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“Il faut beaucoup savoir pour savoir qu’on n’en sait pas beaucoup. Celui qui

ne sait rien croit tout savoir. ”

René Bellaiche



Abstract

Located at a distance of 2 kpc from us, the Crab Nebula is an astrophysical source

which has been observed since 1054. It provides an exceptionnally bright non-thermal

emission throughout the whole observational range of photon energies. The numerous

observations of the Crab Nebula, allows for a more complete and detailed study than

with any other non stellar object. However, it has recently been demonstrated that

the shape of its spectrum in the high to very-high energy (HE-VHE) range is not well-

described anymore by state-of-the art modelling of the nebula.

In this thesis, the non-thermal emission model of the Crab Nebula is reexamined, and the

spatial distribution of the seed photons coming from the thermal emission of the dust is

included for the first time in detail. The spatial overlap between the soft photons and the

ultra relativistic electrons is calculated in order to determine the inverse Compton flux,

as well as the spectral morphology of the Crab Nebula in the high to very-high-energy

(HE-VHE) range. Under the assumption of a constant magnetic field model, modelling

of both the synchrotron and IC emission components provides the average magnetic

field inside the Crab Nebula: B =
(
167± 6 (stat.)+15

−6 (sys.)
)
µG. The scale length of the

electrons distribution is inferred from the spatial extension of the synchrotron emission.

The dust emissivity is modeled with a two temperature gray body and is assumed to

be located in a shell of thickness ∼ 0.6 pc. The size of the nebula is determined by

calculating its 68% containment radius. In order to do so, the intensity is calculated by

integration of the inverse Compton emissivity along the line of sight.

The constant B−field model reproduces well the synchrotron emission, but underesti-

mates the IC flux in the high energy regime. Furthermore, it fails to describe the γ−ray

extension, especially in the 5-20 GeV energy range. This may be due to the presence of

electrons coming from the outer shell of the nebula, which would contribute to the low

energy IC flux. Therefore, a more detailed treatment of the magnetic field structure is

required to explain for both the IC part of the spectral energy distribution (SED) and

the size of the nebula when viewed in the gamma-ray regime. A more realistic approach

is used to model the magnetic field by a step function. Assuming that electrons at the

unseen outer shell of the nebula are located at an angular size of ∼ 0.2 deg, a lower limit
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on the low energy IC flux produced by the electrons confined in the radio nebula can

be estimated. Taking this into account, the best values for the parameters describing

the magnetic field in a step model are determined. The IC flux is recalculated, and it is

shown that the data are better described by a varying magnetic field.

The inverse-Compton component of the energy spectrum from the Crab nebula is used to

cross-calibrate the Fermi-LAT flux measurements with ground-based flux measurements.

It was shown that the relative shift of the energy scale among ground based telescopes

is smaller than the estimated systematic uncertainty of the instruments (15%).



Kurzfassung

Der Krebsnebel in 2 kpc Entfernung ist eine astrophysische Quelle, die schon seit dem

Jahr 1054 beobachtet wird. Er liefert besonders helle, nicht-thermische Emissionen über

den gesamten Bereich beobachtbarer Photonenergien. Die zahlreichen Beobachtungen

des Krebsnebels ermöglichen eine vollständigere und detailliertere Erforschung, als es mit

jedem anderen nicht stellaren Objekt möglich ist. Jedoch wurde vor kurzem gezeigt, dass

die Form seines Spektrums im hoch- bis sehrhochenergetischen (HE-VHE) Bereich nicht

gut durch die aktuellen Modelle beschrieben wird. In dieser Dissertation wird das nicht-

thermische Emissionsmodell des Krebsnebels überprüft und die räumliche Verteilung

der “Saat-Photonen”, die durch thermische Emission des Staubes erzeugt werden, zum

ersten Mal detailliert bercksichtigt. Der räumliche Überlapp von weichen Photonen und

ultrarelativistischen Elektronen wird berechnet, um den inversen Compton-Fluss (IC)

sowie die spektrale Morphologie des Krebsnebels im HE-bis-VHE-Bereich zu bestim-

men. Unter der Annahme eines Modells mit konstantem Magnetfeld erhält man durch

Modellieren sowohl der Synchrotron und IC-Emissions-Komponente das durchschnit-

tliche Magnetfeld innerhalb des Krebsnebels: B =
(
167± 6 (stat.)+15

−6 (sys.)
)
µG. Von

der räumlichen Ausdehnung der Synchrotronemissionen wird auf die Skalenlänge der

Elektronenverteilung geschlossen. Die Emissivität des Staubes wird mit einem grauen

Körper zweier Temperaturen modelliert, von dem angenommen wird, dass er sich in

einer Hülle mit eine Breite von ∼0.6 pc befindet. Die Bestimmung der Grösse des

Nebels erfolgt durch Berechnung des Radius, in dem sich 68% der Emissionen befinden.

Dafür wird die Intensität durch Integration der inversen Compton-Emissivität entlang

der Sichtlinie berechnet. Das Modell mit konstantem Magnetfeld reproduziert die Syn-

chrontronemissionen gut, aber es unterschtzt den IC-Fluss im HE-Regime. Ausserdem

versagt es, darin, die Grösse des Nebels bei Beobachtung im Gammastrabereich zu

beschreiben, besonders zwischen Energien von 5-20 GeV. Dies könnte am Vorhandensein

von Elektronen aus der äusseren Hülle des Nebels liegen, welche zum niedergenergetis-

chen IC-Fluss beitragen würden. Daher ist eine detailliertere Behandlung der magnetis-

chen Feldstruktur vonnöten, um sowohl den IC-Teil der spektralen Energieverteilung

als auch die Grösse im Gammabereich des Krebsnebels zu erklären. Ein realistischerer

Ansatz wird benutzt, um das Magnetfeld mit einer Stufenfunktion zu modellieren. Unter
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der Annahme, dass sich die Elektronen am äusseren Rand des Nebels in einer Winkelaus-

dehnung von ∼0.2 deg befinden, kann eine untere Schranke fr den niedergenergetischen

IC-Fluss, der von im Radionebel eingeschlossenen Elektronen erzeugt wird, abgeschätzt

werden. Unter Berücksichtigung dessen werden in einem Stufenmodell die besten Param-

eter fr dieses Magnetfeld bestimmt. Der IC-Fluss wird neu berechnet und es wird gezeigt,

dass die Daten besser durch ein varierendes Magnetfeld beschrieben werden. Die IC-

Komponente des Energiespektrums des Krebsnebels wird benutzt, um die Messungen des

Flusses von Fermi-LAT mit bodengestützen Flussmessungen querzukalibrieren. Es wird

gezeigt, dass die relative Verschiebung der Energieskala unter bodengestützen Teleskopen

kleiner ist als die geschtzte systematische Unsicherheit der Instrumente (15%).
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Chapter 1

Introduction

Cosmic rays are omnipresent in our Galaxy and display a power-law spectrum in their

energy distribution up to a “knee” at around 1015 eV, where the power law steepens.

One century after their discovery, cosmic-rays still raise many questions. Developing an

adequate theory for the origin of cosmic rays (CRs hereafter) is a problem that relies

on two fundamental parts that, coupled together may present a consistent description

of what we observe: a model of particle acceleration in a class (or more than one class)

of sources and a model for transport of these particles from their sources to Earth.

Supernova remnants are extremely important for understanding our galaxy because

they are believed to be responsible for the acceleration of Galactic cosmic rays.

The Crab Nebula is one of the most observed Galactic sources and is studied in almost

every branch of astrophysics. Thanks to the wealth of measurements covering an energy

range of more than 15 orders of magnitude, and high resolution X-ray imaging, it is

possible to develop a detailed model of the broad band spectrum of the nebula as well

as its morphology in different energy bands. The combination of measurements and

numerical codes has opened new avenues of investigation and exciting progress in the

recent years. The spatial and spectral structure of the non-thermal synchrotron emission

is known in exceptional detail while the emission from the nebula in the GeV-TeV

energies has just recently been spatially resolved. Furthermore, recent measurements in

the GeV-TeV range demonstrate that state of the art models of the Crab Nebula do

not describe well the IC component anymore [Aleksić et al. (2015)]. Moreover, the Crab

Nebula still raises many questions. The acceleration mechanism, the functioning of the

pulsar wind, and pulsar magnetosphere that powers pulsar wind nebulae (PWNe) are

still not well understood. The origin of its birth is also a long-standing problem.

This work therefore presents an updated model for the non-thermal emission of the Crab

Nebula, as well as description of its gamma ray morphology. First, the Crab Nebula
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Introduction 2

and its different components are introduced. Then, the data set used in this work for

the modelling of the broad band emission is presented. Finally, the key concepts for the

understanding of PWNe modelling are discussed.

1.1 The Crab Nebula

Located at a distance of d ≈ 2 kpc [Trimble (1968)], the Crab Nebula is the remnant of

a supernova explosion which occured on the 4th of July 1054 (SN1054). Many historical

sources describing the event have been found. In particular, chinese and japanese records

provide the 4th of July as the explosion date [Ho et al. (1972)]. For the first time, the

work of Duyvendak (1942) and Mayall and Oort (1942) authenticate the Crab Nebula

as being the remnant of SN1054. After the nebula was rediscovered by the English

astronomer John Bevis in 1731, it was observed by Charles Messier which, in 1758,

recorded it as the first object in his catalog of astronomical objects [Hester (2008)].

SN1054 had a luminosity and light curve which are approximately consistent of those

of a core-collapse supernova [Chevalier (1977)]. The presence of a generous amount of

hydrogen also strongly suggests a core-collapse origin.

1.1.1 Supernovae

Core-collapse supernova: Very massive stars having masses in the range of 8M� −
10M�

1 are fusing in their core elements up to nickel (56Ni) and iron (56Fe) [Unsöld

and Baschek (2002)]. When further energy production by nuclear fusion reaches a limit,

the center of the star can no longer oppose the radiation pressure to its own gravity

and it comes to a gravitational collapse. This is followed by an outward propagating

shockwave which heats up the shell of the core and propel it outward. This explosion,

called a supernova, releases energy of ≈ 1053 erg. About 99% of the energy is emitted

in the form of neutrinos, the remaining percent is converted into kinetic energy in the

shell and electromagnetic radiation.

Neutron star: Depending on the mass of the predecessor star, gravitational collapse

can lead to the formation of a neutron star, which was already discussed by Baade and

Zwicky (1934). The pressure in such a star is so high that neutrons are created through

the inverse β decay by the process e− + p → n + νe. The resulting neutrons are stable

because all the states in the phase space are occupied by the high number of electrons

in the star. The occupancy of each infinitesimal volume element dΩ = d3x d3p of this

6-dimensional space is determined by the Pauli principle for fermions: each unit cell

1M� stands for the solar mass and is ' 1.989 · 1033g.
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can be occupied maximally with two electrons (one for each spin orientation). This is

described by Fermi-Dirac statistics. In the neutron star, the densities are so high that

all volume elements are filled to a certain energy, which is greater than the maximum

allowed energy of the electrons at β−decay. Thus, the decay is suppressed. Note, that

the neutron star does not collapse into a black hole due to the Pauli principle. Inside

the star, the density of the strongly incompressible neutron matter is estimated to be

ρ & 1014 g cm−3 [Unsöld and Baschek (2002)]. The radii of neutron stars are typically

expected to be on the order of O(10) km which, assuming conservation of the angular

momentum of the parent star, results in a very fast rotation of the star. Such fast

rotating neutron stars are called pulsars because they emit radiation of radio to gamma

energies in a collimated beam similar to that of a lighthouse. The star in the center of

the Crab Nebula is such a pulsar. The individual components of the supernova remnant

(SNR) will be presented below. In particular, the radiation fields in the Crab Nebula are

discussed, since these are of considerable importance in the modelling of the spectrum.

1.1.2 Components of the Supernova Remnant SN1054

The Crab Pulsar (PSR B0531 + 21) has been first detected in the radio range by

Staelin and Reifenstein (1968) and Comella et al. (1969). It lies at the center of the

nebula and emits radiation up to GeV energies. Since its discovery, it has been intensely

studied in all accessible wavelengths from radio to gamma-rays. The Crab pulsar is

fastly rotating with a period of 33 ms, decreasing at a rate of Ṗ = 4.21 × 10−13 (all

numbers in this subsection are taken from Hester (2008)). Therefore, the pulsar loses

energy, which is referred to as the spin-down luminosity Lspin. On the assumption that

the pulsar is a uniform sphere with a 10 km radius and a mass of 1.4M�, the spin-down

luminosity of the pulsar can be written:

Lspin = 5× 1038 erg s−1 I

1045 g cm2

(
Ṗ

4× 10−13

)(
P

33 ms

)−3

, (1.1)

where I stands for the moment of inertia. The average spin-down luminosity over the

lifetime of the nebula is estimated to be approximately 1.2× 1039 ergs s−1. The pulsar

releases its energy in the form of an ultrarelativistic wind as well as magnetic field. The

wind is an ultrarelativistic cold plasma of electrons, positrons and possibly ions. It ter-

minates in a shock with the ambient medium. By crossing the shock front, the particles

gain energy (supposedly via the so-called Fermi acceleration, discussed in Section 1.3.1).

The synchrotron nebula It is assumed that the cold ultrarelativistic wind from the

pulsar is terminating in a standing shock, which is created by the transition between

the cold fast wind from the pulsar and the plasma filling the nebula. At the shock,
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Figure 1.1: Color composite of the Crab synchrotron nebula showing a Chandra X-
ray image in blue and white, a visible light image taken with HST in purple, and a
Spitzer infrared image in pink. The pulsar is seen as the white blue point source at the
center of the image. It can be seen that the emission is brightest near the center of the
nebula close to where the high-energy electron are injected. Moving outward through
the nebula, the emission becomes fainter owing to adiabatic and radiative losses as
almost only low-energy electrons survive long enough to reach the edge of the nebula.

The picture is taken from http://chandra.harvard.edu/photo/2018/crab/.

positrons and electrons are pitch-angle isotropized and are accelerated up to ∼ 104 TeV

with a power-law spectrum (see section 1.3.3). Downstream of the shock, the magnetized

relativistic plasma radiates away synchrotron emission. High spatial resolution Chandra

observations [Weisskopf et al. (2000)] suggest that the shock should be located at a

distance of rs = (0.14± 0.01) pc from the pulsar, whereas the previously assumed value

was 0.10 pc [Kennel and Coroniti (1984), Rees and Gunn (1974)]. The position of the

shock front is often associated with fine structures [Rees and Gunn (1974)], the so-called

wisps [Scargle (1969)], see also the central region of Fig. 1.1. The volume filled by the

synchrotron nebula is roughly elipsoidal, with a major axis of 4.4 pc and a minor axis

of 2.9 pc. Such remnants “filled in” with radio emission and whose energy source is a

pulsar, are commonly referred to as plerions [Weiler and Panagia (1978)]. The integrated

luminosity injected by the pulsar in the nebula is about Lspin ' 5 × 1038 erg s−1 (see

Eq 1.1 ). About 26% of the pulsar power is converted into synchrotron emission, whereas

a similar fraction goes into PV (pressure-volume) power done in the filaments.

Figure 1.2 shows a color composite image of the Crab synchrotron nebula. An apparent

feature is the difference in the spatial extent of the nebula when viewed at different

energies. The size of the nebula shrinks with increasing energy and reflects cooling pro-

cesses, since high-energy particles injected into the nebula at the wind shock undergo

both synchrotron loss and adiabatic energy loss due to expansion as they move out-

ward through the nebula. The synchrotron nebula presents an abundance of fine-scale

structures that can be extremely dynamic, varying greatly on timescales of days. These

http://chandra.harvard.edu/photo/2018/crab/
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(a) (b) (c)

(d) (e) (f)

Figure 1.2: The Crab Nebula seen in different energy bands: (a) radio https:

//public.nrao.edu/gallery/crab-nebula/ (b) infrared https://public.nrao.

edu/gallery/crab-nebula/ (c) optical https://www.spacetelescope.org/images/
heic0515a/(d) UV https://www.esa.int/spaceinimages/Images/2018/03/Crab_

Nebula_in_ultraviolet (e) X-ray https://www.spacetelescope.org/images/

potw1720f/ (f) gamma-rays https://svs.gsfc.nasa.gov/cgi-bin/details.cgi?

aid=10767.

features are often refered to as wisps, while the term filaments is reserved for features

seen in thermal emission from ejecta.

The filaments and the dust In addition to the synchrotron emission, the Crab

Nebula also presents line emission in optical and thermal radiation in the infrared/sub-

millimetre wavelength ranges. The line emission comes from the filaments, finger-like

structures that expand and enclose the synchrotron nebula (see Fig. 1.3). Most of the

emission from the filaments is the result of photonionization of the ejected material

by the high-energy synchrotron radiation. The line emission has its origin in the pho-

toionization: the high-energy synchrotron radiation ionizes the ejected material of the

supernova and recombination of the ions emits light at optical and UV energies [David-

son and Fesen (1985b)]. Furthermore, submillimeter thermal emission from heated dust

can be also seen in extinction against the synchrotron background. The dust appears to

be concentrated mainly in regions of high gas density. The ratio of dust to gas in the

https://public.nrao.edu/gallery/crab-nebula/
https://public.nrao.edu/gallery/crab-nebula/
https://public.nrao.edu/gallery/crab-nebula/
https://public.nrao.edu/gallery/crab-nebula/
https://www.spacetelescope.org/images/heic0515a/
https://www.spacetelescope.org/images/heic0515a/
https://www.esa.int/spaceinimages/Images/2018/03/Crab_Nebula_in_ultraviolet
https://www.esa.int/spaceinimages/Images/2018/03/Crab_Nebula_in_ultraviolet
https://www.spacetelescope.org/images/potw1720f/
https://www.spacetelescope.org/images/potw1720f/
https://svs.gsfc.nasa.gov/cgi-bin/details.cgi?aid=10767
https://svs.gsfc.nasa.gov/cgi-bin/details.cgi?aid=10767
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Figure 1.3: Overlaying images of various optical wavelength observations from HST.
The filaments are formed by line emission of atoms that have been ionized by the syn-
chrotron radiation. Shown are the forbidden lines of oxygen and silicon. [O III] λ 5007
is shown in red, [S II] λλ 6717,6731 in green, and [O I] λ6300 in blue. The synchrotron
continuum filling the nebula is shown in light blue. The X-ray emitting torus from

Fig. 1.1 is in the center of this picture. The image is taken from Hester (2008).

nebula vary approximately between 1.5% to 0.02%, and is up to 10% in the filaments

[Hester (2008)].

Outer shock The Crab Nebula is believed to have been produced by a core collapse

supernova. Its luminosity and light curve were consistent with those of a core-collapse

supernova. The presence of an important amount of hydrogen is also a strong manifes-

tation of this supernova type [Lundqvist et al. (1986)]. The total mass in the observed

ejecta is estimated to be 2-5 M� [Davidson and Fesen (1985a), Fesen et al. (1997)], and

the pulsar’s mass is thought to be of about 1.4 M� [Davidson and Fesen (1985a)]. This

is much less than the total mass of 8-13 M� [Nomoto (1985), Nomoto (1987), Kitaura

et al. (2006)] expected to be in the star before the explosion. The missing mass of the

Crab Nebula is a long standing problem, and could possibly be explained by a freely

expanding ejecta from the supernova forming an outer shell outside the visible edge of

the nebula. However, neither X-ray nor radio searches have indicated any evidence such

a shell. Smith (2013) discussed about the possibility that the event which gave birth to

the Crab Nebula was a type of under-luminous supernova.

A sketch of the nebula with its central pulsar is shown in Figure 1.4. The term “un-

shocked” wind reflects the fact that particles have not yet been accelerated by crossing

the shock front. In the synchrotron nebula, inelastic collisions of the electrons (and
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positrons) with the surrounding photon gas occur. This can produce photons to very

high energies. The theory of this process is the so-called inverse Compton scattering

(IC scattering) and is explained in Section 3.1. Weekes et al. (1989) were the first to

probe the IC very high energy radiation (Very High Energy, VHE) coming from the

Crab Nebula.

Figure 1.4: Sketch of the interior of the supernova remnant SN1054 showing the sites
and radiation mechanisms of non thermal emission associated with rotation powered
pulsars. (i) the region within the light cylinder where the magnetospheric pulsed ra-
diation from radio to γ-rays is produced; (ii) the relativistic wind of positrons and
electrons terminates at a shock front, where the wind of cold relativistic plasma meets
the surrounding material of the supernova remnant. The wind emits GeV and TeV γ-
rays through the IC mechanism; (iii) the surrounding synchrotron nebula which emits
broadband electromagnetic radiation from radio to multi-TeV γ-rays through the syn-
chrotron and IC processes. Source of illustration: Aharonian and Bogovalov (2003).

