼ Á¨ �ÜÒ× �©©Î�©�×�ÒĮ 2¼ Ì�Î×¯�Üµ�Îį
×­� Ò¯ñ�Ò Á¨ ×­� �©©Î�©�×�Ò ¯× ¯Ò �Á»ÌÁÒ�� Á¨ µ¯� ¯¼ � Î�¼©� ¨ÁÎ æ­¯�­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
��ÜÒ�Ò �ÜÒ× �Á¼��¼×Î�×¯Á¼ ¯¼ ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� �µÜ»ÌÒ ¯¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼ÒŅ
¯×ì Î�×¯Á ¯Ò ×æ¯�� ×­� ��¼Á¼¯��µ å�µÜ� ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü»Į 2¼ ���¯×¯Á¼į ×­� �Á»�× ¯Ò ­ÁŅ
»Á©�¼�ÁÜÒ Á¼ Ò��µ�Ò µ�Î©�Î ×­�¼ ×�¼Ò ×Á ­Ü¼�Î��Ò Á¨ »�×�ÎÒį �Á¼Ò¯Ò×�¼× æ¯×­ � ¨ÁÎ»�×¯Á¼ å¯�
©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Ł<Á¨»�¼ �× �µĮ ăāĂĆĹ V�×ñÁµ� �× �µĮ ăāĂćłĮ

K�Ò�Îå�×¯Á¼Ò Á¨ �¯¼�Î¯�Ò ¯¼ ×­� �Áµ� �µ�ÒÒ¯��µ <Ü¯Ì�Î ��µ× ì¯�µ� �Á»Ì�µµ¯¼© �å¯��¼�� ¨ÁÎ ×­�¯Î
ÌÎÁ©�¼¯×ÁÎ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼© �ì ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ�į ÌÁÒÒ¯�µì ¯¼�Ü��� �ì ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ìĮ a­� Ł»�¯¼ł �µ�ÒÒ¯��µ <Ü¯Ì�Î ��µ× ¯Ò µÁ��×�� ��×æ��¼ Î��¯�µ �¯Ò×�¼�� ×Á ×­� \Ü¼
Á¨ 40 �Ü �¼� 48 �Üį æ¯×­ ×­� ����¼×Î¯�¯×¯�Ò Á¨ ×­� Á�±��×Ò ¯¼ ¯× ��¯¼© µÁæ �¼ÁÜ©­ ¨ÁÎ ×­�¯Î ÁÎ�¯×Ò
¼Á× ×Á �ÎÁÒÒ ×­�× Á¨ F�Ì×Ü¼� �× � Î��¯ÜÒ Á¨ 30 �Ü Ł�Į©Įį �µµ¯Á× �× �µĮ ăāāĆĹ ��µÒ�¼×¯ �¼� 4�æ¯××
ăāāćĹ +µ��»�¼ �× �µĮ ăāāĉłĮ 2¼ Ì�Î×¯�Üµ�Îį ×­� �Áµ� �µ�ÒÒ¯��µ <Ü¯Ì�Î ��µ× Á�±��×Ò �Î� �­�Î��×�ÎŅ
¯Ò�� �ì µÁæ ����¼×Î¯�¯×¯�Ò �¼� ¯¼�µ¯¼�×¯Á¼Òį æ­¯�­ ¯¼�¯��×�Ò ×­�× ×­�¯Î ÁÎ�¯×Ò �Î� µ�Î©�µì Ü¼Ì�ÎŅ
×ÜÎ��� ń ×­�ì �Î� Ŋ�ì¼�»¯��µµì �Áµ�Ōį �¼�µÁ©ÁÜÒ ×Á ×­� å�µÁ�¯×¯�Ò Á¨ �ÎÁæ¼¯�¼ »Á×¯Á¼ ��¯¼©
µ�ÒÒ �× µÁæ�Î ×�»Ì�Î�×ÜÎ�Ò ń �¼� �Î� ×­ÜÒ Î�µ�×¯å�µì ÌÎ¯Ò×¯¼�Į ž»Á¼© ×­�Ò� �Áµ� �µ�ÒÒ¯��µ <Ü¯Ì�Î
��µ× Á�±��×Òį ���ÁÎ�¯¼© ×Á �Ò×¯»�×¯Á¼Ò �× µ��Ò× ∼30% �Î� �¯¼�Î¯�Ò ŁFÁµµ �× �µĮ ăāāĉĹ *Î�Ò�Î �× �µĮ
ăāĂĈ�į�ł �¼� 10ń25 % �Á¼×��× �¯¼�Î¯�Ò æ­ÁÒ� ×æÁ �Á»ÌÁ¼�¼×Ò �Î� Á¨ �Á»Ì�Î��µ� Ò¯ñ� Ł\­�ÌŅ
Ì�Î� �¼� 4�æ¯×× ăāāąĹ a­¯ÎÁÜ¯¼ �¼� \­�ÌÌ�Î� ăāĂĊłĮ

\¯¼�� ×­� �¼©Üµ�Î »Á»�¼×Ü» Á¨ ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� �ÜÒ× �µÜ»ÌÒ ¨ÁÎ»�� �ì ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ×ìÌ¯��µµì ×ÁÁ ­¯©­ ¨ÁÎ ×­�¯Î Ò�µ¨Ņ©Î�å¯×ì ×Á Áå�Î�Á»� ×­�¯Î ÎÁ×�×¯Á¼į �¯¼�Î¯�Ò
Î�×­�Î ×­�¼ Ò¯¼©µ� Ìµ�¼�×�Ò¯»�µÒ �»�Î©� ¨ÎÁ» ×­�» Ł4Á­�¼Ò�¼ �× �µĮ ăāĂĆĹ F�ÒåÁÎ¼í �× �µĮ ăāĂĊłĮ
+�¼�Î�µµìį ×­� �¯¼�Îì �Á»ÌÁ¼�¼×Ò �Î� Ò¯»¯µ�Î ¯¼ Ò¯ñ� �¼� ×­�¯Î Ò�Ì�Î�×¯Á¼ �Á»Ì�Î�×¯å�µì µ�Î©�į
¯Į�Į ×­�ì �Î� ¼Á× �Á¼×��× �¯¼�Î¯�Ò ŁF�ÒåÁÎ¼í �× �µĮ ăāĂāį ăāĂĊĹ XÁ�¯¼ÒÁ¼ �× �µĮ ����Ì×��łĮ 2¼ 80%
Á¨ ��Ò�Òį ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� µ���Ò ×Á ×­� ¯¼�µ¯¼�×¯Á¼ Á¨ ×­� »Ü×Ü�µ ÁÎ�¯× Á¨ ×­� �Á»ÌÁ¼�¼×Ò
��¯¼© ÌÎÁ©Î��� æ¯×­ Î�ÒÌ��× ×Á ×­�¯Î ±Á¯¼× ÁÎ�¯× �ÎÁÜ¼� ×­� Ò×�Î ŁF�ÒåÁÎ¼í �× �µĮ ăāĂĊłĮ 2¼ Á×­�Î
æÁÎ�Òį ×­� »�±ÁÎ¯×ì Á¨ �¯¼�Îì �Á»ÌÁ¼�¼×Ò ÎÁ×�×� �ÁÜ¼×�Î�µÁ�³æ¯Ò� �Á×­ �ÎÁÜ¼� ×­� Ò×�Î �¼�
�ÎÁÜ¼� Á¼� �¼Á×­�ÎĮ a­¯Ò ¯Ò ¯¼���� ×ÎÜ� �µÒÁ ¨ÁÎ Ò�å�¼ ÁÜ× Á¨ ×�¼ <Ü¯Ì�Î ��µ× �¯¼�Î¯�Ò Ò×Ü�¯�� �ì
+ÎÜ¼�ì �× �µĮ ŁăāĂĂł �¼� ăĉ ÁÜ× Á¨ ĄĆ Á�Ò�Îå�� �ì +ÎÜ¼�ì �× �µĮ ŁăāĂĊłĮ 2¼ �Á¼×Î�Ò×į ¯¨ ×­� �¯¼�Îì
�Á»ÌÁ¼�¼×Ò ���Á»� ©Î�å¯×�×¯Á¼�µµì �ÁÜ¼� �ÜÎ¯¼© � �­�¼�� �¼�ÁÜ¼×�Î Ł+Áµ�Î�¯�­ �× �µĮ ăāāăłį
×­�¯Î ÁÎ�¯×�µ ¯¼�µ¯¼�×¯Á¼Ò �Î� �¯×­�Î ÌÎ��Á»¯¼�¼×µì Î�×ÎÁ©Î��� ÁÎ �ÍÜ�µµì Á¨×�¼ ÌÎÁ©Î��� �¼�
Î�×ÎÁ©Î��� Ł\�­µ¯�­×¯¼© �¼� \�Î¯ ăāāĉłĮ

a­� �Á»ÌÁ¼�¼×Ò Á¨ <Ü¯Ì�Î ��µ× �¯¼�Î¯�Ò ¨ÁÎ»¯¼© ×Á©�×­�Î ¨ÜÎ×­�Î ¼�×ÜÎ�µµì �ëÌµ�¯¼Ò ×­�¯Î
Ò¯»¯µ�Î �Á»ÌÁÒ¯×¯Á¼į æ­¯�­ ¯Ò Î�¨µ��×�� ¯¼ ×­�¯Î �ÁµÁÜÎÒ ¯¼ ©�¼�Î�µ ��¯¼© ¯¼�¯Ò×¯¼©Ü¯Ò­��µ� Ł��Ņ
¼���­¯ �× �µĮ ăāāĊłĮ 2¼ ���¯×¯Á¼į Á�Ò�Îå�×¯Á¼Ò Á¨ �Á»�×Ò Ł4Ü×ñ¯ �¼� žÒÌ­�Ü© ăāĂĆł �¼� Ì�Î×¯�ÜŅ
µ�Îµì Á¨ ×­� <Ü¯Ì�Î ��µ× Á�±��× ąĉćĊĆĉ žÎÎÁ³Á×­ �ì ×­� F�æ 0ÁÎ¯ñÁ¼Ò »¯ÒÒ¯Á¼ ŁÒ�� *¯©Į ĂĮăĹ \×�Î¼
�× �µĮ ăāĂĊĹ E�<¯¼¼Á¼ �× �µĮ ăāăāł ¯¼�¯��×� ×­�× ×­�¯Î �Á»ÌÁ¼�¼×Ò �Áµµ¯��� ©�¼×µìį ¼Á× å¯Áµ�¼×µìĮ
�Á×­ ×­¯Ò �¼� ×­� ¨��× ×­�× ×­�ì �Î� Ò¯»¯µ�Î ¯¼ �Á»ÌÁÒ¯×¯Á¼ �¼� �ÁµÁÜÎ Ł+ÎÜ¼�ì �× �µĮ ăāăāł

ĄĊ
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'JHVSF ���� 'JHVSF BEPQUFE GSPN %FMCP� FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨&40
� $VNVMBUJWF EJB�
NFUFS EJTUSJCVUJPO PG QSJNPSEJBM BTUFSPJET� 'JMMFE TRVBSFT SFQSFTFOU UIF PCTFSWFE EJTUSJCVUJPO� $PSSFDUJOH UIJT EJTUSJCVUJPO
GPS 10 +ìÎ PG EZOBNJDBM BOE DPMMJTJPOBM FWPMVUJPO PG UIF BTUFSPJET ZJFMET UIF EJTUSJCVUJPO EFQJDUFE BT PQFO TRVBSFT� 5IF
MBUUFS EJTUSJCVUJPO JT lUUFE XJUI UISFF QPXFS MBXT
 POF FBDI GPS EJBNFUFST VQ UP 35 ³»
 CFUXFFO 35 ³» BOE 100 ³»
 BOE
NPSF UIBO 100 ³»� 5IF FYQPOFOUT PG UIF QPXFS MBXT BSF HJWFO JO UIF lHVSF�

ÒÜ©©�Ò× ×­�× ×­� �Á»ÌÁ¼�¼×Ò Á¨ žÎÎÁ³Á×­ ¨ÁÎ»�� ¨ÎÁ» ×­� Ò�»� �ÜÒ× ���Ü»Üµ�×¯Á¼ �¼� ÒÜ�Ņ
Ò�ÍÜ�¼×µì »�Î©�� Ł\×�Î¼ �× �µĮ ăāĂĊĹ E�<¯¼¼Á¼ �× �µĮ ăāăāĹ >ìÎ� �× �µĮ ÒÜ�»¯××��Ĺ XÁ�¯¼ÒÁ¼ �× �µĮ
����Ì×��łĮ

2× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á �Á»Ì�Î� ×­� �¯Î×­ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ×­�× ¨ÁÎ» å¯� ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì æ¯×­ ×­� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼Ò Á¨ �Ò×�ÎÁ¯�Ò �¼� <Ü¯Ì�Î ��µ× Á�±��×ÒĮ �Á××³�
�× �µĮ ŁăāāĆł �¼� EÁÎ�¯��µµ¯ �× �µĮ ŁăāāĊł �Á¼Ò×ÎÜ�× »Á��µÒ ×Á Î�ÌÎÁ�Ü�� ×­� �Ò×�ÎÁ¯� Ò¯ñ� �¯ÒŅ
×Î¯�Ü×¯Á¼į æ­¯�­ ¨��×ÜÎ�Ò � �Ü»Ì �× � �¯�»�×�Î Á¨ ∼100 ³»Į a­�ì ¨¯¼� ×­�× ×­� �Ò×�ÎÁ¯�Ò µ�ÎŅ
©�Î ×­�¼ ×­¯Ò �¯�»�×�Î �Î� ÌÎ¯»ÁÎ�¯�µį æ­¯µ� »ÁÒ× Ò»�µµ�Î �Ò×�ÎÁ¯�Ò �Î� ×­� Î�ÒÜµ× Á¨ �Áµµ¯Ò¯Á¼Ò
��×æ��¼ µ�Î©�Î �Á�¯�ÒĮ a­¯Ò ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­ �Á¼Ò×Î�¯¼×Ò Ò×�»»¯¼© ¨ÎÁ» �Ò×�ÎÁ¯� ¨�»¯µ¯�Òį
©ÎÁÜÌÒ Á¨ �Ò×�ÎÁ¯�Ò æ¯×­ Ò¯»¯µ�Î Ò�»¯Ņ»�±ÁÎ �ë�Òį ����¼×Î¯�¯×¯�Ò �¼� ¯¼�µ¯¼�×¯Á¼Ò ×­�× �Î� ¯¼×�ÎŅ
ÌÎ�×�� �Ò Î�»¼�¼×Ò Á¨ ×­� Ò�»� Ì�Î�¼× �Á�ì Ł�Į©Įį F�ÒåÁÎ¼í �× �µĮ ăāĂĆłĮ a­� ¨¯¼�¯¼© ¯Ò ¨ÜÎ×­�Î
�ÁÎÎÁ�ÁÎ�×�� �ì ×­� ¨��× ×­�× ¼Á× »ÁÎ� ×­�¼ � Ò¯¼©µ� �Î�×�Î Î�ÒÜµ×¯¼© ¨ÎÁ» ×­� ¯»Ì��× Á¨ � �Á�ì
æ¯×­ � Ò¯ñ� Á¨∼35 ³» ÁÎ »ÁÎ� ¯Ò Á�Ò�Îå�� Á¼ ×­� Ò��Á¼�Ņ»ÁÒ× »�ÒÒ¯å� �Ò×�ÎÁ¯� o�Ò×� Ła­Á»�Ò
�× �µĮ ĂĊĊĈłĮ

�Á××³� �× �µĮ ŁăāāĆł ¨¯× ×­� �¯¨¨�Î�¼×¯�µ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ �Ò×�ÎÁ¯�Ò µ�Î©�Î ×­�¼ 120 ³» æ¯×­
� ÌÁæ�Î µ�æ æ¯×­ �¼ �ëÌÁ¼�¼× Á¨ −4.5Į 2¼ �Á¼×Î�Ò×į ×­� �ëÌÁ¼�¼× Á¨ ×­� ÌÁæ�ÎŅµ�æ Ò¯ñ� �¯ÒŅ
×Î¯�Ü×¯Á¼ ×­�× �Î¯Ò�Ò ¨ÎÁ» Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Áæ¯¼© ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �»ÁÜ¼×Ò
×Á−2.8 ŁÒ�� �ÍĮ ĄĮĄăłĮ F�å�Î×­�µ�ÒÒį 4Á­�¼Ò�¼ �× �µĮ ŁăāĂĆł Ò­Áæ ×­�× ×­� µ�××�Î Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼į
æ­¯�­ ×­�ì �Á¼Ò¯��Î ×Á �� �ëÌÁ¼�¼×¯�µµì ×�Ì�Î��į ��¼ �åÁµå� ¯¼×Á ×­� �Ò×�ÎÁ¯� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼
Á�×�¯¼�� �ì �Á××³� �× �µĮ ŁăāāĆł æ­�¼ ×­� ���Î�×¯Á¼ Á¨ �­Á¼�ÎÜµ�Ò ń »¯µµ¯»�×Î�ŅÒ¯ñ�� ÒÌ­�Î¯��µ
�ÜÒ× ©Î�¯¼Ò ×­�× �Î� ¨ÁÜ¼� ¯¼ �­Á¼�Î¯×� »�×�ÁÎ¯×�Ò Ł�Į©Įį *Î¯��Î¯�­ �× �µĮ ăāĂĆł ń �ì ×­� Ìµ�¼�×�ÒŅ
¯»�µÒ ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼×Į

a­� �Ü»Üµ�×¯å� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ ÌÎ¯»ÁÎ�¯�µ �Ò×�ÎÁ¯�Ò ¯¼¨�ÎÎ�� �ì ��µ�Áō �× �µĮ ŁăāĂĈį ăāĂĊł
¯Ò Ò­Áæ¼ ¯¼ *¯©Į ĄĮĉĮ a­¯Ò Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ ¯Ò æ�µµŅÎ�ÌÎ�Ò�¼×�� �ì � �ÎÁ³�¼ ÌÁæ�Î µ�æ æ¯×­ �
×ÜÎ¼Áå�Î �× � �¯�»�×�Î Á¨ 100 ³»Į 2× ¯Ò Ò¯»¯µ�Î ×Á ×­� Ìµ�¼�×�Ò¯»�µ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Î�ÒÜµ×Ņ

ąā
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¯¼© ¨ÎÁ» ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ »Üµ×¯Ìµ� Î�©�Î�Òĭ *ÁÎ �¯�»�×�ÎÒ µ�Î©�Î ×­�¼ 100 ³»į ×­�
ÒµÁÌ� Á¨ ×­� �Ü»Üµ�×¯å� �¯Ò×Î¯�Ü×¯Á¼ »��ÒÜÎ�� �ì ��µ�Áō �× �µĮ ŁăāĂĊł �ÁÎÎ�ÒÌÁ¼�Ò ×Á �¼ �ëÌÁŅ
¼�¼× Á¨ ×­� �¯¨¨�Î�¼×¯�µ �¯Ò×Î¯�Ü×¯Á¼ Á¨ −2.65Į a­¯Ò �ëÌÁ¼�¼× ¯Ò �Á¼Ò¯��Î��µì Ò»�µµ�Î ×­�¼ ×­�
Á¼� ��×�Î»¯¼�� �ì �Á××³� �× �µĮ ŁăāāĆłį �Ü× �µÁÒ� ×Á ×­�× Á¨ ×­� Ìµ�¼�×�Ò¯»�µ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼
Á¨ −2.8Į ž��¯×¯Á¼�µµìį ×­� Ò×Ü�¯�Ò Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �ì >¯ �× �µĮ ŁăāĂĊł �¼� +Áµ� �× �µĮ
ŁÒÜ�»¯××��ł ¯¼�¯��×� ×­� ÌÎ�Ò�¼�� Á¨ � ×ÜÎ¼Áå�Î �Ò æ�µµ ¯¼ ×­� Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�Ņ
×¯Á¼Į *ÜÎ×­�Î»ÁÎ�į <µ�­Î �¼� \�­Î�¯��Î Łăāăāł ��µ�Üµ�×� � ×­Î�Ò­Áµ� �¯�»�×�Î Á¨ 100 ³» Á¨
�ÜÒ× �µÜ»ÌÒ æ­ÁÒ� Ò�µ¨Ņ©Î�å¯×ì ¯Ò Ò×ÎÁ¼©�Î ×­�¼ �Á×­ Ò×�µµ�Î ×¯��µ ¨ÁÎ�� �¼� ×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼
��ÜÒ�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ FÁ¼�×­�µ�ÒÒį 2 ¼Á×� ×­�× ×­� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ ¯¼¨�ÎÎ�� �ì
��µ�Áō �× �µĮ ŁăāĂĈį ăāĂĊł ¯Ò �µÒÁ Ò¯»¯µ�Î ×Á ×­�× Á¨ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼© ¨ÎÁ» �ÜÒ× �Á¼��¼×Î�Ņ
×¯Á¼Ò ¯¼ ×ÜÎ�Üµ�¼× ���¯�Ò ŁÒ�� \��×Į ĄĮĆĹ �Üññ¯ �× �µĮ ăāĂāĹ �­�»��ÎÒ ăāĂāĹ 0�Î×µ�Ì �¼� �Üññ¯
ăāăāłĮ

\¯¼©�Î �× �µĮ ŁăāĂĊł Ò­Áæ ×­�× � ÌÁæ�Î µ�æ æ¯×­ �¼ �ëÌÁ¼�¼× Á¨ −3 ì¯�µ�Ò � ©ÁÁ� ¨¯× ×Á ×­� �¯¨Ņ
¨�Î�¼×¯�µ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ �Î�×�ÎÒ Á¼ ×­� �æ�Î¨ Ìµ�¼�× VµÜ×Á �¼� ¯×Ò »ÁÁ¼ �­�ÎÁ¼ �Ò Á�Ò�Îå��
�ì ×­� F�æ 0ÁÎ¯ñÁ¼Ò »¯ÒÒ¯Á¼Į �Î�×�ÎÒ æ¯×­ �¯�»�×�ÎÒ Ò»�µµ�Î ×­�¼ ∼13 ³» �Î� �Á»Ì�Î�×¯å�µì
Ò��Î��į ×­ÁÜ©­Į \¯¼�� ×­� �Î�×�ÎÒ �Î� ×­� Î�ÒÜµ× Á¨ ¯»Ì��×Ò Á¨ Á×­�Î <Ü¯Ì�Î ��µ× Á�±��×Òį ×­� Ò¯ñ�
�¯Ò×Î¯�Ü×¯Á¼ Á¨ �Î�×�ÎÒ Î�¨µ��×Ò ×­�× Á¨ ×­�Ò� Á�±��×ÒĮ a­� ÌÁæ�ÎŅµ�æ Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼Ò Á¨ <Ü¯Ì�Î
��µ× Á�±��×Ò �¼� Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼© å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î� Ò¯»¯µ�Îµì Ò×��ÌĮ 2¼ ��Ņ
�¯×¯Á¼į � Ì�Ü�¯×ì Á¨ <Ü¯Ì�Î ��µ× Á�±��×Ò æ¯×­ �¯�»�×�ÎÒ µ�ÒÒ ×­�¼ � ¨�æ ³¯µÁ»�×�ÎÒ ¯Ò ¯»Ìµ¯�� �ì
×­� µ��³ Á¨ Ò»�µµ �Î�×�ÎÒĮ a­¯Ò ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì µ���¯¼© ×Á ×­� ¨ÁÎ»�Ņ
×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ æ¯×­ ×ìÌ¯��µ Ò¯ñ�Ò Á¨ ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ ³¯µÁ»�×Î�Ò Ł4Á­�¼Ò�¼ �× �µĮ ăāāĊį
ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂćĹ ž�Á� �× �µĮ ăāĂĊĹ \v4ĂĈłĮ

�¾� KŻůŬŹ ŴŬŪůŨŵŰźŴź ŭŨŪŰųŰŻŨŻŰŵŮ ūżźŻ ŪŶŵŪŬŵŻŹŨŻŰŶŵ Ũŵū ŷųŨŵŬŻŬźŰŴŨų ŭŶŹŴŨŻŰŶŵ

2¼ ×­� ¨ÁµµÁæ¯¼©į 2 Î�å¯�æ »��­�¼¯Ò»Ò ×­�× µ��� ×Á �¼ �¼­�¼��»�¼× ¯¼ ×­� Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò
��¼Ò¯×ì Á¼ � µÁ��µ ÁÎ � ©µÁ��µ Ò��µ� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ p­¯µ� ÒÁ»� Á¨ ×­�Ò� »��­�¼¯Ò»Ò
��¼ ¯¼�Ü�� �ÜÒ× Áå�Î��¼Ò¯×¯�Ò ×­�× �Î� Ò×ÎÁ¼© �¼ÁÜ©­ ¨ÁÎ �¯Î��× ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� �¼� Ìµ�¼Ņ
�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼į »ÁÒ× Á¨ ×­� »��­�¼¯Ò»Ò ×Î¯©©�Î ¨ÜÎ×­�Î �ÜÒ× �Á¼��¼×Î�×¯Á¼ �ì ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ìĮ

�ÜÒ× ��¼ �� Ì�ÒÒ¯å�µì �Á¼��¼×Î�×�� ¯¼ Ò×ÎÜ�×ÜÎ�Ò ×­�× �Î� ��ÜÒ�� �ì ©�Ò ×ÜÎ�Üµ�¼��ĭ ¯¼ ÌÎ�ÒŅ
ÒÜÎ� �Ü»ÌÒ Łp­¯ÌÌµ� ĂĊĈăĹ 0�©­¯©­¯ÌÁÜÎ �¼� �ÁÒÒ ăāāĄłį ¯¼ åÁÎ×¯��Ò Ł��Î©� �¼� \Á»»�Î¯�
ĂĊĊĆĹ a�¼©� �× �µĮ ĂĊĊćłį �¼� ¯¼ ���¯�Ò Ł\ÍÜ¯Î�Ò �¼� ��×Á¼ ĂĊĊāį ĂĊĊĂĹ p�¼© �¼� E�ë�ì ĂĊĊĄłĮ
*ÜÎ×­�Î»ÁÎ�į �ÜÒ× ���Ü»Üµ�×�Ò µÁ��µµì �× ¯�� µ¯¼�Ò �¼� ¯¼ Ì¯µ�ŅÜÌÒį æ­¯µ� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �¼Ņ
­�¼��Ò ×­� ©µÁ��µ �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯ÁĮ *¯¼�µµìį ­ì�ÎÁ�ì¼�»¯��µ ¯¼Ò×��¯µ¯×¯�Ò ×­�× �Î� Ò¯»Ņ
¯µ�Î ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ×­�× ×­�ì Î�ÒÜµ× ¨ÎÁ» ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼� �ÜÒ×
©¯å� Î¯Ò� ×Á �ÜÒ× �Á¼��¼×Î�×¯Á¼Į

VŹŬźźżŹŬ ũżŴŷź VÎ�ÒÒÜÎ� �Ü»ÌÒ ¯¼�Ü��� �ì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Ł4Á­�¼Ò�¼
�× �µĮ ăāāć�į ăāāĈį ăāĂĂĹ �ñìÜÎ³�å¯�­ �× �µĮ ăāĂāĹ �¯××Î¯�­ �× �µĮ ăāĂĄĹ ��×­Ü¼� �× �µĮ ăāĂćĹ X¯ÁµÒ
�¼� >�ÒÜÎ ăāĂĉĹ X¯ÁµÒ �× �µĮ ăāăā�ł �¼� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Ł\×Áµµ �¼� <µ�ì ăāĂćĹ \4�ăāł
­�å� ���¼ Ò×Ü�¯�� �Ò ÒÁÜÎ��Ò Á¨ �ÜÒ× Ì¯µ�ŅÜÌÒĮ 0Áæ �ÜÒ× ���Ü»Üµ�×�Ò ¯¼ � ÌÎ�ÒÒÜÎ� �Ü»Ì ¯Ò
¯µµÜÒ×Î�×�� ¯¼ *¯©Į ĄĮĊĮ a­� ���Ü»Üµ�×¯Á¼ �Î¯Ò�Ò ¨ÎÁ» å�Î¯�×¯Á¼Ò ¯¼ ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ©�Ò

ąĂ
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'JHVSF ���� *MMVTUSBUJPO PG EVTU QJMJOH VQ JO B HBT QSFTTVSF CVNQ� 4PMJE BSSPXT EFQJDU UIF PSCJUBM WFMPDJUZ PG UIF DPVQMFE HBT
BOE EVTU� (MPCBMMZ JO QSPUPQMBOFUBSZ EJTLT
 HBT BOE EVTU PSCJU XJUI B TVC�,FQMFSJBO WFMPDJUZ CFDBVTF UIF HBT JT TVQQPSUFE
CZ B QSFTTVSF HSBEJFOU EJSFDUFE SBEJBMMZ BXBZ GSPN UIF TUBS� -PDBMMZ BU B NBYJNVN JO UIF HBT QSFTTVSF
 UIF PSCJUBM WFMPDJUZ
PG HBT BOE EVTU JT ,FQMFSJBO
 UIPVHI� 5IF SBEJBM ESJȼU PG UIF EVTU UPXBSET UIF TUBS
 XIJDI JT B DPOTFRVFODF PG UIF EVTU OPU
CFJOH TVQQPSUFE CZ B HMPCBM QSFTTVSF HSBEJFOU MJLF UIF HBT
 TMPXT EPXO BT UIF EVTU BQQSPBDIFT UIF HBT QSFTTVSF NBYJNVN
	EBTIFE BSSPX
� 5IVT
 EVTU QJMFT VQ JO UIF NBYJNVN� *O BEEJUJPO
 UIF PSCJUBM WFMPDJUZ JT TVQFS�,FQMFSJBO BU UIF TJEF PG
UIF NBYJNVN GBDJOH UIF TUBS TJODF UIF MPDBM HBT QSFTTVSF HSBEJFOU JT EJSFDUFE JOXBSET� %VTU UIFSFGPSF ESJȼUT UPXBSET UIF
NBYJNVN BMTP GSPN UIJT TJEF 	EBTIFE BSSPX
�

�¼� �ÜÒ× �ÎÁÜ¼� ×­� �Ü»Ì ×­�× �Î� Î�¨�ÎÎ�� ×Á �Ò ñÁ¼�µ ¨µÁæÒĭ ž× � µÁ��µ »�ë¯»Ü» ¯¼ ×­� ©�Ò
ÌÎ�ÒÒÜÎ�į �Á×­ ©�Ò �¼� �ÜÒ× ÁÎ�¯× æ¯×­ ×­� <�Ìµ�Î¯�¼ ÒÌ���Į a­� ÁÎ�¯×�µ ÒÌ��� Á¨ ©�Ò �¼� �ÜÒ×
¯Ò ÒÜ�Ņ<�Ìµ�Î¯�¼ Á¼ ×­� ÁÜ×�Î Ò¯�� Á¨ ×­� »�ë¯»Ü» æ¯×­ Î�ÒÌ��× ×Á ×­� Ò×�Î ń µ¯³� ×­� ©µÁ��µ
Á¼�į ×­� µÁ��µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ¯Ò �¯Î��×�� ×Áæ�Î�Ò µ�Î©�Î Î��¯¯ ń �Ü× ¯¼ ¨��× ÒÜÌ�ÎŅ
<�Ìµ�Î¯�¼ Á¼ ¯×Ò ¯¼¼�Î Ò¯��Į a­� µ�××�Î ¯Ò ����ÜÒ� ×­� µÁ��µ ÌÎ�ÒÒÜÎ� ©Î��¯�¼× ¯Ò �¯Î��×�� ×Áæ�Î�Ò
Ò»�µµ�Î Î��¯¯ �¼� ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� ×­ÜÒ ��µ�¼��Ò �Á×­ Ò×�µµ�Î ©Î�å¯×ì �¼� ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į
a­� ¯¼æ�Î�Ò Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× ÒµÁæÒ �Áæ¼ �Ò ¯× �ÌÌÎÁ��­�Ò � ÌÎ�ÒÒÜÎ� »�ë¯»Ü»Į 2¼
���¯×¯Á¼į �ÜÒ× ×­�× ¯Ò µÁ��×�� �µÁÒ� ×Á � »�ë¯»Ü» Á¼ ¯×Ò ¯¼¼�Î Ò¯�� �Î¯¨×Ò ÁÜ×æ�Î�Ò ×Áæ�Î�Ò ×­�
»�ë¯»Ü»Į �Á¼Ò�ÍÜ�¼×µìį �ÜÒ× Ì¯µ�Ò ÜÌ ¯¼ � ÌÎ�ÒÒÜÎ� »�ë¯»Ü»Į

a­¯Ò �ÜÒ× �Á¼��¼×Î�×¯Á¼ ¯Ò ¨ÁÜ¼� ×Á �� ÒÜ¨¨¯�¯�¼×µì Ò×ÎÁ¼© ×Á ×Î¯©©�Î ¨ÜÎ×­�Î �¼­�¼��»�¼×
�ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį �Á×­ ¯¼ ×­� ��Ò� Á¨ ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ąĮĄĹ
4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāĂĂĹ �¯××Î¯�­ �× �µĮ ăāĂĄł �¼� ¯¼ ×­� ��Ò� Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ŁÒ��
\��×Į ąĮąĮĂĹ \4�ăāłĮ V�Î×¯�Üµ�Îµì ¯¼ ×­� ¨ÁÎ»�Î ��Ò�į ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� �ÜÒ× �µÜ»ÌÒ ¨ÁÎ»
¯¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ ∼0.1 �¼� ×­� ��¼Á¼¯��µ Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì ¯¼
×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» Á¨ 1% �Î� �Á¼Ò¯��Î�� Ł4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāĂĂĹ �¯××Î¯�­ �× �µĮ ăāĂĄłĮ
a­¯Ò ¯Ò �µÒÁ ×ÎÜ� ¯¨ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò �¼� ×­ÜÒ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î� ¼Á×
×�³�¼ ¯¼×Á ���ÁÜ¼× Ł�¯××Î¯�­ �× �µĮ ăāĂĄłĮ 2× ¯Ò ¯¼×�Î�Ò×¯¼© ×Á ¼Á×� ×­�× ¯¼ ÌÎ�ÒÒÜÎ� �Ü»ÌÒį ×­�
¨�Ò×�Ò× ©ÎÁæ¯¼© »Á�� Á¨ ×­� µ¯¼��Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ¼Á× ×­� Ò��Üµ�Î »Á�� ŁÒ�� \��×Į ĄĮĂĹ
žÜ¨¨¯¼©�Î �¼� >�¯�� ăāĂĉłĮ a­� »��­�¼¯Ò» �ì æ­¯�­ ×­� ¼Á¼Ņµ¯¼��Î ¯¼Ò×��¯µ¯×ì �Á¼��¼×Î�×�Ò
�ÜÒ× ŁÒ�� \��×Į ĄĮăł ¯Ò ¼Á× �ÒÒÁ�¯�×�� æ¯×­ ÌÎ�ÒÒÜÎ� �Ü»ÌÒį ×­ÁÜ©­ Ł>¯ �× �µĮ ăāĂĉłĮ

��ÎÎ�Î� �× �µĮ ŁÒÜ�»¯××��ł Ò×Ü�ì ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ¯¼�Ü��� �ì ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì ¯¼ � »Á��µ Á¨ � ÌÎ�ÒÒÜÎ� �Ü»Ì ×­�× ¯Ò ��Ò�� Á¼ ×­� �ÜÒ× Î¯¼©Ò Á�Ò�Îå�� ¯¼ ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³Ò ŁÒ�� *¯©Į ĂĮĂłĮ 2¼ ×­�¯Î »Á��µį Ìµ�¼�×�Ò¯»�µÒ �Á ¼Á× ¨ÁÎ» ����ÜÒ� ×­� �ÜÒ× ¯Ò
�Á¼��¼×Î�×�� ¯¼ ×­� ÌÎ�ÒÒÜÎ� �Ü»Ì Ò×ÎÁ¼©µì �¼ÁÜ©­ ×Á �¯Î��×µì �Áµµ�ÌÒ� Ü¼��Î ¯×Ò Ò�µ¨Ņ©Î�å¯×ìį

ąă



ĄĮĆĮ Ka0�X E��0žF2\E\ *ž�2>2aža2F+ �f\a �KF��FaXža2KF žF�
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r

φ

'JHVSF ����� *MMVTUSBUJPO PG EVTU USBQQJOH JO BO BOUJDZDMPOJD WPSUFY JO UIF HBT� 5IF EPUUFE BSSPXT TIPX UIF PSCJUBM WFMPDJUZ PG
HBT BOE EVTU SFMBUJWF UP UIF PSCJUBM WFMPDJUZ BU UIF DFOUSF PG UIF WPSUFY� 1SPUPQMBOFUBSZ EJTLT SPUBUF DPVOUFSDMPDLXJTF
 XJUI
UIF ,FQMFSJBO PSCJUBM WFMPDJUZ EFDSFBTJOH XJUI JODSFBTJOH SBEJBM EJTUBODF UP UIF TUBS 	TFF &R� ����
� 5IBU JT
 UIF GPSNBUJPO PG
DZDMPOJD HBT WPSUJDFT
 XIJDI SPUBUF DPVOUFSDMPDLXJTF MJLF UIF EJTL
 JT JOIJCJUFE CZ UIF ,FQMFSJBO TIFBS� *O DPOUSBTU
 DMPDLXJTF�
SPUBUJOH BOUJDZDMPOJD WPSUJDFT JO UIF HBT
 BT UIF POF EFQJDUFE XJUI TPMJE BSSPXT
 BSF SFJOGPSDFE CZ UIF TIFBS� 4JODF UIF EJTL
SPUBUFT DPVOUFSDMPDLXJTF
 UIF $PSJPMJT GPSDF SFTVMUJOH GSPN UIF WPSUJDBM NPUJPO JT EJSFDUFE UPXBSET UIF DFOUSF PG UIF WPSUFY
	EBTIFE BSSPXT
� 5IF HBT JO UIF WPSUFY JT TUBCJMJTFE BHBJOTU UIJT $PSJPMJT GPSDF CZ BO PVUXBSET�EJSFDUFE QSFTTVSF HSBEJFOU�
%VTU UIBU JT TVǯlDJFOUMZ UJHIUMZ DPVQMFE UP UIF HBT UP GPMMPX UIF WPSUJDBM NPUJPO
 PO UIF PUIFS IBOE
 ESJȼUT UPXBSET UIF DFOUSF
PG UIF WPSUFY BOE JT USBQQFE UIFSF�

�Ü× å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ a­�Î�¨ÁÎ�į Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ �Á�Ò ¼Á× Î�ÍÜ¯Î� �ÜÒ× ×Á
�� ×Î�ÌÌ�� ¯¼ ×­� ÌÎ�ÒÒÜÎ� �Ü»Ì ����ÜÒ� ¯×Ò Î��¯�µ �Î¯¨× ¯Ò �Á»Ìµ�×�� ­�µ×��Į 2× ¯Ò ÒÜ¨¨¯�¯�¼× ×­�×
×­� �Î¯¨× ¯Ò ÒµÁæ�� �Áæ¼į Î�ÒÜµ×¯¼© ¯¼ �ÜÒ× �Á¼��¼×Î�×¯Á¼ ×­�× ¯Ò �¼­�¼��� �ì ×­� Ò×Î��»¯¼© ¯¼Ņ
Ò×��¯µ¯×ìĮ Vµ�¼�×�Ò¯»�µÒ �»�Î©� æ­�¼ � �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 1% �¼� ��¼×¯»�×Î�Ņ
Ò¯ñ�� �ÜÒ× �Î� �Á¼Ò¯��Î��į ×­ÁÜ©­ ¼Á× æ­�¼ »¯µµ¯»�×Î�ŅÒ¯ñ�� �ÜÒ× ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼× ¯¼Ò×���Į
a­� �Ü×­ÁÎÒ ¼Á×� ×­�× ×­� µ�××�Î »¯©­× �� � Î�ÒÜµ× Á¨ ×­� µ¯»¯×�� Î�ÒÁµÜ×¯Á¼ ×­�ì �»ÌµÁìĮ

p­¯µ� Ò»�µµ �ÜÒ× ©Î�¯¼Ò �¼� �©©Î�©�×�Ò Ì�ÒÒ ×­ÎÁÜ©­ ×­� ©�Ì æ­¯�­ � Ìµ�¼�× ��Îå�Ò ¯¼×Á �
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³į µ�Î©� �©©Î�©�×�Ò ���Ü»Üµ�×� ¯¼ ×­� ÌÎ�ÒÒÜÎ� »�ë¯»Ü» �× ×­� ÁÜ×�Î ��©�
Á¨ ×­¯Ò ©�Ì Ł�Į©Įį p­¯ÌÌµ� ĂĊĈăĹ V��Î��³ÁÁÌ�Î �¼� E�µµ�»� ăāāćĹ V¯¼¯µµ� �× �µĮ ăāĂăĹ {­Ü �× �µĮ
ăāĂăĹ p���Î �× �µĮ ăāĂĉĹ 0�Ü©�Êµµ� �× �µĮ ăāĂĊĹ �Î�ô³ÁæÒ³� �× �µĮ ăāĂĊĹ �Î¯³ÒÒÁ¼ �× �µĮ ăāăāłĮ
�Î¯³ÒÒÁ¼ �× �µĮ Łăāăāł Ò­Áæ ×­�× ×­¯Ò ���Ü»Üµ�×¯Á¼ Î�ÒÜµ×Ò ¯¼ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ å¯� ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �å�¼ ¨ÁÎ �ÜÒ× �©©Î�©�×�Ò �Ò Ò»�µµ �Ò 100 ÿ» ÁÎ 1 »» �¼� � �ÜÒ×Ņ×ÁŅ©�Ò
ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 1%Į

oŶŹŻŰŪŬź �ÜÒ× ��¼ �� ×Î�ÌÌ�� ¯¼ �¼×¯�ì�µÁ¼¯� åÁÎ×¯��Ò ¯¼ ×­� ©�Ò ��ÜÒ�� �ì ×­� »�©¼�×ÁÎÁ×�Ņ
×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Ł��×­Ü¼� �× �µĮ ăāĂćłį ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ąĮąĮăĹ X��×Ņ
×¯© �× �µĮ ăāĂĆłį ÁÎ ×­� XÁÒÒ�ì æ�å� ¯¼Ò×��¯µ¯×ì Ł2¼��� �¼� ��Î©� ăāāćĹ >ìÎ� �× �µĮ ăāāĉį ăāāĊ�Ĺ
E�­�Ü× �× �µĮ ăāĂăĹ {­Ü �× �µĮ ăāĂąĹ {­Ü �¼� \×Á¼� ăāĂąĹ *µÁ�³ �× �µĮ ăāăāłĄĮ 2 Ò­Áæ �¼ ¯µµÜÒ×Î�×¯Á¼

Ąa­� XÁÒÒ�ì æ�å� ¯¼Ò×��¯µ¯×ì ¯Ò � µ¯¼��Î ¯¼Ò×��¯µ¯×ì �Î¯Ò¯¼© ¨ÎÁ» � �Ü»Ì ¯¼ ×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì ÁÎ ÌÎ�ÒÒÜÎ�
ń ¯¼�Ü��� �ìį ¨ÁÎ ¯¼Ò×�¼��į � Ìµ�¼�× Ł>ìÎ� �× �µĮ ăāāĊ�Ĺ {­Ü �× �µĮ ăāĂąĹ {­Ü �¼� \×Á¼� ăāĂął ń �¼� Î�ÒÜµ×¯¼© ¯¼ ×­�

ąĄ
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Á¨ ×­� »��­�¼¯Ò» ×­�× µ���Ò ×Á ×­¯Ò ×Î�ÌÌ¯¼© ¯¼ *¯©Į ĄĮĂāĮ žÒ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ÎÁ×�×� �ÁÜ¼Ņ
×�Î�µÁ�³æ¯Ò�į �¼×¯�ì�µÁ¼¯� åÁÎ×¯��Ò ¯¼ ×­�» ÎÁ×�×� �µÁ�³æ¯Ò�Į a­�Î�¨ÁÎ�į ×­�ì �»Ìµ¯¨ì ×­� Ò­��Î
Î�ÒÜµ×¯¼© ¨ÎÁ» ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ å�µÁ�¯×ì ���Î��Ò¯¼© æ¯×­ ¯¼�Î��Ò¯¼© Î��¯�µ �¯Ò×�¼�� ×Á ×­�
Ò×�Î ŁÒ�� �ÍĮ ăĮăąłĮ 2¼ �Á¼×Î�Ò×į ×­� ¨ÁÎ»�×¯Á¼ Á¨ �ì�µÁ¼¯� åÁÎ×¯��Ò ×­�× ÎÁ×�×� �ÁÜ¼×�Î�µÁ�³æ¯Ò�
¯Ò �ÁÜ¼×�Î��×�� �ì ×­� <�Ìµ�Î¯�¼ Ò­��ÎĮ +¯å�¼ ×­� ÁÎ¯�¼×�×¯Á¼ Á¨ ×­� �¯Ò³ ÎÁ×�×¯Á¼į ×­� ÎÁ×�×¯Á¼
Á¨ �¼ �¼×¯�ì�µÁ¼¯� åÁÎ×�ë �¼×�¯µÒ � �ÁÎ¯Áµ¯Ò ¨ÁÎ�� ×­�× ¯Ò �¯Î��×�� ×Áæ�Î�Ò ¯×Ò ��¼×Î�Į a­� �ÁÎ¯Áµ¯Ò
¨ÁÎ�� Á¼ ×­� ©�Ò ¯Ò ��µ�¼��� �ì � ÌÎ�ÒÒÜÎ� ©Î��¯�¼×į æ¯×­ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ��¯¼© ­¯©­�Ò× �× ×­�
��¼×Î� Á¨ ×­� åÁÎ×�ë ń ×­¯Ò Ò×�×� Á¨ ×­� ©�Ò ¯Ò ��µµ�� ©�ÁÒ×ÎÁÌ­¯�Į

�ÜÒ× ×­�× ¯Ò �ÁÜÌµ�� ×Á ×­� ©�Òį Á¼ ×­� Á×­�Î ­�¼�į ¯Ò ��ÜÒ�� �ì ×­� �ÁÎ¯Áµ¯Ò ¨ÁÎ�� ×Á ÒÌ¯Î�µ
×Áæ�Î�Ò ×­� ��¼×Î� Á¨ ×­� åÁÎ×�ë �¼� ���Ü»Üµ�×� ×­�Î� Ł��Î©� �¼� \Á»»�Î¯� ĂĊĊĆĹ a�¼©� �× �µĮ
ĂĊĊćĹ 4Á­�¼Ò�¼ �× �µĮ ăāāąłĮ a­¯Ò �ÜÒ× ×Î�ÌÌ¯¼© ¯Ò Ò×ÎÁ¼©�Ò× ¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× ¯Ò
Á¨ ÁÎ��Î Ü¼¯×ì Ò¯¼�� »ÁÎ� ×¯©­×µì �ÁÜÌµ�� �ÜÒ× æ¯×­ Ò»�µµ�Î \×Á³�Ò ¼Ü»��ÎÒ ¨ÁµµÁæÒ ×­� åÁÎ×¯��µ
»Á×¯Á¼ Á¨ ×­� ©�Òį æ­¯µ� »ÁÎ� µÁÁÒ�µì �ÁÜÌµ�� �ÜÒ× æ¯×­ µ�Î©�Î \×Á³�Ò ¼Ü»��ÎÒ ¯Ò µ�ÒÒ �¨¨��×��
�ì ×­� åÁÎ×¯��µ ©�Ò »Á×¯Á¼ �¼� ×­ÜÒ �ì ×­� �ÁÎ¯Áµ¯Ò ¨ÁÎ�� Ł��Î©� �¼� \Á»»�Î¯� ĂĊĊĆĹ a�¼©� �× �µĮ
ĂĊĊćĹ 4Á­�¼Ò�¼ �× �µĮ ăāāąĹ E�­�Ü× �× �µĮ ăāĂăĹ X��××¯© �× �µĮ ăāĂĆłĮ 0Áæ�å�Îį �ÜÒ× �Á¼��¼×Î�×¯Á¼
¯¼ ©�Ò åÁÎ×¯��Ò ��¼ µ��� ×Á ×­�¯Î �¯ÒÒÁµÜ×¯Á¼ Ł4Á­�¼Ò�¼ �× �µĮ ăāāąĹ 2¼��� �¼� ��Î©� ăāāćĹ X��××¯©
�× �µĮ ăāĂĆłĭ a­� ©�Ò ��±ÜÒ×Ò ×Á ×­� »Á×¯Á¼ Á¨ ×­� �ÜÒ× Î�×­�Î ×­�¼ å¯�� å�ÎÒ� �Ò ÒÁÁ¼ �Ò ×­� �ÜÒ×
��¼Ò¯×ì �ë����Ò ×­� ©�Ò ��¼Ò¯×ì �¼� ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò ×­ÜÒ �Á»¯¼�×�Ò Áå�Î ×­�×
Á¨ ×­� ©�Ò Á¼×Á ×­� �ÜÒ×Į

X��××¯© �× �µĮ ŁăāĂĆł ¨¯¼� ×­�× ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á åÁÎ×¯��Ò ¯¼
æ­¯�­ ×­� ��¼Ò¯×ì Á¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ Á¼� ©ÎÁæÒ ÒÜ¨¨¯�¯�¼×µì ­¯©­ ×Á ×Î¯©©�Î ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �å�¼ ¯¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò �Ò µÁæ �Ò 10−4Į a­¯Ò ¯Ò
�¯Ò�ÜÒÒ�� ¯¼ »ÁÎ� ��×�¯µ ¯¼ \��×Į ąĮąĮăĮ a­� åÁÎ×¯��Ò ¯¼�Ü��� �ì ×­� XÁÒÒ�ì æ�å� ¯¼Ò×��¯µ¯×ì
×Î�Ì �ÜÒ× æ¯×­ \×Á³�Ò ¼Ü»��ÎÒ ��×æ��¼ ∼0.01 �¼� ∼10į æ¯×­ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯¼ ×­�
åÁÎ×¯��Ò �ë����¯¼© ×­� ��¼Á¼¯��µ ¯¼×�ÎÒ×�µµ�Î »��¯Ü» å�µÜ� �ì Á¼� ÁÎ ×æÁ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü��
Ł{­Ü �× �µĮ ăāĂąĹ {­Ü �¼� \×Á¼� ăāĂąłĮ �¼ÁÜ©­ »�ÒÒ ¯¼ ��¼×¯»�×Î�ŅÒ¯ñ�� �ÜÒ× ��¼ ���Ü»Üµ�×�
¯¼ ×­�Ò� åÁÎ×¯��Ò ¨ÁÎ ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×Ò �Ò »�ÒÒ¯å� �Ò E�ÎÒ ÁÎ ��Î×­ Ł>ìÎ� �× �µĮ ăāāĉį
ăāāĊ�į�Ĺ E�­�Ü× �× �µĮ ăāĂăłĮ

�ūūŰŬź a­� Ò×Ü�¯�Ò Á¨ �ÜÒ× �Á¼��¼×Î�×¯Á¼ ¯¼ ×ÜÎ�Üµ�¼× ���¯�Ò �ì �Üññ¯ �× �µĮ Łăāāĉį ăāĂāł
�¼� �­�»��ÎÒ ŁăāĂāł ÒÜ©©�Ò× ×­�× ×­�ì ©¯å� Î¯Ò� ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ æ¯×­ Ò¯ñ�Ò
Á¨ ×�¼Ò ×Á ­Ü¼�Î��Ò Á¨ ³¯µÁ»�×�ÎÒ ¨ÎÁ» �ÜÒ× æ¯×­ � Ò×ÁÌÌ¯¼© ×¯»� �Á»Ì�Î��µ� ×Á ×­� ×ÜÎ¼Áå�Î
×¯»� Ò��µ� �× ×­� �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�į �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á »¯µµ¯»�×Î�ŅÒ¯ñ�ÒĮ 0Áæ�å�Îį ×­�Ò� Ò×Ü�Ņ
¯�Ò ÌÁÒÒ¯�µì Áå�Î�Ò×¯»�×� ×­� �¨¨¯�¯�¼�ì æ¯×­ æ­¯�­ ÒÜ�­ �ÜÒ× ¯Ò �Á¼��¼×Î�×�� ŁV�¼ �× �µĮ ăāĂĂĹ
0�Î×µ�Ì �¼� �Üññ¯ ăāăāłĮ 0�Î×µ�Ì �¼� �Üññ¯ Łăāăāł ¨¯¼� ×­�× ��¼×¯»�×Î�ŅÒ¯ñ�� �ÜÒ× ¯Ò Î�ÍÜ¯Î��
¨ÁÎ 10 ³»Ņ ×Á 100 ³»ŅÒ¯ñ�� Ìµ�¼�×�Ò¯»�µÒ ×Á �»�Î©�Į a­� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ ×­�Ò� Ìµ�¼�×�ÒŅ
¯»�µÒ ¯Ò Ü¼¯»Á��µį æ¯×­ � Ì��³ �× ∼100 ³» Ł�Üññ¯ �× �µĮ ăāĂāĹ �­�»��ÎÒ ăāĂāĹ 0�Î×µ�Ì �¼�
�Üññ¯ ăāăāłĮ a­¯Ò Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ ¯Ò �Á»Ì�Î��µ� ×Á ×­�× Á¨ ÌÎ¯»ÁÎ�¯�µ �Ò×�ÎÁ¯�Ò ¯¼¨�ÎÎ�� �ì
��µ�Áō �× �µĮ ŁÒ�� \��×Į ĄĮąĹ ăāĂĈį ăāĂĊłĮ K¼ ×­� Á×­�Î ­�¼�į ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì µ���Ò ×Á ×­�
¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ Á¨ Ò¯»¯µ�Î Ò¯ñ�Òį �Ü× æ¯×­ � �¯¨¨�Î�¼× Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ ŁÒ�� \��×Į ĄĮĄłĮ
FÁ¼�×­�µ�ÒÒį �ÜÒ× ���Ü»Üµ�×¯Á¼ ¯¼ ×ÜÎ�Üµ�¼× ���¯�Ò �¼� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Á��ÜÎ Á¼
�¯¨¨�Î�¼× Ò��µ�Òĭ Vµ�¼�×�Ò¯»�µÒ ¨ÁÎ» �ì �Áµµ�ÌÒ� Á¨ �ÜÒ× �µÜ»ÌÒ æ¯×­ Ò¯ñ�Ò Á¨ 104 ³» ÁÎ µ�ÒÒ ¯¼

¨ÁÎ»�×¯Á¼ Á¨ åÁÎ×¯��Ò Ł>Áå�µ��� �× �µĮ ĂĊĊĊĹ >¯ �× �µĮ ăāāāį ăāāĂłĮ

ąą



ĄĮĆĮ Ka0�X E��0žF2\E\ *ž�2>2aža2F+ �f\a �KF��FaXža2KF žF�
V>žF�a�\2Ež> *KXEža2KF

×­� ��Ò� Á¨ ×ÜÎ�Üµ�¼× ���¯�Ò Ł�Üññ¯ �× �µĮ ăāāĂį ăāāĉĹ 0�Î×µ�Ì �¼� �Üññ¯ ăāăāłį �¼� Á¨ �µÜ»ÌÒ
¯¼Ò¯�� ¨¯µ�»�¼×Ò æ¯×­ Ò¯ñ�Ò Á¨ ÒÁ»� ×Á ÒÁ»� ×�¼ Ì�Î��¼× Á¨ ×­� ©�Ò Ò��µ� ­�¯©­× ¯¼ ×­� ��Ò� Á¨
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� *¯©Į ĄĮĄłĮ a­� ©�Ò Ò��µ� ­�¯©­× �»ÁÜ¼×Ò ×Á 0.35 �Ü �¼� 6.25 �Ü �×
Î��¯�µ �¯Ò×�¼��Ò ×Á ×­� Ò×�Î Á¨ 5 �Ü �¼� 50 �Ü ¯¼ ×­� �¯Ò³ »Á��µ ÌÎ�Ò�¼×�� ¯¼ žÌÌ�¼�¯ë ž ŁÒ��
�ÍĮ žĮĈłĮ

2ŪŬ ųŰŵŬź ž¼ ¯�� µ¯¼�į ×­� Î��¯�µ µÁ��×¯Á¼ �× æ­¯�­ � ©¯å�¼ »Áµ��Üµ� ń »ÁÒ× Á¨ ×­� æÁÎ³ 2 �¯ÒŅ
�ÜÒÒ ­�Î� ¨Á�ÜÒ�Ò Á¼ æ�×�Î ń �Á¼��¼Ò�×�Ò ÁÎ �å�ÌÁÎ�×�Òąį ¯Ò �Á¼�Ü�¯å� ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�Ņ
×¯Á¼ ¯¼ »Üµ×¯Ìµ� Î�©�Î�ÒĮ aÁ ��©¯¼ æ¯×­į ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ¯Ò ¼�×ÜÎ�µµì ­¯©­�Î ÁÜ×Ò¯��
�¼ ¯�� µ¯¼�į æ­�Î� ×­� Î�ÒÌ��×¯å� »Áµ��Üµ� ¯Ò ÌÎ�Ò�¼× ¯¼ ¯×Ò ÒÁµ¯� ¨ÁÎ»į ×­�¼ ¯¼Ò¯�� ×­� ¯�� µ¯¼�į
æ­�Î� ×­� »Áµ��Üµ� ¯Ò ©�Ò�ÁÜÒĮ 2¼ Ì�Î×¯�Üµ�Îį ×­� ¯¼æ�Î�Ò Î��¯�µ »Á×¯Á¼ Á¨ ×­� ÒÁµ¯�Ò ¯Ò »ÁÎ�
Î�Ì¯� ×­�¼ ×­�× Á¨ ×­� å�ÌÁÜÎ Ł�Üññ¯ �¼� {�­¼µ� ăāāąĹ �¯�Òµ� �¼� �Üññ¯ ăāāćĹ +�Î�Ü� ăāāĈłĮ
a­� ��¼Ò¯×ì Î�×¯Á ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� ¯Ò ¨ÜÎ×­�Î �¼­�¼��� �ì å�ÌÁÜÎ �¯¨¨ÜÒ¯¼© Áå�Î ×­� ¯�� µ¯¼�į
¨ÎÁ» ¯¼Ò¯�� ×Á ÁÜ×Ò¯��į �¼� �Á¼��¼Ò¯¼© ×­�Î� Ł\×�å�¼ÒÁ¼ �¼� >Ü¼¯¼� ĂĊĉĉĹ �Üññ¯ �¼� {�­¼µ�
ăāāąĹ �¯�Òµ� �¼� �Üññ¯ ăāāćĹ +�Î�Ü� ăāāĈĹ �Ò×Î��� �× �µĮ ăāĂćĹ žÎ»¯×�©� �× �µĮ ăāĂćĹ \�­ÁÁ¼�¼Ņ
��Î© �¼� KÎ»�µ ăāĂĈĹ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ \�­ÁÁ¼�¼��Î© �× �µĮ ăāĂĉłĮ a­¯Ò �µÒÁ ©¯å�Ò
Î¯Ò� ×Á µ�Î©�Î �ÜÒ× Ò¯ñ�Ò ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� ŁXÁÒ �¼� 4Á­�¼Ò�¼ ăāĂĄĹ XÁÒ �× �µĮ ăāĂĊłĮ

*ÜÎ×­�Î»ÁÎ�į �ÜÒ× Ì¯µ�Ò ÜÌ ¯¼Ò¯�� �¼ ¯�� µ¯¼� ����ÜÒ� ¯×Ò Î��¯�µ �Î¯¨× ¯Ò »ÁÎ� Î�Ì¯� ÁÜ×Ò¯��
×­� ¯�� µ¯¼� Ł\�¯×Á �¼� \¯ÎÁ¼Á ăāĂĂĹ �Ò×Î��� �× �µĮ ăāĂćĹ 2�� �¼� +Ü¯µµÁ× ăāĂćĹ \�­ÁÁ¼�¼��Î© �¼�
KÎ»�µ ăāĂĈĹ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ \�­ÁÁ¼�¼��Î© �× �µĮ ăāĂĉłĮ a­¯Ò ¯Ò Ò¯¼�� �ÜÒ× æ¯×­
Ò»�µµ�Î Ò¯ñ�Ò �¼� ×­ÜÒ \×Á³�Ò ¼Ü»��ÎÒ �Î¯¨×Ò »ÁÎ� ÒµÁæµìį �ÒÒÜ»¯¼© ×­�× ×­� \×Á³�Ò ¼Ü»��Î
¯Ò µ�ÒÒ ×­�¼ Á¼� ŁÒ�� �ÍÒĮ ăĮăĉ �¼� ĄĮĈłĮ K¼ ×­� Á¼� ­�¼�į ×­� Ò¯ñ� Á¨ �ÜÒ× ¯Ò Î��Ü��� æ­�¼ Á¼�
Á¨ ¯×Ò �Á»ÌÁ¼�¼×Ò �å�ÌÁÎ�×�Ò �Ò ×­� �ÜÒ× �ÎÁÒÒ�Ò ×­� Î�ÒÌ��×¯å� ¯�� µ¯¼� Ł\�¯×Á �¼� \¯ÎÁ¼Á ăāĂĂĹ
2�� �¼� +Ü¯µµÁ× ăāĂćĹ \�­ÁÁ¼�¼��Î© �¼� KÎ»�µ ăāĂĈłĮ K¼ ×­� Á×­�Î ­�¼�į �Ò×Î��� �× �µĮ ŁăāĂćłį
�Î�ô³ÁæÒ³� �¼� žµ¯��Î× ŁăāĂĈłį �¼� \�­ÁÁ¼�¼��Î© �× �µĮ ŁăāĂĉł ¨¯¼� ×­�× �ÜÒ× ©ÎÁæÒ ×Á µ�Î©�Î
Ò¯ñ�Ò ÁÜ×Ò¯�� ×­� æ�×�Î ¯�� µ¯¼� ����ÜÒ� ×­� Î�µ�×¯å� å�µÁ�¯×¯�Ò Î�ÍÜ¯Î�� ¨ÁÎ ¯�� �©©Î�©�×�Ò ×Á
¨Î�©»�¼× Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼Ò �Î� ©Î��×�Î ×­�¼ ¨ÁÎ Ò¯µ¯��×�Ò ŁÒ�� \��×Į ăĮĄłĮ 2 ¼Á×�į ­Áæ�å�Îį
×­�× +Ü¼�µ��­ �× �µĮ ŁăāĂĉł �¼� EÜÒ¯Áµ¯³ �¼� pÜÎ» ŁăāĂĊł Ò­Áæ ×­�× æ�×�Î ¯�� ¯Ò ¼Á× »ÁÎ�
ÌÎÁ¼� ×Á Ò×¯�³¯¼© æ­�¼ �Áµµ¯�¯¼© ×­�¼ Ò¯µ¯��×�ÒĮ

Kæ¯¼© ×Á ×­� �¨¨��×Ò ��Ò�Î¯��� ��Áå�į ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á �× �¼ ¯�� µ¯¼� ��¼ ��
ÒÜ¨¨¯�¯�¼×µì �¼­�¼��� ¨ÁÎ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á ¯¼�Ü�� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Ł�Ò×Î���
�× �µĮ ăāĂćĹ žÎ»¯×�©� �× �µĮ ăāĂćĹ \�­ÁÁ¼�¼��Î© �¼� KÎ»�µ ăāĂĈĹ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ
\�­ÁÁ¼�¼��Î© �× �µĮ ăāĂĉłĮ a­� �¼­�¼��»�¼× ¯Ò ¨ÁÜ¼� ×Á �� Ò×ÎÁ¼©�Î ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� ×­�¼ ¯¼Ņ
Ò¯�� Ł�Ò×Î��� �× �µĮ ăāĂćĹ \�­ÁÁ¼�¼��Î© �¼� KÎ»�µ ăāĂĈĹ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ \�­ÁÁ¼Ņ
�¼��Î© �× �µĮ ăāĂĉłĮ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ŁăāĂĈł �¼� \�­ÁÁ¼�¼��Î© �× �µĮ ŁăāĂĉł ��×�Î»¯¼�
×­� �»ÁÜ¼× Á¨ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼© å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ »Á��µÒ Á¨ ×­� æ�×�Î ¯��
µ¯¼� ¯¼�µÜ�¯¼© Ò×¯�³¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ Á¨ �ÜÒ× �©©Î�©�×�Ò Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼ÒĮ a­�
¨ÁÎ»�Î �Ü×­ÁÎÒ ¨¯¼� Ìµ�¼�×�Ò¯»�µÒ ×Á �»�Î©� Á¼µì ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� �¼� Á¼µì ¯¨ ×­� ©µÁ��µ
�ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á �»ÁÜ¼×Ò ×Á �× µ��Ò× 2%į æ¯×­ �Á×­ ×­� �»ÁÜ¼× Á¨ Ìµ�¼�×�Ò¯»Ņ
�µÒ ¨ÁÎ»¯¼© �¼� ×­� æ¯�×­ Á¨ ×­� Î�©¯Á¼ ¯¼ æ­¯�­ ×­�ì ¨ÁÎ» ¯¼�Î��Ò¯¼© æ¯×­ ×­� ÒÜÎ¨��� ��¼Ò¯×ì
Î�×¯ÁĮ

ą2�� µ¯¼�Ò �ë¯Ò× ¼Á× Á¼µì ¯¼ ×­� Î��¯�µį �Ü× �µÒÁ ¯¼ ×­� å�Î×¯��µ �¯»�¼Ò¯Á¼ Ł<Î¯±× �× �µĮ ăāĂć�łĮ

ąĆ



�0žVa�X ĄĮ \aX�žE2F+ 2F\až�2>2av

'JHVSF ����� 'JHVSF BEPQUFE GSPN 4DIPPOFOCFSH FU BM� 	����
 UIFJS 'JH� ��
 SFQSPEVDFE XJUI QFSNJTTJPO ¨&40
� 4VSGBDF EFOT�
JUZ PG EVTU Σ 	MFȼU PSEJOBUF
 BOE NBTT PG QMBOFUFTJNBMT Mpltsmls 	SJHIU PSEJOBUF
 BT GVODUJPOT PG UIF SBEJBM EJTUBODF UP UIF
TUBS r
 XJUI UIF QMBOFUFTJNBM NBTT CFJOH HJWFO JO VOJUT PG &BSUI NBTTFT MC� 5IF lHVSF SFQSFTFOUT B NPEFM PG UIF XBUFS
JDF MJOF
 TUJDLJOH BOE GSBHNFOUBUJPO PG DPMMJEJOH EVTU BHHSFHBUFT
 BT XFMM BT UIF TUSFBNJOH JOTUBCJMJUZ� 5IF HMPCBM EVTU�UP�
HBT TVSGBDF EFOTJUZ SBUJP JO UIF NPEFM JT FRVBM UP 2%� 5IF QSFTFODF PG UIF XBUFS JDF MJOF JT SFǵMFDUFE JO B CVNQ JO UIF EVTU
TVSGBDF EFOTJUZ 	TPMJE MJOFT
� 1MBOFUFTJNBMT GPSNJOH PVUTJEF UIF JDF MJOF BOE CFUXFFO UIF JDF MJOF BOE UIF TUBS BSF QMPUUFE
BT CMVF BOE CSPXO EPUT
 SFTQFDUJWFMZ� 5IF UPUBM NBTT PG UIF GPSNFS QMBOFUFTJNBMT JT BT IJHI BT ∼100 &BSUI NBTTFT
 XIJMF
UIBU PG MBUUFS QMBOFUFTJNBMT BNPVOUT UP POMZ B GFX &BSUI NBTTFT�

p­¯µ� ×­� ��Ì�¼��¼�� Á¨ ×­� »�ÒÒ ¯¼ Ìµ�¼�×�Ò¯»�µÒ Á¼ ×­� ©µÁ��µ ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò
Ò¯»¯µ�Î ¯¼ ×­� »Á��µÒ �ì \�­ÁÁ¼�¼��Î© �× �µĮ ŁăāĂĉłį∼10��Î×­ »�ÒÒ�Ò ¨ÁÎ» �å�¼ ¯¨ ×­� ÒÜÎ¨���
��¼Ò¯×ì Î�×¯Á ¯Ò �ÍÜ�µ ×Á ×­� ��¼Á¼¯��µ ¯¼×�ÎÒ×�µµ�Î »��¯Ü» å�µÜ�Į *¯©ÜÎ� ĄĮĂĂ ��Ì¯�×Ò ×­� �ÜÒ×
ÒÜÎ¨��� ��¼Ò¯×ì �¼� ×­� Ìµ�¼�×�Ò¯»�µ »�ÒÒ�Ò ¯¼ Á¼� Á¨ ×­�¯Î »Á��µÒ ¯¼ æ­¯�­ ×­� �ÜÒ×Ņ×ÁŅ©�Ò
ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò ×æ¯�� �Ò ­¯©­ �Ò ×­�× ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü»Į a­� µÁ��×¯Á¼ Á¨ ×­�
¯�� µ¯¼� ¯Ò �å¯��¼× ¨ÎÁ» � �Ü»Ì ¯¼ ×­� �ÜÒ× ÒÜÎ¨��� ��¼Ò¯×ìĮ p­¯µ� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Á�Ņ
�ÜÎÒ �Á×­ ¯¼Ò¯�� �¼� ÁÜ×Ò¯�� ×­� ¯�� µ¯¼�į ×­� »�ÒÒ ¯¼ Ìµ�¼�×�Ò¯»�µÒ ¯Ò ×æÁ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü��
­¯©­�Î Á¼ ×­� ÁÜ×�Î Ò¯�� ×­�¼ Á¼ ×­� ¯¼¼�Î Ò¯��Į p¯×­ Î�©�Î� ×Á ×­� �¯Ò�Î�Ì�¼�¯�Ò ��×æ��¼
×­� ×æÁ Ò×Ü�¯�Òį 2 ¼Á×� ×­�× �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ŁăāĂĈł �ÒÒÜ»� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á
©¯å� Î¯Ò� ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Á¼µì ¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× �ë����Ò 0.01į æ­¯µ�
\�­ÁÁ¼�¼��Î© �× �µĮ ŁăāĂĉł �»ÌµÁì � »¯¼¯»Ü» \×Á³�Ò ¼Ü»��Î Á¨ 0.001Į a­� µ�××�Î ¯Ò �Á¼Ò¯Ò×�¼×
æ¯×­ ×­� Î�ÒÜµ×Ò Á¨ ×­� Ì�Î�»�×�Î Ò×Ü�ì �Á¼�Ü�×�� �ì v�¼© �× �µĮ ŁăāĂĈłį �Ò ��Ì¯�×�� ¯¼ *¯© ĄĮą �¼�
©¯å�¼ ¯¼ �ÍĮ ĄĮăĉĮ 2¼ ×­� Ò×Ü�ì �ì 2�� �¼� +Ü¯µµÁ× ŁăāĂćłį �¼ÁÜ©­ �ÜÒ× »�ÒÒ ��¼ Ì¯µ� ÜÌ Áæ¯¼© ×Á
×­� ÒµÁæ�Î Î��¯�µ �ÜÒ× �Î¯¨× ¯¼Ò¯�� �¼ ¯�� µ¯¼� ¨ÁÎ �¯Î��× ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� �¼� Ìµ�¼�×�Ò¯»�µ
¨ÁÎ»�×¯Á¼Į

ž¼ ���¯×¯Á¼�µ �¨¨��× µ���¯¼© ×Á �ÜÒ× �Á¼��¼×Î�×¯Á¼ �× �¼ ¯�� µ¯¼� �Î¯Ò�Ò æ­�¼ ×­� »�©¼�×ÁÎÁŅ
×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯Ò �ÒÒÜ»�� ×Á �� ×­� �Á»¯¼�¼× ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� �¼� �Ò ÒÜ�­ ×Á ¯¼�Ü�� ¯¼Ņ
æ�Î�Ò ×Î�¼ÒÌÁÎ× Á¨ ©�Ò »�ÒÒ �× ×­� ¯�� µ¯¼� Ł<Î�×³� �¼� >¯¼ ăāāĈĹ �Î�Ü�Î �× �µĮ ăāāĉĹ �Î�ô³ÁæÒ³�
�× �µĮ ăāĂĄłĮ a­� ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ ¯Ò �Á¼Ò¯��Î�� ×Á �� ¯¼ � Ò×���ì Ò×�×� �¼� ×­� ×Î�¼ÒÌÁÎ× Î�×�
Á¨ ©�Ò »�ÒÒ ×­ÜÒ ×Á �� �ÍÜ�µ Á¼ ×­� ¯¼¼�Î �¼� ×­� ÁÜ×�Î Ò¯�� Á¨ ×­� ¯�� µ¯¼�Į a­� »�©¼�×ÁÎÁ×�Ņ
×¯Á¼�µ ¯¼Ò×��¯µ¯×ì �Î¯å�Ò æ��³�Î ×ÜÎ�Üµ�¼�� ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� æ­�Î� ×­� �ÜÒ× ��¼Ò¯×ì ¯Ò ­¯©­�Î
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ĄĮĆĮ Ka0�X E��0žF2\E\ *ž�2>2aža2F+ �f\a �KF��FaXža2KF žF�
V>žF�a�\2Ež> *KXEža2KF

'JHVSF ����� 'JHVSF BEBQUFE GSPN %SƩǩLPXTLB FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨&40
� 4VSGBDF EFOTJUZ
PG QMBOFUFTJNBMTΣplts 	DPMPVS�DPEFE
 BT B GVODUJPO PG UIF SBEJBM EJTUBODF UP UIF DFOUSBM TUBS JO B NPEFM JODMVEJOH UIF NVUVBM
ESBH CFUXFFO HBT BOE EVTU BT XFMM BT TUJDLJOH BOE GSBHNFOUBUJPO PG EVTU BHHSFHBUFT VOEFS NVUVBM DPMMJTJPOT� #FDBVTF
SBEJBMMZ ESJȼUJOH EVTU QJMFT VQ JO UIJT SFHJPO
 UIF TUSFBNJOH JOTUBCJMJUZ DBO JOEVDF QMBOFUFTJNBM GPSNBUJPO BU SBEJJ SBOHJOH
GSPN 0.3 �Ü UP 3 �Ü� *U JT FWJEFOU
 UIPVHI
 UIBU QMBOFUFTJNBMT FNFSHF POMZ JG UIF JOJUJBM SBUJP PG EVTU UP HBT TVSGBDF EFOTJUZ
JT HSFBUFS UIBO 1% 	VQQFS QBOFM
 BOE UIF NJOJNVN SFMBUJWF WFMPDJUZ SFTVMUJOH JO GSBHNFOUBUJPO PG BHHSFHBUFT BNPVOUT UP
CFUXFFO 8» Ò−1 BOE 15» Ò−1 	MPXFS QBOFM
�

Ł\�¼Á �× �µĮ ăāāāĹ 2µ©¼�Î �¼� F�µÒÁ¼ ăāāćłĮ \¯¼�� ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ ¯Ò µ�ÒÒį ×­� ©�Ò ��¼Ò¯×ì
»ÜÒ× �� ©Î��×�Î Á¼ ×­� ÁÜ×�Î Ò¯�� ¨ÁÎ ×­� ×Î�¼ÒÌÁÎ× Î�×� ×Á �� �Á¼Ò×�¼× ��ÎÁÒÒ ×­� ¯�� µ¯¼�Į a­�Î�Ņ
¨ÁÎ�į ×­� ¯�� µ¯¼� �Á¼Ò×¯×Ü×�Ò � �Ü»Ì ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ¯¼ æ­¯�­ �ÜÒ× Ì¯µ�Ò ÜÌĮ p��³�Î ©�Ò ×ÜÎŅ
�Üµ�¼�� ¨ÜÎ×­�Î �¼×�¯µÒ µÁæ�Î Î�µ�×¯å� å�µÁ�¯×¯�Ò ��×æ��¼ �Áµµ¯�¯¼© �ÜÒ× �©©Î�©�×�Òį æ­¯�­ ×­ÜÒ
��¼ ©ÎÁæ ×Á µ�Î©�Î Ò¯ñ�Ò ÁÜ×Ò¯�� ×­� ¯�� µ¯¼� Ł�Î�Ü�Î �× �µĮ ăāāĉĹ �Î�ô³ÁæÒ³� �× �µĮ ăāĂĄłĮ 0ÁæŅ
�å�Îį 2 ¼Á×� ×­�× � ¼Ü»��Î Á¨ ­ì�ÎÁ�ì¼�»¯��µ ¯¼Ò×��¯µ¯×¯�Òį ¯¼�µÜ�¯¼© ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µŅ
¯×ìį ��ÜÒ� ×ÜÎ�Üµ�¼�� æ¯×­ � Ò×Î�¼©×­ ×­�× ¯Ò �Á»Ì�Î��µ� ×Á ÁÎ ­¯©­�Î ×­�¼ ×­�× ¯¼�Ü��� �ì ×­�
»�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯¨ ×­� µ�××�Î ¯Ò ÒÜÌÌÎ�ÒÒ�� �ì ¼Á¼Ņ¯���µ »�©¼�×Á­ì�ÎÁ�ì¼�»¯�Ò
�¨¨��×Ò ŁÒ�� �­�Ì×�Î ąłĮ

�żźŻ ŷŰųŬÕżŷź ����ÜÒ� ×­� ÒÌ��� Á¨ ¯×Ò Î��¯�µ �Î¯¨× ��Ì�¼�Ò Á¼ ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�Îį
�ÜÒ× ¼�×ÜÎ�µµì Ì¯µ�Ò ÜÌ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �å�¼ ¯¨ ×­�ì �Î� �Á¼Ò¯��Î�� ×Á �� µ�»¯¼�Î �¼�
×­� ©�Ò �¼� �ÜÒ× ÒÜÎ¨��� ��¼Ò¯×ì �¼� ©�Ò ÌÎ�ÒÒÜÎ� ÌÎÁ¨¯µ�Ò ¯¼ ×­�» ×Á �� Ò»ÁÁ×­ Ł\×�Ì¯¼Ò³¯ �¼�
o�µ�©��Ò ĂĊĊćĹ vÁÜ�¯¼ �¼� \­Ü ăāāăĹ vÁÜ�¯¼ �¼� �­¯�¼© ăāāąĹ �¯Î¼Ò×¯�µ �× �µĮ ăāĂăĹ �Î�ô³ÁæÒ³�
�× �µĮ ăāĂćĹ +Á¼ñ�µ�ñ �× �µĮ ăāĂĈ�į�łĮ a­¯Ò ¯Ò ×ÎÜ� �å�¼ ¯¨ �ÜÒ× æ¯×­ � Ü¼¯¨ÁÎ» Ò¯ñ� ¯Ò ×�³�¼ ¯¼×Á
���ÁÜ¼× �¼� ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼ ×­� ©�Ò ¼�©µ��×�� Ł\×�Ì¯¼Ò³¯ �¼� o�µ�©��Ò ĂĊĊćĹ vÁÜ�¯¼
�¼� \­Ü ăāāăłĮ

�Î�ô³ÁæÒ³� �× �µĮ ŁăāĂćł ÌÎ�Ò�¼× »Á��µÒ ¯¼�µÜ�¯¼© ©ÎÁæ×­ �¼� ¨Î�©»�¼×�×¯Á¼ Á¨ �ÜÒ× �©Ņ
©Î�©�×�Ò Ü¼��Î »Ü×Ü�µ �Áµµ¯Ò¯Á¼Ò �¼� ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼� �ÜÒ×Į 2¼ ×­�Ò� »Á��µÒį
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×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯¼ Ì¯µ�ŅÜÌÒ Á¨ �ÜÒ× ��¼ �� ­¯©­ �¼ÁÜ©­ ¨ÁÎ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì ×Á ¯¼�Ü�� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į 2 Ò­Áæ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Á¨ ×­�Ò� Ìµ�¼�×�Ò¯»Ņ
�µÒ ¯¼ *¯©Į ĄĮĂăĮ žÒ ��¼ �� Ò��¼į Ìµ�¼�×�Ò¯»�µÒ ��¼ �»�Î©� ¯¼ � Î�©¯Á¼ ��×æ��¼ Î��¯¯ Á¨ 0.3 �Ü
�¼� 3 �ÜĮ a­�¯Î ¨ÁÎ»�×¯Á¼ Î�ÍÜ¯Î�Ò ×­� ¯¼¯×¯�µµì Ü¼¯¨ÁÎ» �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ×Á ��
�ÍÜ�µ ×Á ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» å�µÜ� Á¨ 1% ÁÎ ­¯©­�Î �¼� ×­� »¯¼¯»Ü» Î�µ�×¯å� å�µÁ�¯×ì ×­�×
µ���Ò ×Á ¨Î�©»�¼×�×¯Á¼ Á¨ �Áµµ¯�¯¼© �©©Î�©�×�Ò ×Á µ¯� ¯¼ ×­� Î�¼©� ��×æ��¼ 8» Ò−1 �¼� 15» Ò−1Į
2¼ ���¯×¯Á¼į Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Á��ÜÎÒ Á¼µì ¯¨ ×­� Î��¯�µ �Î¯¨× Á¨ �ÜÒ× Ì¯µ�ŅÜÌÒ ÒµÁæÒ �Áæ¼
����ÜÒ� Á¨ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�ÒĮ a­¯Ò ÒµÁæŅ�Áæ¼į æ­¯�­ ©¯å�Ò Î¯Ò� ×Á ×­� ¼Á¼Ņµ¯¼��Î
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ¯Ò �ëÌµ�¯¼�� ¯¼ \��×Į ĄĮăĮ a­� »�ÒÒ ¯¼ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»¯¼© ¯¼ ×­� »Á�Ņ
�µÒ �ì �Î�ô³ÁæÒ³� �× �µĮ ŁăāĂćł �»ÁÜ¼×Ò ×Á Ò�å�Î�µ ×�¼Ò Á¨ ��Î×­ »�ÒÒ�Ò ¨ÁÎ � ÒÜÎ¨��� ��¼Ò¯×ì
Î�×¯Á Á¨ 1%į �¼� »ÁÎ� ¨ÁÎ ­¯©­�Î ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁÒĮ

+Á¼ñ�µ�ñ �× �µĮ ŁăāĂĈ�ł Ò×Ü�ì Ò¯»¯µ�Î »Á��µÒ �¼� ��Ò�Î¯�� � »��­�¼¯Ò» ×­�× ×­�ì �Ü� Ò�µ¨Ņ
¯¼�Ü��� �ÜÒ× ×Î�ÌÒ ŁÒ�� �µÒÁ +Á¼ñ�µ�ñ �× �µĮ ăāĂĈ�łĭ žÒ ×­� �ÜÒ× ��¼Ò¯×ì �ÌÌÎÁ��­�Ò ×­� ©�Ò
��¼Ò¯×ìį ×­� ÒÌ��� Á¨ ×­� ¯¼æ�Î� Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× ���Î��Ò�Òį æ­¯µ� ×­� ©�Ò �Î¯¨×Ò ÁÜ×æ�Î�Ò
æ¯×­ ¯¼�Î��Ò¯¼© ÒÌ��� ŁÒ�� �ÍÒĮ ĄĮć �¼� ĄĮĈłĮ a­ÜÒį � �ÜÒ× Áå�Î��¼Ò¯×ì �¼×�¯µÒ ×­� ¨ÁÎ»�×¯Á¼ Á¨ �
�Ü»Ì ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ� ����ÜÒ� Á¨ ×­� ÁÜ×æ�Î� ©�Ò �Î¯¨× ¯¼ ×­� Áå�Î��¼Ò¯×ìĮ a­� Áå�Î��¼Ò¯×ì
¯Ò �¼­�¼��� �ì �ÜÒ× ��¯¼© ×Î�ÌÌ�� ¯¼ ×­¯Ò ÌÎ�ÒÒÜÎ� �Ü»ÌĮ +Á¼ñ�µ�ñ �× �µĮ ŁăāĂĈ�ł ¨¯¼� ×­�× ¯¼
×­�Ò� �ÜÒ× ×Î�ÌÒ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ��¼ ¯¼�Î��Ò� ×Á ÁÎ��Î Ü¼¯×ì �Ò æ�µµ �Ò ×­�× �ÜÒ×
©ÎÁæÒ ×Á \×Á³�Ò ¼Ü»��ÎÒ ©Î��×�Î ×­�¼ Á¼�Į a­�Ò� �Á¼�¯×¯Á¼Ò �¼��µ� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼
å¯� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ \�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒ �»�Î©� ¯¼ �µµ �¯Ò³ »Á��µÒ �Á¼Ò¯��Î�� �ì
+Á¼ñ�µ�ñ �× �µĮ ŁăāĂĈ�łį æ¯×­ ×­� ¯¼¯×¯�µµì ­Á»Á©�¼�ÁÜÒ �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ¯¼ ×­� »Á��µÒ
Î�¼©¯¼© ¨ÎÁ» 1% ×Á 5%Į 2 ¼Á×� ×­�× ×­�ì �ÒÒÜ»� ×­�× �ÜÒ× �©©Î�©�×�Ò ¨Î�©»�¼× Ü¼��Î »Ü×Ü�µ
�Áµµ¯Ò¯Á¼Ò ¯¨ ×­�¯Î Î�µ�×¯å� å�µÁ�¯×¯�Ò �»ÁÜ¼× ×Á �× µ��Ò× 10 » Ò−1 ×Á 25 » Ò−1Į a­�Ò� ×­Î�Ò­Áµ�
å�µÜ�Ò �Î� �Á»Ì�Î�×¯å�µì ­¯©­ ŁÒ�� \��×Į ăĮĄłĮ a­� ×Á×�µ �ÜÒ× »�ÒÒ �Á¼��¼×Î�×�� ¯¼ ×­� �ÜÒ× ×Î�ÌÒ
Î�¼©�Ò ¨ÎÁ» � ¨�æ ×Á � ¨�æ ×�¼Ò Á¨ ��Î×­ »�ÒÒ�Ò �¼� ¯¼�Î��Ò�Ò æ¯×­ �Á×­ ×­� ¯¼¯×¯�µ �ÜÒ×Ņ×ÁŅ
©�Ò ��¼Ò¯×ì Î�×¯Á �¼� ×­� »¯¼¯»Ü» Î�µ�×¯å� å�µÁ�¯×ì µ���¯¼© ×Á ¨Î�©»�¼×�×¯Á¼ Ł+Á¼ñ�µ�ñ �× �µĮ
ăāĂĈ�łĮ

p­¯µ� Ò�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒ �Î� Î�µ�×�� ×Á ×­� »��­�¼¯Ò» �ì æ­¯�­ ×­� ¼Á¼Ņµ¯¼��Î Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì �Á¼��¼×Î�×�Ò �ÜÒ× ŁÒ�� \��×Į ĄĮăłį ×­�Î� �Î� � ¨�æ ³�ì �¯¨¨�Î�¼��Ò Ł+Á¼ñ�µ�ñ �× �µĮ
ăāĂĈ�łĮ *¯ÎÒ×µìį Ò�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒ ÒÌ�¼ ×�¼Ò Á¨ �Ò×ÎÁ¼Á»¯��µ Ü¼¯×Ò æ­¯µ� ×­� ¨¯µ�»�¼×Ò
¨ÁÎ»�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î� Ò»�µµ�Î ×­�¼ �¼ �Ò×ÎÁ¼Á»¯��µ Ü¼¯×Į \��Á¼�µìį æ­¯µ�
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ��¼ �� ��×¯å� �× �µµ Î��¯�µ �¯Ò×�¼��Ò ×Á ×­� Ò×�Îį Ò�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒ
¨ÁÎ» �× Î��¯¯ Á¨ Ò�å�Î�µ ×�¼Ò Á¨ �ÜĮ a­¯Î�µìį æ­¯µ� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Á¼µì Î�ÍÜ¯Î�Ò � ©µÁ��µ
Î��¯�µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ�į ©Î��¯�¼×Ò ¯¼ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× �¼� ×­� �ÜÒ×Ņ
×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á �Î� ¨ÜÎ×­�Î ¼���ÒÒ�Îì ¨ÁÎ Ò�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒ ×Á �»�Î©�Į *¯¼�µµìį Ò�µ¨Ņ
¯¼�Ü��� �ÜÒ× ×Î�ÌÒ ��å�µÁÌ ¯¨ Á¼µì ×­� Î��¯�µ �¯»�¼Ò¯Á¼ ¯Ò �Á¼Ò¯��Î��į ¯¼ �Á¼×Î�Ò× ×Á ×­� µ¯¼��Î
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ĄĮĂłĮ

