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Chapter 1

General Introduction

1.1 Background

High-dimensional statistical models have become increasingly popular in the last decades. These models
allow for settings where the number of variables p is large (or even larger) compared to the sample size n.
The rise of digitalization has dramatically lowered the cost of data acquisition and allows to collect data of
many variables. Thus, Big Data becomes more and more available which has accelerated the development
of new methods. Key methods in high-dimensional linear regression include Lasso (Tibshirani [93]), the
Dantzig selector (Candes and Tao [25]) and Lo-Boosting (Friedman [48], Bithlmann and Yu [23]). Popular
nonlinear regression methods in high-dimensions are tree-based methods like Random Forests (Breiman
[19]) and Neural Nets. All these so-called machine learning (ML) methods are remarkably effective in
prediction contexts. Under structural assumptions, such as sparsity, together with various regularization
schemes, machine learning methods achieve impressively fast estimation rates. Li-penalized methods
like Lasso and the Dantzig selector are widely discussed in the recent literature and the estimation rates
are well understood, see Bickel et al. [13] and Biihlmann and Van De Geer [22], among many others.
Estimation rates for Lo-Boosting in sparse linear regression models are presented in Luo and Spindler
[73]. Wager and Walther [100] provide concentration results for Regression Trees and Random Forests
and Chen and White [29] provide results for Neural Nets.

However, this good performance in prediction does not necessarily translate into good performance for
inference about causal parameters that is key for economic applications. In many situations, the interest is
on learning about causal relationships and making inference about treatment effects. In a naive approach
in regression models with many explanatory variables, one might first select the relevant variables by
machine learning methods, like Lasso and Boosting, and then estimate the treatment effect by including
only the selected variables and continue with standard inference methods. Although it is frequently used
in applied work, this approach leads to invalid results since it relies on perfect variable selection in the
first step. This has been excellently highlighted in Leeb and Pétscher [67]. Thus, the challenge is to
combine machine learning with causal inference.

The papers that are collected in this dissertation discuss how machine learning methods can be used to
conduct valid inference in high-dimensional settings. The methodology that is used in the papers relies on
the so-called double machine learning approach. The theoretical framework has been developed by Belloni,
Chernozhukov, Hansen, and coauthors, in a series of papers. Chernozhukov et al. [35] first introduced the
general double machine learning approach to construct confidence intervals for low-dimensional target
parameters in the presence of an unknown, high-dimensional nuisance parameter which can be estimated
with machine learning methods. Recent results of Belloni et al. [12] allow for valid inference about high-

dimensional target parameters by allowing the number of moment conditions to grow with the sample
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size. It is worth to notice that there is a second so-called debiasing approach for inference about low-
dimensional parameters in high-dimensions that has been introduced in Van De Geer et al. [96] and Zhang
and Zhang [105]. In the following, the conceptual framework of the double machine learning approach

will be introduced.

1.2 Conceptual Framework

Let W be a random element with values in a measurable space (W, Ayy) with probability measure P € P,,.
In regression settings, the random variable W often equals the tuple W = (Y, X). Further, it is assumed
to observe n independent identically distributed (i.i.d.) observations of W. The (causal) target parameter

0o € R is identified by fulfilling the following moment condition

Here, 9(-) is a known score function and 1y € T is an unknown, high-dimensional nuisance parameter,
where T is a convex subset of a normed vector space. The double machine learning estimator 6, solves

the empirical version of the moment condition

1 n
ﬁ Z ¢(Wi7 907 77) = 07
i=1
where instead of the unknown nuisance parameter a ML-based estimator 7 is plugged in. The following
Neyman orthogonality condition is essential for valid inference in high-dimensions. It ensures that the

Gateaux derivative with respect to the nuisance parameter vanishes at zero:

O [p(W, 00,10 + (1 — 10))] |r=0 = 0.

Heuristically, the condition implies that the moment condition to identify 6y remains valid under local
mistakes in the nuisance parameter. This idea can be traced back to Neyman who used a similar condition
for robust estimation in low-dimensional settings. The Neyman orthogonality does not need to hold for
all n € T but only for the so-called nuisance realization set 7 C T that includes the ML-based estimator
7 with probability converging to one. In the following section, the role of the Neyman orthogonality
is discussed in detail and an intuition why this condition is key for valid inference in high-dimensional
settings is provided.

There are several extensions of this basic framework, e.g., the near orthogonality condition that only
assumes that the Gateaux derivative is closed to zero and vanishes sufficiently fast for increasing sample
size. Further, as already mentioned, Belloni et al. [12] provide a framework for valid inference about
a high-dimensional target parameter 0y = (01,...,04,) by allowing the number of moment conditions,

l=1,...,d,, to increase with the sample size. Here, d,, denotes the number of target parameters.

The Role of Neyman Orthogonality

Dealing with high-dimensional parameters requires relying upon regularization that leads to a substantial
bias and this bias spreads into the estimation of the target parameters. This is the reason why naive
inference approaches tend to fail in high-dimensions. Under weak regularity conditions, the double

machine learning estimator 0 obeys the expansion

V(0 —0o) = A, +/nDO(|i) — 10]) + VO (i — noll?) + 0p(1),
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where J is a variance term, A,, is a well-behaved leading term that is approximately zero-mean Gaussian
and D is defined as

D = 8TE W(W 907 Mo + T(W - 770))} |7':0'

Under Neyman orthogonality, it holds D = 0 and therefore

VDO (| — nol) = 0.

Hence,

\/710 (||77 - 770||2) =op(1)

is sufficient for root-n consistency and asymptotic normality of the double machine learning estimator 6
which only requires ||7) —no|| = op(n~'/*). As mentioned, machine learning methods achieve impressively
fast estimation rates and Op(n_l/ 1) is often an attainable rate for estimating 79. The Neyman orthogo-
nality condition ensures that the moment condition is insensitive towards these small estimation errors
which leads to valid inference. Considering valid inference about a high-dimensional target parameter
0o = (61, ..,04,) in the presence of high-dimensional nuisance parameters g 1, - -, 70,4, , this estimation
rate needs to hold uniformly over all nuisance parameters, namely

sup [ =l = op(n™t*).

e Un

1.3 Outline

This dissertation consists of four research papers that present a variety of applications of the double ma-
chine learning approach with the aim to provide new methodology for valid inference about a potentially
high-dimensional target parameter.

The first paper, presented in Chapter |2, analyzes the following high-dimensional linear regression model
Y=D0g+ X1/ +...+ X8, +e, E[e|X,D]=0

X

P
are additional covariates. This model is well known in the literature and the double machine learning

with p potentially much larger than the sample size n. Here, D is a treatment variable and Xq,...,
approach can be used to conduct valid inference. The estimation of the treatment effect 6y often relies
on Lasso estimation. Contrary to this, results for valid inference when post- or orthogonal Le-Boosting
is applied for variable selection are provided in Chapter

In the second paper, presented in Chapter [3] the following high-dimensional transformation model
Aoy (V) = X7 Ba, + €0,

with g9, ~ N(0,02) is considered. This model takes up the idea of the high-dimensional linear regression
model and combines it with a parametric transformation of the response variable Ag(:) € Fa, where
Fa = {Ag(:) : 6 € O} is a given family of strictly monotone increasing functions. The transformation
allows for more flexibility and aims to change the scale preventing incorrect model assumptions, such
as by establishing normally distributed errors. In Chapter [3| an estimator for the true transformation
parameter 6y is proposed and proven to be asymptotically normally distributed.

The third paper, which provides the basis of Chapter [] considers a generalized additive model. General-
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ized additive models are quite popular in statistics, imposing an additive structure of the nonparametric

regression function to evade the curse of dimensionality
Y =08+ fi(X1)+...+ fp(Xp) +e, E[g|[X]=0.

Here, 8 denotes a constant and f1(-),..., fp(-) are univariate regression functions. Chapter [4| provides a
new methodology for uniform valid confidence bands of the nonparametric target component fi.
Chapter [f] provides the fourth paper which analyzes high-dimensional Gaussian graphical models of the

form
X = (X1>"'7XP)T NN(MXazX)

Graphical models are key for representing dependencies of a large set of variables. The aim of this
paper is to quantify the uncertainty of recovering the support of the precision matrix Z)_{l by providing
a significance test for a set of potential edges in the graphical model.

Finally, Chapter[6]draws general conclusions and provides an outlook on future research. This dissertation
has its origin in four joint works with various coauthors and as the dissertation was written in a cumulative
way some sections of the chapters are similar, e.g., the sections that introduce the notations. But to avoid

confusion and unnecessary cross references, these sections have been retained.



Chapter 2

Estimation and Inference of
Treatment Effects with Lo-Boosting

in High-Dimensional Settings

2.1 Introduction

Boosting algorithms are very popular in machine learning and have proven to be very useful for pre-
diction and variable selection (Biithlmann and Hothorn [21]). Nevertheless, in many applications the
researcher is interested in inference on selected variables. In many cases there are so-called treatment or
policy variables which the researcher would like to learn about and make inferences, in particular in a
high-dimensional setting. Increasing digitalization in many fields of life makes large data sets available
for research. Typical applications are the estimation of a treatment effect after selecting among many
control variables and the estimation of instrumental variables when there are potentially many instru-
ments. We provide results for valid inference in these settings when post- or orthogonal Lo-Boosting is
applied for the variable selection. Usually, inference after model selection leads to invalid results. This
has been highlighted by Leeb and Potscher in a series of papers, excellently summarized in Leeb and
Potscher [67]. Here, we use orthogonalized moment conditions introduced by Chernozhukov et al. [35]
and recent results of Luo and Spindler 73] on the rate of convergence of Lo-Boosting which yields valid
post-selection inference.

Boosting algorithms represent one of the major advances in machine learning and statistics in recent
years. Freund and Schapire’s AdaBoost algorithm for classification (Freund and Schapire [45]) has at-
tracted much attention from the machine learning community as well as in statistics. Many variants of
the AdaBoost algorithm have been introduced and proven to be very competitive in terms of predic-
tion accuracy in a variety of applications with a strong resistance to overfitting as shown in Biithlmann
and Hothorn [21]. Boosting methods were originally proposed as ensemble methods which rely on the
principle of generating multiple predictions and majority voting (averaging) of the individual classifiers.
An important step in the analysis of Boosting algorithms was Breiman’s interpretation of Boosting as
a gradient descent algorithm in a function space inspired by numerical optimization and statistical es-
timation (Breiman [17], Breiman [18]). Building on this insight, Friedman et al. [46] and Friedman [48]
embedded Boosting algorithms into the framework of statistical estimation and additive basis expansion.
This also enabled the application of Boosting to regression analysis. Boosting for regression was proposed
by Friedman [48], and then Biihlmann and Yu [23] defined and introduced Ls-Boosting. An extensive

overview of the development of Boosting and its manifold applications is given in the survey Biihlmann
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and Hothorn [21].

In this paper, we present results for valid inference on treatment effects in a high-dimensional setting.
Boosting has proven to be particularly valuable for prediction, but we show in this paper that it can also
be applied for causal search. In particular, we consider the case of the estimation of a treatment effect
with many control variables, and the estimation of instrumental variables (IVs) with many potential
instruments. The first case, the estimation of a treatment effect with many control variables, can also be
interpreted as inference on a preselected variable in a high-dimensional linear regression model estimated
with Lo-Boosting. Our estimation method relies on the so-called orthogonalized moment conditions. This
theory was developed by Belloni, Chernozhukov, Hansen, and coauthors, in a series of papers. The case
of instrumental variables is analyzed in Belloni et al. [5], the treatment effect case in Belloni et al. [§].
Surveys with extensions of the general idea are Chernozhukov et al. [35] and Chernozhukov et al. [33]. To
ground the discussion, we examine a randomized trial of the pulmonary artery catheter (PAC) that was
carried out in 65 intensive care units in the UK between 2001 and 2004 (Harvey et al. [53]). This study
got a lot of attention from the scientific community under the name the “PAC-man”study. The PAC is
a monitoring device commonly inserted into critically ill patients while staying in intensive care units.
It provides continuous measurements of cardiac activity. However, the insertion of a PAC is an invasive
procedure bringing the risk of complications and imposing significant costs as described in Dalen [39).
An early study based on observational data by Connors et al. [37] found that a PAC had a negative effect
on the survival chances of patients and led to increased costs for the health care sector. This finding was
the motivation for a randomized trial by Bloniarz et al. |[15] to evaluate PAC interventions. In this study,
around 1,000 patients (approx. 50% treatment and 50% control groups) participated and a large number
of covariates were collected. If, e.g., two-way interactions of the variables are included in the analysis,
the number of parameters already exceeds the number of observations. We analyze the PAC-man data
and find that the intervention has no significant effect on the outcome variable, namely the number of

quality-adjusted years of life.

First, we explain, in Section the problems in estimating treatment effects in high-dimensional set-
tings. In Section[2:3] Lo-Boosting and two variants, to which our results apply, are introduced. In Section
2.4} we present the formal results for valid inference on (low-)dimensional treatment effects in a possibly
high-dimensional setting. A simulation study and an empirical application are given in Sections [2.5] and
. Finally, we conclude in Section [2.7

2.2 Econometric Considerations

The goal is to estimate the treatment effect a of a treatment variable D on an outcome variable Y,
namely

Y=v+aD+c¢, (2.1)

where v denotes the intercept and ¢ a statistical error term. There are two reasons for including covariates
X = (Xy,...,X,) in equation for the estimation of the treatment effect. First, covariates improve
the precision of the estimation of the average treatment effect in randomized control trials (RCTs). This
argument has already been made in Cox [38]. Second, in observational studies, additional covariates might
establish unconfoundedness, meaning that given the variables in X, the treatment is as randomized and
there are no unobserved confounders. For a book length treatment of this argument, we refer to Imbens

and Rubin [57]. Formally, this means

Y=y+aD+g(X)+e, E(|D,X)=0,
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where g(-) is a function of the covariates. The next question is which variables to include in equation
from a set of potential covariates. In high-dimensional settings, when the number of covariates p is
larger than the sample size n, variable selection is inevitable, as, e.g., the least squares estimate is not
well defined. Even when p is smaller than n but the ratio p/n is high, ordinary least squares estimates are
unreliable and again variable selection is needed. Including too many (noise) covariates might disguise
the true treatment effect. For example, the study to evaluate the pulmonary artery catheter (PAC) in
Bloniarz et al. [15], which we will also cover, contains 1013 observations and 55 potential covariates. In
medical applications, interaction effects might be prevalent leading in all to 500-1000 two-way interactions
in this example and to a high-dimensional setting with p very large compared to n, or even p > n.

In a naive approach, one might first select the relevant covariates by classical ¢-tests or modern machine
learning methods, like Lasso and Boosting, and then estimate the treatment effect by including only the
selected variables and continue with standard inference methods. But this procedure, although often
used in applied work, might fail to provide a valid post-selection inference. This has been worked out by
Leeb and Potscher [67]. We demonstrate this by a simple simulation study with one treatment variable

and one covariate. The data generating process is given by
yi = dia + 2B+ e, di = by + v
with a = 0.5, 8 = 0.2 and v = 0.8. The noise is normally distributed &; ~ N(0,1) and
(dive) ~ N (0, 2 7).

We apply Ls-Boosting which is explained later in more detail for variable selection in the naive approach.
The results for 500 repetitions of the scaled estimate & are displayed in Figure[2.1 Panel Bl The resulting
distribution is highly biased, shows heavy tails and is not in line with a standard normal distribution.
To provide valid post-selection inference with Boosting, we apply the double selection approach which is
described in Section in detail. Figure shows the empirical distribution of the estimates
when employing the double selection methods. They are nearly unbiased and can be approximated by a
normal distribution. The intuition of the double selection method is that it cures the omitted variables
bias which is introduced by imperfect model selection of machine learning methods by running an auxiliary
regression/step. As mentioned, details will be provided later in Section

Double Selection Method Naive Model Selection

o -
a [ A . ] i
o A 5 r o] ~ -
H l H O b isgiselily
o o ! sy o S H b
A Aot g f i
I o 7
A L Lo o
o) IR E Ei ) 0 #
02 04 0 08 06 07 08 09 10 11 12 13
Panel A Panel B

Figure 2.1: Histograms of the estimates & of the treatment effect with the double selection
method and naive approach under a DGP with a = 0.5.
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2.3 Ls-Boosting

In this section, we describe the Lo-Boosting algorithm, namely the original Boosting algorithm for regres-
sion defined in Biithlmann and Yu [23] and two variants, namely the orthogonal and the post-Boosting

algorithnﬂ To define these algorithms for linear models, we consider the following regression setting:
yl:x;ﬂ+€u 1=1,...,n, (22)

where z; = (z;1,...,%p,) IS a vector that consists of p, predictor variables. S is a p,-dimensional
coefficient vector and ¢; is a random, zero-mean error term with E[e;|z;] = 0. We allow the dimension of
the predictors p,, to grow with the sample size n. Also, the case dim(8) = p, > n is allowed. In this
setting, a so-called sparsity condition is unavoidable. This means that there is a large set of potential
variables, but the number of variables which have nonzero coefficients, denoted by s, is small compared
to the sample size, i.e., s < n. This can also be weakened to approximate sparsity. In the following, we
will drop the dependence of p,, on the sample size and denote it by p if no confusion will arise. X denotes
the n x p design matrix where the single observations z; form the rows. X; denotes the jth column

of the design matrix, and z;; is the jth component of the vector x;. We assume a fixed design with

max) <j<p i < C forall i =1,...,n and ¢ < minj<j<, Ep[27 ] for absolute constants 0 < ¢ < C' < oc.
Without loss of generality, we consider standardized regressors, i.e., Ey[z;;] = 0 and E,[27;] = 1 for
j=1,...,p. Further assumptions will be imposed in the next sections.

The basic principle of Lo-Boosting works as follows: The criterion function that we would like to minimize
is the sum of squared residuals as in the ordinary least squares (OLS) case. We initialize the estimator
B to zero (strictly speaking, a p-dimensional vector consisting of zeros). Then, we calculate the residuals
which in this case are equivalent to the observations. Next, we conduct p univariate regressions, namely,
we regress the residuals (in the first round, the observations) on each of the p regressors, resulting in p
univariate regressions. Then, we select the variable or regression which explains most of the residuals
and update this coordinate of our estimated vector in this direction. Now, we repeat this procedure
(the calculation of the updated residuals, p univariate regressions, and updating the estimated coefficient
vector) until some stopping criterion is reached.

The version above and the orthogonal version, introduced next, are, in deterministic settings, also known
as the pure greedy algorithm (PGA) and the orthogonal greedy algorithm (OGA). Boosting is a gra-
dient descent method. In the Ls-case, the (negative) gradient equals the residuals and the residuals
are iteratively fitted by a so-called base learner, here componentwise univariate regressions. In the low-
dimensional case, the estimator converges to the OLS solution. In the high-dimensional case, overfitting
can occur in the absence of early stopping. Hence, early stopping prevents overfitting and is an unusual

penalization/regularization scheme.

2.3.1 L,-Boosting Algorithm

The algorithm for Lo-Boosting with componentwise least squares is given below. The act of stopping is
crucial for Boosting algorithms, as stopping too late or never stopping leads to overfitting and therefore
some kind of penalization is required. Similar to Lasso, early stopping might induce a bias through

shrinkage. A potential way to decrease the bias is by “post-Boosting” which is defined in the next section.

LA more detailed exposition of the algorithms can be found in Luo and Spindler [73].
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Algorithm 1 Ly-Boosting

(1) Initialization: 3% = 0 (p-dimensional vector), f° = 0, set maximum number of iterations mgs., and
set iteration index m to 0.

(2) At the (m + 1) step, calculate the residuals U™ = y; — z/5™.
(3) For each predictor variable j = 1,...,p, calculate the correlation with the residuals:

mo_ i Uiy <U™ X >y

v =
! Ylim1 T Enfa?,]

Select the variable j™ that is the most correlated with the residuals, i.e., maxi<j<p [corr(U™, X;)|.

(4) Update the estimator: f™*' := ™ + 47 ejm, where ejm is the j™th index vector and f™*! :=
P A X

(5) Increase m by one. If m < myg,p, continue with (2); otherwise stop.

2.3.2 Post- and Orthogonal L;-Boosting

Post-Lo-Boosting is a post-model selection estimator that applies ordinary least squares (OLS) to the
model selected by the first step, which is Lo-Boosting. To formally define this estimator, we make the
following definitions, T' := supp(S) and T .= supp(B™), that are the support of the true model and the
support of the model estimated by Lo-Boosting as described above with stopping at m, respectively. The
superscript C' denotes the complement of the set with regard to {1,...,p}. In the context of Lasso, OLS
after model selection was analyzed in Belloni and Chernozhukov [6]. Given the above definitions, the

post-model selection estimator or OLS post-Lo-Boosting estimator will take the form

B = argﬁrrelg}) Qn(B): ;=0 foreach je T°. (2.3)

Qn(B) denotes the squared sum of residuals defined as Y ;- (y; — «}3)?. Another variant of the Boosting
algorithm is orthogonal Boosting (0BA), or the orthogonal greedy algorithm in its deterministic version.
Only the updating step is changed. An orthogonal projection of the response variable is carried out
on all the variables which have been selected up to that point. The advantage of this method is that
any variable is selected at most once in this procedure, while in the previous version the same variable
might be selected at different steps which makes the analysis far more complicated. More formally, the
method can be described as follows by modifying step (4) in Algorithm |1} Define X7* as the matrix which
consists only of the columns which correspond to the variables selected in the first m steps, i.e., all Xj,,

k=0,1,...,m. Then, we have

By = (XXX (2.4)
gt = f;n+1 = X"gm. (2.5)

2.3.3 Early Stopping

As already mentioned, early stopping is crucial in Boosting to avoid overfitting. The standard approaches
for determining the “optimal” stopping time are cross-validation and a corrected Akaike information
criteria (Bithlmann [20]). Both lack a theoretical foundation in a high-dimensional setting, although
they are applied by practitioners and often give competitive results. In our analysis, in particular in

the simulation study, we rely on theoretical-grounded data driven stopping rules developed in Luo and
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Spindler [73]. The idea is to stop the Boosting algorithm when the improvement in fit is below some

pre-specified threshold.

2.3.4 Computational Details and Comparison to Lasso

Luo and Spindler [73] showed that post-Boosting and orthogonal Boosting achieve the same rate of con-
vergence as Lasso in a sparse, high-dimensional setting (under slightly stronger assumptions). Also in
terms of the empirical performance, Bithlmann and Hothorn [21] did not find an overall superiority of
Lo-Boosting over Lasso or vice versa. Friedman et al. [47] pointed out first a strong relationship between
Lo-Boosting with componentwise linear least squares and Lasso. Although these methods are not equiv-
alent in general, Efron et al. [42] proofed an approximate equivalence between Ls-Boosting and Lasso
and confirmed that Ls-Boosting and Lasso are closely related.

Compared to Lasso, Boosting uses an unusual penalization scheme as discussed above. Hence, Lo-
Boosting can be interpreted as an approximate and implicit regularized optimization, whereas Lasso
directly solves a complex penalized optimization problem. Further, Ls-Boosting solves univariate regres-
sions that are easily parallelizable. Thus, this form of estimation and variable selection is computationally
very efficient. Although there are also efficient algorithms to solve the optimization problem of Lasso, this
leads to a computational superiority of Lo-Boosting over Lasso. This has also been observed in Bithlmann
and Hothorn [21] who compare the computing time of Ly-Boosting and Lasso in high-dimensional regres-
sions. Hence, Boosting is employed in practice when explicitly solving regularized optimization problems
is not practical. This is usually the case in very high-dimensional settings when p >> n, see Efron et al.
[42].

2.4 Inference for Treatment Effects

In this section, we consider the case where a researcher is interested in estimating the treatment effect «y
of a treatment variable d. We provide results for valid inference after selecting among very many control
variables and in an instrumental variable model with potentially very many instruments when post- or

orthogonal Le-Boosting is used for the variable selection.

2.4.1 Inference after Selection among High-Dimensional Controls

In many situations, the treatment variable is uncorrelated with the error term ¢; only after controlling
for sufficient control variables denoted by ;. It is not clear which set of control variables to include, in
particular when many potential control variables are available. In such situations, in particular when the
number of variables p is larger than the number of observations n, model selection might be inevitable.
Unfortunately, many modern methods like Lasso or Boosting obtain consistent model selection only
under very strong, in particular in applications in economics, unrealistic assumptions. Hence, relevant
variables might be missed which leads to invalid post-selection inference. To circumvent this problem,
we apply the so-called double selection method introduced in Belloni et al. 8], Chernozhukov et al. [35]
and Chernozhukov et al. [33]. The key idea of double selection is to introduce and estimate an auxiliary

regression which safeguards against model selection errors of moderate size. We consider the model

Yi dico + ;B + &, El&|di, 2] =0 (2.6)
di = ziv+v, Eylz]=0. (2.7)

10
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The estimation method consists of the following three steps where the first two involve model selection

with Boosting:

(1) Run a post- or orthogonal Boosting regression of d; on x;. The set of variables which is selected
will be denoted by I;.

(2) Run a post- or orthogonal Boosting regression of y; on x;. The set of variables which is selected
will be denoted by Io.

(3) Run an OLS regression of y; on the treatment variable d; and the set of variables selected in the

first two steps. This set might be augmented by additional variables.

The estimated regression coefficient of the treatment variable in step (3) above is the double selection

estimator &. To analyze this estimator based on Ly-Boosting, we impose the following assumptions:

A.1. Let ¢ and C be absolute constants. The following assumptions hold:
(i) We observe w; = (y;,d;, x;) i.i.d. on (, F, P) obeying (@ and fori=1,...,n.
(i) The model is sparse: ||Bllo < s and ||v]lo < s.

(iii) We have E[y?] < C and E[d?] < C.

(iv) It holds ¢ < E[€?|d;, x;] < C a.s. and ¢ < E[v?|z;] < C for alli=1,...,n. Further, there exists a
absolute constant 4 < q < oo such that E[|£|7 + |v|1] < C.

(v) We have
(a) 52 logi(p\/n) —0,
(b) @ — 0 and

(c) sn=1/22/a 0.

Assumption Aimposes standard conditions on the data generating process. Assumption A (ii) imposes
sparsity on the two equations. Assumptions A[1] (iii) and (iv) impose technical conditions on the moments

of the random variables. Assumption A (v) restricts the growth of the number of parameters.

A.2. We assume that there exist constants 0 < ¢ < 1 and C such that 0 < 1 — ¢ < ¢pin (s, En[zla;]) <
Omaz (8, En[zlia;]) < C < oo for any s’ < My, where My is a sequence such that My — oo slowly along
with n, and My > 8. ¢min(s’, En[xia;]) denotes the minimum eigenvalue of s'-dimensional submatrices

of Ep[xixs]. dmax (s, Enlxlz;]) is defined in an analog way for the maximum eigenvalue.

This condition is standard for the analysis of Lasso and other machine learning methods in a high-
dimensional setting. It allows for a more general behavior requiring only that the sparse eigenvalues of the
Gram matrix are bounded from above and away from zero. A more restrictive assumption in traditional
econometric research is to assume that the (population) Gram matrix has eigenvalues bounded from
above and away from zero. The sparse eigenvalues condition is fulfilled for many relevant designs. For
examples, we refer to Belloni and Chernozhukov [6]. An extensive overview of different conditions on the

matrices and how they are related is given in Van De Geer and Bithlmann [95].

, . S
A.3. With probability greater or equal 1 — «, we have sup, <<, | < @ij, g0 >n | <26 % =: \, for

g, =& and g; = v;. Here, < x;5,&; >y denotes the empirical inner product and ¢ := Var(e;).

Assumption A3 holds, e.g., if the error terms are i.i.d. normally distributed random variables. This can

be weakened to cases of non-normality as discussed in Luo and Spindler [73].

11
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A.4. minjer |55 > J, maxjer |B5] < J', |ag] < J' for some constants J > 0,J" < co. The same

condition holds for the parameter vector ~y.

This assumption is a so-called beta-min condition for the parameters in both equations. Although it
might look quite strong at first glance, it can be weakened so that the sequence of absolute values of
the coefficients is decreasing with the sample size. Moreover, we assume that in the Boosting regressions
early stopping takes place and the stopping criteria follows the proposals in Luo and Spindler [73] for
post- and orthogonal Ly-Boosting, i.e., the procedure is stopped when the improvement in fit is below

some pre-specified threshold. With these assumptions, we can now formulate our first main theorem.

Theorem 1. Let {P,} be a sequence of data generating processes for which Assumptions AA hold
for P = P, and each n. Then, the double-selection estimator based on post-La-Boosting/orthogonal
Lo-Boosting & satisfies

G, v/n(a@ —ag) —p N(0,1) (2.8)

with

62 = [Eni] T En[02€][E, 02!

for&; = (yi—did—xgﬁ)(n/(n—é—1))1/2 and ;= d; —xiy,i=1,...,n, where B denotes the post-double

selection estimator and § = ||T)|o.

Proof. The sparsity condition in Assumption A (ii) and Assumptions AA imply, according to Luo
and Spindler [73], that condition HLMS(P) in Belloni et al. [8] is satisfied. In the regular fix design
setting, Assumption A[l] and Assumption AM]imply conditions ASTE(P) and SM(P) in Belloni et al.
[8]. Condition SE(P) holds due to Assumption AJ2] Hence, Theorem 2 in Belloni et al. [§] yields the
result. O

This result can be used to conduct valid inference on the regression coefficient ay. The construction of

uniformly valid confidence intervals is given in the following corollary.

Corollary 2.4.1. Let P,, be the collection of all data generating processes P for which the assumptions
of Theorem [ hold for given n. Further, let P be the collection of data-generating processes for which the
conditions above hold for all n > ng, and define c(1 — &) := ®~1(1 — £/2). The confidence regions based

upon & and &, are uniformly valid in P € P:

lim sup |Plag € [ £ (1 — £)6/v/a) — (1= €)] = 0.

n—oQ PcP

2.4.2 Inference on Treatment Effects in an Instrumental Variable Model

In this section, we consider the following instrumental variable model with potentially very many instru-

ments
yi = diag + 'z + i, Elgglz] =0
di =~z +v;
with instrument function D; = D(z;) = E[d;|z;] = +'2;. For simplicity, in our technical analysis we

consider the model above without any controls z; in the first stage equation and a regular fix design Z

with observations z;:

yi = diag+ g, E[Ei‘zi] =0 (29)
di = ’Y’Zi + v;. (210)

12
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To estimate the coefficient o of the endogenous treatment variable, we employ the following two-stage
least squares (tsls) procedure: In the first step, we estimate and predict the instrument D; = 4'z by
post- or orthogonal Ls-Boosting. Finally, we estimate & by a regression of the outcome variable y on
the predicted instrument D,. To analyze this estimator based on Lo-Boosting, we impose the following

assumptions:
B.1. Let ¢ and C be absolute constants. The following assumptions hold:
(i) The data (y;,d;, z;) is i.3.d. on (Q, F,P) and obeys the linear IV model in and .

(ii) The optimal instrument function D; = ~+'z; can be approzimated by s instruments:
I7llo < 5.

(iii) We have E[d?] < C.

(iv) It holds ¢ < E[e?|z] < C for alli =1,...,n. Further, there exists a absolute constant q¢ > 4 such
that E[le|?] + E[|v|?] < C.

(v) We have
(a) s? 1ogjl(an) s 0}
(b) @ — 0 and
(C) slogglan) nz/q 0.
B.2. We assume that there exist constants 0 < ¢ < 1 and C such that 0 < 1 — ¢ < ¢pmin(s’, En[zi2z]) <

Omaz (', Enzizi]) < C < 0o for any s < My, where My is a sequence such that My — oo slowly along
with n, and My > s.

B.3. minjer || > J, maxjer |vj| < J' and ag < J' for some constants J > 0, J" < 0.

B.4. With probability greater or equal 1 — «, it holds sup1§j§p| < 23, Vi >n | < 264/ % =: A\, for
G :=+/Var(v).

Again, we assume that the stopping criteria in the Boosting regression follows the proposals in Luo and
Spindler [73]. The Assumptions B[} B[] are essentially the same as the Assumptions AJIFA[] except
some small deviations due to the different underlying setting in Subsection It is worth to notice
that the growth condition B(V) is slightly weaker than the growth condition AV) since Assumption
All|v)(c) implies Assumption B[I{v)(c). With these assumptions, we can show that the IV estimator &
following the two-stage least squares (tsls) procedure is asymptotically normally distributed. This result
is provided by the following theorem.

Theorem 2. Let {P,} be a sequence of data generating processes for which Assumptions BB hold
for P = P, and each n. Then, the IV estimator & based on post-La-Boosting or orthogonal Lo-Boosting

of the optimal instrument satisfies
(Q'QQ™)*/n(a — ag) —p N(0,1)

for Q= E,[€2D(2)?] and Q := E,[D(2)?] with é; = y; — d;& and D(z;) = 4 2.

This also enables us to construct uniformly valid confidence intervals for the treatment effect as in

Corollary

13
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Proof. Assumptions B2}B[] ensure sufficiently fast convergence rates of the fitted optimal instruments

D(z;) = 4'z; estimated with post- or orthogonal Boosting in first step regression, i.e.,

slog(pVn)

||D(Zi) — D(z)] n

2,n S c
and

§<Cs

with probability 1 — o(1) as shown in Luo and Spindler [73]. Since the maximal sparse eigenvalues are

uniformly bounded from above due to Assumption B2| we conclude

. A slog(pVn
5=l < ClID() — Dzl < 0y HELYD)
with probability 1 — o(1) which implies
. . s2log(pVn
15 =l < VEll =l < € %

This allows us applying Theorem 4 in Belloni et al. [5] since Assumption B[] implies conditions AS and
SM in Belloni et al. [5]. This concludes the proof. O

2.5 Simulation Study

In this section, we present simulation results for both settings.

2.5.1 Setting with High-Dimensional Controls

First, we consider the following data generating process:

d; = Q?:Hm + v, (212)

where (¢;,v;) ~ N(0,Iy) with I the 2 x 2 identity matrix and x; ~ N(0,%) with ¥z; = 0.5k, The
parameter of interest, ag, is set equal to 0.5. We consider both a sparse setting and an approximate
sparse setting where 6, = 0,,. In the sparse setting, the first s coefficients are set equal to one and all
other parameters p — s are equal to zero. In the approximate sparse setting, the coefficient vectors are
of the form (1,0.72,0.73,...,0.7°71)’. We vary the sample size n, the number of covariates p and the
sparsity index s. The number of repetitions is R = 500 and we set the nominal significance level to
0.05. Tables and show the results (bias and rejection rates) for the sparse setting with the double
selection method. Tables and show the corresponding results for the approximate sparse setting.
Under exact sparsity, the bias of the post-Lasso procedure seems to be slightly smaller than the bias of
the Boosting procedures, while the rejection rates seem to be comparable, in particular in the setting
with relative small p and s. The pattern in the approximate sparsity setting seems to be similar. The bias
of the post-Boosting method is slightly higher than the bias of the orthogonal Boosting method, while
the rejection rate of the post-Boosting method is closer to the nominal level in many settings. Finally,
we would also like to mention that the classical Lo-Boosting algorithm performs comparable to the other
booting algorithms analyzed in the simulation study here, although the results are not included in the
tables.

14
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n p s post-Lasso post-BA oBA
100 10 5 0.000 -0.005  0.005
100 10 10 0.001 0.000  0.041
100 100 5 -0.008 -0.057 -0.027
200 10 5 -0.001 -0.003  0.001
200 10 10 -0.001 -0.001  0.017
200 100 5 -0.005 -0.033 -0.023
200 200 5 0.002 -0.045 -0.025
400 100 5 -0.004 -0.016 -0.007
400 100 10 -0.003 -0.015  0.002
400 200 5 0.002 -0.021 -0.009
400 200 10 0.002 -0.019 -0.002
400 400 5 0.002 -0.032  -0.017

Table 2.1: Simulation results: Bias under exact sparsity.

n p post-Lasso post-BA oBA
100 10 -0.002 -0.008 -0.004
100 50 -0.004 -0.048 -0.036
100 100 -0.007 -0.069 -0.052
200 10 -0.002 -0.005 -0.002
200 50 0.008 -0.013  -0.006
200 100 -0.004 -0.038  -0.030
200 200 0.004 -0.051  -0.039
400 10 -0.000 -0.002  0.000
400 50 -0.004 -0.013  -0.010
400 100 -0.003 -0.019 -0.016
400 200 0.002 -0.022 -0.018
400 400 0.003 -0.035 -0.030

Table 2.2: Simulation results: Bias under approximate sparsity.

n P s post-Lasso post-BA  oBA
100 10 5 0.046 0.044 0.080
100 10 10 0.044 0.044 0.114
100 100 ) 0.044 0.100 0.148
200 10 5 0.052 0.054 0.058
200 10 10 0.056 0.056  0.092
200 100 5 0.040 0.080 0.132
200 200 ) 0.054 0.080 0.158
400 100 ) 0.056 0.066 0.078
400 100 10 0.052 0.066  0.120
400 200 5 0.034 0.080 0.074
400 200 10 0.034 0.070  0.130
400 400 ) 0.062 0.100 0.108

Table 2.3: Simulation results: Rejection Rate under exact sparsity.
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n p post-Lasso post-BA  0BA

100 10 0.044 0.044 0.050
100 50 0.088 0.118 0.110
100 100 0.046 0.114 0.104
200 10 0.052 0.054 0.048
200 50 0.050 0.064 0.048
200 100 0.044 0.102 0.076
200 200 0.050 0.118 0.094
400 10 0.046 0.042 0.048
400 50 0.052 0.056 0.066
400 100 0.062 0.080 0.088
400 200 0.032 0.074 0.076
400 400 0.060 0.112 0.128

Table 2.4: Simulation results: Rejection Rate under approximate sparsity.

2.5.2 1V Estimation with many Instruments

In the setting with many instrumental variables, we consider the following data generating process similar

to the simulation experiment in Belloni et al. [5]:

yi = diao + &, (2.13)
di = ")/IZZ‘ + Vi, (214)
2
(ei,v3) ~ N <0, ( e O )) iid., (2.15)
Oy 02
where ag = 1 is the parameter of interest. The regressors Z; = (z;1,. .., 2zp)" are drawn from a normal

distribution N(0,%z) with E[z};] = 02 and Corr(zij, zix) = 0.5k, We set corr(e,v) = 0.1 and ¢2 and

2
e

equals 1. The first stage coefficients are set according to v = C4. For 4 we use a sparse design, i.e.,

02 are set to one. Let 02 = 1 —4'%,v such that the unconditional variance of the endogenous variable

¥=(1,...,1,0,...,0) with s coordinates equal to one and all other p — s equal to zero. C is set in such
a way that we generate target values for the concentration parameter /ﬂ = % which determines the

behavior of the IV estimators as described in Hansen et al. [51]. We set the concentration parameter
equal to 180 and vary the sample size n, the number of covariates p and the sparsity index s. The number
of repetitions in the simulations study is again R = 500. We estimate the first stage and calculate the
first stage predictions with Lo-Boosting and its variants. The simulation results in Tables and
reveal that Boosting performs comparable to post-Lasso in the examined settings concerning both bias
and the rejection rates (nominal significance level 0.05). The average bias of the estimated treatment
effect is given in Table the rejection rates in Table [2.6]
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n p s post-Lasso post-BA  oBA
200 100 5 0.002 0.017 0.017
200 100 10 0.008 0.020  0.020
200 400 5 0.012 0.033  0.036
200 400 10 0.015 0.033 0.033
200 800 5 0.007 0.034 0.035
200 800 10 0.011 0.038  0.040
400 100 5 0.001 0.012 0.013
400 100 10 0.004 0.012 0.013
400 400 5 0.012 0.029 0.032
400 400 10 0.021 0.037  0.039
400 800 5 0.009 0.031  0.033
400 800 10 0.016 0.038 0.039
800 100 5 0.005 0.016 0.016
800 100 10 0.013 0.022 0.023
800 400 5 0.007 0.024 0.025
800 400 10 0.008 0.025 0.026
800 800 5 0.003 0.028 0.030
800 800 10 0.010 0.033 0.034

Table 2.5: Simulation results: Bias in the IV setting.

n P s post-Lasso post-BA  oBA
200 100 5 0.046 0.038 0.046
200 100 10 0.062 0.056  0.062
200 400 5 0.052 0.060 0.062
200 400 10 0.050 0.068 0.066
200 800 5 0.062 0.068 0.072
200 800 10 0.066 0.090 0.094
400 100 5 0.054 0.066 0.060
400 100 10 0.060 0.072 0.076
400 400 5 0.056 0.064 0.068
400 400 10 0.058 0.074 0.092
400 800 5 0.054 0.078 0.084
400 800 10 0.054 0.074  0.096
800 100 5 0.060 0.060 0.060
800 100 10 0.060 0.062 0.064
800 400 5 0.066 0.084 0.009
800 400 10 0.062 0.072 0.084
800 800 5 0.054 0.074 0.074
800 800 10 0.038 0.066 0.056

Table 2.6: Simulation results: Rejection Rate in the IV setting.
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2.6 Application: Analysis of the PAC-man Study

2.6.1 The PAC-man Study

To illustrate our methodology, we analyze the PAC-man study mentioned in the Section There were
1013 patients who took part in this study which was conducted as a randomized control trial. There were
506 patients treated with PAC, and 507 patients formed the control group. The research question was
whether the treatment by a PAC increases the patient’s number of quality-adjusted life years (QALYs),
which is the outcome variable. One QALY represents one year of life in full health whereas an in-hospital
death corresponds to a QALY of zero. The data set contains 53 covariates about each individual in the
study. There are two reasons, as argued in Section to use additional covariates in the analysis of this
randomized control trial: First, additional covariates allow a more precise estimation of the treatment
effect. Second, despite the randomized design of the study, conditioning on covariates might reinforce
unconfoundedness. It might be possible that certain conditions (e.g., acute health conditions) lead to
a deviation from the randomized protocol. Using a large set of covariates describing individual specific
health conditions, but also hospital specific conditions, might control for such deviations. The PAC-
man study was discussed widely in the literature. Bloniarz et al. [15], which is closest to our setting,
consider Lasso adjustments of treatment effect estimates in randomized experiments in a high-dimensional
setting. We follow their proposal to construct the design matrix X by including all main effects and
two-way interactions. Interactions which are highly correlated (with a correlation larger than 0.95) are
excluded. Additionally, indicators with very sparse entries (when the number of 1’s is less than 20) are
also removed. This results in a total of 771 regressortﬂ The covariates contain detailed information
on the patient’s health conditions, e.g., pre-existing conditions and current health status measured by
different biomarkers, and also hospital specific information. For a detailed description, we refer to the

documentation of the PAC-man study.

2.6.2 Results

We estimate the following model:

y; = 0dy + B’y +e5, i=1,...,1013.

The number of QALYs are the outcome variable y;. The treatment variable d; is a binary variable
indicating PAC. ¢; denotes the residuals. We estimate the (constant) treatment effect without any
controls (baseline estimator) as it is the standard approach in RCTs, but we also control for covariates.
The results are presented in Table The baseline estimator gives a negative treatment effect but
with a p-value of 0.759. When we control for covariates, the post-Lasso algorithm gives also a negative,
but insignificant treatment effect. This is in line with the results presented in Bloniarz et al. [15]. In
contrast, the post-Boosting algorithm (post-BA) shows a positive treatment effect, but this effect is also

not significant.

baseline post-Lasso post-BA

Est. —0.062  —0.308 0.224
se 0.201 0.241 0.265
p-value  0.759 0.201 0.397

Table 2.7: Results of the PAC-man Study.

