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Abstract
In this dissertation, we study the symmetry properties of quaternionic Kähler manifolds
that arise from the c-map. The c-map is a differential-geometric method to construct
quaternionic Kähler manifolds of negative scalar curvature out of projective special
Kähler manifolds. It can not only be used to recover previously known examples of
explicit quaternionic Kähler manifolds, including all known homogeneous examples with
exception of the quaternionic hyperbolic spaces, but also gives rise to many new and
interesting examples, including manifolds which are not locally homogeneous.
Given a projective special Kähler manifold, its image under the c-map can be constructed as follows. The first step is to canonically construct an associated pseudohyper-Kähler manifold, endowed with a distinguished circle action. Then, we apply the
hyper-Kähler/quaternionic Kähler (HK/QK) correspondence, which assigns a quaternionic Kähler manifold to each such pseudo-hyper-Kähler manifold.
The resulting quaternionic Kähler metric depends on a choice of Hamiltonian function
for the circle action, so in fact we obtain a one-parameter family of quaternionic Kähler
manifolds (N̄, g c ), c ≥ 0, which has been shown to be complete under natural assumptions on the initial projective special Kähler metric. The case c = 0 corresponds to a
distinguished choice of Hamiltonian and g 0 is known as the undeformed c-map metric
while the other members of this family are called (one-loop) deformed c-map metrics.
Because of the simple interpretation of the deformation parameter on the hyper-Kähler
side, we can use the HK/QK correspondence to study the entire family of quaternionic
Kähler metrics simultaneously.
In our study of the symmetry properties of (deformed) c-map metrics, we first ask how
automorphisms of the initial projective special Kähler manifold M̄ are reflected in the
quaternionic Kähler metric of its image (N̄, g c ) under the deformed c-map. We show
that the (identity component of the) automorphism group of M̄ injects into the isometry
group of (N̄, g c ) for every c ≥ 0. Consequently, if Aut M̄ acts with co-homogeneity n,
then Isom(N̄, g c ) acts with co-homogeneity at most n + 1 for c > 0, and n for c = 0.
Next, we study the behavior of the curvature tensor under the HK/QK correspondence
and derive an elegant formula that expresses the curvature tensor of the deformed c-map
metric in terms of data on the hyper-Kähler side of the correspondence. This formula
can be used to place lower bounds on the co-homogeneity of c-map metrics by computing
non-constant curvature invariants. We demonstrate this for a series of examples (N̄n , gnc ),
n ∈ N, c ≥ 0, which arise from CHn , regarded as a homogeneous projective special Kähler
manifold. The undeformed c-map metric gn0 on N̄n ∼
= R4n+3 × S 1 is (locally) symmetric,
but for c > 0 we find a non-constant curvature invariant, proving that the deformed
c-map metrics on these manifolds are of co-homogeneity one.

Finally, we discuss discrete subgroups of the groups of isometries of c-map metrics constructed by the above methods. We outline a method to construct quotients of c-map
spaces which are diffeomorphic to K × R, where K is a compact, locally homogeneous
manifold obtained by dividing out an appropriate discrete group of isometries of the
c-map metric. We work out the details in a simple example, using input from the theory
of quaternion algebras and Fuchsian groups.

Zusammenfassung
Die vorliegende Dissertation beschäftigt sich mit den Symmetrieeigenschaften quaternionischer Kählermannigfaltigkeiten, die sich durch die c-Abbildung ergeben. Die cAbbildung ist eine differentialgeometrische Konstruktion, die jeder projektiven speziellen
Kähler-Mannigfaltigkeit eine quaternionische Kähler-Mannigfaltigkeit negativer Skalarkrümmung zuordnet. Durch die c-Abbildung ergeben sich nicht nur bisher bekannte
Beispiele quaternionischer Kähler-Mannigfaltigkeiten, wie zum Beispiel alle bekannten
homogenen Beispiele mit Ausnahme der quaternionischen hyperbolischen Räume, sondern auch viele interessante neue Beispiele. Dazu gehören insbesondere Mannigfaltigkeiten, die nicht lokal homogen sind.
Gegeben sei eine projektive spezielle Kähler-Mannigfaltigkeit. Ihr Bild unter der cAbbildung wird wie folgt konstruiert: Der erste Schritt besteht darin, eine kanonisch assoziierte Pseudo-Hyper-Kähler-Mannigfaltigkeit, die mit einer kanonischen Kreiswirkung
ausgestattet ist, zu konstruieren. Darauf folgt die Anwendung der Hyper-Kähler/quaternionisch Kähler (HK/QK) Korrespondenz, die jeder solcher Hyper-Kähler-Mannigfaltigkeit eine quaternionische Kähler-Mannigfaltigkeit zuordnet.
Die daraus resultierende quaternionische Kähler-Metrik hängt von der Wahl einer Hamilton-Funktion für die Kreiswirkung ab, sodass man eine Ein-Parameter-Familie quaternionischer Kähler-Mannigfaltigkeiten (N̄, g c ), c ≥ 0, erhält. Unter natürlichen Annahmen an die projektive spezielle Kähler-Metrik wurde bewiesen, dass die quaternionischen Kähler-Metriken vollständig sind. Der Fall c = 0 entspricht einer ausgezeichneten
Wahl der Hamilton-Funktion und g 0 wird als undeformierte c-Abbildungs-Metrik bezeichnet. Die Metriken g c , c > 0, werden als (Ein-Schleifen-)deformierte c-AbbildungsMetriken bezeichnet. Dank der einfachen Interpretation des Deformationsparameters
auf der Hyper-Kähler Seite der Korrespondenz, können wir die HK/QK Korrespondenz
nutzen, um die gesamte Familie (N̄, g c ), c ≥ 0, gleichzeitig zu untersuchen.
Wir untersuchen zuerst, wie sich Automorphismen der anfänglichen projektiven speziellen Kähler-Mannigfaltigkeit M̄ in ihrem Bild (N̄, g c ) unter der (deformierten) c-Abbildung widerspiegeln. Wir beweisen für jedes c ≥ 0 die Existenz einer injektiven Abbildung von der (Identitätskomponente der) Automorphismengruppe von M̄ in die Isometriegruppe von (N̄, g c ). Es sei n ∈ N die Kohomogenität von M̄ unter der Wirkung
von Aut M̄ . Aus unseren Ergebnissen folgt jetzt, dass die Kohomogenität von (N̄, g 0 )
höchstens n und die Kohomogenität von (N̄, g c ), c > 0, höchstens n + 1 ist.
Als Nächstes analysieren wir das Verhalten des Krümmungstensors unter der HK/QK
Korrespondenz. Wir erhalten eine elegante Gleichung, die beschreibt, wie der Krümmungstensor der deformierten c-Abbildungs-Metrik aus der entsprechenden Hyper-Kähler-Mannigfaltigkeit bestimmt wird. Mittels dieser Gleichung ist es möglich, nichtkonstante Krümmungsinvarianten zu berechnen, womit die Kohomogenität der c-Abbil-

dungs-Metriken nach unten beschränkt wird. Dies zeigen wir an einer Folge von Beispielen (N̄n , gnc ), n ∈ N, c ≥ 0, die sich aus der homogenen projektiven speziellen KählerMannigfaltigkeit CHn ergeben. Die undeformierte c-Abbildungs-Metrik gn0 auf N̄n ∼
=
4n+3
1
R
× S ist (lokal) symmetrisch, aber für c ≥ 0 bestimmen wir eine nicht-konstante
Krümmungsinvariante, was beweist, dass die deformierten c-Abbildungs-Metriken von
Kohomogenität eins sind.
Abschließend beschäftigen wir uns mit diskreten Untergruppen von c-Abbildungs-Metriken. Wir skizzieren eine Methode zur Konstruktion von Quotienten von c-AbbildungsRäumen, die diffeomorph zu K × R sind, wobei K kompakt und lokal homogen ist. Wir
erarbeiten die Details in einem einfachen Beispiel unter Verwendung der Theorie der
Quaternion-Algebren und der Fuchsschen Gruppen.
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1 Introduction
1.1 Holonomy and quaternionic Kähler manifolds
For any Riemannian manifold (M, g), we can use the canonically associated Levi-Civita
connection to define the notion of parallel transport along smooth paths in M . For any
such path, this produces a linear isometry between the tangent spaces at the starting
and end points. In particular, for a closed loop based at x ∈ M , we obtain a linear
isometry Tx M → Tx M . Since we can always invert this isometry by considering parallel
transport in the opposite direction along the same loop, these transformations generate a
subgroup of O(Tx M, gx ). We call this the holonomy group. Implicitly assuming that M
is connected—as we will do throughout this work—we can connect any two point in M
by a smooth path, and parallel transport along such a path induces an isomorphism of
the corresponding groups, so we may speak about the holonomy group without reference
to any specific point.
Given a Riemannian manifold (M, g), we may now ask what its holonomy group is. More
generally, one can ask which subgroups of O(n) can occur as the holonomy group of a
Riemannian manifold of dimension n. A celebrated theorem due to De Rham reduces
this question to the case where the holonomy group acts irreducibly on the tangent
space, in which case we call the manifold irreducible:
Theorem 1.1 (De Rham decomposition theorem). Every simply connected and complete
Riemannian manifold is isometric to a Riemannian product of simply connected, complete and irreducible Riemannian manifolds with a Euclidean space. This decomposition
is unique up to ordering.
Early in the twentieth century, Élie Cartan classified the irreducible, simply connected
symmetric spaces and computed their holonomy groups. These manifolds are given by a
so-called symmetric pair (G, H), where G is simply connected and H is connected, such
that M ∼
= G/H and the metric on M is G-invariant. In this case, the holonomy group
turns out to be equal to the isotropy group H. This determines the holonomy groups
of symmetric spaces. The classification of holonomy groups of manifolds which are not
symmetric was settled by Berger:
Theorem 1.2 (Berger, [Ber55]). Let (M, g) be a complete, simply connected and irreducible Riemannian manifold which is not symmetric. Then its holonomy group is one
of the following:
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dim M
n
n = 2m,
n = 2m,
n = 4m,
n = 4m,
n=7
n=8

Holonomy group
m≥2
m≥2
m≥2
m≥2

SO(n)
U(m)
SU(m)
Sp(m) · Sp(1)
Sp(m)
G2
Spin(7)

What is most remarkable about Berger’s list is how short it is: It shows that only a
handful of holonomy groups are allowed in each dimension. One can think of it as
providing a short list of possible flavors of Riemannian geometry, each of which has its
own specific features.
Of course, not much can be said when the holonomy group is SO(n), which is the case
for a generic Riemannian manifold. However, it turns out that all the other holonomy
groups impose strong restrictions on the Riemannian metric. Generally, the stringency of
these restrictions is proportional to the co-dimension of the holonomy group in SO(n).
Correspondingly, the largest class of manifolds with special holonomy (i.e. holonomy
group different from SO(n)) corresponds to the case U(m), which is equivalent to the
requirement that (M, g) is Kähler. There is a wealth of examples of Kähler manifolds,
coming from complex algebraic geometry.
For the other groups appearing in Berger’s list, however, it has turned out considerably more difficult to obtain examples, and their construction remains one of the most
important motivating questions in Riemannian geometry to this day. Broadly speaking, this dissertation should be seen as a contribution to this program. More precisely,
this work concerns the construction of complete manifolds whose holonomy group is
Sp(m) Sp(1).
Definition 1.3. A complete Riemannian manifold (M, g) of dimension 4n, n ≥ 2 is called
quaternionic Kähler if its holonomy group is contained in Sp(n) Sp(1) ⊂ SO(4n), and
hyper-Kähler if its holonomy group is contained in Sp(n) ⊂ SO(4n).
Remark 1.4. The group Sp(n) Sp(1) ∼
= (Sp(n) × Sp(n))/Z2 is defined as follows: Given
A ∈ Sp(n) and q ∈ Sp(1), (±A, ±q) ∈ Sp(n) Sp(1) acts on R4n via v 7→ Av q̄.
Note that the hyper-Kähler condition is a strengthening of the quaternionic Kähler
condition, so hyper-Kähler manifolds are in particular quaternionic Kähler. Therefore,
some authors choose to reserve the name quaternionic Kähler for manifolds which are
quaternionic Kähler but not (locally) hyper-Kähler. As we will see, these are precisely
the quaternionic Kähler manifolds of non-vanishing scalar curvature; we will refer to
them as strict quaternionic Kähler manifolds.
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Remark 1.5. In dimension four, the above definitions need to be modified. To see this,
note for example that Sp(1) Sp(1) = SO(4), so any simply connected four-manifold has
holonomy contained in Sp(1) Sp(1). Instead of discussing this (degenerate) case now, we
postpone the corresponding definitions for four-manifolds to chapter 2.
Let us introduce a useful reformulation of the quaternionic Kähler condition. There is
a general procedure to translate a restriction on the holonomy group of (M, g) into the
existence of parallel geometric structures on M (see e.g. [Bes08]). This correspondence
between holonomy and parallel structures is often referred to as the holonomy principle.
Picking an arbitrary point x ∈ M , we have the holonomy representation on Tx M , and
may use linear algebra to find structures invariant under this representation. These then
lead to parallel structures on M . For instance, if αx is an invariant tensor, let y ∈ M be
arbitrary and let γ be a curve connecting x to y. Denote the induced parallel transport
map by τγ . Now, setting α(y) = τγ (αx ) yields a well-defined tensor field by invariance
of αx .
In the quaternionic Kähler case, we need a slight variation of this idea. The tangent space
Tx M ∼
= R4n admits a hyper-Hermitian structure, determined by three endomorphisms
I1 , I2 , I3 satisfying I12 = I22 = − id and I1 I2 = −I2 I1 = I3 . They are Sp(n)-invariant
but none of them is preserved by the right action of Sp(1), which permutes them. Nevertheless, the three-dimensional linear subspace hI1 , I2 , I3 i ⊂ End(Tx M ) is Sp(1)- and
hence Sp(n) Sp(1)-invariant. Thus, though parallel transport along paths does not necessarily yield globally well-defined parallel almost complex structures, a quaternionic
Kähler manifold admits a rank three bundle Q which admits local frames consisting of
a quaternionic triple of almost complex structures compatible with the metric. Moreover, Q is parallel in the sense that ∇ Γ(Q) ⊂ Γ(T ∗ M ⊗ Q). Note that if M is actually
hyper-Kähler, the Sp(n)-invariance of the three almost complex structures implies the
existence of a triple of parallel (hence integrable) almost complex structures.
The advantage of this approach is twofold. Firstly, it helps to have concrete geometric
structures to work with, rather than an abstract condition on the holonomy, in order to
prove theorems. Secondly, this formulation lends itself well to generalizations in various
directions. For instance, dropping the condition that Q is parallel yields the broader
class of almost quaternionic-Hermitian manifolds, while a change in signature of the
metric is also easily accommodated, allowing us to define pseudo-Riemannian versions
of quaternionic Kähler and hyper-Kähler geometry. Therefore, this is the point of view
that we take in this dissertation.

1.2 The c-map and the HK/QK correspondence
Despite the great interest in the construction of complete quaternionic Kähler manifolds,
there has historically been a shortage of examples. As we will see later on, quaternionic
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Kähler manifolds are automatically Einstein and therefore have constant scalar curvature. Excluding the case where it vanishes, which corresponds to hyper-Kähler geometry,
the theory naturally splits into two parts according to the sign of the scalar curvature.
Besides a few families of symmetric examples, there are no known quaternionic Kähler
manifolds of positive scalar curvature. Their non-existence is in fact a famous conjecture
of LeBrun and Salamon [LS94].
In the case of negative scalar curvature, non-locally symmetric examples are known
to exist. Indeed, Alekseevsky constructed the first non-locally symmetric examples in
his classification of quaternionic Kähler manifolds homogeneous under a solvable group,
which was completed by Cortés [Ale75; Cor96b]. Moreover, a result of LeBrun [LeB91]
shows that there is an infinite-dimensional moduli space of complete quaternionic Kähler
metrics on R4n , suggesting that it ought to be possible to construct many examples. Until
recently, however, explicit examples besides the Alekseevsky spaces were exceedingly
rare.
This changed with the advent of the c-map construction [CFG89; FS90; dWvP92], first
discovered in the context of string theory and supergravity, which was further developed by Cortés and collaborators as a global geometric construction [CHM12; ACM13;
ACDM15; CDS17; CDJL17]. It provides a powerful method to construct quaternionic
Kähler manifolds of negative scalar curvature out of so-called projective special Kähler
(PSK) manifolds. The c-map and the closely related r-map, which can be used to construct PSK manifolds, are shining examples of the deep connections between theoretical
physics and differential geometry. Using these constructions, many new complete quaternionic Kähler manifolds have been constructed, including explicit examples which are
not locally homogeneous [CDJL17].
The quaternionic Kähler metrics that arise from the c-map can be embedded in a oneparameter family of quaternionic Kähler metrics, known as (one-loop) deformed c-map
metrics, first discovered by physicists [RSV06]. This family of metrics has a natural
interpretation in terms of a hyper-Kähler manifold which can be canonically associated
to it by means of the so-called hyper-Kähler/quaternionic Kähler (HK/QK) correspondence [Hay08; ACDM15; MS15]. This hyper-Kähler manifold is equipped with a canonical circle action which is Hamiltonian with respect to one of the complex structures, and
each member of the one-parameter family of metrics on the dual quaternionic Kähler
side corresponds to a choice of Hamiltonian function for this circle action. As a consequence, the HK/QK correspondence can be used to study the entire family of deformed
c-map metrics simultaneously.
In this dissertation, we exploit this fact and use the HK/QK correspondence to study
the c-map and its one-loop deformation. Our focus is on understanding how the HK/QK
correspondence and the c-map interact with symmetries. As we will see, such questions
lead us to consider a rich theory, involving various types of geometric structures and the
often surprising connections that exist between them.
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In chapter 2, we review the general theory of quaternionic Kähler and hyper-Kähler manifolds, including relevant quotient construction and natural bundles over these quaternionic geometries. In particular, we introduce the Swann bundle over a strict quaternionic Kähler manifold, which connects the worlds of (strict) quaternionic Kähler and
hyper-Kähler geometry.
Our next step is to introduce the HK/QK correspondence which combines the Swann
bundle construction and the hyper-Kähler quotient to construct a duality between hyperKähler and quaternionic Kähler manifolds. We give an account of this correspondence,
first discovered by Haydys [Hay08], in chapter 3. After introducing the model case,
which relates T ∗ CPn , endowed with the Calabi metric, to HPn , we discuss how the
HK/QK correspondence can be naturally viewed as a variation on Swann’s twist construction [Swa10], following the elegant treatment of Macia and Swann [MS15].
In this thesis, we are mainly concerned with applying the HK/QK correspondence to
the c-map construction, which is reviewed in chapter 4. We start with an introduction
to special Kähler geometry, and then present the c-map, which assigns a quaternionic
Kähler manifold of negative scalar curvature to every PSK manifold. We outline its
two equivalent formulations: One version provides a direct construction of the c-map
space as a bundle [CHM12; CDS17], while the other makes essential use of the HK/QK
correspondence [ACM13; ACDM15; MS15]. We call them the direct approach and the
twist approach. The interesting interplay between these equivalent but rather different
points of view leads to a rich theory. For instance, it is obvious from the twist approach
that the c-map produces a quaternionic Kähler metric, while this is a highly non-trivial
theorem if one uses the direct approach. On the other hand, the direct construction
is more effective in studying, for instance, the completeness of c-map metrics. We also
introduce the (one-loop) deformed c-map, which extends the c-map by embedding the
resulting metric in a one-parameter family of quaternionic Kähler metrics.
Using the tools developed in the preceding chapters, we study the properties of the
HK/QK correspondence and the (deformed) c-map in chapter 5. We first investigate
the following question: If the initial PSK manifold possesses symmetries, then are these
reflected in the metrics produced by the deformed c-map construction? We answer
this question by proving that every infinitesimal automorphism of the PSK manifold
leads to a Killing field for the corresponding deformed c-map metric. More generally, we
show that the algebra of infinitesimal automorphisms induces a subalgebra of the Killing
algebra of N̄ (see theorem 5.15). If the initial PSK manifold is homogeneous, it follows
from our results that the deformed c-map metric is of co-homogeneity at most one.
The second question that we study is: How does curvature behave under the HK/QK
correspondence? We prove a formula which expresses the curvature of the quaternionic
Kähler metric in terms of data on the corresponding hyper-Kähler manifold, providing
a complete answer, in theorem 5.27. We can view our formula as a refinement of a
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well-known curvature decomposition theorem due to Alekseevsky. Whereas our results
on the c-map in the presence of additional symmetries give lower bounds on the degree
of symmetry of (deformed) c-map metrics, this curvature formula can be used to bound
it from above. For instance, the existence of a non-constant curvature invariant implies
that a manifold is not locally homogeneous. Such invariants can be computed using our
curvature formula. We demonstrate this by computing a non-trivial curvature invariant
for the series of examples introduced in chapter 4. In these examples, the undeformed
c-map metric is the symmetric metric on the non-compact quaternionic Kähler symSU(n,2)
metric space S(U(n)×U(2))
but our results show that the deformed c-map metrics are not
locally homogeneous. Combining this with our other results, we deduce that they are
of co-homogeneity one (see theorem 5.37). We conjecture that the same holds true for
deformed c-map metrics on arbitrary c-map spaces that arise from homogeneous PSK
manifolds.
In chapter 6 we study discrete subgroups of the groups of isometries constructed in
chapter 5, which can be used to construct examples of quaternionic Kähler manifolds with
non-trivial topology by taking quotients. We are in particular interested in co-compact
lattices, which can be constructed by using input from the theory of arithmetic groups.
We restrict ourselves to a case study of a relatively simple example, leaving a more
general discussion for future studies. In this case, we describe how quaternion algebras
and the theory of Fuchsian groups can be applied to construct examples of complete,
eight-dimensional quaternionic manifolds Kähler diffeomorphic to K × R, where K is a
compact, locally homogeneous space.
As explained above, chapters 2 to 4 are mostly of expository nature. Besides some minor new lemmata, this is a synthesis of known results contained in the cited sources.
One exception is the final part of chapter 3, starting from definition 3.25, which extends
results from [CST20a]. The results contained in chapters 5 and 6 are original. Chapter 5 is based on (and extends) work in collaboration with Vicente Cortés and Arpan
Saha, published in the research articles [CST20a; CST20b]. Chapter 6 is a report on
unpublished work in progress with Vicente Cortés and Markus Röser.
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2 Quaternionic geometry
Smooth manifolds are locally modeled on real vector spaces. Endowing such a vector
space with additional structures leads to local models for restricted classes of manifolds.
In this chapter, we study manifolds modeled on quaternionic vector spaces.
Definition 2.1. A 4n-dimensional manifold M is called almost quaternionic if it is endowed with a rank three subbundle Q ⊂ End T M such that every x ∈ M admits a
neighborhood U such that Q|U admits a trivialization by almost complex structures
{I1 , I2 , I3 } such that I1 I2 = −I2 I1 = I3 .
Though Q admits local frames consisting of (local) almost complex structures, there is
no guarantee that these can be used to construct globally non-vanishing sections. In
particular, an almost quaternionic manifold is not necessarily almost complex.
Definition 2.2. An almost quaternionic-Hermitian manifold (M, g, Q) is a Riemannian
almost quaternionic manifold such that the local frames {I1 , I2 , I3 } for Q can be chosen
to consist of skew-symmetric almost complex structures.
Any almost quaternionic manifold admits an almost quaternionic-Hermitian structure,
since an arbitrary Riemannian metric g can be used to produce a compatible metric g̃
by setting
g̃(X, Y ) =


1
g(X, Y ) + g(IX, IY ) + g(JX, JY ) + g(KX, KY )
4

On an arbitrary Riemannian manifold (M, g), a natural bundle metric on End(T M )
such that idT M has unit norm is given by
hA, Bi =

1
tr(AB ∗ )
dim M

where B ∗ denotes the adjoint of B with respect to g. Up to the factor dim M , this is just
the inner product naturally induced on End(T M ) by g. Using the quaternionic algebra
we see that, on an almost quaternionic-Hermitian manifold (M, g, Q), the local almost
complex structures {Ik } determine an orthonormal frame of Q. From now on, we will
always implicitly endow Q with this metric.
Now let (M, Q, g) be almost quaternionic-Hermitian. By contracting with the metric,
we can identify any skew-symmetric endomorphism A of Q with the two-form g(A·, ·);
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V2 ∗
invariantly, what we have is an bundle isomorphism Skew End T M ∼
T M
=
V,2 which
we declare to be an isometry. This map induces an isometric embedding Q ,→
T ∗M ,
and we will henceforth switch freely betweenVthese two points of view. In particular, we
will sometimes regard Q as a subbundle of 2 T ∗ M . The two-forms corresponding to a
local orthonormal frame {Ik } of Q will be denoted by {ωk }.

We can canonically associate certain tensor fields to an almost quaternionic-Hermitian
structure. Given
a local orthonormal frame {ωk } of Q, consider the locally defined tensor
P
field Ω⊗ = k ωk ⊗ωk . In fact, this tensor field is globally defined: Indeed, the transition
functions for the bundle Q can be assumed to take values in SO(3) andP
therefore leave
this tensor field invariant. Anti-symmetrizing, the local expression Ω = k ωk ∧ ωk also
yields a globally defined four-form, which is often called the fundamental four-form of
the almost quaternionic-Hermitian structure.

Before restricting our attention to distinguished classes of quaternionic geometries, we
introduce some general notation and an important computational trick. In certain computations,
V2 it ∗will be useful to treat the metric on equal footing with a (local) frame {ωk }
T M . For this purpose, we introduce I0 = id and ω0 := g. When we perform
of Q ⊂
such computations, Greek indices will be understood to run from 0 to 3, while Latin
indices run from 1 to 3.

To demonstrate the usefulness of considering g and {ωk } simultaneously, consider an
expression of the form
3
X
ωµ (X, Y )ωµ (Z, Iλ W )
µ=0

where X, Y, Z, W are arbitrary tangent vectors, and λ ∈ {0, 1, 2, 3}. Then we may
transfer Iλ to the first factor in the following manner. First, we rewrite the expression
as
3
X
g(Iµ X, Y )g(Iλ−1 Iµ Z, W )
µ=0

Next, we note that the substitution Iµ 7→ Iλ Iµ leaves the expression invariant, since each
Iµ appears twice (so all signs that might appear cancel out). Thus, we find that
3
X
µ=0

ωµ (X, Y )ωµ (Z, Iλ W ) =

3
X

ωµ (X, Iλ−1 Y )ωµ (Z, W )

µ=0

This identity, and its variants, will come in usefully on several occasions.
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2.1 Quaternionic Kähler geometry
The most interesting kinds of almost quaternionic-Hermitian manifolds are those for
which the quaternionic structure bundle is parallel in the appropriate sense.
Definition 2.3. An almost quaternionic-Hermitian manifold (M, g, Q) of dimension at
least 8 is said to be a quaternionic Kähler manifold if the quaternionic structure bundle
Q is preserved by the Levi-Civita connection ∇, i.e. ∇Γ(Q) ⊂ Γ(T ∗ M ⊗ Q).
As discussed in the introductory chapter, this is equivalent to requiring that the holonomy of M is contained in Sp(n) Sp(1) ⊂ SO(4n). The four-dimensional case is exceptional, and a further requirement is necessary in this case:
Definition 2.4. An almost quaternionic-Hermitian four-manifold (M, g, Q) is called quaternionic Kähler if ∇Γ(Q) ⊂ Γ(T ∗ M ⊗ Q) and every J ∈ Γ(Q), acting as a derivation
on the tensor algebra, annihilates the curvature tensor. Concretely, this means
g(R(JX, Y )Z, W ) + g(R(X, JY )Z, W ) + g(R(X, Y )JZ, W ) + g(R(X, Y )Z, JW ) = 0
for every X, Y, Z, W ∈ X(M ).
Remark 2.5. Though we will not show this, this is equivalent to asking (M, g) to be an
(anti-)self-dual (depending on the choice of orientation) Einstein manifold, which means
that it is an Einstein manifold for which the Weyl curvature tensor W is an (anti-)selfdual two-form, i.e. satisfies ?W = ±W . The quaternionic structure bundle turns out to
be nothing but the bundle of (anti-)self-dual two-forms.
Note that, despite the name, quaternionic Kähler manifolds do not constitute a class of
Kähler manifolds (in the language of holonomy, this corresponds to the simple observation that Sp(n) Sp(1) 6⊂ U(2n)). In fact, quaternionic Kähler manifolds generally fail to
admit any almost complex structure at all. Nevertheless, quaternionic Kähler manifolds
can be viewed as a quaternionic analog of Kähler manifolds, in some sense.
Lemma 2.6. On a quaternionic Kähler manifold, the tensor field Ω⊗ is parallel. Conversely, if dim M ≥ 8, (M, g, Q) is almost quaternionic-Hermitian such that ∇Ω⊗ = 0,
then it is a quaternionic Kähler manifold.
Proof. Since we have to check a local property, we may work with respect to a local
orthonormal frame {ωk }. We will check that ∇X Ω⊗ ∈ Γ(Q ⊗ Q) is orthogonal to ωj ⊗ ωk
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for every vector field X and every j, k ∈ {1, 2, 3}:
X
h∇X Ω⊗ , ωj ⊗ ωk i =
h∇X ωl ⊗ ωl + ωl ⊗ ∇X ωl , ωj ⊗ ωk i
l

X
=
h∇X ωl , ωj ihωl , ωk i + hωl , ωj ihωk , ∇ωl i
l

=

X

h∇X ωk , ωj i + hωk , ∇ωj i = Xhωk , ωj i = 0

l

where we used that Levi-Civita connection is compatible with the bundle metric.
⊗ are parallel, so
For the converse, we observe that since the P
Riemannian metric and ΩV

is the orthogonal projection operator PQ = l g(ωl , ·) ⊗ ωl ∈ Γ End( 2 T ∗ M ) ). This
means that PQ (∇X ωk ) = ∇X (PQ (ωk )) = ∇X ωk . But since PQ projects onto Q, this
means that ∇X ωk is already a section of Q. When dim M ≥ 8, this means that (M, g, Q)
is quaternionic Kähler.

Corollary 2.7. On a quaternionic Kähler manifold, the fundamental four-form is parallel.

In fact, the converse holds as well: Ω already determines the full quaternionic Kähler
structure. An elegant way to show that Q is determined by Ω can be found in [ACD03].
The fundamental four-form plays a role which is analogous to the Kähler form on a
Kähler manifold. In the latter case, the covariant derivative of the Kähler form is
controlled by its exterior derivative. In his PhD thesis, Swann proved an analog for
quaternionic Kähler manifolds:
Theorem 2.8 (Swann, [Swa91]). An almost quaternionic-Hermitian manifold of dimension at least 12 is quaternionic Kähler if and only if its fundamental four-form is closed.
In dimension 8, an almost quaternionic-Hermitian manifold is quaternionic Kähler if and
only if its fundamental four-form is closed and the algebraic ideal generated by Q is a
differential ideal.
The analogy between Kähler and quaternionic Kähler manifolds was pursued further by
Kraines [Kra66] and Bonan [Bon67; Bon82], who investigated the topology of quaternionic Kähler manifolds. In particular, for compact quaternionic Kähler manifolds they
deduced certain inequalities between the Betti numbers, and established a quaternionic
analog of the Lefschetz decomposition of the cohomology ring of a compact Kähler manifold. We will not pursue these developments further in this work.
Just as most other geometries appearing in Berger’s list, quaternionic Kähler manifolds
have strongly restricted curvature tensors. We postpone a more extensive discussion
of curvature properties of quaternionic Kähler manifolds to section 2.1.2, but already
mention one of the main results:
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Theorem 2.9 (Berger, [Ber66]). Every quaternionic Kähler manifold is Einstein.
There are multiple proofs, for instance by direct computation or using representation
theory (see, for instance, [Ale68; Sal82; Bes08]). We note some interesting facts that can
be deduced immediately from the proof.
Corollary 2.10. A quaternionic Kähler manifold is Ricci-flat if and only if it is locally
hyper-Kähler.
Furthermore, the computations (presented in detail in [Bes08]) make it clear that, when
the scalar curvature does not vanish, the local almost complex structures {Ik } that span
Q determine the sp(1)-factor of the holonomy algebra h ⊂ sp(n) ⊕ sp(1). In particular,
h always contains this sp(1)-factor. This may be used to show that strict quaternionic
Kähler manifolds are always irreducible.

2.1.1 Examples of quaternionic Kähler manifolds
Since any quaternionic Kähler manifold is Einstein, the theory naturally splits into three
cases according to the sign of the Einstein constant, or equivalently the scalar curvature.
Since the case of vanishing scalar curvature corresponds to hyper-Kähler geometry, we
will not discuss it here, focusing instead on strict quaternionic Kähler manifolds.
The archetypal example of a compact quaternionic Kähler manifold of positive scalar
curvature is quaternionic projective space HPn = (Hn+1 \ {0})/H∗ . It can be viewed a
symmetric space HPn ∼
= Sp(n + 1)/ Sp(n) × Sp(1). When equipped with its symmetric
metric, this manifold is quaternionic Kähler since the holonomy group of a symmetric
space is given by its isotropy group.1 Note, in particular, that HP1 = S 4 is indeed a selfdual Einstein manifold—in fact, its Weyl tensor vanishes identically—and every HPn ,
being an irreducible symmetric space, is Einstein. A classical theorem, easily proven via
characteristic classes, asserts that S 4k , and in particular S 4 , does not admit an almost
complex structure. In fact, HPn does not admit an almost complex structure for any
n ∈ N (a proof can be found in [Mas62]; see also [Hir60]).
The non-compact dual to HPn is quaternionic hyperbolic space Sp(n, 1)/ Sp(n) × Sp(1),
denoted by HHn ; it is the most prominent example of a quaternionic Kähler manifold
with negative scalar curvature. There are further examples of quaternionic Kähler symmetric spaces. These were classified by Wolf [Wol65] and therefore we call them Wolf
spaces. Note that this terminology is not completely standard: Some authors prefer to
refer only to the quaternionic Kähler symmetric spaces of positive scalar curvature as
Wolf spaces.
1

Note that the isotropy group really is Sp(n) Sp(1), not Sp(n) × Sp(1). Indeed, since Sp(n + 1) only
acts nearly effectively on HPn , one could more precisely write HPn ∼
= (Sp(n + 1)/Z2 )/ Sp(n) Sp(1).
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Wolf showed that there is a bijective correspondence2 between quaternionic Kähler symmetric spaces of positive scalar curvature and compact, simple Lie groups (excluding
SU (2)). Their non-compact duals then give the quaternionic Kähler symmetric spaces
of negative scalar curvature. They are listed in table 1.
dim M

G

H

4n
4n
4n
8
28
40
64
112

Sp(n + 1)
SU(n + 2)
SO(n + 4)
G2
F4
E6
E7
E8

Sp(n) × Sp(1)
S(U(n) × U(2))
S(O(n) × O(4))
SO(4)
Sp(3) · Sp(1)
SU(6) · Sp(1)
Spin(12) · Sp(1)
E7 · Sp(1)

Table 1: The Wolf spaces of positive scalar curvature are of the form G/H, where the
pairs (G, H) are given above. Note that G is allowed to act nearly effectively.
Note that the non-compact duals admit compact quotients (by a famous theorem of
Borel [Bor63]), so compact, locally symmetric examples of negative scalar curvature are
known as well. However, since one of the main distinguishing features of quaternionic
Kähler geometry is its appearance in Berger’s list, it is natural that there exists a particular interest in complete examples that are not locally symmetric. These are, under the
assumption of completeness, Riemannian manifolds of holonomy precisely Sp(n) Sp(1).
The search for such examples has proven rather difficult. Let us first consider the case
of positive scalar curvature.
A first place one might look for non-locally symmetric quaternionic Kähler manifolds
is in the broader class of homogeneous spaces. However, in this direction there is the
following no-go theorem:
Theorem 2.11 (Alekseevsky–Cortés, [AC97]). Any strict quaternionic Kähler manifold
which is homogeneous under a unimodular group is symmetric.
Since the isometry group of a compact manifold is compact and therefore unimodular,
one easily deduces:
Corollary 2.12. Every compact, homogeneous strict quaternionic Kähler manifold is symmetric.
2
Because of accidental isomorphisms between low-dimensional Lie groups, not all Wolf spaces in table 1
are distinct. We have Sp(2)/ Sp(1) × Sp(1) ∼
= S4 ∼
= SO(5)/ S(O(1) × O(4)) and SU(4)/ S(U(2) × U(2)) ∼
=
SO(6)/ S(O(2) × O(4)).
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This rules out homogeneous and non-symmetric examples in the case of positive scalar
curvature, since Myers’ theorem implies such manifolds must be compact. In the early
1980’s, a major breakthrough made it possible to attack the problem of existence of nonsymmetric examples without assumptions on the isometry group. It became clear that
quaternionic Kähler 4n-manifolds of positive scalar curvature come with a canonically
associated 4n+2-dimensional Kähler–Einstein manifold of positive scalar curvature (i.e. a
Fano manifold), called its twistor space, which has additional nice properties such as the
existence of a holomorphic contact structure and an anti-linear involution. Crucially,
the complex-geometric properties of the twistor space can be shown to determine the
quaternionic Kähler metric completely (for more information, see section 2.4).
Ideas from complex and algebraic geometry can be used to show that twistor spaces
are severely constrained, which in turn restricts the corresponding quaternionic Kähler
manifolds. In low dimensions, these ideas suffice to show that there are no possibilities
beyond the Wolf spaces. The four-dimensional case is due to Friedrich and Kurke and,
independently, Hitchin [Hit81].3
Theorem 2.13 (Friedrich–Kurke, [FK82]; Hitchin, [Hit81]). Let (M, g) be a self-dual Einstein four-manifold of positive scalar curvature. Then (M, g) is homothetic to either S 4
or CP2 , equipped with their standard metrics.
Remark 2.14. The theorem stated in the paper of Friedrich–Kurke is actually that (M, g)
is either homothetic to S 4 or diffeomorphic to CP2 , but it was pointed out by Hitchin,
in his review of the paper on MathSciNet, that their argument can be easily adapted to
obtain the above version.
The corresponding result in dimension eight was proven by Poon and Salamon:
Theorem 2.15 (Poon–Salamon, [PS91]). Any quaternionic Kähler 8-manifold of positive
scalar curvature is a Wolf space. In other words, it is homothetic to HP2 , Gr2 (C4 ) or
G2 / SO(4).
Not much later, these results were extended by LeBrun and Salamon, who proved the
following rigidity result, valid in arbitrary dimensions:
Theorem 2.16 (LeBrun–Salamon, [LS94]). Up to homothety, there are only finitely many
4n-dimensional quaternionic Kähler manifolds of positive scalar curvature for any n ∈ N.
3

In fact, most people seem to credit only Hitchin with this theorem. Hitchin himself, in his MathSciNet
review of the paper by Friedrich and Kurke, does not take credit (though he notes the strong similarity).
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Furthermore, they proved strong constraints on the second homotopy group (the fundamental group is known to always vanish) as well as the Betti numbers. These result can
all be viewed as strong supporting evidence for their famous conjecture, stated in the
same paper:
Conjecture 2.17 (LeBrun–Salamon). Every quaternionic Kähler manifold of positive scalar curvature is a Wolf space.
As alluded to above, this can be translated to a statement about Fano manifolds endowed
with a holomorphic contact structure. Very recently, advances in complex algebraic
geometry have led to a proof for Fano manifolds of (real) dimension 14 and 18, which
settles the conjecture for quaternionic Kähler manifolds of dimension 12 and 16:
Theorem 2.18 (Buczyński–Wiśniewski–Weber, [BWW18]). The conjecture of LeBrun and
Salamon holds true in dimensions 12 and 16.
It is widely believed that the LeBrun–Salamon conjecture is true in every dimension, but
proving it remains one of the major open problems in quaternionic Kähler geometry.
Let us now give a brief (and incomplete) survey of the case of negative scalar curvature, which is rather different. In classifying quaternionic Kähler manifolds which are
homogeneous under a solvable group, Alekseevsky [Ale75] exhibited two infinite series
of homogeneous examples which are not locally symmetric, showing that the situation
is not as dire as in the positive case. Not much progress was made until about fifteen
years later, when multiple breakthroughs occurred in rapid succession.
Firstly, LeBrun applied techniques from deformation theory in complex algebraic geometry to the twistor space of HHn to prove the following striking result:
Theorem 2.19 (LeBrun, [LeB91]). There exists an infinite-dimensional family of pairwise
distinct deformations of the standard quaternionic Kähler metric on HHn , each member
of which is a complete quaternionic Kähler metric.
In particular, the moduli space of quaternionic Kähler metrics on R4n is infinite dimensional for every n ∈ N. Heuristically, this result says that quaternionic Kähler metrics
with negative scalar curvature occur in abundance. The twistor-theoretic approach to
quaternionic Kähler geometry employed by LeBrun has one major drawback, however.
Although the quaternionic Kähler metric is determined by the complex geometry of its
twistor space in principle, it is typically not practically feasible to explicitly recover the
metric defining the quaternionic Kähler structure. Nevertheless, LeBrun’s theorem indicated that it must be possible to construct additional non-symmetric examples, besides
the spaces considered by Alekseevsky.
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Meanwhile, unbeknownst to most mathematicians at the time, a second major development was taking place in the community of theoretical physicists. A description of the
historical background would lead us too far astray at the moment, so we postpone it to
section 4.1. Suffice it to say that the physicists De Wit and Van Proeyen used physical
reasoning to give strong evidence [dWvP92] that Alekseevsky’s claimed classification
of quaternionic Kähler manifolds, homogeneous under a solvable group (which we will
henceforth call Alekseevsky spaces) was in fact incomplete. Their conjecture was rigorously proven via Lie-theoretic methods by Cortés [Cor96b], completing the classification
of Alekseevsky spaces.
The physical construction used in the work of De Wit and Van Proeyen, and the mathematics that was inspired by it, has led to many further examples of complete quaternionic
Kähler metrics. This class of examples is the main focus of this work, and will be discussed in detail in chapters 4 and 5. For now, we only note it includes manifolds which
are not (even locally) homogeneous, and that the construction yields explicit expression
for the resulting quaternionic Kähler metrics.
Let us name a few other sources of examples, such as the quaternionic Kähler quotient
construction (see e.g. [Gal91]), which we review in section 2.3. In the four-dimensional
case and assuming the existence of a Killing field, there is a local characterization in
terms of solutions to the so-called SU(∞) Toda equation [Tod97]. Work of Calderbank
and Pedersen [CP02] in the four-dimensional case has been extended by physicists to give
a local description of quaternionic Kähler 4n-manifolds with n + 1 commuting Killing
fields, see [RVV10].