VůŶŻŶŬŽŨŷŶŹŨŻŰŶŵ �ÜÎ¯¼© ×­�¯Î �åÁµÜ×¯Á¼į ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò µÁÁÒ� ©�Ò Áæ¯¼© ×Á Ì­Á×ÁŅ
�å�ÌÁÎ�×¯Á¼Į a­� �Ò��Ì¯¼© ©�Ò Á¼µì ×Î�¼ÒÌÁÎ×Ò �ÜÒ× æ¯×­ ¯× ×­�× ¯Ò ÒÜ¨¨¯�¯�¼×µì ×¯©­×µì �ÁÜÌµ�� ×Á
×­� ©�Ò ¨ÁÎ ×­� �Î�© �ë�Î×�� �ì ×­� ©�Ò ×Á Áå�Î�Á»� ×­� Ò×�µµ�Î ©Î�å¯×ì ��×¯¼© Á¼ ×­� �ÜÒ×į �ÁÎÎ�ÒŅ
ÌÁ¼�¯¼© ×Á Ò¯ñ�Ò Á¨ �× »ÁÒ× »¯�ÎÁ¼Ò Ła�³�Ü�­¯ �× �µĮ ăāāĆĹ žµ�ë�¼��Î �¼� žÎ»¯×�©� ăāāĈłĮ a­¯Ò
¯»Ìµ¯�Ò ×­�× Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �¼×�¯µÒ �¼ ¯¼�Î��Ò� ¯¼ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ×­�× ¯Ò �Á¼�ÜŅ
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V>žF�a�\2Ež> *KXEža2KF

'JHVSF ����� 'JHVSF BEPQUFE GSPN $BSSFSB FU BM� 	����
 UIFJS 'JH� ��
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� .BTT JO QMBOFUFTJN�
BMT BT B GVODUJPO PG UIF SBEJBM EJTUBODF UP UIF TUBS� 5IF lHVSF SFQSFTFOUT B NPEFM PG B QSPUPQMBOFUBSZ EJTL UIBU FWPMWFT PXJOH
UP TUFMMBS BDDSFUJPO BOE QIPUPFWBQPSBUJPO
 DPMMJTJPOT PG EVTU BHHSFHBUFT SFTVMUJOH JO TUJDLJOH
 CPVODJOH
 BOE GSBHNFOUBUJPO

BT XFMM BT QMBOFUFTJNBM GPSNBUJPO PXJOH UP UIF TUSFBNJOH JOTUBCJMJUZ� *O BEEJUJPO
 UIF XBUFS JDF MJOF JT UBLFO JOUP BDDPVOU�
5IF TQBUJBM EJTUSJCVUJPO PG QMBOFUFTJNBM NBTT JT TIPXO XIFO UIF HBT DPNQPOFOU PG UIF EJTL IBT EJTTJQBUFE FOUJSFMZ PXJOH
UP BDDSFUJPO BOE QIPUPFWBQPSBUJPO� "U UIJT QPJOU
 FJHIU &BSUI NBTTFT JO QMBOFUFTJNBMT IBWF FNFSHFE JO UIF JOOFSNPTU3�Ü

POMZ UXP &BSUI NBTTFT CFUXFFO 3 �Ü BOE 100 �Ü
 BOE BT NVDI BT 73 &BSUI NBTTFT CFZPOE 100 �Ü�

�¯å� ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Ła­ÎÁÁÌ �¼� ��µµì ăāāĆĹ žµ�ë�¼��Î �¼� žÎ»¯×�©� ăāāĈĹ ��ÎÎ�Î�
�× �µĮ ăāĂĈĹ �Î�Áµ�¼Á �× �µĮ ăāĂĈłĮ 0Áæ�å�Îį ×­� »Á��µÒ ÌÎ�Ò�¼×�� �ì \�µµ�³ �× �µĮ Łăāăāł ÒÜ©Ņ
©�Ò× ×­�× ×­� �¼­�¼��»�¼× ¯¼ ×­� ��¼Ò¯×ì Î�×¯Á ¯Ò ¼Á× Ò¯©¼¯¨¯��¼× ����ÜÒ� �ÜÒ× ×­�× ­�Ò ©ÎÁæ¼
×ÁÁ µ�Î©� ×Á �� �¼×Î�¯¼�� ¯¼ ×­� �Ò��Ì¯¼© ©�Ò ¯Ò ¯¼Ò×��� µÁÒ× Áæ¯¼© ×Á ¯×Ò ¯¼æ�Î�Ò Î��¯�µ �Î¯¨×Į
2¼ Ì�Î×¯�Üµ�Îį Ò¯¼�� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �ì ¨�ÎŅÜµ×Î�å¯Áµ�× Î��¯�×¯Á¼ ��ÜÒ�Ò � ��Ìµ�×¯Á¼ Á¨ �ÜÒ× ¯¼
×­� ÁÜ×�Î �¯Ò³ Î�©¯Á¼Òį ¼Á× �¼ÁÜ©­ �ÜÒ× �Î¯¨×Ò ×Áæ�Î�Ò ×­� ¯¼¼�Î Î�©¯Á¼Ò ×Á �Á»Ì�¼Ò�×� ¨ÁÎ ×­�
�ÜÒ× �Î¯¨×¯¼© �æ�ì ¨ÎÁ» ×­�Ò� Î�©¯Á¼ÒĮ

F�å�Î×­�µ�ÒÒį �ÜÒ× ���Ü»Üµ�×�Ò ¯¼ ×­� ÌÎ�ÒÒÜÎ� �Ü»Ì �× ×­� ��©� Á¨ ×­� ©�Ì ��Îå�� ¯¼×Á �
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ �ì Ì­Á×Á�å�ÌÁÎ�×¯Á¼ Łžµ�ë�¼��Î �¼� žÎ»¯×�©� ăāāĈĹ ��ÎÎ�Î� �× �µĮ ăāĂĈĹ
�Î�Áµ�¼Á �× �µĮ ăāĂĈłĮ a­¯Ò ©�Ì ¨ÁÎ»Ò ����ÜÒ� ×­� Ò×�µµ�Î ���Î�×¯Á¼ Î�×� ���µ¯¼�Ò æ¯×­ ×¯»� Ü¼×¯µ
�× ÒÁ»� ÌÁ¯¼× ×­� Î�×� �× æ­¯�­ ©�Ò ¯Ò µÁÒ× å¯� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �× � ©¯å�¼ Î��¯�µ µÁ��×¯Á¼ ¯Ò
©Î��×�Î ×­�¼ ×­� Î�×� �× æ­¯�­ ¯× ¯Ò Î�Ìµ�¼¯Ò­�� �ì Ò×�µµ�Î ���Î�×¯Á¼ Ł�Į©Įį žµ�ë�¼��Î �× �µĮ ăāĂąłĮ
a­¯Ò ÌÁ¯¼× ¯Ò Î���­�� ��Îµ¯�Ò× �× ×­� ÒÁŅ��µµ�� �Î¯×¯��µ Î��¯ÜÒį ×­� Î��¯�µ µÁ��×¯Á¼ �× æ­¯�­ Ì­Á×ÁŅ
�å�ÌÁÎ�×¯Á¼ ¯Ò Ò×ÎÁ¼©�Ò×Į a­� ©�Ì ×­ÜÒ ��©¯¼Ò ×Á ÁÌ�¼ �× ×­¯Ò �Î¯×¯��µ Î��¯ÜÒĮ

��ÎÎ�Î� �× �µĮ ŁăāĂĈł Ò×Ü�ì �åÁµÜ×¯Á¼ »Á��µÒ Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį ×­� »ÁÒ× �Á»ÌÎ�­�¼ÒŅ
¯å� Á¨ æ­¯�­ ¯¼�µÜ��Ò Ò×�µµ�Î ���Î�×¯Á¼į Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �ì Üµ×Î�å¯Áµ�× �¼� uŅÎ�ì Î��¯�×¯Á¼į �ÁµŅ
µ¯Ò¯Á¼�µ �ÜÒ× ©ÎÁæ×­ �¼� ×­� �ÁÜ¼�¯¼© �¼� ¨Î�©»�¼×�×¯Á¼ ��ÎÎ¯�ÎÒį ×­� æ�×�Î ¯�� µ¯¼�į �Ò æ�µµ
�Ò Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼�Ü��� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ 2¼ ×­¯Ò »Á��µį æ¯×­¯¼ 2.7 EìÎ
Ò�å�Î�µ ×�¼Ò Á¨ ��Î×­ »�ÒÒ�Ò ¯¼ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ» Áæ¯¼© ×Á � �Á»�¯¼�×¯Á¼ Á¨ ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì �¼� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �ì ¨�ÎŅÜµ×Î�å¯Áµ�× Î��¯�×¯Á¼ �× Î��¯�µ �¯Ò×�¼��Ò ×Á ×­� Ò×�Î
Á¨ 100 �Ü ÁÎ »ÁÎ�Į F�å�Î×­�µ�ÒÒį �µÁÒ�Î ×Á ×­� Ò×�Î Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»�×¯Á¼ Á��ÜÎÒ Á¼µì �¨Ņ
×�Îæ�Î�Òį �Ò � �Á¼Ò�ÍÜ�¼�� Á¨ Ì­Á×Á�å�ÌÁÎ�×¯Á¼ ��ÜÒ¯¼© � ©�Ì ×Á ÁÌ�¼ ¯¼ ×­� �¯Ò³Į *¯©ÜÎ� ĄĮĂĄ
Ò­ÁæÒ ×­� ÒÌ�×¯�µ �¯Ò×Î¯�Ü×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µ »�ÒÒ æ­�¼ ���Î�×¯Á¼ �¼� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ ­�å�
µ��� ×Á ×­� ©�Ò ¯¼ ×­� �¯Ò³ �¯ÒÌ�ÎÒ¯¼© �Á»Ìµ�×�µì �¨×�Î 4 EìÎĮ 2¼ ×Á×�µį �¯©­×į ×æÁį �¼� 73 ��Î×­
»�ÒÒ�Ò ­�å� ¨ÁÎ»�� �× Î��¯¯ µ�ÒÒ ×­�¼ 3 �Üį ��×æ��¼ 3 �¼� 100 �Üį �¼� ©Î��×�Î ×­�¼ 100 �Üį Î�Ņ
ÒÌ��×¯å�µìĮ �Î�Áµ�¼Á �× �µĮ ŁăāĂĈł �Á¼�Ü�× � Ò¯»¯µ�Î Ò×Ü�ì Á¨ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼�Ü��� �ì

ąĊ
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×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� Ì­Á×Á�å�ÌÁÎ�×¯Á¼Į a­�Ò� �Ü×­ÁÎÒ �»ÌµÁì � �¯¨¨�Î�¼× Ì­Á×Á�å�ÌŅ
ÁÎ�×¯Á¼ »Á��µį ×­ÁÜ©­į æ¯×­ ×­� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ ��¯¼© ��ÜÒ�� �ì uŅÎ�ì Î��¯�×¯Á¼Į 2¼ ×­�¯Î
»Á��µÒį ¯¼ �Á¼×Î�Ò× ×Á ×­� Á¼�Ò �ì ��ÎÎ�Î� �× �µĮ ŁăāĂĈłį Á¼µì � ¨�æ ��Î×­ »�ÒÒ�Ò ¯¼ Ìµ�¼�×�Ò¯»�µÒ
¨ÁÎ» ¯¼ ×Á×�µį �¼� ¼Á¼� �× Î��¯¯ ©Î��×�Î ×­�¼ 100 �ÜĮ

KŻůŬŹ ŰŵźŻŨũŰųŰŻŰŬź ž ¼Á¼Ņµ¯¼��Î �Î�¨×¯¼© ¯¼Ò×��¯µ¯×ì Á��ÜÎÒ æ­�¼ �ÜÒ× Ò��¯»�¼×Ò ×­ÎÁÜ©­
©�Ò ¯¼ ­ì�ÎÁÒ×�×¯� �ÍÜ¯µ¯�Î¯Ü» Ł>�»�Î��­×Ò �× �µĮ ăāĂćĹ ��Ì�µÁ �× �µĮ ăāĂĊłĮ 2¨ ×­� �Î�© Á¨ ×­�
�ÜÒ× Á¼×Á ×­� ©�Ò ¯Ò ¼�©µ��×��į ×­� Ò�××µ¯¼© å�µÁ�¯×ì Á¨ ×­� �ÜÒ× ¯Ò ��×�Î»¯¼�� �ì ×­� Ò×Î�¼©×­ Á¨
×­� ©Î�å¯×ì ×­�× ��ÜÒ�Ò ×­� Ò�××µ¯¼© �Ò æ�µµ �Ò Á¨ ×­� �Î�© �ì ×­� ©�Ò Á¼×Á ×­� �ÜÒ× æ­¯�­ �ÁÜ¼Ņ
×�Î��×Ò ×­� Ò�××µ¯¼© ����ÜÒ� ©�Ò ¯¼ ­ì�ÎÁÒ×�×¯� �ÍÜ¯µ¯�Î¯Ü» ¯Ò �× Î�Ò× ŁÒ�� \��×Į ąĮĂłĮ 0Áæ�å�Îį
×­� �Î�© �ë�Î×�� �ì ×­� �ÜÒ× Á¼ ×­� ©�Ò µ���Ò ×Á �ÜÒ× Áå�Î��¼Ò¯×¯�Ò Ò��¯»�¼×¯¼© ¨�Ò×�Î ×­�¼ ×­�
ÒÜÎÎÁÜ¼�¯¼© �ÜÒ×Į a­� ©�Ò ¯¼ ×­�Ò� Áå�Î��¼Ò¯×¯�Ò ¯Ò �Î�©©�� �µÁ¼© �ì ×­� �ÜÒ× �¼� ¨ÁµµÁæÒ ¯×Ò
»Á×¯Á¼Į a­� �»�¯�¼× ©�Òį Á¼ ×­� Á×­�Î ­�¼�į »Áå�Ò ¯¼ ×­� ÁÌÌÁÒ¯×� �¯Î��×¯Á¼ �Ò � �Á¼Ò�ÍÜ�¼��
Á¨ »Á»�¼×Ü» �Á¼Ò�Îå�×¯Á¼Į a­� �Î�© ¯× �ë�Î×Ò Á¼ ×­� �»�¯�¼× �ÜÒ× ¯»Ì���Ò ×­� Ò��¯»�¼×�Ņ
×¯Á¼ Á¨ ×­¯Ò �ÜÒ×Į a­ÜÒį ×­� ¨�Ò×�ÎŅÒ�××µ¯¼© �ÜÒ× Áå�Î��¼Ò¯×¯�Ò ���Ü»Üµ�×� �ÜÒ× �­��� Á¨ ×­�»
¯¼ ×­� �¯Î��×¯Á¼ Á¨ Ò�××µ¯¼©į ©ÎÁæ ¯¼ ��¼Ò¯×ìį �¼� Ò�××µ� �å�¼ »ÁÎ� Î�Ì¯�µìĮ a­¯Ò »��­�¼¯Ò» Î�ÒŅ
Üµ×Ò ¯¼ ¯¼Ò×��¯µ¯×ì �¼� �¼­�¼��»�¼×Ò Á¨ ×­� �ÜÒ× ��¼Ò¯×ì �ì �¼ ÁÎ��Î Á¨ »�©¼¯×Ü�� Ł>�»�Î��­×Ò
�× �µĮ ăāĂćłĮ

p­¯µ� ×­¯Ò ¯¼Ò×��¯µ¯×ì ¯Ò Î�µ�×�� ×Á �Á×­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� ×­� �ÜÒ× Ò�××µ¯¼© ¯¼Ņ
Ò×��¯µ¯×ì ŁÒ�� ��µÁæ �¼� \��×Į ąĮĆĮăł ń Ì�Î×¯�Üµ�Îµìį ×­� »��­�¼¯Ò»Ò �ì æ­¯�­ ×­� �Î�¨×¯¼© �¼�
×­� ¼Á¼Ņµ¯¼��Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ĄĮăł �Á¼��¼×Î�×� �ÜÒ× �Î� å�Îì Ò¯»¯µ�Î ń ×­� �Î�¨×Ņ
¯¼© ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò ¯¼ ×­� ��Ò�¼�� Á¨ ÎÁ×�×¯Á¼ �¼� ×­ÜÒ Á¨ ×­� Î��¯�µ �ÜÒ× �Î¯¨×Į >¯³� ×­�
�ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì �Ü× ¯¼ �Á¼×Î�Ò× ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ×­� �Î�¨×¯¼© ¯¼Ò×��¯µ¯×ì ��¼
�Á¼��¼×Î�×� å�Îì Ò»�µµ �ÜÒ× �©©Î�©�×�Ò Ò¯¼�� ¯×Ò ©ÎÁæ×­ Î�×� ¯Ò ¯¼��Ì�¼��¼× Á¨ ×­� �ÜÒ× Ò¯ñ� Á¼
Ò»�µµ Ò��µ�ÒĮ 2¼ ¨��×į ×­� ¯¼Ò×��¯µ¯×ì ©ÎÁæÒ ¨�Ò×�Ò× Á¼ Ò»�µµ Ò��µ�Òį �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á ­Ü¼�Î��Ò
×Á »¯µµ¯Á¼Ò Á¨ ³¯µÁ»�×Î�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 0Áæ�å�Îį ¯× ¯Ò ��×¯å� Á¼µì ¯¨ ×­� ¯¼¯×¯�µ �ÜÒ×Ņ
×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á �»ÁÜ¼×Ò ×Á �× µ��Ò× 0.1Į 2× ��¼ ¨ÜÎ×­�Î �� ÒÜÌÌÎ�ÒÒ�� �ì ×­� å¯Ò�ÁÒ¯×ì Á¨
×­� ©�ÒĮ 2¼ µ��ÁÎ�×ÁÎì �ëÌ�Î¯»�¼×Ò ¯¼�µÜ�¯¼© ©�Ò �¼� �ÜÒ× ©Î�¯¼Òį ��Ì�µÁ �× �µĮ ŁăāĂĊł Á�Ò�Îå�
×æÁ �¨¨��×Ò ×­�× �Î� Î�»¯¼¯Ò��¼× Á¨ ×­� �Î�¨×¯¼© ¯¼Ò×��¯µ¯×ì �Ü× �µÒÁ Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĭ
�ÜÒ× ©Î�¯¼Ò �ÌÌÎÁ��­ Á×­�Î ©Î�¯¼Ò ¯¼ ×­�¯Î å¯�¯¼¯×ì ¯¼ ×­� �¯Î��×¯Á¼ Á¨ ×­�¯Î »Á×¯Á¼Į 2¼ ���¯Ņ
×¯Á¼į ©Î�¯¼Ò �Á»ÌÎ¯Ò�� ¯¼ �ÜÒ× Áå�Î��¼Ò¯×¯�Ò »Áå� »ÁÎ� Î�Ì¯�µì ×­ÎÁÜ©­ ×­� ©�Ò ×­�¼ ¯ÒÁµ�×��
©Î�¯¼ÒĮ

0Ü�¼© �× �µĮ Łăāăāł Î�ÌÁÎ× � »�ÒÁŅÒ��µ� ¯¼Ò×��¯µ¯×ì �Î¯Ò¯¼© �× ×­� ��©�Ò Á¨ ×­� �ÜÒ× Î¯¼©Ò Á�Ņ
Ò�Îå�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ŁÒ�� *¯©Į ĂĮĂłĮ a­�ì �Á¼�Ü�× Ò¯»Üµ�×¯Á¼Ò ¯¼ æ­¯�­ Î¯¼©Ò ¨ÁÎ»
Áæ¯¼© ×Á �ÜÒ× Ì¯µ¯¼© ÜÌ ¯¼ ÌÎ�ÒÒÜÎ� �Ü»ÌÒĮ 2¨ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò ¯Ò ¼�©µ��×��į
×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ©�Ò �¼� �ÜÒ× Ò»ÁÁ×­µì ×Î�¼Ò¯×¯Á¼Ò ¨ÎÁ» ÒÜÌ�ÎŅ<�Ìµ�Î¯�¼ �× ×­� ¯¼¼�Î Ò¯��
Á¨ ×­� ÌÎ�ÒÒÜÎ� �Ü»Ìį ¯Į�Į Á¼ ×­� Ò¯�� Á¨ ×­� �Ü»Ì ¨��¯¼© ×­� Ò×�Îį ×Á ÒÜ�Ņ<�Ìµ�Î¯�¼ �× ×­� ÁÜ×�Î
Ò¯��Į ����ÜÒ� Á¨ ×­� �Î�© �ë�Î×�� �ì ×­� �ÜÒ×į ­Áæ�å�Îį ×­� ÁÎ�¯×�µ å�µÁ�¯×ì ��å¯�×�Ò ¨ÎÁ» ×­¯Ò
Ò»ÁÁ×­ ÌÎÁ¨¯µ� ¯¼ ×­�× ¯× ¯Ò �µÁÒ�Î ×Á <�Ìµ�Î¯�¼ æ¯×­¯¼ ×­� �ÜÒ× Î¯¼© ¨ÁÎ»¯¼© �ÎÁÜ¼� ×­� ÌÎ�ÒÒÜÎ�
�Ü»ÌĮ a­� Ò­��Î ��×æ��¼ ×­� ©�Ò æ¯×­¯¼ �¼� ÁÜ×Ò¯�� Á¨ ×­� Î¯¼© ©¯å�Ò Î¯Ò� ×Á ×­� ¯¼Ò×��¯µ¯×ìĮ 2×
¯¼�Ü��Ò ×­� ¨ÁÎ»�×¯Á¼ Á¨ åÁÎ×¯��Ò ¯¼ æ­¯�­ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Á¨ 250 ÿ»ŅÒ¯ñ�� �ÜÒ× �ë����Ò
×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ìĮ 2 ¼Á×� ×­�× ×­¯Ò ¯¼Ò×��¯µ¯×ì ¯Ò Î�»¯¼¯Ò��¼× Á¨ � <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ņ
Ò×��¯µ¯×ìĮ 0Ü�¼© �× �µĮ Łăāăāł ¨¯¼� ×­�× ×­� ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò Á¼ ©Î��×�Î µ�¼©×­ Ò��µ�Ò ×­�¼ ×­�

Ćā



ĄĮĆĮ Ka0�X E��0žF2\E\ *ž�2>2aža2F+ �f\a �KF��FaXža2KF žF�
V>žF�a�\2Ež> *KXEža2KF

Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ ž��¯×¯Á¼�µµìį ×­�ì Ò¯»Üµ�×� ×­� Î��¯�µŅ�ñ¯»Ü×­�µ Ìµ�¼�į æ­¯µ� ×­� µ¯¼��Î
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Á¼µì ©ÎÁæÒ ¯¨ ×­� å�Î×¯��µ �¯»�¼Ò¯Á¼ ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼× ŁÒ�� \��×Į ĄĮĂłĮ

K×­�Î ¯¼Ò×��¯µ¯×¯�Ò ×­�× Î�ÒÜµ× ¨ÎÁ» ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼� �ÜÒ× �¼� ��ÜÒ� �ÜÒ×
�Á¼��¼×Î�×¯Á¼ ¯¼�µÜ�� ×­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì Ł\ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ăāĂĉ�į�ł �¼� ×­� <�µå¯¼Ņ
0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¼�Ü��� �ì ×­� Ò­��Î ��×æ��¼ ×­� ©�Ò ¯¼ ×­� �ÜÒ× »¯�ŅÌµ�¼� µ�ì�Î �¼� ×­�
©�Ò ¯¼ ×­� ��±���¼× µ�ì�ÎÒ Łp�¯��¼Ò�­¯µµ¯¼© ĂĊĉāĹ p�¯��¼Ò�­¯µµ¯¼© �¼� �Üññ¯ ĂĊĊĄłĮ a­�Ò� ¯¼Ņ
Ò×��¯µ¯×¯�Ò �Î� Î�å¯�æ�� ¯¼ ��×�¯µ ¯¼ \��×ÒĮ ąĮĆĮă �¼� ąĮĆĮĄĮ a­� ¨ÁÎ»�Î ¯¼Ò×��¯µ¯×ì ¯Ò ��×¯å� Á¼µì �Ò
µÁ¼© �Ò �ÜÒ× Ò��¯»�¼×Ò �¼� ×­�Î�¨ÁÎ� �Á�Ò ¼Á× µ��� ×Á �Á¼��¼×Î�×¯Á¼ ×­�× ¯Ò ÒÜ¨¨¯�¯�¼×µì Ò×ÎÁ¼©
¨ÁÎ ×­� �ÜÒ× ��¼Ò¯×ì ×Á �ë���� ×­� ©�Ò ��¼Ò¯×ì Ł<Î�ÌÌ �× �µĮ ăāăāłĮ a­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ņ
Ò×��¯µ¯×ìį Á¼ ×­� Á×­�Î ­�¼�į ¯¼�Ü��Ò �ÜÒ× Áå�Î��¼Ò¯×¯�Ò ¯¼ �ë��ÒÒ Á¨ ×­� XÁ�­� ��¼Ò¯×ì ¯¨ ×­�
�ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò ©Î��×�Î ×­�¼ ×­� Á¼� ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» �ì � ¨��×ÁÎ
Á¨ � ¨�æ ÁÎ � ¨�æ ×�¼ Ł\�³¯ì� ĂĊĊĉĹ vÁÜ�¯¼ �¼� \­Ü ăāāăĹ �­¯�¼© ăāāĉłĮ 0Áæ�å�Îį ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì �Á»¯¼�×�Ò Áå�Î ×­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î
Á¨ 0.01 ÁÎ ©Î��×�Î ¯Ò ÌÎ�Ò�¼× Ł��¯ �¼� \×Á¼� ăāĂā�łĮ
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4
2¼Ò×��¯µ¯×¯�Ò �¼� ×ÜÎ�Üµ�¼��

2¼ ×­� ÌÎ�å¯ÁÜÒ �­�Ì×�Îį 2 ��×�¯µ ­Áæ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î¯Ò�Ò �¼� ­Áæ ¯× �Á¼��¼×Î�×�Ò
�ÜÒ× ¯¼ ¨¯µ�»�¼×Òį ×­ÜÒ ¯¼�Ü�¯¼© Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į 2¼ ×­¯Ò �­�Ì×�Îį »ÁÎ� ÒÌ��¯¨¯��µµì ¯¼
\��×Į ąĮĆĮĂį ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò �Á¼Ò¯��Î�� �Ò � ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼��į æ­¯�­ ¯Ò ¯×Ò ¨Ü¼Ņ
��»�¼×�µ ¼�×ÜÎ� �Ò �¼ ¯¼Ò×��¯µ¯×ìĮ 2¼ ���¯×¯Á¼ ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį 2 �¯Ò�ÜÒÒ � ¼Ü»��Î
Á¨ ¯¼Ò×��¯µ¯×¯�Ò ×­�× �Î¯å� ×ÜÎ�Üµ�¼�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �¼� ­�å� ���¼ Ò×Ü�¯�� ¯¼ �Á¼¼��Ņ
×¯Á¼ æ¯×­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ a­� Ò×Î�¼©×­ Á¨ ×­� ©�Ò ×ÜÎ�Üµ�¼�� ¯¼ ×­� �¯Ò³ »¯�ŅÌµ�¼�
�¼� ×­� �ÜÒ× Ò��µ� ­�¯©­× ×­�× ×­�Ò� ¯¼Ò×��¯µ¯×¯�Ò ¯¼�Ü�� �Î� ÒÜ»»�Î¯Ò�� ¯¼ a��µ� ąĮĂĮ 2 ��©¯¼
�ì Î�å¯�æ¯¼© Á�Ò�Îå�×¯Á¼�µ �Á¼Ò×Î�¯¼×Ò Á¼ �¯Ò³ ×ÜÎ�Üµ�¼��Į

�¾� KũźŬŹŽŨŻŰŶŵź

2× ¯Ò �­�µµ�¼©¯¼© ×Á Á�Ò�Îå�×¯Á¼�µµì Á�×�¯¼ ×­� Ò×Î�¼©×­ Á¨ ×­� ×ÜÎ�Üµ�¼�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò Ò¯¼�� ×­� ×ÜÎ�Üµ�¼× »Á×¯Á¼Ò �Î� Á�Ò�ÜÎ�� �ì ¨�Ò×�Î ÁÎ�¯×�µ �¼� ×­�Î»�µ »Á×¯Á¼Òį ¯Į�Į ×­�
×ÜÎ�Üµ�¼�� ¯Ò ÒÜ�ÒÁ¼¯� Ł*µ�­�Î×ì �× �µĮ ăāĂĉłĮ X���¼×µìį ­¯©­ŅÎ�ÒÁµÜ×¯Á¼ Á�Ò�Îå�×¯Á¼Òį �ÒÌ��¯�µµì
æ¯×­ ž>Ežį ­�å� ì¯�µ��� � ¼Ü»��Î Á¨ �Á¼Ò×Î�¯¼×Ò Á¼ ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­Į a­�Ò� »ÁÒ×µì Ò×�»
¨ÎÁ» �¯×­�Î ×­� �ÎÁ���¼¯¼© Á¨ »Áµ��Üµ�Î �»¯ÒÒ¯Á¼ µ¯¼�Ò ÁÎ ¨ÎÁ» ×­� �ÜÒ× Ò��µ� ­�¯©­×Į

>¯¼� �ÎÁ���¼¯¼© ­�Ò ���¼ Ò×Ü�¯�� �× ŁÒÜ�Ņł»¯µµ¯»�×Î�Ņæ�å�µ�¼©×­Ò ¯¼ ×­� �¯Ò³Ò �ÎÁÜ¼� ap
0ì�Î�� Ł0Ü©­�Ò �× �µĮ ăāĂĂĹ a��©Ü� �× �µĮ ăāĂćį ăāĂĉĹ *µ�­�Î×ì �× �µĮ ăāĂĉłį 0� ĂćĄăĊć Ł0Ü©­�Ò
�× �µĮ ăāĂĂĹ *µ�­�Î×ì �× �µĮ ăāĂĆį ăāĂĈłį �E a�ÜÎ¯ Ł+Ü¯µµÁ×��Ü �× �µĮ ăāĂăĹ *µ�­�Î×ì �× �µĮ ăāăāłį
Ep� ąĉā Ł*µ�­�Î×ì �× �µĮ ăāăāłį �¼� oąāąć \�©¯××�Î¯¯ Ł*µ�­�Î×ì �× �µĮ ăāăāłĮ fÌÌ�Î µ¯»¯×Ò Á¨ ×­�
E��­ ¼Ü»��Î Á¨ ×­� ×ÜÎ�Üµ�¼× ©�Ò »Á×¯Á¼Ò Á¨ !0.1 �Î� Á�Ò�Îå�� ¯¼ ×­� ÁÜ×�Î Î�©¯Á¼Ò Ł�× �¯ÒŅ
×�¼��Ò ¨ÎÁ» ×­� Ò×�Î ©Î��×�Î ×­�¼ 10 �Üł Á¨ �µµ Á¨ ×­�Ò� �¯Ò³Ò æ¯×­ ×­� �ë��Ì×¯Á¼ Á¨ �E a�ÜÎ¯Į 2¼
×­¯Ò �¯Ò³į +Ü¯µµÁ×��Ü �× �µĮ ŁăāĂăł �¼� *µ�­�Î×ì �× �µĮ Łăāăāłį Î�ÒÌ��×¯å�µìį ¯¼¨�Î E��­ ¼Ü»��ÎÒ
Á¨ 0.4ń0.5 �¼� 0.25ń0.33Į *µ�­�Î×ì �× �µĮ Łăāăāł ¨¯¼� ¼Á ¯¼�¯��×¯Á¼Ò Á¨ �¯×­�Î ©Î�å¯×�×¯Á¼�µ ŁÒ��
\��×Į ąĮăł ÁÎ »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ąĮĄł ��¯¼© ×­� ÒÁÜÎ�� Á¨ ×­� Ò×ÎÁ¼©�Î ×ÜÎŅ
�Üµ�¼�� ¯¼ ×­� �¯Ò³ �ÎÁÜ¼� �E a�ÜÎ¯ �Ò ¯× ¯Ò ¼�¯×­�Î ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� ¼ÁÎ »ÁÎ� Ò×ÎÁ¼©µì
¯Á¼¯Ò�� �ì ¨�ÎŅÜµ×Î�å¯Áµ�× �¼� uŅÎ�ì Î��¯�×¯Á¼ ×­�¼ Ep�ąĉā �¼� oąāąć \�©¯××�Î¯¯ ŁÒ�� �µÒÁ \¯Ņ
»Á¼ �× �µĮ ăāĂĉ�łĮ 2¼¨Î�Î�� Á�Ò�Îå�×¯Á¼Ò ¯¼�¯��×� ×­� ÌÎ�Ò�¼�� Á¨ ×Î�¼ÒÁ¼¯� ×ÜÎ�Üµ�¼�� ¯¼ ×­�
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¯¼¼�Î»ÁÒ× Î�©¯Á¼Ò Łæ¯×­¯¼ � ¨Î��×¯Á¼ Á¨ �¼ �Ò×ÎÁ¼Á»¯��µ Ü¼¯×ł Á¨ ÒÁ»� �¯Ò³Ò Ł��ÎÎ �× �µĮ ăāāąĹ
F�±¯×� �× �µĮ ăāāĊĹ �ÁÌÌ»�¼¼ �× �µĮ ăāĂĂłĮ

a­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ ��¼ �� ��Î¯å�� ¨ÎÁ» ×­� Á�Ò�Îå�� å�Î×¯��µ �ÜÒ× Ò��µ� ­�¯©­× ����ÜÒ�
×­� µ�××�Î ¯Ò ��×�Î»¯¼�� �ì Ò��¯»�¼×�×¯Á¼ Áæ¯¼© ×Á ×­� Ò×�µµ�Î ©Î�å¯×ì �¼� ×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼
�××�¯¼¯¼© � ��µ�¼��Į 2¼ ×­� ¨ÁµµÁæ¯¼©į 2 ��Î¯å� �¼ �Ò×¯»�×� Á¨ ×­� �ÜÒ× Ò��µ� ­�¯©­× �ì �ÍÜ�×¯¼©
×­� Ò�××µ¯¼© �¼� ×­� �¯¨¨ÜÒ¯Á¼ ×¯»� Ò��µ� Ł�Į©Įį žÎ»¯×�©� ăāĂāĹ �¯Î¼Ò×¯�µ �× �µĮ ăāĂćłĂĮ 2 �Á¼Ò¯��Î
Á¼µì �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î »Ü�­ Ò»�µµ�Î ×­�¼ Ü¼¯×ìį ¯Į�Į �ÜÒ× ×­�× ¯Ò ×¯©­×µì �ÁÜÌµ�� ×Á ×­�
©�Ò Ò¯¼�� ¯×Ò Ò×ÁÌÌ¯¼© ×¯»� ¯Ò »Ü�­ µ�ÒÒ ×­�¼ ×­� �ì¼�»¯��µ ×¯»� Ò��µ� 1/ΩKĮ a­ÜÒį ¯× Î���­�Ò
×­� ×�Î»¯¼�µ å�µÁ�¯×ì æ¯×­ æ­¯�­ ¯× Ò�××µ�Ò ×Á ×­� »¯�ŅÌµ�¼� ¯¼Ò×�¼×�¼�ÁÜÒµìĮ 2 ¨ÜÎ×­�Î �ÒÒÜ»�
� å�Î×¯��µ ­ì�ÎÁÒ×�×¯� �ÍÜ¯µ¯�Î¯Ü» Á¨ ×­� ©�Òį ×­�× ¯Ò ×Á Ò�ì ×­�Î� �Î� ¼Á ÒìÒ×�»�×¯� å�Î×¯��µ ©�Ò
»Á×¯Á¼ÒĮ Ła­¯Ò �Á�Ò ¼Á× �ë�µÜ�� Î�¼�Á» ×ÜÎ�Üµ�¼× »Á×¯Á¼ÒĮł

f¼��Î ×­�Ò� �Á¼�¯×¯Á¼Òį ×­� ©Î�å¯×�×¯Á¼�µ ����µ�Î�×¯Á¼ ×Áæ�Î�Ò ×­� »¯�ŅÌµ�¼�į −Ω2
Kzį �¼�

×­� ����µ�Î�×¯Á¼ ×­�× ¯Ò ¯¼�Ü��� �ì ×­� �Î�© �ë�Î×�� �ì ×­� ©�Òį vd,z/td,stopį ��¼ �� �ÍÜ�×�� ×Á
Á�×�¯¼ ×­� Ò�××µ¯¼© å�µÁ�¯×ì Á¨ ×­� �ÜÒ×

vd,z = −Ω2
Kztd,stop = −ΩKStz. ŁąĮĂł

a­� Ò�××µ¯¼© ×¯»� Ò��µ�į ¯Į�Į ×­� ×¯»� Ò��µ� Áå�Î æ­¯�­ �ÜÒ× Ò�××µ�Ò ¨ÎÁ» ×­� ­�¯©­× z ×Á ×­� »¯�Ņ
Ìµ�¼�į �»ÁÜ¼×Ò ×Á

τd,sett =
z

|vd,z|
=

1

ΩKSt
. ŁąĮăł

a­� ×¯»� Ò��µ� Á¨ ×­� ×ÜÎ�Üµ�¼× �ÜÒ× �¯¨¨ÜÒ¯Á¼ ��¼ �� �ëÌÎ�ÒÒ�� �Ò τd,diff ∼ z2/νd,turbĮ žÒÒÜ»Ņ
¯¼© ×­¯Ò Ò¯»¯µ�Î¯×ì ×Á �� �¼ �ÍÜ�µ¯×ì �¼� ×­� ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì Á¨ ×­� �ÜÒ× ×Á �� Ò¯»¯µ�Î ×Á ×­�×
Á¨ ×­� ©�Ò ©¯å�¼ ¯¼ �ÍĮ ăĮĉ ì¯�µ�Ò

τd,diff =
z2

M2
g,zcsHg

. ŁąĮĄł

\��¯»�¼×�×¯Á¼ �¼� �¯¨¨ÜÒ¯Á¼ �××�¯¼ �¼ �ÍÜ¯µ¯�Î¯Ü» �× ×­� ­�¯©­× �× æ­¯�­ ×­�Ò� ×æÁ ×¯»�
Ò��µ�Ò �Î� �ÍÜ�µĮ a­¯Ò ­�¯©­×į ×­� �ÜÒ× Ò��µ� ­�¯©­×į ��¼ ×­ÜÒ �� �Ò×¯»�×�� �Ò

Hd =

√
M2

g,zcsHg

ΩKSt
=

√
M2

g,z

St
Hg, ŁąĮął

æ­�Î� 2 Á�×�¯¼ ×­� Ò��Á¼� �ÍÜ�µ¯×ì �ì ÜÒ¯¼© ×­�× Hg = cs/ΩK ¯¼ ×­� ×­¯¼Ņ�¯Ò³ �ÌÌÎÁë¯»�×¯Á¼į
¯Į�Į Ü¼��Î ×­� �ÒÒÜ»Ì×¯Á¼ ×­�× ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�Î ¯Ò »Ü�­ ©Î��×�Î ×­�¼ ×­� ­�¯©­×Į 2
¼Á×� ×­�× ×­� »ÁÎ� ÒÁÌ­¯Ò×¯��×�� ��Î¯å�×¯Á¼Ò �ì �Ü�ÎÜµµ� �× �µĮ ŁĂĊĊĆł �¼� ��Î��µµ¯�Á �× �µĮ Łăāāćł
ì¯�µ� ×­� Ò�»� �ÍÜ�×¯Á¼į æ¯×­ ×­� ¨ÁÎ»�Î �Ü×­ÁÎÒ �Á¼Ò¯��Î¯¼© ×¯©­× �ÁÜÌµ¯¼© ��×æ��¼ ©�Ò �¼�
�ÜÒ× �Ò 2 �Áį �Ü× ×­� µ�××�Î �Ü×­ÁÎÒ µÁÁÒ� �ÁÜÌµ¯¼©Į a­¯Ò ¯Ò ��ÒÌ¯×� µÁÁÒ�µì �ÁÜÌµ�� �ÜÒ× ¼Á×
�××�¯¼¯¼© ¯×Ò ×�Î»¯¼�µ å�µÁ�¯×ì ��¨ÁÎ� Î���­¯¼© ×­� »¯�ŅÌµ�¼�į �¼� ×­�Î�¨ÁÎ� ÁÒ�¯µµ�×¯¼© �ÎÁÜ¼�
×­¯Ò Ìµ�¼�Į a­�Ò� ÁÒ�¯µµ�×¯Á¼Ò �Î� �ë�¯×�� �ì ×ÜÎ�Üµ�¼�� �¼� ��»Ì�� �ì ×­� �Î�© �ë�Î×�� �ì ×­�
©�ÒĮ vÁÜ�¯¼ �¼� >¯×­æ¯�³ ŁăāāĈł ÌÎÁÌÁÒ�

Hd =

√
M2

g,z

M2
g,z + St

Hg ŁąĮĆł

Ăa­� Î�×¯Á Á¨ �¯¨¨ÜÒ¯Á¼ ×Á Ò�××µ¯¼© ×¯»� Ò��µ� ¯Ò Î�¨�ÎÎ�� ×Á �Ò V��µ�× ¼Ü»��ÎĮ
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×Á ���ÁÜ¼× ¨ÁÎ ×­� ¨��× ×­�× ×­� ©�Ò Ò��µ� ­�¯©­× ¯Ò �¼ ÜÌÌ�Î µ¯»¯× Á¨ ×­� �ÜÒ× Ò��µ� ­�¯©­×Į a­�
×æÁ Ò��µ� ­�¯©­×Ò �Î� �Á»Ì�Î��µ� ¯¨ St * M2

g,z Į K×­�Îæ¯Ò�į Ò×ÎÁ¼©�Î Ò��¯»�¼×�×¯Á¼ µ���Ò ×Á
×­� �ÜÒ× ¨ÁÎ»¯¼© � å�Î×¯��µµì Ò»�µµ�Î »¯�ŅÌµ�¼� µ�ì�ÎĮ *ÎÁ» *¯©ÜÎ� ĂĮĂį ¯× ��¼ �� Ò��¼ ×­�× ×­�
�ÜÒ× Ò��µ� ­�¯©­× ¯¼ ×­� �¯Ò³ ÒÜÎÎÁÜ¼�¯¼© 2E >ÜÌ¯ ¯¼�Î��Ò�Ò æ¯×­ ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�ÎĮ

EÜµ��ÎÒ �¼� �Á»¯¼¯³ ŁăāĂăł �»ÌµÁì � Î��¯�×¯å� ×Î�¼Ò¨�Î �Á�� ¯¼�µÜ�¯¼© �ÜÒ× Ò�××µ¯¼© �¼�
×ÜÎ�Üµ�¼× �¯¨¨ÜÒ¯Á¼ ×Á »Á��µ ×­� ÒÌ��×Î�µ �¼�Î©ì �¯Ò×Î¯�Ü×¯Á¼Ò Á¨ Ò�»Ìµ�Ò Á¨ 0�Î�¯© ž�ĺ�� Ò×�ÎÒį
a a�ÜÎ¯ Ò×�ÎÒăį �¼� �ÎÁæ¼ �æ�Î¨ÒĮ a­�ì Á�×�¯¼ � ×ÜÎ�Üµ�¼× αŅÌ�Î�»�×�Î ŁÒ�� \��×Į ăĮăĹ \­�³ÜÎ�
�¼� \Ü¼ì��å ĂĊĈĄł Á¨ 10−4į �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á � E��­ ¼Ü»��Î Mg,z =

√
α Á¨ 0.01į ¨ÁÎ � ×ìÌ¯��µ

�ÜÒ× Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Î�¼©¯¼© ¨ÎÁ» ÒÜ�Ņ»¯�ÎÁ¼Ò ×Á »¯µµ¯»�×Î�Ò �¼� ×­� ��¼Á¼¯��µ �ÜÒ×Ņ×ÁŅ©�Ò
��¼Ò¯×ì Î�×¯Á ¯¼ ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» Á¨ 1%Į a­¯Ò ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ �Á�Ò ¼Á× å�Îì æ¯×­ ×­�
Ò×�µµ�Î ×ìÌ�Į

\¯»¯µ�Î ×Á EÜµ��ÎÒ �¼� �Á»¯¼¯³ ŁăāĂăłį V¯¼×� �× �µĮ ŁăāĂćł �¼� K­�Ò­¯ �¼� <�×�Á³� ŁăāĂĊł
�ÌÌµì Î��¯�×¯å� ×Î�¼Ò¨�Î »Á��µµ¯¼© ×Á ¨¯× ÒÌ�×¯�µµì Î�ÒÁµå�� ž>Ež Á�Ò�Îå�×¯Á¼Ò Á¨ ×­� Î¯¼©Ņ�¼�Ņ
©�Ì Ò×ÎÜ�×ÜÎ� ¯¼ ×­� �¯Ò³Ò ÒÜÎÎÁÜ¼�¯¼© 0> a�ÜÎ¯ ŁÒ�� *¯©Į ĂĮĂł �¼� 0�ĂćĄăĊćį Î�ÒÌ��×¯å�µìĮ V¯¼×�
�× �µĮ ŁăāĂćłį æ­Á ÌÎ�ÒÜÌÌÁÒ� � �ÜÒ× Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼į ¯¼¨�Î � Ò��µ� ­�¯©­× Á¨ »¯µµ¯»�×Î�ŅÒ¯ñ��
�ÜÒ× Á¨ ∼1 �Ü �× � Î��¯�µ �¯Ò×�¼�� Á¨ 100 �Ü ¯¼ ×­� ¨ÁÎ»�Î �¯Ò³į æ­¯�­ ¯Ò �ÍÜ¯å�µ�¼× ×Á ∼10% Á¨
×­� ©�Ò Ò��µ� ­�¯©­×Į a­¯Ò Ò��µ� ­�¯©­× ì¯�µ�Ò �¼ αŅå�µÜ� Á¨ ×­� ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì Á¨ 3 × 10−4

ÁÎ Mg,z = 0.017Į
K­�Ò­¯ �¼� <�×�Á³� ŁăāĂĊłį Á¼ ×­� Á×­�Î ­�¼�į ��Î¯å� �Á×­ ×­� �ÜÒ× Ò¯ñ� �¼� ×­� Ò��µ� ­�¯©­×

¨ÎÁ» ×­� ÌÁµ�Î¯Ò�×¯Á¼ Á¨ ×­� �ÜÒ× �»¯ÒÒ¯Á¼Į a­�ì ¨¯¼� � �ÜÒ× Ò��µ� ­�¯©­× Á¨ �× »ÁÒ× Á¼� ×­¯Î�
�¼� Á¨ ×æÁ ×­¯Î�Òį Î�ÒÌ��×¯å�µìį Á¨ ×­� ©�Ò Ò��µ� ­�¯©­× ¯¼Ò¯�� �¼� ÁÜ×Ò¯�� Á¨ ×­� Î¯¼© µÁ��×��
�× � Î��¯ÜÒ Á¨ 70 �Ü ¯¼ ×­� �¯Ò³ �ÎÁÜ¼� 0�ĂćĄăĊćĮ *ÜÎ×­�Î»ÁÎ�į ×­�ì �Ò×¯»�×� � ×ÜÎ�Üµ�¼× αŅ
å�µÜ� Á¨ !1.5× 10−3 ŁMg,z ! 0.039ł ¯¼ ×­� ©�Ì �× r = 50 �Ü �¼� � ©Î��×�Î å�µÜ� Á¨ 0.015ń0.3
ŁMg,z = 0.12ń0.55ł ¯¼ ×­� ©�Ì �× r = 90 �ÜĮ 0Áæ�å�Îį ×­� µ�××�Î Ò¯©¼¯¨¯��¼×µì �ë����Ò ×­� ÜÌŅ
Ì�Î µ¯»¯× Á¨ ×­� E��­ ¼Ü»��Î Á¨ !0.06 �× r " 30 �Ü ×­�× *µ�­�Î×ì �× �µĮ ŁăāĂĆį ăāĂĈł Á�×�¯¼ ¨ÎÁ»
µ¯¼� �ÎÁ���¼¯¼© Á�Ò�Îå�×¯Á¼Ò Á¨ ×­¯Ò �¯Ò³Į

žÒÒÜ»¯¼© ×­�× ×­� ©�ÌÒ ¯¼ ×­� 0�ĂćĄăĊć �¯Ò³ �Î� ��ÜÒ�� �ì Ìµ�¼�×Òį >¯Ü �× �µĮ ŁăāĂĉł Ì�Î¨ÁÎ»
Ò¯»Üµ�×¯Á¼Ò ×Á Î�ÌÎÁ�Ü�� ž>Ež Á�Ò�Îå�×¯Á¼Ò Á¨ �Á×­ ©�Ò �¼� �ÜÒ× ¯¼ ×­� �¯Ò³Į >¯³� K­�Ò­¯
�¼� <�×�Á³� ŁăāĂĊłį ×­�ì ¨¯¼� � Î��¯�µµì ¯¼�Î��Ò¯¼© ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ìį æ¯×­ αŅå�µÜ�Ò Î�¼©¯¼©
¨ÎÁ» ∼5× 10−5 ŁMg ≈ 0.007ł ¯¼ ×­� ©�Ì �× � Î��¯ÜÒ Á¨ 60 �Ü ×Á ∼7.5× 10−3 ŁMg ≈ 0.09ł �×
Î��¯¯ ©Î��×�Î ×­�¼ 300 �ÜĮ 2 ¼Á×� ×­�×į æ­¯µ� ×­� ¨ÁÎ»�Î ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­
×­� ÜÌÌ�Î µ¯»¯×Ò ¯¼¨�ÎÎ�� ¯¼ ×­� Ò×Ü�¯�Ò �ì *µ�­�Î×ì �× �µĮ ŁăāĂĆį ăāĂĈł �¼� K­�Ò­¯ �¼� <�×�Á³�
ŁăāĂĊłį ×­� µ�××�Î ¯Ò ¯¼ �Á¼×Î�Ò× æ¯×­ �Á×­ Ò×Ü�¯�ÒĮ

aÁ ¯¼å�Ò×¯©�×� æ­�×­�Î ×­� Á�Ò�Îå�� Î¯¼©Ò ¯¼ ×­�Ò� �¯Ò³Ò �Î� ×­� Î�ÒÜµ× Á¨ �ÜÒ× �Á¼��¼×Î�×¯Á¼
¯¼ ©�Ò ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ŁÒ�� \��×Į ĄĮĆłį �Üµµ�»Á¼� �× �µĮ ŁăāĂĉł �Á»Ì�Î� �\0žXV Á�Ò�Îå�×¯Á¼Ò
Á¨ ¨¯å� �¯Ò³Ò æ¯×­ Ò¯»Üµ�×¯Á¼ ��×�Į *ÎÁ» ×­� »��ÒÜÎ�� æ¯�×­ Á¨ ×­� Î¯¼©Òį ×­�ì ��Î¯å� µÁæ�Î
µ¯»¯×Ò Á¨ ×­� αŅå�µÜ� Á¨ ×­� Î��¯�µ ©�Ò »Á×¯Á¼Ò ��×æ��¼ 10−4 �¼� 2 × 10−3 ŁE��­ ¼Ü»��ÎÒ
��×æ��¼ 0.01 �¼� 0.045ł ¨ÁÎ � �ÜÒ× Ò¯ñ� Á¨ 200 ÿ»į æ¯×­ ×­�Ò� µÁæ�Î µ¯»¯×Ò ��¯¼© ÌÎÁÌÁÎ×¯Á¼�µ
×Á ×­� �ÜÒ× Ò¯ñ�Į

ă0�Î�¯© ž�ĺ�� Ò×�ÎÒ �Î� ÌÎ�Ņ»�¯¼ Ò�ÍÜ�¼�� Ò×�ÎÒ Á¨ ÒÌ��×Î�µ ×ìÌ�Ò � �¼� žį æ­¯µ� a a�ÜÎ¯ Ò×�ÎÒ �Î� ×­ÁÒ� Á¨ ×ìÌ�Ò
*į +į <į �¼� EĮ
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�¾� +ŹŨŽŰŻŨŻŰŶŵŨų ŰŵźŻŨũŰųŰŻƀ

ž ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³į ÁÎ »ÁÎ� ©�¼�Î�µµì �¼ì ÎÁ×�×¯¼© ©�Ò�ÁÜÒ �¯Ò³į ¯Ò ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ�
¯¨ ¯×Ò Ò�µ¨Ņ©Î�å¯×ì Áå�Î�Á»�Ò ÎÁ×�×¯Á¼ �¼� ×­�Î»�µ ÌÎ�ÒÒÜÎ� ×­�× ��× ×Á Ò×��¯µ¯Ò� ¯× Ł\�¨ÎÁ¼Áå
ĂĊćāĹ aÁÁ»Î� ĂĊćąłĮ a­¯Ò �Á¼�¯×¯Á¼ ��¼ �� �ëÌÎ�ÒÒ�� ¯¼ ×�Î»Ò Á¨ ×­� �¯»�¼Ò¯Á¼µ�ÒÒ aÁÁ»Î� QŅ
Ì�Î�»�×�Îį æ­¯�­ ¯Ò ©¯å�¼ �ì

Q =
csκ

πGΣg
, ŁąĮćł

æ­�Î�Σg ¯Ò ×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì �¼� ×­� �Ì¯�ì�µ¯� ¨Î�ÍÜ�¼�ìκ = ΩK ¯¼ � �¯Ò³ æ¯×­ <�Ìµ�Î¯�¼
ÎÁ×�×¯Á¼Ą Ł�Į©Įį žÎ»¯×�©� ăāĂāĹ <Î�××�Î �¼� >Á��×Á ăāĂćłĮ p­¯µ� ×­� ÒÁÜ¼� ÒÌ��� �¼� ×­� �Ì¯Ņ
�ì�µ¯� ¨Î�ÍÜ�¼�ì ¯¼ ×­� ¼Ü»�Î�×ÁÎ ÍÜ�¼×¯¨ì ×­� Ò×��¯µ¯Ò¯¼© �¨¨��×Ò Á¨ ×­�Î»�µ ÌÎ�ÒÒÜÎ� �¼� ÎÁ×�Ņ
×¯Á¼į Î�ÒÌ��×¯å�µìį ×­� ��Ò×��¯µ¯Ò¯¼© Ò�µ¨Ņ©Î�å¯×ì ¯Ò Î�¨µ��×�� ¯¼ GΣg ¯¼ ×­� ��¼Á»¯¼�×ÁÎĮ �¯Ò³Ò
æ¯×­ Q < 1 �Î� Ü¼Ò×��µ� ×Á µ¯¼��Î �ë¯Òì»»�×Î¯� Ì�Î×ÜÎ��×¯Á¼Ò ×­�× ��ÜÒ� ×­� ¨ÁÎ»�×¯Á¼ Á¨
�ë¯Òì»»�×Î¯� Î¯¼©ÒĮ FÁ¼Ņ�ë¯Òì»»�×Î¯� µ¯¼��Î ¯¼Ò×��¯µ¯×ìį æ­¯�­ ¯¼�Ü��Ò ÒÌ¯Î�µ �Î»Òį ��¼ �µÒÁ
Á��ÜÎ ¨ÁÎ Q " 1Į EÁÎ� ©�¼�Î�µµìį ×­� �Î¯×¯��µ å�µÜ� Á¨ Q �¯¨¨�ÎÒ ¨ÎÁ» Á¼� �Ü× Î�»�¯¼Ò Á¨ ÁÎ��Î
Ü¼¯×ì ¯¨į ¨ÁÎ ¯¼Ò×�¼��į �¯¨¨�Î�¼×¯�µµì ¯¼Ò×��� Á¨ Ü¼¯¨ÁÎ»µì ÎÁ×�×¯¼© �¯Ò³Ò ÁÎ �¯Ò³Ò æ¯×­ � ¨¯¼¯×�
å�Î×¯��µ �ë×�¼× Î�×­�Î ×­�¼ Î�ñÁÎŅ×­¯¼ �¯Ò³Ò �Î� �Á¼Ò¯��Î��Į a­� ¯¼Ò×��¯µ¯×ì µ���Ò ×Á ¨Î�©»�¼×�Ņ
×¯Á¼ ¯¨ ×­� ©�Ò �ÁÁµ¯¼© ×¯»� Ò��µ� ¯Ò ÒÜ¨¨¯�¯�¼×µì Ò­ÁÎ×į �¼� Á×­�Îæ¯Ò� Ò�×ÜÎ�×�Ò ¯¼ � ¼Á¼Ņµ¯¼��Î
Ò×�×� Á¨ ©Î�å¯×Á×ÜÎ�Üµ�¼��ą Ł�Į©Įį <Î�××�Î �¼� >Á��×Á ăāĂćłĮ

+Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Î�ÍÜ¯Î�Ò � �¯Ò³ »�ÒÒ Á¨ �× µ��Ò× ∼10% Á¨ ×­� »�ÒÒ Á¨ ×­� ��¼×Î�µ
Ò×�Î Ł<Î�××�Î �¼� >Á��×Á ăāĂćłĮ a­�Î�¨ÁÎ�į � �¯Ò³ ¯Ò »ÁÎ� µ¯³�µì ×Á �� Ü¼Ò×��µ� �× �¼ ��Îµì Ò×�©�
æ­�¼ ¯× �¼� ×­� Ò×�Î ¯× ÒÜÎÎÁÜ¼�Ò �Î� Ò×¯µµ ���Î�×¯¼© ¨ÎÁ» �¼ �¼å�µÁÌ�Į ž»Á¼© � Ò�»Ìµ� Á¨ »ÁÎ�
×­�¼ � ­Ü¼�Î�� �µ�ÒÒ 22 v\KÒį æ­¯�­ �Î� �ÒÒÁ�¯�×�� æ¯×­ �¯Ò³Ò ×­�× �Î� ¼Á µÁ¼©�Î �»������ ¯¼
�¼ �¼å�µÁÌ� �Ò 2 Ò×Ü�ì ¯¼ ×­¯Ò ×­�Ò¯Òį ž¼�Î�æÒ �× �µĮ ŁăāĂĄł ¨¯¼� ×­�× Á¼µì å�Îì ¨�æ �ë���� ×­�
×­Î�Ò­Áµ� �¯Ò³Ņ×ÁŅÒ×�Î »�ÒÒ Î�×¯Á ¼���ÒÒ�Îì ¨ÁÎ ¯¼Ò×��¯µ¯×ìĮ \Ì¯Î�µ �Î»Ò ­�å� ���¼ Á�Ò�Îå�� ¯¼
� ¼Ü»��Î Á¨ �¯Ò³Ò �ÎÁÜ¼� �µ�ÒÒ 22 Ò×�ÎÒ ŁV�Î�ñ �× �µĮ ăāĂćĹ 0Ü�¼© �× �µĮ ăāĂĉłĮ 0Áæ�å�Îį ×­�Ò�
ÒÌ¯Î�µ �Î»Ò ��¼ ¼Á× Á¼µì �� ��ÜÒ�� �ì ©Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ìį �Ü× �µÒÁ �ì Ìµ�¼�×�Îì ÁÎ Ò×�µµ�Î
�Á»Ì�¼¯Á¼ÒĮ

X¯ÁµÒ �× �µĮ Łăāăā�ł Ì�Î¨ÁÎ» Ò¯»Üµ�×¯Á¼Ò Á¨ ©Î�å¯×Á×ÜÎ�Üµ�¼× ©�Ò �¼� �ÜÒ× æ¯×­ \×Á³�Ò ¼Ü»Ņ
��ÎÒ Î�¼©¯¼© ¨ÎÁ» 0.0016 ×Á 0.16Į a­� Ò×Î�¼©×­ Á¨ ×­� ©�Ò ×ÜÎ�Üµ�¼�� ¯¼ ×­�¯Î Ò¯»Üµ�×¯Á¼Ò ¯Ò
��Ì¯�×�� ¯¼ *¯© ąĮĂĮ a­� ×ÜÎ�Üµ�¼�� ¯Ò �¼¯ÒÁ×ÎÁÌ¯�ĭ a­� E��­ ¼Ü»��Î Á¨ ×­� å�Î×¯��µ »Á×¯Á¼Ò
�»ÁÜ¼×Ò ×Á∼0.01 ¯¼ ×­� »¯�ŅÌµ�¼� �¼� ×Á∼0.1 �× ­�¯©­×Ò Á¨ Á¼� ©�Ò Ò��µ� ­�¯©­× ��Áå� �¼� ��Ņ
µÁæ ×­¯Ò Ìµ�¼�į æ­¯µ� ×­� Î��¯�µ E��­ ¼Ü»��Î Î�¼©�Ò ��×æ��¼ 0.1 �¼� 1 �× �µµ ­�¯©­×Ò ŁÒ�� �µÒÁ
\­¯ �× �µĮ ăāĂćłĮ a­¯Ò ×ÜÎ�Üµ�¼�� �µ�å�×�Ò �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.01 �¼� 0.1 ×Á � Ò��µ�
­�¯©­× Á¨ ∼70% �¼� ∼30%į Î�ÒÌ��×¯å�µìį Á¨ ×­� ©�Ò Ò��µ� ­�¯©­×Į 0Áæ�å�Îį X¯ÁµÒ �× �µĮ Łăāăā�ł
¨¯¼� �Á×­ ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ �¼� ×­� �ÜÒ× Ò��µ� ­�¯©­× ×Á ¯¼�Î��Ò� æ¯×­ ×­� Î�ÒÁµÜ×¯Á¼Į

Ą+�¼�Î�µµìį ×­� ÒÍÜ�Î� Á¨ ×­� �Ì¯�ì�µ¯� ¨Î�ÍÜ�¼�ì ¯Ò ©¯å�¼ �ì

κ2 =
2Ω
r

d(Ωr2)
dr

. ŁąĮĈł

2¼ � <�Ìµ�Î¯�¼ �¯Ò³į ΩK ∝ r−3/2 ŁÒ�� �µÒÁ �ÍĮ ăĮăął �¼� ×­ÜÒ κ2 = Ω2
KĮ

ą2× ¯Ò ����×�� æ­�×­�Î ©Î�å¯×Á×ÜÎ�Üµ�¼�� ¯¼åÁµå�Ò �¼ �¼�Î©ì ��Ò���� Áå�Î � Î�¼©� Á¨ µ�¼©×­ Ò��µ�Ò ×­�× ¯Ò �­�ÎŅ
��×�Î¯Ò×¯� Á¨ ×ÜÎ�Üµ�¼�� Ł<Î�××�Î �¼� >Á��×Á ăāĂćłĮ

Ćć
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'JHVSF ���� 'JHVSF BEPQUFE GSPN 3JPMT FU BM� 	����C
 UIFJS 'JH� �
� 3BEJBM 	CMVF MJOF
 BOE WFSUJDBM 	PSBOHF MJOF
 HBT WFMPDJUZ
SFMBUJWF UP UIF TPVOE TQFFE BT B GVODUJPO PG UIF IFJHIU z JO VOJUT PG HBT TDBMF IFJHIUT� 5IF MFȼU BOE SJHIU QBOFM TIPX UIF
WFMPDJUJFT JO B TJNVMBUJPO XJUI B MPXFS BOE B IJHIFS SFTPMVUJPO
 SFTQFDUJWFMZ
 XJUI UIF SFTPMVUJPOT CFJOH HJWFO JO UIF QBOFM
DBQUJPOT� 5IF SBEJBM .BDI OVNCFS SBOHFT CFUXFFO0.1BOE1BU BMM IFJHIUT� *O DPOUSBTU
 UIF WFSUJDBM .BDI OVNCFS JODSFBTFT
GSPN∼10−2 JO UIF NJE�QMBOF UP∼10−1 POF HBT TDBMF IFJHIU BXBZ GSPN UIJT QMBOF� 5IF HBT NPUJPOT JO CPUI UIF SBEJBM BOE
UIF WFSUJDBM EJNFOTJPO BSF TUSPOHFS JG UIF SFTPMVUJPO JT IJHIFS�

�ÜÒ× ¯Ò �Á¼��¼×Î�×�� ¯¼ ÌÎ�ÒÒÜÎ� �Ü»ÌÒ �¼� åÁÎ×¯��Ò ×­�× �Î� ��ÜÒ�� �ì ©Î�å¯×Á×ÜÎ�Üµ�¼��Į
2¼ ×æÁŅ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Ò Á¨ Î�ñÁÎŅ×­¯¼ �¯Ò³Ò ń ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò ¯¼ ×­�
Î��¯�µŅå�Î×¯��µ Ìµ�¼� �¼� ×­ÜÒ ¼Á× ¯¼ ×­�Ò� Ò¯»Üµ�×¯Á¼Ò ń ×­� ���Ü»Üµ�×¯Á¼ Á¨ �ÜÒ× æ¯×­ \×Á³�Ò
¼Ü»��ÎÒ ��×æ��¼0.1 �¼�1 ¯Ò Ò×ÎÁ¼© �¼ÁÜ©­ ×Á µ��� ×Á ×­� �ÜÒ× �Áµµ�ÌÒ¯¼© Ü¼��Î ¯×Ò Ò�µ¨Ņ©Î�å¯×ì
�¼� ¨ÁÎ»¯¼© Ìµ�¼�×�Ò¯»�µÒį �å�¼ ¯¨ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò ¯Ò ¼Á× ¯¼�µÜ��� Ł+¯��Á¼Ò
�× �µĮ ăāĂąį ăāĂĆĹ \­¯ �× �µĮ ăāĂćłĮ a­� »�ë¯»Ü» ÒÜÎ¨��� ��¼Ò¯×ì Á¨ ×­� �ÜÒ× ¯Ò Ò»�µµ�Î �ì ��ÁÜ×
�¼ ÁÎ��Î Á¨ »�©¼¯×Ü�� ¯¨ ¯×Ò Ò�µ¨Ņ©Î�å¯×ì ¯Ò ¼Á× ×�³�¼ ¯¼×Á ���ÁÜ¼×į �Ü× Ò×¯µµ Î���­�Ò å�µÜ�Ò Á¨ 103
×Á 104 ×¯»�Ò ×­� »��¼ ÒÜÎ¨��� ��¼Ò¯×ì Ł+¯��Á¼Ò �× �µĮ ăāĂăį ăāĂąłĮ

K¼ ×­� Á×­�Î ­�¼�į X¯ÁµÒ �× �µĮ Łăāăā�łį æ­Á �Á ¼Á× �Á¼Ò¯��Î ×­� Ò�µ¨Ņ©Î�å¯×ì Á¨ ×­� �ÜÒ×į Ò­Áæ
×­�× ×­� �ÜÒ× �Á¼��¼×Î�×¯Á¼ ¯Ò æ��³�Î ¯¼ ×­Î��Ņ ×­�¼ ¯¼ ×æÁŅ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼ÒĮ �å�¼
æ­�¼ �Á¼Ò¯��Î¯¼© �ÜÒ× æ¯×­ ×­� µ�Î©�Ò× \×Á³�Ò ¼Ü»��Î ×­�ì Ò¯»Üµ�×�į St = 0.16į ×­� �ÜÒ×Ņ×ÁŅ
©�Ò ŁåÁµÜ»�ł ��¼Ò¯×ì Î�×¯Á �ë����Ò Á¼� Á¼µì Á���Ò¯Á¼�µµì �¼� ¨ÁÎ ¼Á× »ÁÎ� ×­�¼ � ¨�æ ÁÎ�¯×�µ
Ì�Î¯Á�Ò ¯¼ � ×­Î��Ņ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Į *ÎÁ» ×­¯Òį ×­�ì �Á¼�µÜ�� ×­�× ×­� Ò×Î��»¯¼© ¯¼Ņ
Ò×��¯µ¯×ì ¯Ò ¯¼­¯�¯×�� �ì ©Î�å¯×Á×ÜÎ�Üµ�¼��Į 2 ¼Á×�į ­Áæ�å�Îį ×­�× ×­� »�ë¯»Ü» Î�ÒÁµÜ×¯Á¼ Á¨
×­� Ò¯»Üµ�×¯Á¼Ò �ì X¯ÁµÒ �× �µĮ Łăāăā�ł �»ÁÜ¼×Ò ×Á 26 ©Î¯� ��µµÒ Ì�Î ©�Ò Ò��µ� ­�¯©­×į æ­¯�­
¯Ò ¯¼ÒÜ¨¨¯�¯�¼× ×Á Î�ÒÁµå� ×­� ¨ÁÎ»�×¯Á¼ Á¨ ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� �ÜÒ× �µÜ»ÌÒ Áæ¯¼© ×Á ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Łv�¼© �¼� 4Á­�¼Ò�¼ ăāĂąłĮ

�¾� EŨŮŵŬŻŶŹŶŻŨŻŰŶŵŨų ŰŵźŻŨũŰųŰŻƀ

a­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯Ò � µ¯¼��Î ¯¼Ò×��¯µ¯×ì ×­�× ÁÌ�Î�×�Ò ¯¼ �¯Ò³Ò ¯¼ æ­¯�­ ×­� ÁÎŅ
�¯×�µ å�µÁ�¯×ì ���µ¯¼�Ò æ¯×­ ¯¼�Î��Ò¯¼© �¯Ò×�¼�� ×Á ×­� ��¼×Î�µ ÒÁÜÎ�� Á¨ ©Î�å¯×ìį ÒÜ�­ �Ò ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³Òį �¼� æ­¯�­ �Î� Ì�Î»��×�� �ì � æ��³ »�©¼�×¯� ¨¯�µ� æ¯×­ � å�Î×¯��µ �Á»ÌÁ¼�¼×
Ło�µ¯³­Áå ĂĊĆĊĹ �­�¼�Î�Ò�³­�Î ĂĊćāĹ ��µ�ÜÒ �¼� 0�æµ�ì ĂĊĊĂłĮ

ĆĈ
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2¼¯×¯�µµìĭ \Ü�Ò�ÍÜ�¼×µìĭ

»�©¼�×¯�
×�¼Ò¯Á¼

»�©¼�×¯�
×�¼Ò¯Á¼

'JHVSF ���� 5PZ NPEFM PG UIF NBHOFUPSPUBUJPOBM JOTUBCJMJUZ� 5IF DVCFT EFQJDU UXP HBT QBSDFMT
 XIJMF UIF [JH[BH MJOF SFQSFT�
FOUT B lFME MJOF PG B WFSUJDBM NBHOFUJD lFME DPVQMJOH UIF QBSDFMT� *OJUJBMMZ 	MFȼU

 B MJOFBS QFSUVSCBUJPO MFBET UP UIF QBSDFMT
CFJOH SBEJBMMZ EJTQMBDFE GSPN UIF TBNF UP BEKBDFOU PSCJUT� 5IVT
 UIF PSCJUBM WFMPDJUZ 	TPMJE BSSPXT
 PG UIF QBSDFM PO UIF JO�
OFS PSCJU JT IJHIFS UIBO UIBU PG UIF QBSDFM PO UIF PVUFS PSCJU� 5IF PSCJUBM NPUJPO PG UIF QBSDFMT SFTVMUT JO UIF lFME MJOF CFJOH
TUSFUDIFE 	SJHIU
� 5P DPVOUFS UIJT TUSFUDIJOH
 NBHOFUJD UFOTJPO BDUT UP EFDFMFSBUF UIF QBSDFM PO UIF JOOFS PSCJU BOE BDDFMFS�
BUF UIBU PO UIF PVUFS PSCJU 	EPUUFE BSSPXT
 CZ USBOTQPSUJOH BOHVMBS NPNFOUVN GSPN UIF GPSNFS UP UIF MBUUFS� )PXFWFS
 UIJT
POMZ DBVTFT GVSUIFS TUSFUDIJOH PG UIF lFME MJOF� 0O UIF POF IBOE
 TJODF UIF QBSDFM PO UIF JOOFS PSCJU TMPXT EPXO
 UIF TUFMMBS
HSBWJUZ BDUJOH PO JU JT OP MPOHFS CBMBODFE CZ UIF DFOUSJGVHBM GPSDF� 5IFSFGPSF
 UIF QBSDFM ESJȼUT SBEJBMMZ JOXBSET� 0O UIF PUIFS
IBOE
 UIF DFOUSJGVHBM GPSDF PO UIF QBSDFM PO UIF PVUFS PSCJU FYDFFET UIF TUFMMBS HSBWJUZ
 BOE UIF QBSDFM ESJȼUT PVUXBSET� 5IF
NBHOFUJD UFOTJPO HSPXT JO TUSFOHUI
 XIJMF UIF UXP QBSDFMT ESJȼU BQBSU NPSF BOE NPSF� 5IJT MFBET UP JOTUBCJMJUZ�

a­� ¯¼Ò×��¯µ¯×ì ��¼ �� �ëÌµ�¯¼�� ÜÒ¯¼© ×­� ×Áì »Á��µ ��Ì¯�×�� ¯¼ *¯©Į ąĮă Ł�Į©Įį aÜÎ¼�Î �× �µĮ
ăāĂąłĭ 2 �Á¼Ò¯��Î ×æÁ ©�Ò Ì�Î��µÒ æ­¯�­ �Î� µÁ��×�� �× ×­� Ò�»� Î��¯ÜÒ ¯¼ � ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³į ¯Į�Į ÁÎ�¯×¯¼© æ¯×­ ×­� Ò�»� <�Ìµ�Î¯�¼ å�µÁ�¯×ìį �Ü× �× �¯¨¨�Î�¼× ­�¯©­×ÒĮ a­�Ò� Ì�Î��µÒ �Î�
�ÁÜÌµ�� �ì � ¨¯�µ� µ¯¼� Á¨ � å�Î×¯��µ »�©¼�×¯� ¨¯�µ�Į 2¨ ×­�ì �Î� �¯ÒÌµ���� ×Á �¯¨¨�Î�¼× Î��¯¯ �ì �
µ¯¼��Î Ì�Î×ÜÎ��×¯Á¼į ×­� Á¼� �× ×­� µ�Î©�Î Î��¯ÜÒ ÁÎ�¯×Ò »ÁÎ� ÒµÁæµì ×­�¼ ×­� Á¼� �× ×­� Ò»�µµ�Î
Î��¯ÜÒ Ò¯¼�� ×­� <�Ìµ�Î¯�¼ å�µÁ�¯×ì vK ∝ r−1/2 ŁÒ�� �ÍĮ ăĮăąłĮ a­¯Ò Î�ÒÜµ×Ò ¯¼ � Ò×Î�×�­¯¼© Á¨ ×­�
¨¯�µ� µ¯¼�Į E�©¼�×¯� ×�¼Ò¯Á¼ �ÁÜ¼×�Î��×Ò ×­¯Ò Ò×Î�×�­¯¼© �ì ×Î�¼Ò¨�ÎÎ¯¼© �¼©Üµ�Î »Á»�¼×Ü»
¨ÎÁ» ×­� Ì�Î��µ Á¼ ×­� ¯¼¼�Î ÁÎ�¯× ×Á ×­� Á¼� Á¼ ×­� ÁÜ×�Î ÁÎ�¯× ×Á �ÍÜ�µ¯Ò� ×­� ÁÎ�¯×�µ å�µÁ�¯×¯�Ò
Á¨ ×­� ×æÁ Ì�Î��µÒĮ 0Áæ�å�Îį ×­¯Ò �¼©Üµ�Î »Á»�¼×Ü» ×Î�¼ÒÌÁÎ× µ���Ò ×Á ×­� ¨¯�µ� µ¯¼� ��¯¼©
Ò×Î�×�­�� �å�¼ »ÁÎ�Į a­¯Ò ¯Ò ����ÜÒ� ×­� ÁÎ�¯×�µ å�µÁ�¯×ì Á¨ ×­� Ì�Î��µ Á¼ ×­� ÁÜ×�Î ÁÎ�¯× ¯Ò ¼Áæ
ÒÜÌ�ÎŅ<�Ìµ�Î¯�¼ �¼� ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ��į æ­¯�­ ¯Ò ¼Á µÁ¼©�Î ��µ�¼��� �ì ×­� Ò×�µµ�Î ©Î�å¯×ìį
��ÜÒ�Ò ¯× ×Á »Áå� ÁÜ×æ�Î�ÒĮ a­� Ì�Î��µ Á¼ ×­� ¯¼¼�Î ÁÎ�¯×į Á¼ ×­� Á×­�Î ­�¼�į ÁÎ�¯×Ò æ¯×­ �
ÒÜ�Ņ<�Ìµ�Î¯�¼ å�µÁ�¯×ì �¼� ×­�Î�¨ÁÎ� »Áå�Ò ¯¼æ�Î�ÒĮ *ÜÎ×­�Î Ò×Î�×�­¯¼© Á¨ ×­� ¨¯�µ� µ¯¼� ©¯å�Ò
Î¯Ò� ×Á Ò×ÎÁ¼©�Î »�©¼�×¯� ×�¼Ò¯Á¼į »ÁÎ� �¼©Üµ�Î »Á»�¼×Ü» ×Î�¼Ò¨�Îį ×­� ×æÁ Ì�Î��µÒ �Î¯¨×Ņ
¯¼© �Ì�Î× �å�¼ »ÁÎ�į �¼� ×­ÜÒ ¯¼Ò×��¯µ¯×ìĮ F�å�Î×­�µ�ÒÒį ¯¨ ×­� »�©¼�×¯� ¨¯�µ� ¯Ò ×ÁÁ Ò×ÎÁ¼© ×­�
»�©¼�×¯� ×�¼Ò¯Á¼ ��¼ ÌÎ�å�¼× ×­� Ì�Î��µÒ ¨ÎÁ» Ò�Ì�Î�×¯¼©Į

2¼ ¯���µ »�©¼�×Á­ì�ÎÁ�ì¼�»¯�Òį ¯× ¯Ò �ÒÒÜ»�� ×­�× ×­� ©�Ò ¯Ò Ì�Î¨��×µì �ÁÜÌµ�� ×Á ×­� »�©Ņ
¼�×¯� ¨¯�µ� ń ¼�Ü×Î�µ �×Á»Ò �¼� »Áµ��Üµ�Ò å¯� �Áµµ¯Ò¯Á¼Ò æ¯×­ ¯Á¼Ò �¼� �µ��×ÎÁ¼ÒĮ 0Áæ�å�Îį ×­¯Ò
�ÒÒÜ»Ì×¯Á¼ ¯Ò å�µ¯� Á¼µì ¯¨ ×­� ©�Ò ¯Ò ÒÜ¨¨¯�¯�¼×µì æ�µµŅ¯Á¼¯Ò��Į 2¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį ×­¯Ò ¯Ò
×­� ��Ò� ¯¼ ×­� ×­�Î»�µµì ¯Á¼¯Ò�� ¯¼¼�Î»ÁÒ× Î�©¯Á¼Òį æ¯×­¯¼ 0.1ń1 �Ü ¨ÎÁ» ×­� Ò×�Î Ł+�»»¯�

Ćĉ
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ĂĊĊćĹ >�××�Î �¼� ��µ�ÜÒ ăāĂăłį �¼� �× ×­� �¯Ò³ ÒÜÎ¨��� æ­¯�­ ¯Ò ¯Á¼¯Ò�� �ì Ò×�µµ�Î ¨�ÎŅÜµ×Î�å¯Áµ�×
Î��¯�×¯Á¼ ŁV�Î�ñŅ���³�Î �¼� �­¯�¼© ăāĂĂłĆĮ

a­� �Üµ³ Á¨ � ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ ¯Ò Á¼µì æ��³µì ¯Á¼¯Ò��į ×­ÁÜ©­ Ł�Į©Įį aÜÎ¼�Î �× �µĮ ăāĂąłĮ
a­�Î�¨ÁÎ�į ¼Á¼Ņ¯���µ »�©¼�×Á­ì�ÎÁ�ì¼�»¯� �¨¨��×Ò »ÜÒ× �� ×�³�¼ ¯¼×Á ���ÁÜ¼×ĭ

Ĭ ž»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ĭ 2Á¼Ò �¼� �µ��×ÎÁ¼Ò �Î� �ÁÜÌµ�� ×Á ×­� »�©¼�×¯� ¨¯�µ�į ¼�Ü×Î�µÒ �Î�
���ÁÜÌµ��Į a­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯Ò ��»Ì�� �ì �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ Ł�µ��Ò
�¼� ��µ�ÜÒ ĂĊĊąĹ >�ÒÜÎ �× �µĮ ăāĂąĹ ��¯ ăāĂąį ăāĂĆį ăāĂĈĹ +Î�ÒÒ�µ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ
ăāĂĆ�łĮ

Ĭ 0�µµ �¨¨��×ĭ �µ��×ÎÁ¼Ò �Î� �ÁÜÌµ�� ×Á ×­� »�©¼�×¯� ¨¯�µ�į æ­¯µ� ¯Á¼Ò �¼� ¼�Ü×Î�µÒ �Î� ��Ņ
�ÁÜÌµ��į ×­� µ�××�Î Áæ¯¼© ×Á �Áµµ¯Ò¯Á¼Ò æ¯×­ ×­� ¨ÁÎ»�ÎĮ 2¨ ×­� å�Î×¯��µ �Á»ÌÁ¼�¼× Á¨ ×­�
»�©¼�×¯� ¨¯�µ� ¯Ò �µ¯©¼�� æ¯×­ ×­� ÎÁ×�×¯Á¼ �ë¯Ò Á¨ ×­� �¯Ò³į ×­� Î��¯�µ �¼� �ñ¯»Ü×­�µ ¨¯�µ�
�Á»ÌÁ¼�¼×Ò �Î� �¼­�¼��� �ì ×­� 0�µµ Ò­��Î ¯¼Ò×��¯µ¯×ì Ł<Ü¼ñ ăāāĉĹ >�ÒÜÎ �× �µĮ ăāĂąłĮ
a­¯Ò ¯¼Ò×��¯µ¯×ì Î�ÒÜµ×Ò ¨ÎÁ» � ¨������³ µÁÁÌ ��×æ��¼ <�Ìµ�Î¯�¼ ÎÁ×�×¯Á¼ �¼� ×­� 0�µµ �¨Ņ
¨��×ĭ žÒ ��Ò�Î¯��� ��Áå� ¯¼ ×­� �Á¼×�ë× Á¨ ×­� ×Áì »Á��µį ÎÁ×�×¯Á¼ ��ÜÒ�Ò �¼ ¯¼�Î��Ò� ¯¼
×­� Ò×Î�¼©×­ Á¨ ×­� �ñ¯»Ü×­�µ �Á»ÌÁ¼�¼×Į a­¯Ò µ���Ò ×Á ×­� 0�µµ �¨¨��× �»Ìµ¯¨ì¯¼© ×­�
Î��¯�µ �Á»ÌÁ¼�¼×į æ­¯�­ ¯¼ ×ÜÎ¼ Î�ÒÜµ×Ò ¯¼ ÎÁ×�×¯Á¼ ¨ÜÎ×­�Î �¼­�¼�¯¼© ×­� �ñ¯»Ü×­�µ
�Á»ÌÁ¼�¼×Į žÒ � �Á¼Ò�ÍÜ�¼�� Á¨ ×­� 0�µµ Ò­��Î ¯¼Ò×��¯µ¯×ìį ©�Ò »�ÒÒ ¯Ò ×Î�¼ÒÌÁÎ×�� Î��¯Ņ
�µµì ¯¼æ�Î�Ò �¼� �¼©Üµ�Î »Á»�¼×Ü» ÁÜ×æ�Î�Òį æ­¯�­ ¯Ò �Á¼�Ü�¯å� ×Á Ò×�µµ�Î ���Î�×¯Á¼
Ł>�ÒÜÎ �× �µĮ ăāĂąĹ ��¯ ăāĂąį ăāĂĆį ăāĂĈĹ \¯»Á¼ �× �µĮ ăāĂĆ�łĮ 2¨į Á¼ ×­� Á×­�Î ­�¼�į ×­� å�ÎŅ
×¯��µ »�©¼�×¯� ¨¯�µ� �Á»ÌÁ¼�¼× �¼� ×­� �¯Ò³ ÎÁ×�×¯Á¼ �ë¯Ò �Î� �¼×¯Ņ�µ¯©¼��į ×­� 0�µµ �¨¨��×
�ÁÜ¼×�Î��×Ò ×­� ×�¼��¼�ì Á¨ <�Ìµ�Î¯�¼ ÎÁ×�×¯Á¼ ×Á �»Ìµ¯¨ì ×­� �ñ¯»Ü×­�µ ¨¯�µ� �Á»ÌÁ¼Ņ
�¼× �¼� ×­ÜÒ ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Łp�Î�µ� ĂĊĊĊłĮ