2Bloniarz et al. [15] have in total 1172 regressors as the data set of the PAC-man study which was provided to them
contains six additional variables to which we have no access.
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2.7 Conclusion

In this paper, we apply Lo-Boosting, namely the post- and orthogonal version, for estimation of treatment
effects in the setting of many controls and many instruments. We derive uniformly valid results for the
asymptotic distribution of estimated treatment effects. We use the framework of orthogonalized moment
conditions introduces by Belloni, Chernozhukov, Hansen and coauthors in a series of papers to derive the
results. The second ingredient are results on the rate of convergence of La-Boosting given in Luo and
Spindler |73]. In the simulation study, our proposed method performs well and is comparable with Lasso.
Finally, we analyze the PAC-man study which stimulated a lot of research in medicine and related fields.

We find that the treatment effect is not significantly different from zero.
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Chapter 3

Transformation Models in

High-Dimensions

3.1 Introduction

Over the last few years, substantial progress has been made in the problem of fitting high-dimensional

linear models of the form
Y =X"B+¢, (3.1)

where the number of regressors p is much larger than the sample size n. The theoretical properties of
penalization approaches, such as Lasso, are now well understood under the assumption that the coefficient
vector 3 is sparse. A detailed summary of the recent results is given in textbook length in Biihlmann
and Van De Geer [22].

In this paper, we take up the idea of the high-dimensional linear model in and combine it with a
parametric transformation of the response variable Ag(-) € Fa, where Fp = {Ag(:) : 0 € O} is a given

family of strictly monotone increasing functions. For every 6 € ©, we assume a linear model
Ao(Y) = XTBo +e0 (3.2)

with E[eg] = 0. Our analysis allows the number of regressors to be much larger than the number of
observations, although we require sparsity for every Sy in . The goal of data transformation is to
change the scale preventing incorrect model assumptions, such as by establishing normally distributed
errors. Transformation of the dependent variable is very common in statistics and economics. The Box-
Cox power transformations (Box and Cox [16]) or the modification proposed by Yeo and Johnson [102] are
very popular transformations. The aim of transformations is typically to achieve symmetry, normality,
or independence of the error terms. In labor economics the analysis of wage data is key, and wage data
is non-negative and often highly skewed. By default, wage data are transformed by the logarithm and
then further processed, for example, as a dependent variable in a Mincer equation. A crucial point for
the subsequent analysis is that the applied transformation is correctly specified. Feng et al. [44] list some
common scenarios of the misuse and misinterpretation of the log transformation. This underlines the
importance of the right transformation to handle the problem of skewed data and non-negative outcomes.

In this study, we will present an estimate for the unknown transformation parameter 6y € © in a high-
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dimensional transformation model, which satisfies
Mgy (V) = X" By, + €0, (3.3)

with g9, ~ N (0,0?) and independent from X. This means that, under the true parameter 6, the errors
are normally distributed with unknown variance. We establish that our estimator is root-n consistent,
asymptotically unbiased, and normal. The transformation enables us to establish normality of the error
terms and subsequent application of procedures based on normality. Our setting fits into a general Z-
estimation problem with a high-dimensional nuisance function which depends on the target parameter 6.
Inference on a target parameter in general Z-estimation problems in high dimensions is covered in Belloni
et al. [9] and Chernozhukov et al. [35]. In high-dimensional transformation models, the nuisance function
depends on the target parameter 6; therefore, in the supplementary material, we establish a theorem
regarding inference in a general Z-estimation setting under a different set of entropy conditions where
such a dependence is explicitly allowed. This result might be of independent interest for Z-estimation
problems with the same underlying structure.

In this paper, we focus on estimation and inference on the transformation parameter because this is the
first crucial step and it is important for the interpretation of the model and application of subsequent
statistical procedures. A related line of research has focused on inference on the covariates in the model.
Given that inference in this case relies on the estimated transformation model, valid post-selection/
estimation inference is crucial, as pointed out by Bickel and Doksum [14] which has led to a vivid
discussion on this topic. Bickel and Doksum [14] cover the parametric case, the semiparametric case
is covered by Linton et al. [70], and has more recently been examined by Kloodt and Neumeyer [61],
amongst others. Inference on the covariates in high-dimensional settings is an interesting problem that
we plan to address in future research. The underlying theory is built on Neyman orthogonal moment

conditions, as summarized in Chernozhukov et al. [35].

Literature Review

The Box-Cox transformation was introduced in Box and Cox [16], one of the most cited papers in statis-
tics. Since then, transformation models are widely used by empirical researchers and also have stimulated
a lot of research on theoretical aspects. Both the transformation parameter and the regression coefficients
have been extensively considered in the literature. In this review, we will mostly focus on paper dealing
with the transformation parameter. For a thorough review, we refer to Sakia [88] who also mostly focuses
on estimation and inference on the transformation parameter. Transformation models are applied in all
fields of statistics, including medicine, biostatistics and economics. In economics transformations of the
dependent and independent variables are considered. Transformation models are used in labor economics,
health economics, macroeconomics and finance, to mention a few, and there the focus has also been on
the transformation itself. For example, although Nelson and Granger [77] are interested in forecasting
performance, the choice and estimation of the transformation parameter is crucial. For a detailed list of
applied papers, we refer to the survey of Sakia [88]. Manning and Mullahy [74] discuss transformation in
health economics.

Transformation models also have been challenging and stimulating for theoretical developments. Already
Box and Cox [16] propose a test for the transformation parameter based on a likelihood ratio test. An-
drews |2] proposes an exact test for the transformation parameter. Amongst many others, Atkinson [4]
and Carroll [26] proposed further refinements for inference on the transformation parameter. Transfor-
mation models have also been analyzed in a semi-/nonparametric setting (e.g., Linton et al. [70]) and
under endogeneity (Vanhems and Van Keilegom [97]). To the best of our knowledge, we are the first

to estimate and provide inference results on the transformation parameter in a high-dimensional setting
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extending a huge body of literature on the inference on the transformation parameter.

Moreover, we also we contribute to the literature on double machine learning. In this setting, the target
of interest is a low-dimensional parameter, while there is also a high-dimensional nuisance parameter
involved. The double machine learning framework allows for valid inference on the target parameter in
this setting. An excellent overview over this approach is given in Chernozhukov et al. [35] (see also the
references therein). The authors mention that in principle the nuisance parameter can depend on the
target parameter, but do not pursue this idea further. In this paper, we allow explicitly for this situation
which is technically much more involved than the standard case, and give normal conditions for this

situation.

Plan of this Paper

The rest of this paper is organized as follows. In Section we formally define the setting and propose
an estimator for the transformation parameter. In Section [3.3] we prove that a Neyman orthogonality
condition holds and we provide theoretical results for the estimation rates of the nuisance functions. We
also present the main result for the asymptotic distribution of the estimated transformation parameter.
Section [3.4] provides a simulation study and Section [3.5] gives an empirical application. The proofs
are provided in Appendix [3.7 The supplementary material includes additional technical material. In
Appendix conditions for the uniform convergence rates of the Lasso estimator are presented. Finally,
Appendix [3.9| provides a theoretical result about inference on a target parameter in general Z-estimation

problems with dependent and high-dimensional nuisance functions.

Notation

In what follows, we work with triangular array data {(Z;,,i = 1,..,n),n = 1,2,3,...} with Z;, =
(Yin, X ) defined on some common probability space (2, A, P). The law P, € P,, of {Z;,i =1,...,n}
changes with n. Thus, all parameters that characterize the distribution of {Z;,7 = 1,...,n} are implicitly
indexed by the sample size n, but we omit the index n to simplify notation.

The Il and [; norms are denoted by || - ||2 and || - ||1. The lp-norm, || -||o, denotes the number of nonzero
components of a vector. We use the notation a V b := max(a,b) and a A b := min(a, b).

The symbol E denotes the expectation operator with respect to a generic probability measure. If we need

to signify the dependence on a probability measure P, then we use P as a subscript in Ep. For random

variables Z1,...,Z, and a function g : Z — R, we define the empirical expectation
1 n
Enlg(Z)] = Ep, [9(2)] := ~ > 9(Z)
i=1
and

Gule) = 2= 3" (912) ~Elo(2)] ).

For a class of measurable functions F on a measurable space, let N (e, F, | -||) be the minimal number of
balls B.(g) :={f : |lg — fll < €} of radius € to cover the set F. Let F' be an envelope function of F with
F(z) > |f(z)| for all f € F. The uniform entropy number with respect to the L,(Q) seminorm || - ||g,»
is defined as

ent(F.) 1= suplog N(e|[Fll,. . Lr(Q).

where the supremum is taken over all probability measures @ with 0 < Eq[F T]l/ " < 00. For any function

v(6,u) we use the notation g (u) := Ov(0,u)/00|g=g, respectively vj(u*) := Ov (0, u)/Ou|y=y=*.
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3.2 Transformation Model

We consider a high-dimensional transformation model where the unknown transformation parameter 6
is identified as being the only parameter for which the errors are normally distributed. This assumption is
typical for transformation models. Let {Ag(-) : & € ©} be a given parametric family of strictly monotone
increasing and two times differentiable functions and ©® C R be compact. For every 6 € ©, we assume a

linear model
Ao(Y) = X" Bo +e0 (3.4)
with Eleg|X] = 0. We write

Ep = AQ(Y) - mg(:v)

=XTBg

with
mo(z) = m(0,z) :=E[A(Y)|X = z].
Additionally, define
o5 = 0*(0) := Var(ep).

We allow the number of covariates p = p,, to increase with the sample size n, but we require that the

index set
So:=1{j: Po; # 0}

is sparse for every 6 € © with s := supgeg ||B9|lo. The number of relevant variables s = s, may also
increase with the sample size n but it does so at a moderate rate. We assume that Sy is differentiable in

0. Therefore, we can write
Ao(Y) = XT3y + €9 (3.5)

with E[¢9|X] = 0 under regularity conditions (as mentioned later on). The model (3.5) is sparse with

$ 1= Supgeo ||Bollo < 2s.

The assumption that Sy is sparse and differentiable is common in other applications. For example,
in high-dimensional quantile regression, Belloni and Chernozhukov [7] assume that for every quantile

u € (0,1) the coefficient 8(u) is sparse and smooth with respect to wu.

We estimate 6y by a method similar to the “profile likelihood procedure” proposed in Linton et al.
[70]. The main idea is to formulate our estimation problem as a Z-estimation problem and then plug-in

estimates for all unknown terms.

3.2.1 Transformation Parameter

For the estimation of the transformation parameter, we first determine the likelihood. Since Ag(-) is

strictly increasing, we have

PY <y|X) = P(A(Y) < Ao(y)|X) = Ples < Ao(y) —mo(X)]X).
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For 6 = 6, we obtain

P(Y < y|X) = P(eg, < Mgy (y) — mg, (X)|X)
= P(eo, < A, (y) —ma, (X))
o <A90(y) _mGU(X)>

g

with @ being the cdf of a standard normal distribution and o = oy,

By transforming the densities, we obtain

Frix lz) = feq, (A, (y) = ma, () Ay, (1)

= Tjra? exp <_(A90(y) ;UTGO(I)) > /eo(y)

and therefore the following log-likelihood function

Iy x (6) = — 5 log(2ma) - Z mo(X)? + 3 log(Aj (Y.

=1

The maximum likelihood estimator

1 n
0" = — ~log(2 > (Ao( ?
ar%égax[ 5 og(2mo}) 209n 2 o(Y; X))
; - (36)
1
— 1 / Y;
- les(h )
fulfills
0=0( — 11og(271'<72)— ! En (Ag(Y3) — ma(X;))?
2 o 20%n P orTi oLt
+ E log(Aj >/86
0=0~

—Z (Ag+ (V) — mg-(X;))?

+203*( o+ (Yi) — mo~ (X5)) +Ag*(Yi)
-, {w((xX), 0", ho(e*,X))},

where hg : © x X - R x RT x R x R with

ho = (ho,1,ho,2, ho 3, hoa) := (mg, 03,19, 57)

is a nuisance function. We substitute the function hy by a Lasso estimator izo, which is defined in
Subsection [3.2.2) and analyzed in Subsection [3.3.2]

Finally, we estimate the transformation parameter 6y by an estimator é, which solves

. [¢((Y,X)7éﬁo(é,X))H = jnf

E, [zp((y, X), 6, EO(H,X))] ‘ ten, (3.7)

where €, = o (nil/ 2) is the numerical tolerance.
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3.2.2 Nuisance Function

The unknown nuisance function
ho = (mg, 05,10, 67)
can be estimated by
ho = (1ig, 65,119, 63),
where my(x) = xTBg with Sy being the Lasso estimate
T2 A
argmBaxEn[(Ag(Y) —z' )] + 5”‘1’95”1

with penalty term A and penalty loadings ¥y as in Belloni et al. [11] (p. 260). Analogously, we estimate
1hg by 1mg(z) = 27 By with By being the Lasso estimate

. A~
arg max B, [(Ag(Y) — =z + ~[WoBlh-
The unknown variance o can be estimated by
ENR R
99 = Z €i0
i=1

and 63 by

S

CATg = Zéiﬂgi,e

i=1

with &; 9 := Ap(Y;) — 1he(X;) and 5?1479 = Ag(Yi) — ﬁzg(Xi). Under regularity conditions,
53 = OE[e3]/00 = E[0(3)/06] = 2E[eoe)

holds.

3.2.3 Identification of the True Transformation
First, we formulate our estimation problem as a Z-estimation problem (cf. [3.2.1]). Let

H:H1XH2XH3XH4

be a suitable convex space of measurable functions with Hq = {h; : (0,2) — R}, Ho = {ho : 6 — RT},
Hs = {hs: (0,z) — R} and Hq = {hy : 0 — R}. We obtain the moment function

V((Y,X),0,h) : (Y x X)xO xH—R

with
ha(0) ;
((KX)’G’h’) = = 2h2(9) - h2(9) (AQ(Y) _h1(07X))(A9(Y) _h3(07X))
—=:1(0,h2,ha) —:I1(0,h1,ha,h3)
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) (AQ(Y) - h1(97X))2 +co,

=:111(0,h1,h2,hs)

where ¢y := ﬁ?( ; The supports of X and Y are given by X and )Y, respectively.
9

The next lemma ensures the identification of the transformation parameter under weak regularity con-
ditions. The conditions and are only sufficient conditions and they will be required for our
main theorem stated in Subsection [3.3.41

Lemma 1. Under the conditions[A1], [A4 and[A3 the true parameter 6 is identified as a unique solution

of the moment condition
E[4((Y, X), 60, ho)] =0
Proof.

We use the same argument as Neumeyer et al. [78]. Define

—x 2
(9)(y|$) = 1 : exp ( (Ag(y) . 59) >A/9(y)

2moy 205

The expected Kullback-Leibler-Distance between fyx and f (9) is greater or equal to zero and equality

only holds for the true parameter 6y. Therefore, the following expression is minimized in 6y

[ o6 (BB foitulorandrs )

://10g(fY\X(y|$)fY\X(y|x)ddeX($)
= [ [ 1o wle) i)y (o).

=E[log(f® (Y] X))]

It follows that E[log(f(® (Y|X))] is maximized for the true parameter § = 6. Under the regularity
conditions and it holds
E[6((Y:X).60.h0)| = E | 2 105(£0 (v |)|
) > V0, 10 - 89 g =0,

= 9 Bllog(1O) (v 1))

~ o0 =0

|9:90

Here, we used that for all 6
O<c§o§ and oggE[supag] < (C < o,
(IS

which is shown in the proof of Theorem O

3.3 Main Results

This section focuses on the central elements of our Z-estimation problem, which are Neyman orthogonality,
uniform estimation of the nuisance function, and a theorem about the asymptotic distribution of the
estimated transformation parameter based on an entropy condition. In the following, we consider the
model described in Section 3.2
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3.3.1 Neyman Orthogonality Condition

To be able to use plug-in estimators for the nuisance function, the moment condition to identify 6y needs
to be insensitive towards small changes in the estimated nuisance function. This property is granted by
the Neyman orthogonality condition that is defined in Chernozhukov et al. [35]. In this work, the authors
describe the condition in great detail and they provide an extensive overview of the settings where the
condition holds.

To prove the Neyman orthogonality condition, we define the Gateaux derivative with respect to some
h € H in hg

Dyl = ho i= 0, {E [ ((¥, X), 60, ho + 7(h = ho) ) |},

where
ho +r(h — ho)

= (me +r(hy — mg),ag +r(hy — 0'3),7519 +r(hy — mg),(;g +r(hy — 03)).

It is important to mention that H; to H4 are assumed to be convex, which ensures that the term
1/1((Y,X)7 0o, ho +r(h — h0)> is well defined and exists for all € [0, 1).

Lemma 2. Let H' C H. Under the conditions

E {sup 65] <oo and E [sup
EC) heH!

w((Y,X),HO,h>” < o0

the Neyman orthogonality condition
Dolh — ho] =0

is satisfied for all h € H'.

It is sufficient to restrict the condition onto the nuisance realization set, that is defined in Subsection
3.3.3] which contains the estimated nuisance function with probability 1 — o(1).

Our estimation procedure is closely related to the “concentrated out” approach in general likelihood
and other M-estimation problems described in Chernozhukov et al. [35] and Newey [79]. In Lemma 2.5,
Chernozhukov et al. [35] provide conditions when the score ¢ is Neyman orthogonal at (6g, ko). They

suppose that the target parameter # and the nuisance parameter ho(6) solve the optimization problems

pnax E[I((Y, X), 0, ()] (3.8)
and
ho(0) = arg max BII((Y; X), 0, h(6))] (3.9)

for all € ©, where [ is a known criterion function. However, our model does not fit in this setting since

we set

n

b (8) = = og(2r) = 53 Y (R0(¥) ~ ma(X)? + 3 log(N5(¥),

which is the log-likelihood of our model (3.4]) only if 8 = 6. Therefore, in general, ho(6) does not satisfy
(13.9) and our problem is not covered by this setting.
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Next, we give a set of assumptions that are needed for the following theorems and have already been

used for Lemma and [AB)).

Assumptions A1-A11.

The following assumptions hold uniformly in n > ng, P € Pp:

Al

E [sup |log(Aj(Y))]| < o0
0c6

A2 The parameters obey the growth condition
slog(pV n) < 6,n'/?

and
log®(pVn) < d,n

for §,, N\, 0 approaching zero from above at a speed at most polynomial in n.
A3 For all n € N, the regressor X = (Xy,...,X,) has a bounded support X

A4 Uniformly in 0, the conditional variance of the error term and its derivation with respect to the

transformation parameter are bounded:

0<c< inf E[e§|X] <supE[5|X] <C < o0
= )

0<ec<infE[£21X] <supE[£2|X] < C < o0.
_9€@[0|]_068[0‘]_
A5 The transformations and its derivations are measurable and the classes of functions

Fa={Ag(-)|0 €O} Fa:={Ao(-)|0 €O}

have VC index Cx < oo and C < oo, respectively. Further, the classes F and F have envelopes
Fy and Fy, respectively, with

E[FA(Y)*] <00 and E[FA(Y)?] < cc.

A6 The following condition for the second derivation of the transformation with respect to 6 holds:

Zlelg]E [(AQ(Y))2:| <C.

A7 The minimum and maximum sparse eigenvalues of X are bounded away from zero and above,

namely
0< K < inf ||XT(5| P2
[18]lo<slog(n),|[6]|=1
< sup | XT6]|p2 < K" < 0.

16]]o<slog(n),|[]|=1
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A8 The class of functions

= dep(y = M0
TIA = {Ce( ) = A/g() ’9 S @}
has an envelope Jj with
E[JA(Y)?] < oo.

A9 For all # € © and h € H, it holds that

E[(4((v; %), 0,ho(6, X)) = 4((¥, X), 60, ho(eo,x)))j < Cl6— 6P

E[(((v:X),0,h(6, X)) - w((Y,Xtho("vX))ﬂ
< CE [0, X) ~ ho(6, X)]}]

(iii)

33{1@[1/}((1/, X),00 +7(0 —0o), ho +r(h — hO))} }’

sup
re(0,1)
<0 (1000 + sup B[J(0", ) ~ (0", 2)13] )
0*€O

for a constant C' independent from # and H defined in Subsection m

A10 For h € H, the function
0~ E[6((Y, X),0,h(0, X)) |

is differentiable in a neighbourhood of 6y and, for all § € ©, the identification relation
2[E[y((Y, X)), 0,ho(0, X)]| = [I'(0 — 00)| A co

is satisfied with
r.= GgE[w((K X),eo,h0(907X))} > .

A11 The map (6,h) — E[¢((X,Y),0,h)] is twice continuously Gateaux-differentiable on © x H.

Assumptions are a set of sufficient conditions for the main result stated in Theorem [6} Assump-
tion allows us to interchange derivation and integration, which is necessary for the verification of
the moment condition. In the sparsity condition both the number of parameters p and the number
of relevant variables s can grow with the sample size in a balanced way. If s is fixed, the number of
potential parameters p can grow at an exponential rate with the sample size. This means that the set of
potential variables can be much larger than the sample size, only the number of relevant variables s has
to be smaller than the sample size. This situation is common for Lasso-based estimators. Our growth
condition is in line with other results in the literature, e.g., with Belloni et al. [9] and many others.
Assumptions [A6] and [A7] are needed for the uniform estimation of the nuisance function. Condition
can be relaxed, cf. Assumption 6.1 from Belloni et al. [11]. Assumption is a standard eigenvalue
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condition for the Lasso estimation. Condition prevents degenerate distributions in the models
and (3.5). Assumptions and [Ag| control the complexity of the class of transformations and bound
the moments uniformly over #. Assumptions and [AG] will be discussed in more detail in Comment
Assumption [A9]is a set of mild smoothness conditions. Assumption implies sufficient identi-
fiability of the true transformation parameter 8y. Assumption only requires differentiability of the
function (0, h) — E[¢((X,Y), 0, h)] which is a weaker condition than the differentiability of the function
(0,h) = Y((X,Y),0,h).

Comment 3.3.1.

Since there exists a true parameter 0y such that all moments of Ag,(Y) exist, choosing an appropriate
class of transformations Fa and restricting the parameter space lead to reasonable assumptions on the
moments in[A5 and[A6l Consider the class of Box-Cox transformations

YL for 640
log(y) for6=0

Ag(y) =

and let, without loss of generality, © = [a,b] with a < 0 < b. We show that Assumption and are
satisfied if E[Y14%] and E[Y'*] exist. The envelope fulfills

sup |A — A — Ay(y)1 — A, ()1
Sggl 0(y)] egl{%}l o) = Mo (Y)1y>1y — Aa(¥)1jo<y<1}

since Ng(+) is monotonically increasing in 6 and positive for all 0 if y > 1. Hence,

(sup 18011 ;

0€O

E = E[As(Y) "1y >13] + E[Aa(Y) " Liocy <1y

ye -1\ " ye -1\
5 Liy>1y a Lio<y <1}

=K +E

< 00.

Analogously, we have

A = A = Ay(y)1 Ay (y)1
;ggI o(y)| 9?{3?2}| o) = Mo (Y)1y>1y + Aa(¥)1jo<y<1)

since A9(~) is continuously in 0 and monotonically increasing for all 6 if y > 1 and monotone decreasing
fory < 1. Hence,

8
E l(:gg |A0(Y)|> = E[Ab(y)sl{yzl}] + E[AG(Y)81{0§Y<1}]

. 8
=E (bz(blog(Y)Yb —~Yb 4 1)> 1{Y>1}‘|
. 8
+E (az(alog(Y)Y“ -Y*+ 1)> 1{0<Y<1}]
< 0
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if E[Y149] and E[Y'*] exist. Further, it holds

sup E
0co

()]

=supE
0co

(913 (log(YG) - 1)2Y9 +Y9 - 2)21 .

The class of Yeo-Johnson power transformations is an extension of the Box-Cox transformations allowing

for negative values in the domain.

Box-Cox transformations Yeo-Johnson transformations

2- 2-
7 -
./"
il 7
S ./"
1- 1- S
.
f L=
LT I ———
= = g
F o g0
L
--"'a.'f,.-)"r
/ /!
-1- -1- - [y
o _,'r.l'
__,")' o
./l’ .Ill ||lll
- 5 -
o -~
1 1 1 1 1 1 1 1
] 1 2 3 4 -2 -1 ] 1 2
X X
Transformation parameter & —— 4 --- =2 — 0 —- 1 2

Figure 3.1: Box-Cox and Yeo-Johnson transformations for different transformation parame-
ters.

As illustrated in the Figure the tail behavior of the Yeo-Johnson power transformations are closely
related to the Box-Cox transformations implying similar assumptions on the moments of Y to ensure
the Assumptions and . Since the Box-Cox transformations are bounded from below by —1/6 for
0 > 0 and from above by —1/0 for 6 < 0, the transformation Ag(Y) cannot be normally distributed except
when 0 = 0. This problem has also been discussed in Draper and Coz [41] and in Amemiya and Powell
[1]. Hence, 8y = 0 is the only possible null hypothesis for this class of transformations. In the class of

Yeo-Johnson power transformations the range of valid null hypotheses is given by 0y € [0, 2].

The following lemma shows that the first part of condition is satisfied for the popular Box-Cox power

transformations and the modification proposed by Yeo and Johnson.

Lemma 3. The class of Boxz-Coz transformations Fi = {Ag(-)|0 € R} and the class of derivatives
Fa = {Ag(1)|0 € R} with respect to the transformation parameter 6 are VC classes. The same holds for

Yeo-Johnson power transformations.

The proof of the lemma is given in Appendix
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3.3.2 Uniform Estimation of the Nuisance Functions

The rates for the estimation of the regression functions my and 1y can be directly obtained by the

uniform prediction rates of the Lasso estimator. The proofs are given in the appendix.

Theorem 3.
Under the Assumptions uniformly for all P € P, with probability 1 — o(1), it holds that:

sup || Bllo = O(s) (3.10)
6co
sup || X7 (B — Bo)llp,, < 6pn ™7 (3.11)
0cO
sup || 8o — Boll1 < duv/sn ™1, (3.12)
0cO
respectively
sup ||Bsllo = O(s) (3.13)
6co
sup || X7 (B — Bo)llp, , < 6pn ™7 (3.14)
0cO
sup ||Bs — Boll1 < 6nv/sn7 7, (3.15)
0cO

where 6, is a positive sequence approaching zero from above at a polynomial speed in n.

As a consequence of the uniform rates of the Lasso estimator, we are able to achieve uniform rates for

the estimation of the variance 03 and its derivation [73.

Theorem 4.
Under the assumptions of Theorem@ uniformly for all P € Py, with probability 1 — o(1), it holds that:

sup |62 — 02| < b,n"3 (3.16)
0cO
sup |62 — 62| < Sy (3.17)
0cO

3.3.3 Entropy Condition
At first, we define the following classes of functions

7‘[1 = {ill O x X — R| Bl(ﬂ,x) = xTBGa ||BG||0 < CS, ”36’ - B@Hl < Sn\/gn_%v

X7 (By — Bo)

< _1
p2 < 0npn 4},
1

Ho = {ﬁ2 L0 = RY| ha(6) — 02| < Snn—z},

Hs = {il?, 1O x X — R| hy(0,2) = 27 By, ||Bollo < Css, ||Be — Bell < Sp/5m~ 1,

I X7 (Bs — Bo)

= _1
P2 < 0pn 4},

j

7‘2:27:[1><7‘~[2><7:[3X7:l4.

|
Q
e
N

Hy = {]~7,4 :0 = R |f~l4(9) 73] < Onn”

and
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The set H is called the nuisance realization set. Theorems |§| and |Z| enable us to choose constants C
independent from 6 and still contain the estimated functions in H with probability 1 —o(1). Furthermore,

for an arbitrary but fixed 8 € ©, we define the following projections

”Hl(G) = {ill X = R| fNL1(fIJ) = iLl(g,.’L') S 7‘21}

Ha(0) = {c ERY| jc—ol| < Snnfl/‘*}

and Hs (), Ha(0), respectively, H(6), analogously. We restrict the entropy of H(6) uniformly over 6 to
use the maximal inequality stated in Theorem 5.1 from Chernozhukov et al. [31]. This enables us to

bound the empirical process in the proof of Theorem [8f (step 1).
Theorem 5. Under the Assumptions [43, and[A8 the class of functions
(0) = {(5.2) = (s 2). 0, h(0, ), h € H() }

has a measurable envelope ¥ > SUDy ey (6) |4 independent from 6 with
E[(b(v. )] < &y

for some q > 4. The class V(0) is pointwise measurable and, uniformly for all 0 € ©, it holds

sup 108 (e[} 2. ¥(8) L2 (@) < Crstog L)

with C7 and Cy being independent from 6.

The motivation of the entropy condition stated in Theorem [f]is described in Comment The entropy
condition and the results in Subsection [3.3.1] and Subsection [3.3.2] enable us to establish the asymptotic

distribution of our estimated transformation parameter.

3.3.4 Main Theorem

The main theorem provides that our estimator 0 converge with rate 1/4/n and is asymptotic unbiased

and normal.

Theorem 6. Under the Assumptions the estimator 0 in obeys
n? (0 — 0y) 2 N(0,%),

where
5= E[T7202((¥, X), 6, ho(60, X)) |

with T = Gy [qp((y, X), 80, ho (6o, X))} .

A standard bootstrap can be applied to estimate the unknown variance 3. Therefore, asymptotic level-a

tests for null hypothesis can be constructed based on Theorem [6]
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3.4 Simulation

This section provides a simulation study of the proposed estimator. The data generating process is given
by

Ago (Y) = XTﬂoo +e.

The coefficients are set to
1 forj<s
Boo.j = ,
0 forj>s.
Therefore, Sy, is a sparse vector with ||Bp,|lo = s and {Ag : 6 € ©} is a given class of transformations.

The design matrix is simulated as

X~ N (0,2<X>)

for the following three different correlation structures
X
s =1,

X i—j
Eg ) — (c| Jl)i7je{l,..'>17}’

and
X —li—yj
2(2 ) — (1 — "), + (P | .7|)1,7j€{17___7p}

with ¢ = 0.35. The error terms ¢ are ii.d. N(0,0?)-distributed, where o2 is chosen according to the
correlation matrix X(X) to keep the signal-to-noise ratio (SNR) at a fixed level. To obtain the simulated
values for Y;, which are used for the estimation of 6y, we apply the inverse transformation A, ! onto the
simulated values of Ag,(Y;). We consider different classes of transformations, correlation structures, and
vary the number of the regressors p, the number of observations n, the sparsity index s as well as the
SNR. Additional simulations with approximate sparsity and non-normal errors are displayed in Appendix
BI0 The SNR is defined as

The number of repetitions is set to R = 500. The accuracy of the estimate 6 is measured by the mean-
absolute-error (MAE)

R
1 R

MAE = — 0n — 0o
Rh§:1|h ol

The accuracy of the predictive performance is measured out-of-sample on an independent sample (test

sample) by the relative mean-squared-error

MSE = % iEm [(Aeo(y) - XTBéh)T /Var(e).

The empirical expectation E,,[-] is taken over the test sample of size n; = 200. Both measures MAE and
MSE are based on the unknown transformation parameter 6. Additionally, for a fixed level o = 0.05,

we validate the significance level (acceptance rate) of a test of the form

H()Ze():e.
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We test if a given 6 € O is the right transformation parameter to guarantee normally distributed errors.
Therefore, we estimate the unknown variance ¥ via bootstrap by drawing & = 100 bootstrap samples

and construct a (1 — a)-confidence interval of the form
{9 — \/§Z(1,a/2), 0+ \/52(1,,1/2)} ,

where z is the y-quantile of the standard normal distribution. The empirical acceptance rate is reported.

3.4.1 Box-Cox Power Transformations

In the first setting, we analyze the class of Box-Cox transformations. The Box-Cox transformations are
defined as

Y=l for 940
Ag(y) =
log(y) for 6 =0.

This class and the class of its derivatives with respect to the transformation parameter # are VC classes
by Lemma

In their initial paper “An Analysis of Transformations”, Box and Cox |16] proposed to calculate approx-
imate confidence intervals for the transformation parameter based on the quantiles of the chi-squared
distribution. The R package MASS by Venables and Ripley [98] includes the function bozcox which
computes and optionally plots the profile log-likelihood for the parameter of the Box-Cox power transfor-
mation. The plot includes the 95%-confidence intervals for the transformation parameter. Nevertheless,
such confidence intervals are only valid in the low-dimensional case. Figure[3.2]displays a short simulation
(n =100, s =5, SNR =1, §y = 0 and covariance structure ng)) to emphasize that the coverage of their
approach declines with an increasing number of regressors (p/n close to one), whereas our method is able

to provide valid confidence intervals.

1.00-
-h-}- ” v-\ - o, A o I
. Ty
Vel = 5
L
075- f‘ -
¥
2 i :
® vy Confidence Interval:
z !
% 0.50- kS standard
o ¥ —— adjusted
w !
8 ] — nominal level
< )
0.25- V
!
1
1
!
0.00- b
5 15 25 35 45 55 G5 75 a5 95

Mumber of regressors

Figure 3.2: Coverage for an increasing number of regressors.
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To test the behavior of our proposed estimator in a high-dimensional setting, we set the true transfor-
mation parameter #y = 0 and summarize the results for the all settings in the Tables In the
three settings, the average of the estimators is close to the true value of 0. The acceptance rate, MAE
and relative MSE seem to be comparable for all three settings. In summary, the results reveal that the
estimated parameter value is, on average, close to the true one and that the acceptance rate is close to
the nominal level of 95%.

Figure shows the empirical distribution of 0 generated by 10000 independent simulations from the
last setting in Table with SNR=1. This confirms that our estimator is normally distributed.

30-
20-
10-
D -
-0.06 -0.03 0.00 0.03 0.06
i
&

Figure 3.3: Empirical distribution of the estimator.
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 -0.00055821 0.928 0.0216 1.8060
100 20 5 3.0 -0.00109542 0.958 0.0209 1.2233
100 20 10 1.0 -0.00029139 0.938 0.0151 1.8626
100 20 10 3.0 0.00025676 0.952 0.0184 3.3238
100 20 20 1.0 -0.00004602 0.946 0.0103 1.7504
100 20 20 3.0 0.00073964 0.950 0.0131 3.5360
100 50 5 1.0 -0.00010804 0.940 0.0217 1.9122
100 50 5 3.0 -0.00140765 0.966 0.0205 1.5162
100 50 10 1.0 0.00011707 0.948 0.0148 1.8327
100 50 10 3.0 -0.00014981 0.970 0.0170 3.5025
100 50 20 1.0 -0.00039691 0.956 0.0101 1.8685
100 50 20 3.0 0.00015181 0.926 0.0131 3.7509
100 100 5 1.0 0.00004696 0.946 0.0208 1.6940
100 100 5 3.0 0.00018713 0.972 0.0209 1.6054
100 100 10 1.0 -0.00050597 0.938 0.0156 2.0206
100 100 10 3.0 0.00091064 0.940 0.0186 3.8155
100 100 20 1.0 0.00063239 0.934 0.0112 1.8887
100 100 20 3.0 -0.00047847 0.952 0.0130 3.6160
100 200 5 1.0 0.00126572 0.944 0.0222 1.8953
100 200 5 3.0 -0.00027602 0.974 0.0220 1.8385
100 200 10 1.0 0.00061581 0.954 0.0155 1.9005
100 200 10 3.0 0.00051767 0.966 0.0184 3.7384
100 200 20 1.0 -0.00161354 0.960 0.0112 1.7789
100 200 20 3.0 -0.00055394 0.944 0.0138 3.5126
200 20 5 1.0 0.00031100 0.938 0.0141 1.1520
200 20 5 3.0 -0.00059165 0.942 0.0133 0.9418
200 20 10 1.0 -0.00039975 0.926 0.0107 1.7806
200 20 10 3.0 -0.00027409 0.962 0.0098 1.2756
200 20 20 1.0 -0.00010337 0.934 0.0069 1.7440
200 20 20 3.0 0.00030134 0.936 0.0089 3.3897
200 50 5 1.0 -0.00072350 0.924 0.0140 1.3226
200 50 5 3.0 0.00023937 0.934 0.0130 0.9610
200 50 10 1.0 0.00037448 0.928 0.0107 1.7955
200 50 10 3.0 0.00001872 0.986 0.0100 1.5800
200 50 20 1.0 -0.00000121 0.936 0.0074 1.8593
200 50 20 3.0 -0.00101499 0.930 0.0095 3.7088
200 100 5 1.0 -0.00098745 0.918 0.0151 1.4290
200 100 5 3.0 -0.00147473 0.942 0.0128 1.0899
200 100 10 1.0 -0.00070476 0.918 0.0107 1.9961
200 100 10 3.0 0.00074576 0.964 0.0106 2.0574
200 100 20 1.0 0.00029025 0.924 0.0076 1.8810
200 100 20 3.0 0.00147962 0.950 0.0085 3.6083
200 200 5 1.0 -0.00099558 0.952 0.0133 1.5255
200 200 5 3.0 0.00039661 0.936 0.0139 0.9671
200 200 10 1.0 -0.00037153 0.920 0.0110 1.8903
200 200 10 3.0 0.00108176 0.958 0.0111 2.2986
200 200 20 1.0 -0.00025439 0.942 0.0072 1.7740
200 200 20 3.0 0.00016864 0.918 0.0095 3.4971
200 500 5 1.0 -0.00012946 0.942 0.0137 1.6904
200 500 5 3.0 0.00037737 0.946 0.0136 1.0846
200 500 10 1.0 -0.00103134 0.942 0.0104 1.9300
200 500 10 3.0 -0.00003818 0.958 0.0121 2.6936
200 500 20 1.0 -0.00004502 0.930 0.0078 2.1176
200 500 20 3.0 -0.00063815 0.946 0.0089 4.1060

Table 3.1: Box-Cox: Simulation results for XX) = .
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 0.00035548 0.932 0.0161 1.2439
100 20 5 3.0 -0.00097029 0.956 0.0147 1.0356
100 20 10 1.0 -0.00046551 0.960 0.0098 1.6340
100 20 10 3.0 0.00092449 0.962 0.0107 1.5360
100 20 20 1.0 0.00001787 0.904 0.0080 1.7442
100 20 20 3.0 0.00025592 0.940 0.0094 2.7994
100 50 5 1.0 -0.00025392 0.942 0.0154 1.3759
100 50 5 3.0 0.00003743 0.960 0.0152 1.0898
100 50 10 1.0 -0.00032109 0.936 0.0111 1.7082
100 50 10 3.0 0.00047115 0.966 0.0112 1.7237
100 50 20 1.0 -0.00002715 0.934 0.0078 1.8586
100 50 20 3.0 -0.00019370 0.952 0.0093 3.2917
100 100 5 1.0 -0.00095235 0.938 0.0147 1.4640
100 100 5 3.0 -0.00019675 0.940 0.0159 1.2573
100 100 10 1.0 0.00029316 0.946 0.0108 1.9001
100 100 10 3.0 -0.00095316 0.964 0.0120 2.0610
100 100 20 1.0 -0.00013236 0.962 0.0075 1.8949
100 100 20 3.0 0.00021921 0.960 0.0093 3.3810
100 200 5 1.0 0.00093168 0.966 0.0150 1.4550
100 200 5 3.0 0.00031272 0.982 0.0142 1.1441
100 200 10 1.0 0.00056643 0.956 0.0111 1.8399
100 200 10 3.0 -0.00082101 0.974 0.0125 2.2858
100 200 20 1.0 -0.00038676 0.968 0.0073 1.7771
100 200 20 3.0 -0.00019953 0.966 0.0088 3.3579
200 20 5 1.0 -0.00030945 0.938 0.0102 0.9889
200 20 5 3.0 0.00070246 0.940 0.0102 0.9428
200 20 10 1.0 -0.00073690 0.940 0.0068 1.1929
200 20 10 3.0 0.00004800 0.946 0.0071 1.0059
200 20 20 1.0 -0.00044286 0.936 0.0052 1.5740
200 20 20 3.0 -0.00007465 0.972 0.0051 1.4465
200 50 5 1.0 0.00006431 0.944 0.0101 1.0327
200 50 5 3.0 0.00007992 0.932 0.0095 0.9615
200 50 10 1.0 0.00045421 0.948 0.0072 1.2865
200 50 10 3.0 0.00075009 0.930 0.0074 1.0532
200 50 20 1.0 -0.00021506 0.934 0.0052 1.7684
200 50 20 3.0 0.00004748 0.966 0.0053 1.7234
200 100 5 1.0 0.00022107 0.938 0.0103 1.1767
200 100 5 3.0 -0.00031888 0.944 0.0100 1.0891
200 100 10 1.0 0.00009239 0.928 0.0075 1.4996
200 100 10 3.0 0.00009438 0.942 0.0070 1.2155
200 100 20 1.0 -0.00029642 0.926 0.0053 1.8474
200 100 20 3.0 0.00051585 0.958 0.0054 2.0451
200 200 5 1.0 -0.00001408 0.946 0.0104 1.0535
200 200 5 3.0 -0.00036084 0.930 0.0102 0.9629
200 200 10 1.0 0.00034062 0.930 0.0074 1.4832
200 200 10 3.0 -0.00009682 0.962 0.0066 1.1283
200 200 20 1.0 -0.00004576 0.936 0.0053 1.7540
200 200 20 3.0 -0.00119200 0.962 0.0059 2.2391
200 500 5 1.0 0.00022032 0.948 0.0100 1.1980
200 500 5 3.0 -0.00096893 0.948 0.0104 1.0818
200 500 10 1.0 0.00042015 0.944 0.0077 1.6414
200 500 10 3.0 0.00000990 0.958 0.0072 1.2561
200 500 20 1.0 0.00056736 0.936 0.0053 2.1036
200 500 20 3.0 -0.00013055 0.952 0.0061 3.0273

(X)

Table 3.2: Box-Cox: Simulation results for ©(X) = 2™/,
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 -0.00029259 0.952 0.0203 1.7828
100 20 5 3.0  -0.00092329 0.964 0.0196 1.1910
100 20 10 1.0 0.00012073 0.950 0.0145 1.8485
100 20 10 3.0 0.00241193 0.934 0.0186 3.2932
100 20 20 1.0  -0.00010180 0.920 0.0104 1.7404
100 20 20 3.0 -0.00013027 0.926 0.0132 3.4969
100 50 5 1.0 0.00058965 0.938 0.0209 1.9268
100 50 5 3.0  -0.00013828 0.968 0.0203 1.4251
100 50 10 1.0  -0.00141342 0.928 0.0157 1.8490
100 50 10 3.0 0.00082478 0.948 0.0189 3.5726
100 50 20 1.0 0.00048334 0.918 0.0111 1.8691
100 50 20 3.0 0.00132362 0.948 0.0126 3.7501
100 100 5 1.0 -0.00160281 0.938 0.0226 1.6711
100 100 5 3.0 0.00193019 0.978 0.0203 1.5980
100 100 10 1.0 0.00111299 0.960 0.0157 1.9941
100 100 10 3.0 0.00109876 0.956 0.0186 3.7599
100 100 20 1.0  -0.00159371 0.938 0.0111 1.8879
100 100 20 3.0 0.00029929 0.948 0.0132 3.6296
100 200 5 1.0 0.00110187 0.960 0.0212 1.9099
100 200 5 3.0  -0.00106521 0.984 0.0216 1.8807
100 200 10 1.0 0.00014970 0.966 0.0145 1.9117
100 200 10 3.0  -0.00030942 0.964 0.0196 3.7486
100 200 20 1.0 0.00014200 0.952 0.0108 1.7889
100 200 20 3.0 -0.00065953 0.972 0.0133 3.5190
200 20 5 1.0 -0.00066470 0.956 0.0122 1.1421
200 20 5 3.0  -0.00007279 0.942 0.0124 0.9439
200 20 10 1.0 0.00023762 0.924 0.0100 1.7593
200 20 10 3.0 0.00056502 0.958 0.0101 1.2129
200 20 20 1.0 0.00062338 0.924 0.0073 1.7263
200 20 20 3.0 0.00019359 0.956 0.0084 3.2262
200 50 5 1.0 0.00131883 0.946 0.0141 1.3133
200 50 5 3.0 0.00028543 0.946 0.0135 0.9588
200 50 10 1.0  -0.00068094 0.938 0.0107 1.8158
200 50 10 3.0  -0.00046929 0.952 0.0104 1.5506
200 50 20 1.0  -0.00047593 0.948 0.0072 1.8612
200 50 20 3.0  -0.00020800 0.932 0.0091 3.7182
200 100 5 1.0 -0.00080455 0.938 0.0138 1.3802
200 100 5 3.0 0.00006808 0.954 0.0129 1.0877
200 100 10 1.0  -0.00077886 0.928 0.0106 1.9660
200 100 10 3.0 0.00072632 0.968 0.0102 2.0464
200 100 20 1.0  -0.00003686 0.944 0.0073 1.8808
200 100 20 3.0  -0.00028688 0.950 0.0085 3.6061
200 200 5 1.0 -0.00010218 0.912 0.0142 1.5353
200 200 5 3.0 0.00138252 0.946 0.0136 0.9609
200 200 10 1.0 0.00000420 0.932 0.0101 1.8956
200 200 10 3.0  -0.00004370 0.962 0.0109 2.2782
200 200 20 1.0  -0.00028175 0.932 0.0075 1.7815
200 200 20 3.0 0.00030455 0.946 0.0085 3.5073
200 500 5 1.0 -0.00004556 0.930 0.0143 1.6798
200 500 5 3.0 0.00023905 0.940 0.0139 1.0843
200 500 10 1.0 0.00016880 0.932 0.0110 1.9023
200 500 10 3.0  -0.00135486 0.960 0.0118 2.7441
200 500 20 1.0  -0.00005315 0.936 0.0078 2.0996
200 500 20 3.0 -0.00009986 0.932 0.0093 4.0653
s . X) _ yw(X)
Table 3.3: Box-Cox: Simulation results for X(X) = 5.
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3.4.2 Yeo-Johnson Power Transformations

Next, we consider the class of Yeo-Johnson power transformations. The Yeo-Johnson power transforma-

tions are defined as

)

(y+1)7-1
[

log(y + 1),

_ kD)1
2—0 ’

fory>0,0#0
fory>0,0=0
for y < 0,0 # 2

for y < 0,0 =2.