2.1.2 Curvature and Killing fields
One of the reasons for the great interest in manifolds with reduced holonomy is that they
have interesting curvature properties. Indeed, we have seen that quaternionic Kähler
manifolds are always Einstein, but not Ricci-flat unless they are locally hyper-Kähler.
This distinguishes them among the flavors of geometry appearing in Berger’s list, which
are all Ricci-flat except for the cases SO(n) (generic) and U(n) (Kähler), which are so
broad that not much can be said about their curvature properties.
Before we continue our discussion of the curvature of quaternionic Kähler manifolds, we
introduce some notation to help simplify the following expressions. Firstly, on a 4nscal
manifold M , we will call ν = 4n(n+2)
the reduced scalar curvature. Next, we introduce
some tensor fields which behave algebraically like curvature tensors.

Definition 2.20. We say a (0, 4)-tensor field on a manifold M is an algebraic curvature
tensor if it possesses the algebraic symmetries of the (lowered) Riemann curvature tensor.
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We shall occasionally apply this terminology to (1, 3)-tensor fields if the corresponding
(0, 4)-tensor, obtained by contracting with a Riemannian metric, is an algebraic curvature tensor.
Definition 2.21. Given a real vector space V , we define two linear maps (V ∗ )⊗4 →
(V ∗ )⊗4 as follows. For Φ ∈ (V ∗ )⊗4 and X, Y, Z, W ∈ V , we set
Φ? (X, Y, Z, W ) := Φ(X, Z, Y, W ) − Φ(X, W, Y, Z) + Φ(Y, W, X, Z) − Φ(Y, Z, X, W )
and
Φ: (X, Y, Z, W ) := Φ? (X, Y, Z, W ) + 2Φ(X, Y, Z, W ) + 2Φ(Z, W, X, Y )
Taking V to be the tangent spaces of a manifold M , we obtain maps of (0, 4)-tensor
fields on M . For (0, 2)-tensors α and β, we set α ? β := (α ⊗ β)? and define α : β
in analogous fashion. Note that, in this way, the first map reduces to the Kulkarni–
Nomizu product. It is well-known that this product produces an algebraic curvature
tensor when it is applied to two symmetric bilinear forms. On two-forms, however, the
resulting (0, 4)-tensor may fail to satisfy the Bianchi identity. The :-product remedies
this by constructing an algebraic curvature tensor out of two arbitrary two-forms.
With this notation, we can introduce the simplest, yet most important, example.
Example 2.22. Consider HPn , equipped with its symmetric metric with reduced scalar
curvature 1. Then the Riemann curvature tensor is given by


3
X
1
g(R(X, Y )Z, W ) = − g ? g +
ωk : ωk (X, Y, Z, W )
8

(2.2)

k=1

where {ωk } is an arbitrary (local) orthonormal frame of Q ⊂

V2

T ∗ HPn .

The paramount importance of this example derives from the following curvature decomposition theorem of Alekseevsky:
Theorem 2.23 (Alekseevsky, [Ale68]). The Riemann curvature tensor R of a quaternionic
Kähler manifold M is of the form R = νR0 + R1 , where R0 is formally the curvature
tensor of HPn , and R1 is an algebraic curvature tensor of hyper-Kähler type. This means
that R1 is trace-free and commutes with every section of Q.
Remark 2.24. R1 is sometimes called the quaternionic Weyl curvature of M .
As a corollary, we observe that the Ricci tensor of a quaternionic Kähler manifold is
determined by the Ricci tensor of quaternionic projective space. Since the latter is
Einstein, this gives a simple argument why every quaternionic Kähler manifold must be
Einstein. As a related application of this important theorem, we see that the curvature
R of Q is completely determined by the curvature of HPn :
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Proposition 2.25. Let {Ik } be a local orthonormal frame for Q. Then
g(Ik , R(X, Y )Il ) = g(Ik , [R(X, Y ), Il ]) = ν

3
X

klm ωm (X, Y )

m=1

where klm denotes the (totally anti-symmetric) Levi-Civita symbol, and X, Y are arbitrary tangent vectors.
Proof. Since the quaternionic Weyl curvature commutes with every section of Q, it
suffices to compute [R0 (X, Y ), Ik ], where R0 is given by (2.2). Using this expression, we
have


X
−8g([R0 (X, Y ), Ik ]Z, W ) = g ? g +
ωl : ωl (X, Y, Ik Z, W )
l



+ g?g+
=

3
X
µ=0

X
l


ωl : ωl (X, Y, Z, Ik W )

ωµ : ωµ (X ⊗ Y ⊗ Ik Z ⊗ W + X ⊗ Y ⊗ Z ⊗ Ik W )

− 4g(X, Y )(g(Ik Z, W ) + g(Z, Ik W ))
Note that the summation in the final expression runs from 0 to 3, and that ω0 = g. The
second line clearly vanishes, so we are left with
−4g([R0 (X, Y ), Ik ]Z, W ) =

3 
X

ωµ (X, Ik Z)ωµ (Y, W ) + ωµ (X, Z)ωµ (Y, Ik W )

µ=0

− ωµ (X, W )ωµ (Y, Ik Z) − ωµ (X, Ik W )ωµ (Y, Z)

+ 2ωµ (X, Y ) ωµ (Ik Z, W ) + ωµ (Z, Ik W )
X
=
− ωµ (X, Z)ωµ (Y, Ik W ) + ωµ (X, Z)ωµ (Y, Ik W )
µ

+ ωµ (X, Ik W )ωµ (Y, Z) − ωµ (X, Ik W )ωµ (Y, Z)

+ 2ωµ (X, Y ) ωµ (Ik Z, W ) + ωµ (Z, Ik W )
X
=2
ωµ (X, Y )g([Iµ , Ik ]Z, W )
µ

=2

3
X

g([Im , Ik ]Z, W )ωm (X, Y )

m=1

where we used (2.1) on the first and third terms. We deduce that
[R0 (X, Y ), Ik ] =

1X
[Ik , Im ]ωm (X, Y )
2 m
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Now, we use that [Ik , Im ] = 2

P

and {Ik } is an orthonormal frame and find
X
klm ωm (X, Y )
g(Ik , [R0 (X, Y ), Il ]) =
n kmn In

m

which was our claim.

Corollary 2.26. For any quaternionic Kähler manifold M with non-vanishing
scalar curV2 ∗
vature, the curvature of Q induces an injective bundle map Q →
T M ⊗ Q.
Proof. Recalling that the local two-forms {ωk } are non-degenerate, this follows directly
from the statement of the above proposition.

Using canonical isometries between certain bundles on M , we obtain various other interpretations of R which appear in the literature. For instance, since Q is an oriented rank three vector bundle, there is a bundle isometry  : Skew End Q → Q
whichPgeneralizes (minus) the cross productP
familiar from R3 . We define  by sending
1
∗
A = i,j Aij Ii ⊗Ij ∈ Γ(Skew End Q), to − 2 i,j,k Aij ijk Ik ∈ Γ(Q). Under this identifi
P
V
cation (note that it sends I2∗ ⊗ I3 7→ −I1 !) we find R = ν k ωk ⊗ Ik ∈ Γ 2 T ∗ M ⊗ Q .
Contracting with the metric, we may also write R = νΩV⊗ . Finally, dualizing in one
2 ∗
T M → Q is the orthogof the factors, we can interpret
V2 ∗R as νPQ , where PQ :
T M (which we previously encountered in the proof of
onal projection onto Q ⊂
lemma 2.6).
Another important fact, which we will make use of later on, is that the infinitesimal
isometries of a quaternionic Kähler manifold are automatically compatible with the
quaternionic structure in the following sense:
Proposition 2.27. Any Killing field X on a complete quaternionic Kähler manifold of
non-zero scalar curvature preserves the quaternionic structure bundle Q.
P
Proof. Using a local frame {ωk } for Q, define local one-forms {αjk } via ∇ωj = k αjk ⊗
ωk . Applying Cartan’s formula and writing exterior derivatives in terms of covariant
derivatives, we have
X

LX ωj =
αjk (X)ωk − αjk ∧ ιX ωk + dιX ωj
k

We rewrite the last term. Using ∇(ιX ωj ) = ι∇X ωj +

P

dιX ωj (U, V ) = ωj (∇U X, V ) − ωj (∇V X, U ) +

k

αjk ⊗ ιX ωk we see that

X
k
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which means that
(LX ωj )(U, V ) =

X

αjk (X)ωk (U, V ) + ωj (∇U X, V ) − ωj (∇V X, U )

k

=:

X

αjk (X)ωk (U, V ) + (ωj (∇X, ·))alt (U, V )

k

Thus, it suffices to prove that (ωj (∇X, ·))alt is a section of Q. Using the fact that X is
a Killing field, we obtain
(ωj (∇X, ·))alt (U, V ) = g(∇Ij V X, U ) − g(Ij ∇V X, U ) = g([∇X, Ij ]V, U )
This means that we have to show that [∇X, Ij ] is a section Q—now regarded as a bundle
of endomorphisms. In other words, ∇X must normalize the sp(1)-factor of the holonomy
algebra.
Now, there are two different cases to consider. If our manifold is locally symmetric,
its Killing algebra is explicitly known and the condition can be checked to hold in
each case [ACDV03]. If this is not the case, we know that the holonomy algebra is
sp(n) ⊕ sp(1). Then our claim follows from a more general statement due to Kostant:
Lemma 2.28 (Kostant, [Kos55]). Let X be a Killing field on a Riemannian manifold.
Then ∇X ∈ Γ(End T M ) normalizes the holonomy algebra h.
Proof. First note that LX commutes with the Levi-Civita connection on account of X
being a Killing field. Now let Y, Z be arbitrary vector fields. Then
∇Y (∇X)(Z) = [∇Y , ∇X]Z = [∇Y , (∇X − LX )]Z = −R(X, Y )Z
By the Ambrose–Singer theorem [AS53], R(X, Y ) lies in h. Now consider the (pointwise)
decomposition ∇X = (∇X)h + (∇X)⊥ , where the first part is contained in h and the
second term is orthogonal to h. Because parallel transport preserves h, it also preserves
its orthogonal complement, which means that ∇Y (∇X)h ∈ h and ∇Y (∇X)⊥ ∈ h⊥ . But
then our first identity shows that (∇X)⊥ must in fact be parallel, i.e. commutes with h.
Since (∇X)h ∈ h certainly normalizes h, we conclude that ∇X does too.
Thus, ∇X actually normalizes the full holonomy algebra sp(n) ⊕ sp(1), completing our
proof.

2.2 Hyper-Kähler geometry
In the introduction, we discussed why a hyper-Kähler structure, defined in terms of
holonomy, is equivalent to the following definition:
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Definition 2.29. An almost quaternionic-Hermitian manifold (M, g) is called hyperKähler if Q admits a global trivialization {I1 , I2 , I3 } by almost complex structures which
satisfy I1 I2 = −I2 I1 = I3 and are covariantly constant.
These almost complex structures are automatically integrable, by definition of the Nijenhuis tensor. In fact, it suffices to assume that the corresponding two-forms {ωk } are only
closed, rather than parallel, to obtain a hyper-Kähler structure. This is a well-known
lemma due to Hitchin [Hit87]. Thus, g is a Kähler metric with respect to each of these
complex structures, justifying the name hyper-Kähler. Moreover, as noted in our discussion of quaternionic Kähler manifolds, hyper-Kähler metrics are always Ricci-flat.
There is yet another point of view on hyper-Kähler geometry, which has been exploited to
great effect by algebraic geometers. Given a hyper-Kähler structure on a manifold
V2M ,∗we
can pick a preferred complex structure, say, I1 . Now notice that $ = ω2 +iω3 ∈
TC M
is of type (2, 0) with respect to I1 . Indeed, for anti-holomorphic X ∈ Γ(T 0,1 M ) and
arbitrary Y ∈ Γ(TC M ), we have I1 X = −iX and therefore
−ω3 (X, Y ) + iω2 (X, Y ) = ω2 (I1 X, Y ) + iω3 (I1 X, Y ) = −iω2 (X, Y ) + ω3 (X, Y )
Thus, ιX $ = 0 for every X ∈ Γ(T 0,1 M ), as claimed. Since $ is clearly closed, the type
¯ = (d$)2,1 = 0 and thus $ is holomorphic; it is moreover
decomposition shows that ∂$
non-degenerate.
Definition 2.30. A complex manifold (M, I) endowed with a holomorphic, non-degenerate two-form is called holomorphic symplectic.
Thus, every hyper-Kähler manifold can be viewed as a Kähler manifold which is also
holomorphic symplectic. The holomorphic symplectic structure is parallel, and conversely a Kähler manifold with parallel holomorphic symplectic structure is hyperKähler: On the level of holonomy groups this corresponds to the observation that
Sp(n) = U(2n) ∩ Sp(2n, C). The existence of a holomorphic symplectic structure gives
another way to see that hyper-Kähler manifolds must be Ricci-flat, since its n-fold exterior power gives a trivialization of the canonical bundle, whose curvature is the Ricci
form.
Under the additional assumption of compactness, the assumption that the holomorphic
symplectic structure is parallel may be dropped:
Theorem 2.31 (Beauville, [Bea83]). Let (M, I) be a compact complex manifold admitting
a Kähler metric and a holomorphic symplectic structure. Then M admits a unique
hyper-Kähler metric in every Kähler class.
The proof uses Yau’s resolution of the Calabi conjecture to produce a Ricci-flat Kähler
metric from triviality of the canonical bundle. The holomorphic symplectic structure is
then shown to be parallel by a Bochner-type formula.
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2.2.1 Examples of hyper-Kähler manifolds
In contrast to the situation for strict quaternionic Kähler manifolds, there exist no hyperKähler symmetric or indeed even homogeneous spaces except flat manifolds. This is a
consequence of the general fact that the only compact and Ricci-flat homogeneous spaces
are flat tori. In fact, a more general result holds:
Theorem 2.32 (Alekseevsky–Kimelfeld, [AK75]). Every Ricci-flat homogeneous space is
flat, i.e. the direct product of a Euclidean space and a flat torus.
Thus, the basic model for a hyper-Kähler manifold is just the vector space Hn , equipped
with its flat hyper-Kähler structure. Splitting q ∈ Hn into a pair (z, w) of complex
vectors satisfying q = z + wj, the standard hyper-Kähler structure on this space is
determined by the tensor fields
X
g=
dzl dz̄l + dwl dw̄l
l


iX
ω1 =
dzl ∧ dz̄l + dwl ∧ dw̄l
2
l

1X
ω2 =
dzl ∧ dwl + dz̄l ∧ dw̄l
2
l

1 X
ω3 =
dzl ∧ dwl − dz̄l ∧ dw̄l
2i

(2.3)

l

Accordingly,
P the holomorphic symplectic form with respect to the complex structure I1
is $1 = dzl ∧ dwl . This structure corresponds to viewing Hn as the cotangent bundle
of Cn .
A small number of compact examples is known. The K3 surface, which we may define—
as a smooth manifold—as a smooth quartic hypersurface in CP3 , was the only known
compact hyper-Kähler manifold until Beauville [Bea83] constructed examples in every
dimension. An extreme scarcity has persisted however, as noted in [Bea11]. This review
lists two infinite families, which yield one example in every dimension, and two additional
examples (one each in dimensions 12 and 20), as the only compact examples up to
deformation. In the same paper, it is conjectured that there are only finitely many
compact hyper-Kähler manifolds (up to deformation) in every dimension.
The situation is rather different if one asks for manifolds which are only complete: Many
examples of complete, non-compact hyper-Kähler manifolds are known. A rich source of
such examples is the hyper-Kähler quotient construction, which we review in section 2.3.
A representative sample is given in the expository paper [Hit92], in which the following
families of examples are discussed (among others):
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(i) ALE spaces, which are minimal resolutions of C2 /Γ, where Γ ⊂ SU(2) is a finite group. The hyper-Kähler quotient construction for these examples is due to
Kronheimer [Kro89].
(ii) Co-adjoint orbits of complex semi-simple Lie groups, originally constructed as
hyper-Kähler quotients in the papers [Kro90; Kov96; Biq96].
(iii) The moduli space of stable Higgs bundles with structure group G on a Riemann
surface Σ or, equivalently, the moduli space of irreducible GC -representations of
π1 (Σ). The resulting hyper-Kähler structure was originally described in [Hit87].
(iv) The space of based rational maps f : CP1 → CP1 of fixed degree, as described in
the book [AH88].
Further examples that admit a similar description include the quiver varieties first described by Nakajima [Nak94], which provide a generalization of Kronheimer’s construction. We should mention that some of these examples can also be obtained by twistortheoretic means.
It is remarkable that many of these interesting examples arise from quotients by linear actions on symplectic vector spaces (in some cases, these are infinite-dimensional).
Another, perhaps even more important observation is that there are strong ties to mathematical physics. Indeed, in most cases the hyper-Kähler structure is found by realizing
the manifold as the moduli space of solutions to certain differential equations with physical significance.
Here, a central role is played by the Yang–Mills equations and particularly their specialization to the (anti-)self-duality equations. For instance, the hyper-Kähler structure
on third and fourth items in the above list were found by showing that the relevant
spaces can be identified with the moduli spaces of solutions to Hitchin’s equations and
the Bogomolny equation, respectively. These equations arise naturally by considering
solutions to the self-duality equations on R4 which are invariant under translations in
two, respectively one, direction.
In certain simple settings, hyper-Kähler metrics can be constructed via other methods.
Especially the question of existence of hyper-Kähler structures on cotangent bundles of
complex manifolds has been studied in great detail. It is reasonable to hope for a hyperKähler structure on such spaces, since they naturally carry a holomorphic symplectic
structure. The first positive result in this direction is due to Calabi, who constructed
a hyper-Kähler metric on T ∗ CPn , which is now commonly referred to as the Calabi
metric.
Calabi’s construction was generalized to the broader class of cotangent bundles of compact Hermitian symmetric spaces G/H by Biquard and Gauduchon [BG97]. They construct a complete hyper-Kähler metric which is invariant under the action of G and
extends the symmetric Kähler metric on the base in the sense that it restricts to this
metric on the zero section. They prove that these two properties uniquely characterizes
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the metric, and explicitly describe it in terms of a global Kähler potential (with respect
to one of the complex structures). This formula generalizes the one given by Calabi for
T ∗ CPn .
Biquard and Gauduchon also considered the dual symmetric spaces of non-compact type,
and proved that, in this case, there is once again a unique, G-invariant hyper-Kähler
metric extending the base metric. The big difference is that, in this case, it can only
be defined on an open neighborhood of the zero section, and is incomplete. This local
construction was vastly generalized independently by both Feix and Kaledin:
Theorem 2.33 (Feix, [Fei01], Kaledin [Kal99]). If (M, g, I) is a real-analytic Kähler manifold, then a neighborhood of the zero section of its cotangent bundle carries a unique
(up to bundle automorphisms) hyper-Kähler metric h which restricts to g on the zero
section and is invariant under the U(1)-action given by multiplication by unit complex
numbers in the fibers.
Remark 2.34. Kaledin’s result originally appeared as part of the book [KV99].
Though the hyper-Kähler metric is generally incomplete and only locally defined, one
recovers the metrics of Calabi and Biquard–Gauduchon when M is a Hermitian symmetric space of compact type. These constructions on cotangent bundles are closely
related to the hyper-Kähler quotient constructions mentioned above. Indeed, Biquard
and Gauduchon [BG] exhibit an explicit diffeomorphism between T ∗ M , where M is a
compact Hermitian symmetric space, and an appropriate co-adjoint orbit, and prove
that the hyper-Kähler metric they constructed coincides with the metric obtained on
the orbit by the hyper-Kähler quotient construction.
Finally, we mention that if one allows for indefinite signature, there are further examples of pseudo-Kähler manifolds whose cotangent bundles carry a pseudo-hyper-Kähler
structure. We will encounter these spaces in the next chapter.

2.2.2 Curvature and Killing fields
In the statement of Alekseevsky’s decomposition theorem for the curvature tensor of
quaternionic Kähler manifolds, we encountered the notion of a curvature tensor of hyperKähler type. Of course, this terminology is consistent: The curvature tensor of a hyperKähler manifold is of hyper-Kähler type. Indeed, hyper-Kähler manifolds are Ricciflat, i.e. traceless, and the curvature endomorphisms generate the holonomy algebra
h ⊂ sp(n), and therefore commute with sections of the quaternionic structure bundle
Q.
Let us now consider a complete and irreducible hyper-Kähler manifold equipped with a
Killing field X. To study its interaction with the quaternionic structure bundle Q, we
recall the proof of proposition 2.27. Kostant’s lemma shows that the endomorphism field
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∇X normalizes the holonomy algebra sp(n) and must therefore lie in sp(n) ⊕ sp(1) ⊂
so(4n). In conclusion, X preserves Q or equivalently the fundamental
four-form Ω, which
P
in the hyper-Kähler case can be written globally as Ω = k ωk ∧ ωk .
Given a strict quaternionic Kähler manifold, this is all one can ask for, but in the hyperKähler case a refinement is possible. Indeed, we now have a global frame for Q and can
study the action of X on it. In particular, we may ask if X preserves each of the three
complex structure Ik independently.
Definition 2.35. An isometric group action on a hyper-Kähler manifold (M, g, Ik ) is
called tri-holomorphic if it preserves each of the complex structures Ik .
But this is not the only possibility, as we now show. Viewing Q as a bundle of two-forms
and using that each ωk is parallel, we have LX ωk = −∇X · ωk , where (∇X · ωk )(Y, Z) =
−ωk (∇Y X, Z) − ωk (Y, ∇Z X). This means that the action of X on Q is C ∞ (M )-linear.
Moreover, the quaternionic relations Ik2 = I1 I2 I3 = − id force it to be skew, i.e. LX ∈
so(Q) ∼
= so(3). The action on Q it generates is therefore a one-parameter subgroup of
SO(3). Such a subgroup is either trivial—this is the tri-holomorphic case—or fixes a
single complex structure while rotating its orthogonal complement.
Definition 2.36. A Killing field X on a hyper-Kähler manifold (M, g, Ik ) which fixes
one of the complex structures and acts by an so(2)-transformation on its orthogonal
complement is called rotating.
If we are dealing with only one such Killing field we may assume, possibly after picking a
different frame for Q and rescaling X, that LX I1 = 0 and LX I2 = I3 while LX I3 = −I2 .
With this terminology, the above discussion can be summarized as follows:
Proposition 2.37. A Killing field on a complete and irreducible hyper-Kähler manifold
is either tri-holomorphic or rotating.

2.3 Group actions and quotient constructions
When it comes to the construction of interesting manifolds, group actions provide one
of fundamental tools. The foundational result is that the quotient of a smooth manifold
by a smooth group action with nice topological properties inherits a smooth structure.
Moreover, if the original manifold is endowed with additional geometric structures and
the action is compatible with them, these can usually be pushed down to the quotient
manifold. In this section, we review how to make this general philosophy precise in a
number of situations. In particular, we recall the hyper-Kähler and quaternionic Kähler
quotient constructions, largely following the exposition of [HKLR87] and [GL88].
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The most general quotient construction concerns a smooth manifold M , equipped with
a smooth group action G y M , where G is a connected Lie group. The following is
well-known:
Proposition 2.38. If G y M is a principal—free and proper, that is—action, then M/G
admits a unique smooth structure such that the projection map π : M → M/G is a
smooth submersion.
In light of this result, we will deal only with principal group actions G y M in the
remainder of this section.
If M comes equipped with a Riemannian metric, one may try to induce a Riemannian
metric on M/G by lifting tangent vectors to M and using the given metric. Of course,
one cannot reasonably expect this to work out unless this metric is independent of our
choice of lifting, i.e. “constant” along the G-orbits in a suitable sense. Put more precisely,
one must require that G acts isometrically. Then, everything works out as one might
hope:
Proposition 2.39. Let G y (M, g) be a principal, isometric action on a Riemannian
manifold. Then M/G admits a Riemannian metric such that the projection map π :
M → M/G is a Riemannian submersion.
Proof. By assumption, M has the structure of a principal G-bundle over M/G. At a
point x ∈ M , the vertical subspace Vx ⊂ Tx M is spanned by the generating vector
fields of the action, i.e. the image of g under the differential (at the identity) of the orbit
map ϕx : G → M . Taking orthogonal complements at each point, we obtain a horizontal
subbundle H ⊂ T M which is in fact a principal connection, because G acts isometrically.
Now consider tangent vectors X, Y ∈ Tp G/M , where p ∈ π(x). Using the linear isomorphism dπx , these correspond uniquely to tangent vectors X̃, Ỹ in Tx M . Now we
define a Riemannian metric ĝ on M/G by setting ĝp (X, Y ) := g(X̃, Ỹ ). This expression
is independent of our choice of x ∈ π −1 (p) by invariance of g, and ĝ is positive-definite
because g is. By construction, π∗ : (H, g|H ) → (T M/G, ĝ) is pointwise a linear isometry,
which means that π is a Riemannian submersion.
ˆ on the quotient is
We also note that, in this situation, the Levi-Civita connection ∇
ˆ X Y = (π∗ ◦ H)(∇ Ỹ ), where H denotes orthogonal projection onto H, and
given by ∇
X̃
X̃, Ỹ are horizontal lifts of the vector fields X, Y . Indeed, it is easy to check that this
connection is metric-compatible and torsion-free.
Another, rather different type of structure is provided by the presence of a symplectic
form on M . In this case, it is not possible to directly define an induced symplectic
structure on the quotient manifold by lifting tangent vectors, even if G y (M, ω) is
compatible with the symplectic structure. The simplest way to see this is by noticing
that dim M/G = dim M − dim G is odd if G is odd-dimensional, so that M/G cannot
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possibly be symplectic. This problem was overcome by Marsden and Weinstein, who
invented what is now called the symplectic quotient construction. Their crucial insight
was to make use of certain functions naturally associated to the group action.
A group action is called symplectic if it acts by symplectomorphisms. This is the case if
and only if for every generating vector field X, the one-form ιX ω is closed. Locally, this
implies the existence of a function µX such that ιX ω = −dµX .
Definition 2.40. We say that a symplectic group action G y (M, ω) is Hamiltonian if,
for every generating vector field X, there exists a function µX : M → R which satisfies
ιX ω = −dµX . This function is said to be a Hamiltonian function for X.
1 (M ; R) = 0 or H 1 (g; R) = 0, any symplectic G-action on
Remark 2.41. If either HdR
M is Hamiltonian. The former holds by definition of the De Rham cohomology groups.
To see the latter, recall that H 1 (g; R) = 0 if and only if g = [g, g] (this is the case, for
instance, if g is semi-simple). Now observe that, for generating vector fields X, Y , the
following identity holds: ι[X,Y ] ω = LX (ιY ω) = d(ιX ιY ω) + ιX d(ιY ω) = d(ιX ιY ω), since
LY ω = 0. Thus, any generating vector field of the form [X, Y ] admits a Hamiltonian
function.

Example 2.42. Let (V, ω) be a real, symplectic vector space and consider the group Sp(V )
of linear symplectomorphisms of V . We will give an expression for the corresponding
Hamiltonian functions. The generating vector field corresponding to X ∈ g—which we
d
will denote by the same symbol—is given by Xv = dt
exp(tX) · v = X · v, where
t=0
we have implicitly identified V and its tangent spaces. Now consider the function µX
defined by µX (v) := − 21 ω(X · v, v). Then
dv µX (w) = −

1d
2 dt

ω(X · (v + tw), v + tw) = −ω(X · v, w)
t=0

where we used the fact that X ∈ sp(V ) is skew with respect to ω. Thus, µX is a
Hamiltonian function for X.
The Hamiltonian functions corresponding to a Hamiltonian G-action can be conveniently
assembled into a single map. Given X ∈ g, define µ : M → g∗ by setting µ(p)(X) :=
µX (p), where p ∈ M is arbitrary.
Definition 2.43. We call µ a moment map for the G-action if it is equivariant with
respect to the co-adjoint action G y g∗ .
Remark 2.44. A moment map can be found for any Hamiltonian action of a compact
and connected Lie group. To see this, recall that such a group is, up to finite covering,
the product of a compact and connected semi-simple Lie group and a torus, so it suffices
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to check the claim for these two classes of Lie groups. On the one hand, the existence of a
moment map for a given Hamiltonian G-action is guaranteed (see, for instance, [GS90])
if H 2 (g; R) = 0, which holds for semi-simple Lie groups by Whitehead’s lemma. On
the other, let T n y (M, ω) be a Hamiltonian action, denote the Hamiltonian function
of X by κX and define Rκ : M → t∗ by hκ(p), Xi = κX (p) for all X ∈ t. Now define
µ : M → g∗ by µ(p) := T n (g ∗ κ)(p)dg, where the integral is Rtaken with respect to the
invariant (Haar) measure on T n . Then we have µ(p)(X) = T n (g ∗ κX )(p)dg =: µX (p)
and consequently
Z
g ∗ (ιX ω)(p)dg

dµX (p) = −

Tn

But g ∗ (ιX ω) = ιX ω; let us verify this infinitesimally. If Y is a generating vector field,
LY ιX ω = ι[X,Y ] ω, but this vanishes since T n is Abelian. We conclude that dhµ(p), Xi =
−ιX ω, and since µ is T n -invariant by construction we are done.
Proposition 2.45 (Marsden–Weinstein, [MW74]). Let G y (M, ω) be a principal, Hamiltonian group action with moment map µ. Then, for every ad∗ -invariant element ξ ∈ g∗ ,
µ−1 (ξ)/G is a symplectic manifold of dimension dim M − 2 dim G, with symplectic form
ω̂ determined by π ∗ ω̂ = ι∗ ω, where π : µ−1 (ξ) → µ−1 (ξ)/G is the projection map and
ι : µ−1 (ξ) ,→ M denotes inclusion.
Proof. First, we check that µ has maximal rank, so that µ−1 (ξ) is always a submanifold.
The kernel of the differential of µ at x ∈ M consists of all V ∈ Tx M such that ω(V, X) = 0
for every generating vector field X. Since G acts freely and ω is non-degenerate, this
subspace (g · x)⊥ω has dimension dim M − dim G, and the rank-nullity theorem now
implies that every x is a regular point for µ.
Because µ is equivariant and ξ is central, we see that G preserves µ−1 (ξ), so the quotient
µ−1 (ξ)/G is well-defined and has dimension dim M − 2 dim G. Proceeding as in the
Riemannian setting, we define the two-form ω̂ as follows. Given X, Y ∈ Tp µ−1 (ξ)/G,
choose any lifts X̃, Ỹ to Tx µ−1 (ξ), where x lies in the fiber over p. Now set ω̂(X, Y ) :=
ω(X̃, Ỹ ). Compared to the Riemannian case, we now do not have a distinguished choice
of horizontal lift at each point, but that is no matter: Any two lifts X̃ differ by some
element in the vertical tangent space Vx = (g · x) ⊂ Tx µ−1 (ξ) = (g · x)⊥ω ⊂ Tx M , and
therefore are evaluated identically by ω. Note the identity π ∗ ω̂ = ι∗ ω, which implies
that ω̂ is a closed form.
Finally, we observe that ω̂ is non-degenerate. Indeed, if ιX ω̂ = 0 then ιX̃ ω|(g·x)⊥ω =
π ∗ (ιX ω̂) = 0, hence X̃ ∈ ((g · x)⊥ω )⊥ω = (g · x) ⊂ Tx µ−1 (ξ), so that π∗ (X̃) = X = 0.
Definition 2.46. In the above setting, µ−1 (ξ)/G is called the symplectic quotient of M
by G at level ξ, and denoted by M //G if no confusion can arise about the level.
Combining Riemannian and symplectic structures, one is naturally lead to consider
Kähler manifolds and their quotients.
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Proposition 2.47. Let (M, g, ω) be a Kähler manifold and consider a principal, Hamiltonian action G y (M, g, ω) by isometries with moment map µ. Then the symplectic
quotient M //G inherits a natural Kähler structure.
Proof. We take an ad∗ -invariant element ξ ∈ g∗ and consider the submanifold µ−1 (ξ),
with inclusion map ι : µ−1 (ξ) ,→ M , and projection map π : µ−1 (ξ) → µ−1 (ξ)/G and
consider the Riemannian metric ĝ and symplectic form ω̂ constructed in the preceding
propositions. In particular, we identify the tangent spaces to M //G with the horizontal
subspaces of T µ−1 (ξ). It now suffices to show that the complex structure I on M
descends to an orthogonal almost complex structure which is parallel with respect to the
Levi-Civita connection of ĝ—its integrability then follows.
First, we check that I preserves the horizontal subbundle H ⊂ T µ−1 (ξ). As a subbundle
of T M , it is the orthogonal complement of g ⊕ {grad µX | X ∈ g} ⊂ T M , and this
latter bundle is a complex subbundle. Indeed, we have g(grad µX , Y ) = dµX (Y ) =
−g(IX, Y ), i.e. grad µX = −IX. Thus, I descends to an almost complex structure Iˆ
ˆ Y ) = ω̂(X, Y ). Moreover, the Levi-Civita connection satisfies
on M //G satisfying ĝ(IX,
∗
ˆ
ˆ
π ∇ = H∇, and I is ∇-parallel and commutes with H. Therefore, Iˆ is ∇-parallel
as
ˆ
well, and (ĝ, I, ω̂) defines a Kähler triple on M //G.
Specializing even further to the hyper-Kähler setting, we have a triple of complex structures which behave like the imaginary quaternions, and correspondingly a triplet of
symplectic structures. If a group action is Hamiltonian with respect to each of them,
we call it tri-Hamiltonian. If we additionally have three moment maps µi , i = 1, 2, 3,
it is natural to bunch them together into a single map µ : M → g∗ ⊗ Im H, defined as
µ = µ1 i + µ2 j + µ3 k = µ1 i + (µ2 + iµ3 )j. We call µ the hyper-Kähler moment map.
Proposition 2.48 (Hitchin et al., [HKLR87]). Let G y (M, g, ω1 , ω2 , ω3 ) be a principal,
tri-Hamiltonian action by isometries on a hyper-Kähler manifold. Then, for any ad∗ invariant element ξ ∈ g∗ and imaginary quaternion q, µ−1 (ξ ⊗ q)/G is a hyper-Kähler
manifold.
Proof. From the holomorphic symplectic point of view on hyper-Kähler geometry, it is
natural to consider the moment map of the holomorphic symplectic form with respect to
I1 , which is ΩI1 = ω2 + iω3 . Its complex moment map µ+ = µ2 + iµ3 is holomorphic—
indeed, its differential is easily seen to be of type (1, 0)—and therefore its level set defines
a complex submanifold of M . Regarding M as Kähler with respect to I1 , we have an
induced Kähler structure on this level set, to which we can apply the Kähler quotient
construction to obtain a Kähler structure on µ−1 (ξ ⊗ q)/G. Repeating this procedure
for I2 and I3 leads to a triple of Kähler structures on µ−1 (ξ ⊗ q)/G which satisfy the
same algebraic conditions as on M : We have obtained a hyper-Kähler structure.
The resulting hyper-Kähler manifold is known as the hyper-Kähler quotient of M by G
(at level ξ), and denoted by M ///G.
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On a hyper-Kähler manifold M , the bundle Q ⊂ End T M defining the quaternionic
structure is globally trivialized by the complex structures I1 , I2 and I3 . We can therefore
view the hyper-Kähler moment map as a section of the trivial bundle g∗ ⊗Q → M , whose
fibers are copies of g∗ ⊗ Im H. On a quaternionic Kähler manifold this point of view still
makes sense, so though Q is no longer trivial, this reformulation suggests a generalization
of the usual notion of moment map to the quaternionic Kähler setting.
Proposition 2.49 (Galicki–Lawson, [GL88]). Let G act isometrically on a quaternionic
Kähler manifold (M, g) with non-zero
scalar curvature, and let X ∈Pg. Then there exists
V
a unique section µX of Q ⊂ 2 (T ∗ M ) which satisfies ∇µX = − j ιX ωj ⊗ ωj , where
{ωj }i=1,2,3 is any local orthonormal frame for Q.
X
Proof. Firstly, note that the right-hand side of the defining
P equation for µ is indeed
a global object, since the (locally defined) tensor field j ωj ⊗ ωj is invariant under
change of frame.
The strategy of proof is to assume the existence of a solution to
P
∇µX = − j ιX ωj ⊗ ωj and reconstruct µX . To do so, we exploit the fact that the
curvature of Q is tensorial (rather than a differential
operator). Indeed, applying d∇ to
P
both sides of the equation and writing ∇ωj = k αjk ωk for local connection one-forms
{αjk }, we find

X
X
X
X
R(µ ) = −
dιX ωj −
αjk ∧ ιX ωk ⊗ ωj =: −
βj ⊗ ωj
j

j

k

Crucially, this is an algebraic equation for µX ; our task is to solve it. Since the curvature is injective (in the sense of corollary 2.26), uniqueness is automatic once we prove
existence. All that remainsVis to prove that the right-hand side lies in the image of the
elecurvature tensor R : Q → 2 T ∗ M ⊗ Q. Using proposition
P
P 2.25, we can characterize
ments of im R as those Q-valued two-forms of the form j Fj ⊗ ωj where Fj = k γjk ωk
with γjk = −γkj , so P
we should prove that βj is
invariantly, we need
 form. MoreP
V2of that
∗ M such that
T
to show that βj =
γ
ω
∈
Γ(Q)
⊂
Γ
jk
k
k
j βj ∧ ωj = 0 and
γjk = −γkj (the latter is automatic if the dimension is at least eight).
Since X preserves Q (cf. proposition 2.27), we know that LX ωj ∈ Γ(Q). Moreover, we
have
X
X
LX ωj = dιX ωj + ιX
αjk ∧ ωk = βj +
αjk (X)ωk = βj + ∇X ωj
(2.4)
k

k

This
 γjk satisfy γjk = −γkj . Moreover, from
P shows that βj ∈ Γ(Q) and its
Pcoefficients
α
(X)ω
∧
ω
=
0
and
L
ω
∧
ω
j
j = 0 one obtains
X
k
j,k jk
j j
0=

X
j

(LX ωj ) ∧ ωj =

X

βj ∧ ωj

j

which is what we needed to show.
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Recalling the bundle isometry  : Skew End Q → Q, which we introduced in section 2.1,
we obtain a nice expression for µX :
Corollary 2.50. In the above notation, µX = ν1 (∇X − LX ).
P
Proof. Expanding µX = j µX
j ωj , we have
R(µX ) =

X
j,k

µX
k Rkj ⊗ ωj = −

X

βj ⊗ ωj

j

1
(∇X − LX )|Q . Using proposition 2.25
where βj = (LX − ∇
PX )ωj by (2.4). Now set B = ν P
X
to
write
R
=
ν

ω
,
we
find
B
=
−
ij
kj
m jkm m
k µk ijk and consequently (B) =
P X
X
k µk ωk = µ , as claimed.

Definition 2.51. Let G y M be an isometric action on a quaternionic Kähler manifold
of non-zero scalar curvature. Then the unique section µ of the bundle g∗ ⊗ Q which
satisfies µ(p)(X) = µX (p) for every p ∈ M and X ∈ g is called the quaternionic moment
map for the action.
The uniqueness of the quaternionic moment map implies that it is always equivariant
with respect to G.
As a section of the generally non-trivial vector bundle g∗ ⊗ Q, the only level set of the
quaternionic moment map which is well-defined is its vanishing locus µ−1 (0), so it is this
submanifold that is used for the corresponding quotient construction.
Proposition 2.52 (Galicki–Lawson). Let G y (M, g) be a principal, isometric action on
a quaternionic Kähler manifold of non-vanishing scalar curvature. Then µ−1 (0)/G is
naturally endowed with the structure of a quaternionic Kähler manifold.
Proof. We will prove the statement for dim M ≥ 8. The case dim M = 4 is discussed in
detail in [GL88].
Using the same arguments as for symplectic and Kähler quotients, we see that µ is
always transversal to the zero section, and that the metric on µ−1 (0) descends to the
quotient. We have to check that Q descends as well. Around a point x ∈ µ−1
P(0), we
can trivialize Q with a local frame {ωk }. For X ∈ g, we can now write µXj = k µX
k ωk
and, analogous to the (hyper-)Kähler case, have H⊥ = g ⊕ hgrad µX
|
X
∈
gi.
This
k
bundle P
is invariant under each Ik . Indeed, the moment map condition implies that
X
dµX
j µj αjk = −ιX ωk , and the second term on the left-hand side vanishes on
k +
µ−1 (0). This means that, on µ−1 (0), the equation g(Ij X, Y ) = −g(grad µX
j , Y ) holds for
every X ∈ g.
We conclude that Q descends to µ−1 (0)/G, turning it into an almost quaternionicHermitian manifold. Because Q is preserved by the Levi-Civita connection on M and
commutes with the orthogonal projection onto the horizontal subbundle of T µ−1 (0), the
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quaternionic structure bundle is also preserved by the Levi-Civita connection on the
quotient. This shows that we have a quaternionic Kähler structure.
Of course, the manifold produced by this construction is called the quaternionic Kähler
quotient of M with respect to G. We denote it by M /// G, just as in the case of a
hyper-Kähler quotient, when no confusion can arise as to which of the two is meant.
We remark that all these quotient constructions generalize to the pseudo-Riemannian
setting with no changes, under the additional assumption that the metric restricts to a
non-degenerate bilinear form on the distribution g of tangent vectors to the orbits.