Ĭ K­»¯� Î�Ò¯Ò×¯å¯×ìĭ F�Ü×Î�µÒ �Î� ���ÁÜÌµ�� ¨ÎÁ» ×­� »�©¼�×¯� ¨¯�µ�į �Áµµ¯Ò¯Á¼Ò æ¯×­ ×­�
¼�Ü×Î�µÒ µ��� ×Á ×­� ¯Á¼Ò �¼� �µ��×ÎÁ¼Ò ��¯¼© ���ÁÜÌµ�� �Ò æ�µµĮ \¯»¯µ�Î ×Á �»�¯ÌÁµ�Î
�¯¨¨ÜÒ¯Á¼į K­»¯� Î�Ò¯Ò×¯å¯×ì ÒÜÌÌÎ�ÒÒ�Ò ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì Ł+�»»¯� ĂĊĊćĹ
4¯¼ ĂĊĊćĹ >�ÒÜÎ �× �µĮ ăāĂąĹ ��¯ ăāĂąį ăāĂĈĹ +Î�ÒÒ�µ �× �µĮ ăāĂĆĹ \¯»Á¼ �× �µĮ ăāĂĆ�łĮ

p­¯�­ �¨¨��× �Á»¯¼�×�Ò ��Ì�¼�Ò Á¼ ×­� »�©¼�×¯� ¨¯�µ� Ò×Î�¼©×­ �¼� ×­� ©�Ò ��¼Ò¯×ìĮ *ÁÎ �
¨¯ë�� ¨¯�µ� Ò×Î�¼©×­į �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ ¯Ò »ÁÒ× ¯»ÌÁÎ×�¼× æ­�Î� ×­� ��¼Ò¯×ì ¯Ò µÁæį ×­� 0�µµ �¨Ņ
¨��× �× ¯¼×�Î»��¯�×� ��¼Ò¯×¯�Òį �¼� K­»¯� Î�Ò¯Ò×¯å¯×ì ¯¼ ­¯©­Ņ��¼Ò¯×ì Î�©¯Á¼Ò Ł�Į©Įį aÜÎ¼�Î �× �µĮ
ăāĂąłĮ +¯å�¼ ×­�× ×­� ��¼Ò¯×ì ���Î��Ò�Ò æ¯×­ ¯¼�Î��Ò¯¼© Î��¯ÜÒ �¼� ­�¯©­× ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Òį ×­¯Ò ì¯�µ�Ò � µ�ì�Î�� �¯Ò³ Ò×ÎÜ�×ÜÎ�ĭ K­»¯� Î�Ò¯Ò×¯å¯×ì ¯Ò �Á»¯¼�¼× ¯¼ ×­� »¯�ŅÌµ�¼� Á¨
×­� ¯¼¼�Î �¯Ò³į ×­� 0�µµ �¨¨��× �× ¯¼×�Î»��¯�×� ­�¯©­×Ò ¯¼ ×­� ¯¼¼�Î �¯Ò³ �¼� ¯¼ ×­� »¯�ŅÌµ�¼� �×
¯¼×�Î»��¯�×� Î��¯¯į �¼� �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ ¯¼ ×­� ÜÌÌ�Î µ�ì�ÎÒ Á¨ ×­� ¯¼¼�Î �¯Ò³į �æ�ì ¨ÎÁ»
×­� »¯�ŅÌµ�¼� �× ¯¼×�Î»��¯�×� Î��¯¯ �¼� �å�Îìæ­�Î� ¯¼ ×­� ÁÜ×�Î �¯Ò³ Î�©¯Á¼ÒĮ

��¯ ŁăāĂąį ăāĂĆł Ì�Î¨ÁÎ»Ò Ò¯»Üµ�×¯Á¼Ò ¯¼�µÜ�¯¼© �µµ ×­Î�� �¨¨��×Ò ×Á ¯¼å�Ò×¯©�×� ×­� Ò×Î�¼©×­
Á¨ ×­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì �× å�Î¯ÁÜÒ Î��¯¯ �¼� ­�¯©­×ÒĮ *¯©Ņ
ÜÎ� ąĮĄ Ò­ÁæÒ ×­� ©�Ò å�µÁ�¯×ì �× r = 1 �ÜĮ �Á×­ ¯¼ ×­� Î��¯�µ �¼� ×­� å�Î×¯��µ �¯»�¼Ò¯Á¼į ¯×

Ćž× ×­� ÒÜÎ¨���Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį »�©¼�×¯��µµì µ�Ü¼�­�� æ¯¼�Ò ×Î�¼ÒÌÁÎ× �¼©Üµ�Î »Á»�¼×Ü» �æ�ì ¨ÎÁ»
×­� �¯Ò³Ò �¼� ×­ÜÒ ¨��¯µ¯×�×� Ò×�µµ�Î ���Î�×¯Á¼ Ł�µ�¼�¨ÁÎ� �¼� V�ì¼� ĂĊĉăĹ ��¯ ăāĂąį ăāĂĆį ăāĂĈĹ +Î�ÒÒ�µ �× �µĮ ăāĂĆį
ăāăāĹ ��×­Ü¼� �× �µĮ ăāĂĈłĮ

ĆĊ
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'JHVSF ���� 'JHVSF BEBQUFE GSPN #BJ 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� (BT WFMPDJUZ
 FYQSFTTFE JO UFSNT
PG B .BDI OVNCFS
 BT B GVODUJPO PG UIF IFJHIU z JO VOJUT PG HBT TDBMF IFJHIUT H � 5IF CMVF
 SFE
 BOE HSFFO MJOFT EFQJDU UIF
BCTPMVUF SBEJBM vx
 B[JNVUIBM vy 
 BOE WFSUJDBM vz WFMPDJUZ DPNQPOFOUT� "U IFJHIUT PG VQ UP UXP HBT TDBMF IFJHIUT
 BMM UISFF
DPNQPOFOUT BSF OFHMJHJCMZ TNBMM� 'SPN BCPVU UXP HBT TDBMF IFJHIUT UP UIF IFJHIU XIJDI NBSLT UIF USBOTJUJPO GSPN EJTL UP
NBHOFUJDBMMZ MBVODIFE EJTL XJOE 	EBTI�EPUUFE MJOF

 UIF SBEJBM BOE WFSUJDBM .BDI OVNCFST JODSFBTF UP ∼0.1� 5IF MFȼU BOE
SJHIU QBOFM SFQSFTFOU B TJNVMBUJPO JO XIJDI UIF WFSUJDBM NBHOFUJD lFME DPNQPOFOU BOE UIF EJTL SPUBUJPO BYJT BSF BMJHOFE
BOE BOUJ�BMJHOFE
 SFTQFDUJWFMZ
 XIJMF UIF NJEEMF QBOFM TIPXT UIF WFMPDJUJFT JO B TJNVMBUJPO JO XIJDI UIF )BMM FǯGFDU JT OFH�
MFDUFE� "T DBO CF TFFO
 UIF )BMM FǯGFDU JOǵMVFODFT UIF UVSCVMFOU TUSFOHUI POMZ NBSHJOBMMZ�

¯Ò ¼�©µ¯©¯�µ� æ¯×­¯¼ ×æÁ ©�Ò Ò��µ� ­�¯©­×Ò ��Áå� �¼� ��µÁæ ×­� »¯�ŅÌµ�¼�ćĮ *ÎÁ» ×­�Î�į ×­�
å�µÁ�¯×ì ¯¼�Î��Ò�Ò ×Á E��­ ¼Ü»��ÎÒ Á¨ ∼0.1 �× ×­� �¯Ò³ ÒÜÎ¨���Į ž× Î��¯¯ Î�¼©¯¼© ¨ÎÁ» 5 �Ü
×Á 60 �Üį Á¼ ×­� Á×­�Î ­�¼�į ×­� å�Î×¯��µ E��­ ¼Ü»��Î �»ÁÜ¼×Ò ×Á ∼0.01 ¯¼ ×­� »¯�ŅÌµ�¼�
�¼� ��×æ��¼ 0.1 �¼� 1 �× ×­� ÒÜÎ¨��� Ł��¯ ăāĂĆłĮ ž �Á»Ì�Î¯ÒÁ¼ Á¨ Ò¯»Üµ�×¯Á¼Ò ¯¼�µÜ�¯¼© �¼�
�ë�µÜ�¯¼© ×­� 0�µµ �¨¨��× Ò­ÁæÒ ×­�× ×­� �¨¨��× Î�ÒÜµ×Ò ¯¼ � »�Î©¯¼�µµì ­¯©­�Î �¼� µÁæ�Î ×ÜÎŅ
�Üµ�¼× Ò×Î�¼©×­ ¯¨ å�Î×¯��µ »�©¼�×¯� ¨¯�µ� �Á»ÌÁ¼�¼× �¼� �¯Ò³ ÎÁ×�×¯Á¼ �ë¯Ò �Î� �µ¯©¼�� �¼�
�¼×¯Ņ�µ¯©¼��į Î�ÒÌ��×¯å�µì Ł>�ÒÜÎ �× �µĮ ăāĂąĹ ��¯ ăāĂĆłĮ p­¯µ� ×­� ��Áå� E��­ ¼Ü»��ÎÒ �Î� ��Ņ
×�Î»¯¼�� ¨ÁÎ � Î�×¯Á Á¨ ×­� ×­�Î»�µ ×Á ×­� »�©¼�×¯� ÌÎ�ÒÒÜÎ� Á¨ 105į \¯»Á¼ �× �µĮ ŁăāĂĉ�ł ¨¯¼�
×­�× �× r = 100 �Ü å�µÜ�Ò Á¨ ×­¯Ò Î�×¯Á ©Î��×�Î ×­�¼ 103ń104 �¼� � æ��³ ¯Á¼¯Ò�×¯Á¼ Á¨ ×­� ©�Ò
�Î� ¼���ÒÒ�Îì ¨ÁÎ ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ×Á �Î¯å� ×ÜÎ�Üµ�¼�� æ¯×­ � Ò×Î�¼©×­ ×­�× ¯Ò
�Á¼Ò¯Ò×�¼× æ¯×­ ž>Ež Á�Ò�Îå�×¯Á¼Ò ŁÒ�� \��×Į ąĮĂłĮ

2¼ ¼Ü»�Î¯��µ Ò×Ü�¯�Ò Á¨ ×­� �ÜÒ× �ì¼�»¯�Ò ×­�× �Î� ��ÜÒ�� �ì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µŅ
¯×ìį Á¨ ×­� ×­Î�� �¨¨��×Ò Á¼µì �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ ­�Ò ���¼ ×�³�¼ ¯¼×Á ���ÁÜ¼× �Ò ¯× ¯Ò ×­� �Á»Ņ
¯¼�¼× �¨¨��× ¯¼ ×­� ÁÜ×�Î �¯Ò³ Î�©¯Á¼ÒĮ \¯»Üµ�×¯Á¼Ò �Á¼¨¯Î» ×­� ×­�ÁÎ�×¯��µ ÌÎ��¯�×¯Á¼ ×­�× ×­�
Î�×¯Á Á¨ ×­� �ÜÒ× ×Á ×­� ©�Ò Ò��µ� ­�¯©­× ¯Ò ÌÎÁÌÁÎ×¯Á¼�µ ×ÁSt−1/2 ŁÒ�� �ÍĮ ąĮąĹ uÜ �× �µĮ ăāĂĈĹ X¯ÁµÒ
�¼� >�ÒÜÎ ăāĂĉĹ X¯ÁµÒ �× �µĮ ăāăā�łĮ *ÁÎ � \×Á³�Ò ¼Ü»��Î Á¨ 0.1 �¼� � ×­�Î»�µŅ×ÁŅ»�©¼�×¯� ÌÎ�ÒŅ
ÒÜÎ� Î�×¯Á Á¨ 104į ×­� �ÜÒ×Ņ×ÁŅ©�Ò Ò��µ� ­�¯©­× Î�×¯ÁÒ Á�×�¯¼�� ¨ÎÁ» Ò¯»Üµ�×¯Á¼Ò Î�¼©� ¨ÎÁ» 4%
×Á 20% ŁuÜ �× �µĮ ăāĂĈĹ X¯ÁµÒ �¼� >�ÒÜÎ ăāĂĉĹ v�¼© �× �µĮ ăāĂĉĹ X¯ÁµÒ �× �µĮ ăāăā�łĮ a­� Ò��µ� ­�¯©­×
Î�×¯Á ¯¼�Î��Ò�Ò æ¯×­ ×­� ÌÎ�ÒÒÜÎ� Î�×¯Á ŁX¯ÁµÒ �¼� >�ÒÜÎ ăāĂĉĹ X¯ÁµÒ �× �µĮ ăāăā�łĮ

a­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ń �å�¼ æ­�¼ �Á¼Ò¯��Î¯¼© �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ ń ¯¼�Ü��Ò
� ©Î��×�Î �ÜÒ× Ò��µ� ­�¯©­× ×­�¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ¯ÒÁµ�×¯Á¼ ŁÒ�� \��×Į ąĮĆĮĂłĮ FÁ¼Ņ
�×­�µ�ÒÒį v�¼© �× �µĮ ŁăāĂĉł ¨¯¼� ×­�× ×­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì

ća­� �¯Ò³ Î�©¯Á¼ �ÎÁÜ¼� ×­� »¯�ŅÌµ�¼� ¯¼ æ­¯�­ ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯Ò Ò×ÎÁ¼©µì ÒÜÌÌÎ�ÒÒ�� �ì
¼Á¼Ņ¯���µ »�©¼�×Á­ì�ÎÁ�ì¼�»¯� �¨¨��×Ò �¼� ×­�Î�¨ÁÎ� ��ÜÒ�Ò Á¼µì æ��³ ×ÜÎ�Üµ�¼��į ¯¨ �× �µµį ¯Ò �Á»»Á¼µì Î�¨�ÎÎ��
×Á �Ò ���� ñÁ¼� Ł+�»»¯� ĂĊĊćłĮ

ćā
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�Á�Ò ¼Á× ¯¼­¯�¯× ×­� ¨ÁÎ»�×¯Á¼ Á¨ ¨¯µ�»�¼×Ò �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ����ÜÒ� ×­� »�©¼�×Ņ
ÁÎÁ×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á Ò×ÎÁ¼©�Î å�Î×¯��µ ×­�¼ Î��¯�µ �ÜÒ× �¯¨¨ÜÒ¯Á¼Į p­¯µ� ¯¼ ×­�¯Î
Ò¯»Üµ�×¯Á¼Ò ×­� E��­ ¼Ü»��Î Á¨ ×­� ×ÜÎ�Üµ�¼× ©�Ò å�µÁ�¯×ì ¯Ò �Á»Ì�Î��µ� ¯¼ ×­� Î��¯�µ �¼� å�ÎŅ
×¯��µ �¯»�¼Ò¯Á¼į ×­� �ÁÎÎ�µ�×¯Á¼ ×¯»� ¯Ò µÁ¼©�Î ¯¼ ×­� µ�××�Î �¯»�¼Ò¯Á¼ ŁÒ�� �µÒÁ {­Ü �× �µĮ ăāĂĆłĮ
a­�× ¯Ò ×Á Ò�ìį �× � ¨¯ë�� ÌÁ¯¼× ¯¼ ÒÌ���į ×­� å�Î×¯��µ ©�Ò å�µÁ�¯×ì Î�»�¯¼Ò Ò¯»¯µ�Î ¨ÁÎ � µÁ¼©�Î ×¯»�
×­�¼ ×­� Î��¯�µ Á¼�Į v�¼© �× �µĮ ŁăāĂĉł �Á¼�µÜ�� ×­�× ×­� ��¯µ¯×ì Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ×Á
�Á¼��¼×Î�×� �ÜÒ× ¯Ò ¼Á× Ò¯©¼¯¨¯��¼×µì �¨¨��×�� �ì Ò×ÎÁ¼© å�Î×¯��µ �¯¨¨ÜÒ¯Á¼ �Ò µÁ¼© �Ò ×­� Î��¯�µ
�¯¨¨ÜÒ¯Á¼ ¯Ò Á¼µì æ��³Į 2¼ Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ
¯¼Ò×��¯µ¯×ì Ü¼��Î ×­� �ÒÒÜ»Ì×¯Á¼ Á¨ ¯���µ »�©¼�×Á­ì�ÎÁ�ì¼�»¯�Òį ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ ¯¼Ņ
Ò×��¯µ¯×ì ¯¼�Ü��Ò ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ¯¼ æ­¯�­ �ÜÒ× ���Ü»Üµ�×�Ò ŁÒ�� \��×Į ĄĮĆłį æ¯×­ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì ¨ÜÎ×­�Î �¼­�¼�¯¼© ×­�Ò� �ÜÒ× �Á¼��¼×Î�×¯Á¼Ò Ł4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāĂĂłĮ

�¾� VżŹŬųƀ ůƀūŹŶūƀŵŨŴŰŪ ŰŵźŻŨũŰųŰŻŰŬź

2¼ ×­¯Ò Ò��×¯Á¼į 2 Î�å¯�æ ­ì�ÎÁ�ì¼�»¯� ¯¼Ò×��¯µ¯×¯�Ò ×­�× ÁÌ�Î�×� ¯¼ ×­� ��Ò�¼�� Á¨ �ÜÒ×Į 2 �Á
¼Á× �¯Ò�ÜÒÒ ×­� ñÁ»�¯� åÁÎ×�ë ¯¼Ò×��¯µ¯×ì ����ÜÒ� ¯×Ò �¨¨��× Á¼ �ÜÒ× �ì¼�»¯�Òį �¼� ×­ÜÒ Á¼ ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ­�Ò ¼Á× ���¼ ¯¼å�Ò×¯©�×�� ŁE�Î�ÜÒ �× �µĮ ăāĂĄį ăāĂĆį ăāĂćĹ >�ÒÜÎ �¼� >�××�Î
ăāĂćĹ f»ÜÎ­�¼ �× �µĮ ăāĂć�Ĺ ��ÎÎ�¼�Á �× �µĮ ăāĂĉłĮ 2¼ �Á¼×Î�Ò× ×Á ×­� Á×­�Î ×­Î�� ÌÜÎ�µì ­ì�ÎÁŅ
�ì¼�»¯� ¯¼Ò×��¯µ¯×¯�Ò ¯¼×ÎÁ�Ü��� ��µÁæį ×­¯Ò ¼Á¼Ņµ¯¼��Î ¯¼Ò×��¯µ¯×ì ¯Ò ��×¯å� ¯¨ ×­� ©�Ò �ÁÁµ¯¼©
×¯»� Ò��µ� ¯Ò µÁ¼©į ¯Į�Į ×­� ©�Ò ¯Ò µÁ��µµì ��¯���×¯� ÁÎ �µÁÒ� ×Á ��¯���×¯� Ł>�ÒÜÎ �¼� >�××�Î ăāĂćĹ
��ÎÎ�¼�Á �× �µĮ ăāĂĉłĮ ����ÜÒ� Á¨ ×­�¯Î �¯¨¨�Î�¼× Î�ÍÜ¯Î�»�¼×Ò ¯¼ ×�Î»Ò Á¨ �ÁÁµ¯¼© ×¯»�į ×­�
¨ÁÜÎ ¯¼Ò×��¯µ¯×¯�Ò ÁÌ�Î�×� ¯¼ �¯¨¨�Î�¼× Î�©¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ŁE�µì©¯¼ �× �µĮ ăāĂĈĹ V¨�¯µ
�¼� <µ�­Î ăāĂĊłĮ

�¾�¾� oŬŹŻŰŪŨų źůŬŨŹ ŰŵźŻŨũŰųŰŻƀ

a­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĈ ¯Ò � µ¯¼��Î ¯¼Ò×��¯µ¯×ì æ­¯�­į �Ò ×­� ¼�»� ¯¼�¯��×�Òį ÁÌ�Î�×�Ò ¯¨ ×­�
ÁÎ�¯×�µ å�µÁ�¯×ì å�Î¯�Ò æ¯×­ ­�¯©­× ŁfÎÌ¯¼ �¼� �Î�¼��¼�ÜÎ© ĂĊĊĉĹ fÎÌ¯¼ ăāāĄĹ žÎµ× �¼� fÎÌ¯¼
ăāāąĹ F�µÒÁ¼ �× �µĮ ăāĂĄłĮ a­� ¨Î�� �¼�Î©ì ¯¼ ×­� Î�ÒÜµ×¯¼© Ò­��Î ��×æ��¼ å�Î×¯��µµì ��±���¼× ©�Ò
µ�ì�ÎÒ ¯Ò ×­� ÒÁÜÎ�� Á¨ �¼�Î©ì Á¨ ×­� ¯¼Ò×��¯µ¯×ì Ł��Î³�Î �¼� >�××�Î ăāĂĆłĮ *ÜÎ×­�Î»ÁÎ�į � ÒÜ¨¨¯Ņ
�¯�¼×µì Ò­ÁÎ× �ÁÁµ¯¼© ×¯»� Ò��µ� ¯Ò ¼���ÒÒ�Îì ń ÁÌ×¯»�µµìį ×­� ©�Ò ¯Ò µÁ��µµì ¯ÒÁ×­�Î»�µ ŁF�µÒÁ¼
�× �µĮ ăāĂĄĹ >¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĮ

o�Î×¯��µ ÌÎÁ¨¯µ�Ò Á¨ ×­� ÁÎ�¯×�µ å�µÁ�¯×ì �Î� ¯¼�Ü��� �ìį ¨ÁÎ �ë�»Ìµ� ń �¼� ÒÁ»�æ­�× �ÁÜ¼Ņ
×�Î¯¼×Ü¯×¯å�µì ń Î��¯�µ ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�ÒĮ \Ü�­ ÌÎÁ¨¯µ�Ò �Î� Ü�¯ÍÜ¯×ÁÜÒ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò Łž¼�Î�æÒ �¼� p¯µµ¯�»Ò ăāāĆłĮ ž Î��¯�µ ×�»Ì�Î�×ÜÎ� ©Î��¯�¼× ©¯å�Ò Î¯Ò� ×Á � »¯Ò�µ¯©¼Ņ
»�¼× ��×æ��¼ ÌÎ�ÒÒÜÎ� �¼� ��¼Ò¯×ì ©Î��¯�¼×į � Ò×�×� ×­�× ¯Ò Î�¨�ÎÎ�� ×Á �Ò ��ÎÁ�µ¯¼¯�ĉĮ a­�
å�Î¯�×¯Á¼ æ¯×­ ­�¯©­× Á¨ ×­� ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì Á¨ � ��ÎÁ�µ¯¼¯� ©�Ò ¯Ò � �Á¼Ò�ÍÜ�¼�� Á¨ ×­� a�ìµÁÎŅ
VÎÁÜ�»�¼ ×­�ÁÎ�»Į 2¨ ×­� ©�Ò ¯Ò ¯¼ �ÍÜ¯µ¯�Î¯Ü»į ×­�× ¯Ò ×Á Ò�ì ¯× ¯Ò Ò×���ì ¯¼ ×¯»� �¼� ×­�Î� ¯Ò

Ĉa­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ �¯¨¨�Î�¼×¯�µµì ÎÁ×�×¯¼© ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ¯Ò Î�µ�×�� ×Á ×­� +Áµ�Î�¯�­Ņ\�­Ü��Î×Ņ
*Î¯�³� ¯¼Ò×��¯µ¯×ì ¯¼ �¯¨¨�Î�¼×¯�µµì ÎÁ×�×¯¼© Ò×�ÎÒ Ł+Áµ�Î�¯�­ �¼� \�­Ü��Î× ĂĊćĈĹ *Î¯�³� ĂĊćĉłĮ

ĉ+�Ò æ¯×­ � �Á¼Ò×�¼× ×�»Ì�Î�×ÜÎ� �¼� ×­ÜÒ �µ¯©¼�� ��¼Ò¯×ì �¼� ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Ò ¯Ò ��µµ�� ��ÎÁ×ÎÁÌ¯�Į

ćĂ
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r

z

∂Ω/∂z = 0ĭ

Ω = �Á¼Ò×
ekin = Ω2r2 = �Á¼Ò×
l = Ωr2 = �Á¼Ò×

(r, z)

(r + dr,
z + dz)

∂Ω/∂z -= 0ĭ

Ω = �Á¼Ò×
ekin = �Á¼Ò×

l = �Á¼Ò×

(r, z)

(r + dr,
z + dz)

'JHVSF ���� 5PZ NPEFM UP EFUFSNJOF UIF MJOFBS TUBCJMJUZ PG QSPUPQMBOFUBSZ EJTLT JO XIJDI UIF PSCJUBM GSFRVFODZ Ω JT JOEF�
QFOEFOU PG 	MFȼU
 PS EFQFOET PO 	SJHIU
 UIF IFJHIU z� 8IJMF POMZ UIF SBEJBM�WFSUJDBM QMBOF JT TIPXO
 UIF TPMJE MJOFT SFQSFTFOU
TVSGBDFT PO XIJDI UIF PSCJUBM GSFRVFODZ
 UIF TQFDJlD LJOFUJD FOFSHZ ekin
 BOE UIF TQFDJlD BOHVMBS NPNFOUVN l BSF DPO�
TUBOU� 5XP HBT QBSDFMT
 SFQSFTFOUFE CZ DVCFT
 BU UIF MPDBUJPOT (r, z) BOE (r + dr, z + dz) BSF JOUFSDIBOHFE VOEFS DPO�
TFSWBUJPO PG UIFJS BOHVMBS NPNFOUB� 5IFJS PSCJUBM GSFRVFODJFT BSF BEKVTUFE UP NBUDI UIF POFT BU UIFJS OFX MPDBUJPOT� *G
BȼUFSXBSET UIFJS UPUBM LJOFUJD FOFSHZ JT HSFBUFS UIBO CFGPSF UIF JOUFSDIBOHF
 JOTUBCJMJUZ DBO PDDVS� *G UIF SPUBUJPO JT ,FQ�
MFSJBO POMZ
 J�F� ∂Ω/∂z = 0
 UIF EJTL JT TUBCMF BDDPSEJOH UP UIF 3BZMFJHI DSJUFSJPO� *O DPOUSBTU
 B IFJHIU�EFQFOEFODF PG UIF
PSCJUBM GSFRVFODZ DBO SFTVMU JO JOTUBCJMJUZ�

¼Á ��å��×¯Á¼į ¯×Ò �ÍÜ�×¯Á¼ Á¨ »Á×¯Á¼ Î���Ò

0 = Ω2rr̂ − 1

ρg
∇P +∇ΦS, ŁąĮĉł

æ­�Î� ΦS ¯Ò ×­� Ò×�µµ�Î ©Î�å¯×�×¯Á¼�µ ÌÁ×�¼×¯�µĮ a­� ¨¯ÎÒ× ×�Î» Á¼ ×­� Î¯©­×Ņ­�¼� Ò¯�� Á¨ ×­�
�ÍÜ�×¯Á¼ Î�ÌÎ�Ò�¼×Ò ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ��Į �Á»ÌÜ×¯¼© ×­� �ÜÎµ Á¨ ×­¯Ò �ÍÜ�×¯Á¼ Î�ÒÜµ×Ò ¯¼

∂Ω2

∂z
rφ̂ = ∇ 1

ρg
×∇P ŁąĮĊł

Ò¯¼�� ×­� �ÜÎµ Á¨ � ©Î��¯�¼× �¼� ∂Ω/∂φ �Î� ñ�ÎÁĮ 0�Î�į φ̂ ¯Ò ×­� Ü¼¯× å��×ÁÎ ¯¼ ×­� �ñ¯»Ü×­�µ
�¯Î��×¯Á¼Į

aŶƀ ŴŶūŬų aÁì »Á��µÒ Á¨ µ¯¼��Î ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ��¼ �� �Á¼Ò×ÎÜ�×�� ÜÒŅ
¯¼© ×­� ¨ÁµµÁæ¯¼© �ÌÌÎÁ��­ Ł�Į©Įį ��Î³�Î �¼� >�××�Î ăāĂĆĹ >ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĭ *¯ÎÒ×µìį ×æÁ
©�Ò Ì�Î��µÒ �Î� ¯¼×�Î�­�¼©��į �Á¼Ò�Îå¯¼© ×­�¯Î �¼©Üµ�Î »Á»�¼×�Ĺ Ò��Á¼�µìį ×­� ÁÎ�¯×�µ å�µÁ�¯×Ņ
¯�Ò Á¨ ×­� Ì�Î��µÒ �Î� ���Ì×�� ×Á ×­�¯Î ¼�æ ÁÎ�¯×ÒĹ �¼�į ×­¯Î�µìį ×­� ×Á×�µ �¼�Î©ì Á¨ ×­� Ì�Î��µÒ
�¨×�Î ×­� ¯¼×�Î�­�¼©� ¯Ò �Á»Ì�Î�� ×Á ×­� ×Á×�µ �¼�Î©ì ¯¼ ×­� ÁÎ¯©¯¼�µ Ò×�×�Į 2¼Ò×��¯µ¯×ì �Î¯Ò�Ò ¯¨
×­� ×Á×�µ �¼�Î©ì ¯¼ ×­� ¼�æ Ò×�×� ¯Ò µ�ÒÒį ¯Į�Į ×­� ¼�æ Ò×�×� ¯Ò �¼�Î©�×¯��µµì ÌÎ�¨�ÎÎ��Į a­¯Ò �ÌŅ
ÌÎÁ��­ ¯Ò ¯µµÜÒ×Î�×�� ¯¼ *¯©Į ąĮą ¨ÁÎ � �¯Ò³ æ¯×­ ÌÜÎ�µì <�Ìµ�Î¯�¼ ÎÁ×�×¯Á¼į ∂Ω/∂z = 0į �Ò æ�µµ �Ò
¨ÁÎ � �¯Ò³ æ¯×­ � ­�¯©­×Ņ��Ì�¼��¼�� Á¨ ×­� ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ìį ∂Ω/∂z -= 0Į a­� ¨¯©ÜÎ� Ò­ÁæÒ ×­�
Î��¯�µŅå�Î×¯��µ Ìµ�¼�į æ¯×­ ÒÜÎ¨���Ò Á¨ �Á¼Ò×�¼× �¼©Üµ�Î ¨Î�ÍÜ�¼�ì Ωį �Á¼Ò×�¼× ÒÌ��¯¨¯� �¼©Üµ�Î

ćă
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»Á»�¼×Ü» l = Ωr2į �¼� �Á¼Ò×�¼× ÒÌ��¯¨¯� ³¯¼�×¯� �¼�Î©ì ekin = Ω2r2 = l2/r2 ��¯¼© »�Î³��
�Ò ÒÁµ¯� µ¯¼�ÒĮ aæÁ ©�Ò Ì�Î��µÒ �× ×­� µÁ��×¯Á¼Ò (r, z) �¼� (r + dr, z + dz) �Î� ��Ì¯�×�� �Ò �Ü��ÒĮ

a­� ×Á×�µ ³¯¼�×¯� �¼�Î©ì Á¨ ×­� ×æÁ Ì�Î��µÒ ��¨ÁÎ� ×­� ¯¼×�Î�­�¼©� ��¼ �� �ëÌÎ�ÒÒ�� �Ò

ekin,init =
l2(r, z)

r2
+

l2(r + dr, z + dz)

(r + dr)2
ŁąĮĂāł

�¼� �¨×�Îæ�Î�Ò �Ò

ekin =
l2(r, z)

(r + dr)2
+

l2(r + dr, z + dz)

r2
. ŁąĮĂĂł

�ëÌ�¼�¯¼© ×­� ÒÍÜ�Î� Á¨ ×­� ÒÌ��¯¨¯� �¼©Üµ�Î »Á»�¼×Ü» l2(r + dr, z + dz) ¯¼ � a�ìµÁÎ Ò�Î¯�Ò
�ÎÁÜ¼� (r, z) ì¯�µ�Ò

l2(r + dr, z + dz) = l2(r, z) +
∂l2(r, z)

∂r
dr +

∂l2(r, z)

∂z
dz +O(dr2) +O(dz2). ŁąĮĂăł

2¨ ×�Î»Ò Á¨ Ò��Á¼� �¼� ­¯©­�Î ÁÎ��Î �Î� ¼�©µ��×��į ×­� �¯¨¨�Î�¼�� ��×æ��¼ ×­� ×Á×�µ ³¯¼�×¯�
�¼�Î©ì ¯¼ ×­� ¼�æ �¼� ¯¼ ×­� ÁÎ¯©¯¼�µ Ò×�×� �»ÁÜ¼×Ò ×Á

ekin − ekin,init =

[
∂l2(r, z)

∂r
dr +

∂l2(r, z)

∂z
dz

] [
1

r2
− 1

(r + ∂r)2

]
. ŁąĮĂĄł

2¼Ò×��¯µ¯×ì ��¼ Á��ÜÎ ¯¨ ×­¯Ò �¯¨¨�Î�¼�� ¯Ò ¼�©�×¯å�Į ����ÜÒ� ×­� Ò��Á¼� ¨��×ÁÎ Á¼ ×­� Î¯©­×Ņ­�¼�
Ò¯�� ¯Ò �µæ�ìÒ ÌÁÒ¯×¯å�į ×­� �Î¯×�Î¯Á¼ ¨ÁÎ ¯¼Ò×��¯µ¯×ì ¯Ò

∂l2(r, z)

∂r
dr +

∂l2(r, z)

∂z
dz < 0. ŁąĮĂął

2¼ � �¯Ò³ ¯¼ æ­¯�­ ×­� ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì ¯Ò ¯¼��Ì�¼��¼× Á¨ ­�¯©­×į ×­¯Ò �Î¯×�Î¯Á¼ Î��Ü��Ò ×Á
×­� X�ìµ�¯©­ �Î¯×�Î¯Á¼ ∂l2(r)/∂r < 0Į <�Ìµ�Î¯�¼ �¯Ò³Ò �Î� Ò×��µ� æ¯×­ Î�ÒÌ��× ×Á ×­¯Ò �Î¯×�Î¯Á¼
����ÜÒ� ΩK = vK/r ∝ r−3/2 ŁÒ�� �ÍĮ ăĮăął �¼� ×­ÜÒ l ∝ r1/2Į a­�× ¯Òį ©�Ò Ì�Î��µÒ ×­�× �Î�
�¯ÒÌµ���� Î��¯�µµì ¯¼æ�Î�Ò ÁÎ ÁÜ×æ�Î�Ò ¨ÎÁ» ×­�¯Î �ÍÜ¯µ¯�Î¯Ü» Ò×�×�į ¯¼ æ­¯�­ ×­� ©Î�å¯×�×¯Á¼�µ
�¼� ×­� ��¼×Î¯¨Ü©�µ ¨ÁÎ�� ��×¯¼© Á¼ ×­�» �Î� ¯¼ ��µ�¼��į �ë��Ü×� �Ì¯�ì�µ¯� ÁÒ�¯µµ�×¯Á¼Ò ¯¼ ×­�
Î��¯�µŅ�ñ¯»Ü×­�µ Ìµ�¼� �ÎÁÜ¼� ×­¯Ò Ò×�×� Î�×­�Î ×­�¼ �Á¼×¯¼Ü¯¼© ×Á »Áå� ¯¼æ�Î�Ò ÁÎ ÁÜ×æ�Î�ÒĮ

2¼ �Á¼×Î�Ò×į ¯¨ ×­� ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì �­�¼©�Ò æ¯×­ ­�¯©­× �¼� ×­� ×�Î» ∂l2(r, z)/∂z ¯Ò ¼�©�×Ņ
¯å� ŁÁÎ ÌÁÒ¯×¯å�łį ¯¼Ò×��¯µ¯×ì ń ×Á �� »ÁÎ� ÌÎ��¯Ò�į ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ń ��¼ �Î¯Ò� ¯¨ ×­�
å�Î×¯��µ �¯ÒÌµ���»�¼× Á¨ ×­� ×æÁ ©�Ò Ì�Î��µÒ dz ¯Ò ÌÁÒ¯×¯å� ŁÁÎ ¼�©�×¯å�ł �¼� µ�Î©� �¼ÁÜ©­ �Á»Ņ
Ì�Î�� ×Á ×­� Î��¯�µ �¯ÒÌµ���»�¼× drĮ \Ì��¯¨¯��µµìį ¯¼×�Î�­�¼©¯¼© ×­� Ì�Î��µÒ �µÁ¼© � ÒÜÎ¨��� Á¨
�Á¼Ò×�¼× �¼©Üµ�Î »Á»�¼×Ü»į �Ò Ò­Áæ¼ ¯¼ *¯©Į ąĮąį µ���Ò ×Á � ¼�æ Ò×�×� ×­�× ¯Ò ¼�¯×­�Î »ÁÎ� ¼ÁÎ
µ�ÒÒ �¼�Î©�×¯��µµì ÌÎ�¨�Î��µ� ×­�¼ ×­� ÁÎ¯©¯¼�µ Ò×�×�Į a­¯Ò ¯Ò Ò¯¼�� l2(r + dr, z + dz) = l2(r, z)
�¼� ×­�Î�¨ÁÎ� ekin − ekin,init = 0Į

oŬŹŻŰŪŨų ũżŶƀŨŵŪƀ a­¯Ò ×Áì »Á��µ Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì �Á�Ò ¼Á× ¯¼åÁµå� ×­� Ò×�Ņ
�¯µ¯Ò¯¼© �¨¨��× Á¨ �ÜÁì�¼�ì �¼� ×­� �Á¼Ò�ÍÜ�¼×¯�µ ¼���ÒÒ¯×ì Á¨ � Ò­ÁÎ× ©�Ò �ÁÁµ¯¼© ×¯»� Ò��µ�Į
aÁ ¯µµÜÒ×Î�×� ×­¯Òį 2 �ÒÒÜ»� ×­�× � å�Î×¯��µ ��¼Ò¯×ì ÌÎÁ¨¯µ� �¼ÒÜÎ�Ò ×­�× ×­� ©�Ò ¯Ò ¯¼ ­ì�ÎÁÒ×�×¯�
�ÍÜ¯µ¯�Î¯Ü» æ­¯µ� ×­� ×�»Ì�Î�×ÜÎ� �Á�Ò ¼Á× ��Ì�¼� Á¼ ­�¯©­×į �Ò �»Á¼© Á×­�ÎÒ ¯¼ ×­� »Á��µ Á¨

ćĄ
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×­� ©�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�× 2 ÌÎ�Ò�¼× ¯¼ žÌÌ�¼�¯ë žĮ f¼��Î ×­�Ò� �Á¼�¯×¯Á¼Ò �¼� ¯¨ ×­�
�ÁÁµ¯¼© ×¯»� ¯Ò ¯¼¨¯¼¯×�µì µÁ¼©į � ©�Ò Ì�Î��µ ×­�× ¯Ò �¯ÒÌµ���� ÜÌæ�Î�Ò ���Ì×Ò ×Á ×­� µÁæ�Î ÌÎ�ÒŅ
ÒÜÎ� Á¨ ×­� ©�Ò �ÎÁÜ¼� ¯× �ì �ëÌ�¼�¯¼© �¼� �ÁÁµ¯¼©Į \¯¼�� ×­¯Ò µÁæ�Î �»�¯�¼× ÌÎ�ÒÒÜÎ� Î�ÒÜµ×Ò
¨ÎÁ» � ���Î��Ò� ¯¼ ��¼Ò¯×ìį �Ü× ¼Á× ¯¼ ×�»Ì�Î�×ÜÎ�į ×­� Ì�Î��µ ¯Ò ��¼Ò�Î ×­�¼ ×­� ÒÜÎÎÁÜ¼�Ņ
¯¼© ©�Ò �¨×�Î ×­� �¯ÒÌµ���»�¼×Į �ÜÁì�¼�ì ×­ÜÒ ��ÜÒ�Ò ×­� Ì�Î��µ ×Á »Áå� ���³ �Áæ¼æ�Î�ÒĮ 2¨
�ÁÁµ¯¼© Á��ÜÎÒ ¯¼¨¯¼¯×�µì Î�Ì¯�į Á¼ ×­� Á×­�Î ­�¼�į �ÜÁì�¼�ì �Á�Ò ¼Á× Ò×��¯µ¯Ò� ×­� ©�ÒĮ a­¯Ò ¯Ò
����ÜÒ� ×­� ×�»Ì�Î�×ÜÎ� �¼� ×­�Î�¨ÁÎ� �µÒÁ ×­� ��¼Ò¯×ì Á¨ ×­� ÜÌæ�Î�ÒŅ»Áå¯¼© Ì�Î��µ Î�»�¯¼
×­� Ò�»� �Ò ×­ÁÒ� Á¨ ×­� ©�Ò ÒÜÎÎÁÜ¼�¯¼© ¯×Į

E�×­�»�×¯��µµìį ×­� \�­æ�ÎñÒ�­¯µ� �Î¯×�Î¯Á¼Ċ ��¼ �� �ÌÌµ¯�� ×Á ��×�Î»¯¼� æ­�×­�Î µ¯¼��Î
Ì�Î×ÜÎ��×¯Á¼Ò ¯¼ ×­� ©�Ò �Î� Ò×��¯µ¯Ò�� �ì �ÜÁì�¼�ìĮ ž��ÁÎ�¯¼© ×Á ×­¯Ò �Î¯×�Î¯Á¼į ©�Ò ¯Ò Ò×��µ�
�¼� ÁÒ�¯µµ�×�Ò �ÎÁÜ¼� ×­� �ÍÜ¯µ¯�Î¯Ü» Ò×�×� æ¯×­ ×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì ¯¨ ×­¯Ò ¨Î�ÍÜ�¼�ì
¯Ò Î��µĮ 2¼ �Á¼×Î�Ò×į ¯¨ ×­� ¨Î�ÍÜ�¼�ì ¯Ò ¯»�©¯¼�Îìį �ÜÁì�¼�ì µ���Ò ×Á �Á¼å��×¯Á¼Į a­� ÒÍÜ�Î� Á¨
×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì ¯Ò ©¯å�¼ �ì

N 2
z = − 1

γρg

∂P

∂z

∂

∂z
ln

(
P

ργg

)
, ŁąĮĂĆł

æ­�Î� γ ¯Ò ×­� ��¯���×¯� ¯¼��ëĮ a­� µ�Ò× ��Î¯å�×¯å� Á¼ ×­� Î¯©­×Ņ­�¼� Ò¯�� �ëÌÎ�ÒÒ�Ò ×­� ��Ì�¼�Ņ
�¼�� Á¨ ×­� ÒÌ��¯¨¯� �¼×ÎÁÌì s ∝ ln(P/ργg) Á¼ ­�¯©­×Į 2¼ ×­� ��Ò� Á¨ µÁ��µµì ¯ÒÁ×­�Î»�µ ©�Ò æ¯×­
� å�Î×¯��µµì �Á¼Ò×�¼× ×�»Ì�Î�×ÜÎ�į ×­�× ¯Ò ×Á Ò�ì γ = 1 �¼� ∂p/∂z = c2s∂ρg/∂zį ¯× ¯Ò �ÍÜ�µ ×Á

∂

∂z
ln

(
P

ργg

)
= c2s

∂

∂z
ln

(
ρg
ρg

)
= 0, ŁąĮĂćł

�¼� ×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì å�¼¯Ò­�ÒĮ 2¨ γ > 1į Á¼ ×­� Á×­�Î ­�¼�į ×­� ÒÌ��¯¨¯� �¼×ÎÁÌì ¯¼Ņ
�Î��Ò�Ò æ¯×­ ­�¯©­×Į \¯¼�� ×­� ÌÎ�ÒÒÜÎ� ���Î��Ò�Ò æ¯×­ ­�¯©­×į ×­� ÒÍÜ�Î� Á¨ ×­� �ÎÜ¼×Ņo�¯Ò�µ�
¨Î�ÍÜ�¼�ì ¯Ò ×­�Î�¨ÁÎ� ÌÁÒ¯×¯å�Į

a­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ��¼ ÁÌ�Î�×� ¯¨ ×­� �ÁÁµ¯¼© ×¯»� Ò��µ� ¯Ò Ò­ÁÎ× �¼ÁÜ©­ ¨ÁÎ ×­�
��Ò×��¯µ¯Ò¯¼© å�Î×¯��µ Ò­��Î ×Á Áå�Î�Á»� ×­� Ò×��¯µ¯Ò¯¼© �ÜÁì�¼�ìį ×­�× ¯Ò µÁ��µµì

τg,cool !
|r∂Ω/∂z|

N 2
z

ŁąĮĂĈł

Ł>¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĂāĮ f¼��Î ×­� �ÒÒÜ»Ì×¯Á¼ ×­�× ×­� ×�»Ì�Î�×ÜÎ� ¯Ò ¯¼��Ì�¼��¼× Á¨ ­�¯©­×į
æ­¯µ� ¯×Ò ��Ì�¼��¼�� Á¼ ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�Î ��¼ �� �ëÌÎ�ÒÒ�� �Ò � ÌÁæ�Î µ�æ æ¯×­ �¼
�ëÌÁ¼�¼× qį >¯¼ �¼� vÁÜ�¯¼ ŁăāĂĆł Ò­Áæ ×­�× ¯¼Ò×��¯µ¯×ì ©µÁ��µµì Î�ÍÜ¯Î�Ò

τg,cool <
Hg|q|

(γ − 1)rΩK
. ŁąĮĂĉł

Ċa­� \�­æ�ÎñÒ�­¯µ� �Î¯×�Î¯Á¼ ¯Ò Ì�Î× Á¨ ×­� »ÁÎ� ©�¼�Î�µ \Áµ��Î©Ņ0Ê¯µ�¼� �Î¯×�Î¯� ¨ÁÎ ×­� Ò×��¯µ¯×ì Á¨ �¯¨¨�Î�¼Ņ
×¯�µµì ÎÁ×�×¯¼© �¯Ò³Ò æ¯×­ Î��¯�µ �¼� å�Î×¯��µ ��¼Ò¯×ì �¼� ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�Ò Ła�ÒÒÁÜµ ĂĊĈĉĹ Xß�¯©�Î �× �µĮ ăāāăĹ >ìÎ�
�¼� f»ÜÎ­�¼ ăāĂĊłĮ

Ăāa­� »�ë¯»Ü» µÁ��µ �ÁÁµ¯¼© ×¯»� Ò��µ� ¨ÁÎ æ­¯�­ ×­� å�Î×¯��µ ¯¼Ò×��¯µ¯×ì ¯Ò ��×¯å� ¯Ò Î�µ�×�� ×Á ×­� X¯�­�Î�Ņ
ÒÁ¼ ¼Ü»��Î Ri = N 2

z /(r∂Ω/∂z)
2 Ł>¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĮ a­¯Ò �¯»�¼Ò¯Á¼µ�ÒÒ ¼Ü»��Î ÍÜ�¼×¯¨¯�Ò ×­� Î�×¯Á Á¨ ×­�

Ò×Î�¼©×­Ò Á¨ �ÜÁì�¼�ì �¼� Ò­��ÎĮ

ćą
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2¼ ×­� ©�Ò �¯Ò³ »Á��µ ��Ò�Î¯��� ¯¼ žÌÌ�¼�¯ë žį q = −1/2 ŁÒ�� �ÍĮ žĮĂłĮ \¯¼�� ×­� �¯Ò³ �ÒÌ��×
Î�×¯Á Hg/r ¯Ò ©�¼�Î�µµì µ�ÒÒ ×­�¼ Á¼�į � �ÁÁµ¯¼© ×¯»� ×­�× ¯Ò Ò­ÁÎ×�Î ×­�¼ ×­� �ì¼�»¯��µ ×¯»�
Ò��µ� 1/ΩK ¯Ò ×­ÜÒ ¼���ÒÒ�ÎìĮ 2 ¼Á×� ×­�× ×­� ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò ¯¼ ×­� Ò¯»Üµ�×¯Á¼Ò �Á¼�Ü�×��
�ì \×Áµµ �¼� <µ�ì ŁăāĂąį ăāĂćł �¼� *µÁ�³ �× �µĮ ŁăāĂĈį ăāăāł æ­¯�­ ¯¼�µÜ�� � Î��¯�×¯å� ×Î�¼Ò¨�Î
»Á��µ Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ

>ŰŵŬŨŹ ŴŶūŬź Ũŵū ŵŶŵÕųŰŵŬŨŹ źŨŻżŹŨŻŬū źŻŨŻŬ aæÁ �µ�ÒÒ�Ò Á¨ µ¯¼��Î »Á��Ò Á¨ ×­� å�ÎŅ
×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìį �Á�ì »Á��Ò �¼� ÒÜÎ¨��� »Á��Òį ­�å� ���¼ ¯��¼×¯¨¯�� ¼Ü»�Î¯��µµì �¼�
�¼�µì×¯��µµì ŁF�µÒÁ¼ �× �µĮ ăāĂĄĹ ��Î³�Î �¼� >�××�Î ăāĂĆĹ f»ÜÎ­�¼ �× �µĮ ăāĂć�łĮ žÒ ÌÎ��¯�×�� �ì
×­� ×Áì »Á��µ ��Áå�į ¯¼ æ­¯�­ ¯¼Ò×��¯µ¯×ì Î�ÍÜ¯Î�Ò ×­� Î�×¯Á Á¨ å�Î×¯��µ dz ×Á ×­� Î��¯�µ �¯ÒÌµ���Ņ
»�¼× dr ×Á �� ÒÜ¨¨¯�¯�¼×µì ©Î��×į �Á×­ �µ�ÒÒ�Ò �Î� �­�Î��×�Î¯Ò�� �ì ×­�¯Î å�Î×¯��µ æ�å�µ�¼©×­Ò
��¯¼© µ�Î©�Î ×­�¼ ×­� Î��¯�µ Á¼�ÒĮ a­� Î��¯�µ æ�å�µ�¼©×­Ò Á¨ ×­� �Á�ì »Á��Ò �Î� µÁ¼©�Î ×­�¼
×­ÁÒ� Á¨ ×­� ÒÜÎ¨��� »Á��Òį ×­ÁÜ©­Į

FÜ»�Î¯��µµì Ò×Ü�ì¯¼© ×­� ÒÜÎ¨��� »Á��Ò ¯Ò ÌÎÁ�µ�»�×¯� ¯¼ ×æÁ Î�©�Î�Òĭ *¯ÎÒ×µìį ×­� ÒÜÎ¨���
»Á��Ò �ÌÌ��Î �× ×­� �Î×¯¨¯�¯�µ å�Î×¯��µ �ÁÜ¼��Î¯�Ò Á¨ Ò¯»Üµ�×¯Á¼ �Á»�¯¼Ò ŁF�µÒÁ¼ �× �µĮ ăāĂĄĹ
��Î³�Î �¼� >�××�Î ăāĂĆĹ >¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĮ a­�¯Î ©ÎÁæ×­ Î�×� ¯¼�Î��Ò�Ò æ¯×­ ×­� å�Î×¯��µ
�Á»�¯¼ �ë×�¼× ����ÜÒ� ×­� å�Î×¯��µ Ò­��Î ¯Ò Ò×ÎÁ¼©�Î �× ©Î��×�Î ­�¯©­×Ò Ł>¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĮ
FÁ¼�×­�µ�ÒÒį ��Î³�Î �¼� >�××�Î ŁăāĂĆł ¨¯¼� ×­�× ×­� ÒÜÎ¨��� »Á��Ò ��¼ �Ò æ�µµ ©ÎÁæ �× ×Î�¼ÒŅ
¯×¯Á¼Ò ¯¼ ×­� å�Î×¯��µ Ò×ÎÜ�×ÜÎ� Á¨ Î��µ¯Ò×¯� �¯Ò³Ò ¯¼ æ­¯�­ ×­� ×�»Ì�Î�×ÜÎ� å�Î¯�Ò æ¯×­ ­�¯©­×Į
\��Á¼�µìį ×­� ¨�Ò×�Ò×Ņ©ÎÁæ¯¼© ÒÜÎ¨��� »Á��Ò �Î� ×­� Á¼�Ò æ¯×­ ×­� Ò­ÁÎ×�Ò× æ�å�µ�¼©×­Ò Ł��Î³�Î
�¼� >�××�Î ăāĂĆĹ >¯¼ �¼� vÁÜ�¯¼ ăāĂĆłĮ a­�× ¯Òį ¯¼ Ò¯»Üµ�×¯Á¼Ò �Á¼å�Î©�¼�� æ¯×­ Î�ÒÌ��× ×Á ×­�
Î�ÒÁµÜ×¯Á¼ ��¼ Á¼µì �� Î���­�� ¯¨ ×­�Ò� »Á��Ò �Î� �¯×­�Î ��»Ì�� �ì å¯Ò�ÁÒ¯×ì Ł��Î³�Î �¼� >�××�Î
ăāĂĆł ÁÎ ¯¨ ×­� ©�Ò ¯Ò ¼Á× µÁ��µµì ¯ÒÁ×­�Î»�µĮ a­� µ�××�Î ¯Ò ����ÜÒ� Î��Ü�¯¼© ×­� �ÁÁµ¯¼© ×¯»� µ���Ò
×Á ¯¼�Î�»�¼×�µ ��»Ì¯¼© Á¨ ×­� ¨�Ò×�Ò×Ņ©ÎÁæ¯¼© »Á��Òį �Ò Ò­Áæ¼ �ì >¯¼ �¼� vÁÜ�¯¼ ŁăāĂĆłĮ

a­� ©ÎÁæ×­ Î�×� Á¨ ×­� �Á�ì »Á��Ò ¯Ò µ�ÒÒ ×­�¼ ×­�× Á¨ ×­� ÒÜÎ¨��� »Á��Ò ŁF�µÒÁ¼ �× �µĮ ăāĂĄĹ
��Î³�Î �¼� >�××�Î ăāĂĆĹ f»ÜÎ­�¼ �× �µĮ ăāĂć�łĮ a­�Î�¨ÁÎ�į ×­�ì �ÌÌ��Î µ�×�Î ¯¼ Ò¯»Üµ�×¯Á¼ÒĮ 2¼
�Á¼×Î�Ò× ×Á ×­� ÒÜÎ¨��� »Á��Òį ×­� �Á�ì »Á��Ò Á��ÜÌì ×­� �Üµ³ Á¨ ×­� �¯Ò³Į a­�ì �åÁµå� ¨ÎÁ» �¼
Á�� Òì»»�×Îì Î�µ�×¯å� ×Á ×­� »¯�ŅÌµ�¼� ń �× � ©¯å�¼ Î��¯ÜÒį ©�Ò »Áå�Ò ÜÌæ�Î�Ò Ł�Áæ¼æ�Î�Òł
��Áå� �¼� �Áæ¼æ�Î�Ò ŁÜÌæ�Î�Òł ��µÁæ ×­� »¯�ŅÌµ�¼� ń ×Á �¼ �å�¼ Òì»»�×ÎìĮ

a­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì �××�¯¼Ò � ¼Á¼Ņµ¯¼��Î Ò�×ÜÎ�×�� Ò×�×� �¨×�Î∼30 ÁÎ�¯×�µ Ì�Î¯Á�Ò ÁÎ
µ�×�Î ŁF�µÒÁ¼ �× �µĮ ăāĂĄĹ \×Áµµ �¼� <µ�ì ăāĂąłĮ 2 Ò­Áæ ×­� ×ÜÎ�Üµ�¼�� ×­�× ¯Ò �Î¯å�¼ �ì ×­� ¯¼Ò×��¯µŅ
¯×ì ¯¼ ×­¯Ò Ò×�×� ¯¼ *¯©Į ąĮĆĮ 2¼ ×­� Î��¯�µŅå�Î×¯��µ Ìµ�¼�į ¯× ¯Ò �­�Î��×�Î¯Ò�� �ì Ì�Î×ÜÎ��×¯Á¼Ò æ¯×­
� å�Îì Ò»�µµ Î�×¯Á Á¨ ×­� Î��¯�µ ×Á ×­� å�Î×¯��µ æ�å�µ�¼©×­į �ì � »¯ÎÎÁÎ Òì»»�×Îì æ¯×­ Î�ÒÌ��×
×Á ×­� »¯�ŅÌµ�¼�į �¼� �ì ��¯¼© ��¼× Òµ¯©­×µì ÁÜ×æ�Î�ÒĮ a­¯Ò �ÜÎå�×ÜÎ� ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­ ×­�×
Á¨ ×­� ÒÜÎ¨���Ò Á¨ �Á¼Ò×�¼× �¼©Üµ�Î »Á»�¼×Ü» ¯¼ ×­� ×Áì »Á��µ ��Ì¯�×�� ¯¼ *¯©Į ąĮąĮ 2¼ ×­Î��Ņ
�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Òį ×­� ¯¼Ò×��¯µ¯×ì µ���Ò ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨ åÁÎ×¯��Ò ŁX¯�­�Î� �× �µĮ ăāĂćĹ
>�××�Î �¼� V�Ì�µÁ¯ñÁÜ ăāĂĉĹ E�¼©�Î �¼� <µ�­Î ăāĂĉĹ *µÁ�³ �× �µĮ ăāăāłĮ a­� ×ÜÎ�Üµ�¼�� ¯¼�Ü��Ò
å�Î×¯��µ �¼� Î��¯�µ �¼©Üµ�Î »Á»�¼×Ü» ×Î�¼ÒÌÁÎ×į ×­� µ�××�Î Á¨ æ­¯�­ �¯�Ò Ò×�µµ�Î ���Î�×¯Á¼ ŁžÎµ×
�¼� fÎÌ¯¼ ăāāąĹ F�µÒÁ¼ �× �µĮ ăāĂĄĹ \×Áµµ �¼� <µ�ì ăāĂąłĂĂĮ 0Áæ�å�Îį ×­¯Ò ×Î�¼ÒÌÁÎ× �µÒÁ ��×Ò ×Á
�µ¯»¯¼�×� ×­� ×�»Ì�Î�×ÜÎ� Ò×ÎÜ�×ÜÎ� Ü¼µ�ÒÒ ×­� ©�Ò ¯Ò µÁ��µµì ¯ÒÁ×­�Î»�µĮ a­�Î�¨ÁÎ�į ¯¨ ×­¯Ò ¯Ò

ĂĂ2¼ Ò×Ü�¯�Ò Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìį ×­� αŅÌ�Î�»�×�Î ¯Ò �Á»»Á¼µì ��¨¯¼�� �Ò α ∼ vg,rvg,φ/c
2
s Ł�Į©Į F�µŅ

ÒÁ¼ �× �µĮ ăāĂĄĹ \×Áµµ �¼� <µ�ì ăāĂąį ăāĂćĹ \×Áµµ �× �µĮ ăāĂĈłĮ a­¯Ò ��¨¯¼¯×¯Á¼ ¯Ò »ÁÎ� ÒÜ¯×��µ� ×Á ÍÜ�¼×¯¨ì �¼©Üµ�Î »ÁŅ
»�¼×Ü» ×Î�¼Ò¨�Î ×­�¼ ×­� ��¨¯¼¯×¯Á¼ 2 ÜÒ� ¯¼ ×­¯Ò ×­�Ò¯Òį α = M2

gĮ

ćĆ



�0žVa�X ąĮ 2F\až�2>2a2�\ žF� afX�f>�F��

'JHVSF ���� 'JHVSF BEPQUFE GSPN 4+#��� .BDI OVNCFS PG UIF WFSUJDBM HBT NPUJPOT Mg,z BT B GVODUJPO PG UIF SBEJBM EJT�
UBODF r BOE UIF IFJHIU z JO B UXP�EJNFOTJPOBM TJNVMBUJPO PG MPDBMMZ JTPUIFSNBM HBT XJUI B SBEJBM UFNQFSBUVSF QSPlMF� 5IF
UVSCVMFODF JO UIF TJNVMBUJPO JT DBVTFE CZ UIF WFSUJDBM TIFBS JOTUBCJMJUZ JO JUT TBUVSBUFE TUBUF� *U JOEVDFT QFSUVSCBUJPOT XIJDI
BSF SBEJBMMZ TNBMM CVU WFSUJDBM FMPOHBUFE
 TMJHIUMZ CFOU PVUXBSET
 BOE TZNNFUSJD XJUI SFTQFDU UP UIF NJE�QMBOF� 5IF .BDI
OVNCFS JT FRVBM UP∼0.1 BU BMM SBEJJ BOE IFJHIUT�

¼Á× ×­� ��Ò�į �ë×�Î¼�µ ­��×¯¼© ¯Ò ¼���ÒÒ�Îì ×Á »�¯¼×�¯¼ ×­� å�Î×¯��µ Ò­��Î �¼� ×­� ¯¼Ò×��¯µ¯×ì
Ł\×Áµµ �¼� <µ�ì ăāĂąłĮ

ażŹũżųŬŵŻ źŻŹŬŵŮŻů¿ ūżźŻ źŪŨųŬ ůŬŰŮůŻ¿ Ũŵū ŰŵŻŬŹŨŪŻŰŶŵ žŰŻů źŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ
2¼ ×­� ×­Î��Ņ�¯»�¼Ò¯Á¼�µ Î��¯�×¯å� ×Î�¼Ò¨�Î Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Ì�ÎŅ
¨ÁÎ»�� �ì *µÁ�³ �× �µĮ ŁăāĂĈłį ¯¼ æ­¯�­ ×­� ×�»Ì�Î�×ÜÎ� ���Î��Ò�Ò æ¯×­ ¯¼�Î��Ò¯¼© ­�¯©­×į ×­�
E��­ ¼Ü»��Î Á¨ ×­� å�Î×¯��µ ©�Ò »Á×¯Á¼Ò Î�¼©�Ò ��×æ��¼∼0.01 ¯¼ ×­� �¯Ò³ »¯�ŅÌµ�¼� �¼�∼0.1
�× ×­� ÒÜÎ¨���Į K¼ ×­� Á×­�Î ­�¼�į ×­� E��­ ¼Ü»��Î �»ÁÜ¼×Ò ×Á ∼0.1 �× �µµ ­�¯©­×Ò ¯¼ ×­� ×æÁŅ
�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Ò Á¨ µÁ��µµì ¯ÒÁ×­�Î»�µ ©�Ò æ¯×­ � å�Î×¯��µµì �Á¼Ò×�¼× ×�»Ì�Î�×ÜÎ� ×­�×
æ� ÌÎ�Ò�¼× ¯¼ \4�ăāĮ a­� ¯¼Ò×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á �¼¯ÒÁ×ÎÁÌ¯� ×ÜÎ�Üµ�¼��į æ¯×­ ×­� Î��¯�µ å�µÁŅ
�¯×ì Á¨ ×­� ©�Ò ��¯¼© µ�ÒÒ ×­�¼ ¯×Ò å�Î×¯��µ å�µÁ�¯×ì Ł\×Áµµ �¼� <µ�ì ăāĂćĹ \×Áµµ �× �µĮ ăāĂĈĹ \4�ăāłĮ
*¯©ÜÎ� Ć ¯¼ \4�ăā ¯¼�¯��×�Ò ×­�× ×­� Î��¯�µ E��­ ¼Ü»��Î Î�¼©�Ò ��×æ��¼ 0.01 �¼� 0.1Į 0¯©­�Î
×ÜÎ�Üµ�¼× Ò×Î�¼©×­Ò Î�ÒÜµ× ¨ÎÁ» Ò×ÎÁ¼©�Î å�Î×¯��µ Ò­��Î ��ÜÒ�� �ì Ò×��Ì�Î Î��¯�µ ×�»Ì�Î�×ÜÎ�
ÌÎÁ¨¯µ�Ò ŁF�µÒÁ¼ �× �µĮ ăāĂĄĹ >¯¼ ăāĂĊłĮ

a­� Ò��µ� ­�¯©­× ×Á æ­¯�­ �ÜÒ× ¯Ò �µ�å�×�� �ì ×­� ¯¼Ò×��¯µ¯×ì ��Ì�¼�Ò Á¼ ×­� \×Á³�Ò ¼Ü»Ņ
��Î Á¨ ×­� �ÜÒ× �Ò æ�µµ �Ò Á¼ ×­� Ò×Î�¼©×­ Á¨ ×­� ×ÜÎ�Üµ�¼�� �¼� �Á¼Ò�ÍÜ�¼×µì ×­� Ò×��Ì¼�ÒÒ Á¨
×­� ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ� ŁÒ�� �ÍĮ ąĮĆĹ >¯¼ ăāĂĊłĮ 2¼ ���¯×¯Á¼į ×­� Ò��µ� ­�¯©­× ���Î��Ò�Ò æ¯×­ ¯¼Ņ
�Î��Ò¯¼© Î�×¯Á Á¨ �ÜÒ× ×Á ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì ¯¨ ×­� �Î�© �ë�Î×�� �ì ×­� �ÜÒ× Á¼ ×­� ©�Ò ¯Ò ×�³�¼
¯¼×Á ���ÁÜ¼× Ł>¯¼ ăāĂĊĹ \4�ăāłĮ a­� Î��ÒÁ¼ ¨ÁÎ ×­¯Ò ¯Ò ×­� ×�¼��¼�ì Á¨ ×­� �ÜÒ× ×Á Ò��¯»�¼×
×Áæ�Î�Ò ×­� »¯�ŅÌµ�¼�į æ­¯�­ ¯¼×ÎÁ�Ü��Ò �¼ �¨¨��×¯å� �ÜÁì�¼�ì ¯¼ ×­� ©�Ò ×­�× ��»ÌÒ ×­� ¯¼Ņ
Ò×��¯µ¯×ì Ł>¯¼ �¼� vÁÜ�¯¼ ăāĂĈĹ >¯¼ ăāĂĊłĮ aÁ �µÜ�¯��×� ×­¯Òį ©�Ò �¼� �ÜÒ× ��¼ �� �ÌÌÎÁë¯»�×��
�Ò � Ò¯¼©µ� ¨µÜ¯� ń � å�µ¯� �ÌÌÎÁë¯»�×¯Á¼ ¯¨ ×­�ì �Î� ×¯©­×µì �ÁÜÌµ�� Áæ¯¼© ×Á ×­�¯Î »Ü×Ü�µ �Î�©

ćć
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ŁÒ�� \��×Į ĄĮĂłĮ p­¯µ� ×­� �ÜÒ× ���Ò ×Á ×­� ��¼Ò¯×ì Á¨ ×­¯Ò ¨µÜ¯� ρtot = ρg + ρdį ¯× �Á�Ò ¼Á× �Á¼Ņ
×Î¯�Ü×� ×Á ¯×Ò ÌÎ�ÒÒÜÎ�Į 2¨ ×­� ©�Ò ¯Ò µÁ��µµì ¯ÒÁ×­�Î»�µį ¯×Ò �ÍÜ�×¯Á¼ Á¨ Ò×�×� ¯Ò ©¯å�¼ �ìP = csρgĮ
a­� Á¼� Á¨ ×­� ¨µÜ¯� ��¼ �� �ëÌÎ�ÒÒ�� �Ò P = cs(1− ρd/ρtot)ρtotį ×­ÁÜ©­Į a­�× ¯Òį ¯¼ �Á¼×Î�Ò×
×Á ×­� ÌÜÎ� ©�Ò ×­� ¨µÜ¯� ¯Ò ¼Á× µÁ��µµì ¯ÒÁ×­�Î»�µ �¼� ×­ÜÒ Ò×��¯µ¯Ò�� �ì �ÜÁì�¼�ìĮ

>¯¼ ŁăāĂĊł ¨¯¼�Ò ×­�× ×­¯Ò �¨¨��×¯å� �ÜÁì�¼�ì µ���Ò ×Á ×­� �ÜÒ× Ò��µ� ­�¯©­× ���Î��Ò¯¼© ¨ÎÁ»
��ÁÜ× ×­� ©�Ò Ò��µ� ­�¯©­× ×Á ∼5% Á¨ ¯× ¯¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Z ¯¼�Î��Ò�Ò
¨ÎÁ» 0.01 ×Á 0.1 �¼� �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.001 ¯Ò �Á¼Ò¯��Î��Į \¯»¯µ�Îµìį ×­� Ò��µ�
­�¯©­× Á¨ �ÜÒ× æ¯×­ � ­¯©­�Î \×Á³�Ò ¼Ü»��Î Á¨ 0.1 �»ÁÜ¼×Ò ×Á ∼10% Á¨ ×­� ©�Ò Ò��µ� ­�¯©­× ¯¼
×­� Ò¯»Üµ�×¯Á¼ æ¯×­Z = 0.02 ×­�× ¯Ò ÌÎ�Ò�¼×�� ¯¼ \4�ăāį �Ü× ¯Ò �Ò µÁæ �Ò∼1% ¯¼ ÁÜÎ Ò¯»Üµ�×¯Á¼
æ¯×­ Z = 0.1Į

2¼ \4�ăāį æ� Ò×Ü�ì ×­� ¯¼×�Î��×¯Á¼ Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì �¼� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µŅ
¯×ìĮ aÁ ×­¯Ò �¼�į æ� �Á»Ì�Î� Ò¯»Üµ�×¯Á¼Ò ¯¼ æ­¯�­ ×­� �ÜÒ× ¯Ò ¯¼×ÎÁ�Ü��� �¯×­�Î �× ×­� ��©¯¼Ņ
¼¯¼© ÁÎ �¨×�Î ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ­�Ò Ò�×ÜÎ�×��Į 2¼ ×­� µ�××�Î ��Ò�į ×­� å�Î×¯��µ Ò­��Î
¯¼Ò×��¯µ¯×ì Î�»�¯¼Ò ×­� »�¯¼ ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� ¯¼ ×­� �ÜÒ× µ�ì�Î �ÎÁÜ¼� ×­� �¯Ò³ »¯�ŅÌµ�¼�į
�µ×­ÁÜ©­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì µÁ��µµì �Î¯å�Ò ×ÜÎ�Üµ�¼��Į 2¼ �Á¼×Î�Ò×į ×­� ×ÜÎ�Üµ�¼�� ¯¼ ×­�
�ÜÒ× µ�ì�Î ¯Ò ��ÜÒ�� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¨ ×­� �ÜÒ× ¯Ò ¯¼¯×¯�µ¯Ò�� �× ×­� Ò×�Î× Á¨ ×­� Ò¯»ÜŅ
µ�×¯Á¼Ò �¼� �Á×­ ¯¼Ò×��¯µ¯×¯�Ò ×­�Î�¨ÁÎ� ��©¯¼ ×Á ©ÎÁæ �× ×­� Ò�»� ×¯»�Į a­� ¨��× ×­�× ×­� å�Î×¯��µ
Ò­��Î ¯¼Ò×��¯µ¯×ì ¯Ò ÒÜÌÌÎ�ÒÒ�� ��¼ �� �ëÌµ�¯¼�� �ì ×­� �¨¨��×¯å� �ÜÁì�¼�ì ¯¼�Ü��� �ì ×­� �ÜÒ×
�Ò æ�µµ �Ò ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ò�×ÜÎ�×¯¼© »ÁÎ� Î�Ì¯�µì ×­�¼ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µŅ
¯×ìĮ a­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯Ò ��»Ì�� �ì ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì æ¯×­ �¼ αŅÌ�Î�»�×�Î Á¨ �×
µ��Ò× ∼4× 10−4į �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á � E��­ ¼Ü»��Î Á¨ 0.02 ŁF�µÒÁ¼ �× �µĮ ăāĂĄłĮ a­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á ×ÜÎ�Üµ�¼�� æ¯×­ ÒÜ�­ � Ò×Î�¼©×­ ŁÒ�� \��×Į ąĮĆĮĂłĮ

2¼ ×­� Ò¯»Üµ�×¯Á¼Ò �Á¼�Ü�×�� �ì \×Áµµ �¼� <µ�ì ŁăāĂćł ¯¼ æ­¯�­ Á¼µì ×­� �Î�© Á¨ ×­� ©�Ò Á¼×Á
×­� �ÜÒ× ¯Ò ¯¼�µÜ���į ×­� �ÜÒ× ¯Ò �Á¼��¼×Î�×�� Î��¯�µµì ¯¼ Ò­ÁÎ×Ņµ¯å�� ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ¯¼�Ü���
�ì ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ĄĮĆłĮ �ÜÒ× Áå�Î��¼Ò¯×¯�Ò �Î¯Ò� æ­¯�­ �ë���� ×­� ¯¼¯×¯�µ
��¼Ò¯×ì �ì ÜÌ ×Á �¼ ÁÎ��Î Á¨ »�©¼¯×Ü�� ¯¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× ¯Ò �µÁÒ� ×Á Á¼�Į *ÜÎŅ
×­�Î»ÁÎ�į �ÜÒ× ¯Ò ×Î�ÌÌ�� ¯¼ åÁÎ×¯��Ò ¨ÁÎ»�� �ì ×­� XÁÒÒ�ì æ�å� ¯¼Ò×��¯µ¯×ìį æ­¯�­ ¯¼ ×ÜÎ¼ ¯Ò
×Î¯©©�Î�� �ì ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì Ł*µÁ�³ �× �µĮ ăāăāłĮ ž ³�ì ¨¯¼�¯¼© Á¨ \4�ăā ¯Ò ×­�×į ¯¨
×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼× �Ò æ�µµį ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì »�ì
�¼­�¼�� �ÜÒ× �Á¼��¼×Î�×¯Á¼Ò ¯¼ ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ��ÜÒ�� �ì ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ a­�
¯¼×�ÎÌµ�ì Á¨ Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á Ò×ÎÁ¼©�Î �ÜÒ× Áå�ÎŅ
��¼Ò¯×¯�Ò ×­�¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ¯ÒÁµ�×¯Á¼į ��ÒÌ¯×� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼Ņ
�Ü�¯¼© µ�Î©�Î �ÜÒ× Ò��µ� ­�¯©­×Ò ×­�¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ąĮĆĮĂłĮ a­¯Ò ¯¼�¯��×�Ò
×­�× � �Á»�¯¼�×¯Á¼ Á¨ Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì »¯©­× µ��� ×Á Ìµ�¼�×�ÒŅ
¯»�µ ¨ÁÎ»�×¯Á¼ ¨ÁÎ �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁÒ �¼� �ÜÒ× Ò¯ñ�Ò ¨ÁÎ æ­¯�­ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ì �µÁ¼� �Á�Ò ¼Á× ŁÒ�� \��×Į ĄĮăłĮ

�¾�¾� �ŶŵŽŬŪŻŰŽŬ ŶŽŬŹźŻŨũŰųŰŻƀ Ũŵū źżũŪŹŰŻŰŪŨų ũŨŹŶŪųŰŵŰŪ ŰŵźŻŨũŰųŰŻƀ

a­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì �¼� ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì �Î� Î�µ�×�� ¯¼Ò×��¯µ¯×¯�Òį
×­� ¨ÁÎ»�Î � µ¯¼��Î Á¼� ÁÌ�Î�×¯¼© ¯¼ ×­� Î��¯�µŅå�Î×¯��µ Ìµ�¼� �¼� ×­� µ�××�Î � ¼Á¼Ņµ¯¼��Î Á¼� ¯¼
×­� Î��¯�µŅ�ñ¯»Ü×­�µ Ìµ�¼� Ł<µ�­Î �¼� �Á��¼­�¯»�Î ăāāĄĹ <µ�­Î ăāāąĹ V�×�ÎÒ�¼ �× �µĮ ăāāĈ�į�Ĺ
>�ÒÜÎ �¼� V�Ì�µÁ¯ñÁÜ ăāĂāĹ <µ�­Î �¼� 0Ü���Î� ăāĂąĹ >ìÎ� ăāĂąĹ >�××�Î ăāĂćłĮ p­¯µ� å�Î×¯��µ
�ÜÁì�¼�ì ��¼ Ò×��¯µ¯Ò� ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìį ×­�Ò� ¯¼Ò×��¯µ¯×¯�Ò Î�ÒÜµ× ¨ÎÁ» ×­� ��Ò×��¯µŅ

ćĈ
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r

φ

ρg
T

2¼¯×¯�µµìĭ

Pinit

Tinit

ρg,init

ž¨×�Î ­�µ¨ �Ì¯�ì�µ�ĭ

P = Pinit

T < Tinit

ρg > ρg,init

�ÜÁìŅ
�¼�ì

ž¨×�Î ¨Üµµ �Ì¯�ì�µ�ĭ

P = Pinit

T > Tinit

ρg < ρg,init

�ÜÁìŅ
�¼�ì

'JHVSF ���� 5PZ NPEFM PG UIF DPOWFDUJWF PWFSTUBCJMJUZ� " HBT QBSDFM XJUI BO JOJUJBM QSFTTVSF
 UFNQFSBUVSF
 BOE EFOTJUZ PG
Pinit
Tinit
 BOEρg,init FYFDVUFT FQJDZDMJD NPUJPOT JO UIF SBEJBM�B[JNVUIBM QMBOF� 5IF UFNQFSBUVSFT BOE EFOTJUZρg PG UIF
BNCJFOU HBT EFDMJOF XJUI JODSFBTJOH SBEJVT� %VSJOH UIF lSTU IBMG PG BO FQJDZDMF
 UIF QBSDFM NPWFT SBEJBMMZ PVUXBSET UISPVHI
DPMEFS HBT� 8IFO SFUVSOJOH UP JUT JOJUJBM SBEJBM MPDBUJPO
 JU JT DPPMFS UIBO JOJUJBMMZ 	T < Tinit
� 4JODF JUT QSFTTVSF JT FRVBM
UP UIF JOJUJBM WBMVF 	P = Pinit

 JU JU JT UIVT EFOTFS 	ρg > ρg,init
� 5IFSFGPSF
 CVPZBODZ BDDFMFSBUFT UIF SBEJBMMZ JOXBSET
NPUJPO PG UIF QBSDFM JO UIF TFDPOE IBMG PG UIF FQJDZDMF� %VSJOH UIJT TFDPOE IBMG
 UIF QBSDFM JT JO DPOUBDU XJUI XBSNFS HBT�
"ȼUFS B GVMM FQJDZDMF
 JU JT UIVT IPUUFS 	T > Tinit

 CVU MFTT EFOTF UIBO PSJHJOBMMZ 	ρg < ρg,init
� 5IF CVPZBODZ GPSDF BDUJOH
PO UIF QBSDFM JT OPX EJSFDUFE SBEJBMMZ PVUXBSET BOE GVSUIFS BNQMJlFT JUT FQJDZDMJD NPUJPO� 5IJT SFTVMUT JO JOTUBCJMJUZ�

¯Ò¯¼© �¨¨��× Á¨ Î��¯�µ �ÜÁì�¼�ì ¯¼ �¯Ò³Òį ÁÎ Î�©¯Á¼Ò æ¯×­¯¼ �¯Ò³Òį ¯¼ æ­¯�­ ×­� �¼×ÎÁÌì ���Î��Ò�Ò
æ¯×­ ¯¼�Î��Ò¯¼© Î��¯�µ �¯Ò×�¼�� ×Á ×­� Ò×�ÎĮ a­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ¯Ò ×Î¯©©�Î�� �ì �Ì¯�ì�µ¯�
ÁÒ�¯µµ�×¯Á¼Ò Ł<µ�­Î �¼� 0Ü���Î� ăāĂąĹ >ìÎ� ăāĂąĹ >�××�Î ăāĂćłį æ­¯�­ ��¼ �� ¯¼�Ü��� �ì µ¯¼��Î
Î��¯�µ Ì�Î×ÜÎ��×¯Á¼Ò ŁÒ�� \��×Į ąĮąĮĂłĮ 2¼ �Á¼×Î�Ò×į ×­� ÒÜ��Î¯×¯�µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯Ò ��ÜÒ��
�ì åÁÎ×¯��Òį ¯Į�Į ¼Á¼Ņµ¯¼��Î Ì�Î×ÜÎ��×¯Á¼Ò ŁV�×�ÎÒ�¼ �× �µĮ ăāāĈ�į�Ĺ >�ÒÜÎ �¼� V�Ì�µÁ¯ñÁÜ ăāĂāłĮ
2¼ ×­Î��Ņ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Òį ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯Ò ×­� Ò�×ÜÎ�×�� Ò×�×� Á¨
×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì �Ò ×­� åÁÎ×¯��Ò ¨ÁÎ»�� �ì ×­� µ�××�Î ¯¼Ò×��¯µ¯×ì ��× �Ò Ò���Ò ¨ÁÎ ×­�
¨ÁÎ»�Î Ł>ìÎ� ăāĂąłĮ

aŶƀ ŴŶūŬų Ũŵū ŹŨūŰŨų ũżŶƀŨŵŪƀ *¯©ÜÎ� ąĮć ��Ì¯�×Ò � ×Áì »Á��µ Á¨ ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µŅ
¯×ì Ł>�××�Î ăāĂćĹ >ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĮ 2¼ ×­¯Ò »Á��µį ¯× ¯Ò �ÒÒÜ»�� ×­�× ×­� ©�Ò ×�»Ì�Î�×ÜÎ�
�¼� ��¼Ò¯×ì ���Î��Ò� æ¯×­ ¯¼�Î��Ò¯¼© Î��¯ÜÒ �Ò æ�µµ �Ò ×­�× ×­� �ÁÁµ¯¼© ×¯»� Ò��µ� ¯Ò ¨¯¼¯×�Į a­�
¯¼¯×¯�µ ÌÎ�ÒÒÜÎ�į ×�»Ì�Î�×ÜÎ�į �¼� ��¼Ò¯×ì Á¨ � ©�Ò Ì�Î��µ �Î� ��¼Á×�� �ì Pinitį Tinitį �¼� ρg,initĮ
a­� ¨¯ÎÒ× ­�µ¨ Á¨ �¼ �Ì¯�ì�µ¯� ÁÒ�¯µµ�×¯Á¼ �¯ÒÌµ���Ò ×­� Ì�Î��µ Î��¯�µµì ÁÜ×æ�Î�Ò ¯¼×Á �Áµ��Î ©�ÒĮ
ž¨×�Î ­�µ¨ �¼ �Ì¯�ì�µ�į ¯× ¯Ò ×­ÜÒ �ÁÁµ�Î ×­�¼ ¯¼¯×¯�µµì ŁT < TinitłĮ \¯¼�� ×­� Ì�Î��µ ¯Ò µÁ��×��
�× ×­� Ò�»� Î��¯ÜÒ �Ò ¯¼¯×¯�µµìį ¯×Ò ÌÎ�ÒÒÜÎ� ¯Ò �ÍÜ�µ ×Á ¯×Ò ¯¼¯×¯�µ ÌÎ�ÒÒÜÎ� ŁP = Pinitłį ×­ÁÜ©­Į
a­�Î�¨ÁÎ�į ×­� Ì�Î��µ ¯Ò ��¼Ò�Î ×­�¼ ÁÎ¯©¯¼�µµì Łρg > ρg,initłĮ a­ÜÒį � �ÜÁì�¼�ì ¨ÁÎ�� ×­�× ¯Ò
�¯Î��×�� Î��¯�µµì ¯¼æ�Î�Ò ��×Ò Á¼ ×­� Ì�Î��µ �¼� �»Ìµ¯¨¯�Ò ¯×Ò �Ì¯�ì�µ¯� »Á×¯Á¼Į a­� Ò��Á¼�
­�µ¨ Á¨ ×­¯Ò »Á×¯Á¼ �Î¯¼©Ò ×­� Ì�Î��µ ¯¼×Á �Á¼×��× æ¯×­ æ�Î»�Î ©�ÒĮ ž¨×�Î � ¨Üµµ �Ì¯�ì�µ� ¯× Î�Ņ
×ÜÎ¼Ò ×Á ¯×Ò ¯¼¯×¯�µ Î��¯�µ �Ü× ¼Á× �ñ¯»Ü×­�µ µÁ��×¯Á¼Į a­� ÌÎ�ÒÒÜÎ� Á¨ ×­� Ì�Î��µ ¯Ò ×­� Ò�»� �Ò
×­� ¯¼¯×¯�µ ÌÎ�ÒÒÜÎ� ŁP = Pinitłį �Ü× ¯×Ò ×�»Ì�Î�×ÜÎ� ¯Ò ­¯©­�Î ŁT > Tinitł �¼� ¯×Ò ��¼Ò¯×ì ×­ÜÒ
µÁæ�Î Łρg < ρg,initłĮ a­� �ÜÁì�¼�ì ¨ÁÎ�� ��×¯¼© Á¼ ¯× ¯Ò ¼Áæ �¯Î��×�� Î��¯�µµì ÁÜ×æ�Î�Ò �¼� ¨ÜÎŅ
×­�Î �»Ìµ¯¨¯�Ò ×­� �Ì¯�ì�µ¯� ÁÒ�¯µµ�×¯Á¼Į 2¼Ò×��¯µ¯×ì �¼ÒÜ�ÒĮ