1.2 Observations from the Crab Nebula

The Crab Nebula provides exceptionally bright non-thermal emission accross the entire

wavelength from radio to the most energetic photons (see Fig.1.2). Its large angular size

(of 7 arcmin) provides a well resolved spatial structure in the radio to X-rays, allowing

studies of small-scale structural variability.
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Frequency
range

Instrument Reference

Radio Dvingeloo Radio Telescope (Baars and Hartsuijker,
1972)

WMAP Weiland et al. (2011)
Planck for the HFI instrument Planck Collaboration

et al. (2016)

Submillimeter MPifR Bolometer on the IRTF & UH
Telescope

Mezger et al. (1986)

to far infrared MPifR Bolometer am IRAM Telescope Bandiera et al. (2002)
Iso & Scuba Green et al. (2004)

Spitzer Temim et al. (2006)
Herschel Gomez et al. (2012)
WISE Gomez et al. (2012)

Optical Palomar Telescope Kirshner (1974)
Continuum and IDS (Mount Lemmon Observatory) Davidson (1987)

Filaments Palomar 5m Hale Telescope Hester et al. (1990)
RCA CCD at the 1.2m Telescope Veron-Cetty and Wolt-

jer (1993)
of the Observatoire de Haute Provence

Collection of data Davidson and Fesen
(1985a)

near UV and UV
radiation

UIT, ANS Hennessy et al. (1992)

X-ray to γ-ray ROSAT HRI, BeppoSAX LECS,
MECS,

Kuiper et al. (2001)

PDS, COMPTEL, EGRET Kirsch et al. (2005)
XMM-Newton

SPI on board of INTEGRAL Jourdain and Roques
(2008)

IBIS/ISGRI on board of INTEGRAL Jourdain et al. (2008)
BATSE Ling and Wheaton

(2003)
Fermi/LAT Buehler et al. (2012)

Yeung and Horns (2019)

VHE HEGRA Aharonian et al.
(2004a)

H.E.S.S. Holler et al. (2015)
VERITAS Meagher (2015)
MAGIC Aleksić et al. (2015)
Tibet Amenomori et al.

(2019)
HAWC Abeysekara et al. (2019)

Table 1.1: Compilation of observations of the Crab Nebula from radio to very high
energies.
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1.2.1 Spectral Energy Distribution

The spectral energy distribution (SED) can be expressed by different quantities. In this

work the spectral flux density, νfν and the specific luminosity (total energy output per

frequency per time) times the frequency, νLν are used to represent the SED. The spectral

flux density fν is the energy dEν that crosses a unit area dA per frequency interval dν

and time dt:

fν =

∫
dΩEν

dνdAdt
. (1.2)

It is linked to the differential number of photons arriving at the observer, per energy

interval per time and per unit area (dN/dE) by:

νfν = E2 dN

dE
. (1.3)

The spectral flux density νfν is usually expressed in the units of ergs s−1 cm−2. The

luminosity per frequency interval is related to the isotropic radiation flux density by:

Lν = 4πd2fν , (1.4)

where d is the distance between the source and the observer. The specific luminosity Lν

is usually in the units of ergs s−1 Hz−1. The measurements range from radio to VHE

emission. The data are taken from Meyer et al. (2010) and are replaced or completed

by new observations of the instruments WMAP, Planck, Herschel, Fermi/LAT, MAGIC,

VERITAS, Tibet, H.E.S.S. and HAWC.

The complete data set is displayed in Fig. 1.5 and is summarized in Table 1.1. Instead

of single data points, XMM-Newton, IBIS/ISGRI, and SPI X-ray observations are given

as power laws with envelopes, corresponding to their statistical errors. As it will be seen

in the next sections, the SED for radiation processes responsible for the X-ray emission

of the nebula can be determined by power laws in energy such that:

dN

dE
∝ E−Γ, (1.5)

where Γ is called a photon index. In a double-logarithmic representation, the photon

index of a power law equals the slope of the function, while normalization determines

the intercept with the y-axis.

The synchrotron spectrum extends up to∼ 1022 Hz (∼ 1015 eV) and presents four breaks.

The last break,however is rather intrepreted as a cut-off. In the radio band, the spectral

index is αr = 0.3 and is homogeneous over the nebula [Bietenholz et al. (2004)]. In the

optical, the spectrum softens to αo ∼ 0.6. There is a peak in the infrared around 1014,



Introduction 10

-12

-11

-10

-9

-8

-7

-5  0  5  10  15

33

34

35

36

37

 10  15  20  25

lo
g 1

0(
νf

ν/
(e

rg
 s

-1
cm

-2
))

lo
g 1

0(
νL

ν/
(e

rg
 s

-1
))

log10(E/eV)

log10(ν/Hz)

Figure 1.5: SED of the Crab Nebula with the different measurements used in this
work. The optical line emission from thermal filaments is shown in orange line.

attributed to the change between two different electron populations (see next section for

more details). The large thermal component from the filaments complicates the analysis

and complicates the accurate determination of the infrared. An additional feature is

present in the hard X-ray spectrum, and shows a softening at ∼ 130 keV [Meyer et al.

(2010)]. The origine of this feature in the electron spectrum must be related to the

acceleration and/or injection of the particles (see Chapter 3, subsection 3.1.2). The IC

spectrum starts from ∼ 1022 Hz to ∼ 1029 Hz and presents a peak around 1025−1026 Hz.

More details about the IC spectrum are given in Chapter 2.

Since the work of Meyer et al. (2010), roughly nine more years of Fermi-LAT obser-

vations are available. The statistical uncertainty on the flux above 100 GeV has been

reduced by a factor of three. The updated instrumental response function of Fermi-LAT

extends the high energy reach from formerly 300 GeV to 500 GeV. The systematic un-

certainties have been (greatly) reduced from previously ∆E/E = +5%
−10% [see e.g. Abdo

et al. (2009)] to ∆E/E = +2%
−5% [Ackermann et al. (2012)].

Yeung and Horns (2019) analysed the LAT data accumulated over ∼ 9.1years with a

properly refined model for the Crab pulsar’s spectrum. They obtain a > 5 GeV spectrum

of FL8Y J0534.5+2201i (the PWN component) which essentially matches the off-pulse

spectrum reported by Buehler et al. (2012). The spectral model assigned to the Crab
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pulsar is not expected to introduce any obvious bias in their analysis for energies above

20 GeV, due to its minor contribution of flux.

The MAGIC collaboration has published an updated energy spectrum of the Crab nebula

with improved overlap and reduced uncertainties in the low energy regime below 100

GeV [Aleksić et al. (2015)]. The MAGIC measurements flux from the Crab Nebula,

spans for the first time from 50 GeV to 30 TeV.

Very recently, the HAWC Collaboration has presented measurements which are the

highest-energy observation of a gamma-ray source to date [Abeysekara et al. (2019)].

In their analysis, they use two independent energy-estimation methods which take into

account extensive air shower variables such as the core position, shower angle, and shower

lateral energy distribution. Whereas their previously published HAWC energy spectrum

roughly estimated the shower energy with only the number of photomultipliers triggered.

The new methodology they have been using yields to a better energy resolution over

the previous analysis and extends HAWC’s capacity to accurately measure gamma-ray

energies well beyond 100 TeV.

In its Second Planck Catalogue of Compact Sources, the Planck Collaboration has re-

cently published the total intensity and polarized flux densities for the Crab Nebula

measured from the Planck full-mission maps at 30 to 353 GHz [Planck Collaboration

et al. (2016)]. The improvements in the data processing and calibration of the frequency

channel maps supersedes the previous versions of the catalogue. The Second Planck

Catalogue of Compact Sources is a list of discrete objects detected in single-frequency

maps and has been produced using the Planck full mission data, superseding previous

versions. The catalogue records sources detected in total intensity in each of its nine fre-

quency bands between 30 and 857 GHz and polarization measurements at the positions

of these sources for seven of the frequencies between 30 and 353 GHz.

Weiland et al. (2011) present WMAP seven-year observations of bright sources. The

Crab Nebula (and nine other objects) are studied in five frequency bands (23-94 GHz),

with an absolute calibration uncertainty of 0.2%.

Recently, the Tibet collaboration has found an upper limit above 140 TeV, after they

searched for continuous gamma-ray emission from the Crab Nebula above ∼100 TeV.

They have been using the data collected by the Tibet AS array and the 100 m2 muon

detector constructed under the Tibet AS array.

The High Energy Stereoscopic System (H.E.S.S.) collaboration has presented their re-

sults of H.E.S.S. phase II observations of the Crab Nebula. The H.E.S.S. phase I in-

strument was an array of four 100 m2 mirror area Imaging Atmospheric Cherenkov

Telescopes (IACTs) that has successfully mapped the sky at photon energies above100
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GeV. The construction of H.E.S.S. II started in 2005 and consists of the addition of a

600 m2 telescope to the centre of the existing array, which can be operated either in

stand alone mode or jointly with the four other telescopes. The large telescope lowers

the energy threshold for gamma-ray observations to several tens of GeV, making the

array sensitive at energies where the Fermi-LAT instrument statistics becomes poorer.

Finally, the VERITAS collaboration reported on the results of six years of Crab obser-

vations with VERITAS comprising 115 hours of data taken between 2007 and 2013.

1.2.2 Morphology

The measurements of the size of the Crab Nebula seen in different energy bands are

presented in Chapter 2, subsubsec. 2.2.2, and Chapter 3, sec. 3.2.

1.3 Modelling Pulsar Wind Nebulae

Pulsar Wind Nebulae (PWNe) are usually described as expanding bubbles of relativis-

tic plasma that form when the pulsar wind is confined by the SNR or the interestellar

medium (ISM). Modelling of PWNe requires the description of an acceleration mecha-

nism responsible for producing the observed non-thermal particles distribution function,

and a dynamical model describing the advection and evolution of the flow. Relativistic

particles within the nebula are thought to be accelerated to a power-law distribution

either via a Fermi-like acceleration mechanism occuring at the termination shock (TS)

[Arons and Tavani (1994) and references therein] or via shock-driven reconnection in a

striped wind [Pétri and Lyubarsky (2007), Sironi and Spitkovsky (2011)]. Lyutikov et al.

(2019) outlined a model of the Crab Pulsar Wind Nebula with two different populations

of synchrotron emitting particles, originating from Fermi-I acceleration for the first one

and from acceleration at reconnection layers in the bulk of the turbulent Nebula for the

second one. The downstream flow interacts with the surrounding magnetic and photon

fields, creating the PWN. Although the acceleration problem is still unsolved, there is

however a general agreement that X-ray emitting particles are accelerated at the wind

termination shock, while the origin of radio emitting ones remains currently debated

[Lyubarsky (2005)].

The non-thermal radiation of the Crab Nebula from radiowavelengths to hard X-rays,

is strongly linearly polarized and is therefore interpreted as synchrotron emission from

relativistic electrons being accelerated up to 1016 eV energies [Kennel and Coroniti

(1984), de Jager and Harding (1992)]. Whereas the TeV gamma-ray emission from
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the PWNe is interepreted as being due to synchrotron self-Compton (SSC) process,

according to which relativistics leptons inside the nebula produce “soft” synchrotron

photons. These seed photons are later up-scattered by the same leptons, to gamma-ray

energies via inverse Compton (IC) process. Photon fields of different nature are also up-

scattered by these leptons to to gamma-ray energies: the cosmic microwave background

radiation (CMB) and infrared or optical radiation.

1.3.1 Radiative models of PWNe

Two comprehensive types of PWN models have been used to describe the observed

broad band emission from the Crab Nebula. There are the models which consider

the magnetohydrodynamics (MHD) solution of the downstream flow [Rees and Gunn

(1974), Kennel and Coroniti (1984), de Jager and Harding (1992), Atoyan and Aharonian

(1996a), de Jager et al. (1996), Del Zanna et al. (2006), Volpi et al. (2008), Meyer et al.

(2010)], and the more simple “single-zone” models, either with a constant and isotropic

magnetic field in a static framework [Hillas et al. (1998), Aharonian et al. (2004b), Meyer

et al. (2010)] or investigating the temporal evolution of the PWN [Torres et al. (2014),

Bednarek and Bartosik (2003), Mart́ın et al. (2012)]. Furthermore, these different models

can also present a multidimensional description of the Crab Nebula [Porth et al. (2014),

Del Zanna et al. (2006)]. While ions may be present in the pulsar wind [e.g. Spitkovsky

and Arons (2004)], most models assume that the relativistic electrons and positrons

dominate the particles injected into the PWN. Table 1.2 gives a summary of the models

introduced in that section and compare their different features.

Single-zone Models simplify the description of the PWN by considering it as an

uniform object with a given size, and being eventually time-dependant. The basic as-

sumptions underlying this approach are [Reynolds and Chevalier (1984)]:

� the PWN is powered by the rotational energy of the pulsar,

� the bulk of the pulsar’s rotational energy is injected into the PWN in the form of

relativistic particles and magnetized plasma,

� the PWN is a spherical and homogeneous bubble filling the SNR produced by the

progenitor SN explosion.

This last feature differentiates the one-zone models from the more complex multidi-

mensional models. Although they all differ from each other, the one-zone models all

include:
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� the injection of particles and magnetic fields into the PWN,

� the evolution of the particles and magnetic field inside the PWN,

� and the interaction between the PWN and its surrounding SNR.

The global observed properties of these systems are fairly well reproduced, and they

also recover satisfactorily the duration and timescale of the various phases of interaction

with the SNR. However, more precise models need to be used to decribe the high-

energy X-ray properties, that depend on the post shock flow. However, the lack of

scope of measurements for most PWNe is such that, one-zone models are often the

only reasonable approach for the description of these objects. Furthermore, they also

constitute a good base for more accurate, multidimensional analysis.

Multidimensional models for PWNe were developed mostly in the past ten years, and

were mainly motivated by high-resolution optical and X-ray images from HST, CHAN-

DRA and XMM-Newton. While these multidimensional models, by necessity, assumed

steady-state conditions [Kennel and Coroniti (1984)], the one zone models incorpo-

rated both the evolution of the pulsar and the SNR. Time-dependend models solve

the diffusion-loss equation numerically without any approximation, taking into account

synchrotron, IC and Bremsstrahlung energy losses. The Klein-Nishina cross section is

used to describe the IC losses. Particles escaping the nebula due to Bohm diffusion are

also considered. In a study of Torres et al. (2013a), the 1D uniform magnetic field is

modeled by solving the magnetic field energy conservation, including its work on the

environment.

MHD models are motivated by a more physical approach, which is to describe the

magnetohydrodynamic (MHD) plasma in the (assumed) spherical nebula in which the

evolution of the magnetic field and the particles in the nebula can be calculated. Firstly

developed by Rees and Gunn (1974),Kennel and Coroniti (1984)] were being able to

predict the synchrotron emission of the nebula. Later, [Atoyan and Aharonian (1996a)]

extended it to describe the high-energy part of the spectrum. In the MHD description,

the magnetic field can be determined as a function of the distance to the shock front

at which the relativistic particle wind of the pulsar is terminated and the particles are

accelerated. The MHD calculation requires two additional parameters in addition to the

number of particles n(γ) per unit volume and energy interval [γ, γ+ dγ]: the distance of

the shock front from the center, rs and the magnetization parameter, σ, which is equal

to the ratio of Poynting flux to particle energy flux. Rees and Gunn (1974) assumed a

shock distance of rs = 0.10 pc, whereas Chandra observations indicate a distance from

the shock front rs = (0.14± 0.01) pc. Meyer et al. (2010), for a value of σ = 0.0045 and

the most recent value of rs, have attempted to adapt their model to the compilation of
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data based on the work of Atoyan and Aharonian (1996a). For the assumed value of σ,

the calculated value of the magnetic field agrees well with the spatially averaged field

of 160 µG. However, Meyer et al. (2010) can not satisfactorily describe the observed

spectrum, the data is instead better described by the simplified constant B-field model.

It has has the advantage that the calculation requires relatively little computation time

but with more free parameters. First introduced by Meyer et al. (2010), it follows

the approach suggested by Hillas et al. (1998) and Aharonian et al. (2004b). The crab

nebula is assumed to be filled with an homogeneous and constant magnetic field and two

distinct electron populations. Following Hillas et al. (1998), the spatial distributions of

both the seed photons and pulsar wind electrons are described by Gaussian distributions

in distance to the nebula’s center, whereas the relic electrons are uniformly distributed

throughout nebula.

However, the MAGIC collaboration has published an updated energy spectrum of the

Crab Nebula with improved overlap and reduced uncertainties below 100 GeV [Aleksić

et al. (2015)]. The broad band energy spectrum is recalculated based on the work of

Meyer et al. (2010) for the MHD and constant B-field model, and Torres et al. (2013b),

Torres et al. (2013a), Mart́ın et al. (2012) for a a time-dependent, leptonic spectral

model. [Aleksić et al. (2015)] show that the shape of the spectrum is not well described

anymore by the constant B-field model, as well as the MHD model. The time-dependant

model describes well the SED but does not treats the morphology of the Crab Nebula

at different frequencies.

Therefore, theoretical refinements on the Crab Nebula modelling need to be done to

simultaneously fit the observed morphology and the spectral energy distribution. The

broad-band IC spectrum can also be used to investigate the spatial structure of the

magnetic field. More realistic models have failed so far to describe satifactorily the

energy spectrum of the Crab Nebula. In this work, the constant B−field model is

reexamined. The spatial distribution of the photons coming from the thermal emission

is included for the first time in detail. The spatial overlap between the seed photons

and the electrons are calculated with a spatial overlap of the distributions. The electron

distribution is inferred from observations. The magnetic field is left free. It is first taken

as constant (and static), and is further considered with a more realistic approach. The

particle losses are considered with a phenomenological approach.

1.3.2 Acceleration in supernovae remants (SNRs)

It was generally assumed that the particle acceleration in the Crab Nebula was taking

place at the wind termination shock, supposedly via the Fermi first-order mechanism
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Model D B Radiation particle temporal
transport evolution

Single-zone 1 fixed fixed none none
Rees and Gunn (1974) 1 MHD Sync MHD none
Kennel and Coroniti (1984) 1 MHD Sync MHD none
de Jager and Harding (1992) 1 MHD Sync+IC MHD none
Atoyan and Aharonian (1996a) 1 MHD Sync+ICCMB MHD none
Torres et al. (2013b) 1 fixed Sync+IC convection yes

+diffusion
Porth et al. (2014) 2,3 MHD Sync MHD none
Del Zanna et al. (2006) 2D MHD Sync convection none

(axisymmetric)
our model 1 free Obs. Phen. none

Table 1.2: Different models used for modelling the Crab Nebula. D represents the
number of spatial dimension used in the model. B indicates the treatment of the
magnetic field. “Obs.”, “Sync.” and “Phen.” stands for “Observations”, “Synchrotron”

and “Phenomenology” respectively.

[Rees and Gunn (1974), Kennel and Coroniti (1984)]. Fermi acceleration is one of the

most widely discussed theory explaining the particle acceleration at shock fronts. Fermi’s

original idea was that charged particles could be accelerated through encounters with

irregularities in the Galactic field. Fermi demonstrated that the random movement of

these “magnetic clouds” was responsible for particles to be statistically accelerated by

scattering. The resulting net acceleration occurs at a speed which depends on whether

the scattering centers move in a random or regular trend, leading to two distinct Fermi

acceleration processes: the first-order and second-order processes. References to this

section are based on the work of Longair (2011) and Ferrand (2008).

Fermi acceleration

Imagine a cloud moving at a speed V along the vector normal to the cloud surface, with

the corresponding Lorentz factor γ(V ) = (1−V 2/c2)−1/2. The particle enters the cloud

with an angle θ and with an initial momentum pin cos θ . The recoil of the cloud due

to the encounter with the particle is negligible. In the cloud frame, the energy E′in and

impulsion p′
in of the particle are given by the Lorentz transforms:

E
′
in = γ(Ein − V pin‖)

p′in‖ = γ(pin‖ −
V

c2
Ein),

(1.6)

where p‖ denotes the component of p along V . From energy and momentum conserva-

tion, it follows that the energy before the impact is equal to the energy after the impact

E′out = E′in, but the parallel component of the momentum changes its sign p′out‖ = −p′in‖.
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Another Lorentz transformation into the laboratory system after scattering yields the

result:

Eout = γ(E′out + V p′out‖). (1.7)

Combining equations 1.6 and 1.7, gives the energy change ∆E = Eout − Ein in second

order in V/c:

∆E

E
= 2γ2 (V− v) · V

c2
=

2vV cos θ

c2
+ 2

(
V

c

)2

, (1.8)

where v is the particle’s velocity. Through a collision with a magnetic cloud, a particle

changes its energy:

� for head-on collisions (v ·V < 0), the particle gains energy (∆E > 0)

� for overtaking collisions (v ·V > 0), the particle loses energy (∆E < 0)

For relativistic particles with v ' c, the probability of a collision is given by γV (1 +

(V/c) cos θ) [Longair (2011)]. If the clouds move randomly, one can average over all

possible angles θ ∈ [0;π]. With x = cos θ one obtains

〈2βV cos θ〉 = 2

(
V

c

) ∫ 1
−1 x[1 + (V/c)x]dx∫ 1
−1[1 + (V/c)x]dx

=
2

3

(
V

c

)2

. (1.9)

Thus, the total energy gain is given by 〈∆E/E〉 = 8/3(V/c)2, and is therefore of second

order in V/c. For this reason, this process is referred as second-order Fermi acceleration.

