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Introduction

Stochastic partial differential equations (SPDEs) combine the ability of deterministic PDE models
to describe complex mechanisms with the key feature of diffusion models, namely a stochastic signal
which evolves within the system. While SPDEs have been intensively studied in stochastic analysis,
their statistical theory is only at its beginnings. The prototype example for the class of parabolic
SPDEs is given by the stochastic heat equation on an interval, namely

2

0
dXt(I) = 192@

Xi(x)dt + o dWy(x), (t,z) € Ry x [0,1], (1)
with Dirichlet boundary conditions and driven by a white noise dW in space and time. The natural as-
sociated statistical problem is how to infer on the model parameters o2 > 0 and 19, > 0 based on some
kind of observation derived from a realization of X. Inspired by the various applications of stochastic
processes in the natural sciences as well as mathematical finance, enormous efforts have been spent
on the development of statistical methodology for finite dimensional processes like diffusions or semi-
martingales during the last decades. We refer to the textbooks Jacod and Protter [45] and Liptser and
Shiryaev [52] for an extensive treatment of the topic from different perspectives. Due to fundamental
structural differences, the existing theory for finite dimensional processes is not directly applicable to
the infinite dimensional framework of SPDEs. Let us mention two exemplary differences: Firstly, for
X defined via (I), the marginal process ¢t — X;(z¢) at a fixed spatial location zy € (0,1) has a finite
quartic variation (cf. Swanson [73]) and, hence, it shows a much rougher behavior in time than finite
dimensional diffusion processes. Secondly, directly related to the above mentioned statistical problem,
it has been shown for multiple types of observation schemes (see below) that the parameter 95 can
be estimated consistently on a finite time interval, despite its resemblance in the underlying equation
of a drift parameter in a finite dimensional SDE. As a consequence, it is necessary to develop new
statistical tools, paying attention to the infinite dimensional nature of SPDE models. Considering
multiple types of observation schemes and employing various different mathematical techniques for
their analysis, this topic has become increasingly popular in the statistics literature during the last
few years.

Despite the structural differences, previous works have shown that methods from the high-frequency
literature on semimartingales, e.g., power variations, can be fruitfully adapted for solving statistical
problems associated with SPDEs, see, e.g., [9, [15 [19]. Moving forward in this direction, in this the-
sis we consider the practically most relevant situation where the solution X of (a generalization of)
equation is observed at a discrete grid

(ti, Yk )i=o0,...,N k=o0,....m C [0,T] x [0, 1]

in time and space with T' > 0 either fixed or T" — co. Our focus lies on the scenario of high frequency
observations in time and space such that, in particular, both the number M of spatial observations
and the number N of temporal observations tend to infinity.

Since we first need to have a thorough statistical understanding for basic SPDEs before more
complex models can be studied, a large part of this thesis is concerned with the analysis of the



estimation problem for the diffusivity parameter 9, and the volatility parameter o2 in the stochastic
heat equation . In fact, somewhat more general than 192;7227 we will consider the linear second
order differential operator
02 9 0 9
92 + 90 + g id (2)
with additional parameters 91, ¥¢ € R. Despite its relative simplicity, developing statistical method-
ology for this model is not only interesting from a mathematical point of view. Apart from the
stochastic heat equation, our theory covers models, e.g., from neurobiology [76] or for the description
of interest rates [24]. Besides the statistical theory, this thesis also discusses the problem how discrete
samples of the linear SPDE model with differential operator Ay can be generated efficiently for the
purpose of simulations.

Once we have achieved a good understanding for the estimation problem for the linear SPDE
model, we expand the realm of our theory to the semilinear framework of reaction-diffusion systems,
namely

A19 = 192

2

dX(z) = ( Xi(2) + f(Xi())) dt + o dWy(z), (t,z) € Ry x [0,1], (3)

) 922
where f : R — R is a possibly nonlinear function on which we impose no parametric assumptions.
Here, our aim is to infer on the parameters 1, and o2 as well as on the function f. Reaction-diffusion
equations describe a scenario where local production of some quantity X with the nonlinear rate func-
tion f competes with a linear diffusion effect while undergoing internal fluctuations, see [57] as well
as, e.g., [35] for the physical background. Of particular interest is the case where f is a polynomial of
odd degree with a negative leading coefficient. Of course, setting f = 0, this model includes the linear
stochastic heat equation and, more generally, with f(z) := Yoz we arrive at the linear SPDE model
with differential operator Ay and ¥ = (¥2,0,9). The case ¥; # 0 could be incorporated into the
model by adding a first order derivative 1, %Xt (x) dt on the right hand side of which is excluded
from our analysis for the sake of simplicity.

In order to set the scene, we will first review several approaches from the literature on statistics for
SPDEs before exhibiting the contributions of this thesis. The structure of the thesis will be described
at the end of this introduction.

State of the art in statistics for SPDEs

As already indicated, there still is a lot of groundwork to be done in statistics for SPDEs, even for
simple linear equations. Just like the models and , most systems treated in the literature fall
into the category

dXt = (ﬁQAXt + F(Xt)) dt+oB th

where the solution (X;):>o is a process taking values in some separable Hilbert space H, e.g., H =
L?(O) for some open bounded set O C RY. The coefficients A and B are linear operators and (W;);>0
is a cylindrical Brownian motion on H. Mostly, the case where F' is another linear operator, or even
F =0, is considered in the literature. A setting where F' can be a nonlinear operator acting on some
subset of H has only been addressed during the last few years, for further details see also the section
about estimation in a semilinear framework of this introduction.

The larger part of the existing literature on statistics for SPDEs deals with estimation of the
diffusivity parameter 195 when the operator A admits a complete orthonormal system of eigenfunctions
(ex)k>1- In the so called spectral approach, it is assumed that observations of the first n Fourier modes
(Xi,er)m, t €10,T], k < n, are available and the asymptotic properties of estimators are studied when
n — oo. In particular, if F' = 0 and B can be diagonalized with respect to the same basis as A, these
Fourier modes are one-dimensional independent Ornstein-Uhlenbeck processes. Thus, it is possible to
build statistical procedures based on the existing methodology for finite dimensional SDEs. Starting



with the seminal papers Huebner et al. [40] and Huebner and Rozovskii [41], the spectral approach
has been applied to various linear models. We refer to the review papers [53] and [I7] for further
references, an extension to a semilinear framework is treated in [18] [6§].

Instead of using the eigenfunctions of A as test functions, Altmeyer and Reif} [3] considered ob-
servations (X, Kp), t < T, where K}, is a kernel function localizing in space as h — 0. With A being
a second order differential operator and F' = 0, the authors derive nonparametric estimators for a
spatially varying diffusivity parameter ¥9 = ¥5(y) based on a likelihood approach. The parametric
problem for constant diffusivity has also been treated in a semilinear framework, see [2].

Starting with Koski and Loges [50], multiple authors have also considered estimation problems for
observations of the full trajectory (X;);<7 or a functional thereof when 7' — oo, see, e.g., [46] [511 60].

All the approaches mentioned so far have the major disadvantage that they essentially rely on a full
spatial resolution which is an unrealistic scenario in practice. The spectral approach has the further
disadvantage that it requires the eigenfunctions of the operator to be known. This assumption is
already violated if we consider the operator with unknown 997 € R. Inspired by the practically most
realistic scenario, the canonical problem of parameter estimation based on fully discrete observations
of the solution field of the SPDE recently attracted an increased research activity. In order to facilitate
the analysis of discrete observations in a conceptual L2-setup, authors have considered very concrete
and, usually, one-dimensional systems where rather explicit representations of the solution process are
available. A first step in that direction was made by Markussen [59] who considered an approximate
maximum likelihood estimator when the process is observed at finitely many spatial locations at a
fixed temporal frequency with T — oo. Since then, central limit theorems for method of moment type
estimators based on realized variations in space or time have been studied for various linear SPDEs
by, e.g., Torres et al. [74], Cialenco and Huang [19], Bibinger and Trabs [8, [9], Shevchenko et al.
[71], Mahdi Khalil and Tudor [56] as well as Kaino and Uchida [48] [49]. Working in a more general
framework, Chong [14], [T5] studied temporal variations at finitely many spatial locations for the linear
stochastic heat equation on R when the volatility o is a random field of time and space or a function
of the solution process (multiplicative noise), respectively. Estimating the integrated volatility process
over time at finitely many space points, these works fall into the realm of semiparametric statistics,
see also [9] for the case of a deterministic time dependent volatility o = o(t). Note that for discrete
observations to be well defined, it is necessary that the solution process admits continuous trajectories.
For the stochastic heat equation driven by space-time white noise this is only the case in spatial
dimension one. In the multi-dimensional case one could consider noise processes which are more
regular in space, as studied by Chong [15].