ćĉ
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a­� ×Áì »Á��µ ¯µµÜÒ×Î�×�Ò ×­�× ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ¯Ò ��×¯å� Á¼µì ¯¨ ×­� ©�Ò �ÁÁµ¯¼©
×¯»� ¯Ò ¨¯¼¯×�Į �ÜÁì�¼�ì æÁÜµ� ¼Á× �»Ìµ¯¨ì ×­� �Ì¯�ì�µ¯� ÁÒ�¯µµ�×¯Á¼Ò ¯¨ ×­� �ÁÁµ¯¼© ×¯»� æ�Î�
�¯×­�Î ¯¼¨¯¼¯×�µì Ò­ÁÎ× ÁÎ ¯¼¨¯¼¯×�µì µÁ¼©į ×­�× ¯Ò ×Á Ò�ì ×­� ©�Ò æ�Î� µÁ��µµì ¯ÒÁ×­�Î»�µ ÁÎ µÁ��µµì
��¯���×¯�Į 2¼ ×­� ¨ÁÎ»�Î ��Ò�į ×­� ©�Ò Ì�Î��µ æÁÜµ� �� ­��×�� ÁÎ �ÁÁµ�� ×Á ×­� ×�»Ì�Î�×ÜÎ� Á¨
×­� ÒÜÎÎÁÜ¼�¯¼© ©�Ò ¯¼Ò×�¼×�¼�ÁÜÒµìį æ­¯µ� ¯¼ ×­� µ�××�Î ��Ò� ¯× æÁÜµ� ¼Á× �� ­��×�� ÁÎ �ÁÁµ��
�× �µµĮ 2¼ �¯×­�Î ��Ò�į ×­� ×�»Ì�Î�×ÜÎ� Á¨ ×­� Ì�Î��µ æÁÜµ� �� ×­� Ò�»� �Ò ¯¼¯×¯�µµì �¨×�Î ­�µ¨ �¼
�Ì¯�ì�µ� ÁÎ � ¨Üµµ Á¼�Į a­� ¨��× ×­�× ×­� ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×�Ò ¯¼ ×­� Î��¯�µŅå�Î×¯��µ Ìµ�¼�į ¼Á× ¯¼
×­� Î��¯�µŅ�ñ¯»Ü×­�µ Á¼� �Ò ¯¼ ×­¯Ò »Á��µį ��¼ �� �ëÌµ�¯¼�� �ì ×­� �»Ìµ¯¨¯�� �Ì¯�ì�µ¯� »Á×¯Á¼Ò
��¯¼© �ë¯Òì»»�×Î¯� Ł>ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĮ 2¼ ���¯×¯Á¼į ¯��¼×¯��µ �Ü× ÁÌÌÁÒ¯×�µì �¯Î��×��
»Á×¯Á¼Ò »ÜÒ× �� �ë��Ü×�� ¯¼ å�Î×¯��µµì ��±���¼× ©�Ò µ�ì�ÎÒ ����ÜÒ� Á¨ ×­� �Á¼Ò�Îå�×¯Á¼ Á¨ »�ÒÒĮ
ž Ò¯»¯µ�Î ×Áì »Á��µ ��¼ �� �Á¼Ò×ÎÜ�×�� Á¨ ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì Ł>�ÒÜÎ �¼� V�ÌŅ
�µÁ¯ñÁÜ ăāĂāĹ >ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĮ

a­� �Î¯×�Î¯Á¼ ¨ÁÎ µ¯¼��Î ¯¼Ò×��¯µ¯×ì Á¨ �¯¨¨�Î�¼×¯�µµì ÎÁ×�×¯¼© ©�Ò æ¯×­ Î��¯�µ ��¼Ò¯×ì �¼� ×�»Ņ
Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�Ò ��¼ �� �ëÌÎ�ÒÒ�� �Ò

N 2
r + κ2 < 1. ŁąĮĂĊł

2× ¯Ò Ì�Î× Á¨ ×­� »ÁÎ� ©�¼�Î�µ \Áµ��Î©Ņ0Ê¯µ�¼� �Î¯×�Î¯� æ­¯�­ ¨ÜÎ×­�Î ¯¼�µÜ�� å�Î×¯��µ ��¼Ò¯×ì
�¼� ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�Ò Ła�ÒÒÁÜµ ĂĊĈĉĹ Xß�¯©�Î �× �µĮ ăāāăĹ >ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĮ F�©µ��×Ņ
¯¼© ×­� Ò��Á¼� ����¼� Á¼ ×­� µ�¨×Ņ­�¼� Ò¯�� ì¯�µ�Ò ×­� \�­æ�ÎñÒ�­¯µ� �Î¯×�Î¯Á¼ ¯¼ ×­� Î��¯�µ
�¯»�¼Ò¯Á¼į æ­¯�­ ¯Ò �ÍÜ¯å�µ�¼× ×Á ×­� Á¼� ¯¼ ×­� å�Î×¯��µ �¯»�¼Ò¯Á¼ �¯Ò�ÜÒÒ�� ¯¼ \��×Į ąĮąĮĂĮ
�ÜÁì�¼�ì ��×Ò ��Ò×��¯µ¯Ò¯¼© �¼� �»Ìµ¯¨¯�Ò �Ì¯�ì�µ¯� »Á×¯Á¼Ò ¯¼ ×­� ��Ò� Á¨ ×­� �Á¼å��×¯å� Áå�ÎŅ
Ò×��¯µ¯×ì �Ò æ�µµ �Ò åÁÎ×¯��Ò ¯¼ ×­� ��Ò� Á¨ ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯¨ ×­� ÒÍÜ�Î� Á¨
×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì

N 2
r = − 1

γρg

∂P

∂r

∂

∂r
ln

(
P

ργg

)
< 0. ŁąĮăāł

a­� Ò��Á¼� ����¼� Á¼ ×­� µ�¨×Ņ­�¼� Ò¯�� Á¨ �ÍĮ ąĮĂĊ Î�¨µ��×Ò ×­� Ò×��¯µ¯Ò¯¼© �¨¨��× Á¨ ÎÁ×�×¯Á¼į
æ¯×­ ×­� �Ì¯�ì�µ¯� ¨Î�ÍÜ�¼�ì ��¯¼© �ÍÜ�µ ×Á ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì ¯¼ <�Ìµ�Î¯�¼ �¯Ò³ÒĮ
2¼ ¨��×į ¯¨ ×­� ©�Ò ¯Ò µÁ��µµì ¯ÒÁ×­�Î»�µ �¼� ×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì ×­ÜÒ å�¼¯Ò­�Òį �ÍĮ ąĮĂĊ
Î��Ü��Ò ×Á ×­� X�ìµ�¯©­ �Î¯×�Î¯Á¼ �Ò ¯¼×ÎÁ�Ü��� ¯¼ \��×Į ąĮąĮĂ Ò¯¼�� κ = 1/r3 dl2/drĮ

a­�× ¯Òį ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ń ×­� Ò×��¯µ¯×ì �Î¯×�Î¯Á¼ �ÌÌµ¯�Ò ×Á ×­� µ¯¼��Î �Á¼å��×¯å�
Áå�ÎÒ×��¯µ¯×ìį �Ü× ¼Á× ¼���ÒÒ�Î¯µì ×Á ×­� ¼Á¼Ņµ¯¼��Î ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ń �Á×­ ¼���Ò
×Á Áå�Î�Á»� ×­� Ò×��¯µ¯Ò¯¼© ÎÁ×�×¯Á¼ �¼� Î�ÍÜ¯Î�Ò �¼ ¯»�©¯¼�Îì �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ìĮ a­�
¨ÁÎ»�Î ¯Ò ÌÁÒÒ¯�µ� Áæ¯¼© ×Á ×­�Î»�µ Î�µ�ë�×¯Á¼ Ł<µ�­Î �¼� 0Ü���Î� ăāĂąĹ >ìÎ� ăāĂął ÁÎ ×­�Î»�µ
�¯¨¨ÜÒ¯Á¼ Ł>�ÒÜÎ �¼� >�××�Î ăāĂćł ¯¨ ×­� ©�Ò �ÁÁµ¯¼© ×¯»� ¯Ò ¨¯¼¯×�Į a­� ©ÎÁæ×­ Î�×� Á¨ ×­� ¯¼Ò×��¯µŅ
¯×ì ¯Ò µ�Î©�Ò× ¯¨ ×­� �ÁÁµ¯¼© ×¯»� Ò��µ� ¯Ò �Á»Ì�Î��µ� ×Á ×­� �ì¼�»¯��µ ×¯»�Ò��µ� 1/ΩK Ł<µ�­Î �¼�
0Ü���Î� ăāĂąĹ >ìÎ� ăāĂąĹ >�ÒÜÎ �¼� >�××�Î ăāĂćłĮ

K¼ ×­� Á×­�Î ­�¼�į ¨ÁÎ ×­� �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì ©¯å�¼ ¯¼ �ÍĮ ąĮăā ×Á �� ¯»�©¯¼�Îìį �Á×­
×­� ÌÎ�ÒÒÜÎ� �¼� ×­� ÒÌ��¯¨¯� �¼×ÎÁÌì s ∝ ln(P/ργg) »ÜÒ× ���µ¯¼� æ¯×­ ¯¼�Î��Ò¯¼© Î��¯ÜÒĮ a­¯Ò
¯Ò ×ÎÜ� ¨ÁÎ ×­� ÌÎ�ÒÒÜÎ� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį �Ü× ¼Á× ©�¼�Î�µµì ¨ÁÎ ×­� �¼×ÎÁÌì ŁÒ�� �µÒÁ >ìÎ�
ăāĂąĹ >ìÎ� �¼� f»ÜÎ­�¼ ăāĂĊłĮ aÁ ¯µµÜÒ×Î�×� ×­¯Òį 2 �ÒÒÜ»� ×­�× ×­� Î��¯�µ ��¼Ò¯×ì �¼� ×�»Ì�Î�×Ņ
ÜÎ� ÌÎÁ¨¯µ�Ò ��¼ �� �ëÌÎ�ÒÒ�� �Ò ÌÁæ�Î µ�æÒ æ¯×­ ×­� �ëÌÁ¼�¼×Òp�¼� qį Î�ÒÌ��×¯å�µìĮ f¼��Î ×­¯Ò
�ÒÒÜ»Ì×¯Á¼į ×­� ©Î��¯�¼× Á¨ ×­� ÒÌ��¯¨¯� �¼×ÎÁÌì s ∝ ln(ρ1−γ

g T ) ¯Ò ¼�©�×¯å� ¯¨ (1− γ)p+ q ¯Òį

ćĊ
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×ÁÁĮ 2¼ ×­� »Á��µ Á¨ ×­� ©�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ÌÎ�Ò�¼×�� ¯¼ žÌÌ�¼�¯ë žį ×­� �ëÌÁ¼�¼× Á¨
×­� ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ� �»ÁÜ¼×Ò ×Á −1/2Į a­¯Ò �ëÌÁ¼�¼× ¯Ò ��ÁÌ×�� ¨ÎÁ» ×­� »¯¼¯»Ü» »�ÒÒ
ÒÁµ�Î ¼��Üµ� »Á��µ ��å¯Ò�� �ì 0�ì�Ò­¯ ŁĂĊĉĂł �¼� ¯Ò Ò¯»¯µ�Î ×Á ×­� »��¼ �ëÌÁ¼�¼× Á¨ −0.56
×­�× ž¼�Î�æÒ �¼� p¯µµ¯�»Ò ŁăāāĆł Á�×�¯¼ ¨ÎÁ» �¼ Á�Ò�Îå�×¯Á¼�µ ÒÜÎå�ì Á¨ »ÁÎ� ×­�¼ � ­Ü¼Ņ
�Î�� �¯Ò³ÒĮ +¯å�¼ ×­¯Ò �ëÌÁ¼�¼× �¼� �¼ ��¯���×¯� ¯¼��ë Á¨ 7/5į ¯Į�Į ©�Ò ×­�× ¯Ò ¼�¯×­�Î µÁ��µµì
¯ÒÁ×­�Î»�µ Łγ = 1ł ¼ÁÎ µÁ��µµì ��¯���×¯� Łγ = 5/3łį ×­� �¼×ÎÁÌì ©Î��¯�¼× ¯Ò ¼�©�×¯å� Á¼µì ¯¨ ×­�
�ëÌÁ¼�¼× Á¨ ×­� ��¼Ò¯×ì ÌÎÁ¨¯µ� ¯Ò �¯×­�Î �µÁÒ� ×Á ñ�ÎÁ ÁÎ ÌÁÒ¯×¯å�Į 2¼ �Á¼×Î�Ò×į ×­� ©µÁ��µ ��¼Ò¯×ì
©Î��¯�¼× ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ¯Ò ¼�©�×¯å�Į 2 ¼Á×� ×­�× ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ­�Ò ���¼
Ò×Ü�¯�� Á¼µì ¯¼ Ò¯»Üµ�×¯Á¼Ò Á¨ Î�©¯Á¼Ò ¯¼ �¯Ò³Ò Á¼ � µÁ��µ Ò��µ�į ¼Á× Á¨ �¯Ò³Ò Á¼ � ©µÁ��µ Ò��µ�Į

ażŹũżųŬŵŻ źŻŹŬŵŮŻů¿ ūżźŻ źŪŨųŬ ůŬŰŮůŻ¿ Ũŵū ŰŵŻŬŹŨŪŻŰŶŵ žŰŻů źŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ
a­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ©¯å�Ò Î¯Ò� ×Á ©�Ò ×ÜÎ�Üµ�¼�� æ¯×­ � E��­ ¼Ü»��Î Á¨ 0.01ń0.1 Ł<µ�­Î
�¼� 0Ü���Î� ăāĂąĹ >ìÎ� ăāĂąłĮ >ìÎ� ŁăāĂął Ò­ÁæÒ ×­�× ×­¯Ò ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ ¯Ò µ�Î©�µì ¯¼��Ņ
Ì�¼��¼× Á¨ ×­� �ëÌÁ¼�¼× Á¨ ×­� Î��¯�µ ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�Į 0Áæ�å�Îį ¯× ¯¼�Î��Ò�Ò æ¯×­ ×­� �ÁŅ
»�¯¼ Ò¯ñ� Á¨ ×­�¯Î Ò¯»Üµ�×¯Á¼Ò æ¯×­ÁÜ× �Á¼å�Î©¯¼©Į a­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� ÒÜ��Î¯×¯��µ
��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯Ò Ò×ÎÁ¼©�Îį æ¯×­ ¯×Ò E��­ ¼Ü»��Î �»ÁÜ¼×¯¼© ×Á 0.1ń0.4 ¯¨ ×­� �ÁÁµ¯¼©
×¯»� Ò��µ� ¯Ò �Á»Ì�Î��µ� ×Á ×­� �ì¼�»¯��µ ×¯»� Ò��µ� Ł>ìÎ� �¼� <µ�­Î ăāĂĂĹ X��××¯© �× �µĮ ăāĂĄłĮ
a­¯Ò E��­ ¼Ü»��Îį Ò¯»¯µ�Î ×Á ×­� Á¼� ¯¼�Ü��� �ì ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ìį �Á�Ò ¼Á× å�Îì
¼Á×¯����µì æ¯×­ ×­� Ò×��Ì¼�ÒÒ Á¨ ×­� Î��¯�µ ÌÎ�ÒÒÜÎ� ©Î��¯�¼× ŁX��××¯© �× �µĮ ăāĂĄłĮ F�å�Î×­�µ�ÒÒį
×­� ×ÜÎ�Üµ�¼�� ¯Ò Ò¯©¼¯¨¯��¼×µì æ��³�Î ¯¨ ×­� �ÁÁµ¯¼© ×¯»� ��å¯�×�Ò ¨ÎÁ» ×­� �ì¼�»¯��µ ×¯»� �ì
Á¼� ÁÎ ×æÁ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� Ł>ìÎ� �¼� <µ�­Î ăāĂĂĹ X��××¯© �× �µĮ ăāĂĄłĮ 2 ¼Á×� ×­�×į ¨ÎÁ»
×­� Ò¯»Üµ�×¯Á¼Ò Ì�Î¨ÁÎ»�� �ì X��××¯© �× �µĮ ŁăāĂĄłį ¯× ��¼ �� ©�×­�Î�� ×­�× ×­� E��­ ¼Ü»��Î
���Î��Ò�Ò �ì �¼ ÁÎ��Î »�©¼¯×Ü�� ¯¨ ×­� Î��¯�µ �ë×�¼× Á¨ ×­� Ò¯»Üµ�×¯Á¼ �Á»�¯¼ ¯Ò �ÁÜ�µ��Į

X��××¯© �× �µĮ ŁăāĂĆł ÌÎ�Ò�¼× Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯¼�µÜ�¯¼©
�ÜÒ×Į 2¼ *¯©Į ąĮĈį 2 Ò­Áæ ×­� åÁÎ×¯��Ò ¯¼ ×­� ©�Ò ¯¼�Ü��� �ì ×­� ¯¼Ò×��¯µ¯×ì �¼� ×­� ×Î�ÌÌ¯¼© Á¨
�ÜÒ× ¯¼ ×­�Ò� åÁÎ×¯��Ò ŁÒ�� \��×Į ĄĮĆłĮ 2¼ � Ò¯»Üµ�×¯Á¼ Á¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ Á¼� �¼� �¼
¯¼¯×¯�µ �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 0.01į ¯¼ æ­¯�­ Á¼µì ×­� �Î�© Á¨ ×­� ©�Ò Á¼×Á ×­� �ÜÒ×
¯Ò ¯¼�µÜ���į ∼1% Á¨ ×­� �ÜÒ× ���Ü»Üµ�×�Ò ¯¼ Áå�Î��¼Ò¯×¯�Ò ×­�× �ë���� ×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ìĮ
X��××¯© �× �µĮ ŁăāĂĆł ¨¯¼� ×­�× � µ�Î©�Î �»ÁÜ¼× Á¨ �ÜÒ× ¯Ò �Á¼��¼×Î�×�� ¯¼ ×­� åÁÎ×¯��Ò ¯¨ ×­� �Î�©
�ë�Î×�� �ì ×­� �ÜÒ× Á¼ ×­� ©�Ò ¯Ò �µÒÁ ×�³�¼ ¯¼×Á ���ÁÜ¼× �¼� ×­ÜÒ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì
¯Ò ��×¯å�Į 2 ¼Á×�į ­Áæ�å�Îį ×­�× X��××¯© �× �µĮ ŁăāĂĆł Ò¯»Üµ�×� ×­� Î��¯�µŅ�ñ¯»Ü×­�µ Ìµ�¼�į æ­¯µ�
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Ò �¯Ò�Áå�Î�� �ì vÁÜ�¯¼ �¼� +ÁÁ�»�¼ ŁăāāĆł ÁÌ�Î�×�Ò ¯¼ ×­� Î��¯�µŅ
å�Î×¯��µ Ìµ�¼�Į FÁ¼�×­�µ�ÒÒį Áå�Î��¼Ò¯×¯�Ò �Á»ÌÎ¯Ò� 84% ÁÎ 56 % Á¨ ×­� �ÜÒ× ¯¼ � Ò¯»Üµ�×¯Á¼
¯¼åÁµå¯¼© ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼� �ÜÒ× æ¯×­ �¼ ¯¼¯×¯�µ ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 10−2

ÁÎ 10−4į Î�ÒÌ��×¯å�µìĮ p­¯µ� ×­� ¨ÁÎ»�Î ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á �ÁÎÎ�ÒÌÁ¼�Ò ×Á ×­� å�µÜ� ¯¼ ×­�
¯¼×�ÎÒ×�µµ�Î »��¯Ü»į ×­� µ�××�Î ¯Ò ×æÁ ÁÎ��ÎÒ Á¨ »�©¼¯×Ü�� µÁæ�ÎĮ �ÜÒ× æ¯×­ Ò»�µµ�Î \×Á³�Ò
¼Ü»��ÎÒ Á¨ 0.01 �¼� 0.05 ¯Ò �Ò æ�µµ �Á¼��¼×Î�×�� ¯¼ åÁÎ×¯��Òį �µ×­ÁÜ©­ µ�ÒÒ Ò×ÎÁ¼©µì ×­�¼ ×­�
�ÜÒ× æ¯×­ St = 1 ¯¨ ×­� �Î�© Á¨ ×­� �ÜÒ× Á¼×Á ×­� ©�Ò ¯Ò ¼Á× ¼�©µ��×��Į FÁ¼�×­�µ�ÒÒį ©�Ò åÁÎ×¯��Ò
��¼ �¯ÒÌ�ÎÒ� ¯¨ ×­� �ÜÒ× ŁåÁµÜ»�ł ��¼Ò¯×ì ¯¼ ×­�» �ë����Ò ×­� ©�Ò ŁåÁµÜ»�ł ��¼Ò¯×ì Ł4Á­�¼Ò�¼
�× �µĮ ăāāąĹ 2¼��� �¼� ��Î©� ăāāćĹ X��××¯© �× �µĮ ăāĂĆłĮ a­¯Ò ¯Ò Ò¯¼��į ¯¨ ×­� �Î�© �ë�Î×�� �ì ×­�
�ÜÒ× Á¼ ×­� ©�Ò ¯Ò Ò×ÎÁ¼©�Î ×­�¼ ×­� Á¼� �ì ×­� ©�Ò Á¼×Á ×­� �ÜÒ×į ×­� ©�Ò ��±ÜÒ×Ò ×Á ×­� »Á×¯Á¼
Á¨ ×­� �ÜÒ× ¯¼Ò×��� Á¨ ×­� �ÜÒ× ¨ÁµµÁæ¯¼© ×­� åÁÎ×¯��µ »Á×¯Á¼ Á¨ ×­� ©�ÒĮ

Ĉā



ąĮĆĮ 0v�XK�vFžE2� 2F\až�2>2a2�\ 2FoK>o2F+ �f\a

'JHVSF ���� 'JHVSF BEBQUFE GSPN 3BFUUJH FU BM� 	����
 UIFJS 'JH� �
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� 7FSUJDBM DPNQPOFOU
PG UIF HBT WPSUJDJUZ ω = ∇× vg
 XIJDI RVBOUJlFT UIF UFOEFODZ PG UIF HBT UP SPUBUF 	MFȼU QBOFM

 BOE EVTU�UP�HBT TVSGBDF
EFOTJUZ SBUJP ε 	SJHIU QBOFM
 BT GVODUJPOT PG UIF SBEJVT x BOE UIF B[JNVUI y� " TJNVMBUJPO PG EVTU XJUI B 4UPLFT OVNCFS PG
POF
 XJUI BO JOJUJBM TVSGBDF EFOTJUZ SBUJP PG 0.01
 BOE JODMVEJOH UIF NVUVBM ESBH CFUXFFO HBT BOE EVTU JT EFQJDUFE� *O UIF
WPSUJDFT DBVTFE CZ UIF TVCDSJUJDBM CBSPDMJOJD JOTUBCJMJUZ
 UIF EVTU JT DPODFOUSBUFE TUSPOHMZ FOPVHI GPS UIF TVSGBDF EFOTJUZ
SBUJP UP FYDFFE POF�

�¾� 0ƀūŹŶūƀŵŨŴŰŪ ŰŵźŻŨũŰųŰŻŰŬź ŰŵŽŶųŽŰŵŮ ūżźŻ

0�Î�į 2 �¯Ò�ÜÒÒ ­ì�ÎÁ�ì¼�»¯� ¯¼Ò×��¯µ¯×¯�Ò æ­¯�­ Î�ÒÜµ× ¨ÎÁ» ×­� »Ü×Ü�µ �Î�© ��×æ��¼ ©�Ò �¼�
�ÜÒ× ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ

�¾�¾� \ŻŹŬŨŴŰŵŮ ŰŵźŻŨũŰųŰŻƀ

a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ¯¼×ÎÁ�Ü��� ¯¼ ��×�¯µ ¯¼ �­�Ì×�Î ĄĮ 2¼ ¯×Ò Ò�×ÜÎ�×�� Ò×�×�į ×­� ¯¼Ò×��¯µŅ
¯×ì ©¯å�Ò Î¯Ò� ×Á ×­� ©�Ò ×ÜÎ�Üµ�¼�� ��Ì¯�×�� ¯¼ *¯©Į ąĮĉĮ \»�µµŅÒ��µ� Ì�Î×ÜÎ��×¯Á¼Ò ��¼ �� Ò��¼
¯¼ �¼� �µÁÒ� ×Á ×­� �¯Ò³ »¯�ŅÌµ�¼� �¼� µ�Î©�ŅÒ��µ� Ì�Î×ÜÎ��×¯Á¼Ò �æ�ì ¨ÎÁ» ¯× Ł>¯ �× �µĮ ăāĂĉį
\4�ăāłĮ a­� µ�××�Î �Î� Ò¯»¯µ�Î ×Á ×­� Á¼�Ò ×­�× ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼�Ü��Ò ¯¼ ×­�× ×­�¯Î
å�Î×¯��µ æ�å�µ�¼©×­ ¯Ò »Ü�­ ©Î��×�Î ×­�¼ ×­�¯Î Î��¯�µ Á¼�Į

ĈĂ



�0žVa�X ąĮ 2F\až�2>2a2�\ žF� afX�f>�F��

'JHVSF ���� 'JHVSF BEPQUFE GSPN 4+#��� .BDI OVNCFS PG UIF WFSUJDBM HBT WFMPDJUZ Mg,z BT B GVODUJPO PG UIF SBEJVT r BOE
UIF IFJHIU z JO B TJNVMBUJPO PG UIF TUSFBNJOH JOTUBCJMJUZ� *O BOE BSPVOE UIF NJE�QMBOF
 XIJDI JT FOMBSHFE JO UIF JOMBZ
 UIF
JOTUBCJMJUZ JOEVDFT TNBMM�TDBMF QFSUVSCBUJPOT XJUI B .BDI OVNCFS PG ∼0.01� 5IF XFBLFS MBSHF�TDBMF QFSUVSCBUJPOT BXBZ
GSPN UIF NJE�QMBOF
 MJLF UIF QFSUVSCBUJPOT DBVTFE CZ UIF WFSUJDBM TIFBS JOTUBCJMJUZ
 BSF DIBSBDUFSJTFE CZ B MBSHF SBUJP PG
WFSUJDBM UP SBEJBM XBWFMFOHUI�

2¼ ×­� »¯�ŅÌµ�¼�į ×­� ×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ¯ÒÁ×ÎÁÌ¯� Ł4Á­�¼Ò�¼
�¼� vÁÜ�¯¼ ăāāĈĹ \4�ăāłĮ >¯³� ×­� µ¯¼��Î ©ÎÁæ×­ Î�×� Á¨ ×­� ¯¼Ò×��¯µ¯×ì ŁvÁÜ�¯¼ �¼� +ÁÁ�»�¼
ăāāĆłį ×­� Ò×Î�¼©×­ Á¨ ×­� ×ÜÎ�Üµ�¼�� ¯Ò ­¯©­�Î ¯¨ ×­� Î��¯�µ �ÜÒ× �Î¯¨× ¯Ò ¨�Ò×�Îį ×­�× ¯Ò ×Á Ò�ì ¯¨
�¯×­�Î ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ× ¯Ò �µÁÒ�Î ×Á Ü¼¯×ì ÁÎ ×­� Î��¯�µ ©Î��¯�¼× ¯¼ ×­� ©�Ò ÌÎ�ÒÒÜÎ�
¯Ò Ò×��Ì�Î ŁÒ�� �ÍÒĮ ăĮăĉ �¼� ĄĮĈĹ ��ÎÎ�Î� �× �µĮ ăāĂĆĹ \4�ăāłĮ FÁ¼�×­�µ�ÒÒį ×­� E��­ ¼Ü»��Î Á¨
×­� å�Î×¯��µ ©�Ò å�µÁ�¯×ì Ò�×ÜÎ�×�Ò �× � å�µÜ� Á¨ ∼0.01 ¨ÁÎ � \×Á³�Ò ¼Ü»��Î Á¨ ∼0.05 ÁÎ � �¯»�¼Ņ
Ò¯Á¼µ�ÒÒ ÌÎ�ÒÒÜÎ� ©Î��¯�¼× Ì�Î�»�×�Îį �Ò ¯¼×ÎÁ�Ü��� �ì ��¯ �¼� \×Á¼� ŁăāĂā�ł �¼� ��¨¯¼�� ¯¼
�ÍĮ ăĮĂĊį Á¨∼0.1 Ł\4�ăāłĮ 2¨ ×­� \×Á³�Ò ¼Ü»��Î ¯Ò Î��Ü��� ¨ÎÁ» 0.05 ×Á 0.005į ×­� E��­ ¼Ü»��Î
���µ¯¼�Ò �ì �¼ ÁÎ��Î Á¨ »�©¼¯×Ü�� ×Á ∼0.001Į 2¼ \4�ăāį æ� Ò­Áæ ×­�× ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­
¯Ò ¯¼��Ì�¼��¼× Á¨ ×­� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁĮ 0Áæ�å�Îį ��¯ �¼� \×Á¼� ŁăāĂā�ł ¨¯¼�
×­�× ×­� å�Î×¯��µ �ÜÒ× �¯¨¨ÜÒ¯Á¼ ��ÜÒ�� �ì ×­� ¯¼Ò×��¯µ¯×ì ¯Ò Ò×ÎÁ¼©�Ò× ¨ÁÎ � ��Î×�¯¼ ÒÜÎ¨��� ��¼ÒŅ
¯×ì Î�×¯Á æ­¯�­ ��Ì�¼�Ò Á¼ ×­� \×Á³�Ò ¼Ü»��ÎĮ

\¯»¯µ�Î ×Á ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­į ×­� �ÜÒ× Ò��µ� ­�¯©­× ¯¼�Ü��� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µŅ
¯×ì ¯¼�Î��Ò�Ò æ¯×­ ×­� Ò×Î�¼©×­ Á¨ ×­� Î��¯�µ ÌÎ�ÒÒÜÎ� ©Î��¯�¼× �¼� æ¯×­ ×­� \×Á³�Ò ¼Ü»��Î
�ÌÌÎÁ��­¯¼© Á¼� Ł��ÎÎ�Î� �× �µĮ ăāĂĆĹ \4�ăāłĮ F�å�Î×­�µ�ÒÒį ×­¯Ò ��Ì�¼��¼�� ¯Ò �Á»Ì�Î��µì
æ��³Į a­� Ò��µ� ­�¯©­× �»ÁÜ¼×Ò ×Á ∼1% Á¨ ×­� ©�Ò Ò��µ� ­�¯©­× ¨ÁÎ � æ¯�� Î�¼©� Á¨ ÌÎ�ÒÒÜÎ�
©Î��¯�¼× Ò×Î�¼©×­Ò �¼� \×Á³�Ò ¼Ü»��ÎÒ ��×æ��¼0.001 �¼�1 Łv�¼© �¼� 4Á­�¼Ò�¼ ăāĂąĹ ��ÎÎ�Î�
�× �µĮ ăāĂĆĹ \4�ăāłĮ 2¨ �ÜÒ× æ¯×­ � �¯Ò×Î¯�Ü×¯Á¼ Á¨ \×Á³�Ò ¼Ü»��ÎÒ ¯Ò �Á¼Ò¯��Î��į ×­� ¯¼Ò×��¯µ¯×ì
¯Ò ×Î¯©©�Î�� �ì ×­� �ÜÒ× æ¯×­ ×­� µ�Î©�Ò× \×Á³�Ò ¼Ü»��ÎÒ �¼� ×­� ×ÜÎ�Üµ�¼× Ò×Î�¼©×­ ×­ÜÒ ��Ņ
Ì�¼�Ò Á¼ ×­�Ò� \×Á³�Ò ¼Ü»��Î Ł��¯ �¼� \×Á¼� ăāĂā�Ĺ \�­�¨¨�Î �× �µĮ ăāĂĉłĮ �Á¼Ò�ÍÜ�¼×µìį ×­�
Ò��µ� ­�¯©­× Á¨ �ÜÒ× æ¯×­ ×­� Ò»�µµ�Î \×Á³�Ò ¼Ü»��ÎÒ ¯Ò ©Î��×�Î ×­�¼ ¯× æÁÜµ� �� ¯¨ ×­� �ÜÒ× æ¯×­
×­� µ�Î©�Ò× \×Á³�Ò ¼Ü»��ÎÒ æ�Î� ��Ò�¼×Į a­� �ÜÒ× Ò��µ� ­�¯©­× ¯Ò Ò�µ¨ŅÎ�©Üµ�×¯¼© ¯¨ ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ×­� �Á»¯¼�¼× ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼�� ¯¼ ×­� �ÜÒ× µ�ì�Î �ÎÁÜ¼� ×­� »¯�ŅÌµ�¼� ¯¼
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ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 2¨ ×­� �ÜÒ× Ò�××µ�� ×Á � Ò��µ� ­�¯©­× Ò»�µµ�Î ×­�¼ ×­� �ÍÜ¯µ¯�Î¯Ü» å�µÜ�į
×­� ­¯©­�Î ��¼Ò¯×ì Á¨ ×­� �ÜÒ× µ�ì�Î æÁÜµ� µ��� ×Á ×­� ¯¼Ò×��¯µ¯×ì ��ÜÒ¯¼© Ò×ÎÁ¼©�Î ×ÜÎ�Üµ�¼��
�¼� å�Î×¯��µ �¯¨¨ÜÒ¯Á¼ ×­�× æÁÜµ� µ¯¨× ×­� �ÜÒ× ÜÌ ×Á ×­� �ÍÜ¯µ¯�Î¯Ü» Ò��µ� ­�¯©­×Į

�­�¼ �¼� >¯¼ Łăāăāł �¼� f»ÜÎ­�¼ �× �µĮ Łăāăāł �¼�µì×¯��µµì ¯¼å�Ò×¯©�×� ×­� �¨¨��× Á¨ ×ÜÎ�ÜŅ
µ�¼× å¯Ò�ÁÒ¯×ì �¼� �ÜÒ× �¯¨¨ÜÒ¯Á¼ Á¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ �Á×­ Ò×Ü�¯�Ò Ò­Áæ ×­�× ×ÜÎ�ÜŅ
µ�¼�� Î��Ü��Ò ×­� µ¯¼��Î ©ÎÁæ×­ Î�×� Á¨ ×­� ¯¼Ò×��¯µ¯×ìį æ¯×­ ×­� µ�××�Î �Ü×­ÁÎÒ ¨¯¼�¯¼© ×­�× ×­�
©ÎÁæ×­ Î�×� ¯Ò ¼�©µ¯©¯�µ� ¯¨ ×­� ×ÜÎ�Üµ�¼× αŅÌ�Î�»�×�Î ¯Ò Ò¯»¯µ�Î ×Á ÁÎ ©Î��×�Î ×­�¼ St1.5į ÁÎ
�ÍÜ¯å�µ�¼×µì M " St0.75Į 2 ¼Á×� ×­�×į Ò¯¼�� ¯¼ ×­�Ò� �¼�µìÒ�Ò ×ÜÎ�Üµ�¼�� ¯Ò ×Î��×�� �Ò � ÒÁÜÎ��
Á¨ å¯Ò�ÁÒ¯×ìį ×­�ì ��¼ ¼Á× �Áå�Î µÁ��µ Ò×ÎÜ�×ÜÎ�Ò µ¯³� ÌÎ�ÒÒÜÎ� �Ü»ÌÒ ÁÎ åÁÎ×¯��Ò ×­�× �Î¯Ò� ¨ÎÁ»
×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì � ¼Ü»��Î Á¨ ×­� ¯¼Ò×��¯µ¯×¯�Ò ¯¼×ÎÁ�Ü��� ��Áå�Į žÒ ��×�¯µ�� ×­�Î� �¼� ¯¼
\��×Į ĄĮĆį �ÜÒ× ���Ü»Üµ�×¯Á¼Ò ¯¼ ×­�Ò� Ò×ÎÜ�×ÜÎ�Ò ��¼ ��× �Ò Ò���Ò ¨ÁÎ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ
*ÜÎ×­�Î»ÁÎ�į +Áµ� �× �µĮ ŁÒÜ�»¯××��ł Ò­Áæ ×­�× ×­� �ÜÒ× �Á¼��¼×Î�×¯Á¼ ��ÜÒ�� �ì ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì ¯Ò ¼Á× Ò×ÎÁ¼© �¼ÁÜ©­ ¨ÁÎ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ×Á �¼ÒÜ� ¯¼ � Ò¯»Üµ�×¯Á¼ Á¨ �ÜÒ×
æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.3į � �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 2%į �¼� �Î¯å�¼ ¯ÒÁ×ÎÁÌ¯� ×ÜÎŅ
�Üµ�¼�� æ¯×­ � Ò×Î�¼©×­ Á¨α = 0.001ÁÎM = 0.032Į F�å�Î×­�µ�ÒÒį ¯¼ ×­¯Ò Á¼� �Ò æ�µµ �Ò Ò×Ü�¯�Ò
�ì �­�¼ �¼� >¯¼ Łăāăāł �¼� f»ÜÎ­�¼ �× �µĮ Łăāăāł Á¼µì ¯ÒÁ×ÎÁÌ¯� ×ÜÎ�Üµ�¼�� �¼� �ÜÒ× �¯¨¨ÜÒ¯Á¼
¯Ò �Á¼Ò¯��Î��Į v�×į Ò×ÎÁ¼© å�Î×¯��µ �¯¨¨ÜÒ¯Á¼ �Á�Ò ¼Á× ¯¼­¯�¯× �ÜÒ× ���Ü»Üµ�×¯Á¼ Áæ¯¼© ×Á ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¨ ¯× ¯Ò ���Á»Ì�¼¯�� �ì Á¼µì æ��³ Î��¯�µ �¯¨¨ÜÒ¯Á¼ Łv�¼© �× �µĮ ăāĂĉłĮ

�¾�¾� �żźŻ źŬŻŻųŰŵŮ ŰŵźŻŨũŰųŰŻƀ

a­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì ��µÁ¼©Ò ×Á ×­� �µ�ÒÒ Á¨ Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×¯�Ò �¯Ò�Áå�Î�� �ì
\ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ŁăāĂĉ�Ĺ ăāĂĉ�Ĺ Ò�� \��×Į ĄĮĂłĮ p­¯µ� ×­�Ò� �Ü×­ÁÎÒ ¨¯¼� ×­� ¯¼Ò×��¯µ¯×ì ×Á ÁÌŅ
�Î�×� ¯¨ �Ì¯�ì�µ¯� ©�Ò »Á×¯Á¼Ò ¯¼ ×­� Î��¯�µŅå�Î×¯��µ Ìµ�¼� �Î� ¯¼ Î�ÒÁ¼�¼�� æ¯×­ �Á×­ ×­� å�Î×¯��µ
Ò�××µ¯¼© Á¨ ×­� �ÜÒ× �¼� ×­� Î��¯�µ �ÜÒ× �Î¯¨×į {­ÜÎ�åµ�å ŁăāĂĊł Ò­Áæ ×­�× ¯× ¯Ò ��×¯å� �µÒÁ ¯¼ ×­�
��Ò�¼�� Á¨ Î��¯�µ �Î¯¨×Į 2¼ �Á¼×Î�Ò× ×Á ×­�× Á¨ ×­� µ¯¼��Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ł<Î�ÌÌ �× �µĮ ăāĂĊĹ
{­Ü �¼� v�¼© ÒÜ�»¯××��łį ×­� ©ÎÁæ×­ Î�×� Á¨ ×­� µ¯¼��Î �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì ��Ì�¼�Ò Á¼µì
æ��³µì Á¼ æ­�×­�Î �ÜÒ× æ¯×­ � Ü¼¯¨ÁÎ» Ò¯ñ� ÁÎ � Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ ¯Ò �Á¼Ò¯��Î�� Ł<Î�ÌÌ �× �µĮ
ăāăāłĮ 0Áæ�å�Îį ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì æ¯×­ �¼ αŅÌ�Î�»�×�Î Á¨ 10−4į �ÁÎÎ�ÒÌÁ¼�¯¼© ×Á � E��­
¼Ü»��Î Á¨ 0.01į Ò×ÎÁ¼©µì ÒÜÌÌÎ�ÒÒ�Ò ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì Ł<Î�ÌÌ �× �µĮ ăāăāĹ Ò�� �µÒÁ \ÍÜ¯Î�
�¼� 0ÁÌ³¯¼Ò ăāĂĉ�Ĺ {­ÜÎ�åµ�å ăāăāłĮ 2 ¼Á×�į ×­ÁÜ©­į ×­�× ×­� Ò�»� µ¯»¯×�×¯Á¼Ò �ÌÌµì ×Á ×­�
µ¯¼��Î �¼�µìÒ¯Ò Á¨ ×­� �¨¨��× Á¨ ×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì Á¼ ×­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì �Ò ¯¼ ×­� ��Ò�
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ŁÒ�� \��×Į ąĮĆĮĂłĮ

a­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì ��¼ Á¼µì ÁÌ�Î�×� �Ò µÁ¼© �Ò �ÜÒ× ¯Ò Ò��¯»�¼×¯¼©Į FÁ¼�×­�µ�ÒÒį
×­� ©ÎÁæ×­ Î�×� Á¨ ×­� µ¯¼��Î ¯¼Ò×��¯µ¯×ì ¯Ò µ�Î©�µì ¯¼��Ì�¼��¼× Á¨ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­�
�ÜÒ× �¼� �Á»Ì�Î��µ� ×Á ×­� <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì Ł\ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò ăāĂĉ�łĮ a­�× ¯Òį
¯¨ �ÜÒ× æ¯×­ \×Á³�Ò ¼Ü»��ÎÒ µ�ÒÒ ×­�¼ Á¼� ¯Ò �Á¼Ò¯��Î��į ×­� ©ÎÁæ×­ Î�×� ¯Ò ©Î��×�Î ×­�¼ ×­� ¯¼Ņ
å�ÎÒ� Á¨ ×­� Ò�××µ¯¼© ×¯»� 1/τd,sett = ΩKSt ŁÒ�� �ÍĮ ąĮăłĮ 2¼ ���¯×¯Á¼į ¨ÁÎ Ò»�µµ \×Á³�Ò ¼Ü»��ÎÒ
×­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ì ©ÎÁæÒ ¨�Ò×�Î ×­�¼ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ł\ÍÜ¯Î� �¼� 0ÁÌ³¯¼Ò
ăāĂĉ�łĮ a­¯Ò ¯¼�¯��×�Ò ×­�× ×­� �ÜÒ× Ò�××µ¯¼© ¯¼Ò×��¯µ¯×ìį ×­ÁÜ©­ Á¼µì ×Î�¼Ò¯�¼×µìį »¯©­× ¯¼�Ü��
Ò¯©¼¯¨¯��¼× ×ÜÎ�Üµ�¼�� �¼� �ÜÒ× �Á¼��¼×Î�×¯Á¼Į

<Î�ÌÌ �× �µĮ Łăāăāł ÌÎ�Ò�¼× � �Á»ÌÎ�­�¼Ò¯å� �¼�µì×¯��µ �¼� ¼Ü»�Î¯��µ Ò×Ü�ì Á¨ ×­� �ÜÒ× Ò�×Ņ
×µ¯¼© ¯¼Ò×��¯µ¯×ìĮ \¯¼�� ×­� Î��¯�µ �Î¯¨× Á¨ ×­� �ÜÒ× ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼×į �Á×­ ×­� �ÜÒ× Ò�××µ¯¼©
�¼� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Î� ��×¯å� ¯¼ ×­�¯Î Ò¯»Üµ�×¯Á¼ÒĮ F�å�Î×­�µ�ÒÒį ×­� �ÜÒ× �Á¼��¼×Î�Ņ

ĈĄ
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×¯Á¼ ¯¼ ×­� Ò¯»Üµ�×¯Á¼Ò ¯Ò ¼Á× Ò×ÎÁ¼© �¼ÁÜ©­ ¨ÁÎ ×­� »�ë¯»Ü» �ÜÒ× ��¼Ò¯×ì ×Á �ë���� ×­� ©�Ò
��¼Ò¯×ì ¼Á×¯����µì ��¨ÁÎ� ×­� �ÜÒ× ­�Ò Ò�××µ�� ×Á ×­� »¯�ŅÌµ�¼�Į a­� E��­ ¼Ü»��Î Á¨ ×­� ©�Ò
×ÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� ¯¼Ò×��¯µ¯×ì �»ÁÜ¼×Ò ×Á ∼0.05 ¯¼ �Á×­ ×­� Î��¯�µ �¼� å�Î×¯��µ �¯»�¼Ņ
Ò¯Á¼ ¯¼ Ò¯»Üµ�×¯Á¼Ò æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.01 �¼� � �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á Á¨ 0.1Į a­�
E��­ ¼Ü»��Î ���Î��Ò�Ò ×Á ∼0.01 ¯¨ � µÁæ�Î \×Á³�Ò ¼Ü»��Î Á¨ 0.001 �Ü× ×­� Ò�»� ��¼Ò¯×ì Î�×¯Á
ÁÎ ¯¨ � Ò»�µµ�Î ��¼Ò¯×ì Î�×¯Á Á¨ 0.01 �Ü× ×­� Ò�»� \×Á³�Ò ¼Ü»��Î �Î� �Á¼Ò¯��Î��Į *ÜÎ×­�Î»ÁÎ�į
×­� E��­ ¼Ü»��Î ¯Ò µ�ÒÒ �ì � ¨��×ÁÎ Á¨ � ¨�æ ¯¼ � ×­Î��Ņ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼ ×­�¼ ¯¼ ×­�
�ÁÎÎ�ÒÌÁ¼�¯¼© ×æÁŅ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Į

�¾�¾� <ŬųŽŰŵÕ0ŬųŴůŶųŻƁ ŰŵźŻŨũŰųŰŻƀ

<�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×¯�Ò �Î� µ¯¼��Î ¯¼Ò×��¯µ¯×¯�Ò ×­�× �Î¯Ò� ¨ÎÁ» Ò­��Îį ¯Į�Į � �¯¨¨�Î�¼�� ¯¼
å�µÁ�¯×ìį ��×æ��¼ ��±���¼× ©�Ò µ�ì�ÎÒĮ 0�Î�į 2 Î�å¯�æ ×­� ¯¼Ò×��¯µ¯×ì æ­¯�­ ¯Ò ��ÜÒ�� �ì ×­� ÁÎŅ
�¯×�µ ÒÌ��� Á¨ ×­� ©�Ò ��¯¼© �µÁÒ�Î ×Á <�Ìµ�Î¯�¼ ¯¼ ×­� »¯�ŅÌµ�¼� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�¼
�æ�ì ¨ÎÁ» ¯× Áæ¯¼© ×Á ×­� ÌÎ�Ò�¼�� Á¨ �ÜÒ× Łp�¯��¼Ò�­¯µµ¯¼© ĂĊĉāĹ p�¯��¼Ò�­¯µµ¯¼© �¼� �Üññ¯
ĂĊĊĄłĮ žÒ �ëÌµ�¯¼�� ¯¼ \��×ÒĮ ăĮą �¼� ĄĮĂį ¯¨ ©�Ò �¼� �ÜÒ× æ�Î� ¼Á× �ÁÜÌµ�� å¯� �Î�©į ×­� ÁÎ�¯×�µ
å�µÁ�¯×ì Á¨ ×­� ©�Ò æÁÜµ� �� ÒÜ�Ņ<�Ìµ�Î¯�¼į æ­¯µ� ×­� �ÜÒ× æÁÜµ� ÁÎ�¯× æ¯×­ ×­� <�Ìµ�Î¯�¼ å�µÁŅ
�¯×ìĮ +�¼�Î�µµì ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òį �¼� ÒÌ��¯¨¯��µµì �æ�ì ¨ÎÁ» ×­� »¯�ŅÌµ�¼�į ×­� Î�×¯Á Á¨
×­� �ÜÒ× ×Á ×­� ©�Ò ��¼Ò¯×ì ¯Ò µ�ÒÒ ×­�¼ Á¼�Į a­� �ÁÜÌµ�� ©�Ò �¼� �ÜÒ× ×­ÜÒ ÁÎ�¯× æ¯×­ � ÒÌ���
�µÁÒ� ×Á ×­� ÒÜ�Ņ<�Ìµ�Î¯�¼ Á¼� Á¨ ×­� ©�ÒĮ 0Áæ�å�Îį ¯¼ ×­� µ�ì�Î �ÎÁÜ¼� ×­� »¯�ŅÌµ�¼� ×Á æ­¯�­
×­� �ÜÒ× ­�Ò Ò�××µ�� ×­� �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯Á ¯Ò �µÁÒ�Î ×Á Ü¼¯×ìĮ a­�Î�¨ÁÎ�į ×­� ÁÎ�¯×�µ ÒÌ���
Á¨ ©�Ò �¼� �ÜÒ× ¯¼ ×­� �ÜÒ× µ�ì�Î �ÌÌÎÁ��­�Ò ×­� <�Ìµ�Î¯�¼ ÒÌ���Į a­� Ò­��Î ��×æ��¼ ×­� ©�Ò
¯¼ å�Î×¯��µµì ��±���¼× µ�ì�ÎÒ æ¯×­ �¯¨¨�Î�¼× �ÜÒ×Ņ×ÁŅ©�Ò ��¼Ò¯×ì Î�×¯ÁÒ ©¯å�Ò Î¯Ò� ×Á ×­� <�µå¯¼Ņ
0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ìĮ

2¼Ò×��¯µ¯×ì ��¼ Á��ÜÎį �µ×­ÁÜ©­ �Á�Ò ¼Á× ¼���ÒÒ�Î¯µìį æ­�¼ ×­� �¯»�¼Ò¯Á¼µ�ÒÒ X¯�­�Î�ÒÁ¼
¼Ü»��Îį

Ri = −Ω2
Kz

ρtot

∂ρtot/∂z

(∂vg,φ/∂z)2
, ŁąĮăĂł

¯Ò µ�ÒÒ ×­�¼ � ×­Î�Ò­Áµ� å�µÜ� Ł�­�¼�Î�Ò�³­�Î ĂĊćĂĹ �­¯�¼© ăāāĉłĮ a­� ¼Ü»�Î�×ÁÎ Î�¨µ��×Ò ×­�
Ò×��¯µ¯Ò¯¼© �¨¨��× Á¨ å�Î×¯��µ �ÜÁì�¼�ìį ×­�× ¯Ò ×Á Ò�ì Á¨ ×­� å�Î×¯��µ Ò×�µµ�Î ©Î�å¯×ì �¼� å�Î×¯��µ
©Î��¯�¼×Ò ¯¼ ×­� ©�Ò �¼� �ÜÒ× ��¼Ò¯×ìį æ­¯µ� ×­� ��¼Á»¯¼�×ÁÎ �ëÌÎ�ÒÒ�Ò ×­� Ò×Î�¼©×­ Á¨ ×­�
��Ò×��¯µ¯Ò¯¼© å�Î×¯��µ Ò­��ÎĮ 2¨ ×­� ¨ÁÎ��Ò �ÒÒÁ�¯�×�� æ¯×­ �¯¨¨�Î�¼×¯�µ ÎÁ×�×¯Á¼ �Î� ¼�©µ��×��į ×­�
×­Î�Ò­Áµ� X¯�­�Î�ÒÁ¼ ¼Ü»��Î �»ÁÜ¼×Ò ×Á1/4 Ł�­�¼�Î�Ò�³­�Î ĂĊćĂłĮ ž¼�µì×¯��µ �¼� ¼Ü»�Î¯��µ
Ò×Ü�¯�Ò Ò­Áæ ×­�× ×­� ×­Î�Ò­Áµ� å�µÜ� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò Î�¼©�Ò ��×æ��¼ 0.1 �¼� � ¨�æį
��Ì�¼�¯¼© Á¼ æ­�×­�Î ×­� �ÁÎ¯Áµ¯Ò ¨ÁÎ�� �¼� ×­� Î��¯�µ Ò­��Î ��ÜÒ�� �ì �¯¨¨�Î�¼×¯�µ ÎÁ×�×¯Á¼
�Î� ×�³�¼ ¯¼×Á ���ÁÜ¼× �Ò æ�µµ �Ò Á¼ ­Áæ ×¯©­×µì ©�Ò �¼� �ÜÒ× �Î� �ÁÜÌµ�� Ł\�³¯ì� ĂĊĊĉĹ \�³¯ì�
�¼� 2Ò­¯×ÒÜ ăāāāĹ +Â»�ñ �¼� KÒ×Î¯³�Î ăāāĆĹ 4Á­�¼Ò�¼ �× �µĮ ăāāć�Ĺ �­¯�¼© ăāāĉĹ ��ÎÎ�¼�Á
ăāāĊĹ +�Î�¯© �× �µĮ ăāăāłĮ

a­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì �¼� ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ÁÌ�Î�×� Ü¼��Î ×­� Ò�»� �Á¼Ņ
�¯×¯Á¼Òį �Ü× ¯¼ �¯¨¨�Î�¼× Ìµ�¼�Ò ń ×­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¼ ×­� �ñ¯»Ü×­�µŅå�Î×¯��µ
Ìµ�¼�į �µ×­ÁÜ©­ ¯× ¯Ò �¨¨��×�� �ì Î��¯�µ Ò­��Îį ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ×­� Î��¯�µŅå�Î×¯��µ
Ìµ�¼� Ł4Á­�¼Ò�¼ �× �µĮ ăāāć�łĮ FÁ¼�×­�µ�ÒÒį ×­Î��Ņ�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Ò Ì�Î¨ÁÎ»�� �ì ��¯
�¼� \×Á¼� ŁăāĂā�ł Ò­Áæ ×­�×į ¯¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.01 ÁÎ µ�Î©�Î ¯Ò ÌÎ�Ò�¼×į ×­�
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'JHVSF ���� 'JHVSF BEPQUFE GSPN +PIBOTFO FU BM� 	����B
 UIFJS 'JH� ��
 SFQSPEVDFE XJUI QFSNJTTJPO ¨""4
� 7FSUJDBM HBT WF�
MPDJUZuz 
 FYQSFTTFE BT B .BDI OVNCFS
 BT B GVODUJPO PG UIF IFJHIU z JO VOJUT PG HBT TDBMF IFJHIUTH � -JOFT JO EJǯGFSFOU HSFZ
UPOFT SFQSFTFOU TJNVMBUJPOT XJUI WBSZJOH 4UPLFT OVNCFST PG UIF EVTU Ω0τf 
 XJUI UIF 4UPLFT OVNCFST CFJOH HJWFO JO UIF
MFHFOE� *O UIF NJE�QMBOF
 UIF .BDI OVNCFS BNPVOUT UP ∼0.05
 MBSHFMZ JOEFQFOEFOUMZ PG UIF 4UPLFT OVNCFS� 5IF .BDI
OVNCFS EFDSFBTFT UPXBSET UIF FEHFT PG UIF EVTU MBZFS
 XIJDI JT MPDBUFE BU HSFBUFS IFJHIUT JG UIF 4UPLFT OVNCFS JT TNBMMFS�

Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �Á»¯¼�×�Ò Áå�Î ×­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì �¼� Î�©Üµ�×�Ò ×­� �ìŅ
¼�»¯�Ò ¯¼ ×­� �ÜÒ× µ�ì�ÎĮ K¼ ×­� Á×­�Î ­�¼�į ¯¼ �Á¼×Î�Ò× ×Á ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ×­� <�µå¯¼Ņ
0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¼�Ü��Ò �Á¼Ò¯��Î��µ� �ÜÒ× �Á¼��¼×Î�×¯Á¼ �å�¼ ¯¨ ©�Ò �¼� �ÜÒ× �Î� Ì�ÎŅ
¨��×µì �ÁÜÌµ��į ¯Į�Į ×­� �ÜÒ× Ò×ÁÌÌ¯¼© ×¯»� ¯Ò ¼�©µ¯©¯�µ� �¼� ×­� \×Á³�Ò ¼Ü»��Î å�¼¯Ò­�Ò Ł\�³¯ì�
ĂĊĊĉĹ vÁÜ�¯¼ �¼� \­Ü ăāāăĹ �­¯�¼© ăāāĉłĮ a­¯Ò �Á¼��¼×Î�×¯Á¼ ¯Ò Ò×ÎÁ¼© �¼ÁÜ©­ ¨ÁÎ ×­� �ÜÒ×
��¼Ò¯×ì ×Á �ë���� ×­� XÁ�­� ��¼Ò¯×ìį ×­�× ¯Ò ¯× ��¼ µ��� ×Á Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼į ¯¨ ×­� �ÜÒ×
ÒÜÎ¨��� ��¼Ò¯×ì �»ÁÜ¼×Ò ×Á � ¨�æ ×Á � ¨�æ ×�¼ Ì�Î��¼× Á¨ ×­� ©�Ò ÒÜÎ¨��� ��¼Ò¯×ìĮ a­�× ¯Òį ×­�
�ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á ¯Ò Î�ÍÜ¯Î�� ×Á �ë���� ×­� ¯¼×�ÎÒ×�µµ�Î »��¯Ü» å�µÜ� Á¨ 1%Į

*¯©ÜÎ� ąĮĊ Ò­ÁæÒ ×­� E��­ ¼Ü»��Î Á¨ ×­� å�Î×¯��µ ©�Ò »Á×¯Á¼Ò �Î¯å�¼ �ì ×­� <�µå¯¼Ņ0�µ»Ņ
­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¼ Ò¯»Üµ�×¯Á¼Ò �Á¼�Ü�×�� �ì 4Á­�¼Ò�¼ �× �µĮ Łăāāć�łĮ 2× ��¼ �� Ò��¼ ×­�× ×­�
E��­ ¼Ü»��Î �Á�Ò ¼Á× å�Îì Ò¯©¼¯¨¯��¼×µì æ¯×­ ×­� \×Á³�Ò ¼Ü»��Î Á¨ ×­� �ÜÒ×į �Ü× ���µ¯¼�Ò
¨ÎÁ»∼0.05 ¯¼ ×­� »¯�ŅÌµ�¼� ×Á ñ�ÎÁ �× ×­� ��©� Á¨ ×­� �ÜÒ× µ�ì�ÎĮ žÒ ¯¼ ×­� ��Ò� Á¨ ×­� Ò×Î��»¯¼©
¯¼Ò×��¯µ¯×ìį ×­� �ÜÒ× Ò��µ� ­�¯©­× ¯Ò Ò�× �ì ×­� <�µå¯¼Ņ0�µ»­Áµ×ñ ¯¼Ò×��¯µ¯×ì ¯¼ � Ò�µ¨ŅÎ�©Üµ�×ÁÎì
»�¼¼�ÎĮ 2¨ ×­� �ÜÒ× Ò�××µ�� ×Á � ×­¯¼¼�Î µ�ì�Îį ×­� �¯¨¨�Î�¼�� ¯¼ ÁÎ�¯×�µ ÒÌ��� ��×æ��¼ ×­¯Ò �¼�
×­� å�Î×¯��µµì ��±���¼× µ�ì�ÎÒ æÁÜµ� �� Ò×ÎÁ¼©�ÎĮ a­ÜÒį ×­� ¯¼Ò×��¯µ¯×ì æÁÜµ� ��ÜÒ� Ò×ÎÁ¼©�Î ×ÜÎŅ
�Üµ�¼�� æ­¯�­ æÁÜµ� �µ�å�×� ×­� �ÜÒ× ×Á ©Î��×�Î ­�¯©­×ÒĮ žÒ �å¯��¼× ¨ÎÁ» *¯©Į ąĮĊ �¼� ×­�ÁÎ�×¯�Ņ
�µµì �ëÌ��×�� ŁÒ�� �ÍĮ ąĮĆłį ×­� Ò��µ� ­�¯©­× ¯¼�Î��Ò�Ò æ¯×­ ���Î��Ò¯¼© \×Á³�Ò ¼Ü»��Î Ł4Á­�¼Ò�¼
�× �µĮ ăāāć�łĮ 2× �»ÁÜ¼×Ò ×Á ∼0.3% Á¨ ×­� ©�Ò Ò��µ� ­�¯©­× ¯¨ �ÜÒ× æ¯×­ � \×Á³�Ò ¼Ü»��Î Á¨ 0.1
�¼� � �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 0.01 �Î� �Á¼Ò¯��Î��Į +�Î�¯© �× �µĮ Łăāăāł ¨¯¼� ×­�× ×­�
�ÜÒ× Ò��µ� ­�¯©­× ¨ÜÎ×­�Î ��Ì�¼�Ò Á¼ ×­� ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯ÁĮ *ÎÁ» ∼1.5% Á¨ ×­� ©�Ò Ò��µ�
­�¯©­× ¨ÁÎ � ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 0.02 �¼� � \×Á³�Ò ¼Ü»��Î Á¨ 0.005į ×­� �ÜÒ× Ò��µ� ­�¯©­×
���Î��Ò�Ò ×Á ∼0.5% ¯¼ ×­�¯Î Ò¯»Üµ�×¯Á¼Ò Á¨ �¯×­�Î � µÁæ�Î ÒÜÎ¨��� ��¼Ò¯×ì Î�×¯Á Á¨ 2 × 10−4 ÁÎ
� µ�Î©�Î Î�×¯Á Á¨ 0.1Į
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2¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ»�� �ì

×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì

�ŶŵŻŹŰũżŻŰŶŵ

2¼ ×­¯Ò Ò×Ü�ìį æ� ¯¼å�Ò×¯©�×� ×­� �¯Î×­ »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ×­�× ¨ÁÎ» Áæ¯¼© ×Á
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ¯¼ Ì�Î×¯�Üµ�Î ¯×Ò ��Ì�¼��¼�� Á¼ ×­� �Á»�¯¼ Ò¯ñ� Á¨ ¼Ü»�Î¯��µ Ò¯»ÜŅ
µ�×¯Á¼ÒĮ aÁ ×­¯Ò �¼�į æ� �»ÌµÁì�� ×­� V�¼�¯µ �Á��Ă Ł�Î�¼��¼�ÜÎ© �¼� �Á�µ�Î ăāāăł ×Á �Á¼�Ü�×
µÁ��µ Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Ò ŁÒ�� \��×Į ĄĮĂł æ¯×­ µ�Î©�Î �Á»�¯¼ Ò¯ñ�Ò ×­�¼ ¯¼ Á×­�Î Ò×Ü�¯�Ò Á¨
×­� »�ÒÒ �¯Ò×Î¯�Ü×¯Á¼Į

aÁ Ì�Î¨ÁÎ» ×­� Ò¯»Üµ�×¯Á¼Ò ÌÎ�Ò�¼×�� ¯¼ ×­� �Î×¯�µ�į 2 ��ÁÌ×�� �¼� »Á�¯¨¯�� � Ò¯»Üµ�×¯Á¼
Ò�×ÜÌ ×­�× æ�Ò ÌÎÁå¯��� �ì �­�ÁŅ�­¯¼ v�¼©Į FÁ ¼Á×�æÁÎ×­ì �­�¼©�Ò ×Á ×­� Ò¯»Üµ�×¯Á¼ �Á�� ¯×Ņ
Ò�µ¨ æ�Î� ¼���ÒÒ�ÎìĮ *ÜÎ×­�Î»ÁÎ�į 2 �¼�µìÒ�� ×­� Ò¯»Üµ�×¯Á¼ ��×�į æÎÁ×� ×­� �Î×¯�µ� �¼� �Î��×��
×­� ¨¯©ÜÎ�Ò ×­�× ��¼ �� ¨ÁÜ¼� ¯¼ ¯×Į a­ÎÁÜ©­ÁÜ× ×­� Ò×Ü�ìį 2 æ�Ò ÒÜÌ�Îå¯Ò�� �ì �¼� �Á¼ÒÜµ×��
æ¯×­ �­�ÁŅ�­¯¼ v�¼© �¼� ž¼��ÎÒ 4Á­�¼Ò�¼Į

Ăcook5**k`i^dg(^j_`)ijm_do\)jmb
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ABSTRACT

The streaming instability is a mechanism to concentrate solid particles into overdense filaments that undergo gravitational collapse and
form planetesimals. However, it remains unclear how the initial mass function of these planetesimals depends on the box dimensions
of numerical simulations. To resolve this, we perform simulations of planetesimal formation with the largest box dimensions to date,
allowing planetesimals to form simultaneously in multiple filaments that can only emerge within such large simulation boxes. In our
simulations, planetesimals with sizes between 80 km and several hundred kilometers form. We find that a power law with a rather
shallow exponential cuto↵ at the high-mass end represents the cumulative birth mass function better than an integrated power law. The
steepness of the exponential cuto↵ is largely independent of box dimensions and resolution, while the exponent of the power law is
not constrained at the resolutions we employ. Moreover, we find that the characteristic mass scale of the exponential cuto↵ correlates
with the mass budget in each filament. Together with previous studies of high-resolution simulations with small box domains, our
results therefore imply that the cumulative birth mass function of planetesimals is consistent with an exponentially tapered power law
with a power-law exponent of approximately �1.6 and a steepness of the exponential cuto↵ in the range of 0.3–0.4.

Key words. hydrodynamics – instabilities – methods: numerical – planets and satellites: formation – protoplanetary disks

1. Introduction

One of the greatest problems in the theory of planet formation is
to explain how millimeter- or centimeter-sized solid particles –
in the following referred to as pebbles – grow to kilometer-
sized planetesimals. Micron-sized dust grains can grow to
pebble sizes by coagulation, but larger particles bounce or frag-
ment under mutual collisions (Güttler et al. 2010; Zsom et al.
2010; Birnstiel et al. 2011). Growth might continue despite
this so-called bouncing barrier for very porous ice particles
(Wada et al. 2008, 2009) or by mass transfer in high-speed col-
lisions (Wurm et al. 2005; Windmark et al. 2012).

A fundamental problem of planetesimal formation is the time
constraint inflicted by the radial drift of solid particles, a prob-
lem that persists even under the assumption of perfect sticking.
The orbital velocity of the gas in a protoplanetary disk is sub-
Keplerian because the gas is supported against the gravity of the
central star by a radial pressure gradient. The gas exerts a drag
force on the particles in the disk, whose orbital speed would be
equal to the Keplerian speed if the gas was not present, causing
them to lose angular momentum and drift radially towards the
star. The drift velocity depends on the size of the particles, but is
in general highest for meter-sized particles in the inner regions of
the disk. A particle with a size of 1 m, initially orbiting at a dis-
tance of 1 au from the star, drifts towards the star and sublimates
in less than 100 years (Adachi et al. 1976; Weidenschilling 1977;
Brauer et al. 2007). Hence, there needs to be some mechanism
assisting the growth of pebbles into planetesimals, which are suf-
ficiently large for the e↵ect of the drag force exerted on them by
the gas to be negligible, on a timescale shorter than the radial
drift timescale.

The streaming instability provides a mechanism to con-
centrate solid materials and form planetesimals despite the
poor sticking e�ciency of the particles and their radial drift.
It was discovered analytically by Youdin & Goodman (2005)
and confirmed numerically by Youdin & Johansen (2007),
Johansen & Youdin (2007), and Bai & Stone (2010a). The radial
drift speed of solid particles decreases with increasing solid-to-
gas density ratio because of the drag force exerted by the par-
ticles on the gas. A locally enhanced solid-to-gas ratio causes
the local orbital velocity of the gas to be closer to Keplerian,
and thus a reduction of the local drift speed of the particles.
Hence, clusters of particles drift more slowly than isolated par-
ticles, and downstream clusters can accumulate upstream iso-
lated particles, further reducing the drift speed of the clusters.
Owing to this positive feedback loop, particles can be concen-
trated into filaments reaching maximum densities of up to sev-
eral thousand times the local gas density (Bai & Stone 2010a;
Johansen et al. 2012; Yang & Johansen 2014; Johansen et al.
2015), su�cient to undergo gravitational collapse and form
planetesimals (Johansen et al. 2007; Simon et al. 2016). For this
strong clustering of particles to occur, the solid-to-gas column
density ratio needs to exceed a critical value (Johansen et al.
2009b; Bai & Stone 2010b), which depends on the radial pres-
sure gradient supporting the gas (Bai & Stone 2010c) and the
particle size (Carrera et al. 2015; Yang et al. 2016).

Although several studies have shown that the streaming in-
stability can lead to the formation of planetesimals, their birth
mass distribution has not been comprehensively investigated.
However, the initial mass function of planetesimals is essential
for the study of the formation of planetary systems because it
determines the initial conditions for the evolution of the bodies
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that planetesimals evolve into, including planets, asteroids, and
Kuiper belt objects. The asteroids in the asteroid belt provide a
natural sample distribution that can be fitted with a broken power
law. Bottke et al. (2005) argue that the current size distribution
of asteroids larger than 120 km in diameter represents the birth
size distribution of the planetesimals that formed in the asteroid
belt (but have been strongly depleted by resonances with Jupiter,
independent of their sizes), while smaller asteroids are largely
fragments of collisions between the larger ones.

Both Johansen et al. (2015) and Simon et al. (2016) per-
formed numerical simulations of planetesimal formation by the
streaming instability and find that the di↵erential distribution of
the planetesimal birth masses is well-fitted with a power law with
an exponent of about �1.6, albeit with the di↵erence that, while
the former observe an exponential tapering of the power-law dis-
tribution that constitutes the physical upper mass cuto↵, the lat-
ter do not include such a tapering in their fits. In this paper, we
compare power-law fits with and without exponential cuto↵ to
evaluate how well the high-mass end of the initial mass function
is described by an exponential cuto↵.

Johansen et al. (2015) find the shape of the initial mass func-
tion to be relatively independent of the resolution of the simu-
lations and the solid particle column density. They show that a
higher resolution leads to the formation of planetesimals with a
wider range of sizes, between 30 km and 120 km in radius in
their simulation with the highest resolution because the size of
the smallest planetesimal declines with increasing resolution. On
the other hand, they observe the size of the largest planetesimal
to mainly depend on the particle column density, with smaller
column densities yielding smaller sizes. Simon et al. (2016) also
studied the dependence of the shape of the birth mass distribution
on the resolution of the simulations and obtain the same result.
They further find the shape of the distribution to be largely in-
dependent of the strength of the self-gravity and the simulation
time at which it is initiated, although the masses of the planetes-
imals are shifted to higher values with the increasing strength
of self-gravity. The planetesimals that formed in their simula-
tions typically range in radius from 50 km to a few hundred
kilometers.

It remains unclear if the planetesimal initial mass func-
tion depends on the dimensions of the simulation box. Both
Johansen et al. (2015) and Simon et al. (2016) employed only
one box size of 0.2 gas scale heights in the radial, azimuthal, and
vertical directions. However, Yang & Johansen (2014) find that,
while in the simulations with this box size, the solid particles are
concentrated by the streaming instability into only one axisym-
metric filament, multiple of these filaments form in simulations
with larger box dimensions. This raises the question of whether
the mass budget of planetesimal formation, and thus the shape
of the initial mass function, is di↵erent when not only one fila-
ment is observed. In this paper, we study simulations with three
di↵erent box sizes, the smallest of which is equal to that em-
ployed by Johansen et al. (2015) and Simon et al. (2016), while
the others are two and four times larger, respectively, in the radial
and azimuthal directions, which permits investigating planetesi-
mal formation in several filaments. Furthermore, in simulations
with larger box sizes, more planetesimals emerge, yielding bet-
ter statistics in particular for the determination of the initial mass
function.

The paper is structured as follows: in Sect. 2, the simulation
setup, i.e. the initial conditions and the parameters that govern
the evolution of the simulations are described. In Sect. 3, we
present our results regarding the formation of planetesimals by
the streaming instability and their radial migration. Further, we

Table 1. Simulation specifications.

Name Lx [Hg] ⇥ Ly [Hg] ⇥ Lz [Hg]a Resolution [H�1
g ] Nx ⇥ Ny ⇥ Nz

b

run_0.2_320 0.2 ⇥ 0.2 ⇥ 0.2 320 64 ⇥ 64 ⇥ 64
run_0.4_320 0.4 ⇥ 0.4 ⇥ 0.2 320 128 ⇥ 128 ⇥ 64
run_0.8_320 0.8 ⇥ 0.8 ⇥ 0.2 320 256 ⇥ 256 ⇥ 64
run_0.2_640 0.2 ⇥ 0.2 ⇥ 0.2 640 128 ⇥ 128 ⇥ 128
run_0.4_640 0.4 ⇥ 0.4 ⇥ 0.2 640 256 ⇥ 256 ⇥ 128

Notes. (a) Box dimensions in the x-, y-, and z-directions, where Hg is the
gas scale height. (b) Number of grid cells in the x-, y-, and z-directions.

comment on the issue of permitting the mutual accretion of sink
particles, which we use to model planetesimals. In Sect. 4, we
discuss whether the planetesimal birth mass distribution is expo-
nentially tapered and how its shape depends on the dimensions
of the simulation box as well as the resolution. We conclude in
Sect. 5.

2. Simulation setup

We conduct three-dimensional computer simulations with the
Pencil Code1, a hybrid code for gas, for which the magne-
tohydrodynamic equations are solved on a fixed grid, with
Lagrangian particles representing solid bodies. The code em-
ploys sixth-order finite di↵erences in space and third-order
Runge-Kutta steps in time.

We use the shearing box approximation (Goldreich &
Lynden-Bell 1965), i.e. we assume that the size of the sim-
ulation box is small compared to the distance to the central
star of the protoplanetary disk. Hence, the curvature of the
disk is neglected and the stellar gravity is linearized. The rect-
angular simulation box is aligned such that the x-, y-, and
z-directions correspond to the radial, azimuthal, and vertical di-
rections, respectively, and co-rotates with the Keplerian veloc-
ity at its origin. For both gas and particles, sheared periodic
boundary conditions are employed at the radial and azimuthal
boundaries and periodic boundary conditions at the verti-
cal boundaries (Hawley et al. 1995; Brandenburg et al. 1995;
Youdin & Johansen 2007; Johansen et al. 2009a).

In total, we perform five simulations with three di↵erent sim-
ulation box dimensions and two di↵erent resolutions, as listed in
Table 1. The two smaller boxes have a size of 0.2 and 0.4 gas
scale heights, respectively, in the radial and azimuthal directions
with a resolution of either 320 or 640 grid cells per scale height,
while the largest box has a radial and azimuthal size of 0.8 scale
heights with a resolution of 320 grid cells per scale height. All
simulation boxes have a vertical size of 0.2 scale heights. The
names of the simulations are composed of the radial and az-
imuthal dimension as the first number and the resolution as the
second number.

2.1. Gas

The simulation box is filled with an isothermal, non-magnetized
gas with an isothermal equation of state pg = c

2
s⇢g, where pg and

⇢g are the pressure and density, respectively, and cs is the (con-
stant) sound speed. While the gas density is initially constant in
the radial and azimuthal direction, it is stratified in the vertical
direction because we take into consideration the vertical grav-
ity of the central star, which causes both gas and solid particles
to sediment to the mid-plane at z = 0. This background density
stratification is determined by the equilibrium between vertical

1 http://pencil-code.nordita.org/
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gravity and vertical pressure gradient, and is given by

⇢g(z) = ⇢g,0 exp
0
BBBB@�

z
2

2H
2
g

1
CCCCA , (1)

where Hg = cs/⌦K is the gas scale height, ⌦K = 2⇡/PK the
Keplerian orbital frequency, and PK the Keplerian orbital period.
Here and in the following, the subscript zero refers to the mid-
plane. As formulated in Yang & Johansen (2014), we subtract
the background density stratification from the equations of the
motion for the gas to numerically balance this equilibrium state
down to machine precision.

Since the gas density is initially radially constant, there is
no radial pressure gradient to support the gas and cause it to
orbit with sub-Keplerian speed. Hence, a background pressure
gradient set by the dimensionless parameter

⇧ = �1
2

Hg

R

@ ln(pg,0)
@ ln(R)

= 0.05, (2)

where R is the orbital distance, is imposed. We refer to this pa-
rameter as ⇧ adopting the notation by Bai & Stone (2010b). The
resulting sub-Keplerian orbital velocity of the gas is given by
vg = vK � �v, where vK = ⌦KR is the Keplerian orbital velocity
and �v = ⇧cs = 0.05cs, which is a representative value at orbital
distances of the order of 1 au in a typical protoplanetary disk
(Hayashi 1981; Bai & Stone 2010b; Bitsch et al. 2015).

2.2. Particles

Two types of Lagrangian particles are employed in the sim-
ulations: super-particles and sink particles to model pebbles
and planetesimals, respectively. To achieve a good load bal-
ancing among the processors, we use the particle block do-
main decomposition algorithm implemented by Johansen et al.
(2011). For the calculation of the mutual drag forces between
the gas and the super-particles and the mutual gravitational
forces between the super-particles and the sink particles, we
apply the triangular shaped cloud scheme to map the particle
masses and velocities onto the grid, and similarly interpolate the
back-reaction drag forces and the self-gravitational forces onto
the particles (Hockney & Eastwood 1981; Youdin & Johansen
2007; Johansen et al. 2007).

The gravitational potential of the super-particles as well as
the sink particles is computed by solving Poisson’s equation us-
ing the fast Fourier transform algorithm (Gammie 2001), which
entails gravitational softening. The softening length is of the or-
der of the grid cell edge length. Even though the gravitational
potential of the particles is vertically periodic, the particles are
concentrated in a thin layer around the mid-plane such that their
dynamics are not a↵ected by the periodic potential away from
the mid-plane.

We neglect the contribution of the gas to the gravitational
potential under the assumption that the gas component of the
protoplanetary disk is not in the gravitationally unstable regime.
Indeed, in our simulations the gas density deviates by at most 2%
from the mid-plane density ⇢g,0, the gas density perturbations are
thus very small compared to the super-particle densities in the
filaments when planetesimals form, which are of the order of the
Roche density (see below).

The sedimentation of the super-particles to the mid-plane
that is due to the vertical stellar gravity induces turbulence as a
result of either the streaming instability or the Kelvin-Helmholtz
instability, which are both caused by the mutual drag forces be-
tween the gas and the super-particles (Bai & Stone 2010b). This

turbulence stirs up the super-particles, and hence counteracts the
sedimentation. To give sedimentation and turbulence time to at-
tain an equilibrium, in our simulations self-gravity is not intro-
duced until t = 25 PK. Its strength is then gradually increased
from zero over 10 PK until it reaches its final value at t = 35 PK
since initiating self-gravity instantaneously with full strength
could cause significant impulses on the particles. While we initi-
ate self-gravity at a simulation time at which the super-particles
have already formed filaments, Johansen et al. (2015) introduced
self-gravity with full strength at the start of their simulations and
observe qualitatively the same planetesimal birth mass distribu-
tion as we do.

We achieve this gradual initiation of the self-gravity by
substituting

� =

8>>>><
>>>>:

0 t  25 PK,
1
2�

⇣
1 � cos

h
⇡(t�25 PK)

10 PK

i⌘
25 PK < t < 35 PK,

� t � 35 PK,

(3)

where the dimensionless self-gravity parameter

� =
4⇡G⇢g,0

⌦2
K

(4)

and G is the gravitational constant, into the right-hand side
of Poisson’s equation. We choose G = P

�2
K ⇢
�1
g,0, and thus

� = 1/⇡ = 0.318. We note that Simon et al. (2016) find the shape
of the initial mass function of the planetesimals formed in their
simulations of the streaming instability to be relatively indepen-
dent of both the simulation time at which self-gravity is intro-
duced and the strength of the self-gravity. The Roche density
depends on the self-gravity parameter � and is given by

⇢R =
9⌦2

K

4⇡G
=

9⇢g,0

�
= 28.3⇢g,0. (5)

Each super-particle represents a large number of equally sized
pebbles because it is computationally infeasible to simulate the
pebbles individually. While the mass of a super-particle is equal
to the total mass of the pebbles it models, its friction time is the
same as that of an individual constituent pebble.

The mass of the super-particles is determined by the initial
solid-to-gas column density ratio and their initial number. We set
the solid-to-gas ratio

Z =
⌃p,init

⌃g,init
, (6)

where ⌃p,init and

⌃g,init =
p

2⇡Hg⇢g,0 (7)

are the initial column densities of the super-particles and the gas,
respectively, to Z = 0.02. This value corresponds to the criti-
cal solid-to-gas ratio necessary for strong clustering of pebbles
due to the streaming instability to occur (Johansen et al. 2009b;
Bai & Stone 2010b,c; Carrera et al. 2015), and is slightly higher
than the solar metallicity. The initial number of super-particles
is set equal to the total number of grid cells. The super-particles
are randomly distributed among the entire simulation box to seed
the streaming instability.

The Stokes number of the super-particles ⌧f = ⌦Ktf , where
tf is the friction time, is set to ⌧f = ⇡/10 = 0.314, which,
at an orbital distance of 2.5 au in the Minimum Mass Solar
Nebula (MMSN), corresponds to a size of approximately 25 cm
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(Bai & Stone 2010b; Johansen et al. 2015). While we employ
only one fixed particle size, Bai & Stone (2010b) performed sim-
ulations with particles of a range of sizes. They find that the
particle-gas dynamics are dominated by the most massive par-
ticles, and that the critical solid-to-gas ratio required for strong
particle clustering owing to the streaming instability is deter-
mined by the total mass of all particles.

After self-gravity has attained its full strength at t = 35 PK,
every super-particle comprised in a cluster whose super-particle
density ⇢p exceeds a threshold value ⇢p,thres is replaced by a
sink particle. This sink particle creation threshold is set to
⇢p,thres = 200 ⇢g,0, i.e. about seven times the Roche density (see
Eq. (5)). We note that Johansen et al. (2015) compared simula-
tions similar to ours with three di↵erent threshold values and
find the masses of the sink particles emerging in their simula-
tions to be largely independent of the threshold above a value of
five times the Roche density.

The simulation time at which the formation of sink particles
is introduced is arbitrary since both the gravitationally bound
super-particle clusters that exist beforehand and the sink parti-
cles that emerge from them afterwards represent planetesimals.
Owing to the limited resolution of the gravitational forces the
behavior of many super-particles inside one grid cell is compa-
rable to that of a few sink particles. Nevertheless, the computa-
tional expense of the simulations is lowered substantially by the
introduction of sink particles.

Super-particles within the accretion radius of a sink parti-
cle, which is set equal to one grid cell edge length, are ac-
creted by it, i.e. the super-particle mass and momentum are
added to the sink particle mass and momentum, respectively, and
the super-particle is removed. This accretion, however, might
in parts be artificial because the physical accretion radius, i.e.
the Bondi radius for pebble accretion (Ormel & Klahr 2010;
Lambrechts & Johansen 2012), could be smaller than the sim-
ulated accretion radius, especially in the case of less massive
sink particles. On the other hand, since the mutual gravitational
forces between the super-particles and the sink particles within
one grid cell can only be computed inaccurately, the chosen ac-
cretion radius corresponds to the highest accuracy our numerical
simulations can o↵er.

We further permit sink particles to accrete one another. This
accretion is handled analogously to the super-particle accretion,
and might as well be partially artificial. Nevertheless, it is re-
quired because in a super-particle cluster exceeding the sink par-
ticle creation threshold, all super-particles are replaced by sink
particles. That is, the gravitational collapse of a super-particle
cluster results in the creation of a cluster of sink particles, of
which only one should persist to represent one new-born plan-
etesimal. See Sect. 3.2 for further discussion of this topic.

2.3. Units and scaling relations

We report our results using the Keplerian orbital period at the
origin of the simulation box PK, the gas scale height Hg, and the
mid-plane gas density ⇢g,0 as the units of time, length, and den-
sity, respectively. We note that a shearing box freely scales with
these units until self-gravity is initiated at t = 25 PK. Afterwards,

⇢g,0 =
�⌦2

K

4⇡G
=
⇡�

GP
2
K

(8)

(see Eq. (4)), and hence the unit of mass [M] = H
3
g⇢g,0 =

⇡� G
�1

H
3
g P
�2
K .

In the following, relations for the scaling of relevant quanti-
ties and units with the orbital distance R, the temperature T , and
the mass of the central star MS are given. A mean atomic weight
of µ = 2.33 is used and the scaling relations for ⇢g,0 and [M] are
calculated applying those for PK and Hg:

PK = 4.0
✓

R

2.5 au

◆3/2  
MS

1 M�

!�1/2

yr (9)

⌦K = 1.6
✓

R

2.5 au

◆�3/2  
MS

1 M�

!1/2

yr�1 (10)

cS = 0.80
✓

T

180 K

◆1/2
km s�1 (11)

Hg = 0.11
✓

R

2.5 au

◆3/2 ✓
T

180 K

◆1/2  
MS

1 M�

!�1/2

au (12)

⇢g,0 = 9.4 ⇥ 10�10
✓ �
⇡�1

◆ ✓
R

2.5 au

◆�3  
MS

1 M�

!
g cm�3 (13)

[M] = 4.2 ⇥ 1027
✓ �
⇡�1

◆ ✓
R

2.5 au

◆3/2 ✓
T

180 K

◆3/2

⇥
 

MS

1 M�

!�1/2

g. (14)

Hereafter, we use the above scaling relations, the properties of
the asteroid belt, i.e. an orbital distance of R = 2.5 au, a tem-
perature of T = 180 K, and a stellar mass of MS = 1 M�, and
the chosen strength of the self-gravity � = 1/⇡ to convert simu-
lation units into physical units. For example, the mid-plane gas
density ⇢g,0 = 9.4 ⇥ 10�10 g cm�3, which is almost one order of
magnitude greater than the corresponding value in the MMSN,
⇢g,0 = 1.1 ⇥ 10�10 g cm�3 (Hayashi 1981; Bai & Stone 2010b).
The streaming instability has been shown to form planetesi-
mals for pebble column densities similar to that in the MMSN
(Johansen et al. 2015). Nevertheless, we choose this comparably
high gas density and thus high solid density to promote planetes-
imal formation, enabling us to better constrain the initial mass
function of planetesimals.

3. Evolution of the simulations

Apart from the use of self-gravity and sink particles to model
planetesimals, our simulation setup is identical with that applied
by Yang & Johansen (2014). Hence, we find our simulations to
be consistent with their simulations until t = 25 PK, when self-
gravity is introduced (compare the evolution of the pebble den-
sity in the simulation time span 20 PK  t  25 PK shown in
Fig. 1 with their Fig. 3). We thus only report on the evolution
of our simulations between t = 25 PK and the end of the simula-
tions, t = 40 PK.