We set the true transformation parameter ) = 1 and summarize the results in the Tables [3:4-3.6] We

get similar patterns as under the Box-Cox transformation.

In summary, the empirical acceptance rate is close to the nominal level of 95% and the transformation

parameter is estimated accurately.

40



CHAPTER 3

3.4. SIMULATION

n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 0.99989085 0.956 0.0531 1.7955
100 20 5 3.0 0.99701139 0.956 0.0480 1.2454
100 20 10 1.0 0.99732572 0.946 0.0440 1.8621
100 20 10 3.0 1.00201985 0.954 0.0492 3.2990
100 20 20 1.0 1.00463863 0.932 0.0402 1.7570
100 20 20 3.0 0.99917208 0.940 0.0411 3.5338
100 50 5 1.0 1.00133561 0.942 0.0532 1.9071
100 50 5 3.0 0.99966997 0.982 0.0478 1.4648
100 50 10 1.0 1.00094266 0.940 0.0450 1.8360
100 50 10 3.0 1.00174621 0.960 0.0469 3.4738
100 50 20 1.0 0.99837549 0.964 0.0371 1.8729
100 50 20 3.0 0.99618151 0.938 0.0426 3.7640
100 100 5 1.0 1.00272122 0.956 0.0533 1.6976
100 100 5 3.0 0.99727378 0.954 0.0509 1.6225
100 100 10 1.0 1.00291725 0.944 0.0461 2.0220
100 100 10 3.0 1.00002603 0.942 0.0499 3.8505
100 100 20 1.0 1.00041509 0.952 0.0385 1.8904
100 100 20 3.0 1.00047398 0.958 0.0404 3.6226
100 200 5 1.0 0.99793573 0.968 0.0529 1.8893
100 200 5 3.0 0.99789085 0.974 0.0481 1.8679
100 200 10 1.0 1.00024902 0.962 0.0460 1.9035
100 200 10 3.0 1.00304432 0.952 0.0494 3.7504
100 200 20 1.0 0.99993355 0.948 0.0386 1.7806
100 200 20 3.0 0.99405454 0.948 0.0442 3.5148
200 20 5 1.0 1.00012449 0.938 0.0361 1.1689
200 20 5 3.0 1.00053857 0.936 0.0313 0.9433
200 20 10 1.0 1.00430230 0.944 0.0306 1.7735
200 20 10 3.0 0.99971274 0.960 0.0265 1.2521
200 20 20 1.0 1.00210897 0.936 0.0276 1.7453
200 20 20 3.0 0.99636422 0.936 0.0307 3.4005
200 50 5 1.0 0.99718193 0.954 0.0328 1.3104
200 50 5 3.0 1.00180263 0.942 0.0301 0.9625
200 50 10 1.0 0.99989134 0.930 0.0322 1.8054
200 50 10 3.0 1.00179570 0.962 0.0278 1.5387
200 50 20 1.0 0.99889235 0.948 0.0264 1.8607
200 50 20 3.0 1.00058817 0.942 0.0287 3.6990
200 100 5 1.0 0.99853711 0.960 0.0365 1.3969
200 100 5 3.0 0.99629466 0.952 0.0284 1.0922
200 100 10 1.0 1.00497857 0.946 0.0326 1.9988
200 100 10 3.0 0.99964084 0.960 0.0286 1.9631
200 100 20 1.0 0.99985907 0.938 0.0273 1.8807
200 100 20 3.0 0.99925090 0.952 0.0294 3.6156
200 200 5 1.0 1.00204386 0.952 0.0363 1.5089
200 200 5 3.0 1.00042547 0.946 0.0318 0.9710
200 200 10 1.0 1.00150067 0.956 0.0312 1.8897
200 200 10 3.0 1.00058871 0.972 0.0295 2.2308
200 200 20 1.0 1.00327436 0.948 0.0268 1.7748
200 200 20 3.0 1.00077426 0.954 0.0293 3.4977
200 500 5 1.0 1.00337876 0.934 0.0394 1.7058
200 500 5 3.0 1.00004203 0.946 0.0319 1.0865
200 500 10 1.0 0.99965877 0.948 0.0303 1.9287
200 500 10 3.0 0.99864655 0.962 0.0327 2.8189
200 500 20 1.0 1.00182442 0.950 0.0271 2.1191
200 500 20 3.0 1.00092662 0.948 0.0297 4.1020

Table 3.4: Yeo-Johnson: Simulation results for ¥(X) = [ .
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0  0.99619347 0.924 0.0463  1.2505
100 20 5 3.0 0.99833394 0.960 0.0371  1.0300
100 20 10 1.0 0.99814415 0.946 0.0403  1.6382
100 20 10 3.0  0.99896106 0.980 0.0346  1.5484
100 20 20 1.0  1.00332660 0.946 0.0321 17477
100 20 20 3.0  1.00242808 0.952 0.0345  2.8320
100 50 5 1.0  1.00706413 0.950 0.0448  1.3922
100 50 5 3.0  0.99862564 0.950 0.0374  1.0930
100 50 10 1.0 0.99785945 0.952 0.0400  1.6867
100 50 10 3.0  1.00405369 0.970 0.0361  1.7500
100 50 20 1.0 1.00049886 0.942 0.0333  1.8622
100 50 20 3.0  1.00275828 0.954 0.0354  3.3531
100 100 5 1.0  0.99964792 0.958 0.0436  1.4512
100 100 5 3.0  1.00018733 0.970 0.0378  1.2533
100 100 10 1.0  0.99887052 0.970 0.0365  1.9048
100 100 10 3.0  0.99914381 0.976 0.0365  2.1079
100 100 20 1.0  1.00325414 0.940 0.0341  1.8941
100 100 20 3.0  0.99795875 0.968 0.0348  3.4283
100 200 5 1.0  0.99980596 0.952 0.0443  1.5039
100 200 5 3.0 1.00318283 0.966 0.0385  1.1348
100 200 10 1.0  0.99710813 0.966 0.0376  1.8528
100 200 10 3.0  0.99990709 0.966 0.0375  2.2494
100 200 20 1.0 0.99974527 0.960 0.0328  1.7787
100 200 20 3.0  0.99885191 0.972 0.0378  3.3678
200 20 5 1.0 0.99989759 0.934 0.0296  0.9913
200 20 5 3.0  0.99927178 0.938 0.0266  0.9426
200 20 10 1.0 0.99825191 0.946 0.0263  1.1789
200 20 10 3.0  1.00157433 0.958 0.0224  1.0135
200 20 20 1.0 0.99910827 0.960 0.0222  1.5879
200 20 20 3.0  1.00413773 0.972 0.0214  1.4732
200 50 5 1.0 0.99924325 0.954 0.0279  1.0390
200 50 5 3.0  0.99789757 0.938 0.0274  0.9633
200 50 10 1.0 0.99936383 0.934 0.0255  1.2709
200 50 10 3.0  1.00053949 0.946 0.0230  1.0500
200 50 20 1.0  0.99867395 0.940 0.0231  1.7741
200 50 20 3.0  0.99961880 0.960 0.0218  1.7622
200 100 5 1.0  1.00275165 0.948 0.0286  1.1760
200 100 5 3.0  1.00077422 0.938 0.0268  1.0959
200 100 10 1.0  0.99893851 0.946 0.0259  1.4928
200 100 10 3.0  0.99928876 0.954 0.0215  1.2266
200 100 20 1.0  1.00268155 0.950 0.0232  1.8406
200 100 20 3.0  1.00002885 0.936 0.0240  2.0552
200 200 5 1.0  0.99787872 0.946 0.0300  1.0546
200 200 5 3.0  1.00001108 0.948 0.0254  0.9609
200 200 10 1.0  1.00056662 0.952 0.0254  1.4767
200 200 10 3.0  0.99799385 0.954 0.0221  1.1000
200 200 20 1.0  1.00192636 0.950 0.0225  1.7554
200 200 20 3.0  1.00334912 0.944 0.0245  2.2427
200 500 5 1.0 0.99802326 0.944 0.0285  1.1891
200 500 5 3.0  1.00012563 0.950 0.0249  1.0809
200 500 10 1.0 0.99925335 0.942 0.0266  1.6549
200 500 10 3.0  1.00042866 0.968 0.0231  1.2702
200 500 20 1.0  1.00126983 0.956 0.0230  2.0999
200 500 20 3.0  0.99924659 0.966 0.0240  3.0074
. . X)) _ «w(X)

Table 3.5: Yeo-Johnson: Simulation results for ©(X) = 21",
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0  1.00367279 0.940 0.0537  1.7783
100 20 5 3.0 1.00025425 0.962 0.0434  1.1977
100 20 10 1.0  1.00152401 0.928 0.0453  1.8476
100 20 10 3.0  0.99637531 0.940 0.0500  3.2971
100 20 20 1.0  0.99787166 0.950 0.0373  1.7399
100 20 20 3.0 1.00308084 0.958 0.0402  3.4867
100 50 5 1.0  1.00006547 0.956 0.0517  1.9355
100 50 5 3.0  0.99994812 0.970 0.0440  1.4556
100 50 10 1.0 1.00093756 0.952 0.0438  1.8509
100 50 10 3.0  0.99763201 0.942 0.0477  3.5271
100 50 20 1.0 0.99963396 0.952 0.0381  1.8688
100 50 20 3.0 1.00081743 0.946 0.0409  3.7607
100 100 5 1.0  0.99656704 0.948 0.0540  1.6708
100 100 5 3.0  1.00272331 0.980 0.0490  1.6782
100 100 10 1.0  1.00153317 0.942 0.0463  1.9951
100 100 10 3.0  1.00006603 0.948 0.0501  3.7814
100 100 20 1.0  0.99852324 0.944 0.0358  1.8897
100 100 20 3.0  1.00049696 0.958 0.0427  3.6400
100 200 5 1.0  1.00081946 0.964 0.0536  1.9168
100 200 5 3.0  0.99650061 0.970 0.0533  1.9694
100 200 10 1.0  0.99879653 0.964 0.0438  1.9138
100 200 10 3.0  1.00063372 0.964 0.0477  3.7520
100 200 20 1.0  0.99787393 0.960 0.0385  1.7897
100 200 20 3.0  0.99913458 0.966 0.0414  3.5283
200 20 5 1.0 1.00265436 0.954 0.0326  1.1445
200 20 5 3.0  1.00058134 0.954 0.0301  0.9432
200 20 10 1.0  1.00125043 0.938 0.0321  1.7606
200 20 10 3.0  0.99988890 0.960 0.0257  1.2246
200 20 20 1.0  1.00160783 0.940 0.0264  1.7254
200 20 20 3.0  0.99932267 0.964 0.0274  3.1870
200 50 5 1.0 1.00079590 0.954 0.0341  1.3372
200 50 5 3.0  0.99866985 0.926 0.0324  0.9649
200 50 10 1.0  1.00102807 0.954 0.0310  1.8102
200 50 10 3.0  1.00030919 0.954 0.0283  1.6297
200 50 20 1.0 1.00095764 0.952 0.0270  1.8610
200 50 20 3.0  0.99814638 0.944 0.0300  3.7048
200 100 5 1.0 0.99798485 0.930 0.0373  1.3546
200 100 5 3.0  1.00223459 0.950 0.0204  1.0932
200 100 10 1.0 0.99968150 0.940 0.0318  1.9679
200 100 10 3.0  0.99912236 0.974 0.0286  2.0782
200 100 20 1.0  1.00017655 0.954 0.0258  1.8803
200 100 20 3.0  0.99963970 0.936 0.0296  3.6140
200 200 5 1.0  0.99632996 0.950 0.0345  1.4789
200 200 5 3.0  0.99986194 0.954 0.0303  0.9649
200 200 10 1.0  1.00113110 0.932 0.0320  1.8961
200 200 10 3.0  1.00199368 0.968 0.0204 22247
200 200 20 1.0  1.00122702 0.950 0.0275  1.7819
200 200 20 3.0  1.00000603 0.956 0.0287  3.5083
200 500 5 1.0  1.00762721 0.952 0.0384  1.7089
200 500 5 3.0  1.00006396 0.966 0.0298  1.0830
200 500 10 1.0  0.99891396 0.942 0.0318  1.9029
200 500 10 3.0  1.00001533 0.956 0.0327  2.7849
200 500 20 1.0 1.00069240 0.942 0.0267  2.0994
200 500 20 3.0  1.00125883 0.932 0.0300  4.0673
. . X)) _ «w(X)

Table 3.6: Yeo-Johnson: Simulation results for ¥(X) = ¥;%).
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3.5 Application

3.5.1 Econometric Specification of the Wage Equation

In labor economics, the analysis of wage data is key. In addition, labor economics aims to identify the
determinants of wages to estimate a so-called Mincer equation and to evaluate the impact of labor market
programs on wages. Wages are non-negative and show a high degree of skewness which is not compatible
with a normal distribution. Hence, wages are transformed in almost all studies by the logarithm. Figure
shows the weekly wage distribution (in US dollar) from the US survey data which are described in

the next section.
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Figure 3.4: Empirical wage distribution from the US survey data.
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Here, we focus on the estimation of a Mincer type equation. The Mincer equation formulates a rela-
tionship between log wages (W) and schooling (S), experience (Exp), and other control variables (X,

p-dimensional):
logW = a+ S +vExp+ 0Exp® + W' X + ¢ (3.18)

with ¢ ~ N(0,0?). a,3,7,d are coefficients and u is a p-dimensional vector of the coefficients of the
control variables. We consider a high-dimensional setting where the set of potential control variables is
high and we do not take it for granted that the log transformation is appropriate but instead we estimate

a transformation model and test for the transformation parameter. The model is given by
A90 (W) = g, + ﬁSt% + ’VExpt% + 5Exp§0 + M/GOX + €6, (3]‘9)

with g, ~ N(0, 0'2).

3.5.2 Data Set
Overview

In our empirical study, we use data from the 2015 American Community Survey (ACS) that is provided
by Ruggles et al. [87] and extracted from the IPUMS-USA websiteﬂ The ACS provides a 1%-sample of
the US population with mandatory participation. The data offers a large number of socio-economic char-
acteristics at the individual and household level, such as education, industry, occupation, and earnings.

We restrict our attention to individuals who graduated from university and are working full time (30+
hours), at least 50 weeks a year. Weekly earnings are computed as annual earnings divided by 52 (weeks).
We exclude individuals with experience > 60 and age > 65. Moreover, we discard individuals with a
weekly wage of less than $10 (which is likely to be unreasonable given that we only consider full-time
employees). Then, we drop all observations with a weekly wage under the 2.5%-quantile and over the
97.5%-quantile. Our final sample comprises 315,291 individual observations.

In our analysis, we use 14 initial regressors which are either directly available from the ACS data or have
been constructed. We list the variables in Table Mostly, we use the categories as provided in the
ACS data. This might be particularly informative for the region, occupation, and industry variables for
which different definitions exist. Moreover, we construct the variables “years of education” and “labor
market experience” from the information available. We construct all of the two-way interactions of the
initial regressors, where the categorical variables are transformed to level-wise dummies. Additionally,
we include the variable “field of degree” to account for the individual’s educational background. Finally,
we drop all of the constructed variables that are nearly constant over all observations and we end with a

high-dimensional setting with a total of 1,743 regressors.

Descriptive Statistics

Table [3.8| provides the summary statistics for a selection of the variables that are available in our final
sample from the ACS data. Figure [3.4) and the following descriptive statistics illustrate that the mean
of weekly wage for university graduates is higher than the median; hence, we have skewed data. Weekly

wage is characterized by non-negativity and a high variability.

Thttps://usa.ipums.org/usa/
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Region (US census)
Experience (years)

Experience squared
Years of Education
Family Size

Number of own young children

Field of degree

nine categories
continuous
continuous
continuous
continuous
continuous

37 categories
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Variable Type Baseline Category
Female binary

Marital status six categories never married, single
Race four categories White
English language skills five categories speaks only English
Hispanic binary

Veteran Status binary

Industry 14 categories wholesale trade
Occupation 26 categories management, science, arts

New England division

administration, teaching

Table 3.7: Application: List of regressors.

Variable Mean SD  Median
Weekly wage 1591.22  1100.20 1307.69
Experience (years) 20.75 11.36 21
Years of Education 16.91 1.24 17
Female 0.48 0.50 -
White 0.84 0.37 -
Black/Negro 0.07 0.25 -
Chinese 0.02 0.15 -
Hispanic 0.05 0.23 -
Veteran Status 0.05 0.21 -
Sample Size 315291

Table 3.8: Summary statistics, ACS data.

3.5.3 Results

The estimated transformation parameter is 6 = —0.1260646. The confidence interval is based on the
asymptotic normality of the estimate 6 and the variance is estimated via 300 bootstrap samples. Since
the confidence interval [—0.1307524, —0.1213768] does not include 0, we can reject the null hypothesis
6 = 0 on a 5% significance level which is equivalent to a log transformation. In Figure we compare
the Q-Q plot of the untransformed wages with the Q-Q plot of the transformed wages with our estimated
parameter (with a normal distribution determined by the sample mean and sample variance) and with
the Q-Q plot under the log transformation (6 = 0). The estimated errors without transformation are
not normally distributed, whereas after the transformation of the response variable with 0 the estimated
error terms seem to fit a normal distribution quite well. Considering the transformation function, one can
recognize that for a transformation parameter below zero the transformation has a stronger curvature
(see figure . This implies that the wages are more positively skewed towards normal distribution

after a log transformation. Although we reject the log transformation, Figure [3.5| reveals that the log
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transformation might give a reasonable approximation for applications in labor economics.
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Figure 3.5: Comparison of Q-Q plots.
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3.6 Conclusion

In this paper, we propose an estimator for the transformation parameter in a high-dimensional setting.
Transformation models, in particular the Box-Cox and Yeo-Johnson transformation, are very popular
in applied statistics and econometrics. The rise of digitalization has led to an increased availability of
high-dimensional data sets and, hence, make it necessary to extend models for this setting when the
number of variables p is large (or even larger) compared to the sample size n. We build on the recent
results on the Neyman orthogonality condition to prove the asymptotic normality of our estimator. The
nuisance functions are estimated with Lasso.

Our setting fits into a general Z-estimation problem with a high-dimensional nuisance function, which
depends on the target parameter §. We extend the results in Belloni et al. [9] and Chernozhukov et al.
[35] to allow for an explicit dependency of the nuisance function on the target parameter 8. This result
might be of interest for Z-estimation problems with the same structure.

In labor economics, wage is by default transformed with the logarithm. In our application, by analyzing
US survey data, we are able to show that the log transformation is rejected on 5% significance level but
the log transformation might give an appropriate approximation.

In future research, we would like to address the problem of estimation and inference on elements of the

coefficient vector of the regressors.
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Appendix

3.7 Proofs

Proof of Lemma[3
We refer to Section for the notation. Let h = (hq1, ho, h3, ha) € H' be arbitrary. First, we consider

0, (R0, (V) = (may(X) + (h (B0, X) — may (X)) )
=myg,(X) — h1(0p, X)

r=0

and analogous

a, (A(,O (V) — (rigy (X) + 1 (hs(60, X) — mgo(X))))
= 1hg, (X) — h3(bo, X).

r=0

Additionally, we have

and
Or (65, + r(ha(b0) — 63,))

= hy(6o) — &3,

r=0

By the product rule, we obtain

E [0,1(00,05 + r(ha — 03), 65 + 1(ha — 63))|r=0| X]
. lhzx(@o) 0%, o ha(bo) — o, X}

= — 0y
2‘730 ‘9 (030)2
 ha(6o) — 65, ., ha(6o) — 0p,
- — Y )
2030 2 (030)2

E [8,.11(00,7719 +7r(hy —myg), 05 +1(ha — 03),1he +1r(hy — m@))|,.:0|X]

=k —W (Agy (V) = gy (X)) (Agy (Y) = 126, (X)) ‘ X]
oy,
45| b (10 () = B (60, X)) (hey (1) =1, (X)) H
0o
+E Uiz (Ao, (Y) — me, (X)) (g, (X) — h3 (6o, X)) ‘X]
0o
= — ME [500500 |X} + mOO(X) _2h1(007X) E [500 |X}
(050) 090 T
meo(X) - h3(607X)
+ Jgo B [EiOO‘X]
- ME [590é9o |X} )
(‘790)
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and

E [&III(HO,mg + r(h1 —myp), 03 +7(he — 03),(73 +r(hg — dg))|T:0|X]
R [M(AQO(Y) gy (X)) X]
2 (o3,)
- ldz i), (Agy (Y) — myg, (X))

" (03)°

(0'2 )2 S——
_ha(bo) — a5, 52 ha(6o) — o,

207 " (02)’

The conditions enable us to change derivation and integration, hence we obtain
Do[h — ho]
— 0. {E[6 (¥, X),00, ho + 7(h — ho)) |}
= E[0,((v, X), 60, ho + 7(h = ho)| _ ]
—E[E[0,0((¥: X), 00, ho + 1(h = ho)) TZO‘X”

=E|-E [a,,f(eo, o +r(hy —03),08 +r(hs — zrg))|r_0|X]

r=0

— E[@TII(GO,mg +7(hy —myg), 08 +1(hy — 02), 1
+7r(hy — mg))r_gX} +E|:8TIII(007TTL9 +7r(hy — mg),ang

r(hs — 02),63 + (s — é§>>|r—o|x] +arceo|r—o]
NAGE

B E{_ Pallo) ~ %, 5 12O — oy | Pal®) o, 1)

202, * 202’ (02)°
ha(0o) — &5, 52 ha(6o) — 030}
202 " (02

where we used 63 = 2E[eg,ég,] in the last step.
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Proof of Theorem[3

Assumptions directly imply the conditions in Theorem [7] for the model and except for
[B7 We need to show that the empirical eigenvalues converge to the restricted sparse eigenvalues defined
in By Lemma P.1 in Belloni et al. [12], we have

E sup X701, 2 = 1IXT 63|
18110 <s log(n).| 81 =1

slogz(n) log(p) n slogz(n) log(p) | <o slog2(n) log(p)

n n n

<C

and using Markov’s inequality we obtain

sup X701, 2 = 1IXT6]%2] = o(1)
81]0<s los(n), |13]|=1

with probability 1 — o(1). This implies condition for n large enough since the restricted sparse
eigenvalues are bounded away from zero and above. O
Proof of Theorem [}
As shown in the proof to Theorem [7] we have
I~ o 2 —1/2
sup |— €g; — Ele ’ O(log ,
sup - (25~ Bled)| = Oltog(an )
1 - ) ) —-1/2
sup |— €9, — Ele ‘:Olognn
sup 1+ 22 (6 — EI)| = Oog(a )
and with an analogous argument

1
sup |— €9.:€0.5 — Elege ’:Olo n)n~1/?
Gegn;(a 0,i — Eleoéo]) (log(n) )

with probability 1 — o(1). Hence, we obtain with probability 1 — o(1)

sup |67 — op|

0co
—sup| 2 (a0 - X7, ) - B
gece |1 P —Z,;/ 0
=e¢ i*X‘T(ﬁAefﬂs)
a5 (2 _z _
=sup | Z (¢5.: — Ele3)) 259 X[ (Bo — Ba)

+ - Z( 59—59)) ‘

=IIXT (Bo—o)II2,

pce 'l

1 n
< sup| 3" (chi ~ BIE) |+ swp —Zaez (B - 50))|
i=1

=0O(log(n)n—1/2) . n
NXT(Bo—Bo)len .o/ = 2 €8s

i=1

<2 sup
6co
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+ sup|[|X7 (B0 — B2, ,
0cO
:O<mg?m)
< 250 ||IX7 (B — fo)lle
—_— ————
:O( /s log(np\/n)> :O(l)

=0 (max ( slog(p v n)7 logl(n)>> < Snn_i
n nt/2

for a suitable sequence on N\, 0, due to the growth condition By the same argument, we obtain with
probability 1 — o(1)

Pp,2 SUP
0O

sup |57 — 7|

0o
2 — . .
=sup | =30 (0 Ao —me(X)) ) Aol —rhe(Xy) )
c = —_—— —_————
:59,'i_(m6(Xi)_m9(Xi)) :ée,i—(ﬁle(Xi)—me(Xi))
—2]E[89€9]
1 & 1 &
= 2sup |— €0,i€9,i — Elegca]) — = > eo0.i(mg g (X
Z "2 x0)

1
(% = (m(xi)—me(xi))z) ’ (% = (vhe;(Xi)—mg(Xt))z)

1
< 221618 - 1:21 (£0,i€0,i — E[Eeé‘e])‘ +2 Slelg — 259 i (me(X;) — mG(Xi))‘

=0O(log(n)n—1/2)

<25up I1XT (Bo— Bollle, o1/ % 3 €2,
i=1
+2sup | = E £g,i (M g(X))’
0e©
~ 1 &
<2sup ||| XT(Bo—Bo)lle, o4/ % > 5.
ISE) i=1

Nl=

)

=O<w> =o<w)
1 n
. .
Zeeﬁzsupnx (Bo = Bo)llz, . 3up o| - D~23,
i=1 i=1
N— —
:OW@) =0(1) :OW@) =ow

+ 0(78 1og(5 v n)) + O(log(n)n‘1/2)

sup [[| (o (X:) — 1o (X)) 2, ,
€O

< 2sup || X7 (By — BQ)HPn,z sup
O 0cO
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and

5 log(pVn) 1 <
sup |57 — 5] = 0 (max( sloglpvm) ‘;Lglgg))) <5t

oe n

Proof of Theorem[5]

The strategy of the proof is similar to the proof of Theorem 1 from Belloni et al. [9]. Let C,Cy and Cy
denote generic positive constants that may differ in each appearance, but do not depend on the sequence
PeP,.

For every # € O, the set ’}21(0) consists of unions of p choose Cs sets, where the set of indices {i €
{1,...,p} : Bi # 0} has cardinality not more than C's, and therefore is a subset of a vector space with
dimension C's. Tt follows that H; () consists of unions of p choose C's VC-subgraph classes #, x(8) with
VC indices less or equal to C's + 2 (Lemma 2.6.15, Vaart and Wellner [94]).

Using Theorem 2.6.7 in Van der Vaart and Wellner (1996), we obtain

Sgp log N (|| Hi|g,2. H1(8), L2(Q))

(&)
< sgplog (Z N(5||ﬁ1||Q,277'~[17k(‘9)>L2(Q))>

k=1

» 1 205+2

< CS+2 -

< sgp log ( (C’s) K(Cs+ 2)(16e) <€> )
——

S(%)Cs

< log ( (%)CS K(Cs +2)(16¢)05+? (i)QCSH)

< Cslog (p)

e

with C' beeing independent from 6. Since

sup  [hi(0,2)| < sup Ea¥el
h1(0)€H(0) B:11Bo—Bollr <8 /5n %
< sup 273 — 2T B| + |27 By

B:llBo—Boll1 <dn/sn 4
< KCHE[FAX =2] = Ij—’l(l’),

the envelope H, can be chosen independent from 6. Here and in the following, we omit the dependence
from Y in F) = FA(Y) to simplify notation.

By the same argument, we obtain

suplog N (¢ fsflg.2, H(9), L2(@)) < Cslog (2)

with envelope Hs(z) := KC +E [FA|X = x}

Next, we consider

Ha(0) : = {c ER| |c—d5| < S,Ln71/4} C [(73 —Con~Y4 62 o~/

C [~(e+ e, e+ Cnm1h)]
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where ¢ = supgee |62| < co. This implies
Sgplog N (el Hallg.2, Ha(6), L2(Q))

C
< suplog N (5(c—|— 0), [—(c—i— Cn~ Y4 e+ Cn_l/‘l} i |) <log ()
Q 9
for all @ € © with envelope Hy = ¢+ C and C independent from 6.

Remark that 0 < ¢; = infgco O'g and ¢y = supycg crg < oo due to Assumptions and For n

~1/4

sufficient large, we find a ¢3 with 0 < c3 <c¢; — Cn . Therefore, we can define

_ 1 ~ ~
Hg(@) = {~ hg(@) € 7‘[2(9)}
h2(9)|
C {1/c| lc— o3| < Cn_1/4}
_ 2
_ 1/C| |C ;‘0| < 12 Cn_1/4
|cog] lcog]
_ 2
C l/C’ M < C*n—1/4
e
= {E] le —1/03| < C*n_1/4}
[~ o 1+ o
- [1/@ —C'n Y4 1 ey + C*n71/4]
with C* = % Analogously, we obtain

— - C
sup o8 (e .2 Hal®). () < log (£

for all § € © with envelope Hy = 1/co + C* and C independent from 6. Define

100, Ha, Hy) = {—;h4(9)h2(9)| ha(0) € Ha(6), ho(6) € ﬁz(e)} ,

I1(0, Hy, Ha, Hs)
= {<y,x> — —ha(6) (Ao(y) = h1(0,2)) (Ra(y) - ha(6,) )
| h1(0) € H1(0), ha(0) € Ha(0), hs(0) € ﬂg(e)}

and

ITI(0,H1, Ho, Hy) == {(y,x) > %hg(e)m(e)) (Ao(y) — hi(6,2))?

| hi(0) € H1(0), ha(0) € Ha(0), ha(B) € m(@)}.
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By Lemma L.1 in the supplement to Belloni et al. [11], we have

log N (<|[1/2Hs Hallg 2. 10, Ha, Ha), La(Q) )

< log N (Sl Ballgz Ha(6). L2(Q)) +log N (S 1 Hallg.2 Ha(0), L2(Q) )

< 2log (g) .

Using we obtain

o N (<l HaFy + F)(Fi -+ )l 2 11060, T, i ). (@)
<log N (51 H2(0) 0.2 Ha(0), L2(Q))

+1og N (ZI1(Fx + H)llo.2, Fa — Ha(0). L2(Q))
Fa=Hs(0), L2(Q))

+log N (*”FA”Q 277'—A’L2(Q))

+log N

<2C
< log E

+log N

—||(Fa + Hs)

|Fallo.2, Fas La(@)
|12, Fa(0), L2(Q))
| Hslq,2 Hs(0), L2(Q) )

+log N

+ log N

< log (
€

+ C'slog

+ C) log(8CH [e) + Cy 1og(8C% Je) + Cslog (8?]))

?)

< (Cislog <C§p>

/N N N /N
- \\/oo\moo\moo\m\-/qx )

and with an analogous argument
1~ . L
log N <5|H22H4(FA + H1)?|l g2, IT1(0,H1, Ha, Ha), Lz(Q)>
< (Cislog (ij)

Since
W(0) = I(0, Ho, Ha) + T1(0, H1, Ho, Hs) + II1(0, Hy1, Ha, Ha) + co,

we can define the envelope

(Y, X) =

DN | =

HoHy + Ho(Fp + Hy)(Fa + H;)
1 . .
t3 SHy(Fa+ Hy)? + Ja,
which is independent from 6 with
E[(@(v,%))"]
1 - S R " *
KQHH FA+H1)(FA+H3)+2H22H4(FA+H1)2+JA) ]
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where we used and Additionally, by using N(e||Jal|g,2, s, L2(Q)) =1 for all # € © and Lemma
L.1 in the supplement to Belloni et al. [L1], we obtain

sgplogN(EHiZHQ,z»‘I’(Q)aIQ(Q)) < Cislog (W) ’

where the supremum is taken over all probability measures Q with Eq [(@(Y, X ))2] < oo0. O

Proof of Theorem [0

We demonstrate that the conditions from Theorem 8| are satisfied. Most conditions are already
proven in the preceding theorems. The condition [C] is shown in Lemma [[] Due to Theorem [3] and []
condition is satisfied with H and #(6) as defined in Subsection Condition is proved in
Theorem Again, choosing H' = H as defined in Subsection the conditions in Lemma |2| hold
where we used and the envelope in which implies Since conditions and are the same

as and [A10, we need to verify Due to condition choosing p, = o(n~'/*), we have

0cO,heH(0)

< swp E[(((VX).0.50.)) — (Y. X).0.ho(0. X)) ) |
0€O,heH(0)

1
2

< sw CE[Ih,X) - ho(6, X)3]”
0€0,het(6)

< Cpn,
where we used (ii) and

E[IIR(8, X) = ho(6, X) 13| = E[(h1 (6, X) — mo(X))?] + E[(ha(6) — 03)?]
+E[(h3(0, X) — 19 (X))?] +E[(ha(8) — 53)°]
< Cpp.

The last inequality follows from the properties of H# and condition We have

£10.3) ~m)7] =2 [ (6" |

< sup ||Bo — Bol|3(x")?
0cO
2

< Cslelg HXT (59 - ﬁe)

P,,2
<Cpl
and

E[(h2(6) — 03)?] < Cp?

due to the bounded empirical sparse eigenvalue. The same holds for the two remaining terms with an
analogous argument. Therefore, (i) holds.

56



CHAPTER 3

3.7. PROOFS

In the following, we take the supremum over all § with |§ — 6y| < Cp,, and he 7:[(0), meaning

sup = sup .
0:10—00|<Cpn,hEH(0)

By |A9| - and (ii), we have

supE[(z/J((Y, X),0,h(0, X)) — v ((Y, X), 0o, ho(eo,X)))Q} 2
= 5upE|:(¢((K X)797 E(Q,X)) - ¢((K X)’ g, hO(evX))

1/2
B (Y, X),0,ho(6, X)) — (Y, X), 0, ho (60, X 1
SsupE[ B((Y, X),0,h(0, X)) — ((Y, X), 0, ho(0, X)) )
+ (0(0:0),0,ho(0,)) = (Y, X) 0. ho(60, X)) )

+2(w((Y,X),0,h(6, X)) = (Y, X),0, ho (0, 2)))
1/2
(2 (7. X),0,ho(6, X)) = (v, X)a90,ho(90,X)))}

< supc<E[||ﬁ(e,X) — ho(0, X)|3] + 10 ol?

+16 —eo|\/w:[iz<o,x> - ho(aaX)%Dl/Q

<Cpn
< Cn~ /4,

Due to growth condition we have

Vn)\ 2 Vv
n~Y4s7 log ((pﬂ/z)) e n_%+%slog ((pq}i)) =o(1)
n n

and (ii) follows.

Condition (iil) follows directly from (iii):

sup sup 83{1&3[@/}((}/, X),00+1(0 —60),ho + r(ﬁ — ho))} }‘
re(0,1)
< s (=P 4 s E[IA67X) - koo 18]
0:/0—00|<Cpn,heH(0) 0*€©
<Cp
= o(n~1/?).
Proof of Lemma[3

Comment 3.7.1. The proof for Boxz-Cox transformations is from Vaart and Wellner [94|] who refer to
Quiroz et al. [82]. It heavily relies on the properties of the dual density from Assouad [3]. We give

a detailed version of the proof of Quiroz et al. [82] and extend the idea to the class of derivatives and

Yeo-Johnson power transformations.
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Since adding a single function to a class of functions can increase the VC index at most by one, we exclude

the parameter § = 0 from the proof and restrict the class to
Fi={As()0 € R\ {0}}.
At first, recall that Fj is a VC class if and only if the between graph set
C:={Col6 € R\ {0}}

with
Co = {(z,t) e RT x R|0 < t < Ag(x) or Ag(z) <t <0}

is a VC class (cf. Vaart and Wellner [94], page 152). We now consider the dual class (cf. Assouad [3]) of
C given by
D .= {D(w,tﬂ(l’,t) eRT x R}

with

Dieyy: = {0 € R\ {0}|(z,1) € Cy}
={0 e R\ {0}0 <t < Ag(z) or Ag(z) <t <0}.

For the derivative of Ag(x), we have

Ag(z) = 1 ((0log(z) —1)2? +1) >0

02
& (0log(z) —1)2? > —1

x? —1
& log(a") > —5—,

which is true for all # and ¢. Since Ag(z) is continuous and monotone increasing in ¢, the set D(, ; is
the union of at most two intervals in R\ {0} and therefore D is a VC class, which by Proposition 2.12 in
Assouad [3] implies that C is a VC class.

By the same argument as above, we have to prove that
D' = {D], ,|(z,t) € R* x R}
is a VC class with
(o) = {0 € R\{0}0 <t < Ag(2)},

since Ag(l’) > 0. The second derivative with respect to 6 is given by

Ro(@) = —( (log(a®) — 1% 2 +2” —2

6;(:::)_9—3 (og(x)—)x+x— .
=:f(x9)

The case = = 1 directly implies Ag(x) = 0. Substitute z = % in f(2’) and note that

'(2) = (log(2) = 1)* + 2 (log(2) — 1) + 1 = (log(2))” > 0.
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This together with f(1) = 0 implies f(z) > 0 for z > 1 and f(z) < 0 for z < 1. The four cases

z>1,60>0
=z2%>1
O<zr<l 6<0

x>1,0<0
=0<a2? <1
O<zx<l1l 6>0

and the coefficient 1/63 imply

. >0forx>1
Ao(z) =
<0 forz < 1.

We have that Ag(as) is continuous in #, monotone increasing for x > 1 and monotone decreasing for z < 1.

This again implies that the set D, ;) is the union of at most two intervals in R\ {0}. Now, we consider

the class of Yeo-Johnson power transformations

Fo = {Ws()|0 € R\ {0,2}},

where we exclude the parameters § = 0 and 6 = 2. The between graph set is given by

C:={Col0 € R\ {0,2}}

with

Co:={(z,t) ER xR0 < t < Wy(z) or Wp(x) <t <0},

Since Wy(x) > 0 for > 0 and Py(x) < 0 for < 0, we have

Cy : z,t) € R x R|0 < ¢ < Wy(x) or Yy(z) <t <0}

z,t) ERy xR0 <t < Ap(z+1)}

::C~'971

U{(z,t) e R™ xR| — Ag_g(—z +1) <t < 0}.

=:C~'9,2

The sets

Cr:={Cy1|0 € R\ {0,2}} and Cs := {Cy |0 € R\ {0,2}}

are VC-classes as shown above. Using Lemma 2.6.17 (iii) from Vaart and Wellner [94],

CiUCy = {69,1 U CpalCo1 €C1,Co0 € (/;2}

{(z,1)
{(z,t) eR§ xR0 <t < Wy(2)} U {(z,t) e R™ x R|¥y(z) <t <0}
{(x,1)

is a VC-class which contains C. The statement for the class of derivatives can be shown analogously. [
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Supplementary Material

3.8 Uniform Convergence Rates for the Lasso

Assumptions B1-B7.

The following assumptions hold uniformly in n > ng and P € P,:

B1 Uniformly in 6, the model is sparse, namely sup ||Ggllo < s.
0co

B2 The parameters obey the growth conditions n='/3log(pVn) < 6, and slog(pVn) < 6,n for §, \, 0

approaching zero from above at a speed at most polynomial in n.
B3 For all n € N, the regressor X = (Xi,...,X,) has a bounded support X.

B4 Uniformly in 6, the conditional variance of the error term is bounded

0<e< ifE[X] < supE[f|X] < O <o

B5 The transformations are measurable and the class of transformations
Fa = {Ag()|9 S @}
has VC index C, and an envelope Fy with

E[FA(Y)%] < occ.

B6 The transformations are differentiable with respect to # and the following condition holds:

supE[(Ag(Y))ﬂ <C < o0
0coO

B7 With probability 1 — o(1), the empirical minimum and maximum sparse eigenvalues are bounded

from zero and above, namely

0<r < inf 1 X6z, ,
[16]lo<slog(n),[|5]|=1 '
< sup 1X76]lp, , <K’ < 0.

[16]lo<slog(n),||6]|=1
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Theorem 7.
Under Assumptions|BINB| above, uniformly for all P € P, with probability 1 — o(1), it holds:

1. Sup||39||0:0(s)’
0cO

2 sup X7 (o = o), . = O (/522 ),
€

3. sup||By — B —O( 5210gn(PVn)>‘
sup 1 = Aol = 0 /=l

Proof. We verify Assumption 6.1 from Belloni et al. [11]. Due to Assumption and Assumption
the condition in 6.1(i) is satisfied. Needless to say, the Assumption 6.1(ii) holds for a compact © C R.
Remark that Assumptionand Assumptionimply the conditions in 6.1 (iii). Due to Assumption
the conditions in 6.1(iv)(a) are satisfied and we can omit the X in the technical conditions in 6.1(iv)(b).
The eigenvalue condition 6.1(iv)(c) is the same as in Therefore, we have to show with probability
1—o(1):

(1) sup [(En —E)ej V (En —E)Ag(Y)?] = O (0n)

(2) n*/?2  sup |E,[eg —eo]| = O (8,) and
l0—0'|<1/n
1/2

(3) log(pVvn)'/?2  sup R, [(e0 — c0)?]
10-01<1/n

0 (5,).