Own contributions and related literature

In the following, we describe the main contributions of this thesis in the context of the existing
literature on the topic. The exposition is divided into three sections, each representing one of the
main chapters of this thesis.

Parametric estimation for the linear equation

For the stochastic heat equation , method of moment type estimators based on realized variations
have been studied by [0, 5, 19, 49]. However, all these works only give partial answers to the
estimation problem: even for this basic model there is neither a sharp analysis for joint estimation of
99 and o2 nor the case where the number of spatial observations M dominates the number of temporal
observations N has been explored in general.

We provide a complete statistical analysis of parametric estimation for linear parabolic SPDEs
in dimension one based on discrete observations. Assuming, first, a fixed time horizon, our main
contribution on the estimation problem for the parameters (62,12) in equation reveal that:

(i) Y2 and o2 cannot be jointly estimated if N or M is fixed.



(ii) The optimal convergence rate for estimating (92, 02) is 1/v M3 A N3/2 which is generally slower
than the parametric rate 1/vMN.

(iii) Realized space-time quadratic variations can be used to construct estimators which are robust
with respect to the sampling frequencies N and M in time and space, respectively.

In view of (i), we consider the double asymptotic regime M, N — oo in our analysis which results
in infill asymptotics in time and space. Since the vector of observations (X¢, (yx))i=o.,....Nk=o0,..., M 1S
normally distributed with only two unknown parameters, it might surprise that there is no estimator
with parametric rate for (9J,02). The lower bound which verifies this statement is at the heart of
our analysis. It shows that the parametric rate can only be achieved if N and M? are of the same
order of magnitude. In view of the scaling invariance of the stochastic heat equation, the particular
asymptotic regime § =~ /A with 6 := ypy1 —yx ~ 1/M and A := t;;1 — t; ~ T/N implies that
we add the same amount of information in time and space as N and M increase. In this sense, we
have a balanced design. An unbalanced regime A = 0(62) or § = o(v/A) causes a deterioration of the
convergence rate.

More generally, our findings apply to the situation where the Laplacian is replaced by the second
order differential operator Ay from and, possibly, to a growing time horizon T — oo. While the
parameter 17 can be estimated jointly with (0% 192) and without affecting the rate of convergence,
¥ cannot be identified in finite time and, thus, behaves like a classical drift parameter. Also on a
growing time horizon T — oo, the parameters (02,15,%;) can only be estimated with parametric rate
of convergence in the balanced sampling design § ~ v/A. In general,

(vam)

takes the role of the optimal rate of convergence for (02,92,11). The parameter 9y can be estimated
with the slower but optimal rate 1/ VT. Our main lower and upper bounds for fixed T' or T'— oo are
formulated in Theorems and as well as Corollaries [2.2.14] and [2.2.19] respectively

Our statistical analysis also gives insights into the relation between the spectral and the discrete
observation scheme. While both are heuristically comparable in view of the discrete Fourier transform,
it turns out that there are important differences. In particular, the fully discrete observation scheme
is not statistically equivalent (in the sense of Le Cam) to time-discrete observations of the first M
Fourier modes in general.

Our estimators rely on realized quadratic variations, taking into account time and space increments,
(AYX)(yr) = XKoo () = Xes (), (G X)(t) = X, (Y1) — Xo, (), (4)

respectively, as well as space-time increments or double increments,
Dy = (6" 0 AN)X = (AY 0 0N X = Xy (1) — Xy () = X (1) + Xes (). (5)

In contrast to the maximum likelihood approach which requires inversion of the large M N x M N
covariance matrix, method of moments type estimators based on and are easy to implement.
For one-parameter processes, power variations are a standard tool in the statistical literature, see,
e.g., Barndorff-Nielsen et al. [6] or the previously mentioned textbook [45]. Also, from a probabilistic
point on view, there is a certain amount of literature devoted to variations based on double increments
for some random field models, see, e.g., [66 [69].

For the stochastic heat equation on a finite time interval, it is observed in Bibinger and Trabs
[9) that a central limit theorem for realized temporal quadratic variations requires that the observa-
tion frequency in time dominates the observation frequency in space, more precisely, M = o(\/ﬁ ) is
necessary. Complementarily, we show in Theorem that the realized spatial quadratic variation
satisfies a central limit theorem if N = o(M). The remaining gap can be filled by double increments



and the corresponding realized space-time quadratic variation turns out to be robust with respect
to the sampling frequencies M and N, see Theorem [2:2.7] Based on these statistics, we construct
method of moments estimators for o2, 95 and 9J;. Our rate optimal method for joint estimation of
(0%,192,71) is an M-estimator relying on double increments. Additionally, if 7 — oo, the parameter
Yy can be estimated employing a method of moments approach based on the sum of squares of the
discrete observations. Concerning the rate of convergence, our estimator for the parameter vector
(02,92,91,799) is a considerable improvement compared to Kaino and Uchida [49] who considered
method of moment estimators from [9] together with a likelihood approach for an approximation of
the first Fourier mode. Our proofs rely directly on the Gaussian distribution of X which allows for
an explicit covariance condition for asymptotic normality of quadratic forms of Gaussian triangular
schemes, see Proposition Also, our estimators could be directly generalized to a nonparametric
model with time dependent coefficients, as indicated in [9] [I5].

Generating fully discrete samples for the linear equation

As usual, we investigate the finite sample performance of our estimators using simulations. For our
SPDE model, computing realized variations from simulated data turns out to be a delicate task,
even for the linear equation . In the previous works [9] [T9] 48] [49] on discrete observations of the
stochastic heat equation the primary foundation for the statistical theory and its simulation was the
fact that the solution process admits a representation X;(y) = ) ,~; ue(t)es(y) where (ug)e>1 are
independent one-dimensional Ornstein-Uhlenbeck processes and (e;)¢>1 are the eigenfunctions of the
differential operator in the underlying equation. In particular, in order to simulate X on a space-time
grid, the approximation X" (y) := Zﬁil ug(t;)ee(yy) for some large integer K appears natural in
view of the increasing drift towards 0 of the processes u, for { — oco. The individual processes uy
can be simulated exactly based on their AR(1)-structure. As empirically observed, e.g., by Kaino and
Uchida [49], the value of K has to be chosen carefully depending on the numbers of temporal and
spatial observations IV and M. In fact, even for moderate sample sizes, large values of K turn out
to be crucial in order to prevent a severe bias in the simulated data. This makes simulations very costly.

Again, we work with our linear SPDE model where the associated differential operator is given
by . Generalizing an idea stated in Davie and Gaines [29], we analyze an alternative approach,
leading to almost exact (in distribution) discrete samples of X at a considerably lower computational
cost. The two key observations leading to the method are: Firstly, the first M eigenfunctions e, are
orthorgonal with respect to the empirical inner product, which yields a representation of the spatially
discrete data in terms of a finite number of eigenfunctions. Secondly, for large values of ¢ the process
(ug(t;), 0 < i < N) can be approximated well by a set of independent random variables. Here, the
coeflicient processes corresponding to high Fourier modes are replaced by a set of independent random
variables rather than truncated, hence, we shall call this approach the replacement method, as opposed
to the truncation method. In order to provide a theoretical justification for the replacement method,
we measure the quality of the approximation in terms of the total variation distance of the random
vector (Xy, (Yk))i=o0,..., N k=0,...,m from its approximation. By exploiting the Gaussian property of the
involved processes, we derive an explicit bound on the corresponding approximation error. Again
denoting A = t;11 — t;, our precise analysis reveals that it is sufficient to generate discrete samples
of J > M Ornstein-Uhlenbeck processes accompanied by a sample of the same size of independent
normal random variables, as long as (roughly) Jv/A — oo, see Theorem

The literature on approximation of SPDEs usually focuses on controlling errors of the type
E(||X(T) — X2(T)||z2) (strong sense) or |E(¢(X (7)) — E(¢(X?*(T))| (weak sense) for an approxima-
tion X of X, a fixed time instance T' and a continuous functional ¢, see e.g. [47]. Our primary goal,
on the other hand, is to mimic the distribution of the discrete observations (X, (yx))i=o,... N k=0,..., M
as well as possible, particularly when at least one of the numbers M and N tends to infinity, as is



the case when computing realized power variations. The corresponding functionals, mapping sample
paths to the asymptotic value of their power variations, are not continuous: a function close to zero
can have arbitrarily rough paths. Hence, the known bounds on the strong or weak approximation
error do not provide conditions under which the approximate power variation is close to the true
one, in general. Here, controlling the total variation distance between the discrete sample and its
approximation is an appropriate tool. Given that the total variation distance becomes negligible,
functionals computed from the approximation converge to the correct weak limit (if existent), see also
the discussion following Theorem We remark that Chong and Walsh [16] examined the related
question how finite difference approximations affect the asymptotic value of power variations of the
stochastic heat equation.