The particles are accelerated during a characteristic time τacc while they are in the

acceleration region. The time τacc is thus associated with the probability P that the

particles remain in the acceleration region after scattering. If, in addition, the mean

energy of a particle after scattering is given by: E = αE0, with α ∝ ∆E, it can be

seen that the resulting spectrum follows a power law. After k collisions there are still

Nel = N0P
k particles with energies E = E0α

k in the acceleration region. Eliminating k

supplies:

ln(Nel/N0)

ln(E/E0)
=
lnP

lnα
⇔ Nel = N0

(
E

E0

)lnP/lnα
. (1.10)

Accordingly, the particle distribution in the energy follows the function

dNel

dE
∝ E−1+lnP/lnα. (1.11)

The great merit of the Fermi mechanism is that it naturally produces a power law

spectrum, in accordance with what is observed in astrophysical sources or in interstellar

medium (ISM). However, two major issues remain. First, no prediction is made about

the values of κ or P . Second, especially for V � c, the acceleration is very inefficient.
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Looking at the equation 1.8, it is clear that for frontal collisions, the energy gain is linear

in V/c (also called first-order Fermi acceleration). Thus, such collisions would be more

effective to achieve faster high accelerations. This scenario is actually realized when

accelerating to shock fronts.

Acceleration in strong shock waves

Shocks are omnipresent in the universe: they are observed at all scales, and in all kind of

environments. A shock wave is created when a disturbance is propagating in a medium

faster than the speed of sound in that medium. A shock front appears, at which the

physical quantities are discontinuous. The strength of the shock is given by the ratio of

its proper speed Vs over the local sound speed cs:

Ms =
Vs
cs
, (1.12)

called the Mach number. A very simple sketch of a non-relativistic planar shock is given

in figure 1.6a. The shock is represented as a discontinuity, separating upstream (marked

with the index “-”) and downstream (noted with the index “-”) states. The velocities

are measured here in the shock rest frame, so that the upstream flow falls on the shock

at a velocity v− = Vs, and leaves the shock with a downstream velocity v+. Thus,

the corresponding Lorentz factor Γ± = (1 − ν2
±/c

2)−1/2 can be defined. The upstream

and downstream states are linked by the jump conditions (so called Rankine-Hugoniot

relations) and express simply the continuity of the mass, momentum and energy fluxes

at the shock interface (in its rest frame):

r =
v−
v+

=
ρ+

ρ−
−→ γ + 1

γ − 1
, (1.13)

P+

P−
−→ 2γ

γ + 1
M2
s , (1.14)

T+

T−
−→ 2γ(γ − 1)

(γ + 1)2
M2
s , (1.15)

where r is the compression ratio of the shock. The formulas on the right are obtained in

the limit of strong shocks (Ms � 1). For a usual polytropic index γ = 5/3, strong shocks

have a compression ratio of r = 4 (and the downstream pressure and temperature can

grow without limits). Both the upstream and the downstream medium see the opposite

side coming against them and at the same speed:

∆V =
r − 1

r
Vs

(
=

3

4
Vs if r = 4

)
. (1.16)
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The different situations are shown in Figure B.3. The figure B.3b shows the rest sys-

tem of the plasma upstream. According to equation 1.16, the plasma flows downstream

from the shock front, with the velocity v′+ = −3/4v− in the upstream rest frame. Sim-

ilarly, the upstream plasma arrives in the direction of the shock front (see Fig. B.3a),

with the velocity v′− = 3/4v− in the downstream rest frame. Shock wave provides a

configuration in which only face-on encounters occur. Therefore, when a high energy

particle crosses the shock, it gains a small increase in energy-in the non-relativistic

case- of order ∆E/E ∼ Vs/c = v−/c (see Eq. 1.8). A precise calculation shows that

〈∆E/E〉 = (2/3)(ν−/c)〉 applies on average. Due to their diffusion via magnetic turbu-

lences, the cosmic-rays are pitch-angle isotropized on each side of the shock. Since the

same situation prevails on both sides of the shock, a particle for the round trip wins the

energy 〈∆E/E〉 = (4/3)(ν−/c). Therefore,

α =
E

E0
= 1 +

4V

3c
. (1.17)

To calculate the escape probability P , one can follow the argument of Bell (1978).

According to classical kinetic theory, the rate of particles crossing the shock from either

direction is (1/4)nc, where n is the particles number density. The upstream particles

are swept into the shock, so that particle losses can be neglected. However, downstream

of the shock, particles are swept away from the shock at a rate of nv′− = (1/4)nVs.

The fraction of particles lost per unit time is then 1/4nVs/1/4nc = Vs/c, such that

the fraction of particles remaining after one cycle is P = 1 − Vs/c. The exponents of

Equation 1.11 therefore translates as:

− 1 +
lnP

lnκ
= −1 +

ln(1− ν−/c)
ln(1 + ν−/c)

≈ −1− 1 = −2, (1.18)

with the use of the serie expansion of ln(1 + x). However, the termination shock in the

Crab Nebula is a relativistic shock front. In this case, the assumption of an isotropic

pitch-angle distribution does not hold anymore, since the Lorentz transformation from

one rest system to the other then greatly alters the angular distribution. Achterberg et al.

(2001b) for example, have shown that in the case of ultrarelativistic shocks, particles

with an angle θc = 1/Γs (with Γs the Lorentz factor of the shock) in the rest system of

the upstream plasma, are scattered upwards across the shock current, and the scattering

process changes θc only by ∆θ ≈ θc, before the particles cross the shock again.

The energy gain is, in this case, dependent on the pitch angle distribution, and for the

momentum distribution of the particles a diffusion equation has to be solved. For a

pitch-angle θ, the diffusion coefficient Dxx (usually measured in area per time), with

x = cos θ is dependent on its distribution. For an isotropic distribution, Dxx ∝ 1 − x2.

The particles are scattered by wave irregularities. Considering the wavenumber k, its
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(a) (b)

(c) (d)

Figure 1.6: (a) A planar shock wave propagating at a supersonic velocity, Vs through
a stationary medium with density ρ1, pressure p1 and temperature T1 (b) rest system
of the shock wave. In the non-relativistic case, it follows from the shock conditions
that, for a strong shock, the velocities of the plasmas upstream and downstream are
linked by v+ = 1/4v− (c) rest system of the upstream plasma. The particles velocity is
isotropized and the plasma downstream flows toward the shock at the speed of 3/4v−
(d) rest system of the plasma downstream. It shows the same situation as in (b). The

figures are based on Longair (2011).

component parallel to the undisturbed magnetic field is given by k‖ = qB/(p|x|), with

p the momentum of the particle of charge q, the diffusion coefficient is of the form

Dxx ∝ k‖ε(k‖) [Heavens and Drury (1988)]. In the case of a plot of the form ε(k‖) ∝ k
5/3
‖

one speaks of a Kolmogorov spectrum. By solving numerical solutions of the diffusion

equation, Ballard and Heavens (1992) for example, find spectral indices between 2.0 and

2.4. Achterberg et al. (2001a) find in their simulations consistent values between 2.2

and 2.3.

Particles cooling

During injection of high energy electrons into the nebula, energy is lost through various

processes. The evolution of the number of electron, Nel, is described by a diffusion

energy loss equation [Longair (2011), Manolakou et al. (2007)]:

∂Nel(γ, t)

∂t
− ∂

∂γ
[γ̇(γ)Nel(γ, t)]− νesc(γ)N(γ, t) = Q(γ, t). (1.19)
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The function Q describes the rate at which the electrons are injected in the nebula, and

νesc(γ)dt is the probability for each electron of escaping the source by diffusion in a time

interval dt. The number of particles per unit time that are cooling with the Lorentz

factor γ is given by [γ̇(γ)Nel(γ, t)] . Each electron in the source loses energy, according

to ∂γ/∂t = γ̇, that can be due to several contributions [Longair (2011), Chapter 19]:

� ionization losses: due to the ionization (collisions) of the surrounding medium,

electrons lose energy with γ̇ ∝ N , with N the number density of the hydrogen

atoms.

� Bremmsstrahlung: the electrons lose energy due to the deceleration by electrostatic

fields of ion and atomic nuclei, with γ̇ ∝ N .

� Adiabatic losses: in an expanding medium, the electrons lose energy through the

outward convection. If the change in the volume of the nebula is determined by the

velocity field v(r), the energy loss is given by γ̇ = (1/3)(∇ · v)γ [Longair (2011),

Chapter 11].

� Synchrotron losses by emitting synchrotron radiation, the electrons lose their en-

ergy according to equation 1.28.

� Inverse Compton scattering: inverse Compton scattering causes an energy loss

which is described by Equation 1.41.

Strictly speaking, the equation of diffusion 1.19 is only valid for a steady loss of energy

and thus is not valid in the extreme Klein-Nishina case. For a homogeneous source,

the diffusion can be neglected. Furthermore, if the energy losses and the escape time

are independent of time, the diffusion equation can be solved by the Laplace transforms

[Manolakou et al. (2007)] and references there). Let us consider the case where the

injection rate follows a power law (as in the case of Fermi acceleration): Q(γ, t) = Q0γ
−p,

and Q is non null only within a range such that:Q = Q(γ, t) for γmin ≤ γ ≤ γmax

0 else.

In the case where the radiative cooling is only due to synchrotron losses : γ̇ = bsγ
2, and

no escaping term is present (νesc = 0), the solution of equation 1.19 is [Manolakou et al.

(2007)]:

N(γ, t) =
Q0γ

−p

(p− 1)bsγ
·


[
1− (1− bsγt)p−1

]
for 0 ≤ bsγt ≤ 1,

1 for bsγt > 1.
(1.20)
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Equation 1.3.2 implies that the electron spectrum steepens from γ−S for bsγt � 1 to

γ−(S+1) for bsγt ' 1, with a spectral break at γ ≈ 1/bst. From Table 1.3, it can be

seen that the synchrotron spectrum will soften from νLν ∝ ν−δ to νLν ∝ ν−(δ+1). That

effect is called the spectral ageing effect, which is due to the short synchrotron-emitting

lifetime of particles with higher Lorentz factor. It depends on the particle energy and

the strength of the magnetic field. The cooling break in the synchrotron spectrum is

expressed by [Chevalier (2000)]:

νc(GHz) = 1.187 B−3(G)t−2(yr), (1.21)

where νc is the cooling break frequency, B the magnetic field and t the age of the nebula.

In summary, Fermi acceleration at shock fronts causes power laws for the spectral dis-

tribution of the electrons whose spectral indices are typically in the range between 2.0

and 2.4. If cooling effects are also taken into consideration and if synchrotron cooling

dominates, the spectral index is around 1. Further variations may also occur as the

particles move in turbulent plasmas.

1.3.3 Relevant radiation processes

Electromagnetic radiation can be either thermal or non thermal radiation, depending on

the energy distribution of the light emitting particles. Thermal light sources are usually

in thermodynamical equilibrium, so the light emitting particles produce a Maxwellian

distribution. The radiation is due to energy transitions of bound electrons, and for mul-

tiple transitions, this gives a blackbody spectrum. While this process is well understood,

some of the more unusual objects in space such as supernovae, pulsars, radio galaxies,

etc produce a type of emission that can not be described as “blackbody radiation” or

“thermal radiation”. Non-thermal radiation is produced by charged particles interacting

with electromagnetic fields, i.e. by the synchrotron and inverse Compton processes. The

relativistic electrons in nearly all synchrotron sources have power-law energy distribu-

tions, so they are not in local thermodynamic equilibrium. Consequently, synchrotron

sources are often called “non-thermal” sources. However, a synchrotron source with a

relativistic Maxwellian electron-energy distribution would be a thermal source, so “syn-

chrotron“ and “non-thermal” are not completely synonymous.
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Synchrotron emission

Let us consider an electron of energy E = γmc2, with velocity v in a magnetic field

spiraling along the magnetic field lines with an angle θ = (̂B,v) (usually referred to as

the pitch angle), and with the angular frequency:

Ω =
eB

γmc
, (1.22)

with B = ‖B‖. Any accelerated charged particle emits electromagnetic radiation, which

is called cyclotron radiation when v � c, and synchrotron radiation for relativistic

particles with v ∼ c. In the case of synchrotron radiation, two relativistics effects are

affecting the Larmor’s equations: the length contraction and the Doppler shifting.

Emitted power of an electron To calculate the total synchrotron losses, let us

consider the rest frame of the particle (in that frame, v is zero but the acceleration is

not). The emitted power P ′e = dE′/dt′ is a Lorentz invariant:2

Pe = P ′e =
2e2

3c3
a′2 =

2e2

3c3

[
a′2⊥ + a′2‖

]
, (1.23)

with the electric charge being also a relativistic invariant e = e′. By applying the Lorentz

transform to the acceleration component a′⊥ and a′‖, one obtains for the generalization

of the Larmor formula:

Pe = P ′e =
2e2

3c3

[
a′2⊥ + a′2‖

]
= γ4

[
γ2a2
⊥ + a2

‖

]
. (1.24)

The term γ2a2
⊥ is negligible since for relativistic particles v ∼ c, so the acceleration in

the same direction of the velocity is very small. A particle moving in a magnetic field

will have a helical trajectory of radius rL (the Larmor radius). In the absence of electric

field, the only acting force is the (relativistic) Lorentz force:

FL =
d

dt
(γmv) =

e

c
v ×B. (1.25)

The parallel and perpendicular components are given by:

FL‖ = γm
dv‖

dt
−→ a‖ = 0,

FL⊥ = γm
dv⊥
dt

= e
v⊥
c
B −→ a⊥ =

evB sin θ

γmc
.

(1.26)

2P ≡ dE

dt
=

dE

dE′
dE′

dt′
dt′

dt
= γ−1P ′γ = P ′.
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Substituting a⊥ in the generalized Larmor formula (Eq. 1.24):

P =
2e4

3m2c3
B2γ2β2 sin2 θ. (1.27)

The power is usually rewritten in terms of the Thomson cross section σT ≡ 8π/3
(
e2/mec

2
)
,2

the magnetic energy density, UB = B2/8π (in Gaussian units), and β = v/c. In the

case of an isotropic distribution of pitch angles, the term sin2θ can be averaged over the

solid angle by is 2/3. This gives the average synchrotron power per electron:

〈P 〉 =
4

3
σTβ

2γ2cUB. (1.28)

Relativistic effects boost the average radiated power by a factor of γ2 compared with

the non-relativistic (γ = 1) case. The backward lobe of the synchrotron pattern is

redshifted by Doppler effect, whereas the frontward lobe is blueshifted. As v approaches

c, the power pattern of Larmor radiation is relativisticly beamed in the electron frame

sharply along the direction of motion in the observer’s frame (see Fig. 1.7).

Emission spectrum from a single electron An observer at rest sees the emitted

radiation confined to a very narrow beam of width ∼ 2/γ (see Fig. 1.7). The duration

of the observed pulse is even shorter than the time the electron needs to cover 1/(πγ) of

its orbit, because the electron is moving toward the observer with a speed approaching

c and so is covering some distance between two photon emissions. Thus; a plot of the

power received as a function of time is a very spiky series of widely separated narrow

pulses. The observed synchrotron power spectrum is the Fourier transform of this time

series of pulses and is given by:

P (ν) =

√
3e3B sin θ

mec2
F (ν/νc), (1.29)

F (ν/νc) =

(
ν

νc

)∫ ∞
ν/νc

K5/3(x)dx. (1.30)

It gives the total instantaneous power emitted by an electron, where K5/3 is a modified

Bessel function of fractional order 5/3, and νc is the critical frequency:

νc =
3e

4πmc
B sin θγ2. (1.31)

The function F peaks at ν ∼ 0.29νc. Therefore, the approximation that most of emis-

sion occurs at ν ∼ νc is often made, and the function F is then replaced by a delta
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Figure 1.7: Radiation pattern of charged particles moving in a cir-
cular path: blue (β � 1) and red (β ≈ 1) give ref. The open-
ing angle of the frontward lobe is ψ ∼ 2/γ whereas the backward
lobe is smashed. Source of illustration: https://www.intechopen.com/

books/synchrotron-radiation-useful-and-interesting-applications/

fundamental-of-synchrotron-radiations

approximation:

F (ν/νc) =

(
ν

νc

)∫ ∞
ν/νc

K5/3(x)dx = δ(ν − νc). (1.32)

Synchrotron spectrum from a distribution of electrons If a synchrotron source

having any arbitrary distribution of electron energies is optically thin, its spectrum is the

superposition of the spectrum from individual electrons. Assuming a spatially averaged

differential distribution of the number of electrons, dNel/dγ, which is also isotropic in

the pitch angle, the total synchrotron luminosity is:

LSyν =

∫ ∞
1
LSyν

dNel

dγ
dγ, (1.33)

where LSyν represents the luminosity of a single electron. The lower limit integral repre-

sents the energy of the electrons in their rest frame, for which the Lorentz factor γ = 1.

The energy distribution of electrons in most synchrotron sources is approximately a

power law:

dNel

dγ
= N0γ

−S , γ1 ≤ γ ≤ γ2,

where N0 is the normalization and S is called the spectral index. In the approximation

that νc(γ1) � ν � νc(γ2), the integral of Equation 1.33 can be calculated analytically

[Westfold (1959)] and one obtains:

LSyν ∝ B(S+1)/2 ν−(S−1)/2. (1.34)

https://www.intechopen.com/books/synchrotron-radiation-useful-and-interesting-applications/fundamental-of-synchrotron-radiations
https://www.intechopen.com/books/synchrotron-radiation-useful-and-interesting-applications/fundamental-of-synchrotron-radiations
https://www.intechopen.com/books/synchrotron-radiation-useful-and-interesting-applications/fundamental-of-synchrotron-radiations
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Described quantity dNel/dγ Lν νfν , νLν dN/dE

Spectral and photon Index S α α′ Γ

S 2α+ 1 2α′ + 3 2Γ− 1
α (S − 1)/2 α′ + 1 Γ− 1
α′ (S − 3)/2 α− 1 Γ− 2
Γ (S + 1)/2 α+ 1 α′ + 2

Table 1.3: Summary of the relations of the spectral and photon indices. Each line
gives the respective index depending on the index of the respective column.

This result implies an important feature, since from a spectrum Lν , with a spectral

index α, one can deduce the spectral index of the underlying electron spectrum.

As it can be confusing to know which index describes what quantity, in this work, S will

always designate the spectral index of the electrons, while the index of the measured

spectrum α will be linked to the quantity Lν (but not to νLν or νfν). The relationships

between these different quantities can be found by considering Eq. 1.3 and Eq. 1.5, and

are summarized in Table 1.3

Synchrotron cooling time The typical synchrotron cooling time can be estimated

by dividing the energy of the electrons by the rate at which they are radiating away

their energy [Ghisellini (2013)]:

tsyn =
E

〈P 〉
=

γmec
2

(4/3)σT cUBγ2β2
∼ 7.75× 108

B2γ
s =

24.57

B2γ
yr. (1.35)

The rate at which an electron loses energy to synchrotron radiation is proportional to

E2, so higher-energy electrons will be depleted more rapidly.

Inverse Compton scattering

Synchrotron radiation can generate photons up to a maximum theoretical energy of

hνmax ∼ κ68 MeV with κ ∼ 1 − 3 [Aharonian et al. (2004b)]. Thus, it can not explain

the high energy part of the Crab Nebula spectrum (E & 100 MeV). Another non-thermal

mechanism that can produce highly energetic photons is inverse Compton scattering. It

describes the scattering of photons of energy ε on relativistic particles of energy E.

The discussion is limited again to the case of electrons. Two limits cases have to be

mentioned:

� Thomson-Limit: the photon energy ε′ in the system where the electron is at rest

is much lower than the rest mass energy of the electron, ε′ � mc2.
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� Klein-Nishina-Limit: the photon energy ε′ in the system where the electron is at

rest is much greater than the rest mass energy of the electron, ε′ � mc2.

In the case of the Crab Nebula, at energies larger than a few 100 GeV, inverse Compton

scattering starts to enter in the Klein-Nishina regime, but are not expected to dominate

in the low-energy part (E . 500 GeV) [Yeung and Horns (2019)]. We will adopt the

following notations: quantities marked with an apostrophe “’” refer to the rest system

of the electron. The initial energy of the photons is denoted by ε. Quantities after the

interaction are given by the index “1”. Let us choose the electron momentum to be along

the x-axis of the coordinate system pµ = (E, px, 0, 0), then θ denotes the angle between

the photon momentum kµ = (ε, k cos θ, k sin θ, 0), and the x−axis (in this notation, θ

should not be confonded with the pitch angle). The following calculations can be found

with more details in Blumenthal and Gould (1970).