3.1. Planetesimal formation and migration

If self-gravity is not taken into account the streaming instabil-
ity concentrates pebbles into axisymmetric filaments that are
elongated in the azimuthal direction (Johansen & Youdin 2007;
Johansen et al. 2009b; Bai & Stone 2010b; Yang & Johansen
2014). In Figs. 1 and 2, we show how self-gravity causes these
filaments to fragment into pebble clusters that undergo gravi-
tational collapse and form planetesimals. In the first 5 PK after
self-gravity has been initiated, the filaments begin to disperse be-
cause the pebbles accumulate into clusters owing to their mutual
gravitational attraction (upper panels of Fig. 2). At t = 35 PK,
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Fig. 1. Pebble column density ⌃p, integrated over the vertical dimension
and averaged over the azimuthal dimension of the simulation box, as a
function of radial location x and simulation time t for the simulation
with the largest box size, run_0.8_320. Locations at which sink parti-
cles emerge are indicated with white dots. Though every pebble cluster
forms in one of the filaments, they migrate up to the distance to one of
the adjacent filaments. All sink particles emerge as soon as their forma-
tion is initiated at t = 35 PK, and they emerge nearly evenly distributed
among the entire radial extent of the box owing to the radial migration
of the pebble clusters.

when the self-gravity reaches its full strength, these clusters con-
tain most pebbles available in the simulation, and the filaments
are no longer observable (lower left panel).

At this point, we commence the formation of sink parti-
cles. Almost all pebble clusters exceed the sink particle creation
threshold, consequently the pebbles in each of these clusters are
replaced by sink particles which merge into one massive sink
particle that represents the gravitationally collapsed cluster. At
t = 35.1 PK, this sink particle merging process is for the most
part completed (lower right panel). However, a few low-mass
pebble clusters do not turn into sink particles. All sink particles
emerge instantly at t = 35 PK, as can be seen from Fig. 1, but a
couple of clusters remain at t = 35.1 PK (three such clusters can
be spotted in the lower right panel of Fig. 2). Although they are
not su�ciently dense to exceed the sink particle creation thresh-
old, these clusters probably represent gravitationally bound plan-
etesimals with low masses.

We observe that the planetesimals on average move through
more than half of the radial extent of the simulation boxes.
Figure 1 shows that each pebble cluster forms in one of the fila-
ments, but that they migrate in the radial direction, some of them
only marginally, others the entire distance to one of the adjacent
filaments. As a result, the sink particles emerge almost evenly
distributed among the whole radial dimension of the box. From
Fig. 3, it can be seen that the sink particles continue this radial
migration, they on average pass through over half of, a few of
them even through the whole radial extent of the box. The mean
standard deviation of the radial displacement of the sink parti-
cles from the locations at which they emerge, averaged over and
weighted by the lifetime of every sink particle and then averaged
over all sink particles in a simulation, amounts to between 26%
and 36% of the radial box size in each of the five simulations.
We note that the extent of the migration in the radial direction in-
creases with the box size without converging for the box sizes we
consider. The radial motions result from the mutual gravitational

scattering of sink particles that closely pass by each other. It re-
mains to be investigated whether planetesimals are composed of
not only pebbles from the filament they form in, but also of an
appreciable amount of pebbles from filaments they migrate to.

3.2. Mutual sink particle accretion

For the sink particles to realistically represent new-born plan-
etesimals, only one of them should be allowed to form from ev-
ery pebble cluster that undergoes gravitational collapse. How-
ever, this requires a precise determination of the extent of each
cluster, which entails several issues, for instance the treatment of
overlapping clusters. Therefore, we replace every super-particle
that is part of a cluster that exceeds the sink particle creation
threshold by a sink particle and allow the sink particles to ac-
crete one another until only one of them remains. We observe
that in our five simulations, on average 81% of all accreted sink
particles are accreted within 0.1 PK after their formation, i.e.
until t = 35.1 PK, because in all simulations all sink particles
emerge togather at t = 35 PK. Therefore, the merging process of
sink particles that emerged from the same pebble cluster is prob-
ably largely completed at this point (see the lower right panel of
Fig. 2), and most of the mutual sink particle accretions are a part
of this process.

On the other hand, we note that the merging of sink particles
afterwards may be artificial. The accuracy of the calculation of
the gravitational forces between sink particles is limited by the
resolution, hence we cannot determine whether two sink parti-
cles that encounter one another inside a grid cell collide or pass
by each other. Nevertheless, we find the latter to be more prob-
able. Taking into account gravitational focusing, the maximum
impact parameter leading to a collision of two sink particles

bmax =

r
(r1 + r2)2 +

2G(m1 + m2)(r1 + r2)
�v2

, (15)

where mi are the masses of the two sink particles, ri their
radii, which are calculated from mi using a solid body density
of 3 g cm�3, and �v is their relative velocity (see, e.g., Armitage
2007). The mean maximum impact parameter hbmaxi, averaged
over all mutual sink particle accretions in all five simulations
where the lifetime of the accreted sink particle is greater than
0.1 PK and weighted by the lifetimes of the accreted sink parti-
cles, amounts to only 3.5% of the grid cell edge length. Mutual
accretions of three or more sink particles at the same simulation
time are not included in this statistic because we cannot infer
their outcome. We note, though, that the sink particle data are not
written out after each simulation time step, but every 0.01 PK.
Thus, we can only imprecisely determine the simulation time at
which a sink particle merging occurs and the maximum impact
parameter for this encounter.

4. Initial mass function

4.1. Best-fitting parameters

We fit the cumulative mass distribution of the sink particles that
emerge in our simulations using two functional forms: an inte-
grated power law and a power law with an exponential cuto↵.
We choose to fit the cumulative mass distributions because, in
particular for small numbers of sink particles, they are less af-
fected by noise than the di↵erential mass distributions and can
thus be fitted more accurately.
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Fig. 2. Pebble column density ⌃p, integrated over the vertical dimension of the simulation box, as a function of radial location x and azimuthal
location y at four di↵erent simulation times t = 25 PK (top left panel), t = 30 PK (top right panel), t = 35 PK (bottom left panel), and t = 35.1 PK
(bottom right panel) for the simulation with the largest box size, run_0.8_320. In the lower right panel, sink particles are plotted as white dots
and three pebble clusters are indicated using white circles. After self-gravity has been initiated at t = 25 PK, the pebbles aggregate into clusters
and the axisymmetric filaments disperse (upper panels). When the self-gravity attains its full strength at t = 35 PK, most pebbles are concentrated
in clusters and the filaments are no longer visible (lower left panel). At this point, we introduce the formation of sink particles, and the pebbles
comprised in all but the three encircled clusters are replaced by sink particles. The sink particles emerging from the same pebble cluster undergo
a merging process until only one of them remains. This process is largely completed at t = 35.1 PK (lower right panel).

The integrated power law can be expressed as

N>(M)
Ntot

=
1

1 � ↵

2
666664

 
Mmax

Mpow

!1�↵
�

 
M

Mpow

!1�↵3777775 , (16)

where N> is the number of sink particles with masses greater
than M, Ntot is their total number and Mmax their maximum mass,
and Mpow and ↵ are fitting parameters. Since the formation of
planetesimals by the streaming instability is a stochastic process
and the actual Mmax in a simulation might di↵er significantly
from the Mmax of the ensemble-averaged mass distribution of the
sink particles for this model, we treat Mmax as a fitting parameter.

The exponentially tapered power law is given by

N>(M)
Ntot

=

 
M

Mpow

!�↵
exp

2
66664�

 
M

Mexp

!�377775 , (17)

where Mexp and � are fitting parameters. The condition
N>(Mmin)/Ntot = 1, where Mmin is the minimum sink particle
mass, can be used to eliminate one of the fitting parameters in
Eq. (17). We choose to eliminate the characteristic mass of the
power-law part, Mpow, which is then given by

Mpow = Mmin exp
2
66664

1
↵

 
Mmin

Mexp

!�377775 · (18)
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Fig. 3. Radial locations x of sink particles which are not accreted before
t = 36 PK, color-coded according to the locations at which they emerge,
as functions of the simulation time t for the simulation with the largest
box size, run_0.8_320. On average, the motions of the sink particles
span more than half of the radial extent of the simulation box, a couple
of them even migrate through the entire radial dimension of the box.

Substituting Eq. (18) into (17) yields

N>(M)
Ntot

=

 
M

Mmin

!�↵
exp

2
66664
 

Mmin

Mexp

!�
�

 
M

Mexp

!�377775 · (19)

We use Eq. (19) to fit the sink particle data because we find
the resulting fits to be better than the ones we obtain applying
Eq. (17). For the same reason as Mmax in Eq. (16), Mmin is treated
as a fitting parameter.

To investigate the dependence of the shape of the initial mass
function on the resolution and particularly the dimensions of the
simulation box, we determine an individual initial mass func-
tion for every simulation. At first, we employ the least-squares
method to fit Eqs. (16) and (19) to the sink particle data at each
Keplerian orbital period between t = 36 PK and the end of the
simulations, t = 40 PK. In all five simulations, all sink particles
emerge at once at the simulation time at which their formation is
initiated, t = 35 PK, but we begin the fitting at t = 36 PK to give
the sink particles that emerge from the same pebble cluster time
to merge into one. Averaged over this period, we then calculate
mean values of the fitting parameters that do not vary signifi-
cantly with time and are thus probably relatively una↵ected by
artificial sink particle merging.

In the left panel and the right panel of Fig. 4 we show the sink
particle mass distributions as well as the fitted integrated power
laws and power laws with exponential tapering for the two sim-
ulations with the largest numbers of sink particles, the one with
the largest box size, run_0.8_320, and the one with the middle
box size and the higher resolution, run_0.4_640, respectively, at
t = 40 PK. In the legends for both fits, the standard deviation �
of the actual N>(M)/Ntot for the sink particle masses M from the
fitted N>(M)/Ntot is given.

We find that the exponential tapered power laws fit the mass
distributions better than the integrated power laws. The standard
deviations for the power-law fits without exponential cuto↵ are
larger, not only at t = 40 PK as shown in the figure, but also at
other simulation times. We further note that the shallower expo-
nential cuto↵ represents the high-mass end of the distributions
better than the steeper cuto↵ of the integrated power law, and that
the exponential tapering better reproduces the smooth change of
the slope of the distributions. Hence, we limit our further analy-
sis to the power-law fits with exponential cuto↵.

4.2. Power-law fits with and without exponential tapering

In Fig. 5 the best-fitting parameters Mmin, ↵, Mexp, and � in
Eq. (19) are shown for t = 36 PK to t = 40 PK for all of our
simulations. In the case of the simulation with the smallest box
dimensions and the lower resolution, run_0.2_320, the small
number of sink particles persisting after t = 36 PK does not per-
mit to properly fit a power law and an exponential cuto↵. The
parameters ↵, Mexp, and � are approximately constant in time
for all simulations apart from Mexp for the simulation with the
middle box dimensions and the lower resolution, run_0.4_320,
which seems to converge to an upper limit. In Table 2, we list
mean values of these three parameters, averaged over the simu-
lation time span from t = 36 PK to t = 40 PK.

Similar to Mexp for run_0.4_320, the fitted minimum mass
Mmin increases with time for the simulation with the largest box
size, run_0.8_320, and the one with the middle box size and the
higher resolution, run_0.4_640, but appears to saturate at an up-
per limit. The increase of Mmin and Mexp is likely due to both
pebble accretion by the sink particles – as less and less peb-
bles remain towards the end of the simulations (see Fig. 1), both
masses converge to an upper limit – and possibly artificial merg-
ing of sink particles. In contrast to this, for run_0.4_320 and
the simulation with the smallest box dimensions and the higher
resolution, run_0.2_640, Mmin is roughly constant. To provide a
comparable value for each simulation despite these di↵erences in
the time dependence, in Table 2 we list the best-fitting values at
t = 40 PK for all simulations (except for run_0.2_320, for which
only the value at t = 36 PK is available). A comparison of these
values shows that Mmin declines with both increasing box di-
mensions and increasing resolution if the value for run_0.2_320

is disregarded.
The best-fitting values of the exponent of the power-law

component ↵ for all simulations vanish. This is because a lower
limit for the sizes of the pebble clusters, and thus the sink par-
ticle masses, is set by the resolution, which even in the case
of the higher resolution is too large for low-mass sink parti-
cles that would constitute the power-law part to emerge. Both
Johansen et al. (2015) and Simon et al. (2016) fit the di↵erential
mass distribution with a power-law exponent of about �1.6, cor-
responding to ↵ = 0.6. Since the higher resolution we employ,
640 H

�1
g , is the lowest one that is considered in these papers,

to properly study the power-law distribution higher resolutions
than 640 H

�1
g seem to be required.

We find the mass scale of the exponential cuto↵ Mexp to
correlate with the mass budget in every filament. The param-
eter Mexp should increase with the distance between the fila-
ments because, if the distance is larger, more pebbles can be ac-
creted by the planetesimals forming in each filament. In Col. 6
of Table 2, the numbers of filaments Nf we observe in our simu-
lations are listed. One, three, and four filaments form in the sim-
ulation boxes with radial and azimuthal dimensions of 0.2 Hg,
0.4 Hg, and 0.8 Hg, respectively. Therefore, the mass reservoir
of pebbles in each filament is similar for the smallest and the
largest box sizes, but smaller for the middle box sizes. We in-
deed see that the mean values of Mexp for run_0.2_320 and
run_0.8_320 are similar, but larger than the one for run_0.4_320.
Likewise, the mean value for run_0.2_640 is greater than that for
run_0.4_640. Even though the mean values for the two simula-
tions with the middle box size di↵er by more than one standard
deviation, we note that the best-fitting values for run_0.4_320

increase with time with a range enclosing the mean value for
run_0.4_640. Hence, we find Mexp to be largely independent of
the resolution.
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Fig. 4. Cumulative mass distributions of sink particles (black crosses) and fitted integrated power laws (Eq. (16), green lines) and power laws with
exponential cuto↵ (Eq. (19), red lines) at t = 40 PK for the two simulations with the largest numbers of sink particles: the one with the largest box
dimensions, run_0.8_320, (left panel) and the one with the middle box dimensions and the higher resolution, run_0.4_640 (right panel). Standard
deviations of the actual N>/Ntot (black crosses) from the fitted N>/Ntot are given in the legends. The standard deviations for the integrated power
laws are up to twice as large as those for the exponentially tapered power laws. In addition, it can be seen that the shallower exponential cuto↵s fit
the actual cuto↵s more accurately than the steeper cuto↵s of the integrated power laws and better replicate the smooth change of the slope of the
mass distributions. We thus find the power laws with exponential tapering to represent the mass distributions better than the integrated power laws.

Table 2. Best-fitting parameters.

Name Mmin [G�1
H

3
g P
�2
K ]a h↵ib hMexpi [G�1

H
3
g P
�2
K ]b h�ib Nf

c

run_0.2_320 (1.9 ± 3.8) ⇥ 10�7 0.0002 ± 0.0097 (1.85 ± 0.32) ⇥ 10�4 0.324 ± 0.025 1
run_0.4_320 (1.9 ± 0.3) ⇥ 10�5 0.0057 ± 0.0094 (2.31 ± 0.14) ⇥ 10�5 0.284 ± 0.004 3
run_0.8_320 (1.5 ± 0.2) ⇥ 10�5 0.0045 ± 0.0022 (1.32 ± 0.02) ⇥ 10�4 0.375 ± 0.003 4
run_0.2_640 (4.7 ± 2.8) ⇥ 10�6 0.0147 ± 0.0085 (5.05 ± 0.41) ⇥ 10�5 0.294 ± 0.007 1
run_0.4_640 (1.2 ± 0.1) ⇥ 10�6 0.0097 ± 0.0011 (1.82 ± 0.02) ⇥ 10�5 0.352 ± 0.002 3

Notes. Listed errors are standard errors. (a) Best-fitting values at
t = 36 PK in the case of run_0.2_320 and at t = 40 PK in the case of the
other simulations. (b) Mean values, averaged over 36 PK  t  40 PK.
(c) Number of filaments.

With the mean values of the exponent of the exponential
cuto↵ � ranging from 0.28 to 0.38, the exponential cuto↵ is
rather smooth. Johansen et al. (2015) fit their data by eye using
� = 4/3, which is a significantly steeper cuto↵, but this steep
cuto↵ might be an artefact of the small box size they employed,
in which only a few massive planetesimals formed. The best-
fitting values for the two simulations with the largest num-
ber of sink particles, run_0.8_320 and run_0.4_640, are nearly
equal, but somewhat greater than the values for run_0.4_320 and
run_0.2_640, which are also roughly equal. This indicates that
only in the former two simulations enough sink particles emerge
to completely capture the high-mass end of the mass distribu-
tion. However, the mean values for all simulations lie in a rather
small range of 0.1, hence we find � to be relatively independent
of the box size and the resolution.

Substituting the best-fitting parameters listed in Table 2 into
the cumulative (Eq. (19)) or the di↵erential mass distribution,

dN

dM
=

1
M

2
66664↵ + �

 
M

Mexp

!�377775
 

M

Mpow

!�↵

⇥ exp
2
66664
 

Mmin

Mexp

!�
�

 
M

Mexp

!�377775 , (20)

yields an initial mass function for each simulation. The cumu-
lative mass distribution can be converted to a cumulative size

Table 3. Sink particle statistics.

Name Ntot Mmin [G�1
H

3
g P
�2
K ] Mmax [G�1

H
3
g P
�2
K ] hMi [G�1

H
3
g P
�2
K ]

run_0.2_320 4 5.9 ⇥ 10�5 1.6 ⇥ 10�3 4.8 ⇥ 10�4

run_0.4_320 15 7.8 ⇥ 10�6 4.3 ⇥ 10�3 4.9 ⇥ 10�4

run_0.8_320 42 8.3 ⇥ 10�6 9.3 ⇥ 10�3 6.9 ⇥ 10�4

run_0.2_640 7 1.0 ⇥ 10�5 1.5 ⇥ 10�3 2.6 ⇥ 10�4

run_0.4_640 62 1.9 ⇥ 10�6 2.2 ⇥ 10�3 1.2 ⇥ 10�4

distribution,

N>(R)
Ntot

=

 
R

Rmin

!�3↵

exp
2
666664

 
Rmin

Rexp

!3�

�
 

R

Rexp

!3�3777775 , (21)

where R is the radius of every sink particle and the minimum
radius Rmin and the radius scale of the exponential tapering Rexp
can be calculated from Mmin and Mexp, respectively, using a solid
density of 3 g cm�3.

In Table 3, we list the number Ntot, minimum mass Mmin,
maximum mass Mmax, and mean mass hMi of the sink particles
at the end of our five simulations, t = 40 PK. In the case of the
two simulations with the smallest box dimensions, we observe
less than ten sink particles, and the best-fitting parameters for
these simulations are therefore a✏icted with comparably large
errors (see Fig. 5). We find the actual Mmin and hMi to be of the
order of the fitted Mmin and Mexp, respectively (compare with
Cols. 2 and 4 of Table 2). For run_0.8_320 and run_0.4_640,
the 10% of the sink particles which are most massive contain
66% and 70%, respectively, of the total sink particle mass. That
is, in our simulations the most massive sink particles dominate
the total mass.

As stated above, a higher resolution enables us to observe
the formation of smaller pebble clusters, and thus less massive
sink particles. Hence, Ntot increases and both Mmin and hMi de-
cline with increasing resolution. Like Johansen et al. (2015) and
Simon et al. (2016), we find the maximum mass Mmax to be rel-
atively independent of the resolution.

We expect the number of planetesimals to increase with the
number of filaments, and thus with the radial box dimension,
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Fig. 5. Best-fitting parameters Mmin (upper left panel), ↵ (upper right panel), Mexp (lower left panel), and � (lower right panel) of the exponentially
tapered power law (Eq. (19)) at every Keplerian orbital period between t = 36 PK and t = 40 PK for all five simulations. Standard errors are plotted
as error bars. In the case of the simulation with the smallest box size and the lower resolution, run_0.2_320, only parameter values for t = 36 PK
are plotted because afterwards only four sink particles persist, which prevents us from properly fitting the mass distributions with a power law and
an exponential tapering.

and with the length of the filaments, i.e. the azimuthal box di-
mension. Analogously to the mass scale of the exponential cut-
o↵ Mexp, as discussed above, we further expect hMi to increase
with the distance between the filaments. Our findings are con-
sistent with these expectations, with the exception of hMi for
run_0.2_320. One and three filaments form in run_0.2_320 and
run_0.4_320, respectively (see Col. 6 of Table 2), therefore the
value for the former simulation should be greater than the one for
the latter simulation, yet it is slightly smaller. This shows that, at
least at the lower resolution, the smallest boxes, in which only
one filament forms, might be too small to accurately capture the
mass budget of each filament.

Furthermore, Mmin and Mmax in general increase with the
box dimensions, but we find Mmin to considerably decrease if
the box size is increased from 0.2 Hg to 0.4 Hg in the radial and
azimuthal directions. This also indicates that the smallest box di-
mensions might not capture the sink particle mass distribution as
well as the larger boxes. However, it may also be a stochastic ef-
fect because, especially for a small number of sink particles, the
ensemble-averaged values of Mmin and Mmax might di↵er signif-
icantly from the actual values.

5. Summary and discussion

We have investigated the formation of planetesimals by the
streaming instability in numerical simulations with three di↵er-
ent box sizes and two di↵erent resolutions. In particular, we have

studied the initial mass function of these planetesimals, employ-
ing the largest box dimensions to date with radial and azimuthal
sizes of up to 0.8 gas scale heights. These large box sizes have
enabled us to study planetesimal formation in multiple axisym-
metric filaments formed by the streaming instability and to yield
better statistics because more planetesimals emerge in simula-
tions with larger box sizes.

In the absence of self-gravity, the streaming instability con-
centrates pebbles into axisymmetric filaments. After self-gravity
has been introduced, these filaments disperse within about ten
Keplerian orbital periods because the pebbles accumulate into
clusters that undergo gravitational collapse and form planetesi-
mals. We have observed that, after their formation, the planetes-
imals on average migrate through more than half of the radial
dimension of the simulation box owing to mutual gravitational
scattering. The extent of the radial migration does not converge
for the box sizes we have taken into consideration. Further stud-
ies could provide insights regarding the implications of the mi-
gration through multiple filaments for the dependence of the
composition of planetesimals on the orbital distance.

The radii of the planetesimals formed in our simulations,
which depend on the strength of the self-gravity and thus on
the solid particle column density, range from 80 km to 620 km.
We have compared power-law fits to their cumulative mass dis-
tribution with and without exponential tapering and have found
that a rather shallow exponential cuto↵ fits the distribution better
than the steeper cuto↵ of an integrated power law. Johansen et al.
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(2015) also find the initial mass function to be represented best
by an exponentially tapered power law, although they studied
planetesimals that are smaller than the ones formed in our simu-
lations. In their simulation with the highest resolution, the plan-
etesimal radii amount to between 30 km and 120 km. In contrast
to this, Simon et al. (2016) find that a power law without ex-
ponential tapering is suitable to fit the birth mass distribution
of planetesimals with radii between 50 km and a few hundred
kilometers.

We have found a value of the exponent of the exponen-
tial cuto↵ of about 0.3 to 0.4, which is largely invariant un-
der changes in the box size and the resolution, but considerably
smaller than the value of 4/3 that Johansen et al. (2015) deter-
mine, which is based on a much smaller number of massive plan-
etesimals that formed in a small simulation domain. However,
the resolutions we have considered are insu�cient to constrain
the shape of the power-law part and to investigate its dependence
on the box dimensions because the planetesimals that formed in
our simulations are too large to constitute a power-law distribu-
tion at the low-mass end of the initial mass function.

Both the characteristic mass of the exponential cuto↵ and
the mean mass of the planetesimals correlate with the pebble
mass budget in every filament. In this regard, we have found
indications that a simulation box with a size of 0.2 gas scale
heights in the radial, azimuthal, and vertical directions, in which
only one filament emerges, may be too small to properly cap-
ture the mass reservoir. This is consistent with the observation
by Yang & Johansen (2014) that box dimensions of 0.2 scale
heights in the radial and azimuthal directions are too small to
capture all scales relevant for the streaming instability, and is fur-
ther supported by Li et al. (in prep.) finding that the density dis-
tribution function of solid particles is consistent only for boxes
with radial and azimuthal sizes of at least 0.4 scale heights.

The current size distribution of the asteroids in the aster-
oid belt with diameters between 120 km and several hundred
kilometers, corresponding to the sizes of the planetesimals that
emerge in our simulations, is well-fitted with a power law. This
power law, which Bottke et al. (2005) argue represents the pri-
mordial asteroid size distribution, is in contrast to the exponen-
tial cuto↵ we (and Johansen et al. 2015) find. Subsequent pebble
accretion therefore appears to be necessary to convert the expo-
nential tapering of the birth size distribution into the power law
observed in the asteroid belt (Johansen et al. 2015).

It is interesting to compare the initial mass function of plan-
etesimals to the classical concept of an initial mass function of
stars. The formation of stars is comparable to the formation of
planetesimals by the streaming instability insofar as both stars
and planetesimals form by gravitational collapse, the former
from molecular cloud cores, and the latter from pebble clusters.
The di↵erential mass distribution of stars with masses greater
than about 1 M� is given by a power law with an exponent of ap-
proximately �2.3 (Salpeter 1955; Massey 1998; Chabrier 2003).
That is, the total stellar mass is dominated by the least massive
stars, in contrast to the total mass of the planetesimals we have
observed in our simulations, which is dominated by the most
massive ones. It has been argued that there is a physical upper
mass cuto↵ of the stellar initial mass function, but massive stars
are rare and short-lived, and their mass distribution is therefore
di�cult to observe (Zinnecker & Yorke 2007).

Johansen et al. (2015) and Simon et al. (2016) investigated
the dependence of the shape of the planetesimal initial mass
function on the resolution, the pebble column density, the
strength of the self-gravity, and the simulation at which self-
gravity is initiated. We have complemented these parameter

studies with an analysis of the box-size dependence, but how, for
instance, the solid-to-gas ratio, the friction time of the pebbles,
the radial gas pressure gradient, and the vertical box size a↵ect
the shape of the birth mass distribution remains to be investi-
gated. Finally, the streaming instability has been shown to oper-
ate in protoplanetary disks with turbulence driven by the mag-
netorotational instability (Johansen et al. 2007). It remains to be
seen how turbulence and magnetic fields influence the shape of
the initial mass function.
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ABSTRACT

The streaming instability is a leading candidate mechanism to explain the formation of planetesimals. However, the role of this insta-
bility in the driving of turbulence in protoplanetary disks, given its fundamental nature as a linear hydrodynamical instability, has so
far not been investigated in detail. We study the turbulence that is induced by the streaming instability as well as its interaction with
the vertical shear instability. For this purpose, we employ the FLASH Code to conduct two-dimensional axisymmetric global disk
simulations spanning radii from 1 to 100 au, including the mutual drag between gas and dust as well as the radial and vertical stellar
gravity. If the streaming instability and the vertical shear instability start their growth at the same time, we find the turbulence in the
dust midplane layer to be primarily driven by the streaming instability. The streaming instability gives rise to vertical gas motions with
a Mach number of up to ⇠10�2. The dust scale height is set in a self-regulatory manner to about 1% of the gas scale height. In contrast,
if the vertical shear instability is allowed to saturate before the dust is introduced into our simulations, then it continues to be the main
source of the turbulence in the dust layer. The vertical shear instability induces turbulence with a Mach number of ⇠10�1 and thus
impedes dust sedimentation. Nonetheless, we find the vertical shear instability and the streaming instability in combination to lead to
radial dust concentration in long-lived accumulations that are significantly denser than those formed by the streaming instability alone.
Therefore, the vertical shear instability may promote planetesimal formation by creating weak overdensities that act as seeds for the
streaming instability.

Key words. instabilities – turbulence – methods: numerical – planets and satellites: formation – protoplanetary disks –
hydrodynamics

1. Introduction

Turbulence crucially influences various stages of the formation
of planets: such as (1) the vertical settling of dust grains to a mid-
plane layer whose thickness is determined by the equilibrium
between sedimentation and turbulent diffusion (Dubrulle et al.
1995; Johansen & Klahr 2005; Fromang & Papaloizou 2006;
Youdin & Lithwick 2007); (2) collisional grain growth (Ormel
& Cuzzi 2007; Birnstiel et al. 2010); (3) planetesimal formation
owing to passive concentration of grains (Barge & Sommeria
1995; Johansen et al. 2007; Cuzzi et al. 2008); and (4) planetary
migration (Nelson & Papaloizou 2004; Oishi et al. 2007; Yang
et al. 2009, 2012; Baruteau et al. 2011).

However, it is challenging to observationally constrain the
strength of the turbulence in the gas and the dust in protoplan-
etary disks, whose motions are coupled via drag. This is par-
ticularly because these turbulent motions are weaker than both
the thermal gas motions and the orbital motions of gas and dust
(Flaherty et al. 2018).

Recently, high-resolution ALMA observations of protoplan-
etary disks permitted a number of authors to assess the turbulent
strength in these disks: Flaherty et al. (2015, 2017, 2018) derive
upper limits of the strength of the turbulent vertical gas motions
in the disks surrounding HD 163296 and TW Hya from the non-
thermal broadening of molecular emission lines. These upper
limits correspond to Mach numbers of the order of 0.011.
1 Here and in the following, we report turbulent strength in terms of
Mach numbers rather than turbulent ↵-parameters (Shakura & Sunyaev

Pinte et al. (2016) employ a model of micron- to millimeter-
sized grains in the disk around HL Tau to estimate the strength
of their vertical turbulent diffusion from the observed dust scale
height, which is equal to ⇠10% of the gas scale height. These lat-
ter authors also find a Mach number of ⇠0.01. Similarly, Ohashi
& Kataoka (2019) constrain the dust grain sizes and dust scale
height in the disk around HD 163296 using polarization mea-
surements of the dust emission. From a grain size of ⇠100 µm
and a scale height of less than one-third of the gas scale height
inside the ring that is located at an orbital radius of 70 au in this
disk, these latter authors infer an upper limit of the Mach number
of the vertical gas velocity of ⇠0.01. On the other hand, from the
dust-to-gas scale height ratio of two-thirds outside of the ring the
authors estimate a Mach number of the order of 0.1.

Furthermore, Dullemond et al. (2018) obtain a lower limit
on the strength of the radial turbulent motions from the width
of the dust rings that characterize the majority of the observed
disks. This limit also amounts to a Mach number of about 0.01
for grains of 0.2 mm in size, but is proportional to the
grain size.

1973). This is to avoid confusion with the ↵-parameter associated with
angular momentum transport. Based on a mixing length approach and
assuming that the eddy turn-over timescale is similar to the inverse of
the orbital frequency – a valid assumption for the instabilities that we
investigate in this paper, the streaming instability (Youdin & Goodman
2005) and the vertical shear instability (Nelson et al. 2013) – the tur-
bulent ↵-parameter can be approximated as the square of the Mach
number.
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In addition to the uncertainties in the observational deter-
mination of the turbulent strength, the physical processes that
are the dominant sources of protoplanetary disk turbulence
remain to be theoretically established. In large fractions of disks,
particularly in the midplane, magnetohydrodynamic (MHD) tur-
bulence is suppressed because of nonideal MHD effects (Gressel
et al. 2015; Bai 2017). Turbulence in these regions must there-
fore be driven either from the MHD turbulent disk surface
(Oishi & Mac Low 2009; Bai 2015) or by purely hydrodynamic
instabilities.

One of the most promising among the hydrodynamical insta-
bilities is the vertical shear instability (Arlt & Urpin 2004;
Nelson et al. 2013), which is similar to the Goldreich-Schubert-
Fricke instability in differentially rotating stars (Goldreich &
Schubert 1967; Fricke 1968). It arises when the disk rotation
profile depends on the height. This can, for instance, be due to
baroclinity, which is a misalignment between the density and
the pressure gradient, resulting from a radial temperature pro-
file. The source of energy of the instability is the free energy
associated with the vertical shear (Barker & Latter 2015).

The vertical shear instability can overcome both the radial
angular momentum gradient, as its modes are characterized by a
large radial-to-vertical wavenumber ratio, and the vertical buoy-
ancy if the gas cooling timescale is sufficiently short (Nelson
et al. 2013; Lin & Youdin 2015). Analytical and numerical analy-
ses of the linear growth of the instability have found two classes
of modes: short-wavelength surface modes with higher growth
rates and vertically global body modes with lower growth rates.
The former appear at the artificial vertical simulation domain
boundary, where the vertical shear is strongest – although natural
transitions in the density can also give rise to these modes. Their
growth rate increases with the vertical shear at the boundary,
and thus with vertical domain size (Nelson et al. 2013; Barker &
Latter 2015; Lin & Youdin 2015).

In nonlinear simulations, the vertical shear instability grows
over at least approximately 30 orbital periods until it attains a
saturated state (Stoll & Kley 2014; Flock et al. 2017). The Mach
numbers of the turbulent vertical motions in this state are of the
order of 10�2 to 10�1 (Flock et al. 2017). This turbulent strength
is higher if the radial temperature gradient is steeper (Nelson
et al. 2013; Lin 2019). Perturbations associated with the surface
modes appear first and grow towards the disk midplane. The
later emerging body modes are characterized by perturbations
that evolve from an odd symmetry with respect to the midplane
into an even symmetry, and therefore the instability saturates last
in this plane (Nelson et al. 2013; Stoll & Kley 2014).

The turbulence that is induced by the vertical shear insta-
bility entails angular momentum being transported radially out-
wards and vertically away from the midplane. Since the latter
eliminates the vertical shear, external heating (of locally non-
isothermal disks) is necessary to sustain the instability (Stoll &
Kley 2014). In numerical models including dust and the drag
exerted on it by the gas, the turbulence further gives rise to verti-
cal dust motions, and radial motions leading to accumulation in
overdensities of up to five times the initial dust density (Stoll &
Kley 2016; Flock et al. 2017).

However, Lin & Youdin (2017) and Lin (2019) show that,
if the drag back-reaction of the dust onto the gas is taken into
account as well, the dust, which sediments to the midplane, intro-
duces an effective vertical buoyancy – it “weighs down” the gas –
that can quench the vertical shear instability. If they are tightly
coupled, gas and dust can be described as a single fluid, with
a density equal to the sum of the gas and the dust density, but
a pressure that is solely due to the gas. We assume that the pure

gas is locally isothermal, that is, its cooling timescale is infinitely
short. Under this assumption, the equation of state of the mix-
ture is given by P = c

2
s⇢g = c

2
s (1 � ⇢d/⇢tot)⇢tot, where P is the

gas pressure, cs the sound speed, and ⇢g, ⇢d, and ⇢tot are the gas,
dust, and total density, respectively. In other words, the gas-dust
mixture is not locally isothermal, and its cooling timescale is
finite. As noted above, the instability is suppressed by vertical
buoyancy if the cooling timescale is too long.

The streaming instability (Youdin & Goodman 2005; Youdin
& Johansen 2007; Johansen & Youdin 2007) results from the
inwards radial drift of dust, which is caused by the difference
in orbital velocity between the gas and the dust as well as their
mutual coupling via drag. In contrast to the dust, the gas orbits
with a sub-Keplerian velocity because it is supported against
the radial stellar gravity by a pressure gradient. This pressure
gradient constitutes a source of free energy that is tapped by
the streaming instability (Youdin & Johansen 2007). The linear
growth rate of the instability is highest if the dust drift is fastest,
that is when the dust stopping time is comparable to the inverse
of the orbital frequency (Weidenschilling 1977), and if the
dust-to-gas density ratio is slightly greater than one (Youdin &
Goodman 2005). Physical interpretations of the instability have
been devised by Lin & Youdin (2017) and Squire & Hopkins
(2018).

The turbulence that the streaming instability gives rise to in
its nonlinear regime can result in dust concentration in axisym-
metric filaments. In these filaments, the dust accumulates in
clumps that are sufficiently dense to collapse under their self-
gravity and form planetesimals (Johansen et al. 2007; Bai &
Stone 2010b; Yang & Johansen 2014; Simon et al. 2016; Schäfer
et al. 2017). However, whether the streaming instability causes
dust accumulation that is strong enough for planetesimal forma-
tion depends on the dust-to-gas surface density ratio and the size
of the dust (Johansen et al. 2009; Bai & Stone 2010b; Carrera
et al. 2015; Yang et al. 2017, 2018), as well as the strength of
the radial pressure gradient (Bai & Stone 2010c). The required
surface density ratio is higher than 1% – the canonical value in
the interstellar medium – for all dust sizes. It can be enhanced
sufficiently to reach the critical value globally by photoevapo-
ration (Carrera et al. 2017; Ercolano et al. 2017), and locally in
radial dust pile-ups (Drążkowska et al. 2016) or at ice lines (Ida &
Guillot 2016; Schoonenberg & Ormel 2017; Schoonenberg et al.
2018; Drążkowska & Alibert 2017).

Observations of binaries among the Trans-Neptunian objects
provide evidence for planetesimal formation owing to the stream-
ing instability: their observed orbital inclinations relative to their
heliocentric orbit as well as the ones that are found in simulations
of binary formation by gravitational collapse are predominantly
prograde (Grundy et al. 2019; Nesvorný et al. 2010, 2019).
In contrast, dynamical binary capture leads to either mostly
retrograde inclinations or a similar number of prograde and ret-
rograde ones, depending on the capture mechanism (Schlichting
& Sari 2008).

While it is considered to be and is studied as one of the
most promising mechanisms to induce planetesimal formation,
the streaming instability has received comparably little attention
as a process to drive turbulence, although this is its fundamen-
tal effect. Moreover, the streaming instability has been studied
numerically almost exclusively in local shearing box simula-
tions. Only Kowalik et al. (2013) present global two- and three-
dimensional simulations, which reproduce the dust accumulation
in dense axisymmetric filaments.

In this paper, we study the streaming instability as a source
of turbulence, employing axisymmetric global simulations with
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considerably larger domains than the ones that were simulated by
Kowalik et al. (2013). In contrast to these authors, we model the
dust as Lagrangian particles rather than as a pressureless fluid,
and take into account the vertical stellar gravity, which leads to
the dust sedimenting to the midplane. We further apply adaptive
mesh refinement to enhance the resolution of the dust midplane
layer.

The paper is structured as follows: in Sect. 2, the simulations,
their initial conditions, and the parameters that govern their evo-
lution are described. In Sects. 3–5, respectively, we present our
study of the turbulence in models of the vertical shear instabil-
ity only, both the vertical shear and the streaming instability,
and the streaming instability only. Implications and limitations
of the study are discussed in Sect. 6. We summarize our results
in Sect. 7.

2. Numerical model

We perform two-dimensional numerical simulations of the gas
and the dust components of protoplanetary disks, including
the mutual drag between the two components as well as the
radial and the vertical stellar gravity. Magnetic fields, the self-
gravity of the gas and the dust, and (nonnumerical) viscosity are
neglected. We employ version 4.5 of the adaptive-mesh refine-
ment (AMR) finite volume code FLASH Code2 (Fryxell et al.
2000).

2.1. Domains, boundary conditions, and resolutions

The cylindrical, axisymmetric simulation domains extend from
either 1 to 10 au or from 10 to 100 au in the radial dimension
and 1 or 2 gas scale heights above and below the midplane in
the vertical dimension. Since in our model the gas scale height
increases nonlinearly with the radius (see Eq. (9)), the domains
are shaped like isosceles trapezoids with curved rather than
straight legs. To model this shape as accurately as possible with
respect to the initial resolution, we initially create rectangular
domains with a vertical size of two or four gas scale heights at
the outer radial boundary. From these domains, we then exclude
all blocks of 10 ⇥ 10 grid cells whose distance to the midplane is
greater than one or two local gas scale heights. For this purpose,
we apply the obstacle block implementation that is included in
the FLASH Code3.

Diode conditions are applied at both the radial and the ver-
tical boundaries, that is, the boundaries are permeable to gas
and dust moving out of the domain, but reflect gas and dust that
would move into it. At the vertical boundaries, the pressure in the
guard cells is quadratically interpolated to maintain hydrostatic
equilibrium. The temperature in the guard cells at all boundaries
is reset to the initial value because we find this to be conducive
to the stability of our simulations. In addition, the orbital veloc-
ity is corrected to account for the difference in temperature and
stellar gravity between the guard and the nonguard cells3.

The FLASH Code employs the PARAMESH package
(MacNeice et al. 2000) to perform block-structured AMR. In
other words, the domain is subdivided into blocks of 10⇥ 10 grid
cells, which as a whole are refined or derefined if a refinement
or derefinement criterion is fulfilled in any cell inside them.

2 http://flash.uchicago.edu/site/flashcode/
3 Please address code requests regarding the modifications to the
FLASH Code that we have implemented to conduct the simulations pre-
sented in this paper to urs.schaefer@hs.uni-hamburg.de. We note
that we are not permitted to re-distribute the FLASH Code or any of its
parts.

To resolve the gas and dust dynamics that are induced by the
streaming instability in the disk midplane, we apply a (de-)
refinement criterion which is based on the spatial dust distribu-
tion: the resolution is doubled if more than ten particles, which
we use to model the dust, are located in one cell. On the other
hand, the resolution is halved if no particles remain in a cell3. In
addition, we initially increase the resolution of the midplane den-
sity at the inner radial domain boundary by a factor of two or of
four where the ratio of the gas density to the midplane density at
the inner radial domain boundary exceeds 1 or 10%, respectively.

In the domains with a radial size of 9 au, the fiducial initial
and maximum resolution amount to 160 and 5120 cells per astro-
nomical unit, respectively, while in the domains with an extent
of 90 au they are equal to 10 and 320 cells per astronomical
unit, respectively. At the maximum resolution, this corresponds
to more than 200 cells per gas scale height at all radii, which has
been shown to be sufficient to resolve the formation of gravita-
tionally unstable dust clumps owing to the streaming instability
in local shearing box simulations (Yang & Johansen 2014). To
investigate whether or not our findings are dependent on reso-
lution, we also conduct simulations with a doubled initial and
maximum resolution.

The simulation names and parameters are compiled in
Table 1. Sets of simulations which are analyzed in different sec-
tions are separated by a double horizontal line. All names are
composed of (1) the gas equation of state (isothermal or adia-
batic); (2) the dust-to-gas surface density ratio (this is omitted if
dust is not included in a simulation); and (3) the radial simulation
domain size. Where applicable, the names further indicate that
(4) the vertical domain extent amounts to four gas scale heights;
(5) the resolution is twice the fiducial resolution; (6) the dust par-
ticles are introduced after 50 kyr rather than at the beginning of
the simulation; (7) the initial dust-to-gas scale height ratio is set
to 1 or 100%, with the fiducial value being 10%; and (8) the dust
particle size deviates from the fiducial size of a = 3 cm.

2.2. Gas

The equations of motion of the gas can be expressed as

@⇢g

@t
+ r ·

⇣
⇢gug

⌘
= 0 and (1)

@ug
@t
+

⇣
ug · r

⌘
ug = �

1
⇢g
rP � r�S +

⇢d

⇢g

ud � ug
tstop

, (2)

where u is the velocity, and the subscripts g and d refer to the
gas and the dust, respectively. The stellar gravitational potential
is given by �S = �GMS/

p
r2 + z2, where G is the gravitational

constant, MS = 1 M� is the stellar mass, and r and z, respectively,
are the radial distance to the star and the height above or below
the disk midplane. The last term on the right-hand side of Eq. (2)
results from the drag exerted by the dust on the gas, with tstop
being the stopping time (see Sect. 2.3).

To close the system of equations, we consider either an
isothermal or an adiabatic equation of state. In the former case,
the pressure is calculated as

P =
RT

µ
⇢g, (3)

where R is the ideal gas constant, T the temperature,
and µ = 2.33 the mean molecular weight3. In this case, the
adiabatic index � = 1. To model the latter case, we employ a
polytropic equation of state that is given by

P = K⇢�g, (4)
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Table 1. Simulation parameters.

Simulation name Equation Z [%] (a) Dust par- Lz [Hg] (c)
Lr [au] (d) �xinit [au] (e) �xmin [au] ( f )

tend [kyr] (g)

of state ticle size (b)

iso_Lr=90au
(h) Isothermal – – 2 90 0.1 3.125 ⇥ 10�3 70

iso_Lr=90au_Lz=4Hg
(h) Isothermal – – 4 90 0.1 3.125 ⇥ 10�3 70

iso_Lr=90au_Lz=4Hg_dou_res
(h) Isothermal – – 4 90 0.05 1.56 ⇥ 10�3 70

iso_Z=0.02_Lr=90au_Lz=4Hg Isothermal 2 a = 3 cm 4 90 0.1 3.125 ⇥ 10�3 30
iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr

(i) Isothermal 2 a = 3 cm 4 90 0.1 3.125 ⇥ 10�3 55
iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr_Hdinit=0.01Hginit

(i, j) Isothermal 2 a = 3 cm 4 90 0.1 3.125 ⇥ 10�3 55
iso_Z=0.04_Lr=90au_Lz=4Hg_tdinit=50kyr

(i) Isothermal 4 a = 3 cm 4 90 0.1 3.125 ⇥ 10�3 55
iso_Z=0.1_Lr=90au_Lz=4Hg_tdinit=50kyr

(i) Isothermal 10 a = 3 cm 4 90 0.1 3.125 ⇥ 10�3 55

adi_Lr=9au
(h) Adiabatic – – 2 9 6.25 ⇥ 10�3 1.95 ⇥ 10�4 0.3

adi_Z=0.02_Lr=9au Adiabatic 2 a = 3 cm 2 9 6.25 ⇥ 10�3 1.95 ⇥ 10�4 0.3
adi_Z=0.02_Lr=90au Adiabatic 2 a = 3 cm 2 90 0.1 3.125 ⇥ 10�3 2.5
adi_Z=0.02_Lr=9au_Hdinit=Hginit

(k) Adiabatic 2 a = 3 cm 2 9 6.25 ⇥ 10�3 1.95 ⇥ 10�4 0.4
adi_Z=0.02_Lr=90au_Hdinit=Hginit

(k) Adiabatic 2 a = 3 cm 2 90 0.1 3.125 ⇥ 10�3 2.5
adi_Z=0.01_Lr=9au Adiabatic 1 a = 3 cm 2 9 6.25 ⇥ 10�3 1.95 ⇥ 10�4 0.3
adi_Z=0.01_Lr=90au Adiabatic 1 a = 3 cm 2 90 0.1 3.125 ⇥ 10�3 2.5
adi_Z=0.02_Lr=9au_dou_res Adiabatic 2 a = 3 cm 2 9 3.125 ⇥ 10�3 9.76 ⇥ 10�5 0.3
adi_Z=0.02_Lr=90au_dou_res Adiabatic 2 a = 3 cm 2 90 0.05 1.56 ⇥ 10�3 2.5
adi_Z=0.02_Lr=90au_a=3mm Adiabatic 2 a = 3 mm 2 9 6.25 ⇥ 10�3 1.95 ⇥ 10�4 6
adi_Z=0.02_Lr=90au_taustop=0.1 Adiabatic 2 ⌧stop = 0.1 2 90 0.05 1.56 ⇥ 10�3 3.5

Notes. (a)Dust-to-gas surface density ratio. (b)Given either as a size a or as a dimensionless stopping time ⌧stop. (c)Vertical domain extent, where Hg
is the gas scale height. (Approximate value, see text.) (d)Radial domain size. (e)Initial grid cell edge length. ( f )Minimum grid cell edge length (at
maximum resolution). (g)Time after which simulation ends. (h)No dust particles included. (i)Dust particles initialized after td,init = 50 kyr. ( j)Initial
dust scale height equal to 1% of gas scale height. (k)Initial dust scale height equal to gas scale height.

where K = RT⇢1��
g /µ is the polytropic constant and the adiabatic

index � = 5/33. While it is a local constant in time, the polytropic
constant depends on the global temperature and density distribu-
tions (see Eqs. (5)–(7)). If the gas is locally adiabatic, the vertical
shear instability is stabilized by vertical buoyancy.

The initial temperature is adopted from the minimum mass
solar nebula (MMSN) model (Hayashi 1981),

T = 280 K
✓

r

1 au

◆�1/2
. (5)

The steepness of this profile is in agreement with that of
power-law fits to observed temperature distributions (Andrews
& Williams 2005). The radial temperature gradient gives rise to
a variation of the orbital speed with height. This vertical shear in
turn is the source of energy of the vertical shear instability.

The gas initially orbits with a sub-Keplerian velocity, which
is determined by the balance between stellar gravity, centrifugal
force, and pressure gradient. It is furthermore in vertical hydro-
static equilibrium. As it is vertically isothermal, the vertical
density profile is thus given by

⇢g = ⇢g(z = 0) exp
"
��GMS

c
2
s

 
1
r
� 1p

r2 + z2

!#
, (6)

where cs = (�RT/µ)1/2 / r
�1/4 (see Eq. (5)) is the sound speed.

We set the initial midplane density to

⇢g(z = 0) = 10�9 g cm�3
✓

r

1 au

◆�9/4
. (7)

Numerically integrating over Eq. (6) yields the surface
density

⌃g =

Z 1 Hg

�1 Hg

⇢g dz = 103 g cm�2
✓

r

1 au

◆�1
, (8)

where

Hg =

s
c

2
s r3(2�GMS � c

2
s r)

(c2
s r � �GMS)2

, (9)

is the gas scale height. This surface density profile is shallower
than the one in the MMSN model (Hayashi 1981), but is consis-
tent with that of observed young, massive protoplanetary disks
(Andrews et al. 2009, 2010).

We note that Eq. (8) gives the surface density as the density
integrated over two gas scale heights, not integrated from �1
to1 as in the commonly used definition. Consequently, the total
mass Mg,tot in each of our domains depends not only on the
radial, but also on the vertical domain extent:

Mg,tot =

8>><
>>:

7.1 ⇥ 10�3
M�

⇣
Lr

9 au

⌘
Lz ⇡ 2 Hg or

8.0 ⇥ 10�3
M�

⇣
Lr

9 au

⌘
Lz ⇡ 4 Hg,

(10)

where Lr and Lz are the radial and vertical domain size, respec-
tively.

The orbital speed can be expressed as vg,� = vK � ⇧cs, where

vK =

s
GMS

�
r2 + z2�3/2 r2 (11)

is the Keplerian speed. We adopt the dimensionless parame-
ter ⇧, which is introduced by Bai & Stone (2010b) to indicate
the strength of the radial pressure gradient

⇧ = � 1
2cs⇢g⌦K

dP

dr
, (12)

where ⌦K = vK/r is the Keplerian orbital frequency. In the
midplane, the parameter is equal to

⇧(z = 0) = 4.6 ⇥ 10�2 1p
�

✓
r

1 au

◆1/4
; (13)

(see Eqs. (5) and (7)).
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2.3. Dust

We model the dust as Lagrangian particles using the massive
active particle implementation that is included in the FLASH
Code. We adopt an approach that is commonly used in local
shearing box studies of the streaming instability (Youdin &
Johansen 2007; Bai & Stone 2010a): the mass and momentum of
every simulated particle are equal to the total mass and momen-
tum of a large number of dust pebbles, while the drag coupling
to the gas is the same as that of a single pebble.

The dust is initially uniformly distributed in the radial dimen-
sion. The mass of the dust particles is determined by their total
number Nd = 106, the dust-to-gas surface density ratio Z, and the
gas surface density. It can be expressed as

md =
1

Nd

Z

Lr

2⇡r⌃d dr =
Z

Nd

Z

Lr

2⇡r⌃g dr. (14)

Because the gas surface density is inversely proportional to the
radius (see Eq. (8)), the mass of all particles in a simulation is
given by

md = 1.27 ⇥ 1023 g
✓

Z

0.01

◆ ✓
Lr

9 au

◆

= 0.14 MCeres

✓
Z

0.01

◆ ✓
Lr

9 au

◆
,

(15)

where MCeres = 9.3 ⇥ 1023 g is the mass of Ceres. The sim-
ulated dust-to-gas surface density ratios range from Z = 0.01
to Z = 0.1, with Z = 0.02 being the fiducial value. We verified
that our results are converged with respect to the total num-
ber of particles by comparing simulations with Nd = 5 ⇥ 105

and Nd = 106.
The initial vertical positions are randomly sampled from a

Gaussian distribution with a scale height of 10% of the gas scale
height. This scale height is in agreement with the thickness of the
dust midplane layer observed by Pinte et al. (2016). To investigate
the dependence of our findings on the initial scale height, we
additionally perform simulations with a dust-to-gas scale height
ratio of 0.01 and of 1. The noise in the vertical distribution serves
as a seed for the streaming instability. A comparison of simula-
tions with two different vertical distributions has shown that our
results do not noticeably depend on the random seed.

We simulate dust with a fixed size of a = 3 cm or of
a = 3 mm, or with a fixed dimensionless stopping time, which is
equivalent to the Stokes number, of ⌧stop = 0.1. Even if a = 3 cm,
the dust is smaller than the gas mean free path length at all den-
sities in our model. Under this condition, that is to say in the
Epstein regime, the dimensionless stopping time in the midplane
is given by

⌧stop(z = 0) = tstop(z = 0)⌦K(z = 0) =
a⇢s

cs⇢g(z = 0)
⌦K(z = 0)

= 6 ⇥ 10�4 1p
�

✓
a

3 mm

◆ ✓
r

1 au

◆
, (16)

where ⇢s = 1 g cm�3 is the dust material density (see also
Eq. (7)).

We note that the collisional growth to sizes greater than
millimeters is prevented by dust grains bouncing or fragment-
ing under mutual collisions (Güttler et al. 2010; Zsom et al.
2010; Birnstiel et al. 2011), except for in the innermost regions
of protoplanetary disks (Birnstiel et al. 2012) and at ice lines
(Ros & Johansen 2013; Ros et al. 2019). However, simulating
centimeter-sized grains allows us to probe dimensionless stop-
ping times of the order of ⌧stop = 0.1. These are pertinent to a

study of the turbulence that is driven by the streaming instabil-
ity since the linear growth rate of the instability is highest if the
dimensionless stopping time is close to one (Youdin & Goodman
2005).

The dust particles initially orbit with the Keplerian speed
(see Eq. (11)). They are initialized either at the beginning of
the simulations or after 50 kyr. The latter is to give the verti-
cal shear instability time to attain a saturated state before the
introduction of the dust. To advance the particles in time, we
use the Leapfrog algorithm, which was adapted for cylindrical
geometries by Boris (1970), as detailed in Appendix A3.

The implementation of the mutual drag between the gas and
the dust is based on the cloud-in-cell mapping between the grid
and the particles that is included in the FLASH Code. The algo-
rithm can be described as follows: firstly, the gas properties are
mapped to the particles. Secondly, for each particle, the stop-
ping time (see Eq. (16)) and the change in velocity due to the
drag exerted by the gas is computed. The corresponding change
in particle momentum is then mapped to the grid. Finally, the
change of the gas velocity in every grid cell is calculated from
the particle momentum change. A more detailed description of
the implementation can be found in Appendix B3.

3. Vertical shear instability

In this section, we verify that our model can reproduce the
findings of previous studies of the vertical shear instability, in
particular the turbulent strength in its saturated state, despite
the comparably small vertical domain sizes we consider. For
this purpose, we analyze our model of locally isothermal gas in
which dust is not included.

In Fig. 1, the vertical gas motions in the model are depicted.
The characteristic perturbations that the vertical shear instability
gives rise to are reproduced. The perturbations are bent out-
wards, their radial wavelength is much less than their vertical
wavelength, and they are symmetric with respect to the mid-
plane in the saturated state of the instability (compare with, e.g.,
Figs. 2 and 3 of Nelson et al. 2013 and Fig. 2 of Stoll & Kley
2014).

We find that the strength of the turbulence induced by the
vertical shear instability depends on the extent of the vertical
domain. This can be seen from Fig. 2, in which we depict the
vertical gas velocity in our models with a vertical domain size of
two and of four gas scale heights. Throughout the simulations,
the turbulence is considerably weaker in the vertically smaller
domain than in the vertically larger one. The reason for this is
likely that the vertical shear at the vertical domain boundaries
is less in smaller domains, which entails a decline of the linear
growth rate of the surface modes of the instability (Lin &
Youdin 2015).

In the vertically larger domain, the vertical shear instabil-
ity saturates at a Mach number of the vertical gas velocity
of Mg,z ⇡ 0.1. This value does not depend significantly on the
resolution and is consistent with the Mach number which Flock
et al. (2017) find. This is regardless of the fact that these authors
simulate a domain with an aspect ratio of z/r = 0.35, while our
domain extends to between z/r = 0.17 at r = 10 au and z/r = 0.3
at r = 100 au. Furthermore, Flock et al. (2017) employ a radia-
tive transfer model rather than assuming the gas to be locally
isothermal as we do. Therefore, in the following we investigate
the vertical shear instability and its coexistence with the stream-
ing instability using our model with a vertical domain size of two
gas scale heights above and below the midplane.
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Fig. 1. Mach number of the vertical gas velocityMg,z as a function of
radius r and height z in a simulation including a locally isothermal gas,
but no particles (iso_Lr=90au_Lz=4Hg). The simulation domain spans
four gas scale heights in the vertical dimension. Black lines mark one
gas scale height above and below the midplane. After 30 kyr, the vertical
shear instability has saturated at all radii and heights; it gives rise to
perturbations which are characterized by a radial-to-vertical wavelength
ratio much smaller than unity, by being bent outwards, and by a mirror
symmetry relative to the midplane.

Fig. 2. Root mean square of Mg,z as a function of time t. The root
mean square is computed using the mass-weighted average over the
vertical domain size and over 1 au extending from r = 50 to 51 au.
In the domain with a vertical dimension of four gas scale heights
(blue and orange lines), the Mach number saturates atMg,z,rms ⇡ 10�1.
This value is consistent with the one which Flock et al. (2017) find
in their numerical study of the vertical shear instability. The turbu-
lent strength is similar in the simulation with the fiducial resolution
(iso_Lr=90au_Lz=4Hg; blue line) and the one with the doubled resolu-
tion (iso_Lr=90au_Lz=4Hg_dou_res; orange line); however, it remains
lower until the simulations end in the domain with a vertical size of two
gas scale heights (simulation iso_Lr=90au; green line).

4. Coexistence of vertical shear instability and
streaming instability

Using our model with dust and an isothermal gas equation of
state, we investigate how the vertical shear instability and the

streaming instability interact. We consider two scenarios: in the
scenario that we refer to as SIwhileVSI, the streaming instability
grows simultaneously with the vertical shear instability. In the
scenario referred to here as SIafterVSI, on the other hand, the
streaming instability is not active before the vertical shear insta-
bility has saturated. We model the latter scenario by introducing
the dust into the simulations after 50 kyr. At this point, the verti-
cal shear instability has reached a saturated state at all radii (see
Fig. 1).

4.1. Source of turbulence

Figure 3 shows the Mach number of the vertical gas motions
in SIwhileVSI (left panel) and SIafterVSI (right panel). In
both scenarios, away from the midplane the vertical shear
instability is the primary source of turbulence and induces the
characteristic large-scale perturbations (compare with Fig. 1).
However, in the midplane, small-scale perturbations can be seen
at all radii in the former scenario. Similar perturbations exist
in the latter scenario, although only at certain radii and not as
limited in vertical extent. These small-scale perturbations are
not present in our model of the vertical shear instability only.
They resemble the perturbations that Li et al. (2018) observe
in the midplane of their local shearing box simulations of the
streaming instability (see their Fig. 2).

In Fig. 4, we compare the time-dependence of the Mach
number in the two scenarios. The mass-weighted vertical average
of the Mach number is depicted, that is, the turbulent strength in
the midplane is weighted more heavily than the strength away
from it. In SIafterVSI, we find that the initialization of the dust
does not cause the Mach number to deviate significantly from
the value ofMg,z ⇡ 0.1 induced by the vertical shear instability
after it has saturated (compare with Fig. 2).

In contrast, in the SIwhileVSI scenario the Mach number
saturates at a lower value of Mg,z ⇡ 0.01. In the local shear-
ing box simulations without vertical stellar gravity presented
by Johansen & Youdin (2007), the streaming instability drives
turbulence with a similar strength. After saturation, the Mach
number does not vary significantly until, owing to its radial drift,
locally no dust is left. Subsequently, it increases to approximately
the value the vertical shear instability in its saturated state gives
rise to in SIafterVSI.

Figure 5 shows the ratio of the radial to the vertical Mach
number in both scenarios. The turbulent velocity in the radial
direction is significantly less than the one in the vertical direc-
tion in SIafterVSI. This is consistent with Stoll & Kley (2016)
and Stoll et al. (2017) showing that the vertical shear instability
drives anisotropic turbulence. On the other hand, in SIwhileVSI

the radial and the vertical Mach number are comparable near and
in the midplane. Johansen & Youdin (2007) find the streaming
instability to cause isotropic turbulence.

From the fact that the turbulence is comparably weak and
isotropic as well as from the presence of small-scale perturba-
tions that are not observable in our model of the vertical shear
instability only, we conclude that the streaming instability is the
primary source of turbulence in the dust midplane layer if it
starts to operate at the same time as the vertical shear instability.
One possible explanation for this is that the streaming instability
grows faster in turbulent strength than the vertical shear insta-
bility. This is evident when comparing the time taken for the
vertical shear instability (see Fig. 2) and the streaming instability
(see the right panel of Fig. 4) to saturate.

However, the turbulence is mainly driven by the vertical
shear instability if it has attained a saturated state before the
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Fig. 3. Mach number Mg,z as a function of r and z in two simulations with dust and an isothermal gas equation of state. As in the dust-free
equivalent (compare with Fig. 1), the vertical shear instability induces large-scale perturbations away from the midplane. In the simulation
iso_Z=0.02_Lr=90au_Lz=4Hg (left panel), in which we initialize the dust at the beginning, small-scale perturbations can be seen at all radii
in the midplane. These perturbations are also observable in the simulation iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr (right panel), in which the
dust is introduced after 50 kyr, although not at all radii and extending to greater heights. The inlays with a vertical extent of 0.6 gas scale heights
show the enlarged perturbations. However, such small-scale perturbations do not exist in the corresponding simulation without dust.

Fig. 4. Root mean square ofMg,z, averaged over the vertical domain extent and the radii given in the legend, as a function of t after the initialization
of the dust at td,init. The mean is weighted by mass, i.e., more weight is assigned to the Mach number in the midplane than to the one away from it.
In the simulation iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr (left panel), the vertical shear instability has saturated before the dust is introduced.
The Mach number remains approximately constant at a valueMg,z,rms ⇡ 10�1 after the dust initialization (compare with Fig. 2). That is, in this simu-
lation the vertical shear instability is the primary source of turbulence in the midplane. In contrast, in the simulation iso_Z=0.02_Lr=90au_Lz=4Hg

(right panel), in which the vertical shear instability and the streaming instability begin to grow at the same time, the Mach number saturates at
a lower value ofMg,z,rms ⇡ 10�2. After no dust remains at a radius because of its radial drift (this point is marked with a dashed line), the Mach
number increases until it is approximately equal to the value at the same radius in the simulation iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr. We
find that, as long as dust is present, the streaming instability drives the turbulence in the midplane in the simulation iso_Z=0.02_Lr=90au_Lz=4Hg.

streaming instability can begin to grow. In this state, we find it
to give rise to turbulence with a higher Mach number than the
streaming instability in SIwhileVSI. Nevertheless, we note that
the small-scale perturbations, which we find to be induced by the
streaming instability at all radii in SIwhileVSI, are also observ-
able locally in the SIafterVSI scenario (see the right panel of
Fig. 3).

The vertical shear instability would likely be the main source
of turbulence in SIwhileVSI as well if the dust grains were too
small to settle and trigger the streaming instability before the
vertical shear instability had saturated. Equating a saturation
timescale of 30 orbital periods (Stoll & Kley 2014) with the set-
tling timescale as given by Eq. (10) of Chiang & Youdin (2010)
yields a critical dimensionless dust stopping time of ⇠0.005.
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Fig. 5. Ratio of the root mean square Mach number of the radial
gas velocity Mg,r to the root mean square of Mg,z as a function
of z in units of gas scale heights. The abscissa is scaled linearly
between �0.1 and 0.1 gas scale heights and logarithmically otherwise.
To compute the root mean square, we take the mass-weighted average
over r = 50 to 51 au and the average over 1 kyr through t = 55 kyr in
the case of the simulation iso_Z=0.02_Lr=90au_Lz=4Hg_tdinit=50kyr

(blue line) and through t = 10 kyr in the case of the simulation
iso_Z=0.02_Lr=90au_Lz=4Hg (orange line). Away from the mid-
plane, the radial-to-vertical Mach number ratio is less than unity in both
simulations. While this anisotropy extends over all heights if the dust
is introduced after 50 kyr, the Mach number ratio is close to one in the
midplane if the dust is initialized at the start. This is indicative of the ver-
tical shear instability being the primary source of turbulence in the mid-
plane in the former case, but the streaming instability in the latter case.

However, since simulating such small dust grains as particles is
computationally very expensive, we do not explore this scenario.

4.2. Dependence of turbulent strength on dust density

As explained in Sect. 1, settling dust introduces an effective
vertical gas buoyancy that can suppress the vertical shear insta-
bility. This is a second possible reason – besides the more rapid
growth in turbulent strength of the streaming instability – why
the streaming instability is the source of turbulence in the dust
layer in the scenario SIwhileVSI.

Lin (2019) performs simulations of the vertical shear
instability which include dust from the beginning, as in the
SIwhileVSI scenario. This latter author shows that the dust-
induced buoyancy leads to a decrease in the Mach number in the
midplane from Mg,z ⇡ 10�1 to Mg,z ⇡ 10�2 if the dust-to-gas
surface density or the stopping time of the dust exceed a thresh-
old value. These threshold values are correlated: for a surface
density ratio of 1%, the critical dimensionless stopping time
of the dust is equal to 0.005 (see their Fig. 5). For a stopping
time of 0.001, the critical surface density ratio amounts to 3%
(see their Fig. 9). This is consistent with the Mach number
of Mg,z ⇡ 10�2 we find in SIwhileVSI, in which the surface
density ratio is equal to 2%4 and the stopping time of the dust
ranges from 0.046 to 0.46.
4 The loss of gas mass through the domain boundaries of our simula-
tions leads to an increase of the dust-to-gas surface density ratio with
time. This effect is negligible if we simulate the dust over a time-span
of 5 kyr or less (see Table 1). It is significant, however, in the simulation
iso_Z=0.02_Lr=90au_Lz=4Hg, which ends after 30 kyr. At this point,
the surface density ratio has increased to 2.6%.

Fig. 6. Root mean square ofMg,z as a function of the dust-to-gas density
ratio ⇢d/⇢g. The orange, green, and purple lines represent the turbulent
strength in simulations in which we initialize the dust after the vertical
shear instability has saturated. The strength at low to intermediate val-
ues of the volume density ratio in the three simulations is marginally
smaller if the dust-to-gas surface density ratio is greater. Nevertheless,
the Mach number is higher in all of these simulations than in the sim-
ulation in which we introduce the dust at the start (blue line). We find
that the stronger turbulence in the former simulations is driven by the
vertical shear instability, while the weaker turbulence in the latter one
is caused by the streaming instability. Independent of the source of the
turbulence, its strength decreases at dust densities larger than the gas
density in all four simulations.

However, while Lin (2019) associates the turbulence in the
midplane of their simulations with the vertical shear instability,
we find it to be driven by the streaming instability if both instabil-
ities begin to operate at the same time. Lin (2019) notes that they
apply a diffusive numerical scheme which probably suppresses
the growth of the streaming instability. In addition, they model
tightly coupled dust and gas employing a one-fluid approach.

To investigate whether the vertical shear instability is
quenched by the dust-induced buoyancy in the SIafterVSI sce-
nario, we analyze how the turbulent strength depends on the dust
density. We note that this analysis does not involve information
about the spatial distribution of the dust. In other words, the
strength at a certain dust density is the sum of the bulk motions
of regions with this density and the internal turbulence in these
regions.

In Fig. 6, the Mach number is shown as a function of the
dust-to-gas density ratio in both scenarios. Overall, the Mach
number is higher in SIafterVSI (orange, green, and purple lines)
than in SIwhileVSI (blue line). This is consistent with stronger
turbulence in the dust layer being induced by the vertical shear
instability in the former scenario, and weaker turbulence by the
streaming instability in the latter scenario.

In the SIafterVSI scenario, at low to intermediate dust-to-gas
volume density ratios the Mach number decreases with increas-
ing dust-to-gas surface density ratio, although only slightly. This
can be explained by the vertical shear instability being sup-
pressed if the surface density ratio, that is, the total dust mass,
is greater, which leads to the vertical bulk motions of regions
with these volume density ratios being weaker.

Furthermore, the vertical shear instability is gradually
quenched if the dust density increases to values greater than
the gas density. The Mach number is as low asMg,z ⇡ 0.01 for
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Fig. 7. Ratio of the dust scale height to the gas scale height Hg (left panel) and maximum of the dust-to-gas density ratio ⇢d/⇢g (right panel) as
functions of t after the dust is introduced at td,init. We compute the dust scale height as the root mean square of the vertical particle positions zd,
and average the scale height ratio over 1 au spanning from r = 20 to 21 au. For a dust-to-gas surface density ratio of Z = 2%, the dust scale height
amounts to ⇠1% of the gas scale height if the streaming instability induces the vertical diffusion of the dust (blue line). On the other hand, it is equal
to ⇠10% for the same surface density ratio if the diffusion is caused by the vertical shear instability (orange line). The scale height which is induced
by the vertical shear instability decreases with increasing surface density ratio (green and purple line). However, it is higher than the value that
the streaming instability gives rise to for all surface density ratios that we consider. In contrast, the maximum dust volume density is significantly
smaller if the streaming instability drives the turbulence in the dust layer than if the turbulence is caused by the vertical shear instability. In the
former case, the dust-to-gas volume density ratio amounts to a few hundred for a surface density ratio of 2%. In the latter case, on the other hand,
it exceeds 103 for the same surface density ratio, and 104 for a surface density ratio of 10%. In all cases, the maximum dust density is greater than
the Roche density ⇢R in the midplane at the inner radial boundary of the simulation domains, i.e., the maximum Roche density in the simulations.
The ratio of this Roche density to the gas density is marked as a black line.

the highest density ratios. This turbulent strength is similar to
that caused by the streaming instability throughout the dust layer
in the SIwhileVSI scenario. However, we note that even in the
regions with the highest density ratios in SIafterVSI, the Mach
number is greater than in the regions with the same density
ratios in SIwhileVSI. This is because the vertical shear insta-
bility gives rise to stronger bulk motions of these regions in
the former scenario than the streaming instability in the latter
scenario.

The turbulent strength that the streaming instability induces
in the scenario SIwhileVSI is also lower if the density ratio
exceeds a few. This is in agreement with Johansen et al. (2009)
who find that the collision speeds of dust grains in the fila-
ments forming in their simulations of the streaming instability
are smaller if the dust density is higher.

4.3. Vertical and radial dust concentration

The dust-to-gas scale height ratio in SIwhileVSI (blue line) and
SIafterVSI (orange, green, and purple lines) is shown in the left
panel of Fig. 7. In the former scenario, the streaming instability
is the source of turbulence in the dust layer. The dust sedimenta-
tion and the vertical diffusion of the dust which it causes reach
a balance at a dust-to-gas scale height ratio of ⇠1% (see also
Sect. 5).

Since the vertical shear instability drives stronger turbulence
than the streaming instability, we find the equilibrium dust scale
height to be greater in the SIafterVSI scenario. On the other
hand, it decreases with increasing dust-to-gas surface density
ratio in this latter scenario: for a ratio of 2%, the dust scale height
amounts to ⇠10% of the gas scale height. In comparison, if the
ratio is equal to 10% the scale height is close to the value in

SIwhileVSI. We show in Sect. 5 that the scale height which is
induced by the streaming instability is largely independent of the
surface density ratio.

The dust settling to smaller scale heights for higher surface
density ratios is most probably a consequence of the vertical
shear instability being more suppressed by the dust-induced
buoyancy. Lin (2019) finds the instability to diffuse dust with
a dimensionless stopping time of 0.001 to a scale height that
is similar to the gas scale height if the surface density ratio
amounts to 1%, but that the dust scale height is an order of
magnitude smaller if the ratio is equal to 5% (see their Fig. 9).
These scale heights are significantly greater than the ones in
the SIafterVSI scenario. This is likely because we simulate dust
with stopping times of between 0.046 and 0.46, which is more
weakly coupled to the gas and is therefore less elevated by the
vertical gas motions.

To investigate whether or not in the SIafterVSI scenario the
vertical shear instability can be quenched if the dust is initialized
with a smaller scale height and thus a higher midplane density,
we conducted a simulation with an initial surface density ratio
of 2% and an initial dust scale height of 1% of the gas scale
height rather than the fiducial value of 10%. Despite this scale
height being comparable to the one which is induced by the
streaming instability in the SIwhileVSI scenario and the initial
midplane dust-to-gas density ratio being of order unity, we find
that the vertical shear instability is not noticeably affected. The
dust is elevated to a dust-to-scale height ratio of ⇠10% in less
than an orbital period in this simulation.

In the right panel of Fig. 7, we depict the maximum dust-
to-gas density ratio in the two scenarios. We note that this max-
imum is stochastic and dependent on the resolution (Johansen
& Youdin 2007; Bai & Stone 2010c). Nonetheless, we find the
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Fig. 8. Dust-to-gas volume density ratio ⇢d/⇢g as a function of r and z (upper panels) as well as dust-to-gas surface density ratio ⌃d/⌃g as functions
of r and t (lower panels). The upper panels show the spatial dust distribution 5 kyr after the dust initialization. We compare a simulation in which
the turbulence in the dust layer is driven by the streaming instability (left panels) and two simulations in which the vertical shear instability is the
main source of turbulence (middle and right panels). For the same dust-to-gas surface density ratio of Z = 0.02, the dust scale height is smaller, but
the radial dust concentration is weaker in the former case. (The values of Z are specified in the titles.) In the latter case, more dust is accumulated
in overdensities if the surface density ratio is higher. Some of the accumulations are sufficiently dense for their radial drift to cease almost entirely.

maximum dust density to exceed the maximum Roche density,

⇢R,max =
9⌦K(r = 10 au, z = 0)

4⇡G
, (17)

in both scenarios. In other words, if the dust self-gravity were
included in our model, local dust overdensities could undergo
gravitational collapse and form planetesimals. This is in line with
expectations for the SIwhileVSI scenario since the surface den-
sity ratio of 2% in this scenario exceeds the critical value for
the dust concentration by the streaming instability to be strong
enough to lead to planetesimal formation (Carrera et al. 2015;
Yang et al. 2017).

If the radial concentration of the dust were comparable in
both scenarios, the maximum dust density would by tendency be
greater in SIwhileVSI because the dust scale height is smaller in
this scenario. On the contrary, we find the maximum dust density
to be considerably higher in SIafterVSI. The maximum of the
density ratio amounts to a few hundred in SIwhileVSI, but to a
few thousand for the same surface density ratio in SIafterVSI, and
to more than 104 for higher surface density ratios. We investigate
the radial dust concentration in the following.

In the upper panels of Fig. 8, we show the spatial dust dis-
tribution 5 kyr after the dust is introduced in SIwhileVSI (left
panel) and in SIafterVSI (middle and right panels). In agreement
with what can be seen from Fig. 7, the oscillating dust midplane
layer extends to greater heights in the latter scenario than in the
former. In addition, the dust is more uniformly distributed in the
radial dimension in the former scenario. Interestingly, the region
between r = 15 and 30 au is depleted of dust in both simula-
tions of the SIafterVSI scenario that are presented in Fig. 8. The
reason for this depletion is unclear.

The time- and radius-dependence of the dust-to-gas sur-
face density ratio in SIwhileVSI is depicted in the lower-left
panel of Fig. 8. The streaming instability causes the dust to

radially accumulate in overdensities. Comparable, azimuthally
elongated filaments are found in three-dimensional simulations
of the instability (Johansen et al. 2007; Bai & Stone 2010b;
Kowalik et al. 2013). As noted above, the dust concentration in
this scenario is sufficiently strong for the streaming instability to
induce planetesimal formation.

From the lower-middle and lower-right panels, it can be seen
that similar, but significantly denser dust concentrations form in
SIafterVSI. If the surface density ratio is higher, that is to say the
total dust mass is greater, more dust is contained in overdensities.
The radial drift of overdensities is reduced in both scenarios.
However, it is only in the SIafterVSI scenario that some of the
accumulations are dense enough for their radial drift to be nearly
completely halted.

Stoll & Kley (2016) perform simulations of the vertical shear
instability in which dust and the drag exerted on it by the gas
are included. These latter authors find that pressure fluctuations
which are induced by the vertical shear instability lead to a radial
concentration of the dust. This concentration is strongest if the
dimensionless stopping time of the dust is close to unity. Nev-
ertheless, because they do not take the drag back-reaction of
the dust on the gas into account, the radial drift speed does not
depend on the dust density in their simulations.

In the vicinity of the dust overdensities in the SIafterVSI sce-
nario, we find the streaming instability to contribute to the driv-
ing of turbulence. At the end of the simulation of the SIafterVSI

scenario with a surface density ratio of 2% – 55 kyr after the
beginning of the simulation and 5 kyr after the initialization of
the dust – several overdensities can be found between r = 30 au
and 40 au, and around 60 au (see the lower-middle panel of
Fig. 8). From the right panel of Fig. 3, it is evident that at
this time and these radii small-scale perturbations are present.
We associate these perturbations with the streaming instability
because they are not observable in our model of the vertical shear
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Fig. 9. Mach number of the vertical gas velocity as a function of r and z in simulations of dust and a locally adiabatic gas. The Mach number at radii
of less than ⇠3 au is similarly high in the simulation without (adi_Lr=9au; left panel) or with dust (adi_Z=0.02_Lr=9au; right panel). This is in
spite of the streaming instability operating in the latter simulation, but not in the former one. At larger radii in the simulation that includes dust, the
streaming instability induces large-scale perturbations withMg,z ⇡ 10�3 away from the midplane. These perturbations are similar in shape to the
ones caused by the vertical shear instability, but they are weaker, are bent inwards rather than outwards, and are not symmetric with respect to
the midplane (compare with Fig. 1). In the inlay, which extends to 0.1 gas scale heights Hg above and below the midplane, small-scale perturbations
withMg,z ⇡ 10�2 in the midplane can be seen.

instability only. Therefore, it is most probably a combination of
the vertical shear instability and the streaming instability that
induces the dust accumulation in this scenario. We speculate that
the vertical shear instability first concentrates the dust in weak
overdensities, as shown by Stoll & Kley (2016). Subsequently,
the streaming instability causes the growth of these seeds to the
dense accumulations that we find in our simulations.

The fact that the dust is radially more concentrated in
SIafterVSI despite its vertical diffusion being stronger in this
scenario is consistent with the results of the numerical study by
Yang et al. (2018). These latter authors show that the radial dust
concentration owing to the streaming instability is not signifi-
cantly affected by the vertical dust diffusion that is induced by
nonideal MHD turbulence.

5. Global simulations of the streaming instability

To study the vertical and radial gas motions induced by the
streaming instability, as well as the dust scale height, we employ
our model including dust and locally adiabatic gas. Because the
gas is locally adiabatic, the vertical shear instability is quenched
by vertical buoyancy.

The Mach number of the vertical motions in this model as
well as its dust-free equivalent are shown in Fig. 9. Since in the
latter model (left panel) the streaming instability is not active, the
turbulence in this model is most probably a numerical artifact
caused by vertical shear that results from imperfect boundary
conditions. At radii greater than ⇠3 au, this artificial turbulence
is negligibly weak compared to the turbulence driven by the
streaming instability in the model with dust (right panel). How-
ever, at smaller radii, we cannot distinguish between artificial
turbulence and turbulence caused by the streaming instability.
We therefore exclude these radii from the following analysis.

In the model including dust, the streaming instability
induces small-scale perturbations with a turbulent strength
of Mg,z ⇡ 0.01 in the dust midplane layer (see the inlay in
the right panel) and somewhat weaker large-scale perturbations
away from it. The small-scale perturbations are similar to the
ones caused by streaming instability in the model in which both

this latter instability and the vertical shear instability operate (see
Fig. 3). We find both kinds of perturbations to be largely isotropic
(see also Fig. 5).

The large-scale perturbations resemble the perturbations
caused by the vertical shear instability in that their radial-to-
vertical wavelength ratio is much less than one (see Fig. 1). In
contrast to these, their symmetry is odd with respect to the
midplane and they are bent inwards. This bending of the per-
turbations can be explained by gas moving both vertically away
from the midplane and radially outwards, the latter being caused
by the inward radial drift of the dust and the conservation of
angular momentum.

In the local shearing box simulations presented by Li et al.
(2018), the streaming instability gives rise to the same two kinds
of perturbations with a similar turbulent strength (compare with
their Fig. 2). However, the large-scale perturbations observed by
these latter authors are bent outwards rather than inwards. Never-
theless, these perturbations are likely suppressed by the stronger
ones caused by the vertical shear instability under more realistic
conditions, that is, in simulations including heating and cooling
by radiation rather than an adiabatic equation of state (Stoll &
Kley 2014; Flock et al. 2017).

5.1. Vertical gas velocity and dust scale height

In Fig. 10, we show the dust-to-gas scale height ratio as well as
the Mach number of the vertical gas velocity in the midplane
after dust settling and vertical diffusion have reached an equi-
librium. We find both the dust scale height and the turbulent
strength to be similar in the model with a dust-to-gas surface
density ratio of 2% and the model with a ratio of 1%. The
equilibrium scale height and the Mach number do not depend
significantly on the initial dust scale height either, regardless of
the increase in time taken for the dust to sediment to the mid-
plane if the scale height is greater. Furthermore, our results are
converged with respect to resolution.

Bai & Stone (2010b) study local shearing box simulations
of the streaming instability with surface density ratios of 1, 2,
or 3%. These latter authors derive the strength of the vertical
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Fig. 10. Ratio of the dust scale height, as the root mean square of zd, to the gas scale height Hg (left panel) as well as mass-weighted root mean square
ofMg,z in the midplane (right panel). Both quantities are depicted as functions of r. To compute the root mean square, we average over 50 or 500 yr
after the dust scale height has reached an equilibrium value in the simulation domains spanning 1 au  r  10 au or 10 au  r  100 au, respec-
tively. The dashed line marks the boundary between these domains. The model with an initial dust-to-gas scale height ratio of (Hd/Hg)init = 0.1, a
dust-to-gas surface density ratio of Z = 2%, and the fiducial resolution (blue line) is shown together with the models that deviate from this fiducial
one in that (Hd/Hg)init = 1, that Z = 1% (green line), or that the initial and maximum resolution are doubled (purple line). While both the dust
scale height and the Mach number depend on the radius, they are largely independent of the initial dust scale height, the surface density ratio, and
the resolution.

diffusion as well as the scale height of the dust from fitting a
Gaussian distribution to the vertical dust density profile. In con-
trast to us, they find the vertical diffusion to be stronger and the
scale height to increase with the dust-to-gas surface density ratio
if the ratio is less than a threshold value. Above this threshold
value, which depends on the particle size, the turbulent strength
decreases again, and the dust settles to smaller scale heights.

The dust scale height is equal to ⇠1% of the gas scale height
at all radii in our model. The streaming instability gives rise to a
similar dust scale height in our model in which both this lat-
ter instability and the vertical shear instability are active and
begin to grow at the same time (see the left panel of Fig. 7).
Comparable dust scale heights are further found in local shear-
ing box simulations, for example, the ones that were conducted
by Yang & Johansen (2014) and Carrera et al. (2015). For these
scale heights and the dust-to-gas surface density ratios of the
order of 1% which we simulate, the ratio of the dust to the gas
density in the midplane is of order unity, and the linear growth
rate of the instability is largest (Youdin & Goodman 2005).

The thickness of the dust layer is set in a self-regulatory
manner if the turbulent diffusion of the dust is caused by the
streaming instability (Bai & Stone 2010b): if the dust scale height
is greater than the equilibrium value, the instability induces
weaker turbulence, which does not balance the dust settling
towards the midplane. On the other hand, if the scale height
is less than the equilibrium value, the instability drives overly
strong turbulence, which lifts the dust away from the midplane.

At radii r &10 au, the Mach number is consistent with the
observed values of the order of 10�2 (Flaherty et al. 2015, 2017,
2018; Pinte et al. 2016; Ohashi & Kataoka 2019). The turbulent
strength is comparable in our model in which both the vertical
shear instability and the streaming instability operate, but the
latter drives the turbulence in the dust layer. Pinte et al. (2016)
and Ohashi & Kataoka (2019) derive the turbulent strength from
the dust scale height, which is regulated by the streaming insta-
bility if it is the main source of turbulence in the dust layer of
protoplanetary disks. We note that these latter authors observe a
dust-to-gas scale height ratio of 10% and one-third, respectively,

which is an order of magnitude larger than the ratio we find. This
can be explained by the fact that these latter authors consider
micron- and millimeter-sized dust grains, which are elevated to
greater heights than the centimeter-sized ones in the simulations
that we present in Fig. 10.

5.2. Dependence of turbulent strength on dust stopping time
and radial gas pressure gradient

We find that the strength of the turbulence that is driven by the
streaming instability, like the linear growth rate of the instabil-
ity (Youdin & Goodman 2005), increases with the speed of the
radial dust drift. The drift is faster if the dimensionless stopping
time of the dust is closer to one and the radial gas pressure gra-
dient is stronger. Both quantities increase with the radius in our
model of dust with a fixed size (see Eqs. (13) and (16)). From
Fig. 10, it is evident that both the Mach number and the dust
scale height are also consequently greater at larger radii.

To analyze the extent to which the turbulent strength depends
on the stopping time and the magnitude of the pressure gradient
individually, we compare three simulations with different dimen-
sionless stopping times: in one, it is fixed at 0.1, while in the
other two it ranges from 0.0046 to 0.046 and from 0.046 to 0.46,
respectively. The Mach number in each of these simulations is
depicted in Fig. 11 as a function of the radius and the pressure
gradient strength. We find an equivalent radius-dependence of
the dust scale height in the three simulations.