2.4 Bundle constructions
We have already encountered twistor spaces in our survey of the known examples of
quaternionic Kähler and hyper-Kähler manifolds. They provide a way to encode the
quaternionic geometry in complex-geometric data on a bundle over the quaternionic
base. Though they will not play an important role in the rest of this thesis, their
importance in the general theory of quaternionic manifolds justifies discussing them at
some length. Next, we will introduce the notion of a Swann bundle, which provides a
bridge between quaternionic Kähler and hyper-Kähler geometry.

2.4.1 Twistor theory
Perhaps surprisingly, the initial conception of twistor theory is due to the physicist
Penrose, who envisioned it as an approach to the quantization of Einstein’s theory of
general relativity. He argued that a spacetime containing a single graviton (the quantum
particle corresponding to the gravitational field) should be (the complexification of)
an (anti-)self-dual Einstein four-manifold of Lorentzian signature, and outlined how its
metric properties can be encoded in the complex geometry of a bundle of this space,
whose fiber over every point is a copy of CP1 [Pen76] (see [War78] for a clear exposition).
Techniques from algebraic geometry can then be applied to these curves, which we may
call twistor lines, to prove theorems about the base manifold.
The idea was quickly taken up by a group of mathematicians, led by Atiyah, who formulated a Riemannian version of the twistor construction (also called the Penrose transform).
Example 2.53. We can think of the four-sphere as the quaternionic projective line HP1 =
(H2 \ {0})/H∗ . Identifying H2 ∼
= C4 , we see that there is a natural fiber bundle CP3 →
1
HP . Thinking of a quaternionic line [q] ∈ HP1 as a linear subspace of complex dimension
two, we see that the fiber over it, which is the space of complex lines contained in [q], is
just a copy of CP1 . This casts CP3 as the twistor space of S 4 .
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Twistor theory was applied with great success in the study of self-dual four-manifolds
[AW77; AHS78; ADHM78]. Naturally, a generalization to manifolds of higher dimension
was highly sought-after. This was achieved by Simon Salamon, who showed that twistor
theory could be generalized to quaternionic Kähler manifolds of any dimension. The
crucial insight is that Penrose’s twistor space of an Einstein self-dual four-manifold is
nothing but the (total space of the) sphere bundle of the quaternionic structure bundle.
Let us clarify this remark, and show how it naturally leads to a complex structure. We
first consider a more general situation. Let (M, g) be an oriented Riemannian manifold
of even dimension. Fixing a point x ∈ M , the tangent space Tx M ∼
= R2n admits
many complex structures: The space of complex structures compatible with the given
inner product and orientation is SO(2n)/ U(n). In this way, we may construct a bundle
π : E → M with fiber SO(2n)/ U(n), canonically associated with the SO(2n)-principal
frame bundle of M .
The most important property of E is that it always carries an almost complex structure. The Levi-Civita connection of (M, g) induces a splitting T E ∼
= V ⊕ H, where
the vertical subbundle V consists of tangent vectors along the fiber, which is a copy of
SO(2n)/ U(n), and H ∼
= π ∗ T M . With respect to this splitting, we may define an almost
complex structure as follows (see e.g. [Sal85] for more details). The fiber Ex is a copy of
the Hermitian symmetric space SO(2n)/ U(n), and the complex structure on this space
induces an almost complex structure JV on the vertical tangent bundle. Given a point
J ∈ Ex , think of it as a complex structure on Tx M . The linear isomorphism HJ ∼
= Tx M
then induces a complex structure on HJ , which is really just J itself. Doing this at every
point yields a tautological almost complex structure JH on H, and J = JV ⊕ JH now
defines an almost complex structure on E. The almost complex manifold (E, J) is called
the twistor space of (M, g).
If we started with a surface Σ, each fiber of E consists of a single point and we recover
the structure of a Riemann surface. In case M is a four-manifold, the fibers are copies of
SO(4)/ U(2) ∼
= CP1 , and the twistor space is a CP1 -bundle. Given this almost complex
manifold, we may ask if it is actually complex: Is J integrable? For dim M = 2, this
question is of course trivial. It was already noticed in [AHS78] that the integrability of
J is equivalent to the self-duality of the base manifold in the four-dimensional case. In
higher dimensions the manifold must actually be conformally flat, i.e. its Weyl curvature
vanishes [Sal86]. This very restrictive condition shows that it is too much to ask (E, J)
to be complex.
However, when the base manifold (M, g) is quaternionic Kähler, the frame bundle can be
reduced to an Sp(n) Sp(1)-principal bundle, so we can restrict our attention to the bundle
of complex structures on the tangent spaces which are compatible with the Sp(n) Sp(1)structure. Let us check what the fiber of such a bundle is:
Sp(n) Sp(1) ∩ SO(4n) ∼ Sp(n) Sp(1) ∼ Sp(1) ∼
=
=
= CP1
Sp(n) Sp(1) ∩ U(2n)
Sp(n) U(1)
U(1)
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Its description as an associated bundle to the Sp(n) Sp(1)-principal frame bundle shows
that it is nothing but the sphere bundle of the quaternionic structure bundle Q.
Definition 2.54. Let (M, g, Q) be a quaternionic Kähler manifold. Then we say that
Z := S(Q) is its twistor space.
The fundamental property of Z is that the natural almost complex structure constructed
above is integrable.
Theorem 2.55 (Salamon, [Sal82]). Let (M, g, Q) be quaternionic Kähler. Then its twistor
space (Z, J) is a complex manifold.
The twistor space also arises naturally if one attempts to generalize the properties of Wolf
spaces. Indeed, Wolf not only identified the quaternionic Kähler symmetric spaces, but
observed that his classification matched the classification of compact, simply connected,
homogeneous holomorphic contact manifolds by Boothby [Boo62].
Definition 2.56. Let X be a complex manifold of complex dimension 2n+1. We say that
X carries a holomorphic contact structure if there exists a codimension-one holomorphic
distribution D ⊂ T 1,0 X which is maximally non-integrable.
Wolf’s most important contribution in [Wol65] was to provide an a priori reason for the
bijective correspondence between homogeneous holomorphic contact manifolds and Wolf
spaces of positive scalar curvature by exhibiting the former as a fiber bundle over the
latter, with fiber CP1 . With the benefit of hindsight, we can say that Wolf exhibited
the twistor fibration for these symmetric examples.
Sp(n+1)
Sp(n+1)
Example 2.57. The twistor space of HPn ∼
= Sp(n)×Sp(1) is Sp(n)×U(1) ∼
= CP2n+1 . As in
the case n = 1, the fiber over [q] ∈ HPn should be understood as the space of complex
lines lying in [q].

Boothby’s results imply that, besides carrying a holomorphic contract structure, the
twistor spaces of the compact Wolf spaces admit a Kähler metric. Salamon proved the
following generalization of Boothby’s results:
Theorem 2.58 (Salamon, [Sal82]). Let (M, g, Q) be a quaternionic Kähler manifold and
denote its twistor space by Z.
(i) If (M, g) has non-vanishing scalar curvature, Z carries a holomorphic contact structure.
(ii) If the scalar curvature of M is positive, Z carries a canonical Kähler–Einstein
metric ĝ of positive scalar curvature such that π : (Z, ĝ) → (M, g) is a Riemannian
submersion with totally geodesic fibers.
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Remark 2.59.
(i) In particular, the first Chern class of the twistor space of a quaternionic Kähler
manifold of positive scalar curvature is positive. In other words, it is a Fano
manifold. Moreover, a simple computation due to Kobayashi [Kob59] shows that
the integral class c1 (Z) is divisible by n + 1, where dimC Z = 2n + 1. Such Fano
manifolds are severely restricted, and this in turn restricts quaternionic Kähler
manifolds since, by a theorem of LeBrun, every holomorphic contact manifold that
admits a Kähler–Einstein metric is a twistor space [LeB95].
(ii) An inspection of the proof given in [Bes08] shows that, in case the scalar curvature
of (M, g) is negative, one obtains a pseudo-Kähler–Einstein metric on Z.
Salamon further showed how to encode various aspects of the quaternionic geometry in
the holomorphic data of its twistor space. In particular, the vector space of Killing fields
of a strict quaternionic Kähler manifold is identified with the space of global holomorphic
sections of the vertical tangent bundle of Z [Sal82]. As in the four-dimensional case,
the twistor construction can always be inverted to recover the quaternionic geometry
(highly non-explicitly). The precise statement, which we will not give here, is due to
LeBrun [LeB89].
Let us now briefly consider the twistor construction for hyper-Kähler manifolds; more
details can be found in [HKLR87]. Our definition for twistor spaces for quaternionic
Kähler manifolds of course still applies, but in the hyper-Kähler case the twistor bundle
is trivial and we have Z = M × S 2 as a smooth manifold. Here, it turns out that it
is advantageous to consider the projection onto the second factor, p : Z → CP1 , rather
than the previously considered bundle structure π : Z → M . The projection p : Z → S 2
casts Z as as a holomorphic fiber bundle. The fiber over J ∈ CP1 is the Kähler manifold
(M, J), and for each x ∈ M we have a holomorphic section J 7→ (x, J) of p, whose image
is called a twistor line. These twistor lines are invariant under the antipodal map on
S 2 , and all have the same normal bundle (namely C2n ⊗ p∗ O(1)) in Z. If we want to
be able to recover the hyper-Kähler manifold from Z, we must also keep track of the
holomorphic symplectic structure
on each fiber of the projection. This is encoded by a
V
holomorphic section of π ∗ 2 T ∗ M ⊗ p∗ O(2), non-degenerate on the fibers of p. Hitchin
et al. [HKLR87] show that, for any complex manifold Z endowed with such holomorphic
data, the space of sections invariant under the antipodal map naturally inherits the
structure of a hyper-Kähler manifold for which Z is the twistor space.

2.4.2 Swann bundles
Swann discovered a way to connect hyper-Kähler and quaternionic Kähler geometry
even more tightly. To each quaternionic Kähler manifold of non-zero scalar curvature,
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he assigns a conical (pseudo-)hyper-Kähler manifold [Swa90; Swa91]. In this section, we
review this construction. We start by studying such conical manifolds.
Definition 2.60. A (pseudo-)hyper-Kähler manifold is called conical if it admits a vector
field X which satisfies ∇X = idT M .
On a conical hyper-Kähler manifold (M, g, Ik ) (or any conical manifold, for that matter),
the natural function κ = 21 g(X, X) plays a distinguished role, since one easily checks
that ∇dκ = g, i.e. the metric is given by the Hessian of κ. This implies that ddcIk κ =
−dIk∗ dκ = d(g(Ik X, ·)) = 2ωk , where the final step follows from a short computation.
Thus, κ is a (global) Kähler potential for every complex structure compatible with the
hyper-Kähler structure, and is therefore called a hyper-Kähler potential. The existence
of a hyper-Kähler potential, the Hessian condition on g and the requirement that the
manifold be conical are in fact all equivalent (see [Ion19] for a clear exposition).
Let us now investigate the quaternionic span HX = hX, I1 X, I2 X, I3 Xi. Since
Pthe complex structures Ik are parallel, [X, Ik X] = 0, and moreover [Ij X, Ik X] = 2 l jkl Il X,
where jkl is the Levi-Civita symbol. We conclude that HX determines a Lie algebra
isomorphic to R ⊕ sp(1). Let us also note that Ik X is ωk -Hamiltonian with Hamiltonian
κ. More generally, each Ik X is a Killing field and we have
LIj X ωk (Y, Z) = dιIj X ωk (Y, Z) = d(g(Ik Ij X, ·))(Y, Z) = g(Ik Ij Y, Z) − g(Ik Ij Z, Y )
X
=2
kjl ωl
l

In particular, each of the generators of sp(1) is a rotating Killing field (as per definition 2.36).4 Identifying sp(1) with Im H, we can summarize this by saying that q ∈ sp(1)
acts on the Im H-valued two-form ω = ω1 i + ω2 j + ω3 k by Lq ω = [ω, q].
Definition 2.61. We say that an infinitesimal Sp(1)-action by Killing fields on a hyperKähler manifold (M, g, ωk ) permutes the complex structures, or is permuting, if Lq ω =
[ω, q] for every q ∈ sp(1) ∼
= Im H.
Thus, a conical hyper-Kähler manifold carries a infinitesimal Sp(1)-action which permutes the complex structures.
In fact, Swann [Swa91] shows that the existence of a hyper-Kähler potential is sufficient
to construct this infinitesimal action. Conversely, assume we have a local Sp(1)-action
generated by the vector fields {X1 , X2 , X3 } such that I1 X1 = I2 X2 = I3 X3 (clearly,
each equals −X in the conical case) and such that Xk is ωk -Hamiltonian. Then Swann
proves that (M, g, ωk ) admits a hyper-Kähler potential κ. Thus, modulo some technical
4

Note that the normalization here is different from the one discussed below definition 2.36. They are
related by a factor − 12 .
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requirements, the existence of an infinitesimal permuting Sp(1)-action is equivalent to
requiring the hyper-Kähler manifold to be conical.
Now let us consider a strict quaternionic Kähler manifold (M, g, Q) and show how to
construct a bundle over it with a conical hyper-Kähler structure. From the quaternionic
Kähler data, we construct the principal SO(3)-bundle P (Q) of oriented, orthonormal
frames of the quaternionic structure bundle Q. Now we may consider its Cartesian
product with R>0 ; call the resulting space U(M ). This is the smooth manifold on which
Swann constructs a (pseudo-)hyper-Kähler structure. It is a fiber bundle over M whose
fibers are copies of SO(3) × R>0 ∼
= H∗ /Z2 , and we can alternatively construct it as an
associated bundle to P (Q). For this, recall that for q ∈ Sp(1) and arbitrary p ∈ Im H,
the assignment q 7→ (p 7→ qpq −1 ) defines the universal covering map Sp(1) → SO(3),
whose kernel is Z2 . This yields the standard action on Im H ∼
= R3 , which extends to an
∼
action on H = R ⊕ Im H by acting trivially on the first factor. It induces a well-defined
action on the quotient H∗ /{±1}. Denoting this action by ρ, we may view U(M ) as the
associated bundle P (Q) ×ρ H∗ /Z2 .
Theorem 2.62 (Swann, [Swa91]). Let (M, g, Q) be quaternionic Kähler manifold with
non-vanishing reduced scalar curvature ν. Then U(M ) = P (Q) ×ρ H∗ /Z2 carries a
(pseudo-)hyper-Kähler metric h and has the structure of a (pseudo-)hyper-Kähler cone
whose hyper-Kähler potential function is given by the norm-squared on the fibers.
Sketch of Proof. We outline the proof given in [Ion19]. On M , we can re-encode the local
connection one-forms
P {αjk } of the Levi-Civita connection in the one-forms {θk } defined
through ∇ωk = 2 l,m klm θl ⊗ ωm . We assemble these into an Im H-valued one-form θ
and analogously build an Im H-valued two-form ω out of an oriented local orthonormal
frame {ωk } of Q. Now, for q ∈ H∗ , we may locally construct the Im H-valued two-form
ω̃ =

ν
qω q̄ + (dq − qθ) ∧ (dq − qθ)
2

on M × H∗ . Since it is quadratic in q, this form descends to M × H∗ /Z2 . In fact, it
yields a globally well-defined two-form on U(M ). On a pair of overlapping trivializing
open sets U, V ⊂ M , the local frames are related by an SO(3)-valued transition function,
whose pointwise action can be written as ωV 7→ uωU u−1 , where u ∈ Sp(1) is a lift of
the SO(3)-element. Since θV = uθU u−1 + udu−1 and qV = ±qU u−1 , ω̃ is seen to be
invariant, hence globally defined. Note that |q| is also well-defined globally.
One may now verify, though we will not do so, that the components of ω̃ define a
(pseudo-)hyper-Kähler structure (i.e. they are closed and satisfy the necessary algebraic
conditions). The metric can be written locally as
h=

ν
g |q|2 + |dq − qθ|2
2

which reveals the necessity of the assumption that ν 6= 0. This also makes it clear that
h is positive-definite if ν > 0 and is otherwise of signature (4, 4n).
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It is not surprising, in light of our earlier discussion, that the conical structure of U(M )
derives from fiberwise left-multiplication by quaternions. In particular, the conical vector
field corresponds simply to the fiberwise Euler vector field, whose corresponding hyperKähler potential is |q|2 .
Definition 2.63. The bundle U(M ), equipped with its (pseudo-)hyper-Kähler structure,
is called the Swann bundle of (M, g, Q).
Swann bundles are characterized among all hyper-Kähler manifolds, at least locally, by
the existence of a permuting Sp(1)-action:
Theorem 2.64 (Swann, [Swa91]). Let (N, h, ωk ) be a hyper-Kähler manifold which carries
a free and isometric Sp(1)-action such that
(i) There is a finite subgroup Γ ⊂ Sp(1) such that Sp(1)/Γ acts freely.
(ii) Sp(1) acts transitively on the sphere of complex structures compatible with the
hyper-Kähler structures.
(iii) If Xk denotes a generator of the U(1)-subgroup preserving Ik , then Xk is ωk Hamiltonian and the rank one distribution spanned by Ik Xk is k-independent.
Then, if µ is a moment map for one of the generators Xk (with respect to ωk ). Then.
for every x ∈ R, M = µ−1 /(Sp(1)/Γ) is a quaternionic Kähler manifold and (N, h, ωk )
is locally homothetic to the Swann bundle over M .
Remark 2.65. This result holds in the pseudo-Riemannian case as well, under the assumption that the restriction of h to the tangent spaces to the Sp(1)-orbits is nondegenerate. This case is relevant for quaternionic Kähler manifolds of negative scalar
curvature.
Thus, the quaternionic Kähler structure on M can be recovered from the Swann bundle.
The twistor space of M is recovered in similar fashion. It is obtained by taking the Kähler
quotient with respect to the above-mentioned U(1)-subgroup, rather than all of Sp(1).
Its (pseudo-)Kähler structure is then immediately apparent. The equivalence of the
Swann bundle to the quaternionic Kähler geometry manifests itself in various concrete
situations. For instance, a Killing field of M lifts to a tri-Hamiltonian Killing field on
U(M ). More generally, a principal action by isometries on the quaternionic Kähler base
leads to a tri-Hamiltonian principal action by isometries on the Swann bundle. A proof
of this claim, along with an expression for the corresponding hyper-Kähler moment map,
is given in [Swa91].
Returning to our recurring example HPn , there is an obvious bundle with fiber H∗ /Z2
over it: (Hn+1 \{0})/Z2 . This is indeed the Swann bundle of HPn ; its hyper-Kähler structure descends from the flat hyper-Kähler structure on Hn+1 \ {0}, which Z2 -invariant.
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The norm-squared defines its hyper-Kähler potential and the local Sp(1)-action corresponds to quaternionic multiplication. Now consider the following sequence of bundle
maps:
(Hn+1 \ {0})/Z2
RP4n+3
CP2n+1
HPn
We already encountered the final bundle map, which is the twistor bundle. The real
projective space RP4n+3 is the total space of the SO(3)-principal bundle P (Q) over M ;
it carries a so-called 3-Sasakian structure. In fact, for any quaternionic Kähler manifold
of positive scalar curvature, P (Q) carries such a structure [BG08]. The map RP4n+3 →
CP2n+1 , which arises from the construction of the twistor space as the associated bundle
P (Q) ×std S 2 , can be thought of as the Z2 -quotient of the Hopf fibration S 1 → S 4n+3 →
CP2n+1 .
More generally, Swann [Swa91] gives an explicit Lie-theoretic description of the Swann
bundles of the compact Wolf spaces as nilpotent co-adjoint orbits.
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correspondence
The hyper-Kähler/quaternionic Kähler correspondence (henceforth HK/QK correspondence) was discovered by Haydys [Hay08]. We saw that, given a quaternionic Kähler
manifold M of dimension 4n, the Swann bundle construction yields a (4n+4)-dimensional
conical hyper-Kähler manifold U(M ) which fibers over it. Moreover, isometric group actions on the base lift to actions which are compatible with the conical hyper-Kähler
structure on the Swann bundle. In particular, an isometric circle action on M lifts to an
isometric and tri-Hamiltonian circle action on U(M ) which commutes with the conical
H∗ /Z2 -action.
Haydys [Hay08] considered this situation, and in particular the hyper-Kähler quotient
U(M ) /// S 1 , which is a second hyper-Kähler manifold whose dimension equals that of
the original quaternionic Kähler manifold. His crucial insight was that the hyper-Kähler
quotient can be in some sense inverted, allowing one to reconstruct (most of) the hyperKähler geometry “upstairs”. The inverse of the Swann bundle construction then yields
a quaternionic Kähler manifold. Before introducing the general procedure, we motivate
it by introducing the model case of the HK/QK correspondence, which relates T ∗ CPn
to the quaternionic projective space HPn .

3.1 The model case
Consider the space Hn+1 of (n+1)-tuples of quaternions. Thinking of it as the cotangent
bundle of Cn+1 , we split q ∈ Hn+1 into a pair (z, w) of complex vectors satisfying
q = z + wj. The standard hyper-Kähler structure on this space is determined by the
tensor fields given in equation (2.3), and the holomorphic
symplectic form with respect
P
to the complex structure I1 is $1 = ω2 + iω3 =
dzl ∧ dwl .
The diagonal action of U(1) on Cn+1 naturally induces a circle action on Hn+1 which
sends (z, w) 7→ (eiθ z, e−iθ w). Alternatively, one can think of this action as arising from
the standard action Hn+1 x S 1 by multiplication from the right. Since this action is
isometric and triholomorphic, we can apply the hyper-Kähler quotient construction.
Lemma 3.1. The function µ : Hn+1 → Im H given by µ(q) =
Kähler moment map for the above circle action.

1
2

P

l ql iq̄l

is the hyper-
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Proof. The vector field generating the circle action is

X ∂
∂
∂
∂
zl
X=i
− z̄l
− wl
+ w̄l
∂zl
∂ z̄l
∂wl
∂ w̄l
l

and therefore
ιX ω1 = −

1X
1
(z̄l dzl + zl dz̄l − w̄l dwl − wl dw̄l ) = − d(|z|2 − |w|2 )
2
2
l

and
ιX (ω2 + iω3 ) = i

 X

X
(wl dzl + zl dwl ) = d i
z l wl
l

l

so the hyper-Kähler moment map is µ = 12 (|z|2 − |w|2 )i − i ~z · w
~ j. On the other hand,
if q = z + wj is a quaternion, the formulas z = 12 (q − iqi) and w = − 12 (q + iqi)j can be
used to check that
qiq̄ = (|z|2 − |w|2 )i − 2izwj
and the claim follows directly. Note that the moment map is equivariant (i.e. invariant,
since S 1 is Abelian): µ(q · eiθ ) = qeiθ ie−iθ q̄ = qiq̄.
We may use any level set of the moment map to perform the hyper-Kähler quotient. In
fact, there are essentially only two distinct possibilities, namely zero and non-zero level
sets. To see this, we make use of the standard H∗ -action on Hn+1 , by left multiplication.
If we additionally equip Im H with the H∗ -action given by p · q = pq p̄, it is easy to
see that the hyper-Kähler moment map is H∗ -equivariant. Since the latter action is
transitive on Im H \ {0}, any two nonzero level sets are related to each other by some
p ∈ H∗ . Therefore, the fact that H∗ commutes with the triholomorphic S 1 -action and
acts by homotheties implies that the hyper-Kähler metrics on the resulting hyper-Kähler
quotients are homothetic. On the other hand, 0 ∈ Im H is a fixed point of the H∗ -action,
and may therefore yield a different hyper-Kähler manifold.
Proposition 3.2. The hyper-Kähler quotient Hn+1///S 1 , where S 1 acts as specified above
and the quotient is taken with respect to a non-zero value of the moment map, is T ∗ CPn
endowed with the Calabi metric.
∼ Hom(γ, Cn+1 /γ), where γ → CPn is the
Proof. We start by recalling that T CPn =
tautological line bundle. Therefore, T ∗ CPn ∼
= Hom(Cn+1 /γ, γ), and we will use this
n+1
1
description to exhibit it as H
///S .
Since we may
 choose a non-zero value for the moment map at our convenience, we use
P := µ−1 2i . Given a point (z, w) ∈ P , first note that since |z|2 − |w|2 = 1, z is nonvanishing. Now consider zwT ∈ End(Cn+1 ). Clearly, its image is the complex line hzi
spanned by z, and the moment map imposes wT z = 0, so its kernel contains hzi. This
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means that it defines an element of End(Cn+1 /hzi, hzi), and thus we obtain a smooth
map
P
T ∗ CPn ∼
= Hom(Cn+1 /γ, γ)
(z, w)

(hzi, zwT )

This map is moreover invariant under the S 1 -action, hence descends to a smooth map
Hn+1 ///S 1 = P/S 1 → T ∗ CPn . To prove that it is in fact a diffeomorphism, we construct
its inverse. Given (z, w) ∈ P , note that the Hilbert–Schmidt norm of A = zwT is
2
2
2
2
2
2
2
kAk
r =q|z| |w| = |z| (|z| − 1), which implies that |z| = ψ(A) , where ψ(A) :=
1
1 + 1 + 4 kAk2 . Hence, our map is inverted by the smooth map
2
T ∗ CPn
(`ẑ , A = ẑv T )

P/S 1
ψ(A)ẑ,

p

ψ(A)2 − 1 · v · S 1

where ẑ is any unit vector spanning ` (unique up to U(1)-transformation). Note that
a different choice of ẑ, say ẑ 0 = eiθ ẑ, forces one to replace v by v 0 = e−iθ v, correctly
reproducing the circle action.
Regarding the induced metric, we see that, on the submanifold {(z, 0) ⊂ P } ∼
= S 2n+1 ,
this hyper-Kähler quotient reduces to the standard (Kähler) quotient construction of
CPn . Thus, the hyper-Kähler metric on T ∗ CPn reduces to the Fubini–Study metric
on CPn . Moreover, the hyper-Kähler metric on Hn+1 is invariant under the diagonal
Sp(1)-action induced by left-multiplication by a unit quaternion. Passing to the level set
P = µ−1 ( 2i ) of the hyper-Kähler moment map, equivariance of the moment map shows
that it is preserved precisely by the U(1)-subgroup given by unit quaternions of the form
eiθ , θ ∈ R. This action descends to T ∗ CPn as multiplication by unit complex numbers
in the fiber, and the induced metric is invariant under it. Now the uniqueness theorem
2.33 of Feix–Kaledin implies that this must be the Calabi metric.

As we have already seen, Hn+1 \ {0} is—up to a quotient by Z2 , which we may disregard
in this case5 —also the Swann bundle of the archetypal quaternionic Kähler manifold
HPn , which is obtained upon dividing out the H∗ -action induced by left-multiplication
in the quaternions. We will denote the canonical projection map by π. Since the triholomorphic circle action considered above is derived from right-multiplication, the two
actions commute and it descends to HPn . In fact, in this context we should really think
of the action on Hn+1 \{0} as being the lift of this circle action on HPn . In this sense, the
full data which we used to construct T ∗ CPn was derived from the quaternionic Kähler
manifold HPn , equipped with an isometric circle action.
5

This is because the Sp(n) Sp(1)-principal frame bundle of HPn lifts to a (doubly-covering) Sp(n) ×
Sp(1)-principal frame bundle; this fails for general quaternionic Kähler manifolds
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Haydys [Hay08] asked whether we can conversely recover the quaternionic Kähler geometry by reconstructing the Swann bundle structure from the induced data on T ∗ CPn .
In fact, one cannot quite hope to reconstruct the full Swann bundle: Recall that the
H∗ -action Hn+1 \ {0} acts transitively on the non-zero level sets of the hyper-Kähler moment map, but preserves the codimension-three submanifold µ−1 (0). This means that
T ∗ CPn , which arises from the hyper-Kähler quotient at a non-zero level, cannot be used
to recover this part of Hn+1 \ {0}. Nevertheless, if P is any non-zero level set of µ, then
we have H∗ · P = Hn+1 \ µ−1 (0) and therefore (Hn+1 \ µ−1 (0))/H∗ ∼
= P/ StabH∗ P , where
∗
∗
StabH P = {q ∈ H | q · P = P }, so if one is able to recover a level set of the moment
map together with the appropriate stabilizer, one may hope to reconstruct HPn \ X,
where X = π(µ−1 (0)) is the space of quaternionic lines in µ−1 (0).
Example 3.3. Let us check that, in the case n = 1, the “missing piece” X = π(µ−1 (0))
of HP1 ∼
= S 4 is diffeomorphic to S 1 . Since µ((q1 , q2 )) = q1 iq̄1 + q2 iq̄2 , we see that
−1
µ (0) ⊂ H2 \ {0} consists only of points with q1 , q2 6= 0. Consequently, we have
µ−1 (0)/H∗ = {[1 : q] ∈ HP1 | i + qiq̄ = 0}. In other words, X is the space of quaternions
which satisfy qiq̄ = −i, which is just the circle group whose elements are of the form
eiθ j. In particular, X ∼
= S 1 , and so π(H2 \ µ−1 (0)) ∼
= S4 \ S1.
Let us consider this situation in more detail. We know that the level set Pξ := µ−1 (ξ) is
a principal circle bundle over T ∗ CPn ; let us denote the principal circle action q 7→ qeiθ
1 (where R stands for right-multiplication). On the other hand, in order to obtain
by SR
(an open dense subset of) HPn we must divide out the action of StabH∗ Pξ = {q ∈ H∗ |
qξ q̄ = ξ} ∼
= S 1 , which acts by left-multiplication and is therefore denoted by SL1 . The
1 descends to HPn . In
two circle actions commute, so SL1 descends to T ∗ CPn and SR
summary, Pξ has a double fibration structure, summarized in the following diagram:
1
SR

1
SL

Pξ
(3.1)

1
ŜL

T ∗ CPn

HK/QK corr.

HPn \ X

1
ŜR

We already saw in the proof of proposition 3.2 that ŜL1 has the interpretation of multiplication by unit complex numbers in the fibers of T ∗ CPn . This circle action (or, more
precisely, the corresponding Killing field) is rotating, rather than tri-holomorphic. Indeed, the canonical holomorphic symplectic structure on T ∗ CPn , which
P controls two out
of its three Kähler structures and can be locally expressed as $ =
dzk ∧ dwk , where
n
{zk } are local coordinates on CP and {wk } fiber coordinates, is clearly transformed to
eiθ $ under this action. The central question now becomes: Given only the hyper-Kähler
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structure and the rotating circle action on T ∗ CPn , can we reconstruct the above diagram
completely?
The answer is, of course, positive; this sets up a correspondence between T ∗ CPn and (an
open and dense subset of) HPn , providing the first instance of the so-called HK/QK correspondence. Haydys abstracted this situation and showed that it yields a general duality
between hyper-Kähler manifolds endowed with a rotating circle action and quaternionic
Kähler manifolds equipped with an isometric circle action. Instead of discussing Haydys’
original method of proof [Hay08], we will study this construction as part of a broader
framework, known as the twist construction.

3.2 The twist construction
Let us consider a smooth manifold M , endowed with a group action G y M and some
further, interesting geometric structure which is invariant under said action. Then, we
may ask the following natural, but very broad, question: How can one use this data
to generate further examples of manifolds with G-action and the same, or a closely
related, type of G-invariant geometric structure? One possible answer was provided by
Joyce [Joy92], who devised the following strategy: First, construct a principal G-bundle
P → M . Second, lift the original G-action to P in such a way that it commutes with the
principal G-action, and the tangent spaces to the orbits are transverse to the vertical
subspaces of T P . Finally, divide out the lifted action, and study the geometry of the
quotient space M̄ = P/G. The principal G-action on P will descend to a G-action on
M̄ , and if the original G-action and its lift are sufficiently well-behaved, this will be a
manifold and geometric structures on M will induce “twisted” structures on M̄ .
This general method was taken up by Swann, who studied the case where G is a torus and
used it to construct examples of various types of (hyper-)complex and (hyper-)Hermitian
geometries [Swa10]. Swann’s paper contains a clear exposition of the general theory of
the twist construction, upon which we base our discussion. We restrict to the case
G = S 1 throughout, since this is sufficient for our purposes.
Let M be a manifold endowed with a circle action, generated by a vector field Z. Take
any principal S 1 -bundle π : P → M , endowed with a principal S 1 -connection η ∈ Ω1 (P );
denote the curvature of η by ω, and the generator of the principal S 1 -action by VP . As
explained above, we aim to lift the circle action to P . We furthermore require that the
lift preserves η and commutes with the principal circle action. The first step is to lift
the generating vector field Z.
Lemma 3.4. A lift ZP of Z satisfying LZP η = 0 exists if and only if Z is ω-Hamiltonian,
i.e. there exists a function f such that ιZ ω = −df . Such a lift automatically commutes
with VP .
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Proof. Denote the horizontal lift of Z with respect to η by Z̃. Then ZP = Z̃ + ϕVP ,
where ϕ is a function on P . Since LZP η = 0, we find
0 = ιZP π ∗ ω + dιZP η = π ∗ (ιZ ω) + dϕ
This equation implies that ϕ is constant along the fibers, hence the ϕ = π ∗ f for some
f ∈ C ∞ (M ), which is then a Hamiltonian for Z with respect to ω. Let us check that
this lift commutes with VP . It is clear that the horizontal part of [ZP , VP ] vanishes, by
naturality of the Lie bracket applied to π∗ . Thus, it suffices to check its vertical part,
which is measured by η. It vanishes as a consequence of the fact that LZP η = 0:
η([ZP , VP ]) = ZP (η(VP )) − (LZP η)(VP ) = 0
Thus, ZP = Z̃ + π ∗ f VP , is a lift with the required properties.
Using techniques from algebraic topology it can be shown that, by appropriately choosing
f (which is only determined up to an additive constant), we may arrange matter such
that the lifted vector field ZP generates a circle action. The precise statement is the
following:
Lemma 3.5 ([Swa10]). Suppose M admits an ω-Hamiltonian circle action, where ω is a
closed, integral two-form (i.e. ω has integral periods). Then there is a principal bundle
π : P → M such that
(i) There exists a circle action on P (generated by ZP ) covering the circle action on
M and commuting with the principal circle action (generated by VP ).
(ii) P admits a principal S 1 -connection η ∈ Ω1 (P ) whose curvature is ω and which is
invariant under the lifted circle action.
Moreover, if ZP0 = Z̃ + π ∗ f VP generates such a lifted circle action, then, for every k ∈ Z,
the vector field ZPk = Z̃ + π ∗ (f + k)VP , k ∈ Z does too.
In summary, the input required for the twist construction is a triple (Z, ω, f ), where:
(i) Z is a vector field which generates a circle action.
(ii) The two-form ω is closed and has integral periods.
(iii) The function f is an ω-Hamiltonian for Z.
We will call such a triple a collection of twist data for the circle action. For every
collection of twist data, we obtain a lift of the circle action generated by Z to an action
on an S 1 -principal bundle P endowed with an invariant connection η whose curvature is
ω. Moreover, by adding a constant to f so that it satisfies the “quantization condition”
given in lemma 3.5, we can ensure that we have a circle action on P .
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We now divide out the lifted action and study the resulting quotient space. If the actions
generated by Z and ZP are free and proper, then this space is a smooth manifold. From
now on, we will always assume that this is the case. In particular, this assumption is
satisfied if the circle action on M is free and the Hamiltonian function f is chosen such
that we have a circle action on P . For reasons that will be come apparent shortly, we
will also require f to be invertible, i.e. nowhere-vanishing.
Definition 3.6. Given a smooth manifold M endowed with twist data (Z, ω, f ) as above,
let π : P → M be the associated circle bundle and ZP be the generator of the lifted
action. Then the manifold M̄ := P/hZP i is called the twist of M with respect to the
twist data.
We now have a double fibration structure on P (compare 3.1):
VP

ZP

P

Z

M

(3.2)

p

π

twist

M̄

V

Here, VP generates the principal circle action with respect to the projection π : P → M .
ZP fulfills the same role for the other projection, and correspondingly V := p∗ (VP )
generates a “twisted” circle action on M̄ , dual to the original action generated by Z.
Indeed, the twist construction is most properly thought of as a duality between manifolds
with circle actions. Before we can make this precise, however, we need explain how to
carry over geometric structures from M to M̄ . This is the crucial feature that the twist
construction derives most of its power from.
The key observation is that the double fibration structure on P allows us to identify
the tangent spaces of M and M̄ by using the connection η. Indeed, ker η defines the
horizontal subbundle H ⊂ T P , which is transverse to both VP and ZP (here, we use
the fact that the Hamiltonian f is nowhere-vanishing), and the projection maps π and
p induce linear isomorphisms Tπ(x) M ∼
= Hx ∼
= Tp(x) M̄ for every x ∈ P . This allows us
to identify a tensor field T on M with a tensor field T 0 on M̄ if T is carried over to T 0
under these isomorphisms. Let us make this more precise.
Definition 3.7. We say that the functions φ ∈ C ∞ (M ) and ψ ∈ C ∞ (M̄ ) are H-related,
and write φ ∼H ψ, if π ∗ φ = p∗ ψ. We call vector fields X ∈ X(M ) and Y ∈ X(M̄ )
H-related and write X ∼H Y if their η-horizontal lifts are equal: X̃ = Ŷ .

47

3 The hyper-Kähler/quaternionic Kähler correspondence
To extend the notion of H-relatedness to arbitrary tensor fields, we demand compatibility
with tensor products and contractions.
Example 3.8. One-forms α ∈ Ω1 (M ), β ∈ Ω1 (M̄ ) are H-related if and only if, for
every X ∈ X(M ) and Y ∈ X(M̄ ) such that X ∼H Y , we have π ∗ α(X̃) = p∗ β(Ŷ ). In
other words, π ∗ α|H = p∗ β|H . Equivalently, using the projection map H : T P → H,
U 7→ U − η(U )VP , we require that their “horizontal lifts” α̃ := π ∗ α ◦ H, β̂ := p∗ β ◦ H
coincide.
In this terminology, two tensor fields T , T 0 on M and M̄ , respectively, are H-related
precisely if their horizontal lifts to P agree. We will often call T 0 the twist of T (with
respect to the twist data (Z, ω, f )); it is clear that T 0 is uniquely determined by T .
However, not every tensor field can be twisted:
Lemma 3.9. Assume that T ∼H T 0 is a pair of H-related tensors. Then T is invariant
under the circle action on M .
Proof. Because of the compatibility of the Lie derivative with contractions and the Leibniz rule for tensor products, it suffices to check this for the cases where T is a function
or a vector field.
If T is a function φ, we know that π ∗ φ is ZP -invariant because it descends to a welldefined function on M̄ and hence must be constant along the fibers of p : P → M̄ . Since
ZP is a lift of Z, we then have π ∗ (LZ φ) = LZP π ∗ φ = 0, showing Z-invariance.
^
Now assume that T is a vector field X. Then [Z,
X] = [Z̃, X̃]+π ∗ (ω(Z, X))VP . We know
∗
that Z̃ = ZP − π f VP , and that X̃ is VP - and ZP -invariant. Using that ιZ ω = −df , this
^
implies [Z,
X] = π ∗ (df (X))VP − π ∗ (df (X))VP = 0, which means that [Z, X] = 0.
Conversely, it is clear that every Z-invariant tensor field does admit a twist. It is not
difficult to give explicit formulas for the twists of specific types of tensor fields; here we
record two important examples for later reference.
Example 3.10. Let α ∈ Ωk (M ) be Z-invariant. Then the unique H-related k-form β on
M̄ is determined by the equation
p∗ β = π ∗ α − η ∧ π ∗ (f −1 ιZ α)

(3.3)

Indeed, by construction p∗ β = π ∗ α + η ∧ γ, where γ ∈ Ωk−1 (H). Moreover, we have
ιZP p∗ β = 0, which we can expand to find
0 = ιZP π ∗ α + π ∗ f γ − η ∧ ιZ γ = π ∗ (ιZ α) + π ∗ f γ − η ∧ ιZ γ
We see that γ is obtained by restricting this expression to H, where we find π ∗ (ιZ α) +
π ∗ f γ = 0. This implies our claim.
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Example 3.11. The twist h of a Z-invariant symmetric, bilinear form g is determined by
p∗ h = π ∗ g − 2η ∨ π ∗ (f −1 ιZ g) + η 2 π ∗ (f −2 g(Z, Z))

(3.4)

where α ∨ β := 21 (α ⊗ β + β ⊗ α) is the symmetrized tensor product. The proof is
analogous to the previous example, i.e. proceeds by using a decomposition into horizontal
and vertical parts.
We can also twist the twist data (Z, ω, f ) themselves.
Definition 3.12. Let (Z, ω, f ) be twist data on M , and let M̄ be the twist manifold. If
(Z 0 , ω 0 , f 0 ) denote the twists of (Z, ω, f ), then we say that (− f10 Z 0 , f10 ω 0 , f10 ) are the dual
twist data.
To show that the dual twist data on M̄ deserve their name, let us show how to use
them to recover M from M̄ . The lifted vector field ZP is now interpreted as generating
the principal circle action, and a natural choice of principal S 1 -connection is given by
η 0 = π ∗ (f −1 )η. Its curvature is given by
dη 0 = π ∗ f −1 (π ∗ ω − η ∧ π ∗ (f −1 ω)) = p∗ (f 0−1 ω 0 )
where we used equation (3.3). In order to recover M , we look for a circle action on
M̄ which is Hamiltonian with respect to f10 ω 0 , and such that its lift to P (using the
prescription of lemma 3.4) yields VP . A natural candidate is the action generated by
V = p∗ (VP ), where VP is the generator of the principal circle action on P viewed as a
bundle over M . Using ZP = Z̃ + p∗ f 0 VP , we see that V = − f10 Z 0 . This vector field is
indeed Hamiltonian: ιV f10 ω 0 = −d f10 . Note that its horizontal lift is −π ∗ f −1 Z̃, so when
we lift to P we obtain −p∗ f 0−1 Z̃ + p∗ f 0−1 ZP = π ∗ f −1 (ZP − Z̃) = VP , as required.
In summary, the twist construction is a duality between manifolds with circle action
which moreover induces a isomorphism of the respective algebras of invariant tensor
fields. Because its compatibility with tensor products and contractions, the twist construction preserves the algebraic properties of Z-invariant tensor fields, such as algebraic symmetries and non-degeneracy conditions. For instance, the twist of a pseudoRiemannian metric is again a pseudo-Riemannian metric with the same signature.
The interaction of the twist construction with differential conditions is much more delicate. In particular, integrability of geometric structures (such as a complex structure) is
typically lost upon twisting. Nevertheless, the failure to preserve differential conditions
is controlled and can be understood completely in terms of the twist data. We collect
several important examples:
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Example 3.13. Let X, Y ∈ X(M ), A, B ∈ X(M̄ ) be H-related. Then [A, B] ∼H [X, Y ] +
f −1 ω(X, Y )Z. We prove the equivalent statement that
\
^
[A,
B] = [X,
Y ] + π ∗ (f −1 ω(X, Y ))Z̃
where tildes and hats denote horizontal lifts from M and M̄ , respectively. We may write
\
[A,
B] = [Â, B̂] + ϕZP , where ϕ is a smooth function. By H-relatedness, we can rewrite
this as
\
^
[A,
B] = [X̃, Ỹ ] + ϕZP = [X,
Y ] − π ∗ (ω(X, Y ))VP + ϕZP
\
^
which yields [A,
B] − [X,
Y ] = ϕ(Z̃ + π ∗ f VP ) − π ∗ (ω(X, Y ))VP . Since the left-hand side
\
^
is horizontal, we conclude that ϕ = π ∗ (f −1 ω(X, Y )), and consequently [A,
B] − [X,
Y]=
π ∗ (f −1 ω(X, Y ))Z̃, as claimed.