Since Fp is a VC-class of functions with VC index Cj, we have by Theorem 2.6.7 in Vaart and Wellner
194]

log N (el Fall.2: Fa, L2(Q)) < C log(C) /e) (3.20)

for any Q with [|F, |3, , = Eq[F}] < oo, where the constants Cy and C{ only depend on the VC index.
Define
Fi = {EM(IX] 16 < 0}

with envelope F} := E[F,|X] and
Ex = { (Mg(-) —E[Ag()|X])* |0 € O}
with envelope (Fj 4+ F4)®. By Lemma L.2 in the supplement to Belloni et al. [11], we have
sup log N(e||Fillgr2, Fa, L2(Q)) < Sup log N((e/4)|FallQ.2: Fa, L2(Q)) (3.21)
where the supremum on the left-hand side is taken over all probability measures Q' with
7112 2| 2
|FAIZ o = Eqr [(BIFA(Y)IX])"] = Eqr [ (EIF|X])*] < oo.

Since £2 C (Fa — F4)?, it follows by Lemma L.1 in the supplement to Belloni et al. [11] for any Q with
Eg[(Fa +F)Y <occand 0<e<1

log N (el|(Fa + F{)?lg.2: €3, L2(Q))
£ ~
< 210g N (S1Fa + Fillga Fa — Fhs L2(@))

e ~ £ ~
< 210g N (S 11 Fallg o Fas L2(Q) ) +210g N (S FAllg.0: Fhs L2(Q))
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9
< 2swplog N (S 1Faloa, P 12(Q))

9
+2splog N (S Fillara: 7. L2(@)

82

F Fn, L
P02 P 12(@)).

<4suplog N (
Q
where we used (3.21) in the last step. We conclude
log N(<l|(Fx + F4)? g 0 €3 L2(Q)) < 4C} log(256C /<2)
= 16C log (16 CX/&)

by (3.20). Under Assumption for all r € {1,2,3}, it holds

E[FZ] =E [(E [FA|X])2T} <E {E [(FA)2T |X” = E[F¥'] < o,
which implies

E[(Fa+F)'| =E[F{] +E[F{] +6 E[FRFY]
—— ——

<B[F] < /E[FI]E[F{]

+4 E[FiF,] +4 E[FAFy]

—— —
< E[FSE[FE] < R[FRIE(FR]
< C < o0.
Remark that
E [sup 53} <E[(Fa+F{)?*] <C < . (3.22)
9€o

We have

Vnsup |(E, — E)eg| = sup |Gn(g)]-
0€O geER

For every o with SUPgeg2 E[¢?] < 0 < E[(Fa + F})*] := G1 < 0o and universal constants K and K,

with probability not less than 1 — (1/log(n)), it holds

sup |Gy (9)|
gee&2

1/2
<2K {(so—g log(AG]/? /o—c)) + SGY?10g(AGY? Joc)

+ K (oc log(n)? + Gy/? log(n))
= O(log(n))

by Lemma 1 in Belloni et al. [9] with ¢ = 2, ¢ = log(n), A = 164/C} and S = 16C'). Therefore, it follows
with probability 1 — o(1)

sup (5, ~E)5 = 0 (
0cO
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Analogously, it can be shown with probability 1 — o(1)

2 _ log(n)
Slelgl(lEn —E)Ay(Y)* =0 < n ) :

(1) follows by Assumption

Further, we have

1
sup  |E,leo —co]|= sup —=|Gn(eg —gp)l.

10—6'1<1/n lo—6'|<1/n VT

Define £} := {eg —€¢0,0' € O} and &y := {eg = (Ag(-) —E[Ag(-)|X]) |0 € ©}. Using the same

argument as above, we obtain

log N(el|2(Fx + FA) .00 €h, L2(@))
13 ~ £ ~
<log N (S12Fn .00 Fas L2(Q) ) +1og N (S12FKll g0 Fhs L2(Q))

Q,27]:A7L2(Q)) + SglplogN (€|‘FA‘|Q’,2’f;\7L2(Q/))

< suplog N (¢ Fa
Q

e 2
< 2suplog N ((4) ||FA||Q,2,fA,L2(Q))
Q
< 4C) log(44/CR /¢).

Since
EN={eo—€9)0,0/ €0,|0 —0'| < 1/n} C &L,

we can use Lemma 1 again, since we obtain the same envelope and bound for the entropy as for £,. We
achieve for every o7 with supycer E[g?] < o7 < E[4(F) + F})?] := G2 and universal constants K and K»
with probability at least 1 — (1/log(n))

sup |Gy (9)|
geEY

1/2 )
<9K [(saz log(AGL/? /o—n)) + T S2E[(Fy + FL)Y Y4 log(AGY? /oy)

+ Ko (o, log(n)Y/? + n~ 12E[(Fp + F4)"]Y*log(n))

by Lemma 1 with ¢ = 4, t = log(n), A =4,/C}, S =4C}.
We have

sup E[(eg — 89/)2]
[0—0"|<+

= sup E[(A0(Y) ~ E[A(Y)IX] = Ap(Y) +E[Ag(Y)|X])’]

lo—0" <%

(A
= swp B[ ((8a¥) = A0 (V) - (EA()IX] - Bl (V)1XD)
lo—0'|<5

— sup <E [(AQ(Y) . AGI(Y))Q} + E{E[(AG(Y) W (Y))|Xﬂ

l0—6"|<%

<E {(AQ(Y)—AB/ ) 2|X}
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QE[mmAef<Y>>E[<Ae<Y>AG*Y”'XW

>0
< sup 2E [(Ae(y) - AG’(Y))Q}
lo—6'|<%
= sup 2E [(9 — 9/)2(A§(Y))2}
lo—6'|<%
< % 2ugE[(A0(Y))2} = O(n_Q)‘
\E————~v—————-/

<C

Therefore, we can choose 02 = O(n~2) and obtain with probability 1 — o(1)

n =

n’2 sup  |E,leg —eo]| = sup |Gn(es — )|
|0—6"|<1/n |0—06"|<1/n
= sup [Gn(9)]
geE&y

log(n)
:O<n1/4 =0 (0,) .
To verify (3), we can use the same arguments as above and we remark that

sup  E,[(co—c0)’] < sup E[(eg —eo)?]

0—0/|<1/n 10—0/|<1/n
+| sup (E,[(co —c0)’] —E[(co —c0)?])
0—0/1<1/n
1
< sup —=Gn(g) +O(n?)
ge&?’ \/ﬁ

with 5,2\/ := {(e9 —€0:)%0,0’ € ©}. The entropy of this class is bounded by

log N(el|4(Fh + F})llg.0: €3, La(@)
£ ~
< 2log N (S4(Fs + FR)lg.: €. L2(Q))
3 ~ 3 , " =
< 2log N (14Fallg o Fa L2(Q) ) + 21og N (S 4F} g 00 Fhs L2(Q))

02, P L2(Q)) + 25up10g N @kl 2 P, 12(Q')

< 2suplog N (g|| Fi|
Q
e 2
< 4suplog N <(4) ||FA||Q,27-7'—A7L2(Q))
Q
< 8C log (4 CX/E) .

For every o2, with supycez Elg”] < 02 < E[16(Fa + F))*] := G3 < 00 and universal constants K and
K, with probability not less than 1 — (1/log(n)), it holds

sup |Gn(g)|
geE&R’

1/2
< 2K {(sag log(AGS/? /ac)) + SGy* 10g(AGY? Jo¢)

+ Ky (oc log(n)l/2 + Gé/Q log(n))
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= O(log(n))

by Lemma 1 in Belloni et al. [9] with ¢ = 2, t = log(n), A = 4,/C} and S = 8C).

We conclude

logn
su E, [(co — e9)?] = O( )
|0—9’\21/n [(e0 =~ o)"] vn

and

1/2
log(pVn)’?  sup E, [(ep —ep)2]"” = O(0,)
6—6/|<1/n

since n= /3 log(p V n) < 6,. O

3.9 Inference in Z-Estimation Problems

In this section, we consider a general Z-estimation problem, where the target parameter 6y obeys the
moment condition

E[0((Y, X), 00, ho(0o, X))] = 0.

We allow the unknown, high-dimensional nuisance function
ho(@,X) = (ho)l(e,X), ey ho,m(e,X)) cH

to depend on the target parameter . The central theorem is a statement about the asymptotic distri-

bution of an estimator, which solves

E, [w((Y,X),é,BO(é,X))” ~ nf

E, [¢((x X),0, HO(G,X))] ‘ Fen, (3.23)

where €, = o(n~'/?) is the numerical tolerance. We need a more general form of the conditions in Section

B3l

Assumptions C1-C7.

The following assumptions hold uniformly in n > ng and P € P,:

C1 The true parameter 6y obeys the moment condition
E[6((Y, X), 60, ho) | = 0.

C2 The map (0,h) — E[¢((X,Y),0,h)] is twice continuously Gateaux-differentiable on © x H.

C3 Let H = {h: O x X — R™} C H be a suitable set of functions. For every 6 € ©, we have a nuisance
function estimator h(6) and a set of functions #(0) = {h : X — R™ : h(z) = h(0,z) € H} with
P(h(0) € H(#)) = 1 — o(1), where H(6) contains ho(f,-) and is constrained by conditions given

below.

C4 For all h € H, the score 1) obeys the Neyman orthogonality property

Dolh — ho] = 0.
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C5 For all § € O, the class of functions
w(0) = {(y,2) = ¥((9,2),0,h(0,2)), b € H(0) }
has a measurable envelope 1) > Supyecw(g) [¥| independent from ¢, such that for some ¢ > 4
E[(0(v.X))"] <C.
The class ¥(0) is pointwise measurable and, uniformly for all § € ©, it holds
sup o8 (e[} 2. ¥(6) L2 (@) < Crsog L)
with C7 and Cs being independent from 6.
C6 (i) For a positive sequence p, \, 0 with
n~1/? (8% log(p V n)% + n7%+%slog(p v n)) = O(pn),
we have

sup |E[¢((Ya X))7 0, h0(67 X)] - EW((Y, X))? 0, 5(97 X)H < Cpp.
0€O,heH(0)

(ii) We define
- 2
sup E[ (((Y, X),0,7(6, X)) = (¥, X), 00, ho(60, X)) | =i,
where the supremum is taken over all 6 with |0 — 6y| < Cp, and h € H, meaning

sup = sup ,
6:16—60|<Cpn , hETL(6)

1
and it holds r,s2 log <(p\:n)) * fnrtislog (M) = o(1) with ¢ from Assumption C5.

Tn Tn

(iii) It holds

sup

83{E{1/)((Y, X),00 +7(0 — 60o), ho +r(h — ho))] H — o(n~1/?),

where
sup = sup .
7€(0,1),0:|0—00| <Cpn ,heH (0)

C7 For h € H, the function
0~ E[6((Y, X),0,h(0, X)) |

is differentiable in a neighborhood of 6y and, for all § € ©, the identification relation
2[E[y((Y, X)), 0,ho(0, X)]| = [I'(6 — 00)| A co
is satisfied with

r.— agm{w((Y,X), 0o, hO(GO,X))} > e
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Since the nuisance functions depend on the target parameter, the conditions ensure that they can be

estimated uniformly over all § with a sufficiently fast rate.

Theorem 8. Under the Assumptions an estimator 0 of the form obeys
n3(0 — o) = N(0,%),

where
E::IEPPszﬂyﬂxﬁ,@thWOéxn}

MMF:%EW«KXMh%meM.

Comment 3.9.1.

This setting and the theorem is almost identical to Assumption 3.4 and Theorem 3.3 in Chernozhukov
et al. (35]. Their theorem holds for dependent nuisance functions, but the entropy condition may be hard
to verify in some settings:

Suppose the unknown nuisance function hg is a linear function of X, where the coefficients 5o(0) (||6o(0)]]0 <
s for all 8) are dependent on the target parameter. If ho(8,X) = X Bo(0) is estimated by the Lasso esti-

mator, the uniform covering entropy of
Fii={w(,0.h(0,)),0 c ©
may not fulfill the desired condition. This is because the uniform covering entropy of the class
Hi= {n(0.) : X > RInO, X) = BO)X, |8(0) o < 5,0 € ©}

can not be bounded by representing the class as the union over sets with a bounded VC-index (see, e.g.,
in Belloni et al. [9]) since the indices which differ from zero may vary for each 6.

In their example, the estimation of the average treatment effect, this problem does not occur, since the
estimated nuisance functions do not depend on the target parameter. To bypass this, we rely on a slightly
different set of entropy conditions, which enables us to restrict the entropy of the classes uniformly over
all 6 € ©.

Proof. We are using similar arguments as in proof of Theorem 2 from Belloni et al. [9]. We prove our
theorem under an arbitrary sequence P = P,, € P,,. Therefore, the dependence of P on n can be sup-

pressed. Let p, be a positive sequence converging to zero.

Step 1.
Let 6 be an arbitrary estimator fulfilling | — 6o| < Cp,, with probability 1 — o(1). We aim to prove that
with probability 1 — o(1)
E, [4((¥.X), 8,50, )]
= En [4((Y, X), 00, ho (00, X)) |
o+ 00 [1((Y, X), 60, ho(00, X))] (8 = 60) + o(n ™).

=I

By Assumption we can expand the term

EHW«KX)@M@XD}
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=E, {1/}((}/, X),0, E(H,X))} + E[%//((K X), 0o, h0(907X))}
=0

+ E, [W(Y X), 907h0(90,X))} -E, [1/1((KX)790,710(907X))}
{ (Y, X),0, (0 X))} E[z/;((Y,X),é, fz(é,X))}
— Eu[0((Y, X),00, ho0, X)) | + E[0((v, X), 0,18, X))

=1 =17

+E, [d)((Y, X),0, h(8, X))} —E [¢((Y, X),0, (8, X))}

=111

- (En {7/1((Y7X),90,h0(907X))} - E[ﬂ’((YvX),@o,ho(emX))} >

=1V

=I+I1I+1IT-1V.
Considering the last two terms, we have with probability 1 — o(1)

n} (III _ Iv)

{1 ,n (WY X),60,h(6, X)) = (Y, X), 00, ho(0, X))

0:10—60|<Cpn

~ (E[u((v,X),0,(0, X)) | — E[6((¥, X), o, ho(QO,X))Dﬂ ‘

< sup ( sup |Gn(f)|>
0:10—080|<Cp, \ fE(0)

with
V(0) = {(4:2) = ¥ ((5,).0.3(0,2)) — ¥ (). 00, ho (60, 2)) . € F(0) }

and envelope 2¢. Here, we used Assumption |[C5(and that we have h(6, X), ho(0, X) € H(0) for all § € ©
by Assumption with probability 1 — o(1). We note that

suplog N(el2¢1lq.2, ¥'(6). Lo(@)) < Crslog <W>

for constants C; and Cy beeing independent from §. We want to apply Lemma 1 from Belloni et al. [9].
By Assumption [C6, we have

sup E[/2((v,X))]

0:10—00|<Cpu,fEW' (0)

- sup E[(w((Y,X),e,B(e,X)) —p((, X),eo,ho(eo,X)))z]

9:‘9_00|§CP7LJ167'1(‘9)

2

=7

1
with 7,52 log <prv—”) " ynitaslog (pv”) = o(1).
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Choosing 02 = r2 and maxge (243 E[(¢(Y, X))?] < C, the first inequality of Lemma 1 in Belloni et al. [9]

implies

E| sup [Gn(f)
few (o)
<K (Clsai log <C2(p\/ n)02>> + n*%+§Cls(ﬁ log (Cz(p\/ n)02>
() On

%
<K' (an (slog (p\/n)) +n 2taslog <an>>.
On On

Applying the second part of Lemma 1 with ¢ = log(n), we obtain

A -1vi< s sup [Ga(f)])

0:16—00|<Cpyn * fe¥’(0)
< sup (2@[ sup (G ()]
0:10—00|<Cpn few’(0)

+ K, <crn log(n)? + n"itaCa log(n)>>

1
V 2 V
§K4<Un<slog (p n)) +n 2taglog (p n))
On On

=o(1).

Now, we expand the term II. Let h € H and 6 € ©.
By Taylor expansion of the function r — E[’(/)((K X), 6y + r(é —60),ho + T(iL - ho))} and Assumption
we have

+
2
—
&=
L—
<
—
~
s
:—/
>

=)
+
=
™
|
>
N
>
S
+
=
—~
=
|
>
S
SN~—
S—
—_
——

for some 7 € (0,1). Due to the orthogonality condition in it holds

aT{E :w((y, X),00 +1(0 — 00), ho +(h — ho)): }

r=0

ar{E :w((Y, X), 00 +7(0 — 60), ho +r(h — ho)): } — Do[h — ho]

r=0

=87{E:¢(<Y, X), 00+ (6 — 60), ho + r(h — ho)):

_ E[z/}((Y, X), 00, ho +r(h — ho))} }

r=0

- r{r(é - 90)89]E{1/)((Y,X)7 0, ho + r(h — ho))]

06[90,90+r(éeg)]} =0

=6 - 90)59153{1/}((1/7 X): 0o, ho)]
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By Assumption [C6, we have

_ O(nfl/Q)

af{E[¢((K X),00 +7(0 — 60), ho + r(h — ho))} }

=T

and therefore
E[4((Y,X),0,h)| = T(0 - 60) + o(n™"7?).
In total, we obtain with probability 1 — o(1)

E, [¢((Y7X),é,iz(§,X))} _E, [¢((Y,X),90,h0(90,X))]
+T(0—6)) +o(n"2).

Step 2.
We want to prove that with probability 1 — o(1)

E, [w((Y,X),eﬁ(e,X))H — o(n" ).

inf
00

Define
0" :=0p —T'E, {T/J((Y, X), 00, ho(0o, X))}

By the central limit theorem, it follows directly
0% — 6| = |P*1|‘ En [12((Y, X), 60, ho(60, X)) | ’ < Cpy.

:o(n*%)

Using Step 1, we obtain with probability 1 — o(1)

o
~

E, [¢((K X),0, B(G,X))” <

E, [zp((y, X), 0%, ﬁ(@*,X))} ‘ —o(n~3

inf
0cO
by inserting the definition of 6*.

Step 3.

We aim to show that the estimated 0 converges towards 6, meaning with probability 1 — o(1)
By definition of 6 and Step 2, we have

1

E, {w((KX), 6, h(6, X))} ] —o(n"}).

Since h(f) € H(0) with probability 1 — o(1) for all § € ©, we have

sup
0cO

< sup (n‘é sup IGn(g)I>

00 gew(0)

En [6((Y,X),0,h(0, X)) | — E[6((v; X),6,h(6, %))

=0 (n_1/2 (s% log(pV n)? + n_%+%slog(pv n))) ,
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where we used Lemma 1 in Belloni et al. |9] and E[(JJ(Y, X))Z} < C as in Step 1. Combining this with

the triangle inequality, we obtain

E[w((v. X).0, ho(0. X)) |

< sup [E[((Y.X)),0,ho(60, X)) — E[p((Y, X)), 0, h(6, X))
0€O,heH(0)

+ sup
0€0O,h(9)EH(0)

Ea[w((v.X).0.h(0.X)) || < Cpa

En [6((Y, X),6,h(6, X)) | = E[6((v X),6,h(6, %))

+

by Assumption Hence, it follows by Assumption with probability 1 — o(1)
IT(6 = 60)| A co < 2|E[$((Y, X)), 0, ho(8, X)]| < Cpy
and dividing by I" > ¢; gives the claim of this step.

Step 4.
Due to Step 3, we are able to use Step 1 for the estimated parameter and obtain with probability 1 —o(1)

En [((Y, X), 0,40, X))| = En[6((Y, X), 60, ho 69, X))

—&-F(é—@)—&-o(n‘ )

Nl=

By Step 2, we have

= B [0 ((V, X), 0,500, X)) | =B [0((Y, X). 00, ho(00, X))] +0 (n7?)

=0
+o0 (nfé) .

Using the central limit theorem, we get with probability 1 — o(1)

——I~'n} (E [9((¥. ), 60, ho (60, X)) | — E[w((Y, Xmo,ho(eo,X))])

Zyn(0,3)

+o(1)

with
8 1= Var (T 719 ((Y, X), 60, ho(0o, X)) ) = E[T"20%((Y, X), b0, ho (6, X))
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ADDITIONAL SIMULATIONS

3.10 Additional Simulations

This section provides additional simulation studies.

3.10.1 Approximately Sparse Setting

In the approximately sparse setting, the coefficients are set to

1 for j <s
Boo,j =

7(]._81+1)2 for j > s.

The other parameters are chosen as in the simulations in the main text (Section [3.4), but to restrict the

(X)

calculation time we focus on the correlation structure 3;"’. The results for Box-Cox transformations

(8o = 0) are presented in Table and the results for Yeo-Johnson power transformations (6p = 1) in
Table We note that the case p = 20 and s = 20 is not contained in both tables since these settings

coincide with the exactly sparse setting. The results are similar to the exactly sparse setting and the

acceptance rate is close to the nominal level.
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 -0.00072435 0.946 0.0147 1.2232
100 20 5 3.0 0.00065075 0.944 0.0139 1.0325
100 20 10 1.0 -0.00035129 0.950 0.0108 1.6230
100 20 10 3.0 -0.00068912 0.940 0.0114 1.4992
100 50 5 1.0 -0.00052439 0.952 0.0141 1.3855
100 50 5 3.0 -0.00039227 0.970 0.0136 1.1084
100 50 10 1.0 0.00037004 0.952 0.0103 1.7093
100 50 10 3.0 0.00040427 0.952 0.0111 1.7451
100 50 20 1.0 0.00024774 0.948 0.0071 1.8708
100 50 20 3.0 0.00032668 0.946 0.0092 3.3351
100 100 5 1.0 0.00115031 0.958 0.0143 1.4935
100 100 5 3.0 -0.00002014 0.976 0.0147 1.3083
100 100 10 1.0 0.00066524 0.952 0.0105 1.8751
100 100 10 3.0 -0.00072896 0.966 0.0119 2.0950
100 100 20 1.0 -0.00033613 0.936 0.0079 1.8906
100 100 20 3.0 -0.00003507 0.962 0.0091 3.4120
100 200 5 1.0 -0.00067739 0.976 0.0151 1.4985
100 200 5 3.0 -0.00000964 0.966 0.0151 1.1812
100 200 10 1.0 -0.00071120 0.952 0.0105 1.8505
100 200 10 3.0 -0.00149334 0.980 0.0130 2.2642
100 200 20 1.0 -0.00103713 0.946 0.0080 1.7758
100 200 20 3.0 -0.00008740 0.962 0.0094 3.3879
200 20 5 1.0 -0.00104238 0.924 0.0095 0.9621
200 20 5 3.0 0.00119542 0.928 0.0098 0.9285
200 20 10 1.0 0.00034137 0.942 0.0067 1.1898
200 20 10 3.0 -0.00036637 0.932 0.0068 1.0075
200 50 5 1.0 0.00029033 0.938 0.0100 1.0325
200 50 5 3.0 0.00128785 0.946 0.0095 0.9765
200 50 10 1.0 0.00027922 0.948 0.0069 1.2999
200 50 10 3.0 0.00015796 0.950 0.0067 1.0655
200 50 20 1.0 0.00014660 0.932 0.0053 1.7986
200 50 20 3.0 0.00027307 0.948 0.0054 1.8437
200 100 5 1.0 0.00033937 0.944 0.0087 1.1958
200 100 5 3.0 -0.00000796 0.946 0.0090 1.1458
200 100 10 1.0 0.00027762 0.946 0.0069 1.4877
200 100 10 3.0 0.00127725 0.946 0.0070 1.2023
200 100 20 1.0 -0.00028952 0.944 0.0051 1.8415
200 100 20 3.0 0.00049090 0.954 0.0060 2.0796
200 200 5 1.0 0.00045282 0.926 0.0101 1.0675
200 200 5 3.0 0.00005082 0.952 0.0096 0.9836
200 200 10 1.0 0.00062688 0.944 0.0076 1.4918
200 200 10 3.0 0.00052976 0.954 0.0070 1.1149
200 200 20 1.0 0.00011013 0.940 0.0051 1.7536
200 200 20 3.0 -0.00068245 0.966 0.0057 2.2181
200 500 5 1.0 0.00058465 0.906 0.0104 1.2234
200 500 5 3.0 -0.00013389 0.926 0.0097 1.1230
200 500 10 1.0 0.00012013 0.942 0.0075 1.6718
200 500 10 3.0 0.00021128 0.944 0.0070 1.2930
200 500 20 1.0 0.00019671 0.944 0.0052 2.0953
200 500 20 3.0 -0.00008077 0.974 0.0060 3.0412

Table 3.9: Additional simulations for Box-Cox transformations.
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n P s SNR Estimator Acceptance rate MAE rel. MSE
100 20 5 1.0 1.00056735 0.962 0.0418 1.2250
100 20 5 3.0 0.99698158 0.932 0.0410 1.0245
100 20 10 1.0 0.99986806 0.942 0.0382 1.6179
100 20 10 3.0 0.99983138 0.960 0.0373 1.5512
100 50 5 1.0 1.00426870 0.950 0.0421 1.3767
100 50 5 3.0 1.00276705 0.962 0.0362 1.1167
100 50 10 1.0 0.99942878 0.950 0.0391 1.7085
100 50 10 3.0 1.00116016 0.966 0.0357 1.7955
100 50 20 1.0 0.99842764 0.946 0.0321 1.8739
100 50 20 3.0 0.99724029 0.966 0.0355 3.4082
100 100 5 1.0 1.00384643 0.942 0.0462 1.4958
100 100 5 3.0 0.99651381 0.962 0.0382 1.2919
100 100 10 1.0 0.99891940 0.950 0.0385 1.8919
100 100 10 3.0 0.99564080 0.968 0.0361 2.1218
100 100 20 1.0 0.99995916 0.950 0.0326 1.8880
100 100 20 3.0 1.00184681 0.950 0.0374 3.4484
100 200 5 1.0 1.00045974 0.978 0.0424 1.5090
100 200 5 3.0 0.99536783 0.968 0.0383 1.1875
100 200 10 1.0 0.99877481 0.972 0.0377 1.8432
100 200 10 3.0 1.00074576 0.962 0.0398 2.3258
100 200 20 1.0 0.99797088 0.952 0.0346 1.7767
100 200 20 3.0 1.00079835 0.976 0.0352 3.3919
200 20 5 1.0 0.99985307 0.928 0.0292 0.9671
200 20 5 3.0 0.99996887 0.962 0.0255 0.9295
200 20 10 1.0 1.00053756 0.924 0.0259 1.1881
200 20 10 3.0 0.99887849 0.942 0.0223 1.0106
200 50 5 1.0 1.00122936 0.916 0.0312 1.0292
200 50 5 3.0 0.99870047 0.944 0.0258 0.9795
200 50 10 1.0 1.00219511 0.946 0.0251 1.2824
200 50 10 3.0 0.99885312 0.938 0.0237 1.0708
200 50 20 1.0 0.99941435 0.936 0.0224 1.7849
200 50 20 3.0 0.99886322 0.960 0.0224 1.8152
200 100 5 1.0 1.00073382 0.932 0.0301 1.1934
200 100 5 3.0 0.99614218 0.926 0.0268 1.1418
200 100 10 1.0 1.00113064 0.936 0.0271 1.5229
200 100 10 3.0 1.00177678 0.956 0.0214 1.1959
200 100 20 1.0 1.00030201 0.948 0.0240 1.8491
200 100 20 3.0 0.99925082 0.948 0.0230 2.1054
200 200 5 1.0 1.00129852 0.938 0.0288 1.0590
200 200 5 3.0 0.99850564 0.940 0.0275 0.9827
200 200 10 1.0 0.99588019 0.938 0.0262 1.5113
200 200 10 3.0 1.00066971 0.954 0.0233 1.1361
200 200 20 1.0 0.99697192 0.940 0.0239 1.7520
200 200 20 3.0 1.00029713 0.962 0.0216 2.2585
200 500 5 1.0 1.00007598 0.962 0.0279 1.2183
200 500 5 3.0 0.99890970 0.936 0.0276 1.1211
200 500 10 1.0 1.00145277 0.936 0.0272 1.6619
200 500 10 3.0 0.99971989 0.962 0.0226 1.2654
200 500 20 1.0 0.99981870 0.940 0.0242 2.1018
200 500 20 3.0 0.99695433 0.964 0.0231 2.9583

Table 3.10: Additional simulations for Yeo-Johnson transformations.
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3.10.2 Non-Normal Errors

In this section, we evaluate the performance of our proposed method under non-normal errors. The same
simulation is run as in Section [3.4] with n = 100 observations, but we simulate errors according to a

t-distribution with df degrees of freedom
e ~ t(df).

We focus on the correlation structure ZgX) and the Box-Cox transformations (6y = 0). We set s = 20

and vary the degrees of freedom.
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Figure 3.7: Coverage for an increasing number of degrees of freedom.

Figure [3.7] displays the effect of non-normal errors on the coverage. If the deviation from the normal
distribution is high (low number of degrees of freedom), the coverage differs largely from the nominal

level of 95%. With an increasing number of regressors the coverage gradually approaches the nominal

level.
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Chapter 4

Uniform Inference in

High-Dimensional Generalized
Additive Models

4.1 Introduction

Nonparametric regression allows the estimation of the relationship f between a target variable Y and

input variables X = (X1,..., X,)T without imposing (strong) functional assumptions:
Y = f(X1,....X,) +e,

where ¢ denotes the random error term satisfying E[e| X] = 0. When p is large, estimation of the regression
function f(Xi,...,X,) is practically infeasible due to the curse of dimensionality. One approach to
overcome this challenge that has been very popular in statistics and econometrics is to impose additional

additive structure leading to generalized additive models (GAMs):
Y=o+ fi(X1)+...+ f(Xp) +¢, (4.1)

where « is a constant and f;(-),j = 1,...,p, are smooth univariate functions. The idea of GAMs can
be traced back to Friedman and Stuetzle [49], Stone [90] and Hastie and Tibshirani [54]. Estimation
and inference in the low-dimensional setting with fixed p has been analyzed widely in the literature. For
an introduction to GAMs, we refer to the textbook treatments by Hastie and Tibshirani [54] and Wood
[101]. In recent years, considerable progress has been made in understanding and analyzing GAMs in
high-dimensional settings (i.e., when the number of components can grow with the sample size) under
the additional assumption that only a small subset of the components of size s are nonzero. In high-
dimensional settings, the focus has been on theoretical results on the estimation rate of sparse additive
models. This has been analyzed in Sardy and Tseng |89], Lin and Zhang [69] and many others [83] 75|
56, 62, 59} [81) [71]. How to perform statistical inference for the model has shown to be a much more chal-
lenging problem. Confidence bands that measure the uncertainty of the estimation in a setting with fixed
dimension have been widely studied by Hérdle [55], Sun and Loader [91], Fan and Zhang 43|, Claeskens
and Keilegom [36] and Zhang and Peng [106]. A standard assumption in high-dimensions is sparsity
meaning that only a small subset of s components is different from zero. Results regarding inference for

GAMs in a high-dimensional setting have been derived only recently. We discuss these results in the next
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paragraphs and emphasize our contribution to the existing literature.

Kozbur [64] proposes an estimation and inference method for a single target component called Post-
Nonparametric Double Selection which is an application of the double machine learning approach devel-
oped in Belloni et al. [8]. Our work contributes to this expanding literature on high-dimensional inference,
especially to the debiased/double machine learning literature. Results for valid confidence intervals for
low-dimensional parameters in high-dimensional linear models were also derived in Van De Geer et al.
[96] and Zhang and Zhang [105]. For a survey on post-selection inference in high-dimensional settings
and generalization, we refer to Chernozhukov et al. [33]. We consider the same setting as Kozbur [64],

i.e., a more general additively separable model

Y =fA(X1)+ fo1(Xa, ..., Xp) +e,
that includes the general additive model (GAM)

Y=a+ fi(X1)+...+ fp(Xp) +e.

Kozbur [64] focuses on inference on functionals of the form 6 = a(f1) and obtains pointwise confidence
intervals based on a penalized series estimator. In contrast, we are able to construct uniformly valid
confidence bands for the whole function f;. Our paper builds on recent results, allowing for inference
on high-dimensional target parameters, provided by Belloni et al. [12] and Belloni et al. [10]. Further,
Kozbur [64] relies on two high level assumptions on Lasso estimation and variable selection (see Assump-
tions 9 and 10 in Kozbur [64]) that are hard to verify. We clarify technical requirements and provide
results on uniform Lasso estimation that are needed to perform valid inference.

Gregory et al. [50] use the so-called Debiasing approach introduced in Zhang and Zhang [105] to esti-
mate the first component f; in a high-dimensional GAM where the number p of additive components
may increase with sample size. The estimator is constructed in two steps. The first step is an under-
smoothed estimator based on near-orthogonal projections with a group Lasso bias correction. Then, a
debiased version of the first step estimator is used to construct pseudo responses Y. In the second step,
a smoothing method is applied to a nonparametric regression problem with Y and covariates X;. Un-
der sparsity assumptions on the number of nonzero additive components, they show the so-called oracle
property meaning asymptotic equivalence of their estimator and the oracle estimator where the functions
f2,-.., fp are known. The asymptotics of the oracle estimator are well understood and carry over to the
proposed debiasing estimate including methodology to construct uniformly valid confidence intervals for
f1. Nevertheless, Gregory et al. [50] do not explicitly focus on inference and they need much stronger
assumptions to let the oracle property hold. For example, they assume normally distributed errors that
need to be independent to X. Further, they assume a bounded support of X. As in our paper, they
choose a large set of basis functions (e.g., polynomials or splines) to approximate the components f; and
f—1. However, we allow the degree of approximating functions to grow to infinity with increasing sample
size.

Lu et al. [72] provide an explicit procedure for constructing uniformly valid confidence bands for com-
ponents in high-dimensional additive models. They argue that this is a challenging problem, as a direct
generalization of the ideas for the finite-dimensional case is difficult. Confidence bands in the low-
dimensional case are mostly built upon kernel methods, while estimators for sparse additive models are
sieve estimators based on dictionaries. To derive their results, Lu et al. |[72] have to combine both kernel
and sieve methods to utilize the advantages of each method resulting in a kernel-sieves hybrid estimator.

This also leads to a two-step estimator with many tuning parameters as the bandwidth and penalization
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levels that need to be chosen by cross-validation. The advantage of our estimator is that we can stay
in the sieves framework and nevertheless derive valid confidence bands. This is possible as we consider
the problem as a high-dimensional Z-estimation problem utilizing recent results from Belloni et al. |12].
We also provide a theory driven choice of the penalization level. As in Gregory et al. [50], Lu et al. [72]
assume normally distributed errors that are independent to X. This is much more restrictive than in our
paper since we only need to assume sub-exponential tails and we allow for heteroscedastic error terms.
Further, they assume that the number of nonzero components s = O(1) is bounded. In our setting,
s may grow to infinity with increasing sample size. However, their approach differs from ours in that
they consider an additive local approximation model with sparsity (ATLAS), in which they only need to

impose a local sparsity structure.

The finite sample properties of our estimator are evaluated in a simulation study that is based on the
data generating processes in Gregory et al. [50]. The results show that the suggested method is able to
perform valid simultaneous inference even in small samples and high-dimensional settings. Finally, we
include an empirical application to the Boston housing data and provide evidence on nonlinear effects of

certain socio-economic factors on house prices.

4.1.1 Organization of the Paper

The paper is organized as follows. In Section the setting is outlined. Section {4.3| introduces the
estimation method. In Section [f.4] the main result is provided. A simulation study, highlighting the
small sample properties and implementation of our proposed method, is presented in Section [£5] Section
illustrates the use of the method in an empirical application to the Boston housing data. The proof
of the main theorem is provided in Section [4.8] The Appendix includes additional technical material.
In Appendix [£.9] a general result for uniform inference about a high-dimensional linear functional is
presented. Appendix provides results regarding uniform Lasso estimation rates in high-dimensions.
Finally, computational details are presented in Appendix

4.1.2 Notation

Throughout the paper, we consider a random element W from some common probability space (€2, .4, P).
We denote by P € P,, a probability measure out of large class of probability measures, which may vary
with the sample size (since the model is allowed to change with n), and by P, the empirical probability
measure. Additionally, let E respectively E,, be the expectation with respect to P, respectively P,,, and

Gy (+) denotes the empirical process

Gulf) == Vi (}1 S rw) - E[f(m—)])
=1

for a class of suitably measurable functions F : W — R. |||/ p,q denotes the LI(P)-norm. In the following,

we write || - ||, for the Orlicz-norm that is defined as

Wy, :=inf {C > 0: E[exp((|W|/C)?) —1] <1}

for p > 1. Further, ||v||; = >-7_; |v| denotes the ¢1-norm, ||v]|2 = vVvTv the fo-norm and ||v||o equals the
number of nonzero components of a vector v € RP. We define v_; := (v1,...,0-1, V41 - . - ,vp)T € Rp—1

for any 1 <1 < p. |[v]lcc = sup;_;,_, |vi| denotes the sup-norm. Let ¢ and C' denote positive constants
independent of n with values that may change at each appearance. The notation a,, < b, means a,, < Cb,

for all n and some C. Furthermore, a, = o(1) denotes that there exists a sequence (b,)>1 of positive
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numbers such that |a,| < b, for all n where b,, is independent of P € P,, for all n and b,, converges to
zero. Finally, a,, = Op(b,) means that, for any ¢ > 0, there exists a C such that P(a,, > Cb,) < ¢ for all

n.

4.2 Setting

Consider the following nonparametric additively separable model
V= f(X)+e=fi(X1) + f-1(Xo1) +¢

with E[¢|X] = 0 and Var(e|X) > c. Let the scalar response Y and features X = (Xi,...,X,) take
values in Y and X = (Xi,...,&}), respectively. We assume to observe n ii.d. copies (wnr_ =
(Y@, x@)n_  of W = (Y, X), where the number of covariates p is allowed to grow with sample size n.
For identifiability, we assume E[f_1(X_1)] = 0. We aim to construct uniformly valid confidence regions
for the first nonparametric component of the regression function, namely we want to find functions [ (z)

and 4(x) converging to f1(z) with
P (Z(x) < fi(z) < a(z),Vz € I) - 1-a.

Here, I C A} is a bounded interval of interest where we want to conduct inference. We approximate
f1 and f_1 by a linear combination of approximating functions gi,...,9q4, and hi,..., hg,, respectively.
Define

9(x) == (1 (), ..., ga, (x))"

for x € R and
h(x) := (h1(z), ..., ha, (z))T

for z € RP~!. It is important to note that we allow the number of approximating functions d; and ds to

increase with the sample size. Assume that the approximations are given by
F1(X1) = 05 9(X1) + ba(X1), (4.2)

where 0p; € ©; and analogously

for(Xo1) o= By h(X1) + b2(X 1), (4.3)
where b; and by denote the error terms. Additionally, it is convenient to define the combination

2(x) = (91(),- ., ga, (€), ha (@), ..., hay (2)) T
for z € RP, where we abbreviate
Z = 2(X) = (q1(X1), - 94y (X1), (X 1), By (X 1))

For each element g; of g, we consider

a(X1) = (W72 + 08 (Z_) + v (4.4)
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and E[vW|Z_;] = 0 and Var(v()|Z_;) > ¢. This corresponds to
Blgi(X0)lZ4) = (3))" 21+ 0 (Z-0)

with approximation error bgl)(Z_l). The second stage equation lb is used to construct an orthogonal

score function for valid inference in a high-dimensional setting as in Chernozhukov et al. [35]. Estimating
() =659()
can be recast into a general Z-estimation problem of the form
E i (W,00:,m0,)] =0, lel,....d

with target parameter 8y, where the score functions are defined by

w(W,0,m) = (Y = 09u(X1) = (V)7 2 = (X))

. (gl(X1) — Tz, - 77(4)(24)) :

Here,

n= (M, 9@ 7@ T

with n(t) € Rétda=1 52 ¢ Rh+dz=1 ) ¢ oo(RP) and ¥ € (°(R%+9~1)  The true nuisance

parameter 179 is given by

1 l
77((),1) = ((J)

2 l
776,1) = 'Y(() )

0 (X) 1= by (X1) + ba(X 1)
4 l
o (Z2) =0 (Z_0),

where 5(()0 is defined as

! T
(()) = (00,1,---,00,0-1,00,141,---00,d,, 80,1, - Bo,ds)” -

Essentially, the index [ determines which coefficient is not contained in ﬂ(()l). The third part of the
nuisance functions captures the error made by the approximation of f; and f_; which is independent

from [. Therefore, we sometimes omit [.

Comment 4.2.1. The score ¥ is linear, meaning

YW, 0,n) = (X, 0, D)0 + 4P (X, n)

with
(X, 0P W) = —g(X1) (qu(X1) — ()T Z_y — W (Z2))

and

WX, n) = (Y — (") Z_ =@ (X)) (qu(X1) — (P 2oy — D (Z-))

foralll=1,...,d;.
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Comment 4.2.2. The score function i satisfies the moment condition, namely

E [t (W, 60,1,m0,1)] =0

for alll =1,...,dy, and, given further conditions mentioned in Section [[.], the near Neyman orthogo-

nality condition

Dy o[n, o] == 0 {E[i(W, 00,4, m0,4 + t(n — no,l))]}|t:0 <62

where Oy denotes the derivative with respect to t and (0n)n>1 a sequence of positive constants converging

to zero.

4.3 Estimation

In this section, we describe our estimation method and how the uniform valid confidence bands are con-
structed. The nuisance functions are estimated by Lasso regressions. Finally, they are plugged into the
moment conditions that are solved for the target parameters, which yield an estimate fl for the first com-
ponent. The lower and upper curve of the confidence bands are finally based on the estimated covariance
matrix and a critical value which is determined by a multiplier bootstrap procedure. As mentioned, the

details are given in this section.
Let

9(z) = (q1(2), ..., g4, (2))T € REx1

and

WW,0,1) = (1 (W, 01,m), -+ ., %ay, (W, 04y, ma,))" € RIX1

for some vector
0= (017 s 70d1)T

and
n= (7717' .- 7nd1)T'

For each | = 1,...,dy, let 7y = (ﬁl(l),ﬁ§2),ﬁl(3),ﬁl(4)) be an estimator of the nuisance function. The
estimator 0y of the target parameter

90 - (90717 e 790,d1)T

is defined as the solution of

B (20| = . [5, [ (w.0.00)] |} < e (4.5

where €, = 0 (6nn*1/ 2) is the numerical tolerance. Finally, the target function fi(-) can be estimated by

f1() =08 g(). (4.6)
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Define the Jacobian matrix

0
E[y(W,0,m0)] = diag (Jo,1,--.,Jo,4,) € RI*%N

Jo == 20 o

with

Joa = E[f(Winl) )]

~E[(W) T 2+ 65 (Z20) + v )]

“E[((4") 20+ 08 (2-0) ELV1 2. | - ()2
T/
—E[(v")?]

forall ] =1,...,d;. Observe that
EW(VVa 907 Wo)w(W7 90? 770)T] = ZEV
is the covariance matrix of ev := (ev(M)|... ev(@)). Define the approximate covariance matrix

S o= Jg "E[(W, 80, m0) ¢ (W, 00,m0) "] (Jg )"
_ Jalzsy(Jal)T c Rdlxdl

with
E[(er™1)2?] ]E[su(l)eu<2)] ]E[su(1>su<d1)]
]E[eu(z)eu(l)] E[(er(?)?] E|er@epldn)
s, i = | EEOEGT] EGOPE BRG]
]E[su(dl)sv(l)] E[su(dl)sv(z)] E[(El,(d1))2]
B PEM)?]  EG@ P EEO?]  EE0RP

The approximate covariance matrix can be estimated by replacing every expectation by the empirical

analog and plugging in the estimated parameters

= J 'R, [Y(W, 0, )y (W, 0,0) "] (J—HT

jflzsy(jfl)T

B, [(¢6))2] E, [e0Mep® E, [e0Mep(40)]
E,[(2(1)2]? En[(6M)2]EL[(0)2] 77 En[(0MW)2]E,[(2(71)2]
E, [e0®e0™] E,[(¢52)2] E, [e0®ep(4)
_ | =eerE.Go E[(6P)P GOV
E, [0 ep™] E, [e0(1)ep®] E,[(20(41))2]
E, [(0UD)2]E,[(0)2]  En[(0(@D)2]E, [(#(D)?] " E, [(#(11))2]2

This estimated covariance matrix can be used to construct the confidence bands

(9(2)"Sng(x))!2ca

i(z) = fi(e) +

I(z) :

B

(9(2)"Sng(x)) ! ca

file) -

B
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where ¢, is a critical value determined by the following standard multiplier bootstrap method introduced
in Chernozhukov et al. [30]. Define

ba() = (9(2) Eng(@) " 2g(2)" g (-, o, o)

and let

G= (gAx)xez = <\}E ifi%(‘%)) ;

zel

where (&), are independent standard normal random variables (especially independent from (W;)?_;).
The multiplier bootstrap critical value ¢, is given by the (1 — «)-quantile of the conditional distribution

of sup, ¢y |G.| given (W) .