Energy loss rate in Thomson limit Suppose a highly relativistic electron moving

through an isotropic photon gas. The electron will lose energy through the inverse

Compton process. In the Thomson limit, the energy of the scattered photon in the

laboratory system, K, is much greater than its energy before scattering, which can

therefore be neglected. The scattering is elastic and the energy loss of the electron is

then:

− dE

dt
=

dE1

dt
, (1.36)

where E1 is the energy of the photon gas after scattering. The energy variation dE1/dt

is Lorentz invariant3, since it behaves like a Lorentz transformation as the ratio k0/x
∗
0.

Furthermore, in the Thomson-Limit and in the rest system of the electron K ′, ε′1 ∼ ε′.

Then the energy loss rate of the electron can be rewritten:

− dE

dt
=

dE′1
dt′

= σT cU
′, (1.37)

with U ′ the total energy density of the photon gas in K ′, U ′ =
∫
ε′dn′, where dn′

represents a differential photon number density. The electron will take from the incident

radiation the amount of power flowing through the area σT and reradiate that power

over the doughnut-shaped pattern given by Larmor’s equation. The energy density of

the photon distribution U in the laboratory system is obtained in the following way:

3For a photon, ds2 = dt2 − (dx)2 = 0 = kµk
µ. It follows that k0/x0 = ki/xi. With this relation and

a Lorentz transformation,
k0
x0

=
Λ0µk

′µ

Λ0νx′ν
=

Λ00k
′0 + Λ0ik

′i

Λ00x′0 + Λ0ix′i
=
k′0
x′0

Λ00 + Λ0ik
′i/k′0

Λ00 + Λ0ix′i/x′0
=
k′0
x′0

and thus k0/x0

is Lorentz-invariant.
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similarly to dE1/dt, dn/ε is also Lorentz-invariant 4. Furthermore, the photon energy

ε′ in K ′, is obtained by a Lorentz transform in the x-direction:

ε′ = γε(1− β cos θ). (1.39)

Thus, the energy density of the photons can be calculated in the laboratory system,

where the approximation β → 1 can be made:

U ′ =

∫
(ε′)2 dn′

ε′
= γ2

∫
(1− cos θ)2εdn. (1.40)

For an isotropic distribution, one can average over theta, so that 〈(1 − cos θ)2〉 = 4/3.

In the laboratory system, the energy loss of the electron is given by

− dE

dt
=

4

3
σT cβγ

2Uiso. (1.41)

Let us notice the simple ratio of IC to synchrotron losses:

PIC
Psync

=
Urad
UB

. (1.42)

For an isotropic gas, the mean energy of the scattered photon 〈ε1〉 is, in the Thomson

limit:

〈εIC〉 =
4

3
γ2〈ε〉, (1.43)

where 〈ε〉 is the mean energy of the photon gas before scattering, and 〈εIC〉 is the mean

energy of the photon after scattering.

Inverse-Compton energy spectrum In order to calculate the spectrum produced

by an electron scattering off the initial photon distribution, the process is again con-

sidered in the rest system of the electron K ′. The distribution of scattered photons in

energy and solid angle, per time per electron and within dε′ is

d4Nγ,ε

dt′dε′1dΩ′1dε′
= dn′(ε′, ε)c

d2σ

dε′1dΩ′1
, (1.44)

with dn′(ε′, ε)dε′, the differential photon density in K ′, within dε′, resulting from the

photons within the interval dε in K. The differential cross section can be calculated

4The differential number of particles dN , together with the volume element dV , give the differential
number of particles per volume dn = dN/dV . The three-dimensional volume element can be expressed
by the Lorentz-variant four-volume d4x, so that applies

dn =
dN

dV
=

dN

d4x
dx0 (1.38)

thus dn transforms like x0 and dn/ε is Lorentz-invariant.
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using classical electrodynamics. The scattered photon distribution in the laboratory

system is obtained by integration of Eq. 1.44:

d2Nγ,ε

dtdε1
=

∫ ∫
d4Nγ,ε

dt′dε′1dΩ′1dε′
dt′

dt

dε′1
dε1

dε′dΩ′1. (1.45)

Again, the detailed calculations of this integral can be found in Blumenthal and Gould

(1970). In the general case, and in the klein Nishina limit, the derivation of the photon

distribution is similar, but the recoil of the electron must be taken into account:

d2Nγ,ε

dtdε1
=

3

4

σT c

γ2

n(ε)dε

ε
fIC(ε, ε1, γ), (1.46)

with n the photon density averaged over θ and fIC radiation distribution fonction

fIC(ε, ε′, γ) = 2q ln q + 1 + q − 2q2 +
1

2

(
4εγ

mc2
q

)2

1 +
4εγ

mc2
q

(1− q), (1.47)

with the kinematic variable q:

q =
hν

4εγ2 [1− hν/(γmc2)]
, with hν = ε1. (1.48)

The photon distribution n scattering the electron, is often referred to as the seed-photon

field nseed and represents the number of photons per time and frequency interval within

dV and dε. Finally, the luminosity of a single electron is obtained by integration over

all incident photon energies ε,

LICν = h2ν

∫ hν

hν/(4γ2)

d2Nγ,ε

dtdν
dε. (1.49)

From the kinematics of the scattering process, the restrictions 1 � (1/4)γ2 ≤ q ≤ 1

are obtained. This also results in the integration limits of the above equation. If the

electron population has a power-law distribution of index −S, the resulting IC spectrum

is also described by a power law. In the Thomson regime, the photon spectrum index is

related to that of the electrons by Lν ∝ ν−(S−1)/2, similarly to the case of synchrotron

radiation. In the Klein-Nishina regime, the resulting photon spectrum becomes steeper:

Lν ∝ ν−S .

1.3.4 Dynamics of a supernova remnant

This subsection presenting the evolution of SNRs was written with the help of the work

from Ferrand (2008). A spherical point-source explosion such as a supernova produces
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Figure 1.8: Waves structure for a spherical shock. The ejecta are shown in red and
the interstellar medium is represented in blue. Shocked material is in dark color and

undisturbed material is in light colors. The illustration is from Ferrand (2008)

a particular three waves structure (see Fig. 1.8):

� The forward shock moves forward in the upstream undisturbed medium (and

accelerates it).

� The contact discontinuity isolates the ejecta from the supernova and matter

from the interstellar medium.

� The reverse shock, which propagates back in the ejecta (and slow them down).

Four distinct phases are characterizing the evolution of a supernova remnant, from its

explosion to its dilution in the ISM [see Chevalier (1977), Truelove and McKee (1999)].

The main physical parameters are the supernova energy Esn (typically 1051 erg), the

ejecta mass Mej (typically a few solar masses M� = 2 × 1030 kg), and the interstellar

medium density nism (typically 1 particle per cm3).

Free expansion phase During its first hundred of years, the SNR evolution is gov-

erned by the ejecta: its radius evolves as

Rsnr(t) = vst, (1.50)

where the constant vs is the expansion speed and is obtained from energy conservation:

Esn =
1

2
Mejv

2
s . (1.51)
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The ejecta being supersonic, it creates a shock wave in the ISM. The shocked interstellar

medium is pushed by the ejecta and swell up between the contact discontinuity and the

forward shock (see Fig. 1.8).

Sedov-Taylor phase The ejecta expand freely until they have accumulate a mass of

ISM roughly equal to their own mass. This happens after a time

tST ' 210 yr

(
Esn

1051erg

)−1/2( Mej

1 M�

)5/6 ( nism
1 cm3

)−1/3
, (1.52)

corresponding to a radius RST and a velocity vST . After that, the SNR evolution is

ruled by the swept-up shell of shocked ISM, so that energy conservation is now given

by:

Esn =
1

2

(
4

3
πR3

sρism

)
v2
s . (1.53)

A reverse shock develops from the contact discontinuity towards the core of the remnant,

heating and slowing down the ejecta. This shock rebounds at the SNR center, and

gradually dissipates. The contact discontinuity itself gets instable and consequently

breaks. The SNR is then a hot expanding bubble.

Pressure-driven phase During the first two phases, the cooling time of the very hot

gas is so long (regarding the SNR dynamics), that radiative energy losses are negligible.

But after ∼ 10000 years, the accumulated ISM starts cooling and quickly collapses to

form a thin and cold outer shell. The transition takes place after a time

tPD ' 29000 yr

(
Esn

1051 erg

)4/7 ( nism
1 cm3

)−9/17
, (1.54)

corresponding to a radius RPD:

RPD ' 18 pc

(
Esn

1051 erg

)5/17 ( nism
1 cm3

)−7/17
. (1.55)

The hot core then pushes the shell, the SNR expansion is supported by its own pressure

Psnr so that:
d

dt
(Msnrvs) = 4πR2

snrPsnr, (1.56)

from which one derives

Rsnr(t) ∝ t2/7. (1.57)
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Momentum-driven phase When the SNR pressure finally matches the ISM pressure,

the shell no longer undergoes any force and moves inertially.

d

dt
(Msnrvsnr) = 0, (1.58)

from which one derives:

Rsnr(t) ∝ t1/4. (1.59)

Comsmic-ray acceleration is mostly efficient in the early phases of the SNR evolution

[Lagage and Cesarsky (1983)], with maximum energies propably achieved at the begin-

ning of the Sedov-Taylor phase.





Chapter 2

Non-thermal emission model of

the Crab Nebula

In this chapter, the model and framework used in the computation of the non-thermal

emission from the Crab Nebula are introduced. Using the equations of non-thermal

radiation processes, a model for the broad band emission from the Crab Nebula can now

be applied. The following assumptions are made within our model:

� For simplifying, the nebula is assumed to be spherically symmetric.

� The nebula is filled with an electron and positron distribution (abbreviated to

electrons), which is represented by a volume-averaged spectral distribution of the

number of electrons dNel/dγ.

� The dust is contained in a shell of thickness ∼ 0.6 pc surrounding the synchrotron

nebula.

� At first assumption, the magnetic field prevailing in the nebula is described by a

volume averaged B field value, hence the term constant B field model. It is also

assumed, that the pitch angle of the electrons is given by an isotropic distribution,

which averages the contributions of the form sin θ to
√

2/3.

As discussed in Chapter 1, the non-thermal emission from the Crab Nebula can be

explained by synchrotron and inverse Compton processes. In this chapter, the spatially-

dependent equations used in the model is introduced. Then, the spatial and spectral

modelling of the relativistics electrons in the nebula is presented in more details. Finally,

the different seed photons fields involved in the IC process are presented.

33
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2.1 Synchrotron and Inverse Compton emission from the

Crab Nebula

In addition to the non-thermal emission, there are further contributions to the SED

coming from the thermal emission of the dust, Ldustν , and the optical emission from

the filaments of the nebula, Lopticalν . The total luminosity is the sum of the individual

components,

Lν = Lntν + Ldustν + Lopticalν . (2.1)

The total luminosity of the non-thermal radiation Lntν , is given by

Lntν =

∫
V

d3r

∫ ∞
1

dγnel(γ, r)
(
PSyν (γ, r) + P ICν (γ, r)

)
=

∫
γ

dγ
dNel

dγ
(LSyν (γ) + LICν (γ)),

(2.2)

with [Lν ] = erg s−1 Hz−1. LSyν and LICν for synchrotron and IC represent the single-

particle emission functions and are given in Chapter 1 and in the next subsections. The

IC or synchrotron emissivities are given by j(r, ν) =
∫
γ dγnel(γ, r)Pν(γ, r), in units of

erg s−1 Hz−1 cm−3. Pν is the power radiated by a single electron of energy γmc2, located

at a distance r from the center of the nebula. The electron-number volume density nel

is defined as the number of electrons between γ and dγ per unit volume (cm−3):

nel(γ, r) = n0(γ)
dNel

dγ
e
−

r2

2ρ(γ)2
, (2.3)

where dNel/dγ is the energy spectrum of the electrons and is given in the subsection

2.2.4. The spatial distribution of electrons is taken as a Gaussian of scale length ρ,

and the constant n0 is determined by integrating nel over the volume of the nebula (see

subsection 2.2.2 for more details).

2.1.1 Synchrotron emission from the Crab Nebula

The previous chapter (see Eq. 1.29) presented the specific (per unit wavelength) pitch-

angle averaged power spectrum emitted by a single electron (in Gaussian units):

LSyν =

√
2

3

√
3e3

mc2

ν

νc

∫ ∞
ν/νc

K5/3(x)dx. (2.4)
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The critical frequency νc (see Chapter 1, Eq. 1.31) is defined as

νc =

√
2

3

3e

4πmc
Bγ2 = ν0γ

2. (2.5)

νc can be written as:

νc = 4.199× 102γ2

√
2

3

(
B

10−4G

)
Hz. (2.6)

The specific luminosity from a distribution of electrons is obtained by summing the

contribution from each electron and integrating over the volume of the nebula:

LSyν =

∫
V

d3r

∫
γ

dγnel(γ, r)P
Sy
ν (γ, r)

=

∫
V

d3r

∫
γ

dγ nel(γ, r)

√
2

3

√
3e3B

mc2

ν

νc

∫ ∞
ν/νc

K5/3(x)dx.

(2.7)

2.1.2 Inverse Compton emission

In Chapter 1 (see Eq. 2.8), the IC specific (per unit wavelength) power spectrum emitted

by a single electron (In Gaussian units) was derived :

LICν = ν

∫ hν

hν/(4γ2)

d2Nγ,ε

dtdν
dε =

3

4

σT c

γ2

n(ε)dε

ε
fIC(ε, ν, γ). (2.8)

The total inverse Compton spectrum is obtained by integrating the scattered photon

spectrum per electron over γ and ε and over the total volume of the Crab Nebula:

LICν =

∫
V

d3r

∫
γ

dγnel(γ, r)P
IC
ν (γ, r)

=

∫
V

d3r

∫
γ

dγ
3

4

σT c

γ2
h2ν

∫ hν

hν/4γ2

dε

ε
fIC(ε, ν, γ)nseed(r, ε)nel(γ, r).

(2.9)

The spectral photon number density nseed is defined in the section 2.3 and is defined as

the number of photons per energy interval per volume and has units of cm−3 erg−1.

2.2 Relativistic electrons in the Crab Nebula

2.2.1 Two populations of electrons

Two different populations of relativistic electrons are needed to explain the observed

synchrotron spectrum:
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(1) the population of newly accelerated electrons with energies E � Ecool, which are

injected downstream of the wind shock (hereafter the wind electrons),

(2) the population of lower energy electrons responsible for the radio emission, E �
Ecool, which are supposedly ‘relic’ and (hereafter the radio electrons). As seen in Chap-

ter 1 (see Eq. 1.35), the synchrotron lifetime of a relativistic electron is :

tsyn =
E

〈P 〉
=

γmec
2

(4/3)σT cUBγ2β2
. (2.10)

Assuming an average value for the magnetic field, B0 ' (2−3)×10−4 G and a time period

∆t ' 1000 yr since the explosion of the Crab Nebula, it follows that the relativistics elec-

trons in the nebula could be cooled down only to energies Ecool = γcoolmc
2 ∼ 200 GeV,

corresponding to synchrotron frequencies of ν ' 1014. This shows that the wind elec-

trons are responsible for the synchrotron emission of the Crab Nebula starting from the

near-IR/optical frequencies, ν & 1014 Hz, while the synchrotron radiation from radio to

FIR wavelengths is due to the radio electrons.

There is an other argument in favor of the existence of two electron populations: for

frequencies ν such that 107 . ν . 1014, the differential photon spectrum is well described

by a single power-law Lν ∝ ν−αr , with αr ' 0.3 [Bietenholz et al. (1997)]. Then, the

spectrum significantly softens in the near-IR/optical band Lν ∝ ν−αopt , with αopt ∼ 0.6

[Lyutikov et al. (2019)]. Under the assumption that there is only one electron population

injected at the termination shock and cooling down for energies greater than Ecool, a

break in the synchrotron spectrum should be observed, with the spectral index softening

from αr = 0.3 to αr + 1/2 = 0.8 (see Chapter 1, Eq. 1.3.2), which is different from 0.6.

Therefore, a single electron population alone cannot explain the observed synchrotron

spectrum.

2.2.2 Estimation of the electrons spatial distribution from observations

As seen in the previous chapter, it is often assumed that most of the synchrotron emission

is emitted at ν ∼ νc, with νc = ν0γ
2. The approach here is to infer the scale length of

the electrons, ρ, from the spatial extension of the synchrotron emission.

Observations of the synchrotron extension

The intensity at the projected angular distance from the center of the nebula is well de-

scribed by a Gaussian distribution (see de Jager and Harding (1992), Hillas et al. (1998)).
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Figure 2.1 shows measurements of characteristic extensions (defined as the standard de-

viation σ1D) of the synchrotron emission as well as the function that describes the data

best. The Chandra data points 1 are determined with DS9 by taking the 68% contain-

ment radius R68 of the Crab Nebula 0for different energy bins (see Fig. 2.2). The choice

of defining the extension as 68% containment radius R68 is made for comparison with

the available data [Yeung and Horns (2019)]. No background subtraction is performed

because there is virtually none. The available energy band [0.3−10 keV] of the image is

linearly divided in 10 energy bins. For each energy bin, the centroid (intensity weighted)

position of the image along the horizontal and vertical directions is calculated.

The 68% containment radius R68 is then determined by adjusting the radius of the

circle having for center the centroid of the image until it matches 68% of the total

integrated intensity. The circle of radius R68 and its center are overlaid in Fig 2.2. The

standard deviation is deduced from the 68% containment radius R68 by the relation (see

Appendix E):

σ1D =
R68

1.509
. (2.11)

In figure 2.1, it can be seen that the characteristic extension in the radio band, θradio =

78±4 arcsec is constant up to a frequency νbreak = (1.2±0.3)×1014 Hz. This corresponds

to the synchrotron radiation supposedly due to the radio electrons (see subsection 2.2.1),

and associated to the optical peak νopt seen in the synchrotron spectrum. The value of

78 arcsec is simply determined by averaging the two radio data points. The uncertainty

∆θradio = 4 arcsec is given by the difference between these two points divided by two

(if the two measurements have equal chances to be true). The observed characteristic

extension θ, between νbreak and νobs,max = 1.4× 1019 Hz (maximal observed frequency)

is shrinking with the photon energy with a power-law index of α = 0.125± 0.004. Thus,

θ can be written as a function of the photon frequency as:

θ = θradio

(
ν

νbreak

)−α
. (2.12)

The synchrotron size is decreasing with the frequency, reflecting the cooling of the

electrons as they propagate outward the nebula. The values of νbreak, α and their

associated uncertainties ∆νbreak and ∆α have been obtained by fitting three differ-

ent power law functions of the form θi(ν) = θiradio(ν/ν
i
break)

−αi , with i ∈ {1, 2, 3} to

the measurements. The different functions are associated with θ1
radio = θradio = 78,

θ2
radio = θradio −∆θradio = 74 and θ3

radio = θradio + ∆θradio = 82. The uncertainties of

νbreak and α are obtained by adding in quadrature the uncertainties of ∆νibreak and ∆αi

obtained for each of the three fitting:

1ivo://ADS/Sa.CXO#obs/13154 (Chandra ObsId 13154).

ivo://ADS/Sa.CXO#obs/13154


Non-thermal emission model from the Crab Nebula 38

 0

 20

 40

 60

 80

 100

105 1010 1015 1020 1025 1030

C
ha

ra
ct

er
is

tic
 e

xt
en

si
on

 (
ar

cs
ec

)

Photon Frequency (Hz)

NuSTAR
Chandra

optical
Radio

VLA

Figure 2.1: Characteristic extensions (defined as the standard deviation σ; assuming
the intensity to have a Gaussian profile) in different energy-segments, from the radio
band to the X-ray band. The radio data are based on a VLA (5.5 GHz) image (published
in Bietenholz et al. (2004)) and on the map of total intensity at 2.7 GHz in Wilson
(1972). The optical data are from Grindlay and Hoffman (1971) and Scargle (1969).
The Chandra characteristic extensions are determined within this work (see text for
more details). The NuSTAR measurements are provided by Madsen et al. (2015). The
blue line is the function which best describes the dependency between the characteristic
extension and the photon energy. The left vertical dashed line represents the frequency
νbreak = (1.2 ± 0.2) × 1014 Hz at which the synchrotron extension starts to depend
upon the frequency. The right dashed line indicates the frequency of the last data

point: νobs,max = (1.4± 0.5)× 1019.

∆νbreak =
3∑
i=1

√
(∆νibreak)

2
, (2.13)

∆α =

3∑
i=1

√
(∆αi)

2. (2.14)
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Figure 2.2: Chandra images of the Crab Nebula in the energy band 7.09-8.06 keV
(right panel) and 0.3-1.27 keV (left panel). The light blue circle represents the 68%
containment radius and the green cross the center of the circle and the centroid of
the image (see text). The central blacked out region is the pulsar location and the
horizontal line departing from it is the read-out of pulsed emission which spilled over.

The Chandra images come from ivo://ADS/Sa.CXO#obs/13154.

