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Abstract

In this work, we study Cooper pairs and fermion trimers in solid-state and cold-atom
systems in three main projects. In a first project, we solve the Cooper problem in a
cuprate lattice a priori. The cuprate lattice is a Lieb lattice with a sufficiently large
charge-transfer energy. It provides a useful platform to study a CuO, plane, which
is a main unit of the high-temperature cuprate superconductors. We consider a
square unit cell with three sites including a d,2_,» orbital configuration representing
a Cu atom, and two p, and p, orbital configurations representing the oxygens. We
demonstrate that the next-nearest-neighbor hopping changes the curvature of the
dispersive bands, and provides a better agreement of the Fermi-surface geometry
compared to experimental data. This implies that we can increase the hole doping
while the desired geometry of the Fermi surface is preserved. We constitute the
Fermi-Hubbard Hamiltonian on a submanifold of a dispersive band, where the total
momentum of a pair vanishes. While the Cooper problem is usually considered as
a weak-coupling limit of an electron pair, here we present an example that includes
a strong-coupling limit of the repulsive on-site interactions. We do not impose any
constraints on the orbital symmetry of a Cooper pair a posteriori. Our results
demonstrate that the ground-state solution of the Cooper problem in a cuprate
lattice supports the orbital symmetry of d,2_,2. We find a largest absolute value of
the ground-state energy corresponding to a critical temperature of the order of 100 K.
Further, and going beyond high-temperature cuprate superconductors, we propose
an experimental signature of the d-wave Cooper pairs for a cold-atom system in a
cuprate lattice using the techniques of time-of-flight image and noise correlations.
We are also interested in the formation of three-electron bound states in a solid-
state system. In a second project, we consider two spin-up and spin-down electrons
that are subject to an inert Fermi sea in a lower band with a quadratic dispersion
relation, forming a Cooper pair. We expand the Cooper problem by including an
additional electron in an otherwise empty band with a quadratic dispersion relation
that interacts attractively with the other electrons. We constitute a system of two
coupled integral equations in momentum space describing the three-electron system.
Our analytical and numerical solutions demonstrate that beyond a critical interband
interaction, three electrons can form a bound state at interaction strengths that are
not yet sufficient to form a Cooper pair. We refer to that three-electron bound state
as an electron trimer state. Our analytical estimate of the critical interband inter-
action strength shows that it is the lowest for large effective masses of the additional
electron, small Fermi velocities, and a large Debye energy. As we increase the in-
traband interaction strength in absolute magnitude, the trimer state competes with
the formation of a Cooper pair. Our results imply that three electrons can also form
a bound state for noninteracting intraband electrons. From the perspective of the
electrons in a lower band, this trimer state can be interpreted as a particle-induced
bound state. Moreover, when the effective mass of the electrons in a lower band is
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much larger than the effective mass of the electron in a higher band and also for
a Debye energy comparable to the Fermi energy, we observe the formation of more
than one trimer state. As an experimental signature of the electron trimers in con-
ventional superconductors, we propose two scenarios using the modern technology
of pump-probe experiments. A first scenario is to detect an electron trimer as an
excited state revealed as an in-gap resonance peak by optically probing this state or
by optically pumping electrons to a higher band. A second scenario is to detect a
trimer state as the ground state of the system which destabilizes the BCS state.
As another example of trimers we mention Efimov states, that are the three-body
bound states of particles interacting in short ranges. In contrast to a Cooper pair,
an Efimov state is formed in vacuum. Unlike the electron trimers, the number of
the Efimov states is in principle infinite, obeying a geometric scaling law. In a third
project, we study the effect of Fermi seas on the Efimov spectrum. We constitute
a system of two coupled integral equations in momentum space, and determine the
three-body bound states of an atom in a Fermi mixture for contact interactions.
We demonstrate that the Fermi seas deform the corresponding Efimov spectrum
systematically, and push the overall spectrum towards positive values of the s-wave
scattering lengths due to the Pauli blocking of states. We show that this effect is
more pronounced near unitarity, for which we find an analytical estimate. We note
that the deformation of the Efimov spectrum breaks the translational symmetry,
implying that the Efimov scaling law does not hold anymore. We obtain a general-
ized scaling law that governs three-body bound states in the presence of Fermi seas.
Finally, our results enable us to propose three scenarios to observe the experimental
signature of the three-body bound states in an ultracold fermionic mixture of Yb
isotopes. We estimate the onset of a three-body bound state and the binding energy.
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Zusammenfassung

In dieser Arbeit untersuchen wir in drei Projekte die Cooper-Paare und die Fermion-
Trimere in Festkorper- und Kaltatomsystemen. Im ersten Projekt 1osen wir das
Cooper-Problem a priori in einem Cuprat-Gitter. Das Cuprat-Gitter ist ein Lieb-
Gitter mit einer ausreichend groflen Ladungstransferenergie. Es bietet eine niitzli-
che Plattform fiir die Untersuchung einer CuO,-Ebene, die eine Hauptkomponente
der Hochtemperatur-Cuprat-Supraleiter darstellt. Wir betrachten eine quadratische
Einheitszelle mit drei Gitterplitze inklusive einer d,2_,2-Orbitalkonfiguration, die
ein Cu-Atom darstellt, und zwei p,- und p,-Orbitalkonfigurationen, die die Sauer-
stoffatome darstellen. Wir zeigen, dass das Hiipfen zum iibernéchsten Nachbarn die
Kriimmung der dispersiven Bénder dndert und so eine bessere Ubereinstimmung der
Fermi-Oberflichengeometrie mit experimentellen Daten liefert. Auf diese Weise kon-
nen wir die Lochdotierung erhéhen, wéhrend die gewiinschte Geometrie der Fermi-
Oberflache erhalten bleibt. Wir bilden den Fermi-Hubbard-Hamilton-Operator auf
einer Untermannigfaltigkeit eines dispersiven Einzelbandes ab, in der der Gesamtim-
puls eines Paares verschwindet. Wahrend das Cooper-Problem normalerweise als die
schwache Kopplungsgrenze eines Elektronenpaars betrachtet wird, prasentieren wir
hier ein Beispiel, das eine starke Kopplungsgrenze der abstolenden Wechselwirkung
enthélt. Wir erlegen der Orbitalsymmetrie eines Cooper-Paares a posteriori keine
Einschrankungen auf. Unsere Ergebnisse zeigen, dass die Grundzustandslosung des
Cooper-Problems in einem Cuprat-Gitter die Orbitalsymmetrie von d,2_,2 unter-
stiitzt. Wir finden einen hochsten absoluten Wert der Grundzustandsenergie, der
einer kritischen Temperatur in der GroBenordnung von 100 K entspricht. Uber die
Hochtemperatur-Cuprat-Supraleiter hinausgehend schlagen wir eine experimentelle
Signatur der d-Wellen-Cooper-Paare fiir ein Kaltatomsystem in einem Cuprat-Gitter
unter Verwendung der Techniken der time-of-flight-image- und noise-correlations
Vor.

Wir sind zugleich auch an der Bildung von drei elektronengebundenen Zustanden
in einem Festkorpersystem interessiert. Im zweiten Projekt betrachten wir dann zwei
Spin-up- und Spin-down-Elektronen, die einem inerten Fermi-See in einem unteren
Band mit einer quadratischen Dispersionsrelation ausgesetzt sind und ein Cooper-
Paar bilden. Wir erweitern dabei das Cooper-Problem, indem wir ein zusétzliches
Elektron in ein ansonsten leeres Band mit einer quadratischen Dispersionsrelati-
on aufnehmen, das attraktiv mit anderen Elektronen interagiert. Wir bilden dazu
ein System aus der zwei gekoppelten Integralgleichungen im Impulsraum, das das
Drei-Elektronen-System beschreibt. Unsere analytischen und numerischen Losun-
gen zeigen, dass drei Elektronen iiber eine kritische Interband-Wechselwirkung hin-
aus einen gebundenen Zustand bilden kénnen bei Wechselwirkungsstéarken, die noch
nicht ausreichen, um ein Cooper-Paar zu bilden. Wir bezeichnen diesen gebunde-
nen Drei-Elektronen-Zustand als Elektronen-Trimer. Unsere analytische Abschét-
zung der kritischen Interband-Wechselwirkungsstarke zeigt, dass sie fiir grofle effek-
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tive Massen des zusédtzlichen Elektrons, sowie kleine Fermi-Geschwindigkeiten und
eine groBe Debye-Energie am niedrigsten ist. Wenn wir die Starke der Intraband-
Wechselwirkung in ihrer absoluten Groflenordnung erhohen, konkurriert der Trimer-
Zustand mit der Bildung eines Cooper-Paares. Unsere Ergebnisse besagen, dass
drei Elektronen einen gebundenen Zustand fiir nicht wechselwirkende Intraband-
Elektronen bilden kénnen. Aus der Sicht der Elektronen in einem unteren Band kann
dieser Trimer-Zustand als ein Teilchen-induzierter gebundener Zustand interpretiert
werden. Wenn dariiber hinaus die effektive Masse der Elektronen in einem tiefe-
ren Band sehr viel schwerer ist als die effektive Masse des Elektrons in einem hoéhe-
ren Band und dies fiir eine Debye-Energie, die mit der Fermi-Energie vergleichbar
ist, dann beobachten wir die Bildung von mehr als einem Trimer-Zustand. Als expe-
rimentelle Signatur fiir Elektronen-Trimere in herkémmlichen Supraleitern schlagen
wir zwei Szenarien vor, die die moderne Technologie von sogenannten Pump-Probe-
Experimenten verwenden. Das erste Szenario fasst das Elektrontrimer als einen an-
geregten Zustand auf, der als ein In-Gap-Resonanz-Peak sichtbar wird, wobei die-
ser Zustand entweder optisch untersucht wird oder elektronenoptisch in ein héhe-
res Band gepumpt wird. Das zweite Szenario besteht darin, den Trimeren-Zustand
als einen Grundzustand des Systems aufzufassen, der den BCS-Zustand destabili-
siert.

Als ein weiteres Beispiel fiir Trimere erwahnen wir Efimov-Zustinde, d.h. die
Dreikorper-gebundenen Zusténde von Teilchen, die iiber kurze Entfernungen inter-
agieren. Im Gegensatz zu einem Cooper-Paar kann im Vakuum ein Efimov-Zustand
gebildet werden. Und im Unterschied zu den Elektronentrimeren ist die Anzahl der
Efimov-Zustiande im Prinzip unendlich, wobei ein geometrisches Skalierungsgesetz
gilt. Im dritten Projekt schlieBlich untersuchen wir die Auswirkung der Fermi-Seen
auf das Efimov-Spektrum. Wir bilden dazu ein System aus zwei gekoppelten In-
tegralgleichungen im Impulsraum und bestimmen die Dreikérper-Bindungszustande
eines Atoms in einer Fermi-Mischung fiir Kontaktwechselwirkungen. Wir zeigen, dass
die Fermi-Seen das entsprechende Efimov-Spektrum systematisch deformieren und
dabei das Gesamtspektrum aufgrund der Pauli-Blockierung von Zustanden in Rich-
tung positiver Werte der s-Wellen-Streuldngen verschieben. Wir finden, dass dieser
Effekt in der Néhe der Unitaritéit starker ausgepragt ist, woflir wir eine analytische
Schétzung angeben konnen. Wir stellen dartiiberhinaus fest, dass die Verformung
des Efimov-Spektrums die Translationssymmetrie bricht. Dies impliziert, dass das
Efimov-Skalierungsgesetz dann nicht mehr gilt. Wir erhalten so ein verallgemei-
nertes Skalierungsgesetz, das die gebundenen Drei-Korper-Zustande in Gegenwart
von Fermi-Seen beschreibt. Schliefllich ermoglichen es unsere Ergebnisse, drei ex-
perimentelle Szenarien vorzuschlagen, um Drei-Korper-Bindungszustéinde in einer
ultrakalten fermionischen Mischung von Yb-Isotopen beobachten zu kénnen. Wir
konnen dazu den Beginn eines Drei-Korper-Bindungszustands abschéatzen inklusive
der zugehorigen Bindungsenergie.
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Chapter 1

Introduction

In a seminal paper, Ref. [1], L. N. Cooper showed that two electrons immersed in an
inert Fermi sea form a bound state for arbitrarily weak attractive interactions. The
attractive interaction between two electrons in a metal seems to be counterintuitive,
as the Coulomb force between two negatively charged particles is repulsive. To
realize that, we note that in a metal the ionic background forms a lattice. The
effective attraction between two electrons is realized via the lattice vibrations [2, 3,
4, 5, 6], confirmed by isotope effect [5, 6, 7, 8]. This phenomenon is well described
in quantum mechanics by introducing a quasiparticle, phonon. It is also legitimate
to ask how an effectively weak attraction between two electrons leads to a bound
state. The key point to realize the formation of a bound state is the Fermi seas, i.e.,
the background effect of the other electrons in a metal. If there were no Fermi seas,
the two interacting electrons would be isolated. In this case the density of states
would not be constant, and the weak attractive interaction between two electrons
would not necessarily lead to a bound state [3, 6]. The Cooper problem assumes the
dominance of the effective interaction induced by the electron-phonon interaction
over the screened Coulomb potential. It is modeled as constant in momentum space
within a narrow energy range of the order of the Debye energy for the relative
kinetic energy of the electrons. The solution of the Cooper problem results in an
isotropic order parameter, not depending on the orientation of the momenta. The
order parameter is also static, not depending on the phonon frequency. However, a
dynamic order parameter was later taken into account by Migdal and Eliashberg,
using an electron-phonon propagator [9, 10, 11, 12, 13, 14, 15].

The existence of this bound state indicates that the noninteracting Fermi sea is
unstable against pair formation, implying the emergence of a superconducting state.
A more extensive theory of this state was provided by Bardeen-Cooper-Schrieffer
(BCS) theory, which elaborated on the essential ingredients that are necessary for
the formation of conventional superconductors, pointed out by the Cooper prob-
lem and its solution [S1], [2, 5, 6, 16, 17, 18, 19, 20, 21, 22]. Furthermore, and
going beyond superconductivity, a Cooper problem can be formulated for any order
parameter composed of two fermionic operators. For example, the weak-coupling
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limit of charge-density-wave and spin-density-wave orders can be formulated as the
formation of an electron-hole pair. Here the electron is restricted to occupy states
outside the Fermi sea, and the hole is restricted to states inside the Fermi sea; see,
e.g., Ref. [23, 24]. Given this broad applicability of the Cooper problem, it is of
fundamental importance for solid-state physics [S1].

The solution of the Cooper problem in a lattice is also crucial. Here we are
primarily interested in a Lieb lattice, a two-dimensional lattice constituted by a
square unit cell with three sites [25, 26]. The electronic band structure of the lattice
exhibits two dispersive bands and one flat band in between. When the charge-
transfer energy tends to vanishing, the low-energy spectrum of the lattice reveals
a Dirac cone at [-point. The Lieb lattice has been engineered artificially via the
optical lattices [27, 28, 29], photonics [30], and cold atoms [31, 32]. There have
been also several attempts to realize it in materials like covalent organics [33, 34].
These realizations provide useful platforms to investigate and examine the physical
phenomena predicted to occur in a flat band or in a three-band system; see, e.g., Refs.
[35, 36, 37, 38, 39, 40, 41, 42]. A very important application of a Lieb lattice is the
copper-oxide, CuQ,, plane. The structure of a CuOs plane can be realized by a Lieb
lattice geometry with a sufficiently large charge-transfer energy, which is referred
to as a cuprate lattice [43, 44]. A CuO, plane is considered as the basic structural
unit of the high-temperate cuprate superconductors. Here, the three sites of the
square unit cell includes one d,2_,» orbital configuration representing the Cu atom,
and two p, and p, orbital configurations representing the oxygens [45, 46, 47, 48].
It is accepted that superconductivity in cuprates is due to the Cooper pairs that
occur independently in different CuOs planes. The order parameter is spin singlet
and supports a d-wave symmetry [44]. Nevertheless, the mechanism of the Cooper
pairing is still under debates. There are arguments in favor of the electron-phonon
interactions as the main pairing mechanism [49, 50, 51, 52, 53]. On the other hand,
an orbital d-wave symmetry of the order parameter originates mostly from the strong
electron-electron repulsive interactions. Accordingly, there are counterarguments in
favor of the antiferromagnetic magnons [54, 55] or plasmons [56, 57, 58, 59].

The ground-state solution of a Cooper pair in a CuO, plane has been consid-
ered theoretically by different approaches. The ground-state solutions of the Fermi-
Hubbard model or the ¢-J and t-J-U models were found by variational calculations
using a diagrammatic expansion of the Gutzwiller wave functions [60, 61, 62]. A
variational calculation was also applied to Hatsugai-Kohmoto model [63], which is
considered as a simplification of the Fermi-Hubbard model, to determine the ground-
state solution of a Cooper pair [64]. The other approaches are, for example, based
on the density matrix embedding theory (DMET) [65, 66], constrained path aux-
iliary field Monte Carlo (AFQMC) [67], the tensor network wave function ansatz
(iPEPS) [68], density matrix renormalization group method (DMRG) [69], and dy-
namical mean-field theory combined with the fluctuation exchange approximation
(FLEX+DMFT) [70]. We notice that in many calculations, an orbital d-wave sym-
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metry of the order parameter has been considered a posteriori to follow the experi-
ments. A main question to be addressed here is whether the solution of the Cooper
problem in a cuprate lattice can reveal a priori a ground state supporting a d-wave
symmetry. We note that the Cooper problem and its solution is usually considered
as a weak-coupling limit of an electron pair. Our objective is thus to show an exam-
ple of the Cooper problem that includes the strong-coupling limit of the repulsive
on-site interactions.

While the solution of the Cooper problem is a two-particle bound state, we
are also interested in the formation of three-particle bound states in a solid. As an
example for three-body bound states, we mention Efimov states demonstrated by V.
Efimov for short-range interactions [71]. In contrast to Cooper pairs, Efimov states
are formed in vacuum. Efimov showed that three bosons that interact attractively
in vacuum via short-range interactions form three-body bound states at interaction
strengths that are not yet sufficient to support two-body bound states. The number
of the Efimov states is in principle infinite, and there is a geometric scaling law
that governs the bound states [71, 72, 73, 74, 75]. These states have been observed
in ultracold atomic gases [76, 77, 78, 79] and helium beams experiments [80, 81].
The Efimov effect motivates us to expand the Cooper problem, and to investigate
whether there is an electron trimer state in a solid-state system. And if so, we are
also interested in finding out how an electron trimer competes with the formation
of a Cooper pair.

As discussed above, the Efimov effect considers three-body bound states for
short-range interactions in vacuum. An important problem that arises here is to
find how the Efimov spectrum is deformed in the presence of Fermi seas. This
results in determining the three-body bound states of cold fermionic mixtures and
estimating the corresponding binding energy. Moreover, the deformation of the
Efimov spectrum implies that the geometric scaling law that governs three-body
bound states in vacuum will not be valid anymore. Another problem is to find a
generalized scaling law governing the three-body bound states in the presence of
Fermi seas. The answer enables us to predict the onset of the excited three-body
bound states for different densities of Fermi mixtures.

The main aim of this work is threefold. First, we solve the Cooper problem in
a cuprate lattice. We do not impose any orbital symmetry on a Cooper pair a pos-
teriori to follow the experiment. We consider a cuprate lattice with a square unit
cell containing three sites. The A-site includes a d,2_,2 orbital configuration repre-
senting a Cu atom. The B- and C-site includes a p, and p, orbital configuration,
respectively, representing the oxygens. We take into account the nearest-neighbor
hopping t,4, and show the effect of the next-nearest-neighbor hopping, ¢,,, on the
Fermi surface. Our argument is in favor of including ¢,,, in the formalism, implying a
better agreement of the Fermi-surface geometry compared to experimental data ex-
tracted mostly from the angle-resolved photoemission spectroscopy (ARPES). Next,
we take into account the repulsive on-site interactions in the strong-coupling regime,
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and constitute the Fermi-Hubbard Hamiltonian on a submanifold of a dispersive
band where the total momentum of a pair vanishes. We assume a singlet-state wave
function of the Cooper pair, and solve the Cooper problem numerically. Our result
demonstrates that the ground-state solution supports the orbital d,2_,» symmetry.
Further, and going beyond high-temperature cuprate superconductors, we propose
an experimental signature of the d-wave Cooper pairs for a cold-atom system in a
cuprate lattice using the techniques of time-of-flight image and noise correlations.

In a second project, we expand the original Cooper problem by including a third
electron in an otherwise empty band with a quadratic dispersion relation. The other
two electrons are restricted to be outside of an inert Fermi sea in a lower band with
a quadratic dispersion relation. We assume that the effective interaction between
the electrons is attractive, following the reasoning of the Cooper problem. We
constitute a system of two coupled integral equations describing the three electrons
in momentum space. We provide an analytical estimate of the solution, and calculate
the full spectrum numerically. Our results demonstrate the formation of electron
trimers in the presence of a Fermi sea. These trimers are formed for sufficiently
strong interband attractive interactions. The trimer state is formed at interaction
strengths that are not yet sufficient to form a Cooper pair. We show that an electron
trimer is also formed for vanishing intraband interactions. From the perspective of
the electrons in a lower band, this can be interpreted as a bound-state formation
that is induced by a third electron in a higher band. We find that the trimer state
competes with the formation of the two-electron Cooper pair. Our results shed
light on the general problem of Efimov effect in a solid-state system. Unlike the
Efimov states, we show that the number of the electron trimers is in principle finite,
and that there is no scaling law governing the trimer states. We also discuss two
experimental scenarios to realize the signatures of the trimer states in conventional
superconductors.

Finally, in a third project we determine the three-body bound states of an atom
in a Fermi mixture, where all species interact via contact interactions. We assume a
density of the species, labeled “2”, that interacts attractively via contact interactions
with the same density of another species, labeled “3”. We assume that the two species
are in different internal states. We include an additional atom, labeled “1”, that
interacts attractively with the other atoms via contact interactions. The species
“2” and “3” constitute the Fermi mixture and define the Fermi seas with the Fermi
momentum kr. We derive a system of two coupled integral equations in momentum
space, and solve the full spectrum numerically. We also obtain analytical solutions
of limiting cases. Our results show that the Fermi seas deform the corresponding
Efimov spectrum systematically, and push the solution towards positive values of the
s-wave scattering lengths. We demonstrate that this effect is more pronounced near
unitarity, for which we find an analytical estimate. We show that in the presence
of Fermi seas, the Efimov scaling law in vacuum does not hold anymore. We find a
generalized discrete scaling law that governs the three-body bound states. For an
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experimental confirmation of our prediction, we propose three signatures of three-
body bound states of an ultracold Fermi mixture of Yb isotopes, and provide an
estimate for the onset of the bound state and the binding energy.

Outline

This Thesis is organized as follows. After Introduction, Chap. 1, we consider the
following chapters:

e Chapter 2 includes three sections to provide the most important physical con-
cepts that we need in the Thesis. The three sections are devoted to:

— (i) Cooper pairs in conventional superconductors, where we discuss how
two electrons in a solid can attract each other and form a bound state.
We also represent a formalism in momentum space to solve the Cooper
problem. We will expand this formalism in Chap. 4.

— (ii) cuprate lattice, where we discuss the lattice geometry and its appli-
cations. We constitute the tight-binding model, and derive the electronic
band structure. We also review the Fermi-Hubbard model briefly.

— (iii) Efimov effect, where we start out from Thomas collapse and dis-
cuss the Efimov attraction. We discuss the Efimov scaling law governing
three-body bound states in vacuum. We also review the experimental
signatures of the Efimov effect in ultracold atoms.

e Chapter 3 elaborates on the first project, and discusses the Cooper problem
in a cuprate lattice.

e Chapter 4 is devoted to the second project, and investigates the electron trimer
states in conventional superconductors.

e Chapter 5 covers the third project, and investigates the three-body bound
states of an atom in a Fermi mixture for contact interactions.

e Chapter 6 represents the concluding remarks and future studies.

e Chapter 7 is the supplemental material, which explains the details of some
calculations and derivations, and also includes our appended publications and
manuscripts.






Chapter 2

From Cooper pairs to Efimov
trimers

In this Chapter, we discuss and review the most important concepts that we need
in this Thesis. We start out with the Cooper problem and its solution, and go to
the cuprate lattice and Fermi-Hubbard model. We end this Chapter by discussing
the Efimov effect and its signatures in cold-atom systems.

2.1 Cooper problem

2.1.1 How two electrons attract each other

The solution of the Cooper problem shows that two electrons that are subject to
an inert Fermi sea form a bound state for arbitrarily weak attractive interactions
[1]. This finding turned out to be a cornerstone of the BSC theory of supercon-
ductivity, developed by Bardeen, Schrieffer, and Cooper [16], and independently by
Bogoliubov [82]. The BCS theory describes the low-temperature superconducting
state in materials mostly discovered before 1975, and usually called classical or con-
ventional superconductors [2]. There are two crucial phenomena that seem to be
counterintuitive. First, two electrons repel each other by the electrostatic Coulomb
force. How can then the effective interaction of two electrons become attractive?
Second, a weak attractive interaction does not necessarily provide a bound state.
For example, an attractive interaction between helium atoms lead to a condensation,
and do not form a bound state [3, 4]. It is therefore legitimate to ask how a weak
attractive interaction between two electrons leads to a bound state.

To address the first question, recall that the direct interaction between two elec-
trons is governed by the repulsive Coulomb potential. In a solid, the ionic back-
ground forms a lattice and the Coulomb potential is screened by the dielectric func-
tion of the medium [5, 6]. The electrons in a metal move through the lattice [2, 3].
An ion is attracted to an electron and moves slowly, as it is much heavier than
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the electron. This results in polarizing the medium and distorting the lattice. The
moving ion provides a path for another electron to be attracted. From a different
perspective, we can imagine that the lattice distortion mediates an attractive in-
teraction between the two electrons. If lattice distortions are modeled by harmonic
oscillators, this can be formulated more rigorously by a generic theorem pointed out
by Leggett: “If two systems S; and S5 interact in the same way with a harmonic os-
cillator of natural frequency wq, then the result is to produce an effective attraction
between S; and S, at frequencies w < wg and a repulsion for w > wy”; see Ref. [2].

The importance of the interaction of electrons with lattice vibrations was first
realized by Frohlich [83]. His finding that the ions do not have merely a static
contribution to the superconductivity was confirmed by the isotope effect [5, 6],
showing that the critical temperature varies systematically for different isotopes of
a given metallic element [7, 8]. The Frohlich’s discovery was developed further by
Bardeen and Pines [84], Migdal [9], and eventually improved by Eliashberg who took
into account the effect of phonons’ dynamics on the electron pairings [11, 12].

In quantum mechanics, the lattice distortion is described by a quasiparticle called
phonon. The dispersion relation for a diatomic linear chain reveals two branches for
phonons. The acoustic branch with linear dispersion for small values of momentum,
and the optical branch which has a maximum dispersion at zero momentum and
decreases by increasing the absolute values of the momentum. The minimum dis-
persion of an optical phonon is larger than the maximum dispersion of an acoustic
phonon; see Ref. [85]. From here we can expect that mostly optical phonons con-
tribute to the electron pairing. The largest electron-phonon interaction is provided
by the highest-frequency phonon in the lattice, determined by the Debye frequency
wp. The corresponding energy that determines the largest energy available by the
lattice distortion is the Debye energy Ep = hwp, where h is the reduced Planck’s
constant.

The Cooper problem assumes the dominance of the effective interaction induced
by the electron-phonon interaction over the screened Coulomb potential [5, 16, 17,
18]. Tt is modeled as constant in momentum space within a narrow energy range
of the order of the Debye energy for the relative kinetic energy of the electrons
[1, 5, 19]. Since the interaction strength is constant in this region and does not
depend on the rotational angle of the electrons’ momenta, the Cooper model of
interaction supports an s-wave symmetry of states. This implies that the total wave
function of the interacting electrons is symmetric with respect to the interchange of
coordinates. On the other hand, electrons obey Fermi-Dirac statistics whose total
wave function is antisymmetric. As a result, the spin orientation of two interacting
electrons has to be in the opposite directions [4]. This simplified model distills the
key features and energy scales of the full interaction induced by electron-phonon
coupling that are relevant for the formation of the bound state and its properties.

A first experimental evidence of the Cooper-pairing mechanism in low-temperature
superconductors was realized in the 1960s and 70s at the Bell Telephone Laborato-
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Figure 2.1: Visualization of the Cooper problem. Two spin-up and spin-down elec-
trons, labeled “1” and “2”, with the same mass m are in a band with quadratic
dispersion relation €. The electrons are outside an inert Fermi sea, where the Fermi
momentum is kr and the Fermi energy is Er. They interact attractively with the
interaction strength g;» < 0, following the reasoning of the Cooper problem. The
momentum cutoff A is chosen such that e(\) — Er = Ep, where Ep is the Debye
energy.

ries, where the boson generation-detection spectroscopy was employed [86, 87, 88].
The main idea of those experiments is based on an inelastic process where injected
quasiparticles into a superconductor relax to the ground state and recombine into
Cooper pairs. Here, the emission of phonons are detected, showing the electron pair-
ing is mediated by phonons. This experiment has also been generalized to investigate
the Cooper-pairing mechanism in high-temperature superconductors [55].

2.1.2 Solution of the Cooper problem

To address the second question on the bound-state formation of two electrons, we
need to solve the Cooper problem. In this Section, we formulate the problem in a way
which is slightly different from a typical formalism usually presented in textbooks.
We will expand this formulation in Chap. 4, where we discuss the electron trimer
states.

We construct an equation in momentum space describing two spin-up and spin-
down electrons, labeled “1”7 and “2”, that interact attractively following the Cooper
model. The electrons are restricted to be in a spin-singlet state and outside an inert
Fermi sea with the Fermi momentum kr and the Fermi energy Fr. We consider the
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interaction between the two electrons to be a negative constant g;o, for the incoming
and outgoing momentum of a particle smaller than a cutoff A and zero otherwise;
see Fig. 2.1. We fix the value of the cutoff such that

h? h?

(N —k7) = —\* — Ep, (2.1)

E
b 2m

2m
where Ep is the Debye energy, m is the mass of each electron, and Er = h*k%/2m
is the Fermi energy.

The Schrodinger equation governing the two electrons in momentum space con-
sists of the kinetic energy of each electron and the Cooper interaction:

(ﬁ%% h2k2

2m+2m

+ Um) Pk, ko) = Eiath(ky, k), (2.2)

where k; and ky are electrons’ momenta, 1(ky, ky) is the wave function, and Ejs is
energy. The interaction U; between the electrons “1” and “27” is

. PR

D1, 1) = 9120 10002 02) [ 5 550060 = (I + @)l — @k + )
(2.3)
where q is the momentum transfer, defined as the difference of the in-state and
out-state momenta of a particle [89]. The cutoff function 6,;(k), for a,b € R and

0 < a < b, is defined as
1 fora <k <0,
Oop(k) = { (2.4)

0 otherwise,

and 0,(k) = 6y,(k). The physical interpretation of Eq. (2.3) is as follows: electrons
“1”7 and “27, restricted to be outside an inert Fermi sea, are interacting attractively
with a constant interaction strength in momentum space, if the corresponding rela-
tive kinetic energy does not exceed the Debye energy. There is another assumption
in the original Cooper problem, that the total momentum of the two-electron sys-
tem is vanishing, i.e., k; = —ky. This implies that the interaction between the two
electrons possesses its highest value [3]. With this assumption, Eq. (2.2) provides
an ansatz for the wave function ¥ (—ks, ks) as

_ekF,A(kQ)]:u

-k 7k = )
w( 2 2) %k% — E12

(2.5)

where

Fi2 = gia / g;f)g Or(P)Y(—p, P)- (2.6)

We insert the anstaz (2.6) into Eq. (2.5), resulting in
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1 &Ep Ok (p)
4 / Jkr, —0. 2.7
g12 (277)3 g p? — Eip ( )

m

Equation (2.7) describes the two electrons with a vanishing total momentum that are
outside an inert Fermi sea and interact attractively through the interaction model
(2.3).

Next, we define an interaction parameter

21

12 = mgm
where p1 = 2/m is a reduced mass. If the electrons form a bound state near the
Fermi surface, we can define a corresponding binding energy as' |A| = h?x%/2m,
where 0 < k/kp < 1. This implies that the bound-state energy can be written as
|E12| = 2u|E12|/R* = k% — k%, We assume that within the narrow energy range of
Ep, the interaction is isotropic and does not depend on the momentum orientation.
The isotropic assumption implies that there is no restriction on the direction of p.
Without loss of generality, we assume that p = pe., where e, is the unit vector
in the direction of the z-axis. We insert the new expressions for the interaction
strength and for the bound-state energy into Eq. (2.7), and solve it analytically to
obtain:

(2.8)

_ 2 1 (A~ kp)(kr + K3 — K2)
N B T w il : 2.9
261 et g k- K2 + (A — ki) (kp — \JKE — #2) .

To find an expression for the binding energy, we employ two approximations based
on the physical and mathematical grounds. First, the binding energy is much smaller
than the Fermi energy, x/kr < 1, which leads to a simplification of each square-
root in Eq. (2.9). Second, recall that we have fixed the cutoff A using the relation
(2.1). For a typical conventional superconductor the Debye energy is much smaller
than the Fermi energy, Ep < EF [3, 19], implying that A — kr < kp. With these
assumptions, we solve Eq. (2.9) for x? and arrive at the following expression for the
binding energy:

IA| ~ 2Ep exp ( i ) : (2.10)
IAISE]

see Appendix A in Sec. 7.1 for more details. Figure 2.2 shows the binding energy as

a function of the interaction parameter. We note that the binding energy is not an

analytic function as we approach the origin, implying that the two-electron bound

state cannot be described by perturbation theory.

!Some authors prefer to define the binding energy as 2|A| = A%k?/2m. In this way, the factor
2 for the Debye energy Ep, appeared in Eqs. (2.10) and (2.12), shall be dropped.
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Figure 2.2: Cooper-pair binding energy |A|/FEp as a function of the interaction
parameter kr|&12|, where Ep is the Debye energy and kg is the Fermi momentum.

In order to prove that the relation (2.10) is equivalent to a typical textbook
expression, we notice that the density of states at the Fermi surface, Ny, is the
number of states that are occupied up to the Fermi energy; i.e.,

d*k mkp
N:/—(SE—E _ e 2.11

0 (2m)3 (B ) 2m2h? ( )
where k denotes the momentum, § is the Dirac delta function, Er = h%k%/2m is
the Fermi energy, and kg is the Fermi momentum. Now we can rewrite the binding

energy (2.10) in terms of Ny:

-2
|A| = 2Ep exp <N0 g12|> : (2.12)

Equation (2.10) or (2.12) implies that the two electrons form a bound state for
any weak interaction strength. As the density of states Ny increases, the number of
the states that are available to contribute to the wave function of a pair increases,
implying that the weak interaction g5 is strengthened as Ng|gia|. Moreover, Eq.
(2.11) shows that the density of states at the Fermi surface is constant. We note
that if there were no Fermi seas and the two interacting electrons were isolated, the
density of states would not be constant. In this case, the weak attractive interaction
between the two electrons would not necessarily lead to a bound state [3, 6]. This
explains the physical ingredients of how a weak attractive interaction implies an
electron pair, and answers the second question that we posed in the beginning of
this Chapter.

A singlet-state wave function of a Cooper pair with a vanishing total momentum
is obtained by introducing a set of creation operators CLU [90], for a spin-up and
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spin-down electron, o € {1, ]}, with momentum k and —k:

|®) = Z ¢(k>CLTCtk¢ [F'S) , (2.13)
|k|>kp
where ¢(k) represents the wave function of a Cooper pair and |F'S) denotes the
Fermi-sea state with all states occupied up to the Fermi momentum kg; see, e.g.,
Refs. [4, 5, 6, 16, 17, 91].

2.1.3 Eliashberg’s idea in a nutshell

We recall that the binding energy in Eq. (2.10) or (2.12) is static, not depending
on the phonon frequency. The phonon dynamics results in a retardation, affecting
the electron pairing [15]. This effect was taken into account by Eliashberg using an
electron-phonon propagator [11, 12]. The electron-phonon interaction in Eliashberg
theory follows the Migdal approximation [9], assuming that the electronic and ionic
degrees of freedom can be separated [10, 14, 92]. Recently, it was shown that the
dependency of the binding energy to the phonon frequency is a feature of the Eliash-
berg theory that also holds for the weak-coupling regime [13]. That is why some
authors avoid considering the BCS theory of superconductivity as a weak-coupling
limit of the Eliashberg theory; see, e.g., Ref. [14]. Finally, the validity of the Eliash-
berg theory is a broad subject in the literature, which is beyond the scope of our
work. For this, we refer to the recent review [15] and references therein.