4.4 Main Results

Now, we specify the conditions that are required to construct the uniformly valid confidence bands.
Since we would like to represent f; and f_; by their approximations in and , we need to
choose an appropriate set of approximating functions. Let d,, := max(di,ds,n,e) and C be a strictly
positive constant independent of n and . Additionally, we set 1 := sup,¢; [|g(z)||o < di. The following

assumptions hold uniformly in n > ng and P € P,:

Assumption A.1.

(i) It holds

inf |g(2)||3 > ¢ >0, sup sup |g(z)|<C < oo
zel z€l 1=1,...,d;

and, for all e > 0,

An
log N g(1). | 2) < Cuog (22

31) There exists 1 < p < 2 such that
p

max (|5 (Z-)llw, < C. (B (X) + ba(X)w, < C.

=1,...,

Additionally, the approzimation errors obey

E[(bl(Xl) + bQ(X,l))"’} < Cslog(dy)/n,

max E[(bg”(z_l)ﬂ < Cslog(dy)/n

=4,-.01
and

]En[(bl(Xl) +b2(X_1))2} - E[(bl(xl) n bg(x_l))ﬂ < Cslog(dy,)/n,

max (En[(bg”(z_l)ﬂ —E[(bgl)(z_l))QD < Cslog(d,)/n.

I=1,...,dy

83



CHAPTER 4 4.4. MAIN RESULTS

(ii) We have

suw E (6722 (b1 (1) + b2(X 1))*] < CE[(b1(X1) + b2(X 1))

and

sup E[(¢72)* (0§ (2-0))°] < CE[((2-))"]
I€]l2=1

forl=1,...,d;.

(iv) It holds
B[ (b1(X1) + ba(X 1)) | < Con 112

(S

with 6, = o(t; log_%(An)),

Assumption Ai) contains regularity conditions on g. We assume that the infimum of the /5-norm of
g(x) is bounded away from zero, but the supremum is allowed to increase with sample size (affecting the
growth conditions in A(v)). The lower bound on the infimum is not necessary and can be replaced
by a decaying sequence at the cost of stricter growth rates. The Assumptions All[ii) and (iii) are
tail and moment conditions on the approximation error. These assumptions are mild since the number
of approximating functions may increase with sample size. Finally, Assumption A(iv) ensures that
the violation of the exact Neyman Orthogonality due to the approximation errors is negligible. It is
worth to notice that if by (X;) and by(X_1) are measurable with respect to Z_; (for example in the linear
approximate sparse setting for the conditional expectation), the exact Neyman Orthogonality holds. Now,
we go more into detail regarding the condition on the covering number of the image of g. Especially, if

t1 < dy, the complexity of the approximating functions is reduced significantly. One obtains

(4)
o c g9,

Jj=1

where each ¢g/)(I) is only dependent on ¢; nonzero components. It is straightforward to see that for each

gY)(I) the covering numbers satisfy

Gsup e ||g(w)||2>“
3

N(e,g@ (1), [ - [12) < (

(cf. Vaart and Wellner [94]) implying

o Q
[

(1)
log N(e,9(1), || - [|2) < log Z N(e, g9 (D), ] - 2)

Jj=1

< log ((e%dl)tl <W>t1>
1

<t 1og ((Gedl SUDgcr ||g(x)||2> 1)

tl g
d
< Cty log (61) .

For specific classes of approximating functions the complexity can be further reduced.
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Assumption A. 2.

(i) For alll=1,...,dy, O contains a ball of radius
log(log(n))n~""?1og"?(dy V ¢) log(n)

centered at 8y with
sup sup |6;] < C.
=1,..., dy 0,€0;

(i) It holds
1810 <5, 1812 < C
foralll=1,...,d; and

QI O, <
e, oo < o e, o e < €

(iii) There exists 1 < p < 2 such that

Z; <C <.
jzlyr-[-l-%i}f-i-dfz H JH‘I’p S0, HEH‘I’/J =

(iv) It holds

inf E[(¢72)%]>¢, sup E[¢T2)Y<C
ll€ll2=1 l€ll2=1

and the eigenvalues of the covariance matriz X, are bounded from above and away from zero.

(v) There exists a fized G > 4 such that

1 82310621 b (d,) log(An
(a) na s 1 log 7(l ) log(An) — 0(1)7

(b) i 2upesy oot log(d) log” (An) (1ogi(d1) Vs /slognwn)) —o(1),

6
P

(d1)log"(An) _ o(1).

1413 10g
(c) ni= I

Assumptions Ai) and (i7) are regularity and sparsity conditions, where the number of nonzero regression

coefficients s = s,, is allowed to grow to infinity with increasing sample size. A detailed comment on
the sparsity condition is given in Comment Assumption Azu) contains tail conditions on the

approximating functions (and therefore on the original variables) as well as for the error term. Assumption

Aiv) is a standard eigenvalue condition, which restricts the correlation between the basis elements (and

therefore between the original variables). For example, if the conditional variance of v() is uniformly

bounded away from zero, the second inequality of A(z’v) holds. Finally, Assumption Av) provides

the growth conditions. These are given in general terms and depend on the choice of the approximation

functions. Choosing B-Splines simplifies the growth conditions significantly as we discuss in Comment

E4Tl

Theorem 9. Given Assumptions Al and A3, it holds that

P (Z(x) < fi(z) < a(x),Va € I) “1-a,

uniformly over P € P, where c, is a critical value determined by a multiplier bootstrap method.
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Comment 4.4.1. An appropriate and common choice in series estimation are B-Splines. B-Splines are
positive and local in the sense that g(x) > 0 and sup,¢; ||g(x)]lo < t1 for every x, where t1 is the degree

of the spline. The l1-norm of B-Splines is equal to 1, meaning

dy
lg(@)llr =) gs(x) =1
j=1
for every x (partition of unity). Hence, Assumption A[1[) is met with

1 .
—= < inf [lg(2)|3 < supllg(@)[l3 <1 and sup sup |gi(a)| < 1.
xzel zel

Vi z€l 1=1,...,d;
The covering numbers of g(I) is given by

dy
logN(s,g(I), || ) ”2) < IOg ZN(E,g(j)(I), H ’ ”2)

j=1

a1
6d;" sup,er [lg(x)l2
S

<t log

< Clog (f) .

Choosing the degree of the B-Splines of order t; = log(n), the growth rates in Assumption A@(v) simplify
to

27, 2+% 131 1 1 7+%
s710g (dn) Og(dl) _ 0(1) and nEL(dl) :0(1).

n n

i
q

n

It is worth to notice that in the first growth condition

s21og?* 7 (d,)) log(dy)
n

1
na

= o(1)

both the total number of approrimating functions di and do, and the number of relevant functions s may
grow with the sample size in a balanced way. If s is bounded, the number of approximating functions can
grow at an exponential rate with the sample size. This means that the set of approrimating functions
can be much larger than the sample size, only the number of relevant function s has to be smaller than
the sample size. This situation is common for Lasso based estimators. Our growth condition is in line
with other results in the literature, e.g., with Belloni et al. [12], Belloni et al. [10] and many others. The
second growth condition ensures that

log7+%(d1)

n

Q=

n

=o(1)

and is in line with Chernozhukov et al. [30]. It guarantees the validity of multiplier bootstrap in our

setting and allows us to construct uniformly valid confidence regions.

Comment 4.4.2. The sparsity condition in A@(m) restricts the number of nonzero regression coefficients
s = 8, in the equations , and . Through this, we especially assume that the regression
function f can be approximated sufficiently well by only s relevant basis functions. Note that we do not
directly control the number of relevant covariables but the number of approximating functions in total.
This is another sparsity condition as in Gregory et al. [50] and Lu et al. [72] who restrict the number of
relevant additive components in the GAM model . Our model also includes the approrimate sparse
setting due to the error terms by and by in and . This is more flexible and more realistic for
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many applications. Furthermore, we do not define 0F g(X1) as the best projection of f1(X1) in (and
Th(X_1) for f-1(X_1) in ) as in Gregory et al. [50]. We only assume a sparse projection which

is “close” to the best projection where the distance is measured with || - || p2 as described in Assumption

Allii).

4.5 Simulation Results

To verify the theoretical guarantees of our estimator in practice, we perform a simulation study which
is based on the settings in Gregory et al. [50] and Meier et al. [75]. We consider the finite sample

performance of our estimator in a high-dimensional model of the form
P
yi= > filwig)+ei
j=1

withi=1,...,n,j=1,...,p. The definition of the functions f;(x;), j =1,...,J, are presented in Table
We extend the initial setting in Gregory et al. [50] to allow for heteroscedasticity, i.e., we specify
€j ~ N(0,0;) witho; =c-(1+]z;|) and ¢ = \/g. This value for ¢ ensures a signal-to-noise ratio that is
comparable to the settings in [50]. Data sets are generated for scenarios with dimensions n € {100, 1000}
and p € {50,150}. In all cases, sparsity is imposed by only allowing the first four components, f1, ..., f4,
to be nonzero. The regressors X are marginally uniformly distributed on an interval I = [—2.5,2.5] with
correlation matrix ¥ with ¥ ; = 0.5%=1 1 <k, I < p, which corresponds to the setting in Gregory et al.

[50] with the strongest correlation structure.

Component  Function

1 fi(z1) = —sin(2 - x)

2 fg(mg) = 1,'2 — %

3 fg(xg) =

4 fa(xa) = exp(—z) — £ -sinh(2)
5,...,p fj(xj):O.

Table 4.1: Definition of the functions in the data generating processes that are used in the
simulation study. Data generating processes are based on settings in Gregory et al.
[50] and Meier et al. [75].

In the simulation, we use the previously suggested estimator to generate predictions fj (x;) for the function
fj(z;) and construct simultaneous confidence bands that are defined by l}- (x;) and @;(x;), accordingly.
The functions f;(x;) in the additive model are approximated using cubic B-splines. Variable selection
is performed using post-Lasso with theory-based choice of the penalty level as implemented in the R
package hdm [32]. Further details related to the implementation and parametrization in the simulation
study can be found in Appendix [£:11]

Table presents the empirical coverage achieved by the estimated simultaneous 95%-confidence bands
in R = 500 repetitions as constructed over an interval of z; I = [—2,2]. A confidence band is considered
to cover the function f;(x;) if it contains the true function entirely, i.e., if for all values of x; € I it holds
that [;(z;) < fj(x;) < @j(z;). The results serve as empirical evidence on the validity of the method. In
most cases, the empirical coverage approaches 95% or is above the nominal level. This observation can
be made even for the setting with more regressors than observations.

The first two plots in Figure illustrate the averaged confidence bands as constructed for four different
intervals of x;, i.e., I = [—xo,xo] with zy = 0.5,1.0,1.5,2. It can be observed that as the interval I
becomes wider, the width of the confidence bands increases, as well. The two plots at the bottom of

Figure show the empirical coverage as obtained for a sequence of values o ; with I = [z ;, Zo ;]
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n p S f2 I3 fa f5
100 50 | 0.994 0.982 0.968 0.938 0.990
100 150 | 0.992 0.976 0.952 0.886 0.988
1000 50 | 0.998 0.980 0.962 0.848 1.000
1000 150 | 1.000 0.968 0.986 0.806 1.000
Table 4.2: Simulation results. Coverage achieved by simultaneous 0.95%-confidence bands in
R =500 repetitions as generated over a range of values of z;, I = [-2,2].
with zp; = 0.01,0.02,...,2. Whereas the coverage remains stable over a wide range of xg ; values,

the coverage decreases slightly for larger o ;. This behavior arises due to boundary problems that are

common in most nonparametric smoothing methods and explain the relatively low coverage achieved for

Ja-

1.00

Coverage

0.90

Ix]

Coverage

°

0.90

Figure 4.1: Simulation results for the setting with n = 100 and p = 150. (Top) Gray shaded
areas illustrate averaged 95%-confidence bands obtained in R = 500 repetitions
for functions fi(z1) and f2(x3). Blue lines correspond to the estimated functions
fj (z;) and green lines to the true functions f;(z;). (Bottom) Empirical coverage
achieved by confidence bands for a sequence of values z(; with I(z;) = [z, 20 ;]
with z;¢ = 0.01,0.02,...,2. Plots on the left refer to fi(x:), plots on the right to

fa(x2).
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4.6 Empirical Application

As a real-data example, we apply our estimator to the Boston housing data that has been first used in
Harrison Jr and Rubinfeld [52] and later been reassessed in several studies, e.g., Kong and Xia [63] and
Doksum and Samarov [40]. The data set is available via the R package mlbench (|68, [80]). The data
contains information on housing prices for n = 506 census tracts in Boston based on the 1970 census.
We perform inference on the effect of 11 continuous variables on the dependent variable M EDV which
measures the median value of owner-occupied homes (in USD 1000’s). A list of the explanatory variables
is provided in Table

MEDV median value of owner-occupied homes in USD 1000’s
LSTAT percentage of lower status population

CRIM per capita crime rate by town

NOX nitric oxides

TAX full-value property-tax rate per USD 10,000

AGE proportion of owner-occupied units built prior to 1940
DIST weighted distances to five Boston employment centers

RM average number of rooms per dwelling

INDUS proportion of non-retail business acres per town

ZN proportion of residential land zoned for lots over 25,000 sq.ft
BLACK 1000(B — 0.63)2 where B is the proportion of blacks by town
PTRATIO  pupil-teacher ratio by town

CHAS Charles River dummy variable (= 1 if tract bounds river; 0 otherwise)

Table 4.3: List of variables in the analysis of the Boston housing data.

The implemented model is given by

MEDV; =fi(LSTAT;) + f2(CRIM;) + f3(NOX;) + f4(TAX;)+
f5(AGE;) + fe(DIST;) + f7(RM;) + fs(INDUS;)+
fo(ZN;) + f10(BLACK;) + f11(PTRATIO;) + v - CHAS + ¢;.

As in the simulation study, the functions f;(z;) are approximated with cubic B-splines and variable
selection is performed using post-Lasso with theory-based choice of the penalty term. The smoothing
parameters k = {k;,k_;} have been determined according to a heuristic cross-validation rule that is
outlined in Appendix The results illustrated in Figure suggest nonlinear and significant effects
for the variables LSTAT and RM that are generally in line with economic intuition and the findings in
Kong and Xia [63] and Doksum and Samarov [40]. Whereas for small values of the LSTAT variable, i.e.,
the percentage of lower status of the population, the estimated effect fl (LSTAT) is positive, it decreases
and, finally, becomes negative for higher values of LSTAT. The nonlinearities found for the variable RM
suggest that the average number of rooms per dwelling impacts housing prices positively if the average
number of rooms exceeds seven. The results for the other regressors that are presented in Appendix

point at nonlinear effects that are, however, not significant.
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Figure 4.2: Plots of f;(LSTAT) and f;(RM) with simultaneous 95%-confidence bands in the
Boston housing data application.

4.7 Conclusion

In this paper, we provide methodology for inference about a nonparametric component of an additively
separable regression function in high-dimensions. We are able to construct uniformly valid confidence
bands. Our work contributes to the double machine learning literature by extending this approach al-
lowing to conduct valid inference about a linear functional of a high-dimensional target parameter. Our
simulation studies show that our proposed method gives reliable results. We demonstrate the imple-
mentation and the use of the proposed method in practice by analyzing the well-known Boston housing
data set. Our methodology suggests nonlinear and significant effects for the variables LSTAT and RM
that denotes the percentage of lower status population and the average number of rooms per dwelling,

respectively. This is in line with the economic intuition and the findings in the literature.
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4.8 Proofs

Proof of Theorem[9
We will prove that the Assumptions A[l]and A [2limply the Assumptions BT} BJj| stated in Appendix [4.9]
and then the claim follows by applying Theorem Without loss of generality, we assume min(d;,n) > e

to simplify notation.

Assumption B[]
Both conditions (i) and (ii) are directly assumed in A[I}i). Due to A[l](#i) and Aiv), it holds

E [(V(l)))z] =E [(Ql(Xl) — (W22 - bél)(Z—l))Q]
<o o Bz e [0y
o=
<c.
where we used that Hvél) l2 < C. Tt holds
E {(u(l)))z} > Var(vW|Z_)) > ¢
Since the eigenvalues of Y., are bounded from above and away from zero,
S = J7180, (JeHT € Ré %

directly implies B[T|iii).

Assumption BJ2|

For each [ =1,...,d;, the moment condition holds
E [ (W, b, m0.0] = E[ (Y = £(0) (au(X2) = () 20 = (2.0 )|
= E[ev(l)]
=E[vVWE[|X]]
——
=0
=0.
For alll =1,...,d;, define the convex set

T, = {7, = (W, @ 5@ T () @) ¢ Ritda—1

77(3) c KOO(RP)777(4) c ﬁoo(Rdl""d?_l)}
and endow 71; with the norm

Il == maox {1l 19l 195 OO 2, 1O Z )12}
Further, let 7,, := 4/ Sl%(g”) and define the corresponding nuisance realization set

o= {n eTym® = 0,0 = 0,10Vl v [nlo < Cs,
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l l
17D = 112 v 1@ = AP 2 < Oy

In® = 811 v 0@ =" < Cf} U {0}
for a sufficiently large constant C. For arbitrary random variables X and Y, it holds

|EXY][[w, : =inf{C > 0: E[¥,(|E[X]Y]|/C)] < 1}
< inf{C > 0: E[E[W,(|X|/C)[Y]] <1}
=X,

Due to Assumption Aiiz’), this implies

@ - _
 max ([P, = max |lg(X1) —Elg/(X1)|Z-]lw,

4y d1 seeey 1

<
< max a(X)lv, + max, [Ela(X0)|Z-]w,

<C.

~

Therefore, we are able to bound the ¢-th moments of the maxima by

1
q
e s, WOP] =1, s, WO

=1,...,d1
=l apa, e
< qlog? )| max, [vV]]lw,
=1,...;a1

< Cqllogs ' (2)log7 (1 + d1) max [v"[]a,

4y d1

< Clog%(dl),

where C does depend on ¢ and p but not on n. For F := {EV(l) :1=1,...,d1}, it holds

S,:=E| sup |\/5En [ (W, 90,17770,1)”

1=1,...,d,

=E

sup Gn(f)]

fer

and the envelope sup .z | f| satisfies

l l
I, max evWllpg < llellpagl max, v Ollp2g

< Clog? (dy).

We can apply Lemma P.2 from Belloni et al. [12] with |F| = d; to obtain

log 2+ (dp)
P
S, < Clog?(dy) + Clog? (dy) <n§0g 1 ) < log?(dy),
n

due to AP[v)(a). Finally, Assumption A[2[(i) implies B[2i). Assumption BJ2[ii) holds since, for all
I =1,...,dy, the map (6;,m) — (X, 0;,m) is twice continuously Gateaux-differentiable on ©; x Ty,
which directly implies the differentiability of the map (8;,m;) — E[¢;(X, 6;,7;)]. Additionally, for every
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n € T\ {no.}, we have

Dio[n, 1m0.4] == O E[i(W, 80,1,m0,1 + t(n N} o
=E [0 { (W, 60,0,m0, + t(n —1n0,)) }] ’t:O
B E[ { (¥ = oag(X0) = (0] + ¢ = mi))) " 2
— () + D (X) = i) (X))
a(Xy) - (7701 +t(n® - U(ng)))TZ—l
. (néf*l)(z_l) +t(n™(Z-) - 77((;11)(2—1)))) H .
= [e) = )7 2| + B 0057 = )7 2]

+E e (0 (-0 = nD(z-0) | + B[O (5§ (x) = 1@ (X))

N

3

with
B c(ri) —n®)7 221 =E [((n) — n®)T ZEle|X])| =
E O 0™ Zo] =B - n )7 2| 2-0)] =0,
E (e (w220 =0 (220)) | = B[ (n!) (2-0) =0 (22)) EEEIX]] =
and

E v (55 (X) = (X)) | =B [v® (b1 (X1) + b2(X1))] < Con /2

_2
due to Assumption A with &, = o(t; 2 logfé(An)). Due to the linearity of the score and the moment

condition, it holds

E[ (W, 01,m0,)] = Jo,1(01 — 0o,1)

and, due to
ol =E[(v0)?],

Assumption BJ2[iv) is satisfied.
Forallt€[0,1),l=1,...,d1, 0, € ©;and m; € T; \ {no,1}, we have

|

Ui (W, 0,m) — (W, 0,1, 770,1))2}

E|(
= E | (W (W, 0,m) — (W, 80.0,m) + 0 (W, 80.0,m) — (W, 00.4,70.))°

—

< C<E {(W(W 01, m) — (W, 90,1,771))2}

VE [0 0%, 600m) = (0¥, om0 )
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with

E {(M(W, Or,m) — Yi(W, 00,1, ?71))2]

= 0= 0, | (00 (nC60) — 07720 = 20))|

1
2

<l = 0uu (B[00 ") B |(a(x0) - )7 220 - "(2-0) | )

< Cl6; — b,
due to Assumption A[2{ii), (iv) and the definition of 7;. By similar arguments, we obtain
E {WZ(W, O0,0:m) — (W, 00,1, 770,1))2}

~E ((Y—eo,lgxxn—(n;”ﬂzl—n§3><x>) (9X0) = )" 22 =P (22)

2
— (¥ = bo0u(X1) = 5D 21 =03 (20) (9e(X0) = )T 2 = i (2 )))]

s

- <(Y — Boa91(X1) = (i) 21 =Y (X))

() =0z 0 (22 = 0P (220)
+ (gl(Xl) — Nz — gl (Z—l))

2

(6 =T 24+ (X) - nf”)(X))) ]

;

2 2 1 1
<c(||n“ 1o v n8) = Pl v 18Ol v 1 (20

= Cllno.s = ml2,
where we used the definition of 7;, A[Ij(éii) and

sup E[(fTZ)4] <C.
I€ll2=1

Therefore, Assumption Bl(v ) holds with w = 2 since it is straightforward to show Assumption Bl(v
for m; = no,. It holds

8tE[¢l(VV7 O1,m0,0 + t(m — 770,1))] ’

= (e o (v~ boaan) = (2 + e~ )" 2
— (062 (0 +1(0f* (X) = nfi) (20)) )
-(gz(Xl) (&) + ™ = i) 2
- (@ + ez - aiz-) }]
=’E[(Y—eo,zgz<xl> (o) + t(m =g )T 2

= (57 () + > (X) = i3} (X))
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(@ =Tz 0 (2 =P (220)
+ (@(X0) = @+t = 02T 2
— (6 (Z-0) + 10" (Z-) = il (2-1)) )
((77311) T2+ (X) - m(g)(X))} ’
=L+ Lo+ Liz+ 14
with
s :E{(Y—eo,lgmxn (o + 1" = 15)))" 7
- 0+ 000 - 0N (7 - )7 2-0)]
< Cllng? =1l
IM:EKY—%Mun—(” tn ) =) 2
- 00 + 10 () = ) (b 2-0)|
< Cllngsd ()]l pe
ha =B (a0 = 2 + ¢~ )" 2
— ) Z0) + o (Z-) = i Z-) ) (] - nl“))Tz_l)]
< Cllngy =il
ha = | (a0 - 3+ e~ a7 2
— (620 + (2 0) = 2 (Z-0))) () (X))]

< Clln§? (X)) p2-

This implies Assumption Bv)(b) with By, = C. Finally, to obtain Assumption B(v)(

we note that
OFE [y (W, 00,1 + (01 — 00.1),m0.1 + t(m — m0.1))]

[
=&E[Y—ww+ﬂ&—%ﬂwwx) (S + tn =) 2

+ (X0 = () + (771(2) )" Z-
— (5 220+t (20 =il (2-1)))

- (60, = 0)gn (1) + () - “’)TZ_+né32<X>)}

- QER(HO,I — 00)gu(X0) + (ngy) = )" 2+ g} (X))
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4
: <(77c()?l) - WI(Z)))TZ—l + U((),l)(Zl))}

<C (|60, — 0> V [Inoy — ml|2)

using the same arguments as above.

Assumption B3|

Note that the Assumptions BJ3|ii) and (ii7) both hold by the construction of 7; and by the Assumptions
Aii) and Am) The main part to verify Assumption B is to show that the estimates of the nuisance
function are contained in the nuisance realization set with high probability. We will rely on uniform Lasso
estimation results stated in Appendix Therefore, we have to check the Assumptions Ci) to (v).
Due to Assumption A [|(éii), it holds

Zilw, < Oy <
o iy 1Zallen = Cand: i, e, = €
which are the tail conditions in Assumption Ci) for the auxiliary regressions. Assumption C(u) is
directly implied by Assumption Aiv) and
min minE[(v")?Z2, ;] = min m;?E[ZQ E[(vM)?Z_] | > c.
(R —

1=1,...,d1 j£ I=1,...,d1 j —hi
=Var(vD|Z_;)>c

Additionally, the uniform sparsity condition in Assumption C(uz) holds by Assumption Aii) and
the growth condition in Assumption Civ) by Assumption Av)(a). Finally, the condition on the
approximation error in Assumption C[I{v) holds due to A[l[ii). Therefore,

AP eT foralll=1,...,d

with probability 1—o(1). To estimate 7]6711)7 we run a Lasso regression of Y on Z. By analogous arguments,

it holds

N A )
1857 = BVlo < 1610 + [1B]l0 < Css,

A - " slog(dy,
188~ B0l < /10— 815 + 180 — A1 < 0y 280,
R . " 8210 Czn
187 = BN < 10— Bl + 5o — Bl < 0y B

with probability 1 — o(1) using Assumptions A[l[ii), AP|ii)-(v) and

min  E[?Z7] = min  E[Z} EE*X] |>ec
1=1,...,d1+d> 1=1,...,d1+d> N —
=Var(e|X)>c

This directly implies that with probability 1 — o(1) the nuisance realization set 7; contains ﬁl(l) for all
I=1,....d,.

Combining the results above with 7(®) = 0 and #* = 0, we obtain Assumption Bi). Define

-Fl = {wl('aelanl):l: 17"'7d178l 6@l777l 677}
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To bound the complexity of Fi, we exclude the true nuisance function (the true nuisance function is the

only element of 7; with a nonzero approximation error)
Fia= {0 0nm):1=1,....d1,0, € O,m € T\ {n"}} € FNFZ
with

F =W s Y —00(X0) - ) 2o 1=1,...,d1,6 € O,m € T\ {nS"}},
FO = (W gu(X0) = ) 20 :1=1,...,d1,0 € O,m € T\ {nS"}}.

Note that the envelope Fl( i of }—1 { satisfies

3
7 ey < | _sov sup (11 + 10 )
=heodigieoy gl —n 11 <C Vs

+ (604 — 1) g1 (X1)] + |(n(<)’11> - nlu))TZ_lD

P,2q

S lellpaq +m” (Ollpzq + | _swp a(X1)

=1,...,d1

+ Vsl sup Zj|lpag
Jj=1,...,d1+d2

< C +1log7 (dy) + /57, log? (dy + da)
< log? (dy)

due to Aflf(ii), APv) and analogously
172 lp2q S log? (),

where we assumed d; > 2 without loss of generality. Next, note that due to Lemma 2.6.15 from Vaart
and Wellner [94] the set

gl,l = {Z = ETZ RS Rd1+d2+17 HgHO < Cs, ||§H2 < C}

is a union over (d1+cfl§+1) VC-subgraph classes G; 1, with VC indices less or equal to C's 4+ 2. Therefore,

Fii (1) and Fi (2) 1,1 are unions over (dl"'cflj“) and (dl&dz) VC-subgraph classes, respectively, which combined

with Theorem 2.6.7 from Vaart and Wellner [94] implies

sgplogN( HF1 ||Q 2, F 1(11)> [ [lg2) < slog <dli_dQ>
and

sgplogN@an?f||Q,2,f£?3, I llg2) S slog (d”) :

Using basic calculations, we obtain

di +d
suplog N e 2o Fio. |- laz) < stog (452,
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where Fy | 1= F1(,11)~7:1(,21) is an envelope for F; ; with
1 2 2
IFiallpa < IFLY 22l 1 p2q S log? (d).

Define
Fro={wi(0,m0):1=1,...,d1,0, € O}

and with an analogous argument we obtain
dy
sgplogN(sHFl,zllQ,z,]-'1,2, I llQ.2) Slog | — )
where the envelope F} 2 of F7 2 obeys

P12l pg S log (o).

Combining the results above, we obtain

di+d
suplog V(e Fi g, 71 laz) £ stog (52,

where the envelope Fy := F{) F{) VV Fy 5 of J; satisfies

2
[F1llp,q S log? (dy).

Therefore, Assumption Biv) holds with v, < 's, ap, =dy Vdy and K, < log%

~

have

E[f2]? < sup E[(€T2)Y: SC
[[€ll2=1

and, for each [ =1,...,d,

=

E [t (W, 61,m)?]

—E[(Y ~ 0u(X1) = )2 = (X)) (9u(X1) = (1) 2 = D(Z-0))?]

= E[(0(X1) = 1) 2 = D (2-))?

1
2

E[(Y - 09i(X0) - 1) 2 =0 D(x))%x] |

>Var(e|X)>c

>c

(dq). For all f € Fy, we

Nl=

due to Assumption AJ(iv). This implies Assumption B3(v). Assumption BJ|vi)(a) holds by the

definition of 7,, and v, < s. For the next growth condition, we note

(BinTn + Sy log(n)/v/n)“/? (v, log(an)) /2 + =290, K, log(ax)
S (mm+ log% (dy)log(n)/v/n)(s log(an))l/2 /24 ag log% (dq)log(an)

1
(i)
n

<9

n
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with &, = o(tf% log ™% (A, )) due to Assumption AI ) and analogously

52 log?(dn)

1/2 p2 2 .2 1/2.2 _
n BlnB2nTn S n Tn = n

<Sé

~ YT

since ¢ can be chosen arbitrarily large.

Assumption BJ4i) —
Define

Fo = {ta() rw e I},

where ¥,.(-) = (g(z)"E,g(2)) " 2g(x)T Jy (-, 00,1m0). We note that for any ¢ > 0 the envelope Fy of

Fo satisfies
1

7

|Follg = E [sup|(9(2)" Suga)/2(2) J5 (W, b0, m0)

Lxel
1
‘I‘| q

Q=

<E sug|g<a:>TJo-1w<W, eo,no>|q]
LxE

=E |sup Zgz Joi (W, 00.0,m0.)
mGI
979
SElsup|) gz
mGI Z
1
q q
StHE| sup EI/(Z)‘
I=1,...,d

<t log (dy).
By using the same argument as above, we directly obtain Bz’i) with
3
Ly, S t71og? (dv).

~

Therefore, we can find a larger envelope Fy with
1Follpg S 13 log? (dh).
To bound the entropy of Fj, we note that
[ (W) = w2 (W)]|

- H( ()" Eng(e UQZQl 1 (W, 60,0,m0,1)

— (9(@)"Sng(z 1/2291 E[(v")? 1#1(”490,17770,1)“},2

)

< [(9(2)"ng(2) "2 ~ (g(x)TEng(x))’ml

p0)2]-1 0 ”
Hzgl YW, 00,1,10,1) s

)
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dy
(9@ Sag(@) 2| (91(w) — (@) B (Wb mo)|
=1 ’

= l(9(2) Sug(@) ™2 = (9@ Sug(@) 2o @) 5 W b0, m0) |

)

+ (0@ g (@) (o) — 9(@) "y e Wb )|,
< (o) S () — (o) Sug (@) sup g (x)
+ llg() — g(@)ll:

due to the sub-multiplicativity of the spectral norm and the bounded eigenvalues.

Additionally, it holds

which implies
[ (W) =¥z (W)]| p, < llg(@) — g()]2 sup lg()3-

Using the same argument as in Theorem 2.7.11 from Vaart and Wellner [94], we obtain

)

sgplogN(dIFollQ,%foa (R

5t310g%(d1)
< suplog N s s AP sup ”g(x)||2>-7:o, I
@ ((supug(xn% g (x)
et logs (dy)
SlogN | { oo | 9@ I
< log <<Sup:r ||g(l-)||§ ag< )7” ”2

<t log <An) .
€

Therefore, Assumption Bi) is satisfied with o, = 1.

Q.2)

Assumption BJ5|
Next, we want to prove that with probability 1 — o(1) it holds

sup |jl — Jo| = o(1),

=1,...,d1

where J; = En[—g:(X1)(9u(X1) — ()7 Z).
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It holds

i = Joul < 1Ji — E[gui(X1) (9u(X1) — (3T Zy)]]

+[El—a(X1)(9:(X1) — ()T Z20)] + Joy]
with
E[~gu(X1)(g1(X1) — )T Z20)] + Joul

< [Elg(X2) (@ — 0§ Z-))| + [Elg(X1)n$H (Z-0)

< Toe
Let

G, = {X = =g (X)) (0(X1) = YTZ) 1 =1, dy, [0 o < Cs,

2 2 2
192 =521l < Cr In® — 12l < c\/gm}.

The envelope G, of G, satisfies

Q=

E[G1]

Q=

2
<E| sup sup |91 (X)) (q(X1) — ()T Z-y)|
=@ a2 <O VT

AAAA

1
2q
‘E | sup sup (gu(X1) = ()" Z2) 2
I=1di @)1 -3 . <C Vo
< log? o 0
Stogh @) (I s vV lpay v s 6(Z- ey
1=1,....d1 1=1,....d1
1
2q
e T
I=Lendi n@pf® —n () <OV,
S log? (dn) (log? (dr) v /57, log? (dy + d3))
< log? (dy)
and with the same arguments as above we obtain
~ _ dy +d
suplog N(elGr oG, o) < slos (52
Therefore, by using Lemma P.2 from Belloni et al. [12], it holds
sup | Ji = Jo| S sup [En[f(X)] = E[f(X)]| + 7
1=1,..., dl fegl
< K( slog(dn) +n;slogi(dnlog(dn)> i
n n

with probability 1 — o(1).
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Next, we want to bound the restricted eigenvalues of $.., with high probability by showing

sup |UT (isu -

EEV)U| < u,
lvll2=1,llv[lo<t1

~

with
1
2

Up Sty (nq log%(dl)Ts v STS)

for a suitable ¢ > g. Define &; := g1, f} := ¢;U; and observe that

isu - Esy
== Za@ El¢&]]
= - ZslsT E[¢:E]]

n n

. 1 .
i —&)EN + EZ (&

=1 i=1

+ 251 Z Z

- &) (Ez - fz‘)T-

Using the Lemma Q.1 from Belloni et al. [12], we can bound the first part.
Due to the tail conditions on € and v, we obtain

1/2 1/4
|12 14 4
(B | tewil2] ) < (B | 1ot & | ma pal )
Sn% log%(dl)

for an arbitrary but fixed ¢ > 4. Then, Lemma Q.1 implies

E sup é-z Z ]
[lv]l2=1 HUH <t Z ) ”
=E sup E, {(UT&)Q — E[(UT@)Q]] ”
lollz=1,[vllo<t:
< 0+ 0n
with
5 < (1 log? (d1)tr log?(11) log(dr) log(n)n )
< (prtilog™ (@) 1°g”§<d1>>2
n
and
82 1 5 -1
-3 (n?*atls) = o(1)

n

for ¢ > 5¢. Using Markov’s inequality, we directly obtain

(- Z@

sup
lvfl2=1 H’U||0<t1

sl <o
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with probability 1 — o(1). Note that applying the results on covariance estimation from Chen et al. [28]
instead would lead to comparable growth rates. Further, with probability 1 — o(1), it holds

sup |0 — 00,4 S
I=1,...ds

due to Appendix A from Belloni et al. [12]. Define
G5 = { (Wi, 0,m) — Vi, 000,m00))% + 1=1,...,d1, |00 — 04| < Cryymy € Ti\ {m0,}}
with

- ~ di+d
suplog V(G302 6. - o) % stos (52 ).

Here, G‘% is a measurable envelope of _C';g with

G3= sup sup (%/fl(W,Ql,m)*1/11(”/,‘90,1,770,1))2
l:17---7d191:‘91790,1|SCT",7]ZE7—L
and
1G5l p.q
2
s|osw (Gor = 000 (@X0) = )7 200 - P (220)) |
@ @ Pygq

le)”h s

+Hslup(Y—eo,lngl)—(nf”)Tz,l—nf?’)(X))((né” izl (2o =0V (2.0)
s

2
+ H sup | ((gz(Xl) — )Tz =S Zo0) () = ot 22+ 0 (X) — nl(g)(X))) H ,
Ly 2omy

2”
P,q

)

=T+ T, +Ts.
It holds

sup (91(X1)(91(X1) A "54)(24)»2“

(2) ()
l’ msm

Ty S 77

Pyq

sup (gl(Xl) ~ "2 - 771(4)(2*1))2“

2) ,(4)
l’ oM

< 72| sup(g:(X1))? [l p2g
l P,2g

< r2log# (dy),

2
s H sup (Y — Boagu(X1) — ()T 21 - Wz(s)(X)) H
lﬂh(hvm(s) P,2q

2
H sup ((7762;)— w7 z+n()(Z 1) — nl(4)(Z—z))

2 HP,Q
lynl( )ml 4

2
S 87,

2
sup | Z-1|1%[| | +10g? (dn)
l P,2q

< st2log? (dy + da) + log? (dy)
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and
2
Ty < [l sup(w ) pag| sup (0l =) 2o+ 0 (X) =P (X)) |
l,’fh(l)ﬂl 3 P,2q
< tog? () (72| sup | 2% |, +1)
< log? (da) (7 1og%(d1 +do) + 1).
By using an analogous argument as above, we obtain
g :=sup E[f(X)?]”
fegs
= sup swp B [(@u(W,0,m) = (W, fo0,m0)) ]
I=1,...,dy 9[1|0[79011|§CT7L,77Z€77
< s2log(dy V da)
~ n :
Again, we can apply Lemma P.2 from Belloni et al. [12] to obtain
_ /slog(d, 1, slog(d,
sup [, ((3)] - B OO < K (o) L) g, 2L
fegg n n
<stdv nilo %(dl)
with probability 1 — o(1). Note that we have already shown Assumption BJ2(v)(a) which implies

sup E[f(X)] < C (160 — 0o, V oy —mll?) < 75
regs

This implies

2
sup E, [(éiﬁi(l) - 5iul-(l)) } < sup E,[f(X)] < na logs (dy)T2V 872
1=1,....ds 5

and, with an analogous argument, we obtain

.....

Therefore, it holds

Sup Z E’L [ ’L)

Hszzl,HvHoétl

— swp[E, [Ta(a &) ]|

[vll2=1,[[vllo<ts
CACNE|
llvll2 Sluu llo<ts < {(UT — & )

1 1
~ 5 (k) (k) () (l)
= E E vy |(Ei0 ) — ey ) (&0 — e ) )
folla=1, |v|0<t1< { ]

k=11=1

< sup
llvll2=1, H llo<t:

A
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Nl

<t sup E, |:(éz AZ_(l) _ Eiyi(l))z}
I=1,....d,

1
2

<t (n% log% (dy)T2 v STS)

and

1 &, 2 T 1. 2
sup |va Z (é}- — 51-) (& — fi) v < t? (nq log» (dl)TfL Vi sﬁf)
loll2=1,llvllo<t ni
with probability 1 — o(1). Combining the steps above, this implies (4.7) if u,, = o(1) which is ensured
by the growth conditions. Next, note that for every sparse vector w € R% (||lw|lo < t1) there exists a
corresponding matrix

1if w 0ONw 0
Mw E]Rledl . (Mw)kl _ k‘# l#

s

0 else

such that

wT(Zeu — Yo )w = w” (Mw ©(En - 2A:n)) w.