Determination of the spatial distribution of the electrons

Under the assumption of a constant magnetic field, a spherical Gaussian function is

assumed for the spatial distribution of the electrons responsible for the synchrotron

emission. The electron-number volume density, nel, has been defined previously by the

Eq. 2.3. The constant n0 is simply determined by integrating nel over the volume of the

nebula and requiring:

4π

∫ ∞
0

r2n0(γ)
dNel

dγ
e
−

r2

2ρ(γ)2
dr =

dNel

dγ
. (2.15)

One gets:

n0(γ) =
1

2
√

2π3/2ρ(γ)3
. (2.16)

The scale length of the electrons, ρ, is inferred from the synchrotron extension. Consid-

ering that most of the synchrotron emission is emitted at ν ∼ νc and that the critical

frequency is defined as νc ∝ γ2, thus θ ∝ να ∝ γ2α. The scale length of the electrons

is related to the angular distance θ by the relation: ρ = d tan θ ≈ dθ in the small-angle

approximation. With d = 2 kpc, the distance from us to the Crab Nebula, the following

ivo://ADS/Sa.CXO#obs/13154
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Figure 2.3: Scale length ρ of the electron distribution as a function of the Lorentz
factor γ. The dashed line represents the parameter γbreak such that for γ < γbreak, ρ

is a constant.

expression for ρ is obtained:

ρ(γ) =


d tan(θradio) if γ < γbreak =

√
νbreak
ν0

d tan

(
θ0

(
ν

νbreak

)−α)
= d tan

(
θ0

(
γ

γbreak

)−2α
)

else.

(2.17)

Note that in the above expression, the angles should be expressed in degrees. The scale

length ρ of the electrons is represented in Fig 2.3. The parameter γbreak =
√
νbreak/ν0 =

(4.6 ± 0.6) × 105 depends upon the value of the magnetic field inside the nebula (see

Fig 2.3). The width of the electron distribution estimated from the observed synchrotron

flux is shrinking with the electron energy with a power-law index of −2α due to the

cooling of the electrons.

The electron number density nel is represented in fig 2.4. It can be seen that the

scale length of the electron decreases with the Lorentz factor, but remains constant

(ρ = ρradio = d tan θradio) for lower energies electrons γ, such that 102 . γ . γbreak.
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Figure 2.4: Electron number density nel, as a function of the ratio r/rs for different
values of the Lorentz factor γ, r is the distance to the center of the Crab Nebula and
rs is the termination shock radius. The radius of the nebula, RPWN corresponds to

r/rs ≈ 20.

Indeed, high-energy particles injected into the nebula at the wind shock experience both

synchrotron cooling and energy loss owing to adiabatic expansion as they move outward

through the nebula. Therefore, electrons with high Lorentz factor are located near

the pulsar because they deplete more rapidly due to synchrotron losses, whereas lower

energies electrons propagating outward the nebula undergo only adiabatic energy losses

due to the convection of the wind flow.

2.2.3 Maximum value of the magnetic field

A maximum value for the magnetic field, Bmax, can be derived by considering that

the minimum energy to which the wind electrons are cooled, Ecool, cannot be smaller

than the minimal energy of the radio electrons νinfopt . Let νopt be the exact value at

which there is a transition in the spectrum between the radio and wind electrons. As

discussed earlier, the value of νopt is not exactly known. Let νinfopt and νsupopt be the limit

values of νopt: ν
inf
opt ≤ νopt ≤ νsupopt , with νinfopt = 1013 and νsupopt = 1014. It can be noted
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break frequency νopt.

that νsupopt = 1014 might be higher (see the value obtained for νbreak above) but here the

constraint on the magnetic field is given by νinfopt . The Lorentz factor γmax corresponding

to νopt is such that

νinfopt .

√
2

3

3e

4πmc
Bγ2

max . νsupopt . (2.18)

γ ∝ (ν/B)1/2 is represented in fig. 2.5 for νinfopt = 1013, νsupopt = 1014 and γ ∝ (ν/B)2

for νcool. The requirement γinfopt ≤ γcool gives an upper limit for the magnetic field:

Bmax = 597µG.

2.2.4 Modeled electron Energy spectrum

There are usually two different methods for the derivation of the electrons energy spec-

trum dNel/dγ. The first method uses the observed synchrotron radiation spectrum to

extract the spectrum of the electrons, assuming some distribution of the magnetic field.

The second method relies on calculations for a given model of electron propagation in

the nebula and an injection spectrum which would explain the observed synchrotron

nebula and the intensity profile. In this work, the first method is used. The assumed
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electron spectra for the radio and wind electron are similar to Meyer et al. (2010). The

radio electrons, are assumed to follow a simple power law:

dN r
el

dγ
=


N r

0γ
−Sr for γrmin ≤ γ ≤ γrmax,

0 else

The spectrum of wind electrons also follows a power law, which, on the one hand has a

“kink”, and on the other has a superexponential cut-off at lower energies:

dNw
el

dγ
= Nw

0



(
γ

γwbreak

)−Sw
for γ ≤ γwbreak,

(
γ

γwbreak

)−Sw+∆S

for γwbreak ≤ γ ≤ γwmax,

0 for γ > γwmax,


exp

(
−
[
γwmin
γ

]β)
.

In contrast to the radio electrons spectrum, which breaks sharply at low energies, a

super-exponential cut-off is chosen for the wind electrons. This is necessary to explain the

maximum of the SED at optical wavelengths and the steep decay to infrared wavelengths

(especially for the Spitzer measurements). The upper super-exponential cut-off of the

spectrum can be explained by the fact that particles can only be accelerated to maximum

energy. At very high energies, the particles of the shock front acceleration region escape

very quickly, crossing the shock only a few times. The synchrotron spectrum is then used

to find the parameters that best describes the data (see Chapter 3, subsection 3.1.2).

The electron sprectrum used in our model is represented in figure 2.6.

2.3 Seed photon fields in the Nebula

In order to calculate the inverse Compton spectrum (see Eq. 2.9), the spectral photon

number density, nseed needs to be determined. Assuming an isotropic volume emissivity

j (in 4π solid angle) in a spherical source, the spectral number density of photons at a

distance r to the center of the nebula is [(Atoyan and Aharonian, 1996b)]:

nseed(r, ε) =
1

hε

1

2c

∫ rmax

rmin

r1

r
j(r1, ε) ln

(
r + r1

|r − r1|

)
dr1. (2.19)
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Figure 2.6: The two components of the electron spectrum used to calculate the broad
band SED of the Crab Nebula in the constant B-field model. The radio electrons are
showed in red solid line, while the wind electrons are represented by the blue solid line.

The black dashed lines indicate the minimum, maximum and break energies.

The unit of nseed is eV−1 cm−3. See Appendix A for more details about the derivation

of the spectral number density. The three main seed photon fields contributing to the

IC scattering of the relativistic electrons in the Crab Nebula are: (i) the synchrotron

radiation; (ii) the FIR ‘excess’ radiation which is attributed to the dust emission; (iii)

the 2.7K cosmic microwave background radiation (CMB).

2.3.1 Scattering of IR photons from heated dust

Observations at sub-millimeter and far-infrared wavelengths [Marsden et al. (1984);

Temim et al. (2006)] show an excess of the flux that can not be explained by the syn-

chrotron continuum alone. The thermal-emission of the dust is responsible for that

emission. The dust grains are swept-up by the supernova explosion and heated by ra-

diations. The dust emission is concentrated in the filaments which are forming a shell

of thickness ∼ 0.6 pc [Owen and Barlow (2015)] around the synchrotron nebula. A

Heaviside function is then assumed for modelling the dust emissivity such that:j(r1, ε) = j(ε) if ri < r < ro

0 else .

The inner ri and outer ro radius of the dust shell are chosen such that ri = 1.7 pc and

ro = 2.3 pc [Owen and Barlow (2015)]. The dust is heated to a temperature Td by the
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line represents the modelled synchrotron emission. The dark blue line is the total flux
obtained from summing the synchrotron and the two dust components. The data are

taken from Gomez et al. (2012).

radiation fields in the nebula. This produces a thermal emission that can be described

by a so-called gray body spectrum. It follows essentially the Planck distribution of a

blackbody, however, an additional normalization parameter, Nd, is left free to account

for factors such as the dust distribution in the nebula or the shape of the dust grains.

The gray body flux of thermal photons through a unit area at the surface of the emission

region is given by:

fν =
8πNdν

2

c

1

ehν/(kBTd) − 1
. (2.20)

After removing the contribution from line emission and synchrotron component (see

Fig 2.7), the thermal emission observed in the FIR can be described by the sum of two

grey bodies coming from a warm (Tw = 172.6 K) and a cool (Tc = 47.6 K) component:

fν =
8πN c

dν
2

c

1

ehν/(kBT
c
d ) − 1

+
8πNw

d ν
2

c

1

ehν/(kBT
w
d ) − 1

. (2.21)

Although there might be a more complex temperature distribution of the dust in the
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Figure 2.8: Dust photon number density in photons per cm3 per eV (for an energy of
ε = 0.01 eV). Most of the photons are located in the area between 1.7 pc . r . 2.3 pc.

remnant, a two-temperature component fit is enough for a first-order approach in mod-

elling the SED. The photon number density can then be rewritten as

nseed(ε, r) =
1

hε

1

2c

∫ ro

ri

r1

r
ln

r + r1

|r − r1|
j(ε)dr1 = j(ε)

1

hε

1

2c

∫ ro

ri

r1

r
ln

r + r1

|r − r1|
dr1, (2.22)

with ε = hν and j(ε) = fν4πd2/Vshell. The integral over r1 can be calculated analyt-

ically. The dust photon number density is represented in Fig 2.8 and has a maximum

value between r = 1.7 pc and r = 2.3 pc.

Fig 2.9 represents the spatial overlap between the dust photons and the electrons. There

is a little “kink” observed at r . 2, for γ = 102 and γ = 102. This is expected, as the

radio electrons have a greater characteristic extension, they are scattering with more

photons from the dust. The wind electrons, having higher energy are located near the

center of the nebula and therefore are almost not interacting with the dust located in

the shell.
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Figure 2.9: Spatial overlap between the electrons and dust photons nseed(ε, r)nel(γ, r)
multiplied by r2, for ε = 0.01 and for different values of γ.

2.3.2 Synchrotron self-Compton scattering

The SSC describes the mechanism by which the photons emitted by synchrotron radia-

tion are scattered off by the same electron population that produce them:

LICν =

∫
V

d3r

∫
γ

3

4

σT c

γ2
h2νdγ

∫ hν

hν/4γ2

dε

ε

1

2c

1

hε
fIC(ε, ν, γ)

∫
dr1

r1

r
ln

r + r1

|r − r1|
jsync(r1, ν̃)nel(γ, r),

(2.23)

jsync(r1, ν̃) =
1

4π

∫
γ′

dγ′nel(γ
′, r1)

√
3e3B sin θ

mc2

ν̃

νc

∫ ∞
ν̃/νc

K5/3(x)dx, (2.24)

with jsync the synchrotron emissivity. As seen in Chapter 1, Eq. 1.43, for Thomson-type

inverse-Compton scattering:

〈εIC〉 =
4

3
γ2〈ε〉. (2.25)
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Figure 2.10: SSC flux from the Crab Nebula, calculated in the frame of the constant
B−field model.

From this equation, it is possible to infer which electrons are scatterring off which pho-

tons to produce the observed IC spectrum. The radio electrons contribute to IC frequen-

cies νIC , such that 1023 . νIC . 1025, whereas the wind electrons are mostly producing

photons with frequencies 1024 . νIC . 1028, as it can be seen in Fig. 2.10. In the

low-energy regime (E . 500 GeV), the shape of the SSC spectrum is described by a

power law of index (S − 1)/2, if the electron population has a power-law distribution of

index −S. In the Klein-Nishina regime, the resulting photon spectrum becomes steeper:

F (ν) ∝ ν−S .

For νIC = 1023, for example, the radio electrons (102 . γradio . 105) are scattering off

soft photons with frequencies νseed such that 1013 < ν < 1019. The function gγ is defined

such that:

gγ(ε) =
3

4

σT c

γ2
h2νdγ

dε

ε

1

2c

1

hε
fIC(ε, ν, γ)

∫
V

d3rnseed(r, ε)nel(γ, r), (2.26)

where ε is defined as ε = hνseed. The function gγ represents the IC flux coming from the

synchrotron seed photons for a fixed value of γ. It is represented for ν = 1023 in Fig. 2.11

(for γ = 103) and in Fig. 2.12 (γ = 105). It can be seen that for fixed values of ν and

γ, the contribution to the IC flux is very peaked. Furthermore, only a narrow range
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Figure 2.11: IC flux coming from the synchrotron seed photons for γ = 105 and
ν = 1023.

of γ values actually contribute to the IC emission. Indeed, the radio electrons number

density is the highest for values around γ = 105 (see fig. 2.6). Consequently, for IC

frequencies such that 1023 . νIC . 1025, electrons having γ = 105 are mostly scattering

off soft photons with frequencies in the infrared peak such that 1013 . νIC . 1015.

Therefore, even for the lowest frequency of the IC spectrum, radio electrons are almost

not scattering the photons that they produce via synchrotron radiation.
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Figure 2.12: IC flux coming from the synchrotron seed photons for γ = 103 and
ν = 1023.
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2.3.3 Scattering of the 2.7 K cosmic microwave background

The photons from the CMB are uniformely distributed within the nebula. The photon

number density of the CMB, ncmb, is calculated from a black body with a temperature

of T = 2.726 K (see Fig 2.13). When integrating over the energy, the expected number

of photons per volume element is found to be:∫ ∞
0

ncmb(ε, r)dε ∼ 411 photons cm−3. (2.27)
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Figure 2.13: photon number density from the CMB in photons per cm3 eV−1.





Chapter 3

Spectral Energy Distribution and

Energy-dependent Gamma-ray

Morphology of the Crab Nebula

in a constant magnetic field model

In this chapter, the nebula is assumed to be homogeneously filled with a constant mag-

netic field. Based on the model introduced in the Chapter 2 and Meyer et al. (2010),

the best value for the volume-averaged magnetic field is derived by fitting both the syn-

chrotron and IC components. The magnetic field value and the electron spectra allows

to calculate the resulting broad band SED of the Crab Nebula, as well as the gamma-ray

morphology of the Crab Nebula in the HE-VHE range.

3.1 Spectral energy distribution

In that section, the calculation of the SED with a constant magnetic field model is

reviewed. First, the best value of the averaged magnetic field is determined by fitting

the model to the Fermi/LAT measurements. For that particular value of the magnetic

field, the best parameters describing the electron spectrum are calculated.

51
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3.1.1 Best value of the the average magnetic field

The synchrotron spectrum alone does not allow to infer both the energy of the electrons

and the magnetic field value: a modification of the synchrotron flux induced by a vari-

ation of the magnetic field can be compensated by a change in the electron spectrum.

Indeed, if B increases (respectively decreases), the synchrotron emission also increases

(respectively decreases), but one can decrease (respectively increase) the electron en-

ergy such, that the synchrotron flux remain constant. If one suppose that the electron

spectrum is a power law of the form:

dNel

dγ
= N0

(
γ

γ0

)−S
. (3.1)

Equation 1.34 shows, that Lν ∝ B(S+1)/2. If the magnetic field is changed such, that

B → B′, the luminosity changes to L′ν ∝ B′(S+1)/2. However, if the normalization of the

electron spectrum is modified such that

N0 → N ′0 = N0

√
B′

B
and γ0 → γ′0 = γ0

√
B′

B
, (3.2)

then the electron spectrum also changes like dN ′el/dγ = (B/B′)(S+1)/2dNel/dγ, and the

synchrotron luminosity remains constant. While the synchrotron energy depends on

both the electron energy and the magnetic field strength, the IC flux depends only on

the electron energy. Modelling of both emission components thus provides the magnetic

field strength.

Similarly to Meyer et al. (2010), the magnetic field is determined by a χ2 fit of the IC

flux to the Fermi/LAT measurements. Fermi-LAT is better calibrated than the ground

experiments, since it was absolutely calibrated with test beams at CERN before launch

[Atwood et al. (2009)], whereas there is no test beam for the IACT technique. For a

given magnetic field strength, the parameters of the electron spectra were derived from

the fit to the synchrotron spectrum. The best-fitting parameters are determined by a

least squares optimization (using the Levenberg-Marquardt method) and are shown in

table 3.1. The number of degrees of freedom (d.o.f) is defined as

d.o.f = number of data points - number of fit parameters. (3.3)

The resulting χ2/d.o.f = 210.6/219 ≈ 0.96 is below unity after a relative systematic

uncertainty of 7% [Meyer et al. (2010)] is added in quadrature to the statistical error of

the data:

σ =
√
σ2
stat + σ2

sys. (3.4)
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Figure 3.1: The predicted IC spectrum above 700 MeV used to calculate χ2(B) for a
range of B field values using only the Fermi data. Here the IC spectrum is represented

for B = 167 µG.

The value of χ2/d.o.f ≈ 0.96 indicates that the synchrotron emission is well described

by the model. The minimization procedure is not sensitive to the particular choice

of starting values and it converges reliably. Only the Fermi measurements above 700

MeV are used in the minimization procedure in order to exclude the contribution from

synchrotron emission (see Fig. 3.1). A variable parameter B, and 26 data points ranging

from 0.5 GeV to 671 GeV are used, resulting in a total of 25 degrees of freedom (d.o.f).

The values of χ2/ d.o.f depending on the B field are shown in Fig. 3.2. The 68.3% error

(corresponding to one standard deviation) of the fit is calculated from an increase of the

minimum χ2
min by ∆χ2 = 1. The calculated statistical error on the B field value does

not include the uncertainties resulting from the electron spectrum fitting to synchrotron

data. The systematic uncertainty of the Fermi energy scale, which is assumed to be

∆E/E = +2%
−5% [Ackermann et al. (2012)], also results in a systematic error on the B

field. Furthermore, the error depends on the chosen model, since it can not be ruled out

that another model provides an equally good description. The best resulting value for

the magnetic field is:

B =
(
167± 6 (stat.)+15

−6 (sys.)
)
µG. (3.5)
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Figure 3.2: χ2 minimization of the IC flux fit to the Fermi/LAT measurements by
variation of the magnetic field.

The reduced χ2/d.o.f = 12.48/25 ≈ 0.50 indicates that the statistical errors on the

Fermi flux might be overestimated, the IC peak being not well described by the model.

Figure 3.3 displays the complete set of data points of the SED along with the model.

The SED is plotted in double logarithmic representation as a function of the energy in

eV and the frequency in Hz. The black solid line shows the entire model as the sum of

its individual components. The gray solid line describes the contribution of the thermal

radiation of the dust in the filaments, while the orange solid line represents the optical

emission of the filaments. The red and blue dashed lines show synchrotron radiation

contribution of two different electron spectra. The inverse Compton spectrum including

the different seed photon fields is displayed in details in Fig. 3.4. As it can be seen, the IC

flux in the high energy part (E & 100 GeV) is slightly underestimated. A χ2−fit of the

IC flux to the Fermi/LAT and HEGRA measurements gives a reduced χ2/d.o.f ' 1.13.

The IC flux coming from the dust is ∼ 15 times lower in the present model than in Meyer

et al. (2010) model. This is expected, since here the dust is assumed to be located only

in the outer nebula shell, whereas Meyer et al. (2010) made the assumption, that the

dust follows a gaussian distribution. The lowered flux causes the magnetic field strength

to be higher than the value found in Meyer et al. (2010) in order to match the Fermi

data.
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Figure 3.3: SED of the Crab Nebula calculated in the framework of the constant
B-field model (black line). The total contribution of radio electrons to the synchrotron
flux is shown (dashed red line), as well as the contribution from the wind electrons
(dashed blue line). The non-thermal emission coming from the dust (gray line) and

from the filaments (thin orange line) are also represented.

3.1.2 Electron spectra

The values of the best fit parameters of both electron populations are summarized in

Table 3.1, and the spectra are shown in Fig. 3.5. The resulting covariance matrix (see

Table 3.2) allows for an estimation of the correlations between different parameters.

The fit-parameters are very similar to the ones obtained by Meyer et al. (2010), except

for two parameters describing the wind electrons: the super exponential cut-off β and

the wind spectral index after the break S + ∆S. Meyer et al. (2010) previously found

β = 2.80, and S + ∆S = 3.76.

As expected, the radio electrons parameters are correlated with each other, especially

the normalization with the spectral index (N r
0 ;Sr), and the high-energy cut-off with the

normalization (N r
0 ; γrmax). These parameters are also correlated with the low energy

cut-off of the wind electrons (γrmax, γ
w
min), (N r

0 ; γwmin), (Sr, γ
w
min).
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Figure 3.4: Contributions to the flux of inverse Compton scattering: the synchrotron
radiation (red line), the thermal emission of the dust (magenta), and the CMB (blue
line). The black line represents the total emission calculated in the constant B-field

model.