2.2 Cuprate lattice and Fermi-Hubbard model

2.2.1 Geometry and applications

A cuprate lattice is a two-dimensional Lieb lattice that is characterized by a square
unit cell with three sites and a sufficiently large charge-transfer energy [25, 26, 43,
44]. Two sites of the unit cell have only two sites in their neighbors, however, the
other site is in neighborhood of four sites; see Fig. 2.3. In general, one of the main
characteristics of the Lieb lattice is the one-particle energy spectrum that exhibits
two dispersive bands and one flat band in between [26, 35]; see Fig. 2.4. There are
other lattices supporting a flat band, however, the Lieb lattice is more intriguing
for several reasons. For example, unlike the kagome lattice [93, 94], the flat band
in a Lieb lattice is surrounded by dispersive bands and does not possess the highest
energy in the spectrum. The flat band is robust against the magnetic field and
spin-orbit coupling, and does not develop dispersions [26]. Because of that, a Lieb
lattice provides an ideal platform to examine the physical predictions occurring in a
flat band [36]. With technical advances in the trapping and cooling of atoms in the
last decade [95, 96], there are realizations of a Lieb lattice using the optical lattices
[27, 28, 29], photonics [30], and cold atoms [31, 32|, that are generally considered
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o X

Figure 2.3: Sketch of the two-dimensional cuprate lattice in real space. The unit
cell is shown by a dashed square, including a d,2_,> orbital configuration on A-site,
a p, on B-site, and a p, on C-site. The nearest-neighbor hopping is t,4 and the
next-nearest-neighbor hopping is t,,.

as artificial realizations of the Lieb lattice. Recently, the material realization of the
Lieb lattice has also been proposed in a covalent-organic framework [33, 34].

In solid-state physics, a copper-oxide, CuQOs, plane is the basic structural unit of
the high-temperate cuprate superconductors [43, 44]. A CuOs plane is layers of Cu
and O that are arranged as a square lattice with the lattice side of around 4 A; see,
e.g. Refs. [43, 44, 45, 46, 47, 48, 97]. Cuprates are synthesized materials which ex-
hibit superconductivity above the critical temperatures 50 K. The crystal structure
of cuprates includes the copper oxide, an alkaline earth or a rare earth element, and
an arbitrary collection of elements, which can be in general in nonrational stoichio-
metric proportions [44]. The CuOs planes are separated by layers of the so-called
charge reservoir units. These units are responsible for neutralizing CuOs planes
[43, 44]. The chemistry of CuO; at stoichiometry includes copper and oxygen atoms
with the valence state of 2- for both atoms [44]. The electronic configuration of Cu
atoms is a singly occupied 3d,2_,2 orbital. It forms a single band by hybridization
between this orbital and the O2p, and O2p, orbitals [43, 44, 60]; see Fig. 2.3.
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aky,

Figure 2.4: Electronic band structure of the Lieb lattice for vanishing next-nearest-
neighbor hopping, t,, = 0, in the first Brillouin zone: (a) Vg, > 0, (b) V4, < 0,
(¢) Vg = 0. The lattice constant is denoted by a. Panel (a) corresponds to the
cuprate lattice. In panel (c) the low-energy spectrum shows a Dirac cone at the
point T' = (0, 0).

2.2.2 Electronic band structure

To analyze the electronic band structure of the cuprate lattice, we utilize the tight-
binding approximation and calculate the so-called tight-binding Hamiltonian. The
tight-binding approximation is based on Bloch’s theorem, and provides a linear
combination of the atomic orbitals [98]. Here we consider Fig. 2.3, showing a unit
cell of the cuprate lattice to describe a CuOs plane. The unit cell includes three
sites: A-site for the d,»_,2 orbital, B-site for the p, orbital, and C-site for the p,
orbital. We use the integer numbers n and m, as the unit-cell indices for the z- and
y direction in real space, respectively.

In this Section, we only take into account the nearest-neighbor hopping, ¢,4, and
assume that the next-nearest-neighbor hopping, t,,, vanishes. We will discuss the
effect of ¢,, further in Chap. 3. For each site we can consider an on-site energy as
Va = Vzand Vg = Vo = V. For each unit cell we consider three localized states
|Amn), |Bmn), and |Cpp); cf. Ref. [26]. Accordingly, we introduce three sets of
creation and annihilation operators {al, ., anm}, {05 bum}, and {cl ¢, } fulfilling
the fermionic algebra [90]. We refer to them further as the site operators. The
spinless tight-binding Hamiltonian for ¢,, = 0 in real space reads:

a5 =37 [Vaaltom + Vol + VachCum + tpahbum + tpabl@nm

nm
- tpdailmcnm - tpdc:rqmanm - tpda:rmmbnfl,m - Zf;Ddb;rL—l,manm
—|—tpdailmcn7m_1 + tpdcgm_lanm} ) (2.14)

In general, the number of the cells in the z- and y direction is N and M, respectively.
Here we are primarily interested in the case M = N. We take the Fourier transform
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i(nkgy+mky) (215)

Ay ko = \/— Z Anm€ (

for each creation and annihilation operator, see, e.g., Ref. [26], where k = (k,, ky).
We write the tight-binding Hamiltonian (2.14) in momentum space as

ax =

a0 = ¥ [Vda;r{ak + Vpblbi + Vackex + tpaafbi + tpablax
ke 1.BZ

— tpdCLTka — tpdchak — tpde_Zk””aLbk — tpdekablT(ak

+tpqe” vl o + tpdeikycf(ak] : (2.16)

for k,,k, € [-m/a,7/a), defining the first Brillouin zone (1.BZ), where a denotes
the lattice constant. Next, we define two functions f(k,) = t,a(1 — e ™) and
g(ky) = tpa(1 — ™), and write Eq. (2.16) as

5 (t3r=0) Vd f(ka:) _g(ky) ax
A= 3 (o b d )| Sk Vo 0 b | (217)
ke 1.BZ —g*(k,) 0O Ve Ck

where f* and g* denote the complex conjugate of f and g, respectively.
The eigenvalues of the tight-binding Hamiltonian (2.17) exhibit the electronic
band structure of the cuprate lattice for ¢,, = 0:

1 1
B =20 V) L + )P+ 1V, (2.18)
B Vp’ (2.19)
EY = (Vd+V \/|f )12+ g (k)% + Vdp, (2.20)

where Vy, = Vi — V, is the charge-transfer energy, |f(k,)|* = 4t2;sin*(k,/2), and
lg(ky)|? = 4t2;sin*(k,/2). The indices U, F, and L stand for the upper-, flat-, and
lower band, respectively. The solution (2.19) reveals a completely flat band With an
energy level that is determined by the on-site energy of the p orbitals, V. Figure
2.4 shows the band structures (2.18)-(2.20) in the first Brillouin zone. For Vg, > 0
the flat band is tangent to the maximum of the lower band, and both are separated
from the upper band; cf. Fig. 2.4(a). This is the relevant structure for the cuprate
lattice. However, for Vg, < 0 the flat band is tangent to the upper band, and both
are separated from the lower band; cf. Fig. 2.4(b). Finally, for V, = 0 the three
bands intersect each other at the point I' = (0,0). Here the low-energy spectrum
reveals a Dirac cone at [-point; see Fig. 2.4(c).
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2.2.3 Fermi-Hubbard model in a nutshell

A very simplified model to describe simple metals considers a number of electrons
that interact via the Coulomb potential in a volume subject to a periodic boundary
condition. The ions are assumed to be singly positively charged that form a homoge-
nous distribution. Here, the Bloch functions reduce to plane waves and the electrons
are limited in broad energy bands. This is the so-called jellium model where the
crystal structure is neglected; see, e.g., Refs. [5,90]. However, in a lattice, the crystal
structure and the Brillouin-zone effects are crucial. Electrons near the Fermi surface
with low mobility are subject to narrow energy bands [90, 99]. As a result, it would
be inappropriate to use the plane waves to describe the energy structures. Instead,
the tight-binding picture provides a better approximation to describe the electronic
band structure by introducing the tunneling (hopping) of particles between differ-
ent orbitals on a lattice site. This approximation together with taking into account
the on-site Coulomb interactions result in an effective low-energy Hamiltonian that
contains an interplay of the Pauli exclusion principle, kinetic energy, Coulomb in-
teractions, and the lattice structure [44, 90, 99, 100, 101, 102, 103]:

ﬁ] = Z tijCLUCj’g + UC ZﬁlTﬁli (221)
(6,3) i
oe{ti}
This is the two-dimensional Fermi-Hubbard model, first introduced in the 1960s
[104, 105, 106, 107, 108]. Here, ¢ and c are the fermionic creation and annihilation
operators, respectively, ¢;; is the hopping parameter, o € {1, ]} is a spin index, (7, j)
denotes the nearest neighbors, and Uc is the on-site Coulomb interaction strength
which can be attractive, Uc < 0, or repulsive, Us > 0. Moreover, n;; = c%cﬁ and

Ni| = czlci 1 are the particle number operators.

The Hamiltonian (2.21) can be extended further to include the next-nearest-
neighbor hopping terms, t;;, or to include the off-site interactions, Vg, referring
to the interactions between fermions on nearest neighboring sites; see, e.g. Refs.
(101, 103, 109, 110, 111, 112, 113, 114]. In addition, when the ratio ¢;;/Uc is very
small, the hopping effect can be taken into account as a perturbation. This leads to
the so-called ¢-J model, where J is the antiferromagnetic exchange coupling strength
[44, 61]. If the t-J model allows a small number of double occupancies, this results
in the t-J-U or t-J-U-V models; see, e.g., Ref. [62].

Finally, it is worth mentioning that the effective single-band Hamiltonian (2.21)
has various applications in solids and cold-atom systems. It can be utilized to
describe transition metals, band magnetism, Mott transitions, and high-temperature
superconductivity; see, e.g., Refs. [99, 101, 115]. Moreover, as discussed above, the
copper-oxide plane is a main unit of the high-temperature cuprate superconductors
possessing a square lattice structure. Following P. W. Anderson, see, e.g. Refs. [47,
116], it has been accepted by many physicists? that the Fermi-Hubbard Hamiltonian

2However, this idea has not yet been accepted by the whole community, and it is still under
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or the ¢-J model of the CuO, plane provides a qualitatively adequate description of
the cuprate superconductors [43, 47, 60, 117, 118, 119, 120]. Going beyond the high-
temperature cuprate superconductors, we also mentioned that the square lattice can
be engineered via optical lattices. This provides a platform to realize the Cooper-
pairing mechanism for a cold-atom system in a cuprate lattice. However, we note
that for cold atoms in an optical lattice, the single-band Hubbard model suffers a
limitation, that for the scattering lengths comparative to the size of the Wannier
functions it cannot describe the two-particle physics adequately. Here one needs
to introduce the multi-band notion [102]. Also, the Hubbard model is incapable
of describing the maximum time scale of an experiment where inelastic scatterings
play roles [102].

2.3 Efimov physics

2.3.1 Thomas collapse and Efimov effect

In 1935, L. H. Thomas showed that two neutrons and one proton with a symmet-
ric wave function that interact attractively through a sufficiently short-range force
can form a bound state with arbitrarily large binding energy [121]. With this, he
could estimate the range of the nuclear forces. This finding, which does not hold for
two particles, is referred to as Thomas collapse or fall of the particles to the center
[73]. Two decades later, Skorniakov and Ter-Martirosian considered the three-body
problem with short-range interactions and calculated the neutron-deuteron scatter-
ing cross section by constituting an integral equation in momentum space [122].
Afterwards, in a seminal paper of 1970, Ref. [71], V. Efimov showed that three
bosons that interact attractively via short-range interactions in vacuum form three-
body bound states at interaction strengths that are not yet sufficient to support
two-body bound states; see Fig. 2.5. These three-body bound states are referred to
as Efimov states, and this unexpected phenomenon is referred to as Effimov effect.
This result enabled Efimov to explain the tritium nucleus as a bound state of two
neutrons and one proton, and also the Hoyle state of 12C as a bound state of three
helium nuclei [73]. In what follows we aim to give a short overview of the Efimov
effect.

We recall that there exist many short-range forces governing physical systems.
By “short range” we mean an interaction decaying faster than 1/r3, where r denotes
the distance of two particles in real space [73]. For example, in atomic systems, the
van der Waals interaction between two neutral atoms separated with distance r has
a short range [95]. This potential decays as 1/r% and has a range of the interaction
within the order of nanometer. In nuclear physics, the Coulomb potential between
two nucleons separated with distance r is screened as e™"/r, referred to as Yukawa

serious debates; see, e.g., Ref. [44].
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Figure 2.5: Illustration of the so-called Efimov plot for three bosons in vacuum
that interact attractively via short-range interactions: sgn(E)\/E vs 1/a, where
E is energy, a is an s-wave scattering length, and sgn(E) = E/|FE|. The single
blue line is the lowest-energy two-body bound state. The blue region shows the
two-body bound-state continuum. The discrete green curves show the three-body
bound states, obeying the Efimov scaling law. The parameter \y denotes the Efimov
scaling factor. In principle, there are an infinite number of Efimov states forming in
the green three-body region. The red region shows the three-body continuum.

potential [123]. This has a short range within the order of femtometer. In quantum
mechanics, the quantum fluctuations of the kinetic energy, referred to as zero-point
energy, are against the attractive forces and tends to overcome the short-range
interactions which can bind the particles. If the attractive interactions are strong
enough, the two particles can form a bound state over a long distance much larger
than the range of the interactions. Such interactions which tend to form weakly
bound states are referred to as nearly-resonant [73].

2.3.2 Efimov attraction

Efimov considered three equal-mass particles in vacuum obeying Bose-Einstein statis-
tics and interacting attractively near resonant via short-range interactions. To find
out the nature of the effective three-body potential, he assumed the vanishing total
momentum and the s-wave symmetry of states. He employed a result of Bethe and
Peierls [124], and simplified the problem to three noninteracting particles with a
wave function 1, that is subject to a boundary condition for very small relative dis-
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Figure 2.6: Visualization of the Jacobi coordinates ry» and p;, 3 for three particles
in real space. Here, rip = ro —r; and pyy 5 = r3 — (mry +mory)/(my +ms), where
ri, ro, and r3 denote the position of the particles with masses mq, mo, and ms,
respectively. The other Jacobi variables are obtained by cyclic permutations.

tances. The noninteracting approximation is justified in the region much larger than
the range of the interactions, where the relative motion of two particles is assumed to
be free. The boundary condition that is imposed on the corresponding Schrédinger
equation is referred to as Bethe-Peierls boundary condition, which fixes the phase of
the wave function as a definite value for small distances [124]. Efimov constituted
the Schrédinger equation in real space and in terms of the Jacobi coordinates; i.e.,
in terms of the relative distance of a pair, rq», and the distance of the third particle
to the center-of-mass of that pair, p;, 5; see Fig. 2.6. He imposed the Bethe-Peierls
boundary condition

. 0 1
lim —— 111[le’¢(?”12, plg,g)] = a, (222)

ria—0* 87”12

where a denotes an s-wave scattering length.
Next, Efimov utilized the bosonic exchange symmetry of v, and decomposed it
into three Faddeev components [125]:

Y = x(rm2, P12,3) + x(r2s3, P23,1) + x(rs1, P31,2)7 (2.23)

subject to the Bethe-Peierls boundary condition for each component, where the
function x satisfies the Schrodinger equation. He expanded the function y in par-
tial s-waves and rewrote the Schrodinger equation in hyper-spherical coordinates
(R, a), subject to the boundary conditions for & = 0 and o = 7/2. Here, R is the
hyper-radius, R? = ri, + ,0%273, and « is the hyper-angle, tan o = r12/p123 [75, 126].
Efimov found that the Schrodinger equation in hyper-spherical coordinates is sep-
arable in terms of the variables R and «. He solved the corresponding equations,
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imposed the boundary conditions, and finally found that the effective three-body
potential behaves as —1/mR?, where m is the mass of the particles and R can be
interpreted as the average distance of the three particles. In Appendix B of Sec. 7.1
we have sketched the details of the Efimov’s derivation. This attractive potential
that constitutes the basis of the Efimov effect is referred to as Efimov attraction.

We note that Efimov investigated the three-body problem in a three-dimensional
space. In 2001, Nielsen et al. proved that the Efimov effect can occur in a d-
dimensional space, where 2.3 < d < 3.8 [72]. The only integer dimension in this
interval is d = 3, implying that there is no Efimov effect for one- and two-dimensional
space. Studying the fractal dimensions and their physical interpretations are still
interesting and ongoing topics [127]. Although there is no Effimov attraction for one-
and two-dimensional systems, there exist some universal states in these dimensions.
This is beyond the scope of this Thesis, and we refer the reader to Ref. [73] for a
detailed discussion.

2.3.3 Efimov scaling law

Not only is the Efimov attraction determined universally by the mass of the particles,
m, but also it is scale invariant. This implies that a three-body bound state can
be excited to another state which is described by a universal scaling law. More
concretely speaking, if we apply the scaling transformation R — M\gR, where )
is a scaling factor, the Schrodinger equation governing the Efimov attraction with
eigenenergy £ < 0 also admits the scaled energy A\2E; see Appendix B in Sec.
7.1. This implies that there exists in principle an infinite number of three-body
bound states [71]. As a result, the spectrum is not bounded from below, retrieving
Thomas collapse. This problem has been resolved in several ways. For example,
one can impose a new boundary condition on the three-body solutions [128], or
define a momentum cutoff on the Schrodinger equation governing the three particles
in momentum space [129]. All these solutions introduce a new length scale to the
problem, which is referred to as three-body parameter. This parameter fixes the
range of the three-body interactions and prevents the three-body system collapsing
on itself [73, 130, 131].

Efimov also found that there is a geometric scaling law governing the three-
body bound states [71]. To show that, he approximated the solution of the hyper-
radial equation for a very small hyper-radius Ry with eigenenergy FE; by power-
law functions of the hyper-radius R. As a result, the three-particle wave function
reveals log-periodic oscillations, which are scale invariant if the scaling factor )\ is
chosen to be exp(m/|so|) &~ 22.7, where |so| ~ 1.00624; see Appendix B of Sec. 7.1.
This implies that the three-body bound states form a geometric series of energy as
E,+1 = E1/)2", where n € N is an index labeling the discrete spectrum. In general,
the Efimov discrete scaling law reads as



CHAPTER 2. FROM COOPER PAIRS TO EFIMOV TRIMERS 22

== 2.24
G,
a? = Ao, (2.25)

where a denotes an s-wave scattering length; see Fig. 2.5.

The value of the parameter s, depends on the mass of the three particles. It
is also sensitive whether all three pairs interact resonantly, or only two pairs are
interacting. For the s-wave symmetry of states, if we have a system of three species
with two-resonantly interacting pairs, then sy is the purely imaginary root of the
transcendental equation

T\ 2 sin(dsg)
COS<280>_sin219 sg (2.26)

where ¢ = arcsin[(mg/mq)/(1 + ma/m4)], ¥ € [0,7/2]. If all three species are
resonantly interacting, we obtain sy as the purely imaginary root of the equation

[GOS (Ws()) 2 sin(ﬁso)l cos (WSo) _ 8 sin2(730)7 (2.27)

2 sin29 s 2 sin?2y  s?

\[Nh}ere v = arcsin{\/(ml/m2)/[2(1 +mgy/my)]}, v € [0,7/4]. For a proof, see Ref.
73].

2.3.4 Experimental signatures

For almost thirty years it was thought that observing an experimental signature
of the Efimov effect is not feasible, as the nearly-resonant interactions between
particles could not be satisfied. However, in the beginning of the twenty-first century,
technical advances in the trapping and cooling of atoms [95, 96] as well as in the
Feshbach resonances [132, 133] led to the observation of the Efimov effect in ultracold
atomic gases. The first convincing evidence of an Efimov state was confirmed in 2006
by Innsbruck group [76]. They considered a gas of cesium atoms evaporatively cooled
to temperature of about 10 nK. An Efimov state was observed as a giant three-body
loss resonance [134]. In 2014, the Innsbruck group observed an excited Efimov state
by increasing the magnetic field, and confirmed the Efimov scaling factor [134, 135].
Afterwards, the Efimov effect was also observed in ultracold atomic mixtures [77,
78, 79] and in helium beams experiments [80, 81]. In 2016, two excited Efimov
states were observed in an ultracold mixture of °Li and '**Cs [136], confirming the
Efimov scaling factor. Recently, the Efimov states of three interacting photons were
also observed in cold gases of Rydberg atoms [137, 138]. This observation can be
considered as a realization of the control of quantum many-body states of light
whose interactions are mediated by Rydberg states of atoms.
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In solid-state and condensed-matter physics we can mention two efforts, inves-
tigating the Efimov effect in quantum spin systems [139, 140] as well as in excitons
[141]. In 2013, Nishida et al. considered the Heisenberg model in three spatial dimen-
sions and investigated the three-body bound states of magnons in a ferromagnetic
quantum spin system [142; 143]. They utilized the quadratic dispersion relation of
magnons in a ferromagnet system [140, 144], and assumed the anisotropic exchange
coupling and single-ion anisotropy [73]. With this, they fulfilled the near-resonant
interactions, and obtained a spectrum in agreement with the Efimov scaling law. An-
other attempt to study the Efimov effect in solid-state physics is Ref. [145], where
the authors considered the excitonic N-body bound states, called poly-excitons.
Here, the binding energy of ploy-excitons normalized to the exciton Rydberg energy
in a diamond crystal up to N = 6 was measured and a well-agreement compared
to silicon was found, suggesting a universal behavior of ploy-excitons. However, the
comparison to Efimov effect is not clear, as the excitonic interactions are typically
non-resonant [73].

Finally, the Efimov effect has been generalized to more than three particles
[73, 146]. It was shown that for a critical mass ratio, three fermions and a lighter
particle form a four-body bound state [147]. The four-body bound states of two
heavy and two light bosons for different mass ratios was also investigated in Ref.
[148]. The formation of a five-body bound state in fermionic mixtures was discussed
in Ref. [149]. The whole physical discussions and generalizations of the Efimov
effect is usually referred to as Efimov physics [73, 74, 75].

2.4 Summary

In this Chapter, we have presented the most important concepts and phenomena
that wee need in the Thesis. We have reviewed the original Cooper problem, and
have discussed how a weak attractive interaction between two electrons leads to
a bound state. We have presented a formalism in momentum space to solve the
Cooper problem. Moreover, we have discussed the cuprate lattice, its geometry
and electronic band structure, and have reviewed the Fermi-Hubbard model briefly.
Finally, we have discussed the Efimov effect, and have shown how three bosons that
interact attractively in vacuum via short-range interactions form an infinite number
of three-body bound states. We have also reviewed the experimental signatures of
the Efimov effect in ultracold atomic gases.






Chapter 3

Cooper problem in a cuprate
lattice

The main aim of this Chapter is to solve the Cooper problem in a two-dimensional
cuprate lattice. We are primarily interested in a copper-oxide, CuOs,, plane which is a
main structural unit of the high-temperature cuprate superconductors. We calculate
the ground-state energy of a Cooper pair for strongly repulsive on-site interactions,
and demonstrate a priori that the corresponding wave function supports an orbital
symmetry of dy2_,2. We also show that the next-nearest-neighbor hopping changes
the curvature of the dispersive bands, resulting in a Fermi-surface geometry that
is in better agreement with experiments. Finally, we propose a scenario to observe
the experimental signature of the d-wave Cooper pairs for a cold-atom system in a
cuprate lattice using the techniques of time-of-flight image and noise correlations!.

3.1 Next-nearest-neighbor hopping and electronic
band structure

For the cuprate lattice, see Fig. 2.3, the next-nearest-neighbor hopping, t,,, leads
to eight new tunneling terms between the p, and p, orbitals in the spinless tight-
binding Hamiltonian (2.17):

. Va f(kz) —g(ky) ax
Hy, = Z ( GL bL CI{ ) [ (kz) Vo —7f*(k2)g(ky) b |,
ke 1.BZ —g*(ky) —7f(ks)g*(ky) Vi CIE )
3.1

where f(ky) = tpa(1 —e™™=), g(ky) = tpa(1 — e ™), and 7 = t,, /t2;; see Appendix
C in Sec. 7.1 for derivation. The characteristic equation associated with the tight-
binding Hamiltonian is a cubic equation whose solutions exhibit the electronic band

'Parts of this Chapter will be published in [S3].
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Figure 3.1: Electronic band structure of the cuprate lattice for the lattice parameters
Vip = 3.45 eV, tpg = 1.13 eV, and t,, = 0.8 €V in the first Brillouin zone. The lattice
constant is denoted by a.

structure. These solutions are not as straightforward as of the tight-binding Hamil-
tonian for ¢,, = 0. Following the mathematical formalism discussed in Ref. [150],
we find the three solutions analytically as

ok, k Ky k
El((U) =2y/—p(ky, ky) cos< ( 3 y)> _d 3 y), (3.2)
0(k,, k 4 ky, k
P _2\/—p(kx,ky)cos< (herk) + ”) - ) (3.3)
2
El((L) =2\/—p(ky, k,) cos (9(1%’ kg) + W) — c(kx?: ky), (3.4)

where the indices U, F, L stand for the upper-, flat-, and lower band, respectively,
and the functions c(k,, ky), p(ks, ky), and 0(k,, k,) are represented in Appendix C
of Sec. 7.1.

Figure 3.1 shows the electronic band structure for the lattice parameters Vy, =
3.45 eV, t,g = 1.13 €V, and t,, = 0.8 eV. By comparing Eqgs. (2.18)-(2.20) with Egs.
(3.2)-(3.4) we find that t,, # 0 deforms the flat band, and changes the curvature of
the dispersive upper- and lower band. In Sec. 3.3, we demonstrate how the Fermi
surface is affected by including a nonvanishing t,,.
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3.2 Fermi-Hubbard model in a cuprate lattice

Following the Anderson’s proposal, see, e.g. Refs. [47, 116], the single-band Fermi-
Hubbard model of a CuO, plane has been considered widely to provide a qualita-
tively adequate description of the cuprate superconductors [43, 47, 60, 117, 119, 120].
In this Section we take this proposal, and solve the Cooper problem for repulsive
on-site interactions in the upper band of the cuprate lattice. Our main objective is
to take the singlet-state wave function of a Cooper pair, and find the ground-state
solution a priori. To do this, in what follows we establish the general formulation
of the Fermi-Hubbard model for three bands, and reduce it to a submanifold of the
upper band, where the total momentum of a pair vanishes.

3.2.1 General formulation

To constitute the Fermi-Hubbard model of a CuO, plane, we note that for each
eigenvalue of the t1 ht- blndlng Hamiltonian there ex1sts a correspondlng normal—

U) (20) ) (BU)y (F) _ o &F) _
ized eigenvector Vk (vk SO e ), vy = (vk ), and V =
(Ul(( L) vl(f L),vl((?’ L)) associated with the upper-, flat-, and lower bamd7 respectively.

We define three sets of fermionic creation and annihilation operators {1/)%71{0, YUko},
{@/1;1{07 Yr ko }, and {¢£,ka, YL ko }, where o € {1,]} is a spin index. These operators
create or annihilate an electron in the upper-, flat-, or lower band, respectively. We
refer to them as band operators. We note that the tight-binding Hamiltonian (3.1)
in the basis spanned by the band operators is diagonal:

U
R El(c ) OF 0 wU,ka
Hp= ) ( w%,ka %T?,ka ¢£,ka ) 0 El(( "0 Vrke |- (3.5)
cclh L] 0 0 EY )\ Lk

oe{t}

Recall that in Sec. 2.2.2 we defined three sets of site operators {aLo, ko }s {bLU, b}

and {CLU, k.o } corresponding to lattice sites A, B, and C, respectively. We can write
the site operators in terms of the band operators using the following relation:

ol oI BU)B0) -1 W
o, | = W0 L0 EP %,kg
CIT(J U}({l;L) U(Q;L) Ul({3;L) ¢£ko
vn(k) via(k) vis(k) \ [ Yhko

=| vai(k) wva(k) vas(k) bk | - (3.6)
v31(k) vz2(k) vs3(k) U o

Next, the interaction part of the Fermi-Hubbard Hamiltonian (2.21) in momen-
tum space reads in general as
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Hiyt =1 > abq’ia;r)_qﬁapﬁaki, (3.7)
k

where of € {a',bf,c'} and a € {a,b,c} denote the creation and annihilation site
operators, respectively, q is the momentum transfer?, A is the area of the first
Brillouin zone, and Ug is the on-site interaction strength representing the local
Coulomb correlation on the rare-earth sites; see, e.g., Refs. [90, 99, 101, 151, 152].
For the cuprate lattice we have three interaction Hamiltonians corresponding to
three sites. The A-site includes a d,2_,» orbital configuration, where the on-site
interaction strength is assumed to be Uz. The B- and C-site includes a p, and p,
orbital configuration, respectively. We assume that the on-site interaction strength
for both is U,,.

3.2.2 Fermi-Hubbard model on a submanifold of the upper
band

To constitute the Fermi-Hubbard model on the upper band of the cuprate lattice, we
note that we are primarily interested in a submanifold S, where the total momentum
of a Cooper pair vanishes. This assumption implies that in Eq. (3.7) we have
p = —k. We define k' = k + q, resulting in p — q = —k — q = —k’. Therefore, in
this submanifold the interaction Hamiltonian (3.7) reduces to

g U

Hint Z OélT(%OéT_k/TafkTOék\L. (38)

A k,k'€1.BZ

To investigate the problem in the upper band, we should prevent pairings in the
flat- and lower band and also neglect the interband pairings. For that, we assume
that the charge-transfer energy, Vg, = V; — V}, is sufficiently large so that there is
a relatively large gap between the upper band and the other two bands; see Fig.
3.1. We write the three interaction Hamiltonians associated with d,2_,2, p,, and p,
orbital configurations in the submanifold S of the upper band in terms of the band
operators:

iy (d d

i =7 X Vbl eybo aatu, (3.9)
k. k’c1.BZ

. 1

Ak = > Vl(fﬁf)%,kf¢%,,mwu7_k¢¢u,k¢, (3.10)
kk'€1.BZ

2By “momentum transfer” we mean the difference of the in-state and out-state momenta of a
particle; see, e.g., Ref. [89].



CHAPTER 3. COOPER PROBLEM IN A CUPRATE LATTICE 29

N 1
Hi(npty) _.A Z ka’¢Uk’¢¢U k/TQ/JU kUKL (3.11)

k. k'cl.BZ

The interaction functions are

vﬁL =Uv11 (K )on (=Ko}, (— K)ol (k), (3.12)
Vk k’ =Upva1 (K v (—k") 03, (—k)v3, (k), (3.13)
V&Y =Ups1 (K Yvsy (— K)o (—k) w3, (), (3.14)

where the functions v;; have been introduced in Eq. (3.6), and v}; denotes the
complex conjugate of v;;; see Appendix D in Sec. 7.1 for derivations.
The total interaction Hamiltonian is obtained to be

Hlnt _H(d) + H(pz) + H(py)

int int int

1

:Z Z Vk,k’¢U,k'¢¢%,—k'¢¢U,—k¢¢U,k¢, (3.15)
k.k'€1.BZ
where
View = Vi + V) + vk (3.16)

For the submanifold S of the upper band, the tight-binding Hamiltonian (3.5) rep-
resents the corresponding kinetic energy as

F]kin = Z El(qU)wIJ,kawU,kaa (317)
kel.BZ
oe{t{}

where the dispersion relation El((U) is given by Eq. (3.2).
Finally, the total Fermi-Hubbard Hamiltonian constituted on the submanifold &
of the upper band reads as

f{tot :];Ikin + ﬁint
1
Z El((U)wIJ,ko'wU,kU + X Z Vkvk/¢%,kliw%7—k/TwU,—kT¢U7k\L7 (318)

kel.BZ k,k'€1.BZ
oe{t,}

where Vi i is given by Eq. (3.16). Note that we have not yet introduced the Fermi
sea. In the next Section, we construct the Fermi sea by introducing a chemical
potential, i, and arrive at the final version of the total Hamiltonian.
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3.3 ARPES and Fermi surface

Knowledge on the structure and geometry of the Fermi sea is crucial, as many phys-
ical properties of metals can be extracted from the low-energy electron excitations
near the Fermi surface [152]. Many important data on the Fermi surface of a copper-
oxide plane have been extracted from the angle-resolved photoemission spectroscopy
(ARPES); see, e.g., Refs. [152, 153, 154, 155, 156, 157, 158]. A photoemission spec-
troscopy is a technique based on the photoelectric effect, that was originally observed
by Hertz [159] and later described by Einstein [160]. To have an intuitive picture,
we consider a photon that is ejected from a photon source and incident on a sample.
An electron from the sample can absorb the photon and escape with the maximum
kinetic energy of the photon subtracted by an amount which is responsible for keep-
ing the electron on the valence band of the sample. The photon source can be, for
example, a beam of monochromatized radiation supplied by a gas-charge lamp or
a synchrotron beamline [154]. The emitted electron, which is referred to as photo-
electron, is collected by an electron energy analyzer located in a finite acceptance
angle. With this angle and with the kinetic energy of the photoelectron in question,
one can estimate the momenta of the crystal and photoelectron. For different angles
one can find the dispersion relation of the crystal by tracking the peaks detected in
the ARPES spectra [154].

Experimental data reveal that cuprates at exact stoichiometry is almost not a
superconductor [44]. To dope the system, i.e., to inject holes into a CuOs plane,
the properties of one or more of the charge-reservoir element should be adjusted
[44]. Moreover, extracted results from ARPES show that the geometry of the Fermi
surface for a CuOs plane is dependent on the doping; see, e.g., Refs. [61, 120, 152,
161, 162, 163]. By changing the doping, the Fermi surface can be deformed from
being quite rounded to the form of a square near the half-filling with vanishing hole
doping. The desired geometry of the Fermi surface in the high-temperature cuprate
superconductors consists of four Fermi arcs, and reveals nodal and antinodal regions
[44, 120, 152, 154, 158, 163, 164, 165]; see Figs. 3.2(b) and 3.2(d). Following P. W.
Anderson, this can be realized to a first approximation by the single-band two-
dimensional Fermi-Hubbard model; see, e.g., Refs. [47, 60, 116, 120, 152]. This
implies that the Fermi surface not only depends on the hole doping, but it also
varies if the on-site Coulomb interaction strength, Uc, changes. Accordingly, the
notion of the interacting- and noninteracting Fermi sea corresponds to Us = 0 and
Uc # 0, respectively.

As discussed in Sec. 3.1, the next-nearest-neighbor hopping, ¢,,, deforms the flat
band and changes the curvature of the dispersive bands, influencing the geometry of
the Fermi surface constructed in a single dispersive band. It is known that the Fermi
surface of the Hubbard model for the weak- and intermediate-coupling regimes is in
agreement with experiments when one takes into account the next-nearest-neighbor
hopping; see, e.g. Ref. [166] and references therein. Also, it has been shown that
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these terms affect the superfluid to Mott-insulator transition [167, 168], and slightly
change the renormalization of the quasipartice mass [169]. To visualize the effect
of the next-nearest-neighbor hopping on the Fermi surface of the cuprate lattice,
we construct the Fermi surface in the upper band with dispersion relation E’l((U) by
introducing a chemical potential, y. For the noninteracting Fermi sea, the on-site
Coulomb interactions are assumed to be vanishing, U; = U, = 0. The intersection of

El((U) and p results in the corresponding Fermi surface. We define the noninteracting
Fermi sea, FS,onint, a8 the momentum space occupied by electrons:

FSuonine = {k € 1LBZ: B < p}, (3.19)

implying that El({U) > 1 shows the unoccupied region. The interacting Fermi sea is
constructed when the effect of the on-site interactions is taken into account. For
an interacting pair, we take into account the on-site interactions at each point in
momentum space, and define the interacting Fermi sea, FS;,, as

1
A
where A is the area of the first Brillouin zone and the interaction function Vg is
given by Eq. (3.16) for k' = k. The unoccupied region where a pair can form is
thus defined as the k-points subject to 2B + Vi /A > 2pu.

Figure 3.2 shows the interacting Fermi surface for vanishing and nonvanishing ¢,,.
We find that the existence of the next-nearest-neighbor hopping has a significant
effect on the curvature of the Fermi arcs. Moreover, Fig. 3.3 shows the electron
density, n., as a function of the chemical potential, . For a given value of u, we
find that n.(t,, # 0) < ne(t,, = 0), implying that we can still increase the hole
doping® for t,, # 0 while preserving the desired geometry of the Fermi surface.
Therefore, our arguments are in favor of including ¢,, # 0, leading to a geometry
of the Fermi surface that is in better agreement with experimental data extracted
from ARPES; cf. e.g., Refs. [152, 154, 155, 156, 157, 158|.