Example 3.14. Let X ∼H A be vector fields and g ∼H h be symmetric bilinear forms.
Then LA h ∼H LX g − 2f −1 ιX ω ∨ ιZ h. To prove this, let Y ∼H B and W ∼H C be
auxiliary vector fields. The Leibniz rule for the Lie derivative yields
^
^
π ∗ ((LX g)(Y, W )) = LX̃ (π ∗ g(Ỹ, W̃ )) − π ∗ g([X,
Y ], W̃ ) − π ∗ g(Ỹ, [X,
W ])
Now, plugging in formula for the commutator of vector fields given in the previous
example, one obtains
π ∗ ((LX g)(Y, W )) = p∗ ((LA h)(B, C)) + 2π ∗ (f −1 ιX ω ∨ ιZ g)(Ỹ, W̃ )
and bringing the second term to the left-hand side yields the claimed relation.

Example 3.15. Let (M, I) be a complex manifold, i.e. the almost complex structure I
is integrable. If I ∼H J, where J is an almost complex structure on the twist manifold,
then J is integrable if and only if the twisting form ω is of type (1, 1) with respect to I.
Once again applying our formula for the twist of a commutator of vector fields, we find
that the Nijenhuis tensor NJ of J is H-related to the (2, 1)-tensor field NI determined
by


NI (X, Y ) = NI (X, Y ) + f −1 ω(IX, IY ) − ω(X, Y ) − I(ω(IX, Y ) + ω(X, IY )) Z
where NI is the Nijenhuis tensor of I. Clearly, if NI = 0 then NI vanishes if and only
ω(IX, IY ) = ω(X, Y ).

Example 3.16. The exterior derivative of differential forms also receives a correction
upon twisting. Let α ∼H β be differential forms. Then dβ ∼H dα − f −1 ω ∧ ιZ α =: γ.
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Indeed, we have
p∗ dβ = d(π ∗ α − η ∧ π ∗ (f −1 ιZ α))
= π ∗ dα − π ∗ (f −1 ω ∧ ιZ α) + η ∧ π ∗ (f −2 ιZ ω ∧ ιZ α − f −1 ιZ dα)
= π ∗ γ − η ∧ π ∗ (f −1 ιZ (dα − f −1 ω ∧ ιZ α))
= π ∗ γ − η ∧ π ∗ (f −1 ιZ γ)
where we used Z-invariance of α and the fact that df = −ιZ ω in passing to the second
line.
Besides tensor fields, we can also twist related objects such as connections. This will be
important in our discussion of curvature.
Definition 3.17. We say that a connection ∇ on M is H-related to a connection ∇0 on
the twist manifold M̄ if, for all Z-invariant vector fields X, Y (and their twists A, B),
we have ∇X Y ∼H ∇0A B.
Example 3.18. Let g ∼H h be Riemannian metrics, and denote their respective LeviCivita connections by ∇ and ∇0 . Then, if X, Y, W ∼H A, B, C are vector fields, we have
∇0A B ∼H ∇X Y + SX Y , where the (1, 2)-tensor field S is given by
2g(SX Y, W ) =


1
g(Z, W )ω(X, Y ) − g(Z, X)ω(Y, W ) − g(Z, Y )ω(X, W )
f

The proof is very simple: Consider the Koszul formula for ∇0 and apply the expression
for the twist of a commutator of vector fields (as in example 3.14).

3.3 The HK/QK correspondence as a twist
Building on Swann’s work, Macia and Swann [MS15] showed how the HK/QK correspondence arises as a variation on the twist construction. Let us recall the setting of
the HK/QK correspondence. We are given a hyper-Kähler manifold (M, g, ωk ), endowed
with an isometric circle action which fixes one of the complex structures and rotates the
other two. Without loss of generality, we may assume that its generating vector field
Z acts as follows on the Kähler forms: LZ ω1 = 0, LZ ω2 = ω3 , LZ ω3 = −ω2 . Let us
assume that Z is furthermore ω1 -Hamiltonian, with Hamiltonian function fZ . Our aim
is to construct a quaternionic Kähler manifold from these data.
P
Since the circle action preserves the fundamental four-form ΩHK = k ωk ∧ ωk which
determines the quaternionic structure bundle Q as well as the metric, the twist manifold
will inherit the structure of an almost quaternionic-Hermitian manifold for any choice of
two-form and Hamiltonian to complete the twist data. That said, in the current setup
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there is an obvious such choice, namely (Z, ω1 , fZ ). What makes matters interesting is
that these choices do not yield a quaternionic Kähler structure on the twist manifold.
In light of the preceding discussion, this is only mildly surprising. Both quaternionic
Kähler and hyper-Kähler geometries are determined by almost quaternionic-Hermitian
structures satisfying an integrability condition: The vanishing of the covariant derivative
of the fundamental four-form and the three Kähler forms, respectively. Of course, the
fundamental four-form ΩHK of a hyper-Kähler manifold is also parallel.The twist of ΩHK
is the fundamental four-form on the twist manifold, and therefore asking the twist manifold to be quaternionic Kähler boils down to requiring this form to be parallel. Because
of theorem 2.8, it suffices to check that it is closed (at least when dim M ≥ 12). But
since ΩHK is closed, we cannot expect its twist to be (cf. example 3.16). Consequently,
the twist of a hyper-Kähler metric will not be quaternionic Kähler metric.
The remedy for this problem was found by Macia and Swann [MS15], informed by the
quaternionic Kähler metrics given by Haydys and others [Hay08; ACM13; ACDM15].
Their approach is to deform the almost quaternionic-Hermitian structure in a controlled
manner, using the notion of elementary deformations.
Definition 3.19. Let (M, g, ωk , Z) be a hyper-Kähler manifold endowed with a rotating
Killing field, i.e. LZ g = 0, LZ ω1 = 0, LZ ω2 = ω3 and LZ ω3 = −ω2 . We say that a
pseudo-Riemannian metric h is an elementary deformation of the hyper-Kähler metric
if it is of the form
3
X
h = ag + b
αµ ⊗ αµ
µ=0

where a, b ∈ C ∞ (M ) are nowhere-vanishing functions, and we have set ω0 := g and
αµ := ιZ ωµ , µ = 0, 1, 2, 3.
An elementary deformation is best thought of as the result of an overall conformal
scaling, composed with an independent scaling along the quaternionic span
P HZ2 =
hZ, I1 Z, I2 Z, I3 Zi of Z. Indeed, a short computation shows that gα :=
µ αµ =
g(Z, Z)g|HZ . Note, in particular, that every elementary deformation defines a new almost quaternionic-Hermitian structure compatible with the given almost quaternionic
structure.
Macia and Swann considered the following question: Do there exist elementary deformations of the hyper-Kähler metric and choices of twist data such that the twist of
the elementary deformation is a quaternionic Kähler metric? They gave a complete
answer:
Theorem 3.20 (Macia–Swann [MS15]). Let (M, g, ωk , Z, fZ ) be a pseudo-hyper-Kähler
manifold endowed with an ω1 -Hamiltonian and rotating Killing field, and assume that fZ
is nowhere-vanishing and Z is not null. Then the following combinations of elementary
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deformation gH and choices of twist data (Z, ωH , fH ) yield a pseudo-quaternionic Kähler
structure on the twist manifold:
gH =
ωH = λ(ω1 + dα0 )

κ
κ
g + 2 gα
fZ
fZ

(3.5)

fH = λ(fZ + α0 (Z))

where κ, λ ∈ R \ {0} are arbitrary constants. Moreover, these are the only combinations
for which the twist manifolds are (pseudo-)quaternionic Kähler.
The above formulas are not surprising. Haydys [Hay08] gave an explicit expression
for the pullback of the quaternionic Kähler metric gQ to the total space of the circle
bundle π : P → M , which agrees with the twist formula equation (3.4) applied to
gH . Though Haydys worked exclusively with positive-definite hyper-Kähler metrics,
his methods were extended to allow for indefinite signature by Alekseevsky, Cortés and
Mohaupt [ACM13]. They proved that the signature and scalar curvature of the resulting
quaternionic Kähler metric only depends on the signature of the hyper-Kähler metric and
the signs of fZ and fH (which are nowhere-vanishing). As a corollary, they discovered
that the resulting quaternionic Kähler metric may be positive-definite even if the initial
hyper-Kähler metric is not. This observation is crucial in applications of the HK/QK
correspondence to the so-called c-map construction, which we will discuss at length in
chapter 4 (see also [ACDM15]).
The contribution of Macia and Swann is twofold. Firstly, their uniqueness statement
shows that, within the class of almost quaternionic-Hermitian metrics arising as twists of
elementary deformations, the formulas of Haydys and Alekseevsky–Cortés–Dyckmanns–
Mohaupt give the only quaternionic Kähler metrics. Secondly, their re-interpretation
allows us to use the powerful machinery of the twist formalism in the study of the
HK/QK correspondence. As we shall see, this leads to various new insights.
We can summarize the above discussion by means of the following statement, which
combines the results of the papers [Hay08; ACM13; ACDM15; MS15]:
Theorem 3.21 (HK/QK correspondence). Let (M, g, ωk ) be a pseudo-hyper-Kähler manifold endowed with an ω1 -Hamiltonian, rotating Killing field Z which is not null, with
nowhere-vanishing Hamiltonian function fZ . Then the twist construction applied to
the data (3.5) yields a pseudo-quaternionic Kähler manifold (M̄, gQ , Q) equipped with
a nowhere-vanishing Killing field V . The quaternionic Kähler metric is positive-definite
of positive scalar curvature if and only if (M, g) is Riemannian and fH < 0. It is
positive-definite of negative scalar curvature if and only if either (M, g) is Riemannian
and fZ > 0, or its signature is (4k, 4) and fZ > 0 while fH < 0.
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Remark 3.22.
(i) The constant κ which appears in equation (3.5) only scales the metric gH . We will
set κ = 1 from now on. The constant λ, which scales the curvature of the auxiliary
circle bundle, has no impact on the local twist geometry: Different values of λ
correspond to coverings of the twist manifold. We will also set this constant to 1
in the following.
(ii) Though we only mention the case where the quaternionic Kähler manifold is Riemannian in the theorem statement, the signature and sign of the scalar curvature
of gQ are controlled by the initial hyper-Kähler data in every case. For the details,
see [ACM13].
(iii) Since the twist construction is a duality, there is also an inverse construction to
the HK/QK correspondence, where the input data is a quaternionic Kähler manifold endowed with a Killing field. This point of view is explored in great detail
in [Sah20].

The Hamiltonian function fZ plays a prominent role in the HK/QK correspondence, as
witnessed by its appearance in the expression for gH . Since it is only determined up to
an additive constant, there is an implicit one-parameter freedom in the HK/QK correspondence. Considering all possible choices of Hamiltonian simultaneously, we obtain a
one-parameter family of quaternionic Kähler metrics on the twist manifold. One may
ask if this family is trivial, i.e. if every pair of metrics in this family is isometric. As we
will see later, the answer is negative in general.
Naturally, there is much more interest in complete quaternionic Kähler manifolds than
in incomplete ones. Regarding the completeness of the quaternionic Kähler metrics
constructed via the HK/QK correspondence, we remark the following. Even in the model
case of the correspondence, where the input is T ∗ CPn with its Calabi metric, we saw
that the failure to recover the full Swann bundle Hn+1 \ {0} led to an incomplete picture
of HPn . More precisely, we were able to recover the complement of the codimensionthree submanifold consisting of quaternionic lines contained in µ−1 (0). The result is an
incomplete manifold, which however can be completed to a compact quaternionic Kähler
manifold.
In fact, we could not have hoped to obtain all of HPn . The easiest way to understand this
is to note that the S 1 -invariant complex structure I1 on the hyper-Kähler side certainly
twists to an almost complex structure compatible with the Sp(n) Sp(1)-structure, i.e. a
global section of the quaternionic bundle Q on the quaternionic Kähler side. But, as
mentioned in the previous chapter, HPn admits no almost complex structure at all. This
observation generalizes to arbitrary quaternionic Kähler manifolds with positive scalar
curvature:
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Theorem 3.23 (Alekseevsky–Marchiafava–Pontecorvo, [AMP98]). No complete quaternionic Kähler manifold of positive scalar curvature admits an almost complex structure
compatible with its quaternionic Kähler structure.
Note that the complex Grassmannian Gr2 (Cn+2 ) certainly admits an almost complex
structure since is even a smooth projective variety (via the Plücker embedding). However, the induced Kähler structure is not compatible with the quaternionic Kähler structure. With this in mind, one may ask if any other quaternionic Kähler manifolds of
positive scalar curvature admit an almost complex structure. The answer is negative:
Theorem 3.24 (Gauduchon–Moroianu–Semmelmann, [GMS11]). The only complete quaternionic Kähler manifolds of positive scalar curvature that admit an almost complex
structure are the complex Grassmannians Gr2 (Cn+2 ).
Returning to the setting of the HK/QK correspondence, we can say more about the
twist of I1 . To do so, we must first study the relationship between the hyper-Kähler
metric g and the twisting form ωH .
Definition 3.25. Let (M, g, Ik , Z) be a hyper-Kähler manifold endowed with a rotating
Killing field. We define the endomorphism field IH by IH := I1 + 2∇Z.
Because Z is Killing, IH is skew with respect to g.
Lemma 3.26. Let Z be a rotating Killing field on a hyper-Kähler manifold (M, g =
ω0 , ωk ). The one-forms αµ = ιZ ωµ satisfy
(dα0 )(X, Y ) = 2g(∇X Z, Y )
(dαk )(X, Y ) = (LZ ωk )(X, Y )

(3.6)

= ωk (∇X Z, Y ) + ωk (X, ∇Y Z)
Proof. These identities follow from Cartan’s formula and the fact that (LX αµ )(Y ) =
(∇X αµ )(Y ) + αµ (∇Y X). For instance:
dα0 (X, Y ) = (LX α0 )(Y ) − Y (g(Z, X))
= g(∇X Z, Y ) + g(Z, ∇Y X) − g(∇Y Z, X) − g(Z, ∇Y X)
= 2g(∇X Z, Y )
where the final step uses the Killing equation, which says that ∇Z is skew with respect
to g. The other identities follow analogously.
The first identity shows that IH is the endomorphism field connecting g to the twisting
form ωH which is used in the HK/QK correspondence (cf. theorem 3.21) via the identity
ωH (X, Y ) = g(IH X, Y ) for all vector fields X and Y .
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Proposition 3.27. Let (M, g, Ik , Z) be a hyper-Kähler manifold endowed with a rotating
Killing field. Then IH commutes with each Iµ , µ = 0, 1, 2, 3.
Proof. Using LZ ω1 = 0, LZ ω2 = ω3 and LZ ω3 = −ω2 and the second line of (3.6), one
obtains
2ω1 (∇X Z, Y ) + 2ω1 (X, ∇Y Z) = 0 = −ω1 (I1 X, Y ) + ω1 (I1 Y, X)
2ω2 (∇X Z, Y ) + 2ω2 (X, ∇Y Z) = 2ω3 (X, Y ) = ω1 (I2 X, Y ) − ω1 (I2 Y, X)
2ω3 (∇X Z, Y ) + 2ω3 (X, ∇Y Z) = −2ω2 (X, Y ) = ω1 (I3 X, Y ) − ω1 (I3 Y, X)
After rearranging terms, we can write this compactly as g(Ik IH X, Y ) = g(Ik IH Y, X) for
k = 1, 2, 3. We also have g(I0 IH X, Y ) = −g(I0 IH Y, X), and in summary find
g(Iµ IH X, Y ) = −g(Iµ−1 IH Y, X)

µ = 0, 1, 2, 3

This implies that
g(Iµ IH X, Y ) = −g(Iµ−1 IH Y, X) = −g(IH Y, Iµ X) = g(Y, IH Iµ X) = g(IH Iµ X, Y )
which implies the claim.
Remark 3.28. In fact, what we have shown is that a vector field Z on a hyper-Kähler
manifold (M, g, Ik ) is a rotating Killing field if and only if I1 + 2∇Z defines a skewsymmetric endomorphism with respect to g which commutes with every Iµ .
Corollary 3.29. The twisting form ωH used in the HK/QK correspondence is of type
(1, 1) with respect to each complex structure Ik .
Proof. This follows from the following short computation:
ωH (Ik X, Ik Y ) = g(IH Ik X, Ik Y ) = g(Ik IH X, Ik Y ) = g(IH X, Y ) = ωH (X, Y )

The fact that ωH is of type (1, 1) with respect to any complex structure compatible
with the hyper-Kähler structure was first noted by Hitchin [Hit13], who used it as the
starting point for a twistor-theoretic formulation of the HK/QK correspondence (see
also [Hit14]).
We can now finally fulfill our promise and relate this to the twist of I1 :
Theorem 3.30. Every quaternionic Kähler manifold (M̄, gQ , Q) that arises from the
HK/QK correspondence carries an integrable complex structure which is compatible
with the quaternionic structure.
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Proof. The almost complex structure I1 is integrable and Z-invariant, and ωH is of
type (1, 1) with respect to it. Therefore, its twist is also an integrable almost complex
structure (cf. example 3.15).
Remark 3.31. Though this result has not appeared in this form in the literature, it is
(non-trivially) equivalent to the discussion of [Sal99, Sec. 7], which predates the HK/QK
correspondence and is formulated purely on the quaternionic Kähler manifold. Salamon
observes that, given the quaternionic moment map µ ∈ Γ(Q) associated with a nonvanishing Killing field V on M̄ , its normalization µ/ |µ| is an integrable complex structure
on {µ 6= 0} ⊂ M̄ (see also [Hay08, Thm. 14] for a closely related result).
In our setting, the Killing field V is the twist of − f1H Z and the quaternionic moment
map is the twist of f1H I1 (for details, see [Dyc15; Sah20]), so that the normalized moment
map is nothing but the twist of I1 . Thus, our point of view gives a new interpretation of
this complex structure as arising from the dual hyper-Kähler geometry via the HK/QK
correspondence.
We also note that this result was proven via different methods in [CDS17] in the special
case where (M̄, gQ , Q) arises from the c-map construction (see chapter 4).
In conclusion, the HK/QK correspondence produces quaternionic Kähler manifolds which
simultaneously carry a compatible complex structure. In particular, it will not provide
us with examples of complete quaternionic Kähler manifolds of positive scalar curvature. However, the situation is rather different when scal < 0: As we will see in the
next chapter, the correspondence can be used to produce many complete examples in
this case.
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Before giving a precise formulation of special Kähler geometry and the construction
known as the c-map, we give a brief account of the historical development of these
concepts, which first arose in theoretical physics. We will only briefly sketch the relevant
physical results, and make no claim of completeness. Nevertheless, we hope that this
discussion provides the reader with some motivation for what will follow, and highlights
the importance of sustained collaborations between mathematicians and physicists.

4.1 Digression into the physical origins of the c-map
Classical (as opposed to quantum) physical theories are usually based on the concept of
a physical field, defined on a pseudo-Riemannian manifold (X, h) which is interpreted
as spacetime; basic examples include the familiar electric and magnetic fields. Such
fields typically have a natural geometric interpretation. For instance, the electric and
magnetic field can be described in terms of a connection on a U(1)-bundle over X; other
fields may be described as sections of certain vector bundles over spacetime. Perhaps
the simplest case is that of a so-called scalar field, which geometrically corresponds to a
map from spacetime to some other pseudo-Riemannian manifold (M, g), which is called
its target space.
Given a set of fields, the dynamics of a given physical situation are determined by a
functional on the space of all possible field configurations, which is known as the action
of the theory. The most famous example is the Yang–Mills functional on the space of
principal connections on a G-bundle over a four-manifold X:
Z
Z
SYM (A) =
FA ∧ ?FA =
hFA , FA i volh
X

X

where FA is the curvature of the connection A. This functional determines the dynamics
of a so-called gauge field with gauge group G (generalizing the electromagnetic field,
which corresponds to G = U(1)) in a vacuum. The integrand, hFA , FA i in this case, is
called the Lagrangian of the theory. The situation can be made more complicated by
adding (“coupling to”, in the physics terminology) additional fields, which can be used
to model, for instance, the presence of matter.
In many cases, the physical theory one is interested in possesses certain symmetries;
these must be reflected in the Lagrangian, and hence impose constraints on it. In some
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cases, these constraints are so stringent that the most general form of the Lagrangian
which conforms to the physical requirements can be written down explicitly. Now, if
the physical theory contains scalar fields, it is reasonable to expect that such symmetry
requirements lead to restrictions on the possible target spaces of the scalar fields. This
philosophy has been extremely successful, in particular when the theory is invariant
under so-called supersymmetries.
For us, the relevant instances of this general principle occur in the context of a theoretical model known as four-dimensional N = 2 supergravity. It was first argued by
Bagger and Witten [BW83] that N = 2 supergravity coupled to so-called (massless)
hypermultiplets contains scalar fields—known as hypermultiplet scalars—whose target
space must be a quaternionic Kähler manifold of negative scalar curvature in order to
preserve supersymmetry. Not much later, De Wit and Van Proeyen [dWvP84] studied
the coupling of N = 2 supergravity to another set of fields known as vector multiplets.
They found that the target space of the scalars was a Kähler manifold which satisfied
certain additional conditions. Rigorously formulating these additional restrictions remained an open problem for a considerable amount of time, until the issue was resolved
by Freed [Fre99], who provided a precise definition and introduced the name projective
special Kähler manifolds for these manifolds. They fit in the broader theoretical framework of special Kähler geometry, which can be used to describe target spaces in related
physical situations as well. We will review these concepts from a mathematical point of
view in section 4.2.
Another important development occurred in the late 1980’s, when Cecotti, Ferrara and
Girardello showed that the relationship of four-dimensional N = 2 supergravity models
to certain ten-dimensional theories of superstrings, known as type IIA and type IIB
superstring theory, implies a relationship between the target spaces of hypermultiplet
and vector multiplet scalars [CFG89]. Physical arguments indicate that there exists a
duality between the type IIA and type IIB theories which, on the level of supergravity
theories, serves to interchange hypermultiplets with vector multiplets. In particular, the
target spaces of hypermultiplet scalars are determined by the geometry of the target
space of the dually related vector multiplet scalars. Concretely, this indicates that there
must be a method to construct a quaternionic Kähler manifold out of any projective
special Kähler manifold. This construction came to be known as the c-map (though it
does not correspond to a map between manifolds).
Although the c-map is motivated by stringy dualities in [CFG89], it is most easily be
formulated purely in terms of supergravity (see e.g. [dWvP92]). Starting from N = 2
supergravity theory coupled to vector multiplets in four dimensions, dimensional reduction to three dimensions yields N = 4 supergravity coupled to hypermultiplets; the
target space geometry of the scalar fields in this theory is also known to be quaternionic Kähler, so we have obtained a quaternionic Kähler manifold from a projective
special Kähler manifold again. It turns out that this construction precisely reproduces
the c-map.
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This point of view was exploited by De Wit and Van Proeyen [dWvP92], who studied examples of homogeneous quaternionic Kähler manifolds arising from the c-map.
Their startling conclusion was that the c-map gave rise to quaternionic Kähler metrics
which are homogeneous under a solvable group, but did not appear in Alekseevsky’s
claimed classification of such manifolds [Ale75]. Their claims were proven to be correct
by Cortés [Cor96b], who completed Alekseevsky’s classification by rigorous methods.
Despite this striking demonstration of the potential of the c-map for constructing new
examples of quaternionic Kähler manifolds, it remained largely unknown in mathematical
circles for a long time. This is due, in part, to the large differences in notation and
terminology between theoretical physicists and differential geometers.
The first exposition of the c-map construction in standard differential-geometric terms
was given by Hitchin [Hit09]. The properties of the resulting quaternionic Kähler metrics, whose local expressions had first been given by Ferrara and Sabharwal [FS90],
were subsequently investigated by several authors including Alekseevsky, Cortés and
Mohaupt [CHM12; CDS17; ACM13; ACDM15]. In these works, they also studied the
so-called one-loop deformed c-map metrics, which had been discovered by physicists
through the consideration of certain quantum effects. We will review their main results
in section 4.4.
Over the past decade, the c-map has been transformed into a well-understood and rigorous differential-geometric construction that has led to many new examples of complete
quaternionic Kähler manifolds of negative scalar curvature. As such, it is a shining example of the deep mathematics uncovered in theoretical physics and string theory in
particular.

4.2 Special Kähler geometry: affine, conical and projective
We launch straight into the definitions, relying on the historical context provided by the
preceding section for motivation.
Definition 4.1. An (affine) special Kähler manifold is a pseudo-Kähler manifold (M, g, J)
endowed with a torsion-free connection ∇ which is flat and symplectic and furthermore
satisfies (∇X J)Y = (∇Y J)X for every X, Y ∈ X(M ).
Remark 4.2. Note that we will not be using the prefix pseudo- even when we discuss
special Kähler manifolds of indefinite signature.
In this section, we will denote Levi-Civita connections by ∇LC in order to avoid confusion
with the flat connection on a special Kähler manifold.
Lemma 4.3. If (M, g, J, ∇) is an affine special Kähler, the tensor field ∇g is totally
symmetric.
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Proof. It suffices to check that (∇X g)(Y, Z) = (∇Z g)(Y, X) for arbitrary vector fields
X, Y and Z. We compute
(∇X g)(Y, Z) = ∇X (g(Y, Z)) − g(∇X Y, Z) − g(Y, ∇X Z) = ω(Y, (∇X J)Z)
which is manifestly symmetric under exchange of X and Z.
Definition 4.4. A conical affine special Kähler (CASK) manifold is an affine special
Kähler manifold (M, g, J, ∇) endowed with a principal C∗ -action generated by vector
fields {ξ, Jξ} such that ∇ξ = ∇LC ξ = idT M , and such that g is negative-definite when
restricted to D = hξ, Jξi, and positive-definite on its orthogonal complement D⊥ .
In particular, the signature of a CASK manifold of (real) dimension 2n is (2n − 2, 2).
The vector field ξ is sometimes called the Euler field. We will often denote a CASK
manifold by a tuple (M, g, J, ∇, ξ), keeping the principal C∗ -action generated by {ξ, Jξ}
implicit.
Let us collect some well-known facts concerning the interaction between the vector fields
ξ, Jξ and the affine special Kähler structure (see e.g. [CM09]) We begin by disregarding
the flat connection and focus purely on the conical Kähler structure.
Lemma 4.5. Let (M, g, J, ξ) be a conical pseudo-Kähler manifold, i.e. a pseudo-Kähler
manifold such that ∇LC ξ = idT M . Then ξ and Jξ are holomorphic. Moreover, Jξ is
Killing while ξ is homothetic.
Proof. These results follow from short computations which are rather similar. Let X be
an arbitrary vector field on M . Then
LC
LC
LC
(Lξ J)(X) = ∇LC
ξ (JX) − ∇JX ξ − J(∇ξ X − ∇X ξ) = 0

where we used that ∇LC is torsion-free and commutes with J, plus the relation ∇LC ξ =
id. The holomorphicity of Jξ follows from the same exact proof. Exploiting ∇LC ω = 0,
we also obtain
LC
(Lξ ω)(X, Y ) = ω(∇LC
X ξ, Y ) + ω(X, ∇Y ξ) = 2ω(X, Y )

and since Lξ J = 0 this implies Lξ g = 2g, i.e. ξ is homothetic. Using Jξ instead, we find
(LJξ ω)(X, Y ) = ω(JX, Y ) + ω(X, JY ) = 0
This proves that Jξ is Killing.
The following lemma corresponds, in the Kähler setting, to what we already noticed for
conical hyper-Kähler manifolds in our discussion of Swann bundles.
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Lemma 4.6. On a conical pseudo-Kähler manifold (M, g, J, ξ), the function κ = 21 g(ξ, ξ)
is a Kähler potential for g as well as a moment map for Jξ.
Proof. The second claim has the shortest proof: dκ = g(ξ, ·) = −ω(Jξ, ·). For the first
claim, we compute ddc κ = −dJ ∗ dκ = d(ω(ξ, ·)). Now since dα(X, Y ) = (∇α)(X, Y ) −
(∇α)(Y, X) for any one-form α, the facts that ∇LC ω = 0 and ∇LC ξ = id together imply
that 21 ddc κ = ω, as claimed.
Now we consider the flat connection ∇, which relates to the distinguished vector fields
ξ, Jξ as follows:
Lemma 4.7. Let (M, g, J, ∇, ξ) be a CASK manifold. Then ξ is ∇-affine, i.e. [ξ, ∇X Y ] =
∇[ξ,X] Y + ∇X [ξ, Y ] for arbitrary X, Y ∈ X(M ). Jξ is ∇-affine if and only if ∇ = ∇LC .
Proof. Since ∇ is flat, there exist local frames of ∇-parallel vector fields, and so we may
compute with such. Let X, Y ∈ X(M ) be ∇-parallel. Then
[ξ, ∇X Y ] − ∇[ξ,X] Y − ∇X [ξ, Y ] = −∇X [ξ, Y ] = ∇X (∇Y ξ) = ∇X Y = 0
Similarly
[Jξ, ∇X Y ] − ∇[Jξ,X] Y − ∇X [Jξ, Y ] = ∇X (∇Y Jξ) = ∇X ((∇Y J)ξ + J∇Y ξ)
= ∇X ((∇ξ J)Y + JY ) = (∇X J)Y
where we used that ∇J is symmetric and the fact that (∇ξ J)Y = 0, as follows from the
following computation:
(∇ξ J)Y = ∇ξ (JY ) = Lξ (JY ) + ∇JY ξ = JLξ Y + JY = J∇Y ξ + JY = 0
This shows that Jξ is ∇-affine if and only if ∇J = 0. Since ∇ is symplectic, this
happens if and only if ∇ is metric-compatible, which means that ∇ = ∇LC since ∇ is
torsion-free.
The natural notion of symmetry for CASK manifolds is the following:
Definition 4.8. Given a CASK manifold (M, g, J, ∇, ξ), a diffeomorphism ϕ : M → M is
called a CASK automorphism if it preserves the Kähler structure and the flat connection
∇, and commutes with the C∗ -action generated by ξ and Jξ.
Lemma 4.9. Every one-parameter group of CASK automorphisms is Hamiltonian.
Proof. Let X be the vector field generating a given one-parameter group of CASK automorphisms. We know that κ = 12 g(ξ, ξ) satisfies ddc κ = 2ω, and now claim that 21 dc κ(X)
is a Hamiltonian function for X. Since dιX dc κ = LX dc κ − ιX ddc κ = LX dc κ − 2ιX ω, it
suffices to check that the first term vanishes. But dc κ = g(Jξ, ·) so this follows from the
fact that X, by assumption, preserves g, J and ξ.
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Since any CASK manifold has the structure of a principal bundle with fiber C∗ , we can
naturally associate another manifold to it.
Definition 4.10. Given a CASK manifold (M, g, J, ∇, ξ), the manifold M̄ := M/C∗ obtained by dividing out the principal C∗ -action is called a projective special Kähler (PSK)
manifold.
Remark 4.11. Note that the relationship between PSK and CASK manifolds is closely
analogous to that between quaternionic Kähler manifolds and their Swann bundles.
Though this extrinsic definition of PSK structures is standard, it may seem a little
unnatural. Finding a satisfactory, intrinsic characterization of these structures is a
current topic of research. A promising proposal can be found in recent work of Mantegazza [Man19].
A PSK manifold is indeed always Kähler, since it can be viewed as a Kähler quotient
of the corresponding CASK manifold. Indeed, the Euler field ξ generates an R>0 -action
whose orbits intersect the non-zero level sets of the function f = − 21 g(ξ, ξ) exactly
once. Since f is the moment map for the circle action generated by −Jξ,6 we see that
M̄ = f −1 21 /S 1 = M //S 1 . Moreover, our assumptions imply that a PSK manifold is
positive-definite.
The following definition formalizes the natural notion of symmetry for PSK structures:
Definition 4.12. Let M̄ = M //S 1 be a PSK manifold, presented as the Kähler quotient
of its associated CASK manifold (M, g, J, ∇, ξ). An automorphism of M̄ is a diffeomorphism ϕ : M̄ → M̄ which is induced by a CASK automorphism of M̄ .
A CASK automorphism covers the identity map on the corresponding PSK manifold
if and only if it preserves the fibers of the C∗ -bundle structure. If we have a oneparameter group of such automorphisms, we know that its generating vector field is
pointwise a linear combination of ξ and Jξ. The Euler field ξ is never an infinitesimal
CASK automorphism but, when the special connection coincides with the Levi-Civita
connection, Jξ is. Therefore, the following result is not surprising:
Lemma 4.13. Let (M, g, J, ∇, ξ) be a CASK manifold and (M̄, ḡ, ω̄) the corresponding
PSK manifold such that we have a C∗ -principal bundle π : M → M̄ . Consider the
natural map π∗ : aut(M ) → aut(M̄ ) which maps an infinitesimal CASK automorphism
to an infinitesimal PSK automorphism.
(i) If ∇ =
6 ∇LC , π∗ is a linear isomorphism.
6

The reason why we emphasize −Jξ rather than Jξ will become clear later, when we consider the
pseudo-hyper-Kähler structure on T ∗ M .
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(ii) If ∇ = ∇LC , π∗ induces an isomorphism aut(M )/(R · Jξ) ∼
= aut(M̄ ).
In particular, in both cases there exists an injective, linear map aut M̄ → aut M .
Proof. The fact that the C∗ -action on M is homothetic implies that the distribution D⊥
of tangent vectors perpendicular to the vertical subbundle D = hξ, Jξi is a principal
C∗ -connection in the bundle π : M → M̄ .
Let X be an infinitesimal CASK automorphism of M . Because 0 = X(g(ξ, ξ)) =
2g(ξ, X), we may write X = XH + fX Jξ, where XH is the horizontal lift of X̄ = π∗ X.
Because X commutes with ξ and Jξ, the function fX must be constant along the fibers,
and therefore fX = π ∗ hX for some hX ∈ C ∞ (M̄ ).
All that remains is to determine hX . If π∗ X = π∗ X 0 , where X 0 = XH + h0X Jξ, then
X − X 0 = π ∗ (hX − h0X )Jξ ∈ aut(M ), which means in particular that it is a Killing field.
Since LϕV g = ϕLV g + 2dϕ ∨ g(V, ·) for any smooth function ϕ and vector field V , the
fact that Jξ is a Killing field now implies that hX − h0X is constant. Furthermore, as
an infinitesimal CASK automorphism X − X 0 must be ∇-affine. When ∇ =
6 ∇LC , this
means that it vanishes (by lemma 4.7).
In general, we claim that hX is, up to a factor, a Hamiltonian function for X̄ with respect
to ω̄. Once again using the function κ = 21 g(ξ, ξ), we know LX dc κ = LX g(Jξ, ·) = 0 and
ddc κ = 2ω, whence
0 = d(g(Jξ, X)) + 2ιX ω = π ∗ dhX + 2ιX ω
Restricting this formula to the level set S = {g(ξ, ξ) = −1} ⊂ M , used to construct M̄
as a Kähler quotient, we have ι∗ ω = πS∗ ω̄ (ι the natural inclusion map of S ⊂ M and
πS : S → M̄ the projection map), so our formula becomes πS∗ (dhX + 2ιX̄ ω̄) = 0. This
proves that 21 hX is a Hamiltonian for X̄. In the case where ∇ = ∇LC this Hamiltonian is
not uniquely determined, and the lifts to M corresponding to different choices differ by a
constant multiple of Jξ, which therefore spans the kernel of π∗ : aut(M ) → aut(M̄ ).

4.3 Examples and extrinsic special Kähler geometry
The simplest affine special Kähler manifolds are open subsets of complex vector spaces,
endowed with the standard, flat Kähler structure of signature (p, q). If we choose a C∗ invariant subset (and appropriately choose the signature), we obtain a CASK structure.
In this case, the Levi-Civita connection itself satisfies the conditions required of the
distinguished flat connection ∇, so we trivially obtain a special Kähler structure, and in
the C∗ -invariant case we find corresponding PSK manifolds.
Example 4.14. Consider Cn+1 , endowed with its KählerPstructure of signature (n, 1),
determined by the Hermitian form h = −dz0 ⊗ dz̄0 + nj=1 dzj ⊗ dz̄j . Let ξ be the
P
standard Euler field ξ = nj=0 zj ∂z∂ j + z̄j ∂∂z̄j . Now consider the open subset M = {z ∈
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Cn+1 | h(z, z) < 0}. Then the above structures cast M as a CASK manifold. It is well
known that, upon taking the Kähler quotient by the natural U(1)-action of the unit
complex numbers, one obtains complex hyperbolic space CHn , which is therefore a PSK
manifold. Indeed, the set M̄ = {[z] ∈ CPn | h(z, z) < 0} is transformed,after applying
the standard chart ϕ0 : {[z] ∈ CPn | z0 6= 0} → Cn , ϕ0 ([z]) = zz01 , . . . , zzn0 , into the unit
ball model of hyperbolic space. Let us explicitly work out the Kähler metric. First, we
must pass to a level set of the moment
map f = − 21 g(ξ, ξ) = − 12 h(z,

 z); our conventions
1
−1 1 → M̄ admits a global
−1
.
The
projection
map
π
:
f
dictate that we consider
f
2
2

section s : M̄ → f −1 12 , given by
1
s([1 : X1 , · · · : Xn ]) = q
(1, X1 , . . . , Xn )
P
1 − j |Xj |2
The induced Kähler metric is then
X
2
X
1
1
2
Xj dX̄j
ḡ =
|dXj | +
P
P
1 − j |Xj |2
1 − k |Xk |2 j
j
where the coordinates {Xj } parametrize the unit ball. This is the well-known Bergman
metric on CHn . It admits a natural Kähler potential given by




X
−h(z, z)
2
K = log
=
log
1
−
|X
|
j
|z0 |2
j
In search of further examples, the following no-go theorem may appear problematic:
Theorem 4.15 (Lu, [Lu99]). Every complete affine special Kähler manifold with positive-definite signature is flat.
Nevertheless, it turns out to be possible to construct many examples of complete PSK
manifolds, which arise from indefinite affine special Kähler manifolds. In order to appreciate this, it is helpful to change our point of view and adopt an extrinsic perspective
of special Kähler geometry, which was systematically developed by Alekseevsky, Cortés
and Devchand [ACD02]; the following discussion is based on their work.
The starting point is the well-known fact that special Kähler manifolds admit certain
distinguished sets of local coordinates.
Proposition 4.16. Every affine special Kähler manifold (M, g, J, ∇) admits a local system
of coordinates {xi , yi } which are ∇-affine, Darboux with respect to the Kähler form, and
given by xi = Re zi , yi = Re wi for two sets of holomorphic coordinates {zi } and {wi }
on M .
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Sketch of Proof. The existence of a flat connection implies that there exist local parallel
frames {αi } for T ∗ M which, after possibly restricting to a simply connected open subset,
can be written as αi = dxi for local coordinate functions xi . Such coordinates (satisfying
∇dxi = 0) are called affine. Since ∇ω = 0, these coordinates can simultaneously be
chosen to be Darboux with respect to ω; we then call them special real coordinates.
Expressing the symmetry of ∇J equivalently as d∇ J = 0, where we view J as a T M valued one-form, this condition translates to the fact that dxi (J·) is a closed one-form
for an affine
P coordinate function xi . Given a special real coordinate system {xi , yi } (such
that ω = i dxi ∧ dyi ), the complex one-forms dxi − idxi (J·) are now closed and of type
(1, 0), hence holomorphic. This means that we can write xi = Re zi for a holomorphic
function zi . Similarly, yi = Re wi where wi is holomorphic. One can show that we may
choose the special real coordinates such that the above functions {zi } and {wi } each
determine a system of holomorphic coordinates for M as a complex manifold.
The next step is to show that such coordinates, and in fact all the ingredients of an
affine special Kähler structure, are induced on certain immersed submanifolds
of T ∗ Cn .
P
∗
n
Equip V = T C with it standard complex symplectic form Ω =
i dzi ∧ dwi and
real structure τ . Then there is a natural induced Hermitian form γ = Ω(·, τ ·) of split
(complex) signature.
Definition 4.17. Let (M, J) be a connected complex manifold of dimension n. A holomorphic immersion φ : M → V is called non-degenerate if φ∗ γ is non-degenerate, and
Lagrangian if φ∗ Ω = 0. It is called totally complex if φ∗ (Tp M ) ∩ V τ = ∅ for every p,
where V τ = T ∗ Rn is the set of τ -invariant points.
One may prove that φ is totally complex if and only if its real part Re φ : M → T ∗ Rn is
an immersion. Under this assumption, the restrictions of the functions xi := Re zi and
yi := Re wi define local coordinates on M , and by declaring them to be affine,
P we obtain
a flat connection. They are automatically Darboux with respect to ω = i dxi ∧ dyi ,
so we have obtained local special real coordinates which, by construction, extend to two
sets of local holomorphic coordinates on M . The condition d∇ J = 0 is also automatically
satisfied.
Further assuming that φ is non-degenerate, Re φ∗ γ defines a possibly indefinite Kähler
metric on M . Finally, assuming φ is Lagrangian, one may verify that this metric and
the candidate Kähler form ω are indeed related through the given complex structure J;
this means that we have an affine special Kähler structure. In summary, we have:
Proposition 4.18 (Alekseevsky–Cortés–Devchand, [ACD02]). Any holomorphic immersion
of a complex manifold (M, J) into T ∗ Cn which is totally complex, non-degenerate and
Lagrangian induces an affine special Kähler structure on M .
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In fact, assuming that φ is Lagrangian, one can check that it is non-degenerate if and only
if it is totally complex, so we need only assume φ is non-degenerate and Lagrangian.
The final step consists of showing that every special Kähler structure arises in this
fashion, at least locally.
Theorem 4.19 (Alekseevsky–Cortés–Devchand, [ACD02]). Let (M, g, J, ∇) be a simply
connected affine special Kähler manifold. Then there exists a holomorphic, non-degenerate and Lagrangian immersion φ : M → T ∗ Cn such that the special Kähler structure
on M is induced in the above fashion.
Dropping the assumption that π1 (M ) = 0, this yields a local characterization of arbitrary
affine special Kähler manifolds. Let us study the local models in more depth;
Plet (M, J)
n
be an open subset of C so that φ is given by a holomorphic one-form φ(z) = i Fi (z)dzi .
It is a well-known fact from symplectic geometry that the image of a one-form is Lagrangian if and only if the one-form is closed. The condition that φ is non-degenerate
also admits a simple reformulation in this case.
Lemma 4.20. A holomorphic one-form on an open subset U ⊂ Cn defines a noni
degenerate holomorphic immersion if and only if the matrix Im ∂F
∂zj is invertible.
Proof. We have to check that the induced metric, or equivalently the Kähler form, is
non-degenerate. Set zj = xj + iuj and wj = yj + ivj . Then the Kähler form is given by
X
 X
φ∗
dxi ∧ dyi =
dxi ∧ d(Re Fi )
X
∂Fi
∂Fi
dxi ∧ dxj − Im
dxi ∧ duj
=
Re
∂zj
∂zj
i
This shows that it is non-degenerate if and only if the matrix Im ∂F
∂zj is.