The turbulent strength increases with both the dimension-
less pressure gradient parameter and the dimensionless stopping
time until it saturates for respective values of ⇧ ⇡ 0.1 and
of ⌧stop ⇡ 0.05. This is consistent with Bai & Stone (2010a,b)
finding the scale height of the dust and its vertical diffusion to
increase with the strength of the pressure gradient and the stop-
ping time. The dependence on the pressure gradient strength
is evident when considering only the simulation with a fixed
stopping time (blue line in the figure).

At all radii in the simulation with a dimensionless stop-
ping time of 0.1 and the simulation with stopping times greater
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Fig. 11. Root mean square of Mg,z in the midplane as a function of r

(lower abscissa) and the dimensionless gas pressure gradient param-
eter ⇧ in the midplane (upper abscissa). The root mean square is
calculated using the mass-weighted mean over 500 yr after an equi-
librium value of the dust scale height is reached. In the simulation
adi_Z=0.02_Lr=90au_taustop=0.1 (blue line), in which the dimension-
less dust stopping time ⌧stop is fixed at 0.1, the Mach number increases
with the pressure gradient parameter if ⇧ . 0.09, but is approxi-
mately constant if the pressure gradient is stronger. The Mach number
in this one and the simulation adi_Z=0.02_Lr=90au (green line), in
which the stopping time increases from 0.046 to 0.46, is comparable at
all radii. That is, the turbulent strength does not depend significantly
on the stopping time in this stopping time regime. The Mach num-
ber is lower overall, but depends more strongly on the radius in the
simulation adi_Z=0.02_Lr=90au_a=3mm (orange line) in which the
stopping time ranges from 0.0046 to 0.046. In this regime, the turbu-
lent strength increases with both the strength of the pressure gradient
and the stopping time.

than 0.046 (green line), the turbulent strength is about the same,
and therefore it is largely independent of the stopping time
if ⌧stop & 0.05. In contrast, in the simulation with stopping times
of less than 0.046 (orange line) the turbulence is overall weaker,
but its strength increases more strongly with the radius than in
the other two simulations. That is, if ⌧stop . 0.05 the strength
depends not only on the pressure gradient magnitude, but also
on the stopping time.

5.3. Radial gas velocity

In Fig. 12, we show the radial velocity of the gas. The gas moves
outward on average as a consequence of the inward radial drift
of the dust and, as the total angular momentum is conserved, the
transfer of angular momentum from the dust to the gas. Yet, the
turbulent motions that are induced by the streaming instability
lead to the variance in the gas velocity being greater than the
speed of this mean outward motion. That is, the streaming insta-
bility does not cause a sustained inward transport of gas mass
(and outward transport of angular momentum) that contributes
to the observed stellar accretion (Alcalá et al. 2017).

6. Discussion
6.1. Implications for turbulence and planetesimal formation in

protoplanetary disks

We have studied the interaction of two instabilities, the vertical
shear instability and the streaming instability. Both instabilities

Fig. 12. Radial gas velocity (solid line) as a function of r in the sim-
ulations adi_Z=0.02_Lr=9au and adi_Z=0.02_Lr=90au. (The dashed
lines marks the boundary between the domains of the two simulations.)
The velocity is computed as the mass-weighted average over the ver-
tical domain extent and a time-span of 50 and 500 yr, respectively,
after an equilibrium dust scale height has been attained in each simula-
tion. The average radial velocity at r � 3 au is plotted as a dotted line
and amounts to 0.035 m s�1. This outward motion is caused by the dust
drifting radially inwards and its angular momentum being transferred to
the gas. However, it is evident that the mean of the velocity is less than
its standard deviation, which is equal to 0.16 m s�1. This is a result of
the turbulent motions caused by the streaming instability.

appear to be robust: operation of the vertical shear instability
requires a vertical rotation profile and a sufficiently short gas
cooling timescale. Lin & Youdin (2015) show that in the MMSN
model, the instability can grow between r ⇡ 5 and 50 au. On
the other hand, only dust and a radial gas pressure gradient are
necessary for the streaming instability to be active.

We considered two scenarios: in the first scenario, the verti-
cal shear instability and the streaming instability start to grow at
the same time. In this scenario, the turbulence in the dust layer is
driven by the streaming instability. If the vertical shear instabil-
ity has already saturated beforehand, as is the case in the second
scenario, it remains the main source of turbulence even while the
streaming instability is active.

It is unclear which of these scenarios is more realis-
tic: Monte-Carlo simulations of dust coagulation show that
(sub-)micron-sized grains grow to millimeter- or centimeter-
sized aggregates within 103 to 104 orbital periods (Zsom et al.
2010; Lorek et al. 2018). However, the point at which dust growth
commences during the formation of a protoplanetary disk is
unclear, as is the point at which the conditions in a disk become
conducive to the growth of the vertical shear instability and the
streaming instability.

The vertical shear instability gives rise to stronger turbu-
lence, and thus a stronger vertical dust diffusion, than the
streaming instability. Nonetheless, we find this instability, in
combination with the streaming instability, to cause the dust to
be substantially more concentrated in the radial dimension than
the streaming instability alone. We note that previous studies
show the dust accumulation owing to the streaming instability to
be sufficient to lead to planetesimal formation for the dust-to-gas
surface density ratios we consider.

In other words, for a given dust size, the critical surface
density ratio that is required for planetesimal formation may
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be significantly lower if not only the streaming instability, but
both the vertical shear instability and the streaming instabil-
ity together induce the dust concentration. The critical surface
density ratio exceeds 1% for all dust sizes in the former case
(Carrera et al. 2015; Yang et al. 2017), but might be lower than
this canonical interstellar medium value in the latter case.

6.2. Limitations of our numerical study

Both the linear vertical shear instability (Nelson et al. 2013;
Barker & Latter 2015) and the linear streaming instability
(Youdin & Goodman 2005) are axisymmetric in nature.
Nonetheless, slight deviations from this symmetry are found in
simulations of the nonlinear regime of both the former instabil-
ity (Nelson et al. 2013; Stoll & Kley 2014) and the latter one
(Kowalik et al. 2013). These deviations are not captured by our
two-dimensional simulations.

Umurhan et al. (2019) and Chen & Lin (2020) analytically
examined the linear streaming instability in connection with the
↵-model for protoplanetary disk turbulence (Shakura & Sunyaev
1973). These latter authors find that turbulence reduces the
growth rate of the instability compared to the purely laminar
case. However, this analysis is not applicable if the streaming
instability itself is the dominant source of turbulence.

Similarly, Gole et al. (2020) study planetesimal formation
owing to the streaming instability in local shearing box simula-
tions with driven Kolmogorov-like turbulence that is not affected
by the presence of the dust. In the simulations of these latter
authors, planetesimals formation is hampered by turbulence and
quenched if the turbulent Mach number is greater than ⇠10�2.

We studied only models with a single dust size (or a single
dimensionless dust stopping time). Krapp et al. (2019) show that
the linear growth rate of the streaming instability can decrease
if multiple dust species with a distribution of sizes rather than
a single species are simulated. Nevertheless, simulations of the
nonlinear streaming instability including dust size distributions
do not seem to show indications of this effect (Bai & Stone
2010b; Schaffer et al. 2018).

Furthermore, we did not take into account other hydrody-
namic instabilities like the convective overstability (Klahr &
Hubbard 2014; Lyra 2014), the subcritical baroclinic instability
(Klahr & Bodenheimer 2003; Klahr 2004; Lyra 2014), or the
zombie vortex instability (Marcus et al. 2015, 2016; Lesur &
Latter 2016). These instabilities do not operate in our model
because the former two require finite gas cooling timescales –
we simulate either a locally adiabatic or a locally isothermal gas
– while the latter is three-dimensional.

In addition, our simulations do not include magnetic fields.
Cui & Bai (2020) study the vertical shear instability in nonideal
MHD simulations. These latter authors find that magnetized disk
winds and the vertical shear instability can coexist. Under con-
ditions that are typical of protoplanetary disks, the instability
induces a comparable turbulent strength in their simulations and
in purely hydrodynamical ones like ours. Nonetheless, if the
magnetization is enhanced or the gas is more strongly coupled
to the magnetic field, the instability causes weaker turbulence.

7. Summary

We present two-dimensional axisymmetric global numerical
simulations of protoplanetary disks spanning orbital radii
between 1 and 100 au. The simulations include Lagrangian par-
ticles to model the dust, the mutual drag between dust and gas,
and the radial and vertical stellar gravity. We used the FLASH

Code to conduct these simulations, which allowed us to apply
adaptive mesh refinement to increase the resolution locally in
and close to the dust layer in the midplane of the disks.

Employing these simulations, we investigated the turbulence
driven by the vertical shear instability and that driven by the
streaming instability individually, as well as the interaction of
the two instabilities. The results of our study can be summarized
as follows:

– We conducted simulations of the vertical shear instability
only, with vertical domain extents of one or two gas scale
heights above and below the midplane. Only the latter verti-
cal size is sufficient to reproduce the turbulent strength found
by previous numerical studies of vertically larger domains.
The Mach number of the vertical gas motions is of the order
of 10�1 in the saturated state of the instability (Flock et al.
2017).

– If both the vertical shear instability and the streaming insta-
bility start to grow simultaneously, we find the turbulence in
the dust midplane layer to be mainly driven by the streaming
instability. This is most likely the result of a combination
of two effects: in the midplane, the streaming instability
grows faster in turbulent strength than the vertical shear
instability. Furthermore, the weight of the dust induces an
effective buoyancy in the gas that quenches the vertical shear
instability (Lin & Youdin 2017; Lin 2019).

– The vertical dust settling and the turbulent diffusion that is
induced by the streaming instability attain an equilibrium if
the dust-to-gas scale height ratio is equal to ⇠1%. The dust
scale height is set in a self-regulatory way if the streaming
instability gives rise to the diffusion of the dust (Bai & Stone
2010b): if the scale height is less than the equilibrium value,
then the turbulent strength is greater than the equilibrium
strength, and the dust is lifted away from the midplane.

– We show that the streaming instability drives isotropic tur-
bulence with a Mach number of up to ⇠10�2. This is in
agreement with observed values in protoplanetary disks
(Flaherty et al. 2015, 2017, 2018; Pinte et al. 2016; Ohashi &
Kataoka 2019). In particular, Pinte et al. (2016) and Ohashi
& Kataoka (2019) obtain this Mach number from the scale
height of the dust disks surrounding HL Tau and HD 163296,
respectively; that is, they would probe the turbulent strength
induced by the streaming instability if this instability were
the primary source of turbulence in the dust layer of
protoplanetary disks.

– Both the equilibrium dust scale height and the Mach number
that are induced by the streaming instability are largely inde-
pendent of the dust-to-gas surface density ratio and the initial
dust scale height. The turbulent strength, and with it the
scale height, increases with the speed of the radial dust drift.
In other words, the turbulence is stronger if the dust stop-
ping time or the radial gas pressure gradient is greater. The
strength saturates for dimensionless stopping times of ⇠0.05
and dimensionless pressure gradient parameters, as defined
by Bai & Stone (2010b), of ⇠0.1.

– In contrast, if the vertical shear instability has attained a satu-
rated state before we introduce the dust into our simulations,
then this instability remains the primary source of turbulence
in the dust layer; it gives rise to stronger turbulence than
the streaming instability, which elevates the dust to greater
scale heights. For a dust-to-gas surface density ratio of 2%,
the instability induces a Mach number of ⇠10�1 and a dust
scale height of ⇠10% of the gas scale height. Nevertheless,
if the surface density ratio is higher, the instability is more
strongly quenched by the dust-induced buoyancy.
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– We find that a combination of the vertical shear instability
and the streaming instability leads to a considerably stronger
radial concentration of the dust than the streaming instabil-
ity only. The dust accumulations are dense enough for their
radial drift to be halted almost completely. This is despite the
vertical shear instability inducing stronger vertical diffusion
than the streaming instability. We speculate that the vertical
shear instability induces the formation of weak overdensities
that seed the streaming instability. The streaming instabil-
ity in turn causes strong dust concentration that would likely
lead to planetesimal formation in simulations including the
self-gravity of the dust.
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Appendix A: Leapfrog algorithm for cylindrical
geometries

A.1. Implementation

We implement a second-order-accurate, explicit Leapfrog algo-
rithm for the time integration of particles in cylindrical geome-
tries. The algorithm is based on the one developed by Boris
(1970) for charged particles in simulations including electric and
magnetic fields. It has been described as well by, for example,
Delzanno & Camporeale (2013).

For the update of the vertical components of the parti-
cle velocity and position, we adopt the Leapfrog algorithm for
Cartesian geometries that is part of the FLASH Code:
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z,i, and a
n

z,i are the vertical position, velocity, and
acceleration of the ith particle at the nth time-step �t

n, respec-
tively. The acceleration is computed employing cloud-in-cell
mapping between the grid and the particles; in our simulations,
it is due to the stellar gravity only. We explain in Appendix B
how we take account of the acceleration caused by the drag of
the gas onto the particles. The coefficients An and Bn are given
by
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The radial and azimuthal velocity and position compo-
nents are advanced as in Cartesian coordinates, followed by a
transformation from these to cylindrical coordinates:
1. The velocity is calculated as in a Cartesian geometry, i.e.,

inertial forces are disregarded:
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where the subscript {r, �} denotes the radial or azimuthal
component.

2. The position is updated in Cartesian geometry and then
transformed from Cartesian to cylindrical geometry:
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i
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Fig. A.1. Error of the radial coordinate rcyl that is computed by our
implementation of the Leapfrog algorithm for cylindrical geometries
relative to the coordinate rCar =

p
x2 + y2 that is calculated by the

already implemented algorithm for Cartesian geometries. We conduct
two equivalent simulations of a particle in a point mass gravitational
potential, one applying the former and one the latter algorithm. Both
simulations end after ten Keplerian orbital periods at the initial position
of the particle PK,0. As can be seen, the relative error, while varying, is
at most 2 ⇥ 10�3.

3. The velocity is corrected to reflect the transformation from
Cartesian to cylindrical geometry, which entails the consid-
eration of inertial forces:
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The velocity at a full time-step can be computed from the
one at a half time step as follows:
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We note that this full-step velocity is second-order accurate,
while the error in the half-step velocity is proportional to the
time-step.

A.2. Test

We test our implementation using the Leapfrog algorithm for
Cartesian geometries that is already included in the FLASH
Code as a benchmark: we conduct two analogous simulations of
a particle in the gravitational potential of a point mass, one with
a two-dimensional cylindrical and one with a three-dimensional
Cartesian geometry.

The initial position of the particle, relative to the position
of the point mass, can be expressed as (r, z) = (3 au,�1 au)
in cylindrical and by (x, y, z) = (3 au, 0 au,�1 au) in Cartesian
coordinates. To establish an initial balance between the centrifu-
gal and the radial gravitational force which are exerted on the
particle, we set its velocity to
8>>>><
>>>>:

v� =
q

GM

(r2+z2)3/2 r2 (cylindrical geometry) or
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where M = 1 M� is the point mass. Cloud-in-cell mapping is
applied to calculate the gravitational acceleration of the particle.
The grid cell edge length is fixed at 0.025 au.

In Fig. A.1, we show the relative error of the cylin-
drical radial coordinate rcyl with respect to the coordinate
rCar =

p
x2 + y2 in Cartesian geometry. As is evident, the error

does not exceed 2 ⇥ 10�3 throughout the simulations.

Appendix B: Drag

B.1. Implementation

For our implementation of the drag exerted by the gas on the dust
and vice versa, we take advantage of the first-order cloud-in-cell
mapping between the grid and the particles that is part of the
FLASH Code.

For each of the radial, azimuthal, and vertical velocity
components, we execute the following steps:
1. The gas density, pressure, and velocity component are

mapped to the particles.
2. For every particle:

(a) The full-step dust velocity component is calculated from
the stored half-step component according to Eq. (A.15).

(b) The dust stopping time td,stop is computed as

td,stop =
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>>:
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2
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a > 9/4 �g,mfp (Stokes regime),

(B.1)

where �g,mfp = 1/(�gng) = µmH/(�g⇢g) is the gas
mean free path length, ng the gas number density,
�g = 2 ⇥ 10�15 cm2 the molecular collision cross sec-
tion (Chapman & Cowling 1970), and cs = �P/⇢g the
sound speed.

(c) To the stored dust half-step velocity component, the drag
source term ��vd,drag = �(vd � vg)/td,stop �t is added,
where vd and vg are the (full-step) dust and gas velocity
components, respectively, and �t is the current time-
step.

3. The change in dust momentum �pd,drag = md�vd,drag is
mapped to the grid.

4. The drag source term �vg,drag = �pd,drag/(⇢gV) is added to
the gas velocity in each grid cell, where V is the cell volume.

We employ the global minimum of the particle stopping time and
the gas stopping time tg,stop = ⇢g/⇢d td,stop as an upper limit of the
simulation time-step.

B.2. Test

To evaluate our algorithm, we adopt the test problem introduced
by Laibe & Price (2011) and applied by Bai & Stone (2010a),
Mignone et al. (2019) as well as Yang & Johansen (2016), who
refer to it as DUSTYBOX, particle-gas deceleration, and uniform
streaming test, respectively. This problem provides an opportu-
nity to simultaneously test the drag that is exerted by the gas on
the dust and the drag back-reaction of the dust onto the gas. In
addition, it allows us to compare the numeric solution computed
by our algorithm to an analytic one.

We conduct simulations with a two-dimensional cylindrical
geometry, as this is the geometry of the simulations we present
in the main text. Dust and gas initially move in the radial direc-
tion with vd,r,init = cs and vg,r,init = �cs, respectively. The dust and

gas density as well as the gas temperature are constant. The
equations of motion of the dust and the gas reduce to
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where ✏ is the solid-to-gas density ratio. The dust and the gas
velocity can be solved for analytically, yielding

vd,r(t) = vd,r,init exp
"
�(1 + ✏)

t

td,stop

#

+ vcom,r,init

 
1 � exp

"
�(1 + ✏)

t

td,stop

#!
and

(B.4)

vg,r(t) = vg,r,init exp
"
�(1 + ✏)

t

td,stop

#

+ vcom,r,init

 
1 � exp

"
�(1 + ✏)

t

td,stop

#!
,

(B.5)

where

vcom,r,init =
vg,r,init + ✏vp,r,init

1 + ✏
(B.6)

is the initial velocity of the center of mass of dust and gas.
The displacement of every dust particle relative to its initial

position is given by

�rd(t) = rd(t) � rd,init

=
(vd,r,init � vcom,r,init) td,stop

1 + ✏

 
1 � exp

"
�(1 + ✏)

t

td,stop

#!

+ vcom,r,init t.

(B.7)

Initially, one particle is positioned at the center of every cell.
It is natural to choose the dust stopping time td,stop and the

sound speed cs as the units of time and velocity, respectively.
The unit of length is therefore cs td,stop. The domains of our sim-
ulations span 100 cs td,stop in the radial dimension. The domain
boundaries are periodic, which is necessary to maintain a con-
stant dust and gas density and to conserve the total momentum
of dust and gas. The simulations end after 3 td,stop.

We employ two quantities to measure the accuracy of our
implementation: the absolute error of the total momentum with
respect to the initial value and the absolute error of the particle
displacement relative to the analytic solution (see Eq. (B.7)). In
upper and lower panels of Fig. B.1, respectively, we show the
momentum and the displacement error at the end of simulations
with varying time-steps�t (left panels), grid cell edge lengths �x

(middle panels), and solid-to-gas density ratios ✏ (right panels).
First and foremost, we note that our drag algorithm should

not be used in combination with the periodic boundary imple-
mentation that is part of the FLASH Code5. In the figure, we
mark with red crosses the errors in simulations in which parti-
cles cross the domain boundaries. The absolute error of the total
momentum, while generally of the order of 10�10 or 10�9 other-
wise, can be larger than unity in these simulations (see the upper
panels).
5 This issue does not affect the simulations that are presented in the
main text since we apply diode conditions at the boundaries of their
domains.
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Fig. B.1. Absolute error of the total momentum ptot of dust and gas relative to the initial total momentum ptot,init (upper panels) and mean absolute
error of the simulated particle displacement �rsim with respect to the analytic solution �rana (see Eq. (B.7); lower panels). In the latter case, the
mean is calculated by averaging over all particles, with the standard deviations plotted as error bars. (With one exception, the standard deviations
are too small for the error bars to be visible, though.) Both the momentum and the displacement errors are computed after 3 td,stop. We show the
errors as functions of the time-step �t (left panels), of the grid cell edge length �x (middle panels), and of the dust-to-gas density ratio ✏ (right

panels). In the title of every column of panels, the fixed values of the other two quantities are given. Simulations in which particles cross the
domain boundaries are marked with red crosses. The error in the total momentum can exceed one in these simulations, but is in general of the order
of 10�10 to 10�9 otherwise. The error in the displacement increases linearly with the time-step since our drag algorithm is first-order accurate. On
the other hand, it is independent of the cell size for sizes of at least 1 cs td,stop. At these resolutions, the particles are displaced by less than half a cell
within 3 td,stop and therefore do not transverse the boundaries. The error for the fiducial dust-to-gas density ratio of ✏ = 0.9 amounts to 10�2; while
for a ratio of ✏ = 0.01 it is greater by a factor of a few, it is as small as ⇠10�6 if the ratio is equal to ✏ = 100. This is despite a number of particles
crossing the boundaries if the density ratio is much less or much greater than the fiducial value.

We choose ✏ = 0.9 as the fiducial dust-to-gas density ratio
and �x = 1 cs td,stop as the fiducial resolution. This is to reduce
the influence of the boundary conditions on our examina-
tion of the drag implementation as much as possible. For the
fiducial density ratio, the analytic displacement remains less
than 0.436 cs td,stop, that is, less than half a cell edge length at
the fiducial resolution, within 3 td,stop. Indeed, no particle crosses
the boundaries in our simulations with this density ratio and the
fiducial or a lower resolution.

From the lower-left panel of the figure, it can be seen that our
implementation is first-order accurate in time. For the fiducial
time-step of �t = 10�2, the absolute error of the displacement
amounts to 1%. If the time-step is ten or a hundred times
smaller, the error is less by one order or two orders of magnitude,
respectively.

Reducing the resolution by a factor of ten or a hundred with
respect to the fiducial resolution does not lead to an increase
in the displacement error (see the lower-middle panel). This is
despite the displacement within 3 td,stop not being resolved even

at the fiducial resolution. Nonetheless, the momentum error is
greater at lower resolutions; it is of the order of 10�7 in the
simulation with a resolution of a hundredth of the fiducial res-
olution, in which only one particle is present. On the other hand,
if the resolution is higher than the fiducial one, the error in both
the displacement and the total momentum is considerable. This
is because a large number of particles transverse the domain
boundaries.

Compared to the error for the fiducial dust-to-gas density
ratio, the displacement error increases by a factor of a few for
low density ratios, but decreases by orders of magnitude for
high ratios. This is evident from the lower-right panel, in which
the errors in simulations with the fiducial density ratio as well
as ✏ = 0.01, ✏ = 1, and ✏ = 100 are shown. A number of parti-
cles cross the boundaries in both the simulation with the highest
density ratio and the one with the lowest ratio. Thus, the error
in the total momentum, though not the error in the displace-
ment, is significantly greater for these ratios than for the fiducial
one.
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KÜ×µÁÁ³

a­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¨¨��×Ò ×­� �Á××Á»ŅÜÌ ©ÎÁæ×­ ¨ÎÁ» �ÜÒ× ×Á Ìµ�¼�×Ò ¯¼ ×æÁ Î�©�Î�ÒĮ
K¼ ×­� Á¼� ­�¼�į ¯× �Î¯å�Ò ×ÜÎ�Üµ�¼�� ¯¼ ×­� �ÜÒ× µ�ì�Î �ÎÁÜ¼� ×­� »¯�ŅÌµ�¼� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³ÒĮ K¼ ×­� Á×­�Î ­�¼�į ¯× ¯¼�Ü��Ò �ÜÒ× �Á¼��¼×Î�×¯Á¼ ¯¼ ©Î�å¯×�×¯Á¼�µµì Ü¼Ò×��µ� �µÜ»ÌÒ
×­�× �Áµµ�ÌÒ� �¼� ¨ÁÎ» Ìµ�¼�×�Ò¯»�µÒĮ �Á×­ Á¨ ×­�Ò� �ÒÌ��×Ò �Î� Ò×Ü�¯�� ¯¼ ×­¯Ò ×­�Ò¯ÒĮ 2¼ \v4ĂĈį
æ� �»ÌµÁì ×­Î��Ņ�¯»�¼Ò¯Á¼�µ µÁ��µ Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Ò ×Á ¯¼å�Ò×¯©�×� ×­� ¯¼¯×¯�µ »�ÒÒ
�¯Ò×Î¯�Ü×¯Á¼ Á¨ ×­� Ìµ�¼�×�Ò¯»�µÒ �¼� Ì�Î×¯�Üµ�Îµì ¯×Ò ­¯©­Ņ»�ÒÒ �¼�Į 2¼ \4�ăāį æ� �Á¼�Ü�× ×æÁŅ
�¯»�¼Ò¯Á¼�µ ©µÁ��µ Ò¯»Üµ�×¯Á¼Ò ×Á Ò×Ü�ì ×­� ¯¼Ò×��¯µ¯×ì �Ò � ÒÁÜÎ�� Á¨ ×ÜÎ�Üµ�¼��į ¯¼�µÜ�¯¼© ­Áæ
×­¯Ò ×ÜÎ�Üµ�¼�� ¯¼×�Î��×Ò æ¯×­ ×­�× ��ÜÒ�� �ì ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ

a­� Ò¯»Üµ�×¯Á¼Ò ÌÎ�Ò�¼×�� ¯¼ \4�ăā �Î� ×­� ¨¯ÎÒ× »Üµ×¯Ņ�¯»�¼Ò¯Á¼�µ ©µÁ��µ Ò¯»Üµ�×¯Á¼Ò Á¨ ×­�
Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼�µÜ�¯¼© >�©Î�¼©¯�¼ Ì�Î×¯�µ�Ò ×Á »Á��µ ×­� �ÜÒ×į �¼� ×­� Ò��Á¼� �å�Î ¯¼
©�¼�Î�µ Ł�¨×�Î <Áæ�µ¯³ �× �µĮ ăāĂĄłĮ *Ü×ÜÎ� ©µÁ��µ Ò¯»Üµ�×¯Á¼Ò Á¨ ×­� ¯¼Ò×��¯µ¯×ì �ÁÜµ� ÌÎÁå¯��
�¼Òæ�ÎÒ ×Á � å�Î¯�×ì Á¨ ÍÜ�Ò×¯Á¼Ò æ­¯�­į ¯¨ �× �µµį ­�å� Á¼µì ���¼ ×ÁÜ�­�� Á¼ ÒÁ ¨�Îĭ

Ĭ 0Áæ �Á�Ò ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼×�Î��× æ¯×­ Á×­�Î ¯¼Ò×��¯µ¯×¯�Òĵ �Á ×­�Ò� ¯¼×�Î��Ņ
×¯Á¼Ò ÌÎÁ»Á×� �ÜÒ× �Á¼��¼×Î�×¯Á¼ �¼� ×­ÜÒ ¨��¯µ¯×�×� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ĵ žÌ�Î×
¨ÎÁ» ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ \4�ăāį �»Á¼© ×­� ÌÜÎ�µì Ł»�©¼�×ÁŅł­ì�ÎÁ�ì¼�»¯�
¯¼Ò×��¯µ¯×¯�Ò Á¼µì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µ �¼� ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ­�å�
���¼ Ò×Ü�¯�� ¯¼ �Á¼¼��×¯Á¼ æ¯×­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį �¼� Á¼µì ¯¼ µÁ��µ Ò­��Î¯¼©
�Áë Ò¯»Üµ�×¯Á¼Ò Ł4Á­�¼Ò�¼ �× �µĮ ăāāĈį ăāĂĂĹ ��µÒ�Î� �× �µĮ ăāāĊĹ a¯µµ�ì �× �µĮ ăāĂāĹ X��××¯©
�× �µĮ ăāĂĆĹ v�¼© �× �µĮ ăāĂĉłĮ a­�Ò� Ò¯»Üµ�×¯Á¼Ò Ò­Áæ ×­�× �ÜÒ× ���Ü»Üµ�×¯Á¼Ò ¯¼ ÌÎ�ÒÒÜÎ�
�Ü»ÌÒ �¼� åÁÎ×¯��Ò ¯¼�Ü��� �ì ×­� »�©¼�×ÁÎÁ×�×¯Á¼�µį ×­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯�į �¼� ×­�
å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì �Î� �¼­�¼��� �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Ł4Á­�¼Ò�¼ �× �µĮ ăāāĈį
ăāĂĂĹ X��××¯© �× �µĮ ăāĂĆĹ \4�ăāłĮ

Ĭ p­�× ¯Ò ×­� �ë×�¼× �¼� ×­� Ò�Ì�Î�×¯Á¼ Á¨ ×­� ¨¯µ�»�¼×Ò ¯¼ æ­¯�­ �ÜÒ× ¯Ò �Á¼��¼×Î�×�� �ì
×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìį ¯¼ æ­¯�­ Ìµ�¼�×�Ò¯»�µÒ ¨ÁÎ» �¼� ¨ÎÁ» æ­¯�­ ×­�ì ���Î�×�ĵ 2¼
Ò­��Î¯¼© �Áë Ò¯»Üµ�×¯Á¼Òį v�¼© �¼� 4Á­�¼Ò�¼ ŁăāĂął �¼� >¯ �× �µĮ ŁăāĂĉł ¨¯¼� � ×ìÌ¯��µ Ò�ÌŅ
�Î�×¯Á¼ Á¨ 0.15−0.2 ©�Ò Ò��µ� ­�¯©­×Òį æ­¯µ� ž�Á� �× �µĮ ŁăāĂĊł Ò­Áæ ×­�× ×­� Î��¯�µ æ¯�×­
å�Î¯�Ò æ¯×­ ×­� Ò×Î�¼©×­ Á¨ ×­� Î��¯�µ ©�Ò ÌÎ�ÒÒÜÎ� ©Î��¯�¼×Į p­¯µ� Ìµ�¼�×�Ò¯»�µÒ �»�ÎŅ
©¯¼© ¨ÁÎ» Î��¯�µµì µ�Î©�Î ¨¯µ�»�¼×Ò �Î� »ÁÎ� ¼Ü»�ÎÁÜÒ �¼� »ÁÎ� »�ÒÒ¯å� Łž�Á� �× �µĮ
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ăāĂĊĹ \v4ĂĈłį Ìµ�¼�×�Ò¯»�µÒ ×ìÌ¯��µµì ���Î�×� �ÜÒ× ¨ÎÁ» »ÁÎ� ×­�¼ Á¼� ¨¯µ�»�¼× Áæ¯¼© ×Á
»¯©Î�×¯Á¼ ¯¼ ×­� Î��¯�µ �¯Î��×¯Á¼ Ł\v4ĂĈłĮ

Ĭ p¯×­ æ­�× �¨¨¯�¯�¼�ì ¯Ò �ÜÒ× »�ÒÒ �Á¼å�Î×�� ×Á Ìµ�¼�×�Ò¯»�µ »�ÒÒĵ 0Áæ ¯Ò ×­� »�ÒÒ
¯¼ Ìµ�¼�×�Ò¯»�µÒ �¯Ò×Î¯�Ü×�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òĵ p­�× �Î� ×­� ¯»Ìµ¯��×¯Á¼Ò Á¨ ×­¯Ò
»�ÒÒ �¯Ò×Î¯�Ü×¯Á¼ ¨ÁÎ ×­� ÒÜ�Ò�ÍÜ�¼× Ò×�©�Ò Á¨ Ìµ�¼�× ¨ÁÎ»�×¯Á¼ĵ K¼�Ņ�¯»�¼Ò¯Á¼�µ ©µÁ�Ņ
�µ »Á��µÒ Ò­Áæ ×­� ¨ÁÎ»�×¯Á¼ Á¨ ×�¼Ò ÁÎ ­Ü¼�Î��Ò Á¨ ��Î×­ »�ÒÒ�Ò ¯¼ Ìµ�¼�×�Ò¯»�µÒ µÁ�Ņ
�µµì ¯¼ �ÜÒ× Ì¯µ�ŅÜÌÒ ¯¼ ×­� ¯¼¼�Î �¯Ò³ Î�©¯Á¼Ò Ł�Î�ô³ÁæÒ³� �× �µĮ ăāĂćłį �× ×­� æ�×�Î ¯��
µ¯¼� Ł�Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ \�­ÁÁ¼�¼��Î© �× �µĮ ăāĂĉłį �¼� �× ×­� ÁÜ×�Î ��©�Ò Á¨
×­� ©�ÌÒ ��Îå�� ¯¼ �¯Ò³Ò �ì Ìµ�¼�×Ò Ł�Î¯³ÒÒÁ¼ �× �µĮ ăāăāłĮ ž �Á»Ì�Î��µ� ×Á×�µ »�ÒÒ ¯¼
Ìµ�¼�×�Ò¯»�µÒ �»�Î©�Ò ©µÁ��µµì ¯¼ ×­� Á¼�Ņ�¯»�¼Ò¯Á¼�µ �¯Ò³ �åÁµÜ×¯Á¼ »Á��µÒ ¯¼�µÜ�¯¼©
���Î�×¯Á¼ �¼� Ì­Á×Á�å�ÌÁÎ�×¯Á¼ �ì ��ÎÎ�Î� �× �µĮ ŁăāĂĈł ń ¯¼ ×­�¯Î »ÁÒ× �Á»ÌÎ�­�¼Ò¯å�
»Á��µÒ ×­� æ�×�Î ¯�� µ¯¼� ¯Ò ×�³�¼ ¯¼×Á ���ÁÜ¼× �Ò æ�µµ ń �Ü× �× »ÁÒ× � ¨�æ ��Î×­ »�ÒÒ�Ò
¯¼ Ò¯»¯µ�Î »Á��µÒ �ì �Î�Áµ�¼Á �× �µĮ ŁăāĂĈłĮ

a­� ×æÁŅ�¯»�¼Ò¯Á¼�µ ©µÁ��µ Ò¯»Üµ�×¯Á¼Ò ¯¼ \4�ăā ��¼ �� ¯»ÌÎÁå�� ÜÌÁ¼ �ì �Á¼Ò¯��Î¯¼©
»ÁÎ� Î��µ¯Ò×¯� »Á��µÒ Á¨ ©�Ò �¼� �ÜÒ× ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ a­¯Ò ¯¼�µÜ��Ò �ÜÒ× Ò¯ñ� �¯Ò×Î¯Ņ
�Ü×¯Á¼Ò Ł��¯ �¼� \×Á¼� ăāĂā�Ĺ \�­�¨¨�Î �× �µĮ ăāĂĉĹ <Î�ÌÌ �× �µĮ ăāĂĊĹ {­Ü �¼� v�¼© ÒÜ�»¯××��ł
æ­¯�­ �Î� ¯¼¨ÁÎ»�� �ì ×­� ��ÎÎ¯�ÎÒ ×Á �Áµµ¯Ò¯Á¼�µ ©ÎÁæ×­ �Á¼Ò×¯×Ü×�� �ì �ÁÜ¼�¯¼©į ¨Î�©»�¼×�Ņ
×¯Á¼į �¼� Î��¯�µ �Î¯¨× Ł�Î�ô³ÁæÒ³� �× �µĮ ăāĂćį ăāĂĊł Î�×­�Î ×­�¼ � Ò¯¼©µ� �ÜÒ× Ò¯ñ�Ĺ �¯Ò³ �åÁµÜ×¯Á¼
Áæ¯¼© ×Á Ò×�µµ�Î ���Î�×¯Á¼į ±�×Ò �¼� �¯Ò³ æ¯¼�Òį �Ò æ�µµ �Ò Ì­Á×Á�å�ÌÁÎ�×¯Á¼ Ł��ÎÎ�Î� �× �µĮ ăāĂĈĹ
�Î�Áµ�¼Á �× �µĮ ăāĂĈłĹ ¯�� µ¯¼�Ò Ł\�­ÁÁ¼�¼��Î© �¼� KÎ»�µ ăāĂĈĹ �Î�ô³ÁæÒ³� �¼� žµ¯��Î× ăāĂĈĹ
\�­ÁÁ¼�¼��Î© �× �µĮ ăāĂĉłĹ �¼� Ìµ�¼�×Ò Ł�Î¯³ÒÒÁ¼ �× �µĮ ăāăāłĮ �å�¼ »ÁÎ� ÌÁ×�¼×¯�µ µ¯�Ò ¯¼ ×­Î��Ņ
�¯»�¼Ò¯Á¼�µ Ò¯»Üµ�×¯Á¼Ò æ¯×­ Ò�µ¨Ņ©Î�å¯×ì ����ÜÒ� Á¼µì ¯¼ ×­�Ò� ×­� ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨
�ÜÒ× �µÜ»ÌÒ �¼� ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ ��¼ �� ¯¼å�Ò×¯©�×��Į

ĂĂā



ž�³¼Áæµ��©»�¼×Ò

E�¯¼ �ÎÒ×�Î ��¼³ ©��ß­Î× XÁ�¯ ��¼�Î±��į ��Î »¯�­ ¯¼ �¯� ×­�ÁÎ�×¯Ò�­� Ü¼� ¼Ü»�Î¯Ò�­� žÒ×ÎÁŅ
Ì­ìÒ¯³ �¯¼©�¨ß­Î× Ü¼� »¯× \×�Î¼�¼×Ò×�­Ü¼© Ü¼� ��¼ f¼ñÜµ�¼©µ¯�­³�¯×�¼ �Ò×ÎÁÌ­ìÒ¯³�µ¯Ò�­�Î
\Á¨×æ�Î� å�Î×Î�Ü× ©�»��­× ­�×Į 2 �» �µÒÁ ���Ìµì ©Î�×�¨Üµ ×Á ž¼��ÎÒ 4Á­�¼Ò�¼ �¼� �­�ÁŅ�­¯¼
v�¼© ¨ÁÎ ¯¼×ÎÁ�Ü�¯¼© »� ×Á ×­� ¨�Ò�¯¼�×¯¼© æÁÎµ� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �¼� Ìµ�¼�× ¨ÁÎ»�×¯Á¼
�¼� ¨ÁÎ ×���­¯¼© »� ­Áæ ×Á æÎ¯×� Ì�Ì�ÎÒĮ a­�¼³Ò ×Á �µµ ×­Î�� Á¨ ìÁÜ ¨ÁÎ ÁÜÎ �¯Ò�ÜÒÒ¯Á¼Òį ìÁÜÎ
��å¯��į �¼� ìÁÜÎ ÒÜÌÌÁÎ×ı

��¼³� �Ü�­ �¼ »�¯¼� <Áµµ�©�¼ �ÜÒ XÁ�¯Ò žÎ��¯×Ò©ÎÜÌÌ�į ��ÒÁ¼��ÎÒ +Ü¼×­�Î >Ü³�×į E�¼Ü�µ
4Ü¼©į \¯»Á¼ \�µ© Ü¼� ��Ò×¯�¼ <ÄÎ×©�¼į ¨ßÎ ×��­¼¯Ò�­�¼ \ÜÌÌÁÎ×į Ì­ìÒ¯³�µ¯Ò�­�¼ \ÜÌÌÁÎ× Ü¼�
�¯Ò³ÜÒÒ¯Á¼�¼ ß��Î +Á×× Ü¼� �¯� p�µ×Į

2 �» �ÍÜ�µµì ×­�¼³¨Üµ ×Á ž¼��ÎÒō ©ÎÁÜÌ �¼� ×­� Á×­�ÎÒ �× >Ü¼� K�Ò�Îå�×ÁÎì ¨ÁÎ ��¯¼© ÒÁ ³¯¼�
�¼� æ�µ�Á»¯¼© æ­�¼�å�Î 2 å¯Ò¯×�� >Ü¼�Į 2 �ÒÌ��¯�µµì ×­�¼³ a­Á»�Ò XÁ¼¼�× �¼� \���Ò×¯�¼
>ÁÎ�³ �Ò µ�Î©� Ì�Î×Ò Á¨ \��×ÒĮ ăĮă �¼� ăĮĄ �Î� ��Ò�� Á¼ �¯Ò�ÜÒÒ¯Á¼Ò æ¯×­ ×­�»Į

žµµ�¼ åÁÎ�¼ �¯¼ ¯�­ <�×­�Î¯¼� ��¼³��Îį ¨ßÎ å¯�µ »�­Î �µÒ ¯�­ ­¯�Î ¯¼ pÁÎ×� ¨�ÒÒ�¼ ³�¼¼Į 2¼ÒŅ
��ÒÁ¼��Î� ���Î ��¼³�į ��ÒÒ �Ü �¯�Ò� žÎ��¯× <ÁÎÎ�³×ÜÎ ©�µ�Ò�¼ ­�Ò×į �Ü�­ æ�¼¼ æ¯Î ¼¯�­× �¯�
©µ�¯�­� E�×­�»�×¯³ ÒÌÎ��­�¼Į

ĂĂĂ





�¯�µ¯Á©Î�Ì­ì

ž�Á�į �Į VĮį \¯»Á¼į 4Į �Įį >¯į XĮį �× �µĮ a­� E�ÒÒ �¼� \¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒ *ÁÎ»��
�ì ×­� \×Î��»¯¼© 2¼Ò×��¯µ¯×ìĮ 22Į a­� �¨¨��× Á¨ ×­� X��¯�µ +�Ò VÎ�ÒÒÜÎ� +Î��¯�¼×Į ŮÅ2į ĉĉĄŁăłĭ
ĂĊăį ăāĂĊĮ

ž���­¯į 2Įį 0�ì�Ò­¯į �Įį �¼� F�³�ñ�æ�į <Į a­� ©�Ò �Î�© �¨¨��× Á¼ ×­� �µµ¯Ì×¯��µ »Á×¯Á¼ Á¨ �
ÒÁµ¯� �Á�ì ¯¼ ×­� ÌÎ¯»ÁÎ�¯�µ ÒÁµ�Î ¼��Üµ�Į TÇ»£Ç�ËË »¢ _¨�»Ç�Ðª�}¯ T¨ãËª�Ëį ĆćĭĂĈĆćńĂĈĈĂį ĂĊĈćĮ

ž��»Òį *Į �Įį >���į �Į 4Įį �¼� \­Üį *Į 0Į \Ì��×Î�µ �åÁµÜ×¯Á¼ Á¨ vÁÜ¼© \×�µµ�Î K�±��×ÒĮ ŮÅ2į ĄĂăĭ
Ĉĉĉį ĂĊĉĈĮ

ž©ÜÎ×ÁŅ+�¼©�Òį �Įį V¯¼���į 4Į �Įį \ñá�Òį >Įį �× �µĮ X�å��µ¯¼© ×­� �ÜÒ× ©Î�¯¼ Ò¯ñ� ¯¼ ×­� ¯¼¼�Î
�¼å�µÁÌ� Á¨ ×­� �µ�ÒÒ 2 ÌÎÁ×ÁÒ×�Î V�ÎŅ�»�ŅĆāĮ ŮŞŮį ćăĄĭžĂąĈį ăāĂĊĮ

ž³¯»³¯¼į oĮ oĮį 2åµ�åį žĮ oĮį �¼� ��Ò�µµ¯į VĮ 2¼­¯�¯×�� �Á�©Üµ�×¯Á¼ Á¨ E¯�ÎÁ¼ŅÒ¯ñ� �ÜÒ× �Ü� ×Á
×­� �µ��×ÎÁÒ×�×¯� ��ÎÎ¯�ÎĮ ŮÅ2į ĉĉĊŁĂłĭćąį ăāăāĮ

žµ�ë�¼��Îį XĮį V�Ò�Ü��¯į 2Įį ž¼�Î�æÒį \Įį �× �µĮ a­� �¯ÒÌ�ÎÒ�µ Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 2¼
��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË
m1į Ì�©� ąĈĆį ăāĂąĮ

žµ�ë�¼��Îį XĮ �Į �¼� žÎ»¯×�©�į VĮ 4Į �ÜÒ× �ì¼�»¯�Ò �ÜÎ¯¼© ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò� �µ��Î¯¼©Į
CDVŮZį ĄĈĆŁăłĭĆāāńĆĂăį ăāāĈĮ

ž¼�Î�į VĮį p�Î�Ņa­Á»ÌÒÁ¼į �Įį �¼� ��ÎÒÁ¼ìį EĮ \Ü�»¯µµ¯»�×�Î �Á¼×¯¼ÜÜ» K�Ò�Îå�×¯Á¼Ò Á¨
Î­Á KÌ­¯Ü�­¯ žĭ a­� ��¼�¯��×� VÎÁ×ÁÒ×�Î o>ž ĂćăĄ �¼� VÎ�Ò×�µµ�Î �µÜ»ÌÒĮ ŮÅ2į ąāćĭĂăăį ĂĊĊĄĮ

ž¼�Î�æÒį \Į EĮ �¼� p¯µµ¯�»Òį 4Į VĮ �¯Î�Ü»Ò×�µµ�Î �ÜÒ× �¯Ò³Ò ¯¼ a�ÜÎÜÒŅžÜÎ¯©�ĭ a­� \Ü�»¯µµ¯Ņ
»�×�Î V�ÎÒÌ��×¯å�Į ŮÅ2į ćĄĂŁăłĭĂĂĄąńĂĂćāį ăāāĆĮ

ž¼�Î�æÒį \Į EĮį p¯µ¼�Îį �Į 4Įį 0Ü©­�Òį žĮ EĮį �× �µĮ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ \×ÎÜ�×ÜÎ�Ò ¯¼
KÌ­¯Ü�­ÜÒĮ ŮÅ2į ĈāāŁăłĭĂĆāăńĂĆăĄį ăāāĊĮ

ž¼�Î�æÒį \Į EĮį p¯µ¼�Îį �Į 4Įį 0Ü©­�Òį žĮ EĮį �× �µĮ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ \×ÎÜ�×ÜÎ�Ò ¯¼
KÌ­¯Ü�­ÜÒĮ 22Į �ë×�¼Ò¯Á¼ ×Á *�¯¼×�Î \ÁÜÎ��ÒĮ ŮÅ2į ĈăĄŁăłĭĂăąĂńĂăĆąį ăāĂāĮ

ž¼�Î�æÒį \Į EĮį XÁÒ�¼¨�µ�į <Į žĮį <Î�ÜÒį žĮ >Įį �¼� p¯µ¼�Îį �Į 4Į a­� E�ÒÒ ��Ì�¼��¼�� ��×æ��¼
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �¼� ×­�¯Î \×�µµ�Î 0ÁÒ×ÒĮ ŮÅ2į ĈĈĂŁăłĭĂăĊį ăāĂĄĮ

žÎµ×į XĮ �¼� fÎÌ¯¼į oĮ \¯»Üµ�×¯Á¼Ò Á¨ å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ ���Î�×¯Á¼ �¯Ò�ÒĮ ŮŞŮį ąăćĭ
ĈĆĆńĈćĆį ăāāąĮ

žÎ»¯×�©�į VĮ 4Į ŮËÐÇ»Å¨ãËª�Ë »¢ T¯}¶�Ð *»Çµ}Ðª»¶Į ��»�Î¯�©�ĭ ��»�Î¯�©� f¼¯å�ÎÒ¯×ì VÎ�ÒÒį ăāĂāĮ

ĂĂĄ
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žÎ»¯×�©�į VĮ 4Įį �¯Ò¼�Îį 4Į žĮį �¼� \¯»Á¼į 4Į �Į VÎÁ»Ì× Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ ��ìÁ¼� ×­�
\¼Áæ >¯¼�Į ŮÅ2į ĉăĉŁĂłĭ>ăį ăāĂćĮ

žÜ¨¨¯¼©�Îį 4Į �¼� >�¯��į +Į >¯¼��Î ©ÎÁæ×­ Á¨ Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ÌÎ�ÒÒÜÎ� �Ü»ÌÒĮ CDVŮZį
ąĈĄŁĂłĭĈĊćńĉāĆį ăāĂĉĮ

����¯Á××¯į *Įį +¯Î�Î×į 4Į EĮį V��Áå�¼¯į EĮį �× �µĮ ž>Ež K�Ò�Îå�×¯Á¼Ò Á¨ VÁµ�Î¯ñ�� �»¯ÒÒ¯Á¼
×Áæ�Î� ×­� �p a�Ü �¼� �+ a�Ü VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òĭ �Á¼Ò×Î�¯¼×Ò Á¼ �ÜÒ× +Î�¯¼ +ÎÁæ×­
�¼� \�××µ¯¼©Į ŮÅ2į ĉćĆŁăłĭ>Ăăį ăāĂĉĮ

��¯į uĮŅFĮ 0�µµŅ�¨¨��×Ņ�Á¼×ÎÁµµ�� +�Ò �ì¼�»¯�Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 2Į p¯¼� \ÁµÜ×¯Á¼Ò
�× ×­� 2¼¼�Î �¯Ò³Į ŮÅ2į ĈĊĂŁăłĭĂĄĈį ăāĂąĮ

��¯į uĮŅFĮ 0�µµ �¨¨��× �Á¼×ÎÁµµ�� +�Ò �ì¼�»¯�Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 22Į *Üµµ Ą� \¯»Üµ�Ņ
×¯Á¼Ò ×Áæ�Î� ×­� KÜ×�Î �¯Ò³Į ŮÅ2į ĈĊĉŁăłĭĉąį ăāĂĆĮ

��¯į uĮŅFĮ +µÁ��µ \¯»Üµ�×¯Á¼Ò Á¨ ×­� 2¼¼�Î X�©¯Á¼Ò Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò æ¯×­ �Á»ÌÎ�Ņ
­�¼Ò¯å� �¯Ò³ E¯�ÎÁÌ­ìÒ¯�ÒĮ ŮÅ2į ĉąĆŁĂłĭĈĆį ăāĂĈĮ

��¯į uĮŅFĮ �¼� \×Á¼�į 4Į EĮ V�Î×¯�µ�Ņ©�Ò �ì¼�»¯�Ò æ¯×­ ž×­�¼�ĭ E�×­Á� �¼� �Á¼å�Î©�¼��Į
ŮÅ2Zį ĂĊāĭăĊĈńĄĂāį ăāĂā�Į

��¯į uĮŅFĮ �¼� \×Á¼�į 4Į EĮ �ì¼�»¯�Ò Á¨ \Áµ¯�Ò ¯¼ ×­� E¯�Ìµ�¼� Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òĭ 2»Ņ
Ìµ¯��×¯Á¼Ò ¨ÁÎ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į ĈăăŁăłĭĂąĄĈńĂąĆĊį ăāĂā�Į

��¯į uĮŅFĮ �¼� \×Á¼�į 4Į EĮ a­� �¨¨��× Á¨ ×­� X��¯�µ VÎ�ÒÒÜÎ� +Î��¯�¼× ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò
Á¼ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į Ĉăăĭ>ăăāń>ăăĄį ăāĂā�Į

��µ�ÜÒį \Į žĮ �¼� 0�æµ�ìį 4Į *Į ž VÁæ�Î¨Üµ >Á��µ \­��Î 2¼Ò×��¯µ¯×ì ¯¼ p��³µì E�©¼�×¯ñ�� �¯Ò³ÒĮ
2Į >¯¼��Î ž¼�µìÒ¯ÒĮ ŮÅ2į ĄĈćĭăĂąį ĂĊĊĂĮ

��µÒ�Î�į �Į \Įį a¯µµ�ìį �Į žĮį X�××¯©į aĮį �¼� �Î¯××�¯¼į \Į �Į �ÜÒ× Ò�××µ¯¼© ¯¼ »�©¼�×ÁÎÁ×�×¯Á¼�µµì
�Î¯å�¼ ×ÜÎ�Üµ�¼× �¯Ò�Ò Ņ 2Į FÜ»�Î¯��µ »�×­Á�Ò �¼� �å¯��¼�� ¨ÁÎ � å¯©ÁÎÁÜÒ Ò×Î��»¯¼© ¯¼Ò×��¯µŅ
¯×ìĮ CDVŮZį ĄĊĈŁĂłĭăąńąĄį ăāāĊĮ

��Î©�į VĮ �¼� \Á»»�Î¯�į 4Į �¯� Ìµ�¼�× ¨ÁÎ»�×¯Á¼ ��©¯¼ ¯¼Ò¯�� Ì�ÎÒ¯Ò×�¼× ©�Ò�ÁÜÒ åÁÎ×¯��Òĵ
ŮŞŮį ăĊĆĭ>Ăń>ąį ĂĊĊĆĮ

��Î³�Îį žĮ 4Į �¼� >�××�Îį 0Į FĮ K¼ ×­� å�Î×¯��µŅÒ­��Î ¯¼Ò×��¯µ¯×ì ¯¼ �Ò×ÎÁÌ­ìÒ¯��µ �¯Ò�ÒĮ CDVŮZį
ąĆāŁĂłĭăĂńĄĈį ăāĂĆĮ

��ÎÎ�¼�Áį 4Į žĮ a­Î��Ņ�¯»�¼Ò¯Á¼�µ \¯»Üµ�×¯Á¼Ò Á¨ <�µå¯¼Ņ0�µ»­Áµ×ñ 2¼Ò×��¯µ¯×ì ¯¼ \�××µ��
�ÜÒ× >�ì�ÎÒ ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćĊĂŁăłĭĊāĈńĊăĂį ăāāĊĮ

��ÎÎ�¼�Áį 4Į žĮį V�¯į \Įį �¼� E�Î�ÜÒį VĮ \Į {Á»�¯� oÁÎ×�ë 2¼Ò×��¯µ¯×ìĮ 222Į V�ÎÒ¯Ò×�¼�� æ¯×­
FÁ¼Ü¼¯¨ÁÎ» \×Î�×¯¨¯��×¯Á¼ �¼� X��¯�×¯å� ��»Ì¯¼©Į ŮÅ2į ĉćĊŁăłĭĂăĈį ăāĂĉĮ

��ÎÜ×��Üį �Įį �Î¯��į žĮį V��Î��³ÁÁÌ�Îį \Į 4Įį �× �µĮ Vµ�¼�×Ņ�¯Ò³ 2¼×�Î��×¯Á¼Ò �¼� ��Îµì �åÁµÜŅ
×¯Á¼ Á¨ Vµ�¼�×�Îì \ìÒ×�»ÒĮ 2¼ ��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį
��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË m1į Ì�©� ććĈį ăāĂąĮ

ĂĂą
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��¼���­¯į \Į �Įį FÁµµį <Į \Įį +ÎÜ¼�ìį pĮ EĮį �× �µĮ a­� �ÁÎÎ�µ�×�� �ÁµÁÎÒ Á¨ ×Î�¼Ò¼�Ì×Ü¼¯�¼
�¯¼�Î¯�ÒĮ 1�}ÇÓËį ăāāŁĂłĭăĊăńĄāĄį ăāāĊĮ

��×­Ü¼�į pĮį >�ÒÜÎį +Įį �¼� *�ÎÎ�¯Î�į 4Į \�µ¨ŅÁÎ©�¼¯Ò�×¯Á¼ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ +µÁ��µį ¼Á¼Ņ
Ò×Î�×¯¨¯�� 0�µµŅE0� Ò¯»Üµ�×¯Á¼ÒĮ ŮŞŮį ĆĉĊĭžĉĈį ăāĂćĮ

��×­Ü¼�į pĮį >�ÒÜÎį +Įį �¼� *�ÎÎ�¯Î�į 4Į +µÁ��µ Ò¯»Üµ�×¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò æ¯×­ ¼�×
»�©¼�×¯� ¨µÜëĮ 2Į FÁ¼Ņ¯���µ E0� ��Ò�Į ŮŞŮį ćāāĭžĈĆį ăāĂĈĮ

�¯Î¼Ò×¯�µį aĮį <µ�­Îį 0Įį �¼� �Î�Áµ�¼Áį �Į ž Ò¯»Ìµ� »Á��µ ¨ÁÎ ×­� �åÁµÜ×¯Á¼ Á¨ ×­� �ÜÒ× ÌÁÌÜµ�Ņ
×¯Á¼ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ĆĄĊĭžĂąĉį ăāĂăĮ

�¯Î¼Ò×¯�µį aĮį *�¼©į EĮį �¼� 4Á­�¼Ò�¼į žĮ �ÜÒ× �åÁµÜ×¯Á¼ �¼� ×­� *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒĮ
ZÅ}�� Z�ªĞ V�ÜĞį ăāĆŁĂŅąłĭąĂńĈĆį ăāĂćĮ

�µ��Òį KĮ EĮ �¼� ��µ�ÜÒį \Į žĮ >Á��µ \­��Î 2¼Ò×��¯µ¯×¯�Ò ¯¼ p��³µì 2Á¼¯ñ��į p��³µì E�©¼�×¯ñ��
�¯Ò³ÒĮ ŮÅ2į ąăĂĭĂćĄį ĂĊĊąĮ

�µ�¼�¨ÁÎ�į XĮ �Į �¼� V�ì¼�į �Į +Į 0ì�ÎÁ»�©¼�×¯� ¨µÁæÒ ¨ÎÁ» ���Î�×¯Á¼ �¯Ò³Ò �¼� ×­� ÌÎÁ�Ü�Ņ
×¯Á¼ Á¨ Î��¯Á ±�×ÒĮ CDVŮZį ĂĊĊĭĉĉĄńĊāĄį ĂĊĉăĮ

�µÜ»į 4Į �ÜÒ× �åÁµÜ×¯Á¼ ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Ò �¼� ×­� *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒĮ p­�×
0�å� p� >��Î¼�� ¨ÎÁ» >��ÁÎ�×ÁÎì �ëÌ�Î¯»�¼×Òĵ ZÅ}�� Z�ªĞ V�ÜĞį ăĂąŁăłĭĆăį ăāĂĉĮ

�µÜ»į 4Į �¼� pÜÎ»į +Į a­� ©ÎÁæ×­ »��­�¼¯Ò»Ò Á¨ »��ÎÁÒ�ÁÌ¯� �Á�¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³ÒĮ ŮVŮŞŮį ąćĭăĂńĆćį ăāāĉĮ

�µÜ»į 4Įį +Ü¼�µ��­į �Įį <Î�ÜÒ�į EĮį �× �µĮ �å¯��¼�� ¨ÁÎ ×­� ¨ÁÎ»�×¯Á¼ Á¨ �Á»�× ćĈVĺ�­ÜÎìÜ»ÁåŅ
+�Î�Ò¯»�¼³Á ×­ÎÁÜ©­ ©Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨ � �ÁÜ¼� �µÜ»Ì Á¨ Ì���µ�ÒĮ CDVŮZį ąćĊĭ\ĈĆĆń
\ĈĈĄį ăāĂĈĮ

�ÁÎ¯Òį 4Į VĮ X�µ�×¯å¯Ò×¯� Ìµ�Ò»� Ò¯»Üµ�×¯Á¼ŅÁÌ×¯»¯ñ�×¯Á¼ Á¨ � ­ì�Î¯� �Á��Į TÇ»����ª¶£Ë »¢ Ð¨�
*»ÓÇÐ¨ �»¶¢�Ç�¶�� »¶ Ð¨� DÓµ�Çª�}¯ ZªµÓ¯}Ðª»¶ »¢ T¯}Ëµ}Ëį Ì�©�Ò ĄńćĈį ĂĊĈāĮ

�ÁÒÒį žĮ VĮ �åÁµÜ×¯Á¼ Á¨ ×­� \Áµ�Î F��Üµ�Į oĮ �¯Ò³ 2¼Ò×��¯µ¯×¯�Ò æ¯×­ o�Î¯�� a­�Î»Á�ì¼�»¯�ÒĮ
ŮÅ2į ĆĈćŁĂłĭąćăńąĈăį ăāāăĮ

�ÁÒÒį žĮ VĮ +¯�¼× Vµ�¼�× *ÁÎ»�×¯Á¼ �ì �¯Ò³ 2¼Ò×��¯µ¯×ì ¯¼ >Áæ E�ÒÒ �¯Ò³Òĵ ŮÅ2į ĈăĆŁăłĭ>ĂąĆń
>ĂąĊį ăāĂāĮ

�Á××³�į pĮ *Įį �ÜÎ��į �Į �Įį F�ÒåÁÎ¼íį �Įį �× �µĮ a­� ¨ÁÒÒ¯µ¯ñ�� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ ×­� »�¯¼
�Ò×�ÎÁ¯� ��µ×Į 1�}ÇÓËį ĂĈĆŁĂłĭĂĂĂńĂąāį ăāāĆĮ

�Î�¼��¼�ÜÎ©į žĮ �¼� �Á�µ�Îį pĮ 0ì�ÎÁ»�©¼�×¯� ×ÜÎ�Üµ�¼�� ¯¼ �Á»ÌÜ×�Î Ò¯»Üµ�×¯Á¼ÒĮ �»µĵ
ÅÓÐ�Ç T¨ãËª�Ë �»µµÓ¶ª�}Ðª»¶Ëį ĂąĈŁĂŅăłĭąĈĂńąĈĆį ăāāăĮ

�Î�Ü�Îį *Įį �Üµµ�»Á¼�į �Į VĮį 4Á­�¼Ò�¼į žĮį �× �µĮ \ÜÎå¯å�µ Á¨ ×­� »»Ņ�» Ò¯ñ� ©Î�¯¼ ÌÁÌÜµ�×¯Á¼
Á�Ò�Îå�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ąćĊŁĄłĭĂĂćĊńĂĂĉăį ăāāĈĮ

ĂĂĆ
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�Î�Ü�Îį *Įį 0�¼¼¯¼©į aĮį �¼� �Üµµ�»Á¼�į �Į VĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¼��Î ×­� Ò¼Áæ µ¯¼� ¯¼
EX2Ņ�Î¯å�¼ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ąĉĈŁĂłĭ>Ăń>ąį ăāāĉĮ

��Ì�µÁį 0Į >Įį EÁµ���³į 4Įį >�»�Î��­×Òį EĮį �× �µĮ K�Ò�Îå�×¯Á¼ Á¨ ��ÎÁ�ì¼�»¯� ¯¼Ò×��¯µ¯×ì ¯¼
×­� ¨µÁæ Á¨ � Ì�Î×¯�µ� Ò×Î��» ¯¼ � �¯µÜ×� ©�ÒĮ ŮŞŮį ćăăĭžĂĆĂį ăāĂĊĮ

��Î��µµ¯�Áį žĮį *ÎÁ»�¼©į \Įį �¼� V�Ì�µÁ¯ñÁÜį 4Į E¯�ŅÌµ�¼� Ò��¯»�¼×�×¯Á¼ Á¨ µ�Î©� ÒÁµ¯� �Á�¯�Ò
¯¼ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ĄĈĄŁąłĭĂćĄĄńĂćąāį ăāāćĮ

��ÎÎį 4Į \Įį aÁ³Ü¼�©�į žĮ aĮį �¼� F�±¯×�į 4Į 0Á× 02K �»¯ÒÒ¯Á¼ �¼� �å¯��¼�� ¨ÁÎ aÜÎ�Üµ�¼�� ¯¼
×­� �¯Ò³ Á¨ � vÁÜ¼© \×�ÎĮ ŮÅ2į ćāĄŁĂłĭăĂĄńăăāį ăāāąĮ

��ÎÎ�Ò�ÁŅ+Á¼ñ�µ�ñį �Įį \¯�ÎÎ�į žĮį *µÁ�³į EĮį �× �µĮ a­� X��¯�µ �¯Ò×Î¯�Ü×¯Á¼ Á¨ �ÜÒ× V�Î×¯�µ�Ò ¯¼
×­� 0> a�Ü �¯Ò³ ¨ÎÁ» ž>Ež �¼� o>ž K�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į ĉĉĄŁĂłĭĈĂį ăāĂĊĮ

��ÎÎ�Î�į �Įį 4Á­�¼Ò�¼į žĮį �¼� ��å¯�Òį EĮ �Į 0Áæ ×Á ¨ÁÎ» Ìµ�¼�×�Ò¯»�µÒ ¨ÎÁ» »»ŅÒ¯ñ�� �­Á¼Ņ
�ÎÜµ�Ò �¼� �­Á¼�ÎÜµ� �©©Î�©�×�ÒĮ ŮŞŮį ĆĈĊĭžąĄį ăāĂĆĮ

��ÎÎ�Î�į �Įį +ÁÎ×¯į fĮį 4Á­�¼Ò�¼į žĮį �¼� ��å¯�Òį EĮ �Į Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ �ì ×­� \×Î��»Ņ
¯¼© 2¼Ò×��¯µ¯×ì ¯¼ � V­Á×Á�å�ÌÁÎ�×¯¼© �¯Ò³Į ŮÅ2į ĉĄĊŁĂłĭĂćį ăāĂĈĮ

��ÎÎ�Î�į �Įį \¯»Á¼į 4Į �Įį >¯į XĮį �× �µĮ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ X¯¼©Ò �Ò \¯×�Ò ¨ÁÎ Vµ�¼�×�Ò¯»�µ
*ÁÎ»�×¯Á¼Į ŮÅ2į ÒÜ�»¯××��Į

�­��Î¯�Îį +Į +�µ��×¯� \×�µµ�Î �¼� \Ü�Ò×�µµ�Î 2¼¯×¯�µ E�ÒÒ *Ü¼�×¯Á¼Į TŮZTį ĂĂĆŁĉāĊłĭĈćĄńĈĊĆį
ăāāĄĮ

�­�»��ÎÒį 4Į �Į Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ �ì ×ÜÎ�Üµ�¼× �Á¼��¼×Î�×¯Á¼Į 1�}ÇÓËį ăāĉŁăłĭĆāĆńĆĂĈį
ăāĂāĮ

�­�¼�Î�Ò�³­�Îį \Į a­� \×��¯µ¯×ì Á¨ FÁ¼Ņ�¯ÒÒ¯Ì�×¯å� �ÁÜ�××� *µÁæ ¯¼ 0ì�ÎÁ»�©¼�×¯�ÒĮ TÇ»ĵ
����ª¶£Ë »¢ Ð¨� D}Ðª»¶}¯ Ů�}��µã »¢ Z�ª�¶��į ąćŁăłĭăĆĄńăĆĈį ĂĊćāĮ

�­�¼�Î�Ò�³­�Îį \Į 0ã�Ç»�ã¶}µª� }¶� ¨ã�Ç»µ}£¶�Ðª� ËÐ}�ª¯ªÐãĮ Kë¨ÁÎ�ĭ �µ�Î�¼�Á¼į ĂĊćĂĮ

�­�Ì»�¼į \Į �¼� �Áæµ¯¼©į aĮ +Į _¨� µ}Ð¨�µ}Ðª�}¯ Ð¨�»Çã »¢ ¶»¶ĵÓ¶ª¢»Çµ £}Ë�ËĞ }¶ }��»Ó¶Ð »¢ Ð¨�
­ª¶�Ðª� Ð¨�»Çã »¢ ÜªË�»ËªÐãğ Ð¨�Çµ}¯ �»¶�Ó�Ðª»¶ }¶� �ª¢¢ÓËª»¶ ª¶ £}Ë�ËĮ ��»�Î¯�©�ĭ f¼¯å�ÎÒ¯×ì VÎ�ÒÒį
ĂĊĈāĮ

�­�¼į <Į �¼� >¯¼į EĮŅ<Į 0Áæ �¨¨¯�¯�¼× 2Ò ×­� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ¯¼ o¯Ò�ÁÜÒ VÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Òĵ ŮÅ2į ĉĊĂŁăłĭĂĄăį ăāăāĮ

�­¯�¼©į �Į o�Î×¯��µ \­��Î¯¼© 2¼Ò×��¯µ¯×¯�Ò ¯¼ X��¯�µµì \­��Î¯¼© �¯Ò³Òĭ a­� �ÜÒ×¯�Ò× >�ì�ÎÒ Á¨
×­� VÎÁ×ÁÌµ�¼�×�Îì F��Üµ�Į ŮÅ2į ćĈĆŁăłĭĂĆąĊńĂĆĆĉį ăāāĉĮ

�¯�Òµ�į *Į 4Į �¼� �Üññ¯į 4Į FĮ a­� �åÁµÜ×¯Á¼ Á¨ ×­� æ�×�Î �¯Ò×Î¯�Ü×¯Á¼ ¯¼ � å¯Ò�ÁÜÒ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Į 1�}ÇÓËį ĂĉĂŁĂłĭĂĈĉńăāąį ăāāćĮ

�Üññ¯į 4Į FĮ �¼� 0Á©�¼į XĮ �Į �µÁæ¯¼© ¯¼ ×­� æ¯¼�Į 2Į o�µÁ�¯×¯�Ò Á¨ �­Á¼�ÎÜµ�ŅÒ¯ñ�� Ì�Î×¯�µ�Ò
¯¼ � ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì ¼��Üµ�Į 1�}ÇÓËį ĂćąŁĂłĭĂăĈńĂĄĉį ăāāĄĮ

ĂĂć
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�Üññ¯į 4Į FĮ �¼� {�­¼µ�į <Į 4Į E�×�Î¯�µ �¼­�¼��»�¼× ¯¼ VÎÁ×ÁÌµ�¼�×�Îì F��Üµ�� �ì V�Î×¯�µ�
�Î¯¨× ×­ÎÁÜ©­ �å�ÌÁÎ�×¯Á¼ *ÎÁ¼×ÒĮ ŮÅ2į ćĂąŁĂłĭąĊāńąĊćį ăāāąĮ

�Üññ¯į 4Į FĮį 0Á©�¼į XĮ �Įį V�ÍÜ�į 4Į EĮį �¼� �Á�ÎÁåÁµÒ³¯Òį žĮ XĮ \¯ñ�ŅÒ�µ��×¯å� �Á¼��¼×Î�×¯Á¼
Á¨ �­Á¼�ÎÜµ�Ò �¼� K×­�Î \»�µµ V�Î×¯�µ�Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì F��Üµ� aÜÎ�Üµ�¼��Į ŮÅ2į ĆąćŁĂłĭ
ąĊćńĆāĉį ăāāĂĮ

�Üññ¯į 4Į FĮį 0Á©�¼į XĮ �Įį �¼� \­�Î¯¨¨į <Į aÁæ�Î� Vµ�¼�×�Ò¯»�µÒĭ ��¼Ò� �­Á¼�ÎÜµ� �µÜ»ÌÒ
¯¼ ×­� VÎÁ×ÁÌµ�¼�×�Îì F��Üµ�Į ŮÅ2į ćĉĈŁăłĭĂąĄăńĂąąĈį ăāāĉĮ

�Üññ¯į 4Į FĮį 0Á©�¼į XĮ �Įį �¼� �Á××³�į pĮ *Į aÁæ�Î�Ò ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼Ò ¨ÁÎ �Ò×�ÎÁ¯�Ò �¼�
<Ü¯Ì�Î ��µ× K�±��×ÒĮ 1�}ÇÓËį ăāĉŁăłĭĆĂĉńĆĄĉį ăāĂāĮ

��å¯�Òį EĮ �Įį ž��»Òį *Į �Įį žÎ»¯×�©�į VĮį �× �µĮ a­� >Á¼©Ņa�Î» �ì¼�»¯��µ �åÁµÜ×¯Á¼ Á¨ Vµ�¼Ņ
�×�Îì \ìÒ×�»ÒĮ 2¼ ��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį
TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË m1į Ì�©� ĈĉĈį ăāĂąĮ

��µ�Áōį EĮį p�µÒ­į <Įį �Áµ¯¼į �Įį �× �µĮ 2��¼×¯¨¯��×¯Á¼ Á¨ � ÌÎ¯»ÁÎ�¯�µ �Ò×�ÎÁ¯� ¨�»¯µì �Á¼Ò×Î�¯¼Ò
×­� ÁÎ¯©¯¼�µ Ìµ�¼�×�Ò¯»�µ ÌÁÌÜµ�×¯Á¼Į Z�ª�¶��į ĄĆĈŁćĄĆĆłĭĂāăćńĂāăĊį ăāĂĈĮ

��µ�Áōį EĮį žå��µµ¯�ÁÜį �Įį �¼� EÁÎ�¯��µµ¯į žĮ ž¼�¯�¼× �¼� ÌÎ¯»ÁÎ�¯�µ �Áµµ¯Ò¯Á¼�µ ¨�»¯µ¯�Ò �Ò
×­� »�¯¼ ÒÁÜÎ��Ò Á¨ uŅ×ìÌ� �Ò×�ÎÁ¯�Ò Á¨ ×­� ¯¼¼�Î »�¯¼ ��µ×Į ŮŞŮį ćăąĭžćĊį ăāĂĊĮ

��µÒ�¼×¯į žĮ �¼� 4�æ¯××į �Į a­� \Áµ�Î \ìÒ×�» ��ìÁ¼� a­� Vµ�¼�×ÒĮ 2¼ �µÁ¼��µį VĮ �¼� E�ÒÁ¼į
4Į pĮį ��¯×ÁÎÒį Z»¯}Ç ZãËÐ�µ dÅ�}Ð�į Ì�©� ăćĈį ăāāćĮ

�¯××Î¯�­į <Įį <µ�­Îį 0Įį �¼� 4Á­�¼Ò�¼į žĮ +Î�åÁ×ÜÎ�Üµ�¼× Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ĭ a­� VÁÒ¯×¯å�
�¨¨��× Á¨ >Á¼©Ņµ¯å�� {Á¼�µ *µÁæÒĮ ŮÅ2į ĈćĄŁăłĭĂĂĈį ăāĂĄĮ

�Á­¼�¼ì¯į 4Į \Į �Áµµ¯Ò¯Á¼�µ EÁ��µ Á¨ žÒ×�ÎÁ¯�Ò �¼� a­�¯Î ���Î¯ÒĮ 2Ğ +�»Å¨ãËĞ V�ËĞį ĈąĭăĆĄĂńăĆĆąį
ĂĊćĊĮ

�ÁÌÌ»�¼¼į +Į pĮį F�±¯×�į 4Į XĮį ��ÎÎį 4Į \Įį �¼� +Î�­�»į 4Į XĮ p�Î» 02K �¼� K0 �¯Ò³ �»¯ÒŅ
Ò¯Á¼ ¯¼ oĂĄĄĂ �ì©Į ŮÅ2į ĈĄĉŁĂłĭĂĂăį ăāĂĂĮ

�Î�¯¼�į �Į aĮ K¼ ×­� \Ü�»¯µµ¯»�×�Î KÌ��¯×ì Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćĄćŁăłĭĂĂĂąńĂĂăāį
ăāāćĮ

�Î�ô³ÁæÒ³�į 4Į �¼� žµ¯��Î×į vĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Ò×�Î×Ò �× ×­� Ò¼Áæ µ¯¼�Į ŮŞŮį ćāĉĭžĊăį
ăāĂĈĮ

�Î�ô³ÁæÒ³�į 4Į �¼� �Üµµ�»Á¼�į �Į VĮ ��¼ �ÜÒ× �Á�©Üµ�×¯Á¼ ×Î¯©©�Î Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĵ
ŮŞŮį ĆĈăĭžĈĉį ăāĂąĮ

�Î�ô³ÁæÒ³�į 4Įį p¯¼�»�Î³į *Įį �¼� �Üµµ�»Á¼�į �Į VĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ å¯� Òæ��ÌŅÜÌ
©ÎÁæ×­ �× ×­� ¯¼¼�Î ��©� Á¨ ���� ñÁ¼�ÒĮ ŮŞŮį ĆĆćĭžĄĈį ăāĂĄĮ

�Î�ô³ÁæÒ³�į 4Įį žµ¯��Î×į vĮį �¼� EÁÁÎ�į �Į �µÁÒ�Ņ¯¼ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ �ì Ì¯µ�ŅÜÌ Á¨ �Î¯¨×Ņ
¯¼© Ì���µ�ÒĮ ŮŞŮį ĆĊąĭžĂāĆį ăāĂćĮ

ĂĂĈ
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�Î�ô³ÁæÒ³�į 4Įį >¯į \Įį �¯Î¼Ò×¯�µį aĮį �× �µĮ 2¼�µÜ�¯¼© �ÜÒ× �Á�©Üµ�×¯Á¼ ¯¼ 0ì�ÎÁ�ì¼�»¯� EÁ�Ņ
�µÒ Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òĭ �ÜÒ× �åÁµÜ×¯Á¼ ¯¼ ×­� o¯�¯¼¯×ì Á¨ � 4ÜÌ¯×�ÎŅ»�ÒÒ Vµ�¼�×Į ŮÅ2į ĉĉĆ
ŁĂłĭĊĂį ăāĂĊĮ

�Ü�ÎÜµµ�į �Įį EÁÎ¨¯µµį +Įį �¼� \×�Îñ¯³į EĮ a­� �ÜÒ× ÒÜ��¯Ò³ ¯¼ ×­� ÌÎÁ×ÁÌµ�¼�×�Îì ¼��Üµ�Į 1�}ÇÓËį
ĂĂąŁăłĭăĄĈńăąćį ĂĊĊĆĮ

�Üµµ�»Á¼�į �Į VĮį �¯Î¼Ò×¯�µį aĮį 0Ü�¼©į 4Įį �× �µĮ a­� �¯Ò³ \Ü�Ò×ÎÜ�×ÜÎ�Ò �× 0¯©­ ž¼©Üµ�Î X�ÒŅ
ÁµÜ×¯Á¼ VÎÁ±��× Ł�\0žXVłĮ o2Į �ÜÒ× aÎ�ÌÌ¯¼© ¯¼ a­¯¼ŅÎ¯¼©�� VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉćĊĭ
>ąćį ăāĂĉĮ

�ÜÍÜ�¼¼Áìį žĮ �¼� E�ìÁÎį EĮ EÜµ×¯Ìµ¯�¯×ì �»Á¼© ÒÁµ�ÎŅ×ìÌ� Ò×�ÎÒ ¯¼ ×­� ÒÁµ�Î ¼�¯©­�ÁÜÎ­ÁÁ�Į
22 Ņ �¯Ò×Î¯�Ü×¯Á¼ Á¨ ×­� ÁÎ�¯×�µ �µ�»�¼×Ò ¯¼ �¼ Ü¼�¯�Ò�� Ò�»Ìµ�Į ŮŞŮį ĆāāĭĄĄĈńĄĈćį ĂĊĊĂĮ

�ñìÜÎ³�å¯�­į FĮį *µÁ�³į EĮį aÜÎ¼�Îį FĮ 4Įį �× �µĮ aÎ�ÌÌ¯¼© ÒÁµ¯�Ò �× ×­� ¯¼¼�Î ��©� Á¨ ×­� ����
ñÁ¼�ĭ ĄŅ� ©µÁ��µ E0� Ò¯»Üµ�×¯Á¼ÒĮ ŮŞŮį ĆĂĆĭžĈāį ăāĂāĮ

�µµ¯Á×į 4Į >Įį <�Î¼į \Į �Įį �µ�¼�ìį <Į �Įį �× �µĮ a­� ���Ì ��µ¯Ì×¯� \ÜÎå�ìĭ ž \��Î�­ ¨ÁÎ <Ü¯Ì�Î
��µ× K�±��×Ò �¼� ��¼×�ÜÎÒĮ 22Į �ì¼�»¯��µ �µ�ÒÒ¯¨¯��×¯Á¼į ×­� <Ü¯Ì�Î ��µ× Vµ�¼�į �¼� ×­� �ÁÎ�
VÁÌÜµ�×¯Á¼Į Ů2į ĂăĊŁăłĭĂĂĂĈńĂĂćăį ăāāĆĮ

�Î�Áµ�¼Áį �Įį 4�¼¼¯¼©Òį 4Įį XÁÒÁ××¯į +Įį �¼� �¯Î¼Ò×¯�µį aĮ uŅÎ�ì Ì­Á×Á�å�ÌÁÎ�×¯Á¼ōÒ µ¯»¯×�� ÒÜ�Ņ
��ÒÒ ¯¼ ×­� ¨ÁÎ»�×¯Á¼ Á¨ Ìµ�¼�×�Ò¯»�µÒ �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ CDVŮZį ąĈăŁąłĭąĂĂĈńąĂăĆį
ăāĂĈĮ

�Î¯³ÒÒÁ¼į >Į �Į 4Įį 4Á­�¼Ò�¼į žĮį �¼� >¯Üį �Į V���µ� �Î¯¨× �¼� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò�Ò æ¯×­ �»������ Ìµ�¼�×ÒĮ ŮŞŮį ćĄĆĭžĂĂāį ăāăāĮ

�Ò×Î���į VĮ XĮį �Üññ¯į 4Į FĮį �¼� EÁÎ©�¼į �Į žĮ +µÁ��µ EÁ��µ¯¼© Á¨ F��Üµ�� æ¯×­ V�Î×¯�µ�
+ÎÁæ×­į �Î¯¨×į �¼� �å�ÌÁÎ�×¯Á¼ *ÎÁ¼×ÒĮ 2Į E�×­Á�ÁµÁ©ì �¼� aìÌ¯��µ X�ÒÜµ×ÒĮ ŮÅ2į ĉĂĉŁăłĭăāāį
ăāĂćĮ

*���µ�į �Įį ��Î¼�ìį EĮį 0Á©�Î­�¯±��į EĮ XĮį �× �µĮ ž>Ež Ü¼å�¯µÒ Î¯¼©Ò �¼� ©�ÌÒ ¯¼ ×­� ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì ÒìÒ×�» 0� ĂćĊĂąăĭ Ò¯©¼�×ÜÎ�Ò Á¨ ×æÁ ©¯�¼× ÌÎÁ×ÁÌµ�¼�×ÒĮ ŮŞŮį ćāāĭžĈăį ăāĂĈĮ

*µ�­�Î×ìį <Įį 0Ü©­�Òį žĮ EĮį \¯»Á¼į 4Į �Įį �× �µĮ E��ÒÜÎ¯¼© aÜÎ�Üµ�¼× EÁ×¯Á¼ ¯¼ Vµ�¼�×Ņ¨ÁÎ»¯¼©
�¯Ò³Ò æ¯×­ ž>Ežĭ ž ��×��×¯Á¼ �ÎÁÜ¼� �E a�Ü �¼� FÁ¼��×��×¯Á¼Ò �ÎÁÜ¼� Ep� ąĉā �¼�
oąāąć \©ÎĮ ŮÅ2į ĉĊĆŁăłĭĂāĊį ăāăāĮ

*µ�­�Î×ìį <Į EĮį 0Ü©­�Òį žĮ EĮį XÁÒ�¼¨�µ�į <Į žĮį �× �µĮ p��³ aÜÎ�Üµ�¼�� ¯¼ ×­� 0� ĂćĄăĊć
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ X�å��µ�� �ì ž>Ež �K K�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į ĉĂĄŁăłĭĊĊį ăāĂĆĮ

*µ�­�Î×ìį <Į EĮį 0Ü©­�Òį žĮ EĮį XÁÒ�į \Į �Įį �× �µĮ ž a­Î��Ņ�¯»�¼Ò¯Á¼�µ o¯�æ Á¨ aÜÎ�Üµ�¼��ĭ
�Á¼Ò×Î�¯¼×Ò Á¼ aÜÎ�Üµ�¼× EÁ×¯Á¼Ò ¯¼ ×­� 0� ĂćĄăĊć VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ fÒ¯¼© ��K+Į ŮÅ2į
ĉąĄŁăłĭĂĆāį ăāĂĈĮ

*µ�­�Î×ìį <Į EĮį 0Ü©­�Òį žĮ EĮį a��©Ü�į XĮį �× �µĮ aÜÎ�Üµ�¼�� ¯¼ ×­� ap 0ì� �¯Ò³Į ŮÅ2į ĉĆćŁăłĭ
ĂĂĈį ăāĂĉĮ

ĂĂĉ
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*µÁ�³į EĮį F�µÒÁ¼į XĮ VĮį aÜÎ¼�Îį FĮ 4Įį �× �µĮ X��¯�×¯Á¼ 0ì�ÎÁ�ì¼�»¯��µ aÜÎ�Üµ�¼�� ¯¼ VÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³Òĭ FÜ»�Î¯��µ EÁ��µÒ �¼� K�Ò�Îå�×¯Á¼�µ �Á¼Ò×Î�¯¼×ÒĮ ŮÅ2į ĉĆāŁăłĭĂĄĂį ăāĂĈĮ

*µÁ�³į EĮį aÜÎ¼�Îį FĮ 4Įį F�µÒÁ¼į XĮ VĮį �× �µĮ +�Ò �¼� �ÜÒ× �ì¼�»¯�Ò ¯¼ \×�Îµ¯©­×Ņ­��×�� VÎÁŅ
×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉĊĈŁăłĭĂĆĆį ăāăāĮ

*Î�Ò�Îį pĮ �Įį ��¼¼¯Ò×�Îį EĮ aĮį V¯³�į XĮ �Įį �× �µĮ žµµ Ìµ�¼�×�Ò¯»�µÒ �ÁÎ¼ ¼��Î ×­� <Ü¯Ì�Î ��µ×
¨ÁÎ»�� �Ò �¯¼�Î¯�ÒĮ D}ÐÓÇ� ŮËÐÇ»¶»µãį Ăĭāāĉĉį ăāĂĈ�Į

*Î�Ò�Îį pĮ �Įį ��¼¼¯Ò×�Îį EĮ aĮį V¯³�į XĮ �Įį �× �µĮ �ÁÎÎ¯©�¼�Ü»ĭ žµµ Ìµ�¼�×�Ò¯»�µÒ �ÁÎ¼ ¼��Î
×­� <Ü¯Ì�Î ��µ× ¨ÁÎ»�� �Ò �¯¼�Î¯�ÒĮ D}ÐÓÇ� ŮËÐÇ»¶»µãį ĂĭāĂĄĉį ăāĂĈ�Į