Due to (4.7)), it holds

sup  sup ’vT (Mw ® (f)s,, — Esl,)> v’ < sup v (3., Yo )v| S up,
lwllo<ts [Jv]l2=1 [lvll2=1,]lvllo<ts
which implies
sup ||Mw © (2sy - EED)HQ 5 Up
lwllo<ta
and
sup HMw © iEVHQ ,S 1
llwllo<t:
due to Assumption Aiv). For v € R% | this can be used to show
sup [vT (f)n =) Sup (4.8)

lvll2=1,][v]lo<t1

with probability 1—o(1) which can be interpreted as an upper bound for the sparse eigenvalues of S =S
It holds

Note that
sup ol TS, (T = g T
lvll2=1,llv[lo<ts

)
= sup [T 1 (Mv © ieu) (JLl —Jo )"l

lvllz=1,llvllo<t.
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<l e, o), o= -]
2 lwllo<ts 2 2
2 —

5n%slogﬂ(dl)log(dn) -

n

due to the sub-multiplicative spectral norm. The same bound holds for the second term. The third term

can be bounded by

sup |UTJ(;1 (flgl, — Ea,) (J(;l)Tv| < Up.
lollz=1,llvllo<t:

This implies (4.8). We finally obtain

(9(z)"Eng(x))"/?

sup -1 §sup’ 2)7(8, -2 z‘

(@ g | S o) (=)o)
<swlg(@)3  sup [T (S = Ta)v|

z€l lvllz=1,llvllo<t:

< sup [lg(2)|3un
zel
with probability 1 — o(1) and €, < sup,e; [|9(z)||3u, which is the first part of Assumption B

Assumption BM4iii) — (iv)
Define

o0 i = (9(@) Sug(@)?, 64 = (9(x)" Sng(x))"/?
and
Foi={tu(-) —tu() i€ 1}
with ¢, () := 65 Yg(x)TJy Y4(-,0,7). For every & and Z, it holds

[0 (W) = e (W) = (s (W) = bz (W) e, 2
=zt gty T 0 W, b, m0) — 5 9(@)T T WY, B, o)

— (6, ()T T (W, 0,7) — 65" g(@) T Hp(W, 0, 1))

P, ,2
dy
:H Z(Uglgl (@) = a5 ' (@)) Jg ) (W, 00,1, 710.,0)
=1
dy .
= (67 @) = 65 9u(®)) I (W, 00, i) .
l:1 ny
dy
<[ X @) — ot @) (Jof — I ) Webormn)||,
=1 n

dy
+ [ Do @) = o7 @) I (Wi o moa) = (W01, )
=1

s

dy
+ 32 (02 aua) — o7 (@) - (65 alw) = 67 qu(@) ) I (W, 0, )
=1

ny

=yq 4+ Iy + 143
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We obtain

Iy = H i(oglgl(l‘) - 0;%(@)(%;} - jfl)iﬁl(W, 60,1,M0,1) )P ,

-1 n

—1
<o,

(9@) = g@)" (I3 = T~ ) (W20, 7m0)
oyt = o7 ||o(@)" (5 = ) e (W, bo,mo)

oF (I = )W, 0, m0)

ns

ns

S llg(x) — g(@)]]2 sup
[vlla=1,]|v[lo<2ts

ns

v’ (J(;l - j_l)l/J(W» o, m0)

+llg(z) — g()]2 sup lg(x)l3 ~ sup

lloll2=1,|lvllo<t:

ny

< Nlg(@) = g(@)l2 sup [l () [|3un,
xzel

where we used that

2
sup
lvll2=1,[lvllo<ts

o (JO_1 - j_l)w(W’ 6o,10)

ns

Tt e )
i=1

= sup
lvllz=1,[lvllo<t:

1 7—1 2 1 o T 2
S HJ()_ —-J- H sup Mv O 725151 H
2 lvllo<ts n i=1 2

< -

Analogously, we obtain

dy
Lz = || Yo (02 au(@) = 07 9u(@) 7 (W, b, m0.) = (W01,
=1

ns

<o,!

x

[(9l) = 9(@)T T (w(W, b,m0) = (W, 0,))

ozt = o3 ||o@) I (0, b0, m0) — (W, 0,))

Pr,2

ny

Sllg@) —g@lz  sup
lollz=1,[vllo<2t:

oT (W, 6,0) — 0(W,0,17))

ns

+llg(x) = g(@)llasup lg(x)[l5  sup
acl lella=1, llollo<t:

R (w(VV, o0, m0) — Y (W, éﬁ))

Py,2

S lg() — g(@) |2 sup (|9 () || 3un-
zel

It holds

dy
L= Y (07 0i@) = 07 ' 9i@) = (7 ai(w) = 67 91 (@) ) I (W2,
=1

]P’Vl 72
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Note that
(0! =57 = (o7t = 57|
1 1 . .
= (03 —02) — — (65 — 04)
0203 0203
1 |0.0; . N
= <= mx(ai_aw)_(ai_aw)
0,05 10,03
R N 0,0z
< ‘(0'5: —0,) — (63 —Uz)‘ + oiaz - 1“05: —UI|
with
%—1"05—0$| < ( &—1 Iz + Iz —1’)‘0i—0$|
Ox0% Oz Oz Oz

1

2 2

5 €n ’Ui _Uz’
Oy

S enllg(@) = 9(@)l2sup llg(@)]2

uniformly over x € I with probability 1 — o(1) and

1 L . '
<@ -@E -+ (oo ey D
Sl(02 — ) - 03 = D)+ [ {22 o - o).

Using an analogous argument as in the verification of Assumption B[] we obtain
2-62) = (9(x) = 9(@)"(Zn = E)(g(x) + 9(2))]
z z g g n n)\g g

< (B0 — ) (9(x) — 9(&)) ]2 Sup lg()ll2

S llg(x) — g(2)[|2un sup [lg(z) |2
xel

with probability 1 — o(1), where the last inequality holds due the order of the sparse eigenvalues in (4.8]).
Additionally,

(5‘5; + &w)
(U-"E + Ur)

0

2 2 @ 2 2

—1“050 —0$’ <sup|— —1“0:5—0I|
zel 1 Og

< enllg(@) = 9(2)l2 sup lg(@)]2

with probability 1 — o(1). Therefore, we obtain

Lz S enllg(x) — g(2)]]2 sup
[lvll2=1,|lv]lo<2t1

+ (€0 Vun)llg(x) — g(@)2sup lg(2)];  sup
zel lvllz=1,[lvllo<t:
< llg(x) — 9(2)||2en sup [|lg(2) 3.
xzel

Combining the steps above, we obtain

1w (W) = a(W) = (s (W) = da(W)) .2 < llg(z) = 9(@) 2l Folle, 2
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with
IEolp, .2 S ensupllg(@)]3 = o(1)
zel

due to the growth condition in Assumption A[2(v)(b) as shown below. Using the same argument as in
Theorem 2.7.11 from Vaart and Wellner [94], we obtain with probability 1 — o(1)

log N (e, Fo. | - |[p,..2) < log N(e||Fo|lp, 2, Fo, || - |, 2)
<log N(e,g9(1), ]| - Il2)

_ (An )
< Onlog | —
€
with g, = t; and A,, < A,. Additionally, it holds

“¢I(W) - &m(W)H]P’n,Z
= ||z 9@ I (W, 80,m0) — &2 g T T (W6, )

-1
Oy

P ,2

IN

j9@)" (J57* = =) (W, 6. m0)

ny

J9(@)T T ((W: 80, 70) = (W, 6.7))

tlogt = o, o)™ (WL 6,0)

—1
+ o,

P,,2

P,,2

A

sup [|g(2)[2(un V €n)
zel
< sup [lg(@) | 26n
el
with an analogous argument as above. Therefore, Bzm) holds with
On < sup [lg(z) 260
xzel

To complete the proof, we verify all growth conditions from Assumptions B[] and B[f| As shown in the
verification of BJ3|vi), it holds

t%d?zé)n IOg(An) = 62#? IOg(An) = 0(1)'

Additionally, it holds

and

for ¢ large enough due to the growth condition in Assumption A[2{(v)(c). Note that

£n0n10g(A,) = entylog(A,) < 6uty log(Ay).
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Hence, we need to show that
62 0non log(A,) log(A,) = 5212 log?(Ay) = o(1).
It holds
ot log?(An) S ufy sup [lg(=)|[37 log?(An)
S (n¥ 1087 (d)72 v 573 ) sup g @)|1§¢1 Tog? (An)
xzel
=o(1)

due to Assumption A[2(v)(b). This completes the proof.
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Appendix

4.9 Uniformly Valid Confidence Bands

As in Belloni et al. [12], we consider the problem of estimating the set of parameters 6, [ = 1,...,ds,

in the moment condition model
EWI(W 00,[5 770,1)] = 07 l= 1a ey dl) (49)

where W is a random variable, v; a known score function, y; € ©; a scalar of interest, and 79, € T;
a high-dimensional nuisance parameter. T; is a convex set in a normed space equipped with a norm
Il - |le- Let 7; be some subset of T; which contains the nuisance estimate 7j; with high probability. Belloni
et al. [12] provide an appropriate estimator 6, and are able to construct simultaneous confidence bands for
(00.1)1=1,....d, » Where dq may increase with the sample size n. In this section, we are particularly interested

in the linear functional
dy
G(z) = boug(z),
1=1
where (g;)1=1,....4, i a given set of functions with
g: I CR—=R, l=1,...,d;.
We assume that the score functions v; are constructed to satisfy the near-orthogonality condition, namely

Dioln,m0,] = O {E[1(W, 0.0, m0,0 + t(n — 100} ,_g S 0um /2, (4.10)

where 0; denotes the derivative with respect to ¢ and (d,),>1 & sequence of positive constants converging

to zero. We aim to construct uniform valid confidence bands for the target function G(z), namely
P(i(z) < G(z) < i(z),Vz € I) = 1 — v
Let 7; be an estimator of the nuisance function. The estimator éo of the target parameter
0o = (00,1, ---,00,a,)"

is defined as the solution of

sup {
I=1,...,d1

where €, = o (6,n7!/2) is the numerical tolerance. Let

EJWW%MM”—%&WJ%OK&M”}S%, (4.11)

9(@) = (q1(2), ..., ga, ()" € REX1

and

b(W,0,m) = (b1 (W,0,7m), ..., a, (W, 0,m))" € REXL,
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Define the Jacobian matrix

0

= —FE
Jo 20 [

(W, 0,1m0)] = diag (Jo1,-..,Jo.q) € REXH
6=0¢

and the approximate covariance matrix
St = Jg B[ (W, 0o, 10)0 (W, 00,m0) "] (Jg )T € R

Additionally, define
S :=E | sup |[vnEy [i(W,00.,m0.)]|
=1,...,d1
and
t1 = sup [lg(z)lo-
xzel

The definition of t; is helpful if the functions g;, Il = 1,...,dy, are local in the sense that for any point x
in I there are at most t; < d; nonzero functions. Now, we state the conditions needed for the uniformly

valid confidence bands.

Assumption B. 1. It holds
(i) int llg(@)[3 > ¢ >0,

(i) sup sup |gi(x)| <C < oo,
z€l l=1,....d;

(iii) The eigenvalues from %, are uniformly bounded from above and away from zero.

Since the proof of our main result in this section relies on the techniques in Belloni et al. [12], we try

formulate the following conditions as similar as possible to make the use of their methodology transparent.
Assumption B. 2. For alln > ng, P € P, andl € {1,...,d;}, the following conditions hold:

(i) The true parameter value 8y obeys , and ©; contains a ball of radius Con~'/2S,, log(n) centered
at 9071.

(i) The map (0;,m) — E[p (W, 0;,m1)] is twice continuously Gateauz-differentiable on ©; x T;.
(iii) The score function 1, obeys the near orthogonality condition for the set T; C T;.
(iv) For all 0, € Oy, [E[Wy(W,0;,10,)]| > 27 Jo,1(0, — 00.1)| A co, where Jo, satisfies co < |Jou| < Co.
(v) For allr €[0,1),0; € ©; and n; € Ty, it holds
(a) E[(vu(W,00,m) — bi(W, 00,0,m00))?] < Co(0r — Ooa| V [l — m0,1lle)*

(b) 10 B[t (W, 01,m0,0 +7(m —n0)ll < Binllm —no.1le,
(¢) |OZE[r(W, 00, + (01 — 00.1),m0,0 + (i — 10,0))]] < Ban (160 — 00,41 V | — mo.||?).

Note that the notation E abbreviates Ep. For a detailed discussion of the ideas and intuitions of these
and the following assumptions, we refer to Belloni et al. [12].

Let (Ap)n>1 and (7,)n>1 be some sequences of positive constants converging to zero. Also, let (an)n>1,
(Un)n>1, and (K, )n>1 be some sequences of positive constants, possibly growing to infinity, where a, >

nV K, and v > 1 for all n > 1. Finally, let ¢ > 2 be some constant.
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Assumption B. 3. For alln > ng and P € P, the following conditions hold:
(i) With probability at least 1 — A,,, we have fj; € Tj for alll =1,...,d;.
(i) For alll=1,...,dy and n € Ty, it holds ||m — noille < Tn-

(ii) For alll=1,...,d1, we have 19, € Tj.

(iv) The function class F1 = {¢(-,01,m) : L =1,...,d1,0;, € O1,m € Ti} is suitably measurable and its

uniform entropy numbers obey

suplog Nl g2, 1 |- lo2) < vnlog(an /), for all0 < e <1,

where F is a measurable envelope for Fi that satisfies ||Fi||pq < K.
(v) For all f € F1, we have ¢y < ||f||p2 < Co.
(vi) The complexity characteristics a,, and v, satisfy

(a) (vp log(an)/n)l/2 < CoyTn,
(b) (BinTn + Sn log(n)/\/ﬁ)“’/z(vn log(an))l/2 +n~ Y2y, K, log(an) < Codn,
(c) nl/QB%ntnTQ < Cydy,.

n —

Whereas the Assumptions B2 and B3| are identical to the Assumptions 2.1 and 2.2 from Belloni et al.
[12], the analogs to their Assumptions 2.3 and 2.4 need modifications to fit our setting constructing a

uniformly valid confidence band for the linear functional G(z). In this context, define

¢$() = (g(x)Tan(x))_1/29(3:)T‘]0_1w("907770)

and the corresponding plug-in estimator

Vu () = (9(2) " Sng(@)) ™ 2g(@)" Jg (-, 0o, o).

Let (65)n>1 be a sequence of positive constants converging to zero. Also, let (0n)n>1, (0n)n>1, (An)n>1,
(A,)n>1, and (Ly,),>1 be some sequences of positive constants, possibly growing to infinity, where o > 1,
A, >n, and A, > n for all n > 1. In addition, assume that ¢ > 4.

Assumption B. 4. For alln > ng and P € P, the following conditions hold:

(i) The function class Fo = {9(-) : @ € I} is suitably measurable and its uniform entropy numbers

obey
SgPIOgN(EHE)HQ,z,}—o, |- 1lo.2) < onlog(An/e), forall0<e<1,
where Fy is a measurable envelope for Fy that satisfies ||Follpq < Ln.

(ii) For all f € Fy and k = 3,4, we have E[|f(W)|¥] < CoLE~2.

(iii) The function class Fo = {0z(-) — tha(-) : @ € I} satisfies with probability 1 — A, :
log N (e, Fo, || - |, 2) < onlog(A,/e), for all0<e<1

and || f||p, 2 < 6n for all f € Fp.
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(iv) 13620, log(A,) = o(1), L%ﬁgn log(A,) = 0(n1/7) and Li/‘ggn log(A,) = 0(n1/3’2/(3q)).

Additionally, we need to be able to estimate the variance of the linear functional sufficiently well. Let

f]n be an estimator of X,,.

Assumption B. 5. For alln > ng and P € P, it holds

P [ sup
zel

where €y,0n IOg(An) = 0(1) and ngéngn IOg(An) log(An) = 0(1)

(9(z)TS,9(x)) "/

(@) Sg(e)) 12 !

> En> <A,

As in Chernozhukov et al. [30], we employ the Gaussian multiplier bootstrap method to estimate the

respective quantiles. Let
. R 1 & .
= T = | —F= W Wz ’
G=(3.) <ﬁ;£¢( >> ;

where (&), are independent standard normal random variables (especially independent from (W;)?_;).
Define the multiplier bootstrap critical value ¢, as the (1 — a)-quantile of the conditional distribution of

SUP,er |Qx| given (W) ;.

Theorem 10. Define

i(x) = Ga) + <9<$>’2%w>>1/2ca’
i(2) = () — (9(2)"Sng(2))2¢q
I(z) == G(z) N

with G(z) = g(x)Tby. Given the Assumptions BB@ it holds
P (Z(x) < G(z) < i(x),Vz € I) S1-a

uniformly over P € P,.

Proof. Since Theorem 2.1 in Belloni et al. [12] is not directly applicable to our problem, we have to

modify the proof to obtain a uniform Bahadur representation. We want to prove that

sup ’\/ﬁ(g(I)Tan(x))*l/Qg(r)T(9 — 90)’ = sup Grn(ts)

+ Op(t16,). (4.12)

Assumptions B2l and BJ| contain Assumptions 2.1 and 2.2 from Belloni et al. [12] which enables us to

use parts of their results. Therefore, it holds

J(;ll\/'ﬁEn [V (W, 00,1,m0,0)] + /1 (éz - 90,1)‘ = 0p(d,).

I=1,...,d1

Using Assumption B[I] this implies

sup [V, [g(2) Jg (W, 6o, m0)] + Vg (@) (0~ 0o)|

zel
(11 R
= sup >~ (@) (Jg i ViEn [0 (W, 0., m0.0)) + V(6 60,))
1

I\%
fAS j=
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<tisup sup |g(z)| sup |JgVnEn, [1/15(W,90,z,no,z)]+\/5(91—90,1)‘
=1

z€l l=1,...,d1 1=1,...,d1

<C

= 0,(t10,).

Since the minimal eigenvalue of ¥, is uniformly bounded away from zero, it follows that g(x)?%, g(x)
is uniformly bounded away from zero as long as ||g(«)||3 is uniformly bounded away from zero due to

Assumption B This implies (4.12)).
Due to Assumption BJf it holds

g(2)T 8, g(x))/?

(o .
P<3‘£ (@) Sag(x) P

> 6n> <A,

with A,, = o(1), which is an analogous version of the Assumption 2.4 from Belloni et al. |[12]. Therefore,
given the Assumptions B2}BJ5] the proofs of Corollary 2.1 and Corollary 2.2 from Belloni et al. [12] can
be applied implying the stated theorem. O

4.10 Uniform Nuisance Function Estimation

To establish uniform estimation properties of the nuisance function, we rely on uniform estimation results

from Klaassen et al. [60]. Consider the following linear regression model
P
Y, = Z/BT,J'XT,]' + ar(Xr) +er = /BTXT + CLT(XT) +éer
j=1

with centered regressors and a,(X,) accounts for an approximation error. The errors ¢, are assumed to
satisfy E[e,|X,] =0 for each r =1,...,d.
The true parameter obeys

B, € argmin E[(Y, — BX, — a(X,))?]

We show that the Lasso and post-Lasso estimators have sufficiently fast uniform estimation rates if the
vector (3, is sparse for all r = 1,...,d. Due to the approximation error a,(X,), the sparsity assumption
is quite mild and contains an approximate sparse setting. In this setting, d = d,, is explicitly allowed to
grow with n. In the following analysis, the regressors and errors need to have at least subexponential

tails. In this context, we define the Orlicz norm || X||y, as
[ X|lw, = mf{C > 0:E[¥,(|X]/C)] <1}
with ¥, (z) = exp(z”) — 1.

Uniform Lasso Estimation

Define the weighted Lasso estimator

R 1 A .
B € argmin (QEn (v = Bx,)°] + n||wr,mﬁ||1)

with the penalty level

= en/nd ! (1-
A=exvn ( 2pd)
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for a suitable ¢y > 1, v € [1/n,1/log(n)] and a fixed m > 0. Define the post-regularized weighted least
squares (post-Lasso) estimator as

- /1 .
B, € argmin (QEn [, - 5Xr>2]> . supp(8) € supp(B,).
The penalty loadings \ilr,m = diag({l%j,m,j =1,...,p}) are defined by
brjo = max 15 oo

for m = 0 and for all m > 1 by the following algorithm:

Algorithm 2 penalty loadings

Set m = 0. Compute Br based on \ilrym.

Set Iy jmi1 = En [((Y — BTXT) Xr,j)z}

If m = m stop and report the current value of \i/r’m, otherwise set m = m + 1.

1/2

Let a,, := max(p,n,d,e). In order to establish uniform convergence rates, the following assumptions are

required to hold uniformly in n > ng and P € Py:

Assumption C. 1.
(i) There exists 1 < p < 2 such that

X.. . < <C.
riIllja..}.{,djgll?.)-(,p” rille, < C and rg?-)idHET”\Pp =¢

(i) For allr =1,...,d,, it holds

inf E [(fXT)Q} >c, sup E [(ﬁXr)Q} <C
ll€ll2=1 ll€ll2=1

and

min ]E[efoj} >c>0.
Jj=1,...p ’

(i) The coefficients obey
max B <s.
r—la d || THO =

e

(iv) There exists a positive number § > 0 such that the following growth condition is fulfilled:

(v) The approxzimation error obeys

slog(a,
max |a,(X,)|p2 < C slog(an)
r=1 d n

=1,...,

and

max (B [(a,(X,))?] - Bl(ar (X,))2) < ¢ £108n)

r=1,....d n

with probability 1 — o(1).
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Theorem 11. Under Assumption C the Lasso estimator BT obeys uniformly over all P € P, with
probability 1 — o(1)

2 SlOg(an)
— < _— 4.1
Jmax 18r = Brll2 < C P (4.13)
5 s*log(an)
— < _— 4.14
rirllﬁ.}.(,d 1Br = Brl1 < C " ( )
with
max 18:]lo < Cs. (4.15)

Additionally, the post-Lasso estimator B, obeys uniformly over all P € P,, with probability 1 — o(1)

~ slog(an)
— < _ .
rgf}_{dllﬁ Brlla < C o (4.16)
> s2log(a,)
_ < oy )28 4.1
JJax 16y — By < C - (4.17)

Proof of Theorem[I1].

In the following, we use C for a strictly positive constant, independent of n, which may have a dif-
ferent value in each appearance. The notation a, < b, stands for a,, < Cb,, for all n for some fixed C.
Additionally, a,, = o(1) stands for uniform convergence towards zero meaning that there exists a sequence
(bn)n>1 with |an| < by, which is independent of P € P, and b, — 0. Finally, the notation a,, Sp b,

means that, for any € > 0, there exists a C such that, uniformly over all n, we have Pp(a,, > Cb,) <e.

Due to Assumption Ci)7 we can bound the g-th moments of the maxima of the regressors uniformly
by

Q=

E[ max |Xr||go} — || max max |X,,|lrg
r= d r=1,....d j=1,....,p

IRRRE

< ¢!l max —max [X. ]y,

r=1,..., J )

< C’log%(an)7

where C' does depend on ¢ and p but not on n. For the norm inequalities, we refer to Vaart and Wellner
[94]. Now, we essentially modify the proof of Theorem 4.2 from Belloni et al. [12] to fit our setting and
keep the notation as similar as possible. Let U = {1,...,d} and

. 1
Br € arg &&E ) (Y, — BX, — ar(Xr))Q

::Mr(erX'raﬁaaT')
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forall =1,...,d. The approximation error a,(X,) is estimated with @, = 0. Define
. 1
M, (Y, Xy, ) := M (Y, X, B,00) = 5 (Y, = BX,)°.

Then, we have

. As
r i En M’l“ Kerv 7\:[17‘
b arg i (B 0,05 X5, 90+ 292511 )

and
B € arg in (£, [M (Y, X, B)) + - supp(5) € supp(By).
First, we verify the Condition WL from Belloni et al. |[12]. Since N,, = d, we have N(e,U,dy) < N, for
all € € (0,1) with
0 fori=j
1 for i #j.

dy (i, j) =
To prove WL(i), we note that
Sy = aﬁMr(YnXmﬂ,ar)\B:ml) = - X,
Since ®~1(1 —t) < /log(1/t) uniformly over ¢ € (0,1/2), it holds

18551l p3® 1 (1 = 7/2pd) = ||ler X, ]l p3® 1 (1 — 7/2pd)
< (el psll Xrjllpe) > @11 — ~/2pd)
< CIOg% (an) 5 @nn%

with

on=0 (“5“) = o)

uniformly over all j =1,...,pand r =1,...,d by Assumption C(z) and Civ). Further, it holds

E[S7,]

E[e2X7,]
< (B[] E [x},])"

C

IN

forall j=1,...,pand r =1,...,d by Assumption C[I}7) and
E[S:;] =E[e2X7] 2 ¢
by Assumption C[Ijéi) which implies Condition W L(ii). Note that Condition W L(iii) simplifies to
2
_ 1 <
(max  max |(En —E)[S; ;]| < ¢n

with probability 1 — A,,. We use the Maximal Inequality, see for example Lemma P.2 from Belloni et al.
[12]. Let W= (), X) with Y = (Y3,...,Yy) € Y and X = (X1,...,X4) € X, respectively. Define

Fo={f3r=1,....d,j=1,...,p}
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with
frj:W=,X) =R,
W=, X)~ - -56Xr —a(X;)Xs; = =&, X, ; =5 ;.
Note that
I'sup [ flllpg = || max max [fZ;|]lpg
feF r=1,...,dj=1,....p
1/q
:E{ max - max EQ‘IXQQ}
r=1,..,dj=1,....,p
1/q
]E{ max e, 29 max - max qu.]
r=1,..dj=1,....p '
1/4q 1/4q\ 2
< max 5 E[ max max X q} >
r=1,...dj=1,....,p
<Clo
Since
1/2 1/2
sup |z = max  max E[S,] < max  max E[e]7E[X;]7<C,

we can choose a constant with
sup || fllB2 < C <[l sup | f[[|o-
fer feF

Additionally, it holds |F| = dp which implies

F, - llo2) <log(dp) < log(an/e), 0<e<l.

log sup N (e
Q

Using Lemma P.2 from Belloni et al. [12], we obtain with probability not less than 1 — o(1)

max max |(E, ~B)S,]| = n /2 sup |G, (£)
r=1,...,dj=1,...,p ’ eF

< 020 (Viog (@n) + 1>+ /8 log!  (a,)

o ( log (a,) , log""* <an>>
n nlt—1/4q

< op = 0(1)

by the growth condition in Assumption C(iv). We proceed by verifying Assumption M.1 in Belloni
et al. [12]. The function 8 — M, (Y, X, 8) is convex which is the first requirement of Assumption M.1.
We now proceed with a simplified version of the proof of K.1 from Belloni et al. [12]. To show Assumption
M.1 (a), note that for all § € R?

E, [aﬁMr(Yra Xy, ﬂr) - aﬁMr(Ym X, /67"7 ar)]T d

E, [ X, (ar (X)) 5‘ < Mlar (Xp)lle, 211 X0, 2

oy |08

~

I|X6lle, 2
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for all 7 =1,...,d due to Assumption C[I{v). Further, we have

E, % (Y, — (B + 6T)XT)2] ~E, [

1

5 (Vi - BTXTF]

= B, [(¥ — BX)87X,] + 5B [67X,)7],

where
_En [(Yr - B’I"X’l“) 5TX’I“] - En [aﬁMr(th’ Xra ﬂr)]T )

and )
§En (07 X,)?] = ||[Vw 6" X,

with /w, = 1/4. This gives us Assumption M.1 (c) with A, = 0 and g4, = oo. Since Condition W L(i1)
and W L(4i4) hold, we have with probability 1 — o(1)

2
Pr,2

150, = (BaS2,) <1

~

uniformly over all r =1,...,d and j = 1,...,p, which directly implies
LS00 = max [, S 1
j=1,...,p
and additionally
LS N(F) oo i= max |17 S 1.
j=1,...p 7’
For now, we suppose that m = 0 in Algorithm [2| Uniformly over r =1,...,d and j = 1,...,p, we have

1/2

1/2
injo = (Balmax 1XPIL1) > (12D 20 1.

where the last inequality holds due to Assumption Cii) and an application of the Maximal Inequality.
Also uniformly over r =1,...,d, j =1,...,p and for an arbitrary ¢ > 0, it holds

lrjo = Jmax X oo

1 1/q
< nl/a ( 3 ||X£“||zo>

n =1
= n'/1 (B, [ X, %])"

with
E[[| X, [ %]V < log (ay).

By Maximal Inequality, we obtain with probability 1 — o(1) for a sufficiently large ¢’ > 0

10g27q+1(an)

n

A

C + /a1 log%+1(an)

S log% (an)
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since
Emax || X, 22"/ < log? (a,) and maxE[||X,[|22]'/? < log? (ay).

Uniformly over r, we conclude

Irjo < M (E, ]| X, [|2])
< V9 (B[ X 1%] — B[ X%+ E[I1 X 12.])

Sp n'/a IOg% (an).

Therefore, Assumption M.1(b) holds for some A, = o(1), L < n'/4 log%(an) and [ > 1. Hence, we can
find a ¢; with I > 1/¢;. Setting ¢y > ¢; and v =, € [1/n,1/log(n)] in the choice of A, we obtain

P (520 mox JE0) B[Sl ) 2 17 - 03) = A, =1 o(1)
due to Lemma M.4 in Belloni et al. |[12]. Now, we uniformly bound the sparse eigenvalues. Set
I, = log%(an)nz/q
for a ¢ > 5¢ with ¢ in C(iv). We apply Lemma Q.1 in Belloni et al. [12] with K < n!/4 log% (an) and

0n < K+/slyn™?1og(sl,) log%(an) log% (n)

slog' ™ (an)

n

< \/ n log(n) log(sl,)

0n = 0(1),
which implies
16X[|3, o 10X ]I, 0 _
~olo<tns 1013 T Ilo<tes 163 7

with probability 1 — o(1) uniformly over r = 1,...,d. Define T, := supp( ﬁl)) and

N L +1 N A _
¢i=go—  max PO )<ll(T) oo S L.
C| r=1,...,d

Let the restricted eigenvalues be defined as

. o 10Xe B, 2
Roz:= min  inf —————2=
r=1,..d6€Mz, |07, |2

where AQ&)T = {(5 : ||(5§wr||1 < 25”5]‘7,

1/2 1/2
B 2. PN O A > 4 ()/
I5lo<ins |02 I5lo<tns  |16]13 sln

1}. By the argument given in Bickel et al. [13], it holds

=
)
™3
Y
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1/2 9 1/2
1 T
—2ne max ———o
<|5||0<19 |5H2 ) <|6|oszns 10113 )
1

with probability 1 — o(1) for a suitable choice of ¢ with ¢ > g. Since

Q=

Vv

Vv

A pirget (1 —~/(2dp)) S n~ Y2\ log(2dp/~) S n~"/?log? (a,)
n

and using the uniformly bounded penalty loading from above and away from zero, we obtain

3 510 an,
sz%axd 1By — Br)Xrllp, 2 Sp L %

by Lemma M.1 from Belloni et al. [12]. To show Assumption M.1(b) for m > 1, we proceed by induction.
Assume that the assumption holds for \ifr’m,l with some A, = o(1), 1 > 1 and L < n'/4 1og%(an). We

have shown that the estimator based on \il,«’m,l obeys

R slog(ay)
_ X S Ly ———=
7-511?.}?@ 157 = Br) X2 5 n

with probability 1 — o(1). This implies

E, [((YT - 5.X,) Xwﬂ " g, (= 5x) %]

. [((6 - ax) %))

SUBr = B)Xrlp, 2 max max [ X[

[l jm = gl =

<

o 1y ) 01055
n

1+4
< \/n4/qSIOg * (an) =o(1)
n

uniformly over r = 1,...,d and j = 1,...,p. Therefore, Assumption M.1(b) holds for \il,«’m for some
A, =o0(1),1 21 and L < 1. Consequently, we obtain

N slog(ay,
max [[(Br = B X, e,z 5 | 22
r=1,...,d n
and
s2log(ay,
mas 1B, = ol 5y o8

with probability 1 — o(1) due to Lemma M.1 in Belloni et al. [12]. Uniformly over all r = 1,...,d, it
holds

'(E (05 M, (Y, X, Br) = s My (V:, X, 8] )

- ‘ (B [5, - Bx.x7]) o ’
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<|[(Br = Br) X

P,,2 ||§Xr||]P’n,2 S Ln||6Xr

Py ,2

with probability 1 — o(1), where L,, < (slog(ay,)/n)'/?. Since the maximal sparse eigenvalues

10Xr]I%, 2

lys,r) = e
¢maz(n ’ ) 18]lo<lns ||5H%

are uniformly bounded from above, Lemma M.2 from Belloni et al. [12] implies

3, <
max Bl S s

EEREE)

with probability 1 — o(1). Combining this result with the uniform restrictions on the sparse eigenvalues

from above, we obtain

. « slog(a
max 18~ Bulls S masx 1B~ 5% e, 2 5 (SR

with probability 1—o(1). We now proceed by using Lemma A.3 in Belloni et al. [12]. We obtain uniformly

overallr=1,...,d

3 AL - N
En (M, (Yr, Xr, B)] = EnlMy (Ve X )] < 22018 = Bl max [190o

DA

5 7”67“ - ﬁr”l
n

_ slog(a,)

~ n

~

with probability 1 — o(1), where we used L < 1 and max ||\il$’0)||oO < 1. Since
-

Rt ERE]

A

N A —1 _ 1
Tf%axd H]En[sr]noo < rgaxd H\Ijg(J)HOOH (\IISO)) ]En[Sr]Hoo N n Sn /2 log? (an)
with probability 1 — o(1), we obtain
5 slog(an)
_8)X < ) 229840n)
rirll?.}.{,d 1(Br = Br) Xrll, 2 S o

with probability 1 — o(1), where we used

max [1B,llo < 5. Cn < (slog(an)/n)/?

yerey

and that the minimum sparse eigenvalues are uniformly bounded away from zero. By the same argument

as above, we obtain

- ~ slog(a
max 1B Bl S max 1~ 60X e, 2 5 ) T80,
This completes the proof. O
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4.11 Computational Details

4.11.1 Computation and Infrastructure

The simulation study has been run on a x86_64_redhat_linux-gnu (64-bit) (CentOS Linux 7 (Core)) cluster
using R version 3.5.3 (2019-03-11). All Lasso estimations are performed using the R package hdm,
version 0.3.1 by [32] which can be downloaded from CRAN. The construction of B-splines is based on
the R package splines. The R code is available upon request.

4.11.2 Simulation Study: Smoothing Parameters in B-splines

Table presents the corresponding smoothing parameters {k;, k_;} of the cubic B-splines that are used
in the simulation study. k; denotes the degrees of freedom chosen to approximate the function f;(z;)

and k_j; is chosen for all other functions.

n P f1 fo /3 fa f5

100 50 | (7.4 (6.4] {7.4] (5,4} (7.4
100 150 | {7,4} {6,4) {6,4} {5,4} {5,4)
1000 50 | {7,4} {6,5} {5,4} {5,4} {54}
1000 150 | {7.4} {6.5} {7.4} {55} {4,4}

Table 4.4: Smoothing parameters used in the simulation study in Table

4.11.3 Empirical Application: Cross-Validation Procedure

The choice of the degrees of freedom parameter k for the construction of B-splines in the empirical
application is based on a heuristic cross-validation which exploits the additive structure of the model.
Let k = {kj, k_;} be the degrees of freedom with k; specifying the smoothing parameters for f;(x;) and
k_; denoting the parameter for all other functions f_;(z_;). To explicitly address the dependence of the
fitted function on the chosen degrees of freedom parameter, we use a notation fj (2, k;) which leads to
the model

yi = fi(@ij, ki) + f—j(@i—j, k—j) + €.

Then, the heuristic rule for choosing k proceeds as follows:

For j=1,...,p,
1. set up a grid of values for k_;,

2. perform a 5-fold cross-validated search for an optimal k; over a grid of values k;, <oy kj, ie., fit the

regression
Yi = [i(@ig, ki) + f-j(@i—j, k—j) + &

and compute M SEcv (kj, k_;), where M SEcv (kj, k_;) is the cross-validated mean squared error

in prediction provided values k; and k_;.
3. find the optimal value of k; which minimizes M SEcy over all values of k_;.

We experimented with different settings and repeated the procedure multiple times. The resulting pa-
rameters are listed in Table .5

124



CHAPTER 4 4.11. COMPUTATIONAL DETAILS

NOX 11
CRIM 6
ZN 3
INDUS 6
RM 6
AGE )
DIST 9
TAX 5
PTRATIO 1
BLACK 5
LSTAT 7

1

Table 4.5: Smoothing parameters used in the empirical application.

4.11.4 Empirical Application: Additional Plots for Explanatory Variables

Figure 4.3: Additional plots of the effect of the explanatory variables on the dependent vari-
able M EDV with simultaneous 95%-confidence bands in the Boston housing data
application.
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Chapter 5

Uniform Inference in

High-Dimensional Gaussian
Graphical Models

5.1 Introduction

We provide methodology and theory for uniform inference on high-dimensional graphical models with the
number of target parameters being potentially much larger than sample size. We demonstrate uniform
asymptotic normality of the proposed estimator over d-dimensional rectangles and construct simultane-
ous confidence bands on all of the d target parameters. The proposed method can be applied to test

simultaneously the presence of a large set of edges in the graphical model
X = (le' . 'aXp)T NN(,&szX)

Assuming that the covariance matrix Yy is nonsingular, the conditional independence structure of the
distribution can be conveniently represented by a graph G = (V, E), where V = {1,...,p} is the set
of nodes and E the set of edges in V x V. Every pair of variables not contained in the edge set is
conditionally independent given all remaining variables. If the vector X is normally distributed, every

edge corresponds to a nonzero entry in the inverse covariance matrix (Lauritzen [66]).

In the last decade, significant progress has been made on the estimation of a large precision matrix
in order to analyze the dependence structure of a high-dimensional normally distributed random vari-
able. There are mainly two common approaches to estimate the entries of a precision matrix. The first
approach is a penalized likelihood estimation approach with a Lasso-type penalty on entries of the pre-
cision matrix, typically referred to as the graphical Lasso. This approach has been studied in several
papers, e.g., in Lam and Fan [65], Rothman et al. [86], Ravikumar et al. [84] and Yuan and Lin [104].
The second approach, first introduced by Meinshausen and Biihlmann [76], is neighborhood based. It
estimates the conditional independence restrictions separately for each node in the graph and is hence
equivalent to variable selection for Gaussian linear models. The idea of estimating the precision matrix
column by column by running a regression for each variable against the rest of variables was further
studied in Yuan [103], Cai et al. [24] and Sun and Zhang [92].

126



CHAPTER 5 5.1. INTRODUCTION

In this paper, we do not aim to estimate the whole precision matrix but we focus on quantifying the
uncertainty of recovering its support by providing a significance test for a set of potential edges. In
recent years, statistical inference for the precision matrix in high-dimensional settings has been studied,
e.g., in Jankovd and Van De Geer [58] and Ren et al. [85]. Both approaches lead to an estimate that is
element-wise asymptotically normally distributed and enables testing for low-dimensional parameters of
the precision matrix using standard procedures such as Bonferroni-Holm correction.

In contrast to these existing results, our method explicitly allows for testing a joint hypothesis with-
out correction for multiple testing and conducting inference for a growing number of parameters using
high-dimensional central limit results and under a random design. In particular, our results rely on ap-
proximate sparsity instead of row sparsity which restricts the number of nonzero entries of each row of the
precision matrix to be at most s < n that is in many applications a questionable assumption. In order to
provide theoretical results, fitting the problem of support discovery in Gaussian graphical models into a
general Z-estimation framework with a high-dimensional nuisance function is key. Inference on a (multi-
variate) target parameter in general Z-estimation problems in high-dimensions is covered in Belloni et al.
[9], Belloni et al. [12] and Chernozhukov et al. [35]. To conduct inference on a high-dimensional target
parameter, uniform estimation rates and sparsity guarantees of the nuisance function are crucial. In this
context, we formally apply recent results from Belloni et al. |[12] to ensure sufficient fast convergence rate
of the Lasso estimator under approximate sparsity conditions. Moreover, we provide auxiliary results for
the square-root Lasso estimator establishing new uniform estimation rates and sparsity guarantees in a
random design under approximate sparsity conditions. Square-root Lasso is very popular in graphical
models but these results might be of independent interest for related problems in high-dimensional linear
models.

Chang et al. |[27] consider testing for high-dimensional parameters of the precision matrix similar to our
setting, in particular conducting inference for a growing number of parameters in a high-dimensional
setting. Our setting and analysis differs from them in several ways. First, Chang propose a biased
correction estimate for the parameter of interest, while we use the Z-estimation framework which does
not require the bias correction step. Second, Chang relies on results from Biithlmann and Van De Geer
[22] to estimate the nuisance parameter. We explicitly derive uniform convergence results for Lasso and
square-root Lasso in a random design setting. Thus, we provide a feasible nuisance parameter estimate
and show how it can be implemented. The choice of the penalization parameter is both theory-grounded
and also feasible in empirical studies. Third, our assumptions are tailored for Gaussian graphical models
and hence are more structured. Finally, we allow for approximate sparsity instead of strict sparsity which
is more realistic for many applications. In a simulation study, we show that our proposed method gives

reliable results even in this challenging setting.

Plan of this Paper

The rest of this paper is organized as follows. First, we introduce the technical notation that is used in
the paper. In Section [5.2] we formally define the setting and embed the problem of support discovery
in Gaussian graphical models into a general Z-estimation problem with a high-dimensional nuisance
function. In Section we outline the estimation procedure of the high-dimensional target parameter
and the conditions that are needed to achieve our main theorem presented in Section [5.4 Section [5.5
provides implementation details and shows how our estimation procedure can be modified by cross-fitting
to improve small sample properties. Section provides a simulation study on the proposed method. We
conclude in Section [5.7] The supplementary material includes additional technical material. The proof

of our main theorem is provided in Appendix [5.8] The uniform nuisance function estimation is discussed
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in Appendix Appendix formally discusses conditions for the uniform convergence rates of the
Lasso estimator. Finally, Appendix [5.9.2] provides auxiliary results for the square-root Lasso estimator.

Notation

Throughout the paper, we consider a random element X from some common probability space ({2, .4, P).
We denote by P € P,, a probability measure out of a large class of probability measures, which may vary
with the sample size (since the model is allowed to change with n), and by P,, the empirical probability
measure. | - || p,q denotes the L?(P)-norm. Additionally, let E and E,, be the expectation with respect to

P and P, respectively. G, () denotes the empirical process

Go(f) = Vn (i > I(X) - E{f(X»])

for a class of suitably measurable functions F : X — R.
Further, |[v]j;y = Y_]_; |vi/| denotes the ¢1-norm, |[v]|2 = VvTv the fy-norm and |v||o equals the number
of nonzero components of a vector v € RP. We define v_; := (v1,...,01-1, 0141 . .. ,vp)T € RP~! for any

1 <1 <p. [[v]lc =sup,_y,_, |vi] denotes the sup-norm. Let c and C be positive constants independent

.....

of n which value may change at each appearance. The notation a,, < b, means a,, < Cb,, for all n and

~

some C. Additionally, a,, = o(1) denotes that there exists a sequence (b,)>1 of positive numbers such
that |a,| < b, for all n, where b,, is independent of P € P,, for all n and b,, converges to zero. Finally,
the notation a,, <p b, means that, for any € > 0, there exists a C' such that, uniformly over all n, we
have Pp(a, > Cb,) <e.

5.2 Setting

Let
X = (Xla"'aXp)TNN(MXVEX)

be a p-dimensional random variable. For all (j, k) € F with j # k, assume that
p _ _ _
Xj — Zﬂl(J)Xl 4 6(]) — 6(])X_j + 5(])
=

and
X, = ’Y(j’k)Xf{j,k} + ,j(jJC)7

where E[e)|X_;] = 0 and ]E[X_{Lk}u(j’k)] = 0. Define the column vector
() () () (’) W)’
Fj = (761 7"'776]'_171376]‘4-17"'77617] ) .
One may show

B = (B},..., D) = (F(l)/Var(s(l)), o ,r<P>/Var(e<P))) ,

where @% is the j-th column of the precision matrix &y = X!, see e.g., Jankovd and Van De Geer [58].

Hence,

BY =0 BN =06 X, L XilX_ 5 (5.1)
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for all j # k. Assume that we are interested in the following set of potential edges
M :={mq,...,mq,},

where the number of edges d,, may increase with the sample size n. In the following, the dependence on n
is omitted to simplify the notation. In order to test whether the variables X; and X}, are conditionally

independent with m, = (j,, k) for all r € {1,...,d}, we have to estimate our target parameter

O = (B, Oma) ™ o= (BYY, ..., BIT.

The setting above fits in the general Z-estimation problem of the form

E [wmr (X, Gmr, ’rlmrﬂ =0

for all r =1,...,d with nuisance parameters
T, = (ﬂ(f,l,'y(j’k)) ,
where ﬁ(_],z = (M) and (k) = ~(m+)  The score functions are defined by
G (X,0,m) 5 = (X5 = 0X5 = VX, ) (Xe =1 X o, )

for m, = (jr, k) = (4, k), n = (M, n?®) and r» = 1,...,d. Without loss of generality, we assume j > k
for all tuples m, € M.