Finally, we take into account the interacting Fermi sea, and arrive at the total
Fermi-Hubbard Hamiltonian (3.18) as

FSint = {k € 1.BZ: QEI((U) + Vka < 2/,6} s (320)

N 1
U
Hoo= ), 3 )w;rj,kgwuka + Y > Vk,k’@b{],kw@DI}ﬁkW@bU,—kT@DU,ki7
ke 1.BZ\FSins k'€ 1.BZ\FSint
oe{t}
(3.21)

3To define the hole doping, d;,, here we follow this convention: For the half-filling, the electron
density n. = 1/2 and the hole doping is defined to be vanishing, §, = 0. As we decrease n.,
we inject more holes into the desired momentum space, and increase d,. Here the hole doping is
obtained as 0, = 1/2 — n,, for 0 < n, < 1/2.
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Figure 3.2: Electronic band structure and interacting Fermi surface of a cuprate
lattice in the first Brillouin zone for V, = 3.45 eV and ¢,y = 1.13 €V: (a) Band
structure for t,, = 0; (b) the corresponding Fermi surface for p ~ —0.679 eV;
(¢) band structure for ¢,, = 0.8 ¢V; and (d) the corresponding Fermi surface for
p ~ —0.679 eV. For t,, # 0 the flat band is deformed, and the curvature of the
dispersive bands is changed. Blue and red dots in panels (b) and (d) show the
occupied and unoccupied states, respectively.
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Figure 3.3: Electron density, n., vs chemical potential, x4, in units of eV, for a single
upper band of the cuprate lattice, where V;, = 3.45 eV and ¢,; = 1.13 €V. The blue
curve corresponds to t,, = 0, and the red curve corresponds to t,, = 0.8 eV.

where 51(<U) = El({U) — 11, and the symbol 1.BZ \ F'S;,; denotes the first Brillouin zone
where the interacting Fermi sea has been excluded.

3.4 Cooper problem and pairing equation

As discussed in Chap. 2, the Cooper problem and its solution show that for an
arbitrarily weak attractive interaction, two electrons that are immersed in an inert
Fermi sea form a bound state that supports an orbital s-wave symmetry. The
effective attraction is due to the electron-phonon interaction that is dominant over
the screened Coulomb repulsion. The Cooper problem is usually considered as a
weak-coupling limit of the electron pairing. On the other hand, experimental data
as well as different theoretical approaches reveal that the Cooper pairing in a cuprate
lattice is mainly due to the strongly repulsive electron-electron interaction; see, e.g.
Refs. [60, 115, 172, 173, 174, 175]. Our objective is to show an example of the Cooper
problem that includes the strong-coupling limit of the repulsive on-site interactions
for the single-band Fermi-Hubbard model (3.21). To this end, we follow the Cooper
problem and consider the singlet-state ansatz as

@)= Y S(R)U] ey [FSim) (3.22)
k€1.BZ\FSint

where ¢(k) denotes the wave function of a Cooper pair in momentum space and
|F'Sint) denotes the interacting Fermi-sea state defined by (3.20); cf. Eq. (2.13).
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To find an equation describing a Cooper pair in the upper band of the cuprate
lattice subject to the Fermi sea, first we should calculate the effect of the total
Hamiltonian (3.21) on the ansatz (3.22). Applying the kinetic energy (3.17) on |®)
results in

B |®) = Y &%) 0 tuie |®)
ke1.BZ\FSint
oe{tl}
U U
= ¥ (VD) o) (3.23)

ke1.BZ\FSint

see Appendix E of Sec. 7.1 for derivation. Next, we apply the interaction Hamilto-
nian (3.15) on |P):

1

Hui|®) == Y Vil b ortbv-xrtbui | )
A K.k’ €1.BZ\FSin
1
:j Z Vk,k’ |(I>> y (324)

k,k’€1.BZ\FSint

where Vi i is given by Eq. (3.16); see Appendix E of Sec. 7.1 for derivation.
The equation describing a Cooper pair in the upper band of the cuprate lattice
subject to the interacting Fermi sea is obtained as

]f]tot ’(I)> :ﬁkin ’(I)> + ﬁint |CI>>
—£|®), (3.25)

where £ is the eigenenrgy. We insert Eqs. (3.23) and (3.24) into Eq. (3.25), and
arrive at

1 1
AVk,k) o(k) + 1 > Viewd(k') = E¢(k); (3.26)
k,k/El.BZ\FSint
K4k

(6 + €+

see Appendix E of Sec. 7.1 for derivation. To calculate the ground-state energy,
Eq < 0, and the wave function, we solve Eq. (3.26) numerically.

3.5 Ground-state solution and wave function

3.5.1 Numerical algorithm

To find the ground-state solution, we solve Eq. (3.26) numerically. To do this, first
we discretize the first Brillouin zone as k; = (k{), k), where
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(a)

Figure 3.4: (a) Interaction function Vi 1 /N? in units of €V for the attractive regime of
the Fermi-Hubbard model (3.21), (b) ground-state wave function of the Cooper pair,
supporting an s-wave orbital symmetry. In both panels, N = 100, Vg, = 3.45 eV,
tpg = 1.13 eV, t,, = 0.8 eV, p~ —0.679 eV, Uj = =2 ¢V, and U, = —1eV. The
lattice constant is denoted by a.

T 7Y

kD) kYD) = i[—w + ?\7;(]' — 1)] for j =1,2,...,N. (3.27)
Here, a denotes the lattice constant and N € N is the number of the grid points in
z- and y direction; i.e., N, = N, = N. We calculate the functions f(k{/)) = t,q[1 —
e—ikg(gj)] and g(k{)) = tpq[l — e*ikz(f)], and constitute the tight-binding Hamiltonian
(3.1) at each grid point. With this, we find the electronic band structure numerically,
and follow the relation (3.6) to calculate the interaction coefficients Vi j at each grid
point; cf. Eq. (3.16).

We note that the number of the grid points within the first Brillouin zone is
NN, = N?2. The size of the matrix associated with I:Itot is N4, cf. Eq. (3.21), which
increases drastically by increasing the number of the grid points. In order to stabilize
the numerical calculation, the number of the grid points should be sufficiently large.
For that, we calculate the Fermi sea numerically using the relation

. 1
FSin = {k@ € 1.BZ: 2B + 7 oxw < 2u} , (3.28)

and exclude it from the first Brillouin zone; see Fig. 3.2(d). Next, we constitute the
pairing equation (3.26) on the reduced momentum space as

1 1
(6 + €50+ Vi ) 0k) + 15 X Vigwolk) = Eolky). (329)
k; K} €1.BZ\FSint

k) #k;
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Figure 3.5: Interaction function Vi i /N? in units of eV for the strong-coupling limit
of the Fermi-Hubbard model (3.21) and repulsive on-site interactions, where N =
100, Vgp = 3.45 eV, t,g = 1.13 eV, t,, = 0.8 eV, Uy = 10.3 ¢V, and U, = 4.1 eV. The
lattice constant is denoted by a.

for j =1,2,..., N. Finally, we diagonalize Eq. (3.29), and obtain the eigenenergies
&;. Among the eigenenergies &;, the desired ground-state energy, Eg, is the one
which is negative and has the largest absolute value.

Finally, we note that the behavior of the desired eigenvalues as a function of the
chemical potential might display a zigzag effect due to the finite-size discretization
of the momentum space. To prevent this effect, for the noninteracting regime we
calculate the smallest eigenenergy, Ey, corresponding to Eq. (3.29) in the occupied
space. We add Ej to the first bracket of Eq. (3.29) for the interacting regime, and
calculate the ground-state energy in the unoccupied space?.

3.5.2 Results

For the attractive Fermi-Hubbard model (3.21) where Uy, U, < 0, the interaction
function Vxx, cf. Eq. (3.16), reveals an overall convex structure; see Fig. 3.4(a).
Here the kinetic energy of a Cooper pair is minimized. We find that the ground-state
solution of Eq. (3.26) reveals that the two electrons have a tendency to an s-wave
pairing. Figure 3.4(b) shows the wave function for Uy = —2 eV and U, = —1 €V,
demonstrating the orbital s-wave symmetry of the Cooper pair. This result is in
agreement with other approaches, where the renormalized perturbation expansion

4Private communication with Ludwig Mathey.
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Figure 3.6: Ground-state wave function, ¢(ak,, ak,), of a Cooper pair for N = 100,
Vap = 345 eV, t,g = 1.13 eV, t,, = 0.8 eV, U; = 103 eV, U, = 4.1 eV, and hole
doing 9, =~ 0.104. The nodal points are visible along the Fermi arcs. The Blue
color corresponds to the points with zero phase, and the red color corresponds to
the points with the phase 7. The orbital symmetry of the wave function is dy2_,».
The lattice constant is denoted by a.

for Uy, U, < 0 gives rise to s-wave superconductivity at first order; see, e.g. Refs.
[170, 171].

For the repulsive on-site interactions, Uy, U, > 0, we are primarily interested in
the strong-coupling limit Uy/t,q > 1; cf. Ref [172]. Here the interaction function
Vi k has a concave structure; see Fig. 3.5. The two electrons repel each other
strongly, and there is no tendency for the kinetic energy of the pair to be minimized.
If the two electrons form a bound state, the geometry of the Fermi surface and the
strong repulsion do not support an isotropic ground-state solution, preventing an
orbital s-wave symmetry of the wave function. For the lattice parameters Vg, =
3.45 eV, t,q = 1.13 €V, and t,, = 0.8 €V that follow approximately the values given
by Ref. [60], Fig. 3.6 shows the ground-state wave function for the strongly repulsive
regime. We find that the wave function of the Cooper pair reveals nodal points along
the Fermi arcs. Here, a nodal point partitions a Fermi arc into two regions with a
phase shift of 7. As a result, the wave function supports an orbital symmetry of
dy2_yp.

We also vary the hole doping, ¢, by changing the chemical potential, u, and
calculate the ground-state solution. Figure 3.7 shows the ground-state energy, |Eg|,
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Figure 3.7: Ground-state energy |Eg| of a Cooper pair in units of eV vs hole doping,
On, where N = 100, Vg, = 3.45 €V, t,g = 1.13 eV, t,, = 0.8 eV, Uy = 10.3 eV, and
U, = 4.1 eV. A largest value of |Eg| that corresponds to a critical temperature of
the order of 100 K is obtained near the hole doping of 0.35.

as a function of §,. It reveals a largest absolute value of the ground-state energy,
|Eémax)\ ~ 0.01 eV, occurring near the hole doping &, ~ 0.35. Interestingly, the
behavior of the ground-state energy captures Ref. [60] qualitatively. We also find
that the corresponding critical temperature is within the order of 100 K 5.

3.6 Experimental signature in a cold-atom system

Going beyond the hight-temperature cuprate superconductors, we propose an ex-
perimental signature of the d-wave Cooper pairs for a cold-atom system of fermionic
species that are in different internal states in a cuprate lattice. A first step here is to
engineer the cuprate lattice by providing an appropriate optical lattice. Next, the
desired Fermi-surface geometry that includes Fermi arcs should be constructed. To
do this, recall that in a solid, finding the desired momentum distribution and the
Fermi-surface geometry is usually performed by ARPES. In a cold-atom system, a
useful technique to find the desired Fermi surface can be the time-of-flight image
and the noise correlations; see, e.g., Refs. [176, 177, 178].

We note that following the reasoning of the Cooper problem, for an atom with
the momentum k and spin ¢ in the ground state, there is another atom with the
momentum —k and spin —o , for which we consider the density operators 7 (k, o)
and n(—k, —0o), respectively. The time-of-flight image of a cold-atom system is
performed when the optical trap is turned off and the atoms fall freely in gravity for a

5To convert eV to K, recall that the quantity kg7, where kg is the Boltzmann constant and 7'
is temperature, has a unit of energy. With this, we obtain that 1 eV ~ 1.160 x 10* K.
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certain time, if they are dilute and the interactions are far from the resonance. After
a sufficiently long time of flight ¢, this provides a single realization of the momentum
density (n(k, o)) and (n(—k, —0)) . As a result, to construct the interacting Fermi
sea and to determine the orbital symmetry of a Cooper pair, a time-of-flight image
is not merely adequate. For that, the density-density correlation

G = (n(k,o)n(—k,—0o)) (3.30)

can be measured at 7' > 0 around the Fermi surface using the technique of noise
correlations [179, 180, 181], resulting in an enhanced correlation for a Cooper pair.
The behavior of the enhanced correlation can be considered as a probe of the regime
where a Cooper pair is formed [179], leading to an estimate of the binding energy.
Detecting higher angular harmonics in the correlation data will be a signature of
the higher angular symmetry of a Cooper pair. We realize that this measurement is
quite delicate, as the atomic noises and correlated fluctuations should be detectable
[179]. Keeping a fixed Fermi momentum might also be challenging, as the density
in a trap can change.

3.7 Summary

In this Chapter, we have solved the Cooper problem in a cuprate lattice for strongly
repulsive Coulomb interactions. We have derived an eigenequation describing a
Cooper pair in a single-band Fermi-Hubbard model, and have calculated the ground-
state solution a priori. We have demonstrated that the ground-state wave function
reveals nodal points along the Fermi arcs, supporting an orbital symmetry of d,2_,2.
We have shown that the next-nearest-neighbor hopping, t,,, deforms the flat band
and changes the curvature of the dispersive bands. As a result, we have found
that the geometry of the Fermi surface for ¢,, # 0 is in better agreement with
the experimental data extracted from ARPES. This implies that we can achieve
a larger hole doping while the desired Fermi-surface geometry is preserved. We
have also calculated the ground-state energy for different values of the hole doping,
and have found that a largest absolute magnitude of the energy corresponding to
a critical temperature of the order of 100 K. We have also proposed to realize the
d-wave Cooper pairings in a cuprate lattice for a cold-atom system of fermionic
species using the techniques of time-of-flight image and noise correlations.

6Note that after a sufficiently long time of flight ¢, the position, r, and momentum, k, of an
atom with the mass m can be related by k = mr/ht.






Chapter 4

Electron trimer states in
conventional superconductors

The main aim of this Chapter is to investigate the three-body bound states of elec-
trons in a solid-state system. We expand the Cooper problem by including a third
electron in an otherwise empty band. We constitute a system of two coupled inte-
gral equations in momentum space describing the three electrons. We demonstrate
the formation of a trimer state of two electrons above the Fermi sea and the third
electron, for sufficiently strong interband attractive interactions. We show that the
critical interaction strength is the lowest for small Fermi velocities, large masses of
the additional electron, and large Debye energy. We also show a regime where more
than one trimer state can be formed. Finally, we propose two scenarios to realize
the experimental signatures of the electron trimers!.

4.1 Expansion of the Cooper problem

In Sec. 2.1 we discussed the original Cooper problem in detail. We mentioned
that the Cooper problem and its solution show that two electrons immersed in an
inert Fermi sea form a bound state for arbitrarily weak attractive interactions. The
effective attraction originates from the dominance of the electron-phonon interaction
over the screened Coulomb potential, and the existence of the Fermi seas results
in a bound state. Moreover, in Sec. 2.3 we discussed the Efimov effect as an
example of three-body bound states for short-range interactions. This motivates us
to investigate the formation of three-body bound states in a solid-state system.
We assume two electrons, labeled “2” and “3”, that are restricted to be outside an
inert Fermi sea in a lower band with a quadratic dispersion relation e5; see Fig. 4.1.
The Fermi momentum is kr and the Fermi energy is Fr. Following the reasoning
of the Cooper problem, discussed in Sec. 2.1, the interaction between the electrons

'Parts of this Chapter are adapted from the publication [S1].

41
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Figure 4.1: Sketch of the expanded Cooper problem. Electrons “2”7 and “3” are
subject to an inert Fermi sea in a lower band with quadratic dispersion €9, and
form a Cooper pair. The Fermi energy is Fr and the Fermi momentum is kg. The
additional electron “1” is in an otherwise empty band with quadratic dispersion
e1. The energy difference of the two bands is Ey. The three electrons interact
attractively via the two-body interaction strengths gi2, ¢13, and go3. The interac-
tions are cut off in momentum space by the cutoffs A; and Ay through the relation
£1(A1) = e9(A2) — Er = Ep, where Ep is the Debye energy.

“2”7 and “3” is considered to be a negative constant go3 in momentum space, for the
incoming and outgoing momentum of the electron “2” (or “3”) smaller than a cutoff
As (or A3) and zero otherwise. Here we assume that A3 = As. The electrons “2”
and “3” form a Cooper pair with the binding energy that is given by Eq. (2.10);
cf. Sec. 2.1.2. Next, we expand the Cooper problem by including a third electron,
labeled “1”, in an otherwise empty band with a quadratic dispersion relation e1;
see Fig. 4.1. Its spin state is arbitrarily depicted as spin-up. We also consider
the interactions between the additional electron and the other two electrons to be
a negative constant g and g;3, for the incoming and outgoing momentum of the
electron “1” smaller than a cutoff A; and zero otherwise. We fix the value of the
cutoffs such that
2 2

Bp= 5—At= 5 (13— k2), (1)
where m; is the effective mass of the electron “4” and Ep denotes the Debye energy.
In general, the effective masses my, ms, and ms can be different, but we are pri-
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marily interested in the case ms = my. We also assume a similar restriction on the
interaction strengths that g3 = g12. In this Chapter, we define a length scale rp as

1 Vrp
=~ h— 4.2
D A2 _ kF ED’ ( )
where vp = hkp/msy is the Fermi velocity. We also define the interaction parameters
24
= 4.3
12 Arh2 912, (4.3)
2%
= —— 4.4
§23 Anh2 g23; (4.4)

where p and fi are reduced masses defined as 1/u = 1/my + 1/my and 1/ =
1/my + 1/mg3 = 2/may, respectively. In the following, we assume that the electrons
“2” and “3” are in a spin-singlet state, and the total momentum of the three-body
bound states of three electrons is vanishing, i.e., k; + ks + k3 = 0.

4.2 Formulation of the problem

In this Section, we expand the formalism that we have already introduced in Sec.
2.1.1. The Schrodinger equation governing the three electrons in momentum space
reads as

h2k? h2k2 k2 A A
+ Ey + + —=+Up+U;sz+Uy3—-E|Yp=0, (4.5)
2m1 2m2 2m3

where h is the reduced Planck’s constant, k; is the electron momentum, and ¢ =
¥(ky, ko, k3) is the wave function. The total energy of the electron “17 is h2k? /2m; +
Ey, where Ej is the energy difference of the two bands; see Fig. 4.1. We define a
shifted energy E = £ — Fy, where £ is the eigenenergy?. The interaction U;; between

Wy

the electrons “¢2” and “j” is
d3q
(2m)?

where g;; < 0, 4,7 = 1,2,3, i # j, and q is the momentum transfer®>. Recall that
the cutoff function 6, ,(k) is defined as

Uz‘j¢ = g;j0n, (k;)0a, (ki) / Oa, (ki — q)0s, (k; + q)¢, (4.6)

(4.7)

1 for a < |k| <0,
0ab<k)_{ |’

0 otherwise,

2In this Chapter, momentum is measured in units of the Fermi momentum, kg, and energy is
measured in units of the Fermi energy, Er = h%k% /2ms.

3By “momentum transfer” we mean the difference of the in-state and out-state momenta of a
particle; see, e.g., Ref. [89].
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for a,b € R, 0 < a < b, and 0,(k) = 6y ,(k). We obtain that

3q

Unw =g120, (k1)0a, (kz)/ (d E 9A1( —q)0a, (ko + q)v(ky — q, ks +q, ks),
(4.8)

~ d3

U13¢ 29136/\1 (kl)eAs (k3> / ( ) 91\1( q>9/\3 (k3 + q)w<k1 —q, k27 k3 + q>7
(4.9)

~ d3

Uszt) =ga3l, (ka)0a,(ks) / ok 500 (k2 — q)fas(ks + q)i(ki, ke — q, ks + q).

(4.10)

In general, an interaction operator U which is a projector onto a state |p) is called
separable, and can be represented as U = ¢|¢) (¢|, where g is the strength of the
interaction; see, e.g., Refs. [73, 182, 183, 184]. Accordingly, the resulting operators
(4.8)-(4.10) imply that the interaction model (4.6) is separable.

Next, we introduce three variables p; = q + k;, i = 1,2, 3, and assume the zero
total momentum of the system, 1 (ky, ko, ks) = 9(ks, k3)6® (ki + ky + k3), where
§3) is the three-dimensional Dirac delta function. We rewrite the Schrodinger Eq.
(4.5) as

R(ks +ks)?  K2k2 B2K2
+—2 4
2m1 2m2 2m3

. E) ks, Ks) = — B, (ko) (s ' (—s — )

— On, (ko — k3)0n, (k3) Fa(ka)
— 0a, (—ka — k3)04, (ko) F3(k3),

(4.11)
where the functions F}, F5, and F3 are defined as
d3
Filke) =g | (o0500a(~ks = Bo)ona(Bs)o (ks — BosBo), (112)
d3

Fylla) =gus | 550 (~e = B)o (bs) ks, o), (4.13)

d*ps _ - .
Fy(ies) =91z [ (505500 (s = B2)0 (92)1 (2 ). (4.14)
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Equation (4.11) provides now an ansatz for the wave function 1(ksy, k3) in terms of
the unknown functions Fj:

1
¢(k27k3) = h2(1(227:lr1k3)2 . Zj:f 4 Zj’lf _E 9/\2 (k2)91\3(k3)F1(_k2 - k3)

+ 04, (ko — k3)0a, (ks) Fo(ka) + Oa, (—ko — k3)0p, (ko) F3(ks)|. (4.15)

We note that the Fermi sea demands two constraints ky > kr and ks > kr on
the momentum of the electron “2” and “3”, respectively. Also, recall that we have
assumed ms = mo and A3 = A,. If electrons “2” and “3” are in a spin-singlet
state and g1 = g3, then F3 = F,. We introduce the variables p; = —ky; — p3 and
p2 = —k; — p3, with p3 = p3, and write the functions F} and F as

3

Fi(ky) Zgzg/ég))@kp,/\g( ki — P3)0ip.n, (P3)Y(—k1 — P3,P3), (4.16)
d3p3

F (ko) 912/(27T)39A1(—k2 — P3)0k 0. (P3) (K2, P3), (4.17)

where we have included the Fermi-sea constraints through the cutoff functions. We
assume that F;(k) = F;(k), implying s-wave symmetry of the states.

Finally, we insert the ansatz (4.15) into Eqgs. (4.16) and (4.17), and arrive at a
system of two coupled integral equations

d3P3
(2m)?
3

+/ é;_))ngz(k%pl;E)Fl(pl) :
(4.18)

ll —l—/ ps Kl(k27p37 E)] Fy(ka) = — Oppon, (ko) l/ Ky (k, ps; E) F2(ps)

912 (2m)3

[1 _|_/d3p3[{ (kljpg,E)] Fi(k)) = —29A1(k1)/d3p3K (k1, p3; E) F2(ps),

go3 (271') (271')
(4.19)
where the three integral kernels K, K5, and K3 are:
o O (ko — P3)0;n,(P3)
il b ) Bl g e
9/\ (pl)ek A ( b1 — k2)
Ky(ky,p1; E) = : = ) (4.21)
o+ e+ B
0 -k 0
Kg(kl, Ps: E) kr, /\2( 1= p3) kr,A2 (p3> (422)

Rk | R2(ki+ps)® | h2p3 ’
2m1 + 2myo + 2myo - E
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Figure 4.2: Lowest energy state as a function of the interaction strengths |£12| and
|€23], in units of rp, for me = my and Ep/Er = 0.02. The cutoffs A; and A, are
chosen according to relation (4.1). The vertical red dashed line is a cut at {3 = 0
and the horizontal red dashed line is a cut at &2 = —3rp. For any attractive
interaction &3 the electrons “2” and “3” form a Cooper pair. Beyond a critical
interband interaction, the trimer state has a lower energy than the Cooper pair. As
we increase |£o3/, the trimer state and the Cooper pair compete with each other.

4.3 Electron trimer states

To determine whether the lowest energy state is a two-body or a three-body bound
state, we solve the system of integral Eqs. (4.18) and (4.19). In this Section we
provide both analytical and numerical solutions, and discuss the results.

4.3.1 Overview of the main result

Recall that we choose the values of the cutoffs A; and A, according to relation (4.1).
We note that for a typical conventional superconductor Ep < EF, see, e.g., Ref.
[19], implying that A; < kp and Ay — kp < kp. We also recall that 0 < ky < Ay
and kr < ko < Ay. We make a first approximation such that k; ~ 0 and ky ~ kp. In
addition, because the integral variable ps is varying within the interval (kz, Ay) and
also Ay — krp < kpr, we make a second approximation in this interval and assume
that the two functions Fy(ks) and F(p3) remain as the constant value Fy(kp). With
these approximations, we rewrite the system of integral Eqs. (4.18) and (4.19) as

{F1(E7912§ T)Fy(kr) + D2 (E)F1(0) =~ 0, (4.23)
~ 0,

L3(E)Fa(kp) + Ty(E, g23) F1(0)
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where 7 = 1 describes the system of three electrons and 7 = 1/2 corresponds to a
system of two electrons “1” and “2” (or “3”). The function I'; reads as

A h? ~

[1(E, g12;7) = 21012 +Ti(E;7), (4.24)
where
~ r (1= 3 (1= 2K+ A~ 2B
(B 7) = dps ps In S m W
ke Jkr ps — okeps + kp — 35 E

=T (A —k )+27 (E) _ t (TslkF_AQ)

I ! i n(E)

(& —Dkr\] A —p(E) + (1 = 2)A3
)_ n ()

p(E) + (K — Dkj ) Tp(E)

) _

2
mf“i(ﬂ% — 1)7Tk'F

E"Z’ﬂA%)—  (n(B) - Loz

%ﬂ'kp maq
« In X(E)
—p(B)+ (1= E)RE = A7)
Here, n(E) = [1 — (£)k% — %E, p(E) = (£ — Dk} — A3 + 2B, y(E) =

ki — 2 kpNy+ A3 — 3% E, and 1/p = 1/my +1/my. For Ay < kp and Ay — kp < kp
we also obtain:

(4.25)
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drh? 1
ry(F =—— + =-I'3(F 4.28
1(E, g23) 2igns + 5 3(E), (4.28)
where 1/fi = 1/my + 1/mg = 2/ms.
To ensure that Eq. (4.23) possesses nontrivial solutions, it is required that

Fl(E79123 T = 1)F4(E,923) - Fz(E)F3(E) =0, (4-29)

leading to a relation between g5 and go3 through E. Figure 4.2 shows the result
near the threshold energy

B = 2EF + Ej, (4.30)

where Er = h%k%./2ms is the Fermi energy and kr is the Fermi momentum. We
find a region where electrons “2” and “3” form a Cooper pair, and a second region
where the three electrons form a three-body bound state. We refer to a three-body
bound state of electrons as a trimer state?. We notice that for any value of ga3 < 0,
the intraband electrons “2” and “3” form a Cooper pair. As gy is set to a nonzero
value, the three electrons form a trimer state beyond a critical value of g15. We will
provide an analytical estimate of this critical value in Sec. 4.3.4. As we increase
|gas|, there is a competition of a trimer state and the Cooper pair. The horizontal
cut depicted in Fig. 4.2 corresponds to three interacting pairs where &3 = —3rp,
which we discuss further in Sec. 4.3.3.

Interestingly, the trimer state is also formed for vanishing g»3. The vertical cut
depicted in Fig. 4.2 corresponds to this case that we discuss further in Sec. 4.3.4.
From the perspective of the electrons in the lower band, this can be considered as
a bound-state formation that is induced by a third electron in a higher band, i.e., a
particle-induced bound state.

4.3.2 Numerical calculation of the spectrum

To find the full spectrum and also to validate the analytical estimates, we solve
the system of integral Eqs. (4.18) and (4.19) numerically. To do this, first recall
that we have assumed Fj(k) = F;(k), implying that we only consider the isotropic
solutions of Eqgs. (4.18) and (4.19). Accordingly, we replace the three-dimensional
integrals over momentum by one-dimensional integrals over absolute values of each
momentum. Next, we discretize each integral range such that the grid points {k;},
j=1,2,..., N, are the set of zeros of the Legendre polynomials Py (k). We approx-
imate the integrals by a truncated sum weighted by w;:

4In general, we refer to a two-body bound state of electrons “1” and “2” (or “3”) as dimer-12
(or dimer-13), and to a three-body bound state of the electrons as trimer-123. We also refer to a
two-body bound state of electrons “2” and “3” as Cooper pair or Cooper pair-23.
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Figure 4.3: Shifted energy £ = £ — E normalized by 2Fr as a function of the
interaction parameter |&3/, in units of rp, for me = my, Ep/Er = 0.02, and &3 =
—3rp, corresponding to the horizontal cut depicted in Fig. 4.2. The lowest energy
state is a trimer state that is shown by a single blue curve. For sufficiently large
|€23], the formation of Cooper pairs is dominant over a trimer state. Notice that,
due to the truncation on each sum described in Sec. 4.3.2, the two-body continuum
appears with finite range.

2
(1 = B[Py (k)]

where Py (k) = dPy(k)/dk [185, 186, 187]. This choice, which is the so-called
Gauss-Legendre quadrature rule, scales the range of the integration from a given
real interval (a,b) to (—1, 1), and has order of accuracy exactly 2N — 1, which is the
highest accuracy among the other quadrature choices [185]. Finally, we apply the
Gauss-Legendre quadrature rule on each integral and construct a matrix equation
corresponding to each integral equation. For given values of £ < Fy,, we calculate
the eigenvalues, providing the corresponding values of the interaction parameter.
The functions F; and F, are also obtained as the eigenvectors of the matrix equa-
tions®. We note that trimer states of zero total momentum appear as discrete energy
levels, whereas two-body bound states appear as continuum of states.

(4.31)

U}j:

4.3.3 Trimer states of three interacting pairs

For three interacting pairs we fix the intraband interactions, and calculate the
spectrum as a function of the interband interaction parameter. Here, we consider

5Thanks to Pascal Naidon for proposing a concise method of implementation of this algorithm
in our numerical code.
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&9 = —3rp that corresponds to the horizontal cut depicted in Fig. 4.2. We also
assume a typical value of the Debye energy as Fp/FEr = 0.02. Figure 4.3 shows the
shifted energy F = £ — Fy normalized by 2EFr as a function of |£a3]. The lowest
energy state is a trimer state appearing as a single curve of solution. An intuitive
explanation of forming a trimer state as the lowest energy state is as follows. A
three-body bound state possesses three interaction parameters and supports two
degrees of freedom; however, a two-body bound state has only one interaction pa-
rameter and supports one degree of freedom. We notice that in quantum mechanics,
a bound state with more degrees of freedom costs more kinetic energy against the
gain from the attractive interactions. Therefore, compared to a Cooper pair, an elec-
tron trimer is formed as the lowest energy state®. As we increase |£y3], the Cooper
pair is dominant over the trimer state, and appears as a two-body bound-state
continuum.

4.3.4 Critical interband interaction and the trimer state for
noninteracting intraband electrons

Recall that for noninteracting intraband electrons, go3 = 0, an electron trimer is
formed if the interband interaction gjo is larger than a critical value; see Fig. 4.2.
To find the critical value, we note that for go3 = 0 we have F; = 0, and Eq. (4.19)
will have no effect anymore. Next, we use similar approximations k; ~ 0 and ko ~ kp
described in Sec. 4.3.1. With these approximations, the system of the integral Eqgs.
(4.18) and (4.19) reduce to I';(E, g12;7) = 0, where I'y is given by Eq. (4.24) and
T e {1/2,1}.
For 7 = 1, referring to a system of three interacting electrons, we should solve

Fl(E,glg; T = 1) =0. (432)

To this end, we expand Eq. (4.32) for Ay — kr < kp and A; < kg at the shifted en-

ergy E ~ 2Ep = h*k%/ms, and solve the leading order for the interaction parameter

gg) = ¢g12(E = 2EF). This results in the critical interband interaction to be

272 273
(c) 2m°h 2m°h (2 A
912 mq "D my Ep’ ( )

where Ep is the Debye energy, cf. Eq. (4.1), and vp = hkp/my is the Fermi
velocity. Equation (4.33) shows that the magnitude of the critical value of gio for
trimer formation is controlled by the ratio of the Fermi velocity, and the mass of the
electron in the upper band and the Debye energy. If the mass of the electrons in
the upper band is heavier, the critical value is reduced. Similarly, a smaller Fermi
velocity and a larger Debye energy reduces the critical value; cf. Fig. 4.4.

6Private communication with Pascal Naidon.
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Figure 4.4: Shifted energy £ = £— Ej as a function of the interaction parameter |£;s|,
in units of rp, where Ep/Er = 0.02 and go3 = 0: (a) mg/m; = 1, corresponding
to the vertical cut depicted in Fig. 4.2, (b) mg/my = 10, and (¢) ma/m; = 1/10.
The single blue curve is the numerical solution of the lowest-energy trimer state,
and the red dashed curve is the analytical approximation for the trimer state; cf.
Eq. (4.32). As |£12] increases, the first two-body bound state (dimer-12) appears as
the lowest energy state of a two-body bound-state continuum (blue dense curves).
The red solid curve is the analytical approximation for the lowest-energy dimer-12
given by Eq. (4.34). The vertical arrow locates the critical value of the interband
interaction parameter given by Eq. (4.33). In panel (c), the green dashed curve is
the second analytical approximation (4.35). Notice that, due to the truncation on
each sum described in Sec. 4.3.2, the two-body continuum appears with finite range.

We note that Eq. (4.32) provides a relation between the interaction parameter
g12 and the shifted energy F, leading to an analytical estimate for the lowest-energy
trimer state with go3 = 0; see red dashed curves in Fig. 4.4. For a system of two
electrons “1” and “2” (or “3”) we set 7 = 1/2, and calculate the integral by the
same argument. The lowest-energy two-body bound state is obtained analytically
by solving

see red solid curves Fig. 4.4.

We notice that the onset of the trimer state for m; > msy leads to the origin,
|§§§) | = 24| g£§)|/ 47h* — 0. For a conventional superconductor, the upper bound
of the integral (4.25), Ag/kp, is very close to the lower bound, 1. Therefore, we
calculate the integration (4.25) by making the leading order of the integrand as
ps/kr — 1. We solve the result for E and arrive at

Ep
1 —exp (7T4“— Ln )

m1 |€12]

for my > mo; (4.35)

see green dashed line in Fig. 4.4(c).
We also calculate the spectrum numerically, following the algorithm described
in Sec. 4.3.2, and compare the result with these analytical estimates for different
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Figure 4.5: Shifted energy £ = £ — E normalized by 2FEr as a function of the
interaction parameter |£12|, in units of rp, for my/my = 10, Ep ~ Ep, and g3 = 0.
We observe the emergence of two trimer states as the lowest energy state that are
shown by single blue curves. The dense curves show the two-body bound-state
continuum. Notice that, due to the truncation on each sum described in Sec. 4.3.2,
the two-body continuum appears with finite range.

parameter sets. In Fig. 4.4(a) we use m; = my that corresponds to the vertical
cut depicting in Fig. 4.2. In Figs. 4.4(b) and 4.4(c) we use my/m; = 10 and
mo/mq = 1/10, respectively. In all three cases we have used a typical value of the
Debye energy, Ep/Er = 0.02. We observe the formation of a trimer state that
is well approximated by the analytical approximation. In contrast to the Cooper
problem where a two-body bound state originates at a Vanishin% coupling constant,
cf. Fig. 2.2, here a trimer state emerges at the critical value gg .

Finally, we find a regime where more than one electron trimer can be formed.
For my > my and large values of the Debye energy comparable to the Fermi en-
ergy, Ep ~ Er, we observe the formation of more than one trimer state. This is
reminiscent of the Efimov effect discussed in Sec. 2.3, however, here the number
of the trimers remains finite. As a result, in contrast to Efimov states, there is no
scaling law governing the electron trimer states. Figure 4.5 shows the formation of
two trimer states for my/m; = 10. Physical systems in this regime are BCS-like
superconductors, e.g., fullerides [188] or magnesium diboride [189].