Parameters Radio Wind

Normalization constant . . . . . . . . . . . . . . . . . . . . . . . ln(N0) 119.8 79.0
Low energy cut-off . . . . . . . . . . . . . . . . . . . . . . . . . . . ln(γmin) 3.1 12.92
Super exponential cut-off parameter . . . . . . . . . . β - 3.99
Break position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ln(γbreak) - 19.3
High energy cut-off . . . . . . . . . . . . . . . . . . . . . . . . . . . ln(γmax) 12.2 22.5
Spectral index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . S 1.61 3.21
Spectral index (after break) . . . . . . . . . . . . . . . . . . S + ∆S - 3.72

Table 3.1: Parameters of the electron spectra used in the constant B-field model.
At the energy γmin, the radio electron spectrum cuts off sharply whereas the wind
electrons cut off superexponentially. The energy γmax denotes a sharp cut-off for the

radio and wind electrons.
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Sr ln(Nr
0 ) ln(γrmax) ln(γwmin) ln(γwbreak) ln(γwmax) β Sw Sw + ∆S ln(Nw

0 )

Sr 1 -1.00 -0.58 -0.30 -0.02 0.01 -0.13 -0.04 -0.01 -0.02
ln(Nr

0 ) 1 0.57 0.29 -0.02 -0.01 0.13 0.03 0.01 0.02
ln(γrmax) 1 0.69 -0.09 -0.03 0.44 0.17 0.05 0.09
ln(γwmin) 1 0.21 0.06 0.09 -0.35 -0.11 -0.21
ln(γwbreak) 1 0.46 0.40 -0.67 -0.83 -1.00
ln(γwmax) 1 -0.11 -0.19 -0.67 -0.45
β 1 0.72 0.22 0.41
Sw 1 0.37 0.69
Sw + ∆S 1 0.82
ln(Nw

0 ) 1

Table 3.2: The correlation coefficients between the fit-parameters of the synchrotron
spectrum. Since the matrix is symmetric, the lower trigonal part is not shown.

Figure 3.5: The two components of the electron spectrum used to calculate the broad
band SED of the Crab Nebula in the constant B-field model. The radio electrons (red
line) and the wind electrons (blue line) are represented. The black solid line indicates

the value for the minimum, maximum and break energies.

For the wind electron spectrum, the spectral indiex Sw is most strongly correlated with

the kink energy γwbreak, the cut-off energy γwmax and the super-exponential cut-off β.

Sw + ∆S is most strongly correlated with γwbreak and γwmax. The normalization Nw
0

is most strongly correlated with the spectral indices. This is not surprising since a

very similar spectrum can be modeled by adjusting these pairs of parameters to nearly

equalize changes.
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Radio electrons

The spectral index of Sr = 1.61 is not well compatible with the predictions of Fermi-

I acceleration models, which usually have a spectral index p ≥ 2 (e.g Blandford and

Eichler (1987)). However, as seen in the previous chapter, it can be ruled out that two

population of electrons are accelerated at the shock front. The mean Lorentz factor

of the radioelectron is γ̄r = 3.53 × 104, whereas the mean Lorentz factor of the wind

electron is γ̄w = 2.02 × 106. These averaged values are calculated by averaging the

electron energy distribution over γ:

γ̄ =

∫ γmax

γmin

γ
dNel

dγ
dγ∫ γmax

γmin

dNel

dγ
dγ

(3.6)

From the conservation of energy and particle flux across the shock, it follows, that the

Lorentz factor of the wind electrons upstream of the shock, γw∗ ∼ 106 [e.g. Kundt and

Krotscheck (1980), Kennel and Coroniti (1984), Arons (1996)], must be approximately

equal to the mean Lorentz factor of the wind γ̄w downstream of the shock. The Lorentz

factor of the radio electrons is too low to fulfil that requirement, therefore Atoyan (1999)

concluded, that the radioelectrons represent relic electrons, which were injected into the

nebula in an early phase of high spin-down luminosity of the pulsar. The electrons

lose their energy not only by synchrotron radiation, but also by adiabatic cooling, as

the nebula expands further. Neglecting that contribution, the termination of the radio

electron spectrum at high energies occurs only by synchrotron cooling. However, the

cutoff γrmax = 1.98× 105 is difficult to determine, since in this region, both synchrotron

emissions of both electron populations and the thermal emission from the dust overlap.

The lower sharp break at γ = 22.5 (which corresponds to an energy of 107 eV) was chosen

for faster calculation of the spectrum and contains no physical implications. Photons

emitted by synchrotron radiation at this energy have frequencies in the range of 0.1 MHz

(see Eq 1.31) for 〈sin θ〉 =
√

2/3, but are not observed (see Fig. 3.3).

Wind electrons

The wind electrons are tought to be continuously injected at the shock front into the

nebula and produce, by synchrotron radiation, the major part of the spectrum beyond

the submillimeter and infrared energy range. The wind electrons contribution to the

synchrotron spectrum can be seen in Figure 3.3. Their electron spectrum (blue curve

in Figure 3.5) exhibits a spectral index of Sw = 3.21 = 2.21 + 1, up to the kink in

the spectrum at γwbreak = 2.41 × 108. This leads to a spectral index of α = 0.61 in the
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synchrotron spectrum, and a photon index of Γ = 2.11 (see Table 1.3) in accordance with

the index measured by XMM-Newton [Kirsch et al. (2005)]. The spectral index agrees

well with the predictions of the Fermi 1st order acceleration section of an ultrarelativistic

shock with subsequent synchrotron cooling.

The kink at γ = γwbreak corresponds to the change of the spectrum at hard X-rays, at

∼ 130 keV, the spectral index changes by ∆S = 0.53. The origin of this feature in the

electron spectrum must be related to the acceleration and/or injection of the particles. It

can hardly be attributed to an energy-dependent escape of the particles from the nebula,

since the electrons in the X-ray region lose their energy by synchrotron radiation, well

before escaping the nebula.

3.2 Extension

Until recently, the morphology of the Crab Nebula was only resolved up to energies

of about 80 keV [Hester (2008), Madsen et al. (2015)]. At higher energies, no spatial

extension could be determined, mostly due to the insufficient angular resolution of the

instruments. For a telescope like H.E.S.S. for example, the expected size of the Crab

Nebula in the high energy range is several times smaller than the point spread function

(PSF) of the instrument. In such a case, the extension of the source broadens the

signal only slightly as compared to the PSF, which itself greatly depends on the current

observations and instrument conditions. The H.E.S.S. [?] and Fermi collaborations

[Ackermann et al. (2018)] have recently published estimates of the angular size of the

nebula in the VHE energy range. H.E.S.S. unveiled, that the Crab Nebula is extended

at TeV γ−ray energies with a root-mean-square width of 52′′. The Fermi collaboration

found the 68% containment radius (R68) of the Crab Nebula to be R68 = (0.030 ±
0.003 (stat) ± 0.007 (sys)) deg. Using the Fermi/LAT and H.E.S.S. measurements,

Yeung and Horns (2019) estimated R68 = (0.0330 ± 0.0025 (stat)+0.0012
−0.0075 (sys)) deg.

They found the energy-dependent Crab Nebula’s γ-ray extension to be R68 ∝ E−αIC ,

with α = 0.155±0.035 (stat)−0.037 (sys). Here, the modelling of the angular extension

of the Crab Nebula is compared to the actual measurements.

3.2.1 Definition of the Intensity

In this subsection, the definition of the intensity is introduced and it is explained how

this quantity allows to infer the angular size of the nebula. The specific intensity Iν is
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Figure 3.6: Representation of the quantities used to define the intensity (see text for
more details).

defined as the proportionality coefficient Iν in:

dEν ≡ Iν(~r,~l, t)(~l.~n)dνdAdtdΩ = Iν(x, y, z, θ, ϕ, t)dνdtdA cos θdΩ, (3.7)

where dEν is the quantity of energy transported through the surface dA with ~n the

normal to dA, at the location ~r, between times t and t + dt, in the frequency band

between ν and ν+ dν, and in the solid angle dΩ along the direction ~l (see Fig. 3.6). The

total intensity I, is obtained by integrating over all possible frequencies:

I =

∫ ∞
0

Iνdν (3.8)

Difference between Flux and Intensity

The flux is the net rate of energy flowing across a unit area (e.g., at a detector), from

all directions, per unit time, per unit frequency interval, which, in terms of intensity

means:

fν =

∫
Ω

∫
θ
IνcosθdΩ. (3.9)

The essential difference between the specific Intensity Iν and the flux fν is that the

specific intensity is independent of the distance from the source (but requires the source

to be resolved), while the flux falls off as r−2. The energy emitted towards (and received
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Figure 3.7: Let δA be some area on a source at a distance D subtending a solid angle
δΩ at a detector; while the detector of area δa, subtends a solid angle δω at the source.

by) the detector is (see Fig. 3.7):

E = IνδAδω

⇔ E

δΩ
= IνD

2 δa

D2
,

with δA = D2δΩ and δω = δa/D2. The terms D2 cancel out, and one can see that the

energy received per unit solid angle is independent from the distance. A source must

be spatially resolved for the observers to be able to measure the intensity, otherwise,

only the flux can be measured. If a source is called unresolved, it means that it is

much smaller in angular size than the point-source response telescope observing it. If

the source is unresolved, the direction of the Poynting vector of the observed radiation

cannot be identify.

Radiative transfer equation

The intensity along a beam is constant, except if local emission or absorption processes

add photons or remove photons from it. Providing that such processes occur (requiring

the presence of matter), the local intensity gain and the local intensity loss are defined

with empirical proportionnality constant, similarly to the definition of the intensity.

Emissivity The local addition of photons to a beam of radiation is proportionnal, in

the infinitesimal limit, to the number of emitting particles, to the time interval dt, the

frequency bandwith dν, and the solid angle dΩ over which the beam is measured:

dEν ≡ jνdV dtdνdΩ, (3.10)
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with dEν the energy added in the form of photons to a beam with solid angle dΩ, during a

time dt, over bandwith dν, within the volume dV . Units of jν : [erg cm−3s−1Hz−1ster−1].

The emissivity coefficient, jν , depends on location, direction, time and frequency as well

as the intensity Iν . Let us consider a beam with a cross-section dA, crossing a volume

dV = dAds while propagating along a path ds. The amount of intensity added by local

emission to a beam with intensity Iν is:

dIν = jν(s)ds. (3.11)

Extinction coefficient

Similarly, the number of photons removed from a beam by extinction processes is pro-

portionnal to both the supply of photons and the number of extinguishing particles in

the infinitesimal limit. This relation of proportionnality is defined as the extinction

coefficient. The monochromatic exctinction coefficient (effective cross-section), σν per

particle, with the units [cm2], is:

dIν ≡ −σνnIνds. (3.12)

with n the density of the absorbing particles [cm3]. The extinction per unit path length

is:

dIν ≡ −ανIνds, (3.13)

with αν = σνn the monochromatic linear exctinction coefficient with the units [cm−1].

Transport equation

Let us consider a small cylinder with length ds and sides dA, oriented along a beam

of radiation with intensity Iν . If we consider a constant emissivity jν and a constant

extinction coefficient from s to (s+ ds), the total intensity variation is:

dIν(s) = Iν(s+ ds)− Iνds = jν(s)ds− ανIνds. (3.14)

dIν(s)

ds
= jν − ανIν . (3.15)

This is the transport equation. It applies most of the time, except when the extinguising

particles are not small with respect to the space between them, or when they are not

randomly distributed over the medium. In the case where the medium in which the

beam propagates is optically thin, one has αν = 0. Here, the Crab Nebula is assumed
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Figure 3.8: Representation of the Crab Nebula (blue circle) located at a distance d
from us. The ligne of sight is denoted by s, and α represents the angular size of the

Crab Nebula. See text for more details.

to be optically thin. The inverse Compton intensity is then computed via:

dIν = jICν (r(s))ds. (3.16)

3.2.2 Calculation of the intensity

The calculation of the intensity is done by integrating the emissivity along the line of

sight:

Iν(α) =

∫ ∞
0

jν(r)ds, (3.17)

where s is the line of sight, and the inverse Compton and Synchrotron emissivity are

given by (see Chapter 2):

jICν =
1

4π

∫
γ

dγ
3

4

σT c

γ2
h2ν

∫ hν

hν/4γ2

dε

ε
fIC(ε, ν, γ)nseed(r, ε)nel(γ, r, ) (3.18)

jSyν =
1

4π

∫
γ

dγ nel(γ, r)

√
2

3

√
3e3B

mc2

ν

νc

∫ ∞
ν/νc

K5/3(x)dx. (3.19)

The angular size of the Crab Nebula is denoted by α, d = 2 kpc is the distance between

the Crab Nebula and the Earth, and r is of the order of magnitude of the Crab Nebula

radius (see Fig. 3.8). The size of the Crab Nebula is much smaller than the distance

from the Earth to the nebula:

r � d. (3.20)

The assumption of r � d is justified, because the size of the Crab Nebula itself (r ≈ 4 pc)

in relation to the distance to us as observer (d ≈ 2000 pc) provides a sufficiently accurate

description of the situation, since(r
d

)
=

4 pc

2000 pc
=

2

1000
� 1. (3.21)
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Figure 3.9: The Crab Nebula is represented by the blue circle. Here the approximation
d ' d′ is made. The area between the two vertical lines represents the region where the

emissivity is non-zero. See text for more details.

As a result to the small angle approximation,

α = tan
(r0

d

)
' r0

d
⇐⇒ r0 = αd. (3.22)

The equations 3.18 and 3.19 are expressed in function of r, and thus should be rewritten

in function of s. One should first show that, at the first order, d′ ' d holds. The

following relationship between d′, d and r0 applies (see Fig. 3.8)

d′ =
√
d2 + r2

0 = d

√
1 +

(
r0

d

2
)
' d

(
1 +

r2
0

2d2

)
+ o

(r0

d

)4
. (3.23)

Therefore, the line of sight can be considered to be perpendicular to r0. One obtain:

r2(s) = (d− s)2 + r2
0 = (d− s)2 + (α.d)2 ⇐⇒ r(s) =

√
(d− s)2 + (α.d)2. (3.24)

The Synchrotron and IC emissivities are null outside of the Crab Nebula (see Fig. 3.9):

jν(r(s)) =


jν(r(s)) if d− l < r < d+ l,

0 else,

where the distance l = 3 pc is chosen such that the intensity varies by less than 0.01%.

The integral between 0 and ∞ can be replaced by an integrale over the area where the



Spectral Energy Distribution of the Crab Nebula 65

emissivity is non-zero:

Iν(α) =

∫ ∞
0

jν(r(s))ds ≈
∫ d+l

d−l
jν(r(s))ds. (3.25)

This approximation allows to reduce the numerical computation time.

3.2.3 Verification of the model

Spectral Energy Distribution

In order to verify the validity of the calculation, several tests are performed. First, the

SED of the Crab Nebula is recalculated by integrating the calculated Intensity over the

solid angle (see Eq. 1.4):

fν =
Lν

4πd2
=

∫
Iν(α)dΩ = 2π

∫
dα sin(α)Iν(α). (3.26)

The integral is approximated by a simple trapezoidal integration:

fν = 2π

∫
dα sin(α)Iν(α) = 2π

n=33∑
i=0

∆α

2
(sin(αi + 1)Iν(αi+1) + sin(αi)Iν(αi)). (3.27)

This is sufficient to check that the magnitude and the shapes obtained are in agree-

ment with the expected SED: as can be seen in Fig. 3.10, the luminosity calculated by

integration over the solid angle matches the SED well.

Size of the synchrotron nebula

The calculation of the synchrotron size is here compared to theoretical predictions. The

synchrotron extension is calculated in the following way, combining equations 3.19 and

3.17

jSy(r(s), ν) =
1

4π

∫
γ

dγnel(γ, r)

√
3e3B sin θ

mc2

ν

νc

∫ ∞
ν/νc

K5/3(x)dx. (3.28)

It follows from Eq. 3.16 that:

ISyν (α) =

∫ ∞
0

dsjSy(r(s), ν). (3.29)

As discussed already (Chapter 1, subsubsec. 1.3.3), a “single” electron with a Lorentz
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Figure 3.10: Comparison between the IC fluxes calculated in the constant B − field
model (smooth lines) and the IC fluxes obtained by integration of the calculated in-
tensity over the solid angle (broken lines). The contributions from the different seed

photon fields are shown: (1) synchrotron, (2) thermal dust, (3) CMB.

factor γ emits most of its synchrotron radiation at the characteristic frequency νc. There-

fore, the Bessel function can be replaced by a “delta-function approximation”

ν

νc

∫ ∞
ν/νc

K5/3(x)dx = δ(ν − νc) = δ
(
ν − ν0γ

2
)

=
δ
(
γ −

√
ν
ν0

)
2ν0

√
ν
ν0

, (3.30)

where we have used the property of the delta distribution when it is composed with a

smooth function g:

δ(g(x)) =
δ(x− x0)

| g′(x0) |
. (3.31)

Furthermore, the electron spectrum is a power-law (see Chapter 2, subsection 2.2.4):
dNel

dγ
∝ γβ. Using the equation 3.24,

ISyν (α) =
1

4π

√
3e3B sin θ

mc2

∫ ∞
0

ds

∫
γ

dγγ−βδ(ν − νc)e
−

(d− s)2 + (αd)2

2ρ2(γ) . (3.32)
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Figure 3.11: Normalized synchrotron intensity calculated within the constant B-field
model (blue line) in comparison to the expected intensity in the delta approximation
(light blue line) for differents values of ν. Both contributions from radio and wind

electrons are taken into account.

It should be noted that the equation above is valid only if g(x) = 0 for x = x0, ie., there

is only one root. After integrating over γ, one gets:

ISyν (α) =
1

4π

√
3e3B sin θ

mc2
e

−(αd)2

2ρ2
√
ν/ν0

∫ ∞
0

ds

(√
ν/ν0

)−β
β + 1

e

−(αd)2

2ρ2
√
ν/ν0

2ν0

√
ν
ν0

. (3.33)

Normalizing ISyν (α) by ISyν (α = 0), eliminates the constant term and the integrale over

s:

ISyν (α)

ISyν (α = 0)
= e

−(αd)2

2ρ2

(√
ν

ν0

)
. (3.34)
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The calculated synchrotron intensity follows the intensity expected in the delta approxi-

mation, as shown in Fig. 3.11. However, for values of ν ∼ νbreak, there is a small disparity

between the calculation and the values obtained in the delta approximation (see Fig. 3.11,

top right plot). This effect is directly due to the “delta approximation”: for values of ν

such that ν . νbreak (resp. ν & νbreak ), the averaged value of ρ over γ will be smaller

(resp. bigger) than in the delta approximation, since ρ(ν < νbreak) > ρ(ν > νbreak). For

the radio electrons, the intensities calculated in both the delta approximation and the

model, are similar, since the scale length ρ of the radio electrons is constant (as they are

not cooling) (see Fig. 3.11, top left plot). Therefore, when averaged over frequencies ν

near νc, we obtain the same average value of ρ as in the case of the delta approximation.

For the wind electron, the intensities calculated in the model and in the delta approxi-

mation are almost the same, indeed, for ρ(ν < νc) < ρ(νc) and ρ(ν > νc) > ρ(νc) (see

Fig. 3.11, bottom plot). Therefore, the averaged value of ρ will be roughly compensated.

Size of the IC nebula for CMB seed photons

A “single” electron with Lorentz factor γ being scattered by a uniform photon distribu-

tion emits most of its IC radiation at photons with a characteristic energy Eγm[(Blumenthal

and Gould, 1970)]. Therefore, similarly to the synchrotron intensity calculation, a delta

function approximation is introduced in addition to a “monochromatic approximation”,

where it is considered that one electron is scattered by photons with a fixed energy ε0

[e.g., Schlickeiser (2002)]. In the Thomson limit

〈εγ〉 =
4

3
ε0γ

2, (3.35)

gives an estimate of the energy of the “monochromatic” IC photons emitted by the

electron. The monochromatic photon energy is taken such that ε0 = 〈εCMB〉 ∼ 10−3 eV.

Similarly to the synchrotron intensity calculation:

IICν (α)

IICν (α = 0)
= e

−(αd)2

2ρ2

(√
ν

νIC

)
, (3.36)

where νIC = (4/3h)ε0 (see Eq. 3.35) represents the IC critical frequency. The IC inten-

sities calculated in the model and with the delta approximation are shown in Fig. 3.12

for two values of the frequency: ν = 1023 and ν = 1025.

Qualitative description of the intensity shapes

The figure 3.14 displays the IC flux calculated within the model for two values of the

frequency for each photon field. This agrees with the SED of the Crab Nebula (see
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Figure 3.12: The IC intensity for the CMB photons calculated within the constant
B-field model (blue line) normalized to the intensity for α = 0 compared with the
expected intensity in the delta approximation (light blue line) for two differents values

of ν.

section 3.1, Fig. 3.4): for a given frequency, the synchrotron intensity is dominating the

two other components and for a given component, the width of the intensity is decreasing

with the frequency as it is expected due to the cooling of the electrons. The fraction of

synchrotron intensity and the fraction of dust intensity are higher for ν = 1025 than for

ν = 1023, while it is the opposite for the CMB (also shown in the SED figure). It should

be noted that the fraction of the intensity at α = 0 cannot be directly compared to the

flux. Indeed, for a given seed photon field component i, the corresponding luminosity

fraction can be expressed by:

Liν
Ltotν

=

∫
Iiν(α)dΩ

3∑
j=1

∫
Ijν(α)dΩ

, (3.37)

∀ {i, j} ∈ {1, 2, 3}2 , i 6= j, where the index i, j represent the different seed photons field.