Comment 5.2.1. The score function i is linear, meaning

U, (X,0,m) = b2, (X, 00+ 48, (X,n)

with
@ (X,n®) = -X; (Xk - ﬂ(z)X—mr>

Yuzy

and
Pl (X,m) = (Xj — n(l)Xfm,,) (X;c —~ n(Q’Xfm,,.)

form, = (4,k) andr =1,...,d.
It is well known that in partially linear regression models 0y satisfies the moment condition
E [$m, (X 0m, s 1hm, )] = 0 (5.2)
forallr =1,...,d and also the Neyman orthogonality condition
0y {E [V, (X, O thm, + 1) ] } |,_g =0

for all 77 in an appropriate set, where 0; denotes the derivative with respect to t. These properties are

crucial for valid inference in high-dimensional settings. We will show these properties explicitly in the

proof of Theorem[13.
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5.3 Estimation

Let X® i=1,...,n, be i.i.d. random vectors.

At first, we estimate the nuisance parameter 7,,, = (77%2,7]%2) by running a Lasso/post-Lasso/square-

root Lasso regression of X; on X_; to compute (émr,ﬁ,(a) and a Lasso/post-Lasso/square-root Lasso

regression of X on X_,, to compute 77,(,32 for each (j,k) = m, € M. The estimator 6y of the target
parameter

00 = (Omys---s0m,)"

is defined as the solution of the empirical version of the moment condition

STNCYA [

my

. Efin i) e 63

where €, = o (5nn’1/ 2) is the numerical tolerance and (d,),>1 a sequence of positive constants slowly

converging to zero but at least at a polynomial rate in n (cf. proof of Theorem .

Assumptions A1-A4.
Let a, := max(d,p,n,e) and C be a strictly positive constant independent of n and r. The following

assumptions hold uniformly in n > ng and P € P,:
A1l For allm, = (j,k) € M with j # k, we have the following approzimate sparse representations:
(i) It holds
X; = B(j)ij + e
= 0,0 Xp + (5(1,mn + 5(2,%)) X 4 elm)

with
s2log(ay,
1807 o < 5, max [0 < 0y 7 18)
and ) )
max E {(ﬁ@’mﬂ X ) ] < ¢?los(an)
r=1,..., d n

(i) It holds

X = 7(j7k)Xf{j,k} + @)

- (Wu,mr) i 7(LmT)) X 4 )

with
2log(an)
(L) || < @mo))2 < ¢, | 5208L0n
Vo < 5, max Iyl < "

and
(2,m,) 2 s log(an)
max E (7 r X,mr) < (0——=—-=.

r=1,....d n

A2 There exist positive numbers ¢ > 0 and k < 1 such that the following growth conditions are fulfilled:

, 5% log* (an) L
ni———— = o(1), log(d)=o (n9 /\nq) .
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A3 For allm, = (j,k) € M, it holds
187 la + [yl < ©

and

sup sup |0, | < C.

r=1,...,d 0y, €O,
Additionally, ©,,, contains a ball of radius log(log(n))n~'/2log!/?(d)log(n) centered at 6, .

A4 It holds

inf E[(£X)?] >cand sup E[(£X)*] <C.
ll€ll2=1 l€ll2=1

The condition [AT]is a standard approximate sparsity condition that is discussed in more detail in Com-
ment below. The number of relevant variables s,, = s captured by the regression coefficient (1)
and v(1')  respectively, can grow with the sample size. The coefficients 5(2™) and v(2™+) | respectively,
are the approximate sparse parts of the true regression coefficients. The misspecification of the sparse
model is controlled by condition The growth condition ensures that s2log*(a,)/n converges
towards zero with at least polynomial speed. If this convergence is too slow (§ > 9), the condition on the
number of tested edges becomes more restrictive. This growth condition ensures that log(d) = o(n'/?)
and is in line with Chernozhukov et al. [30]. It guarantees the validity of multiplier bootstrap in our
setting and allows us to construct uniformly valid confidence regions. In general, both the number of
parameters p and the number of relevant variables s can grow with the sample size in a balanced way. If
s is fixed, the number of potential parameters p can grow at an exponential rate with the sample size.
This means that the set of potential variables can be much larger than the sample size, only the number
of relevant variables s has to be smaller than the sample size. This situation is common for Lasso-based
estimators. Condition restricts the parameter spaces and ensures that the true coefficients are well
behaved. The condition is a standard eigenvalue condition that restricts the correlation between the
components of X and bounds the variances of each X; from below and above. Assumptions @@ com-
bined with the normal distribution of X imply the conditions from Theorem [[3] which enables us
to estimate the nuisance parameter sufficiently fast by Lasso and post-Lasso. To ensure a sufficiently fast
convergence rate and sparsity guarantees of the square-root Lasso estimator, further model assumptions

are needed.

Comment 5.3.1. If we have exact sparsity for each %) with (j,k) € M, the sparsity of v\"™) follows
directly. Observe that for k € {1,...,p} \ {5} andl € {1,...,p}\ {j, k} we have

ﬂl(k) =0«& Xk 1 XllX—{k,l} = E[XkX”X_{kJﬂ = 0,

which implies
E[Xp X[ X_j 0] =E [EXe X | Xy X_(jeny] =0

and thereby
WM =06 X L XX (e € BXeXi| X (] = 0.

Hence, the sparsity condition z'nfor testing on an edge (j, k) is satisfied if each node j and k is only

sparsely connected to all other nodes.
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5.4 Main Results

We are able to construct uniformly valid confidence intervals for a growing number of hypothesis d = d,,
by applying new results regarding confidence regions for many parameters from Belloni et al. [12]. To
approximate the limit process of sup,_; 4 émr, we employ the Gaussian multiplier bootstrap approach.

In this context, we define

I, = 0oE[tm, (X, 0, er)Hg:emT = —E[Xp(Xy — W(Q)X—mr)]v

O, = E[I5200, (X, 00,0, )]
and the corresponding plug-in estimators
m, = B Xk (X = 25 X, )],
G = B |20, (X, O, )
for r =1,...,d. Further, let
U, (X) 1= =60 T o, (X, O, )

and we define the process

m,EM

where (&), are independent standard normally distributed random variables which are independent
from (X (i))?zl. We define ¢, as the conditional (1 —«)-quantile of sup,,, <y |J\A/'mr| given the observations
(X (i))?zl. The following theorem is the main result of our paper and establishes simultaneous confidence

bands for the target parameter 6.

Theorem 12.
Under Assumptions with probability 1 — o(1) uniformly in P € Py, the estimator 6 in obeys

P(émr—cﬂ“am" <O, < Oy + r:l,...,d) 51-a (5.4)

Using Theorem [12| we are able to construct standard confidence regions which are uniformly valid over a

large set of variables and we can check null hypothesis of the form:
HQ MNE = (Z)

Comment 5.4.1. Theorem [I3 provides critical regions of the form

Valm
a.

My

sup > Cl_q- (5.5)

r=1,...,d

Alternatively, we can reject the null hypothesis if
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The confidence region (@/ is motivated by the fact that the standard normal distribution N(0,1;) in
high-dimensions is concentrated in a thin spherical shell around the sphere of radius v/d as described
in Vershynin [99] and therefore might have smaller volume. In future research, we plan to address the
challenging problem analyzing if there is an optimal test that delivers the smallest confidence region. In
this paper, we compare the empirical performance of the two confidence regions. It is worth to notice
that both of the regions and (@) are based on Gaussian approrimation and multiplier bootstrap
for maxima of sums of high-dimensional random vectors in Chernozhukov et al. [30]. The central limit
theorem and bootstrap in high-dimension introduced in Chernozhukov et al. [34] extend this result to more
general sets, more precisely, sparsely convex sets. Hence, our main theorem can be easily generalized to
various confidence regions that contain the true target parameter with probability 1 — «. In this context,
let us define

S é exp
0y, (S, exp) => (x/ﬁm>

s=1

for a fix S, exp € {1,2} and

r—s if r—s>0
r—s:i= .
d+ (r—s) otherwise

A test that rejects the null hypothesis if

sup )é:fn (S, ea:p)‘ >, (5.7)
r=1,...,d "

has level a since the constructed confidence regions correspond to S-sparsely convez sets, see Chernozhukov

et al. [34]. Here, ci_, is the (1 — a)-conditional quantile of sup,, ¢ |./\A/’n*1| given the observations

(X" with

S
~ ~ exp
N’Ii:lr = Z (Nmr—s) ’
s=1
where
r—s if r—s>0

r—s:=
d+ (r—s) otherwise.

5.5 Notes on the Implementation
We have implemented a function that estimates the target coefficients
Gy Oma) T = (BP0, BINT
corresponding to the considered set of potential edges
M :={mq,...,mgq,}

by the proposed method described in Section It can be used to perform hypothesis tests with
asymptotic level a based on the different confidence regions described in Comment The nuisance

function can be estimated by Lasso, post-Lasso or square-root Lasso.
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Cross-fitting

In general Z-estimation problems, where a so-called debiased or double machine learning (DML) method
is used to construct confidence intervals, it is common to use cross-fitting in order to improve small
sample properties. A detailed discussion of cross-fitted DML can be found in Chernozhukov et al. [35].
The following algorithm generalizes our proposed method to a K-fold cross-fitted version. We assume

that n is divisible by K in order to simplify notation.

Algorithm 3 cross-fitting

1) Take a K-fold random partition (I;)5_; of observation indices [n] = {1,...,n} such that the size
of each fold I is N. Also, for each k € [K] = {1,..., K}, define If :={1,..., N} \ I.

2) For each k € [K] and r = 1,...,d, construct an estimator fgm, = fm, ((Xi)icre) by Lasso/
post-Lasso or square-root Lasso.

3) For each k € [K], construct an estimator 0 = (B, .- ., 0r.m,) as in (5.3):

sup d{‘EN,k {wmr (X, ék,mr,ﬁk,m,_)” — inf |Ey, [wm,,, (Xﬁ,ﬁk’m,r)} ’} <en

r=1,..., 0€O .

with En k[thm, (Xi)] = N7 30,0 ¢m, (X0).

4) Aggregate these estimators:
K
A 1 A
K _
0" = % ,;_1 0.

5) For r =1,...,d, construct the uniform valid confidence interval

with

K
. - 1 fi
o =\ 522 D0 (v3, (X0 nm,) )

Here, ¢, is the 1 — a bootstrap quantile of sup NmT with
r=1,....d

. 1 S - _
Koy = == S0 (x0),
™ \/ﬁl:1§w T( )

where (&;)7; are independent standard normal random variables which are independent from
(X@)" and
i=1

) 1= (ol ) (X050,

The confidence region above corresponds to (5.5)). Confidence regions corresponding to (5.6)) or (5.7]) can

be constructed in an analogous way.
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5.6 Simulation Study

This section provides a simulation study on the proposed method. In each example, the precision matrix
of the Gaussian graphical model is generated as in the R-package huge [107]. Hence, the corresponding
adjacency matrix A is generated by setting the nonzero off-diagonal elements to be one and each other

element to be zero. To obtain a positive definite pre-version of the precision matrix, we set
Dpre =0 A+ (|[Amin(v-A)| +0.14+ ) - Lyxp.

Here, v = 0.3 and v = 0.1 are chosen to control the magnitude of partial correlations. The covariance
matrix ¥ is generated by inverting ®,,.. and scaling the variances to one. The corresponding precision

matrix ® is given by ¥~!. For a given p, we generate n = 200 independent samples of
X =(Xy,...,X,) ~N(0, %)

and evaluate whether our test statistic would reject the null hypothesis for a specific set of edges M
which satisfies the null hypothesis. Finally, the acceptance rate is calculated over [ = 1000 independent

simulations for a given confidence level 1 — a = 0.95.

5.6.1 Simulation Settings

In our simulation study, we estimate the correlation structure of four different designs that are described
in the following. In Example 3, we explicitly allow for approximate sparsity instead of strict sparsity

which is more realistic for many applications.

Example 1: Random Graph

Each pair of off-diagonal elements of the covariance matrix of the first p — 1 regressors is randomly set
to nonzero with probability prob = 5/p. The last regressor is added as an independent random variable.
It results in about (p — 1) - (p — 2) - prob/2 edges in the graph. The corresponding precision matrix is of

the form

where B is a sparse matrix. We test the hypothesis whether the last regressor is independent from all

other regressors that corresponds to

M=A{p1D),....(pp -1}

Example 2: Cluster Graph

The regressors are evenly partitioned into g = 4 disjoint groups. Each pair of off-diagonal elements ®; ;)
is set nonzero with probability prob = 5/p if both ¢ and j belong to the same group. It results in about
g-(p/g)-(p/g—1)-prob/2 edges in the graph. The precision Matrix is of the form

B, 0

By
B3

0 By
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where each block B; is a sparse matrix. We test the hypothesis that the first two hubs are conditionally

independent. This corresponds to test the tuples

M={1,p/a+1),....,(1,p/2),(2,p/4+1),...,(p/4,0/2)}.

Figure 5.1: Examples of a Random Graph (left) and a Cluster Graph (right).
The edges of the graph are colored in black and the edges contained in the hypothesis in red.

Example 3: Approximately Sparse Random Graph

In this example, we generate a random graph structure as in Example 1. But, instead of setting the other
elements of the adjacency matrix A to zero, we generate independent random entries from a uniform

distribution on [—a, a] with a = 1/20. This results in a precision matrix of the form

where B is not a sparse matrix. Again, we test the hypothesis whether the last regressor is independent

from all other regressors that corresponds to

M=A{p,1),....(p,p =D}

Example 4: Independent Graph

By setting
D= 1I,xp,

we generate samples of p independent normally distributed random variables. We can test the hypothesis

whether the regressors are independent by choosing

M={(1,2),...,(1,p),(2,3),...,(p— 1,p) }.

5.6.2 Simulation Results

We provide simulated acceptance rates of our proposed estimation procedure with B = 1000 bootstrap
samples for all of the examples above. Confidence Intervall I corresponds to the standard case in ,
whereas Confidence Intervall IT is based on the approximation of the sphere in . In summary, the
results reveal that the empirical acceptance rate is, on average, close to the nominal level of 95% with
a mean absolute deviation of 2.581% over all simulations. The Confidence Intervall II, which has got a
mean absolute deviation of 1.875%, performs significantly better than Confidence Intervall I with a mean

absolute deviation of 3.287%. More complex S-sparsely convex sets seem to result in better acceptance
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rates, whereas higher exponents do not improve the rates. The lowest mean absolute deviation (1.138%)
is achieved in Table[5.2) for S = 5, exp = 1 and without cross-fitting.

Confidence Interval 1 Confidence Intervall II

Model p d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19 0931 0.938 0.936 0.929 0.930 0.935
random 50 49 0.915 0.915 0.916 0.926 0.929 0.932
100 99 0.912 0.912 0.908 0.927 0.930 0.929
20 25 0916 0.942 0.918 0.915 0.930 0.921
cluster 40 100 0.916 0.919 0.917 0.934 0.947 0.937
60 225 0.897 0.893 0.899 0.921 0.922 0.927
20 19 0931 0.931 0.931 0.947 0.946 0.947
approx 50 49  0.908 0.908 0.908 0.920 0.920 0.920
100 99  0.902 0.902 0.902 0.935 0.935 0.935
) 10 0.931 0.931 0.931 0.933 0.933 0.933
indepent 10 45 0.927 0.927 0.927 0.937 0.937 0.937
20 190 0.896 0.896 0.896 0.920 0.920 0.920

Table 5.1: Simulation results for S=1, exp=1 and 1-fold.

Confidence Interval I Confidence Intervall II

Model p d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19 0.969 0.925 0.956 0.951 0.932 0.947

random 50 49  0.942 0.944 0.944 0.942 0.954 0.953
100 99 0.934 0.941 0.940 0.950 0.949 0.952

20 25 0972 0.958 0.973 0.914 0.936 0.914

cluster 40 100 0.941 0.937 0.945 0.930 0.936 0.942

60 225 0.931 0.947 0.942 0.943 0.937 0.950

20 19  0.958 0.958 0.958 0.965 0.965 0.965

approx 50 49  0.937 0.937 0.937 0.940 0.940 0.940

100 99  0.920 0.921 0.920 0.936 0.936 0.936

5 10 0.951 0.951 0.951 0.951 0.951 0.951

indepent 10 45 0.932 0.932 0.932 0.952 0.952 0.952
20 190 0.926 0.926 0.926 0.947 0.947 0.947

Table 5.2: Simulation results for S=5, exp=1 and 1-fold.
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Confidence Interval I Confidence Intervall 11
Model ) d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19  0.909 0.916 0.921 0.916 0.921 0.930

random 50 49 0.931 0.910 0.926 0.926 0.907 0.927
100 99 0.907 0.909 0.909 0.917 0.934 0.923

20 25 0910 0.905 0.905 0.904 0.898 0.901

cluster 40 100 0.909 0.910 0.910 0.905 0.919 0.921
60 225 0.885 0.894 0.898 0.912 0.925 0.934

20 19 0.929 0.928 0.929 0.929 0.928 0.929

approx 50 49  0.888 0.888 0.888 0.911 0.911 0.911
100 99  0.907 0.907 0.907 0.936 0.936 0.936

5 10  0.930 0.930 0.930 0.939 0.939 0.939

indepent 10 45 0.921 0.921 0.921 0.933 0.933 0.933
20 190 0.916 0.916 0.916 0.938 0.938 0.938

Table 5.3: Simulation results for S=5, exp=2 and 1-fold.

Confidence Interval I Confidence Intervall 1T

Model p d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19 0917 0.912 0.919 0.919 0.932 0.918

random 50 49  0.927 0.911 0.925 0.938 0.936 0.938
100 99  0.903 0.894 0.907 0.926 0.933 0.927

20 25 0.920 0.899 0.918 0.930 0.929 0.929

cluster 40 100 0.920 0.883 0.919 0.927 0.926 0.923
60 225 0.889 0.885 0.896 0.920 0.930 0.928

20 19 0921 0.922 0.921 0.932 0.934 0.932

approx 50 49  0.899 0.899 0.899 0.926 0.926 0.926
100 99  0.889 0.889 0.889 0.930 0.929 0.930

) 10 0.922 0.923 0.922 0.935 0.934 0.935

indepent 10 45 0.905 0.905 0.905 0.937 0.937 0.937
20 190 0.903 0.903 0.903 0.936 0.936 0.936

Table 5.4: Simulation results for S=1, exp=1 and 3-fold.
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Confidence Interval I Confidence Intervall 11
Model ) d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19 0.970 0.919 0.964 0.950 0.932 0.958

random 50 49  0.923 0.911 0.927 0.938 0.951 0.935
100 99  0.929 0.925 0.930 0.949 0.940 0.948

20 25 0971 0.970 0.971 0.915 0.931 0.915

cluster 40 100 0.926 0.915 0.925 0.925 0.917 0.924
60 225 0.923 0.925 0.926 0.917 0.939 0.930

20 19  0.959 0.959 0.959 0.958 0.956 0.958

approx 50 49 0.932 0.932 0.932 0.931 0.933 0.931
100 99  0.929 0.929 0.929 0.949 0.950 0.949

5 10 0.940 0.940 0.940 0.951 0.951 0.951

indepent 10 45 0.922 0.922 0.922 0.938 0.938 0.938
20 190 0.930 0.930 0.930 0.938 0.938 0.938

Table 5.5: Simulation results for S=5, exp=1 and 3-fold.

Confidence Interval I Confidence Intervall 1T

Model p d Lasso post-Lasso sqrt-Lasso Lasso post-Lasso sqrt-Lasso

20 19 0914 0.897 0.918 0.922 0.921 0.923
random 50 49 0.914 0.896 0.911 0.920 0.920 0.921
100 99 0.891 0.878 0.893 0.918 0.909 0.917
20 25 0.885 0.882 0.888 0.900 0.896 0.901
cluster 40 100 0.880 0.877 0.879 0.898 0.910 0.907
60 225 0.886 0.884 0.897 0.915 0.921 0.932
20 19 0931 0.930 0.931 0.938 0.937 0.938
approx 50 49 0.914 0.913 0.914 0.932 0.933 0.932
100 99 0.894 0.894 0.894 0.924 0.924 0.924
) 10 0.923 0.922 0.923 0.943 0.942 0.943
indepent 10 45 0.917 0.916 0.917 0.934 0.935 0.934
20 190 0.890 0.890 0.890 0.932 0.932 0.932

Table 5.6: Simulation results for S=5, exp=2 and 3-fold.
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5.7 Conclusion

In this paper, we provide results for uniform inference on high-dimensional graphical models with the
number of target parameters being possibly much larger than the sample size. This is in particular
important when certain structures of a causal model should be recovered. As the square-root Lasso
estimator is very popular for the estimation of graphical models, we provide uniform estimation rates and
sparsity guarantees of the square-root Lasso estimator under a random design and approximate sparsity.
These results might be of independent interest for related problems. We show that our proposed method
has very good small sample properties in simulation studies. Although the estimation of graphical models
has been considered as very challenging, as the number of parameters to estimate is often large compared

to the sample size, our results from the simulation studies are very encouraging.
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Appendix

5.8 Proof of Theorem [12

Proof. Let m, = (j,k) be an arbitrary tuple in M. First, we remark that

T

2 2
max E |:<V(mT)> ] <1 and maxE {(5(7””‘)) ] <1
due to the Assumptions [A3] and [A4] Let us define the convex set
T, = {n=(n",n®): n™ e RP7? n® e RP7?}

and endow T, with the norm

l1nlle = 1Mz V 1@

Further, let 7,, := 4/ Sl%(a”) and we define the nuisance realization set

T = {0 € T IOl v 192 < s,
1 = 8o v 9P = 4]y < Oy,
7D — By v ([ — 40|y < C\/ng} u{ (8 4m0))
for a sufficiently large constant C' > 0.

We verify the Assumptions 2.1-2.4 in Belloni et al. |[12| to apply Corollary 2.2 of this paper. First, we

verify Assumption 2.1 (i). The moment condition holds since

E["/’mr (X7 Om, » nmr)]
— E[g(mr)y(mr)]

= E[E[e™) ()| X_;]] = E[p(™) E[e(™)|X_;]] = 0.

=0
In addition, we have
Sh [max |\/>En [me ( m, s NIm,. )H
=E |sup G,(f)
feF

with F = {e(m)pm) | = 1,... d} and G, (f) := vn|E,[f] — E[f]|. By the same arguments as in the
beginning of the proof of Theorem [13] we conclude that the envelope sup |f| of F fulfills
fer

a1/a
I mase e A7) = E [max ([ /] ) |

247 1/24 2q
{ |5(m7)‘ } E [max <|Z/(m7‘)|) }
T

C'log

1/2q
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since the error terms are normally distributed. Using Lemma P.2 (Maximal Inequality I) in Belloni et al.
[12] with |F| = d, we have

log®(d)\ *
S, < Clog"?(d) + C'log"/?(d) (nign) < log"/?(d)

by Assumption for a ¢ > 2¢. Hence, Assumption implies, for all r = 1,...,d, that ©,, contains
an interval of radius C’n*%Sn log(n) centered at 6,,, for sufficiently large n and for any constant C.
Assumption 2.1 (i) follows. For all m, € M, the map (0,n) — ¥, (X,60,n) is twice continuously
Gateaux-differentiable on ©,, x T, , and so is the map (0,7n) — E[t,, (X, 0,n)]. Further, we have

D, o[1:0m,] 2 = OB [P, (X, O, i, + EH(10 = 1im,.))] |t=0
=E [62{ (%5 = O, X = (0 + 60D = 1)) X, )

(X6 = (12 + 0@ = 02)) X, H li=o

= B 02) = 1) X, ] + [0}~ 7V) X, ™)

My r -
=0.
Therefore, Assumptions 2.1 (ii) and 2.1 (iii) hold. We notice that

‘er| = |89]E[wmr (X, 97 nmr)] |9:‘9mr ‘
= [E[- X ™))|| = [E[(v™))?] < C

and
| T, | = [E[(7)?]] > ¢
due to Assumption [A4] Since the score v is linear with respect to 6, we have

E[wmr (Xv 97 N, )} = Jm,(e - em,)

for all m, € M and 0 € ©,,, using the moment condition. This gives us Assumption 2.1 (iv).
For all t € [0,1), m, € M, 0 € O, and n € Tp,,, we have

[(1/}mr (X 0 77) - wmr (Xv omr’ UmT))Q]
[(¢mr (X,0,m) = Ym, (X, 0m,,m) + Vm, (X, 0, ,1) = Vi, (X, O, nmr))2]
E[(¢mr (X7 97 77) - d’mr (X, omm 77))2]

=:T1

VE[(n, (X, 6 21) — . (X, B 1 ))7] )
=11

IA Il
Q & &

with

2
I=10—6,,E [(Xk(Xk ~ DX ) }

2 2 (2) 2\ /2
<10 = O, 2 (EIXEIEN X, = 0D X1, )]

<Cl0 -0, |
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due to Assumption Assumption [A4] and the definition of 7,, . Additionally, we have
II=F ((Xj O, X = DX ) (X = 0P X )

2
— (3= B, X = X ) (X = 2 X)) ]

=B | (X~ O, X =1 OX ) (0~ 1®)X )
) 2
+ (0= i X ) (02 = 1))

2
< (In@ =0l v 1) =7 V)

= C||m, — 12

with similar arguments as above using

sup E[(€X)'] <
I€]|2=1

due to the normal design. Combining these results gives us Assumption 2.1 (v) (a).
We conclude that

O [Ym, (X, 0,1, + (7 = 1)) |

- ’E {(Xj = 0Xk = (1) + 40D = n)) X, ) (12 = )X )
(%= 2+ 00— uE) X ) (2 = 1K) |

< Clnm, —nlle

with the same argument as above, which gives us Assumption 2.1 (v) (b) with By, = C. To complete
the Assumption 2.1 (v) (c¢) with Bg,, = C, notice that

OFE [, (X, O, + 10 = O, ), + t(0 = 1m,)) | }

WE[(XJ- — (B, + 16 = 6,,)) X0 = (1) + ¢ = n)) X, )

(0 =X _,,)

+ (X = (12 + 0P = 02)) X,
(O, — )X+ (1) — n<1>>X_mr)] ‘
=[2B (12 = )X 0,) ((Om, — )X+ (1) = 1) X )|

T

<2 (E (02 =0 X 0, ) B[ (O, = 0)Xk + (1) = )X, )] )1/2

<ClInE) —n®|3 <C(10m, 012+ [0 —n@3)

< C(|0m, = 0P V ||, —nll2)-

Therefore, Assumption 2.1 holds. Due to the construction of T, , Assumptions 2.2 (ii) and (iii) hold.
Next, we show that the assumptions of Theorem [I3] from Section [5.9) hold which implies Assumption
2.2 (i). Notice that Assumption and Assumption are satisfied with p = 2. Condition implies
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Assumption Let 02 > 0 be a uniform lower bound for the variances of the error terms and the
regressors and let ¢ := gzz, where z; is the ¢-quantile of a standard normal distribution for an arbitrary
but fixed ¢ € (3,3). Uniformly for all r =1,...,d and l € {1,...,p} \ {j}, it holds

P ((5(7"”))2X12 > 04) =1-P <|5(7”")Xl| < 02)

>1-P (|€(m")

<cV|Xi| gc)

>1- (Pl <) + P(Xi <))
>1-2P (07| < )

=3—4¢>0,

where Z ~ N(0,1), which implies that

min mlinE[(s(mT))QXlQ] > (3 —4¢) > 0.

T

Analogously,

min mlin E[(v(™))2X?] > 0.

T

Combined with Assumption this implies Assumption Therefore, we are able to estimate the
nuisance parameters at a sufficiently fast rate.
Define

Fio={om (0m) el dh0e 0 neTy,}.
For now, we exclude the true nuisance parameter to bound the covering entropy of F; and define
Fras={n, (.0m) v € {L...d},0 € O n € Ty \ {n, } | € FIFY
with

F =X = (X; - 0X, —nWX_p)irefl,...,d0€0,, .9V eT: 1},
FEH =X = (X =P X_pn,) r e {1,...,d}y, 0@ e T L),

where 7 = Tp, \ {7m, }- The envelope Fl(}l) of ]-"1(11) fulfills

1(FE) | sy < H sup sup )]
’ re{l.d} 9o, InG) —nW|1 <CV/sTn

2
1O, = )Xol + |18 = 1) X, 1)
P,2q

Sl swp ()
re{l,....d}

sup X7

2
lraa + s Xy,

yeeey

+ ST,%H sup iOH
re{l P2q

yeuny

1 X —m,
d}

< log(d) + log(d) + s77; log(an)

< log(an)

and with an analogous argument
1), < loglan).
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Since we have excluded the true nuisance parameter, that does not need to be sparse, it holds .7-'1(11) CGia
and F{3) C Gy 1 with

Gra = {X = €X 1 € R, [ello < Cs, €2 < O,

where Gy 1 is a union over ( cps) VC-subgraph classes G115 with VC indices less or equal to C's+2 (Lemma
2.6.15, Vaart and Wellner [94]). This implies that ]-' ) and .7-'121 are unions over (%) VC-subgraph classes
.7-"1( 1) , and .7’-"1(21 , With VC indices less or equal to Cs + 2. Due to Theorem 2.6.7 in Vaart and Wellner
[94], we obtain

1
suplog N (e el g2, FLH L 1 - lg.2)

(&)
1 1
<buplog<ZN |Fff||Q2,fffk,|-nQ,2>>

k=1
1) 205+2
§10g< ( ) KCS—I—2)(166)CS+2( ) )
Cs €
C
(%)
» 1)\ 20s+2
<1 (—) C's +2)(16¢)752 =
_og< 2) K(Cs + 2)(166)72 (-
< slog (al)
€
where K is an universal constant and with an analogous argument

2 2 an
suplog N (e[}, 71 - o) S slog (),

Using basic calculations on covering entropies (Lemma N.1 in Appendix N, Belloni et al. [9]), we can

bound the covering entropy of the class 71 by

1 2
suplog NEIFYF g2 Fiill - los)

2)
e2)

€ 1
< suplog N (S 17 llo.2 711 - o
Q

€ 2 2
+suplog N (5172, 7137, |

< otog (%),
g

where F; 1= Fl(ll)F(Q) is an envelope for F7 ; with

1 1/2
< (JED g I F) ] ) S ToBan).

Additionally, define

_ {mer(ye,nm,,‘) refl,...d},0c @m,,,}.

By the same argument as above, Fi 2 is a union over d VC-subgraph classes with VC indices less or equal

to 3 implying

d an
suplog N (e[ Fialloa, Fia, | loe) < Clog (2) S log (),

145



CHAPTER 5 5.8. PROOF OF THE MAIN THEOREM

where the envelope F} o of Fj 2 obeys
[ F12lpq < log(an)

with an analogous argument as above. Combining these results, we obtain

sgplogN(ﬁﬂFl\ Q.21 1 - lg.2)

= sgplog N(a||F1(11)F1(21) V Fiallge2, Fii UF12, | - lloz2)
< suplog N[ F{/ i o2, Fuas |- o)
+ SgplogN(EHFuHQ,za]'_1,2, I 1lQ.2)
S slog (al)
€
where the envelope Iy := Fl(}l)Fl(?l) V Fi o of Fi satisfies

[F1][P.q < log(an),

which gives us Assumption 2.2 (iv). For all f € F;, we have

1/4 1/4
E[f2]1/2 < sup E [(Xj —0X;, — n(l)X,mr)ﬂ sup E [(Xk — 77(2)X,mr)4}

0.7 ()

and

For each Z; with i € {1,2}, we have

Bz o, B [(€x)] > e

Therefore, Z; and Z, are both centered normally distributed random variables whose variances are

bounded away from zero. This implies
E[Z273Y% > ¢ >0,

which gives us Assumption 2.2 (v). Assumption 2.2 (vi) (a) holds by construction of 7, and v, < s. Due
to the growth condition in we can choose ¢ = 2G/(1 — ) such that

n_1/2+1/q8 logQ(CLn) — n%n—l/Qs 10g2(an)

1/2

2 4
= n_2i<i <n<1i 5 08 \8n) log (an)> f, n_’fi,
n

Additionally, it holds

1 n _
O (slog(en)? £ TEE) ok,
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log(n) slog™(ay) _
1 1/2 d 1 1/2 « < 35
08"/ (@) 5 (s10g(a,) () <
and

n

which gives us Assumption 2.2 (vi) (b) and (c) with 6, = n~27. Define the class
Foi={thm ():r=1,...,d},

where ¥, (-) = —U;L}J;l}wmr(-,9m,,,,77m1,) with Ufnr = J;lfJE[z/J,QnT(X, Om.sMm,)]. By the Cauchy-
Schwarz inequality, for any ¢ > 0, the envelope Fj for F( satisfies

1/q
q
||Fo||P,q:E sup (E[(E(mr)y(mr)y]1/25(mr),/(mr)|)]

r=1,....d

s

<E

1/q
sup (|5(mr)u(m*))q]
r=1,....d

< log(d).
Since |Fo| = d, we have
€

d
suplog N (<l Folz. Fos - o) < g (2)

for all < ¢ < 1. Therefore, Assumption 2.3 (i) is satisfied with ¢, = 1 and A,, = d V n. Since the
errors are centered normally distributed random variables with a uniformly bounded variance, we have
E[(s(m’“))g] < C and E[(u(mr))g] < C. This implies E[f*] < C for all f € Fy which gives us Assumption
2.3 (ii). The growth conditions from Corollary 2.1 are satisfied due to Assumption Notice that

<n~7log(nVd) = o(1)

~

62 log(n Vv d)

and
log?/"(d) log(n v d) = o(n*/7).

Thus, we can find a g such that
log?/3(d) log(n V d) = o(n'/3=2/60),
Now, we verify Assumption 2.4. Define
G, (X, 0®) s = =Xi (X =P X,
and
M, (1) : = Eldh, (X, )],
where Jp,, = —Ep[thm, (X, 7®)]. It holds

|j7m - mr‘ < |jmr - mmr(ﬁ@))‘ + |mmr(ﬁ(2)) - mmr(ngz)l
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with
[, (1)) = Wn, (0] = [B[Xk (5 = n$2) X, |

(i) — 11im?)
E [Xk <MX—mr
Hnmr - T]mr | |2

S =022 S 7o

My

= ||777(r2LZ - 77532”2

Further, let us define
Gy = {X — @m,,,(X,n(Q)) r=1,....d,n?% e T, 2}

with

sup | Jm, — Jm, | S sup [En[g(X)] = Elg(X)]] + 7.
T 9€G1

The class C;l has an envelope él with

1/q
E[é‘ﬂl/q <E|sup sup [X](X}— n(Q)XmT)q]

r ”(Z)ETT:LT,z

1/2q
sup  (Xy — n(Q)XmT)Qq]
rPeTr

< || sup Xi||p2gE
T

1/2q
Slog?(d) ( [|sup ™| pog VE [ sup  ((n) — ﬁ(z))XmT)%]
r rDeTr

< log?(d) <1og%(d) V /57, sup E [||er|§g]1/2q>
< log(an)
for all ¢. By similar arguments as in the verification of Assumption 2.2 (iv), we obtain
suplog N (=l Ghllo.2: G, |- lo2) % stos ()

By the Maximal Inequality, it holds

. 1 log”
wuplF — T | K ( s1og(an) +n1/q80g<an>) i
T n n
o (o} an)
with probability not less then 1 — o(1). Next, we want to show that
En [, (X, O,y i, )] = B[, (X, 0,1, )] = 0p(log ™ (an)).
By the triangle inequality, we have

Bt (X, Oy i, )] = B2, (X, O,y 0, ]|
< |Bnlt7n, (X, O, i, )] = B2, (X, O, s, ]|
+ B[, (X, O, im, ) = 02 (X, O, 1, )]
< |Bnlthr, (X, O, i, )] = B2, (X, O, s, )|
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+ E[(¢m, (X, s i) + P (X, O 1, )]
E[(¥m, (X, 0, s 51m,) — Vi (X, Oy 1, )) 2]

< ‘En[ (X émnnmr)] - }E[z/)ﬁ%(X, émmﬁmr)]l
+ C(|0m, — 7”7‘| VA1%m, = im, |le)

due to Assumption 2.1 (a) and Assumption 2.2 (v). Note that with probability 1 — o(1)
sup \ém,,, — O, | ST = o(logfl(an))
-
due to Appendix A from Belloni et al. [12]. Since
Gy = {wmr(-,o,n) re{l,...,d} |0 — 0| < Crpn € T,;;T} C Fuii,
we obtain the same entropy bounds as for F; ; implying
suplog N(e Gl 65,11 - loa) S slog ().
where G3 is a measurable envelope of G3 with

1C3lpq < 1(F11)° ],

1/2
< (1ED U I ED )

S 10g2 (an)

< logQ(an) and ||(F1(?1))4

||P)q < < log®(ay). For all g € G2, we have

due to [|(F{})" Ipg

sup E[g(X)]'/?

9€G?
< E[(X; — 60X, —nVX_ v B[, —n®x_, "
< sup E|(X k m )| sup E|(Xp =P X))
r,0,n(1) r,n(2)
1/2
< sup E[(fX)} <C.

[1€]]2=1

Therefore, we can find a ¢ > 4 such that with probability 1 — o(1)

sup [E,[g(X)] — Elg(X)]| < K ( % + n/1g<>>

9€G3 "

= o(log™ " (an)),

which implies
B[ (X, 0., im, )] = E[7, (X, 0m,,m,)] = op(log ™" (an))-

Since 1 < 02

Moy

< 1 due to Assumption 2.1 (iv) and Assumption 2.2 (v), we have

- )
Om,. 1 S me 1
Om, T
S |0m, — O,
7—2 -2 2 ) ~
< | = T2 Bl (X, B, i, )]
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T B[, (X, O, i, )] = Bl (X, O, 1, )]
S [Jone = Jon, |+ Balt2, (X, B, )] = B2, (X, O, 1, )|

= OP(log_l (an))

uniformly over all 7 = 1,...,d which gives us Assumption 2.4 with A,, = o(1) and ¢, = o(log™'(a,)).

Next, we show Assumption 2.3 (iii). The entropy conditions of the class
]:—0 = {'J}mr() _'l[)mr(') r= 117d}
hold by construction with A, = dV n and g = 1. Further, it holds for all f € Fo

Fl1 P2 = 16t T o, (X, O, i, ) = Ot T b, (X, Oy 10, ) 2
<ot dnt = oIt om, (X, 0m, 1, ) P, 2
+ Gt T (X Oy o, ) — P, (X, O, T,
=1+11.

P2

To bound the first term, we note that uniformly over all r =1,...,d
1rmr Ty = O s | = 0p(log ™" (),
since 1 < Jp,,, S 1and 1 < o0y, S 1. Define the class
Gs = {2, (O im,) i =1,...,d}

with cardinality |Gs| = d and an envelope G'3 that fulfills

- 2q7 1/
[|Gsllp,q <E [sup (5(mr)v(mT)> q} < 1og2(d).

It holds

N

1
SUtp ||1/)m, (X7 em,,-a nm,) P,,2 S <\/> SU-P Gn (g) + Sulp E[wgn, (Xa em,,,a nm,)]>

T ges

with sup, E[¢2, (X, 0, ,0m,)] < C and

= sup G,(g9) S K ( log(an) —l—nl/qbgg(an)> =o(1)

n n
with probability 1 — o(1). This implies
I=op (log_l(an))
uniformly over all » = 1,...,d. To bound the second term, define the class
Ga = {¥m, (,0,0) = Ui, (O, hn,) s = 1, d |0 = O, | < Oy € T, }

for a sufficiently large constant C' > 0.

150



CHAPTER 5 5.8. PROOF OF THE MAIN THEOREM

Due to Assumption 2.2 (i), we have that

VY, (X, mrvnmr) Ui, (X, 0, m,.) € Ga

with probability 1 — o(1). Since G2 C (F; — F1)2, the covering number obeys
~ ~ an,
suplog N (e[Gla2: 67,1 o) % s1os (2)
and the envelope

~ 2
Gi= sup sup sup  (Ym, (+,6,1) = ¥m,. (-, Om,; 7m,.))
r=1,...,d|0—0,,,. |<Ct, n€Tm,.

satisfies

IG3 1 .q

@) ’
S s (O, = O)Xe(Xk =1 X ) Il
7,0,n(

2
s (X = O, Xe = VX )02 = 1) X, ) g
1) n(2)

2
+ 1 sup (X = 0D X, )02 =0 V) X, )|

™

Pyq

=T+ Ty + T3
with

2
1 72l sup (Xe(Xe =0 DX m,)) g

(2

S 2||SupXk||P2q” Sup(Xk—n<2)X D21l p2g
(2

< T8 s )2 = of1og (),

T 5 sup (1 ) = 1) X ) e Sup (X = Om, Xp = VX0, )? M P2
r,n r,n

log(d)

S ST’?L” sup ”X—mr Hgo
T

< 0B 10 4,) Log(d) = oflog~ (a)

and

ERSY| sup ((152) = 1) X, )220l SUP(Vin, )| 2
rn( T

S sTallsup [|X o, 1211 P24 log(d) = o(log™" ().
Since

e s?log(a
o= (SUp E[g2]> < M = o(log™*(an)),

9€G3 "
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it holds
1 slog(an, ~ slog(ay,
—= sup Gn(g) S K <U % +n1/q||Gi||P}qg<)>

= o(log™*(an))

with probability 1 — o(1). Hence,

Hﬂ}mr (X; emmflmr) — Y, (X7 emrvan)”Pn,?

1

iSu su 520073/2a
< (x/ﬁgeng"(gngggE[g(X)]) (log™*"*(an))

with probability 1 — o(1) due to Assumption 2.1 (v) (a). This gives us IT = o, (log_l(an)) with proba-
bility 1 — o(1) implying Assumption 2.3 (iii) with &, = o(log™*(a,)) = o(1).

It is straightforward to verify that the growth conditions of Corollary 2.2 in Belloni et al. [12] hold.
This completes the proof. O

5.9 Uniform Nuisance Function Estimation

Consider the following linear regression model

p
Y, = ZBT,jXr,j +éer = /BT’X’I” + &r
Jj=1

with centered regressors and errors e, with E[e,.] = 0 for each » = 1,...,d. The true parameter obeys
By € arg mﬁinE[(Yr - BX,)?]

with
Br = 57(}) + 57(’2)

The parameter 57@) is the approximate sparse part of the true regression coefficient that captures the
misspecification of a sparse model. We show that the Lasso, post-Lasso and square-root Lasso estimators
have sufficiently fast estimation rates uniformly for all » = 1,...,d. In this setting, d = d, is explic-
itly allowed to grow with n. In the following analysis, the regressors and errors need to have at least

subexponential tails. In this context, we define the Orlicz-norm || X ||y, as
[ Xlw, = inf{C > 0: E[V,(|X]/C)] <1}

with ¥, (z) = exp(2”) — 1.

5.9.1 Uniform Lasso Estimation

Define the weighted Lasso estimator

A 1 A~
b € avguin (35, (v = 52,)%] + 219,801 )
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with the penalty level

= en/ndt (1-
A=exvn ( 2pd)

for a suitable ¢y > 1, v € [1/n,1/log(n)] and a fixed m > 0. Define the post-regularized weighted least

squares estimator (post-Lasso) as

B, € arg mﬁin (;]En [(Yr - ﬁX,)ﬂ) : supp(B) C supp(Br).

The penalty loadings \ilnm = diag({l},j,m,j =1,...,p}) are defined by
[ o= ()
o = ax [IX]|

for m = 0 and for all m > 1 by the following algorithm:

Algorithm 4 penalty loadings

Set m = 0. Compute Br based on \ilrym.

Set Iy jmi1 = En [((Y — BTXT) Xr,j)g}

If m = m stop and report the current value of \i/rym, otherwise set m = m + 1.