Estimation in a semilinear framework

By estimating the parameters (02,95, f) of the system , we advance the theory on statistical estima-
tion for SPDEs based on fully discrete observations into two new directions: First of all, by considering
reaction-diffusion equations, we work in a nonlinear SPDE framework. Secondly, by estimating the
function f on a whole continuum, we treat a fully nonparametric problem. Furthermore, regardless
of the observation scheme, our estimator for f is the first nonparametric estimator of the nonlinearity
in SPDEs.

The literature on statistics for semilinear SPDEs is limited and most works have only appeared
within the last two years. Within the spectral approach, Cialenco and Glatt-Holtz [I8] considered
drift parameter estimation for the stochastic two-dimensional Navier-Stokes equation. Their findings
were later generalized for more general equations, see [67} [68]. Also, the local measurements approach
was generalized to the semilinear framework, see [Il [2]. For both observation schemes the solution
of the semilinear equation is regarded as a perturbation of the linear case so that the corresponding
estimation methods retain their validity under certain assumptions on the nonlinearity F. More
precisely, the argument is that, within the decomposition X; = X + N; with X? being the solution to
the corresponding linear system, the regularity of the nonlinear component N; exceeds the regularity
of X? in the Sobolev spaces D((—A)7), v > 0.

Statistics for semilinear SPDEs based on discrete observations is a completely new field and has
not yet been addressed in the literatureﬂ Assuming f € C'(R) in the model , we show that
the asymptotic properties of our parametric estimators for (02,1,) based on space, time and double
increments largely remain valid in the semilinear framework, see Theorems - As for the
other observation schemes, our findings rely on the higher order regularity of the nonlinear component
of the solution process. Note that, being based on power variations, our estimators exploit the exact
roughness of the sample paths of X. Thus, we rely on the regularity properties of X and its nonlinear
component in the spaces of Holder continuous functions instead of the Sobolev spaces. Besides the
concrete application in statistics, our detailed account of the Holder regularity in time and space also
provides structural insights from a theoretical probabilistic point of view, see Propositions and
4.2.0l

The theory covered in [2] [68] also applies to more general nonlinearities, e.g., Burgers’ equation
with F(u) = fu%u, which is possible by considering a regularizing diffusion coefficient B. In fact, in
order to obtain the higher order regularity of the nonlinear component, it is necessary for the solution
process to take values in the domain of the nonlinearity F'. This is not the case for Burgers’ equation
with the diffusion coefficient B = I and we restrict our analysis to nonlinearities of Nemytskii-type
where F(u) = f ou.

To the author’s knowledge, the only work on estimation of the nonlinearity F' in semilinear SPDEs
was conducted by Goldys and Maslowski [33]. In this article, consistency of the maximum likelihood

IPrior to the final publication of this thesis, the independent study Cialenco et al. [20] on volatility or diffusivity
estimation for semilinear SPDEs based on spatial variations at a single time instance was published as a preprint.



estimator based on a full observation (X;);<r, T — o0, of a controlled SPDE is proved, assuming
that the nonlinearity involves a finite dimensional unknown parameter. Somewhat related, Pasemann
et al. [67] studied estimation of the diffusivity parameter when the nonlinearity is only known up to
a finite dimensional nuisance parameter by using a joint maximum likelihood approach within the
spectral framework.

In this thesis, we consider nonparametric estimation of the function f from the reaction-diffusion
equation based on fully discrete observations. In contrast to estimation of the diffusivity 9o,
our results turn out to be comparable to drift estimation for finite dimensional SDEs. We adapt
an approach by Comte et al. [2I] who derived a simple least squares estimator for high frequency
observations of ergodic one-dimensional diffusion processes. Their results are a generalization of
earlier works on regression models, see [22], 23]. For more involved nonparametric drift estimation
methods for high frequency observations of diffusion processes see also [32) [39]. Due to the properties
of the linear equation, it is clear that even the simple linear function f(z) = Jgx cannot be identified
in finite time and, in order to obtain general results, we work in the regime 7" — oco. Our key insight
is that there is a regression type decomposition

Xin — S(A)X,
MTW = f(X:) + “stochastic noise term” + “negligible remainder terms”

where (S(t))>0 is the strongly continuous semigroup on L?((0,1)) generated by the operator 19266—;2.
Clearly, computing S(A)X; is not feasible in the discrete observation scheme, as it depends on the
whole process X;(z), z € (0,1), and we replace it by an empirical counterpart S& := S(A)X,.
Additionally, the semigroup depends on the possibly unknown parameter ¢ which we address by
employing a plug-in approach with the help of an appropriate estimator. A nonparametric estimator

f is then defined as the minimizer of

N—-1M-1 N )
(o) = 1o I CCAWE X ) = 500

over the functions g from a suitable finite dimensional approximation space. Working in an ergodic
regime for the process (X;):>0, we derive oracle inequalities for the risk of the estimator when the risk
is either the empirical 2-norm with evaluations at the data points or the usual L2-norm on a compact
set. Our main oracle inequalities are formulated in Theorem [£.4.9] and Corollary [£.4.11] the case of
an unknown diffusivity parameter is treated in Theorem If one chooses the dimension of the
approximation space owing to the usual variance-bias trade-off, we provide conditions under which
the estimator achieves the usual nonparametric rate 7/ (2+1) where « is some regularity parameter
associated with f. In that sense, the result from [21] for finite dimensional systems carries over, though
we need to require some stricter assumption in order for remainder terms to be negligible. Recall that
our parametric estimators for (02,13) are constructed as method of moments estimators directly
based on the covariance structure of the discrete observations. On the other hand, our nonparametric
estimator for f is based on an approximation of the spatially continuous model. As a consequence, our
estimation method requires a large amount of spatial observations, namely MA? — oo is necessary.
For a discussion on the problem of estimating f directly based on the discrete model we refer to the
end of Section [£.4]

Structure of the thesis

This thesis consists of the three main Chapters[2H4] accompanied by an introduction of the statistical
model (Chapter [1)) as well as a conclusion and outlook (Chapter |5). The main chapters are divided
into sections containing our main results and their discussion and a section in which we collect proofs
and auxiliary results.

In Chapter [I| we provide a short introduction to the abstract framework for infinite dimensional
stochastic equations and recall fundamental existence and uniqueness results for a class of SPDEs.



Afterwards, we introduce the models and thoroughly by embedding it into the abstract frame-
work. For the linear system we discuss important properties of the law and the sample paths of the
solution process. The fully discrete observation scheme considered throughout this thesis is introduced
at the end of the chapter.

Chapter [2| is devoted to the problem of estimating the parameters (02,92,91,99) of the linear
system. In the first part of the chapter we discuss identifiability of the parameters and derive lower
bounds on the rate of convergence of estimators. The second part focuses on the construction of
estimators. To that aim, we prove central limit theorems for the realized quadratic variation based on
both space and double increments. These results are used to construct asymptotically normal method
of moments estimators for the parameters. In particular, the rate of convergence of our estimator
based on double increments matches the lower bound derived in the first part of the chapter. Finally,
we hint at the possibility of constructing approximate confidence sets by exploiting the asymptotic
normality of the estimators. The results of this chapter referring to a fixed finite time horizon can be
found in Hildebrandt and Trabs [38].