Equation 3.37 can be factorized by Iiν(0):

Liν
Ltotν

=

Iiν(0)

∫
giν(α)dΩ

3∑
j=1

Ijν(0)

∫
gjν(α)dΩ

. (3.38)
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In the case where the function giν is the same for the three components, one as:

Liν
Ltotν

=

Iiν(0)

∫
gν(α)dΩ∑i=3

i=1 I
i
ν(0)

∫
gν(α)dΩ

=
Iiν(0)

Itotν
. (3.39)

But as it can be seen in Fig. 3.13, the shapes of the intensity are not the same, therefore:

Liν
Ltotν

6= Iiν(0)

Itotν
. (3.40)

3.2.4 Comparison with the Data

In order to compare the results with Yeung and Horns (2019) and Holler et al. (2017),

the 68% containment radius, R68 of the Crab Nebula has been determined for different

energy bands. The 68% containment radius is defined as the radius corresponding to

68% of the total flux

0.68fmaxν =

∫ R68

0
Iν(α)dΩ, (3.41)
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with the maximal flux fmaxν

fmaxν =

∫ αmax

0
Iν(α)dΩ, (3.42)

αmax = 0.1 deg ≡ 3.5 pc is taken to be larger than the size of the Crab Nebula in

order to not underestimate the total flux. Integral 3.42 is determined by a trapezoidal

integration:

fν = 2π

∫
dα sin(α)Iν(α) = 2π

n=33∑
i=0

∆α

2
(sinαi+1 Iαi+1 + sinαiIαi). (3.43)

A trapezoidal integration is precise enough since the estimated error on the integration

η is found to be:

ε = |fν,rectangle − fν,trapezoid| ≈ 10−8erg s cm−2, (3.44)

where fν,rectangle and fν,trapezoid represent the fluxes fν calculated with the rectangle

and trapezoidal methods, respectively. The function Iν is evaluated in 34 points, which
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is sufficient since the functions do not vary much. The 68% containment radius R68 is

shown in Fig. 3.15, together with the data from Yeung and Horns (2019) and Holler

et al. (2017). One can see, that the estimated total extension is overall smaller than

the measurements, especially for the two first energy bins. In particular for values of

photons Eγ . 10 GeV, there is a flattening of the three components, corresponding to

the confinement of the electrons in the radio nebula (see the definition of ρ, Chapter 2,

subsection 2.2.2). However, the flattening is not observed in the measurements. For

energies . 100 GeV, the characteristic size of the emission coming from the dust is

dominating the other components. This is expected, as photons coming from the dust

are located in a shell around the radio nebula and are more likely to interact with the

radio electrons. The total extension is very closed to the SSC extension, as the flux of

photons scattered by SSC is dominant over the other components (see Fig. 3.3).
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3.3 Conclusion

The constant B−field model reproduces well the synchrotron emission but underesti-

mates the IC flux in the high energy regime (E & 100 GeV). Furthermore, it fails to

describe satisfactorily the γ−ray extension. This is not surprising, since the scattered

flux depends on the field strength B as B−(S+1)/2 (given an electron spectral index of S).

Therefore, as already suggested by MHD models, a more detailed treatment of the mag-

netic field structure is required to explain for both the IC emission and the gamma-ray

extension of the Crab Nebula.





Chapter 4

Modelling of the Crab Nebula

with a varying magnetic field

Higher extension measurements of the Crab Nebula in the low-energy range of the IC

emission can be explained by two hypothesis. First, as indicated by MHD models,

the magnetic field in the nebula is not indefinitely constant-as assumed in a constant

B−field model-but starts to decrease after several r/rs, and becomes nul at the edge of

the nebula. This causes the escape of the electrons, supposedly confined in the radio

nebula in the constant B−field model. Furthermore, an interesting feature described in

Bietenholz and Kronberg (1990) shows that the magnetic field tends to be radial at the

edge of the nebula, favoring a rapid escape of the electrons. The other explanation is

be that the unseen outer shell (see chapter 1, subsect. 1.1.2) of the Crab Nebula could

be actually visible in the Fermi/LAT data. This is the last hypothesis which is chosen

here to derive the parameters describing the varying magnetic field, and recalculate the

SED accordingly.

4.1 Magnetic field structure

This magnetic field in the nebula is described by MHD propagation of the magnetized

plasma of relativistic electrons injected at the wind shock into the nebula [Rees and Gunn

(1974)]. Kennel and Coroniti (1984) have refined this model by deriving 1-D MHD flow

solutions. The magnetic field behaviour and the MHD flow of the relativistic plasma in

the nebula are characterized by the “magnetization-” or “σ−parameter”, defined to be

the ratio of the electromagnetic energy flux to the particle energy flux at the wind shock

σ =
B2
s

4πnuγmc2
, (4.1)

74
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Figure 4.1: The magnetic field in the Crab Nebula at different distances r (right
panel) and angular distances (left panel) for different values of the parameter σ in the
framework of the MHD model of KC; r = rs corresponds to the distance of the wind
termination shock from the pulsar. The left plot is taken from de Jager et al. (1996)

and the right plot from Atoyan and Aharonian (1996a).

where Bs is the shock frame magnetic field, n is the density and u is the radial four-speed

of the relativistic electron flow at the shock. According to Rees and Gunn (1974), σ � 1

just ahead of the shock. For such small values of σ, the magnetic field strength would

be a minimum at the shock radius, rs, where the ram pressure from the pulsar wind is

balanced by the external pressure. For r ≥ rs, the magnetic field increases with r as

B(r) ∝ r (see Fig. 4.1). The description of the regime where the magnetic field starts

to decrease and becomes nul remains largely unknown.

Under the assumption that electrons coming from the outer shell of the nebula are

producing additional IC emission, the radio electrons should “see” a greater magnetic

field than the wind electrons, in order to let room in the SED for the new component.

Therefore, the magnetic field is modeled by a step function such that (see Fig. 4.2):

B =


B1 for r < rradio

B2 B2 > B1, for rradio < r < rcut

0 else.

(4.2)

The radius rcut at which the magnetic field becomes nul is such that rcut = 300 arcsec

and is chosen to be a bit larger than the size of the nebula. It permits to not suffer

any synchrotron losses, and therefore preserve the observed the radio nebula radius,
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Figure 4.2: Magnetic field B used in the calculations. The value of the magnetic field
is B1 = 87 µG for (r/rs . 5) and then jump to B2 = 149 µG, it is decreasing to 0 for

r/rs & 23.

rradio, defined by rradio = d tan θradio (with θradio = 78 arcsec, see chapter 2, subsubsec-

tion 2.2.2).

Fig. 4.3 shows the effect of the magnetic field on the synchrotron spectrum before adjust-

ing the electron spectra parameters. As expected, the flux is reduced for 1015 . ν . 1022,

corresponding to the wind electrons contribution to the synchrotron flux. As the mag-

netic field is lower in the region r < rradio, where the wind electrons are located, they

will produce less synchrotron emission. Consequently, the decrease of the magnetic field

in the region r < θradio from previously B = 167 µG to a smaller value lowers the IC

spectrum produced by the wind electrons, as can be seen in Fig. 4.4. The IC spectrum

produced by radio electrons is mainly due to soft photons having frequencies in the in-

frared peak of the Crab Nebula (see Chapter 2, subsect. 2.3.2). This could explain why

the contribution of radio electrons to the IC spectrum is also smaller than in the case

of a constant magnetic field. Furthermore, for νIC ∼ 1025, the radio electrons contri-

butions in the cases of a constant and a varying magnetic field tend to have the same

cutoff energy. These electrons are going to scatter mostly seed photons with frequencies

νseed ∼ 1013 (see Eq. 2.25), which seem to not be affected by the magnetic field decrease.
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4.2 Best fitting parameters for the varying magnetic field

The total extension S in the low energy regime E . 10 GeV should be S ∼ 0.06 deg

[Yeung and Horns (2019), see Fig. 3.15]. Let f1 and f2 be the fluxes from the electrons

confined in the nebula, and the electrons located at the outer edge of the nebula respec-

tively. Their corresponding extension are denoted s1 and s2. The total extension S can

be expressed in function of f1, f2, s1 and s2 by

S2 =
f1s

2
1 + f2s

2
2

f1 + f2
=
f1s

2
1 + (1− f1)s2

2

f1 + f2
, (4.3)

with f1 + f2 = 1, the total flux. The IC extension due to electrons confined in the radio

nebula, s1 is such that s1 ∼ 0.03 deg (see model, Fig. 3.15). The outer radius of the outer

blast wave is unknown, therefore, a maximum outer shell radius value, s2 . 0.2 deg1 is

assumed. The electrons present in the supposedly outer shell would produce the missing

IC emission with a flux f2. A lower limit on the IC flux produced by the radio electrons

1The value of s2 is simply obtained by considering an expansion velocity of v ' 1680 km.s−1 for the
ejecta multiplied by the age of the nebula.
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Figure 4.4: Contributions to the flux of inverse Compton scattering: the synchrotron
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can be estimated:

f1 =
S2 + s2

2

s2
1 − s2

2

, (4.4)

where f1 is found to be f1 ∼ 0.93. The best value of B1 is obtained by a χ2 fit of the IC

flux to the Fermi/LAT measurements multiplied by f1, for frequencies such that ν < 1025

(this corresponds approximately contribution of radio electrons to the IC flux). The best

value of B2 is found by a χ2 fit of the IC flux to the Fermi/LAT and HEGRA measure-

ments (see Fig. 4.5). The best fitting parameters are B1 =
(
87± 4 (stat.)+15

−6 (sys.)
)
µG,

and B2 =
(
149± 6 (stat.)+15

−6 (sys.)
)
µG with χ2/d.o.f. = 36.89/38 ' 0.97. The high

energy part of the IC flux (E & 100 GeV) is best described with a varying mag-

netic field. Furthermore, with a constant magnetic field model, it was previously found

χ2/d.o.f. ' 1.13 for the fit of Fermi/LAT and HEGRA measurements. The resulting

inverse Compton spectrum including the different seed photon fields is displayed in de-

tails in Fig. 4.6. The choice of fitting the model to HEGRA measurements is motivated

by its small statistical uncertainties compared to other IACTs.
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Figure 4.5: The IC model (constant B−field model, solid black line) is adjusted to
the measurements from MAGIC and Fermi/LAT.
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Figure 4.6: Contributions to the flux of inverse Compton scattering: the synchrotron
radiation (red line), the thermal emission of the dust (magenta line), and the CMB
(blue line). The black line represents the total emission calculated in the current B

field step model.
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4.3 Cross calibration of IACTs and Fermi

Aharonian et al. (2004b) have shown that observational methods can already achieve a

stable (< 6%) and accurate calibration (+5/-10%) of the absolute energy scale (Meyer

et al. (2010)), as well as inter-calibration of multiple telescopes with an accuracy of 2%

[Hofmann (2003)]. The usual method for calibrating the energy scale with observational

methods consists in matching carefully the observed cosmic-ray event rate with the simu-

lated event rate (taking the detector and its performance into account) [see e.g Pühlhofer

et al. (2003), Lebohec and Holder (2003)]. Corrected energy-dependent collection areas

from Monte-Carlo simulations can be calculated by determinating the variations of the

energy scale. The method has been demonstrated to work for observations on the Crab

nebula covering five years [Aharonian et al. (2004b)]. The energy spectrum (flux and

shape) remain stable for years after corrections of time-dependent effects and shifts in

the energy scale (which change by as much as 20%). Indeed, the remaining variations

of the observed integral flux after corrections indicate that the calibration of the energy

scale varies by less than 6% from year to year [Aharonian et al. (2004a)]. It should be

noted, that the expected variations of the flux from the Crab nebular are the same in

magnitude. Therefore, the quoted 6% should be considered as an upper limit on the

achievable stability of the energy calibration. Even though the relative changes in the

energy scale are already quite small after correcting for variations in the detector and

atmosphere, the absolute energy scale remains to be determined accurately.

Meyer et al. (2010), have used the inverse-Compton component of the energy spectrum

from the Crab nebula to cross-calibrate the Fermi-LAT flux measurements with ground-

based flux measurements. Their analysis showed that the relative shift of the energy scale

among ground based telescopes is smaller than the estimated systematic uncertainty of

the instruments at that time (15%). Since their work, new measurements are available

(see Chapter 1, section 1.2), therefore, the varying B−field model is used to derive

scaling factors. The cross calibration between the imaging air Cherenkov telescopes

H.E.S.S., HEGRA and MAGIC and Fermi/LAT is achieved in the following way: the

average magnetic field is fitted to the Fermi/LAT measurements (see section 3.1.1). For

each IACT, an energy scaling factor is applied to adjust the measured energy Emeas to

a common energy scale E such that

E = Emeas.sIACT (4.5)

The scaling factor sIACT for each instrument is determined by a χ2−minimization in

which the energy scale sIACT is varied according to the formula above until the data

best matches the model.
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Instrument Scaling factor
SIACT

Statistical error ∆s χ2
before/d.o.f χ2

after/d.o.f

Fermi/LAT 1.00 +0.05 -0.03 - 0.97
HEGRA 1.00 ± 0.1 - 0.97
MAGIC 1.02 ± 0.01 0.9 0.8
H.E.S.S 0.96 ± 0.02 6.70 1.38
Tibet 1.0 ± 0.1 2.91 2.91

HAWC 0.90 ± 0.03 0.88 0.48
VERITAS 0.938 ±0.003 14.68 6.34

Table 4.1: Energy scaling factors of the IACTs used for the cross calibration.

Figure 4.7: Left panel: The IC model (constant B−field model, solid black line)
with measurements from MAGIC and Fermi/LAT. No energy scaling is applied. Right
panel: The same curve as in the left panel but with the scaling factor s = 1.02 applied

to the data.

The derived scaling factors for the different instruments are listed in table 4.1 with their

statistical errors. For each instrument, the comparison between the unscaled and scaled

data points with the model is represented in Fig. 4.7, Fig. 4.8, Fig. 4.9, Fig. 4.10 and

Fig. 4.11. The scaling factors are applied, according to equation 4.5. It is clear from

these figures that the scaled data points fit the model better. This is also confirmed by

the χ2−value before and after the application of the scaling factors. All scaling factors

lie within the aforementioned 15% energy uncertainty of the IACTs. Meyer et al. (2010)

found similar values for the scaling factors of H.E.S.S. and MAGIC. Values of χ2 smaller

than 1 are due to bin correlations.

This method is also suitable to any other experiment measuring the flux from the Crab

Nebula in the high-energy range. IACTs suffer from systematic uncertainties which are

currently estimated to be around 15% [Gaug (2017)].
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Figure 4.8: Left panel: The IC model (constant B−field model, solid black line) with
measurements from H.E.S.S and Fermi/LAT. No energy scaling is applied. Right panel:
The same curve as in the left panel but with the scaling factor s = 0.96 applied to the

data.

Figure 4.9: The IC model (constant B−field model, solid black line) with measure-
ments from Tibet and Fermi/LAT. No energy scaling is applied.
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Figure 4.10: Left panel: The IC model (constant B−field model, solid black line)
with measurements from HAWC and Fermi/LAT. No energy scaling is applied. Right
panel: The same curve as in the left panel but with the scaling factor s = 0.9 applied

to the data.

Figure 4.11: Left panel: The IC model (constant B−field model, solid black line) with
measurements from VERITAS and Fermi/LAT. No energy scaling is applied. Right
panel: The same curve as in the left panel but with the scaling factor s = 0.938 applied

to the data.

4.4 Conclusion

A varying magnetic field model reproduces the IC flux better than with a constant

magnetic field, where the high energy part of the IC component was underestimated. By

adjusting the IACTs to a common energy scale with Fermi/LAT and HEGRA, the cross

calibration eliminates the systematic uncertainties. Indeed, all the relative shift of the

energy scale are less than 10%. However, the Fermi/LAT’s absolute energy uncertainty

remains, but it implies an improvement from ±15% to 5% and −3%.





Chapter 5

Summary and conclusion

This work provides an updated non-thermal emission model of the Crab Nebula. In

the framework of a constant (and static) volume-averaged magnetic field, the model is

used to calculate the observable components of the Crab Nebula, such as its size and

multiwavelength emission. The spatial distribution of the relativistic electrons in the

nebula is deduced from observations. Including for the first time in details the spatial

distribution of the photons coming from the thermal emission, the model is first used

to reproduce the spectral energy distribution of the Crab Nebula. After adjusting the

electron spectra parameters, the model describes well the observations over almost 15

orders of magnitude, but slighlty underestimates the IC flux in the HE range. The

dust is found to have a contribution to the IC flux ∼ 15 lower than previous estimates.

The gamma-ray extension of the Crab Nebula is then calculated and compared with

recent measurements. The calculated size of the nebula seen in the gamma-ray energies

is found to be lower than the data, especially for energies . 100 GeV, where the size

plateaus. Therefore, the model fails to describe both the IC emission and the gamma-ray

morphology of the Crab Nebula, but allows to draw important conclusions.

As seen in the previous chapters, the discrepancy between the modeled gamma-ray ex-

tension of the Crab Nebula and the measurements could have two possible explanations.

The size of the IC nebula could be interepreted by the escape of electrons at the outer

edge of the radio nebula. An other explanation could be that the unseen outer shell of

the Crab Nebula may be visible with the Fermi/LAT. The supernova which gave rise

to the Crab Nebula is believed to be a core-collapse supernova. Therefore, the presence

of an outer blast wave around the nebula is expected. However, radio and X-ray ob-

servations have failed to unveiled such outer shell. One possible explanation is that the

density of the surrounding gas is not high enough to produce detectable circumstellar

emission when interacting with the ejecta.
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Under the assumption that the missing IC emission is produced by electrons in the

outer shell, and the help of a varying magnetic field structure, the SED is recalculated

by varying the magnetic field parameters. This more realistic model actually describes

the high energy part of the IC component (E & 100 GeV) better than with a constant

magnetic field.

Furthermore, an updated analysis of the Crab Nebula allows for a cross calibration

between ground-based air shower experiments and the Fermi/LAT+HEGRA. Cross-

calibration enable to eliminates the source of error when observing an object with several

instruments, and thus enhance the significance of results based on combined measure-

ments.

From the model presented in this work, more information about the physics of the crab

nebula could be obtained in the future. In particular, it is of great interest to further

investigate the nature of the event which gave rise to the Crab Nebula. If a fast outer shell

is absent, the Crab Nebula could originate from a type of under-luminous supernova.

This would bring us to reconsider our current understanding of supernova explosions.

Recalculating the size of the IC nebula by considering outer shell electrons needs to

be done in order to determine which scenario could be responsible for the gamma-ray

morphology of the Crab Nebula.





Appendix A

Derivation of the expression of

the spectral number density

The calculation of the spectral number density of photons, nseed is straightforward as-

suming that the source is transparent for photons with a frequency ν. Let us assume an

isotropic spectral emissivity jν in the infinitesimal volume d3r′. The number of photons

of frequency ε = hν, per unit volume, located at a distance r can be written:

nseed(r, ε) =

∫
v
δn(~r, ~r′, ε) =

1

hε

∫
v

jν(|~r′|, ε)d3r′

4πc|~r − ~r′|
2 . (A.1)

The infinitesimal volumes d3r′ and d3r are defined such that

d3r′ = r′2dr′ sin θ′dθ′dϕ′, (A.2)

d3r = r2dr sin θdθdϕ, (A.3)

where the different coordinates are represented in Fig. A.1.

| ~r − ~r′ |= r2 − 2rr′ cosα+ r, (A.4)

with α be the angle between ~r and ~r′. Let us choose θ such that θ = 0, then θ′ = α, and

n can be expressed:

n(r, ν) =
1

4πc

1

hε

∫ ϕ′=2π

ϕ′=0

∫ θ′=π

θ′=0

∫ r2

r1

jν(r′)|~r′|r′2 sinαdαdϕ′dr′

r2 − 2rr′ cosα+ r′2
. (A.5)
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Figure A.1: Spherical coordinate system.