Such one-forms are called regular and so we may rephrase the above as follows:
P
Corollary 4.21. A holomorphic one-form α = i Fi dzi on an open subset U ⊂ Cn defines
an affine special Kähler structure on U if and only if α is regular and closed.
Since regularity is a generic condition, this means that closed, holomorphic one-forms
on open subsets in Cn generically give rise to affine special Kähler manifolds. In this
way, one obtains a plethora of examples.
Moreover, every affine special Kähler manifold locally arises in this way. In fact, by
restricting to simply connected domains, we may assume that the defining holomorphic
one-form is exact, i.e. α = dF for a holomorphic function F . The regularity condition is
2F
, and we conclude that every affine special Kähler manthe non-degeneracy of Im ∂z∂i ∂z
j
ifold of (complex) dimension n is locally determined by a non-degenerate holomorphic
function in n variables. Such a function is called a holomorphic prepotential.
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Definition 4.22. An affine special Kähler manifold (M, g, J, ∇) is called an affine special Kähler domain if its special Kähler structure is globally induced by a holomorphic
prepotential F in the manner described above.
Our discussion can be summarized by the statement that every affine special Kähler
manifold is locally an affine special Kähler domain.
Let us now specialize to CASK manifolds, where the following improvements can be
made. The special holomorphic coordinate sets {zi }, {wi }, whose real parts define affine
Darboux coordinates on (M, g, J, ∇, ξ), may now be chosen in such a way that the C∗ action generated by {ξ, Jξ} acts on them by complex multiplication (within their domain
of definition). Such coordinates and indeed the entire CASK structure can once again
be induced by an appropriate holomorphic immersion into T ∗ Cn , which is now required
to be conical, meaning that for every p ∈ M and every neighborhood U 3 p, there
exist neighborhoods U1 ⊂ C∗ of 1 ∈ C∗ and Up ⊂ M of p such that for every λ ∈ U1 ,
λ · φ(Up ) ⊂ φ(U ). Heuristically, this means that the image of φ is locally C∗ -invariant.
As before, every CASK manifold locally arises in this fashion:
Theorem 4.23 (Alekseevsky–Cortés–Devchand, [ACD02]). Let (M, g, J, ∇, ξ) be a simply
connected CASK manifold. Then there exists a holomorphic, non-degenerate and Lagrangian conical immersion φ : M → T ∗ Cn such that the special Kähler structure on M
is induced in the above fashion.
P
In the model case, where φ is given by a local holomorphic one-form α =
i Fi dzi ,
the conical condition means that the coefficient functions Fi are locally homogeneous
of degree one: Fi (λz) = λFi (z) for λ close to 1 ∈ C∗ . When α is exact, this means
that the holomorphic primitive function F must satisfy F (λz) = λ2 F (z), i.e. is locally
homogeneous of degree two. We call such functions conical, and define a CASK domain
as a C∗ -invariant domain in Cn endowed with a CASK structure which is globally induced
by a conical holomorphic prepotential. Then we have:
Corollary 4.24. Every CASK manifold is locally a CASK domain.
The local structure theorem for CASK manifolds is reflected in the local structure of
PSK manifolds. Indeed, the conical holomorphic immersion defining the CASK structure
induces a holomorphic immersion ϕ : M̄ → P(T ∗ Cn ) and so we see that PSK manifolds
arise locally as open subsets of projective spaces. For technical convenience, we will from
now on assume that all CASK domains are contained in the open subset {(z0 , . . . , zn ) |
z0 6= 0} ⊂ Cn+1 , so that we can consider PSK domains as open subsets of complex vector
spaces by applying the standard chart that identifies {[z0 : · · · : zn ] ∈ CPn | z0 6= 0} with

an (affine) copy of Cn . For future reference, we note that the function K = − log g(ξ,ξ)
|z0 |2
provides a canonical choice of Kähler potential for the projective special Kähler structure
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under these assumptions. This naturally generalizes the potential given for the Bergman
metric in example 4.14, which we now see exhibits CHn as a PSK domain.
This flexible construction leads to various complete examples. For instance, examples
of homogeneous (hence complete) projective special Kähler manifolds were constructed
in [AC00; Cor96a]. Many additional complete examples arise from the so-called r-map
construction; see [CHM12; CDL14; CDJL17].
Special Kähler manifolds arise naturally in several other interesting contexts. In particular, there are interesting examples of moduli spaces that carry special Kähler structures,
the most famous being the so-called Kuranishi moduli space of complex structures on a
Calabi–Yau three-fold (see e.g. [Cor98]). In fact, this class of examples motivated much
of the early work by physicists on special Kähler geometry (see e.g. [Str90]). Another
prominent example was discovered by Hitchin [Hit99], who constructed a special Kähler
structure on the moduli space of deformations of a complex Lagrangian submanifold of
a complex symplectic manifold.

4.4 The c-map
We now have all the necessary ingredients to introduce the protagonist of our story,
the c-map construction. There are two equivalent approaches to the c-map, which nevertheless look rather different at first glance. We call them the direct approach and
the twist approach. Both methods have their advantages and drawbacks, and they are
complementary in the sense that certain features of the c-map are obvious from the one
point of view but highly non-trivial from the other. We will first introduce the twist
approach, then discuss the direct construction and compare the two methods before introducing the one-loop deformation, which shows that the c-map naturally fits into a
one-parameter family of constructions.

4.4.1 The twist approach
An important feature of special Kähler geometry, which we have neglected thus far,
is that the cotangent bundle of an affine special Kähler manifold carries a canonical
pseudo-hyper-Kähler structure. This structure naturally generalizes the flat pseudohyper-Kähler structure on quaternionic vector spaces given, in the case of positivedefinite signature, by equation (2.3). More precisely, the construction is as follows. Consider a Kähler manifold (M, gM , JM ) equipped with a connection ∇. On the cotangent
bundle π : T ∗ M → M , ∇ determines a horizontal distribution and hence a decomposition T (T ∗ M ) ∼
= π ∗ T M ⊕ π ∗ T ∗ M . With respect to this decomposition, we can define a
metric and two almost complex structures as follows:






−1
gM 0
JM 0
0 −ωM
g=
I1 =
I2 =
(4.1)
∗
∗
0 gM
0 JM
ωM
0
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∗ denotes the induces metric on T ∗ M and similarly for J ∗ , and ω is regarded
where gM
M
as an isomorphism ω : T M → T ∗ M . We have suppressed the pullback by π, which is
implicitly applied to all instances of gM , JM and ωM . It is easily checked that, in the case
M = Cp,q , equipped with its flat Kähler structure and ∇ = ∇LC , this reproduces the
standard hyper-Kähler structure on T ∗ Cp,q = Hp,q . It was noted early on by physicists
that this construction also works in the more general case of an affine special Kähler
manifold:

Theorem 4.25 (Cecotti–Ferrara–Girardello, [CFG89]). If (M, g, J, ∇) is an affine special
Kähler manifold, then the metric g and almost complex structures I1 , I2 define a pseudohyper-Kähler structure on T ∗ M .
For a clear exposition, we recommend [Fre99] or [MS15], where it is explained that this
result can be strengthened to an “if and only if”-statement. We will say that (T ∗ M, g, Ik )
arises from the rigid c-map construction applied to (M, g, J, ∇). The name rigid c-map
reflects the physical origin of this construction as an analog of the c-map for physical
theories involving so-called rigid supersymmetry rather than supergravity.
If we started with a CASK manifold, we additionally have the vector fields {ξ, Jξ} which
generate the distinguished C∗ -action. As first proven in [ACM13], this leads to a rotating
Killing field on T ∗ M .
Proposition 4.26. Let (M, gM , JM , ∇, ξ) be a CASK manifold. Then the ∇-horizontal
f ∈ X(T ∗ M ) is a rotating Killing field on (T ∗ M, g, Ik ), and the function
lift Z = −Jξ
1 ∗
fZ = − 2 π gM (ξ, ξ) = − 12 g(Z, Z) is a Hamiltonian for Z with respect to ω1 .
Proof. This is most easily proven by using local coordinates {q i } adapted to the CASK
structure on M . Following our discussion in section 4.3, we may take these coordinates
P
to be ∇-affine and Darboux with respect to ωM , as well as conical so that ξ = j q j ∂q∂ j .
If {q j , pj } are the corresponding canonical coordinates on T ∗ M , we have
X
g=
gjk dq j dq k + g jk dpj dpk
j,k

where (g jk ) is the inverse matrix to (gjk ), which represents gM with respect to these
P
coordinates. Similarly Z = − j,k Jkj q k ∂q∂ j and since JM ξ preserves gM , we then have
P
LZ g = j,k Z(g jk )dpj dpk ; it now suffices to show that Z(gjk ) = 0.
To show this, we will use the defining features of the special Kähler structure, expressed
with respect to these coordinates. Since the coordinates {q j } are ∇-affine, the coordinate


 ∂g
vector fields ∂q∂ j are parallel and we have ∇ ∂ gM ∂q∂ j , ∂q∂k = ∂qjki . By lemma 4.3,
∂q i

this expression is symmetric in its indices. Moreover, with respect to these coordinates
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P
the equations l ∂q∂ i (Jjl glk ) = 0 and
of ∇JM . We then find
−Z(gjk ) =

X

=

X

Jli q l

l

Lξ gM =

X

=

∂Jki
∂q j

are equivalent to ∇ωM = 0 and symmetry

X
X
X
∂gjk
∂Jli
∂Jki
l i ∂gij
l
l
=
q
J
=
−
q
g
=
−
q
g
ij
ij
l
∂q i
∂q k
∂q k
∂q l
l

l

l

∂gij
Jki q l l
∂q

l

We recognize that q l

∂Jji
∂q k

∂gij
∂q l

= ξ(gij ) and since

ξ(gij )dq i dq j + 2gij d(ξ(q i ))dq j =

X

ξ(gij )dq i dq j + 2gij dq i dq j = 2gM

where the final equality follows from lemma 4.5, we find ξ(gij ) = 0, which proves that
Z is a Killing field.
Next, we verify that Z is ω1 -Hamiltonian with the prescribed Hamiltonian function.
∗
This follows immediately from the fact that Z = −Jg
M ξ and ω1 |π ∗ T M = π ωM , once we
recall that − 12 gM (ξ, ξ) is a Hamiltonian for −JM ξ.
Finally, we check that LZ ω2 = ω3 . From (4.1), we see that




∗
0 −1
0 −JM
ω3 =
ω2 =
1 0
JM
0
P
P
and therefore ω2 = j,k Jjk dq j ∧ dpk and ω3 = j dq j ∧ dpj . Using the same computational tricks as below, we obtain
X
LZ ω2 =
Z(Jjk )dq j ∧ dpk + Jjk d(Z(q j )) ∧ dpk
∂Jjk j
dq ∧ dpk + Jjk d(Jij q i ) ∧ dpk
∂q l
 j

k
X
j
l i ∂Jl
j
k ∂Ji i l
i
=−
Ji q
dq ∧ dpk + Jj
q dq + Ji dq ∧ dpk
∂q j
∂q l


l
l
X
j
i k ∂Ji
j
k
i k ∂Ji
=−
−q Jl
dq ∧ dpk + q Jl
dq − dq ∧ dpk
∂q j
∂q j
= ω3
=−

X

Jil q i

as claimed. The fact that LZ ω3 = −ω2 or equivalently LZ I3 = −I2 now follows automatically: LZ I3 = LZ (I1 I2 ) = I1 LZ I2 = −I2 .

Corollary 4.27. The cotangent bundle of a CASK manifold of complex dimension n
carries a canonical pseudo-hyper-Kähler structure of quaternionic signature (n − 1, 1),
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given by the rigid c-map construction. It is moreover endowed with a canonical rotating
Killing field Z.
Given a CASK manifold M , we have now constructed a hyper-Kähler manifold N = T ∗ M
which satisfies the hypotheses of theorem 3.21 and we can therefore apply the HK/QK
correspondence to it and obtain a (pseudo-)quaternionic Kähler manifold (N̄, gQ ). Since
gM (ξ, ξ) < 0 by definition of the CASK structure, we see that fZ > 0 and fH = fZ +
g(Z, Z) = 21 π ∗ gM (ξ, ξ) < 0. We conclude that (N̄, gQ ) has positive-definite signature and
negative scalar curvature. Since the CASK manifold is equivalent to the corresponding
PSK manifold, we can think of this as a construction of quaternionic Kähler manifolds
with negative scalar curvature from PSK manifolds. This is the (supergravity) c-map
construction. Briefly put, we have:
Theorem 4.28. The c-map canonically associates a quaternionic Kähler manifold with
negative scalar curvature to every PSK manifold.
The following diagram conveniently summarizes our discussion:

M

rigid c-map

C∗

M̄

N
HK/QK

c-map

N̄

In the above discussion, it might not seem natural to think of the PSK manifold, rather
than the corresponding CASK manifold, as the starting point of the c-map construction.
This emphasis is justified by the direct approach to the c-map, where the PSK manifold
plays a central role.

4.4.2 The direct approach
The direct approach is best explained by first restricting to the case of a PSK domain.
Thus, let M̄ ⊂ CPn be a PSK domain, with Kähler metric ḡ. The PSK structure
is induced by the CASK structure on the corresponding CASK domain M , which is
determined by the holomorphic prepotential F . Recall that F is homogeneous of degree
2F
two and that the real matrix defined by Nij := 2 Im ∂z∂i ∂z
j is invertible, where {zj } is a
set of holomorphic coordinates adapted to the CASK structure. We define two further
real matrices (Rij ) and (Iij ) by setting
P
m
n
∂ 2 F̄
m,n Njm z Nkn z
Rjk + iIjk = j k + i P
m n
∂ z̄ ∂ z̄
m,n Nmn z z
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It is known (see e.g. [CHM12]) that the matrix I is positive-definite and in particular
invertible. Note that the entries of these matrices are homogeneous of degree zero, hence
induce well-defined expressions on M̄ .
Now consider the product manifold N̄ = M̄ × R>0 × S 1 × R2n+2 and let {ρ, φ̃, ζ̃i , ζ i } be
standard coordinates on R>0 × S 1 × Rn+1 × Rn+1 (where φ̃ is periodic). With respect
to these coordinates consider the Riemannian metric gN̄ given by
gN̄ = ḡ + gG


X
 2
1 X
1
1
j
j
2
ζ dζ̃j − ζ̃j dζ
+
gG = 2 dρ + 2 dφ̃ +
Ijk dζ j dζ k
4ρ
4ρ
2ρ
j

+

j,k

(4.2)



1 X −1
(I )jk dζ̃j + Rjm dζ m dζ̃k + Rkn dζ n
2ρ
j,k

Note that, since the matrices I and R depend on the point in M̄ , this is not a direct
product metric, though the projection to M̄ is a Riemannian submersion. The above
expressions superficially depend on the chosen set of adapted coordinates {zj } on M̄ .
However, the extrinsic point of view on special Kähler geometry, which dictates that all
such coordinate systems are interrelated via real symplectic transformations [ACD02],
can be used to show that gN̄ , which we call the undeformed c-map metric, is actually independent of this choice [CHM12, Thm. 9]. It is sometimes called the Ferrara–Sabharwal
metric after the physicists who first explicitly described it [FS90].
If we drop the assumption that M̄ is a PSK domain, we may nevertheless use a covering
{Uα } of M̄ such that each Uα is a PSK domain. Thus, we may carry the above construction out on such patches, and ask if the resulting manifolds N̄α can be patched together
in a manner consistent with the local coordinate expressions for the Riemannian metric
on every patch. If two patches have non-trivial overlap, we have two possibly distinct
structures of a PSK domain on Uα ∩ Uβ . Now, the fact that the metric patches to a
globally well-defined metric boils down to the independence of the metric of the adapted
coordinate set used to define it on Uα ∩ Uβ , which we already established. Therefore, the
above construction can be applied to arbitrary PSK manifolds, the only difference being
that N̄ is, in general, non-trivial as a bundle over M̄ . This completes our description of
the direct approach to the c-map.
It is far from obvious that (N̄, gN̄ ) is a quaternionic Kähler manifold; this fact was first
proven by Hitchin [Hit09]. However, the direct c-map construction offers some distinct
advantages, which can be traced back to the fact that N̄ is constructed as a bundle
π : N̄ → M̄ . It is worthwhile to study the bundle structure in some more detail. The
following fact was already well-known to physicists since the discovery of the c-map construction; the proof we give is essentially due to Cortés, Han and Mohaupt [CHM12].
Proposition 4.29. Let M̄ be a PSK manifold of complex dimension n. Then, for each
x ∈ M̄ , the fiber N̄x = π −1 (x) carries a nearly effective and isometric action of the
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(2n + 3)-dimensional Heisenberg group Heis2n+3 . Moreover, it is a locally homogeneous
space.
fx ∼
Proof. We will prove that the universal Riemannian covering N
= R>0 × R2n+3 of
each fiber is a Lie group equipped with a left-invariant metric, containing Heis2n+3 as a
fx is a one-dimensional (solvable) extension of Heis2n+3 and
subgroup. More precisely, N
the action of Heis2n+3 descends to N̄x .
fx is obtained simply by regarding φ̃ as a real coordinate, rather than
First, note that N
periodic. Now consider the following group law on R>0 × R × Rn+1 × Rn+1 :
0

(eλ , φ̃, ζ̃i , ζ i )·(eλ , φ̃0 , ζ̃i0 , ζ 0i )
X



λ+λ0
λ 0
λ/2
0i
i 0
λ/2 0 i
λ/2 0i
= e
, φ̃ + e φ̃ + e
ζ̃i ζ − ζ ζ̃i , ζ̃i + e ζ̃i , ζ + e ζ
i

(4.3)
∼
f
This casts R>0 ×
= Nx as the Iwasawa subgroup of SU(n + 2, 1), which we will
denote by G(n + 2). The (2n + 3)-dimensional Heisenberg group is parametrized by the
coordinates (φ̃, ζ̃i , ζ i ) ∈ R2n+3 . It is not hard to check explicitly that the metric gG given
in (4.2) is left-invariant with respect to the action of G(n + 2).
R2n+3

The fiber N̄x is obtained by dividing out a cyclic subgroup of (integer) translations in
φ̃. This is a central subgroup of Heis2n+3 , so its action descends to a nearly effective,
isometric action on N̄x . Passing to the corresponding discrete quotient Heis2n+3 /Z, the
action is free. Note that the action of G(n + 2) does not descend, as the cyclic subgroup
is not normal as a subgroup of G(n + 2).
As the proof shows, the cyclic covering Ñ , whose fibers are the universal coverings of the
fibers of N̄ , is naturally a bundle of Lie groups equipped over M̄ with a left-invariant
metric on each fiber. This can be leveraged to effectively control the completeness of the
c-map metric.
Theorem 4.30 (Cortés–Han–Mohaupt, [CHM12]). Let (M̄, ḡ) be a PSK manifold and
(N̄, gN̄ ) its image under the c-map. Then (N̄, gN̄ ) is complete if and only if (M̄, gM̄ ) is.
Sketch of Proof. To study questions of completeness, we may work with (Ñ, gÑ ) instead
of N̄ , since the two manifolds have the same universal covering, and a Riemannian
manifold is complete if and only if its universal covering is. We may moreover restrict
to the case where Ñ is a trivial bundle: Ñ = M̄ × R>0 × R2n+3 ∼
= M̄ × G(n + 2).
For general product manifolds M1 × M2 equipped with a metric g = g1 + g2 , where g1 is
(the pullback of) a metric on M1 and g2 is a family of Riemannian metrics parametrized
by M1 , one may prove the following completeness criterion. Assume that (M1 , g1 ) is
complete, and that for every compact subset K ⊂ M1 , there exists a complete metric
gK on M2 such that g2 (x) ≥ π ∗ gK for every x ∈ K. Then (M1 × M2 , g) is complete.
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To apply this criterion in our setup, we note (cf. the proof of the previous proposition)
that, in our case, the family of metrics g2 = gG is a family of left-invariant metrics on
the Lie group M2 = G(n + 2). Such metrics are in bijective correspondence with scalar
products on Lie(G(n+2)). Thus, let K ⊂ M1 = M̄ be a compact subset and consider the
family gG (x), x ∈ K. The corresponding family of scalar products on the Lie algebra of
G(n + 2) is uniformly bounded from below by some other scalar product, corresponding
to a left-invariant and hence complete metric gK . Left-invariance of the metrics gG (x)
implies that gG (x) ≥ π ∗ gK and we may now apply the criterion to deduce that (Ñ, gÑ )
is complete if M̄ is. The converse is obvious.
Thus, the direct approach to the c-map elucidates the role of the PSK manifold M̄ ,
uncovers the existence of a large group of isometries of the c-map metric and can be
used to study global properties such as completeness of the c-map metric.

4.4.3 The one-loop deformation
As noted in section 3.3, there is an implicit one-parameter ambiguity in the HK/QK
correspondence. Given a hyper-Kähler manifold (N, g, Ik ) equipped with ω1 -Hamiltonian
rotating Killing field Z, every choice of Hamiltonian fZ for Z leads to a quaternionic
Kähler manifold, and there is no reason to believe that these manifolds are pairwise
isometric. Indeed, the fact that fZ features explicitly in the expression for the elementary
deformations gH suggests otherwise.
In case the data (N, g, Ik , Z) arise from the rigid c-map construction applied to a CASK
manifold M , we have a canonical choice of Hamiltonian, namely − 21 g(Z, Z). Therefore, we call the resulting quaternionic Kähler metric the undeformed c-map metric
and think of the family of quaternionic Kähler metrics arising from different choices
fZ = − 12 g(Z, Z) − 21 c, c ∈ R, as deformations of this metric. They are often called
one-loop deformed c-map metrics, owing to their physical interpretation as one-loop
quantum corrections to the undeformed c-map metric [RSV06], but we will usually refer
to them simply as deformed c-map metrics.
An explicit (local) expression for the one-parameter family of deformed c-map metrics
g c , c ∈ R, can be given via the direct construction of the c-map. Assume M̄ is a PSK
domain, with PSK structure induced by the holomorphic prepotential F and adapted
z
holomorphic coordinates {zj } on the corresponding CASK manifold. Let Xj = z0j (recall
that, by assumption, M̄ ⊂ CPn is contained in the open subset {z0 6= 0}) be coordinates
on M̄ and set X0 = 1 (this will simplify the coming expressions). Moreover, let K be the
canonical Kähler potential inducing the PSK metric ḡ. Then, in the notation employed
in (4.2), the deformed c-map metric on N̄ = M̄ × R>0 × S 1 × R2n+2 is
c
gN̄
=
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ρ+c
c
ḡ + gG
ρ

4.4 The c-map
where
c
gG


2
X

1 ρ + 2c 2
1 ρ+c
j
j
c
= 2
dφ̃ +
ζ dζ̃j − ζ̃j dζ + c d K
dρ + 2
4ρ ρ + c
4ρ ρ + 2c
j


1 X
1 X −1
+
Ijk dζ j dζ k +
(I )jk dζ̃j + Rjm dζ m dζ̃k + Rkn dζ n
2ρ
2ρ
j,k

+

(4.4)

j,k

n
2c K X j
e
X dζ̃j + Fj (X)dζ i
ρ2

2

j=0

∂F
where the value of Fj at X = [z0 : · · · : zn ] ∈ M̄ is determined by evaluating ∂z
j at
X = (1, z1 /z0 , . . . , zn /z0 ). Note that this yields a well-defined function on M̄ (i.e. is
∂F
invariant under the choice of representative for X), since ∂z
j is homogeneous of degree
one.

A first observation is that, for c = 0, we indeed recover the undeformed c-map metric. For
non-zero c, however, the metric is significantly more complicated than the undeformed
c-map metric. By inspecting the expression (4.4), it is not hard to see that the metric
c is positive-definite if c ≥ 0, but not necessarily so if c < 0, in which case the metric
gN̄
even degenerates for certain values of ρ. Even when restricting to a subset where the
metric is non-degenerate and of constant signature, it is known that the resulting pseudoRiemannian manifold is in general incomplete (see [ACDM15, App. A]). Therefore, we
will restrict to c ≥ 0 from now on.
Proposition 4.31 (Cortés–Dyckmanns–Suhr, [CDS17]). Let (M̄, ḡ) be a PSK domain.
c1
c2
Then, for any c1 , c2 > 0, the deformed c-map metrics gN̄
, gN̄
on N̄ are locally isometric to each other.
Proof. We pass to the cyclic covering Ñ , obtained by regarding φ̃ as a real (rather
c1
c2
than periodic) coordinate. Now, we claim that the lifted metrics gÑ
, gÑ
are isometric.
Indeed, recall the action of G(n + 2) on the fibers of Ñ from (4.3). In particular,
(eλ , 0, 0, 0) ∈ G(n + 2) induces a diffeomorphism ϕλ : Ñ → Ñ which is easily checked to
c = g e−λ c . Since c /c > 0 we may choose λ such that e−λ = c /c , proving
satisfy ϕ∗λ gÑ
2 1
2 1
Ñ
c2
c1
our claim. This implies that (N̄, gN̄
) and (N̄, gN̄
) are locally isometric.
Thus, the local geometry depends only on the sign of c.
In order to define the deformed c-map for arbitrary PSK manifolds, one needs to patch
together local expressions, defined relative to a given PSK domain structure on a patch
Uα ⊂ M̄ , to a global Riemannian metric, analogous to the case of the undeformed c-map
metric. This matter was studied in [CDS17, Thm. 12], where it was found that the local
metrics can be consistently patched together precisely if the circle factor, parametrized
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by φ̃, has length 2πc, i.e. φ̃ + 2πc = φ̃.7 Then, we have a well-defined one-parameter
c ), c ≥ 0. Once again, it is not at all obvious
family of Riemannian manifolds (N̄, gN̄
that these metrics are quaternionic Kähler. In fact, the only complete proof of this
fact proceeds by showing that they coincide with the metrics obtained via the twist
approach:
Theorem 4.32 (Alekseevsky et al., [ACDM15]). Let M̄ be an arbitrary PSK manifold
and M the associated CASK manifold. Then, for every c ≥ 0, the Riemannian manifold
c ) is locally isometric to the quaternionic Kähler manifold obtained by applying
(N̄, gN̄
the HK/QK correspondence to T ∗ M , endowed with its canonical pseudo-hyper-Kähler
structure and rotating Killing field Z (cf. corollary 4.27), and ω1 -Hamiltonian function
fZ = − 12 g(Z, Z) − 12 c.
c ), c ≥ 0, is a quaterCorollary 4.33. Each member of the one-parameter family (N̄, gN̄
nionic Kähler manifold.

Their proof proceeds by explicitly carrying out the twist approach under the assumption
that M̄ is a PSK domain, finally reproducing the expression (4.4) for the resulting
metric.
Despite the increase in complexity, the deformed c-map metrics retain some of the good
properties of the undeformed c-map metric, such as the isometric action of the Heisenberg
group Heis2n+3 .
c ) carries a nearly effective and isometric action
Proposition 4.34. For each c ≥ 0, (N̄, gN̄
of Heis2n+3 which preserves the fibers of N̄ , regarded as a bundle over M̄ .
Proof. The action of Heis2n+3 is given, as in the undeformed case, by (4.3). Using (4.4),
one can easily check that it is isometric. Note, however, that there is no longer an
isometric action of G(n + 2) on the cyclic covering Ñ , so the fibers are not necessarily
locally homogeneous.

There is no general theorem asserting completeness for deformed c-map metrics arising
from complete PSK manifolds. This can be traced back to the fact that the fibers of
N̄ are now no longer homogeneous, which was used to control the completeness in the
proof of theorem 4.30. Nevertheless, partial results that cover the most important known
examples have been established:
Theorem 4.35 (Cortés–Dyckmanns–Suhr, [CDS17]). Let M̄ be a PSK manifold with regular boundary behavior, or a PSK manifold arising from the supergravity r-map applied
c )
to a complete projective special real manifold. Then the deformed c-map space (N̄, gN̄
is a complete quaternionic Kähler manifold for every c ≥ 0.
7
This is why we have chosen to work with periodic φ̃, rather than using the cyclic cover Ñ which we
have encountered several times. Another reason is compatibility with the picture that emerges from the
twist construction, where φ̃ parametrizes the “principal circle” of the S 1 -bundle P → T ∗ M .
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For the precise definition of PSK manifolds with regular boundary behavior, projective special real manifolds and the supergravity r-map, we refer the interested reader
to [CDS17], as well as [CDL14; CDJL17]. Let us only mention two important (classes
of) examples. Firstly, all Alekseevsky spaces, that is, all known examples of homogeneous quaternionic Kähler manifolds of negative scalar curvature, with exception of the
quaternionic hyperbolic spaces HHn , arise from such PSK manifolds. In fact, they arise
from homogeneous PSK manifolds in the image of the supergravity r-map.
Corollary 4.36. All Alekseevsky spaces except the quaternionic hyperbolic spaces admit
a one-parameter deformation by complete quaternionic Kähler metrics of negative scalar
curvature.
Secondly, it was shown in [CDJL17] that there are PSK manifolds that arise from the
supergravity r-map applied to a complete projective special real manifold, for which the
corresponding undeformed c-map metric is not locally homogeneous.
Though we have so far worked with the direct formulation of the c-map to study the
properties of the deformed c-map, this will change in chapter 5, where we rely mostly on
the twist formulation in our investigation of the properties of the c-map. The reason for
this is as follows. On the hyper-Kähler side of the HK/QK correspondence, the simple
interpretation of the deformation parameter c as a constant added to the moment map
for the rotating Killing field Z means that there is hardly any reason to prefer any specific
value of c over any other. Thus, results proven about the undeformed c-map in the twist
formalism typically generalize easily to the deformed case. This goes in particular for
the existence and properties of interesting tensor fields on c-map spaces, which can be
studied by means of the twist construction; we will soon see concrete instances of this
principle.

4.5 Example: Deformations of non-compact symmetric spaces
For the sake of concreteness, and to illustrate the equivalence of the two approaches
to the c-map (summarized by theorem 4.32), we will now consider an important series
of examples and sketch how to derive the explicit expression—provided by the direct
approach—for the quaternionic Kähler metric through the twist approach. We will
return to these examples in the next chapter.
Recall (cf. example 4.14) that complex hyperbolic space CHn admits the structure of
a PSK domain. Using standard coordinate {Xj } for the unit ball model of CHn , its
Kähler metric is
X
2
X
1
1
2
ḡ =
|dXj | +
Xj dX̄j
P
P
1 − j |Xj |2
1 − k |Xk |2 j
j
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n+1 defined by the inThe corresponding
PnCASK 2domain Mn is the open subset of C
2
equality |z0 | >
j=1 |zj | . Its holomorphic prepotential is a quadratic polynomial.
The expression for the metric on N̄n = CHn × R>0 × S 1 × R2n+2 , given by the direct approach to the c-map construction, takes the following form after some rewriting
(cf. [CDS17]):

gnc



n
X
ρ+c
1 ρ + 2c 2 2
=
dw0 dw̄0 −
ḡ + 2
dρ −
dwj dw̄j
ρ
4ρ ρ + c
ρ
j=1
2

n
n
h
i
X
X
2c
1 ρ+c
j
j
dφ̃ − 4 Im w̄0 dw0 −
Im
X̄ dX
w̄j dwj +
+ 2
4ρ ρ + 2c
1 − kXk2
j=1

+

ρ+c
4
dw0 +
ρ2 1 − kXk2

n
X

j=1

2

Xj dwj

j=1

(4.5)
where, besides w0 = 12 (ζ̃0 + iζ 0 ) and wj = 21 (ζ̃j − iζ j ) for j = 1, . . . , n, we use the same
coordinates as in (4.4).
It is well-known (e.g. Table 2 in [dWvP92]) that, in this case, the cyclic covering
SU(n+1,2)
Ñn = CHn × R>0 × R2n+3 is the non-compact Wolf space S(U(n+1)×U(2))
. These symmetric spaces can be characterized as the only quaternionic Kähler manifolds of negative
scalar curvature which are simultaneously Kähler. Thus, the deformed c-map metrics
determine a one-parameter deformation of a locally symmetric metric through complete
quaternionic Kähler metrics of negative scalar curvature. It will follow from our results
that this deformation is non-trivial. To derive the deformed c-map metric explicitly
via the twist approach, we first apply the rigid c-map construction to Mn , obtaining a
hyper-Kähler structure on Nn = T ∗ Mn .
Since Mn is an open subset of Cn+1 equipped with the flat Kähler structure induced by
the standard Hermitian form h of signature (n, 1), its cotangent bundle is Mn ×Cn+1 and
the rigid c-map endows it with the standard, flat hyper-Kähler structure of quaternionic
signature (n, 1). Explicitly, we have
g = −dz0 dz̄0 − dw0 dw̄0 +

n
X

(dzj dz̄j + dwj dw̄j )

j=1

i
ω1 =
2
ω2 + iω3 =



n
X

− dz0 ∧ dz̄0 − dw0 ∧ dw̄0 +

n
X


(dzj ∧ dz̄j + dwj ∧ dw̄j )

(4.6)

j=1

dzj ∧ dwj

j=0

with respect to standard coordinates (z, w) on Nn ∼
= Mn × Cn+1 .
The conical structure on Mn is determined by the standard Euler field. In coordinates,
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this is ξ =
is

Pn

∂
j=0 zj ∂zj

+ z̄j ∂∂z̄j and therefore the canonical rotating Killing field on Nn

n 
X
∂
∂
− z̄j
Z = −i
zj
∂zj
∂ z̄j
j=0

The Hamiltonian for Z with respect to ω1 is fZ = − 21 g(Z, Z) − 21 c, c ≥ 0.
Now we assemble the twist data, i.e. determine the twisting form ωH and the corresponding Hamiltonian fH . Consulting theorem 3.21, we see that they are


n
X
i
dz0 ∧ dz̄0 − dw0 ∧ dw̄0 −
ωH =
(dzj ∧ dz̄j − dwj ∧ dw̄j )
2
j=1


n
X
1
1
1
2
2
|z0 | −
|zj | + c
fH = g(Z, Z) − c = −
2
2
2
j=1

Since ωH is exact, it can be realized as the curvature of a connection on the trivial bundle
P = Nn × S 1 . Denoting the standard (local) coordinate on S 1 by s, which is periodic
with period 2π, a natural choice for this connection is
η = ds+

n

X
i
z0 dz̄0 − z̄0 dz0 −w0 dw̄0 + w̄0 dw0 −
(zj dz̄j − z̄j dzj −wj dw̄j + w̄j dwj )
4
j=1

1
= ds + ιΞ ωH
2
where Ξ is the Euler field on Nn , i.e. Ξ =

Pn

j=0


∂
∂
zj ∂z∂ j + z̄j ∂∂z̄j + wj ∂w
+ w̄j ∂ w̄
.
j
j

The lift of Z to P is
ZP = Z̃ + fH

∂
∂
c ∂
= Z + (fH − η(Z))
=Z−
∂s
∂s
2 ∂s

(4.7)

where we used
1
1
η(Z) = ωH (Ξ, Z) = −
2
2



2

|z0 | −

n
X
j=1

|zj |

2


= fH +

c
2

For these examples, ZP is easily integrated explicitly and we see that the flow is periodic
precisely if c ∈ 2Z. This is in accordance with lemma 3.5, which dictates that we obtain
a lifted circle action only upon imposing an integrality condition on c. Moreover, it is
clear that the circle action has the same period as the circle action on Nn precisely if
c = ±2. Therefore, we implicitly assume c = 2 in the following. This is no problem,
since we already know that the resulting metrics will be locally isometric for all strictly
positive values of c. Moreover, it will be clear a posteriori that the resulting expressions
determine a complete quaternionic Kähler metric for arbitrary c ≥ 0.
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Before we can carry out the twist construction, one more difficulty needs to be addressed.
By definition, the twist manifold is a quotient space. In order to explicitly write down
tensor fields on this manifold, we must choose a section for the projection map. With our
implicit choice of c = 2, a global section is provided by the submanifold N̄n = {(z, w, s) ∈
Mn × Cn+1 × S 1 | arg z0 = 0}. This choice is compatible with the choice of section in
example 4.14, to which it reduces on the submanifold {(z, 0, 0) ∈ P | h(z, z) = −1}.
All that remains in order to compute the quaternionic Kähler metric gQ is to use (3.4)
to determine p∗ gQ , where p : P → N̄n is the projection map, and restrict this tensor field
to N̄n . The resulting metric is best expressed in terms of the following new variables:
Xj :=

zj
z0

j = 1, . . . , n
2

ρ := 2fZ = |z0 | −

n
X

|zj |2 − c

(4.8)

j=1

φ̃ := 4s
The functions {Xj , ρ, φ̃, wµ }, j = 1, . . . , n, µ = 0, 1, . . . , n, provide a set of global coordinates on N̄n ∼
= CHn × R>0 × S 1 × R2n+2 , extending the standard coordinates on CHn .
After a lengthy series of algebraic manipulations, the expression for gQ dictated by the
twist construction reproduces (4.5) with respect to these coordinates.
It is remarkable that, despite starting from extremely simple initial data, we obtain such
interesting and non-trivial quaternionic Kähler metrics. Even in the case n = 0, when
the PSK manifold is reduced to a point, we obtain a non-trivial family of metrics on R4 .
The undeformed c-map metric is the symmetric metric on SU(1, 2)/ U(2) = CH2 ; it is
known as the universal hypermultiplet in the physics literature. The deformed metrics
were studied by Cortés and Saha [CS18], who showed that they interpolate between CH2
and the constant curvature metric of (real) hyperbolic four-space, to which they tend as
c → ∞. In the following chapter, the contrast in complexity between the hyper-Kähler
and the quaternionic Kähler sides of the HK/QK correspondence will be a central motif,
and we shall leverage it to prove theorems both about the HK/QK correspondence in
general and for this particular series of examples.
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correspondence and c-map
The c-map provides a powerful method to construct explicit, complete quaternionic
Kähler manifolds of negative scalar curvature. As we have seen, all Alekseevsky spaces
except the quaternionic hyperbolic spaces arise from the c-map, as well as a wealth
of further interesting examples. Therefore, understanding the general properties which
are shared by all manifolds constructed in this fashion is of paramount importance. In
this chapter, we study the symmetry properties of (deformed) c-map metrics, following
the articles [CST20b; CST20a]. We do this via two methods, which are in some sense
complementary.
In the first part of this chapter, we study the HK/QK correspondence and the c-map
in the presence of additional symmetries. More precisely, we study the isometry group
c ) that arise by applying the c-map construction
of the deformed c-map spaces (N̄, gQ
to a PSK manifold M̄ that admits (continuous families of) non-trivial automorphisms.
Using the twist formulation of the c-map, we show that every one-parameter group of
automorphisms of the PSK manifolds can be lifted to a one-parameter group of isometries of the deformed c-map metric. Moreover, the Lie algebra aut(M̄ ) of infinitesimal
c ), which is a (possibly
automorphisms of M̄ lifts to a Lie algebra of Killing fields of (N̄, gQ
trivial) one-dimensional central extension of aut(M̄ ). These results have several interesting corollaries, which include strong lower bounds on the dimension of the isometry
group of c-map metrics. In particular, if M̄ is homogeneous as a PSK manifold then we
c , c > 0, are of co-homogeneity at most one.
prove that the deformed c-map metrics gQ
The second part of this chapter consists of a study of the curvature tensors of quaternionic Kähler metrics that arise from the HK/QK correspondence. A long computation
eventually yields elegant formulae expressing the Levi-Civita connection and the curvac in terms of the hyper-Kähler structure
ture tensor of the deformed c-map metrics gQ
and twist data on the dual hyper-Kähler manifold. Our result refines Alekseevsky’s
decomposition theorem 2.23 by giving an explicit expression for the quaternionic Weyl
curvature for quaternionic Kähler metrics arising from the HK/QK correspondence.
Finally, we demonstrate our results by applying them to the series of examples considered
in section 4.5, which arise by applying the c-map to CHn , viewed as a homogeneous
PSK manifold. First, we give explicit expressions for the Killing fields obtained by
lifting infinitesimal automorphisms of CHn . Then we show how our description of the
curvature can be used to study the symmetries of the deformed c-map metrics on these
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c-map spaces. Concretely, we use our formulae
the Hilbert–Schmidt norm
V2 to compute
V2
of the curvature, viewed as an operator R :
TM →
T M . For c > 0, this invariant
turns out to be an injective function of precisely one of the coordinate functions on these
c , c > 0, preserve the
manifolds, so we conclude that the isometry groups of the metrics gQ
level sets of this function. Combining this with our results from the first part, we deduce
that deformed c-map metrics are of co-homogeneity precisely one. In particular, they
SU(n,2)
define a non-trivial deformation of the symmetric space S(U(n)×U(2))
through complete
quaternionic Kähler metrics of co-homogeneity one and negative scalar curvature. We
conjecture that the same phenomenon occurs for other c-map spaces that arise from
homogeneous PSK manifolds.