With the primary goal of illustrating our results on the estimators from Chapter [2| in Chapter
we introduce the replacement method for generating fully discrete samples of the linear system. We
measure the accuracy of the method by bounding the total variation distance between simulated and
actual discrete observations. In a numerical example we compare the replacement method with naive
truncation in Fourier space. Owing to its original purpose, the chapter is concluded with a simulation
study on the estimators from Chapter [2 The introduction and analysis of the replacement method
can be found in Hildebrandt [36], parts of the simulation study for the estimators are taken from
Hildebrandt and Trabs [38].

Chapter W] is devoted to estimating the parameters (02,72, f) of the reaction-diffusion equation
(3). First, we discuss further regularity assumptions on the solution process, i.e., on f, required for
our further analysis. Next, we derive precise results on the Holder regularity in time and space of the
solution process and show the higher order regularity of its nonlinear component. As a consequence,
we are able to conclude that the asymptotic properties of our estimators for (02,12) mainly carry
over from the linear setting. Then, we turn to nonparametric estimation of f. As a first step, we
introduce the approximation spaces which serve as the candidate functions for estimating f. Then,
assuming that the diffusivity is known, we define our estimator and derive a corresponding oracle
inequality. This is done, first, based on spatially continuous observations of the solution process and,
then, based on fully discrete observations via approximation arguments. If the regularity of f is known,
the oracle inequalities can be used to determine an optimal dimension for the approximation space
and a corresponding rate of convergence. The chapter is concluded by showing that our estimation
procedure for f can be carried out without prior knowledge on the parameters (o2,92) by using a
plug-in approach. The results of this chapter are part of the preprint Hildebrandt and Trabs [37].



Notations

As usual, real numbers and integers are denoted by R and Z, respectively, and we use the nota-
tion Ry := [0,00). We follow the convention that the natural numbers do not include 0 and write
N:={1,2,...} as well as Ny := N U {0}.

For a,b € R we use the shorthand a A b := min(a,b) and a V b := max(a,b). For two sequences
(an), (bn) we write a, < b, to indicate that there exists some ¢ > 0 such that |a,| < ¢ - |b,| for all
n € N and we write a,, ~ b, if a, < b, < a,. Throughout a,,b, — 0o is meant in the sense of
an, A\ b, — 0o for n — oo. If a,, = a for some a € R and all n € N, we write (a,) = a. When we write
statements like M, N — oo, we implicitly assume that M and N depend on a common index n € N

such that N,,, M,, — oo for n — oo.

When there are no ambiguities, the norm on a normed space X is referred to as || - ||x. The
Euclidian norm on R¢ is denoted by ||-||. 85 is the boundary of a set S C R¢ with respect to ||-|| and
we write S = S U S for its completion. For a matrix A = (a;;) € R"*", || A2 denotes its spectral
norm and || A||z denotes its Frobenius norm, i.e.,

HAxH 2 . 2
|All2 == sup Az = az;- (6)
serm\fo} Izl Pi= )

ij=1
For sets B C C, 15 : C — {0,1} denotes the indicator function of B, i.e., 1g(z) =1 for x € B
and 1p(z) = 0 for x € B®:= C'\ B. Further, sgn : R — {—1,1} is defined via sgn := 1[g o) — 1(—oc,0)-

For Banach spaces E and F, L(E, F) is the set of continuous linear mappings E — F and, as usual,
we write L(E) := L(E, E). Further, C(E,F) is the set of all continuous mappings £ — F and we
denote || flloo 1= supyeg ||f(z)||F for f € C(E,F). We follow the convention C(E) := C(E,R). For
I Cc R and a > 0, C%(I, F) is the set of Holder continuous functions I — F' of order a.. In particular,
for « € NU {0}, C*(I, F) is the set of a-times continuously differentiable functions I — F.

For probability measures P and @ on a common measure space (2, F), TV(P,Q) and H(P,Q)
denote total variation distance and Hellinger distance, respectively, i.e.,

V(P, Q) :

sup [P(A /\——f (7)

AeF

dP
d,u du

where p is any dominating measure for P and (). When X and Y are random variables taking values in
a common measure space we also write TV(X,Y) and H(X,Y) for the distances of their distributions.

H(P,Q) ¢: (8)




Convergence in probability and convergence in distribution are denoted by P, and i>, respec-
tively. For a sequence (X,,) of real random variables on a probability space (2, F,P) we use the
usual stochastic Landau symbols: for a sequence (a,) in (0, c0) we write X,, = op(a,) to indicate that
Xn/an — 0 holds in probability and X,, = Op(a,) means that for any € > 0 there exists C' > 0 such
that P(| X, /a,| > C) < e for all sufficiently large n € N.

10



Chapter 1

Essentials

The aim of this chapter is to introduce the statistical model considered throughout this thesis. As a
first step, in Section we recall general concepts from the theory of stochastic equations in infinite
dimensions. Then, as an application of the abstract framework in a concrete situation, we define our
SPDE model and discuss important probabilistic properties of the solution process in Section [1.2
In the same section, the introduction of the statistical model is completed by specifying the discrete
observation scheme considered in this thesis.

1.1 Prerequisites on SPDEs

The following section contains a short recap on existence and uniqueness results for (semi)linear
stochastic differential equations with additive noise and locally Lipschitz continuous nonlinearity. In
doing so, the concept of stochastic integration in Hilbert spaces is taken for granted, the corresponding
theory can be found, e.g., in Chapter 4 of Da Prato and Zabczyk [26]. The results presented here are
taken from Chapters 5 and 7 of the same book.

Let (2, F,P) be a probability space equipped with a filtration (F;);>¢ satisfying the usual con-
ditions. Further, let H be a separable Hilbert space with inner product (-,-) and let (e;);en be a
corresponding complete orthonormal system. We assume that the probability space carries a cylin-
drical Brownian motion W = (W;);>¢ in H, i.e., the processes (8;);en defined by

Bl(t) = <Wt,€l>, t> 0, l e N,

constitute a sequence of independent one-dimensional standard Brownian motions with respect to
(Ft)t>0. Clearly, the series ) ,~, Bi(t)e; is not convergent and, hence, W; does not take values in H.
Nevertheless, it can be regarded as a process with values in a larger Hilbert space H D H and, in
particular, it is possible to define a stochastic integral with respect to W. The relevant setting for
this thesis is the case where H = L?(O) for some open bounded set @ C R, in which W can be
understood as the anti-derivative in time of space-time white noise.
The larger part of this thesis is concerned with linear stochastic partial differential equations with
additive noise, i.e.,
dX; = AX,dt + BdW,, Xo=¢. (1.1)

The initial value & is a Fp-measurable H-valued random variable and the fundamental assumptions
on the coefficients are the following:

(L1) A : D(A) — H is a linear operator with domain D(A) C H generating a Cp-semigroup S =
(S(t))tzo on H.

11



(L2) B: H — H is a bounded linear operator such that fot |S(r)B||%g dr < oo, t > 0.

Assumption (L1) means that S is a semigroup of bounded linear operators on H, satisfying S(t)x — x

for all z € H and % — Az for any x € D(A) and t — 0. Further, ||R||}s = ;> | Rei|/? denotes
the Hilbert-Schmidt norm for a bounded linear operator R. The mild solution (X;);>0 of equation
(1.1) is defined as the H-valued process

t
X, = S(1)e +/ S(t—s)BdW., >0, (1.2)
0

where the integral is a stochastic integral in the Hilbert space H, which is well-defined thanks to
Assumption (L2). A priori, X is an H-valued process, though there are relevant situations in which,
using the explicit representation , it can be shown that X € C(R4, E) holds almost surely for a
smaller Banach space F C H with norm || - || g, as long as £ € E. In our specific model, this will be
the case with

H = 1*0), E =Cy(0) :={ue C(O): u(x) =0 for x € 0},

such that point evaluation X;(z) are well defined for t > 0, x € O. As usual, the space Cp(O) is
equipped with the norm || - ||co.