*Î¯�³�į <Į 2¼Ò×��¯µ¯×�× Ò×�×¯Á¼�Î�Î XÁ×�×¯Á¼ ¯¼ \×�Î¼�¼Į yŮÅį ćĉĭĄĂĈį ĂĊćĉĮ

*Î¯��Î¯�­į 4Į EĮį p�¯Ò��Î©į EĮ <Įį ���µį �Į \Įį �× �µĮ �­Á¼�ÎÜµ� Ò¯ñ� �¼� Î�µ�×�� Ì­ìÒ¯��µ ÌÎÁÌŅ
�Î×¯�Òĭ ž �Á»Ì¯µ�×¯Á¼ �¼� �å�µÜ�×¯Á¼ Á¨ �ÜÎÎ�¼× ��×� ��ÎÁÒÒ �µµ »�×�ÁÎ¯×� ©ÎÁÜÌÒĮ �¨�µª� ��Ç
�Ç�� Ī +�»�¨�µªËÐÇãį ĈĆŁąłĭąĂĊńąąĄį ăāĂĆĮ

*ÎÁ»�¼©į \Į �¼� V�Ì�µÁ¯ñÁÜį 4Į �ÜÒ× Ò�××µ¯¼© ¯¼ µÁ��µ Ò¯»Üµ�×¯Á¼Ò Á¨ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³ÒĮ ŮŞŮį ąĆăŁĄłĭĈĆĂńĈćăį ăāāćĮ

*Îìë�µµį �Įį KµÒÁ¼į <Įį X¯�³�Îį VĮį �× �µĮ *>ž\0ĭ ž¼ ž��Ì×¯å� E�Ò­ 0ì�ÎÁ�ì¼�»¯�Ò �Á�� ¨ÁÎ
EÁ��µ¯¼© žÒ×ÎÁÌ­ìÒ¯��µ a­�Î»Á¼Ü�µ��Î *µ�Ò­�ÒĮ ŮÅ2Zį ĂĄĂŁĂłĭăĈĄńĄĄąį ăāāāĮ

+�»»¯�į �Į *Į >�ì�Î�� ž��Î�×¯Á¼ ¯¼ a a�ÜÎ¯ �¯Ò³ÒĮ ŮÅ2į ąĆĈĭĄĆĆį ĂĊĊćĮ

+�Î�Ü�į VĮ +ÎÁæ×­ �¼� E¯©Î�×¯Á¼ Á¨ \Áµ¯�Ò ¯¼ �åÁµå¯¼© VÎÁ×ÁÒ×�µµ�Î �¯Ò³ÒĮ 2Į E�×­Á�Ò �¼�
ž¼�µì×¯��µ a�Ò×ÒĮ ŮÅ2į ćĈĂŁăłĭăāĊĂńăĂĂąį ăāāĈĮ

+�Î�Ü�į VĮį E�ÎÜį *Įį +�µå�©¼¯į EĮį �¼� Kµ�ñ�³į �Į *ÎÁ» �ÜÒ× ×Á Vµ�¼�×�Ò¯»�µÒĭ ž¼ 2»ÌÎÁå��
EÁ��µ ¨ÁÎ �Áµµ¯Ò¯Á¼�µ +ÎÁæ×­ ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĈćąŁăłĭĂąćį ăāĂĄĮ

+�Î�¯�į žĮ 4Į >Į �¼� +Á¼ñ�µ�ñį 4ĮŅ*Į �åÁµÜ×¯Á¼ Á¨ ÌÁÎÁÜÒ �ÜÒ× ©Î�¯¼Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Ò Ņ 2Į
+ÎÁæ¯¼© ©Î�¯¼ÒĮ CDVŮZį ąĊĄŁăłĭĂĈĉĉńĂĉāāį ăāăā�Į

+�Î�¯�į žĮ 4Į >Į �¼� +Á¼ñ�µ�ñį 4ĮŅ*Į �ÎÎ�×Ü»ĭ �åÁµÜ×¯Á¼ Á¨ ÌÁÎÁÜÒ �ÜÒ× ©Î�¯¼Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò�Ò Ņ 2Į +ÎÁæ¯¼© ©Î�¯¼ÒĮ CDVŮZį ąĊĄŁąłĭćĂĂĊńćĂĂĊį ăāăā�Į

+�Î�¯©į <Įį EÜÎÎ�ìŅ�µ�ìį XĮ žĮį <µ�­Îį 0Įį �¼� ���­Îį 0Į X�ÍÜ¯Î�»�¼×Ò ¨ÁÎ +Î�å¯×�×¯Á¼�µ �ÁµŅ
µ�ÌÒ� ¯¼ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Ńa­� 2»Ì��× Á¨ \��µ�Ò \�× �ì <�µå¯¼Ņ0�µ»­Áµ×ñ �¼� FÁ¼µ¯¼Ņ
��Î \×Î��»¯¼© 2¼Ò×��¯µ¯×ìĮ ŮÅ2į ĉĊĆŁăłĭĊĂį ăāăāĮ

+¯��Á¼Òį VĮ +Įį X¯��į pĮ <Į EĮį �¼� E�»�×Ò�Ò­å¯µ¯į +Į XĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ Ò�µ¨Ņ
©Î�å¯×�×¯¼© �¯Ò�ÒĮ CDVŮZį ąăćŁăłĭĂąąąńĂąĆąį ăāĂăĮ

+¯��Á¼Òį VĮ +Įį E�»�×Ò�Ò­å¯µ¯į +Į XĮį �¼� X¯��į pĮ <Į EĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ Ò�µ¨Ņ
©Î�å¯×�×¯¼© �¯Ò�Ò Ņ ×­� �¨¨��×Ò Á¨ Ì�Î×¯�µ� Ò�µ¨Ņ©Î�å¯×ì �¼� ���³ŅÎ���×¯Á¼Į CDVŮZį ąąăŁĂłĭĄćĂńĄĈĂį
ăāĂąĮ

ĂĂĊ
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+¯��Á¼Òį VĮ +Įį E�»�×Ò�Ò­å¯µ¯į +Į XĮį �¼� X¯��į pĮ <Į EĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ Ò�µ¨Ņ
©Î�å¯×�×¯¼© �¯Ò�Ò Ņ �ÜÒ× ×Î�ÌÌ¯¼© �ì åÁÎ×¯��ÒĮ CDVŮZį ąĆĄŁąłĭąăĄăńąăąĄį ăāĂĆĮ

+µ��»�¼į �Įį E�ÎÒ��¼į �Į +Įį �¼� o�¼µ��Î­Áå�¼į �Į FÁ»�¼�µ�×ÜÎ� ¯¼ ×­� KÜ×�Î \Áµ�Î \ìÒ×�»Į
2¼ ��ÎÜ��¯į EĮ žĮį �Á�­¼­�Î�×į 0Įį �ÎÜ¯³Ò­�¼³į �Į VĮį �× �µĮį ��¯×ÁÎÒį _¨� Z»¯}Ç ZãËÐ�µ ��ã»¶�
D�ÅÐÓ¶�į Ì�©� ąĄį ăāāĉĮ

+Áµ�Î�¯�­į VĮ �¼� >ì¼��¼Ņ��µµį �Į 22Į \Ì¯Î�µ �Î»Ò �Ò Ò­��Î�� ©Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×¯�ÒĮ
CDVŮZį ĂĄāĭĂăĆį ĂĊćĆĮ

+Áµ�Î�¯�­į VĮ �¼� \�­Ü��Î×į +Į �¯¨¨�Î�¼×¯�µ XÁ×�×¯Á¼ ¯¼ \×�ÎÒĮ ŮÅ2į ĂĆāĭĆĈĂį ĂĊćĈĮ

+Áµ�Î�¯�­į VĮ �¼� p�Î�į pĮ XĮ a­� *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒĮ ŮÅ2į ĂĉĄĭĂāĆĂńĂāćăį ĂĊĈĄĮ

+Áµ�Î�¯�­į VĮį >¯×­æ¯�³į vĮį �¼� \�Î¯į XĮ *ÁÎ»�×¯Á¼ Á¨ <Ü¯Ì�ÎŅ��µ× �¯¼�Î¯�Ò �ì �ì¼�»¯��µ ¨Î¯�Ņ
×¯Á¼ �¼� ×­Î��Ņ�Á�ì �¼�ÁÜ¼×�ÎÒĮ D}ÐÓÇ�į ąăāŁćĊĂćłĭćąĄńćąćį ăāāăĮ

+Áµ�į �Į žĮį \¯»Á¼į 4Į �Įį >¯į XĮį �× �µĮ aÜÎ�Üµ�¼�� X�©Üµ�×�Ò ×­� X�×� Á¨ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼
å¯� +Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ�Į ŮÅ2į ÒÜ�»¯××��Į

+Â»�ñį +Į �Į �¼� KÒ×Î¯³�Îį �Į �Į a­� �¨¨��× Á¨ ×­� �ÁÎ¯Áµ¯Ò *ÁÎ�� Á¼ <�µå¯¼Ņ0�µ»­Áµ×ñŅ�Î¯å�¼
E¯ë¯¼© ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćĄāŁăłĭĂāĊĄńĂĂāćį ăāāĆĮ

+Á¼ñ�µ�ñį 4Į *Įį >�¯��į +Įį �¼� E���¯ÒÁ¼į \Į aĮ \�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒĭ Áå�Î�Á»¯¼© Ìµ�¼�×
¨ÁÎ»�×¯Á¼ ��ÎÎ¯�ÎÒĮ CDVŮZį ąćĈŁăłĭĂĊĉąńĂĊĊćį ăāĂĈ�Į

+Á¼ñ�µ�ñį 4Į *Įį >�¯��į +Įį �¼� E���¯ÒÁ¼į \Į aĮ �ÎÎ�×Ü»ĭ \�µ¨Ņ¯¼�Ü��� �ÜÒ× ×Î�ÌÒĭ Áå�Î�Á»¯¼©
Ìµ�¼�× ¨ÁÎ»�×¯Á¼ ��ÎÎ¯�ÎÒĮ CDVŮZį ąĈăŁĂłĭĂĂćăńĂĂćăį ăāĂĈ�Į

+Î��¼�į aĮ VĮį p¯µ³¯¼©į �Į žĮį ž¼�Î�į VĮį �× �µĮ *ÜÎ×­�Î E¯�Ņ2¼¨Î�Î�� \×Ü�ì Á¨ ×­� Î­Á KÌ­¯Ü�­¯
�µÁÜ� vÁÜ¼© \×�µµ�Î VÁÌÜµ�×¯Á¼ĭ >Ü»¯¼ÁÒ¯×¯�Ò �¼� E�ÒÒ�Ò Á¨ VÎ�ńE�¯¼Ņ\�ÍÜ�¼�� \×�ÎÒĮ ŮÅ2į
ąĄąĭćĂąį ĂĊĊąĮ

+Î�ÒÒ�µį KĮį aÜÎ¼�Îį FĮ 4Įį F�µÒÁ¼į XĮ VĮį �¼� E�F�µµìį �Į VĮ +µÁ��µ \¯»Üµ�×¯Á¼Ò Á¨ VÎÁ×ÁÌµ�¼�×Ņ
�Îì �¯Ò³Ò p¯×­ K­»¯� X�Ò¯Ò×¯å¯×ì �¼� ž»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼Į ŮÅ2į ĉāĂŁăłĭĉąį ăāĂĆĮ

+Î�ÒÒ�µį KĮį X�»Ò�ìį 4Į VĮį �Î¯¼�­į �Įį �× �µĮ +µÁ��µ 0ì�ÎÁ»�©¼�×¯� \¯»Üµ�×¯Á¼Ò Á¨ VÎÁ×ÁÌµ�¼Ņ
�×�Îì �¯Ò³Ò æ¯×­ \×�µµ�Î 2ÎÎ��¯�×¯Á¼ �¼� \¯»Ìµ¯¨¯�� a­�Î»Á�­�»¯Ò×ÎìĮ ŮÅ2į ĉĊćŁăłĭĂăćį ăāăāĮ

+ÎÜ¼�ìį pĮ EĮį FÁµµį <Į \Įį F¯»»Áį *Įį �× �µĮ *¯å� ¼�æ �¼� ×­Î�� ¯»ÌÎÁå�� »Ü×Ü�µ ÁÎ�¯×Ò Á¨
×Î�¼Ò¼�Ì×Ü¼¯�¼ �¯¼�Î¯�ÒĮ 1�}ÇÓËį ăĂĄŁăłĭćĈĉńćĊăį ăāĂĂĮ

+ÎÜ¼�ìį pĮ EĮį FÁµµį <Į \Įį XÁ�į 0Į +Įį �× �µĮ EÜ×Ü�µ ÁÎ�¯× ÁÎ¯�¼×�×¯Á¼Ò Á¨ ×Î�¼Ò¼�Ì×Ü¼¯�¼
�¯¼�Î¯�ÒĮ 1�}ÇÓËį ĄĄąĭćăńĈĉį ăāĂĊĮ

+ÎÜ¼�ìį pĮ EĮį �¯Î�į EĮ <Įį �Î¯××į �Į aĮį �× �µĮ �ÁµÁÎį �Á»ÌÁÒ¯×¯Á¼į �¼� ×­�Î»�µ �¼å¯ÎÁ¼»�¼×
Á¨ <Ü¯Ì�Î ��µ× Á�±��× ŁąĉćĊĆĉł žÎÎÁ³Á×­Į Z�ª�¶��į ĄćĈŁćąĉĂłĭ��ìĄĈāĆį ăāăāĮ

+Ü¯µµÁ×��Üį \Įį �Ü×Î�ìį žĮį p�³�µ�»į oĮį �× �µĮ �­�»¯Ò×Îì ¯¼ �¯Ò³ÒĮ o222Į a­� �\ »Áµ��Üµ� �Ò �¼
�¼�µì×¯� ×Î���Î Á¨ ×ÜÎ�Üµ�¼�� ¯¼ �¯Ò³ÒĮ ŮŞŮį ĆąĉĭžĈāį ăāĂăĮ

Ăăā
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+Ü¼�µ��­į �Į �¼� �µÜ»į 4Į a­� \×¯�³¯¼�ÒÒ Á¨ E¯�ÎÁ»�×�ÎŅÒ¯ñ�� p�×�ÎŅ¯�� V�Î×¯�µ�ÒĮ ŮÅ2į ĈĊĉ
ŁĂłĭĄąį ăāĂĆĮ

+Ü¼�µ��­į �Įį \�­»¯�×į <Į VĮį <Î�Üñ¯©į �Įį �× �µĮ a­� ×�¼Ò¯µ� Ò×Î�¼©×­ Á¨ ¯�� �¼� �ÜÒ× �©©Î�©�×�Ò
�¼� ¯×Ò ��Ì�¼��¼�� Á¼ Ì�Î×¯�µ� ÌÎÁÌ�Î×¯�ÒĮ CDVŮZį ąĈĊŁĂłĭĂăĈĄńĂăĈĈį ăāĂĉĮ

+ß××µ�Îį �Įį <Î�ÜÒ�į EĮį +�Î�×Ò­�ÜÒ�Îį XĮ 4Įį �× �µĮ a­� V­ìÒ¯�Ò Á¨ VÎÁ×ÁÌµ�¼�×�Ò¯»�µ �ÜÒ× ž©Ņ
©µÁ»�Î�×�ÒĮ 2oĮ aÁæ�Î� � �ì¼�»¯��µ �Áµµ¯Ò¯Á¼ EÁ��µĮ ŮÅ2į ĈāĂŁĂłĭĂĄāńĂąĂį ăāāĊĮ

+ß××µ�Îį �Įį �µÜ»į 4Įį {ÒÁ»į žĮį �× �µĮ a­� ÁÜ×�Á»� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �ÜÒ× ©ÎÁæ×­ĭ Ì���µ�Òį
�ÁÜµ��ÎÒį ÁÎ Ìµ�¼�×�Ò¯»�µÒĵĮ 2Į E�ÌÌ¯¼© ×­� ñÁÁ Á¨ µ��ÁÎ�×ÁÎì �Áµµ¯Ò¯Á¼ �ëÌ�Î¯»�¼×ÒĮ ŮŞŮį ĆĂĄĭ
žĆćį ăāĂāĮ

0�©­¯©­¯ÌÁÜÎį FĮ �¼� �ÁÒÒį žĮ VĮ K¼ +�Ò �Î�©Ņ2¼�Ü��� X�Ì¯� E¯©Î�×¯Á¼ Á¨ \Áµ¯�Ò ¯¼ �
FÁ¼Ü¼¯¨ÁÎ» \Áµ�Î F��Üµ�Į ŮÅ2į ĆĊĉŁăłĭĂĄāĂńĂĄĂĂį ăāāĄĮ

0�¯Ò�­į 4Į <�Îµ �Įį >���į �Į žĮį �¼� >���į �Į 4Į �¯Ò³ *Î�ÍÜ�¼�¯�Ò �¼� >¯¨�×¯»�Ò ¯¼ vÁÜ¼© �µÜÒ×�ÎÒĮ
ŮÅ2į ĆĆĄŁăłĭ>ĂĆĄń>ĂĆćį ăāāĂĮ

0�ÎÒÁ¼Áį �Įį �±�Î³�µ¯į VĮį å�¼ ��Î p¯�µį EĮ 0Į �Įį �× �µĮ �å¯��¼�� ¨ÁÎ ×­� Ò×�Î× Á¨ Ìµ�¼�× ¨ÁÎ»�Ņ
×¯Á¼ ¯¼ � ìÁÜ¼© �¯Î�Ü»Ò×�µµ�Î �¯Ò³Į D}ÐÓÇ� ŮËÐÇ»¶»µãį ăĭćąćńćĆĂį ăāĂĉĮ

0�Î×µ�Ìį aĮ �¼� �Üññ¯į 4Į FĮ ��Ò���� EÁ��µ ¨ÁÎ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ �ì aÜÎ�Üµ�¼× �µÜÒ×�ÎŅ
¯¼©Į ŮÅ2į ĉĊăŁăłĭĂăāį ăāăāĮ

0�Ü©�Êµµ�į aĮį p���Îį VĮį p¯�µ�¼�×į �Į VĮį �× �µĮ VÎÁ�¯¼© ×­� VÎÁ×ÁÒÁµ�Î �¯Ò³ fÒ¯¼© �ÜÒ× *¯µ×�ÎŅ
¯¼© �× +�ÌÒ ¯¼ ×­� ��Îµì \Áµ�Î \ìÒ×�»Į Ů2į ĂĆĉŁăłĭĆĆį ăāĂĊĮ

0�ì�Ò­¯į �Į \×ÎÜ�×ÜÎ� Á¨ ×­� \Áµ�Î F��Üµ�į +ÎÁæ×­ �¼� ����ì Á¨ E�©¼�×¯� *¯�µ�Ò �¼� �¨¨��×Ò
Á¨ E�©¼�×¯� �¼� aÜÎ�Üµ�¼× o¯Ò�ÁÒ¯×¯�Ò Á¼ ×­� F��Üµ�Į TÇ»£Ç�ËË »¢ _¨�»Ç�Ðª�}¯ T¨ãËª�Ë ZÓÅÅ¯�µ�¶Ðį
ĈāĭĄĆńĆĄį ĂĊĉĂĮ

0�µµ��į XĮį �Á��¼­�¯»�Îį VĮį VÁ�Áµ�³į EĮį �× �µĮ +¯�¼× Vµ�¼�× *ÁÎ»�×¯Á¼į �åÁµÜ×¯Á¼į �¼� 2¼Ņ
×�Î¼�µ \×ÎÜ�×ÜÎ�Į 2¼ ��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį
TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË m1į Ì�©� ćąĄį ăāĂąĮ

0Ü�¼©į 4Įį ž¼�Î�æÒį \Į EĮį V�Î�ñį >Į EĮį �× �µĮ a­� �¯Ò³ \Ü�Ò×ÎÜ�×ÜÎ�Ò �× 0¯©­ ž¼©Üµ�Î X�ÒÁµÜŅ
×¯Á¼ VÎÁ±��× Ł�\0žXVłĮ 222Į \Ì¯Î�µ \×ÎÜ�×ÜÎ�Ò ¯¼ ×­� E¯µµ¯»�×�Î �Á¼×¯¼ÜÜ» Á¨ ×­� �µ¯�Ò ăĈį 2E
>ÜÌį �¼� p�KÌ­ ć �¯Ò³ÒĮ ŮÅ2į ĉćĊŁăłĭ>ąĄį ăāĂĉĮ

0Ü�¼©į VĮį >¯į 0Įį 2Ò�µµ�į žĮį �× �µĮ E�ÒÁŅÒ��µ� 2¼Ò×��¯µ¯×ì aÎ¯©©�Î�� �ì �ÜÒ× *������³ ¯¼ �ÜÒ×ì
X¯¼©Òĭ KÎ¯©¯¼ �¼� K�Ò�Îå�×¯Á¼�µ 2»Ìµ¯��×¯Á¼ÒĮ ŮÅ2į ĉĊĄŁăłĭĉĊį ăāăāĮ

0Ü©­�Òį žĮ EĮį p¯µ¼�Îį �Į 4Įį ž¼�Î�æÒį \Į EĮį �× �µĮ �»Ì¯Î¯��µ �Á¼Ò×Î�¯¼×Ò Á¼ aÜÎ�Üµ�¼�� ¯¼
VÎÁ×ÁÌµ�¼�×�Îì ž��Î�×¯Á¼ �¯Ò³ÒĮ ŮÅ2į ĈăĈŁăłĭĉĆį ăāĂĂĮ

0Ü©­�Òį žĮ EĮį �Ü�­ ¼�į +Įį �¼� E�××­�æÒį �Į �Į ���Î¯Ò �¯Ò³Òĭ \×ÎÜ�×ÜÎ�į �Á»ÌÁÒ¯×¯Á¼į �¼�
o�Î¯��¯µ¯×ìĮ ŮVŮŞŮį ĆćĭĆąĂńĆĊĂį ăāĂĉĮ

ĂăĂ
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2��į \Į �¼� +Ü¯µµÁ×į aĮ *ÁÎ»�×¯Á¼ Á¨ �ÜÒ×ŅÎ¯�­ Ìµ�¼�×�Ò¯»�µÒ ¨ÎÁ» ÒÜ�µ¯»�×�� Ì���µ�Ò ¯¼Ò¯��
Á¨ ×­� Ò¼Áæ µ¯¼�Į ŮŞŮį ĆĊćĭ>Ąį ăāĂćĮ

2µ©¼�Îį EĮ �¼� F�µÒÁ¼į XĮ VĮ K¼ ×­� ¯Á¼¯Ò�×¯Á¼ ¨Î��×¯Á¼ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 2Į �Á»Ì�Î¯¼©
�¯¨¨�Î�¼× Î���×¯Á¼ ¼�×æÁÎ³ÒĮ ŮŞŮį ąąĆŁĂłĭăāĆńăăăį ăāāćĮ

2¼���į \Į �¼� ��Î©�į VĮ �ÜÒ×ì oÁÎ×¯��Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćąĊŁĂłĭąĂĆńąăĈį ăāāćĮ

4��ÍÜ�×į �Įį ��µ�ÜÒį \Įį �¼� >�××�Îį 0Į K¼ µ¯¼��Î �ÜÒ×Ņ©�Ò Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼Ņ
�×�Îì �¯Ò�ÒĮ CDVŮZį ąĂĆŁąłĭĄĆĊĂńĄĆĊĉį ăāĂĂĮ

4�ÜÌ�Î×į �Į �¼� >�¯��į +Į �­�¼¼�µÒ ¨ÁÎ Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ �ÜÒ×ì �¯Ò�ÒĮ CDVŮZį ąĊăŁąłĭ
ąĆĊĂńąĆĊĉį ăāăāĮ

4¯¼į >Į ��»Ì¯¼© Á¨ ×­� \­��Î 2¼Ò×��¯µ¯×ì ¯¼ E�©¼�×¯ñ�� �¯Ò³Ò �ì K­»¯� �¯¨¨ÜÒ¯Á¼Į ŮÅ2į ąĆĈĭ
ĈĊĉį ĂĊĊćĮ

4Á­�¼Ò�¼į žĮ �¼� >�»�Î��­×Òį EĮ *ÁÎ»¯¼© Vµ�¼�×Ò å¯� V���µ� ž��Î�×¯Á¼Į Ů¶¶Ó}¯ V�Üª�Ý »¢ �}ÇÐ¨
}¶� T¯}¶�Ð}Çã Z�ª�¶��Ëį ąĆŁĂłĭĄĆĊńĄĉĈį ăāĂĈĮ

4Á­�¼Ò�¼į žĮ �¼� vÁÜ�¯¼į žĮ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ aÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� \×Î��»¯¼© 2¼Ņ
Ò×��¯µ¯×ìĭ FÁ¼µ¯¼��Î \�×ÜÎ�×¯Á¼ �¼� V�Î×¯�µ� �Á¼��¼×Î�×¯Á¼Į ŮÅ2į ććăŁĂłĭćăĈńćąĂį ăāāĈĮ

4Á­�¼Ò�¼į žĮį ž¼��ÎÒ�¼į žĮ �Įį �¼� �Î�¼��¼�ÜÎ©į žĮ \¯»Üµ�×¯Á¼Ò Á¨ �ÜÒ×Ņ×Î�ÌÌ¯¼© åÁÎ×¯��Ò ¯¼
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ ŮŞŮį ąĂĈĭĄćĂńĄĈąį ăāāąĮ

4Á­�¼Ò�¼į žĮį 0�¼¼¯¼©į aĮį �¼� <µ�­Îį 0Į �ÜÒ× \��¯»�¼×�×¯Á¼ �¼� \�µ¨ŅÒÜÒ×�¯¼�� <�µå¯¼Ņ
0�µ»­Áµ×ñ aÜÎ�Üµ�¼�� ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ E¯�Ìµ�¼�ÒĮ ŮÅ2į ćąĄŁăłĭĂăĂĊńĂăĄăį ăāāć�Į

4Á­�¼Ò�¼į žĮį <µ�­Îį 0Įį �¼� 0�¼¼¯¼©į aĮ +Î�åÁ×ÜÎ�Üµ�¼× *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒĮ ŮÅ2į
ćĄćŁăłĭĂĂăĂńĂĂĄąį ăāāć�Į

4Á­�¼Ò�¼į žĮį K¯Ò­¯į 4Į \Įį E�� >Áæį EĮŅEĮį �× �µĮ X�Ì¯� Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¯¼ ×ÜÎ�Üµ�¼×
�¯Î�Ü»Ò×�µµ�Î �¯Ò³ÒĮ D}ÐÓÇ�į ąąĉŁĈĂĆĈłĭĂāăăńĂāăĆį ăāāĈĮ

4Á­�¼Ò�¼į žĮį vÁÜ�¯¼į žĮį �¼� E�� >Áæį EĮŅEĮ V�Î×¯�µ� �µÜ»Ì¯¼© �¼� Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼
��Ì�¼� \×ÎÁ¼©µì Á¼ E�×�µµ¯�¯×ìĮ ŮÅ2į ĈāąŁăłĭ>ĈĆń>ĈĊį ăāāĊĮ

4Á­�¼Ò�¼į žĮį <µ�­Îį 0Įį �¼� 0�¼¼¯¼©į aĮ 0¯©­ŅÎ�ÒÁµÜ×¯Á¼ Ò¯»Üµ�×¯Á¼Ò Á¨ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�Ņ
×¯Á¼ ¯¼ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ ŮŞŮį ĆăĊĭžćăį ăāĂĂĮ

4Á­�¼Ò�¼į žĮį vÁÜ�¯¼į žĮ FĮį �¼� >¯×­æ¯�³į vĮ ž��¯¼© Ì�Î×¯�µ� �Áµµ¯Ò¯Á¼Ò ×Á ×­� ¨ÁÎ»�×¯Á¼ Á¨
�Ò×�ÎÁ¯�Ò �¼� <Ü¯Ì�Î ��µ× Á�±��×Ò å¯� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×¯�ÒĮ ŮŞŮį ĆĄĈĭžĂăĆį ăāĂăĮ

4Á­�¼Ò�¼į žĮį �µÜ»į 4Įį a�¼�³�į 0Įį �× �µĮ a­� EÜµ×¯¨���×�� Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ VÎÁ��ÒÒĮ 2¼
��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË
m1į Ì�©� ĆąĈį ăāĂąĮ

4Á­�¼Ò�¼į žĮį E�� >Áæį EĮŅEĮį >���Î��į VĮį �¼� �¯ññ�ÎÎÁį EĮ +ÎÁæ×­ Á¨ �Ò×�ÎÁ¯�Òį Ìµ�¼�×�Îì
�»�ÎìÁÒį �¼� <Ü¯Ì�Î ��µ× Á�±��×Ò �ì �­Á¼�ÎÜµ� ���Î�×¯Á¼Į Z�ª�¶�� Ů�Ü}¶��Ëį ĂĭĂĆāāĂāĊį ăāĂĆĮ

Ăăă
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4Ü×ñ¯į EĮ �¼� žÒÌ­�Ü©į �Į a­� Ò­�Ì� �¼� Ò×ÎÜ�×ÜÎ� Á¨ �Á»�×�Îì ¼Ü�µ�¯ �Ò � Î�ÒÜµ× Á¨ µÁæŅ
å�µÁ�¯×ì ���Î�×¯Á¼Į Z�ª�¶��į ĄąĉŁćăąĂłĭĂĄĆĆńĂĄĆĉį ăāĂĆĮ

<�×�Á³�į žĮį a�¼�³�į 0Įį K³ÜñÜ»¯į \Įį �¼� p���į <Į *µÜ¨¨ì �ÜÒ× ¨ÁÎ»Ò ¯�ì Ìµ�¼�×�Ò¯»�µÒ �ì
Ò×�×¯� �Á»ÌÎ�ÒÒ¯Á¼Į ŮŞŮį ĆĆĈĭ>ąį ăāĂĄĮ

<�×�Á³�į žĮį EÜ×Áį aĮį EÁ»ÁÒ�į EĮį �× �µĮ E¯µµ¯»�×�ÎŅæ�å� VÁµ�Î¯ñ�×¯Á¼ Á¨ VÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò �Ü� ×Á �ÜÒ× \��××�Î¯¼©Į ŮÅ2į ĉāĊŁĂłĭĈĉį ăāĂĆĮ

<�×�Á³�į žĮį aÒÜ³�©ÁÒ­¯į aĮį VÁ­µį žĮį �× �µĮ a­� �å¯��¼�� Á¨ X��¯Á VÁµ�Î¯ñ�×¯Á¼ 2¼�Ü��� �ì ×­�
X��¯�×¯å� +Î�¯¼ žµ¯©¼»�¼× �¼� \�µ¨ŅÒ��××�Î¯¼© Á¨ �ÜÒ× +Î�¯¼Ò ¯¼ � VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į ŮÅ2į
ĉąąŁĂłĭ>Ćį ăāĂĈĮ

<¯Î�­Ò�­µ�©�Îį *Į �¼� ��Î×Î�¼©į +Į 0Į EĮ \�µ¨ŅÒ��××�Î¯¼© Á¨ ¼Á¼ŅÒÌ­�Î¯��µ �ÜÒ× ©Î�¯¼ÒĮ a­�
µ¯»¯×�×¯Á¼Ò Á¨ Ì�Î¨��× �Á»Ì��× ÒÌ­�Î�ÒĮ ŮŞŮį ćĄĉĭžĂĂćį ăāăāĮ

<µ�­Îį 0Į a­� +µÁ��µ ��ÎÁ�µ¯¼¯� 2¼Ò×��¯µ¯×ì ¯¼ ž��Î�×¯Á¼ �¯Ò³ÒĮ 22Į >Á��µ >¯¼��Î ž¼�µìÒ¯ÒĮ ŮÅ2į
ćāćŁăłĭĂāĈāńĂāĉăį ăāāąĮ

<µ�­Îį 0Į �¼� �Á��¼­�¯»�Îį VĮ *ÁÎ»�×¯Á¼ Á¨ +¯�¼× Vµ�¼�×Ò �ì �Á¼�ÜÎÎ�¼× ž��Î�×¯Á¼ Á¨ \Áµ¯�Ò
�¼� +�Ò ¯¼Ò¯�� �¼ ž¼×¯�ì�µÁ¼¯� oÁÎ×�ëĮ ŮÅ2į ćĄĊŁĂłĭąĄăńąąāį ăāāćĮ

<µ�­Îį 0Į �¼� 0Ü���Î�į žĮ �Á¼å��×¯å� Kå�ÎÒ×��¯µ¯×ì ¯¼ X��¯�µµì \×Î�×¯¨¯�� ž��Î�×¯Á¼ �¯Ò³Ò
Ü¼��Î a­�Î»�µ X�µ�ë�×¯Á¼Į ŮÅ2į ĈĉĉŁĂłĭăĂį ăāĂąĮ

<µ�­Îį 0Į �¼� \�­Î�¯��Îį žĮ aÜÎ�Üµ�¼�� \�×Ò ×­� >�¼©×­ \��µ� ¨ÁÎ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ĭ
>Á��µ ă� \¯»Üµ�×¯Á¼Ò Á¨ \×Î��»¯¼© 2¼Ò×��¯µ¯×ì �¼� Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į ĊāĂŁĂłĭĆąį
ăāăāĮ

<µ�­Îį 0Į 0Į �¼� �Á��¼­�¯»�Îį VĮ aÜÎ�Üµ�¼�� ¯¼ ž��Î�×¯Á¼ �¯Ò³Òĭ oÁÎ×¯�¯×ì +�¼�Î�×¯Á¼ �¼�
ž¼©Üµ�Î EÁ»�¼×Ü» aÎ�¼ÒÌÁÎ× å¯� ×­� +µÁ��µ ��ÎÁ�µ¯¼¯� 2¼Ò×��¯µ¯×ìĮ ŮÅ2į ĆĉăŁăłĭĉćĊńĉĊăį ăāāĄĮ

<Á¨»�¼į pĮį 0�Î¯ÍÜ�į žĮį ��Î�¯¼į vĮį �× �µĮ VÎÁÌ�Î×¯�Ò Á¨ ×­� ćĈVĺ�­ÜÎìÜ»ÁåŅ+�Î�Ò¯»�¼³Á
¯¼×�Î¯ÁÎ Î�å��µ�� �ì �KF\�Xa Î���ÎĮ Z�ª�¶��į ĄąĊŁćăąĈłĭăĮćĄĊį ăāĂĆĮ

<ÁÎ¼�×į <Įį \×�Ì¯¼Ò³¯į aĮ *Įį �¼� XÂôì�ñ³�į EĮ �¯å�ÎÒ¯×ì Á¨ Ìµ�¼�×�Îì ÒìÒ×�»Ò ¨ÎÁ» �åÁµÜ×¯Á¼
Á¨ ÒÁµ¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ĄĈĉĭĂĉāńĂĊĂį ăāāĂĮ

<Á×­�į \Įį �µÜ»į 4Įį p�¯�µ¯¼©į XĮį �¼� +ß××µ�Îį �Į *Î�� �Áµµ¯Ò¯Á¼Ò ¯¼ � »¯�ÎÁ©Î�å¯×ì »�¼ìŅ
Ì�Î×¯�µ� �ëÌ�Î¯»�¼×Į 222Į a­� �Áµµ¯Ò¯Á¼ ��­�å¯ÁÎ Á¨ ÒÜ�Ņ»¯µµ¯»�×�ÎŅÒ¯ñ�� �ÜÒ× �©©Î�©�×�ÒĮ
1�}ÇÓËį ăăĆŁĂłĭĈĆńĉĆį ăāĂĄĮ

<Áæ�µ¯³į <Įį 0�¼�Òñį EĮį pÂµ×�½Ò³¯į �Įį �¼� +�æÎìÒñ�ñ�³į žĮ \×Î��»¯¼© ¯¼Ò×��¯µ¯×ì ¯¼ ×­�
ÍÜ�Ò¯Ņ©µÁ��µ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąĄąŁăłĭĂąćāńĂąćĉį ăāĂĄĮ

<Î�ÌÌį >Įį ��¼Ǟ×�ñŅ>µ�»��ìį VĮį +Î�ÒÒ�µį KĮį �¼� V�ÒÒ�­į EĮ �Į \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ¨ÁÎ
V�Î×¯�µ�ŅÒ¯ñ� �¯Ò×Î¯�Ü×¯Á¼ÒĮ ŮÅ2į ĉĈĉŁăłĭ>Ąāį ăāĂĊĮ

ĂăĄ
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<Î�ÌÌį >Įį vÁÜ�¯¼į žĮ FĮį <Î�××�Îį <Į EĮį �¼� ��¼Ǟ×�ñŅ>µ�»��ìį VĮ �ÜÒ× \�××µ¯¼© 2¼Ò×��¯µ¯×ì ¯¼
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ăāăāĮ

<Î�××�Îį <Į �¼� >Á��×Áį +Į +Î�å¯×�×¯Á¼�µ 2¼Ò×��¯µ¯×¯�Ò ¯¼ �¯Î�Ü»Ò×�µµ�Î �¯Ò³ÒĮ ŮVŮŞŮį ĆąĭăĈĂń
ĄĂĂį ăāĂćĮ

<Î�×³�į <Į žĮ �¼� >¯¼į �Į FĮ �Į +Î�¯¼ X�×�¼×¯Á¼ �¼� *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒ ¼��Î ×­� \¼Áæ
>¯¼� ¯¼ EX2Ņ�Î¯å�¼ aÜÎ�Üµ�¼× VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ććąŁĂłĭ>ĆĆń>Ćĉį ăāāĈĮ

<Î¯±×į \Įį KÎ»�µį �Į pĮį �Á»¯¼¯³į �Įį �¼� a¯�µ�¼Òį žĮ +Į +Į EĮ �ÎÁÒ¯Á¼ �¼� ×­� µ¯»¯×Ò ×Á Ìµ�¼Ņ
�×�Ò¯»�µ ©ÎÁæ×­Į ŮŞŮį ĆĈąĭžĉĄį ăāĂĆĮ

<Î¯±×į \Įį �¯�Òµ�į *Į 4Įį �¼� ��Î©¯¼į �Į žĮ aÎ��¯¼© p�×�Î o�ÌÁÎ �¼� 2�� �ÜÎ¯¼© �ÜÒ× +ÎÁæ×­Į ŮÅ2į
ĉĄĄŁăłĭăĉĆį ăāĂć�Į

<Î¯±×į \Įį KÎ»�µį �Į pĮį �Á»¯¼¯³į �Įį �¼� a¯�µ�¼Òį žĮ +Į +Į EĮ ž Ì�¼ÁÌ×¯� »Á��µ ¨ÁÎ Ìµ�¼�×�Ò¯»�µ
¨ÁÎ»�×¯Á¼ �¼� Ì���µ� ��µ¯å�ÎìĮ ŮŞŮį Ćĉćĭžăāį ăāĂć�Į

<ÎÁÜÌ�į VĮ K¼ ×­� å�Î¯�×¯Á¼ Á¨ ×­� ¯¼¯×¯�µ »�ÒÒ ¨Ü¼�×¯Á¼Į CDVŮZį ĄăăŁăłĭăĄĂńăąćį ăāāĂĮ

<Ü¼ñį EĮ pĮ K¼ ×­� µ¯¼��Î Ò×��¯µ¯×ì Á¨ æ��³µì ¯Á¼¯ñ��į »�©¼�×¯ñ�� Ìµ�¼�Î Ò­��Î ¨µÁæÒĮ CDVŮZį
ĄĉĆŁĄłĭĂąĊąńĂĆĂāį ăāāĉĮ

>���į �Į 4Į \×�Î ¨ÁÎ»�×¯Á¼ĭ ¨ÎÁ» K� �ÒÒÁ�¯�×¯Á¼Ò ×Á ÌÎÁ×ÁÒ×�ÎÒĮ 2¼ V�¯»��Î×į EĮ �¼� 4Ü©�³Üį
4Įį ��¯×ÁÎÒį ZÐ}Ç *»Çµª¶£ V�£ª»¶Ëį åÁµÜ»� ĂĂĆ Á¨ 1Ůd ZãµÅ»ËªÓµį Ì�©� Ăį ĂĊĉĈĮ

>���į �Į 4Į �¼� p¯µ³¯¼©į �Į žĮ a­� ¼�×ÜÎ� Á¨ ×­� �»������ ÌÁÌÜµ�×¯Á¼ ¯¼ ×­� Î­Á KÌ­¯Ü�­¯
��Î³ �µÁÜ� ĭ »¯�Ņ¯¼¨Î�Î�� Á�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į ăĉĈĭćĂāńćăĂį ĂĊĉąĮ

>�»�Î��­×Òį EĮį 4Á­�¼Ò�¼į žĮį ��Ì�µÁį 0Į >Įį �× �µĮ \ÌÁ¼×�¼�ÁÜÒ �Á¼��¼×Î�×¯Á¼Ò Á¨ ÒÁµ¯�Ò
×­ÎÁÜ©­ ×æÁŅæ�ì �Î�© ¨ÁÎ��Ò ��×æ��¼ ©�Ò �¼� Ò��¯»�¼×¯¼© Ì�Î×¯�µ�ÒĮ ŮŞŮį ĆĊĂĭžĂĄĄį ăāĂćĮ

>�××�Îį 0Į FĮ K¼ ×­� �Á¼å��×¯å� Áå�ÎÒ×��¯µ¯×ì ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąĆĆŁĄłĭăćāĉń
ăćĂĉį ăāĂćĮ

>�××�Îį 0Į FĮ �¼� ��µ�ÜÒį \Į a­� �ì¼�»¯�Ò Á¨ ¯¼¼�Î ����ŅñÁ¼� �ÁÜ¼��Î¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò�ÒĮ CDVŮZį ąăąŁĄłĭĂĊĈĈńĂĊĊāį ăāĂăĮ

>�××�Îį 0Į FĮ �¼� V�Ì�µÁ¯ñÁÜį 4Į oÁÎ×¯��Ò �¼� ×­� Ò�×ÜÎ�×¯Á¼ Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąĈąŁĄłĭĄĂĂāńĄĂăąį ăāĂĉĮ

>�ÒÜÎį +Į �¼� V�Ì�µÁ¯ñÁÜį 4Į �Į �Į a­� ÒÜ��Î¯×¯��µ ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯¼ µÁ��µ ���Î�×¯Á¼ �¯Ò�
»Á��µÒĮ ŮŞŮį ĆĂĄĭžćāį ăāĂāĮ

>�ÒÜÎį +Įį <Ü¼ñį EĮ pĮį �¼� *ÎÁ»�¼©į \Į a­�¼�×ÁµÁ©ì ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ a­� �Á»�¯¼��
¯¼¨µÜ�¼�� Á¨ K­»¯�į 0�µµį �¼� �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼ Á¼ ���� ñÁ¼�ÒĮ ŮŞŮį ĆććĭžĆćį ăāĂąĮ

>�ÒÜÎį +Į XĮ 4Į �¼� >�××�Îį 0Į K¼ ×­� ÒÜÎå¯å�µ Á¨ ñÁ»�¯� åÁÎ×¯��Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ
CDVŮZį ąćăŁąłĭąĆąĊńąĆĆąį ăāĂćĮ

Ăăą
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>¯į 0Įį *¯¼¼į 4Į EĮį >Áå�µ���į XĮ oĮ �Įį �¼� �Áµ©�×�į \Į žĮ XÁÒÒ�ì p�å� 2¼Ò×��¯µ¯×ì Á¨ a­¯¼ ž��Î�Ņ
×¯Á¼ �¯Ò³ÒĮ 22Į ��×�¯µ�� >¯¼��Î a­�ÁÎìĮ ŮÅ2į ĆĄĄŁăłĭĂāăĄńĂāĄąį ăāāāĮ

>¯į 0Įį �Áµ©�×�į \Į žĮį p�¼�ÎÁ¨¨į �Įį �¼� >¯Ò³�į XĮ XÁÒÒ�ì p�å� 2¼Ò×��¯µ¯×ì Á¨ a­¯¼ ž��Î�×¯Á¼
�¯Ò³ÒĮ 222Į FÁ¼µ¯¼��Î \¯»Üµ�×¯Á¼ÒĮ ŮÅ2į ĆĆĂŁăłĭĉĈąńĉĊćį ăāāĂĮ

>¯į XĮį vÁÜ�¯¼į žĮ FĮį �¼� \¯»Á¼į 4Į �Į K¼ ×­� FÜ»�Î¯��µ XÁ�ÜÒ×¼�ÒÒ Á¨ ×­� \×Î��»¯¼© 2¼Ņ
Ò×��¯µ¯×ìĭ V�Î×¯�µ� �Á¼��¼×Î�×¯Á¼ �¼� +�Ò �ì¼�»¯�Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉćăŁĂłĭĂąį
ăāĂĉĮ

>¯į XĮį vÁÜ�¯¼į žĮ FĮį �¼� \¯»Á¼į 4Į �Į ��»Á©Î�Ì­¯�Ò Á¨ Vµ�¼�×�Ò¯»�µÒ *ÁÎ»�� �ì ×­� \×Î��»Ņ
¯¼© 2¼Ò×��¯µ¯×ìĮ ŮÅ2į ĉĉĆŁĂłĭćĊį ăāĂĊĮ

>¯į {Į vĮį ��¼�Î±��į XĮį VÜ�Î¯×ñį XĮ �Įį �× �µĮ a­� ��Îµ¯�Ò× \×�©�Ò Á¨ \×�Î �¼� Vµ�¼�× *ÁÎ»�×¯Á¼ĭ
�ÁÎ� �Áµµ�ÌÒ�į �¼� ×­� *ÁÎ»�×¯Á¼ Á¨ �¯Ò³Ò �¼� KÜ×¨µÁæÒĮ 2¼ ��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�Ņ
»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË m1į Ì�©� ĂĈĄį ăāĂąĮ

>¯¼į EĮŅ<Į �ÜÒ× Ò�××µ¯¼© �©�¯¼Ò× ­ì�ÎÁ�ì¼�»¯� ×ÜÎ�Üµ�¼�� ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį
ąĉĆŁąłĭĆăăĂńĆăĄąį ăāĂĊĮ

>¯¼į EĮŅ<Į �¼� vÁÜ�¯¼į žĮ FĮ �ÁÁµ¯¼© X�ÍÜ¯Î�»�¼×Ò ¨ÁÎ ×­� o�Î×¯��µ \­��Î 2¼Ò×��¯µ¯×ì ¯¼ VÎÁŅ
×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉĂĂŁĂłĭĂĈį ăāĂĆĮ

>¯¼į EĮŅ<Į �¼� vÁÜ�¯¼į žĮ FĮ ž a­�Î»Á�ì¼�»¯� o¯�æ Á¨ �ÜÒ×ì VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉąĊ
ŁăłĭĂăĊį ăāĂĈĮ

>¯¼į {ĮŅvĮ �Įį >¯į {ĮŅvĮį v�¼©į 0Įį �× �µĮ o�µ¯��×¯¼© Ò��××�Î¯¼©Ņ¯¼�Ü��� ŁÒÜ�ł»¯µµ¯»�×Î� �¯Ò� ÌÁŅ
µ�Î¯ñ�×¯Á¼ ×­ÎÁÜ©­ ×­� ÒÌ��×Î�µ ¯¼��ëį æ�å�µ�¼©×­Ņ��Ì�¼��¼× ÌÁµ�Î¯ñ�×¯Á¼ Ì�××�Î¼į �¼� ÌÁµ�ÎŅ
¯ñ�×¯Á¼ ÒÌ��×ÎÜ»ĭ ×­� ��Ò� Á¨ 0� ĂćĄăĊćĮ CDVŮZį ąĊćŁĂłĭĂćĊńĂĉĂį ăāăāĮ

>¯Üį �Įį >�»�Î��­×Òį EĮį 4Á­�¼Ò�¼į žĮį �× �µĮ V���µ�Ņ�Î¯å�¼ Ìµ�¼�× ¨ÁÎ»�×¯Á¼ �ÎÁÜ¼� å�Îì µÁæŅ
»�ÒÒ Ò×�ÎÒ �¼� �ÎÁæ¼ �æ�Î¨ÒĮ ŮŞŮį ćĄĉĭžĉĉį ăāăāĮ

>¯Üį 0Į �Į a­� ž¼Á»�µÁÜÒµì >Áæ Ł\Ü�łE¯µµ¯»�×�Î \Ì��×Î�µ 2¼�¯��Ò Á¨ \Á»� VÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò E�ì �� �ëÌµ�¯¼�� �ì �ÜÒ× \�µ¨ŅÒ��××�Î¯¼©Į ŮÅ2į ĉĈĈŁăłĭ>ăăį ăāĂĊĮ

>¯Üį \ĮŅ*Įį 4¯¼į \Įį >¯į \Įį �× �µĮ F�æ �Á¼Ò×Î�¯¼×Ò Á¼ aÜÎ�Üµ�¼�� �¼� �»������ Vµ�¼�× E�ÒÒ ¯¼
×­� 0� ĂćĄăĊć �¯Ò³ ¨ÎÁ» Vµ�¼�×Ņ�¯Ò³ 0ì�ÎÁ�ì¼�»¯� \¯»Üµ�×¯Á¼ÒĮ ŮÅ2į ĉĆĈŁăłĭĉĈį ăāĂĉĮ

>ÁÎ�³į \Įį >���Î��į VĮį �¼� �µÜ»į 4Į >Á��µ ©ÎÁæ×­ Á¨ �ÜÒ×Ņ �¼� ¯��Ņ»¯ë�� �©©Î�©�×�Ò �Ò �Á»�×Ņ
�Îì �Ü¯µ�¯¼© �µÁ�³Ò ¯¼ ×­� ÒÁµ�Î ¼��Üµ�Į ŮŞŮį ćĂĂĭžĂĉį ăāĂĉĮ

>Áå�µ���į XĮ oĮ �Įį >¯į 0Įį �Áµ©�×�į \Į žĮį �¼� F�µÒÁ¼į žĮ *Į XÁÒÒ�ì p�å� 2¼Ò×��¯µ¯×ì Á¨ <�Ìµ�Î¯�¼
ž��Î�×¯Á¼ �¯Ò³ÒĮ ŮÅ2į ĆĂĄŁăłĭĉāĆńĉĂāį ĂĊĊĊĮ

>ìÎ�į pĮ �Á¼å��×¯å� Kå�ÎÒ×��¯µ¯×ì ¯¼ ž��Î�×¯Á¼ �¯Ò³Òĭ a­Î��Ņ�¯»�¼Ò¯Á¼�µ >¯¼��Î ž¼�µìÒ¯Ò �¼�
FÁ¼µ¯¼��Î \�×ÜÎ�×¯Á¼Į ŮÅ2į ĈĉĊŁĂłĭĈĈį ăāĂąĮ

ĂăĆ
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>ìÎ�į pĮ �¼� <µ�­Îį 0Į a­� ��ÎÁ�µ¯¼¯� ¯¼Ò×��¯µ¯×ì ¯¼ ×­� �Á¼×�ë× Á¨ µ�ì�Î�� ���Î�×¯Á¼Į \�µ¨Ņ
ÒÜÒ×�¯¼�� åÁÎ×¯��Ò �¼� ×­�¯Î »�©¼�×¯� Ò×��¯µ¯×ì ¯¼ µÁ��µ �Á»ÌÎ�ÒÒ¯�µ� Ü¼Ò×Î�×¯¨¯�� »Á��µÒ Á¨
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ĆăĈĭžĂĄĉį ăāĂĂĮ

>ìÎ�į pĮ �¼� f»ÜÎ­�¼į KĮ EĮ a­� 2¼¯×¯�µ �Á¼�¯×¯Á¼Ò ¨ÁÎ Vµ�¼�× *ÁÎ»�×¯Á¼ĭ aÜÎ�Üµ�¼��
�Î¯å�¼ �ì 0ì�ÎÁ�ì¼�»¯��µ 2¼Ò×��¯µ¯×¯�Ò ¯¼ �¯Ò³Ò �ÎÁÜ¼� vÁÜ¼© \×�ÎÒĮ TŮZTį ĂĄĂŁĂāāĂłĭāĈăāāĂį
ăāĂĊĮ

>ìÎ�į pĮį 4Á­�¼Ò�¼į žĮį <µ�­Îį 0Įį �¼� V¯Ò³Ü¼Áåį FĮ �»�ÎìÁÒ ©ÎÁæ¼ ¯¼ ×­� ���� ñÁ¼�Į žÒÒ�»Ņ
�µ¯¼© ×­� ¨¯ÎÒ× ÌÎÁ×ÁÌµ�¼�×�Îì �ÁÎ�Ò ¯¼ µÁæ »�ÒÒ Ò�µ¨Ņ©Î�å¯×�×¯¼© �¯Î�Ü»Ò×�µµ�Î �¯Ò³Ò Á¨ ©�Ò �¼�
ÒÁµ¯�ÒĮ ŮŞŮį ąĊĂŁĄłĭ>ąĂń>ąąį ăāāĉĮ

>ìÎ�į pĮį 4Á­�¼Ò�¼į žĮį <µ�­Îį 0Įį �¼� V¯Ò³Ü¼Áåį FĮ \×�¼�¯¼© Á¼ ×­� Ò­ÁÜµ��ÎÒ Á¨ ©¯�¼×ÒĮ aÎÁ±�¼
��Î×­Ò �¼� åÁÎ×�ë ×Î�ÌÌ¯¼© ¯¼ µÁæ »�ÒÒ Ò�µ¨Ņ©Î�å¯×�×¯¼© ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò Á¨ ©�Ò �¼� ÒÁµ¯�ÒĮ
ŮŞŮį ąĊĄŁĄłĭĂĂăĆńĂĂĄĊį ăāāĊ�Į

>ìÎ�į pĮį 4Á­�¼Ò�¼į žĮį {ÒÁ»į žĮį �× �µĮ Vµ�¼�× ¨ÁÎ»�×¯Á¼ �ÜÎÒ×Ò �× ×­� �ÁÎ��ÎÒ Á¨ ×­� ���� ñÁ¼�
¯¼ ă� ¼Ü»�Î¯��µ Ò¯»Üµ�×¯Á¼Ò Á¨ �¯Î�Ü»Ò×�µµ�Î �¯Ò³ÒĮ ŮŞŮį ąĊĈŁĄłĭĉćĊńĉĉĉį ăāāĊ�Į

>ìÎ�į pĮį vÁÜ�¯¼į žĮ FĮį �¼� 4Á­�¼Ò�¼į žĮ �åÁµÜ×¯Á¼ Á¨ EfćĊ ¨ÎÁ» � �¯¼�Îì Ìµ�¼�×�Ò¯»�µ ¯¼×Á
�Á¼×��× �ì <Áñ�¯Ņ>¯�Áå ÁÒ�¯µµ�×¯Á¼Ò �¼� ¼��Üµ�Î �Î�©Į 1�}ÇÓËį ÒÜ�»¯××��Į

E�� >Áæį EĮŅEĮ �¼� <µ�ÒÒ�¼į XĮ \Į �Á¼×ÎÁµ Á¨ Ò×�Î ¨ÁÎ»�×¯Á¼ �ì ÒÜÌ�ÎÒÁ¼¯� ×ÜÎ�Üµ�¼��Į V�ĵ
Üª�ÝË »¢ C»��Ç¶ T¨ãËª�Ëį ĈćŁĂłĭĂăĆńĂĊąį ăāāąĮ

E��Ǟ�Òį �Įį �ÒÌ�¯µµ�×į �Į �Įį KÒÁÎ¯Áį EĮį �× �µĮ �­�Î��×�Î¯ñ�×¯Á¼ Á¨ X¯¼© \Ü�Ò×ÎÜ�×ÜÎ�Ò
¯¼ ×­� VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ Á¨ 0� ĂćĊĂąă ¨ÎÁ» EÜµ×¯æ�å�µ�¼©×­ ž×���»� >�Î©� E¯µµ¯Ņ
»�×�ÎĺÒÜ�»¯µµ¯»�×�Î žÎÎ�ì K�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į ĉĉĂŁăłĭĂĆĊį ăāĂĊĮ

E�µì©¯¼į EĮ +Įį <µ�­Îį 0Įį \�»�¼Áåį �Įį �× �µĮ �¨¨¯�¯�¼�ì Á¨ ×­�Î»�µ Î�µ�ë�×¯Á¼ �ì Î��¯�×¯å�
ÌÎÁ��ÒÒ�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Òĭ �Á¼Ò×Î�¯¼×Ò Á¼ ­ì�ÎÁ�ì¼�»¯� ×ÜÎ�Üµ�¼��Į ŮŞŮį ćāĆĭžĄāį
ăāĂĈĮ

E�»�±�³į �Į �Į 2¼¯×¯�µ �Á¼�¯×¯Á¼Ò Á¨ Vµ�¼�× *ÁÎ»�×¯Á¼ĭ >¯¨�×¯»�Ò Á¨ VÎ¯»ÁÎ�¯�µ �¯Ò³ÒĮ 2¼
fÒÜ��į aĮį a�»ÜÎ�į EĮį �¼� 2Ò­¯¯į EĮį ��¯×ÁÎÒį Ůµ�Çª�}¶ 1¶ËÐªÐÓÐ� »¢ T¨ãËª�Ë �»¶¢�Ç�¶�� Z�Çª�Ëį
åÁµÜ»� ĂĂĆĉį Ì�©�Ò ĄńĂāį ăāāĊĮ

E�¼�Î�į �Į *Įį EÁÎ�¯��µµ¯į žĮį �¼� +Ü¯µµÁ×į aĮ p­ì �Á ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò �ÌÌ��Î ¼Á× »�ÒÒ¯å�
�¼ÁÜ©­ ×Á ¨ÁÎ» ×­� ³¼Áæ¼ �ëÁÌµ�¼�× ÌÁÌÜµ�×¯Á¼ĵ ŮŞŮį ćĂĉĭ>Ąį ăāĂĉĮ

E�¼©�Îį FĮ �¼� <µ�­Îį 0Į oÁÎ×�ë ¨ÁÎ»�×¯Á¼ �¼� ÒÜÎå¯å�µ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Ò ÒÜ�±��× ×Á
å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ CDVŮZį ąĉāŁăłĭăĂăĆńăĂĄćį ăāĂĉĮ

E�Î�ÜÒį VĮ \Įį V�¯į \Įį 4¯�¼©į �ĮŅ0Įį �¼� 0�ÒÒ�¼ñ���­į VĮ a­Î��Ņ�¯»�¼Ò¯Á¼�µ oÁÎ×¯��Ò +�¼Ņ
�Î�×�� �ì \�µ¨ŅX�Ìµ¯��×¯Á¼ ¯¼ \×��µì \×Î�×¯¨¯�� XÁ×�×¯¼© \­��Î *µÁæÒĮ T¨ãËĞ V�ÜĞ <�ÐÐĞį ĂĂĂŁĉłĭ
āĉąĆāĂį ăāĂĄĮ

E�Î�ÜÒį VĮ \Įį V�¯į \Įį 4¯�¼©į �ĮŅ0Įį �× �µĮ {Á»�¯� oÁÎ×�ë 2¼Ò×��¯µ¯×ìĮ 2Į ž VÜÎ�µì 0ì�ÎÁ�ì¼�»¯�
2¼Ò×��¯µ¯×ì ×Á X�ÒÜÎÎ��× ×­� ���� {Á¼�Ò Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉāĉŁĂłĭĉĈį ăāĂĆĮ

Ăăć
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E�Î�ÜÒį VĮ \Įį V�¯į \Įį 4¯�¼©į �ĮŅ0Įį �¼� ��ÎÎ�¼�Áį 4Į žĮ {Á»�¯� oÁÎ×�ë 2¼Ò×��¯µ¯×ìĮ 22Į a­Î�Ò­Áµ�Ò
×Á aÎ¯©©�Î 2¼Ò×��¯µ¯×ì �¼� ×­� VÎÁÌ�Î×¯�Ò Á¨ {Á»�¯� aÜÎ�Üµ�¼�� ¯¼ ×­� ���� {Á¼�Ò Á¨ VÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉĄĄŁăłĭĂąĉį ăāĂćĮ

E�Î³¯�æ¯�ñį pĮ 4Įį E¯ñÜ¼Áį 0Įį �¼� oÁ�µ³į 0Į 4Į aÜÎ�Üµ�¼�� ¯¼�Ü��� Î�µ�×¯å� å�µÁ�¯×ì ��×æ��¼
×æÁ ©Î�¯¼ÒĮ ŮŞŮį ăąăŁĂłĭăĉćńăĉĊį ĂĊĊĂĮ

E�×­¯Òį 4Į \Įį XÜ»Ìµį pĮį �¼� FÁÎ�Ò¯��³į <Į 0Į a­� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ ¯¼×�ÎÒ×�µµ�Î ©Î�¯¼ÒĮ ŮÅ2į
ăĂĈĭąăĆńąĄĄį ĂĊĈĈĮ

E�<��į �Į *Į �¼� KÒ×Î¯³�Îį �Į �Į a­�ÁÎì Á¨ \×�Î *ÁÎ»�×¯Á¼Į ŮVŮŞŮį ąĆŁĂłĭĆćĆńćĉĈį ăāāĈĮ

E�<¯¼¼Á¼į pĮ �Įį X¯�­�Î�ÒÁ¼į �Į �Įį E�ÎÁ­¼¯�į 4Į �Įį �× �µĮ a­� ÒÁµ�Î ¼��Üµ� ÁÎ¯©¯¼ Á¨ ŁąĉćĊĆĉł
žÎÎÁ³Á×­į � ÌÎ¯»ÁÎ�¯�µ �Á¼×��× �¯¼�Îì ¯¼ ×­� <Ü¯Ì�Î ��µ×Į Z�ª�¶��į ĄćĈŁćąĉĂłĭ���ìććăāį ăāăāĮ

E�­�Ü×į 0Įį E�µ¯�¼¯į {Įį o�Î¼¯�Î�į VĮį �¼� ��¼ñį pĮ �ÜÒ×Ņ×Î�ÌÌ¯¼© XÁÒÒ�ì åÁÎ×¯��Ò ¯¼ ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ĆąĆĭžĂĄąį ăāĂăĮ

E¯Á×�µµÁį žĮį a�Ò×¯į >Įį >Á��×Áį +Įį �× �µĮ +Î�¯¼ ©ÎÁæ×­ ¯¼ ×­� �¼å�µÁÌ�Ò �¼� �¯Ò³Ò Á¨ �µ�ÒÒ 2
ÌÎÁ×ÁÒ×�ÎÒĮ ŮŞŮį ĆćĈĭžĄăį ăāĂąĮ

EÁÎ�¯��µµ¯į žĮį �Á××³�į pĮ *Įį F�ÒåÁÎ¼íį �Įį �¼� >�å¯ÒÁ¼į 0Į *Į žÒ×�ÎÁ¯�Ò æ�Î� �ÁÎ¼ �¯©Į 1�}ÇÓËį
ăāąŁăłĭĆĆĉńĆĈĄį ăāāĊĮ

EÜµ��ÎÒį +Į �Į �¼� �Á»¯¼¯³į �Į VÎÁ�¯¼© ×­� ×ÜÎ�Üµ�¼× »¯ë¯¼© Ò×Î�¼©×­ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò ��ÎÁÒÒ ×­� Ò×�µµ�Î »�ÒÒ Î�¼©�ĭ ¼Á Ò¯©¼¯¨¯��¼× å�Î¯�×¯Á¼ÒĮ ŮŞŮį ĆĄĊĭžĊį ăāĂăĮ

EÜµ��ÎÒį +Į �Įį V�Ò�Ü��¯į 2Įį �¼� žÌ�¯į �Į ž¼ 2¼�Î��Ò� ¯¼ ×­� E�ÒÒ Á¨ Vµ�¼�×�Îì \ìÒ×�»Ò �ÎÁÜ¼�
>Áæ�ÎŅ»�ÒÒ \×�ÎÒĮ ŮÅ2į ĉĂąŁăłĭĂĄāį ăāĂĆĮ

EÜÒ¯Áµ¯³į +Į �¼� pÜÎ»į +Į �Á¼×��×Ò Á¨ p�×�Î 2�� ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒŃ>��ÁÎ�×ÁÎì �ëŅ
Ì�Î¯»�¼×ÒĮ ŮÅ2į ĉĈĄŁĂłĭĆĉį ăāĂĊĮ

F�±¯×�į 4Į XĮ �¼� <�¼ìÁ¼į \Į 4Į a­� »�ÒÒ �Ü�©�× Á¨ Ìµ�¼�×Ņ¨ÁÎ»¯¼© �¯Ò�Òĭ ¯ÒÁµ�×¯¼© ×­� �ÌÁ�­
Á¨ Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼Į CDVŮZį ąąĆŁĄłĭĄĄĂĆńĄĄăĊį ăāĂąĮ

F�±¯×�į 4Į XĮį �ÁÌÌ»�¼¼į +Į pĮį ��ÎÎį 4Į \Įį �× �µĮ 0¯©­ŅX�ÒÁµÜ×¯Á¼ <Ņ��¼� \Ì��×ÎÁÒ�ÁÌì Á¨
Ep� ąĉā �¼� oĂĄĄĂ �ì©Į ŮÅ2į ćĊĂŁĂłĭĈĄĉńĈąĉį ăāāĊĮ

F�³�©�æ�į vĮį \�³¯ì�į EĮį �¼� 0�ì�Ò­¯į �Į \�××µ¯¼© �¼� ©ÎÁæ×­ Á¨ �ÜÒ× Ì�Î×¯�µ�Ò ¯¼ � µ�»¯¼�Î
Ì­�Ò� Á¨ � µÁæŅ»�ÒÒ ÒÁµ�Î ¼��Üµ�Į 1�}ÇÓËį ćĈŁĄłĭĄĈĆńĄĊāį ĂĊĉćĮ

F�µÒÁ¼į XĮ VĮį +Î�ÒÒ�µį KĮį �¼� f»ÜÎ­�¼į KĮ EĮ >¯¼��Î �¼� ¼Á¼Ņµ¯¼��Î �åÁµÜ×¯Á¼ Á¨ ×­� å�Î×¯��µ
Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ ���Î�×¯Á¼ �¯Ò�ÒĮ CDVŮZį ąĄĆŁĄłĭăćĂāńăćĄăį ăāĂĄĮ

F�ÒåÁÎ¼íį �Įį vÁÜ�¯¼į žĮ FĮį �¼� X¯�­�Î�ÒÁ¼į �Į �Į *ÁÎ»�×¯Á¼ Á¨ <Ü¯Ì�Î ��µ× �¯¼�Î¯�Ò �ì
+Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ�Į Ů2į ĂąāŁĄłĭĈĉĆńĈĊĄį ăāĂāĮ

ĂăĈ
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F�ÒåÁÎ¼íį �Įį �ÎÁóį EĮį �¼� ��ÎÎÜ��į oĮ 2��¼×¯¨¯��×¯Á¼ �¼� �ì¼�»¯��µ VÎÁÌ�Î×¯�Ò Á¨ žÒ×�ÎÁ¯�
*�»¯µ¯�ÒĮ 2¼ E¯�­�µį VĮį ��E�Áį *Į �Įį �¼� �Á××³�į pĮ *Įį ��¯×ÁÎÒį ŮËÐ�Ç»ª�Ë 1mį Ì�©�Ò ăĊĈńĄăĂį
ăāĂĆĮ

F�ÒåÁÎ¼íį �Įį >¯į XĮį vÁÜ�¯¼į žĮ FĮį �× �µĮ aÎ�¼ÒŅF�Ì×Ü¼¯�¼ �¯¼�Î¯�Ò �Ò �å¯��¼�� ¨ÁÎ Ìµ�¼�×�ÒŅ
¯»�µ ¨ÁÎ»�×¯Á¼ �ì ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ D}ÐÓÇ� ŮËÐÇ»¶»µãį ĄĭĉāĉńĉĂăį ăāĂĊĮ

FÁµµį <Į \Įį +ÎÜ¼�ìį pĮ EĮį \×�Ì­�¼Òį �Į �Įį �× �µĮ �å¯��¼�� ¨ÁÎ ×æÁ ÌÁÌÜµ�×¯Á¼Ò Á¨ �µ�ÒÒ¯��µ
×Î�¼Ò¼�Ì×Ü¼¯�¼ Á�±��×Òĭ a­� Ò×ÎÁ¼© ¯¼�µ¯¼�×¯Á¼ ��Ì�¼��¼�� Á¨ �µ�ÒÒ¯��µ �¯¼�Î¯�ÒĮ 1�}ÇÓËį ĂĊą
ŁăłĭĈĆĉńĈćĉį ăāāĉĮ

K­�Ò­¯į \Į �¼� <�×�Á³�į žĮ X��¯�µ o�Î¯�×¯Á¼Ò ¯¼ +Î�¯¼ \¯ñ�Ò �¼� �ÜÒ× \��µ� 0�¯©­×Ò ¯¼ ×­�
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ �ÎÁÜ¼� 0� ĂćĄăĊć X�å��µ�� �ì ž>Ež VÁµ�Î¯ñ�×¯Á¼ K�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į
ĉĉćŁăłĭĂāĄį ăāĂĊĮ

K­�Ò­¯į \Įį <�×�Á³�į žĮį å�¼ ��Î E�Î�µį FĮį �× �µĮ \Áµå¯¼© +Î�¯¼ \¯ñ� 2¼�Á¼Ò¯Ò×�¼�ì ��×æ��¼
ž>Ež VÁµ�Î¯ñ�×¯Á¼ �¼� o>ž �Á¼×¯¼ÜÜ» ¯¼ ×­� KÌ­¯Ü�­ÜÒ 2X\ ąĉ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į ŮÅ2į
ĊāāŁĂłĭĉĂį ăāăāĮ

K³ÜñÜ»¯į \Į �µ��×Î¯� �­�Î©¯¼© Á¨ �ÜÒ× ž©©Î�©�×�Ò �¼� ¯×Ò �¨¨��× Á¼ �ÜÒ× �Á�©Üµ�×¯Á¼ ¯¼
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćĊĉŁăłĭĂĂăăńĂĂĄĆį ăāāĊĮ

K³ÜñÜ»¯į \Į �ÎÎ�×Ü»ĭ Ŋ�µ��×Î¯� �­�Î©¯¼© Á¨ �ÜÒ× ž©©Î�©�×�Ò �¼� ¯×Ò �¨¨��× Á¼ �ÜÒ× �Á�©Üµ�Ņ
×¯Á¼ ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒŌĮ ŮÅ2į ĈĊĄŁăłĭĂąĄį ăāĂąĮ

K³ÜñÜ»¯į \Įį a�¼�³�į 0Įį <Á��ì�Ò­¯į 0Įį �¼� p���į <Į X�Ì¯� �Á�©Üµ�×¯Á¼ Á¨ VÁÎÁÜÒ �ÜÒ×
ž©©Î�©�×�Ò ÁÜ×Ò¯�� ×­� \¼Áæ >¯¼�ĭ ž V�×­æ�ì ×Á \Ü���ÒÒ¨Üµ 2�ì Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į
ĈĆăŁăłĭĂāćį ăāĂăĮ

KÎ»�µį �Į pĮ �¼� �Üññ¯į 4Į FĮ �µÁÒ��Ņ¨ÁÎ» �ëÌÎ�ÒÒ¯Á¼Ò ¨ÁÎ Ì�Î×¯�µ� Î�µ�×¯å� å�µÁ�¯×¯�Ò ¯¼�Ü���
�ì ×ÜÎ�Üµ�¼��Į ŮŞŮį ąććŁăłĭąĂĄńąăāį ăāāĈĮ

V��Î��³ÁÁÌ�Îį \Į 4Į �¼� E�µµ�»�į +Į �ÜÒ× ¨µÁæ ¯¼ ©�Ò �¯Ò³Ò ¯¼ ×­� ÌÎ�Ò�¼�� Á¨ �»������
Ìµ�¼�×ÒĮ ŮŞŮį ąĆĄŁĄłĭĂĂăĊńĂĂąāį ăāāćĮ

V�¼į >Įį V��Á�¼į VĮį \��µÁį 4Įį �× �µĮ aÜÎ�Üµ�¼× �µÜÒ×�Î¯¼© Á¨ VÎÁ×ÁÌµ�¼�×�Îì �ÜÒ× �¼� Vµ�¼�×�ÒŅ
¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į ĈąāŁĂłĭćį ăāĂĂĮ

V�×ñÁµ�į EĮį ž¼��Î×į aĮį 0�­¼į EĮį �× �µĮ ž ­Á»Á©�¼�ÁÜÒ ¼Ü�µ�ÜÒ ¨ÁÎ �Á»�× ćĈVĺ�­ÜÎìÜ»ÁåŅ
+�Î�Ò¯»�¼³Á ¨ÎÁ» ¯×Ò ©Î�å¯×ì ¨¯�µ�Į D}ÐÓÇ�į ĆĄāŁĈĆĉĉłĭćĄńćĆį ăāĂćĮ

V�Î�ñį >Į EĮį ��ÎÌ�¼×�Îį 4Į EĮį �­�¼� µ�Îį �Į 4Įį �× �µĮ �Á¼Ò×Î�¯¼×Ò Á¼ ×­� X��¯�µ o�Î¯�×¯Á¼ Á¨
+Î�¯¼ +ÎÁæ×­ ¯¼ ×­� ž\ ăāĊ �¯Î�Ü»Ò×�µµ�Î �¯Ò³Į ŮÅ2į ĈćāŁĂłĭ>ĂĈį ăāĂăĮ

V�Î�ñį >Į EĮį �­�¼�µ�Îį �Į 4Įį 2Ò�µµ�į žĮį �× �µĮ +Î�¯¼ +ÎÁæ×­ ¯¼ ×­� �¯Î�Ü»Ò×�µµ�Î �¯Ò³Ò Á¨ ×­�
vÁÜ¼© \×�ÎÒ �v a�Ü �¼� �ÁžÎ ăĆĮ ŮÅ2į ĉĂĄŁĂłĭąĂį ăāĂĆĮ

V�Î�ñį >Į EĮį ��ÎÌ�¼×�Îį 4Į EĮį ž¼�Î�æÒį \Į EĮį �× �µĮ \Ì¯Î�µ ��¼Ò¯×ì æ�å�Ò ¯¼ � ìÁÜ¼© ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³Į Z�ª�¶��į ĄĆĄŁćĄāĈłĭĂĆĂĊńĂĆăĂį ăāĂćĮ

Ăăĉ
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V�Î�ñŅ���³�Îį �Į �¼� �­¯�¼©į �Į \ÜÎ¨��� >�ì�Î ž��Î�×¯Á¼ ¯¼ �Á¼å�¼×¯Á¼�µ �¼� aÎ�¼Ò¯×¯Á¼�µ
�¯Ò³Ò �Î¯å�¼ �ì *�ÎŅÜµ×Î�å¯Áµ�× 2Á¼¯ñ�×¯Á¼Į ŮÅ2į ĈĄĆŁĂłĭĉį ăāĂĂĮ

V�×�ÎÒ�¼į EĮ XĮį 4Üµ¯�¼į <Įį �¼� \×�æ�Î×į +Į XĮ ��ÎÁ�µ¯¼¯� oÁÎ×¯�¯×ì VÎÁ�Ü�×¯Á¼ ¯¼ VÎÁ×ÁÌµ�¼�×Ņ
�Îì �¯Ò³ÒĮ 2Į oÁÎ×�ë *ÁÎ»�×¯Á¼Į ŮÅ2į ćĆĉŁăłĭĂăĄćńĂăĆĂį ăāāĈ�Į

V�×�ÎÒ�¼į EĮ XĮį \×�æ�Î×į +Į XĮį �¼� 4Üµ¯�¼į <Į ��ÎÁ�µ¯¼¯� oÁÎ×¯�¯×ì VÎÁ�Ü�×¯Á¼ ¯¼ VÎÁ×ÁÌµ�¼�×Ņ
�Îì �¯Ò³ÒĮ 22Į oÁÎ×�ë +ÎÁæ×­ �¼� >Á¼©�å¯×ìĮ ŮÅ2į ćĆĉŁăłĭĂăĆăńĂăćĄį ăāāĈ�Į

V¨�¯µį aĮ �¼� <µ�­Îį 0Į E�ÌÌ¯¼© ×­� �Á¼�¯×¯Á¼Ò ¨ÁÎ 0ì�ÎÁ�ì¼�»¯� 2¼Ò×��¯µ¯×ì Á¼ \×���ìŅ\×�×�
ž��Î�×¯Á¼ EÁ��µÒ Á¨ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉĈĂŁăłĭĂĆāį ăāĂĊĮ

V¯¼¯µµ�į VĮį ��¼¯Ò×ìį EĮį �¼� �¯Î¼Ò×¯�µį aĮ X¯¼© Ò­�Ì�� �ÜÒ× ���Ü»Üµ�×¯Á¼ ¯¼ ×Î�¼Ò¯×¯Á¼ �¯Ò³ÒĮ
ŮŞŮį ĆąĆĭžĉĂį ăāĂăĮ

V¯¼×�į �Įį ��¼×į pĮ XĮ *Įį E�¼�Î�į *Įį �× �µĮ �ÜÒ× �¼� +�Ò ¯¼ ×­� �¯Ò³ Á¨ 0> a�ÜÎ¯ĭ \ÜÎ¨���
��¼Ò¯×ìį �ÜÒ× \�××µ¯¼©į �¼� �ÜÒ×Ņ×ÁŅ©�Ò X�×¯ÁĮ ŮÅ2į ĉĂćŁĂłĭăĆį ăāĂćĮ

X��××¯©į FĮį >ìÎ�į pĮį �¼� <µ�­Îį 0Į ž V�Î�»�×�Î \×Ü�ì ¨ÁÎ ��ÎÁ�µ¯¼¯� oÁÎ×�ë ž»Ìµ¯¨¯��×¯Á¼Į
ŮÅ2į ĈćĆŁăłĭĂĂĆį ăāĂĄĮ

X��××¯©į FĮį <µ�­Îį 0Įį �¼� >ìÎ�į pĮ V�Î×¯�µ� aÎ�ÌÌ¯¼© �¼� \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ¯¼ oÁÎ×¯��Ò
¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉāąŁĂłĭĄĆį ăāĂĆĮ

X�©­�å�¼į �Įį E�žµ¯Ò×�Îį 0Į žĮį 0�¼Îìį aĮ 4Įį �× �µĮ ž \ÜÎå�ì Á¨ \×�µµ�Î *�»¯µ¯�Òĭ EÜµ×¯Ìµ¯�¯×ì Á¨
\Áµ�ÎŅ×ìÌ� \×�ÎÒĮ ŮÅ2Zį ĂĊāŁĂłĭĂńąăį ăāĂāĮ

X¯�­�Î�į \Įį F�µÒÁ¼į XĮ VĮį �¼� f»ÜÎ­�¼į KĮ EĮ oÁÎ×�ë ¨ÁÎ»�×¯Á¼ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Ò
¯¼�Ü��� �ì ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ CDVŮZį ąĆćŁąłĭĄĆĈĂńĄĆĉąį ăāĂćĮ

X¯ÁµÒį žĮ �¼� >�ÒÜÎį +Į �ÜÒ× Ò�××µ¯¼© �¼� Î¯¼©Ò ¯¼ ×­� ÁÜ×�Î Î�©¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Ò
ÒÜ�±��× ×Á �»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼Į ŮŞŮį ćĂĈĭžĂĂĈį ăāĂĉĮ

X¯ÁµÒį žĮį >�ÒÜÎį +Įį �¼� E�¼�Î�į *Į X¯¼© ¨ÁÎ»�×¯Á¼ �¼� �ÜÒ× �ì¼�»¯�Ò ¯¼ æ¯¼�Ņ�Î¯å�¼ ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò�Òĭ ©µÁ��µ Ò¯»Üµ�×¯Á¼ÒĮ ŮŞŮį ćĄĊĭžĊĆį ăāăā�Į

X¯ÁµÒį žĮį XÁÜëį �Įį >�××�Îį 0Įį �¼� >�ÒÜÎį +Į �ÜÒ× �ì¼�»¯�Ò �¼� å�Î×¯��µ Ò�××µ¯¼© ¯¼ ©Î�å¯×Á×ÜÎŅ
�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąĊĄŁąłĭąćĄĂńąćąăį ăāăā�Į

XÁ�¯¼ÒÁ¼į 4Į �Įį *Î�Ò�Îį pĮ �Įį *¯×ñÒ¯»»Á¼Òį žĮį �¼� >���Î��į VĮ 2¼å�Ò×¯©�×¯¼© +Î�å¯×�×¯Á¼�µ
�Áµµ�ÌÒ� Á¨ � V���µ� �µÁÜ� ×Á ¨ÁÎ» aÎ�¼Ò¼�Ì×Ü¼¯�¼ �¯¼�Î¯�ÒĮ ŮŞŮį ����Ì×��Į

XÁÒį <Į �¼� 4Á­�¼Ò�¼į žĮ 2�� �Á¼��¼Ò�×¯Á¼ �Ò � Ìµ�¼�× ¨ÁÎ»�×¯Á¼ »��­�¼¯Ò»Į ŮŞŮį ĆĆăĭžĂĄĈį
ăāĂĄĮ

XÁÒį <Įį 4Á­�¼Ò�¼į žĮį X¯¯Ì¯¼�¼į 2Įį �¼� \�­µ�Ò¯¼©�Îį �Į �¨¨��× Á¨ ¼Ü�µ��×¯Á¼ Á¼ ¯�ì Ì���µ�
©ÎÁæ×­ ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ ŮŞŮį ćăĊĭžćĆį ăāĂĊĮ

Xß�¯©�Îį +Įį žÎµ×į XĮį �¼� \­�µì�³Áåį �Į 0ì�ÎÁ�ì¼�»¯� Ò×��¯µ¯×ì ¯¼ ���Î�×¯Á¼ �¯Ò³Ò Ü¼��Î ×­�
�Á»�¯¼�� ¯¼¨µÜ�¼�� Á¨ Ò­��Î �¼� ��¼Ò¯×ì Ò×Î�×¯¨¯��×¯Á¼Į ŮŞŮį ĄĊĂĭĈĉĂńĈĉĈį ăāāăĮ

ĂăĊ
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\�¨ÎÁ¼Áåį oĮ \Į K¼ ×­� ©Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì ¯¼ ¨µ�××�¼�� ÒìÒ×�»Ò æ¯×­ �ë¯�µ Òì»»�×Îì �¼�
¼Á¼ŅÜ¼¯¨ÁÎ» ÎÁ×�×¯Á¼Į Ů¶¶}¯�Ë �ĽŮËÐÇ»Å¨ãËªÆÓ�į ăĄĭĊĈĊį ĂĊćāĮ

\�¨ÎÁ¼Áåį oĮ \Į �Ü»¯ªÓÐËªª} �»Å¯}¶�Ð¶»£» »�¯}­}Ğ EÁÒ�Áæĭ F�Ü³�į ĂĊćĊĮ

\�¯×Áį �Į �¼� \¯ÎÁ¼Áį \ĮŅ¯Į Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ �ì \Ü�µ¯»�×¯Á¼Į ŮÅ2į ĈăĉŁĂłĭăāį ăāĂĂĮ

\�µÌ�×�Îį �Į �Į a­� >Ü»¯¼ÁÒ¯×ì *Ü¼�×¯Á¼ �¼� \×�µµ�Î �åÁµÜ×¯Á¼Į ŮÅ2į ĂăĂĭĂćĂį ĂĊĆĆĮ

\�¼Áį aĮį E¯ì�»�į \Į EĮį f»���ì�Ò­¯į aĮį �¼� F�³�¼Áį aĮ E�©¼�×ÁÎÁ×�×¯Á¼�µ 2¼Ò×��¯µ¯×ì ¯¼
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 22Į 2Á¼¯ñ�×¯Á¼ \×�×� �¼� f¼Ò×��µ� X�©¯Á¼ÒĮ ŮÅ2į ĆąĄŁĂłĭąĉćńĆāĂį ăāāāĮ

\�­�¨¨�Îį FĮį v�¼©į �ĮŅ�Įį �¼� 4Á­�¼Ò�¼į žĮ \×Î��»¯¼© ¯¼Ò×��¯µ¯×ì Á¨ »Üµ×¯Ìµ� Ì�Î×¯�µ� ÒÌ��¯�Ò
¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮŞŮį ćĂĉĭžĈĆį ăāĂĉĮ

\�­µ¯�­×¯¼©į 0Į �Į �¼� \�Î¯į XĮ a­� X�×¯Á Á¨ X�×ÎÁ©Î��� ×Á VÎÁ©Î��� KÎ�¯×Òĭ ž a�Ò× ¨ÁÎ <Ü¯Ì�Î
��µ× �¯¼�Îì *ÁÎ»�×¯Á¼ a­�ÁÎ¯�ÒĮ ŮÅ2į ćĉćŁĂłĭĈąĂńĈąĈį ăāāĉĮ

\�­ÁÁ¼�¼��Î©į �Į �¼� KÎ»�µį �Į pĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ ¼��Î ×­� Ò¼Áæµ¯¼�ĭ ¯¼ ÁÎ ÁÜ×ĵ
ŮŞŮį ćāăĭžăĂį ăāĂĈĮ

\�­ÁÁ¼�¼��Î©į �Įį KÎ»�µį �Į pĮį �¼� <Î¯±×į \Į ž >�©Î�¼©¯�¼ »Á��µ ¨ÁÎ �ÜÒ× �åÁµÜ×¯Á¼ ¯¼ ÌÎÁŅ
×ÁÌµ�¼�×�Îì �¯Ò³Òĭ ¨ÁÎ»�×¯Á¼ Á¨ æ�× �¼� �Îì Ìµ�¼�×�Ò¯»�µÒ �× �¯¨¨�Î�¼× Ò×�µµ�Î »�ÒÒ�ÒĮ ŮŞŮį
ćăāĭžĂĄąį ăāĂĉĮ