4.4 Experimental signatures

In this Section, we provide two scenarios to realize the electron trimer states in
conventional superconductors. As a first scenario, we assume that the electrons in
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Figure 4.6: Visualization fo the first scenario for the experimental signature of the
trimer state. Here, the trimer binding energy, Fiimer, is larger than the energy
difference of the two bands, Ey. We predict that by optically probing the state
or pumping electrons from the lower band, the trimer state can be detected as an
excited state, revealing as an in-gap resonance peak.

the lower band are either in a superconducting, go3 < 0, or in a metallic state,
go3 = 0. We also assume that the energy difference of the two bands is larger than
the Fermi energy, Ey > Er. We predict that a trimer state can be detected as an
excited state by applying a probe or a pump pulse [190, 191]. By optically probing
this state, one can observe a trimer state as an in-gap resonance peak at the trimer
binding energy, Fiimer, below the empty band; see Fig. 4.6. We predict that the
three-body bound state broadens the resonance peak. Also, by optically pumping
electrons from the lower band to the upper empty band [192], we predict that a
trimer state can be formed in the region indicated in Fig. 4.2, provided that the
time scales do not exceed the relaxation rate from the upper band; see Fig. 4.6.
Our studies here applies to a long-lived metastable state that is created by optically
pumping electrons to a higher band.

As a second scenario, we assume that the electrons in the lower band are in
a superconducting state and the trimer binding energy is larger than the energy
difference of the bands, Fiimer > Fy. We predict that the trimer state destabilizes
the BCS state and can be detected as the ground state of the system. Further, the
upper band is lowered, Ey > Er, see Fig. 4.7(a), and touches the Fermi surface,
Ey ~ Ep, see Fig. 4.7(b). In both cases the electrons in the lower band are localized
around the Fermi surface. The upper band can also be lowered into the Fermi sea
of the lower band, Ey < EF, see Fig. 4.7(c), giving rise to new electron pockets.
Here we assume that the upper band is very dilute and the Fermi sea is tuned to
formation of the electron pockets. In this case we also predict that the trimer state
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Figure 4.7: Visualization fo the second scenario for the experimental signature of
the trimer state: (a) the upper band is lowered, Ey 2 Ep, (b) it touches the Fermi
surface in the lower band, Ey ~ Ep, (c) it is lowered into the Fermi sea, Ey < Ep.
In all cases we have assumed that the upper band is very dilute. Here we predict
that the trimer state is observed as the ground state.

can be formed as the ground state of the system. We notice that for noninteracting
intraband electrons, go3 = 0, the formation of a trimer liquid is achieved for any
density of fermions in the upper band, provided that g2, g13 > gg‘;). Finally, for
interacting intraband electrons, go3 # 0, a BCS state in the lower band is induced.
As a result, the energy of the formation of a trimer liquid is reduced. If the electron
density in the upper band is sufficiently high, the trimer state competes with the
BCS order.

4.5 Summary

In this Chapter, we have expanded the Cooper problem by including a third electron
in an otherwise empty band. We have demonstrated that for sufficiently strong
interband interactions, the lowest energy spectrum is an electron trimer state. We
have shown that as we increase the intraband interactions in absolute value, the
Cooper pair competes with the formation of a trimer state. We have also shown
that for noninteracting intraband electrons, a trimer state can be formed if the
interband interaction is beyond a critical value, for which we have provided an
analytical estimate. From the perspective of the electrons in the lower band, this
can be interpreted as a particle-induced bound state. We have found that for a
high mass ratio msy/m; and for the values of the Debye energy that are comparable
with the Fermi energy, we can observe more than one trimer state. Finally, we have
proposed two scenarios as experimental signatures of the trimer states. We recall
that in the beginning of this Chapter, we have mentioned the Efimov effect as a
motivation to investigate three-body bound states in solid-state physics. In this
regard, our study shows that the formation of more than one trimer state for a high
mass ratio ms/m; and Ep ~ Ep is reminiscent of the Efimov trimers; however,
unlike the Efimov states, here the number of the trimer states is finite and there is
no discrete scaling law governing the states.



Chapter 5

Three-body bound states of an
atom in a Fermi mixture

In the previous chapter we discussed the electron three-body bound states in a solid-
state system. In this Chapter, we determine the three-body bound states of an atom
in a Fermi mixture. Compared to the Efimov spectrum of three atoms in vacuum,
discussed in Sec. 2.3, here we show that the Fermi seas deform the Efimov spectrum
systematically, and push the three-body bound-state solution towards positive values
of the s-wave scattering lengths. We demonstrate that this effect is more pronounced
near unitarity, for which we obtain an analytical estimate. We show that in the
presence of Fermi seas, the Efimov scaling law does not hold anymore. We find a
generalized discrete scaling law that governs the three-body bound states. We also
propose three signatures of three-body bound states of an ultracold Fermi mixture
of Yb isotopes, and provide an estimate for the onset of the bound state and the
binding energy!.

5.1 An atom in a Fermi mixture

We consider a cold-atom system of Fermi mixtures. We assume a density, n/2, of
the species, labeled “2”, that interacts attractively via contact interactions with the
same density of other species, labeled “3”. We assume that the two species “2” and
“3” are in different internal states. Next, we include an additional atom, labeled
“17, that interacts attractively with the other atoms via contact interactions; see
Fig. 5.1. The three masses my, ms, and mg can be different in general, but we
are primarily interested in the case ms = ms. We note that the atom “1” can be
generally a fermion or a boson. Here we assume that it is a fermion?. The species
“2” and “3” define the Fermi seas with the Fermi momentum kr = (3m2ny)"/3; see,
e.g., Ref. [95]. The Fermi seas demand the constraints ks > kr and k3 > kp on

'Parts of this Chapter are adapted from the publication [S2].
2We note that a similar analysis can be applied when it is a boson.

95
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Figure 5.1: Sketch of an atom in a Fermi mixture interacting attractively via contact
interactions. Species “2” and “3” are a Fermi mixture, and atom “1” can be in
general a boson or a fermion. The interaction strengths in momentum space are
shown by three negative constants gio, g13, and go3. The species “2” and “3” are
assumed to be in different internal states and ms = msy. The interatomic distances
are proportional to 1/kp, where kg is the Fermi momentum.

the momentum of the atoms “2” and “3”, respectively. The threshold energy of the
bound states is
R,

Ene = EkF =2Ep, (5.1)
where Er denotes the Fermi energy. Here we consider three-body bound states with
the vanishing total momentum. We also consider a singlet state for the species “2”
and “3” in the following. In this Chapter we use the following terminology: we refer
to a two-body bound state of atoms “¢” and “j” as a dimer-¢5, and to a three-body
bound state of atoms “i”, “5”, and “I” as a trimer-ijl. We also refer to a two-body
bound state of species “2” and “3” as a Cooper pair for kr # 0, and as a dimer-23
for kr = 0.

The interatomic distances are proportional to 1/kr. We assume that the range of
the atomic interactions are much smaller than 1/kpg, by which we neglect the many-
body effects on the formation of a three-body bound state within the interatomic
distances. We also assume that the range of the interactions are much larger than
the Compton wave length of the particles, implying that relativistic corrections to
the three-body bound-state spectrum can be neglected.
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5.2 Formulation of the problem

5.2.1 Schrodinger equation
The Schrodinger equation governing three atoms in momentum space is

RE2 B2k KRRk
+ 2+
2m1 2m2 2m3

+ Uy + Uys + Usg — E) Y =0, (5.2)

where h is the reduced Planck’s constant, m; and k; is an atom mass and momentum,
respectively, E is the energy, and ¥ = 1(ky, ko, k3) is the wave function. We consider
the interaction U;; between the atom “i” and “j7, 7,5 = 1,2,3 and @ # j, as

3
Uijth = gij0n, (ki)0a, (k;) / (6217;1)39/\1- (ki — q)ta, (kj +q)v, (5.3)
where q is the momentum transfer® and g;; < 0 is the interaction strength; cf. Eq.
(4.6). The resulting operators Uy;1p are given by Egs. (4.8)-(4.10), implying that
Uij is separable. The cutoff function 6,;(k) for a,b € R and 0 < a < b is defined as
Eq. (4.7). In Chap. 4, we fixed the values of the cutoffs A; and A; by the Debye
energy. Here, to describe contact interactions we take the limit of the cutoffs to
infinity. We note that this leads to some ultraviolet divergences. To resolve that, in
the following we derive a regularization relation, by which we introduce the s-wave

scattering lengths.

5.2.2 Regularization relation

Let us consider the Schrodinger Eq. (5.2) for two interacting atoms, labeled “A”
and “B”, with the vanishing total momentum in vacuum:

L W
QmA 2mB

+ Uap — EAB) ¢ =0, (5:4)

where E,p is the energy, ¢ = o(ka, kp) is the wave function, and the interaction
Uag follows the relation (5.3):

3
Urpd =gana, (ka)0a, (kg) / (;l7:1)3 On, (ka — q)0a, (kg + q)o(ka — q, ks + q),
(5.5)

where gag < 0, ka+kg = 0, and Ag = A. Next, we define the variables k;, = q+k;,
i € {A, B}, and write the Schrodinger Eq. (5.4) as

3By “momentum transfer” we mean the difference of the in-state and out-state momenta of a
particle; see, e.g., Ref. [89].
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d3K',B
(27)3 QAA(HB)Qb(K’B)? (56)

where pap is a reduced mass, 1/puap = 1/ma + 1/mp. We define

(h?k,i

Sinn EAB) d(ka) = — gaBba, (kA)/

F e (8 an) o) [ 5 0n, otk 61

and rewrite Eq. (5.6) as

(ki — Ean)d(ka) = F, (5.8)

where Eap = 2uapEap/h%. We assume s-wave symmetry of the states in the follow-
ing.
For Exp > 0 the solution of Eq. (5.8) is

f

ky) = (27)°0@® (kp — K) + ———
d(ka) = (2m)°6™ (ka )+ki—€AB+z‘e’

(5.9)

where |[K[? = Exp, 6 denotes the three-dimensional Dirac delta function, and
0 < e < 1. We insert the ansazt (5.9) into Eq. (5.7) to obtain

F d*ky l F
— = -0, (k /78 k 230 (ky —K) + — | .
& (i’:r%]zggAB) allea) (2m)? aalea) | (270 e ) ki — Eap + i
(5.10)
We note that in the zero-energy limit, Eag — 07, we have F = —4mwasp, where

aap is the corresponding s-wave scattering length; see, e.g., Ref. [89]. For contact
interactions we evaluate Eq. (5.10) by taking the limit of A, to infinity, yielding®

2mh? 1 2 1
T — 4+ —Ap = — as Ay — 0. (5.11)
HAB gAB T aAB

In this Chapter, we use Eq. (5.11) as a regularization relation to introduce the s-
wave scattering lengths, and also to eliminate the ultraviolet divergences occurring
due to contact interactions.

5.2.3 A system of integral equations

To avoid Thomas collapse, described in Secs. 2.3.1 and 2.3.2, here we define A as
the three-body cutoff that fixes the range of the atomic interactions and regularizes

4Without loss of generality, we can assume that ky = kae,, where e, is the unit vector in the
direction of the z-axis.
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the three-body bound states [73, 130, 131]. In this Chapter, we define a length scale,
D, as

1
D= (5.12)
The value of A is chosen such that A > kg, implying that rp < 1/kr °. We
determine rp as the range of the atomic interactions, which we take proportional
the van der Waals length

2 h?
where C is a dispersive coefficient associated with the polarizability of the electronic
cloud of the atoms; see, e.g., Refs. [73, 133, 193, 194, 195].

Recall that in Sec. 4.2 we showed that the interaction model (5.3) is separable,
resulting in a system of two coupled integral equations of the functions F; and
F5, defined as Eqs. (4.16) and (4.17), respectively. We follow the same procedure
described in Sec. 4.2, and arrive at the system of coupled integral equations

. 1 /21;;Cs\ 1
€§jdw)=< & 6) , (5.13)

912(9127k2;/<5F,E)F2(k2) 251(k2;F2) +52(k2§F1)’ (5-14)
Q23(9237k1; kFaE)F1<k1) :fS(kl;F2)a (5-15)

where we assume Fj(k) = F;(k), implying s-wave symmetry of the states. The
functions €215 and 293 describe the two-body bound state continuum, dimers-12 and
dimers-23, respectively:

1 d?

Qa(g12, kos kp, E) = % +/<271T))ZK1(1<27P3§E), (5.16)
1 d3p3

Qo3(g2s, k1; kp, E) = g +/(27T)3K3(k171)3§E)- (5.17)

Note that for contact interactions we use the regularization relation (5.11) to intro-
duce the s-wave scattering lengths. Within the range of rp, the coupling of a pair
to the third atom is described by three functions &;, &, and &;:

&1 (ko F) = —/ gf)?; K1 (ko, P3; E) Fa(P3), (5.18)
a(ky; F1) = —/ égf)lg f(Q(k%pl;E)Fl(ﬁl)a (5.19)

5This is consistent with our first assumption that the range of the atomic interactions are much
smaller than 1/kp
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3
&k Fy) = 2/ 4P f( (ki, P3; E) Fa(P3), (5.20)

where the integral kernels K; and K;, i = 1, 2,3, are

Or, (—k2 — P3)0kp 0, (P3)

Kl(k27p3; E) = ) (5-21)
h2(1<22n-i-1r>:3)2 + Zi:; + ans _E
Oa (pl)ek A (—p1 - k2)
Kz(kal;E) = - =2 ) (522)
e -
Orpns (k1 — P3)0k 0, (P3)
K3(k17 p37 E) = hz;j% 2 ﬁ2(k1+p3)2 ;217%2 Y (523)
e T omy T ams —
- _ Or(—ko — P3)0k,.n (K2)0k, 0 (P3)
Ki(ko,ps; B) =——— L z : (5.24)
UG 4 o+ s — B
- 0r(D1)0 ky)6 —p; —k
Rolles pr: ) =24 b2 s r (7P ), (5.25)
"2p h2k2 2(py+ko)
2my T 2ms T % - B
m1 mo mo
~ 0 k (k)0
K3(k1’133;E) — k:F A( 1 — p3) A( 1) kF A(p3) (526)

h2k3 2 (k1+p3)? h2p3
2m1 + 2myo + 2myo - E

5.3 Three-body bound states of three interacting
pairs

5.3.1 Analytical description of dimers-23 and dimers-12

The system of Eqgs. (5.14) and (5.15) describe the three interacting pairs. To
find the solutions, first we note that the dimers-23 and dimers-12 can be described
analytically. To find the lowest-energy two-body bound states of atoms “2” and
“3”, dimers-23, we calculate the function (253 analytically. We notice that the cutoff
function 6y, r,(—k; — p3) appearing in K3 imposes a lower bound, vy, and an
upper bound, vy, on the angle between the momenta ps and k;, v = cos¥p, k,:
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fOI'kZF<p3<kZ1—kZF

—1
k2 _ k2 _ 2 ’ or ps > ki + kp,
Umin = Max <—1,Flp3> — Ps = 1T &F
p3 2k1p3
KeoMopi - for ko — kg < py < ki + K
2kips 1 F P3 1 F
(5.27)
A2 — |2 — 2
Umax = min | 1, LTI g Ay — o0, (5.28)
3 2k1ps

where the limit Ay — oo in Eq. (5.28) is due to contact interactions. Next, without
loss of generality we assume that ps3 = pse., where e, is the unit vector in the
direction of the z-axis. For s-wave symmetry of the states, we calculate the function
Qog, cf. Eq. (5.17), analytically:

47 h? 1 Az
Oog = + 53 lim dps p3 In ( p12

2 . p23 1.2 pos
p3 + klpgvmm + K12 kl Mlzg

21123923 mky A2—o0 Jkp

D3 + k1pstmax + G2 K7 — mg)

m2

(5.29)

To calculate the integration (5.29) we consider two cases. For 0 < ky < 2kp we
have:

§93 =

4h? 1 fhkithkr
=

ps + kips + B2k — B2 g
2p93G23 Tk

d 111 K12 H12
ol (;pa (5 = R 5k — ImE

kp H12 H12

A P3+ kips + L2k — b2 g
i s T ! . (5.30)

1
+ — lim dps p3 In ( 2 pi2

ki Ao—oo Sk +kp p3 — kips + %k% — %8

We calculate each integral, see Appendix F in Sec. 7.1, and use the regularization
relation (5.11) to obtain

Qg 5923(@3, ki;kp, 5)

1
ass 2 0w T VE 2 mky

1 Bos _ )k} + K — 42€
X (@ — )2+ k2 — H25 o) 1 M(Zf;mz 2)hi F2 o , (5.31)
H12 2 H12 7]51 + kF]fl + k"F — by

p12 H12

where ay3 is the s-wave scattering lengths of species “2” and “3” and Kk = (% —

i)k% — %5 . We note that the lowest-energy two-body bound state, Cooper pair-23,
is described by
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Doz(ags, k1 — 0;kp, & — Ea3) =0, (5.32)
leading to

1 2 2 V=&
— ="kp+ ;\/—823 arctan ( 23) : (5.33)

923 m ICF

where Ey3 = 293 Fo3/h? and FEas is the energy of the Cooper pair; see gray dashed
curves in Fig. 5.2 and also see Fig. 5.6. The lowest-energy two-body bound state
in vacuum is described by Eq. (5.33) as kr — 0, resulting in

i = —&93; (5.34)

Q23
see Figs. 5.2 and 5.6. We find that far from the resonance, the Cooper-pair solution
for kp # 0 converges asymptotically to the lowest-energy dimer-23 for kp = 0.
For the second case, where k; > 2kpr, we have:

Amh? 1 ek P+ kips + B2 )7 — L5E
Qo3 = — 4 / despgln( O BT ST

2023g23 k1 Jkp P2 — kips + %k% — %5

1 ki+kp p2 + k1p3 —+ M3 2 H2 o
/ dp3 D3 11’1 ( - 3 pi2 1 H12
k

2 p23 _ 1\1.2 172 _ pos
k1 Jki—kp 5D3 + (E Q)kl + Qk:F ,ulgg

1 As P3 + kips + B2k — b2E
+ — lim d In re o : 5.35
Tk Ao—oo Jk+kp P ps (p% — kips + %k% - %5 ( )

Similar to the previous case, we calculate each integral and use the relation (5.11)
to obtain

12 2 Sk —k sk +Fk
T VE VE 2

1 1 B3 2y by + k2 — B2 E
+<<“23—)k:%+k%—”‘"35>ln(M1 e CED

12 2 12 ﬁk‘% — kal + k% - %8

The function €253 describes the lowest-energy two-body bound states and the two-
body continuum, dimers-23.

Next, to find the lowest-energy two-body bound states of atoms “1” and “2” (or
“3"), dimers-12, we calculate the function €2, analytically. To do this, we note that
the cutoff function 0, (—ky — p3) appearing in K7, imposes an upper bound, pax,
on the angle between two momenta ks and p3. However, for contact interactions we

find that



CHAPTER 5. THREE-BODY BOUND SATES IN FERMI MIXTURES 63

AY — K — 3
2kaps

where u = cosVp, k,. Next, without loss of generality we assume that ps = pse.,
where e, is the unit vector in the direction of the z-axis. For s-wave symmetry of
the states, the function 9, cf. Eq. (5.16), reads

Umax = H}l}in (1, ) — 1las Ay — oo, (5.37)
3

Amh? 1 Az pg + 2p12 k2p3 + k% - &
Qg = + lim d In m1 ) 5.38
¥ g 2wk e S PP (pz gy, rig—g) O

We calculate the integral (5.38), see Appendix F in Sec. 7.1, and use the regular-
ization relation (5.11) to obtain

Q49 5912(%2, ko kp, 5)

maf, 4k maf,
—L — k—F + @ [arctan <m12F> — arctan (W> — 7T‘|
Vi V1

1 k3 + 22 kpky + k3 — €
+ {(2(’“2)2—1> k§-k§+g] Y RRETRC LR
477'&]62 mq k’% — %k’pk’g—Fk% - &

(5.39)

where a5 is the s-wave scattering lengths of species “1” and “2” (or “3”) and n = [1—
(u/mq)?]k3 — E. We note that the two-body bound-states, dimers-12, are described
by solving

Q12(a12, kas kp, 512) =0, (540)

where &9 = 2,LL12E12/712 and Fs is the energy of the dimers-12. For the lowest-
energy dimer-12, we solve Eq. (5.40) as ks — kp. We find that the solution con-
verges asymptotically to the lowest-energy two-body bound state in vacuum; see
gray dashed curves in Fig. 5.3.

5.3.2 Three-body bound-state solution for three interacting
pairs

So far, we have evaluated the left-hand side of Eqgs. (5.14) and (5.15) analytically.

Further, we solve the coupled integral Egs. (5.14) and (5.15) numerically by choos-

ing a three-body cutoff A > kp. To this end, we follow the numerical algorithm
described in Sec. 4.3.2, and evaluate the functions &;, &, and &3 numerically. We
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Figure 5.2: Three-body spectrum for three interacting pairs: Energy £ = 2uoE /h?
in units of 7”52 vs rp/ass for my/my = 1 and a12 = —36rp. Red curves show the
Efimov spectrum, kr = 0. Blue curves show the result in the presence of Fermi
seas, kprp ~ 0.17. The single blue curve is the three-body bound-state solution
for kr # 0, which asymptotically converges to the single red curve corresponding to
kr = 0. Gray dashed curves are the lowest-energy two-body bound-state solutions of
the two-body continuum in vacuum, cf. Eq. (5.34), and in the presence of Fermi seas
described by Eq. (5.33). The onset of the three-body bound state in the presence of
Fermi seas undergoes a shift towards positive values of as3. The onset of the Cooper
pair is shifted towards negative values of ao3.

construct the corresponding matrix equation and calculate the eigenvalues for dif-

ferent values of energy E < FEyy,, resulting in the s-wave scattering lengths as3 and

6
a2

For three interacting pairs and for a fixed value of a5, we calculate the three-
body spectrum and compare the result with the corresponding Efimov spectrum in
vacuum, kr = 0. We find that for vanishing kr the two-body bound states emerge
at unitarity, ass — +00, however, the Fermi seas expands the region of the two-body
bound states to negative values of as3; see Fig. 5.2. The three-body bound-state
solution for kr # 0 emerges at an s-wave scattering length with a larger value of
lags| at threshold energy Ey,, and converges asymptotically to the corresponding
Efimov state; see Fig. 5.2. This implies that the Pauli blocking of states demands
stronger attractive interactions between the pairs to forming a three-body bound
state. Moreover, it implies that the effect of the Fermi seas is more pronounced
near unitarity. As a result, the translational symmetry is broken and the Efimov

6As described in Chap. 4, recall that the two-body bound states appear as continuum states,
and the three-body bound states appear at discrete energy levels. Moreover, due to the truncation
on each sum, the two-body continuum appears with finite range; see Sec. 4.3.2 for more details.
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Figure 5.3: Three-body spectrum for a noninteracting Fermi mixture, go3 = 0:

Energy £ = 2u1oE/h? in units of 7> vs rp/as for my/m; = 1. Red curves show
the Efimov spectrum in vacuum, kr = 0. Blue curves show the three-body spectrum
for kprp =~ 0.02. Gray dashed curves are the lowest-energy two-body bound states
of the two-body continuum in vacuum, cf. Eq. (5.34), and in the presence of Fermi
seas; cf. Eq. (5.40). The Fermi seas push the onset of the two-body bound-state
continuum as well as the onset of the three-body bound state to positive values
of ajp. Far from unitarity, the three-body bound-state solution (single blue curve)
converges asymptotically to the corresponding Efimov state (single red curve).

scaling law governing three-body bound states in vacuum, cf. Sec. 2.3.3, does not
hold anymore. We find our results consistent with Refs. [196, 197], where in the
former one light fermion immersed in a Fermi sea interacts resonantly with two
heavy bosons, and in the latter, three distinguishable particles with equal masses
are subject to Fermi seas and interact resonantly. Our results are also in agreement
with Refs. [198, 199], where a system of three identical masses with one particle
immersed in a Fermi sea was considered in the zero-range limit. Here the two-
body bound-state continuum was derived using the dressed dimer propagator, and
the three-body bound state was calculated using the three-body on-shell T-matrix
[125, 200]. Moreover, our results are consistent with Ref. [201], where a QCD-like
phase diagram was discussed for Efimov trimers and Cooper pairs in a Fermi gas.

5.4 Three-body bound states for a noninteracting
Fermi mixture

For a noninteracting mixture, go3 = 0, we have F} = 0; cf. Eq. (4.16). As a result,
&(ko; F1) = 0 and Eq. (5.15) has no effect anymore. The resulting integral equation
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Figure 5.4: Three-body spectrum for noninteracting Fermi mixture, go3 = 0: Energy
£ = 2p12E/R? in units of 5% vs 7p/a1s. Red curves correspond to Efimov spectrum,
kr = 0, and blue curves are the result for kprp ~ 0.01: (a) mqs/m; =~ 6.64, (b)
ms/my &~ 22.26. By increasing the mass ratio ms/mq, we find more excited three-
body bound states. The effect of the Fermi seas is more pronounced near unitarity.
Far from unitarity and for low energies, the three-body bound states for kp # 0
converge asymptotically to the corresponding Efimov states. A zoom on the region

where a highest-energy excited three-body bound state emerges is represented in
Fig. 5.5.

for s-wave symmetry of the states and for a given three-body parameter A reads as

1 A P3+ 22 kyps + k3 — & _
Q12(6112, ko kF75)F2(k?2) == W% /kF dps p3 In (}3% — 27’;7112]62253 I k‘% s 2(]73),

(5.41)
where the function €25 is given by Eq. (5.39).

For the three-body bound states, we solve Eq. (5.41) numerically, following
the algorithm described in Sec. 4.3.2. The resulting spectrum for my/m; = 1 is
shown in Fig. 5.3. Compared to the corresponding Efimov spectrum of three atoms
in vacuum, we find that in the presence of Fermi seas, the onset of the lowest-
energy two-body bound state as well as the onset of the three-body bound state
are pushed to positive values of a;5. The three-body bound-state solution converges
asymptotically to the corresponding Efimov state in vacuum.

We note that for a given value of the three-body cutoff A, increasing the mass
ratio mgy/my for three atoms in vacuum decreases the Efimov scaling factor; see
Sec. 2.3.3. This results in emerging excited Efimov states. We also find that for
kr # 0, as we increase the mass ratio ms/mq, we observe the emergence of the
excited three-body bound states. For a given value of kr we increase the mass ratio
mg/my, resulting in Fig. 5.4. In Fig. 5.4(a) we have ms/m; ~ 6.64, where we find

two excited additional three-body bound states. In Fig. 5.4(b) we increase the mass
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Figure 5.5: A zoom on the plot of energy €& = 2u15E/A? in units of r;? vs rp/als
for (a) ma/my =~ 6.64 corresponding to Fig. 5.4(a), and (b) ma/m; ~ 22.26 cor-
responding to Fig. 5.4(b). Both panels show the region where a highest-energy
excited three-body bound state emerges. Black vertical arrow locates the onset of
the lowest-energy two-body bound state at zero energy, given by Eq. (5.43). Red
vertical arrow locates the onset of a highest-energy excited three-body bound state
at zero energy, given by Eq. (5.51).

ratio to msy/my & 22.26, and obtain three excited three-body bound states. The red
curves in both figures show the result in vacuum, which are the Efimov states, and
the blue curves show the result in the presence of Fermi seas. We find that as we
approach unitarity, the effect of the Fermi seas on the spectrum is more pronounced,
and the spectrum is shifted towards positive values of the s-wave scattering length.
Far from unitarity and for low energies, the effect of the Fermi seas is negligible,
and the spectrum converges asymptotically to the corresponding Efimov spectrum.

5.5 Quantitative description of the spectrum near
unitarity for a noninteracting Fermi mixture

We have shown that near unitarity, a;o — =00, the effect of the Fermi seas is
more pronounced, and the spectrum is pushed towards positive values of the s-wave
scattering lengths. In this Section, we provide a quantitative description of the
spectrum near unitarity for a noninteracting Fermi mixture, go3 = 0. To do this, we
calculate the onset of the s-wave scattering length for the lowest-energy two-body
bound state at zero energy. Moreover, for a large mass ratio ms/m;, we estimate the
onset of a highest-energy excited three-body bound state at zero energy. With these
two values, we obtain an estimate for the amount of the shift that the spectrum
undergoes near unitarity.
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5.5.1 Omnset of the lowest-energy two-body bound state at
Zero energy

We find the onset of the lowest-energy two-body bound state at zero energy by
solving

Do(are, ko — kpskp, E12 — 0) =0, (5.42)
where the function Q15 is given by Eq. (5.39), £12 = 2u19E12/h?, and Ej, is the

energy of the dimer-12. This results in a critical s-wave scattering length, aﬁ%{dimer =
G12(E12 = O) as

1 k 1+ 22 2 1 2
:F1+M1n(1+7”2>+7r 1+ 2 (5.43)

Equation (5.43) gives an estimate of the shift towards positive values of a2 that
the lowest-energy two-body bound-state solution undergoes at zero energy in the
presence of Fermi seas; see black vertical arrows in Fig. 5.5(a) and 5.5(b). This
critical value varies as we change the Fermi momentum kg or the mass ratio mo/m;.
Figure 5.7 shows the dependence of the critical value on the mass ratio. For very
large mass ratios msy/myq, this amount approaches kg /7.

5.5.2 Omnset of a highest-energy excited three-body bound
state for a large mass ratio my/m; at zero energy

To find the onset of a highest-energy excited three-body bound state for a large
mass ratio mq/my at zero energy, first we note that near the Fermi surface we
can approximate the momentum of the species “2” and “3” to be around kr but
in opposite directions, ko ~ —ks. Also, recall that we have assumed a vanishing
total momentum of the three-body bound state. As a result, in this regime, the
momentum of the atom “1” can be approximated to be vanishing, k; ~ 0.
Next, we define the relative momentum of the pair-12, p1, as
mo my

P12 = e m2k1 ML+ m2k2. (544)
We note that for my/my > 1 and k; ~ 0, Eq. (5.44) implies that p;s ~ 0. The
Fermi surface, that is characterized by ko ~ kg, can be described in terms of the
relative and total momenta of the pair-12 as

‘MQPH — P12| ~ kr, (5.45)
my

where P15 = ki + k» is the total momentum of the pair-12. Near the Fermi surface
and for my/my > 1, Eq. (5.45) implies that Py ~ (p12/m1) *kp. We note that as
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the mass ratio mo/m; becomes very large, the threshold energy of the three-body
bound state, i.e., Eny = 219 Fue /B2 = 2(1 — p12/mq)k%, approaches the threshold
energy of the pair-12, Et(}f ) = Ee /2. Therefore, we can estimate the onset of a
highest-energy excited three-body bound state at zero energy by calculating the
onset of the lowest-energy pair-12 for the total momentum Py ~ (u19/my) tkp at
E15 ~ 0. To do this, first we calculate the spectrum of two atoms “1” and “2”
interacting attractively via the contact interaction (5.3), and estimate the onset of
the s-wave scattering length at zero energy near the Fermi surface.

The Schrodinger equation describing the pair-12 for a contact interaction in terms
of the relative and total momenta can be represented as’

47Th2 / d3p12 1
Bkl - :
21112012 (2m)3 ply + 102 (1 — £2) P — En

mi

(5.46)

where 115 is a reduced mass, 1/ = 1/my + 1/mgy. In general, the Fermi sea
demands a constraint on the momentum of the atom “27, ky > kg, which in terms of
the relative and total momenta reads as |’:n—112P12—p12| > kp. This constraint imposes
an upper bound on the angle between pis and Pi5. Without loss of generality we
assume that P15 = Pjse,, where e, is the unit vector in the direction of the z-axis.
We also assume s-wave symmetry of the states. We solve Eq. (5.46) analytically.
To do this, we consider two cases. For Pia < (p12/m1) 'kr we have:

2 K12 2 ri12\2 P2 1.2

ek —1 kp+o P2 i p P12 + (ml) Pry — ki
T 2u12 ) 12 P12 79 K12 _ k2 2

2p2g12 TETPry Jkp -2 Pry Py + D21 — D2)Pry — &r
K12
B l kp+52 P2 dpia p2 1
12 2 112 K12 2
™ kF—%Pm Di2 + e (1 ~ )P12 — &

2 0m [ dpy? !
— — am D12 D12 )
T Azec kF+%2P12 p%Q + ‘;Tlf(l - %)PEQ — &g

(5.47)

We calculate each integral, see Appendix F in Sec. 7.1, and use the regularization
relation (5.11). We obtain

1k kp — E2P, kp+ E2P 1
a1g s Ve V0 47rm—1P12

2
(P22 pe e g (i = omkeP R = G
12— Fp T2 J upe oy po 2 e |0
mp o my oy Tiz + 5 Frl2 + KE 12

(5.48)

"To arrive at Eq. (5.46), we note that the kinetic energy of the pair-12 can be written in terms
of p12 and Pys, i.e., we have %k% + %k% =p2,+ £2(1- ’:n—lf)PfQ. Next, we follow the procedure
described in Sec. 5.2.2 for the pair-12 with a nonvanishing total momentum.
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Figure 5.6: Energy & = 2uE/h? in units of R~2 vs R/a, for two equal-mass atoms
with a reduced mass ;1 and an s-wave scattering length a, where R is an arbitrary
length scale. Green curve is the result in vacuum, kr = 0, given by Eq. (5.34),
emerging at unitarity. Blue curve shows the result of a Cooper pair with vanishing
total momentum described by Eq. (5.33), where both atoms are immersed in an
inert Fermi sea with the Fermi momentum krR = 1. Here the result is expanded to
a < 0. Red curve is the result for a pair with the total momentum P = kp, where
only one atom is subject to an inert Fermi sea with the Fermi momentum kpR = 1;
cf. Egs. (5.48) and (5.50). Here the result emerges at a finite value of a. Gray dashed
lines show the threshold energy &y, and &y, /2, where Eyy = 2uEy,/h* = k2.

where p = N12(1 ’“2)]3122 —&1a .
For Py > (,ulg/ml) 1k p we have:

Amh? B2 Pro—kp 1
21112912 - 7/ Wz p12p12 + lm( l,iT) — &g
u12 P12+kF p12 (%)213122 - k%
N %WPH B2 pry—kp dp12p12 Plo + A= (1 - ﬁ)P122 —&ip
1 %PqukF 1

™ %Plgko
2 M 1
P12 P12 > .
H12 H12 2
T Ag—oo %P12+k1r Pl2 + m71<1 — E)PIQ — 512

dp12 p}
12]9%2 + %(1 - %)Pﬁ — &1

(5.49)

Similar to previous case, we calculate each integral individually and use the regu-
larization relation (5.11). We obtain
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(5.50)

Figure 5.6 compares the lowest-energy two-body bound-state solution in vacuum
with a Cooper pair, and also with a pair for a nonvanishing total momentum where
only one species is subject to a Fermi sea.

Finally, we expand Eq. (5.48) or Eq. (5.50) for mg/m; > 1, and take the limits
&2 = 0 and Py, — (’fn—lf)’lkp. This provides an estimate for the critical s-wave

scattering length, ag‘;)’trimer = app(E ~0):

agg),trimer Q 41+ mif ( ml) 2 \/@ 21+ mif ( )

for mg/my > 1. Equation (5.51) gives an estimate for the amount of the shift
towards positive values of a;5 that a highest-energy excited three-body bound state
in the presence of Fermi seas undergoes at zero energy; see Fig. 5.5. Figure 5.7
shows the dependence of this critical value on the mass ratio my/m;. For very large
values of my/my, this critical value eventually approaches kg /7, converging to the
onset of the lowest-energy two-body bound state at zero energy.

Figure 5.5 shows a zoom on the region where a highest-energy excited three-body
bound state emerges for mo/m; = 6.64 and my/m; ~ 22.26. The black and red
vertical arrows locate the critical values (5.43) and (5.51), respectively. With these
two values, we can estimate the amount of the shift that the spectrum undergoes
near unitarity.

5.6 (Generalized scaling law

Our results in Secs. 5.3 and 5.4 imply that in the presence of the Fermi seas, the
translational invariance is broken and the Efimov scaling law in vacuum, see Eqs.
(2.24) and (2.25), is not valid. In this Section, we show that a scaling transformation
kr +— Xokp, where )\q is the Efimov scaling factor, cf. Sec. 2.3.3, results in a
generalized scaling law governing the three-body bound states in the presence of
Fermi seas.

We note that krp — Mkr implies a scaling transformation of all momenta as
ki = Xok;, for i = 1,2,3. Tt also rescales the threshold energy as Fi, — A2FEy,
cf. Eq. (5.1), implying a general scaling transformation of the energy as F +— A\3E.
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Figure 5.7: Critical s-wave scattering length 1/ agé) as a function of the mass ratio
mg/my at zero energy. Blue curve corresponds to the lowest-energy two-body bound
state, cf. Eq. (5.43), and red curve corresponds to a highest-energy excited three-
body bound state that holds for mg/my > 1; cf. Eq. (5.51). Both curves converge
asymptotically to kg /m for very large mass ratios.