5.1 The c-map in the presence of additional symmetries
Let M̄ be a PSK manifold and assume that it admits a non-trivial automorphism. By
definition, every automorphism of the PSK structure is induced by a diffeomorphism
ϕ of the corresponding CASK manifold M which preserves the CASK data (cf. definition 4.12). Our first step is to lift this CASK automorphism to T ∗ M , which is to
be thought of as a pseudo-hyper-Kähler manifold endowed with a free and isometric
circle action, induced by the rotating Killing field Z. For any manifold M there is a
canonical method of lifting self-diffeomorphisms of M to its cotangent bundle, using the
pullback on one-forms. Indeed, for any diffeomorphism ϕ : M → M and any covector
∗ M , so the map Φ : T ∗ M → T ∗ M ,
αp ∈ Tp∗ M , p ∈ M , we know that (ϕ−1 )∗ αp ∈ Tϕ(p)
−1
∗
∗
αp 7→ (ϕ ) αp is a bundle automorphism of T M covering ϕ. We call this the canonical
lift of ϕ. The following lemma shows that canonically lifting is compatible with the rigid
c-map construction.
Lemma 5.1. Let (M, gM , JM , ∇) be an affine special Kähler manifold endowed with an
automorphism ϕ. Equip its cotangent bundle N = T ∗ M with the (pseudo-)hyper-Kähler
structure induced by the rigid c-map. Then the canonical lift Φ : N → N of ϕ respects
this hyper-Kähler structure, i.e. is a tri-holomorphic isometry.
Proof. Since ϕ preserves the special Kähler connection ∇, it preserves the splitting
T N = π ∗ T M ⊕ π ∗ T ∗ M induced by ∇. Thus, we may work with respect to this splitting.
But with respect to this splitting, (4.1) shows that g and ωk , k = 1, 2, 3, are expressed
in terms of the Kähler structure on M , which is invariant under ϕ. This means that g
and ωk are preserved by Φ.
Now assume that M is CASK, so that N = T ∗ M is endowed with a canonical Killing
field which is moreover ω1 -Hamiltonian (see proposition 4.26).
Lemma 5.2. Let ϕ be a CASK automorphism and Φ its canonical lift to N = T ∗ M .
Then Φ preserves the Hamiltonian fZ of Z with respect to ω1 .
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Proof. The Hamiltonian is fZ = − 12 π ∗ gM (ξ, ξ) − 21 c. Since ϕ preserves gM and ξ, it
preserves g(ξ, ξ) and consequently Φ preserves fZ .
Functoriality of the pullback now implies that the automorphism group of the CASK
manifold lifts to a subgroup of the group of tri-holomorphic isometries of N = T ∗ M that
preserve fZ .
We can also formulate a canonical lifting procedure for the vector fields generating
one-parameter groups of automorphisms, but we have to introduce some notation first.
There is a canonical vector field on T ∗ M which is vertical with respect to the projection
π : T ∗ M → M and restricts to the Euler field on each fiber; we denote it by η. Under
the identification of the vertical tangent bundle of T ∗ M with π ∗ T ∗ M , it corresponds to
the tautological one-form on T ∗ M .
Given a vector field X ∈ X(M ), ∇X ∈ Γ(End T M ) can be pulled back to an endomorphism of End(π ∗ T M ), which we continue to denote by ∇X. First taking its adjoint
and then pulling back, we obtain (∇X)∗ ∈ Γ(End(π ∗ (T ∗ M )), which we interpret as an
endomorphism of the vertical tangent bundle of T ∗ M . In this notation, we have:
Lemma 5.3. Let (M, gM , JM , ∇) be an affine special Kähler manifold and ϕt a oneparameter group of automorphisms of the affine special Kähler structure. Denote its
generating vector field by X. Then, if Φt is the canonically lifted one-parameter group
of tri-holomorphic isometries of N , endowed with its canonical hyper-Kähler structure,
its generating vector field is Y = X̃ − (∇X)∗ (η), where X̃ is the ∇-horizontal lift of X.
Proof. It is a basic result from symplectic geometry that a diffeomorphism T ∗ M → T ∗ M
is the canonical lift of a diffeomorphism of M if and only if it preserves the tautological
one-form λ. Since Y is certainly a lift of the vector field X, it now suffices to check that
LY λ = 0 to verify that it is the canonical lift.
The simplest way to go about this is to pick local ∇-affine coordinates {q i } on M , which
exist because ∇ is flat. Then, with respect to the canonical coordinates {q i , pi } on T ∗ M ,
we have
λ=

X

pi dq i

η=

X

pi

∂
∂pi

(∇X)∗ =

X ∂X i
∂q j

dpi ⊗

∂
∂pj

This implies that

X
∂X i
∂
i ∂
Y =
X
−
pi
∂q i
∂q j ∂pj
and consequently
LY λ = Y (pi )dq i + pi d(Y (q i )) = 0
which proves the claim.
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We already saw that LY ωk = 0 for k = 1, 2, 3 for any canonical lift Y of an infinitesimal
automorphisms of an affine special Kähler manifold. In case M is a CASK manifold,
the fact that every one-parameter group of automorphisms is Hamiltonian, proven in
lemma 4.9, can be leveraged to say more.
Lemma 5.4. Let N = T ∗ M be the cotangent bundle of a CASK manifold M , equipped
with its canonical pseudo-hyper-Kähler structure. Then, if Φt : N → N is the canonical
lift of a one-parameter group of CASK automorphisms ϕt : M → M , it is ω1 - as well as
ω3 -Hamiltonian.
Proof. Let Y denote the generating vector field for Φt , and X the generating vector field
for ϕt . With our conventions, ω3 is the canonical symplectic structure, which exists on
any cotangent bundle (cf. the proof of proposition 4.26). Therefore, ω3 = −dλ, where λ
is the tautological one-form. We already know that LY λ = 0 and therefore −λ(Y ) is a
Hamiltonian with respect to ω3 .
The proof that the action is ω1 -Hamiltonian is more involved, and makes use of the
special Kähler structure. We will find a local expression for the Hamiltonian function,
and show that it is globally well-defined. Pick a set of local ∇-affine Darboux coordinates
on M and consider the corresponding canonical coordinates {q i , pi } on N . With respect
to these coordinates we can write
X
ω1 =
(ωM )ij dq i ∧ dq j + (ωM )ij dpi ∧ dpj
where ωM is the Kähler form on M ; its coefficients are constant with respect to these
coordinates, and (ωM )ij are the coefficients of the inverse matrix. Using the formula of
lemma 5.3, we have
ιY ω1 =

X

2(ωM )ij X i dq j − 2(ωM )ij

∂X k
pk dpj
∂q i

Since X is ωM -Hamiltonian by lemma 4.9, the first term equals −π ∗ dfX for some fX ∈
C ∞ (M ). Regarding the second term, the fact that X preserves the special Kähler
connection ∇, i.e. is ∇-affine, implies that its coefficients with respect to the coordinates
k
{q i } on M are affine functions. In particular, ∂X
is constant, so after setting SYjk =
∂q i
P
k
(ωM )ij ∂X
, and noting that each SYjk is constant, we can write the second term as
∂q i

P jk
−d
SY pj pk .
We show how the coefficients SYjk arise from an invariantly defined object on N . Let V ⊂
T N denote the vertical subbundle, and define SY ∈ Sym2 (V ∗ ) by SY = ω1 ((∇X)∗ ·, ·)|V ,
where we once again view (∇X)∗ as a section of End(V). The symmetry of SY follows
from the fact that 0 = LX ωM (U, V ) = ωM (∇U X, V ) − ωM (∇V X, U ), where we used
that ωM is ∇-parallel. Then we have


X
 X
i
∂
∂
∂
∂X i ∂
lj ∂X
SY
,
= ω1
,
=
(ω
)
M
∂pi ∂pj
∂q l ∂pl ∂pj
∂q l
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and therefore the (constant) functions SYjk are nothing but the coefficient functions of
SY with respect to these coordinates. Applying SY to the fiberwise Euler field η twice,
we obtain

ιY ω1 = −d π ∗ fX + SY (η, η)
and thus we have constructed a Hamiltonian for Y with respect to ω1 .
Definition 5.5. Let (N, g, Ik , Z, fZ ) be a hyper-Kähler manifold endowed with a rotating
Killing field Z with Hamiltonian fZ with respect to ω1 . We denote the group of triholomorphic isometries which preserve fZ and are ω1 -Hamiltonian by AutHam (N, fZ ).
This is the appropriate notion of symmetry in the context of the HK/QK correspondence.
Note that elements of autHam (N, fZ ) automatically commute with Z, since Z is ω1 -dual
to −dfZ .
The above discussion can essentially be summarized as follows:
Theorem 5.6. Let M be a CASK manifold endow N = T ∗ M with its the canonical
pseudo-hyper-Kähler structure and rotating Killing field. Then the CASK automorphism
group Aut M lifts canonically to a subgroup of AutHam (N, fZ ).
The above depends crucially on the fact that N = T ∗ M is naturally associated to M .
When we apply the HK/QK correspondence to N , we make use of an auxiliary space,
the circle bundle P , which is not canonically associated with N . We therefore should
not expect a natural way to lift automorphisms of N to P or, by extension, twist them
to automorphisms of the quaternionic Kähler twist manifold N̄ . Nevertheless, we can
twist Z-invariant tensor fields on N , such as the Z-invariant vector fields that make up
autHam (N, fZ ), to tensor fields on N̄ . We will now show how to produce Killing fields
on the quaternionic Kähler side of the correspondence out of these vector fields.
Lemma 5.7. Let (N, g, ωk , Z, fZ ) be a hyper-Kähler manifold equipped with ω1 -Hamiltonian rotating Killing field. Then every X ∈ autHam (N, fZ ) preserves the twist data
(Z, ωH , fH ) and the elementary deformation gH specified in theorem 3.20.
Proof. By assumption, X preserves g, ωk and fZ , hence also Z. Therefore, it certainly
preserves gH = f1Z g + f12 gα and the function fH = fZ + g(Z, Z). To see that it is ωH Z
Hamiltonian, we use the assumption that there exists a Hamiltonian ϕ of X with respect
to ω1 . Then ιX ωH = −dϕ + ιX dα0 = −d(ϕ + g(Z, X)) by Cartan’s formula.
We will denote a (choice of) Hamiltonian function for X ∈ autHam (N, fZ ) with respect
to ωH by fX . Now, let us consider what happens when we twist such a vector field.
We would like to produce a Killing field with respect to the quaternionic Kähler metric
gQ , which is H-related to gH . However, as explained in chapter 3, differential conditions
are not preserved by the twist construction, and therefore Killing fields do not (usually)
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twist to Killing fields. Indeed, if X 0 denotes the twist of X, we have the relation LX gH −
2fH−1 ιX ωH ∨ ιZ gH ∼H LX 0 gQ , proven in example 3.14. Thus, an element autHam (N, fZ )
needs to be modified if we are to produce a Killing field on the quaternionic Kähler side
of the correspondence. Moreover, this modification needs to be Z-invariant, so that we
can still twist the modified vector field.
In order to find an appropriate modification, it is helpful to consider the big picture. In
the context of the twist construction, there is one distinguished vector field, which in this
case is the rotating Killing field Z. Therefore, it is natural to modify the infinitesimal
automorphism X by adding a term proportional to Z. The following lemma proves that
this is the right approach:
Lemma 5.8. Let X ∈ autHam (N, fZ ) as above. Then there exists a Z-invariant function
ψ ∈ C ∞ (N ) such that the twist XQ of XH := X + ψZ is a Killing field on (N̄, gQ ).
Proof. We use the ansatz XH = X + ψZ and attempt to solve the equation LXQ gQ = 0,
where XQ is the twist of XH . This is equivalent to solving LXH gH −2fH−1 ιXH ωH ∨ιZ gH = 0
on N . Because LX gH = LZ gH = 0 and ιX ωH = −dfX , ιZ ωH = −dfH , we obtain:


LXH gH − 2fH−1 ιXH ωH ∨ ιZ gH = 2 dψ − fH−1 (−dfX − ψdfH ) ∨ ιZ gH
It is clearly sufficient to solve the following differential equation for ψ:


dfX
ψdfH
dψ = −
+
fH
fH
which has the simple solution ψ = − ffXH . All that remains is to check that ψ is Zinvariant; this follows from the fact that both fX and fH are. Indeed, fH is the Hamiltonian for Z itself with respect to ωH , and Z(fX ) = −ωH (X, Z) = X(fH ) = 0 by
lemma 5.7.
Recall that, as a general feature of the twist construction, N̄ comes equipped with a
Killing field V = p∗ (VP ), where VP is the vector field generating the principal circle
action on P and p is the projection map to N̄ . Tensor fields that arise from twisting are
automatically V -invariant. Denoting the algebra of Killing fields of N̄ which commute
with V by aut(N̄, V ), the above construction therefore produces elements of aut(N̄, V )
out of elements of autHam (N, fZ ).
This procedure does not automatically induce a unique map autHam (N, fZ ) → aut(N̄, V )
since it involves a choice of Hamiltonian function on the hyper-Kähler side. To investigate
0 of moment maps for X ∈ aut
this freedom, let us consider two choices fX , fX
Ham (N, fZ )
0
with respect to ωH . Then we obtain two Killing fields XQ , XQ on N̄ , which are the
f0

0 = X − X Z, respectively. Since f 0 = f + K for
twists of XH = X − ffXH Z and XH
X
X
fH
K
0
some K ∈ R, we have XH − XH = − fH Z, the twist of which is nothing but KV , since
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V = p∗ (VP ) and VP = π∗1fH (ZP − Z̃), i.e. V is the twist of − f1H Z. Thus, a different
choice of Hamiltonian corresponds, on the quaternionic Kähler side, to adding a constant
multiple of V .
Proposition 5.9. Let (N, g, ωk , Z, fZ ) be a hyper-Kähler manifold with rotating, ω1 Hamiltonian Killing field and let {Xj }, j = 1, . . . , d be a basis of autHam (N, fZ ), where
d = dim autHam (N, fZ ). Then, for any set of choices of Hamiltonian functions {fXj }
with respect to ωH , we have an injective linear map
ϕ : autHam (N, fZ )
P
X = j αj Xj

aut(N̄, V )
P
XQ = j αj XjQ

fX

where XjQ is the twist of XjH := Xj − fHj Z.
Proof. It is clear that the above defines a linear map, so we need only verify injectivity.
Since twisting a vector field is done by applying two pointwise linear isomorphisms, it
introduces no kernel and ϕ(X) = 0 if and only if XH = 0. This means, in particular,
that X = φZ for some φ ∈ C ∞ (N ). Since X ∈ autHam (N, fZ ) and Z is a Killing field,
we know 0 = LφZ g = 2dφ ∨ ιZ g, so that φ must be constant. But Z is a rotating Killing
field, so no non-zero multiple of it lies in autHam (N, fZ ). Therefore, X = 0 and we
deduce that ϕ is injective.
Since both autHam (N, fZ ) and aut(N̄, V ) are Lie algebras, it is natural to ask whether
the maps ϕ constructed above are Lie algebra homomorphisms. This is not quite the
case in general:
Proposition 5.10. Consider {Xj }, {fXj } and {XjQ } as in proposition 5.9. Let {cljk } be
the
constants of autHam (N, fZ ) with respect to the basis {Xj }, i.e. [Xj , Xk ] =
P structure
l X . Then
c
l jk l
X
[XjQ , XkQ ] =
cljk XlQ + Ajk V
l

where Ajk = ωH (Xj , Xk ) −

l
l cjk fXl

P

are constants.

Proof. The commutators of the Killing fields {XjQ } are given in terms of those of their
twists, {XjH }, by example 3.13. We first compute the latter.
[XjH , XkH ]

=

X

cljk Xl


−

l

=

X

=

X

cljk Xl +

1
(Xk (fXj ) − Xj (fXk ))Z
fH

cljk Xl −

2
ωH (Xj , Xk )Z
fH

l

l

 
 

fXj
fXj fXk
fXk
Z, Xk + Xj ,
Z
+
Z,
Z
fH
fH
fH
fH
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Now
[XjQ , XkQ ] ∼H [XjH , XkH ] + fH−1 ωH (XjH , XkH )Z = [XjH , XkH ] + fH−1 ωH (Xj , Xk )Z
which means that
[XjQ , XkQ ] ∼H

1
ωH (Xj , Xk )Z
fH
l


X
X
1
l
H
l
=
cjk Xl −
ωH (Xj , Xk ) −
cjk fXl Z
fH

X

cljk Xl −

l

l

Denoting the twist by a prime, we can write this as
0

X
X
Q
Q
Q
l
l
[Xj , Xk ] =
cjk Xl + ωH (Xj , Xk ) −
cjk fXl V
l

l

where we used that −(fH−1 Z)0 twists to V .
It now only remains to show that the parenthesized expression is constant. To this end,
we compute d(ωH (Xj , Xk )), using Cartan’s formula and dωH = 0:
dιXk ιXj ωH = LXk ιXj ωH − ιXk LXj ωH = ι[Xk ,Xj ] ωH
where the last equality follows from the fact that elements of autHam (N, fZ ) preserve ωH
(cf. lemma 5.7). Therefore, we find


X
X
l
d ωH (Xj , Xk ) −
cjk fXl = ι[Xk ,Xj ] ωH +
cljk ιXl ωH
l

l

= ι[Xk ,Xj ] ωH + ι[Xj ,Xk ] ωH = 0
This finishes the proof.

Corollary 5.11. Any Lie subalgebra g ⊂ autHam (N, fZ ) of dimension k induces a (k + 1)dimensional subalgebra gQ ⊂ aut(N̄, V ) which is isomorphic to a (possibly trivial) central
extension of g.
The constants Ajk define a two-cocycle α = 21 Ajk Xj∗ ∧ Xk∗ ∈ Z 2 (g), where {Xj∗ } is the
dual basis of g∗ . It is well-known that the vanishing of the cohomology class represented
by this cocycle is equivalent to the triviality of the central extension defined by {Ajk }.
Corollary 5.12. If [α] ∈ H 2 (g) is trivial, there exist new basis vectors X̂jQ = XjQ + βj V ,

βj ∈ R, such that ĝ = span X̂jQ ⊂ gQ is isomorphic to g and gQ ∼
= ĝ ⊕ RV .
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Corollary 5.13. If g ⊂ autHam (N, fZ ) is semi-simple, there exists a set of choices of
Hamiltonian functions fXj such that the map ϕ from proposition 5.9 is an injective Lie
algebra homomorphism.
Proof. A basic result, known as Whitehead’s lemma, asserts that H 2 (g) = 0 if g is semisimple. Now note that adding a constant multiple of V to XjQ corresponds to picking a
different Hamiltonian function for Xj .
Now let us apply these results to the c-map.
Theorem 5.14. Let M be a CASK manifold and N̄ the quaternionic Kähler manifold
associated to it by the composition of the rigid c-map and the HK/QK correspondence.
Then there is a canonical injective, linear map aut(M ) → aut(N̄, V ).
Proof. Denoting the cotangent bundle of M , endowed with its canonical pseudo-hyperKähler structure and rotating Killing field, by (N, g, ωk , Z, fZ ) as usual, we have already shown how to obtain a canonical, injective Lie group homomorphism Aut M →
AutHam (N, fZ ). Its differential at the identity is of course an injective Lie algebra homomorphism.
Now we have obtained a subalgebra of autHam (N, fZ ), whose elements moreover come
with canonical choices of Hamiltonian functions with respect to ωH . Indeed, let Y be
the canonical lift of an infinitesimal CASK automorphism X. Then an inspection of the
∗ dc κ(X) +
proofs of lemma 4.9, lemma 5.4 and lemma 5.7 yields the formula fY = 21 πM
S(η, η) + g(Z, Y ) for the Hamiltonian with respect to ωH , where
(i) πM : N = T ∗ M → M is the projection map and dc κ = gM (JM ξ, ·).
(ii) SY ∈ Sym2 (V ∗ ), where V ⊂ T N is the vertical subbundle, is given by S(A, B) =
ω1 ((∇X)∗ A, B).
(iii) η ∈ Γ(V) is the fiberwise Euler field on N .
∗ dc κ(X) = g(Jgξ, X̃) = −g(Z, Y ), we can simplify to f = 1 g(Z, Y ) + S (η, η).
Since πM
M
Y
Y
2
This gives us a canonical choice of Hamiltonian for vector fields in the image of aut(M )
and therefore a canonical injective, linear map into aut(N̄, V ).

Theorem 5.15. Let M̄ be a PSK manifold and (N̄, g c ), c ≥ 0, its image under the c-map.
Then there exists an injective, linear map aut(M̄ ) → aut(N̄, V ).
Proof. We combine the preceding theorem with lemma 4.13, which yields an injective,
linear map aut(M̄ ) → aut(M ), which is moreover a canonical isomorphism in case the
special Kähler connection on M is not equal to its Levi-Civita connection. In this case,
the map aut(M̄ ) → aut(N̄, V ) is also canonical.
Corollary 5.16. Let M̄ be a PSK manifold of dimension 2n and set d = dim aut M̄ . Let
(N̄, g c ), c ≥ 0 be its image under the (one-loop deformed) c-map. Then isom(N̄, g c ) has
dimension at least d + 2n + 3. For c = 0, it has dimension at least d + 2n + 4.
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Proof. By proposition 4.34, (N̄, g c ) carries an isometric and nearly effective action of
Heis2n+3 , which covers the identity map on M̄ , for every c ≥ 0. The vector fields
generating this action are therefore linearly independent of those constructed via theorem 5.15, which cover non-trivial infinitesimal PSK automorphisms on M̄ . In case
c = 0, there is an additional Killing field tangent to the fibers, which corresponds to the
one-dimensional extension of Heis2n+3 discussed in proposition 4.29.
If (N̄, g c ) is a complete manifold, its Killing fields are also complete and hence determine
the Lie algebra of the isometry group, which is obtained upon integration.
Corollary 5.17. Let M̄ be a PSK manifold whose automorphism group acts with cohomogeneity k, and such that its image (N̄, g c ), c ≥ 0, under the deformed c-map is
complete. Then the isometry group of (N̄, g c ) acts with co-homogeneity at most k if
c = 0 and co-homogeneity at most k + 1 if c > 0.
Remark 5.18. For c = 0, these corollaries recover known results from [CDJL17].
Since Alekseevsky spaces and their deformations are complete and arise from homogeneous PSK manifolds, we also have:
Corollary 5.19. The one-loop deformed c-map metrics g c provide a one-parameter deformation through complete quaternionic Kähler metrics of co-homogeneity at most one
of all Alekseevsky spaces, with exception of the quaternionic hyperbolic spaces.
Given these large isometry groups on quaternionic Kähler manifolds arising from PSK
manifolds with a lot of symmetry, it is natural to study discrete subgroups of them.
These give rise to quaternionic Kähler manifolds with interesting fundamental groups.
This topic is discussed in chapter 6.

5.2 Curvature and the HK/QK correspondence
As announced at the start of the chapter, our next goal is to understand the behavior
of the curvature tensor under the HK/QK correspondence. Along the way, we will
also investigate this question for the Levi-Civita connection. The proofs of the two
main theorems are postponed to the endings of the respective subsections in order to
accommodate those who wish to skip these long computations. We warn the reader
that, due to the size of some of the expressions involved, it was impossible to avoid page
breaks occurring in the middle of a formula on some occasions.
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5.2.1 Preliminaries and general twist formulae
As far as the metric is concerned, the HK/QK correspondence consists of two steps,
namely elementary deformation and twisting. It is convenient to introduce an endomorphism field which relates the hyper-Kähler metric g with its elementary deformation
gH = f1Z g + f12 gα .
Z

Definition 5.20. Given a hyper-Kähler manifold (N, g, Ik ) endowed with an ω1 -Hamiltonian rotating Killing field (Z, fZ ), we define the endomorphism field K : T N → T N
by gH (KX, Y ) = g(X, Y ), where gH is the elementary deformation of g specified in
theorem 3.20, and X, Y are arbitrary vector fields on N .
Remark 5.21. Regarding g and gH as isomorphisms T N → T ∗ N , we may also write
−1
K = gH
◦ g. Since gα = g(Z, Z)|HZ , we can write
gH =

1
fH
g|
g|HZ
⊥ +
fZ (HZ)
fZ2

In particular, K|(HZ)⊥ = fZ and K|HZ =

2
fZ
fH .

Lemma 5.22. K is self-adjoint with respect to g and commutes with every Iµ , µ =
0, 1, 2, 3.
Proof. Self-adjointness of K follows from the fact that K is diagonal with respect to an
appropriate choice of orthonormal basis for T N , namely any orthonormal basis compatible with the quaternionic structure, as is clear from the preceding remark. This remark
also shows that
3
fZ X
K(X) = fZ X −
αλ (X)Iλ Z
fH
λ=0

where, we recall, αλ = ιZ ωλ and ω0 = g. Indeed, the right-hand side restricts to the
correct expressions on HZ and (HZ)⊥ . Now we check that K commutes with Iµ :
fZ X
fZ X
g(Iλ Z, Iµ X)Iλ Z = fZ Iµ X −
g(Iµ−1 Iλ Z, X)Iλ Z
fH
fH
λ
λ
fZ X
= Iµ fZ X −
g(Iλ Z, X)Iµ Iλ Z = Iµ K(X)
fH

K(Iµ X) = fZ Iµ X −

λ

To arrive at the second line, we substituted Iλ for Iµ Iλ in the second term; there are no
additional signs because Iλ appears twice.
Before addressing the curvature, we will describe the Levi-Civita connection on the
quaternionic Kähler manifold in terms of modifications of the Levi-Civita connection of
the original hyper-Kähler metric.
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Lemma 5.23. Let (N, g, ωk , Z, fZ ) be a pseudo-hyper-Kähler manifold with ω1 -Hamiltonian rotating Killing field and ∇, ∇H the Levi-Civita connections of g and the elementary
deformation gH . Then ∇H = ∇ + S H , where S H is the (1, 2)-tensor defined by
H
2gH (SA
B, C) = (∇A gH )(B, C) + (∇B gH )(C, A) − (∇C gH )(A, B)

for arbitrary vector fields A, B, C on N .
Proof. Since ∇H = ∇ + S H is compatible with gH , we have
H
H
0 = (∇H
A gH )(B, C) = (∇A gH )(B, C) − gH (SA B, C) − gH (B, SA C)

and therefore
H
H
gH (SA
B, C) = (∇A gH )(B, C) − gH (B, SA
C)

Consider this equation also for cyclic permutations of (A, B, C). Then the appropriate
H B = S H A, the claimed
(signed) sum of these three equations yields, upon using SA
B
H
identity. The symmetry of SA B in (A, B) follows from the fact that both ∇ and ∇H are
torsion-free.

We saw in example 3.18 that the Levi-Civita connection picks up an additional correction
upon twisting. Let us denote the corresponding (1, 2)-tensor by S Q , so that the LeviCivita connection ∇Q of the quaternionic Kähler metric gQ ∼H gH is itself H-related to
∇S := ∇ + S H + S Q .
At this point, it is not surprising that the curvature tensor RQ of gQ is not simply
H-related to the curvature tensor RS of ∇S , but picks up yet another correction term,
controlled by the twist data:
Lemma 5.24. Let (N, g) be a Riemannian manifold endowed with an isometric circle action generated by the vector field Z and twist data (Z, ωH , fH ). Let ∇ be the
(Z-invariant) Levi-Civita connection of g and let D = ∇ + S be another Z-invariant
0
connection on N . If D0 ∼H D is its twist, then its curvature tensor RD satisfies
0

RD (A0 , B 0 )C 0 ∼H R(A, B)C + T (A, B)C
for arbitrary Z-invariant vector fields A, B, C ∼H A0 , B 0 , C 0 , where R is the curvature of
∇ and the End(T N )-valued two-form T is given by
T (A, B)C := (∇A S)B C − (∇B S)A C + [SA , SB ]C −

1
ωH (A, B)(∇C Z + SZ C)
fH

Proof. Our definition of H-relatedness for connections (cf. example 3.18) implies that
0 , D 0 ]C 0 , so the curvature formula R(A, B)C = [∇ , ∇ ]C−∇
[DA , DB ]C ∼H [DA
0
A
B
[A,B] C
B0
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and the formula for twisting commutators of vector fields shows that
1
ωH (A, B)DZ C
fH
1
= RD (A, B)C +
ωH (A, B)(∇C Z + SZ C)
fH

0

RD (A0 , B 0 )C 0 ∼H RD (A, B)C +

where we used torsion-freeness of ∇ and Z-invariance of C to rewrite the last term.
The proof is finished by observing that RD − R reproduces the first three terms in our
claimed expression for T .
These formulae give an in-principle description of the Levi-Civita connection and curvature tensor of a quaternionic Kähler metric which arises from the HK/QK correspondence, in terms of the dual hyper-Kähler metric and twist data. In their current form,
however, they are too complicated to allow for any useful computation. In particular
the repeated appearance of S = S H + S Q , whose definition involves six terms, makes
matters difficult. Surprisingly, it turns out that it is possible to tremendously simplify
the expressions and obtain elegant formulae for both the Levi-Civita connection and the
curvature tensor.

5.2.2 The Levi-Civita connection
We start by stating the main result of this section. To do this, we recall some pieces of
previously introduced notation. In the following, (N, g, Ik , Z, fZ ) will always denote a
pseudo-hyper-Kähler manifold, endowed with an isometric circle action generated by an
ω1 -Hamiltonian rotating Killing field Z whose Hamiltonian function is fZ . The HK/QK
correspondence further involves the twist data (Z, ωH , fH ). We also recall (cf. section 3.3)
that, in this setting, we have a canonical endomorphism field IH = I1 + 2∇Z, where ∇
is the Levi-Civita connection of (N, g). This endomorphism field satisfies g(IH ·, ·) = ωH
and commutes with Iµ , µ = 0, 1, 2, 3.
Theorem 5.25. Let (N, g, Ik , Z, fZ ) be as above, and denote its image under the HK/QK
correspondence by (N̄, gQ ), with Levi-Civita connection ∇Q . Then we have ∇Q ∼H
∇ + S, where
3

1X
SA B =
2

µ=0




1
1
g(Iµ IH A, B)Iµ Z −
αµ (A)Iµ I1 B + αµ (B)Iµ I1 A
fH
fZ


(5.1)

for arbitrary vector fields A, B on N .
Remark 5.26. Note that, though our description in the previous section involves writing
S as the sum of two independent parts S H and S Q , which arise through elementary
deformation and twisting respectively, the two contributions have been thoroughly mixed
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up to obtain the final result. No particularly interesting simplifications arise when one
treats elementary deformations and twisting separately, so we will not show explicitly
how to do so.
Proof. In the following, we use the notation ω0 = g, I0 = id and αµ = ιZ ωµ , µ = 0, 1, 2, 3,
freely. Summations over Greek indices are understood to run from 0 to 3, while Latin
indices run from 1 to 3.
Our first observation is that the two correction terms S H and S Q display a similar
structure. Indeed, regarding ιZ gH ⊗ ωH and ∇gH as linear maps Γ(T N ⊗3 ) → C ∞ (N ),
we can write



1
Q
H
2gH ((SA B + SA B, C) =
ιZ gH ⊗ ωH − ∇gH C ⊗ A ⊗ B −A ⊗ B ⊗ C −B ⊗ A ⊗ C
fH
where A, B, C are arbitrary vector fields. Multiplying by fZ2 for convenience and recognizing that

2
fZ
fH ιZ gH

= ιZ g = α0 (cf. remark 5.21), we have

 1
fZ2
1 
ιZ gH ⊗ ωH − fZ2 ∇gH = α0 ⊗ ωH − fZ2 ∇
g + 2 gα
fH
fZ
fZ
dfZ
⊗ gα − ∇gα
= α0 ⊗ ωH + dfZ ⊗ g + 2
fZ
2
= α0 ⊗ ω1 + α0 ⊗ dα0 − α1 ⊗ ω0 −
α1 ⊗ gα − ∇gα
fZ
2
= α0 ⊗ ω1 − α1 ⊗ ω0 −
α1 ⊗ gα + 2α0 ⊗ ω0 (∇Z, ·) − ∇gα
fZ
where we re-ordered terms and used (3.6) in the last step. Now we focus on the final
two terms, which still feature derivatives. We start with the final term.
X
(∇gα )(A ⊗ B ⊗ C) =
(∇A αµ )(B)αµ (C) + αµ (B)(∇A αµ )(C)
µ

=

X



αµ ⊗ ωµ (∇Z, ·) C ⊗ A ⊗ B + B ⊗ A ⊗ C

µ

and thus, using (3.6) and the fact that Z generates a rotating circle symmetry, i.e. LZ g =
0, LZ ω1 = 0 while LZ ω2 = ω3 and LZ ω3 = −ω2 , we find


2α0 ⊗ ω0 (∇Z, ·) − ∇gα C ⊗ A ⊗ B − A ⊗ B ⊗ C − B ⊗ A ⊗ C

= α0 ⊗ ω0 (∇Z, ·) 2C ⊗ A ⊗ B − B ⊗ C ⊗ A − A ⊗ C ⊗ B
− 2A ⊗ B ⊗ C + B ⊗ A ⊗ C + C ⊗ A ⊗ B

− 2B ⊗ A ⊗ C + A ⊗ B ⊗ C + C ⊗ B ⊗ A
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−

X
3


αk ⊗ ωk (∇Z, ·) B ⊗ C ⊗ A + A ⊗ C ⊗ B − B ⊗ A ⊗ C

k=1

−C ⊗A⊗B−A⊗B⊗C −C ⊗B⊗A



= 2α0 (C)ω0 (∇A Z, B) + 2α1 (C)ω1 (∇A Z, B)
+ 2α2 (C)ω2 (∇A Z, B) − α2 (C)ω3 (A, B) + α2 (A)ω3 (B, C) + α2 (B)ω3 (A, C)
+ 2α3 (C)ω3 (∇A Z, B) + α3 (C)ω2 (A, B) − α3 (A)ω2 (B, C) − α3 (B)ω2 (A, C)
X
αµ ⊗ ωµ (∇Z, ·)(C ⊗ A ⊗ B)
=2
µ

− (α2 ⊗ ω3 − α3 ⊗ ω2 ) C ⊗ A ⊗ B − A ⊗ B ⊗ C − B ⊗ A ⊗ C



We can plug this into our expression for 2fZ2 gH (SA B, C), where S = S H + S Q as before.
Doing so yields
2fZ2 gH (SA B, C)
X

αµ ⊗ g(Iµ ∇Z, ·) (C ⊗ A ⊗ B)
=2
µ

+

X
µ

αµ ⊗ g(Iµ I1 ·, ·) −

2
α1 ⊗ gα
fZ


C ⊗A⊗B−A⊗B⊗C −B⊗A⊗C



Now we use the endomorphism IH = I1 + 2∇Z, which allows us to write this as
X

2
αµ ⊗ g(Iµ IH ·, ·) −
α1 ⊗ gα (C ⊗ A ⊗ B)
fZ
µ
X


2
−
αµ ⊗ g(Iµ I1 ·, ·) −
α1 ⊗ gα A ⊗ B ⊗ C + B ⊗ A ⊗ C
fZ
µ

X
2
αµ (A)αµ (B)g(I1 Z, C)
=
g(Iµ IH A, B)g(Iµ Z, C) −
fZ
µ
− αµ (A)g(Iµ I1 B, C) − αµ (B)g(Iµ I1 A, C)


2
+
α1 (A)αµ (B) + α1 (B)αµ (A) g(Iµ Z, C)
fZ
X
2
=g
g(Iµ IH A, B)Iµ Z −
αµ (A)αµ (B)I1 Z − αµ (A)Iµ I1 B − αµ (B)Iµ I1 A
fZ
µ
 

2
+
α1 (A)αµ (B) + α1 (B)αµ (A) Iµ Z , C
fZ
Our equation is now of the form gH (2fZ2 SA B, C) = g(X, C), where X is given by a complicated expression. By definition of the endomorphism K, K(X) now yields 2fZ2 SA B.
To compute it, we use the explicit expression for K given in the proof of lemma 5.22.
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This leads us to the equation
SA B =

X

1 X
g(Iµ IH A, B)Iµ Z − fZ
αµ (A)Iµ I1 B + αµ (B)Iµ I1 A
2fH µ
µ

1 X
+
α1 (A)αµ (B)Iµ Z + αµ (A)α1 (B)Iµ Z − αµ (A)αµ (B)I1 Z
fZ fH µ

1 X
αµ (A)αλ (Iµ I1 B) + αµ (B)αλ (Iµ I1 A) Iλ Z
+
2fZ fH
µ,λ

We focus on the last line of the right-hand side expression. After replacing Iλ by Iλ I1
and swapping the indices µ and λ for later convenience, we can write it as
−


1 X
g(Iλ I1 Z, A)g(Iλ−1 Iµ Z, B) + g(Iλ I1 Z, B)g(Iλ−1 Iµ Z, A) Iµ Z
2fZ fH
µ,λ

=


1 X
g(Iλ I1 Z, A)g(Iλ Iµ Z, B) + g(Iλ I1 Z, B)g(Iλ Iµ Z, A) Iµ Z
2fZ fH
µ,λ


1 X
−
α1 (A)αµ (B) + α1 (B)αµ (A) Iµ Z
fZ fH µ
where the equality follows by using Iλ−1 = −Iλ for λ = 1, 2, 3, while I0−1 = I0 . The
single-summation term cancels out in our formula for SA B, which reduces to
SA B =


1 X
1 X
g(Iµ IH A, B)Iµ Z −
αµ (A)Iµ I1 B + αµ (B)Iµ I1 A
2fH µ
2fZ µ
1 X
αµ (A)αµ (B)I1 Z
−
fZ fH µ

1 X
+
g(Iλ I1 Z, A)g(Iλ Iµ Z, B) + g(Iλ I1 Z, B)g(Iλ Iµ Z, A) Iµ Z
2fZ fH
µ,λ

We continue analyzing the last line. First, we replace IP
µ by Iµ I1 , and then consider each term for fixed µ. If µ = 0, the first term is
λ g(Iλ I1 Z, A)g(Iλ I1 Z, B),
which is
for µ = k 6= 0 the substitution Iλ 7→ Iλ Ik
Pclearly symmetric in (A, B), butP
yields
g(I
I
Z,
A)g(I
I
I
Z,
B)
=
−
λ 1
λ k 1
λ g(Iλ Ik I1 Z, A)g(Iλ I1 Z, B), showing antiλ
symmetry in (A, B). Thus, in the final line only the term with µ = 0 is non-vanishing.
This term cancels with the second line, so we are left with



1X 1
1
SA B =
g(Iµ IH A, B)Iµ Z −
αµ (A)I)Iµ I1 B + αµ (B)Iµ I1 A
2 µ
fH
fZ
which completes the proof of the theorem.
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5.2.3 The curvature tensor
Now that we have a more manageable expression for the tensor field S, we are ready
to start working on the expression for the curvature tensor of the quaternionic Kähler
metric. As in the previous section, we start by introducing our main results and some
interesting observations about it. Our expression for the curvature tensor involves the
operations ? and :, introduced in definition 2.21, which allow us to produce algebraic
curvature tensors out of symmetric bilinear forms and two-forms, respectively. We will
also continue to use the notation and objects used in the previous section, such as the
endomorphism field IH and twist data (Z, ωH , fH ).
Theorem 5.27. The Riemann curvature of the quaternionic Kähler metric gQ on N̄ is
H-related to R̃, which is given by the expression
gH (R̃(A, B)C, X) =

1
g(R(A, B)C, X)
fZ

X
1
+
gH ? gH +
gH (Ik ·, ·) : gH (Ik ·, ·) (A, B, C, X)
(5.2)
8
k

X
1 
−
ωH : ωH +
ωH (Ik ·, ·) ? ωH (Ik ·, ·) (A, B, C, X)
8fZ fH
k

where R is the curvature tensor of the pseudo-hyper-Kähler metric on N , and A, B, C, X
are arbitrary vector fields.
The first observation is that each term in the given expression is itself an algebraic
curvature tensor: This follows from the facts that both gH and ωH (Ik ·, ·) are symmetric
bilinear forms—the latter because Ik commutes with IH (by proposition 3.27)—and
ωH and gH (Ik ·, ·) are two-forms since gH is compatible with the almost quaternionicHermitian structure.
Secondly, let us compare theorem 5.27 to Alekseevsky’s curvature decomposition theorem
2.23, which is valid for arbitrary quaternionic Kähler manifolds. Recalling the explicit
expression for the curvature tensor of HPn given in example 2.22, we see that the HPn part of the curvature corresponds to the second line of (5.2) and read off that the reduced
scalar curvature is ν = −1. The following lemma reconfirms this:
Lemma 5.28. The algebraic curvature tensor R1 on N̄ , determined by the relation
gQ (R1 (A, B)C, X) ∼H

1
g(R(A, B)C, X)
fZ

X
1 
−
ωH : ωH +
ωH (Ik ·, ·) ? ωH (Ik ·, ·) (A, B, C, X)
8fZ fH
k

is of hyper-Kähler type.
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Proof. First, we check that R1 is trace-free by computing its “Ricci tensor”. We may
do this on the hyper-Kähler side, since the twist construction is compatible with tensor
products and contractions. It is clear that the hyper-Kähler curvature tensor R is tracefree, so we need only verify this for the remaining terms. We will do so with respect to
a local orthonormal frame which is adapted to the quaternionic structure, which means
it is of the form {Iµ ei }, i = 1, . . . , dimH N , µ = 0, 1, 2, 3:
RicR1 (X, Y ) =

3 dim
HN 
X
X
µ=0

=

i=1

X

ωH : ωH +

X
k


ωH (Ik ·, ·) ? ωH (Ik ·, ·) (X, Iµ ei , Iµ ei , Y )

6ωH (X, Iµ ei )ωH (Iµ ei , Y )

µ,i

+2

X


ωH (Ik X, Iµ ei )ωH (Ik Iµ ei , Y ) − ωH (Ik X, Y )ωH (Ik Iµ ei , Iµ ei )

k

=

X

6ωH (X, Iµ ei )ωH (Iµ ei , Y )

µ,i

−2

X

ωH (X, Iµ ei )ωH (Iµ ei , Y ) + ωH (Ik X, Y )ωH (Ik Iµ ei , Iµ ei )



k

= −2

X

g(IH Ik X, Y )g(IH Ik Iµ ei , Iµ ei )

µ,i,k

where we substituted Ik Iµ for Iµ in the second term, and
P noted that it cancels with the
first. Now we show that the remainder vanishes. Since µ,i g(IH Ik Iµ ei , Iµ ei ) = tr(IH Ik ),
it suffices to prove that tr(IH Ik ) = 0 for every k ∈ {1, 2, 3}. We may always write
Ik = Ii Ij for some i, j ∈ {1, 2, 3}. Cyclicity of the trace and the fact that IH commutes
with each Ik then leads to tr(IH Ii Ij ) = tr(Ij IH Ii ) = − tr(IH Ik ). This proves that R1 is
trace-free.