Later on, we will generalize our setting and consider semilinear stochastic differential equations
with additive noise, i.e.,

dX; = (AX; + F(Xy)) dt + BdW;, Xo =€, (1.3)

where F' is some, possibly, nonlinear mapping. Assuming, that the solution to the corresponding
linear equation takes values in a smaller Banach space E C H, it is desirable to have the same
property for the nonlinear equation. Thus, we assume that F' maps E into E and consider the part
of A in F, namely

Agz = Az for z€D(Ag)={zeDA)NE: Az € E}. (1.4)
Additionaly to (L1)-(L2), we assume the following:
(N1) The process t — Wa(t fo (t — s)B dWj satisfies W4 € C(R4, E) almost surely.
(N2) Apg generates a Cy-semigroup (Sg(t))i>0 on E.
(N3) F: E — E is locally Lipschitz continuous and bounded on bounded subsets of E.
An adapted process (Xy)i>0 in C(R+, E) is said to be a mild solution of equation in E if it
satisfies the variation of constants formula

§+/St—s ds—i—/St—s)BdWs, t>0, (1.5)

almost surely, where the first integral is a Bochner integral in the Banach space E. The above
assumptions are sufficient to prove the existence of an FE-valued solution locally in time. To show
global existence, the concept of a subdifferential of the norm || - ||g at a point € E, denoted by
d||z|| g, is useful: define

Olzllp ={z" € E*: (z,2") = [lz||g, [«

g =1}, (1.6)

where E* is the topological dual space of E and (z, x*) denotes the value of * € E* applied to z € E.
Consider a function u : R — F, which is differentiable in ¢t; € R. Then, it can be shown that the
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function v : R = R, v(¢t) := ||u(t)|| g, is differentiable from the left and from the right in ¢y. Denoting

the corresponding one-sided derivatives by i (to) and L2 (to) respectively, we have
d*y Py gt o ok d”y Ll () . e
o =X (k) = max{(u/ (to), =) = =" € Ol[u(to)|| s}, — (to) = min{{u'(to),2%) : ” € OfJu(to)ll£}
and, in particular,
ddt’y( to) < (U (tg),z*) for any x* € d||lu(to) k- (1.7)

Now, global existence of a solution can be deduced from the following assumptions:
(N4) [[SE(®)|lz(z) < 1 for all t > 0.

(N5) There is an increasing function a : R4 — Ry such that for each x € E there exists z* € 9||z|| g
with (F(z +y),2*) < a(|lyllg)(1 + ||z|g) for all y € E.

Theorem 1.1.1 (cf. [26] Theorem 7.7]). Under Assumptions (L1)-(L2) and (N1)-(N5) equation (1.3
has a unique mild solution X in C(Ry, E) for each & € E. Furthermore, X is an E-valued Markov
process.

Sketch of proof. For details, see Theorem 7.7 and Example 7.8 in [26]. Local existence of a solution
follows from (N1)-(N3) and Banach’s fixed point theorem. Next, split the solution process into its
linear and its nonlinear component,

Xy = S()E + Wa(t) + Ny, with Nt:/t S(t — 8)F(X,) ds,
0

such that a global solution can be achieved by bounding || V¢||g. The process (N;);>o solves the
integral equation Nt = fo (t — s)F(S(s)§ + Wa(s) + Ny)ds, Ny = 0, and, using (N4) — (N5) in
connection with , it is possible to obtain a bound on ’;—;HNtHE. Then, by applying Gronwall’s
inequality, a bound for || V¢||g follows. O

Let us discuss Assumption (N5) in the context of H = L?(0) and E = Cy(O) for an open bounded
set O C R? with smooth boundary and a Nemytskii-type nonlinearity, i.e., F(u) = fou for a function
f € CY(R). In this situation, (N5) is satisfied if

F+msgn(A) < a(ln)(L+[A)),  AneR, (1.8)

cf. [26] Example 7.8]: In fact, it follows from the definition (1.6 of the subdifferential of the norm
that if ||ul|g = oyu(z,) with o, = sgn(u(z,)) for some z, € O and u € E, then the functional

hy : E3 v o,0(2y) (1.9)
is an element of O||lu||g. Thus,

(f o (u+v),hy) = sgn(u(zu)) f (w(zu) + v(z4)) < alfo(z)))(1+ [lulle) < allv] )1+ [[u]z)

and, hence, (N5) holds. We remark that, formally, Theorem is only applicable if f(0) = 0, due
to the requirement that F' maps E into F. This issue can be circumvented by replacing Wa(t) by
fo (t—s) 1odsandfbyf0 = f — f(0).
It is shown in [26] that condition is satisfied in the important example where f is a polynomial
of odd degree with a negative 1eading coefﬁcient. In fact, using the same argument, we can conclude
that it is sufficient that f € C'(R) is such that

sup f(z) < 400 and inf f(x) > —o0: (1.10)

z>0 <0
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For A > 0 we have f(A+ 1) < supj,>_j, f(h) and for A < 0 we have —f(A + 1) < —infy<), f(h).
Thus, we can choose a(z) := max (suphz_gE f(h), —infp<y f(h),O), x> 0.

We close this section by remarking that, under the conditions of Theorem the mild solution
X is also a weak solution in the sense that

(Xt,z>:<§,z>+/0 (X0 A%2) +{(F(X,).2) ) ds + (BW(D).2), >0,

holds almost surely for any z € D(A*), where A* denotes the adjoint operator of A, cf. [26] Theorem
5.4].

1.2 Introduction of the model and basic properties

We introduce the statistical model considered throughout this thesis. The definition of our SPDE
model is divided into the linear case, Section [1.2.1] and the semilinear case, Section [1.2.2] For the
linear equation, we discuss important probabilistic properties of the solution process, including an It
decomposition for the spatial process. The discrete observation scheme investigated in this thesis is
introduced in Section [I.2:33] Finally, the Itd6 decomposition for the spatial process is proved in Section

rz4

1.2.1 The linear equation

In Chapters [2] and [3] of this thesis we will study parameter estimation and simulation for the model
defined by the following linear parabolic SPDE: for parameters o > 0 and ¥ = (2,91, 9) € Ry x R?,
we consider

dX,(z) = (ﬁQ%;Xt(x) + 012X, (x) + ﬁOXt(x)) dt + o dWi(z), € 0,1],t>0,
X(0) = X,(1) =0, (1.11)
XO :fa

driven by a cylindrical Brownian motion W and with some independent initial condition ¢ : [0,1] — RR.

To embed this SPDE into the theory presented in the previous section, we let H = L?((0,1)) and,
for reasons to become clear shortly, we replace the usual inner product on L?((0,1)) by the weighted
version

(u,v) = (u,v)y := /0 u(z)v(z)e?1%/%2 dy, u,v € L*((0,1)).

We consider the mild solution of equation with the differential operator Ay = 195 88—:2 + 14 % +9,
the diffusion operator Bx = ox, x € H, and a cylindrical Brownian motion W in H. As usual, the
Dirichlet boundary conditions in are implemented by taking D(Ay) = H?((0,1)) N H((0,1)),
where H*((0,1)) denotes the L2-Sobolev spaces of order k € N and with H{((0,1)) being the closure
of {u € C*((0,1)) : u has compact support in (0,1)} in the space H'((0,1)).

The reason for considering the weighted version of the inner product on L2((0, 1)) is that the differ-
ential operator Ay now has a complete orthonormal system of eigenvectors: indeed, the corresponding
eigenpairs (—MAg, eg)e>1 are given by

eo(y) = V2sin(nly)e /2 Ny = 9o (7202 + 1), y€10,1], £ € N,

2
and T:= Ui Yo

191
M Pp— _—
with K =1 % ,

2
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Note that in absence of the first derivative in Ay, i.e ¥1 = 0, the system (e;)¢>1 reduces to the usual
sine-base and (-,-) to the standard inner product on L?((0,1)). In general, both the eigenpairs and
the inner product depend on the model parameters. Hence, they are not accessible from a statistical
point of view. Note also that W is a cylindrical Brownian motion with respect to (-, )y and, hence,
its distribution implicitly hinges on ¥, unless 9¥; = 0.

Throughout, we restrict the parameter space to

92 )
62{(02ﬂ1927/(91,190)€]]i4: 0'271927@—@4— 0}7

such that all the eigenvalues —\; are negative and Ay is a negative self-adjoint operator. In particular,
Ay generates a Cp-semigroup, which is explicitly given by

t)r = Z e M ep)ey, x € L*((0,1)), t > 0.