In order that the system of the coupled integral Eqgs. (5.14) and (5.15) remains
valid, Egs. (5.31), (5.36), and (5.39) demand a scaling transformation of the s-
wave scattering length as a — a/\g. This results in a discrete scaling law for the
three-body bound states in the presence of Fermi seas as:
Ao 1
any1(kr) CLnO\okF)7 (5:52)
NE, 1 (kp,1/a) =E,(Xokr, \o/a), (5.53)

where n € N is an index labeling a three-body bound state; cf. Egs. (2.24) and
(2.25). This result is in agreement with Ref. [202], where the interactions between
the species were modeled by an effective potential in real space. Figure 5.8 demon-
strates the generalized scaling law (5.52) and (5.53) for an atomic system of three
fermions with go3 = 0 and ms/m; ~ 22.26.

5.7 Experimental signatures in fermionic mixtures
of Yb isotopes

Ytterbium, Yb, is an element in the lanthanide series with various bosonic and
fermionc isotopes. It provides one of the most flexible cold-atom systems for quantum-
gas experiments. Many experiments with different Yb isotopes have been performed
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Figure 5.8: Demonstration of the generalized scaling law (5.52) and (5.53) for go3 =
0 and mgy/m; ~ 22.26: (a) energy & = 2u12E/R? in units of r5* vs rp/ay for
krrp = 0.01, (b) rescaled energy E = Q,ulgE/hZ in units of 7“52 vs rescaled rp/aso,
for the scaling transformation k; — Aok;, @ = 1,2,3, kr — Mokp, aia — aia/Ao,
E — ME, where \g = exp(7/|so|) ~ 4.84998 is the corresponding Efimov scaling
factor. Red vertical arrow in panel (a) locates the onset of the (n + 1)-th excited
three-body bound state emerging at threshold energy &, = (2u12/h?)Eie. Red
vertical arrow in panel (b) locates the onset of the n-th excited three-body bound
state of the rescaled spectrum emerging at Ey,, = Ae&ipr- Gray dashed lines in both
panels show the value of &y, .

in recent years; see, e.g., Refs. [203, 204, 205, 206, 207, 208, 209]. In this Section, we
propose three scenarios as experimental signatures of the three-body bound states
in an ultracold Fermi mixture of Yb isotopes.

We note that the two isotopes '"'Yb and '™Yb are fermion. We consider two
densities, ni/2, of ' Yb species that are in different internal sates, and include
one ¥Yb; see Fig. 5.1, where species “2” and “3” are replaced by '"'Yb, and “1” is
replaced by 1"3Yb. We denote the s-wave scattering lengths of 1"'Yb and ™Yb by
aio and a;3, and the s-wave scattering length of two YD by ay3. In the following
we also assume that a3 = a;s.

The two-color photoassociation spectroscopy (PAS) of Yb atoms, see Ref. [194],
shows that two 17'Yb isotopes are almost noninteracting; however, two 1'Yb and
13Yb interact attractively with the s-wave scattering length

a\P ~ —30.6 nm ~ —578.23a,, (5.54)

where ay denotes the Bohr radius®. Two isotopes 'Yb and YD have almost the
same atomic mass with a reduced mass of p112 ~ 85.9657 u [210]. The reduced mass
of the Fermi mixture of '™YDb is po3 &~ 85.4682 u [210].

8The Bohr radius is ag = Z—Q 4‘7:;'0 ~ 0.05292 nm.
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Figure 5.9: Signature of a three-body bound state for the first scenario in an
ultracold fermionic mixture of Yb isotopes: Energy £ = 2u12E/h* in units of
7“52 Vs rp/ass, where rp = Egédw) ~ 4.145 nm. The s-wave scattering length
of 1™YDb and YD is fixed as the value measured by the photoassociation spec-
troscopy, ajs = a;3 = agAS) ~ —30.6 nm. The three-body bound state emerges at

ass ~ —20.7 nm at threshold energy Eiy,/h ~ 1.10 kHz.

The van der Waals dispersive coefficient, C’éYb), that determines the atomic in-
teraction in a Yby molecule is given by Refs. [194, 211]. We use Eq. (5.13), and
calculate the corresponding van der Waals lengths as

1
™ =3 (’mhf ~ 4.151 nm ~ 78.44ay, (5.55)
. 1 (20 C PV 1
5™ =3 (“23’}126 ~ 4.145 nm ~ 78.334,. (5.56)

These values fix the corresponding length scales rp defined as Eq. (5.12) °. Next,
for each internal state we assume that the density of "'Yb species is /2 ~
1% 10" m~3. We calculate the value of the Fermi momentum as kr = (372n4o)"/?;
cf. Ref. [95]. We note that in all following scenarios we assume that the interatomic
distances are much larger than the range of the atomic interactions, 1/kp > rp.
The onset of the three-body bound states might slightly deviate if this criterion

9We note that here we fix the range of the interaction to be the corresponding van der Waals
length. This can be modified by tuning the proportionality coefficient, once a precise measurement
of the range of the interaction is provided.
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Figure 5.10: Signature of a three-body bound state for the second scenario in an
ultracold fermionic mixture of Yb isotopes with a noninteracting Fermi mixture:
Energy € = 2115 F/h? in units of 7“52 vs rp/aje, where rp = ﬁ%dw) ~ 4.151 nm and
a13 = ap. The onset of the three-body bound state is a15 &~ —3193 nm emerging at
threshold energy Fin,/h ~ 1.09 kHz.

is not met. As a result, there will be a competition of "'Yb isotopes to form a
three-body bound state with ™3Yb.

5.7.1 First scenario

A first scenario is to fix the s-wave scattering length of '™'Yb and '™Yb as the
value reported by the photoassociation spectroscopy [194], i.e., a;2 = agAS); see
Eq. (5.54). With this, we calculate the three-body spectrum for three interacting
pairs, resulting in Fig. 5.9. We find that a three-body bound state emerges at
ass ~ —20.7 nm ~ —391.16a at threshold energy Ey,,/h ~ 1.10 kHz. This implies
that to observe a three-body bound state, the Fermi mixture should be interacting.
As a result, a three-body bound state is observed, if the interaction between two
YD isotopes is tuned via orbital Feshbach resonances [212, 213]. The binding
energy is increased in amplitude, provided that the interaction between '"'Yb and

13YDb is tuned to a more attractive strength.

5.7.2 Second scenario

A second scenario is to consider the noninteracting Fermi mixture, i.e., two non-
interacting YD isotopes. We calculate the three-body spectrum for two inter-
acting pairs '"'Yb-1Yb. Figure 5.10 shows the result, revealing that a three-
body bound state emerges at a;2 &~ —3193 nm ~ —60336.40ay at threshold energy
Eie/h =~ 1.09 kHz. The resulting s-wave scattering length a;s is much larger in
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Figure 5.11: Signature of a three-body bound state for the third scenario in an

ultracold fermionic mixture of Yb isotopes: Energy & = 2u1,F/h? in units of r? vs

rp/ass, where rp = K%dw) ~ 4.145 nm. The s-wave scattering length of '"'Yb and

173YD is fixed to be a13 = a13 = QagAS) ~ —2 x 30.6 nm, where agAS) is given by
Eq. (5.54). The three-body bound state emerges at ass ~ —10.4 nm at threshold

energy Ey,,/h ~ 1.10 kHz.

amplitude than agAS), and the threshold energy is slightly smaller than the value

obtained in the first scenario. Here a three-body bound state is observed, if the in-
teraction between two '™ Yb and "¥YDb is tuned via interisotope Feshbach resonances
[214], or via optical Feshbach resonances [215, 216, 217, 218, 219].

5.7.3 Third scenario

A third scenario is to tune the interaction between "' Yb and '"3YDb to a larger value
in amplitude than agAS), e.g., Qg = 2a§§AS). In this case, we find that the three-
body bound state emerges at as3 ~ —10.4 nm ~ —196.52aq at threshold energy
FEine/h =~ 1.10 kHz; see Fig. 5.11. Here the chosen value of aj2 is much smaller in
amplitude than the value obtained in the second scenario, and the resulting value
of as3 is smaller in amplitude than the value found in the first scenario. Therefore,
a three-body bound state is observed, if the interaction between two '"'Yb isotopes
and also the interaction between "*Yb and ™Yb are tuned simultaneously.
Finally, we notice that in all three scenarios we have observed the formation of
one three-body bound state within the range of the atomic interactions. To observe
the excited three-body bound states and also to verify the generalized scaling laws
(5.52) and (5.53), the Fermi mixture should be chosen such that the mass ratio

ms/my increases.
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5.8 Summary

In this Chapter, we have determined the three-body bound states of an atom in
a Fermi mixture. Compared to the corresponding Efimov spectrum in vacuum,
the three-body spectrum undergoes a shift towards positive values of the s-wave
scattering lengths, due to the Pauli blocking of states. We have demonstrated that
this effect is more pronounced near unitarity. In this regime and for a noninteracting
Fermi mixture, we have provided an analytical description of the spectrum. The
deformation of the Efimov spectrum in the presence of Fermi seas results in breaking
the translational symmetry. This implies that the Efimov scaling law governing
three-body bound states in vacuum is not valid anymore. We have shown that a
scaling transformation of the Fermi momentum leads to a generalized scaling law.
Finally, we have proposed three scenarios to observe a three-body bound state in a
cold-atom system of fermionic Yb isotopes. We have found that to detect a three-
body bound state in this system, one needs to tune the isotope interactions via
optical, interisotope, or orbital Feshbach resonances.






Chapter 6

Conclusions and outlook

In this Thesis we have studied Cooper pairs and fermion trimers in solids and cold-
atom systems. We have presented an example of the strong-coupling limit of the
Cooper problem for repulsive on-site interactions. We have considered a square unit
cell with three sites representing the orbital configurations of copper and oxygen
atoms in a copper-oxide, CuQO,, plane, which is considered as a main structural
unit of the high-temperature cuprate superconductors. We have argued in favor
of including the next-nearest-neighbor hopping as a useful parameter that provides
a Fermi-surface geometry in a better agreement with experimental data extracted
mostly from the angle-resolve photoemission spectroscopy (ARPES). We have shown
that this parameter changes the curvature of the dispersive bands and implies a
larger hole doping while preserving the desired Fermi-surface geometry. We have
represented a theoretical formalism to realize the orbital symmetry of a Cooper pair
in a cuprate lattice a priori. To solve the Cooper problem, we have constituted the
Fermi-Hubbard Hamiltonian on a submanifold of the upper band for vanishing total
momentum of a pair. We have considered a singlet-state wave function and have
found the ground-state solution without assuming further constraints. Our results
have shown that the ground state of a Cooper pair in a cuprate lattice supports
the orbital symmetry of d,2_,». We have found a critical temperature correspond-
ing to a largest absolute magnitude of the ground-state energy within the order
of 100 K. We have also gone beyond the high-temperature cuprate superconduc-
tors, and have proposed an experimental signature of the d-wave Cooper pairs for
a cold-atom system in a cuprate lattice using the techniques of time-of-flight image
and noise correlations. We have predicted that the orbital d-wave symmetry gives
rise to an enhanced density-density correlation of a Cooper pair. We note that our
analysis can be generalized to Cooper pairs with nonvanishing total momentum.
This might provide an insight into the so-called Umklapp scattering and pseudogap
phase in high-temperature cuprate superconductors. Moreover, taking into account
higher nearest-neighbor hopping parameters and also including the interband pair-
ings might be other future studies to investigate the resulting orbital symmetry of
the ground-state solution and compare it with recent measurements.

79
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Furthermore, we have considered two spin-up and spin-down electrons subject
to an inert Fermi sea in a lower band with a quadratic dispersion relation that
interact attractively in momentum space, following the reasoning of the Cooper
problem. As expected, the ground-state solution results in an s-wave Cooper pair.
Next, we have expanded the Cooper problem by including a third electron in an
upper empty band with quadratic dispersion relation. The effective interaction of
the additional electron with the other electrons is assumed to be attractive. We
have found that beyond a critical interband interaction strength, the three electrons
form a bound state at the interaction strengths that are not yet sufficient to form
a Cooper pair. We have referred to this new bound state as an electron trimer
state. We have obtained an analytical estimate for the magnitude of the critical
interband interaction which can be controlled by the ratio of the Fermi velocity,
and the effective mass of the electron in the upper band and the Debye energy. We
have shown that as the the interaband interaction increases in absolute magnitude,
the trimer state competes with the formation of a Cooper pair. For strong enough
interband interactions, we have found that a trimer state can also be formed for
noninteracting intraband electrons. From the perspective of the lower band, we have
interpreted this trimer state as a particle-induced bound state. In this regime and for
a Debye energy comparable with the Fermi energy, if we increase the effective mass
of the electrons in the lower band, we find more than one trimer state; however, the
number of the trimer states remains finite. We have found BCS-like superconductors
as the relevant physical systems in this regime. To realize the signature of the
trimer states in conventional superconductors, we have proposed two experimental
scenarios using the pump-probe technology. We have predicted that an electron
trimer can be observed as a ground state, or as an excited state revealed as an
in-gap resonance peak. We emphasize that our analysis can be extended to any
order described by a two-fermion order parameter. Moreover, our analysis can be
applied to investigate electron trimers with nonvanishing total momentum, which
can be a basis to investigate the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) states of
electron trimers. Also, describing a trimer state with a dynamic order parameter
using Eliashberg theory would be another future study. We also emphasize that our
analysis can be considered as a basis to formulate Fermi liquid of trimers and to
study many-body effects of electron trimers.

We have discussed that the existence of Fermi seas is crucial for the formation of
two-body and three-body bound states in a solid. On the other hand, for short-range
interactions we can mention Efimov states as the three-body bound states of particles
in vacuum. We have discussed that the number of the Efimov states is in principle
infinite, obeying a geometric scaling law. In a final project, we have investigated the
effect of Fermi seas on the Efimov spectrum of an atom in a Fermi mixture for contact
interactions. We have shown that in the presence of Fermi seas, the three-body
spectrum undergoes a shift towards positive values of the s-wave scattering lengths.
As a result, the Fermi seas demand stronger attractive interactions of particles to
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form a three-body bound state. We have found that this effect is more pronounced
near unitarity. To analyze the spectrum quantitatively, we have constituted a system
of two coupled integral equations in momentum space. To prevent Thomas collapse
and ultraviolet divergences occurring due to contact interactions, we have introduced
a regularization relation, by which we have defined the s-wave scattering lengths.
For a noninteracting Fermi mixture, we have provided an analytical estimate for
the deformation of the Efimov spectrum near unitarity. Here, we have calculated
the onset of the lowest-energy two-body bound state at zero energy. Moreover,
when the Fermi mixture is much heavier than the single atom, we have obtained
the onset of a highest-energy excited three-body bound state at zero energy. This
analysis exhibits the amount of the shift that the three-body spectrum undergoes
near unitarity in the presence of Fermi seas. We have discussed that the deformation
of the Efimov spectrum breaks the translational symmetry, invalidating the Efimov
scaling law. We have found a generalized scaling law that governs the three-body
bound states in the presence of Fermi seas. Finally, our theoretical analysis has
enabled us to propose three experimental scenarios to realize the signature of the
three-body bound states in an ultracold fermionic mixture of Yb isotopes. Here, the
two species of '"'Yb that are in different internal states construct the Fermi mixture,
and the additional species is 1™Yb. We have found that the interaction strengths
measured by the two-color photoassociation spectroscopy are not strong enough to
support a three-body bound state. Therefore, we have predicted the onset of a
three-body bound state and the binding energy if the interactions are tuned using
the optical or orbital Feshbach resonances. Our theoretical results in this project
might provide a future study to investigate the three-body bound states of ultracold
fermionic mixtures of Yb isotopes that are trapped in an optical lattice!.

1Private communication with Christoph Becker and his group at Universitit Hamburg.






Chapter 7

Supplemental material

In this Chapter, we describe the details of calculations or derivations that we
have used in the Thesis. Moreover, we append our corresponding publications and
manuscripts.

7.1 Appendices

Appendix A. Binding energy of a Cooper pair

We start out with Eq. (2.7), describing two electrons that are subject to an inert
Fermi sea and interact via the interaction model (2.3). As discussed in the text, we
consider s-wave symmetry of the states and assume that the total momentum of the
system vanishes. Without loss of generality, we also assume that p = pe,, where e,
is the unit vector in the direction of the z-axis. Next, we solve the integral in Eq.
(2.7) analytically, see Eq. (F1), and obtain

;12 + 72r {)\ —kp — \/STQ [arctanh (&) — arctanh <j§_12>] } =0. (A1)

Afterwards, we write the two inverse hyperbolic functions in Eq. (A1) as one func-
tion, and use the identity arctanh(z) = § In[(1 + z)/(1 — z)] for Re(z) < 1.

Recall that near the Fermi surface we can write |E1a| = 2u|Epo|/R? = k% — K2,
where 0 < k/kp < 1. We insert this expression for energy in Eq. (A1), and arrive
at Eq. (2.9). We note that the condition 0 < x/kp < 1 results in (k% — k)12 ~

kr — k%/2kr + O(k?). We insert this in (2.9), and solve for x?%:

A—k T 2
)2 4k2 0 ey ( >ex ()\—k’ ) A2
EX+ Ia P kr&ia P k?F( ) (42)

Further, we use the physical property of a typical conventional superconductor that
Ep < Epr. With this, the relation (2.1) results in A — kr < kr. We use this result
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and approximate the second exponential function in Eq. (A2) as 1 +2(\ — kr)/kF.
Finally, we define the binding energy as |A| = h?x%/2m, and arrive at Eq. (2.10).

Appendix B. Efimov attraction

In this Appendix we sketch the original derivation of the Efimov attraction. As
discussed in the text, Efimov considered three equal-mass bosons that interact at-
tractively near resonant through short-range interactions. He assumed s-wave sym-
metry of the states and considered the zero total momentum. He approximated the
problem by a noninteracting three-particle system, and imposed the Bethe-Peierls
boundary condition (2.22) on the wave function ¢. He constituted the correspond-
ing time-independent Schrodinger equation in real space and in terms of the Jacobi
coordinates ry, the relative distance of a pair, and py, 5, the distance of the third
particle to the center-of-mass of that pair; see Fig. 2.6. Next, he utilized the bosonic
exchange symmetry of the three-particle wave function, and decomposed it into three
Faddeev components; see Eq. (2.23) and Refs. [125, 200]. Efimov applied the corre-
sponding boundary condition (2.22) on each Faddeev component, and expanded the
function x in partial s-waves, i.e., x(r12, P123) = Xo(712, P12,3)/T12p12,3, Where g is
finite as 1o — 0% and vanishes as p123 — 07. He rewrote the Schrédinger equation
in hyper-spherical coordinates, (R, «), subject to the boundary conditions for o = 0
and a = 7/2. The resulting equation in hyper-spherical coordinates is separable in
terms of R and «; i.e., xo(R,a) = F(R)p(a).
The equation governing the hyper-angle reads as

d*p() 2
da2 = _Sn30<a)7 (Bl)
whose solution is
) s
onla) = sm[sn(§ —a)l, (B2)
where n = 0,1,2,... is a label denoting a channel for the hyper-radial motion [73].
The boundary condition for & = 0 results in a transcendental equation for the
parameter s, as
S sin(Tsa) = sucos( ) (B3)
—sin(—=s,) = s, cos(=s,).
737 5

Numerical analysis shows that all roots of Eq. (B3) are real, except for the channel
n = 0 which is pure imaginary; i.e., so &~ £1.006244, where i = /—1 [73, 128].
The equation governing the hyper-radial part for vanishing angular momentum,
[=0,is
d? 1 d s

(‘m ey an> Fu(R) = B, Fy(R). (B4)
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where E,, is the eigenenergy. We can rewrite Eq. (B4) as

<_£2 + vn<R>) fu(R) = Enfu(R),

where f,(R) = VRE,(R) and V,(R) = (s2 — 1)/R2.

We recall that Efimov assumed three particles interacting attractively in the
first place. This implies that the only accepted value for the parameter s, is sg ~
4+1.006247. As a result, the effective potential reads as

_|50\2+i

Vi (R) = ==,

(B5)

which is referred to as the Efimov attraction.

Appendix C. Derivation of the tight-binding Hamiltonian
(3.1), and analytical description of the electronic band struc-
ture of the cuprate lattice

Including the next-nearest-neighbor hopping ¢,,, cf. Fig. 2.3, results in eight new
tunneling terms within the tight-binding Hamiltonian in real space:

th - Z {V;iailmanm + ‘/pbilmbnm + Vdc;rlmcnm + tpdajzmbnm + tpdb;rzmanm

nm
— tpdajlmcnm — tpdcilmanm — tpdaLmbn_Lm - tpdbilfl’ma’nm
+ tpdalmcn,m,l + tpdcljm_lanm — tppbjmcnm — tppcimbnm
+ tppCiLmbn—Lm + tppb;rl—l,mcnm - tppbib—l,mcn,m—l - tppcjz,m—lbn—l,m
Hppbl, Cnm1 + topCh i 1bnm | (C1)

We take the Fourier transform of the Hamiltonian (C1), and obtain the tight-binding
Hamiltonian in momentum space:

Hy, = Y [Vaakaw + Viblbi + Vackew + tpaalbic + tpablax
ke 1.BZ
— tpdaLck — tpchak — tpde’ikz aLbk — tpde”“z bLak
+ tpde_iky G/]T(Ck + tpdeikycliak
— ty (1 _ ke + eikz o —iky _ e—iky> bLCk
—tpp (1 — e g gTtheglhy eiky) cLbk} : (C2)

Recall that we have defined two functions f(k,) = t,a(1 —e~"*=) and g(k,) = t,a(1 —
e~ ). With this, we can rewrite the two terms inside the brackets in Eq. (C2) as
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1 — eikz + eikzefiky . efz'ky :(1 o eikz)(l . efiky)

Ztidf*(kx)g(k‘y% (C3)

1 — e—ikz + e—ikzeiky . eiky :(1 o e_ik”)(l . eiky)
1 *
= (k)" () (1)
pd
We insert the identities (C3) and (C4) into Eq. (C2), and arrive at the tight-binding

Hamiltonian (3.1).
Next, the characteristic equation associated with the Hamiltonian (3.1) is

s* + C(/{x, ky)SQ + d(kx’ ky)s + 6(/%, ky) =0, (05)

where
c(ky, k:y) =—Vy =2V, (C6)
Ak, ky) = = |f(k)® = g(ky)[* = 721 f (k2) Plg(ky) [P + V) + 2Vl (C7)

e(ka, ky) =Volf (ke)|* + Vilg(ky)I* + 71 f (k) P19 (ky)[* (TVa — 2) = VaVy', - (C8)

and 7 = t,,/12;. We define a new variable S = s — ¢(ky, k) /3, and rewrite Eq. (C5)
as

S3 + 3p(ky, ky)S + 2q(ka, ky) = 0, (C9)
where
1 1 ,
ke ) = 2o, k) — g lelhe )P (©10)
1 1 1
q(ky, ky) :2—7[c(kx, ky))® — gc(k’x, ky)d(ks, ky) + §€<kx’ ky). (C11)
The discriminant of Eq. (C9) reads as
D(ka, ky) = [a(kas ky))* + [p(ka, k). (C12)

We note that if D(k,, k,) < 0, which means necessarily that p(k,, k,) < 0, then Eq.
(C9) has three real roots. However, if D(k;,k,) > 0, Eq. (C9) has one real and
two complex roots that are conjugates of one another; see Ref. [150]. Because the
tight-binding Hamiltonian matrix is hermitian, the three corresponding eigenvalues
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are real. According to mathematical formalism represented in Ref. [150], the three
roots of Eq. (C9) are

Sh(ky, ky y) COS (W) : (C13)
S,

) =20/ —p(ka. )
(o, Ky) =20/ —p(kas Fey) cos (W) | (C14)
) =23/l ) cos |

(
2
Ss(ky, ky ,ky) cos (W) , (C15)

where

_q<k:v7 ky)

= 1p (ks By

The roots of Eq. (C5), identifying the electronic band structure, are s;(k,, k,) =
Si(ky, ky) + c(kz, ky)/3, for i = 1,2,3. The three roots (C13)-(C15) can also be

represented in terms of the hypergeometric functions. For that, see Ref. [150].

cosO(ky, k) = (C16)

Appendix D. Derivation of the Hamiltonians (3.9)-(3.11)

Recall that the d,2_,» orbital configuration is located on A-site. For the submanifold

S, where the total momentum of a pair vanishes, we insert oy, = ax, in Eq. (3.8).

Afterwards, we write the site operators al, and ax, in terms of the corresponding

band operators following the relation (3.6):

(@) _Ua bt
Hint —j Z ark/iaik/q\a;_k'rak\l/
k,k'€1.BZ

—L 5 {[onl€)0l e+ o), + 00 e

k,k'€1.BZ
U11<_k/)1/){1,—k’¢ + U12(_k/)¢1t“,—k'¢ + U13(_k/>¢£,—k’4
(K0, e+ 0Ta( K1t + 01 (K)o, |

i (K)o + () e + 00|} (DY)

Next, we prevent the interband pairings and restrict ourselves to the upper band.
This reduces the Hamiltonian (D1) to Eq. (3.9).

For the p, orbital configuration located on B-site, we insert ay, = by, in Eq.
(3.8), and write the site operators bLU and by, in terms of the corresponding band
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operators to obtain:

. U
aer) :j’ S bl bl b
k.k’c1.BZ
U
=y {{vgl(k’)m&kw+v22(k')zp;k,¢—|—v23(k’)¢£,k/¢]
k,k’c1.BZ

021(—1{/)1/1%,_1& + 1122(—k/)w1f7,—k/¢ + U23(_k/)w£,—k/¢]

3 (K) 0.1+ (k). i+ 05 (K ]

5 (K)vuse + 0 (R + V(Kb (D2)

Excluding pairings in the flat- and lower band and also neglecting interband pairings,
Eq. (D2) results in the Hamiltonian (3.10).
Finally, for the p, orbital configuration located on C-site of the unit cell, we

insert ay, = ¢k, in Eq. (3.8), and write the site operators CLJ and ¢y, in terms of
the corresponding band operators:

A U,
Hi(npty) :jp Z CL’icT—k’TC—kTCk\L
k.k'€1.BZ
Up AVAS AWAL AWAL
:j Z V31 (k )1/}U,k’J, + U32(k )¢F,k/¢ + U33(k )¢L,k’¢
k.k'€1.BZ

’U31(_kl)w{l,—k’T + 032(_k/)wlt“,—k% + 7)33(_1{/)%1—1«4

:Ugl(_k)wU,kT + V30 (—K)Vp, 1 + U§3(—k)¢L,kT]

:U§1(k)@/)u,k¢ + V3o (K)Vr i) + U;za(k)@bL,kL} } (D3)

Similar to the interaction Hamiltonians for d,2_,» and p,, we exclude pairings in the
other bands and prevent the interband pairings, resulting in Eq. (3.11).

Appendix E. Derivation of the pairing Eq. (3.26)

To derive the pairing Eq. (3.26), first we need to verify Eqs. (3.23) and (3.24). We
start out with applying Hy, on the pairing ansatz (3.22):
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@)= Y &%) vk |®)

kc1.BZ\FS
oe{tl}
U U
- Z §l(< )@DITJ,lebU,kT |(I)> + Z 51(< )@DITJ,kﬂ’U,ki |(I)>
ke1.BZ\FS ke1l.BZ\FS
=Hy,, |B) + Hij |P) . (E1)

We apply ﬁfjﬁ on the pairing ansatz |®):

a1y = S &V tue S SRl e IFS)

kel.BZ\FS nGLBZ\FS

= Z 5nk€:(@U)¢(K’)¢IJ,nT¢IJ,—n¢ |FS>

Kk€1.BZ\FS

— Y 6l S G(R) Ul el ) IFS)
Kk€1.BZ\FS Kk€E1.BZ\FS

= Y Ve, (E2)
Kk€1.BZ\FS

where d, denotes the Kronecker delta and |F'S) can be in general either the nonin-
teracting Fermi-sea state, cf. Eq. (3.19), or the interacting Fermi-sea state, cf. Eq.

3.20). To find the effect of A% on |® , first we define k' = —k, and rewrite the
kin
asnatz (3.22) as

@)= > SR e, [FS) - (E3)

K’ €1.BZ\FS
Next, we find that:

A2y = Y a% v Y SR el ey [FS)

kel.BZ\FS Kk'€1.BZ\FS

= Z 5/@’k§,gfj) Z ¢(_K’,)@D{[J,n’¢¢U,K’¢¢%,—R/T¢I}7R/¢ |FS>

k'€1.BZ\FS k'€1.BZ\FS
= > sl (). (E4)
#'€1.BZ\FS

We insert the resulting operators (E2) and (E4) into Eq. (E1), and obtain

Han|®) = > (67 +9) 1) (E5)
kel.BZ\FS
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Further, we calculate the effect of H,, on the pairing ansatz (3.22):

Hipe |®) = > Vk,k'?/J[TLk/ ¢¢%,_k/¢¢U,—k¢¢U,k¢ |D)

k,k'€1.BZ\FS

> VWl b oo mtux Y. O(K)

k,k’€1.BZ\FS KEL.BZ\FS
X w%,nT¢I},—H¢ ’FS> . (E6)

For diagonal elements, k/ = k, we have:

N NS

ia 1
Hi e |(P> Z Vk,kd’{[j,u@bgj,7k¢¢U,—kT¢U,k¢ Z QS(""')@Z){J,KTI/}IJ,—Q |FS>

A kE1.BZ\FS KE1.BZ\FS

—1

:Z Z Vi Z ¢("5)w%,kWtTj,_kWU,—kW%,m
kE€1.BZ\FS k€1.BZ\FS

(gkv_” - ¢{J,—n¢¢U7k¢) |F'S)
1 A
Vi Z Ok (k) w%vki (1 - ¢U,—kT¢1TJ,—kT) ?/ftij |F'S)

FS KEL.BZ\FS

>
€1.BZ\
= Z Vi k Z ¢(—k)¢%,_k¢¢;rj,k¢‘FS>
BZ\F
+

AL
1

kel S k€1.BZ\FS

1
A Z Vik Z 5k,—n¢(n)w%,kﬁva,—kTQ/};rj,fkTwILnT|FS>

kel.BZ\FS K€EL.BZ\FS

— Y val). (E7)

kel.BZ\FS

For off-diagonal elements, k’ # k, we have:

1

7y (off-dia,
HEE91e) == 3 Vbl 2 o)
k,k’€1.BZ\FS KEL.BZ\FS
k£k’
X Uyt VUl Pl el ey [FS)
-1
:7 Z Vk,k’"‘pzj,kww%,—m Z o(K)
k,k’€1.BZ\FS k€1.BZ\FS
k£k/

X ¢U,—kT¢{rj,;¢T (Sk,—n - Qﬁ%,_,{ﬂﬁu,m) [F'S)
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= A Z Vk,k’ng,kww%,—k’ﬁ* Z (b(’{“’)wU,nTw{I,mT [F'S)
k,k’€1.BZ\FS k€1.BZ\FS
k#k/

—1 N
= 2 VUl 2 o) (1= 0l etue) [FS)
k,k’€1.BZ\FS k’/€1.BZ\FS
k#k’
-1
:7 Z Vi Z ﬁb(kl)l/’%,kni%,—m |F'S)
k,k’€1.BZ\FS k’€1.BZ\FS
k#k’

> Ve |®). (E8)
k,k’c1.BZ\FS
k#k’

PN

We insert the results of the diagonal and off-diagonal elements into Eq. (E6), and
obtain

A 1
Hul®) =% 3 Viwl®). (E9)
k,k'€1.BZ\FS

Finally, we insert Eqs. (E5) and (E9) into the eigenvalue problem (3.25), and
arrive at the pairing Eq. (3.26).

Appendix F. Useful integrations

For a,b,c,d,e, f € R and a,d # 0 we have:

22 1 b x
/dl‘ m :5 xr — aarctan F

ax? +bx +c 1 2ax + b
drxl = —2bd*V b2 — 4 tanh [ ———
/ o n(dx2+em—|—f> 4a2d2{ aearctan <\/b2—4ac

e 2d
+ 26@2 62 f— 4df aI‘Ctanh (\/%>
6 _

—d(b* — 2ac) In(az® + bx + ¢)

+ const. (F1)

+d
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2
+ 2az | adx In w + bd — ae
dz? +ex + f

+ a*(e? — 2df) In(dz? + ex + f)} + const. (F2)
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main basis of this cumulative Thesis:

e [S1] Ali Sanayei, Pascal Naidon, and Ludwig Mathey, Electron trimer states
in conventional superconductors, Phys. Rev. Research 2, 013341 (2020).

e [S2] Ali Sanayei and Ludwig Mathey, Three-body bound states of an atom in a
Fermi mizture, arXiv:2007.13511v2 [submitted].

e [S3] Ali Sanayei and Ludwig Mathey, Cooper problem in a cuprate lattice
[manuscript is ready for submission].

For more information on the statement of contributions, see page vii of the
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We expand the Cooper problem by including a third electron in an otherwise empty band. We demonstrate

the formation of a trimer state of two electrons above the Fermi sea and the third electron, for sufficiently

strong interband attractive interaction. We show that the critical interaction strength is the lowest for small Fermi

velocities, large masses of the additional electron, and large Debye energy. This trimer state competes with the
formation of the two-electron Cooper pair, and can be created transiently via optical pumping.

DOI: 10.1103/PhysRevResearch.2.013341

I. INTRODUCTION

In a seminal paper, Ref. [1], Cooper showed that two
electrons immersed in a Fermi sea form a bound state for
arbitrarily weak attractive interactions. The Cooper problem
assumes the dominance of the effective interaction induced
by the electron-phonon interaction over the screened Coulomb
potential [2-5]. It is modeled as constant in momentum space
within a narrow energy range of the order of the Debye
energy for the relative kinetic energy of the electrons. This
simplified model distills the key features and energy scales
of the full interaction induced by electron-phonon coupling
that are relevant for the formation of the bound state and its
properties. The existence of this bound state indicates that the
noninteracting Fermi sea is unstable against pair formation,
which suggests the emergence of a superconducting state.
A more extensive theory of this state was provided by BCS
theory [2—11], which elaborated on the essential ingredients
that are necessary for the formation of conventional supercon-
ductors, pointed out by the Cooper problem and its solution.

Furthermore, and going beyond superconductivity, a
Cooper problem can be formulated for any order parameter
composed of two fermionic operators. For example, the weak-
coupling limit of charge-density-wave and spin-density-wave
orders can be formulated as the formation of an electron-hole
pair. Here, the electron is restricted to occupy states outside
the Fermi sea, and the hole is restricted to states inside
the Fermi sea. Given this broad applicability of the Cooper
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problem, it is of fundamental importance for condensed-
matter physics.

While the solution of the Cooper problem is a two-
particle bound state, further down we will discuss the for-
mation of three-particle bound states. As an example for
three-body bound states, we mention Efimov trimers [12-15].
These trimers are formed of particles interacting via contact

FIG. 1. The expanded Cooper problem consists of two electrons
in a partially filled band with dispersion &, and a third electron
in an empty band with dispersion ;. The inert Fermi sea in the
lower band has the Fermi energy Er and Fermi momentum kg.
The energy difference of the two bands is Ey. The three electrons
interact attractively via the two-body interactions g2, g13, and g3,
with gj» = g13. These interactions are cut off in momentum space
by the cutoffs A; and A,, whose magnitudes are chosen to fulfill
e1(A1) = &(A,) — Er = Ep, where Ej is the Debye energy.