We now need to check that R1 commutes with any section of Q. Since Q is preserved by
the twisted circle action on N̄ , it admits a local invariant frame. Since we are concerned
with a pointwise condition, it suffices to check the assertion on such a frame, which we
may transfer (using the inverse twist construction) to the hyper-Kähler side. Since the
condition is frame-independent, we may also work with respect to any other frame on the
hyper-Kähler side, so it suffices to prove that the H-related tensor field on N commutes
with every Ik .

This claim is also trivial for the first term, because it is (up to scaling) the curvature
tensor of the hyper-Kähler metric g. The remaining terms satisfy the following identity:


X
ωH : ωH +
ωH (Ik ·, ·) ? ωH (Ik ·, ·) (A, B, Ij C, Ij X)
k
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= 4ωH (A, B)ωH (Ij C, Ij X)
3 

X
+2
ωH (Iµ A, Ij C)ωH (Iµ B, Ij X) − ωH (Iµ A, Ij X)ωH (Iµ B, Ij C)
µ=0

= 4ωH (A, B)ωH (C, X)
3 

X
+2
ωH (Ij Iµ A, C)ωH (Ij Iµ B, X) − ωH (Ij Iµ A, X)ωH (Ij Iµ B, C)
µ=0



= ωH : ωH +

X
k


ωH (Ik ·, ·) ? ωH (Ik ·, ·) (A, B, C, X)

where j ∈ {1, 2, 3} and we used that IH and Ij commute. The final step follows from
the substitution Iµ 7→ Ij−1 Iµ in the summation. This identity actually implies our claim,
since for every endomorphism field E and vector fields X and Y , g([E, Ik ]X, Ik Y ) =
g(EIk X, Ik Y ) − g(EX, Y ).
In conclusion, theorem 5.27 provides a refinement of Alekseevsky’s decomposition theorem for quaternionic Kähler metrics arising from the HK/QK correspondence. More
precisely, it gives an explicit expression for the trace-free part of the curvature, i.e. the
quaternionic Weyl curvature. Of course, the interpretation of the curvature tensor in
terms of hyper-Kähler data via the twist construction is another important novelty.
Proof of Theorem 5.27. The formula of lemma 5.24 contains three types of terms, which
we will first compute individually. Though none of the resulting three expressions is
particularly simple, massive cancellations take place when combining them.
Lemma 5.29. For S as given in theorem 5.25, we have:
(∇A S)B C − (∇B S)A C
"

1X 1
1
=
ωH (Z, A)ωµ (IH B, C)Iµ Z + 2 α1 (A) g(Iµ I1 Z, B)Iµ C + g(Iµ I1 Z, C)Iµ B
2
2 µ fH
fZ

1
1
ωH (Z, B)ωµ (IH A, C)Iµ Z − 2 α1 (B) g(Iµ I1 Z, A)Iµ C + g(Iµ I1 Z, C)Iµ A
2
fH
fZ

1
+
ωµ (IH B, C)Iµ ∇A Z − ωµ (IH A, C)Iµ ∇B Z + 2ωµ (R(A, B)Z, C)Iµ Z
fH



1 
+
g(Iµ I1 IH A, C) + g(Iµ A, C) Iµ B − g(Iµ I1 IH B, C) + g(Iµ B, C) Iµ A
2fZ
#

1
1
+
ωµ (A, B) − ωµ (B, A) Iµ C −
ωH (A, B)I1 C
2fZ
2fZ
−

for arbitrary vector fields A, B, C on N .
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Proof. Let us start by computing (∇A S)B C; we will anti-symmetrize in (A, B) afterwards.
(∇A S)B C

dfH (A)
2
1X
−
g(Iµ IH B, C)Iµ Z +
g(Iµ (∇A (∇B Z) − ∇∇A B Z), C)Iµ Z
=
2
2 µ
fH
fH
1
dfZ (A)
g(Iµ IH B, C)Iµ ∇A Z +
(αµ (B)Iµ I1 C + αµ (C)Iµ I1 B)
fH
fZ2

1
(g(Iµ ∇A Z, B)Iµ I1 C + g(Iµ ∇A Z, C)Iµ I1 B)
−
fZ

X
1
1
=
ωH (Z, A)ωµ (IH B, C)Iµ Z
2 µ
fH2
+

1
α1 (A)(g(Iµ I1 Z, B)Iµ C + g(Iµ I1 Z, C)Iµ B)
fZ2
1
(ωµ (IH B, C)Iµ ∇A Z + 2ωµ (∇A (∇B Z) − ∇∇A B Z, C))Iµ Z
+
fH

1 
1
−
ωµ (∇A Z, B)Iµ I1 C − g(Iµ I1 (IH − I1 )A, C)Iµ B
fZ
2
+

The second expression results from a number of standard manipulations and grouping
terms according to their pre-factors.
After anti-symmetrizing in (A, B), some of the terms involving ∇Z can be simplified
considerably. Firstly,
∇A (∇B Z) − ∇∇A B Z − ∇B (∇A Z) + ∇∇B A Z = R(A, B)Z
The second simplification takes a little more work. Starting from equation (3.6), one
easily verifies that
1
ωµ (∇A Z, B) − ωµ (∇B Z, A) = − (ωµ (I1 A, B) − ωµ (I1 B, A)) + δµ0 ωH (A, B)
2
where δ is the Kronecker delta symbol. Summing over µ, this yields, after substituting
Iµ I1 by Iµ in the summation, the identity
X

ωµ (∇A Z, B) − ωµ (∇B Z, A) Iµ I1 C
µ

=−


1X
ωµ (A, B) − ωµ (B, A) Iµ C + ωH (A, B)I1 C
2 µ

(5.3)

Upon anti-symmetrizing our expression for (∇A S)B C in (A, B) and applying the identity
(5.3) to the term that appears first on the final line, one is left with the claimed expression
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for (∇A S)B C − (∇B S)A C.

Lemma 5.30. For S as in theorem 5.25, we have:


1X 1
[SA , SB ]C =
g(Iµ IH A, Z)g(Iλ IH B, C) − g(Iµ IH B, Z)g(Iλ IH A, C) Iλ Iµ Z
2
4
fH
µ,λ

1 h
+ 2 g(Iµ I1 Z, A)g(Iλ I1 Z, B) − g(Iµ I1 Z, B)g(Iλ I1 Z, A) Iµ Iλ C
fZ
+ g(Iµ I1 Z, B)g(Iλ I1 Z, C)Iλ Iµ A − g(Iµ I1 Z, A)g(Iλ I1 Z, C)Iλ Iµ B
+

i

1 X
2g(IH A, B)g(Iµ I1 Z, C)Iµ Z
4fZ fH µ
− g(Z, Z) g(Iµ IH B, C)Iµ I1 A − g(Iµ IH A, C)Iµ I1 B



Proof. Replacing Iµ by Iµ I1 in the second part of our formula for S, one obtains



1X 1
1
SA B =
g(Iµ IH A, B)Iµ Z +
g(Iµ I1 Z, A)Iµ B + g(Iµ I1 Z, B)Iµ A
2 µ
fH
fZ
and therefore
1X
SA (SB C) =
2 µ



1
g(Iµ IH A, SB C)Iµ Z
fH



1
+
g(Iµ I1 Z, A)Iµ SB C + g(Iµ I1 Z, SB C)Iµ A
fZ

1X 1
=
g(Iµ IH A, Iλ Z)g(Iλ IH B, C)Iµ Z
4
fH2
µ,λ

1 h
+
g(Iµ IH A, Iλ C)g(Iλ I1 Z, B)+g(Iµ IH A, Iλ B)g(Iλ I1 Z, C) Iµ Z
fZ fH
i
+ g(Iµ I1 Z, A)g(Iλ IH B, C)Iµ Iλ Z + g(Iµ I1 Z, Iλ Z)g(Iλ IH B, C)Iµ A

1 h
+ 2 g(Iµ I1 Z, A) g(Iλ I1 Z, B)Iµ Iλ C + g(Iλ I1 Z, C)Iµ Iλ B
fZ
i

+ g(Iµ I1 Z, Iλ C)g(Iλ I1 Z, B) + g(Iµ I1 Z, Iλ B)g(Iλ I1 Z, C) Iµ A
Whenever we have a term of the form g(Iµ X, Iλ Y )Iµ W , we can rewrite it as follows:
X
X
X
g(X, Iµ−1 Iλ Y )Iµ W =
g(X, Iµ−1 Y )Iλ Iµ W =
g(Iµ X, Y )Iλ Iµ W
µ

µ

µ
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After consistently doing this (and sometimes exchanging the labels µ and λ) we find

1X 1
SA (SB C) =
g(Iµ IH A, Z)g(Iλ IH B, C)Iλ Iµ Z
4
fH2
µ,λ
1 h
+ 2 g(Iµ I1 Z, A)g(Iλ I1 Z, B)Iµ Iλ C + g(Iλ I1 Z, A)g(Iµ I1 Z, C)Iλ Iµ B
fZ
i

+ g(Iµ I1 Z, C)g(Iλ I1 Z, B) + g(Iµ I1 Z, B)g(Iλ I1 Z, C) Iλ Iµ A

1 h
+
g(Iµ IH A, C)g(Iλ I1 Z, B) + g(Iµ IH A, B)g(Iλ I1 Z, C) Iλ Iµ Z
fZ fH
i
+ g(Iλ I1 Z, A)g(Iµ IH B, C)Iλ Iµ Z + g(Iµ I1 Z, Z)g(Iλ IH B, C)Iλ Iµ A
Consider the terms proportional to fZ−2 . The sum of the second and third terms is symmetric in (A, B), hence it will disappear upon anti-symmetrization. The same argument
works to get rid of the first and third terms proportional to (fZ fH )−1 , so we obtain:


1X 1
g(Iµ IH A, Z)g(Iλ IH B, C) − g(Iµ IH B, Z)g(Iλ IH A, C) Iλ Iµ Z
[SA , SB ]C =
2
4
fH
µ,λ

1 h
+ 2 g(Iµ I1 Z, A)g(Iλ I1 Z, B) − g(Iµ I1 Z, B)g(Iλ I1 Z, A) Iµ Iλ C
fZ
i
+ g(Iµ I1 Z, B)g(Iλ I1 Z, C)Iλ Iµ A − g(Iµ I1 Z, A)g(Iλ I1 Z, C)Iλ Iµ B

1 h
g(Iµ IH A, B) − g(Iµ IH B, A) g(Iλ I1 Z, C)Iλ Iµ Z
+
fZ fH

i
+ g(Iµ I1 Z, Z) g(Iλ IH B, C)Iλ Iµ A − g(Iλ IH A, C)Iλ Iµ B
We focus on the terms proportional to (fZ fH )−1 . g(Iµ IH A, B) is symmetric in (A, B) for
µ = k 6= 0 but anti-symmetric for µ = 0. This implies that only the latter term yields a
non-zero contribution. Furthermore, g(Iµ I1 Z, Z) = 0 unless µ = 1. This means that


1X 1
[SA , SB ]C =
g(Iµ IH A, Z)g(Iλ IH B, C) − g(Iµ IH B, Z)g(Iλ IH A, C) Iλ Iµ Z
2
4
fH
µ,λ

1 h
+ 2 g(Iµ I1 Z, A)g(Iλ I1 Z, B) − g(Iµ I1 Z, B)g(Iλ I1 Z, A) Iµ Iλ C
fZ
i
+ g(Iµ I1 Z, B)g(Iλ I1 Z, C)Iλ Iµ A − g(Iµ I1 Z, A)g(Iλ I1 Z, C)Iλ Iµ B
+

1 X
2g(IH A, B)g(Iµ I1 Z, C)Iµ Z
4fZ fH µ
− g(Z, Z) g(Iµ IH B, C)Iµ I1 A − g(Iµ IH A, C)Iµ I1 B
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which was the claim.

These first two lemmata determine the curvature RD of D = ∇ + S. The final term is
rather simple in comparison:

Lemma 5.31. For S as in theorem 5.25, the (1, 1)-tensor field ∇Z + SZ is given by the
following expression:




1X 1
1
fH
1
∇A Z + SZ A =
IH −
I1 A +
g(Iµ IH Z, A) +
g(Iµ I1 Z, A) Iµ Z
2
fZ
2 µ
fH
fZ

Proof. We directly compute:
1
∇A Z + SZ A = (IH − I1 )A
2



1X 1
1
+
g(Iµ I1 Z, Z)Iµ A + g(Iµ I1 Z, A)Iµ Z
g(Iµ IH Z, A)Iµ Z +
2 µ
fH
fZ
g(Z, Z)
1
I1 A
= (IH − I1 )A −
2
2fZ


1X 1
1
+
g(Iµ IH Z, A) +
g(Iµ I1 Z, A) Iµ Z
2 µ
fH
fZ




1
fH
1X 1
1
=
IH −
I1 A +
g(Iµ IH Z, A) +
g(Iµ I1 Z, A) Iµ Z
2
fZ
2 µ
fH
fZ

The second step uses the fact that g(Iµ I1 Z, Z) vanishes unless µ = 1. To then arrive at
the claimed expression, we use fH = fZ + g(Z, Z).

Taking the tensor product with − f1H ωH , this determines the final term.
Now we put the results of lemmata 5.29 to 5.31 together. Grouping terms according to
their pre-factors, the result (after a few immediate cancellations) is:
R̃(A, B)C − R(A, B)C
= (∇A S)B C − (∇B S)A C + [SA , SB ]C −

1
ωH (A, B)(∇C Z + SZ C)
fH

105

5 Symmetry properties of the HK/QK correspondence and c-map

=

Xh

1
2
ω
(Z,
A)ω
(I
B,
C)
−
ω
(Z,
B)ω
(I
A,
C)
Iµ Z
µ
µ
H
H
H
H
4fH2
µ
i
− ωH (A, B)g(Iµ IH Z, C)Iµ Z
!
+

X


g(Iµ IH A, Z)g(Iλ IH B, C) − g(Iµ IH B, Z)g(Iλ IH A, C) Iλ Iµ Z

µ,λ

+

Xh

1
2
α1 (A) g(Iµ I1 Z, B)Iµ C + g(Iµ I1 Z, C)Iµ B
2
4fZ
µ
i
− α1 (B) g(Iµ I1 Z, A)Iµ C + g(Iµ I1 Z, C)Iµ A
Xh

+
g(Iµ I1 Z, A)g(Iλ I1 Z, B) − g(Iµ I1 Z, B)g(Iλ I1 Z, A) Iµ Iλ C
µ,λ

+ g(Iµ I1 Z, B)g(Iλ I1 Z, C)Iλ Iµ A − g(Iµ I1 Z, A)g(Iλ I1 Z, C)Iλ Iµ B
i
Xh
1
−
g(Z, Z)
g(Iµ IH B, C)Iµ I1 A − g(Iµ IH A, C)Iµ I1 B
4fZ fH
µ
+

1
2fH

!
i

!

i
Xh
ωµ (IH B, C)Iµ ∇A Z − ωµ (IH A, C)Iµ ∇B Z + 2ωµ (R(A, B)Z, C)Iµ Z
µ

!
− ωH (A, B)IH C
+

1
4fZ

Xh



g(Iµ I1 IH A, C) + g(Iµ A, C) Iµ B − g(Iµ I1 IH B, C) + g(Iµ B, C) Iµ A

µ

i

+ ωµ (A, B) − ωµ (B, A) Iµ C
Using the identities
−

g(Z,Z)
fZ fH

=

1
fZ

−

1
fH

!

and I1 = IH − 2∇Z, we can rewrite


g(Z, Z) X
g(Iµ IH B, C)Iµ I1 A − g(Iµ IH A, C)Iµ I1 B
4fZ fH µ

as
1 X
ωµ (IH B, C)Iµ (IH A − 2∇A Z) − ωµ (IH A, C)Iµ (IH B − 2∇B Z)
4fH µ

1 X
+
g(Iµ I1 IH B, C)Iµ A − g(Iµ I1 IH A, C)Iµ B
4fZ µ
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Plugging this back into our main expression for R̃ − R, this expressions is almost completely canceled by pre-existing terms, leaving us with
R̃(A, B)C − R(A, B)C
Xh

1
= 2 2
ωH (Z, A)ωµ (IH B, C) − ωH (Z, B)ωµ (IH A, C) Iµ Z
4fH
µ
i
− ωH (A, B)g(Iµ IH Z, C)Iµ Z
!
+

X



g(Iµ IH A, Z)g(Iλ IH B, C) − g(Iµ IH B, Z)g(Iλ IH A, C) Iλ Iµ Z

µ,λ

Xh

1
2
α1 (A) g(Iµ I1 Z, B)Iµ C + g(Iµ I1 Z, C)Iµ B
2
4fZ
µ

+

− α1 (B) g(Iµ I1 Z, A)Iµ C + g(Iµ I1 Z, C)Iµ A
+

Xh

i


g(Iµ I1 Z, A)g(Iλ I1 Z, B) − g(Iµ I1 Z, B)g(Iλ I1 Z, A) Iµ Iλ C

µ,λ

+ g(Iµ I1 Z, B)g(Iλ I1 Z, C)Iλ Iµ A − g(Iµ I1 Z, A)g(Iλ I1 Z, C)Iλ Iµ B
1
4fH

+

Xh

!
i

ωµ (IH B, C)Iµ IH A − ωµ (IH A, C)Iµ IH B + 4ωµ (R(A, B)Z, C)Iµ Z

i

µ

!
− 2ωH (A, B)IH C
1
+
4fZ

i
Xh

g(Iµ A, C)Iµ B − g(Iµ B, C)Iµ A + ωµ (A, B) − ωµ (B, A) Iµ C

!

µ

Now we attend to the terms proportional to fH−2 . Upon splitting off the case λ = 0 in
the terms featuring double summation, a simplification occurs:
i
Xh
2
ωH (Z, A)ωµ (IH B, C) − ωH (Z, B)ωµ (IH A, C) − ωH (A, B)ωµ (IH Z, C) Iµ Z
µ

+

X


g(Iλ IH A, Z)g(Iµ IH B, C) − g(Iλ IH B, Z)g(Iµ IH A, C) Iµ Iλ Z

µ,λ

i
Xh
=
ωH (Z, A)ωµ (IH B, C) − ωH (Z, B)ωµ (IH A, C) − 2ωH (A, B)ωµ (IH Z, C) Iµ Z
µ

+

3
XX


g(Ik IH Z, A)ωµ (IH B, C) − g(Ik IH Z, B)ωµ (IH A, C) Iµ Ik Z

µ k=1
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= −2

X

ωH (A, B)ωµ (IH Z, C)Iµ Z

µ

+

X


ωλ (IH Z, A)ωµ (IH B, C) − ωλ (IH Z, B)ωµ (IH A, C) Iµ Iλ Z

µ,λ

The second group of terms, consisting of those proportional to fZ−2 , can be treated by
the same methods to obtain
Xh

2
α1 (A)g(Iµ I1 Z, B) − α1 (B)g(Iµ I1 Z, A) Iµ C
µ

i
+ α1 (A)g(Iµ I1 Z, C)Iµ B − α1 (B)g(Iµ I1 Z, C)Iµ A
Xh

+
g(Iλ I1 Z, A)g(Iµ I1 Z, B) − g(Iλ I1 Z, B)g(Iµ I1 Z, A) Iλ Iµ C
µ,λ

+ g(Iλ I1 Z, B)g(Iµ I1 Z, C)Iµ Iλ A − g(Iλ I1 Z, A)g(Iµ I1 Z, C)Iµ Iλ B
Xh

=
g(Iµ I1 Z, B)g(I1 Z, Iλ A) − g(Iµ I1 Z, A)g(I1 Z, Iλ B) Iµ Iλ C

i

µ,λ

+ g(I1 Z, Iλ A)g(Iµ I1 Z, C)Iµ Iλ B − g(I1 Z, Iλ B)g(Iµ I1 Z, C)Iµ Iλ A

i

But further simplification of these terms can achieved. First substituting Iλ by Iλ−1 and
then Iµ by Iµ Iλ , we find
Xh

g(Iµ Iλ I1 Z, B)g(I1 Z, Iλ−1 A) − g(Iµ Iλ I1 Z, A)g(I1 Z, Iλ−1 B) Iµ C
µ,λ

i
+ g(I1 Z, Iλ−1 A)g(Iµ Iλ I1 Z, C)Iµ B − g(I1 Z, Iλ−1 B)g(Iµ Iλ I1 Z, C)Iµ A
Xh

=
g(Iλ I1 Z, Iµ−1 B)g(Iλ I1 Z, A) − g(Iλ I1 Z, Iµ−1 A)g(Iλ I1 Z, B) Iµ C
µ,λ

i
+ g(Iλ I1 Z, A)g(Iλ I1 Z, Iµ−1 C)Iµ B − g(Iλ I1 Z, B)g(Iλ I1 Z, Iµ−1 C)Iµ A
i
Xh

=
gα (Iµ−1 B, A) − gα (Iµ−1 A, B) Iµ C + gα (A, Iµ−1 C)Iµ B − gα (B, Iµ−1 C)Iµ A
µ

where the last step follows from the substitution Iλ 7→ Iλ I1−1 .
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Returning to our main expression, we have now shown that
R̃(A, B)C − R(A, B)C

1 X
= 2
ωλ (IH Z, A)ωµ (IH B, C) − ωλ (IH Z, B)ωµ (IH A, C) Iµ Iλ Z
4fH
µ,λ

X
ωH (A, B)ωµ (IH Z, C)Iµ Z
−2
µ

i
1 Xh
+
ωµ (IH B, C)Iµ IH A − ωµ (IH A, C)Iµ IH B + 4ωµ (R(A, B)Z, C)Iµ Z
4fH µ

− 2ωH (A, B)IH C
i

1 Xh
+ 2
gα (B, Iµ A) − gα (A, Iµ B) Iµ C + gα (Iµ A, C)Iµ B − gα (Iµ B, C)Iµ A
4fZ µ
i

1 Xh
g(Iµ A, C)Iµ B − g(Iµ B, C)Iµ A + ωµ (A, B) − ωµ (B, A) Iµ C
+
4fZ µ

1 X
ωµ (IH A, C)αλ (IH B) − ωµ (IH B, C)αλ (IH A) Iµ Iλ Z
= 2
4fH
µ,λ

X
+2
ωH (A, B)αµ (IH C)Iµ Z
µ

i
1 Xh
+
ωµ (IH B, C)Iµ IH A − ωµ (IH A, C)Iµ IH B − 4αµ (R(A, B)C)Iµ Z
4fH µ

− 2ωH (A, B)IH C
i

1 Xh
gH (Iµ A, C)Iµ B − gH (Iµ B, C)Iµ A + gH (Iµ A, B) − gH (Iµ B, A) Iµ C
+
4 µ
where we combined the terms proportional to fZ−1 and fZ−2 , and
P used that R(A, B) and
IH both commute with each Iµ . Using f1Z K(X) = X − f1H µ αµ (A)Iµ Z, this can be
written as
R̃(A, B)C
1
1
=
K(R(A, B)C) −
ωH (A, B)K(IH C)
fZ
2fZ fH

1 X
ωµ (IH B, C)K(IH Iµ A) − ωµ (IH A, C)K(IH Iµ B)
+
4fZ fH µ
i

1 Xh
+
gH (Iµ A, C)Iµ B − gH (Iµ B, C)Iµ A + gH (Iµ A, B) − gH (Iµ B, A) Iµ C
4 µ
To finish the proof, we contract with another arbitrary vector field X, use the defining
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property of K and separate the case µ = 0 in the terms featuring a summation:
gH (R̃(A, B)C, X)
1
1
=
g(R(A, B)C, X) −
ωH (A, B)ωH (C, X)
fZ
2fZ fH
3
i
1 Xh
+
ωH (Iµ B, C)ωH (Iµ A, X) − ωH (Iµ A, C)ωH (Iµ B, X)
4fZ fH
µ=0

+

1
4

3 h
X

gH (Iµ A, C)gH (Iµ B, X) − gH (Iµ B, C)gH (Iµ A, X)

i

µ=0
3

+

1X
gH (Ik A, B)gH (Ik C, X)
2
k=1

1
g(R(A, B)C, X)
=
fZ
i
1 h
+
ωH (B, C)ωH (A, X) − ωH (A, C)ωH (B, X) − 2ωH (A, B)ωH (C, X)
4fZ fH
3
i
1 Xh
ωH (Ik B, C)ωH (Ik A, X) − ωH (Ik A, C)ωH (Ik B, X)
+
4fZ fH
k=1


1
+ gH (A, C)gH (B, X) − gH (B, C)gH (A, X)
4
3
i
1 Xh
gH (Ik A, C)gH (Ik B, X)−gH (Ik B, C)gH (Ik A, X)+2gH (Ik A, B)gH (Ik C, X)
+
4
k=1

1
=
g(R(A, B)C, X)
fZ

X
1 
ωH : ωH +
ωH (Ik ·, ·) ? ωH (Ik ·, ·) (A, B, C, X)
−
8fZ fH
k


X
1
+
gH ? gH +
gH (Ik ·, ·) : gH (Ik ·, ·) (A, B, C, X)
8
k

This, finally, is the sought-after expression given in the statement of the theorem.

5.3 Application to examples
To illustrate our results, we return to the series of examples (N̄n , gnc ) considered in section 4.5. Applying the (deformed) c-map to CHn (and passing to the universal covering),
we obtain a one-parameter family of metrics which we interpret as a deformation of the
SU(n+1,2)
symmetric space S(U(n+1)×U(2))
. Since CHn itself is the symmetric space SU(n,1)
U(n) , we
have a transitive action of SU(n, 1) by isometries. In fact, SU(n, 1) acts by PSK auto-
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morphisms. Indeed, the pseudo-Kähler structure on the corresponding CASK manifold
Mn is given by restricting the constant pseudo-Kähler structure of signature (n, 1) on
Cn+1 , and therefore preserved by SU(n, 1). Moreover, the special Kähler connection
coincides with the Levi-Civita connection in this case, so it is automatically preserved,
and SU(n, 1) certainly commutes with the standard C∗ -action. We conclude that CHn
is a homogeneous PSK manifold.

5.3.1 Lifting automorphisms
Section 5.1 gives us a canonical procedure to turn elements of the algebra su(n, 1) of
infinitesimal automorphisms into Killing fields on (N̄n , gnc ). We will now go through this
procedure explicitly. First, let us set up some convenient notation.
Given A ∈ su(n, 1), the holomorphic part of the corresponding vector field XA on Cn+1
1,0
d
is XA
(z) = dt
etA ·z = A·z, where z is regarded as a complex vector to which we can
t=0
apply A, and we have identified Tz1,0 Cn+1 ∼
= Cn+1 . Under this identification, we think
of X 1,0 as a Cn+1 -valued function. The (real) vector field XA is of course recovered via
P
1,0
1,0
1,0
). Let h = −dz0 ⊗ dz̄0 + j dzj ⊗ dz̄j be the
+ XA
= 2 Re(XA
the formula XA = XA
Hermitian form which governs the pseudo-Kähler structure on Mn . For two arbitrary
vector fields X, Y , we have h(X, Y ) = hX 1,0 , Y 1,0 i, where h·, ·i is the corresponding
Hermitian scalar product on Cn+1 . It will be convenient in the following computations
to think in these terms, rather than in terms of tensor fields.
We know that the one-parameter group of automorphisms generated by A ∈ su(n, 1) is
Hamiltonian with respect to the Kähler form on Mn , which corresponds to − Imh·, ·i.
In these terms, the Hamiltonian is µA (z) = 21 ImhA · z, zi (compare with example 2.42).
Translating back to the language of tensor fields, where we find µA = − 21 ωM (XA , ξ),
with ξ the Euler field, we also see that it is consistent with the expression derived in the
proof of lemma 4.9.
Now we pass to the hyper-Kähler manifold Nn = Mn × Cn+1 . The pseudo-Kähler
structure defined by ω1 is induced by the Hermitian form h ⊕ h. We will denote the
corresponding Hermitian scalar product of signature (2n, 2) on C2n+2 ∼
= Cn+1 ⊕ Cn+1 by
h·, ·i, as well as its restrictions to each factor. Since they agree, no confusion should arise
from this abuse of notation. We need to compute the twisting form ωH = ω1 +dα0 . A first
1,0
observation is that, under the identification T(z,w)
Nn ∼
= Cn+1 ⊕Cn+1 , Z 1,0 = (−iz, 0). For
an arbitrary vector field U = U 1,0 +U 1,0 , where we can think of U 1,0 as the Cn+1 ⊕Cn+1 valued function (Uz1,0 , Uw1,0 ), this formula for Z 1,0 yields (∇U Z)1,0 = (−iUz1,0 , 0) and
therefore we find
dα0 (U, V ) = 2g(∇U Z, V ) = 2 Re(h(−iUz1,0 , 0), (Vz1,0 , Vw1,0 )i) = 2 ImhUz1,0 , Vz1,0 i

111

5 Symmetry properties of the HK/QK correspondence and c-map
Since ω1 (U, V ) = − Im(hUz1,0 , Vz1,0 i + hUw1,0 , Vw1,0 i), we see that
ωH (U, V ) = ω1 (U, V ) + dα0 (U, V ) = ImhUz1,0 , Vz1,0 i − ImhUw1,0 , Vw1,0 i

(5.4)

Using g = Re(h⊕h), we can work with endomorphisms instead of the corresponding twoforms. We know that I1 is the direct sum of two integrable almost complex structures
(namely, the standard complex structures on each factor). What we have just shown is
that IH (first introduced in section 3.3) is obtained from it by changing the sign of the
complex structure on the first factor. In particular, for this series of examples, IH its
itself an integrable almost complex structure on Nn . This fact has consequences on the
quaternionic Kähler side of the correspondence:
Proposition 5.32. The endomorphism field IH is an integrable almost complex structure
on Nn , whose twist is a complex structure on (N̄n , gnc ) which is not subordinate to the
quaternionic structure on N̄n .
Proof. We have already shown that IH is an integrable almost complex structure. It
is clear that IH is not a section of Q on the hyper-Kähler side, so its twist will not
be subordinate to the twisted quaternionic structure either. Since we know that IH
is integrable, it now suffices to check that ωH is of type (1, 1) with respect to IH (by
example 3.15). This follows easily from the fact that IH is skew with respect to g.
Let us now return to the lifting procedure for infinitesimal symmetries. Upon canonically
lifting the infinitesimal automorphism XA , we obtain the vector field YA on Nn , whose
holomorphic part is given by
YA1,0 (z, w) =

d
dt

(etA z, (e−tA )T w) = (A · z, −AT · w)
t=0

where {zj , wj } are holomorphic coordinates (with respect to I1 ) on Nn . Correspondingly,
the moment map for Y with respect to ωH is

1
fYA = − Im hA · z, zi + hAT · w, wi
2
f

by (5.4). To compute YAH = YA − fYHA Z, we only need fH , which is given by fH =
1
1
1
1
1
1
2 g(Z, Z) − 2 c = 2 Reh−iz, −izi − 2 c = 2 hz, zi − 2 c. We conclude that
(YAH )1,0 = (A · z, −AT · w) +

Im(hA · z, zi + hAT · w, wi)
(−iz, 0)
hz, zi − c

Now we are ready to twist. As explained in section 4.5, the auxiliary circle bundle
P = Nn × S 1 carries a natural connection with curvature ωH , namely η = ds + 12 ιΞ ωH ,
where Ξ is the Euler field on C2n+2 . We now have to horizontally lift YAH to P and
then push it down to N̄n . Since P is trivial, we can think of YAH as living on P , and
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∂
thus the horizontal lift is simply ỸAH = YAH − η(YAH ) ∂s
, where s ∈ R/2πZ is the periodic
coordinate on the circle. We compute the second term more explicitly:



1
1
fY
η(YAH ) = ωH (Ξ, YAH ) = Im hz, A · zi + hw, AT · wi + z, i A z
2
2
fH



1
fY
= − Im hA · z, zi + hAT · w, wi + i A z, z
2
fH


fY
1
fY c
= A fH − hz, zi = − A
fH
2
fH 2

This means that
ỸAH = YAH +



fYA c ∂
c ∂
fY
fY
= YA − A Z P
= YA − A Z −
fH 2 ∂s
fH
2 ∂s
fH

where we used the formula for ZP derived in equation (4.7).
Now, all that remains is to push this vector field down to N̄n = {(z, w, s) ∈ M ×
Cn+1 × S 1 | arg z0 = 0}. Concretely, what this entails is to write ỸAH in the form
ỸAH = YAQ −ηQ (YAQ )ZP , where YAQ is tangent to N̄n (at every point contained in N̄n ⊂ P )
and ηQ = f1H η is the natural dual (in the sense of dual twist data, cf. definition 3.12)
principal S 1 -connection on P , viewed as a bundle over N̄n . Then YAQ , upon restriction
to N̄n , yields the twist of YAH .

Though existence and uniqueness of the twisted vector field are guaranteed by the general
theory of the twist construction, it may not seem easy to determine YAQ in practice. Here,
the way we have expressed ỸAH comes in handy. Indeed, since η(YA ) = fYA , we have
ỸAH = YA − ηQ (YA )ZP . Any other vector field X satisfying ỸAH = X − ηQ (X)ZP is of the
form X = Y + φZP for some function φ on P , so finding YAQ is now reduced to finding
the appropriate function φ such that YA + φZP restricts to a vector field on N̄n .
A vector field X on P restricts to a vector field on N̄n if and only if dϕ(X)|N̄n = 0, where

dz̄0
0
dϕ = d(arg z0 ) = − 2i dz
z0 − z̄0 . Since Z generates the (inverse of the) standard U(1)action on M , it is no surprise that dϕ(ZP ) = dϕ(Z) = −1. Therefore, dϕ(YA + φZP ) =
dϕ(YA ) − φ and we see that the choice φ = dϕ(YA ) yields YAQ . In conclusion, the vector
field YAQ := YA + dϕ(YA )ZP restricts to the twist of YAH on N̄n . Let us work out this
 1,0
(A·z)0 
0
second term in more detail: dϕ(YA ) = Im dz
, where (A · z)0 is
z0 (YA ) = Im
z0
the 0-component of A · z. We can also express it as (A · z)0 = hA · z, e0 i, where e0 is the
corresponding unit vector. It is convenient to introduce the notation
 
zj
1
A(X) := A ·
Xj = , j = 1, . . . , n
X
z0
so that dϕ(YA ) = ImhA(X), e0 i. Here, we already see the standard coordinates {Xj }
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on N̄n arising naturally. In summary, we see that YAQ = YA + ImhA(X), e0 iZP , when
restricted to N̄n , yields the sought-after Killing field.
Now let us apply this entire procedure to a basis (as a real vector space) of su(n, 1).
Let Ej,k , j, k ∈ {0, 1, . . . , n}, denote the elementary matrix whose only non-zero entry,
which equals one, has row number j and column number k. Then the following matrices
provide a basis for su(n, 1):
Bk+ = E0,k + Ek,0

k ∈ {1, . . . , n}

Bk− = i(E0,k − Ek,0 )
+
Cj,k
= Ej,k − Ek,j
−
Cj,k = i(Ej,k + Ek,j )

k ∈ {1, . . . , n}
j < k, j, k ∈ {1, . . . , n}
j < k, j, k ∈ {1, . . . , n}

Dk = i(Ek−1,k−1 − Ek,k )

k ∈ {1, . . . , n}

The lifting procedure for the infinitesimal automorphisms XC ± is rather simple, as
j,k

±
their canonical lifts YC ± satisfy dϕ(YC ± ) = 0. Indeed, hCj,k
(X), e0 i = 0, and therefore
j,k
j,k
YC ± , viewed as a vector field on the trivial bundle P , restricts to a Killing field for the
j,k
quaternionic Kähler metric on the twist. For example, we have


∂
∂
∂
∂
Q
YC − = 2 Re i Xj
+ Xk
− wj
− wk
∂Xk
∂Xj
∂wk
∂wj
j,k

with respect to the standard coordinates (X, ρ, φ̃, w) on N̄n , introduced in (4.8), in
passing to the second line. The same simple procedure works for the diagonal basis
elements Dk for k > 1. The case k = 1, however, is special. Indeed,


∂
∂
∂
∂
YD1 = 2 Re i z0
− z1
− w0
+ w1
∂z0
∂z1
∂w0
∂w1
and dϕ(YD1 ) = ImhD1 (X), e0 i = 1. This means that, on P , we can write YD1 in
∂
where ŶD1 is tangent to N̄n (at each x ∈ N̄n ). Adding
the form YD1 = ŶD1 + ∂ϕ
∂
c ∂
∂
ZP = − ∂ϕ − 2 ∂s = − ∂ϕ − 2c ∂∂φ̃ , we obtain
YDQ1

= YD1

 X

n
∂
∂
∂
∂
∂
+ ZP = −2 Re i
Xj
+ X1
+ w0
− w1
− 2c
∂Xj
∂X1
∂w0
∂w1
∂ φ̃
j=1

We see that this Killing vector is c-dependent. However, the dependence on c is not
essential: As ∂∂φ̃ is itself a Killing field, the c-dependence can be removed by subtracting
another Killing field.
The remaining basis elements Bk± are most interesting. The corresponding Killing fields
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are c-dependent in an essential way. On the hyper-Kähler manifold, we have


∂
∂
∂
∂
YB + = 2 Re z0
− w0
+ zk
− wk
k
∂zk
∂z0
∂wk
∂w0
Since ImhBk+ (X), e0 i = Im Xk , we have
YBQ+ = YB + + Im(Xk )ZP
k
k


X
∂
∂
∂
∂
∂
= 2 Re
− w0
+ icXk
− Xk
− wk
Xj
∂Xk
∂Xj
∂wk
∂w0
∂ φ̃

(5.5)

j

Starting from
YB −
k



∂
∂
∂
∂
= 2 Re i zk
− z0
− w0
+ wk
∂z0
∂zk
∂w0
∂wk

we analogously derive
YBQ− = YB − + Re(Xk )ZP
k
k


X
∂
∂
∂
∂
∂
= 2 Re i −
− Xk
Xj
+ icXk
+ wk
− w0
∂Xk
∂Xj
∂w0
∂wk
∂ φ̃

(5.6)

j

This completes our description of the Killing fields on N̄n derived from aut(CHn ) ∼
=
su(n, 1). Besides these lifted Killing fields, the free and isometric action of Heis2n+3 on
the fibers of N̄n yields 2n + 3 additional Killing fields. Together, they generate a group
of isometries whose principal orbits have dimension 4n + 3 = dim N̄n − 1, so N̄n is of
co-homogeneity at most one. This is, of course, consistent with the results presented in
section 5.1, in particular corollary 5.19.

5.3.2 A non-trivial curvature invariant
It is remarkable that the Killing fields constructed above, which arise from the underlying
PSK manifold CHn , all preserve the coordinate function ρ. This is no coincidence: Since
ρ = 2fZ , any vector field YA that arises as the canonical lift of an element A ∈ su(n, 1)
∂
lies in autHam (Nn , fZ ), hence satisfies dρ(YA ) = 2YA (fZ ) = 0. The vector field ρ ∂ρ
is a
Killing field for the undeformed c-map metric, but ceases to be one for non-zero values of
the deformation parameter c, when only the Heisenberg group Heis2n+3 acts by fiberwise
isometries.
Thus, in the deformed case, we have obtained a group of isometries which preserves the
level sets of ρ. On these level sets, however, the action is transitive. Indeed, the lifted
Killing fields generate an action which covers the standard (projective) action of SU(n, 1)
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on CHn , which is transitive, and the action of Heis2n+3 is transitive on the constant-ρ
slices of the fibers.
Our aim in this section is to prove that any isometry of the deformed c-map metric on N̄n
must in fact preserve the level sets of ρ. To do this, we will use theorem 5.27 to compute a
curvature invariant of N̄n . Since the scalar curvature is always constant on a quaternionic
Kähler manifold, the simplest non-trivial curvature invariant is V
the Hilbert–Schmidt
V
norm of the curvature, regarded as a self-adjoint operator RQ : 2 T N̄n → 2 T N̄n .
This quadratic curvature invariant is sometimes also called the Kretschmann scalar (up
to a factor four). If {ej } is an orthonormal frame for T N̄n , we may compute this invariant
as follows:
X
2
RQ =
gnc (RQ (ei ∧ ej ), em ∧ en )gnc (RQ (em ∧ en ), ei ∧ ej )
where we sum over the induced orthonormal basis of

V2

T N̄n .