After integrating over ϕ′ and multiplying numerator and denominator by 2r

n(r, ν) =
1

2c

1

hε

∫ α=π

α=0

∫ r2

r1

jν(r′)|~r′|2rr′2 sinαdαdr′

2r(r2 − 2rr′ cosα+ r′2)
. (A.6)

Let f be a function of α such that

f(α) =
2rr′ sinαdαdr′

(r2 − 2rr′ cosα+ r′2)
, (A.7)

f is defined and differentiable on R:

df

dα
= [ln |r2 − 2rr′ cosα+ r′2|]π0 (A.8)

= ln |r2 + 2rr′ + r′2| − ln |r2 − 2rr′ + r′2| (A.9)

= ln

(
r + r′

|r − r′|

)2

= 2 ln

(
r + r′

|r − r′|

)
. (A.10)

Therefore, n can finally be rewritten:

n(r, ν) =
1

2c

1

hε

∫ r2

r1

r′

r
jν(r′) ln

(
r + r′

|r − r′|

)
dr′. (A.11)

Assuming that the emissivity units are [j(r′, ν)] = eV.cm−3.s.s−1, the spectral number

density of seed photons is in units of [nseed(r, ε)] = eV−1.cm−3.s.s−1
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Chandra images of the Crab

Nebula in different energy bands

This appendix displays the images of the Crab Nebula from Chandra used in Chapter 2

(see subsubsec. 2.2.2) to determine the synchrotron extension of the Crab Nebula. The

characteristic extension, R68, has been calculated in 10 energy bins between 0.3 and

10 keV. The light blue circle represents the 68% containment radius and the black cross

is the center of the circle. Table B.1 summarizes the different R68 associated to each

image, as well as the coordinates of the center (x; y) of the circle.

Bin number Energy range (keV) R68 (arcsec) x (arcsec) y (arcsec)

1 0.3-1.27 45.1 260.8 298.5

2 1.27-2.24 42.6 257.8 297.3

3 2.24-3.21 40.2 257.5 296.8

4 3.21-4.18 38.9 252.9 294.5

5 4.18-5.15 38.2 255.1 292.8

6 5.15-6.12 37.2 254.9 290.7

7 6.12-7.09 36.0 252.5 291.4

8 7.09-8.06 35.3 251.5 291.4

9 8.06-9.03 33.6 252.3 292.4

10 9.03-10 33.7 252.0 290.8

Table B.1: The ten different energy bands used to calculate the 68% containment
radius, R68.
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(a) (b)

(c) (d)

Figure B.1: Chandra images of the Crab Nebula in the energy band (a) 9.03-10 keV,
(b) 8.06-9.03 keV, (c) 7.09-8.06 keV, (d) 6.12-7.09 keV. The light blue circle represents
the 68% containment radius and the green cross the center of the circle and the centroid
of the image (see text). The central blacked out region is the pulsar location and the
horizontal line departing from it is the read-out of pulsed emission which spilled over.

The Chandra images come from ivo://ADS/Sa.CXO#obs/13154.

ivo://ADS/Sa.CXO#obs/13154
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(a) (b)

(c) (d)

Figure B.2: Chandra images of the Crab Nebula in the energy band (a) 5.15-6.12 keV,
(b) 4.18-5.15 keV, (c) 3.21-4.18 keV, (d) 2.24-3.21 keV. The light blue circle represents
the 68% containment radius and the green cross the center of the circle and the centroid
of the image (see text). The central blacked out region is the pulsar location and the
horizontal line departing from it is the read-out of pulsed emission which spilled over.

The Chandra images come from ivo://ADS/Sa.CXO#obs/13154.

ivo://ADS/Sa.CXO#obs/13154
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(a) (b)

Figure B.3: Chandra images of the Crab Nebula in the energy band (a) 1.27-2.24 keV,
(b) 0.3-1.27 keV. The light blue circle represents the 68% containment radius and the
green cross the center of the circle and the centroid of the image (see text). The central
blacked out region is the pulsar location and the horizontal line departing from it is
the read-out of pulsed emission which spilled over. The Chandra images come from

ivo://ADS/Sa.CXO#obs/13154.

ivo://ADS/Sa.CXO#obs/13154
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Program

The program was written in the C language, and the different numerical calculations were

performed with the GNU scientific library (GSL). The different numerical integrations

were performed with the QAG adaptive integration routine from GSL (see https://www.

gnu.org/software/gsl/doc/html/integration.html for more details). The source

files of the program can be found at the following address: https://svnsrv.desy.de/

desy/astrohh/dirsonlu/code/ludmillaCode/.

C program used in the calculation of the SED, the intensity

and the extension

Name of the program: crab spectrum

The program calculates the complete spectrum of the Crab Nebula, as well as the in-

tensity, with all the components described in the previous chapters and saves it in the

form of a table. It also calculates the integrale of the intensity over the solid angle. The

programm crab spectrum is divided into several source files:

� crab spectrum.c contains the function int main(void,*params).

� calc crab lud.c handles the spatial integrations.

� ic lud.c returns the IC flux or intensity.

� initialize.c contains the initial values of the different parameters used in the cal-

culation.

� sync.c calculates the synchrotron flux or intensity.

92

https://www.gnu.org/software/gsl/doc/html/integration.html
https://www.gnu.org/software/gsl/doc/html/integration.html
https://svnsrv.desy.de/desy/astrohh/dirsonlu/code/ludmillaCode/
https://svnsrv.desy.de/desy/astrohh/dirsonlu/code/ludmillaCode/


Programm 93

� create table.c creates a table with the values of the function F (ν/νc) (see Chapitre 1,

subsubsection 1.3.3, Eq. 1.30).

� nel.c contains the functions describing the electron spectra.

Spectral energy distribution

The different quantities saved in the table to plot the SED are:

� the frequency in Hz,

� the total inverse Compton flux f ICν in units of ergs s−1 cm−2 Hz−1,

� the complete synchrotron flux, in units of fSyν ,

� the termal radiation from the dust in units of fν .

calc crab lud.c

Here are presented the main functions present in the file calc crab lud.c.

1 double nphot ( double eps , void *params ) {}

returns the CMB photon number density in units of photons cm3 eV.

1 double d u s t e m i s s i v i t y s h e l l ( double eps , void *params ) {}

returns the emissivity coming from the dust in eV s s−1 cm−3.

1 c a l c c r a b d u s t ( double eps , void *params ) {

returns the energy dependent seed photons number density, nseed(ε), by mutliplying

dust_emissivity_shell() by
1

hε

1

2c
.

� synchrotron seed photons

The functions used in the calculation for the synchrotron seed photons are (from the

innermost to the outermost):
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1 double integrand ( double r , void *params ) {}

returns

r

r1
ln

r + r1

|r − r1|
e
−

r2

2ρ(γ′)2
. (C.1)

1 double sync ke rn seed ( double gammap , void *params ) {}

returns

dNel

dγ′
νp
νc

∫
νp/νc

K5/3(x)dx

∫
dr1

r

r1
ln

r + r1

|r − r1|
e
−

r2

2ρ(γ′)2
n0(ρ(γ′)). (C.2)

1 double sync seed ( double nup , void *params ) {}

Integrates sync_kern_seed() over γ′:

∫
γ′

dγ′
dNel

dγ′
νp
νc

∫
ν/νc

K5/3(x)dx

∫
dr1

r

r1
ln

r + r1

|r − r1|
e
−

r2

2ρ(γ′)2
n0(ρ(γ′)). (C.3)

1 double i n t e g r a l e s y n c ( double l r , void *params ) {}

returns

e
−

r2

2ρ(γ)2
nseed(r, ε). (C.4)

1 double c a l c c r a b d e n s ( double eps , void *params ) {}

Integrates integrale_sync() over the volume of the nebula:

∫
V

d3re

−r2

2ρ(γ)2
nseed(r, ε) (C.5)

� Dust and CMB seed photons

The functions used in the calculation for the dust and CMB seed photons are (from the

innermost to the outermost):
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1 double f i r s t i n t e g r a l e c m b ( double ly , void *params ) {}

returns:

r2e

−r2

2ρ(γ)2
, (C.6)

for the CMB seed photons.

1 double f i r s t i n t e g r a l e s h e l l ( double r , void *params ) {}

returns

[(
rout +

[
r2
out

2y
− r

2

]
ln

1 + rout/r

|rout/r − 1|

)
−
(
rin +

[
r2
in

2y
− r

2

]
ln

1 + rin/r

|rin/r − 1|

)]
r2e

−r2

2ρ(γ)2
,

(C.7)

for the dust seed photons.

1 double i n t e g r a l e ( void *params ) {}

Integrates first_integrale_shell() and first_integrale_cmb() over the volume of

the nebula.

1 double i c k e r n 2 ( double eps i l on , void *params ) {}

multiplies calc_crab_dens(), calc_crab_dust() or nphot() by
fIC(ε, ν, γ)

ε
.

1 double i c k e r n ( double gamma, void *params )

integrates ic_kern2() over ε.

For dust and CMB seed photons, the result of the function is multiplied by the function

integrale(). For the synchrotron seed photons, the result of the function is multiplied

by dNel/dγ.

1 double i c ( double nu , void *params ) {}

integrates ic_kern() over γ and returns the IC flux in units of erg cm−2 s−1 Hz−1.
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Intensity

The intensity is returned by the function ic(). For the synchrotron seed photons, the

choice of calculating either the intensity or the IC flux is made in the file calc crab lud.c,

in the function calc_crab_dens(). In the function ic_kern for the cmb and dust, the

user can make the choice to calculate the intensity or the flux by multiplying the result

by intensity_rdep(), or integrale respectively.

1 double i n t e n s i t y r d e p ( double alpha , void *params ) {}

integrates sintegrale_sync(), first_integrale_shell() and first_integrale_cmb()

over r.

1 double s i n t e g r a l e s y n c ( double s , void *params ) {}

then calc_crab_dens() is multiplied by the function intensity_rdep() or ic_kern

for the cmb and dust.



Appendix D

Acronyms

LAT Large area telescope

PSF Point spread function

HESS High Energy Stereoscopic System

SED Spectral energy distribution

HE High energy

VHE Very high energy

SSC Synchrotron-self-Compton

IC Inverse Compton

HAWC High Altitude Water Cherenkov Experiment

VERITAS Very Energetic Radiation Imaging Telescope Array System

PWN Pulsar wind nebula

SN Supernova

MHD Magnetohydrodynamics

MAGIC Major Atmospheric Gamma Imaging Cherenkov Telescopes

HEGRA High-Energy-Gamma-Ray Astronomy

CMB Cosmic microwave background
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Appendix E

Definition of the 68%

containment radius

The infinitesimal area d2r is defined such that:

d2r = rdrdϕ, (E.1)

By definition of the 68% containtment radius (see Fig.E.1):

0.68 =

∫ R68

0
I(r)d2r∫ ∞

0
I(r)d2r

(E.2)

=

2π

∫ R68

0
I(r)rdr

2π

∫ ∞
0

I(r)rdr

(E.3)

=

∫ R68

0
ke−r

2/(2σ2
1D)dr2∫ ∞

0
ke−r

2/(2σ2
1D)dr2

(E.4)

=
[e−r

2/(2σ2
1D)]R68

0

[e−r
2/(2σ2

1D)]∞0
(E.5)

= 1− e−R2
68/(2σ

2
1D). (E.6)

Therefore, we obtain the following relationship between σ1D and R68:
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R68 = ln(0.32)σ1D ' 1.509σ1D. (E.7)

  

Figure E.1: Representation of the 68% containment radius. The intensity I as a
function of the angular distance r = αd from the center of the nebula is well described
by a Gaussian. This is qualitatively shown by the color grading which goes from red

at the center to blue at the edge of the nebula.
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1.4 Sketch of the interior of the supernova remnant SN1054 showing the sites
and radiation mechanisms of non thermal emission associated with ro-
tation powered pulsars. (i) the region within the light cylinder where
the magnetospheric pulsed radiation from radio to γ-rays is produced;
(ii) the relativistic wind of positrons and electrons terminates at a shock
front, where the wind of cold relativistic plasma meets the surrounding
material of the supernova remnant. The wind emits GeV and TeV γ-
rays through the IC mechanism; (iii) the surrounding synchrotron nebula
which emits broadband electromagnetic radiation from radio to multi-TeV
γ-rays through the synchrotron and IC processes. Source of illustration:
Aharonian and Bogovalov (2003). . . . . . . . . . . . . . . . . . . . . . . 7

1.5 SED of the Crab Nebula with the different measurements used in this
work. The optical line emission from thermal filaments is shown in orange
line. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.6 (a) A planar shock wave propagating at a supersonic velocity, Vs through
a stationary medium with density ρ1, pressure p1 and temperature T1

(b) rest system of the shock wave. In the non-relativistic case, it follows
from the shock conditions that, for a strong shock, the velocities of the
plasmas upstream and downstream are linked by v+ = 1/4v− (c) rest
system of the upstream plasma. The particles velocity is isotropized and
the plasma downstream flows toward the shock at the speed of 3/4v− (d)
rest system of the plasma downstream. It shows the same situation as in
(b). The figures are based on Longair (2011). . . . . . . . . . . . . . . . . 20

1.7 Radiation pattern of charged particles moving in a circular path: blue
(β � 1) and red (β ≈ 1) give ref. The opening angle of the frontward lobe
is ψ ∼ 2/γ whereas the backward lobe is smashed. Source of illustration:
https://www.intechopen.com/books/synchrotron-radiation-useful-and-interesting-applications/

fundamental-of-synchrotron-radiations . . . . . . . . . . . . . . . . 25

1.8 Waves structure for a spherical shock. The ejecta are shown in red and
the interstellar medium is represented in blue. Shocked material is in
dark color and undisturbed material is in light colors. The illustration is
from Ferrand (2008) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.1 Characteristic extensions (defined as the standard deviation σ; assum-
ing the intensity to have a Gaussian profile) in different energy-segments,
from the radio band to the X-ray band. The radio data are based on a
VLA (5.5 GHz) image (published in Bietenholz et al. (2004)) and on the
map of total intensity at 2.7 GHz in Wilson (1972). The optical data
are from Grindlay and Hoffman (1971) and Scargle (1969). The Chan-
dra characteristic extensions are determined within this work (see text for
more details). The NuSTAR measurements are provided by Madsen et al.
(2015). The blue line is the function which best describes the dependency
between the characteristic extension and the photon energy. The left ver-
tical dashed line represents the frequency νbreak = (1.2±0.2)×1014 Hz at
which the synchrotron extension starts to depend upon the frequency.
The right dashed line indicates the frequency of the last data point:
νobs,max = (1.4± 0.5)× 1019. . . . . . . . . . . . . . . . . . . . . . . . . . 38
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2.2 Chandra images of the Crab Nebula in the energy band 7.09-8.06 keV
(right panel) and 0.3-1.27 keV (left panel). The light blue circle represents
the 68% containment radius and the green cross the center of the circle
and the centroid of the image (see text). The central blacked out region is
the pulsar location and the horizontal line departing from it is the read-
out of pulsed emission which spilled over. The Chandra images come from
ivo://ADS/Sa.CXO#obs/13154. . . . . . . . . . . . . . . . . . . . . . . . 39

2.3 Scale length ρ of the electron distribution as a function of the Lorentz
factor γ. The dashed line represents the parameter γbreak such that for
γ < γbreak, ρ is a constant. . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.4 Electron number density nel, as a function of the ratio r/rs for different
values of the Lorentz factor γ, r is the distance to the center of the Crab
Nebula and rs is the termination shock radius. The radius of the nebula,
RPWN corresponds to r/rs ≈ 20. . . . . . . . . . . . . . . . . . . . . . . 41

2.5 Lorentz factor γ as a function of the magnetic field B corresponding to
the synchrotron cooling frequency γcool, to the upper νsupopt and lower νinfopt

limits of the break frequency νopt. . . . . . . . . . . . . . . . . . . . . . . . 42

2.6 The two components of the electron spectrum used to calculate the broad
band SED of the Crab Nebula in the constant B-field model. The ra-
dio electrons are showed in red solid line, while the wind electrons are
represented by the blue solid line. The black dashed lines indicate the
minimum, maximum and break energies. . . . . . . . . . . . . . . . . . . 44

2.7 The contribution of dust emission from the filaments and synchrotron
emission in the FIR-sub-mm range is shown in magenta points, the gray
solide line represents the two-temperature-blackbody model used to fit
the data and the light blue line represents the modelled synchrotron
emission. The dark blue line is the total flux obtained from summing
the synchrotron and the two dust components. The data are taken from
Gomez et al. (2012). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.8 Dust photon number density in photons per cm3 per eV (for an energy of
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. r . 2.3 pc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
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2.11 IC flux coming from the synchrotron seed photons for γ = 105 and ν = 1023. 49
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3.3 SED of the Crab Nebula calculated in the framework of the constant B-
field model (black line). The total contribution of radio electrons to the
synchrotron flux is shown (dashed red line), as well as the contribution
from the wind electrons (dashed blue line). The non-thermal emission
coming from the dust (gray line) and from the filaments (thin orange
line) are also represented. . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.4 Contributions to the flux of inverse Compton scattering: the synchrotron
radiation (red line), the thermal emission of the dust (magenta), and the
CMB (blue line). The black line represents the total emission calculated
in the constant B-field model. . . . . . . . . . . . . . . . . . . . . . . . . 56

3.5 The two components of the electron spectrum used to calculate the broad
band SED of the Crab Nebula in the constant B-field model. The radio
electrons (red line) and the wind electrons (blue line) are represented.
The black solid line indicates the value for the minimum, maximum and
break energies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.6 Representation of the quantities used to define the intensity (see text for
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3.7 Let δA be some area on a source at a distance D subtending a solid angle
δΩ at a detector; while the detector of area δa, subtends a solid angle δω
at the source. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.8 Representation of the Crab Nebula (blue circle) located at a distance d
from us. The ligne of sight is denoted by s, and α represents the angular
size of the Crab Nebula. See text for more details. . . . . . . . . . . . . . 63

3.9 The Crab Nebula is represented by the blue circle. Here the approxima-
tion d ' d′ is made. The area between the two vertical lines represents
the region where the emissivity is non-zero. See text for more details. . . 64

3.10 Comparison between the IC fluxes calculated in the constant B − field
model (smooth lines) and the IC fluxes obtained by integration of the
calculated intensity over the solid angle (broken lines). The contributions
from the different seed photon fields are shown: (1) synchrotron, (2)
thermal dust, (3) CMB. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.11 Normalized synchrotron intensity calculated within the constant B-field
model (blue line) in comparison to the expected intensity in the delta ap-
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for two differents values of ν. . . . . . . . . . . . . . . . . . . . . . . . . . 69
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3.15 Energy-dependence of the observed extension (black) and theoretical pre-
dictions based on various seed-photon fields (dark blue for CMB, cyan for
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bylski, J. Pütz, M. Quinnan, L. Rädel, M. Rameez, K. Rawlins, P. Redl, I. Rees,

R. Reimann, E. Resconi, W. Rhode, M. Richman, B. Riedel, S. Robertson, J. P. Ro-

drigues, M. Rongen, C. Rott, T. Ruhe, B. Ruzybayev, D. Ryckbosch, S. M. Saba, H. G.

Sand er, J. Sandroos, M. Santander, S. Sarkar, K. Schatto, F. Scheriau, T. Schmidt,
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Veggel, S. Vass, M. Vasúth, R. Vaulin, A. Vecchio, G. Vedovato, J. Veitch, P. J. Veitch,

K. Venkateswara, D. Verkindt, F. Vetrano, A. Viceré, R. Vincent-Finley, J. Y. Vinet,
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menté, T. Montaruli, R. W. Moore, R. Morse, M. Moulai, P. Muth, R. Nagai, U. Nau-

mann, G. Neer, L. V. Nguyên, H. Niederhausen, M. U. Nisa, S. C. Nowicki, D. R. Ny-

gren, A. Obertacke Pollmann, M. Oehler, A. Olivas, A. O’Murchadha, E. O’Sullivan,

T. Palczewski, H. Pandya, D. V. Pankova, N. Park, P. Peiffer, C. Pérez de los Heros,
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G. Yodh, S. Yoshida, T. Yuan, M. Zöcklein, and IceCube Collaboration. IceCube

Search for High-energy Neutrino Emission from TeV Pulsar Wind Nebulae. Astro-

phys. J., 898(2):117, August 2020. doi: 10.3847/1538-4357/ab9fa0.

A. A. Abdo, M. Ackermann, M. Ajello, W. B. Atwood, M. Axelsson, L. Baldini, J. Ballet,

G. Barbiellini, D. Bastieri, and M. Battelino. Measurement of the Cosmic Ray e++e−

Spectrum from 20GeV to 1TeV with the Fermi Large Area Telescope. Physical Review

Letters, 102(18):181101, May 2009. doi: 10.1103/PhysRevLett.102.181101.

A. U. Abeysekara, A. Albert, R. Alfaro, C. Alvarez, J. D. Álvarez, J. R. Angeles
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Maderer, Jerzy Mańczak, Karl Mannheim, Annarita Margiotta, Antonio Marinelli,

Christos Markou, Lilian Martin, Juan Antonio Mart́ınez-Mora, Agnese Martini, Fabio

Marzaioli, Stefano Mastroianni, Safaa Mazzou, Karel Melis, Gennaro Miele, Pasquale

Migliozzi, Emilio Migneco, Piotr Mijakowski, Luis Salvador Miranda Palacios, Car-

los Maximiliano Mollo, Mauro Morganti, Michael Moser, Abdelilah Moussa, Rasa

Muller, Mario Musumeci, Lodewijk Nauta, Sergio Navas, Carlo Alessandro Nicolau,
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