Published by the American Physical Society
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trimer state

[£12] [rp]

0 0.02 0.04
|23l [rp]

FIG. 2. Lowest energy state as a function of the interaction
parameters |&;| and |£j;|, both in units of rp. In this example,
we choose Ep/Er = 0.02, my/m; =1, and the cutoffs A, and A,
according to Eq. (1). For sufficiently strong attractive interband
interaction &,, the trimer state has lower energy than the Cooper
pair. The horizontal red dashed line is a cut at |,,| = 3rp, see Fig. 3,
and the vertical red dashed line is a cut at |&,3] = 0, see Fig. 4.

interactions at interaction strengths that are not sufficient to
support a two-particle bound state. Furthermore, in principle
infinitely many three-body bound states are formed, which
obey a scaling relation. In contrast to Cooper pairs, Efimov
trimers are formed in vacuum. The Efimov effect has been
experimentally observed in ultracold atomic gases [16—18]
and helium beams experiments [19].
In this paper, we expand the Cooper problem by including
a third electron, as depicted in Fig. 1, to demonstrate the
formation of electron trimers in the presence of a Fermi sea.
We assume that the additional electron, labeled “1,” is in
an otherwise empty band with quadratic dispersion relation
1. Its spin state is arbitrarily depicted as spin-up. The two
electrons “2” and “3” are restricted to be outside of an inert
Fermi sea, where kr denotes the Fermi momentum and Ep
is the Fermi energy. For simplicity, the dispersion &, of
the lower band is assumed to be quadratic. We propose to
realize this scenario by optically pumping electrons from a
lower band into an unoccupied band, using current technology
of pump-probe experiments [20-23]. This results in a low
metastable electron density in the upper band. We assume that
the effective interaction between the electrons is attractive,
following the reasoning of the Cooper problem. We consider
the interaction between two electrons to be a negative constant
gij>withi, j =1,2,3 and i # j, for the incoming and outgo-
ing momentum of particle i smaller than a cutoff A;, and zero
otherwise. We choose the values of A; and A, = Aj such that
i ?
Ep=—A}=—

= oM zmz(Aﬁ—kﬁ), 6]

where m; is the effective mass of particle i and Ej is the Debye
energy; see Fig. 1. For clarity, we allow for three different
masses mj, mp, and ms, but are primarily interested in the
case m3 = my. A similar restriction will be placed on g,
and g3, which we choose to be equal throughout this paper.
For a typical conventional superconductor we have Ep < EF,

0.995

E/2E;

trimer 123

0.99

0.62
123l [rp]

FIG. 3. Shifted energy E = £ — E normalized by 2EF vs the in-
teraction parameter |£»;|, in units of rp, for Ep/Er = 0.02, my/m; =
1, and &, = —3rp, which corresponds to the horizontal red dashed
line in Fig. 2. The lowest energy state for small values of |&,3] is
a trimer state. For sufficiently large values of |&»;| the formation of
Cooper pairs (dimer 23) will be dominant over a trimer state.

0 0.01

implying that A| < kr and Ay — kr < kg, which we will use
as small parameters further down. We define the length scale

_ v
rp=(Ar — k)™ & A, &)
Ep
where vp = fikp /m, is the Fermi velocity. We note that in the
following we consider three-body states with vanishing total
momentum.

II. OVERVIEW AND MAIN RESULTS

The main result of our analysis is shown in Fig. 2. We
depict whether the lowest energy state is a Cooper pair
state or a trimer state, as a function of the interaction pa-
rameters &3 and &, = &3, where &3 = 2i/(4mh?)g»; and
£17 = 21/ (4w h*)g1,. The reduced masses are 1/ji = 1/my +
1/ms=2/myand 1/ = 1/my + 1/m;.

For g1, = 0 we recover the result of the Cooper problem.
For any value of g3 < 0 the electrons in the lower band form a
pair. As g); is set to a negative nonzero value, we show that the
three electrons form a trimer state beyond a critical value of
g12, which increases in absolute magnitude as |g,3| increases.
This trimer formation also occurs for vanishing g,3. From
the perspective of the electrons in the lower band, this can
also be considered as a bound-state formation that is induced
by a third electron in a higher band, i.e., a particle-induced
bound state. As we show below, the magnitude of the critical
value of g, for trimer formation is controlled by the ratio of
the Fermi velocity, and the mass of the electron in the upper
band and the Debye energy. If the mass of the electrons in the
upper band is heavier, the critical value is reduced. Similarly, a
smaller Fermi velocity and a larger Debye energy reduces the
critical value. We note that for the typical parameter regime
of conventional superconductors we find one trimer state only.
However, we also give an example for a parameter regime in
which more than one trimer state exists below.

For a pump-probe experiment, this result implies that a
system that is initially either in a superconducting or a metallic

013341-2
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state can be transformed into a Fermi liquid of electron
trimers when electrons are pumped into a higher band, and
the attractive interband interaction is sufficiently strong.

III. ELECTRON TRIMER STATES

To determine the bound states of the three-electron system
we consider the Schrodinger equation in momentum space:

n2k? k3 R

—+Eo+ 2+ -2 4 Un+Us+U0s—E)y =0,

2m 2my  2mj3

3)
where ki, k;, k3 are the electron momenta and v =
¥k, ky, k3) is the wave function. The total energy of the
electron “1” is hzklz /2my + Ey, where E is the energy differ-
ence of the two bands; see Fig. 1. Here we define a shifted
energy E = & — Ey, where £ is the eigenenergy [24]. The
interaction U; ; between two electrons “i”

[T3EEL]

and “j” is
. d*q
Uijy = 8ij0a,(Ki)0a; (K;) mem(ki — @), (k; + @y,

“

where g;; < 0 and q denotes the momentum transfer [25];
see Appendix A for the resulting operators U,-_,-l/f. The cutoff
function 6, 5 (k) is defined as

m®=%

for two real numbers 0 < a < b, and 6,(k) = 6y (k). The
inert Fermi sea demands the constraints k, > kr and k3 > kp
on the momenta of electrons “2” and “3,” respectively. We
consider a singlet state for the electrons “2” and “3” in the
following. This system is separable, see Appendix A, which
results in a system of two coupled integral equations:

1 d3p3
[g?—f—/ (zn)3K1(k2,p3;E):|F2(k2)

fora < |k| <
otherwise,

&)

d3p3
= —0Ok, .0, (k2) mel(kz,P3;E)Fz(P3)

d’py
+/57mwﬂfm@ﬂ, (©)
1 d’ps
[ngr G )3K3(k1,p3,E)]F1(k1)

— ooy k) [ EP ke pai EVE 7
= —204,( 1)/@ 3(ki, p3; EYF(p3),  (7)

where p; = k; — q, for i = 1, 2, and p3 = k3 + q. The three
integral kernels Kj, K>, K3 and the three functions Fj, F3,
F3 are derived in Appendix A. Due to the singlet symmetry
for electrons “2” and “3” we consider F, = F5. We assume
F;(k) = F;(k), implying s-wave symmetry of the state. We
notice that in the absence of a Fermi sea and for a contact
interaction, Eqs. (6) and (7) will reduce to the standard
Skorniakov—Ter Martirosian equation [26] leading to the Efi-
mov effect [27].

To determine whether the lowest energy state is a two-body
or a three-body bound state, we use the small parameter

Ep/Er to approximate the full integral equation with an equa-
tion that relates &3, §12, and E; see Appendix B. We solve this
equation numerically for eigenenergies £ near the threshold
energy Eg, = 2Er + Ey = h2k12; /my + Ey [28] which results
in Fig. 2, depicting a region where electrons ‘“2” and “3” form
a Cooper pair, and a second region where the three electrons
form a trimer state. The intraband electrons “2” and “3” can
form a Cooper pair for any attractive interaction &,3. The
trimer state is only formed when the interband interaction &,
is sufficiently strong. Trimer states of zero total momentum
appear as discrete energy levels, whereas dimer states appear
as continuum of states.

Next, we solve the full Egs. (6) and (7) numerically to find
the full spectrum and also to validate the analytical estimates.
For that, we reduce the three-dimensional integrals over
momentum to one-dimensional integrals over the absolute
value of each momentum. We approximate the integrals by
a sum over discrete values according to the Gauss-Legendre
quadrature rule [29-31]. The continuous functions Fj and F;
are evaluated at these discrete momentum values. We there-
fore approximate Eqgs. (6) and (7) with a discrete eigenvalue
problem; see Appendix C.

We calculate the resulting eigenenergies £ below the
threshold energy Ey,. In Fig. 3 we show the shifted energy
E = £ — Ey normalized by 2E, for Ep/Ep = 0.02 and &), =
—3rp. For small values of |£,3] the lowest energy state is a
trimer state which appears as a single line of solutions. For
larger values the lowest energy state is a Cooper pair which
appears as the lowest energy state of a two-body bound-state
continuum.

To estimate the critical value of g, for vanishing g»3 ana-
Iytically, we recall that F; o g3 and F> o gi2; cf. Egs. (A6)
and (A7). With this, Egs. (6) and (7) reduce to

A7 i? n T /‘Azd
P3 P3
2ugin ke Ji,

(1-5)r+ (1 — fk A+ AT~ HE
x In — > zlﬂ ~ 0,
P5—m 2k ps + k.
3)

where T = 1 describes the system of three electrons and t =
1/2 corresponds to a system of two electrons, “1” and “2” (or
“3”); see Appendix D. We evaluate the integral and expand to
lowest order in Ep/EF; see Appendices B and D. We solve
for the interaction parameter g;,, then choose the threshold
condition & = Ey,, [28], which finally gives the critical value
@ ~ 2R 2120 v

rp & -, )
12 mi m; Ep

where vp = hkp /m;; see Appendix D. This shows that a lower
value of the critical interaction strength is achieved for heavier
electrons in the upper band, for a smaller Fermi velocity, and
a higher Debye energy.

An approximate analytical solution of Eq. (8), which de-
scribes both the trimer state and the lowest energy two-body
bound state, is derived in Appendix D. These solutions are
depicted as the red dashed and the red continuous line in
Figs. 4(a)—4(c). For m; > my and Ep, < Er we have |£(5)] =
2u /(4 i?)| g(c)| — 0T. In this case, a second analytical
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FIG. 4. Shifted energy E = £ — E, normalized by 2Er vs the interaction parameter |&),|, in units of rp, with g3 = 0 and Ep/Er = 0.02,
for (a) my/my = 1, corresponding to the vertical red dashed line in Fig. 2, (b) my/m; = 10, and (c) my/m; = 1/10. In each panel, the single
blue curve is the numerical solution of the lowest energy trimer state and the red dashed curve is the analytical approximation for the trimer
state; see Appendix D. As |£),| increases, the first pair (dimer 12) appears as the lowest energy state of a two-body bound state continuum (blue
dense curves) [32]. The red solid curve is the analytical approximation for the lowest energy pair (dimer 12); see Appendix D. The vertical
arrow locates the critical value of the interband interaction parameter given by Eq. (9). In panel (c), the green dashed curve is the second
analytical approximation (10), representing a good approximation for the asymptotic of the single blue curve as long as m; > m,.

approximate solution of Eq. (8) can be represented by
Ep

1 —exp (nn%%)’

E ~ 2Ep + (10)

see Appendix D. This approximation is shown as a green
dashed line in Fig. 4(c). For larger m; /m,, Eq. (10) becomes
a better approximation. We compare these analytical results
with the numerical results [32] for different parameter sets in
Fig. 4. In Fig. 4(a) we use my = m; and Ep/Er = 0.02. In
Fig. 4(b) we use my/m; = 10 and Ep/Er = 0.02. In Fig. 4(c)
we use mp/m; = 1/10 and Ep/Er = 0.02. We observe the
formation of a trimer state, that is well approximated by the
analytical approximation. In contrast to the Cooper problem
where a two-body bound state originates at a vanishing cou-
pling constant [1,5,7], here, a trimer state emerges at the
critical value El(;).

Finally, for my > m; and large values of the Debye en-
ergy that are comparable to the Fermi energy, Ep ~ Ep, we
observe the formation of more than one trimer state. This is
reminiscent of the Efimov effect, however, here the number
of the trimers remains finite. Figure 5 shows the formation
of two trimer states for m,/m; = 10. Physical systems in this
regime are superconductors like fullerides [33] or magnesium
diboride [34].

IV. EXPERIMENTAL SIGNATURES

The observation of trimer states in conventional supercon-
ductors can be realized in several scenarios. As a first experi-
mental scenario, the trimer state can be detected as an excited
state, as an in-gap resonance peak, Ey > Er, while the elec-
trons in the lower band are in a superconducting state, generi-
cally. Optically probing this state, see also Refs. [35,36], will
result in the observation of a resonance at the trimer binding
energy below the empty band. This resonance is broadened
by the three-body nature of the bound state. We also propose
to realize this effect by optically pumping electrons to an
otherwise empty band [20]. Here, our study applies to a long-
lived metastable state created by optically pumping electrons
to a higher band. For time scales below the relaxation rate
from the upper band, the system will form a trimer state for

the regime indicated in Fig. 2, giving rise to a Fermi liquid of
trimers; see Fig. 6 in Appendix E.

As a second scenario, for trimer binding energies exceed-
ing the energy difference of the bands, the trimer state is the
ground state of the system and destabilizes the BCS state.
Here, the upper band is lowered, Ey = EF, and touches the
Fermi energy of the lower band, Ey ~ Ef; see Figs. 7(a) and
7(b) in Appendix F. One can also imagine that the upper band
is lowered into the Fermi sea, Ey < Er. Here, we assume that
the upper band is very dilute; see Fig. 7(c) in Appendix F. Be-
cause of this, new electron pockets will appear. Our prediction
is now that trimer formation is possible as the ground state, if
the Fermi sea is tuned to formation of the electron pockets.
For g3 = 0, the formation of a trimer liquid is achieved for
any density of fermions in the upper band, if g;, and g3 are
above the critical interaction strength. If g,3 induces a BCS
state in the lower band, the energy reduction of the formation

trimer 123

[£12] [rp]

FIG. 5. The resulting three-body shifted energy E = £ — Ej nor-
malized by 2EF vs the interaction parameter |£,[, in units of rp, with
g23 = 0 and Ep ~ Ef, for my/m; = 10. Here, we see the formation
of two trimer states that are shown by two single blue curves. The
dense curves show the two-body bound-state continuum [32]. When
my > my, we can see the formation of more than one trimer state.
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of a trimer liquid has to be compared to the energy of the BCS
state. For sufficiently high density of electrons in the upper
band, the trimer state competes with the BCS order.

Finally, to realize our prediction of forming more than
one trimer state, see Fig. 5, BCS-like superconductors, e.g.,
fullerides or magnesium diboride, can be used, where m, >
m, and the Debye energy is comparable to the Fermi energy.
For high-temperature superconductors similar considerations
for sufficiently strong interband attractive interactions might
apply. Here, the formation of a trimer state might support
pairing enhancement [37,38].

V. CONCLUSIONS

In conclusion, we have demonstrated the formation of a
trimer state of electrons in a conventional superconductor, in
which an additional electron occupies a higher band. We show
this by expanding the Cooper problem of two attractively
interacting electrons by adding an additional electron that also
interacts attractively with the other electrons. The trimer for-
mation sets in beyond a critical interband interaction strength,
for which we give an analytical estimate. This demonstrates
an instability of the optically pumped BCS state. Out of the
initial superconducting or metallic state, a transient state of a
Fermi liquid of electron trimers can be formed.

As mentioned above, the analog of the Cooper problem
can also be formulated for orders such as spin-density-wave
or charge-density-wave orders, as a two-body problem of an
electron and a hole. We emphasize that the analysis of this
paper can be extended to any order that is described by a two-
fermion order parameter, and predicts three-fermion bound
states for all these orders for the corresponding parameter
regimes.
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APPENDIX A: DERIVATION OF THE SYSTEM OF TWO
COUPLED INTEGRAL EQUATIONS (6) AND (7)

We apply the interaction operators U; j» given by Eq. (4),
on the wave function ¢ = (ki K;, Kk3) governing the
three-electron system in momentum space, and write the

|

V(ks, k3) = —

0, (=K — K3)04,(K2)F3(K3) + 04, (=Ko — K3)04,(K3)F2(Ky) + 04, (K2)04, (K3)F1 (—ky — K3)

Schrodinger Eq. (3) as follows:
ki Rk Rk
( R !

—E )Y = =0+ Ui+ Un)y,
2 amy T 2ms )1// (U2 13 23V

(A1)
where

. d*q
Uny = 81291\1(1(1)91\2(1(2)/ 30 K —q)
2wy’

x0p, (k2 + Q¥ (ki —q.ky +q.k3), (A2)

. d’q
Uy = g139A.(k1)9A3(k3)/ 30k —q)
(2m)

X On; (ks + @) (ki —q, kp, ks +q),  (A3)

. d*q
Uny = 8230, (k2)9A3(k3)f ——50n (ke —q)
(27)

x 0p, (ks + ¥ (k1. ky — q, k3 + q).

Here, E = £ — E, is the shifted energy, where £ denotes the
eigenenergy and Ej is the energy difference of the two bands;
see Fig. 1. The function 6,;(k) is defined by Eq. (5) and
Op(K) = 0o p(K).

Next, we introduce three variables p; = q + k;, with i =
1,2,3, and assume the zero total momentum of the sys-
tem, ¥ (ki, k2, k3) = ¥ (ka, k3)8® (k; + ks + k3), where §©
is the three-dimensional Dirac delta function. We rewrite
Eqg. (A1) in the following form:

(ks + k3 )? N % N k3
2m1 ZMQ ZM3

(A4)

- E)W(kz, ks3)

= —0x, (k2 — Kk3)04,(K2)F3(k3) — 05, (—ky — K3)
x 04, (K3)F2(K2) — 04, (K2)04, (K3)F1 (—k2 — Kk3), (AS)
where the functions Fj, F>, and F3 are defined as
d’ps
Fik;) = ——0x, (=K; — P3)04. (P
1(kyp) 323/ 2n ) A, (=K1 — P30, (P3)

x ¥ (=ky —Pp3, P3), (A6)

dp
B(k) = gnn / B O, (—ka — B3)0A, (B)V (o, B3),
2r)

(A7)

&P
F(ks) = glzf —p239A,(—k3 — P2)0n, (P2)¥ (P2, k3).
2m)
(A8)

Equation (A5) provides now an ansatz for the wave func-
tion ¥ (ko k3):

2my

If electrons ‘“2” and “3” are in a spin singlet state and
g12 = g13, then F3 = F,. We also assume m3 = m; and take

Rlotks? | B B p

(A9)

2my 2mj

(

into account the Fermi sea condition by k, > kr and
ks > kp. Next, we introduce the variables p; = —k, — p3 and
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p2 = —k; — p3, with p3 = p3. We also assume A3 = A,. The

functions F; and F> now read
d’p;
Fi(k;) = ——— 0, A, (=K1 — P3)bk,
1(kp) 823f(2n)3 e 8> (=K1 — P3)0k;, A, (P3)

x (=K (A10)

— D3, P3),

— P3)0%k:, 1, (P3)Y (K2, P3).

(A11)

We insert the ansatz (A9) into Egs. (A10) and (A11), and
arrive at a system of two coupled integral Eqgs. (6) and (7),
where the three kernels K, K>, and K5 are

Fr(ky) = /d3p39 (—k
2(K2) = &12 (2n)3 Ay 2

APPENDIX B: OVERALL BEHAVIOR OF THE
THREE-ELECTRON SYSTEM

As mentioned, we choose the values of the cutoffs A;
and A, according to relation (1). For a typical conventional
superconductor we have Ep < Ep, implying that A < kp
and A, — kr < kp. We recall that 0 < k; < Ay and kr <
ky < A,. We thus make a first approximation such that k; ~ 0
and k, ~ kp. In addition, because the integral variable p;
is varying within the interval (kg, Aj), and also Ay — kr K
kr, we make a second approximation in this interval and
assume that the two functions Fp(k;) and F,(p3) remain
constant, F,(kr). We rewrite the system of Egs. (6) and (7) as
follows:

QI(E, gi2; TR (kp) + Q(E)F1(0) = 0,
) Oa, (=Ko — P3)0k,,a, (P3) N (BD)
Ki(ks, p3; E) = Floip? | 76 PR _ (A12) SQ3(E)Fa(kr) + Qu(E, g23)F1(0) ~ 0.
2m 2m T 2m We recall that T = 1 describes the system of three electrons
e 08 (PO A, (—P1 — K2) and T = 1/2 corresponds to a system of two electrons “1”” and
Ka(ka, pis E) = @ szz + 52(p2,+k2)2 _E (Al “2” (or “3”). We calculate the function Q(E, g12; 7) to be
m) ny ny
Q(E et = T Lo E (B2)
Ore. s (K1 — P3)ir 0, (P3) e g2 ) = HEs
Ks(ki, ps; E) = 5 L2 (A14) 2ug
oL TOkL o 2B _p where
my my ny
|
- A2 1= L)p+ (1 — L)k + AT - %E
QE;T) = HT / dps p3In (U= m)r+ ) 5 S
i ke i Py — Pkeps + ki — HE
T (Ar—ke) + V(B aret ke — Ao an (Lo = D
= —(A2 —kr n arctan —arctan | ——2F—
T CViE) Vn(E)
N TA} | —p(E)+ (1 - ,,%)A% Tk p(E) + (mil — 1)k 7p(E)
n —_——
ok X(E) By \pE)+ (i — DhE+ A7) 7 2(L — ke
P(E)+ (e = 1)A3\  r[n(E) — (4)’47] X(E)
n m 5 In TRVEREETr b (B3)
P(E) + (& — 1)kt m—]ﬂkp —p(E) + (1 — &)k — A3

Here, n(E) =1[1 — (mil)z]k% - zh—'fE p(E) = (mil — Dki —
1/my + 1/my. For Ay < kr and A, — kr < kp, we obtain

Q(E) =

2
2N+ EE, X(E)=ki —

P Lkppr K -

WkpAy+ A3 — %E, and 1/p =

N — (B4)

1 /A] dpipiln d
171
il—l:ﬂk[: 0 pi— Z—Mkal + ki — 77

21 2 27 5 -
Qs(E) = L d P i+ Zhpy+ L Lk 5h_§E 4 Azd 2
3 2;}, pP3 k 2/ 20 2 720 D3 > T
nkp 1 P3 k1P3 + k ﬁ_zE T Ji 7 EFE
4 kg 2kp(Ay — kr)
~ Ay —k _1 A LA lE as
7T|: 2 F+ < k2 _ E_/ZAE ( )
iR

A7 R? 1
QuE, g3) =5— + 5 2(E), (B6)

2fign 2

where 1/t = 1/my + 1/m3 = 2/m;.
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In order that Eq. (B1) possesses nontrivial solutions, it is
required that

QUE, g12;T = DS24(E, g23) — N (E)Q23(E) =0, (B7)

which gives rise to a relation between gi, and g3 through
E. Figure 2 shows the result for £ = £ — Ey &~ 2EF, where
Er = ﬁzklzr /2my is the Fermi energy and kr is the Fermi
momentum.

APPENDIX C: NUMERICAL SOLUTIONS OF THE
SYSTEM OF TWO COUPLED INTEGRAL
EQUATIONS (6) AND (7)

As mentioned, we assume F;(k) = F;(k), implying that
we only consider the isotropic solutions of Egs. (6) and
(7). To solve Egs. (6) and (7) numerically we therefore
replace the three-dimensional integrals over momentum by
one-dimensional integrals over absolute values of each mo-
mentum. We discretize each integral range such that the
grid points {x;}, j =1,2,..., N, are the set of zeros of the
Legendre polynomials Py(x). We approximate the integrals
by a truncated sum weighted by w;:

2
AR TR TS oy

where Py, (x) = dPy(x)/dx [30,31]. This choice, which is the
so-called Gauss-Legendre quadrature rule, scales the range of
integration from a given real interval (a, b) to (—1, 1), and
has order of accuracy exactly 2N — 1, which is the highest
accuracy among the other quadrature choices [29].

We apply the Gauss-Legendre quadrature rule on each in-
tegral and construct a matrix equation analog to each integral
equation. For given values of E below 2Ef [28] we calculate
the eigenvalues, which then provide the corresponding values
of the interaction parameter. The functions F; and F, are
also obtained as the eigenvectors of the matrix equations. We
notice that, due to the truncation on each sum, the two-body
continuum revealed in Figs. 3-5 has a finite range.

(ChH

APPENDIX D: DERIVATION AND SOLUTION
OF EQUATION (8) AND DERIVATION
OF EQUATIONS (9) AND (10)

To derive Eq. (8), recall that for vanishing g,3 we have
F; = 0, and therefore Eq. (7) will have no effect anymore. As
discussed in Appendix B, for a conventional superconductor
we make an approximation such that k; ~ 0 and k, ~ kr. The
system of three electrons is then described by Eq. (8) for
T = 1. The system of two electrons “1” and “2” (or “3”) will
be described by the same equation when T = 1/2.

Equation (8) for r = 1 is then solved by

QE,giT=1)=0, (D1)

where the function Q(E,gp;t) was calculated in
Appendix B; see Eq. (B2). Equation (D1) provides now
a relation between the interaction parameter g, and the
shifted energy E; see red dashed curves in Fig. 4.

For the system of two electrons “1” and “2” (or “3”) we set
T = 1/2 and calculate the integral by the same argument. The

Eo

Fermi sea

FIG. 6. Sketch of the first scenario for the experimental signature
of the trimer states. The trimer state can be detected as an excited
state, as an in-gap resonance peak, by either optically probing the
state or optically pumping electrons from the lower band. Here, Ey >
Er and Eyine, is the trimer binding energy.

lowest energy two-body bound state is obtained by solving

QIE, gyt =1/2) =0; (D2)
see red solid curves in Fig. 4.

To calculate the onset of the trimer state analytically, we
expand Eq. (D1) for A, —kr < kp and A; < kr at the
shifted energy E ~ 2Ep = hzk% /my [28], and solve the lead-
ing order for the interaction parameter g(lcz) = g12(E = 2Ep),
which results in Eq. (9).

To derive Eq. (10), we notice that the onset of the

trimer state for m; 3> m, leads to the origin, [£|=

2u /(4 i) g(]°2)| — 07. In this case, to find the asymptotic of
the trimer state we solve the integral appearing in Eq. (B2) by
changing a variable X = p3/kr. The integral bounds will then
be 1 and A,/kr. For a conventional superconductor the upper
bound A;/kr is very close to the lower bound; therefore,
we calculate the integral by making the leading order of the
integrand when X — 1. We solve the result for £ and arrive
at Eq. (10); see green dashed curve in Fig. 4(c) of the paper.

APPENDIX E: VISUALIZATION OF THE FIRST
SCENARIO FOR THE EXPERIMENTAL SIGNATURE

In the first experimental scenario, the electrons in the
lower band are either in a superconducting (g3 < 0) or in
a metallic state (g3 = 0). The energy difference of the two
bands exceeds the Fermi energy, Ey > Er. Here, we predict
that the trimer state can be detected as an excited state. To
observe that, one can use either a probe or pump pulse. By
optically probing this state one can observe the trimer state
as an in-gap resonance peak at the trimer binding energy,
Etimer, below the empty band; see Fig. 6. We predict that
the three-body bound state broadens the resonance peak. By
optically pumping electrons from the lower band to the upper
empty band, we also predict that a trimer state will be formed,
if the time scales do not exceed the relaxation rate from the
upper band. Figure 6 represents a visualization of the first
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Fermi sea

(@ IR SR (b)

Fermi sea

Eo~E .
o Fermi sea < Er

(©)

FIG. 7. Sketch of the second scenario for the experimental signature of the trimer states: (a) the upper band is lowered, Ey 2, Er, (b) it
touches the surface of the Fermi sea in the lower band, Ey ~ E, (c) it is lowered into the Fermi sea, Ey < Er. In all cases we have assumed

that the upper band is very dilute.

scenario for both optically probing the state and optically
pumping electrons from the lower band.

APPENDIX F: VISUALIZATION OF THE SECOND
SCENARIO FOR THE EXPERIMENTAL SIGNATURE

In the second scenario, the electrons in the lower band are
in a superconducting state and the trimer binding energy is
larger than the energy difference of the bands, Eyimer > Ep-
Here, we predict that the trimer state can be detected as the

ground state of the system. The upper band is lowered, Ey =
Er, see Fig. 7(a), and touches the surface of the Fermi sea,
Ey ~ EFr, see Fig. 7(b). In both figures the electrons in the
lower band are around the surface of the Fermi sea. The upper
band can also be lowered into the Fermi sea of the lower band,
Ey < Ep, see Fig. 7(c), giving rise to new electron pockets.
Here, we assume that the upper band is very dilute and the
Fermi sea is tuned to formation of the electron pockets. In this
case we also predict that the trimer state can be formed as the
ground state of the system.
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We determine the three-body bound states of an atom in a Fermi mixture. Compared to the
Efimov spectrum of three atoms in vacuum, we show that the Fermi seas deform the Efimov spectrum
systematically. We demonstrate that this effect is more pronounced near unitarity, for which we give
an analytical estimate. We show that in the presence of Fermi seas, the three-body bound states
obey a generalized discrete scaling law. For an experimental confirmation of our prediction, we
propose three signatures of three-body bound states of an ultracold Fermi mixture of Yb isotopes,
and provide an estimate for the onset of the bound state and the binding energy.

I. INTRODUCTION

In a seminal paper, Ref. [1], Efimov showed that three
bosons that interact attractively in vacuum via short-
range interactions form three-body bound states at in-
teraction strengths that are not yet sufficient to support
two-body bound states. He also showed that the num-
ber of the three-body bound states is in principle infinite,
and that there is a geometric scaling law that governs the
bound states [2-7]. Technical advances in the trapping
and cooling of atoms [8, 9] as well as in the Feshbach
resonances [10, 11] have led to the observation of the Efi-
mov effect in ultracold atomic gases [12-17] and helium
beams experiments [18, 19]. Excited three-body bound
states were observed [14, 20], and the Efimov scaling law
was confirmed. The Efimov effect was also generalized
to more than three particles [5, 21]. It was shown that
for a critical mass ratio three fermions and a lighter par-
ticle form a four-body bound state [22]. The four-body
bound states of two heavy and two light bosons for dif-
ferent mass ratios was investigated in Ref. [23]. The for-
mation of a five-body bound state in fermionic mixtures
was discussed in Ref. [24].

Recently, we demonstrated the formation of three-
electron bound states in conventional superconductors,
and showed that the trimer state competes with the for-
mation of the two-electron Cooper pair [25]. For that, we
modeled the interaction between two particles “¢” and
“j” as a negative constant g;; in momentum space for an
incoming and outgoing momentum of a particle smaller
than a cutoff A;, following the reasoning of the Cooper
problem [26]. We fixed the cutoffs by a typical value of
the Debye energy in a conventional superconductor [25].
In this paper we determine the three-body bound states
of an atom in a Fermi mixture for contact interactions.
To describe contact interactions we take the limit of the
cutoffs A; to infinity. We show that this model is sep-

* asanayei@physnet.uni-hamburg.de

t Imathey@physnet.uni-hamburg.de

arable [27], leading to a system of two coupled integral
equations. This model enables us to calculate the three-
body bound-state spectrum in the presence of Fermi seas.
In this work, we consider a cold-atom system of Fermi
mixtures. We assume a density of the species, labeled
“2”, that interacts attractively with another species of
the same density, labeled “3”. We assume that the two
species “2” and “3” are in different internal states. Next,
we include an additional atom, labeled “1”, that inter-
acts attractively with the other atoms via contact inter-
actions; see Fig. 1. In general, the three masses my, mo,
and mg can be different, but we are primarily interested
in the case ms = mo. We assume that atom “1” is a
fermion. A similar analysis can be applied when it is a
boson. The species “2” and “3” define the Fermi seas with
the Fermi momentum kp. This imposes the constraints
ko > kr and k3 > kg on the momentum of atoms “2”
and “3”, respectively. We also assume that the inter-
atomic distances, proportional to 1/kp, are much larger
than the range of the atomic interactions. With this,
we neglect the many-body effects on the formation of a
three-body bound state within the interatomic distances.
For contact interactions we introduce the s-wave scatter-
ing lengths as it relates to the contact interaction in its
regularized form. We also define a three-body parameter,
A, in order to regularize the range of the three-body in-
teractions and to prevent Thomas collapse [28]. This pa-
rameter defines a length scale of the range of the atomic
interactions using the van der Waals length [5, 29, 30].
We calculate the three-body bound states for different
mass ratios. We provide an analytical description of the
lowest-energy two-body bound states and the two-body
continuum, and find the three-body bound-state solu-
tions numerically. For a noninteracting mixture, go3 = 0,
we provide an analytical formula for the onset of the
lowest-energy two-body bound state at zero energy. For
a high mass ratio ma/m;, where the excited three-body
bound states appear, we also find an analytical esti-
mate for the onset of a highest-energy excited three-body
bound state at zero energy. With this, we can estimate
the amount of the shift that the spectrum undergoes near
unitarity due to the Fermi seas. Further, for our system
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Figure 1. Sketch of an atom in a Fermi mixture. All species
interact attractively via contact interactions. Species “2” and
“3” are a Fermi mixture, and atom “1” can in general be a
boson or fermion. The interaction strengths are shown by
three negative constants gi2, g13, and g23. The species “2”
and “3” are assumed to be in different internal states and
ms = mga. The density of each species “2” and “3” is not/2,
defining an inert Fermi sea with the Fermi momentum kr =
(37r2nmt)1/ 3. The interatomic distances are proportional to
1/kp.

and interaction model we demonstrate that a generalized
scaling law governs the three-body bound states in the
presence of Fermi seas. Finally, we propose three experi-
mental scenarios in an ultracold system of fermionic mix-
tures of Yb isotopes to observe three-body bound states
in the presence of Fermi seas. Here the "1Yb isotopes,
that are in two different internal states, constitute the
Fermi seas, and interact attractively with '"Yb. We pre-
dict the onset of the three-body bound states and provide
an estimate for the threshold energy.

This paper is organized as follows. In Sec. IT we pro-
vide the main formulation of the problem for contact in-
teractions, and derive a system of two coupled integral
equations describing an atom in a Fermi mixture. In Sec.
IIT we represent our results for two- and three interacting
pairs in the presence of Fermi seas, and demonstrate a
generalized scaling law governing the three-body bound
states. Here we also derive an analytical estimate to de-
scribe the effect of the Fermi seas near unitarity. In Sec.
IV we present three experimental signatures of a three-
body bound state in an ultracold Fermi mixture of Yb
isotopes. Finally, in Sec. V we present our concluding
remarks.

II. FORMULATION OF THE PROBLEM

The Schrodinger equation for a system of three atoms
in momentum space is

RPk?  R2k3 h2k A A -
Ly =2 24U+ Uiz +Uss— E )1 =0,
2m1 2m 2 ms
(1)
where h is the reduced Planck’s constant, m; and k; is
the atom mass and momentum, respectively, F is the
energy, and ¢ = 1(ky, ko, ks) is the wave function. We
consider the interaction U;; between the atom “i” and
“57, 4,7 =1,2,3 and i # j, as

3
0 = 3100, (0, (05) [ -850, 0=, (s ),
(2)
where q is the momentum transfer [31] and g;; < 0 is the
interaction strength; see Ref. [25]. The resulting opera-
tors Uijz/) are given in Appendix B. The cutoff function
0ap(k) for two real numbers 0 < a < b is defined as

Ou (k) = {1 for a < k| < 3)

0 otherwise,

and 6,(k) = 0o (k). Here we consider three-body bound
states with vanishing total momentum. We also consider
a singlet state for the species “2” and “3” in the following.
The Fermi seas demand the constraints ks > kp and
ks > kp on the momentum of the atoms “2” and “3”,
respectively. The threshold energy of the bound states is

h2
By, = 7]91:‘ =2Fp, (4)

where E'r denotes the Fermi energy and ms = my. To de-
scribe contact interactions we take the limit of the cutoffs
A; and A; to infinity. We introduce the s-wave scattering
length, a;;, using the following regularization identity:

2rh? 1 2 1
i — +—Aj = — as Aj = o0, (5)
Kij Gij T Qij

fori,j =1,2,3 and i # j; see Appendix A. Here, p;; is a
reduced mass, 1/p;; = 1/m;+1/mj, ms = ma, and A; ~
A;. Next, we define A as the three-body parameter that
fixes the range of the atomic interactions and regularizes
the three-body bound states [5, 29, 30]. We also define a
length scale, rp, as

T‘D:X. (6)

The value of A is chosen such that A > kg, implying
that rp < 1/kp. With this, we neglect the many-
body effects on the formation of a three-body bound
state. We determine rp as the range of the atomic in-
teractions, which we take as the van der Waals length,
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Figure 2. Energy £ = 2;/,12E/h2 in units of 1"52 vs 7p/ass for
three interacting pairs, where ms/mq = 1 and a12 &~ —367p.
The red curves show the solution in vacuum, kr = 0. The
blue curves show the result in the presence of Fermi seas,
krrp ~ 0.17. The single blue curve is the three-body bound-
state solution for kr # 0. The gray dashed curves are
the lowest-energy two-body bound-state solutions of the two-
body continuum in vacuum, cf. Eq. (A1l), and in the pres-
ence of Fermi seas; cf. Eq. (15). The onset of the two-body
bound-state continuum is shifted towards negative values of
a23. The onset of the three-body bound state is pushed to-
wards positive values of a2s. The dependence of the trimer
energy on as3 is modified noticeably.