>1

Furthermore, we have ||S(r)B|4g = 02,5, e 22" and

1— e—2)\[t
/ 1S(r) Bl dr = 02 S22 < oo
>1
Consequently, (L1) and (L2) are satisfied and for £ € L?((0,1)), X f—l—afo (t—s)dWs, t >0,

defines the mild solution to the SPDE (|1.11). Note that, in general the Dirichlet eigenvalues of the
Laplacian on a bounded domain @ C R? have growth A\, =~ £2/¢, so that a function valued solution of
the stochastic heat equation driven by a cylindrical Brownian motion only exists in dimension d = 1.
Further, using the sequence of independent standard Brownian motions (8¢)e>1 with Be(t) = (Wi, eq),
the cylindrical Brownian motion W can be realized via Wy = > ,~, Be(t)e, in the sense that (W, ) =
Y ys1 Be(t) (- ex). Thus, in terms of the projections, or Fourier modes, u(t) := (Xy, e0), t > 0,0 € N,
we obtain the representation

2)=Y w(t)es(r), t>0,2€[0,1], (1.12)
0>1

where (ug)s>1 are one-dimensional processes satisfying the Ornstein-Uhlenbeck dynamics due(t) =
—Aeug(t) dt + o dBe(t) or, equivalently,

ug(t) = Ug(O)e_Mt + 0/ e e(t=s) dBe(s), ue(0) = (&, er)

0

in the sense of the usual finite-dimensional stochastic integral.
Using independence of the Brownian motions driving the coefficient processes, one can explicitly
compute the space-time covariance structure of X, namely
ef)\g‘tfs‘ _ ef)\g(tﬁns)
2y

COV(Xs(x)v Xt(y)) = COV(fS({E), ft(y)) + 02 Z

>1

ee(z)e(y),

for s,t >0, x,y € [0,1] with & := S(¢)¢. Throughout and without further notice, we work under the
standing assumption that either Xy = ¢ = 0, or that X is started in equilibrium. It would be possible
to extend our results to more general initial conditions as long as they are sufficiently regular, as it
is done, e.g., in Bibinger and Trabs [9]. This is omitted for the sake of simplicity. In order to mark
results which are proved exclusively for the stationary case, we use the abbreviation (ST), i.e., we
introduce the assumption
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(ST) Xy follows the stationary distribution.

Assumption (ST) can be realized by letting (u¢(0))¢>1 be independent with ug(0) ~ N(0,02/(2),)),
which corresponds to starting each of the coefficient processes in equilibrium. In this case, (X;)i>0 is
a strictly stationary process and the space-time covariance structure simplifies to

e—)\g‘t—s‘
Cov (X, (2), X:(y)) = o> Z Tq(m)eg(y), s,t>0, z,y € [0,1]. (1.13)
1

For both initial conditions, the coefficient processes (u¢)¢>1 are independent. Further, it is evident
from representation that X is a two-parameter centered Gaussian field. Therefore, the model is
completely specified by its covariance structure. While 2 is only a multiplicative factor, the covariance
structure depends on ¥ through Ay and ey.

Thanks to the explicit covariance structure, one can use Kolmogorov’s criterion for random fields
to show that there is a continuous version of the process (X:(z), t > 0,2 € [0, 1]), see [26l Chapter
5.5]. In particular, point evaluations X, (z) for fixed values of ¢t and z are well defined and we have
X € C(Ry4, E) almost surely with E = Cy([0,1]). Additionally, it can be inferred from Kolmogorov’s
criterion that the process t — X;(z) is locally a-Hoélder continuous of any order o < 1/4 and x — X(z)
is a-Holder continuous of any order oo < 1/2, see also Section of this thesis.

For a fixed spatial location x, the process t — X;(z) is not a semimartingale: since ¢t — X;(x) is
only Hélder continuous of order almost 1/4, it has infinite quadratic variation over any time interval.
On the other hand, regarding X as a function of space at a fixed point in time substantially simplifies
the probabilistic structure of the process:

Proposition 1.2.1. Assume (ST) and define Ty := +/|T|.

(i) For x <y, we have

sin(To(1—y)) sin(Tox)
o2 . Tosnro) 0 L <0,
Cov (X¢(z), Xi(y)) = ﬁeff(ﬂy) (1l —y), =0,
2 inh(T'g (1—y)) sinh(Toz)
S sirzllh(lio) =, I'>0.

(i1) The process [0,1] 5 x +— Z(x) := Xy () is an Ité diffusion. In particular,

Tocos(To(1=2)) | »
5 Wﬂﬁ)z(@d% I <0,
g A
dZ(z) = ,/—2192 e 57 dB(z) — { (1L + g) Z(z) dz, r=o,

T'p cosh(Tg(1—x K
WJFJZ(%M% I'>0,

where B(-) = By(+) is a standard Brownian motion.

The above proposition is proved in Section Note the similarity between the covariance
structures of X;(-) and the Brownian bridge, especially in the case I' = 0. This resemblance is in line
with the Dirichlet boundary conditions X;(0) = X¢(1) = 0 in our model.

Remark 1.2.2. For N > 2 and fixed 0 < t; < t5 < ... < ty the multi-dimensional process = +
(X4, (2),..., Xy (x)) is not an It6 diffusion under (ST). Indeed, it is not even a Markov process: take
N = 2 and let s < t. It is a well known fact that for Markov processes past and future are independent,
given the present state. For © < y < z, on the other hand, using the Gaussian property of X, the
(Gaussian) conditional distribution of (X (x), X¢(2)) given (X;(y), Xt(y)) can be computed explicitly.
From here, independence is easily disproved by checking the non-diagonal entries of the conditional
covariance matrix.
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We finish this section by describing the influence of the parameters (02, 192,191,79) on the sample
paths heuristically. Figure [[.1] shows exemplary realizations of temporal and spatial processes under
(ST) for different parameter values. By construction, the spatial process is pinned in 0 at the spatial
positions y € {0, 1}. Furthermore, the simulations confirm that the temporal process is much rougher
than the spatial process. The influence of ¥y on the visual properties of the sample paths is small
and, qualitatively, —9y has a comparable effect to 5. Thus, we only exhibit the case ¥y = 0. First,
let us discuss the situation where also 91 = 0. It is evident from the covariance structure that
o? describes the overall noise level of the process. Furthermore, increasing ¥ reduces the noise level
of the solution process and, additionally, the temporal process speeds up. The first of these impacts
of ¥4 is clearly noticeable when comparing the first two rows of plots in Figure The second one
is hard to capture visually due to the roughness of the processes. When 1 # 0, the solution process
X:(y) approximately looks like e’“y/z)zt(y) where X solves dX, = ¥ 88—;2)2,5 dt + odW;. Indeed, the
covariance structure reveals that the distributions of the two processes agree when setting
Yo = ¥3/(492). As already mentioned, the latter has no strong visual effect. Thus, a parameter
Y1 # 0 affects the noise level of the temporal process and produces spatial processes with different
amounts of fluctuation in the two halves of the space domain [0, 1]. This effect is illustrated by the
last two rows of plots in Figure

1.2.2 The semilinear equation

In Chapter {4 we will complement our setting by considering the semilinear SPDE

dX,(z) = (%%Xt(x) + F(Xt)) dt + o dWi(z), € 0,1],¢>0,
X,(0) = X,(1) =0, (1.14)
Xo=¢

in the Hilbert space H = L?((0,1)) equipped with its standard inner product. We will assume that
the nonlinearity F is of Nemytskii-type, i.e., we have F'(u) = fowu for some function f : R — R. Since
we are working with point evaluations X;(z), it will always be assumed that X € C(R4, E) with
E = Cy([0,1]) holds almost surely. Sufficient conditions for the latter are provided by Theorem [L.1.1]
Indeed, by setting 1 = 99 = 0, all properties of the linear component of the solution presented in the
previous section remain valid. In particular, hypotheses (L1)-(L2) and (N1) are fulfilled. Also, (N2)
is satisfied (see, e.g., [55]) and, as pointed out in [26] Remark A.29], (N4) holds due to the maximum
principle for parabolic equations. Thus, the almost sure continuity in time and space of the solution
process can be achieved by requiring that f € C'(R) satisfies condition or, more generally,
condition . For the sake of coherence, the discussion of more specific regularity assumptions
required for our analysis is postponed to the beginning of Chapter [4]