\�­Î�¯��Îį žĮ �¼� <µ�­Îį 0Į žñ¯»Ü×­�µ �¼� o�Î×¯��µ \×Î��»¯¼© 2¼Ò×��¯µ¯×ì �× 0¯©­ �ÜÒ×Ņ×ÁŅ©�Ò
X�×¯ÁÒ �¼� Á¼ ×­� \��µ�Ò Á¨ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į ĉćĂŁĂłĭąĈį ăāĂĉĮ

\�¯ñ¯¼©�Îį žĮ �¼� <µ�ìį pĮ �ÁÜ¼�¯¼© ��­�å¯ÁÎ Á¨ »¯�ÎÁÒ�ÁÌ¯� �ÜÒ× �©©Î�©�×�ÒĮ ŮŞŮį ĆĆĂĭžćĆį
ăāĂĄĮ

\�³¯ì�į EĮ WÜ�Ò¯Ņ�ÍÜ¯µ¯�Î¯Ü» ��¼Ò¯×ì �¯Ò×Î¯�Ü×¯Á¼Ò Á¨ \»�µµ �ÜÒ× ž©©Î�©�×¯Á¼Ò ¯¼ ×­� \Áµ�Î
F��Üµ�Į 1�}ÇÓËį ĂĄĄŁăłĭăĊĉńĄāĊį ĂĊĊĉĮ

\�³¯ì�į EĮ �¼� 2Ò­¯×ÒÜį FĮ \­��Î ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ×­� �ÜÒ× µ�ì�Î Á¨ ×­� ÒÁµ�Î ¼��Üµ� 2Į a­� µ¯¼��Î
�¼�µìÒ¯Ò Á¨ � ¼Á¼Ņ©Î�å¯×�×¯¼© Á¼�Ņ¨µÜ¯� »Á��µ æ¯×­ÁÜ× ×­� �ÁÎ¯Áµ¯Ò �¼� ×­� ÒÁµ�Î ×¯��µ ¨ÁÎ��ÒĮ
�}ÇÐ¨ğ T¯}¶�ÐËğ }¶� ZÅ}��į ĆăĭĆĂĈńĆăćį ăāāāĮ

\�³¯ì�į EĮ �¼� K¼¯Ò­¯į 2Į <Į aæÁ <�ì V�Î�»�×�ÎÒ �Á¼×ÎÁµµ¯¼© V�Î×¯�µ� �µÜ»Ì¯¼© ��ÜÒ�� �ì
\×Î��»¯¼© 2¼Ò×��¯µ¯×ì ¯¼ ×­� ����ŅñÁ¼� �ÜÒ× >�ì�Î Á¨ � VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į ŮÅ2į ĉćāŁăłĭĂąāį
ăāĂĉĮ

\�µµ�³į žĮ �Įį �ÁÁ×­į XĮ žĮį �¼� �µ�Î³�į �Į 4Į a­� �åÁµÜ×¯Á¼ Á¨ �ÜÒ× ¯¼ �¯Ò�Ò ¯¼¨µÜ�¼��� �ì �ë×�Î¼�µ
Ì­Á×Á�å�ÌÁÎ�×¯Á¼Į CDVŮZį ąĊăŁĂłĭĂăĈĊńĂăĊąį ăāăāĮ

\­�³ÜÎ�į FĮ 2Į �¼� \Ü¼ì��åį XĮ žĮ �µ��³ ­Áµ�Ò ¯¼ �¯¼�Îì ÒìÒ×�»ÒĮ K�Ò�Îå�×¯Á¼�µ �ÌÌ��Î�¼��Į
ŮŞŮį ăąĭĄĄĈńĄĆĆį ĂĊĈĄĮ

\­�Î¯¨¨į <Į �¼� �Üññ¯į 4Į FĮ a­� \Ì­�Î¯��µµì \ì»»�×Î¯� +Î�å¯×�×¯Á¼�µ �Áµµ�ÌÒ� Á¨ � �µÜ»Ì Á¨
\Áµ¯�Ò ¯¼ � +�ÒĮ ŮÅ2į ĉāĆŁĂłĭąăį ăāĂĆĮ

ĂĄā
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\­�ÌÌ�Î�į \Į \Į �¼� 4�æ¯××į �Į �ë×Î�»� <Ü¯Ì�Î ��µ× K�±��× ăāāĂ W+298 �¼� ×­� *Î��×¯Á¼ Á¨
�Á¼×��× �¯¼�Î¯�ÒĮ Ů2į ĂăĈŁĆłĭĄāăĄńĄāĄĄį ăāāąĮ

\­¯į 4ĮŅEĮį {­Üį {Įį \×Á¼�į 4Į EĮį �¼� �­¯�¼©į �Į �ÜÒ× �ì¼�»¯�Ò ¯¼ ă� ©Î�å¯×ÁŅ×ÜÎ�Üµ�¼× �¯Ò�ÒĮ
CDVŮZį ąĆĊŁĂłĭĊĉăńĊĊĉį ăāĂćĮ

\¯»Á¼į 4Į �Įį 0Ü©­�Òį žĮ EĮį *µ�­�Î×ìį <Į EĮį �× �µĮ \¯©¼�×ÜÎ�Ò Á¨ EX2Ņ�Î¯å�¼ aÜÎ�Üµ�¼�� ¯¼
VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Òĭ VÎ��¯�×¯Á¼Ò ¨ÁÎ ž>Ež K�Ò�Îå�×¯Á¼ÒĮ ŮÅ2į ĉāĉŁăłĭĂĉāį ăāĂĆ�Į

\¯»Á¼į 4Į �Įį >�ÒÜÎį +Įį <Ü¼ñį EĮ pĮį �¼� žÎ»¯×�©�į VĮ 4Į E�©¼�×¯��µµì �Î¯å�¼ ���Î�×¯Á¼ ¯¼
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąĆąŁĂłĭĂĂĂĈńĂĂĄĂį ăāĂĆ�Į

\¯»Á¼į 4Į �Įį žÎ»¯×�©�į VĮ 4Įį >¯į XĮį �¼� vÁÜ�¯¼į žĮ FĮ a­� E�ÒÒ �¼� \¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨
Vµ�¼�×�Ò¯»�µÒ *ÁÎ»�� �ì ×­� \×Î��»¯¼© 2¼Ò×��¯µ¯×ìĮ 2Į a­� XÁµ� Á¨ \�µ¨Ņ©Î�å¯×ìĮ ŮÅ2į ĉăăŁĂłĭĆĆį
ăāĂćĮ

\¯»Á¼į 4Į �Įį žÎ»¯×�©�į VĮ 4Įį vÁÜ�¯¼į žĮ FĮį �¼� >¯į XĮ �å¯��¼�� ¨ÁÎ f¼¯å�ÎÒ�µ¯×ì ¯¼ ×­� 2¼¯×¯�µ
Vµ�¼�×�Ò¯»�µ E�ÒÒ *Ü¼�×¯Á¼Į ŮÅ2į ĉąĈŁăłĭ>Ăăį ăāĂĈĮ

\¯»Á¼į 4Į 2Įį �Üññ¯į 4Į FĮį E���¯¼į <Į žĮį �× �µĮ V�Î×¯�µ� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼Ò ¯¼ �­Á¼�Î¯×¯� »�×Ņ
�ÁÎ¯×�Òĭ �å¯��¼�� ¨ÁÎ ÌÎ�ŅÌµ�¼�×�Ò¯»�µ ­¯Ò×ÁÎ¯�ÒĮ �}ÇÐ¨ }¶� T¯}¶�Ð}Çã Z�ª�¶�� <�ÐÐ�ÇËį ąĊąĭćĊńĉăį
ăāĂĉ�Į

\¯»Á¼į 4Į 2Įį �Üññ¯į 4Į FĮį E���¯¼į <Į žĮį �× �µĮ �ÁÎÎ¯©�¼�Ü» ×Á ŊV�Î×¯�µ� Ò¯ñ� �¯Ò×Î¯�Ü×¯Á¼Ò ¯¼
�­Á¼�Î¯×¯� »�×�ÁÎ¯×�Òĭ �å¯��¼�� ¨ÁÎ ÌÎ�ŅÌµ�¼�×�Ò¯»�µ ­¯Ò×ÁÎ¯�ÒŌĮ �}ÇÐ¨ }¶� T¯}¶�Ð}Çã Z�ª�¶��
<�ÐÐ�ÇËį ĆāăĭăĊĄńăĊĆį ăāĂĉ�Į

\¯¼©�Îį <Į FĮį E�<¯¼¼Á¼į pĮ �Įį +µ��»�¼į �Įį �× �µĮ 2»Ì��× �Î�×�ÎÒ Á¼ VµÜ×Á �¼� �­�ÎÁ¼ ¯¼Ņ
�¯��×� � ��¨¯�¯× Á¨ Ò»�µµ <Ü¯Ì�Î ��µ× Á�±��×ÒĮ Z�ª�¶��į ĄćĄŁćąĄāłĭĊĆĆńĊĆĊį ăāĂĊĮ

\ÍÜ¯Î�į 4Į �¼� 0ÁÌ³¯¼Òį VĮ *Į X�ÒÁ¼�¼× �Î�© 2¼Ò×��¯µ¯×ì Á¨ +Î�¯¼Ò \×Î��»¯¼© ¯¼ *µÜ¯�ÒĮ ŮÅ2į
ĉĆćŁĂłĭ>ĂĆį ăāĂĉ�Į

\ÍÜ¯Î�į 4Į �¼� 0ÁÌ³¯¼Òį VĮ *Į X�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�Òĭ ×­� Ò×Î��»Ņ
¯¼© ¯¼Ò×��¯µ¯×ì �¼� ¼�æį ¨�Ò×�Î ©ÎÁæ¯¼© ¯¼Ò×��¯µ¯×¯�ÒĮ CDVŮZį ąĈĈŁąłĭĆāĂĂńĆāąāį ăāĂĉ�Į

\ÍÜ¯Î�į 4Į �¼� 0ÁÌ³¯¼Òį VĮ *Į V­ìÒ¯��µ »Á��µÒ Á¨ Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò�ÒĮ CDVŮZį ąĊĉŁĂłĭĂăĄĊńĂăĆĂį ăāăāĮ

\ÍÜ¯Î�Òį <Į �Į �¼� ��×Á¼į 4Į <Į V�Î×¯�µ� Î�ÒÌÁ¼Ò� �¼� ×ÜÎ�Üµ�¼�� »Á�¯¨¯��×¯Á¼ ¯¼ ¯ÒÁ×ÎÁÌ¯�
×ÜÎ�Üµ�¼��Į T¨ãËª�Ë »¢ *¯Óª�Ë Ůį ăŁĈłĭĂĂĊĂńĂăāĄį ĂĊĊāĮ

\ÍÜ¯Î�Òį <Į �Į �¼� ��×Á¼į 4Į <Į VÎ�¨�Î�¼×¯�µ �Á¼��¼×Î�×¯Á¼ Á¨ Ì�Î×¯�µ�Ò �ì ×ÜÎ�Üµ�¼��Į T¨ãËª�Ë
»¢ *¯Óª�Ë Ůį ĄŁĆłĭĂĂćĊńĂĂĈĉį ĂĊĊĂĮ

\×�»»µ�Îį \Į EĮį �Î�ô³ÁæÒ³�į 4Įį �¯Î¼Ò×¯�µį aĮį �× �µĮ a­� �\0žXV X¯¼©Òĭ �å¯��¼�� Á¨ K¼©Á¯¼©
Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ĵ ŮÅ2į ĉĉąŁĂłĭ>Ćį ăāĂĊĮ

ĂĄĂ
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\×�¯¼Ì¯µñį aĮį 4Á�Î¯Òį <Įį 4Ü¼©»�¼¼į *Įį �× �µĮ �µ��×Î¯��µ �­�Î©¯¼© Áå�Î�Á»�Ò ×­� �ÁÜ¼�¯¼© ��ÎŅ
Î¯�Î ¯¼ Ìµ�¼�× ¨ÁÎ»�×¯Á¼Į D}ÐÓÇ� T¨ãËª�Ëį ĂćŁăłĭăăĆńăăĊį ăāĂĊĮ

\×�Ì¯¼Ò³¯į aĮ *Į �¼� o�µ�©��Òį VĮ +µÁ��µ �åÁµÜ×¯Á¼ Á¨ ÒÁµ¯� »�××�Î ¯¼ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³ÒĮ 2Į ž�ÎÁ�ì¼�»¯�Ò Á¨ ÒÁµ¯� Ì�Î×¯�µ�ÒĮ ŮŞŮį ĄāĊĭĄāĂńĄĂăį ĂĊĊćĮ

\×�Î¼į \Į žĮį p��å�Îį 0Į žĮį \Ì�¼��Îį 4Į XĮį �× �µĮ 2¼¯×¯�µ Î�ÒÜµ×Ò ¨ÎÁ» ×­� F�æ 0ÁÎ¯ñÁ¼Ò �ëÌµÁÎŅ
�×¯Á¼ Á¨ ăāĂą Ef69į � Ò»�µµ <Ü¯Ì�Î ��µ× Á�±��×Į Z�ª�¶��į ĄćąŁćąąĂłĭ���æĊĈĈĂį ăāĂĊĮ

\×�å�¼ÒÁ¼į �Į 4Į �¼� >Ü¼¯¼�į 4Į 2Į X�Ì¯� ¨ÁÎ»�×¯Á¼ Á¨ 4ÜÌ¯×�Î �ì �¯¨¨ÜÒ¯å� Î��¯Ò×Î¯�Ü×¯Á¼ Á¨
æ�×�Î å�ÌÁÎ ¯¼ ×­� ÒÁµ�Î ¼��Üµ�Į 1�}ÇÓËį ĈĆŁĂłĭĂąćńĂĆĆį ĂĊĉĉĮ

\×Áµµį EĮ 0Į XĮ �¼� <µ�ìį pĮ o�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ì ¯¼ ���Î�×¯Á¼ �¯Ò� »Á��µÒ æ¯×­ Î��¯�×¯Á¼
×Î�¼ÒÌÁÎ×Į ŮŞŮį ĆĈăĭžĈĈį ăāĂąĮ

\×Áµµį EĮ 0Į XĮ �¼� <µ�ìį pĮ V�Î×¯�µ� �ì¼�»¯�Ò ¯¼ �¯Ò�Ò æ¯×­ ×ÜÎ�Üµ�¼�� ©�¼�Î�×�� �ì ×­� å�ÎŅ
×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĮ ŮŞŮį ĆĊąĭžĆĈį ăāĂćĮ

\×Áµµį EĮ 0Į XĮį <µ�ìį pĮį �¼� V¯�Á©¼�į +Į ž¼¯ÒÁ×ÎÁÌ¯� ­ì�ÎÁ�ì¼�»¯� ×ÜÎ�Üµ�¼�� ¯¼ ���Î�×¯Á¼
�¯Ò³ÒĮ ŮŞŮį ĆĊĊĭ>ćį ăāĂĈĮ

a�³�Ü�­¯į aĮ �¼� >¯¼į �Į FĮ �Į X��¯�µ *µÁæ Á¨ �ÜÒ× V�Î×¯�µ�Ò ¯¼ ž��Î�×¯Á¼ �¯Ò³ÒĮ ŮÅ2į ĆĉĂŁăłĭ
ĂĄąąńĂĄĆĆį ăāāăĮ

a�³�Ü�­¯į aĮį �µ�Î³�į �Į 4Įį �¼� >¯¼į �Į FĮ �Į a­� �¯¨¨�Î�¼×¯�µ >¯¨�×¯»�Ò Á¨ VÎÁ×ÁÒ×�µµ�Î +�Ò �¼�
�ÜÒ× �¯Ò³ÒĮ ŮÅ2į ćăĈŁĂłĭăĉćńăĊăį ăāāĆĮ

a�¼©�į VĮį ���¯�¼Áį žĮį �Ü�ÎÜµµ�į �Įį �¼� VÎÁå�¼ñ�µ�į žĮ *ÁÎ»¯¼© Vµ�¼�×�Ò¯»�µÒ ¯¼ oÁÎ×¯��ÒĮ
1�}ÇÓËį ĂăĂŁĂłĭĂĆĉńĂĈāį ĂĊĊćĮ

a�Ì¯�į �Įį >¯ñ�¼Áį \Įį \¯�ÎÎ�į žĮį �× �µĮ �ëÌµÁÎ¯¼© ×­� +Î�¯¼ VÎÁÌ�Î×¯�Ò ¯¼ ×­� �¯Ò³ Á¨ 0> a�Ü
æ¯×­ �¼ �åÁµÜ×¯Á¼�Îì EÁ��µĮ ŮÅ2į ĉĉĈŁăłĭăąąį ăāĂĊĮ

a�ÒÒÁÜµį 4ĮŅ>Į _¨�»Çã »¢ Ç»Ð}Ðª¶£ ËÐ}ÇËĮ VÎ¯¼��×Á¼ĭ VÎ¯¼��×Á¼ f¼¯å�ÎÒ¯×ì VÎ�ÒÒį ĂĊĈĉĮ

a�ññ�Î¯į EĮį a�Ò×¯į >Įį �Î�Áµ�¼Áį �Įį �× �µĮ EÜµ×¯æ�å�µ�¼©×­ �¼�µìÒ¯Ò ¨ÁÎ ¯¼×�Î¨�ÎÁ»�×Î¯�
ŁÒÜ�Ņł»» Á�Ò�Îå�×¯Á¼Ò Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ X��¯�µ �Á¼Ò×Î�¯¼×Ò Á¼ ×­� �ÜÒ× ÌÎÁÌ�Î×¯�Ò �¼�
×­� �¯Ò³ Ò×ÎÜ�×ÜÎ�Į ŮŞŮį ĆĉĉĭžĆĄį ăāĂćĮ

a��©Ü�į XĮį +Ü¯µµÁ×��Üį \Įį \�»�¼Áåį �Įį �× �µĮ E��ÒÜÎ¯¼© ×ÜÎ�Üµ�¼�� ¯¼ ap 0ì�Î�� æ¯×­ ž>Ežĭ
»�×­Á�Ò �¼� µ¯»¯×�×¯Á¼ÒĮ ŮŞŮį ĆĊăĭžąĊį ăāĂćĮ

a��©Ü�į XĮį 0�¼¼¯¼©į aĮį +Ü¯µµÁ×��Üį \Įį �× �µĮ a�»Ì�Î�×ÜÎ�į E�ÒÒį �¼� aÜÎ�Üµ�¼��ĭ ž \Ì�×¯�µµì
X�ÒÁµå�� EÜµ×¯��¼� FÁ¼Ņ>a� ž¼�µìÒ¯Ò Á¨ �\ ¯¼ ap 0ì�Į ŮÅ2į ĉćąŁăłĭĂĄĄį ăāĂĉĮ

a�Ò×¯į >Įį �¯Î¼Ò×¯�µį aĮį X¯��¯į >Įį �× �µĮ �ÜÒ× �åÁµÜ×¯Á¼ ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ 2¼ ��Ü×­�Îį 0Įį
<µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË m1į Ì�©� ĄĄĊį
ăāĂąĮ

ĂĄă
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a­¯ÎÁÜ¯¼į žĮ �¼� \­�ÌÌ�Î�į \Į \Į >¯©­× �ÜÎå�Ò �¼� XÁ×�×¯Á¼�µ VÎÁÌ�Î×¯�Ò Á¨ ×­� VÎ¯Ò×¯¼� �Áµ�
�µ�ÒÒ¯��µ <Ü¯Ì�Î ��µ× K�±��×ÒĮ Ů2į ĂĆĈŁćłĭăăĉį ăāĂĊĮ

a­Á»�Òį VĮ �Įį �¯¼ñ�µį XĮ VĮį +�¨¨�ìį EĮ 4Įį �× �µĮ 2»Ì��× �ë��å�×¯Á¼ Á¼ �Ò×�ÎÁ¯� ą o�Ò×�ĭ 0Ü��µ�
\Ì��� a�µ�Ò�ÁÌ� Î�ÒÜµ×ÒĮ Z�ª�¶��į ăĈĈĭĂąĊăńĂąĊĆį ĂĊĊĈĮ

a­ÎÁÁÌį 0Į �Į �¼� ��µµìį 4Į ��¼ V­Á×Á�å�ÌÁÎ�×¯Á¼ aÎ¯©©�Î Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ĵ ŮÅ2į ćăĄ
Łăłĭ>ĂąĊń>ĂĆăį ăāāĆĮ

a¯µµ�ìį �Į žĮį ��µÒ�Î�į �Į \Įį �Î¯××�¯¼į \Į �Įį �¼� X�××¯©į aĮ �ÜÒ× Ò�××µ¯¼© ¯¼ »�©¼�×ÁÎÁ×�×¯Á¼�µµìŅ
�Î¯å�¼ ×ÜÎ�Üµ�¼× �¯Ò�Ò Ņ 22Į a­� Ì�Îå�Ò¯å�¼�ÒÒ Á¨ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì �¼� ¯×Ò �Á¼Ņ
Ò�ÍÜ�¼��ÒĮ CDVŮZį ąāĄŁĂłĭăĂĂńăăĉį ăāĂāĮ

aÁÁ»Î�į žĮ K¼ ×­� ©Î�å¯×�×¯Á¼�µ Ò×��¯µ¯×ì Á¨ � �¯Ò³ Á¨ Ò×�ÎÒĮ ŮÅ2į ĂĄĊĭĂăĂĈńĂăĄĉį ĂĊćąĮ

aÜÎ¼�Îį FĮ 4Įį *ÎÁ»�¼©į \Įį +�»»¯�į �Įį �× �µĮ aÎ�¼ÒÌÁÎ× �¼� ž��Î�×¯Á¼ ¯¼ Vµ�¼�×Ņ*ÁÎ»¯¼©
�¯Ò³ÒĮ 2¼ ��Ü×­�Îį 0Įį <µ�ÒÒ�¼į XĮ \Įį �Üµµ�»Á¼�į �Į VĮį �¼� 0�¼¼¯¼©į aĮį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË
}¶� T¯}¶�ÐË m1į Ì�©� ąĂĂį ăāĂąĮ

f»ÜÎ­�¼į KĮ EĮį F�µÒÁ¼į XĮ VĮį �¼� +Î�ÒÒ�µį KĮ >¯¼��Î �¼�µìÒ¯Ò Á¨ ×­� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×ìĭ
ÁÜ×Ò×�¼�¯¼© ¯ÒÒÜ�Ò �¼� ¯»ÌÎÁå�� ÒÁµÜ×¯Á¼ÒĮ ŮŞŮį ĆĉćĭžĄĄį ăāĂć�Į

f»ÜÎ­�¼į KĮ EĮį \­�Î¯¨¨į <Įį �¼� �Üññ¯į 4Į FĮ �Î¯×¯��µ >�ì�ÎÒ �¼� VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ aÜÎ�ÜŅ
µ�¼��Į ŮÅ2į ĉĄāŁăłĭĊĆį ăāĂć�Į

f»ÜÎ­�¼į KĮ EĮį �Ò×Î���į VĮ XĮį �¼� �Üññ¯į 4Į FĮ \×Î��»¯¼© 2¼Ò×��¯µ¯×ì ¯¼ aÜÎ�Üµ�¼× VÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĉĊĆŁĂłĭąį ăāăāĮ

fÎÌ¯¼į oĮ ž �Á»Ì�Î¯ÒÁ¼ Ò×Ü�ì Á¨ ×­� å�Î×¯��µ �¼� »�©¼�×¯� Ò­��Î ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ���Î�×¯Á¼
�¯Ò�ÒĮ ŮŞŮį ąāąĭĄĊĈńąāĄį ăāāĄĮ

fÎÌ¯¼į oĮ �¼� �Î�¼��¼�ÜÎ©į žĮ E�©¼�×¯� �¼� å�Î×¯��µ Ò­��Î ¯¼Ò×��¯µ¯×¯�Ò ¯¼ ���Î�×¯Á¼ �¯Ò�ÒĮ
CDVŮZį ăĊąŁĄłĭĄĊĊńąāćį ĂĊĊĉĮ

o�µ¯³­Áåį �Į \×��¯µ¯×ì Á¨ �¼ ¯���µµì �Á¼�Ü�×¯¼© µ¯ÍÜ¯� ¨µÁæ¯¼© ��×æ��¼ �ìµ¯¼��ÎÒ ÎÁ×�×¯¼© ¯¼ �
»�©¼�×¯� ¨¯�µ�Į 2»ÓÇ¶}¯ »¢ �âÅ�Çªµ�¶Ð}¯ }¶� _¨�»Ç�Ðª�}¯ T¨ãËª�Ëį ĄćŁĊłĭĊĊĆńĊĊĉį ĂĊĆĊĮ

p���į <Įį a�¼�³�į 0Įį \Üì�»�į aĮį �× �µĮ �Áµµ¯Ò¯Á¼�µ +ÎÁæ×­ �Á¼�¯×¯Á¼Ò ¨ÁÎ �ÜÒ× ž©©Î�©�×�ÒĮ
ŮÅ2į ĈāăŁăłĭĂąĊāńĂĆāĂį ăāāĊĮ

p���į <Įį a�¼�³�į 0Įį \Üì�»�į aĮį �× �µĮ a­� X��ÁÜ¼� �Á¼�¯×¯Á¼ Á¨ �ÜÒ× ž©©Î�©�×�Ò X�å��µ��
�ì FÜ»�Î¯��µ \¯»Üµ�×¯Á¼ Á¨ a­�¯Î �Áµµ¯Ò¯Á¼ÒĮ ŮÅ2į ĈĄĈŁĂłĭĄćį ăāĂĂĮ

p�­µ��Î© 4�¼ÒÒÁ¼į <Į �¼� 4Á­�¼Ò�¼į žĮ *ÁÎ»�×¯Á¼ Á¨ Ì���µ�ŅÌ¯µ� Ìµ�¼�×�Ò¯»�µÒĮ ŮŞŮį ĆĈāĭžąĈį
ăāĂąĮ

p�­µ��Î© 4�¼ÒÒÁ¼į <Į �¼� 4Á­�¼Ò�¼į žĮ X��¯�µµì Î�ÒÁµå�� Ò¯»Üµ�×¯Á¼Ò Á¨ �Áµµ�ÌÒ¯¼© Ì���µ�
�µÁÜ�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò�ÒĮ CDVŮZį ąćĊĭ\ĂąĊń\ĂĆĈį ăāĂĈĮ

ĂĄĄ
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p�¼©į >Į VĮ �¼� E�ë�ìį EĮ XĮ \�××µ¯¼© å�µÁ�¯×ì �¼� �Á¼��¼×Î�×¯Á¼ �¯Ò×Î¯�Ü×¯Á¼ Á¨ ­��åì
Ì�Î×¯�µ�Ò ¯¼ ­Á»Á©�¼�ÁÜÒ ¯ÒÁ×ÎÁÌ¯� ×ÜÎ�Üµ�¼��Į 2»ÓÇ¶}¯ »¢ *¯Óª� C��¨}¶ª�Ëį ăĆćĭăĈńćĉį ĂĊĊĄĮ

p�Î�µ�į EĮ a­� ��µ�ÜÒŅ0�æµ�ì ¯¼Ò×��¯µ¯×ì ¯¼ æ��³µì ¯Á¼¯ñ�� �¯Ò�ÒĮ CDVŮZį ĄāĈŁąłĭĉąĊńĉĆćį
ĂĊĊĊĮ

p���Îį VĮį ��¼Ǟ×�ñŅ>µ�»��ìį VĮį +Î�ÒÒ�µį KĮį �× �µĮ �­�Î��×�Î¯ñ¯¼© ×­� o�Î¯��µ� �ÜÒ× V�Î»���Ņ
¯µ¯×ì Á¨ Vµ�¼�×Ņ¯¼�Ü��� +�ÌÒĮ ŮÅ2į ĉĆąŁăłĭĂĆĄį ăāĂĉĮ

p�¯��¼Ò�­¯µµ¯¼©į \Į 4Į ž�ÎÁ�ì¼�»¯�Ò Á¨ ÒÁµ¯� �Á�¯�Ò ¯¼ ×­� ÒÁµ�Î ¼��Üµ�Į CDVŮZį ĂĉāĭĆĈńĈāį
ĂĊĈĈ�Į

p�¯��¼Ò�­¯µµ¯¼©į \Į 4Į a­� �¯Ò×Î¯�Ü×¯Á¼ Á¨ E�ÒÒ ¯¼ ×­� Vµ�¼�×�Îì \ìÒ×�» �¼� \Áµ�Î F��Üµ�Į
ŮÅŞZZį ĆĂŁĂłĭĂĆĄńĂĆĉį ĂĊĈĈ�Į

p�¯��¼Ò�­¯µµ¯¼©į \Į 4Į �ÜÒ× ×Á Ìµ�¼�×�Ò¯»�µÒĭ \�××µ¯¼© �¼� �Á�©Üµ�×¯Á¼ ¯¼ ×­� ÒÁµ�Î ¼��Üµ�Į
1�}ÇÓËį ąąŁĂłĭĂĈăńĂĉĊį ĂĊĉāĮ

p�¯��¼Ò�­¯µµ¯¼©į \Į 4Į �¼� �Üññ¯į 4Į FĮ *ÁÎ»�×¯Á¼ Á¨ Vµ�¼�×�Ò¯»�µÒ ¯¼ ×­� \Áµ�Î F��Üµ�Į 2¼
>�åìį �Į 0Į �¼� >Ü¼¯¼�į 4Į 2Įį ��¯×ÁÎÒį TÇ»Ð»ËÐ}ÇË }¶� T¯}¶�ÐË 111į Ì�©� ĂāĄĂį ĂĊĊĄĮ

p�¯�µ¯¼©į XĮ �¼� �µÜ»į 4Į *Î�� �Áµµ¯Ò¯Á¼Ò ¯¼ � »¯�ÎÁ©Î�å¯×ì »�¼ìŅÌ�Î×¯�µ� �ëÌ�Î¯»�¼×Į 2oĮ Ņ
a­Î��Ņ�¯»�¼Ò¯Á¼�µ �¼�µìÒ¯Ò Á¨ �Áµµ¯Ò¯Á¼ ÌÎÁÌ�Î×¯�ÒĮ 1�}ÇÓËį ăĆĄĭĄĂńĄĊį ăāĂĆĮ

p�¯�µ¯¼©į XĮį +ß××µ�Îį �Įį �µÜ»į 4Įį �¼� �Î�Ü�Îį *Į a­� V­ìÒ¯�Ò Á¨ VÎÁ×ÁÌµ�¼�×�Ò¯»�µ �ÜÒ×
ž©©µÁ»�Î�×�ÒĮ 222Į �Á»Ì��×¯Á¼ ¯¼ EÜµ×¯Ìµ� �Áµµ¯Ò¯Á¼ÒĮ ŮÅ2į ćĊćŁăłĭăāĄćńăāąĄį ăāāĊĮ

p�¯�µ¯¼©į XĮį +ß××µ�Îį �Įį �¼� �µÜ»į 4Į *Î�� �Áµµ¯Ò¯Á¼Ò ¯¼ � »¯�ÎÁ©Î�å¯×ì »�¼ìŅÌ�Î×¯�µ� �ëÌ�Î¯Ņ
»�¼×Į 2Į �ÜÒ× �©©Î�©�×� Ò×¯�³¯¼© �× µÁæ å�µÁ�¯×¯�ÒĮ 1�}ÇÓËį ăĂĉŁĂłĭćĉĉńĈāāį ăāĂăĮ

p­¯ÌÌµ�į *Į >Į K¼ ��Î×�¯¼ ��ÎÁ�ì¼�»¯� ÌÎÁ��ÒÒ�Ò ¨ÁÎ �Ò×�ÎÁ¯�Ò �¼� �Á»�×ÒĮ 2¼ �µå¯ÜÒį žĮį
��¯×ÁÎį *Ç»µ T¯}Ëµ} Ð» T¯}¶�Ðį Ì�©� ăĂĂį ĂĊĈăĮ

p¯µµ¯�»Òį �Į XĮ �¼� p�×­�Î¯µµį +Į pĮ \¯ñ� �¯Ò×Î¯�Ü×¯Á¼ Á¨ �Áµµ¯Ò¯Á¼�µµì �åÁµå�� žÒ×�ÎÁ¯��µ
VÁÌÜµ�×¯Á¼Òĭ ž¼�µì×¯��µ \ÁµÜ×¯Á¼ ¨ÁÎ \�µ¨Ņ\¯»¯µ�Î �Áµµ¯Ò¯Á¼ ��Ò����ÒĮ 1�}ÇÓËį ĂāĈŁĂłĭĂĂĈńĂăĉį
ĂĊĊąĮ

p¯¼�»�Î³į *Įį �¯Î¼Ò×¯�µį aĮį +ß××µ�Îį �Įį �× �µĮ Vµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ �ì Òæ��ÌŅÜÌĭ ­Áæ ×­�
�ÁÜ¼�¯¼© ��ÎÎ¯�Î ��¼ �� ��¼�¨¯�¯�µ ×Á ©ÎÁæ×­Į ŮŞŮį ĆąāĭžĈĄį ăāĂă�Į

p¯¼�»�Î³į *Įį �¯Î¼Ò×¯�µį aĮį KÎ»�µį �Į pĮį �¼� �Üµµ�»Á¼�į �Į VĮ �Î��³¯¼© ×­ÎÁÜ©­ĭ a­� �¨¨��×Ò
Á¨ � å�µÁ�¯×ì �¯Ò×Î¯�Ü×¯Á¼ Á¼ ��ÎÎ¯�ÎÒ ×Á �ÜÒ× ©ÎÁæ×­Į ŮŞŮį Ćąąĭ>Ăćį ăāĂă�Į

p¯¼�»�Î³į *Įį �¯Î¼Ò×¯�µį aĮį KÎ»�µį �Į pĮį �¼� �Üµµ�»Á¼�į �Į VĮ �Î��³¯¼© ×­ÎÁÜ©­ĭ ×­� �¨¨��×Ò
Á¨ � å�µÁ�¯×ì �¯Ò×Î¯�Ü×¯Á¼ Á¼ ��ÎÎ¯�ÎÒ ×Á �ÜÒ× ©ÎÁæ×­ Ł�ÁÎÎ¯©�¼�Ü»łĮ ŮŞŮį Ćąĉĭ�Ăį ăāĂă�Į

p¯¼¼į 4Į FĮ Vµ�¼�× K��ÜÎÎ�¼��ĭ �ÁÌÌµ�Î �¼� aÎ�¼Ò¯× \ÜÎå�ìÒĮ 2¼ ���©į 0Į 4Į �¼� ��µ»Á¼×�į
4Į žĮį ��¯×ÁÎÒį 0}¶��»»­ »¢ �â»Å¯}¶�ÐËį Ì�©� ĂĊĆį ăāĂĉĮ

ĂĄą
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uÜį {Įį ��¯į uĮŅFĮį �¼� EÜÎÎ�ìŅ�µ�ìį XĮ žĮ V���µ� ž��Î�×¯Á¼ ¯¼ aÜÎ�Üµ�¼× VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ
ŮÅ2į ĉąĈŁĂłĭĆăį ăāĂĈĮ

v�¼©į �ĮŅ�Į �¼� 4Á­�¼Ò�¼į žĮ K¼ ×­� *���¯¼© {Á¼� Á¨ Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ �ì ×­� \×Î��»Ņ
¯¼© 2¼Ò×��¯µ¯×ìĮ ŮÅ2į ĈĊăŁăłĭĉćį ăāĂąĮ

v�¼©į �Į �Įį 4Á­�¼Ò�¼į žĮį �¼� ��ÎÎ�Î�į �Į �Á¼��¼×Î�×¯¼© Ò»�µµ Ì�Î×¯�µ�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò³Ò ×­ÎÁÜ©­ ×­� Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ìĮ ŮŞŮį ćāćĭžĉāį ăāĂĈĮ

v�¼©į �ĮŅ�Įį E�� >Áæį EĮŅEĮį �¼� 4Á­�¼Ò�¼į žĮ �¯¨¨ÜÒ¯Á¼ �¼� �Á¼��¼×Î�×¯Á¼ Á¨ \Áµ¯�Ò ¯¼ ×­�
���� {Á¼� Á¨ � VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Į ŮÅ2į ĉćĉŁĂłĭăĈį ăāĂĉĮ

v�¼©į 0Į �¼� >¯į {ĮŅvĮ a­� �¨¨��×Ò Á¨ �ÜÒ× KÌ×¯��µ VÎÁÌ�Î×¯�Ò Á¼ ×­� \��××�Î¯¼©Ņ¯¼�Ü��� �¯Ò³
VÁµ�Î¯ñ�×¯Á¼ �ì E¯µµ¯»�×�ÎŅÒ¯ñ�� +Î�¯¼ÒĮ ŮÅ2į ĉĉĊŁĂłĭĂĆį ăāăāĮ

vÁÒ­¯»�×ÒÜį XĮį žÎ�Ý±Áį FĮ žĮį pÜÎ»į +Įį �× �µĮ \�µ¨Ņ�­�Î©¯¼© Á¨ ¯��¼×¯��µ ©Î�¯¼Ò ¯¼ ×­� ��Ò�¼��
Á¨ �¼ �ë×�Î¼�µ ¨¯�µ�Į Z�ª�¶Ðª¢ª� V�Å»ÇÐËį ĈĭĄĊĊĊćį ăāĂĈĮ

vÁÜ�¯¼į žĮ �¼� 4Á­�¼Ò�¼į žĮ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ aÜÎ�Üµ�¼�� �Î¯å�¼ �ì ×­� \×Î��»¯¼© 2¼Ņ
Ò×��¯µ¯×ìĭ >¯¼��Î �åÁµÜ×¯Á¼ �¼� FÜ»�Î¯��µ E�×­Á�ÒĮ ŮÅ2į ććăŁĂłĭćĂĄńćăćį ăāāĈĮ

vÁÜ�¯¼į žĮ FĮ �¼� �­¯�¼©į �Į 2Į V�Î×¯�µ� V¯µ�ÜÌÒ �¼� Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼Į ŮÅ2į ćāĂŁăłĭ
ĂĂāĊńĂĂĂĊį ăāāąĮ

vÁÜ�¯¼į žĮ FĮ �¼� +ÁÁ�»�¼į 4Į \×Î��»¯¼© 2¼Ò×��¯µ¯×¯�Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ćăāŁĂłĭ
ąĆĊńąćĊį ăāāĆĮ

vÁÜ�¯¼į žĮ FĮ �¼� >¯×­æ¯�³į vĮ V�Î×¯�µ� Ò×¯ÎÎ¯¼© ¯¼ ×ÜÎ�Üµ�¼× ©�Ò �¯Ò³Òĭ 2¼�µÜ�¯¼© ÁÎ�¯×�µ ÁÒ�¯µŅ
µ�×¯Á¼ÒĮ 1�}ÇÓËį ĂĊăŁăłĭĆĉĉńćāąį ăāāĈĮ

vÁÜ�¯¼į žĮ FĮ �¼� \­Üį *Į 0Į Vµ�¼�×�Ò¯»�µ *ÁÎ»�×¯Á¼ �ì +Î�å¯×�×¯Á¼�µ 2¼Ò×��¯µ¯×ìĮ ŮÅ2į ĆĉāŁĂłĭ
ąĊąńĆāĆį ăāāăĮ

{­Üį {Į �¼� \×Á¼�į 4Į EĮ �ÜÒ× aÎ�ÌÌ¯¼© �ì oÁÎ×¯��Ò ¯¼ aÎ�¼Ò¯×¯Á¼�µ �¯Ò³Òĭ �å¯��¼�� ¨ÁÎ FÁ¼Ņ
¯���µ E�©¼�×Á­ì�ÎÁ�ì¼�»¯� �¨¨��×Ò ¯¼ VÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ÒĮ ŮÅ2į ĈĊĆŁĂłĭĆĄį ăāĂąĮ

{­Üį {Į �¼� v�¼©į �ĮŅ�Į \×Î��»¯¼© 2¼Ò×��¯µ¯×ì æ¯×­ EÜµ×¯Ìµ� �ÜÒ× \Ì��¯�Òĭ 2Į *�åÁÜÎ��µ� �Á¼Ņ
�¯×¯Á¼Ò ¨ÁÎ ×­� >¯¼��Î +ÎÁæ×­Į CDVŮZį ÒÜ�»¯××��Į

{­Üį {Įį F�µÒÁ¼į XĮ VĮį �Á¼©į XĮį �× �µĮ �ÜÒ× *¯µ×Î�×¯Á¼ �ì Vµ�¼�×Ņ¯¼�Ü��� +�Ì ��©�Òĭ 2»Ìµ¯��Ņ
×¯Á¼Ò ¨ÁÎ aÎ�¼Ò¯×¯Á¼�µ �¯Ò³ÒĮ ŮÅ2į ĈĆĆŁĂłĭćį ăāĂăĮ

{­Üį {Įį \×Á¼�į 4Į EĮį X�¨¯³Áåį XĮ XĮį �¼� ��¯į uĮŅ¼Į V�Î×¯�µ� �Á¼��¼×Î�×¯Á¼ �× Vµ�¼�×Ņ¯¼�Ü���
+�Ì ��©�Ò �¼� oÁÎ×¯��ÒĮ 2Į 2¼å¯Ò�¯� a­Î��Ņ�¯»�¼Ò¯Á¼�µ 0ì�ÎÁ �¯Ò³ÒĮ ŮÅ2į ĈĉĆŁăłĭĂăăį ăāĂąĮ

{­Üį {Įį \×Á¼�į 4Į EĮį �¼� ��¯į uĮŅFĮ �ÜÒ× aÎ�¼ÒÌÁÎ× ¯¼ EX2 aÜÎ�Üµ�¼× �¯Ò³Òĭ 2���µ �¼� FÁ¼Ņ
2���µ E0� p¯×­ ž»�¯ÌÁµ�Î �¯¨¨ÜÒ¯Á¼Į ŮÅ2į ĉāĂŁăłĭĉĂį ăāĂĆĮ

{­Üį {Įį {­�¼©į \Įį 4¯�¼©į vĮŅ*Įį �× �µĮ K¼� \ÁµÜ×¯Á¼ ×Á ×­� E�ÒÒ �Ü�©�× VÎÁ�µ�» ¨ÁÎ Vµ�¼�×
*ÁÎ»�×¯Á¼ĭ KÌ×¯��µµì a­¯�³ �¯Ò³Ò æ¯×­ �ÜÒ× \��××�Î¯¼©Į ŮÅ2į ĉĈĈŁăłĭ>Ăĉį ăāĂĊĮ

ĂĄĆ
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{­ÜÎ�åµ�åį oĮ oĮ K¼ ×­� ¼�×ÜÎ� Á¨ ×­� Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×ì Á¨ �ÜÒ× Ò×Î��»¯¼© ¯¼ ÌÎÁ×ÁŅ
Ìµ�¼�×�Îì �¯Ò�Į CDVŮZį ąĉĊŁĄłĭĄĉĆāńĄĉćĊį ăāĂĊĮ

{­ÜÎ�åµ�åį oĮ oĮ a­� Î�ÒÁ¼�¼× �Î�© ¯¼Ò×��¯µ¯×ì Á¨ �ÜÒ× Ò×Î��»¯¼© ¯¼ ×ÜÎ�Üµ�¼× ÌÎÁ×ÁÌµ�¼�×�Îì
�¯Ò�Į CDVŮZį ąĊąŁĂłĭĂĄĊĆńĂąĂāį ăāăāĮ

{ÒÁ»į žĮį KÎ»�µį �Į pĮį +ß××µ�Îį �Įį �× �µĮ a­� ÁÜ×�Á»� Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �ÜÒ× ©ÎÁæ×­ĭ Ì���µ�Òį
�ÁÜµ��ÎÒį ÁÎ Ìµ�¼�×�Ò¯»�µÒĵ 22Į 2¼×ÎÁ�Ü�¯¼© ×­� �ÁÜ¼�¯¼© ��ÎÎ¯�ÎĮ ŮŞŮį ĆĂĄĭžĆĈį ăāĂāĮ

ĂĄć



A
+�Ò �¯Ò³ »Á��µ

0�Î�į 2 ��Ò�Î¯�� ×­� »Á��µ Á¨ ×­� ©�Ò ¯¼ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³Ò ×­�× ¯Ò ÜÒ�� ¯¼ �­�Ì×�ÎÒ ăį Ąį �¼� ą
�Ò æ�µµ �Ò ¯¼ \4�ăāĮ

a­� ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ� ¯Ò ��ÁÌ×�� ¨ÎÁ» ×­� »¯¼¯»Ü» »�ÒÒ ÒÁµ�Î ¼��Üµ� »Á��µ Ł0�ì�Ò­¯
ĂĊĉĂłĮ 2× ¯Ò ��Ò�� Á¼ ×­� �ÒÒÜ»Ì×¯Á¼ ×­�× ×­� �¯Ò³ ��×Ò �Ò � �µ��³ �Á�ì æ¯×­ ¼Á ¯¼×�Î¼�µ ÁÎ �ëŅ
×�Î¼�µ ­��×¯¼© »��­�¼¯Ò»Ò Á×­�Î ×­�¼ ×­� ¯ÎÎ��¯�×¯Á¼ ¨ÎÁ» ×­� ��¼×Î�µ Ò×�Îį ×­� \Ü¼Į f¼��Î
×­�Ò� �Á¼�¯×¯Á¼Òį ×­� µÜ»¯¼ÁÒ¯×ì ��ÒÁÎ��� �ì ×­� �¯Ò³įLabs = πr2outerF#į ¯Ò �ÍÜ�µ ×Á ×­� µÜ»¯¼Ņ
ÁÒ¯×ì �»¯××�� �ì ¯×į Lemi = 4πr2outerσT

4Į 0�Î�į F# = L#/(4πr2) ¯Ò ×­� \Áµ�Î ¨µÜë ��¼Ò¯×ìį L#
×­� \Áµ�Î µÜ»¯¼ÁÒ¯×ìį r ×­� Î��¯�µ �¯Ò×�¼�� ×Á ×­� \Ü¼į router ×­� Î��¯�µ �¯Ò×�¼�� ��×æ��¼ ÁÜ×�Î
�¯Ò³ ��©� �¼� \Ü¼į σ ×­� \×�¨�¼Ņ�Áµ×ñ»�¼¼ �Á¼Ò×�¼×į �¼� T ×­� ×�»Ì�Î�×ÜÎ�Į a­ÜÒį ×­� ×�»Ņ
Ì�Î�×ÜÎ� ¯Ò ©¯å�¼ �ì

T =

(
L#

16πσr2

)1/4

= 280 <
( r

1 �Ü

)−1/2
. ŁžĮĂł

a­� Ò×��Ì¼�ÒÒ Á¨ ×­¯Ò ×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ� ¯Ò �Á¼Ò¯Ò×�¼× æ¯×­ Á�Ò�Îå�×¯Á¼Ò Łž¼�Î�æÒ �¼� p¯µµ¯Ņ
�»Ò ăāāĆłĮ a­� ×�»Ì�Î�×ÜÎ� �Á�Ò ¼Á× å�Îì æ¯×­ ­�¯©­×Į a­� �ÍÜ�×¯Á¼ Á¨ Ò×�×� ¯Ò �ÒÒÜ»�� ×Á ��
¯ÒÁ×­�Î»�µį P = c2sρgį æ­�Î� P ¯Ò ×­� ÌÎ�ÒÒÜÎ�į cs =

√
RT/µ ∝ r−1/4 ×­� ÒÁÜ¼� ÒÌ���į R ×­�

¯���µ ©�Ò �Á¼Ò×�¼×į µ = 2.33 ×­� »��¼ »Áµ��Üµ�Î æ�¯©­×į �¼� ρg ×­� ��¼Ò¯×ìĮ
a­� ��¼Ò¯×ì ¯¼ ×­� �¯Ò³ »¯�ŅÌµ�¼� ��¼ �� �ëÌÎ�ÒÒ�� �Ò

ρg(z = 0) = 10−9 © �»−3
( r

1 �Ü

)−9/4
, ŁžĮăł

æ­�Î� z ¯Ò ×­� ­�¯©­× ��Áå� ÁÎ ��µÁæ ×­� »¯�ŅÌµ�¼�Į a­� ©�Ò ¯Ò ¯¼ å�Î×¯��µ ­ì�ÎÁÒ×�×¯� �ÍÜ¯µ¯�Ņ
Î¯Ü»Į a­�× ¯Òį ×­� Ò×�µµ�Î ©Î�å¯×�×¯Á¼�µ ÌÁ×�¼×¯�µ

ΦS = − GMS√
r2 + z2

, ŁžĮĄł

æ­�Î�G ¯Ò ×­� ©Î�å¯×�×¯Á¼�µ �Á¼Ò×�¼× �¼� MS = 1M# ×­� Ò×�µµ�Î »�ÒÒį ¯Ò ��µ�¼��� �ì � ��¼Ò¯×ì

ĂĄĈ
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ÌÎÁ¨¯µ�Į a­¯Ò ÌÎÁ¨¯µ� ��¼ �� ��µ�Üµ�×�� �ì �Á¼Ò¯��Î¯¼© ×­� å�Î×¯��µ �Á»ÌÁ¼�¼× Á¨ ×­� »Á»�¼×Ü»
�ÍÜ�×¯Á¼į

1

ρg

∂P

∂z
= −∂ΦS

∂z

⇔ c2s
ρg

∂ρg
∂z

= − GMSz

(r2 + z2)3/2

⇔
∫ ρg(z)

ρg(z=0)

1

ρ′g
�ρ′g = −GMS

c2s

∫ z

0

z′

(r2 + z′2)3/2
�z′,

ŁžĮął

æ­¯�­ Î�ÒÜµ×Ò ¯¼

ρg = ρg(z = 0) exp

[
−GMS

c2s

(
1

r
− 1√

r2 + z2

)]
. ŁžĮĆł

a­� ÒÜÎ¨��� ��¼Ò¯×ì ��¼ �� �Á»ÌÜ×�� �ì ¼Ü»�Î¯��µµì ¯¼×�©Î�×¯¼© ×­� ��Áå� �ÍÜ�×¯Á¼į

Σg =

∫ z→∞

z→−∞
ρg dz = 1.26× 103 © �»−2

( r

1 �Ü

)−1
. ŁžĮćł

K�Ò�Îå�� ÒÜÎ¨��� ��¼Ò¯×ì ÌÎÁ¨¯µ�Ò �Î� �Á»Ì�Î��µì Ò×��Ì Łž¼�Î�æÒ �× �µĮ ăāāĊį ăāĂāłį æ­¯µ� ×­�
»¯¼¯»Ü» »�ÒÒ ÒÁµ�Î ¼��Üµ� ÌÎÁ¨¯µ� ¯Ò Ò­�µµÁæ�ÎĮ a­� µ�××�Î ¯Ò �Á¼Ò×ÎÜ�×�� �ì �Ü©»�¼×¯¼© ×­�
�»ÁÜ¼× Á¨ ­ì�ÎÁ©�¼ �¼� ­�µ¯Ü» ¯¼ ×­� \Áµ�Î \ìÒ×�» Ìµ�¼�×Ò Ü¼×¯µ ×­�¯Î �Á»ÌÁÒ¯×¯Á¼ »�×�­�Ò
×­� \Áµ�Î �Á»ÌÁÒ¯×¯Á¼ �¼� ×­�¼ ÒÌÎ���¯¼© ×­� �¼­�¼��� »�ÒÒ Á¨ �å�Îì Ìµ�¼�× Ü¼¯¨ÁÎ»µì Áå�Î
�¼ �¼¼ÜµÜÒ ��¼×Î�� Á¼ ¯×Ò ÁÎ�¯× Łp�¯��¼Ò�­¯µµ¯¼© ĂĊĈĈ�Ĺ 0�ì�Ò­¯ ĂĊĉĂłĮ

a­� ©�Ò Ò��µ� ­�¯©­× Hg ¯Ò ��¨¯¼�� �ì ρg(z = 0)/e = ρg(z = Hg)į æ­¯�­ ì¯�µ�Ò

Hg =

√
c2sr

3(2GMS − c2sr)

(c2sr −GMS)2
= 0.047 �Ü

( r

1 �Ü

)5/4
. ŁžĮĈł

ĂĄĉ



B
\ì»�ÁµÒ

2¼ ×­� ×��µ�Ò ��µÁæį ×­� Òì»�ÁµÒį ÒÜ�Ņ �¼� ÒÜÌ�ÎÒ�Î¯Ì×Òį �¼� �Á¼Ò×�¼×Ò ÜÒ�� ¯¼ ×­¯Ò ×­�Ò¯Ò �Î�
µ¯Ò×�� �¼� �ëÌµ�¯¼��ĭ

5BCMF #��� 4ZNCPMT

\ì»�Áµ E��¼¯¼© ��¨¯¼¯×¯Á¼
a Ł�­�Ì×�Î ăį
\4�ăāł

�ÜÒ× Ò¯ñ� �­�Ì×�Î ăį �ÍĮ ăĮĂĄĹ \4�ăāį
a��µ� Ă

a Ł\4�ăāį Ò�� �µÒÁ
a��µ� �Įăł

����µ�Î�×¯Á¼

ȧ �ÜÒ× ©ÎÁæ×­ Î�×� �­�Ì×�Î ăį �ÍĮ ăĮăĊ
aboun ×­Î�Ò­Áµ� �ÜÒ× Ò¯ñ� ¨ÁÎ �ÁÜ¼�¯¼© �­�Ì×�Î ăį �ÍĮ ăĮĂą
adrift ×­Î�Ò­Áµ� �ÜÒ× Ò¯ñ� ¨ÁÎ Î��¯�µ

�Î¯¨×
�­�Ì×�Î ăį �ÍÒĮ ăĮĄāį ăĮĄĂ

afrag ×­Î�Ò­Áµ� �ÜÒ× Ò¯ñ� ¨ÁÎ
¨Î�©»�¼×�×¯Á¼

�­�Ì×�Î ăį �ÍĮ ăĮĂć

An �Á�¨¨¯�¯�¼× ¨ÁÎ ��µ�Üµ�×¯Á¼ Á¨
����µ�Î�×¯Á¼ ¯¼ >��Ì¨ÎÁ©
�µ©ÁÎ¯×­»

\4�ăāį �ÍĮ žĮą

α Ł�­�Ì×�ÎÒ ăį Ąį ął �¯»�¼Ò¯Á¼µ�ÒÒ Ì�Î�»�×�Î
ÍÜ�¼×¯¨ì¯¼© ×ÜÎ�Üµ�¼�� �¼�
�¼©Üµ�Î »Á»�¼×Ü» ×Î�¼ÒÌÁÎ×
Ł\­�³ÜÎ� �¼� \Ü¼ì��å ĂĊĈĄł

α Ł\v4ĂĈł �ëÌÁ¼�¼× Á¨ ÌÁæ�ÎŅµ�æ Ì�Î× Á¨
Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ
¨Ü¼�×¯Á¼

a��µ� ă

α Ł\4�ăāł �¼©µ� ¨ÁÎ ��µ�Üµ�×¯Á¼ Á¨ ÌÁÒ¯×¯Á¼
�¼� å�µÁ�¯×ì ¯¼ >��Ì¨ÎÁ©
�µ©ÁÎ¯×­»

�ÍĮ žĮĂă

ĂĄĊ
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\ì»�Áµ E��¼¯¼© ��¨¯¼¯×¯Á¼
bmax »�ë¯»Ü» ¯»Ì��× Ì�Î�»�×�Î ¨ÁÎ

Ò¯¼³ Ì�Î×¯�µ� �Áµµ¯Ò¯Á¼Ò
\v4ĂĈį �ÍĮ ĂĆ

Bn �Á�¨¨¯�¯�¼× ¨ÁÎ ��µ�Üµ�×¯Á¼ Á¨
����µ�Î�×¯Á¼ ¯¼ >��Ì¨ÎÁ©
�µ©ÁÎ¯×­»

\4�ăāį �ÍĮ žĮĆ

β Ł�­�Ì×�Î ăł �ÜÒ× ÁÌ��¯×ì ÒÌ��×Î�µ ¯¼��ë
β Ł\v4ĂĈł �ëÌÁ¼�¼× Á¨ �ëÌÁ¼�¼×¯�µ �Ü×Á¨¨

Á¨ Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ »�ÒÒ
¨Ü¼�×¯Á¼

a��µ� ă

cs ÒÁÜ¼� ÒÌ��� cs =
√
RT/µĹ \v4ĂĈį �ÍĮ ĂĂ

ekin ŁÒ�� �µÒÁ
a��µ� �Įăł

ÒÌ��¯¨¯� ³¯¼�×¯� �¼�Î©ì ekin = Ω2r2 = l2/r2

η �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�
fdį fg Î�×¯Á Á¨ �ÜÒ×į ©�Ò ��¼Ò¯×ì ×Á ×Á×�µ

��¼Ò¯×ì Á¨ ©�Ò �¼� �ÜÒ×
fd = ρd/ρtotį fg = ρg/ρtot

Fdrag �Î�© ¨ÁÎ��
F# \Áµ�Î ¨µÜë ��¼Ò¯×ì F# = L#/(4πr2)
γį Γ Ł�­�Ì×�Î Ąį
\v4ĂĈł

�¯»�¼Ò¯Á¼µ�ÒÒ Ò�µ¨Ņ©Î�å¯×ì
Ì�Î�»�×�Î

�­�Ì×�Î Ąį �ÍÒĮ ĄĮĄāį ĄĮĄĆĹ \v4ĂĈĭ
γ = 1/πį �ÍÒĮ Ąį ą

γ Ł�­�Ì×�Î ąį
\4�ăāł

��¯���×¯� ¯¼��ë

Hd �ÜÒ× Ò��µ� ­�¯©­× �­�Ì×�Î ąį �ÍÒĮ ąĮąį ąĮĆ
Hg ©�Ò Ò��µ� ­�¯©­× \v4ĂĈĭ Hg = cs/ΩKį �ÍĮ ĂăĹ

\4�ăāį �ÍĮ ĊĹ žÌÌ�¼�¯ë žį �ÍĮ žĮĈ
(Hd/Hg)init ¯¼¯×¯�µ �ÜÒ×Ņ×ÁŅ©�Ò Ò��µ� ­�¯©­×

Î�×¯Á
\4�ăāį a��µ� Ă

i ¯»�©¯¼�Îì Ü¼¯×
k Łkxį kzł æ�å� ¼Ü»��Î Ł¯¼ Î��¯�µį å�Î×¯��µ

�¯»�¼Ò¯Á¼ł
k =

√
k2x + k2z

K ÌÁµì×ÎÁÌ¯� �Á¼Ò×�¼× K = RTρ1−γ
g /µ

κ �Ì¯�ì�µ¯� ¨Î�ÍÜ�¼�ì �­�Ì×�Î ąį �ÍĮ ąĮĈį κ = ΩK

κλ �ÜÒ× ÁÌ��¯×ì κλ ∝ λ−β

l ÒÌ��¯¨¯� �¼©Üµ�Î »Á»�¼×Ü» l = Ω2r
L Ł�­�Ì×�Î ăł ¯¼±��×¯Á¼ Ò��µ�
L Ł\v4ĂĈį \4�ăāĹ
Ò�� �µÒÁ a��µ� �Įăł

Ò¯»Üµ�×¯Á¼ �Á»�¯¼ Ò¯ñ� \v4ĂĈį a��µ� ĂĹ \4�ăāį a��µ� Ă

Labsį Lemi ��ÒÁÎ���į �»¯××�� µÜ»¯¼ÁÒ¯×ì Á¨
ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³

Labs = πr2outerF#į
Lemi = 4πr2outerσT

4

λ æ�å�µ�¼©×­

λg,mfp ©�Ò »��¼ ¨Î�� Ì�×­ µ�¼©×­
λg,mfp = 1/(σgng)

= µmH/(σgρg)

Ăąā



\ì»�Áµ E��¼¯¼© ��¨¯¼¯×¯Á¼
λG ×­Î�Ò­Áµ� æ�å�µ�¼©×­ ¨ÁÎ µ¯¼��Î

©Î�å¯×�×¯Á¼�µ ¯¼Ò×��¯µ¯×ì
�­�Ì×�Î Ąį �ÍĮ ĄĮĄĉ

mį M Ł�­�Ì×�Î Ąį
\v4ĂĈĹ Ò�� �µÒÁ
a��µ� �Įăł

Ìµ�¼�×�Ò¯»�µ ĺ Ò¯¼³ Ì�Î×¯�µ� »�ÒÒ [M ] = ρg,0H3
g = πγH3

gP
−2
K Ĺ

�­�Ì×�Î Ąį �ÍĮ ĄĮĄąĹ \v4ĂĈį �ÍĮ Ăąį
a��µ� Ą

mc �ÜÒ× �µÜ»Ì »�ÒÒ
md �ÜÒ× ŁÌ�Î×¯�µ�ł »�ÒÒ \4�ăāį �ÍÒĮ Ăąį ĂĆ
M Ł\4�ăāł ÌÁ¯¼× »�ÒÒ M = 1M#
〈M〉 »��¼ Ìµ�¼�×�Ò¯»�µ ĺ Ò¯¼³

Ì�Î×¯�µ� »�ÒÒ
\v4ĂĈį a��µ� Ą

Mchar �­�Î��×�Î¯Ò×¯� Ìµ�¼�×�Ò¯»�µ
»�ÒÒ

�­�Ì×�Î Ąį �ÍÒĮ ĄĮĄĄį ĄĮĄć

Mg,tot ×Á×�µ ©�Ò »�ÒÒ \4�ăāį �ÍĮ Ăā
MG ©Î�å¯×�×¯Á¼�µ »�ÒÒ Łž�Á� �× �µĮ

ăāĂĊł
�­�Ì×�Î Ąį �ÍÒĮ ĄĮĄĈį ĄĮĄĊ

Mminį Mmax »¯¼¯»Ü»į »�ë¯»Ü»
Ìµ�¼�×�Ò¯»�µ ĺ Ò¯¼³ Ì�Î×¯�µ� »�ÒÒ

\v4ĂĈį a��µ� Ą

Mpowį Mexp �­�Î��×�Î¯Ò×¯� »�ÒÒ Á¨
ÌÁæ�ÎŅµ�æ Ì�Î×į �ëÌÁ¼�¼×¯�µ
�Ü×Á¨¨ Á¨ Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ
»�ÒÒ ¨Ü¼�×¯Á¼

\v4ĂĈį �ÍĮ Ăĉį a��µ� ă

MS Ò×�µµ�Î »�ÒÒ \4�ăāį žÌÌ�¼�¯ë žĭ MS = 1M#
M ŁÒ�� �µÒÁ
a��µ� �Įăł

E��­ ¼Ü»��Î

µ »��¼ »Áµ��Üµ�Î æ�¯©­× µ = 2.33
n ŁÒ�� �µÒÁ
a��µ� �Įăł

¼Ü»��Î ��¼Ò¯×ì dnd/da ∝ a−q

N Ìµ�¼�×�Ò¯»�µ ĺ Ò¯¼³ Ì�Î×¯�µ�
¼Ü»��Î

�­�Ì×�Î Ąį �ÍÒĮ ĄĮĄĂį ĄĮĄăĹ \v4ĂĈį
�ÍĮ ăā

Nd �ÜÒ× Ì�Î×¯�µ� ¼Ü»��Î
Nf ¨¯µ�»�¼× ¼Ü»��Î \v4ĂĈį a��µ� ă
Ntot ×Á×�µ ¼Ü»��Î Á¨ Ìµ�¼�×�Ò¯»�µÒ ĺ

Ò¯¼³ Ì�Î×¯�µ�Ò
\v4ĂĈį a��µ� Ą

Nxį Nyį Nz ¼Ü»��Î Á¨ ©Î¯� ��µµÒ ¯¼ ×­�
ëŅįìŅįñŅ�¯»�¼Ò¯Á¼

\v4ĂĈį a��µ� Ă

N>(M)į N>(R) ¼Ü»��Î Á¨ Ìµ�¼�×�Ò¯»�µÒ ĺ Ò¯¼³
Ì�Î×¯�µ�Ò æ¯×­ »�ÒÒ�Òį Î��¯¯
©Î��×�Î ×­�¼ M į R

�­�Ì×�Î Ąį �ÍĮ ĄĮăĊĹ \v4ĂĈį
�ÍÒĮ Ăćį ĂĈį ĂĊį ăĂ

Nrį Nz �ÎÜ¼×Ņo�¯Ò�µ� ¨Î�ÍÜ�¼�ì Á¨
ÁÒ�¯µµ�×¯Á¼Ò ��ÜÒ�� �ì �ÜÁì�¼�ì
¯¼ ×­� Î��¯�µį å�Î×¯��µ �¯»�¼Ò¯Á¼

�­�Ì×�Î ąį �ÍÒĮ ąĮĂĆį ąĮăā

ĂąĂ
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νg,mol »Áµ��Üµ�Î ©�Ò å¯Ò�ÁÒ¯×ì �­�Ì×�Î ăį �ÍĮ ăĮĆ
νturb ŁÒ�� �µÒÁ
a��µ� �Įăł

×ÜÎ�Üµ�¼× å¯Ò�ÁÒ¯×ì �­�Ì×�Î ăį �ÍÒĮ ăĮćį ăĮĈį ăĮĉ

ω æ�å� ¨Î�ÍÜ�¼�ì
Ω ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì
ΩK <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ¨Î�ÍÜ�¼�ì ΩK = 2π/PK = vK/rĹ \v4ĂĈį

�ÍĮ Ăā
p ÌÁæ�ÎŅµ�æ �ëÌÁ¼�¼× Á¨ Î��¯�µ

��¼Ò¯×ì ÌÎÁ¨¯µ�
pg ©�Ò ÌÎ�ÒÒÜÎ� pg = c2sρg
ptot ×Á×�µ »Á»�¼×Ü» Á¨ ©�Ò �¼� �ÜÒ×
∆pd,drag �­�¼©� ¯¼ �ÜÒ× »Á»�¼×Ü»

Áæ¯¼© ×Á �Î�© �ë�Î×�� �ì ©�Ò
∆pd,drag = mdvd,drag

P ŁÒ�� �µÒÁ
a��µ� �Įăł

©�Ò ÌÎ�ÒÒÜÎ� \4�ăāį �ÍÒĮ Ąį ąĹ žÌÌ�¼�¯ë žĭ
P = c2sρg

PK <�Ìµ�Î¯�¼ ÁÎ�¯×�µ Ì�Î¯Á� \v4ĂĈį �ÍĮ Ċ
PK,0 <�Ìµ�Î¯�¼ ÁÎ�¯×�µ Ì�Î¯Á� �×

¯¼¯×¯�µ ÌÁÒ¯×¯Á¼ Á¨ Ì�Î×¯�µ�
Π �¯»�¼Ò¯Á¼µ�ÒÒ ÌÎ�ÒÒÜÎ�

©Î��¯�¼× Ì�Î�»�×�Î Ł��¯ �¼�
\×Á¼� ăāĂā�ł

�­�Ì×�Î ăį �ÍÒĮ ăĮĂĊį ăĮăāĹ \v4ĂĈį
�ÍĮ ăĹ \4�ăāį �ÍÒĮ Ăăį ĂĄ

φ �ñ¯»Ü×­�µ �ÁÁÎ�¯¼�×�
φ̂ Ü¼¯× å��×ÁÎ ¯¼ �ñ¯»Ü×­�µ

�¯Î��×¯Á¼
ΦS Ò×�µµ�Î ©Î�å¯×�×¯Á¼�µ ÌÁ×�¼×¯�µ ΦS = −GMS/

√
r2 + z2

q Ł�­�Ì×�Î ăł ÌÁæ�ÎŅµ�æ �ëÌÁ¼�¼× Á¨ �ÜÒ× Ò¯ñ�
�¯Ò×Î¯�Ü×¯Á¼

q Ł�­�Ì×�Î ął ÌÁæ�ÎŅµ�æ �ëÌÁ¼�¼× Á¨ Î��¯�µ
×�»Ì�Î�×ÜÎ� ÌÎÁ¨¯µ�

Q �¯»�¼Ò¯Á¼µ�ÒÒ aÁÁ»Î�
Ì�Î�»�×�Î ¨ÁÎ ©Î�å¯×�×¯Á¼�µ
¯¼Ò×��¯µ¯×ì ŁaÁÁ»Î� ĂĊćął

�­�Ì×�Î ąį �ÍĮ ąĮć

r Ł�­�Ì×�ÎÒ ăį Ąį ąį
\4�ăāį
žÌÌ�¼�¯ë žĹ Ò��
�µÒÁ a��µ� �Įăł

Î��¯�µ �ÁÁÎ�¯¼�×�

rį R Ł�­�Ì×�Î Ąį
\v4ĂĈĹ Ò�� �µÒÁ
a��µ� �Įăł

Ìµ�¼�×�Ò¯»�µ ĺ Ò¯¼³ Ì�Î×¯�µ�
Î��¯ÜÒ

r̂ Ü¼¯× å��×ÁÎ ¯¼ Î��¯�µ �¯Î��×¯Á¼
rc �ÜÒ× �µÜ»Ì Î��¯ÜÒ �­�Ì×�Î Ąį �ÍĮ ĄĮăĈ

Ăąă
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rcylį rCar Î��¯�µ �ÁÁÎ�¯¼�×� ¯¼ �ìµ¯¼�Î¯��µį

��Î×�Ò¯�¼ ©�Á»�×Îì
rS Î��¯�µ �¯Ò×�¼�� ��×æ��¼ �ÜÒ×

�µÜ»Ì �¼� Ò×�Î
rH 0¯µµ Î��¯ÜÒ �­�Ì×�Î Ąį �ÍĮ ĄĮăĆ
router Î��¯�µ �¯Ò×�¼�� ��×æ��¼ ÁÜ×�Î

ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ ��©� �¼�
Ò×�Î

r0 Î��¯�µ �¯Ò×�¼�� ��×æ��¼ ��¼×Î�
Á¨ ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³ Î�©¯Á¼
�¼� Ò×�Î ¯¼ Ò­��Î¯¼© �Áë
�ÌÌÎÁë¯»�×¯Á¼

∆rd Ł∆rsimį
∆ranał

ŁÒ¯»Üµ�×��į �¼�µì×¯�ł Î��¯�µ
�¯ÒÌµ���»�¼× Á¨ �ÜÒ× Ì�Î×¯�µ�
Î�µ�×¯å� ×Á ¯¼¯×¯�µ ÌÁÒ¯×¯Á¼

\4�ăāį �ÍĮ �ĮĈ

R Ł\v4ĂĈł ÁÎ�¯×�µ �¯Ò×�¼��
Rexp Î��¯ÜÒ Ò��µ� Á¨ �ëÌÁ¼�¼×¯�µ

�Ü×Á¨¨ Á¨ Ìµ�¼�×�Ò¯»�µ ¯¼¯×¯�µ
»�ÒÒ ¨Ü¼�×¯Á¼

Re X�ì¼Áµ�Ò ¼Ü»��Î �­�Ì×�Î ăį �ÍĮ ăĮą
X¯ X¯�­�Î�ÒÁ¼ ¼Ü»��Î �­�Ì×�Î ąį �ÍĮ ąĮăĂ
ρ ŁÒ�� �µÒÁ
a��µ� �Įăł

��¼Ò¯×ì \v4ĂĈį �ÍÒĮ Ăį ĉį ĂĄĹ \4�ăāį
�ÍÒĮ ćį ĈĹ žÌÌ�¼�¯ë žį �ÍÒĮ žĮăį
žĮĆ

ρc �ÜÒ× �µÜ»Ì ��¼Ò¯×ì
ρp,thres ×­Î�Ò­Áµ� ��¼Ò¯×ì ¨ÁÎ Ò¯¼³

Ì�Î×¯�µ� �Î��×¯Á¼
ρp,thres = 200 ρg,0

ρR ŁÒ�� �µÒÁ
a��µ� �Įăł

XÁ�­� ��¼Ò¯×ì �­�Ì×�Î Ąį �ÍĮ ĄĮăćĹ \v4ĂĈį �ÍĮ ĆĹ
\4�ăāį �ÍĮ ĂĈ

ρs ÒÁµ¯� ��¼Ò¯×ì ρs = 1 © �»−3

ρtot ×Á×�µ ��¼Ò¯×ì Á¨ ©�Ò �¼� �ÜÒ× ρtot = ρg + ρd
s ÒÌ��¯¨¯� ©�Ò �¼×ÎÁÌì s ∝ ln(P/ργg) ∝ ln(Tρ1−γ

g )
St \×Á³�Ò ¼Ü»��Î St ≡ τstop = ΩKtstopĹ �­�Ì×�Î ăį

�ÍĮ ăĮĄă
Stboun ×­Î�Ò­Áµ� \×Á³�Ò ¼Ü»��Î ¨ÁÎ

�ÁÜ¼�¯¼©
�­�Ì×�Î ăį �ÍĮ ăĮĂă

Stdrift ×­Î�Ò­Áµ� \×Á³�Ò ¼Ü»��Î ¨ÁÎ
Î��¯�µ �Î¯¨×

�­�Ì×�Î ăį �ÍĮ ăĮĄĄ

Stfrag ×­Î�Ò­Áµ� \×Á³�Ò ¼Ü»��Î ¨ÁÎ
¨Î�©»�¼×�×¯Á¼

Stfrag = ∆v2frag/(2M2
gc

2
s )Ĺ

�­�Ì×�Î ăį �ÍĮ ăĮĂĆ

ĂąĄ
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Stturb ×­Î�Ò­Áµ� \×Á³�Ò ¼Ü»��Î ¨ÁÎ

�ÜÒ× ��¯¼© Ò×¯ÎÎ�� �ì ©�Ò
×ÜÎ�Üµ�¼��

�­�Ì×�Î ăį �ÍĮ ăĮĊ

σd �ÜÒ× �ÎÁÒÒ Ò��×¯Á¼
σd,coll �ÜÒ× �Áµµ¯Ò¯Á¼ �ÎÁÒÒ Ò��×¯Á¼ σd = 4πa2

σg »Áµ��Üµ�Î �Áµµ¯Ò¯Á¼ �ÎÁÒÒ Ò��×¯Á¼ σg = 2× 10−15 �»2 Ł�­�Ì»�¼
�¼� �Áæµ¯¼© ĂĊĈāł

Σ ŁÒ�� �µÒÁ
a��µ� �Įăł

ÒÜÎ¨��� ��¼Ò¯×ì \v4ĂĈį �ÍĮ ĈĹ \4�ăāį �ÍĮ ĉĹ
žÌÌ�¼�¯ë žį �ÍĮ žĮć

t ×¯»�
td,init ×¯»� Á¨ �ÜÒ× ¯¼¯×¯�µ¯Ò�×¯Á¼ \4�ăāį a��µ� Ă
tend ×¯»� Á¨ Ò¯»Üµ�×¯Á¼ �¼� \4�ăāį a��µ� Ă
tf ¨Î¯�×¯Á¼ĺÒ×ÁÌÌ¯¼© ×¯»�
tstop ŁÒ�� �µÒÁ
a��µ� �Įăł

Ò×ÁÌÌ¯¼©ĺ¨Î¯�×¯Á¼ ×¯»� �­�Ì×�Î ăį �ÍĮ ăĮăĹ \4�ăāĭ
tstop ≡ td,stopį �ÍĮ �ĮĂĹ
tg,stop = ρg/ρd td,stop

T ŁÒ�� �µÒÁ
a��µ� �Įăł

×�»Ì�Î�×ÜÎ� \4�ăāį �ÍĮ ĆĹ žÌÌ�¼�¯ë žį �ÍĮ žĮĂ

τd,coll �ÜÒ× �Áµµ¯Ò¯Á¼ ×¯»� Ò��µ� τd,coll = 1/(ndσd,coll∆vd,Bm)
τd,diff ×¯»� Ò��µ� Á¨ å�Î×¯��µ �ÜÒ×

�¯¨¨ÜÒ¯Á¼
�­�Ì×�Î ąį �ÍĮ ąĮĄ

τd,drift ×¯»� Ò��µ� Á¨ Î��¯�µ �ÜÒ× �Î¯¨× τd,drift = r/vd,r
τd,grow �ÜÒ× ©ÎÁæ×­ ×¯»� Ò��µ� τd,grow = a/ȧ
τd,sett �ÜÒ× Ò�××µ¯¼© ×¯»� Ò��µ� �­�Ì×�Î ąį �ÍĮ ąĮă
τη ���ì ×ÜÎ¼Áå�Î ×¯»� Ò��µ� �×

�¯ÒÒ¯Ì�×¯Á¼ Ò��µ�
τf �¯»�¼Ò¯Á¼µ�ÒÒ ¨Î¯�×¯Á¼ĺÒ×ÁÌÌ¯¼©

×¯»�
τf = ΩKtf = π/10

τg,cool ©�Ò �ÁÁµ¯¼© ×¯»� Ò��µ� �­�Ì×�Î ąį �ÍÒĮ ąĮĂĈį ąĮĂĉ
τL ���ì ×ÜÎ¼Áå�Î ×¯»� Ò��µ� �×

¯¼±��×¯Á¼ Ò��µ�
τstop �¯»�¼Ò¯Á¼µ�ÒÒ Ò×ÁÌÌ¯¼©ĺ¨Î¯�×¯Á¼

×¯»�
τstop ≡ St = ΩKtstopĹ \4�ăāį
a��µ� Ăį �ÍĮ Ăć

∆t ŁÒ�� �µÒÁ
a��µ� �Įăł

×¯»� Ò×�Ì

v ŁÒ�� �µÒÁ
a��µ� �Įăł

å�µÁ�¯×ì

vcom,r,init Î��¯�µ å�µÁ�¯×ì Á¨ ��¼×�Î Á¨ »�ÒÒ
Á¨ ©�Ò �¼� �ÜÒ×

\4�ăāį �ÍĮ �Įć

vg,η ©�Ò å�µÁ�¯×ì �× �¯ÒÒ¯Ì�×¯Á¼ Ò��µ�
vg,L ©�Ò å�µÁ�¯×ì �× ¯¼±��×¯Á¼ Ò��µ�

Ăąą
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vg,therm »��¼ ×­�Î»�µ ©�Ò å�µÁ�¯×ì vg,therm =

√
8/π cs

vK <�Ìµ�Î¯�¼ ÁÎ�¯×�µ ÒÌ��� �­�Ì×�Î ăį �ÍĮ ăĮăąĹ \v4ĂĈĭ
vK = ΩKRĹ \4�ăāį �ÍĮ ĂĂ

vr,init ŁÒ�� �µÒÁ
a��µ� �Įăł

¯¼¯×¯�µ Î��¯�µ å�µÁ�¯×ì vd,r,init = −vg,r,init = cs

∆v Ł�­�Ì×�Î ăł Î�µ�×¯å� å�µÁ�¯×ì Á¨ �ÜÒ× �¼� ©�Ò
∆v Ł\v4ĂĈł Î�µ�×¯å� Ò¯¼³ Ì�Î×¯�µ� å�µÁ�¯×ì
∆vdrag ŁÒ�� �µÒÁ
a��µ� �Įăł

�­�¼©� ¯¼ å�µÁ�¯×ì ��ÜÒ�� �ì
�Î�©

∆vd,drag = (vd − vg)/td,stop∆tį
∆vg,drag = ∆pp,drag/(ρgV )

V ��µµ åÁµÜ»�
∆vd,boun Î�µ�×¯å� �ÜÒ× å�µÁ�¯×ì µ���¯¼© ×Á

�ÁÜ¼�¯¼©
�­�Ì×�Î ăį �ÍĮ ăĮĂĂ

∆vd,Bm »��¼ Î�µ�×¯å� �ÜÒ× å�µÁ�¯×ì
Áæ¯¼© ×Á �ÎÁæ¼¯�¼ »Á×¯Á¼

�­�Ì×�Î ăį �ÍĮ ăĮĂ

∆vd,frag Î�µ�×¯å� �ÜÒ× å�µÁ�¯×ì µ���¯¼© ×Á
¨Î�©»�¼×�×¯Á¼

∆vd,frag = 100 �» Ò−1

∆vd,turb Î�µ�×¯å� �ÜÒ× å�µÁ�¯×ì Áæ¯¼© ×Á
©�Ò ×ÜÎ�Üµ�¼��

�­�Ì×�Î ăį �ÍĮ ăĮĂā

x Ł�­�Ì×�Î Ąį
\v4ĂĈł

Î��¯�µ �ÁÁÎ�¯¼�×�

x Ł\4�ăāĹ Ò�� �µÒÁ
a��µ� �Įăł

xŅ�ÁÁÎ�¯¼�×�

∆x ©Î¯� ��µµ Ò¯ñ� \4�ăāį a��µ� Ă
y Ł�­�Ì×�Î Ąį
\v4ĂĈł

�ñ¯»Ü×­�µ �ÁÁÎ�¯¼�×�

y Ł\4�ăāĹ Ò�� �µÒÁ
a��µ� �Įăł

yŅ�ÁÁÎ�¯¼�×�

z ŁÒ�� �µÒÁ
a��µ� �Įăł

å�Î×¯��µ �ÁÁÎ�¯¼�×�

Z �ÜÒ×ŅĺÒÁµ¯�Ņ×ÁŅ©�Ò ÒÜÎ¨���
��¼Ò¯×ì Î�×¯Á

�­�Ì×�ÎÒ Ąį ąį \4�ăāĭ
Z = Σd/ΣgĹ \4�ăāį a��µ� ĂĹ
\v4ĂĈĭ Z = Σp/Σg

Zthres ×­Î�Ò­Áµ� �ÜÒ×Ņ×ÁŅ©�Ò ÒÜÎ¨���
��¼Ò¯×ì Î�×¯Á ¨ÁÎ ¨¯µ�»�¼× �¼�
Ìµ�¼�×�Ò¯»�µ ¨ÁÎ»�×¯Á¼ Áæ¯¼©
×Á Ò×Î��»¯¼© ¯¼Ò×��¯µ¯×ì

�­�Ì×�Î Ąį �ÍĮ ĄĮăĉ

ĂąĆ
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5BCMF #��� 4VC� BOE TVQFSTDSJQUT

\Ü�ŅĺÒÜÌ�ÎÒ�Î¯Ì× E��¼¯¼©
� �ÜÒ×
© ©�Ò
i Ì�Î×¯�µ� ¯¼��ë
¯¼¯× ¯¼¯×¯�µ
»�ë »�ë¯»Ü»
»¯¼ »¯¼¯»Ü»
n ×¯»� Ò×�Ì ¯¼��ë
Ì Ì�Î×¯�µ�
φ �ñ¯»Ü×­�µ
r Î��¯�µ
XE\ ÎÁÁ× »��¼ ÒÍÜ�Î�
x Î��¯�µ
y Ł\v4ĂĈł �ñ¯»Ü×­�µ
y Ł\4�ăāł ¯¼ yŅ�¯Î��×¯Á¼
z å�Î×¯��µ
0 ŁÒÜ�Ò�Î¯Ì×ł ÌÎÁ×ÁÌµ�¼�×�Îì �¯Ò³

»¯�ŅÌµ�¼� �× z = 0
0į 1/2 ŁÒÜÌ�ÎÒ�Î¯Ì×ł ¯¼��ë Á¨ ñ�ÎÁ×­į ¨¯ÎÒ×

­�µ¨ ×¯»� Ò×�Ì

5BCMF #��� $POTUBOUT

�Á¼Ò×�¼× E��¼¯¼© o�µÜ�
G ©Î�å¯×�×¯Á¼�µ �Á¼Ò×�¼× 6.674× 10−8 ©−1 �»3 Ò−2

kB �Áµ×ñ»�¼¼ �Á¼Ò×�¼× 1.381× 10−16 �Î© <−1

L# \Áµ�Î µÜ»¯¼ÁÒ¯×ì 3.839× 1033 �Î© Ò−1

mH ­ì�ÎÁ©�¼ »�ÒÒ 1.674× 10−24 ©
MCeres »�ÒÒ Á¨ ��Î�Ò 9.3× 1023 ©
MC »�ÒÒ Á¨ ��Î×­ 5.972× 1027 ©
M# \Áµ�Î »�ÒÒ 1.989× 1033 ©
R ¯���µ ©�Ò �Á¼Ò×�¼× 8.314× 107 �Î© ©−1 <−1

σ \×�¨�¼Ņ�Áµ×ñ»�¼¼ �Á¼Ò×�¼× 5.670× 105 �Î© �»2 Ò1 <4

Ăąć



�¯��ÒÒ×�××µ¯�­� o�ÎÒ¯�­�ÎÜ¼©

0¯�Î»¯× å�ÎÒ¯�­�Î� ¯�­ �¼ �¯��Ò Ò×�××į �¯� åÁÎµ¯�©�¼�� �¯ÒÒ�Î×�×¯Á¼ÒÒ�­Î¯¨× Ò�µ�Ò× å�Î¨�ÒÒ× Ü¼�
³�¯¼� �¼��Î�¼ �µÒ �¯� �¼©�©���¼�¼ 0¯µ¨Ò»¯××�µ Ü¼� WÜ�µµ�¼ ��¼Ü×ñ× ñÜ ­���¼Į
�¯� �¯¼©�Î�¯�­×� Ò�­Î¯¨×µ¯�­� *�ÒÒÜ¼© �¼×ÒÌÎ¯�­× ��Î �Ü¨ ��» �µ�³×ÎÁ¼¯Ò�­�¼ \Ì�¯�­�Î»��¯Ņ
Ü»Į
�¯� �¯ÒÒ�Î×�×¯Á¼ æÜÎ�� ¯¼ ��Î åÁÎ©�µ�©×�¼ Á��Î �¯¼�Î �­¼µ¯�­�¼ *ÁÎ» ¼¯�­× Ò�­Á¼ �¯¼»�µ ¯¼
�¯¼�» ¨Îß­�Î�¼ VÎÁ»Á×¯Á¼Òå�Î¨�­Î�¼ �¼©�¼Á»»�¼ Á��Î �µÒ Ü¼©�¼ß©�¼� ��ÜÎ×�¯µ×Į

0�»�ÜÎ©į ��¼ āĂĮĂāĮăāăā

fÎÒ \�­�¨�Î

ĂąĈ
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