Egdw) 1 (21145Cs/h?)1/*, where Cg is a dispersive coef-

ficient associated with the polarizability of the electronic
cloud of the atoms [5, 11, 32-35]. We also assume that
the range of the interactions is much larger than the
Compton wave length of the particles, rp > Aq, imply-
ing that relativistic corrections to the three-body bound-
state spectrum can be neglected. In what follows, we

refer to a two-body bound state of atoms “i” and “j” as

(% ”

a dimer-7j, and to a three-body bound state of atoms “i
“57 and “I” as a trimer-ijl. We also refer to a two—body
bound state of species “2” and “3” as a Cooper pair for
kr # 0, and as a dimer-23 for kp = 0.

We note that the interaction model (2) is separable, as
shown in Appendix B. This constitutes a system of the
two coupled integral equations of the functions F; and

FQZ

Qi2(g12, kos kr,
Qa3 (923, ki kr,

E)Fy(ka) =61 (ko; F2) + &a(ko; F1), (7)
E)Fi(k1) =&3(ky; F2). (8)

The two functions 215 and 93 describe the two-body
bound state continuum, dimers-12 and dimers-23, respec-
tively:

1 d*p3

Q12(g12, ko3 kr, E) = P @n)? Ki(k2,p3; E), (9)
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Figure 3. Energy £ = 2p12E/h2 in units of 7"52 vs rp/ai2
for go3 = 0 and ma/m1 = 1. The single red curve is the
three-body bound-state solution for kr = 0, and the single
blue curve is the solution for krprp = 0.02. The gray dashed
curves are the lowest-energy two-body bound states of the
two-body continuum in vacuum, cf. Eq. (All), and in the
presence of Fermi seas; cf. Eq. (17). The Fermi seas push the
onset of the two-body bound-state continuum as well as the
onset of the three-body bound state to positive values of ais.

1 3
Da3(g23, ki3 kp, E) = 74_/ Ps Ks(ki,ps; E), (10)

923 (2m)?

where for contact interactions we use the regularization
relation (5) to introduce the s-wave scattering lengths.
The three functions &, &2, and &3 describe the coupling
of a pair to the third atom within the range of the length

scale rp that is introduced by the three-body parameter
A:

€1(k; Fy) = — (dQ % Kl by E)Ba(s). (1)
.

a(kos F1) = —/ (d271r))13 Ky (ks, p1; E)Fi(P1),  (12)

Es(kas F2) = —2/ (d p)3 Ky (ki, ps; E)Fa(P3);  (13)

see Appendix B. The integral kernels K; and K;, i =
1,2, 3, and also the functions F; and F5 are represented in
Appendix B. We assume that F;(k) = F;(k), implying s-
wave symmetry of the states. We notice that the system
of the integral Eqgs. (7) and (8) can be interpreted as the
Skorniakov—Ter-Martirosian equation for the zero-range
limit of the interaction model (2); cf. Ref. [36].
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Figure 4. Energy & = 2u12E/h2 in units of rgz vs rp/ai2 for gos = 0. Red curves correspond to Efimov states, kr = 0, and
blue curves are the results for kprp =~ 0.01: (a) ma/mi = 6.64, (b) ma/mi1 =~ 22.26. As the mass ratio mz/m: increases,
excited three-body bound states appear. A zoom on the region where a highest-energy excited three-body bound state emerges

is depicted in Fig. 5.

III. RESULTS

The coupled integral equations (7) and (8) describe
three interacting pairs. For contact interactions and s-
wave symmetry of the states we calculate the two func-
tions o3 and 292 analytically; see Appendices C and
D. These functions describe the lowest-energy two-body
bound states and the two-body continuum, dimers-23
and dimers-12, respectively. Next, for a given value of
the three-body parameter A > kr we evaluate the func-
tions &1, &2, and &3 numerically, and solve the system of
the integral Eqgs. (7) and (8) in order to find the three-
body bound-state solutions. For that, we discretize the
interval (kr,A), and evaluate each integral as a trun-
cated sum following the Gauss-Legendre quadrature rule
[37—40]. We construct the corresponding matrix equation
and calculate the eigenvalues for different values of energy
E < Eiy,, resulting in the s-wave scattering lengths aqs
and ai>. We find the values of the functions F; and F5
at the grid points as the corresponding eigenvectors; see
Appendix E. We note that the two-body bound states ap-
pear as continuum states, whereas the three-body bound
states appear at discrete energy levels.

For three interacting pairs and for a fixed value of a2,
Fig. 2 shows the energy as a function of the inverse s-
wave scattering length 1/agz for ma/my = 1, and com-
parison with the result for kp = 0. It reveals a deforma-
tion of the Efimov spectrum in the presence of Fermi
seas. We notice that for vanishing kg, the two-body
bound-state continuum emerges at unitarity, ass — 400,
whereas the presence of Fermi seas expands the region of
the two-body bound states to negative values of as3. The
single red and blue curves show the three-body bound-
state solution for kp = 0 and kp # 0, respectively. For
kr # 0 the three-body bound state emerges at a larger
value of |as3| at E = Fiy,, and converges asymptotically
to the three-body bound-state solution in vacuum. As

a general tendency, the effect of the Fermi seas is more
pronounced as we approach unitarity. Our results are
consistent with Refs. [41-45], which explore different,
but related scenarios.

To find an analytical solution of the lowest-energy
two-body bound state, Cooper pair-23, we note that for
12,913 = 0 the system of the integral Egs. (7) and (8)
reduces to

&*ps Ok, n,(D3) _
(2m)3 2 p3 — Eo3

m2

— 4+ lim

g2z Aa—oo o

where Fs3 < 0 is the bound-state energy of the Cooper
pair. We use the regularization relation (5) and solve Eq.
(14) for s-wave symmetry of the states, resulting in

1 2 2 v =E&
=—kp + —+/—E&z3 arctan <23) , (15)

a3 7T ™ k‘F
where £33 = 2p23E23/h2 and pes3 is a reduced mass,

1/p23 = 1/ma+1/ms = 2/ma; see gray dashed curves in
Fig. 2. Far from the resonance, the Cooper-pair solution
for kr # 0 converges asymptotically to the lowest-energy
two-body bound state in vacuum, 1/as3 = /—Ea3, de-
scribed by Eq. (15) as kr — 0.

For a noninteracting mixture, go3 = 0, Eq. (8) has no
effect anymore. For s-wave symmetry of the states the
integral Eq. (7) reduces to

1 A
Mo Fo(ks) = — m/k dps p3

=2 2p12 = 2
+ kops + k3 — €
< In (pg ma v2P3 2 ) Fa(fs),

P} — 22kyps + k3 — €
(16)
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Figure 5. A zoom on the plot of energy £ = 2u12E/h? in units of 75> vs rp /a2 for (a) ma/mi = 6.64 corresponding to
Fig. 4(a), and (b) ma/m1 = 22.26 corresponding to Fig. 4(b). Both panels show the region where a highest-energy excited
three-body bound state emerges. The red vertical arrow locates the onset of a highest-energy excited three-body bound state
at zero energy, given by Eq. (19). The black vertical arrow locates the onset of the lowest-energy two-body bound state at zero

energy, given by Eq. (18).

where £ = 2u12F/h?, E is the energy of the three-body
bound state, and p12 is a reduced mass, 1/p12 = 1/mq +
1/ma; see Appendix D. The analytical calculation of the
function ;2 is given by Eq. (D4). We solve the integral
Eq. (16) numerically, using the Gauss-Legendre quadra-
ture rule; see Appendix E. Figure 3 shows the result for
vanishing and nonvanishing kr, where ma/m; = 1. In
the presence of the Fermi seas, the onset of the three-
body bound state is pushed to positive values of a;2, and
the three-body bound-state solution converges asymptot-
ically to the corresponding Efimov state in vacuum.

We note that for a given value of kr, as we increase the
mass ratio ma/m;y, excited three-body bound states ap-
pear [46]. Figure 4(a) shows the result for mo/m; ~ 6.64,
where two excited additional three-body bound states
are visible. In Fig. 4(b) we increase the mass ratio
to mao/my & 22.26, and obtain three excited three-body
bound states. The red curves in Fig. 4(a) and Fig. 4(b)
show the result in vacuum, which are the Efimov states.
The blue curves show the result in the presence of Fermi
seas. Near unitarity the Fermi seas have a noticeable in-
fluence on the spectrum. Far from the resonance and for
low energies, the effect of the Fermi seas is negligible. In
the presence of the Fermi seas the translational invariance
is broken, and the Efimov scaling law in vacuum does not
hold anymore, which we discuss in the following.

For go3 = 0 we describe the two-body bound-state con-
tinuum, dimers-12, by solving

Mi2(a12, k2; kr, £12) = 0, (17)

where Q15 is given by Eq. (D4), 12 = 2u12F12/h?, and
FE45 is the energy of the dimers-12. For the lowest-energy
dimer-12 we solve Eq. (17) as ks — kp. The result
converges asymptotically to the lowest-energy two-body
bound-state solution in vacuum; see gray dashed curves

in Fig. 3 for my/m; = 1. At zero energy we find an
analytical estimate for the onset of the the lowest-energy
two-body bound state. For that, we solve Eq. (17) as
ke — kp and &2 — 0, resulting in a critical s-wave

scattering length, agg),dimer = a12(F12 = 0):

2
SR S PO s e rall WY P
(c) 2&(1 4 m2) n m
a12,dimor mi my 1

T 1 2mo
/1 —]. 18

Equation (18) gives an estimate of the shift to the repul-
sive region of a5 that the lowest-energy two-body bound
state undergoes at zero energy in the presence of Fermi
seas; see black vertical arrows in Fig. 5(a) and 5(b). For
ms > my this amount approaches kg /.

Moreover, for go3 = 0 and a high mass ratio mg/mq >
1, we find an analytical estimate for the onset of a
highest-energy excited three-body bound state at zero
energy. For that, we note that near the Fermi surface we
can approximate the momentum of the species “2” and
“3” to be around kg but in opposite directions, ko ~
—k3. Because we have assumed that the total momen-
tum of the three-body bound state is zero, this results in
the vanishing momentum of the atom “1”7, k; ~ 0. Next,
we consider the pair-12, where mas/my > 1 and k; ~ 0.
With these assumption, the relative momentum of the
pair-12, defined as p12 = [ma/(m1 +ma)lks —[m1/(m1 +
mz)]ks, approaches zero. We note that the Fermi sur-
face, ko ~ kp, can be described in terms of the relative
momentum, pi2, and total momentum, P15, of the pair-
12 as |(,U,12/ml)P12 — p12| ~ kg, where P15 = ki + ko;
see Appendix F. This implies that for ms/my > 1 and
k1 ~ 0 we can approximate the total momentum of
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Figure 6. Demonstration of the generalized scaling law (20) and (21) for go3 = 0 and ma/m1 ~ 22.26: (a) energy £ = 212 F/h?
in units of r? vs rp /a2 for krprp & 0.01, (b) rescaled energy & = 2u12E/h? in units of 5> vs rescaled rp /a2, for ki — Mk;,
i=1,2,3, kr — Mkr, a12 — A\ taiz, E — N2E, where \ = exp(m/|so|) = 4.84998. The red vertical arrow in panel (a) locates
the onset of the (n + 1)-th excited three-body bound state at Enry = Qulethr/hQ. The red vertical arrow in (b) locates the
onset of the n-th excited three-body bound state of the rescaled spectrum at g'thr = A2&mnr. The gray dashed lines in both

panels show the value of Eip;.

the pair-12 to be Py ~ (u12/m1) tkr. We also note
that for large mass ratios ms/my, the threshold energy
of the three-body bound state, &y = 2u12Fne /A2 =
2(1 — p12/mq)k%, approaches the threshold energy of the

pair-12, Et(}f ) = Einr/2. To find the onset of a highest-
energy excited three-body bound state at E = 0, we
calculate the onset of the lowest-energy pair-12 for to-
tal momentum Py ~ (p12/m1) tkr and Ejp ~ 0. To
do this, we use the interaction model (2), and write the
Schrédinger equation describing the pair-12 for a contact
interaction in terms of the relative and total momenta;
see Appendix F. The solution for Pjs — (12/my)  tkp
and E15 — 0 results in an estimate for the critical s-wave
scattering length, ag‘;),trimer = a12(E =~ 0):

! zk—F |:1

(c) e
al?,trimcr

1 1 mso
- In(4(1+—
+41—|——m2 n<(+m1>

ma

us 1 +1 1

see Appendix F. For a high mass ratio ma/m; > 1,
Eq. (19) gives an estimate for the amount of the shift
to the repulsive region of a2 that a highest-energy ex-
cited three-body bound state undergoes at zero energy
in the presence of Fermi seas. Figure 5 reveals a zoom
on the region where a highest-energy three-body bound
state emerges for my/my = 6.64 and my/my ~ 22.26.
The red vertical arrows locate the critical value (19). For
a very large mass ratio mq/m;, the critical value (19)
eventually approaches kg /m, converging to the lowest-
energy two-body bound state at zero energy. Equations

for 2 > 1;
mi

(19)

(18) and (19) provide a quantitative analysis for the effect
of the Fermi seas on the near-resonant spectrum.

Finally, we elaborate on the observation that the Fermi
seas deform the Efimov spectrum. This effect is more
pronounced as we approach unitarity. As a result, the
Efimov scaling factor that governs the three-body bound
states in vacuum does not hold anymore. Here we show
that a scaling transformation kp — Ak, where X\ is the
Efimov scaling factor, gives rise to a generalized scaling
law for our system and interaction model (2). To this
end, we notice that kr — Akp implies a scaling trans-
formation of all momenta as k; — Ak;, for i = 1,2,3.
It also rescales the threshold energy as Finr — A2 Einr,
cf. Eq. (4), implying a general scaling transformation of
energy as E — A2E. To ensure that the system of the
coupled integral Eqgs. (7) and (8) remains valid, it re-
quires a scaling transformation of the s-wave scattering
length as a — A"la; see Egs. (C6), (C9), and (D4). This
results in a discrete scaling law for the three-body bound
states in the presence of Fermi seas:

A1
An 41 (kF) an(/\kF) '
NE,1(kr,1/a) =E,(\kp, N a),

(20)

(21)

where n € N is an index labeling the three-body bound
state, A = exp(m/|so|), and the parameter sg, that de-
pends on the mass ratio ms/ms, is determined in Ap-
pendix G. Our finding is in agreement with the result of
Ref. [47]. Figure 6 demonstrates the generalized scal-
ing law (20) and (21) for an atomic system of three
fermions with a noninteracting mixture, go3 = 0, and
mg/ml ~ 22.26.



1 1 P——

-0.2 0 0.2 0.4 0.6 0.8
' / ans

Figure 7. Visualization of the first scenario for the exper-
imental signature of a three-body bound state in an ultra-
cold fermionic mixture of Yb isotopes. The plot shows the
energy £ = Q;L(Yb)E/hQ in units of 1"52 vs Tp/ass, where
rp = Z%dw) ~ 4.145 nm. The s-wave scattering length of
71yh and 13YD is fixed as the value measured via photoasso-
ciation spectroscopy (PAS), a12 = a13 = agAS) ~ —30.6 nm.
The three-body bound state emerges at ass ~ —20.7 nm at
the threshold energy FEinr ~ 1.10 kHz.

IV. EXPERIMENTAL SIGNATURES

We propose three scenarios to observe three-body
bound states in mixtures of Yb isotopes, in particular
a mixture of '"1Yb and '"3Yb. In the terminology that
is illustrated in Fig. 1, '"3YDb plays the role of species
“1”, and species “2” and “3” are two internal states of
171y, The density of each of the '"1Yb species is nios /2,
whereas the density of 17Yb is much smaller. We denote
the s-wave scattering lengths of 1"1Yb and '™3YDb by a1
and a3, and the s-wave scattering length of two '"'Yb
isotopes by ag3. We also assume that a13 = aqs.

As measured via two-color photoassociation spec-
troscopy (PAS), see Ref. [33], 1"'YDb isotopes are al-
most noninteracting, while the s-wave scattering length
between 171Yb and YD atoms is aly*>) ~ —30.6 nm ~
—578.23ag, where ay denotes the Bohr radius [48]. We
note that !"1Yb and '7Yb have almost the same atomic
mass, where the reduced mass is p12 ~ 85.9657 u [49].
The reduced mass of two "'Yb isotopes is po3 =~
85.4682 u [49]. The van der Waals dispersive coefficient,

CéYb), that determines the atomic interaction in a Yb,
molecule is given by Refs. [33, 50]. We calculate the van

der Waals lengths to be £§V2dw) = %[2/4120((;“))/ h2]1/ tx

4.151 nm ~ 78.44ag and £55"") = L[2455C8™) RV ~
4.145 nm =~ 78.33ag. These values fix the correspond-
ing length scales rp. Next, for each internal state we
assume that the density of "!YDb species is ny/2 =

% x 1017 m—3. We calculate the value of the Fermi mo-

mentum as kp = (37%n4)'/?; cf. Ref. [9].
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Figure 8. Visualization of the second scenario in which

1Yh and '"Yb are interact attractively, while the two
1"1YD species are noninteracting. The plot shows the en-
ergy £ = 2;4(Yb)E/h2 in units of r52 vs rp/ai2, where
rp = éi‘;dw) ~ 4.151 nm and a13 = ai12. The onset of the
three-body bound state is at a12 &~ —3193 nm with the thresh-
old energy Finy ~ 1.09 kHz.

We adopt the s-wave scattering length of !"1Yb and

173Yb as reported in Ref. [33], ie., a;z = a5,
and calculate the three-body bound-state solution for
three interacting pairs [51]. Figure 7 shows the three-
body bound-state energy as a function of 1/as3. We
find that the onset of the three-body bound state is
as3 ~ —20.7 nm ~ —391.16ag, emerging at the threshold
energy Fip, =~ 1.10 kHz. As a first experimental sce-
nario, we propose to tune the interaction between two
171Yb isotopes via optical Feshbach resonances [52-56],
across the onset of the three-body bound state, which
should result in increased atomic losses.

As a second scenario we consider two noninteracting
171Yh isotopes, and calculate the three-body bound-state
solution for two interacting pairs '"'Yb - '73Yb. Figure
8 shows the energy of the three-body bound state as a
function of 1/ay2. It reveals that the three-body bound
state emerges at a12 &~ —3193 nm ~ —60336.40a at the
threshold energy Fip, =~ 1.09 kHz. Here the s-wave scat-
tering length a2 is much larger in amplitude than agAs),
and the threshold energy is smaller than the value ob-
tained in the first scenario. A three-body bound state is
observed, if the interaction between two 17'Yb and 1™3Yb
is tuned via interisotope Feshbach resonances [57], or via
orbital Feshbach resonances [58, 59].

As a third scenario, if the interaction between two
171YD and '3YD isotopes is tuned to a larger value in am-

plitude than agAS), e.g., a2 = QaSAS), we find that the
three-body bound state emerges at ass ~ —10.4 nm =~
—196.52a¢ with the same threshold energy of the first
scenario; see Fig. 9. Here the value of a15 is much smaller
in amplitude than the value obtained in the second sce-
nario. Also, the value of ao3 is smaller in amplitude

than the value found in the first scenario. A three-body
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Figure 9. Visualization of the third scenario. The plot shows
the energy £ = 2uY» E/h? in units of 752 vs 7p/aszs, where
rpD = E(de) ~ 4.145 nm. The s-wave scattering length of
"1¥b and '"2YD is fixed to be a1z = aiz = 2a(PAS) ~
—2 x 30.6 nm. The three-body bound state emerges at
as3 ~ —10.4 nm at the threshold energy Fin, ~ 1.10 kHz.

bound state is observed, if the interaction between two
171YD isotopes and also the interaction between "'Yb
and !"3Yb are tuned simultaneously.

We note that in all scenarios we have assumed that
the interatomic distances are much larger than the range
of the atomic interactions, 1/kr > rp. The onset of
the three-body bound states might slightly deviate if this
criterion is not met. Here there will be a competition of
71Yh isotopes to form a three-body bound state with
173Yb.

V. CONCLUSIONS

In conclusion, we have demonstrated and character-
ized three-body bound states of a single fermionic atom
interacting with a Fermi mixture of two fermionic species.
For this purpose, we have expanded and elaborated on
a model previously used to determine trimer states in
conventional superconductors, Ref. [25]. We have shown
that the expanded interaction model is separable, lead-
ing to a system of integral equations in momentum space.
Based on these equations we have presented their full nu-
merical solution, as well as analytical solutions of limit-
ing cases. Compared to three atoms interacting in vac-
uum, the presence of the Fermi seas renormalizes the
eigenstates and eigenenergies, in particular near unitar-
ity. Compared the Efimov scaling law of three atoms
in vacuum, we have shown that our system and interac-
tion model obeys a generalized discrete scaling law. We
have also proposed three scenarios to obtain experimental
signatures of the modified Efimov effect in an ultracold
Fermi system of Yb isotopes.
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APPENDIX A. INTRODUCING THE S-WAVE
SCATTERING LENGTHS

We consider the Schrodinger equation in momentum
space governing two atoms “A” and “B” in vacuum:

h2k2
(o *

2mA
where m; and k;, i € {A,B}, is the atom mass and
momentum, respectively, Eap is the energy, and ¢ =
¢(ka, kp) is the wave function. The interaction Upp be-

tween the atoms “A” and “B” follows from the interac-
tion model (2). The resulting operator Uap¢ reads:

h2k3
2m]3

+Uap — EAB) ¢ =0, (A1)

Uané =gana, (ka)0a, (kn) / (d 9 g, (ka —q)

x Oxg (kg +a)o(ka —a, ks +q), (A2)
where gap < 0 and q is the momentum transfer [31].
We assume the zero total momentum, ka + kg = 0, and
A = Aa. Next, we define the variables k; = q + k;,
i € {A,B}, and write the Schrédinger Eq. (A1) as

(;ﬂi‘; - EAB) d(ka) = — ganba, (ka) / éTE)]z
x Or, (KB)D(KB), (A3)

where pap is a reduced mass, 1/uap = 1/ma + 1/msg.
We define

= —4r ( e gAB) 9AA(kA)/ dhep 3004 (ka)o(ka),

(A4)
and rewrite Eq. (A3) as
(kX — €aB)o(ka) = F, (A5)
where gAB = Q/LABEAB/ﬁQ.
For Eap > 0 the solution of Eq. (A5) is
— (973503 il
oka) = (27)°6% (ka — K) + (A6)

ki—EAB—I—iE’



where 0 < ¢ < 1, |K|? = Eap, and §(3) denotes the three-
dimensional Dirac delta function. We insert the ansazt
(A6) into Eq. (A4):

F Pka ,
e =~ O lin) [ R0 (k) (2
4m (4@.;2123 gAB) ( ) (2 ) ( ) |:( )
f
s K)o T
x 0 (e K)+ki—5AB+ie]
(A7)

We note that in the zero-energy limit, Eap — 07, we
have F = —4maap, where aap is the s-wave scattering
length; see Ref. [60]. Next, for contact interactions and
s-wave symmetry of the states, we evaluate Eq. (A7) by
taking the limit of A to infinity:

4 h? 2 Aa k3 1
Lz lim dka +5 A -~ (A8)
2UABYAB T Aa—o0 Jo k4 +ie aAB

which yields
o2rh? 1 2 1
il —— 4+ —Ap = — as Ay — o0. (A9)
HAB gaAB T aAB

In this paper, we use Eq. (A9) as a regularization relation
to introduce the s-wave scattering length. With this, we
can eliminate the ultraviolet divergences due to contact
interactions.

We also notice that for the bound states, Eap < 0, the
solution of Eq. (A5) is

F

: A10
- (A10)

¢(kA) = L2

We insert the ansatz (A10) into Eq. (A4), take the limit
Ap — 00, and use Eq. (A9). This results in

1
—— =/ —E€aB;

All
e (A11)

cf. Fig. 10. Equation (A1ll) shows that for contact
interactions the lowest-energy two-body bound state in

vacuum emerges at unitarity, aap — o0, where |Eag| —
0T; cf. Figs. 2 and 3.

APPENDIX B. SEPARABLE INTERACTION
MODEL (2) AND DERIVATION OF THE
SYSTEM OF TWO COUPLED INTEGRAL EQS.
(7) AND (8)

We apply the interaction operators Uij, given by Eq.
(2), on the wave function ¥ = ¥ (ky, ko, k3), and write
the Schrodinger Eq. (1) as follows:

h2 k2 h2 k‘2 h2 k.2 N N ~
24+ -3 _E)¢=—(Uiz + Uiz + Ua3)¥,
2m1 2m2 2m3
(B1)
where
. d
Oyap g2, (k1 )0, (k2) / GO~
X 9/\2 (k2 + Q)d)(kl —-q, k2 +q, k3)7 (B2)
. d3q
st =gna0, (k)0 () [ 500, 01 — )
X HAS (k3 + Q)w(kl —q, k27 k3 + q)7 (B?))
. d3q
Uazth =ga3t, (k2)0,(ks) / (2n)? Or. (k2 — q)
X Op, (ks +q)v(ki, ko —q, ks +q), (B4)
and the cutoff function 6 is defined by Eq. (3). The

resulting operators (B2)-(B4) reveal that the interac-
tion operator U is separable [27]. Next, we define the
variables k; = q + k;, for i = 1,2,3, and also as-
sume m3 = mg and Ay ~ Ay = A3. We consider the
zero total momentum of the three-body bound states,
(ki ko, k3) = (ko k3)d®) (ki + ko + k3), where %
denotes the three-dimensional Dirac delta function. We
also define three functions Fy, F5, and F3 as

dSK,3
Fi (ki) =go3 WOAZ(*kl K3)0n;(K3)

X w(_kl — K3, K’3)7 (B5)

Fy(k2) =g13 (d21<a);; 0r, (k2 — K3)0n;(k3)Y(ke, K3),
(B6)

Fy(ks) 2912/(2 )39/\1( k3 — K2)0h, (k2)Y (K2, ks3).
(B7)

We use Egs. (B5)-(B7) and rewrite Eq. (B1) as follows:

<h2(k2+k3)2 R2k2 h2k2

—F ko, k
2m1 2m2 QTTL?, >,¢)( > 3)

= —0p,(k2)0a, (k3) F1(—ka — k3) — Oa, (ks — k3)
%0, (k3) Fa(ka) — 0a, (—ka — k3)0a, (ko) F3(k3).
(B8)

Equation (B8) provides an ansatz for the wave function:
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(ko k3) =

2777,1

We take into account the Fermi sea constraints by ko >
kp and k3 > kp. We also assume g3 = g12. If the species
“2” and “3” are in a singlet state, then F3 = F5. Now
we define p; = —ks — K3, p2 = —k1 — K3, p3 = K3, and
rewrite the unknown functions F and F5 as follows:

dp
Fi(ky) :g2a/ﬁ9knm(*k1 — P3)0kp. A, (P3)
X w(_kl - PSaP3)7

Fy(k2) =g12 / (d;;_)):;@[\l(—kg —P3)0kp As (p3)¢(k2(,]:3)5
11

(B10)

Finally, we choose a three-body parameter A > kg to fix
the range of the interactions and to regularize the three-
body bound-state solutions. We insert the ansatz (B9)
into Egs. (B10) and (B11), and arrive at the system of
two coupled integral Eqs. (7) and (8), where the integral
kernels K; and K;, i = 1,2,3, are:

Or, (—k2 — P3)0kp .0, (P3)

Kl (k2: P3; E) = ﬁQ(k2+p3)2 Kk% thg _ ) (Blz)
2my 2ma 2mo
Oa, (P1)0kp A, (—P1 — ko)
}{ k ,12 — 1 F,A2 I31
2( 2, P1; ) ;2741251? 4 %kf v hg(pzlrjl;kz)g _E7 ( 3)
. _ ekF,Az(_kl - p3)9k’F,A2 (p3)
K3(klap37E) _% 2 (ki +ps3)2 + ipg _ E7 (B14)
2m1 2m2 27)’7,2
. _ oy Oa(—k2 — P3)0kp,a(k2)0kp A (P3)
(B15)
- . On(P1)0k A (K2)0kp A(—P1 — k2)
K2(k27pl;E> = ) z 2 F~7 P
(B16)
Rs(ki. ps: E) _Orpa(=k1 — 133)9A(k1)9kp,1\(l33)_

h2k? | h2(ki+p3)2 | D253
2my + 2mo + 2mo - K
(B17)

APPENDIX C. CALCULATION OF THE
FUNCTION ()93

For s-wave symmetry of the states we write the integral
kernel K3(ky,ps;&) as

O, (k2)ba, (k3) F1(—ko —k3) 4+ 0, (ko — k3)04, (k3) Fa(ka) + 0a, (—ka — k3)0a, (ko) F3(ks)
h2(ka+k3)? '

BY)
h2k2 h2k2 (
+ o t oy — E

Pg + klpSUmax + Mk% - M235>
b

Ks(k1,p3;E) = p3ln H12 H12
( ) P3 + k1p3tmin + %k% — %5

(C1)
where € = 2u12E/h?, E is the energy of the three-body
system, vUpax and vy, denote the upper- and lower bound
of v = cosVp, k, , respectively, and po3 is a reduced mass,
1/p23 = 1/mg + 1/m3 = 2/mso. For contact interactions
we have:

AZ— R — 2
Umax = min | 1, 2712?3 —las Ay — o0, (02)
p3 2]€1p5

k2 _ k‘2 2
iy = MAX <_1’ Kp — RN — D3
p3

2k1p3
for kp <p3 <k —kp

—1,
or ps > k1 + kp,

k% —ki—p3

Skips for k1 — kp <p3 < k1 + kp.

(C3)
Next, without loss of generality we assume that ps =
pse., where e, is the unit vector in the direction of the

z-axis, and calculate the function 253 for contact inter-
actions:

Qa3 EQ23((1237 kiskp, 5)
Amh? 1 Az
=7 lim dps
2423923

2
751223 71-]4;1 As—00 kp
2 4 2
p3 + k1p3vmax + Hzs kl - Z?zg
X P3 In

H12

. (C4
P} + k1psvmin + B2 k2 — ms) (C4)

Hi12 H12

To calculate Eq. (C4) we consider two cases. For 0 <
k1 < 2kr we have:

4rh? 1 [htke
=5 +— dp3 p3
123923

71']431 kp
- P3 +kips + 2k - 12 E
303 + (522 — kT + 5ki — 1€

Hi12

Qo3

M1z 2
1 Az
+ — lim
7T]€1 Ag—o00 ki+kp

y p3 + kips + —Zfz k2 — —Zfzé’ ()
n .
p3 — kips + L2 2 — B2 g

Hi12 Hi12

dp3 p3




We calculate each integral and use Eq. (5). The result is

Le +k
M arctan w _r
NG 2
1
+ ((M% ——)k2+k2 M238>
H12 H12
kI + k%

(Hza _ @E
% In Hi12 Hi12
B3 2 + kpky + k%, — L2288 |7

12 H12

1 k k
Qg =— — o — — +
a3 2 ™

(C6)

where k = (% - k3 - %E . The lowest-energy two-

body bound state, Cooper pair-23, is described by

Da3(azs, k1 = 0;kp, & = E23) =0, (C7)

resulting in Eq. (15); cf. Fig. 2.
For k1 > 2kr we have:

R
I
2p23g23 k1 Jip

H23 1.2 _ M
i p3 +hips + L23k2 — Mg
k1p3 + stk.Q K23 o

Hi12 H12
1 ki1+kr
+*/ .
7Tk1 k

1—krp

K23 1.2 _ pos
< 1o p3 + kips + #fz ki Hfgé‘
%pS £

daz 1yp2  1p2 0 pag
+(#12 )k kF Hiz

23

dp3 p3

f23 1.2 _ pas
NS (e Rl Rl vl (C8)
PR — Fps + 2T — EBE |

H12 H12

We calculate each integral and use Eq. (5), which results
in

1 2k { ( kl—kp)
Qo3 =— — —— — —— |arctan
a3 ™ ™ \/E
1
ski+k
—arctan<2 l\/ﬁ F> ;r}—i—
1 Moz li,o o p23 )
— [ (— — D)k} + k% — —€&
k1 <(M12 2) U
Bkt +kpk + by — B8
><1n<M3k2 P +k§—5—3§5 . (C9)
H12 1 F e

APPENDIX D. CALCULATION OF THE
FUNCTION ()5

For a noninteracting mixture, go3 = 0, the system of
the integral Egs. (7) and (8) reduces to

11

[giz +/ (d2p)3 K1 (ka, ps3; )] Fy(kz)
d*p3

(2m)?

where the integral kernels K; and K, are given by
Egs. (B12) and (B15), respectively. The cutoff function
O, (—ka — p3), which appears in K7, imposes an upper
bound, upax, on the angle between the two momenta ko
and p3, u = cosVp, k,:

A2 _ k?2 2
Umax = min | 1, L ) —las Ay — c0. (D2)
p3 2k2p3

Ki(ks, P3; E)Fa(ps), (D1)

Next, without loss of generality we assume that ps =
pse., where e, is the unit vector in the direction of the
z-axis. For contact interactions and s-wave symmetry of
the states we write Eq. (D1) as Eq. (16), where

Q12 =Q2(a12, ko; ka £)
As

_ A4mh? n / J
- 2p12912 27T”12k2 A2—>°C kr P
+ 22 ops + k3 — €
X p3In pz T P T . (D3)
Py — Ekops + k3 — &

Here, £ = 2u12F/h? and E is the energy of the three-
body system. We calculate the integral (D3), and use
Eq. (5) to obtain:

1 k
Qo = ke V1

P2k + kr
=— - + ~— |arctan | —4——
a2 ™ ™ v
B2ky —kp 1
—arctan | “t—nuw—— | — —_—
rctan ( NG ) T + 47r’7%2k‘2

x {(2(51112)2 - 1) k2 — k2 +5}

kg + 22 fpky + k2 — €
X In 1
k2 —

Bazgpky + k3 — €
where n = [1 — (u/m1)?]k2 — €.

(D4)

APPENDIX E. NUMERICAL SOLUTION OF
THE SYSTEM OF INTEGRAL EQS. (7) AND (8)

Recall that we only consider the isotropic solutions of
Egs. (7) and (8), i.e., F;(k) = F;(k). To solve the system
of the two coupled integral Eqgs. (7) and (8) we replace
the three-dimensional integrals over momentum by the
absolute value of each momentum. Next, we calculate the



two functions 3 and {215 analytically; see Appendices
C and D. The analytical results reveal the lowest-energy
dimer state and the two-body bound-state continuum.
We solve the coupled Egs. (7) and (8) for a given three-
body parameter A > kp. For that, we discretize the
integral ranges on the grid points {x§N)}, ji=1,2,... N,
that are the sets of zeros of the Legendre polynomials
Py (x). We approximate each integral by a truncated

sum that is weighted by wJ(.N):

(N) 2 1

] N Ny’
B A NG

(E1)

where Py (z) = dPn(x)/dz [37, 38]. This choice is the so-
called Gauss-Legendre quadrature rule, supporting the
highest order of accuracy among the other quadrature
rules [37].

We apply the Gauss-Legendre quadrature rule on each
integral and construct a matrix equation analog to an in-
tegral equation. For given values of E below the thresh-
old energy (4), we calculate the eigenvalues resulting in
the corresponding values of the s-wave scattering lengths.
The unknown functions F; and F5 will be obtained as the
eigenvectors of the matrix equations.

APPENDIX F. DERIVATION OF EQ. (19)

The atoms “1” and “2” interact attractively via con-
tact interactions according to Eq. (2). We follow Ap-
pendix B and rewrite the Schrédinger equation describ-
ing the pair-12 in terms of the relative momentum, pis =
(p12/m1)k1 — (1 — p12/ma)ks, and the total momentum,
P12 = kl + k2, as

Amh? B
2112912

d*p12 1
(2m)3 piy + D2 (1 = B22) Py — £
(F1)
where €12 = 2412 F12/h?, E12 is the energy of the pair-12,
and g2 is a reduced mass, 1/pu12 = 1/mq + 1/mgy. The
Fermi sea demands a constraint on the momentum of the
atom “2”, ko > kg, which in terms of the relative and to-
tal momenta reads |’fn—112P12 — Ppi12| > kr. This constraint
imposes an upper bound on cos ¥p,, p,,. Without loss of
generality we assume that P15 = Pjse,, where e, is the
unit vector in the direction of the z-axis.