1.2.3 Observation scheme

If not stated otherwise, all statistical considerations in this thesis will be based on the following set of
space-time-discrete observations derived from a single sample path of the process X, which is either
given by the SPDE or : we suppose to have (M + 1)(N + 1) time- and space-discrete
observations

{Xt,(yx),i=0,...,N, k=0,...,M}
on a regular grid {(¢;,yx)}ix C [0,7] x [0,1] with a time horizon T > 0 and M, N € N;. More

precisely, we assume that

1-2b T
= — A = —
M N
for some fixed b € [0,1/2). Concerning the time horizon, it will always be assumed that either 7' > 0
is fixed or that T" — oo.

yr =b+ ko and t; =iA where 0
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Figure 1.1: Exemplary sample paths of spatial (left) and temporal (right) processes for different
parameter values. The blue points indicate the Dirichlet boundary conditions. The observation time
for the spatial processes is ¢t = 0, which is arbitrary, due to stationarity. The temporal processes are
recorded at the spatial position y = 0.4. The sample paths are simulated on the space-time grid points
(¢/500, k/500) with 4,k € {0,...,500} using the replacement method to be introduced in Chapter

18



Due to the bounded space domain, we have high frequency observations in space whenever M — co.
In order to obtain high frequency observations in time, we will usually require that T/N — 0. This is
trivially satisfied if T is fixed and N — oco.

Note that the spatial locations yj, are equidistant inside a (possibly proper) sub-interval [b,1—b] C
[0, 1]. For certain statistical procedures, we will exclude observations close to the boundary by requiring
b > 0. This is done to prevent undesired boundary effects, which lead to biased estimates.

1.2.4 Proof of the It6 decomposition for the spatial process
Proof of Proposition[1.2.1 Due to (1.13) and the trigonometric identity

sin(«) sin(B) = % (cos(aw — B) — cos(a + ), (1.15)
we have

Cov(Xy(), Xi(y)) = o2e 2 @HY) Z (cos(ml(y — x)) — cos(ml(z +y)))
>1

2
— T 5ty 1 _ B
220, ° ; o Cos(mlly — ) = cos(mt( + ).

The claimed formulas now follow by inserting the closed expressions

7 cos(ma/|B|(x—1)) 1
_reoslrylBlle D) 4 1 0
( 2+/18] sm(‘n’y/\ﬁ + 2|8|° < 6 <
7% (z—1)* _ 1.16
S g o) = 2 5-0 (1.16)
T cos (ﬂf(m—l)) 1 B>0

2V/Bsinh(xVB) 2687
for « € [0, 1] and again applying ([1.15) as well as

sinh(a) sinh(83) = %(cosh(oz + ) — cosh(a — 3)),

respectively. To prove the second statement, we use the ansatz Z(x) = u(z)B(v(x)), u, v positive and
v non-decreasing, which is the general form of a Gaussian Markov process, cf. Neveu [64]. Comparison

of covariance functions easily yields
/ 1 . sin(Tox)
> o2 Tosinly sin (Fo(l - l’)) B(sin(l"o(f—m)))’ I <0,

Z(x) = Eeﬂwﬂ' (1—2)B(525): I'=0,

. sinh(T'ox
\/ To sithO sinh (To(1 — z)) B(sinh(l‘(()(ff)x)))’ '>0.

A direct calculation shows v’ > 0, so that v is indeed non-decreasing. Further, since v(0) = 0, we have
D Jo V/V'(2) dB(z) and, therefore, one passes to

dB(z
D o2 sin F0 fO sm(Fo((1 z))’ I'<0,
2(x) =g =2 o dlB(i» .
2 sinh (I'o(1 — )) [, smhdFBo(zl) o >0
The claimed representation now follows by applying the product rule for It6 processes. -
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Chapter 2

Parametric estimation for the linear
equation

This chapter discusses estimation of the parameters (02, 92,91, 1) of the linear SPDE model (1.11)
based on the fully discrete observation scheme defined in Section The results concerning a finite
time horizon are part of Hildebrandt and Trabs [38].

Before deriving concrete parameter estimators, in Section [2.1] we answer the structural question if
and how fast the parameters can be (jointly) estimated depending on both the sampling frequencies in
time and space and on the time horizon T'. In Section we prove central limit theorems for realized
quadratic variations based on the space and double increments from and , respectively. These
results are then used to construct method of moments estimators for the parameters. In particular,
the convergence rate of our double increments based estimator for all identifiable parameters (almost)
matches the lower bound derived in Section[2.1} Finally, Section [2.3] briefly discusses the possibility of
constructing confidence sets for the parameters based on the asymptotic normality of the estimators.
All proofs are collected in Section

Throughout, X = (X(x),t € Ry,z € [0,1]) denotes the solution field given by (1.12)). For
the results in the lower bounds section, we assume that X follows the stationary distribution, the
remaining results also allow for the case Xy = 0.

2.1 Identifiability of parameters and lower bounds

Before discussing lower bounds on the rate of convergence of estimators for the model parameters,
we derive a qualitative result concerning their identifiability on a finite time horizon. Here, we call a
parameter identifiable if it can be estimated consistently from the data. Whether or not a parameter
is identifiable can be assessed by studying absolute continuity properties of the solution process for
different values of the parameters: let G be some parameter space and consider the situation where
a sequence of statistical experiments (P,?)Veg is induced by a sequence of random variables T}, on a
probability space (2, F, (Py),eq), ie., P} = P, o T;'. Then, if P, is absolutely continuous with
respect to P,, for two different values 1,72 € G, the parameter v is not identifiable. Indeed, if there
was an estimator 4, such that 4, — 72 holds in P,,-probability, then we have ¥,, — 72 P,,-almost
surely along a subsequence (nj). Due to the absolute continuity property, this implies 4,, — 72
P, -almost surely, which contradicts the assumption that 4, is a consistent estimator.

In order to study absolute continuity properties of the process X for different parameter values
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(02,1), we introduce the notations

(Xt(')7t € [O’T]) ~ P(02,19) on C([O’T]’LQ((()? 1)))a

(Xio(@), z € [0,1]) ~ P87)) on L2((0,1)),

(Xi(0), t € [0,T]) ~ PLIS) on L2([0, 7))

for fixed values tg > 0, xg € (0,1) and a finite time horizon T' > 0. Further, for probability measures
Q@ and P we write (Q ~ P if they are equivalent, i.e., mutually absolutely continuous.

Proposition 2.1.1. Assume (ST) and consider a finite time horizon T > 0. Further, let ty > 0,
2o € (0,1) be fized. For any two sets of parameters (o2,9), (2,9) € © we have

(i) Plo2,9) ~ P gy if and only if (0%, 92,91) = (5%,95,91),

2 ~
- (to,") 0:7) g _ =~
(i) P(UQ)ﬁ) > 5) if and only zf( 9 ) = (152,&),

o2
(i41) Pg’f%) P( ’xo zf and only if T erwo —

Vi VI

Q

where k = Y1 /09, k& = 151/152,

Assuming that none of the four parameters is known, the implications of Proposition for
discrete or even continuous observations are the following: (i) shows that it is impossible to estimate
Jo consistently on a finite time horizon. (ii) shows that, based on a single temporal observation,
it is impossible to estimate other parameters than (02 /Y2, /{). (#i1) reveals that, based on a single
spgtlal observation on a finite time horizon, it is impossible to estlmate any other parameter than

a

ﬁe*m" In fact, these restrictions on the identifiability are sharp: \/Te”““ can be estimated using

squared time increments of the process [0,7] 5 t — X(x), as in Bibinger and Trabs [9, Theorem
4.2]. (02 /Y2, /s) can be estimated by computing the quadratic variation of the It6 process Z = Xy, (+)
from Proposition on two different sub-intervals of [0, 1]. By combining the two methods, all three
parameters (02,12,71) can be obtained based on (X:(z), z € [0,1],¢ € [0,T]).

2.1.1 Lower bound for the case of a fixed time horizon

Without loss of generality, we consider the finite time horizon T = 1. Due to Proposition [2.1.1] it
is impossible to estimate 1y consistently on a finite time horizon and, consequently, deriving a lower
bound for the whole parameter vector (o2,9) is a trivial task. In the following, we are going to
derive a lower bound for the remaining three parameters. For this purpose, it suffices to consider the
sub-problem where ¥; = g = 0 and only (0%,15) has to be estimated.