Compatibility of twisting with tensor products and contractions implies that we may
compute this on the hyper-Kähler side instead, so we have
X
2
gH (R̃(e0i ∧ ej ), e0m ∧ e0n )gH (R̃(e0m ∧ en ), e0i ∧ e0j )
RQ =
where R̃ is the curvature operator associated to the algebraic curvature tensor R̃ from
theorem 5.27, and {e0j } is an orthonormal frame with respect to gH .
We will translate the curvature formula from theorem 5.27 to this setting, where we
think of the curvature as an endomorphism. Using the metric gH , we can extend the
operations ? and : to apply to endomorphisms as follows.
V Let E,VF be self-adjoint
endomorphism fields with respect to gH . Then E ?gH F : 2 T Nn → 2 T Nn is defined
by the relation

gH ((E ?gH F )(A ∧ B), C ∧ X) := gH (E·, ·) ? gH (F ·, ·) (A, B, C, X)
V
V
Analogously, we define K :gH L : 2 T Nn → 2 T Nn , where K, L ∈ Γ(End T Nn ) are
skew-adjoint with respect to gH . With this notation, our curvature formula translates
to
gH (R̃(A ∧ B), C ∧ X)
1
g(R(A ∧ B), C ∧ X)
=
fZ



X
1
+ gH
id ?gH id +
Ik :gH Ik (A ∧ B), C ∧ X
8
k



X
1
−
gH KIH :gH KIH +
KIH Ik ?gH KIH Ik (A ∧ B), C ∧ X
8fZ fH
k
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where, in the final line, we used that ωH (·, ·) = g(IH ·, ·) = gH (KIH ·, ·). Now we are in a
position to compute the curvature norm.
c
Theorem 5.33. Let (N̄n−1 , gn−1
), n ≥ 1 be the image of CHn−1 under the deformed
c-map, and denote its curvature operator by RQ . Then

R

Q 2

 3

 6

fZ
fZ
fZ2
fZ 2
= n(5n + 1) + 3 3 + (n − 1)
+ 3 6 + (n − 1) 2
fH
fH
fH
fH

Proof. The norm of the curvature, which is equal to the norm of R̃ on the hyper-Kähler
side, is nothing but the trace of the R̃2 . Since the initial hyper-Kähler metric is flat, its
curvature operator R vanishes identically, and thus we have to compute
"
#

2
X
X
1
1
2
RQ = tr id ?gH id +
Ik :gH Ik −
KIH :gH KIH +
KIH Ik ?gH KIH Ik
64
fZ fH
k

k

There are three different types of terms. The following lemma shows how to reduce
their computation to determining the traces of the compositions of the relevant endomorphisms.
Lemma 5.34. Let h be a (pseudo-)Riemannian metric on a smooth manifold N , and let
E, F, K, L ∈ Γ(End(T N )) be endomorphism fields such that E and F are self-adjoint
with respect to h, while K and L are skew-adjoint with respect to h. Then the following
identities hold:

2

(i) tr (E ?h E) ◦ (F ?h F ) = 2 tr(E ◦ F ) − 2 tr (E ◦ F )2 .

2

(ii) tr (K :h K) ◦ (L :h L) = 6 tr(K ◦ L) + 6 tr (K ◦ L)2 .

2

(iii) tr (E ?h E) ◦ (K :h K) = 2 tr(E ◦ K) − 6 tr (E ◦ K)2 .
Proof. Let {ea } be an orthonormal basis for h with h(ea , ea ) = a ∈ {±1}. In each case,
the identity is derived by a straightforward computation with respect to this basis, using
the definition of ?h and :h . For the first identity, we have:

tr E ?h E) ◦ (F ?h F )
1 X
a b c d h((E ?h E)ec ∧ ed , ea ∧ eb )h((F ?h F )ea ∧ eb , ec ∧ ed )
=
4
a,b,c,d
X

=
a b c d h(Eec , ea )h(Eed , eb ) − h(Eec , eb )h(Eed , ea )
a,b,c,d


h(F ea , ec )h(F eb , ed ) − h(F ea , ed )h(F eb , ec )
2

= 2 tr(E ◦ F ) − 2 tr (E ◦ F )2
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Note that this part of the lemma actually does not use any properties of E and F . We
turn to the second identity.

tr (K :h K) ◦ (L :h L)
X
=
a b c d
a,b,c,d

h(Kec , ea )h(Ked , eb ) − h(Kec , eb )h(Ked , ea ) + 2h(Kec , ed )h(Kea , eb )

h(Lea , ec )h(Leb , ed ) − h(Lea , ed )h(Leb , ec ) + 2h(Lea , eb )h(Lec , ed )

2


2 
= 2 tr(K ◦ L) − 2 tr (K ◦ L)2 + 8 tr (L ◦ K)2 + 4 tr(K ◦ L)
2

= 6 tr(K ◦ L) + 6 tr (K ◦ L)2



In this case, we did use the fact that K and L are skew, namely in passing to the
penultimate line. We now derive the final identity:

tr (E ?h F ) ◦ (K :h K)
X

=
a b c d h(Eec , ea )h(Eed , eb ) − h(Eec , eb )h(Eed , ea )
a,b,c,d


h(Kea , ec )h(Keb , ed ) − h(Kea , ed )h(Keb , ec ) + 2h(Kea , eb )h(Kec , ed )
2


= 2 tr(E ◦ K) − 2 tr (E ◦ K)2 − 4 tr (E ◦ K)2
2

= 2 tr(E ◦ K) − 6 tr (E ◦ K)2
This computation uses the self-adjointness of E as well as the fact that K is skewadjoint.
In the case at hand, the relevant endomorphism fields are various compositions of
id, K, IH and Ik . Since both K and IH commute with each Ik by proposition 3.27
2 = I 2 = − id (here, we use proposition 5.32), we can always
and lemma 5.22, and IH
k
reduce these traces to one of the four traces computed in the next lemma:
Lemma 5.35. On Nn−1 , the following trace identities hold for any non-negative integer
m ∈ N0 and any k ∈ {1, 2, 3}:


f 2m
(i) tr(Km ) = 4 (n − 1)fZm + fZm .
H

(ii)

tr(Km I

k)

= 0.

(iii) tr(Km IH ) = 0.
(iv) tr(Km IH Ik ) = 0.
f2

Proof. Recall that K|HZ = fZH id |HZ while K|(HZ)⊥ = fZ id |(HZ)⊥ . This immediately
implies the first identity. For the second, note that K is self-adjoint with respect to g,
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while Ik is skew. Since they commute, this means that Km Ik is skew with respect to
g, so its trace must vanish. The same argument works to prove that tr(Km IH ) = 0.
Finally, consider tr(Km IH Ik ). Writing Ik = Ii Ij for i, j ∈ {1, 2, 3}, the fact that the
complex structures commute with K and IH implies that tr(Km IH Ii Ij ) = tr(Ij Km IH Ii ) =
tr(Km IH Ij Ii ), but then Ij Ii = −Ik shows that this trace vanishes.

2

With this preliminary work, we have reduced the computation of RQ to an essentially
mechanical process, though in some cases some work is required in reducing each term to
one of the standard forms computed above. Therefore, we only give a few intermediate
steps in this final computation:
X

2
tr(Ik )2 − 3 tr(Ik2 )
32 RQ = tr(id)2 − tr(id) + 2
k

 Xh
i
2 
−
tr(KIH )2 − 3 tr (KIH )2 +
tr(KIH Ik )2 − tr (KIH Ik )2
fZ fH
k
Xh
i
2
2
+3
tr(Ij Ik ) + tr (Ij Ik )
j,k

−

i
2  Xh
3
tr(Ik KIH )2 + tr (Ik KIH )2
fZ fH
k
Xh
i
+
tr(Ik KIH Ij )2 − 3 tr (Ik KIH Ij )2
j,k

2
i
1  h
+ 2 2 3 tr (KIH )2 + tr (KIH )4
fZ fH
Xh
i
+2
tr(KIH KIH Ik )2 − 3 tr (KIH KIH Ik )2
k

i
1 Xh
+ 2 2
tr(KIH Ij KIH Ik )2 − tr (KIH Ij KIH Ik )2
fZ fH
j,k
i
Xh
2
= tr(id) − tr(id) + 18 tr(id) + 3
δjk tr(id)2 − (−1)δjk tr(id)
j,k

i
X
6 h
−
tr(K2 ) −
(−1)δjk tr(K2 )
fZ fH
j,k
i
1  h
+ 2 2 3 tr(K2 )2 + tr(K4 ) + 18 tr(K4 )
fZ fH
i
Xh
+
δjk tr(K2 )2 + (−1)δjk tr(K4 )
j,k

= 160n2 + 32n +

6

(tr(K
fZ2 fH2

2 2

) + 4 tr(K4 ))
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Finally, we obtain:
RQ

2





f3 2
f6
f2
fZ
+ Z3
= n(5n + 1) + 3 (n − 1)
+ 3 (n − 1) Z2 + Z6
fH fH
fH fH

This is indeed the claimed expression for RQ

2

.

The curvature norm in the case n = 1, which arises by applying the c-map to the trivial
PSK manifold consisting of a single point, was worked out by Cortés and Saha [CS18],
2
and we recover their formula for RQ in this case.
c
Corollary 5.36. For every c > 0, any isometry of (N̄n−1 , gn−1
) preserves the level sets of
the coordinate function ρ.

Proof. To interpret theorem 5.33 in terms of the coordinates on the quaternionic Kähler
manifold N̄n , we use fZ = 12 ρ and fH = − 21 (ρ + 2c). We obtain
R

Q 2


= n(5n + 1) + 3 (n − 1)

ρ
ρ3
+
ρ + 2c (ρ + 2c)3

2


+ 3 (n − 1)

ρ2
ρ6
+
(ρ + 2c)2 (ρ + 2c)6



2

We see that RQ depends only on ρ. By invariance of the curvature under isometries,
2
it now suffices to show that RQ : R>0 → R>0 is injective. Up to an additive constant,
it is the composition of two functions Φc , Ψ : R>0 → R>0 , defined by
x
x + 2c

Ψ(x) = 3 (x3 + (n − 1)x)2 + x6 + (n − 1)x2
Φc (x) =

where c > 0. It is clear that Φc is injective for every c > 0.
Now assume that Ψ(x1 ) − Ψ(x2 ) = 0 for some x1 , x2 ∈ R>0 . By definition, this means
that
(x31 + (n − 1)x1 )2 + x61 + (n − 1)x21 − (x32 + (n − 1)x2 )2 − x62 − (n − 1)x22 = 0
Clearly, this expression vanishes if x1 = x2 , and since Ψ is even, it also vanishes if
x1 = −x2 . Factorizing, we find:


(x1 − x2 )(x1 + x2 ) 2(x41 + x42 ) + 2x21 x22 + 2(x21 + x22 )(n − 1) + n(n − 1) = 0
The second and third factor can never vanish as long as x1 , x2 ∈ R>0 , so we must have
x1 = x2 .
Since we have already constructed a group of isometries which acts transitively on the
level sets of ρ, we deduce:
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Theorem 5.37. The deformed c-map metrics gnc on N̄n are of co-homogeneity one.
Thus, the one-loop deformations of these symmetric (and in particular homogeneous)
spaces are of co-homogeneity one. This infinite series provides the first examples of this
phenomenon in dimensions higher than eight. In dimension eight, it had previously been
observed [CDS17, Ex. 28] the one-loop deformation of the symmetric space G∗2 / SO(4)
is not locally homogeneous; corollary 5.17 shows that it is also of co-homogeneity one.
These results provide evidence for the following conjecture:
Conjecture 5.38. Let M̄ be a homogeneous PSK manifold, and let (N̄, g c ) denote its
image under the (deformed) c-map. Then the metrics g c>0 are of co-homogeneity one.
Of course, we have already proven that the co-homogeneity is at most one in section 5.1,
so it suffices to produce a non-constant curvature invariant, such as the Hilbert–Schmidt
norm of the curvature operator. In order to do this for c-map spaces arising from
arbitrary homogeneous PSK manifolds, a better understanding of the corresponding
hyper-Kähler manifolds and their curvature tensors is required.
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In the preceding chapter, we have shown how to construct large groups of isometries of
deformed c-map metrics. In particular, for any homogeneous PSK manifold, we obtain
a group which acts with co-homogeneity one. It is natural to study discrete subgroups
of these groups, since they can be used to construct further interesting examples of
complete quaternionic Kähler manifolds via quotient constructions. Such quotients yield
many examples of quaternionic Kähler manifolds with non-trivial fundamental group,
and can be used to (partially) “compactify” the quaternionic Kähler manifolds that arise
from the c-map. In this chapter, we initiate the study of these discrete subgroups, and
show in some simple cases how they can be used to construct complete quaternionic
Kähler manifolds of the form K × R, where K is compact.
The study of discrete subgroups of the isometry group of one-loop deformed c-map metrics is also of importance in theoretical physics. From a physical point of view, it is
expected that so-called non-perturbative quantum corrections will give rise to quaternionic Kähler metrics on c-map spaces whose isometry groups are discrete subgroups of
the isometry group of the (deformed) c-map metrics (see e.g. [Ale13; AMPP15; ABMP18]
and references therein). The discrete subgroups considered in this chapter may therefore
be of physical significance, though we will not pursue this question further.

6.1 Generalities
Recall (cf. proposition 4.34) that every c-map space (N̄, g c ), when viewed as a bundle
over the corresponding PSK manifold M̄ , carries a proper, fiber-preserving and isometric
action of a Heisenberg group. Furthermore, after passing to a cyclic Riemannian covering
(Ñ, g̃ c ), this action is free, so we have:
Lemma 6.1. Let M̄ be a complete and simply-connected PSK manifold of dimension 2n.
Then for every discrete subgroup Γ ⊂ Heis2n+3 , the universal covering (Ñ, g̃ c ), c ≥ 0, of
its image under the one-loop deformed c-map admits a smooth quotient Ñ/Γ which is a
complete quaternionic Kähler manifold with fundamental group Γ.
When we make more assumptions about the PSK manifold M̄ which underlies the c-map
space, this story gets more interesting. Assuming completeness, the results of section 5.1
imply that the (identity component of the) automorphism group of M̄ lifts to a connected
group GM̄ of isometries of the corresponding c-map space N̄ .
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Lemma 6.2. Let (N̄, g c ), c ≥ 0 lie in the image of the deformed c-map, and assume
each g c is complete. Let G be the group of isometries of g c generated by GM̄ and
Heis2n+3 . Then Heis2n+3 is a normal subgroup of G. If Aut(M̄ ) is semi-simple and GM̄
has compact center, then G ∼
= GM̄ n Heis2n+3 .
Proof. Thinking of N̄ as a bundle over M̄ , our first claim is that every element of G
sends fibers to fibers, i.e. covers a well-defined map on M̄ . This is certainly true for the
elements of Heis2n+3 , which cover the identity, so we need only prove this for elements
of GM̄ . Since GM̄ is connected and therefore generated by the image of its exponential
map, it suffices to check that the Killing fields that generate the action of GM̄ cover
well-defined vector fields on M̄ ; the corresponding maps are obtained by integrating
these vector fields. But it follows directly from our construction of these Killing fields
that they cover (non-trivial) infinitesimal PSK automorphism on M̄ . We conclude that
GM̄ sends fibers to fibers.
Now we prove that Heis2n+3 ⊂ G is normal. For any α ∈ G and h ∈ Heis2n+3 , we must
prove that αhα−1 ∈ Heis2n+3 . First observe that the diffeomorphism αhα−1 : N̄ → N̄
covers the identity map on M̄ . Recall that, in standard coordinates {ρ, φ̃, ζ̃, ζ) on the
fibers, Heis2n+3 acts transitively on the level sets of ρ. Thus, it suffices to check that
αhα−1 preserves ρ. This will follow once we prove that all elements of GM̄ do so. Again,
since GM̄ is generated by the image of its exponential map, it suffices to check that for
any Killing field YAQ generating GM̄ , LY Q ρ = 0.
A

A close inspection of the proof of equivalence of the twist approach and the direct
approach to the c-map, given in [ACDM15], shows that, up to a multiplicative factor, ρ
is the twist of fZ , where fZ is the Hamiltonian for the rotating Killing field Z with respect
to ω1 on the corresponding hyper-Kähler manifold N . But then YAQ (ρ) = YAH (fZ ) = 0
because YA is an element of autHam (N, fZ ) and therefore preserves fZ . This proves that
Heis2n+3 is a normal subgroup.
If Aut(M̄ ) is semi-simple our lifting procedure for infinitesimal automorphism yields
a subalgebra gM̄ of Killing fields isomorphic to aut(M̄ ) (cf. corollary 5.13) such that
g ∼
= gM̄ n heis2n+3 . This means that the normal subgroup K = GM̄ ∩ Heis2n+3 is
discrete, hence central. In particular, K is contained in the center of both GM̄ and
Heis2n+3 . Assuming that the center of GM̄ is compact, we see that K must be finite.
But the center of Heis2n+3 , which is isomorphic to R, contains no finite subgroups. In
conclusion, GM̄ ∩ Heis2n+3 = id and consequently G ∼
= GM̄ n Heis2n+3 .
The group structure of G is therefore—at least in a good case—determined by the
action of GM̄ on Heis2n+3 . This suggests the following strategy for constructing discrete
subgroups of G. First, we construct a discrete subgroup ΓM̄ of GM̄ , and then we look
for a discrete subgroup ΓHeis of Heis2n+3 which is invariant under the action of ΓM̄ on
Heis2n+3 . Then ΓM̄ and ΓHeis generate a discrete subgroup Γ = ΓM̄ n ΓHeis ⊂ G.
Every Lie group admits a unique left-invariant volume form up to scaling, which defines
the so-called (left) Haar measure on this group. By left-invariance, this volume form
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descends to the quotient of G by any discrete subgroup Γ. In the following, we will
be particularly interested in discrete subgroups Γ such that the quotient G/Γ has finite
volume, or is even compact.
Definition 6.3. We say that a discrete subgroup Γ ⊂ G of a Lie group is a lattice if
G/Γ has finite volume with respect to the induced G-invariant volume form. A lattice
is called co-compact if G/Γ is compact.
As the name suggests, lattices in Lie groups generalize the familiar discrete subgroup
Zn ⊂ Rn . The study of lattices is a vast area of research, with deep connections to
various fields of mathematics such as algebraic geometry and number theory. As we will
see, it is non-trivial to construct lattices even for very simple choices of Lie group. For
this reason, we will limit ourselves to a case study of certain simple examples and leave
a more general study of these matters for a future investigation.

6.2 Case study: Lattices from quaternion algebras
Once again, we return to the series (N̄n , g c ) of quaternionic Kähler manifolds obtained by
applying the c-map to the homogeneous PSK manifold CHn , and passing to the universal
SU(n+1,2)
Riemannian cover (so that (N̄n , g 0 ) ∼
= S(U(n)×U(2)) ). We have Aut(CHn ) = SU(n, 1), and
SU(n, 1) acts on the associated CASK manifold, which is an open and SU(n, 1)-invariant
subset of Cn+1 , by its defining representation ρstd . The induced action on Nn = T ∗ M is
also simple to describe. Indeed, our description of the canonical lifting procedure shows
that SU(n, 1) acts on the fibers of Nn via the dual representation, so on the level of
representations we can describe Nn as the direct sum ρstd ⊕ ρ∗std .
When we twist, moving from Nn to the quaternionic Kähler manifold N̄n , the induced
action is c-dependent. This can be seen by inspecting the expressions (5.5), (5.6) for the
corresponding Killing fields. Though the action preserves the level sets of ρ for every
value of c, the coordinate function φ̃ is also preserved for c = 0. In this case, the action
restricts to an action on M̄ × {ρ0 } × {φ̃0 } × R2n+2 , ρ0 ∈ R>0 , φ̃0 ∈ S 1 , which is nothing
but the standard action on CHn × (Cn+1 )∗ induced by projectivizing the first factor of
the action on N .
In the context of the c-map, we should think of the second factor as a symplectic vector
space which, together with the coordinate φ̃, defines the Heisenberg group Heis2n+3
acting on the fibers of Nn = T ∗ Mn as specified by (4.3). Taking the convention that for
a symplectic vector space (V, ω), the corresponding Heisenberg group is defined by the
group law (v, t)·(v 0 , t0 ) = (v+v 0 , t+t0 + 21 ω(v, v 0 )) on V ⊕R, we read off from equation (4.3)
P
that the symplectic structure in this case is given by the two-form 2 ni=0 dζ̃i ∧ dζ i
which is nothing but (a multiple of) the restriction of ω1 to the fibers of Nn . Our
description of the hyper-Kähler structure on Nn given in (4.1) shows that ω1 restricts to
the natural induced (dual) symplectic structure on (Cn+1 )∗ , which is invariant under the
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dual representation ρ∗std of SU(n, 1). We conclude that, in the case c = 0, SU(n, 1) acts
on the Heisenberg group Heis2n+3 ∼
= Cn+1 ⊕ R by automorphisms in the standard way,
namely via linear symplectomorphisms on Cn+1 and trivially on the second factor.
For positive values of c, however, the lifted Killing fields do not preserve φ̃, and explicitly
integrating the infinitesimal action poses a significant problem. Therefore, we focus on
the case c = 0 in this work. Then, we know that GM̄ ∼
= SU(n, 1) and understand the
action on Heis2n+3 ; our next task is to construct (co-compact) lattices in SU(n, 1) which
preserve a lattice in Heis2n+3 .
In the case n = 0, when we need only consider Heis3 , things are rather simple because
it is not hard to construct co-compact lattices in Heis3 . Thinking of Heis3 as R3 , the
most obvious example is the standard lattice Z3 ⊂ R3 , which indeed forms a subgroup
(for a suitable normalization of the symplectic form on R2 ). Since Heis3 acts freely on
(N̄0 , g c ) for every c ≥ 0, any co-compact lattice Γ gives rise to a manifold N̄0 /Γ which is
diffeomorphic to K × R, where K = Heis3 /Γ is compact. Many new complications arise
in the first non-trivial case, n = 1, which we will now study in detail.
Our first step is to construct a lattice in SU(1, 1). It is well-known that SU(1, 1) is
isomorphic to SL(2, R). Therefore, we can equivalently study discrete subgroups of
SL(2, R), which are called Fuchsian groups. The theory of Fuchsian groups is a classical
topic in mathematics and much is known about the structure of these groups (see, for
instance, [Kat92]). In particular, it is possible to construct many explicit examples of cocompact Fuchsian groups. One of the most important methods of construction of such
co-compact Fuchsian groups uses the theory of quaternion algebras. We will outline
this construction (following [Kat92] and [Voi20]) and show how it allows us to construct
infinitely many examples of co-compact lattices in SU(1, 1) which preserve a lattice in
Heis5 .
In the following, F always denotes a field of characteristic different from two.
Definition 6.4. An algebra A over F is called a quaternion algebra if there exist elements
i, j ∈ A such that {1, i, j, ij} is an F -basis for A, and such that
i2 = a

j2 = b

ij = −ji

for some a, b ∈ F × .
Remark 6.5. Alternatively, one can define quaternion algebras as four-dimensional algebras which contain no non-trivial nilpotent two-sided ideals and have center F . The
above definition has the advantage of being more concrete, and making the reason for
their name obvious.
The fourth basis element ij of a quaternion algebra is conventionally denoted by k,
mimicking the standard notation for quaternions.
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6.2 Case study: Lattices from quaternion algebras
As a shorthand, we will often denote a quaternion algebra by A = (a, b)F . Observe that
(−1, −1)R yields the usual quaternions, and that (1, 1)R ∼
= Mat2 (R). Any quaternion
algebra can be realized as a matrix algebra upon adjoining certain elements to F . For
example, the map
√ √
ϕ:A
Mat2 (F ( a, b))


1
0
1
0
1
√

a
0
√
i
(6.1)
0
− a
√


b
√0
j
b
0

√ √ 
a b
0√
√
k
− a b
0
defines a convenient homomorphism into a matrix algebra, which is an isomorphism onto
its image.
The structure constants a, b determine a quaternion algebra, but different choices of do
not necessarily yield non-isomorphic algebras. A first observation is that interchanging
i and j induces an isomorphism (a, b)F ∼
= (b, a)F . It is also not difficult to prove that, if
×
2
∼
a ∈ (F ) , (a, b)F = Mat2 (F ) and that for any λ ∈ F × , (λ2 a, b)F ∼
= (a, b)F . This can
be used to deduce that, over an algebraically closed field, every quaternion algebra is
isomorphic to Mat2 (F ), and that any quaternion algebra over R is isomorphic to either
H or Mat2 (R).
Definition 6.6. Let A be a quaternion algebra over F . Then the conjugate of x =
x0 + x1 i + x2 j + x3 k ∈ A is x̄ = x0 − x1 i − x2 j − x3 k. Furthermore, x + x̄ = 2x0 is called
the reduced trace of x and xx̄ = x20 − x21 a − x22 b + x23 ab is called the reduced norm of x.
We can give a natural interpretation for the reduced trace and norm by considering the
embedding ϕ from (6.1). Indeed, the reduced trace and norm of x are tr(ϕ(x)) and
det(ϕ(x)), respectively. Note that this shows that the reduced norm behaves multiplicatively.
Lemma 6.7. A quaternion algebra A over F is a division algebra if and only if, for every
non-zero x ∈ A, xx̄ 6= 0.
Proof. If A is a division algebra, then for any non-zero x the multiplicativity of the
reduced norm implies that det(ϕ(x)−1 ) det(ϕ(x)) = 1, so det(ϕ(x)) 6= 0. Conversely, if
det(ϕ(x)) 6= 0 then x−1 = x̄/ det(ϕ(x)).
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This lemma can be used to prove the following important generalization of the classification of quaternion algebras over R:
Proposition 6.8. Let A be a quaternion algebra over F . Then either A is isomorphic to
Mat2 (F ), or A is a division algebra.
Proof. Assuming that A = (a, b)F is not isomorphic to Mat2 (F ), we know that a ∈
/
×
2
∼
(F ) . Then F (i) is a quadratic field extension of F and F (i) ⊕ F (i)j = A. Additionally
assuming that A is not a division algebra, we obtain a non-vanishing element x whose
reduced norm vanishes, so that
0 = det(ϕ(x)) = (x0 + x1 i)(x0 − x1 i) − (x2 + x3 i)(x2 − x3 i)b
If the second term vanishes, then so must the first. But the first term is the field
norm of x0 + x1 i ∈ F (i), which vanishes if and only if x0 + x1 i = 0. This would be a
contradiction with the assumption that x 6= 0, so the second term cannot vanish. Setting
1i
q0 + q1 i = xx02 +x
+x3 i ∈ F (i), we may therefore rewrite the vanishing of the reduced norm as
b = q02 − q12 a. But now the map
Mat2 (F )


0
1
a
0

A
i

j

q0
aq1

−q1
−q0

k


aq1
aq0

−q0
−aq1





provides an explicit isomorphism A ∼
= Mat2 (F ), which is a contradiction.
This yields an alternative criterion for checking whether a quaternion algebra is a division
algebra. For instance, let F be a totally real algebraic number field of degree n (i.e. a
field extension of Q of degree n, all of whose embeddings into C are already contained in
R). Then its n distinct embeddings into R ⊂ C, which we will denote by ϕi , i = 1, . . . , n,
yield new quaternion algebras Ai = (ϕi (a), ϕi (b))ϕi (F ) . Taking a tensor product with
R
R yields real quaternion algebras AR
i . We know that Ai is isomorphic either to H, in
which case we say that A is ramified at ϕi , or to Mat2 (R), in which case we say A is
unramified at ϕi .
Proposition 6.9. Let F be a totally real algebraic number field of degree n ≥ 2. If A is
a quaternion algebra over F which is unramified at one ϕi , i = 1, . . . , n, and ramified at
all others, then A is a division algebra.
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Proof. If A were not a division algebra, then A ∼
= Mat2 (F ) ∼
= (1, 1)F and therefore
R
∼
∼
∼
Ai = (1, 1)ϕi (F ) ⊗ R = (1, 1)R = Mat2 (R). This means that A would be unramified at
every ϕi .
This produces many examples of division quaternion algebras over totally real algebraic
number fields of degree n > 1.
For F = Q, it is also possible to produce infinitely many examples of division quaternion
algebras, using lemma 6.7 directly:
Proposition 6.10. Let a, b ∈ N such that b is prime and a is a quadratic non-residue
modulo b, i.e. the equation x2 ≡ a mod b has no solution in the integers. Then the
quaternion algebra A = (a, b)Q is a division algebra.
Proof. If (a, b)Q is not a division algebra, we have a non-zero element x = x0 = x1 i +
x2 j + x3 k with vanishing reduced norm. We may assume that its coefficients have no
common factor. Since xx̄ = x20 − x21 a − (x22 − x23 a)b = 0, we see that x20 ≡ x21 a mod b. If
the prime b does not divide x1 , then
2 by the fundamental theorem of arithmetic it also
does not divide x21 . But then xx10 ≡ a mod b, contradicting the assumption that a is
a quadratic non-residue modulo b. We conclude that b must divide x1 , hence also x0 .
Writing x0 = y0 b and x1 = y1 b, we now have (y02 b − y12 b − x22 + x23 a)b = 0 and thus
x22 ≡ x23 a mod b. Going through the same argument as before, we deduce that b divides
x2 and x3 too. This means that the xi share b as a common factor, contradicting our
assumption.
At this point, the reader might wonder why we choose to place so much emphasis on
the existence of division quaternion algebras. Before providing a justification, we will
show how to derive Fuchsian groups from quaternion algebras. To do this, we need to
introduce a way to discretize a quaternion algebra.
Definition 6.11. Given an algebraic number field F , the ring of integers OF is the ring
of all elements of F which are integral elements, i.e. roots of a monic polynomial xn +
a1 xn−1 + · · · + an−1 x + an with integer coefficients a1 , . . . , an .
Definition 6.12. An order O in an algebra A over an algebraic number field F is a subring
of A (containing 1) which is a finitely generated OF -module and which generates A over
F.
The concept of an order provides an analog of the notion of a lattice in the context of
(quaternion) algebras over a field. A simple yet important example of an order is the
following: Suppose A = (a, b)F , where a, b ∈ OF× . Then
Ostd = {x = x0 + x1 i + x2 j + x3 k | x0 , x1 , x2 , x3 ∈ OF }
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is an order in A, which we will call the standard order.
Our aim is to produce a Fuchsian group from a quaternion algebra. We have already
introduced a notion of discretization, so the next step is to obtain a group. Fortunately,
every order O in a quaternion algebra contains a natural group, namely the group of
units of reduced norm one: O1 = {x ∈ O× | det ϕ(x) = 1}.
In the case where A = (a, b)F , a, b ∈ OF× and O = Ostd , every x ∈ O of reduced norm
one is invertible. Indeed, the inverse of x is x̄ = (x + x̄) − x, which lies in Ostd since
1 = {x ∈ O | det ϕ(x) = 1}.
x + x̄ = 2x0 ∈ OF . Therefore, Ostd
Next, we need an embedding of our quaternion algebra into Mat2 (R). When F is a
totally real algebraic number field, we can think of elements of F as real numbers (using
the “identity embedding” F ,→ R). Then, if a, b ∈ F × are positive, we have A =
(a, b)F ⊗F R = (a, b)R ∼
= Mat2 (R). Concretely, we use (6.1) to view A as a subalgebra
of Mat2 (R), and observe that, for dimension reasons, it generates all of Mat2 (R) over
R. Restricting the embedding ϕ to the group O1 , the fact that the reduced norm in A
coincides with the determinant of the corresponding matrices implies that we obtain a
subgroup of SL(2, R). Since it is determined by the quaternion algebra A and the order
O, it is denoted by Γ(A, O).
Theorem 6.13. Let F be a totally real algebraic number field, and A = (a, b)F , where
a, b > 0. Then, for any choice of order O, the group Γ(A, O) ⊂ SL(2, R) is a Fuchsian
group.
For a complete proof, see e.g. [Voi20, Ch. 38]. Any Fuchsian group Γ(A, O) that arises
in this fashion is said to be derived from a quaternion algebra. We are now in a position
to state the theorem that justifies our emphasis on division quaternion algebras (for a
proof, see [Mor15, Ch. 6]).
Theorem 6.14. Let Γ(A, O) be a Fuchsian group derived from a division quaternion
algebra. Then Γ(A, O) is a co-compact lattice in SL(2, R).
Remark 6.15. The co-compact lattices Γ(A, O) are examples of so-called arithmetic subgroups (in this case of SL(2, R) ∼
= SU(1, 1)), and we expect that arithmetic subgroups
of SU(n, 1) will play an important role in generalizations of our results to the higherdimensional members of our family of examples.
Thus, after passing from SL(2, R) to SU(1, 1), the constructions of propositions 6.9
and 6.10 give us many examples of co-compact lattices in SU(1, 1). The isomorphism
we will use to identify SL(2, R) and SU(1, 1) is given by conjugation by the matrix


i 1
R=
1 i
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The next question is whether the co-compact lattices in SU(1, 1) thus obtained, which
we will also denote by Γ(A, O), preserve a lattice in Heis5 .
Proposition 6.16. Let A = (a, b)Q , where b ∈ N is prime and a ∈ N a quadratic nonresidue modulo b. Then the co-compact lattice Γ(A, Ostd ) ⊂ SU(1, 1) preserves a cocompact lattice in Heis5 .
Proof. To construct an invariant lattice in Heis5 , we think of Heis5 as C2 ⊕ R, with
group law defined by the symplectic form ω = − Imh·, ·i, where h·, ·i is the standard
Hermitian form of signature (1, 1) on C2 . Conjugation by R, which we used to define
the isomorphism SL(2, R) → SU(1, 1), extends to an embedding Mat2 (R) → Mat2 (C), so
we can apply it to ϕ(Ostd ) ⊂ Mat2 (R) to realize Ostd as a subring of Mat2 (C). Applying
this procedure to the Z-basis {1, i, j, k} of Ostd , we obtain the matrices




√
1 0
0 1
1=
I = ai
0 1
−1 0




√ 0 1
√
1 0
J= b
K = abi
1 0
0 −1
√
where i = −1. Applying these complex matrices to e1 = ( 10 ) ∈ C2 , we obtain a real
basis for C2 ∼
= R4 . Taking integer linear combinations, we obtain a lattice Ostd · e1 in
2
C . By construction, it is Ostd -invariant, hence certainly invariant under the action of
Γ(A, Ostd ).
The last step is to extend to Heis5 . In fact, the subgroup of Heis5 generated by the
given lattice in C2 is a lattice in Heis5 . Since the group law in Heis5 ∼
= C2 ⊕ R is
given by (z, t) · (z 0 , t0 ) = (z + z 0 , t + t0 + 21 ω(z, z 0 )) and SU(1, 1) acts trivially on the last
factor, it suffices to check that ω takes on a discrete set of values when evaluated on
elements z, z 0 ∈ Ostd√
· e1 . By linearity,√we only have to verify this for the generators e1 ,
√
Ie1 = aie2 , Je1 = be2 and Ke1 = abie1 . These satisfy
√
ω(Ie1 , e1 ) = 0
ω(Je1 , e1 ) = 0
ω(Ke1 , e1 ) = − ab
√
ω(Ie1 , Ke1 ) = 0
ω(Je1 , Ke1 ) = 0
ω(Ie1 , Je1 ) = − ab
√
and therefore ω takes values in abZ ⊂ R. This means the subgroup generated by the
given lattice in C2 is a Γ(A, Ostd )-invariant co-compact lattice in Heis5 . In fact, it is
nothing but a rescaling (independently in each orthogonal direction) of the standard
lattice Z5 ⊂ R5 .
Proposition 6.16 yields infinitely many examples of lattices Λ ⊂ SU(1, 1) n Heis5 , of the
form Λ = Γ(A, Ostd ) n ΛHeis5 . Now we return to our original question and consider the
corresponding quotients of the quaternionic Kähler manifold (N̄1 , g 0 ).
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Theorem 6.17. Every co-compact lattice Λ ⊂ SU(1, 1) n Heis5 obtained by means of
proposition 6.16 admits a co-compact sub-lattice Γ such that (N̄1 , g 0 )/Γ is a smooth
quaternionic Kähler manifold diffeomorphic to K × R, where K is a compact, locally
homogeneous space.
Proof. The co-compact lattice Λ does not necessarily act freely on N̄1 = SU(1,1)
U(1) × R>0 ×
Heis5 , but the intersection of Λ with the stabilizer of a point is a discrete and therefore
finite subgroup of U(1). If we can find a co-compact sub-lattice that has trivial intersection with this finite group (i.e. acts freely), we will obtain a smooth quotient manifold
with the claimed properties.
The existence of such a subgroup follows from a result known as Selberg’s lemma [Mor15,
Sec. 4.8]. Selberg’s lemma asserts that every finitely generated subgroup of GL(n, C)
admits a finite-index normal subgroup which is torsion-free. In particular, such a subgroup contains no non-trivial finite subgroups. We must check that Λ is indeed finitely
generated, so that Selberg’s lemma applies to it. But this a general feature of lattices
in semi-simple Lie groups, which are in fact always finitely presented [Mor15, Sec. 4.7].
Thus, we obtain a finite-index subgroup Γ ⊂ Λ which acts freely on N̄1 . Since every
finite-index subgroup of a co-compact lattice is itself a co-compact lattice, Γ has all the
required properties.
In summary, we have constructed infinitely many co-compact lattices Λ ⊂ G = SU(1, 1)n
Heis5 , each of which gives rise to a smooth quotient of (N̄1 , g 0 ) of the form K × R, where
K is a compact, locally homogeneous space whose fundamental group is a finite-index
normal subgroup of Λ. The matter of extending these methods to obtain similar results
for (N̄n , g c ) for all n ∈ N and c ≥ 0 is work in progress together with Vicente Cortés and
Markus Röser.
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Metrics and Supersymmetry”. Commun. Math. Phys. 108 (1987),
pp. 535–589.

[Ion19]

R. A. Ionas. “An Analogue of the Gibbons-Hawking Ansatz for
Quaternionic Kähler Spaces” (2019). arXiv: 1901.11166.

[Joy92]

D. Joyce. “Compact Hypercomplex and Quaternionic Manifolds”. J.
Differential Geom. 35 (1992), pp. 743–761.

[Kal99]

D. Kaledin. “A Canonical Hyperkähler Metric on the Total Space of a
Cotangent Bundle”. In: Quaternionic Structures in Mathematics and
Physics (Rome, 1999). Univ. Studi Roma “La Sapienza”, Rome, 1999,
pp. 195–230.

[Kat92]

S. Katok. Fuchsian Groups. University of Chicago Press, Chicago, IL,
1992.

[Kob59]

S. Kobayashi. “Remarks on Complex Contact Manifolds”. Proc. Amer.
Math. Soc. 10 (1959), pp. 164–167.

[Kos55]

B. Kostant. “Holonomy and the Lie Algebra of Infinitesimal Motions of a
Riemannian Manifold”. Trans. Amer. Math. Soc. 80 (1955), pp. 528–542.

137

References
[Kov96]

A. G. Kovalev. “Nahm’s Equations and Complex Adjoint Orbits”. Quart.
J. Math. Oxford Ser. (2) 47 (1996), pp. 41–58.

[Kra66]

V. Y. Kraines. “Topology of Quaternionic Manifolds”. Trans. Amer.
Math. Soc. 122 (1966), pp. 357–367.

[Kro89]

P. B. Kronheimer. “The Construction of ALE Spaces as Hyper-Kähler
Quotients”. J. Differential Geom. 29 (1989), pp. 665–683.

[Kro90]

P. B. Kronheimer. “A Hyper-Kählerian Structure on Coadjoint Orbits of
a Semisimple Complex Group”. J. Lond. Math. Soc. (2) 42 (1990),
pp. 193–208.

[KV99]

D. Kaledin and M. Verbitsky. Hyperkahler Manifolds. International Press,
Somerville, MA, 1999.

[LeB89]

C. LeBrun. “Quaternionic-Kähler Manifolds and Conformal Geometry”.
Math. Ann. 284 (Sept. 1, 1989), pp. 353–376.

[LeB91]

C. LeBrun. “On Complete Quaternionic-Kähler Manifolds”. Duke Math.
J. 63 (1991), pp. 723–743.

[LeB95]

C. LeBrun. “Fano Manifolds, Contact Structures, and Quaternionic
Geometry”. Internat. J. Math. 06 (1995), pp. 419–437.

[LS94]

C. LeBrun and S. Salamon. “Strong Rigidity of Positive
Quaternion-Kähler Manifolds”. Invent. Math. 118 (1994), pp. 109–132.

[Lu99]

Z. Lu. “A Note on Special Kähler Manifolds”. Math. Ann. 313 (1999),
pp. 711–713.

[Man19]

M. Mantegazza. “Construction of Projective Special Kähler Manifolds”
(2019). arXiv: 1908.01319.

[Mas62]

W. S. Massey. “Non-Existence of Almost-Complex Structures on
Quaternionic Projective Spaces”. Pacific J. Math. 12 (1962),
pp. 1379–1384.

[Mor15]

D. W. Morris. Introduction to Arithmetic Groups. Deductive Press, 2015.

[MS15]

O. Macia and A. Swann. “Twist geometry of the c-map”. Commun. Math.
Phys. 336 (2015), pp. 1329–1357.

[MW74]

J. Marsden and A. Weinstein. “Reduction of Symplectic Manifolds with
Symmetry”. Rep. Math. Phys. 5 (1974), pp. 121–130.

[Nak94]

H. Nakajima. “Instantons on ALE Spaces, Quiver Varieties, and
Kac-Moody Algebras”. Duke Math. J. 76 (1994), pp. 365–416.

[Pen76]

R. Penrose. “Nonlinear Gravitons and Curved Twistor Theory”. Gen.
Relativity Gravitation 7 (1976), pp. 31–52.

[PS91]

Y. S. Poon and S. M. Salamon. “Quaternionic Kähler 8-Manifolds with
Positive Scalar Curvature”. J. Differential Geom. 33 (1991), pp. 363–378.

138

References
[RSV06]

D. Robles Llana, F. Saueressig, and S. Vandoren. “String Loop Corrected
Hypermultiplet Moduli Spaces”. J. High Energy Phys. (2006), pp. 081, 35.

[RVV10]
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