To solve Eq. (F1) analytically, we assume s-wave
symmetry of the states and consider two cases. For
Py < (Mlz/ml)_lk}r we have:

12

dp12 p12

B12

Arh? -1 /‘k'FJF my P12
2

2#‘12912 e ’/TP12 kp—t12p,

mi mq
2 H12\2 p2 2
P12 + (52)°Pry — ki
2 H12 M2 2
pia+ 52 (1= D2)PE, — Enn
1 kF+%P12 )
- = dp12 pTs
n kF*%Pw
1
X 2 Hi12 K12 2
pia+ G2 (1= D2)Pp, — Ern

2 [
d 2
- — P12 P12
™ kF+%l2 P2

1

X .
Pio + %(1 - l:Tlf)P122 — &2

(F2)

We calculate each integral, take the limit Ao — oo, and
use Eq. (5). The result is

R/a

Figure 10. Energy £ = 2uFE/h? in units of R™2 vs R/a for
two equal-mass atoms with a reduced mass p and the s-wave
scattering length a, where R denotes an arbitrary length scale.
The green curve is the result in vacuum, kr = 0, given by
Eq. (All). The blue curve shows the result of a Cooper
pair with vanishing total momentum described by Eq. (15),
where both atoms are immersed in an inert Fermi sea with
the Fermi momentum krR = 1. The red curve is the result
for a pair with the total momentum kg, where one atom is
in vacuum and the other is subject to an inert Fermi sea
with the Fermi momentum krR = 1; cf. Egs. (F3) and
(F5). The gray dashed lines show &y and Einr/2, where
Einr = 2uFne /R = kF.



1 ke 1 kp—22P
= =B 2 /g |arctan M ma 12
a2 T 0T Ve

kF+¢nll2P12>_ 1

Hiz
47 p P12

+

N

H12  2p12 2 2
—_ - 1Py —k £
><<m1(m1 )Py — kp + 12>

N =i 2 kp Pz + kg — £ (F3)
bepl 4 2o Pyt kE — &)

+ arctan (

where o = £2(1 — £12)PE — &5

For Piy > (p12/m1)~tkr we have:

s -2 /‘;}fpm_kF dp1a 3
2112912 T Jo 12
o 1
p%Q + %(1 - %)Pé — &2

1 /‘212 Piao+kp

- dp

3 12 P12
LRmPry Jmzp, ke

my
Pia + (B2)2Ph — k3,

mi
Pl + (1= APy — &1g

1 %P12+]€F
2
- */l dp12 p7s

T JM2py kg

my

1
X L L
p%Q + %(1 - I’rn%)PEQ — &2

2 [
_z d 2
P12 P12
T J82p, ke

my
o« 1
Py + £z (11— ﬁ,Tlf)Plzz — &’

(F4)

We calculate each integral, take the limit Ay — oo, use
Eq. (5), and arrive at:

1 kp 1 P2 —k
— =ty —4/0 |arctan my T2
a2 T 0T Ve

B2Piy+kp 1
— arctan T + 7| + %
H12 2412 2 2
X | —= —1P5 —k &
<m1( p— )Py — kp + 12>

I i kel Sl ) IS
Lepl 4 2Py kY — &1 )
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see Fig. 10.

As discussed in the text, for ma/my > 1 we estimate
the onset of a highest-energy excited three-body bound
state at zero energy by calculating the onset of the lowest-
energy pair-12. To do that, we expand Eq. (F3) or Eq.
(F5) for mg/ml > 1, as &9 — 0 and Py — (%112)_1kF7
which results in Eq. (19).

APPENDIX G. CALCULATION OF THE
PARAMETER S

The Efimov scaling factor is A = exp(w/|so|), where
the effect of the mass ratio msy/my is described by the
parameter sg. For s-wave symmetry of the states, if we
have a system of three species only with two-resonantly
interacting pairs, then sg is the purely imaginary root of
the transcendental equation

(71' ) 2 sin(dsp)
COS | =S = _—
27°) 7 sin29 sy

(G1)

where ¢ = arcsin[(mza/m1)/(1 + ma/m1)], ¥ € [0,7/2].
If all three species are resonantly interacting, we obtain
So as the purely imaginary root of the equation

{COS (gSO) N sin2219 Sin,(;zsoq o8 (280>

8  sin?(ys
= (2 0)7 (GQ)

sin? 2y S0

where v = arcsin{+/(m1/m2)/[2(1 +ma/m1)]}, v €
[0,7/4]. For a proof, see Ref. [5].
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We solve the Cooper problem in a cuprate lattice. We determine the ground state of a Cooper pair
for strongly repulsive on-site interactions, and demonstrate a priori that the corresponding wave

function supports an orbital symmetry of d2

7y2.

We also show that the next-nearest-neighbor

hopping changes the curvature of the dispersive bands, resulting in a Fermi-surface geometry that
is in better agreement with experiments. We also propose a scenario to observe an experimental
signature of the d-wave Cooper pairs for a cold-atom system in a cuprate lattice.

I. INTRODUCTION

A cuprate lattice is a two-dimensional Lieb lattice that
is characterized by a square unit cell with three sites
and a sufficiently large charge-transfer energy [1-4]; see
Fig. 1. The single-particle energy spectrum of the lat-
tice reveals two dispersive bands and one flat band in
between. A large charge-transfer energy provides a gap
between the dispersive upper band and the other two
bands; see Figs. 2(a) and 2(c). Technical advances in
the cooling and trapping of atoms [5, 6] have led to engi-
neer the square lattice via optical lattices [7—9], photonics
[10], and cold atoms [11, 12]. The material realization of
the lattice has also been proposed in a covalent-organic
framework [13, 14]. These experimental realizations pro-
vide useful platforms to study and examine the phenom-
ena occurring in a flat band or in a three-band structure
[15-22]. An important application of the cuprate lattice
is to describe the atomic configuration of a copper-oxide,
CuOa, plane. It is a layer of Cu and O atoms that are ar-
ranged in a square unit cell, where the three sites include
one dy2_,2 orbital configuration representing the Cu, and
two p, and p, orbitals representing two oxygens; see Fig.
1.

The CuOs plane is also the basic structural unit of
the high-temperature cuprate superconductors [4]. It is
accepted that superconductivity in cuprates is due to
the Cooper pairs that occur independently in different
CuO; planes [23-26]. However, the main mechanism of
the pairing is still under debates. There are arguments
in favor of the electron-phonon interactions as the main
pairing mechanism [27-31]. On the contrary, the or-
bital d-wave symmetry of the order parameter supports
the counterarguments in favor of the antiferromagnetic
magnons [32, 33] or plasmons [34-37].

The Cooper problem and its solution assume an effec-
tive electron-electron attraction due to the dominance
of the electron-phonon interaction over the screened
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Coulomb repulsion, leading to a Cooper pair with an
orbital s-wave symmetry [4, 38-42]. However, in high-
temperature cuprate superconductors the order param-
eter supports an orbital d-wave symmetry, originating
mostly from the strong electron-electron repulsion; see,
e.g., Refs. [43-45].

Experimental data reveal that cuprates at exact sto-
ichiometry is almost not a superconductor. The super-
conducting regime is achieved by doping the system, i.e.,
by injecting holes into a CuOy plane [3, 4]. Extracted
data from the angle-resolved photoemission spectroscopy
(ARPES) show that the geometry of the Fermi surface for
a CuOs plane is dependent on the doping. By changing
the hole doping the Fermi surface can be deformed from
being quite rounded to the form of a square near the half-
filling with vanishing hole doping. The desired geometry
of the Fermi surface in high-temperature cuprate super-
conductors consists of four Fermi arcs, revealing nodal
and antinodal regions [3, 4, 44, 46-51]; see Fig. 2(b)
and 2(d). Following P. W. Anderson, this can be real-
ized to a first approximation by an effectively single-band
two-dimensional Fermi-Hubbard model; see, e.g., Refs.
[25, 52]. This implies that the Fermi surface not only de-
pends on the hole doping, but it also varies slightly if the
on-site Coulomb interaction strength, Uc, changes. Here
the notion of the interacting- and noninteracting Fermi
sea corresponds to Uc = 0 and Ug¢ # 0, respectively.

The ground state of a Cooper pair in a CuO5 plane has
been considered by different approaches. The ground-
state solution of the Fermi-Hubbard, ¢-J, t-J-U, and
Hatsugai-Kohmoto model was found by variational cal-
culations [45, 53-55]. The other approaches are, for ex-
ample, based on the density matrix embedding theory
[56, 57], constrained path auxiliary field Monte Carlo
[58], the tensor network wave function ansatz [59], den-
sity matrix renormalization group method [60], and dy-
namical mean-field theory combined with the fluctuation
exchange approximation [61]. We notice that in many
calculations, an orbital d-wave symmetry of the order
parameter has been considered a posteriori to follow the
experiments.

In this paper we solve the Cooper problem in a cuprate



Figure 1. Sketch of the two-dimensional cuprate lattice in real
space. The unit cell is shown by a dashed square, including a
d,2_,2 orbital configuration on A-site, a p, orbital on B-site,
and a p, orbital on C-site. The nearest-neighbor hopping is
shown by t,4 and the next-nearest-neighbor hopping is shown
by tpp.

lattice. While the Cooper problem is usually considered
as a weak-coupling limit to describe an electron pair, here
we present an example that includes the repulsive strong-
coupling regime. We determine the ground-state solution
and the orbital symmetry of a Cooper pair a priori. To do
this, first we consider the Fermi-Hubbard Hamiltonian in
a single upper band of the cuprate lattice; cf. Figs. 1 and
2. We show that the next-nearest-neighbor hopping, ¢,
provides a better agreement of the Fermi-surface geom-
etry with the extracted data from ARPES. We demon-
strate that with ¢,, # 0 we can vary the curvature of the
Fermi arcs, and capture the desired Fermi-surface geom-
etry for a larger hole doping [62]. Next, we consider the
singlet Cooper-pair wave function on a submanifold S,
where the total momentum of a pair is vanishing. We do
not consider further constraints, and do not assume any
feature of the orbital d-wave symmetry on the ground-
state solution. We constitute an eigenequation describ-
ing a Cooper pair, and solve it numerically. We demon-
strate that the ground-state solution supports an orbital
symmetry of d;2_,2. We find a largest absolute value
of the ground-state energy of a Cooper pair correspond-
ing to a critical temperature within the order of 100 K.
Finally, we discuss an experimental signature of the d-
wave Cooper pairs for a cold-atom system in a cuprate
lattice using the techniques of time-of-flight image and
noise correlations.

This paper is organized as follows. In Sec. IT we calcu-

late the electronic band structure of the cuprate lattice
for t,, # 0. We define the interacting Fermi sea, and
demonstrate the effect of ¢, on the Fermi-surface geom-
etry. In Sec. III we consider the Cooper problem, and
derive an eigenequation describing a Cooper pair on the
submanifold S of the upper band. In Sec. IV we cal-
culate the ground-state energy and wave function, and
determine its orbital symmetry. In Sec. V we propose a
signature of the d-wave Cooper pairs for a cold-atom sys-
tem in a cuprate lattice. Finally, in Sec. VI we present
the concluding remarks.

II. ELECTRONIC BAND STRUCTURE AND
FERMI-HUBBARD MODEL

For our lattice configuration with three sites A, B, and
C in the square unit cell, see Fig. 1, we assume the on-
site energies to be Vo = Vy and Vg = Vo = V,,. We
also define three sets of creation and annihilation opera-
tors {al,,., anm}, {65, bnm}, {ch,s Cnm} corresponding
to the A-, B-, and C-site, respectively, where the indices
n and m refer to the x- and y direction in real space.
These operators fulfill the fermionic algebra, and we re-
fer to them further as site operators.

The spinless tight-binding Hamiltonian in momentum
space is

ax
Hy, = Z ( CLL bL CL Yhew | bk |, (1)
ke 1.BZ Ck

for all momentum points k = (kg, k,) within the first
Brillouin zone (1.BZ), where k;, k, € [-7/a,7/a) and a
denotes the lattice constant. The matrix hgy, is

hep, = J*(kz) Vp _Tf*(kx)g(ky) )
—9*(ky) _Tf(kx)g*(ky) Vb

(2)
where f(ky) = tpa(l — e =), g(k,) = tpa(l — e ),
and 7 = t,,/t>;. The parameters t,q and tp, show the
nearest-neighbor and next-nearest-neighbor hopping, re-
spectively. The functions f* and ¢* denote the complex
conjugate of f and g, respectively; see Appendix A.

The characteristic equation of the matrix hyy, is cubic
with three solutions El((U), El({F), and El((L), that exhibit
the electronic band structure of the lattice; see Appendix
B for analytical solutions. Here the index U, F, and L
stands for the upper-, flat-, and lower band, respectively.
Figures 2(a) and 2(c) show the band structure for van-
ishing and nonvanishing ¢, respectively. For both cases

there are two dispersive bands El({U) and El((L). Fort,, =0
there is a completely flat band, El((F) =V}, between El((U)

and El({L). However, for t,, # 0 we find that the flat band
is deformed, and the curvature of the dispersive bands is
changed.
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Figure 2. Electronic band structure and Fermi surface of a cuprate lattice in the first Brillouin zone for Vi, = 3.45 eV and
tpa = 1.13 €V: (a) Band structure for ¢, = 0; (b) the corresponding Fermi surface for p ~ —0.679 eV; (c) band structure
for t,, = 0.8 €V; and (d) the corresponding Fermi surface for u ~ —0.679 eV. For t,, # 0 the flat band is deformed, and
the curvature of the dispersive bands is changed. Blue and red dots in panels (b) and (d) correspond to the occupied and

unoccupied states, respectively.

To constitute the Fermi-Hubbard Hamiltonian for a
CuO; plane on a single upper band, first we note that
here we are primarily interested in a submanifold S,
where the total momentum of an electron-pair vanishes.
To find the interacting part of the Fermi-Hubbard model,
we define three sets of creation and annihilation op-
erators corresponding to each band as {1/1%71(0,1/11171(0},

{f 1 VP ko }, and {9 1, U1 ko }, where o € {1,4} is a
spin index. These operators fulfill the fermionic algebra,
and create or annihilate an electron in the the upper-,
flat-, and lower band, respectively. In the following we
refer to them as band operators. The band operators can
be related to the site operators using the components of
the eigenvectors of the matrix h¢y; see Appendix C. We
assume that the charge-transfer energy, Vg, = Vg — V), is
sufficiently large so that we neglect the interband pair-

ings; cf. Figs. 2(a) and 2(c). We find the interaction
Hamiltonian on the submanifold S of the upper band to
be

- 1

Hy == > Viawth o 05 orbv v (3)

k,k’€1.BZ

see Appendix C for derivation. Here, A denotes the area
of the first Brillouin zone and the interaction function
Vi xr is

Viow = UV + U, (V8 +v8). @)

where the functions V1(<(,11)</v Vl((’: lﬁl) , and Vl(f li,) are derived in
Appendix C. The on-site Coulomb interaction strength
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Figure 3. Electron density, ne, vs chemical potential, p, in
units of eV, for a single upper band of the cuprate lattice,
where Vg, = 3.45 eV and t,q = 1.13 eV. The blue curve
corresponds to t,, = 0, and the red curve corresponds to
tpp = 0.8 ¢V. For a given value of u, we have ne(tpp # 0) <
Ne(tpp = 0).

for d,»_,» orbital configuration is Uy, and for both p,
and p, is Up.

Next, we define the Fermi sea by introducing a chem-
ical potential, u. We define the interacting Fermi sea,
FSint, as the momentum space occupied by electrons:

FSint ={k c18z: 28 + ,%V“*k < 2u}, (5)
where the interaction function Vy i is obtained as Eq. (4)
for k’ = k. The unoccupied region where an electron-pair
can form is defined as the first Brillouin zone where the
Fermi sea has been excluded; i.e., k € 1.BZ\FS;,;. Fig-
ures 2(b) and 2(d) show the interacting Fermi surface
for t,p, = 0 and t,, # 0, respectively. The nonvanishing
t,p changes the curvature of the dispersive bands, result-
ing in a Fermi-surface geometry that is in better agree-
ment with the experimental data extracted from ARPES
[3, 4, 44, 46-51]. Moreover, we vary p and calculate the
corresponding electron density, n., for both ¢,, = 0 and
tpp # 0, resulting in Fig. 3. For a given value of p we
find that ne(tpp # 0) < ne(tpp = 0). As a result, while
the desired geometry of the Fermi surface is preserved,
we can increase the hole doping for ¢,, # 0 [62].

Finally, we take into account the interacting Fermi sea
and obtain the total Fermi-Hubbard Hamiltonian to be

1
&0 1oV ko + v

Htot = Z
k€ 1.BZ\FSint
oe{t,{}

<)

k,k’€ 1.BZ\FSint

Vk,k’¢g,k/¢¢%7_k/T¢U,7kT¢U,k¢a

(6)

4

where fliU) = El((U) — p and Vi i s given by Eq. (4); see
Appendix C.

IIT. COOPER PROBLEM AND PAIRING
EQUATION

The original Cooper problem and its solution show
that two electrons that are immersed in an inert Fermi
sea form a bound state with an orbital s-wave symmetry
for an arbitrarily weak attractive interaction [4, 38—42].
The effective attraction is due to the electron-phonon in-
teraction that is dominant over the screened Coulomb
repulsion. The interaction is modeled as a negative cou-
pling constant in momentum space for the relative kinetic
energy of the electrons smaller than the Debye energy.
The Cooper problem is usually considered as a weak-
coupling limit of an electron pairing. However, experi-
mental data as well as various theoretical results reveal
that the Cooper pairing in a cuprate lattice is mainly
due to the strongly repulsive electron-electron interac-
tions; see, e.g. Refs. [43-45]. Our objective is to show an
example of the Cooper problem that includes the strong-
coupling limit of the repulsive on-site interactions for the
single-band Fermi-Hubbard model (6). To this end, we
follow the Cooper problem, cf. e.g., Refs. [38, 41, 42],
and consider a singlet-state Cooper pair as

@)= >

Kk€1.BZ\FSins

¢(”)¢&,NT¢S,_R¢ [FSine),  (7)

where ¢(k) is the wave function of the Cooper pair in mo-
mentum space and |FS;,;) denotes the interacting Fermi-
sea state; cf. Eq. (5).

To find the ground-state energy and wave function, we
constitute the eigenvalue problem

Hioy |2) = £]2), (8)

where £ is the eigenenergy. We calculate the result-
ing operator Hiot, |®), see Appendix D, and obtain an
eigenequation describing the Cooper pair:

< O ey le,k - 5) o(k)

A
1
D)
k,k’€1.BZ\FSin;
K’ £k

Vi o(K'); (9)

see Appendix D. In what fallows we solve Eq. (9) numer-
ically, and determine the ground-state energy, Eg < 0.

IV. GROUND-STATE ENERGY AND WAVE
FUNCTION

To solve Eq. (9) numerically, first we discretize the
first Brillouin zone as k; = (k% k), where



aky 3

Figure 4. Interaction function Vi ix/N 2 in units of eV, cf.
Eq. (4), for the strong-coupling limit of the Fermi-Hubbard
model (6) and repulsive on-site interactions, where N = 100,
Vip = 345 eV, tpg = 1.13 eV, t,p, = 0.8 eV, Us = 10.3 eV,
and U, = 4.1 eV.

kD) k) = 2[—w+2ﬁ”(]‘—1)] for j=1,2,...,N. (10)
Here, a denotes the lattice constant and N € N is the
number of the grid points in x- and y direction, i.e.,
N, = Ny, = N. With this, we calculate the electronic
band structure numerically, and find the interaction func-
tion Vk x at each grid point using Eq. (4). Next, for a
given value of ;1 we determine the Fermi surface follow-
ing the relation (5). We note that the number of the grid
points within the first Brillouin zone is proportional to
NyN, = N2, The size of the matrix associated with Ho
is proportional to N*, cf. Eq. (6), that increases dras-
tically by increasing the number of the grid points. In
order to stabilize the numerical calculation, the number
of the grid points should be sufficiently large. For that,
we calculate the Fermi surface numerically, and exclude
it from the first Brillouin zone. We constitute Hio; on
the reduced momentum space that corresponds to the
unoccupied states; see Appendix E.

As expected, we find that the ground-state solution for
the attractive regime, Uy, U, < 0, tends to a Cooper pair
supporting an orbital s-wave symmetry; see Appendix F.

For strongly repulsive on-site interactions, Ug, U, > 0,
Uq/tpq > 1, the interaction function Vy , cf. Eq. (4),
has a concave structure; see Fig. 4. Here, the two elec-
trons repel each other strongly and there is no tendency
for the kinetic energy of the pair to be minimized. If the
two electrons form a bound state, the geometry of the
Fermi surface does not support an isotropic ground-state
solution, preventing an orbital s-wave symmetry of the
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Figure 5. Ground-state wave function, ¢(aks,aky), of a

Cooper pair for N = 100, Vg, = 3.45 eV, tp,q = 1.13 eV,
tpp = 0.8 eV, Ug = 10.3 eV, U, = 4.1 €V, and the hole do-
ing dp, ~ 0.104, where a denotes the lattice constant. The
nodal points are visible along the Fermi arcs. The Blue color
corresponds to the values with zero phase, and the red color
corresponds to the values with the phase 7. The orbital sym-
metry of the wave function is d,2_,2.

wave function. For the lattice parameters Vy, = 3.45 eV,
tpa = 1.13 eV, and t,, = 0.8 eV that follow approxi-
mately the values given by Ref. [45], Fig. 5 shows
the ground-state wave function for the strongly repulsive
regime. We find that the wave function of the Cooper
pair reveals nodal points along the Fermi arcs. Here a
nodal point partitions a Fermi arc into two regions with
a phase shift of 7. As a result, we find that the wave
function supports an orbital symmetry of dy2_,2.

Finally, we vary the hole doping, d,, by changing the
chemical potential, u [62]. We calculate the correspond-
ing ground-state energy, Fq, resulting in Fig. 6. It re-
veals that a largest absolute magnitude of the ground-
state energy, |Egnax)\ ~ 0.01 eV, occurs near the hole
doping d;, ~ 0.35. We also find that the critical tem-
perature corresponding to \E(Gmax)| is within the order of
100 K. The behavior of the ground-state energy captures
Ref. [45] qualitatively.

V. EXPERIMENTAL SIGNATURE IN A
COLD-ATOM SYSTEM

Going beyond high-temperature cuprate superconduc-
tors, we propose an experimental signature of the d-wave
Cooper pairs for a cold fermion in a cuprate lattice. Here,
a first step is to engineer the cuprate lattice using the
optical lattices; cf., e.g., Refs. [7-9]. Next, the desired
Fermi-surface geometry that includes Fermi arcs should
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Figure 6. Ground-state energy |Fg| of a Cooper pair in units
of eV vs hole doping, ¢, [62], where N = 100, Vy, = 3.45 eV,
tpa = 1.13 eV, tp, =0.8 eV, Ug =103 eV, and U, = 4.1 eV.
A largest value of | Eg| corresponding to a critical temperature
of the order of 100 K is obtained near the hole doping of 0.35.

be constructed using the techniques of time-of-flight im-
age and noise correlations; see, e.g., Refs. [63-66]. Fol-
lowing the reasoning of the Cooper problem, for an atom
with the momentum k and spin ¢ in the ground state,
there is another atom with the momentum —k and spin
—o , for which we consider the corresponding density
operators 7(k, o) and n(—k, —c). The time-of-flight im-
age of a cold-atom system is performed when the optical
trap is turned off and the atoms fall freely in gravity for
a certain time, if the system is dilute and the interac-
tions are far from the resonance. After a sufficiently long
time of flight, this provides a single realization of the mo-
mentum density (n(k, o)) and (f(—k,—0c)). As a result,
to construct the interacting Fermi sea and to determine
the orbital symmetry of a Cooper pair, a time-of-flight
image is not merely adequate. For that, the density-
density correlation (f(k,o)n(—k, —0)) can be measured
at a temperature 7' > 0 around the Fermi surface using
the technique of noise correlations, resulting in an en-
hanced correlation for a Cooper pair. The behavior of
the enhanced correlation can be considered as a probe of
the regime where a Cooper pair is formed [65], leading to
an estimate of the binding energy. Detecting higher an-
gular harmonics in the correlation measurement will be
the signature of a higher angular symmetry of the Cooper
pair.

VI. CONCLUSIONS

In conclusion, we have solved the Cooper problem in a
cuprate lattice for strongly repulsive on-site interactions.
We have derived an equation describing a Cooper pair
in a single-band Fermi-Hubbard model, and have calcu-
lated the ground-state solution a priori. We have demon-
strated that the ground-state wave function reveals nodal
points along the Fermi arcs, supporting an orbital sym-
metry of dg2_,2. We have shown that the next-nearest-

neighbor hopping, t,,,, deforms the flat band and changes
the curvature of the dispersive bands. As a result, we
have found that the geometry of the Fermi surface for
typ 7 0 is in better agreement with experimental data.
This implies that we can achieve a larger hole doping
while the desired Fermi-surface geometry is preserved.
We have also calculated the ground-state energy for dif-
ferent values of the hole doping, and have found that
a largest absolute value of the energy corresponds to a
critical temperature of the order of 100 K. Furthermore,
and going beyond high-temperature cuprate supercon-
ductors, we have proposed an experimental signature of
the d-wave Cooper pairs for a cold fermion in a cuprate
lattice using the techniques of time-of-flight image and
noise correlations.
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APPENDIX A. DERIVATION OF THE
TIGHT-BINDING HAMILTONIAN (1)

We consider the cuprate lattice, see Fig. 1, and write
the spinless tight-binding Hamiltonian in terms of the
site operators in real space:

[f[tb = Z {Vdajzmanm + Vprmbnm + Vdc};mcnm

nm
+ tpaal, s bum + tpabl o Gnm — tpaah,, cum
- tpdcizmanm - tpdalmbnfl,m — tpdbiz—l,manm
+ tpdaILan,m—1 + tpdelym,lanm - tpprLanm
- tppcinmbnm + tppCLmbnq,m + tppbib_lmcnm
- tppbibfl,mcnﬂn—l - tppCL,mflbn_lym

(A1)

+ tppblt,mcn,mfl + tppcjz,mflbn,m} )

where n and m are two indices for the z- and y direction,
respectively. Next, we take the Fourier transform of each
operator, and obtain the tight-binding Hamiltonian in
momentum space:



Hy, = Z [Vdalak + Vpb]tbk + Vchck
ke 1.BZ
+t dakbk + dbkak da{;ck

— tpactax — tpae” e al by — tpae’ bl ay
+ tpae " yaLck + tpde Fuel g
—tpp (1 — ethe § gihapiky _ efik'y) bLCk
ety — ethv) Tbk}

(A2)
— =), g0 = tpal1 —
and arrive at Eq. (1).

—tpp (1 — e ke 4 ok

Finally, we define f(k: ) = tpa(l

e~ %) and T = tpp/tpd,

APPENDIX B. ANALYTICAL DESCRIPTION OF
THE BAND STRUCTURE OF THE CUPRATE
LATTICE

The characteristic equation associated with Eq. (2)
reads as

34 o(ky, ky)s2 + d(kz, ky)s + e(ky, ky) =0, (B1)

where
kg, ky) =— Vg —2V,, (B2)
d(ky, ku) = |f(km)|2 - |g(ky)|2 - 72|f(kx>|2|g(ky)|2
+ V7 + 2V, (B3)
e(ke,ky) =Vol f(ko)|? + Volg(ky)|? +7(7Va — 2)

x| f (ko) P9 (ky )1 —

and 7 = tpp/t?)d Next, we define a variable S = s —
c(kg, ky)/3, and rewrite Eq. (B1) as

VdVPQ, (B4)

S 4 3p(ky, ky)S + 2q(ky, ky) = 0, (B5)
where
plkz, ky) = d(kn ky) — [ (ks y))?, (B6)
1 3 1
q(ke, ky) :ﬁ[c(kw7ky)] - 66(]{790, ky)d(kom ky)

+ %e(kx, k). (BT)

Following the mathematical formalism represented in
Ref. [67], we calculate the three roots of Eq. (B1), re-
vealing the band structure of the cuprate lattice:

0(ky, k ke, k
El((U) —9 /—p(km,ky)cos( ( ; y)) _C( ; y),

(B8)

Ok, k) + 4 ko, k
E]((F) :2 _p(kwyky) COS( ( ;)J) + ﬂ—> - C( 3 y)7
(B9)

2

B =2,/ —p(ky, ky) cos <9(k$’k§’) * W) - c(k,g: ky),
(B10)

where cosO(kyz, ky) = —q(kz, ky)//—[P(kz, ky)]3;

Fig. 2(c). We note that for ¢,, = 0, the three solutions
(B8)-(B10) reduce to:

. Ky k 2
B YV ) el 1 ()

2 4tpd
(B11)
EX —v,, (B12)

—) VitV kg Ve
El((L) :7(1; p—2tpd\/sin2(2)+sn( y)+< dp) )

Atpq
(B13)

respectively; see Fig. 2(a). By comparing Eqs. (B8)-
(B13) we find that the next-nearest-neighbor hopping,
tpp, deforms the flat band E(F), and changes the curva-

ture of the dispersive bands E(U) and E(L)

APPENDIX C. DERIVATION OF THE
HAMILTONIANS (3) AND (6)

For the cuprate lattice, see Fig. 1, the interaction
Hamiltonian of the Fermi-Hubbard model reads in gen-
eral as

N/
Hint :jc Z

k,p,q€ 1.BZ

i) T
Y+, Yp—aq, 1P Tk (C1)

where af € {af,bf,cf} and a € {a,b,c} denote the
creation and annihilation site operators, respectively, q
is the momentum transfer [68], and Uc is an on-site
Coulomb interaction strength. We notice that for each



eigenvalue of hyy, cf. Eq. (2), there exists a correspond-
ing normalized eigenvector, which we denote as vl({U) =

(vl((l;U)’vl((z;U)’Ul((s;U))’ Vl((F) _ (vl((hF) Ul((Q iF) l((B;F)), and
vl((L) = (vl(‘l;L), vliz;L)7 vS‘L)). The index U, F, and L corre-
sponds to the upper-, flat-, and lower band, respectively.
The site operators can be related to the band operators

using the following relation:

t (1;U) (2 U) (3 U) f
a’lrw vl(‘l-F) (2 F) (3 F) Jko
b | = v Uy VF ko

T (1;L) (2 L) (3 L) 1
Cxo Vi L.ko

T
v11(k) vi2(k) v1s (e

(k)
va1(k) v2a(k) v23(k) 1
v31(k) vs2(k) wvsz(k)

(C2)

We can rewrite the interaction Hamiltonian (C1) corre-
sponding to three sites A, B, and C in terms of the band
operators using the relation (C2). We recall that here we
are primarily interested in a submanifold S, where the to-
tal momentum of an electron-pair is vanishing. Because
we are interested in the effective Fermi-Hubbard model
constituted in the upper band, we prevent the interband
pairings as well as the pairings in the flat- and lower
band. We write the three interaction Hamiltonians cor-
responding to d2_,2, p;, and p, orbital configurations
on the submanifold S of the upper band in terms of the
band operators:

~©)  Ug Q
iy =1 > V1(<k)fw%,kw%,_k/TilJU,fkﬂ/JU,ku
k k'€ 1.BZ

(C3)

where the label 2 denotes an orbital configuration which
can be d = d;2_,2, p;, and py. The on-site Coulomb
interaction strengths for d,2_,2 and p, (p,) orbitals are
assumed to be Uy and U, respectively, and the interac-
tion functions are

VG =on (K yon (K )iy (~k)of (), (C4)
V) =va1 (K va1 (—K Yo, (—k)vg, (k). (C5)

V) =u31 (K )us1 (—K oy (—k)vgy (k). (C6)

The functions v;; have been introduced in Eq. (C2), and
v;; denotes the complex conjugate of v;;. The interaction

Hamiltonian (3) is obtained as Hyp = H(d) + H(p”) +
AP where Ve = Vl((dl)(/ + Vl(cpf:/) + Vl((pf:/ and the Fermi

int
sea has been excluded from the first Brillouin zone.

We note that the tight-binding Hamiltonian (1) in the
basis spanned by the band operators is diagonal. For
the submanifold S of the upper band, we find the kinetic

energy to be

Hyn = Z El((U)ij7kg¢U,ka7 (C7)
ke 1.BZ
oc{T,{}

where the Fermi sea will be excluded from the first Bril-
louin zone by introducing a chemical potential, p. Fi-
nally, the total Hamiltonian (6) is obtained as Hiox =

ﬁkin + Hint~

APPENDIX D. DERIVATION OF THE
EIGENEQUATION (9)

To derive the pairing equation we calculate the result-
ing operator Hiot, |P), where Hiot = Hiin + Hint subject
to the interacting Fermi sea. For that, first we apply
Hyn on |®). The part corresponding to spin-up, HIEQ, i
obtained to be

aley = S

k€1.BZ\FSins
X w{T,nTw{G -kl |Fsint>
U
= Y e,

kE€1.BZ\FSin

U
&l )¢1TJ7kT1/JU,kT

> ¢(k)

Kk€1.BZ\FS
(D1)

where §,. denotes the Kronecker delta. To find the effect

of the spin-down part, Hﬁg, we define ' = —k, and

rewrite the singlet-state Cooper pair (7) in terms of &’.
We obtain that

HP @)= > el 9). (D)
K/€1.BZ\FSin¢
Equations (D1) and (D2) result in:
2 U U
Hal®)= > (67 +¢) 0. (03)

ke1.BZ\FSint

Next, we apply Hiye on |®). Here we split up the in-
teraction Hamiltonian to the diagonal and off-diagonal
parts. For the diagonal part we obtain:



E[‘(diag) |¢> _

int

D

K€E1.BZ\FSips

Z Vk k
k€1.BZ\FSin
1
+ J—
A ke1.1§Fsint
1
= Z

ke1.BZ\FSint

PR NS

2

KELBZ\FSin

Vi Z

Vi k |®),

where A denotes the area of the first Brillouin zone. For

Ay (off-diay 1
HGE o) =Y

k,k’€1.BZ\FSin¢
k#k/

=S
k,k/€1.BZ\FSint
k#k’

1
= > View |®) .
k,k’/€1.BZ\FSint
k+#k’
Equations (D4) and (D5) result in
- 1
Hiyy |®) == > Vel®).  (D6)

k,k’€1.BZ\FSins

Finally, we insert Egs. (D3) and (D6) into the eigen-
value problem (8), and arrive at the pairing equation (9).

APPENDIX E. NUMERICAL CALCULATION OF
EQ. (9)

As discussed in the text, to solve Eq. (9) numerically
we discretize the first Brillouin zone equidistantly follow-
ing the relation (10). In order to increase the number of
the grid points in each direction and to achieve the nu-
merical stability, first we calculate the interacting Fermi
surface using the relation

. 1
FSint :{k(ﬂ) € 1.BZ: 2E1({[<?> + 3z Vi ko < 2/1}7
(E1)
and exclude it from the first Brillouin zone. Next, we

constitute the pairing equation (9) on the reduced mo-
mentum space as

Vk,kw;rj,kiw{],7kT'¢U,7kT"/)U,k¢

K€1.BZ\FSipn,

T i)
Vk,k’ d}U.,k’J,wU,fk’T

Vk,k’ w%7k’¢¢gj’_

D

KE1L.BZ\FSin

S(R)UT el oy [FSint)

A(—K) %Y 1t 1) |FSime)

5k,—n¢(l€)1/%7k¢¢U,—kﬁwa_k#ﬁam |F'Sing)

(D4)
\
the off-diagonal part we obtain:
> () U aerU s ] ey [FSint)
k€1.BZ\FS
wr Y, oK) (i - w]];LLk'T’I;[}U,k’T) |F'Sint)
k/€1.BZ\FSin;
(D5)
1
( DS+ Nka,.,kj) o(k;)
1
b Y Viewold) =&l (2)

k; 7k;€1.BZ\FSint
k) #k;

for j = 1,2,...,N. Finally, we diagonalize Eq. (E2),
and obtain the eigenenergies £;. Among &;, the desired
ground-state energy, Fg, is the one which is negative and
has the largest absolute value.

Finally, we notice that the behavior of the desired
eigenvalues as a function of the chemical potential, u,
might display a zigzag effect due to the finite discretiza-
tion of the momentum space. To prevent this behavior,
for the noninteracting regime, we calculate the smallest
value of the eigenenergy, Fy, of Eq. (E2) for the occu-
pied states. Next, for the interacting regime, we add Ey
within the first bracket of Eq. (E2), and calculate the
ground-state energy for the unoccupied states.



APPENDIX F. GROUND-STATE SOLUTION FOR
THE ATTRACTIVE REGIME

As expected, for the attractive regime, Uy, U, < 0, the
ground-state solution supports an orbital s-wave symme-
try. Figure 7 shows the wave function for Uy = —2 eV
and U, = —1 eV.

Figure 7. Ground-state wave function of the Cooper pair in
the attractive regime of the Fermi-Hubbard model (6), where
N =100, Vgp = 3.45 eV, tpa = 1.13 eV, tpp, = 08 eV, p =
—0.679 eV, Uq = —2 eV, and U, = —1 eV. The wave function
supports an orbital s-wave symmetry.
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