1/2

Let a,, := max(p,n,d,e). In order to establish uniform convergence rates, the following assumptions are
required to hold uniformly in n > ng and P € Py
Assumptions B1-B4.

B1 (Tail conditions)
There exists 1 < p < 2 such that

p < . < (.
rgf}?f,djgﬁfplanJllwp <C and rf%??.(,d”&”% <C

B2 (Uniformly bounded eigenvalues)
Forallr=1,...,d,, it holds

inf E[(£X,)?]>¢, sup E[(€X,)’] <C
ll€ll2=1 Il€ll2=1

and

min  min E[E,%ij] > c.
r=1,..,dj=1,...,p ’

B3 (Uniform approximate sparsity)
The coefficients obey

s2log(an, slog(ay,
Jmax 4075 SB0) - pae m[(500x,)7] g 208l0n)

=1,...,

and

Wy, <
’r‘irll,axd”BT ”0 = S.
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B4 (Growth conditions)
There exists a positive number ¢ > 0 such that the following growth condition is fulfilled:

18 1Og1+% (an)
ni————=
n

= o(1).

Theorem 13. Under the Assumptions @ the Lasso estimator Br obeys uniformly over all P € P,
with probability 1 — o(1)

slog(an)

3 _ gMW), < 20o\"n)
rirllﬁd‘}‘(,d Hﬂr Br ”2 = C n ) (58)
. 2]
max [|B, — BO|, < 0y 2108(n) (5.9)
r=1,..., d n
with
max 1B,]lo < Cs. (5.10)
Additionally, the post-Lasso estimator B, obeys uniformly over all P € P, with probability 1 — o(1)
max |3, — B, < 0y 2108Len) (5.11)
retd T T 2= n '
. 2log(ay)
_ g, < 57 108\an)
Jmax [, =Bl < C ma (5.12)
5.9.2 Uniform Square-Root Lasso Estimation
Now, assume that X, ; are standardized covariates (E[ij] =1forall j=1,...,pand r =1,...,d)

which are independent from the errors €,.. Define
Qr(ﬁ) = En[(Yr - /BXT - /87(2)X7)2]
The square-root Lasso estimator is defined as
R ) A1/2 A
Br € argmin { Q;7%(8) + 181 )

where QT(,B) = E,[(Y, — BX,)?]. Qr(ﬁ) is a proxy for @Q,(83) estimating the approximate sparse part
B by B® = 0. Let

A= vn@ ' (1—~/(2pd)), (5.13)

where 1 — v is a confidence level associated with the probability of the event (5.14), and ¢’ > ¢ is a slack

constant. The first part of the analysis is to control the event

A >c¢ max ||Sr| oo, (5.14)
n r=1,....d
where e e
S ,_a Ql/Q(ﬂ)l _ _EH[XT(YM B’r’ Xr 67" Xr)] _ _En[X'r‘Er]
r =0 p=pH = ) ) = \/E [52]
VEal(Y = 80X, — 52X, e

154



CHAPTER 5 5.9. UNIFORM NUISANCE FUNCTION ESTIMATION

is the score of Q'/2 at Bﬁl). Define

. . or
8y 1= 9pQ 2By = — irlee £ P ]

Ea (e, + B2 X,)2)

The following conditions and Lemma [4] are similar to the condition WL and Lemma M.4 in Belloni et al.
[12]. Let C and C be some strictly positive constants. Additionally, let (¢n)n>1, (Pn)n>1, (Pn)n>1 and

A,, be some sequences of positive constants converging to zero.
Condition WL The following conditions hold:
. 1/3 «_
(i) max,—1,...amaxj=i,..p (B [| X5, ) 0711 = 7/(2pd)) < punl/,
(ii) C<E [|Xr7jsr|2] <C,forallr=1,...,dandj=1,...,p,

P . 7. 1 .
(iii) with probability at least 1 — 545

max  max [En[X7 ;7] —E[X] el]| < @n
r=1,....,d j=1,....p > >

and

max |Ey,[e}] — E[e}]] < G-

r=1,....d =

The following lemma proves that A satisfies (5.14) with high probability.

Lemma 4. Suppose that Condition holds. In addition, suppose that A\ satisfies for some
d >candy =, €[1/n,1/log(n)]. Then, it holds

A
P ( > ¢ max ||Sroo) >1—v—o(y)— A,
n r=1,...,d
Under the same uniform sparsity and regularity conditions as in Theorem we are able to show that
Condition [WT]is satisfied and hence we can establish uniform convergence rates of the square-root Lasso
estimator. In Section we additionally assumed independence between the regressors and the error

terms. This eliminates the need to estimate the penalty loadings.

Theorem 14. Suppose that the Assumptions hold. In addition, suppose that A satisfies
for some ¢’ > ¢ and v =, € [1/n,1/log(n)]. Then, with probability at least 1 — o(1), we have

5 log(an,)
_ Wy, < 5108\an) 1
Jmax 15y — B ]l < Oy — = (5.15)
N 2log(an)
_ gy, < 57708\an
ri????,d“ﬂr BlhsC n (5.16)
with
_Iax 18,]lo < Cs. (5.17)
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5.9.3 Proofs

Proof of Theorem[13

As in the previous proof, we use C for a strictly positive constant, independent of n, which value may
differ in each appearance. The notation a, < b, stands for a,, < Cb,, for all n for some fixed C. Addi-
tionally, a, = o(1) stands for uniform convergence towards zero meaning there exists a sequence (b, )n>1
with |a,| < by, where b, is independent of P € P,, for all n and b,, — 0. Finally, the notation a,, <p b,

means that, for any € > 0, there exists a C such that, uniformly over all n, we have Pp(a,, > Cb,) <.

Due to Assumption we can bound the g-th moments of the maxima of the regressors uniformly
by

1

)

q — .
| o 108 =1 e e 1l

< gl max  max Xy,
r=1,...,dj=1,....p
1
< qllogr (2 X
< ¢'logr ()] max  max |Xr;lll,

<gq! logifl(Q)Klog%(l + dp) Tirllaxdjirllaxp 1 X751,

FRREE)

< Clog# (az),

where C' does depend on ¢ and p but not on n. For the norm inequalities, we refer to Vaart and Wellner
[94]. Now, we modify the proof of Theorem 4.2 from Belloni et al. [12] to fit our setting, but we keep the

notation as similar as possible. Let us define & = {1,...,d} and

BY € arg éreli@%E[% (Yr - BX; — 5£2>XT)2}

=M, (Yr,Xr,B,ar)

with a, = ﬁ,(,Q)XT for all r = 1,...,d. Since the coefficient 5(?) is approximately sparse by Assumption

we estimate the nuisance parameter a, with a, = 0. Define

1
M, (Y, Xy, ) i= My (Y, X, ) = 5 (Yr = BX,)°,

. P
T i En M'r Y7‘7X7’7 - \Ijr
b arg g (B [V (57, .80+ 2110811 )

and

B, € arg min (Ep [M, (Y, X, B)]) :  supp(B) C supp(8,).
First, we verify Condition WL from Belloni et al. [12]. Since N,, = d, we have N(e,U,dy) < N, for all
e € (0,1) with
0 fori=j

1 fori # j.

dy (i, j) =
To prove WL (i), notice that

ST :6,3M»,~(Y;«7XT,IB’(IT) —ETX,«.

lp—p =
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Since ®~1(1 — t) < /log(1/t) uniformly over ¢ € (0,1/2), it holds

15,51 p3® (1 = 7/2pd) = [l X0 j || pa® (1 — 7/2pd)
< (lerllpsllXrjllpe) > @1(1 — 7/2pd)
< Clog?(a,) < pan® = o(1)

log? (a,)
n = @ - 1

uniformly over all j =1,...,p and r = 1,...,d by Assumption [BI] and [B4 Further, it holds

with

c<E[s2,] =E[2X2,

E
< E]E[X])
C

IN

forallj=1,....,pandr=1,...,dby Assumptionandwhich implies Condition WL (ii). Condition
WL (iii) simplifies to

_Iax _max |(Ep, E)[S%Hg%
1,....dj=1,....p ’

with probability 1 — A,. Let W = (V,X) with Y = (V3,...,Yy) € Y and X = (X1,...,Xq) € &,

respectively. Define

Fe={f3r=1,...,dj=1,..p}
with

frj W=, X) =R,
W= (YvX) = ()/T' - /BTXT‘) Xpj =& Xpj = Srj-

)

We notice that

— 2
Isup Iffllpg =1 max  max |f;lleq

=1,...,

) 1/q
max - max 52‘1X q
1,...,dj=1,....p

I
1
~z

1/q
SE{ max 2?7 max max X q]
r=1,....d r=1,....dj=1,....,p
1/4q 1/4q\ 2

< E{ max Efq] E[ max max X q}

r=1,...d 1,....dj=1,....p

4
< Clog? (a)

Since we have

5 4 g11/2 g 11/2
= E 1< E E|X:. <C
sup /by = mox, mox E[S)]< max, max E[S]E[XR)]7 <0
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we can choose a constant with
sup [| |50 < C <[ sup | f][%2-
fer feF

Additionally, |F| = dp, which implies

logsgpN(GIIFHQ,zaf, I llq.2) <log(dp) < log(an/e), 0<e<l1.

Using Lemma P.2 from Belloni et al. [12], we obtain with probability not less than 1 — o(1)

max max |(E, —E)[S?]| = n~"/? sup |G, (f)|
r=1,...,d j=1,....p ? feF

<20 (Viog (an) +n7 />0 10g  (a)
_c ( log (a,) , 1og1+‘$<an>>

n nl—l/q
< on = 0(1)

by the growth condition in We proceed by verifying Assumption M.1 in Belloni et al. [12]. The
function g — M, (Y;, X, 8) is convex which is the first requirement of Assumption M.1. Define

Gi={g-: X - (BPX,)?lr=1,...,d}

with envelope

G:= max ||X,[|%]8P)3.
r=1,...,d
Note that

(Gl = | max 1, 12216213

q
..........

2
< max [[5]3 log(a,)?
and, for all 0 < € < 1, we have

N(|G] p2) <d < dfe.

P29, |

Since

sup [|gl[7, = max E[(BX,)"] < max [I52]]1,

geg 1,....d

we can use Lemma P.2 from Belloni et al. [12] to obtain with probability not less than 1 — o(1)

Tinaxd |(E, — E)[(ﬁqEQ)Xr)z”

yeeey

=n""?sup|Gn(g)|
geg
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log(a,) max ||8:”]I4

+ Y max 1822 101 (ay)
n r=1,...,d

2 1+%
o floBte] [Ponlen)  stos(n) [l o)

n n n n

_ slog(an)
~ n

for a suitable choice of ¢ where we used max, =1, g4 ||67£2)||% < 4/ % due to Assumption and
Assumption [B4
Using the triangle inequality and max,—1,.. 4E [(5£2)Xr)2} < Sl%(“") due to Assumption we obtain

r=1 r=1,...

maXdEn[(BT(-Q)Xr)2] < max (E, — ]E)[(B?(?)XT)ZH + ErllaXdE[(ﬂg)XT)Z]

EEREE) )

<5 s logT‘l(an)

. (5.18)

To show Assumption M.1 (a), note that

T
En |:613M»,~(Y;,XT,B,,(.1)) - 8BMT(Y’I‘7X’I”7ﬂ7(-1)7aT):| 5'

= E, | X, (8P X Yol < B8R x XTs

n r( r T) —H( r T)H]Pn72| r HPmZ
slog(a,,

<p /280 X,

for all 6 € RP and for all r = 1,...,d. Further, we have

a5 (5 -0 o) | - [ (-]
- _E, [(Yr - @EUXT) 6TXT} + %En [(67X,)?],

where T
B [(¥e - B9X,) 67X, | =By [050,(Y;, X, 50)] 6

and

1
§]En [(5TXT)2:| = ||Vwr5TXr||]%’n,2

with /w, = 1/4. This gives us Assumption M.1 (¢) with A,, = 0 and g4, = co. Since Condition WL
(ii) and WL (iii) hold, we conclude with probability 1 — o(1)

151 = (Ba[52,]) "

<1
uniformly over all r =1,...,d and j = 1,...,p, which directly implies
LS W0 i= max [l;] S1
Jj=1,...,p
and

1S ) oo == max I} S 1.
j=l,..p 7
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For now, we suppose that m = 0 in Algorithm [4] Uniformly over r =1,...,d and j =1,...,p, we have

1/2
f ; 1/2
B0 = (En[max |X&>||io]) > B 2D 20 1,

1<i<n

where the last inequality holds due to Assumption [B2 and an application of the Maximal Inequality.
Also uniformly over r =1,...,dand j =1,...,p, it holds

lrjo = max X5l

1o 1/q
<pltla| = x () q
<o (13 1o
= n!/9 (B, [ X, %))

for an arbitrary g > 0, where
E[| X, [|2]" < log? (an).

By Maximal Inequality, it holds
max [En[[| X [[%] — B[ XS]]

log27q+1(an)

<C
~ n

+ 07 log? 1 (ay,)
< log# (a,,)
with probability 1 — o(1) for a sufficiently large ¢’ > 0 since
Efmax || X, 4]/ $log# (a,) and maxE[||X,|£]"* < log? (ax).
We conclude

o < Y7 (B[l X, [12])"
< (B [l| X0 %) — B X, 4] + B[ XL

<p n'/"log (a,)

uniformly over . Therefore, Assumption M.1(b) holds for some A,, = o(1), L < n'/4 log%(an) and [ 2> 1.
Hence, we can find a ¢; with [ > 1/¢;. Setting ¢y > ¢; and v =, € [1/n,1/log(n)] in the choice of A, we

have
A 5 (0))~1
P n 2q H%aXdH(\I/T ) EA Sl ) 21 =7 —0(7) —Ap=1-0(1)
r=1,...,
due to Lemma M .4 from Belloni et al. [12]. Now, we uniformly bound the sparse eigenvalues. Set

Lo = log? (an)n*/?

for a ¢ > 5¢ with ¢ defined in Assumption [B4
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We apply Lemma Q.1 in Belloni et al. [12] with K < n!/d log% (an) and

6n < K/sl,n™1/? log(sln)log%(an) log? (n)

log't% (an
e \/”3 log(n) log? (st,,) 108 (an)
n
5 slogH‘ﬁ(a )
<A\|/na n
~ n
for n large enough. Hence, by Assumption it holds
0n = 0(1),
which implies
X3 50X, |3
B 2.5 A . P
I6lo<tas  10]3 I5llo<t.s — [[0]13

with probability 1 — o(1) uniformly over r = 1,...,d. Define T, := supp( ﬁl)) and

N L +1
C .=
lCl—l T

~

max 80| () |oo < L.

Let the restricted eigenvalues be defined as

10X lp, .2
r=1,..., d5€A257r H6T7~||2

where Agz . 1= {0 : [|0F, [l1 < 2¢[/0r,

1/2 1/2
N <1 PR N A [ o ()/
Isllo<tns  ||6]|3 I8llo<tns  ||6]2 s,

1/2 1/2
in 10X,]13, 5 g ie - 10X,[I3, o
I8llo<tns |63 I8llo<tns  ||0]12

1
with probability 1 — o(1) for a suitable choice of g with ¢ > g. Since

1}. By the argument given in Bickel et al. [13], we have

=
)
™3
Y

Q=

vV

vV

A
= S0 P07 (1 /(2dp)) S n” V2 log(2dp/y) < n” Y/ log* (an)

and the penalty loading are uniformly bounded from above and away from zero, we conclude

A slog(ay,
max ||(B. — BV)X, slog(an)
d n

r=1,..,

P2 Sp L
by Lemma M.1 from Belloni et al. |12].

To establish Assumption M.1(b) for m > 1, we proceed by induction. Assume that the assumption
holds for \ilr,m_l with some A,, = o(1), 1 > 1 and L < n'/9 log%(an).
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We have shown that the estimator based on \ijr,m—l obeys

R slog(an
max (B~ 00X, s, 2 5 1) 020
r=1,...,d n
with probability 1 — o(1). We notice that
slog(a,,
max 80X, s, 5 Sp | T80

as shown in (5.18)). Using the triangle inequality, we obtain with probability 1 — o(1)

max (1B = B)X,lle, 2 < max (B = B)Xoll, 2+ max 18] .2

r=1,..d - r=l..d 7 r=l..,

This implies

[l jm =gl =

E, [((Y - B X, ) Xmﬂ ", (V= 8.X,) X,.)7] v

. | (66— 50x) .5 -

< N(Br = Br) X, ||Pn,2llga<x Joax 1 X9 oo

<

SpL

1+4
< \/ nifa®108 7 (@n) _ o
n

uniformly over r = 1,...,d and 5 = 1,...,p. Therefore, Assumption M.1(b) holds for ‘i’nm for some
A, =0(1),121and L < 1. Consequently, we have

S 10g<an> nl/q log% (an)
n

3 log(ay,)
— B </ 5o8lan)
Jmax [|(Br = B X e, 2 S 4/
and
~ 21
max [|Br — B0y < o/ 2108(en)
r=1,...,d n

with probability 1 — o(1) due to Lemma M.1 from Belloni et al. [12]. Uniformly over all r = 1,...,d, it
holds

‘( 0 M (Ve X1, ) - %Mr(n,xr,ﬁﬁln])%‘

| (B i - x]) "

<(Br = BI) X, I, 216X, I, 2 < Lnll6 X, |lp, 2
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with probability 1 — o(1), where L,, < (slog(a,)/n)'/?. Since the maximal sparse eigenvalues

10X+112, 2

lps,r) = IDEEE
Gmar(lns,7) 1= wmax

are uniformly bounded from above, Lemma M.2 from Belloni et al. [12] directly implies

.....

with probability 1 — o(1). Combining this result with the uniform restrictions on the sparse eigenvalues

from above, we obtain

. R slog(a
max 1A= B0 S max 1~ 50) X, 2 S slogltn)

with probability 1 —o(1). Now, we proceed by using Lemma M.3 from Belloni et al. [12]. Uniformly over
all r =1,...,d, it holds

5 AL A .
En[Mr<Yr7Xr75r)] - En[Mr<YT7XTa5r)] S THﬁr - Br”l rgaxd ||\I}»E~O)Hoo

A .

5 7”ﬂr - BT”l
n

< slog(ay)

~ n

with probability 1 — o(1), where we used L < 1 and max ||\i/7(n0) lloo < 1. Since

R N _ A
E?aXdH]En[ST]HOO < E?axd|‘q1£’0)||oo||(q/£0)) 1]En[ST]Hoo N n=1/2 log%(an)

~

3

..........

with probability 1 — o(1), we obtain

i log(ay,)
_ sy < [ 3208(0n)
e 1= e S

with probability 1 — o(1), where we used
max [0 S 5. G 5 (slog(an)/m)' 2

and that the minimum sparse eigenvalues are uniformly bounded away from zero. By the same argument
as above, it holds
slog(an)

e (1B = B0l $ max 18— B Xrle,2 S\ =

This completes the proof. O

Proof of Lemma[})
We rely upon the proof of Lemma M.4 from Belloni et al. [12]. Since the regressors are standardized for

all j =1,...,p and independent from the error terms for all r = 1,...,d, notice that

E[XZ 7] EIX7 R[]
Eezl —  E[e]

=E[X?,]=1
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Due to Condition [WIJ(iii), it holds

E[XQ '52] + Pn
< ’I",j s
<P (Tzr%axmg:axw 2 — 5, L+pn | +A4A,
E[e?] + &n
<P r 1 W) A,
= (rf?f"xﬁd B2 —p, | )7
Ele2 D Ele2
=P ( max [E;] + an 2]
=1 [ r] ®

o oo |(EE+ ) BT — B (Bl - 20)

- ( (E[2] - #n) Ele] ] *0"> e
(| - (-

-r ([T ) e

=0

for a suitable choice of ¢, = o(1), where ¢/, > Cp, and ¢/, < Cp,, due to Condition ii). Next,
for each j = 1,...,p and r = 1,...,d, we apply Lemma P.1 from Belloni et al. |[12] with © = 1 and
l, = "¢, 1, where ¢ is a small constant that can be chosen to depend only on C' and C. Then,

Condition [WLJi) and Condition [WLJii) imply

0ot (1o ) < OMulir)
- 2pd ) — Ly

for M, (j,r) = ]E[X37j63]1/2/E[|XT’jET|3]1/3 for each r =1,...,d and j = 1,...,p. Therefore, we have

P (c IrllfﬂtX’d 197 [loo > dn"V291 (1 — 2;d)>

=P (¢ max max M>c/7fl/2qf1 <17)
reldi=liop /B [e2] 2pd

E E |n1/ En[ jE7]| /F—1 ’y
< j}

r=1j=1
:ZXP:P C|n1/2E erfr | En[Xian%] S ddt(1- ’Y>
2.2 Xfﬁ? 2pd
d p |n1/2]E c |
ZZ e T+ g > D! (1—> + A
o En[X? €] 2

Y 1/3
< .
,Zpdzpd (1 + O(p,/ )) + A,

<v+4o(y)+ A,

for a sufficiently large n (implying ¢\/1 + ¢, < ). O
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Proof of Theorem[1]}.
The proof relies upon the proof of Lemma M.1. from Belloni et al. [12]. At first, we show that Condition

is fulfilled. Condition [WLJi), Condition [WL{ii) and the first part of Condition [WLJiii) have been
verified in the proof of Theorem Hence, we need to show

max [Eq[e?] — E[e2]| < g

r
r=1,.

with probability converging to one.
Let W= (), X) withY = (Y1,...,Yy) € Yand X = (X1,...,Xy) € X, respectively.
Define F := {f.|r =1,...,d} with

frW=0,X) =R,
W= (Y, X)~ (Y, - 5,X,)* =&

T

For a constant C that does depend on ¢ but not on n, notice that

1/2q\ 2
Pa=| zrllaxdffllp,q=<ﬂ*3[ m} ) < Clog(d)?,

r=1,...,

F= || sup | f]]
feF

where we used the same argument as in the beginning of the proof of Theorem [I3] Due to Assumption
the second moments of the error terms are uniformly bounded. Hence, we can choose a constant C
such that

and, since |F| = d, we have
IOgSgPN(EHFHQ,zfy I llq.2) < log(d).

Therefore, we are able to use Lemma P.2 from Belloni et al. [12] which implies

max |En[52] - E[E%” =n 12 sup |G (f)]

T

r=1,....d feF
2
log(d) _logt3 (@) _ _
<
N( n T Tpig ) Sen

with probability 1 — o(1). Due to the definition of BT, we have

N A A A A A
QY2(Br) + E”Br”l <QY*(BM) + gllﬂﬁ”lll,

implying

A
n

Q2(Br) = Q2(BMY) < = (I8r,, 11 — 1607e 1) (5.19)

with §, := B3, — D Due to the convexity of 8 — Qi/Q(B), we have

Q2 (Br) = Q2 (BY) = 6,5,

slog(an)

= independent from r, it holds

with probability 1 — o(1). For a sequence C), <

16501 < 18-S¢] +16-(S; — ;)]
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A .
<p |10+]l1— + |0-(S; — S,
< 10l 2+ 16,8~ 5,)]
A
Se6rlli— + Cullér X |lp, 2
ne
To obtain the last inequality, notice that

En[(gr + 652)Xr)2] = En[gi] + 2En[5r6£2)Xr] + En[(ﬁg)Xr)Q]
>0

> Elllin d]E[af] +op(1)

is uniformly bounded away from zero since

min dEn[eTB$2)XT] > — max IE,[e.82X,]|

r=1,...,

> max VB R0 X,

T

- (e o ) (e i 2l

uniformly converges towards zero with probability 1 — o(1) where we used that

slog(an)
r=1,....d ~ n

max_[E,[(8%X,)?] - E[(6YX,)%]] Sp

as shown in the proof of Theorem This implies
(2)
~ n|<Ar\cr I8 Xr En X’r‘ .
6,08 — 8,)] = |o, | EnlErler £ 80 X0l En| 52}
\/En[(€r + ﬂ£2)XT)2] \/En [€r]
En,[ X, (e + 652)){7,)]\/1% —-E, [er‘:r]\/En[(€r + ﬂﬁZ)Xr)z]
\/]En[(f‘:r + 5£2)Xr)2]En [€2]

5, (En[xrw,@xr)] E, &2

+ B e (VB - VEller + 6P, 71) )

E, [(5TXT)(57(~2)XT)] E,le?]

+ A6 X))l | (VR — VEal(er + 62 %,07])|

<VEW[(BY X))

< VA6, X,)IE (B2 X,)2]En 2]
SP Cn ||51"Xr ||]P’n,2

:51“

Sp

<

by an analogous argument as above. Hence, it holds

A 5 A A A
Q2 (Br) = Q2 (BY) 2 6050 2 [0, 11— = Cu|: X[l 2 (5-20)
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with probability 1 — o(1). Combining the inequalities ([5.19)) and ( -, we obtain

A A
= 6ell = = Culldr Xrllp,.2 SpP (||5nT,\||1 —[16r7e 1)
c+1

= |lorzells Sp ——7 l1orz, [ + 1 OnllorXrlle, 2. (5.21)

\\,./

=c

Further, we have

Qr(Br) = Qr(BM) = 116, X, [If, o — 2B [(V; — B X,)6, X, ]
with

E,[(Y, — Bgl)Xr)(srXr] =E,[e:0, X, + Ep [(6 X;)0r X
SP Q}»/Q(ﬁgl)msr”oonér”l + CnH‘;rXr”IP’n,Z

due to the Holder inequality. Due to Lemma Q.1 in Belloni et al. [12] with K < n'/q log%(an) for a
suitable § > ¢, k < s and

0 S K/sn™/?log(s) log"? (a,) log"/* (n)

1+%(an)

1 slog —o(1)

Q=

<H{/ni
n

by Assumption [B4] it holds
& S ¢min(k7r) S (bmaw(kar) S C

with probability 1 — o(1) uniformly over r = 1,...,d. Hence, the restricted eigenvalue
Koz = min in 7H6XTHP"’2
2 S ds€n, |62

is bounded away from zero with probability 1 — o(1) where
Aoz = {0+ ||0re|l1 < 2¢[|67, |[1}-
If 6r € Agé,r, then

al(Ye = B X006, X,] + Q2 (Br) + Q2 (BI]IQL 2 (Br) — Q2 (BI))]
<P 2Q, 2 (B)1Srllool18r 111 + 2Cl|6: X [le,. 2

ns

L0V (B + @%ﬁ%}(“wx””2n¢mo)

Using

Q2 (5 < Qu(p) + 2Rl Kol
— T T n )

R2g

we conclude

16, X1, 2 S 2QY2BO1S: 1 6
A A &y A 5|0y
201250 4 5 ez | 2 (leles g )

Ra¢
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+ 2000, X, 2
<p 22 (Q2 (B8 — QY (B 15 1
é\/EH(sTXTHJP’n,Z + (>‘ \/§||5TXTH]P’”,2

+201/2(50)

n Rog n KRog

2
) 200, X, 15, 2
with

(@28 1511 = QY2BI8rrelr)

= Q2B 1o, 11 + (Q12(8D) = QF2(BM)) l16v 1
< Q2BINbrz Ml + 182 X, e, 2110:11s

<p QY2(B)[8,.7, 11 + Cn3él[6r1, |11

With probability 1 — o(1), it holds

16: X012, 2 < 228, 1 (QY2(80) + Cue)
. A 3516, X, A /56, X, ?
+2Q714/2(B7(n1))7\/§|| H]P’n72 + ( \/§|| |Pn72> +20n||6rXrH]P’n,2
n Rog n KRog
516X
22 \/§|| HPTL)Q (Ql/z(ﬁ 1))+C 30>
n Rag
X, X 2
T (i e IRECAL S
n K2g n Raé

and we obtain

)

which implies

s A /s
Py,,2 NP ( Ql/Q(ﬁ(l)) \/7 + Cn (60 f + 2) >||5TXT||]P>7L)2’
n Kag N Rag

< )\\[ slog(ay)
Sp —_—
n

Here, we used that
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which, combined with the inequality above, implies
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where the first inequality is shown above and the second follows by an analogous argument.

Additionally, we obtain
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Hence, it holds
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Chapter 6

General Conclusion and Outlook

In this chapter, some concluding remarks on this dissertation and an outlook on future research is given.
This work has highlighted how machine learning methods can be used to perform valid inference in high-
dimensional settings. For a detailed discussion of the previous chapters, I refer to the conclusions of each
paper at the end of each chapter. Here, a high-level overview of the main results of the dissertation is
given and the main contributions to the literature are pointed out. The papers that are presented in
this dissertation make the double machine learning approach applicable to a wider range of problems in
high-dimensions by extending and adjusting the underlying proofs.

In Chapter [2] we derived results for the asymptotic distribution of the estimated treatment effects using
Lo-Boosting. We achieved this in a high-dimensional linear model with many controls as well as in an
instrumental variable model with potentially many instruments. As mentioned in the introduction, the
estimation and the variable selection in both models often rely on the Lasso estimator. We managed to
proof that Lo-Boosting algorithms are a competitive alternative to Lasso due to the comparable estima-
tion rates. This makes Lo-Boosting attractive for applied work, in which one is interested in estimating
a treatment effect after variable selection. In Chapter [3] we constructed an estimator for the transfor-
mation parameter in a high-dimensional transformation model and proved the asymptotic normality of
the estimator. In high-dimensional transformation models, the nuisance parameter depends on the target
parameter. We provide new results regarding inference in a general Z-estimation framework under a
different set of entropy conditions where such a dependency is explicitly allowed. As such a dependency
occurs in many statistical models, these results are of independent interest for other high-dimensional
problems with the same underlying structure. Chapter [] provided a methodology for uniform valid con-
fidence bands of a nonparametric component in the generalized additive model in high-dimensions. In
this setting, one is particularly interested in the linear functional of a high-dimensional target parameter.
This is a nontrivial extension of the double machine learning approach that only provides valid inference
for the target parameter itself. So far generalized additive models are frequently used in empirical work
when the number of covariates is small. Through our work however, the reach of this tool is extended
to also cover settings where the number of available covariates is large compared to the sample size. In
Chapter [5] we presented results for uniform inference in high-dimensional Gaussian graphical models.
We showed how recent methodology can be applied to conduct valid inference in situations where the
number of target parameters is potentially much larger than the sample size. This allows to estimate
the dependencies within a large set of variables and to recover causal structures in complex data sets.
Further, as explained in Chapter [} uniform estimation rates for the nuisance parameter are crucial to
conduct valid inference. In this context, we established uniform estimation rates and sparsity guarantees
of the Lasso estimator and of the square-root Lasso estimator in a random design under approximate

sparsity conditions. These results are of independent interest for other high-dimensional linear regression
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problems. The papers that are collected in this dissertation emphasize the power and the potential of
the double machine approach. With this dissertation, I would like to contribute that the double machine
learning approach finds more application in practice and, thus, help to avoid flawed conclusions that
might arise from naive approaches in high-dimensions.

The findings of each paper presented in this dissertation pave the way for future research to enhance
the field of double machine learning further. In Chapter 2 we showed that Lo-Boosting algorithms are
a competitive alternative to Lasso. However, a more detailed comparison to Lasso is required to un-
derstand in which situations Boosting is superior to Lasso and vice versa. This could be achieved by
extensive simulation studies or a detailed theoretical analysis of Lo-Boosting. In contrast to Li-penalized
methods like Lasso, the estimation properties of Boosting algorithms for regression in high-dimensions
are not widely discussed in the literature yet. Further, transformation models in high-dimensions can
be extended by considering another identification strategy for the true transformation parameter. In
many applications, the response variable is transformed to achieve homogeneity of the error terms. In a
research project, I am working on an adjustment of the proposed transformation model, where the true
transformation ensures that the zero conditional mean assumption for the error term holds. In addition,
transformation models can be applied to analyze duration data. In this context, I am working on an
adjustment of the proposed transformation model to link a failure time with a high-dimensional vector
of covariates in an empirical application that analyzes US credit data. In Chapter ] and Chapter
new methodologies and key theoretical insights are provided. A natural extension for future work is to
increasingly use these methodologies in empirical applications. For instance, I am working on an appli-
cation of the high-dimensional Gaussian graphical model to large data sets from biology and finance in
order to analyze correlation networks. I hope that future research in empirical applications will greatly

benefit from the new methodologies provided by this work.
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A.2 Short Summaries of Papers Pursuant to §6(6) PromO

Short summaries in English language

Estimation and Inference of Treatment Effects with L2-Boosting in High-Dimensional
Settings (Chapter [2]

Boosting algorithms are very popular in machine learning and have proven to be particularly useful
for prediction and variable selection. Nevertheless, in many applications, one is interested in inference
about treatment effects or policy variables in a high-dimensional setting. As rich data sets become more
and more available containing many controls or instrumental variables, variable selection is increasingly
challenging for empirical researchers. We provide a methodology for valid inference about a treatment
effect when post- or orthogonal Ls-Boosting is used for the variable selection. This methodology is
applied in a high-dimensional linear model with many controls and in an instrumental variable model
with potentially many instruments. We present simulation results for the proposed methodology as well
as an empirical application. The application is based on the so-called “PAC-man” study, which has
analyzed the effectiveness of a pulmonary artery catheter in a randomized control trial. We confirm that

the treatment effect is not significantly different from zero.

Transformation Models in High-Dimensions (Chapter (3))

Transformation models are a very important tool for applied statisticians and econometricians. In many
applications, the dependent variable is transformed so that homogeneity or normal distribution of the
error holds. We analyze transformation models in a high-dimensional setting, where the set of potential
covariates is large. Our proposed model builds on a high-dimensional linear model and combines it with
a parametric transformation of the response variable. We propose an estimator for the transformation
parameter and show that it is asymptotically normally distributed by using an orthogonalized moment
condition where the nuisance functions depend on the target parameter. We provide general results
regarding inference in Z-estimation frameworks where we explicitly allow for such a dependency. These
results are of independent interest for general Z-estimation problems with the same underlying structure.
A common practice in labor economics is to first transform wages with the log function and then to
further process since wage data is non-negative and often highly skewed. In an empirical application, we
test if this transformation holds for American Community Survey (ACS) data from the United States.
We conclude that the log transformation is rejected on a 5% significance level. In a simulation study, we

show that our estimator works well even in small samples.

Uniform Inference in High-Dimensional Generalized Additive Models (Chapter [4))

Generalized additive models Y = f1(X1) + ... + fp(X,) + € are very popular in statistics. As the
estimation of a nonparametric regression function f(Xi,...,X,) is practically infeasible when p is large,
these models impose an additive structure of the regression function. We develop a methodology for
the estimation of the nonparametric component f; in a high-dimensional setting, where the number of
regressors p may increase with the sample size. As usual in high-dimensions, a sparsity assumption is
crucial for the analysis. We employ sieve estimation and embed it in a high-dimensional Z-estimation
framework which allows us to construct uniformly valid confidence bands for the function f;. We also run
simulation studies which show that our proposed method gives reliable results concerning the estimation
and coverage properties even in small samples. Finally, we demonstrate the use of the proposed method
empirically by analyzing the well-known Boston housing data set. Our methodology suggests nonlinear

and significant effects on the median value of owner-occupied homes for the variables LSTAT and RM,
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that denotes the percentage of lower status population and the average number of rooms per dwelling,

respectively. This is in line with the economic intuition and the findings in the literature.

Uniform Inference in High-Dimensional Gaussian Graphical Models (Chapter [5))

Graphical models have become a very popular tool for representing dependencies within a large set of
variables and are key for representing causal structures. We provide results for uniform inference on high-
dimensional graphical models with the number of target parameters being possibly much larger than the
sample size. This is in particular important when certain features or structures of a causal model should
be recovered. Our results highlight how in high-dimensional settings graphical models can be estimated
and recovered with modern machine learning methods in complex data sets. We do not aim to estimate
the precision matrix but we focus on quantifying the uncertainty of recovering its support by providing a
significance test for a set of potential edges. To construct simultaneous confidence regions on many target
parameters, sufficiently fast estimation rates of the nuisance functions are crucial. In this context, we
establish uniform estimation rates and sparsity guarantees of the square-root Lasso estimator in a random
design under approximate sparsity conditions that might be of independent interest for related problems
in high-dimensions. We also demonstrate in comprehensive simulation studies that our procedure has

good small sample properties.
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Kurzfassungen in deutscher Sprache

Schitzung und Inferenz von Behandlungseffekten mit Ly-Boosting in hochdimensionalen
Situationen (Kapitel

Boosting-Algorithmen sind sehr beliebte Methoden des maschinellen Lernens und haben sich fiir die
Vorhersage und Variablenauswahl als duflerst niitzlich erwiesen. Nichtsdestotrotz ist man bei vielen
Anwendungen in hochdimensionalen Situationen daran interessiert, kausale Riickschliisse iiber Behand-
lungseffekte oder politische Maflnahmen zu ziehen. Da immer groflere Datensétze zur Verfligung ste-
hen, die eine Vielzahl von Kontroll- oder Instrumentalvariablen enthalten, wird die Variablenauswahl
zunehmend herausfordernd fiir empirische Forscher. Wir liefern eine Methodik zur validen Inferenz iiber
Behandlungseffekte, wenn post- oder orthogonal Ls-Boosting fiir die Variablenauswahl verwendet wird.
Diese Methodik wird in einem hochdimensionalen linearen Modell mit vielen Kontrollvariablen und in
einem Modell mit potenziell vielen Instrumentalvariablen angewandt. Wir prisentieren sowohl Simula-
tionsergebnisse fiir die vorgeschlagene Methode als auch eine empirische Anwendung. Die Anwendung
basiert auf der sogenannten , PAC-man“-Studie, welche die Effektivitdt des Pulmonalarterienkatheters
in einer randomisierten Fallstudie untersucht hat. Wir bestéitigen in unserer Analyse, dass der Behand-

lungseffekt nicht signifikant von null verschieden ist.

Transformationsmodelle in hoher Dimension (Kapitel

Transformationsmodelle sind ein wichtiges Werkzeug fiir angewandte Statistiker und Okonomen. In vie-
len Anwendungen wird die abhéingige Variable transformiert, um Homogenitit und/oder Normalitdt der
Fehlerterme zu erzeugen. Wir analysieren Transformationsmodelle in hochdimensionalen Situationen,
in denen die Anzahl an potenziellen Kovariablen grofl ist. Unser entwickeltes Modell baut auf einem
hochdimensionalen linearen Modell auf und kombiniert es mit einer parametrischen Transformation der
abhéngigen Variable durch eine gegebene Familie von streng monoton steigenden Funktionen. Basierend
auf einer orthogonalisierten Momentenbedingung leiten wir einen Schétzer fiir den Transformationspa-
rameter her und zeigen, dass dieser asymptotisch normalverteilt ist. Dabei ist hervorzuheben, dass die
unbekannten Storfunktionen von dem Zielparameter abhidngen. Wir leiten allgemeine Ergebnisse fiir
Inferenz in Z-Schétzungsproblemen her, in denen wir eine solche Abhéngigkeit ausdriicklich erlauben.
Diese Ergebnisse sind von unabhéingigem Interesse fiir allgemeine Z-Schétzungsprobleme mit der gleichen
zugrundeliegenden Struktur. Eine gingige Praxis in der Arbeitsdkonomie ist es, Lohne mit dem Logarith-
mus zu transformieren und dann weiter zu analysieren, da Lohne nicht negativ und oft stark rechtsschief
sind. In einer empirischen Studie untersuchen wir, ob die logarithmische Transformation fiir American
Community Survey (ACS) Daten aus den USA geeignet ist. Wir kommen zu dem Schluss, dass der
Logarithmus zu einem Signifikanzniveau von 5 % abgelehnt wird. Unsere Simulationsstudie zeigt, dass

der vorgeschlagene Schétzer auch in kleinen Stichproben gute Ergebnisse liefert.

Gleichmifliige Inferenz in hochdimensionalen verallgemeinerten additiven Modellen
(Kapitel

Verallgemeinerte additive Modelle Y = f1(X1)+. ..+ fp(X,) +¢ sind in der Statistik sehr beliebt. Da die
Schétzung einer nichtparametrischen Regressionsfunktion f(X7, ..., X,) praktisch nicht méglich ist, wenn
p groB ist, nehmen diese Modelle eine additive Struktur der Regressionsfunktion an. Wir entwickeln eine
Methode fiir die Schétzung der nichtparametrischen Komponente f; in hochdimensionalen Situationen, in
denen die Anzahl der Kovariablen p mit der Stichprobengréfe steigen kann. Wie iiblich in hoher Dimen-
sion, ist eine sogenannte Spérlichkeitsannahme (,,sparsity“-Annahme) fiir die Analyse entscheidend. Wir

verwenden die Sieve-Schitzung und betten das Modell in ein hochdimensionales Z-Schitzungsproblem
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ein, um gleichméfig valide Konfidenzbénder fiir die Funktion f; zu konstruieren. Wir fiihren Simu-
lationsstudien durch, die zeigen, dass unsere Schiatzmethode selbst fiir kleine Stichproben zuverldssige
Ergebnisse beziiglich der Schiitzung und den Uberdeckungswahrscheinlichkeiten liefert. AbschlieBend
demonstrieren wir den Nutzen unserer Methodik empirisch, indem wir den bekannten ,, Boston housing“
Datensatz analysieren. Unsere Methodik legt nichtlineare und signifikante Effekte auf Medianwert von
Eigenheimen fiir die Variablen LSTAT und RM nahe, die den Prozentsatz der Bevilkerung mit niedrigem
Status in der Wohngegend bzw. die durchschnittliche Anzahl von Zimmern pro Wohnung angeben. Dies

steht im Einklang mit der 6konomischen Intuition und den Erkenntnissen aus der Fachliteratur.

GleichmiBlige Inferenz in hochdimensionalen Gauf3schen graphischen Modellen (Kapitel

Grafische Modelle sind zu einem beliebten Werkzeug zur Darstellung von Abhéngigkeiten einer grofien
Menge an Variablen geworden und sind der Schliissel zur Darstellung kausaler Strukturen. Wir liefern
Ergebnisse fiir gleichméflige Inferenz in hochdimensionalen grafischen Modellen, wobei die Anzahl der
Zielparameter moglicherweise bedeutend grofler ist als die Stichprobengrofie. Dies ist vor allem dann
von Bedeutung, wenn bestimmte Merkmale oder Strukturen eines kausalen Modells untersucht werden
sollen. Unsere Ergebnisse zeigen, wie in hochdimensionalen Situationen graphische Modelle mit modernen
Methoden des maschinellen Lernens in komplexen Datensédtzen geschétzt und untersucht werden koénnen.
Wir versuchen dabei nicht die gesamte Préazisionsmatrix zu schétzen, sondern konzentrieren uns auf die
Quantifizierung der Unsicherheit bei der Identifizierung des Trégers, indem wir einen Signifikanztest fiir
eine grofle Menge an potenziellen Kanten durchfiihren. Um gleichméflige Konfidenzregionen fiir eine
hohe Anzahl an Zielparametern zu konstruieren, sind ausreichend schnelle Schéitzraten der Storfunktio-
nen von entscheidender Bedeutung. In diesem Zusammenhang leiten wir gleichméfige Schatzraten und
Sparlichkeitsgarantien fiir den Square-Root-Lasso Schitzer in einem zufélligen Design unter approxima-
tiven Spérlichkeitsbedingungen her, die fiir verwandte Probleme in hoher Dimension von unabhéngigem
Interesse sein konnten. Ebenfalls zeigen wir in umfangreichen Simulationsstudien, dass unsere Methodik

selbst bei kleinen Stichprobenumféngen gute Schétzeigenschaften aufweist.
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