Theorem 2.1.2. Let 9, = ¢ = 0 and assume (ST). Further, consider the observation scheme defined
in Section withT =1 and b € [0,1/2) N Q. Then:

(i) If min(M, N) remains finite, then there is no consistent estimator for (o2,9).

(ii) For any open set H C (0,00)? there is a constant ¢ > 0, such that

liminf inf P, (Hy—
e B SR

> o
) TMN
N3/2, M > 1
/N ~Y b)
where 1y N 1= i

N
3
logm, 7N—>O
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and inf 7 is taken over all estimators T of (0%,02) based on the observations {Xy, ., (yx) —

Remark 2.1.3. Assertion (i) and the lower bound for the case M/+/N > 1 are also valid for estimators
based on {Xy,(y;), ¢ < N,k < M} instead of the increments. We conjecture that this is also true for
the case M/ VN — 0, see also the discussion following Proposition Furthermore, we believe
that the logarithmic factor appearing in the lower bound results from technical issues in our proves
and could, possibly, be removed by a tighter analysis.

The above theorem shows that, in general, (02,15) cannot be estimated with the parametric rate
1/v/MN, in contrast to a conjecture in Cialenco and Huang [19]. Instead, we observe a phase tran-
sition with respect to the rate, depending on the sampling frequencies. The parametric rate can
only be attained when N =~ M?2. In fact, when dealing with a large time horizon, it will be clear
that this condition is more generally specified in terms of the observation intervals A and J, namely
6 ~ V/A. In this regime, our estimators will show that it is indeed possible to identify (02, 92)
at the parametric rate. In that sense, when § =~ v/A, both spatial and temporal observations con-
tain the optimal amount of information on the parameters and we call it the balanced sampling design.

In order to prove the lower bounds in Theorem [2.1.2] we proceed in the following way: For each
sampling regime we choose a reparametrization (y1,v2) of (62,92) in such a way that ; can be
estimated with parametric rate, even without knowledge of ~5. We then derive a lower bound for the
simpler problem of estimating the one dimensional parameter s, allowing that v, is known. Clearly,
the resulting lower bound for 7, carries over to (71, v2) and consequently to (o2, 9s).

The lower bound for 7, in turn, is obtained by the standard technique, see e.g. Tsybakov [75].
Indeed, denoting the law of the discrete observations by PJ\Q M it follows from Theorem 2.2 in the
same reference that if v5 € Hy for some open set Hs, then

N,M N,M
1*H(P7§ ’Pwé’ )

inf sup P, (|52 — 72 > ) > (2.1)

V2 y2€H> 2
holds for all 74,74 € Hy with |74 — 44| > 2s and where H(-,-) is the Hellinger distance, as defined
in . Further, using an inequality by Ibragimov and Has'minskii [43], Theorem 1.7.6], the Hellinger

distance can be bounded in terms of the corresponding Fisher information J(72): Let p(+,72) be the
Lebesgue density of Pf;’;M and g = /p. Then, Jensen’s inequality yields

2
HAPNM PNM) / (9(a.7%) = gl 2§ o < (o~ 24 | / (e nl) dsda

/ / 8—7210gp x,Y2(s ))) Ps, (s (dx)ds

- 0e o) 4”2) [ st as

with 72(s) = v5+s(v4 —+4). In combination with it follows that, in order to prove Theorem
it suffices to show J(v2) < 7y ar locally uniformly. The main effort, noting that the observations are
significantly correlated, is now to derive sharp upper bounds for the Fisher information in the different
sampling regimes.

In the case M/ VN > 1, we apply the following bound on the Fisher information for discrete
observations of the first M coefficient processes. Thanks to the Markov property, the probability den-
sity function for discrete observations of an Ornstein-Uhlenbeck process is provided by the transition
density and allows for explicit computations.
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Proposition 2.1.4. Let 91 = 99 = 0 and consider a sample (ug(i/N), £ < M, i < N), where (u¢)een
are independent Ornstein- Uhlenbeck processes given by

2
duz(t) = 7)\[Ug(t) dt + O'dﬂg(t), ’LL[(O) ~ N <O, ;/\) .
¢
Consider the reparametrization (o2, p?) where p? = 02 /99 and the corresponding Fisher information
JIn.m € R**2. For max(M, N) — oo, the diagonal entries of Jn v satisfy

Ina(0?) = ON32A(MN))  and  Jna(p?) = O(M? A (MN)). (2.2)
In particular, min (Jy ar(02), Iy (p?)) S N3/2 A M? for max(N, M) — oco.
Remark 2.1.5.

1. If M < +/N and ¢? is known, Proposition suggests a lower bound of M~3/2 for estimation
of ¥5 in the spectral approach. Indeed, this rate is achieved by the maximum likelihood estimator
for time-continuous observations of the coefficient processes, cf. Lototsky [53].

2. The reparametrization was chosen since o2 can be computed from the quadratic variation of any
coefficient process up when N — oo, while p? can be computed from the empirical variance of
(V2rl)uy(t;), £ < M, for a fixed t; as M — oo, even without knowledge of the other parameter,
respectively.

Letting M — oo, Proposition [2.1.4]suggests that, based on observations of the coefficient processes,
it is not possible to estimate o2 (and in particular (62,%9;)) at a rate faster than N=3/4. Further,
assuming ¢; = 0, the eigenfunctions e;(-) do not depend on unknown parameters and hence, the
space-time-discrete observations of the SPDE may be reconstructed from {us(t;), i < N,£ € N}.
Consequently, the lower bound N~3/4 carries over to discrete observations of the SPDE.

Although the lower bounds resulting from Proposition and Theorem [2.1.2| are almost the
same, their proofs require a very different reasoning if M/v/N — 0: in this case, if o2 is known, it
follows from the results in Bibinger and Trabs [9] that 95 can be estimated with parametric rate of
convergence based on discrete observations of the SPDE, see also Proposition [2.2.11] in this thesis.
On the other hand, Proposition suggests that ¥ = 02/p? cannot be estimated at a faster
rate than M —3/2 based on the coefficient processes. In particular, both observation schemes are not
asymptotically equivalent in the sense of Le Cam.

To derive the lower bound in the case M/v/N — 0, we consider the situation where observations
are recorded at rational positions y; = ﬁ, k=1,...,M —1, where we work with M — 1 instead of M
spatial observations to ease the notation. Thus, we potentially add spatial observations on the margin
[0,b) U (1 —b,1], which can only increase the amount of information contained in the data. With this
type of observation scheme, a fact that will prove to be useful in several places of this thesis is that
there is also a discrete version of the orthogonality property for the eigenfunctions: it follows from
basic trigonometric identities that

<67]ael/>M:5m/a 1SU7V§M*1,

with M
1 «— k kN
(o= 7 3wy )o(57)e %

see, e.g., the proof of Theorem 2.1 in Rohde [70]. By periodicity of the sine function, we further have
ev =0, Epqroom = &y and aps—pyormr = —€y forn,v < M —1and & := (elg(ﬁ), .. .,6@(%)). Thus,
for any n,v € N we have

1, ifn,yeIljorn,VEIk_forsomekgM—l,
(enev)my =% =1, ifneZl,vel, ornel, ,vel forsomek <M -1, (2.3)
0, otherwise
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with
Tt ={k+2(M, £ € No}, I, :={2M — k+2(M, ¢ € No}, E<M-—1.

In particular, it follows that observing {X;, (yx), ¢ < N,k < M — 1} is equivalent to observing

{U(ts), k< M —1,i <N}V, Ui(t) = (Xe()en)p = D uwe(t) = > ua(t). (2.4)

ezt (€T,

Since the sets Zy, := I]j UZ, are disjoint for different values of k, the processes {Ui,...,Up—1} are
independent which simplifies the calculation of the Fisher information considerably. Based on their
spectral densities and Whittle’s formula (2.25) for the asymptotic Fisher information of a stationary
Gaussian time series, we obtain the following result for the increment processes Uy, k < M —1, defined
by

Uk(j) == Ug(tjs1) — Ur(tj), j=0,...,N—1. (2.5)

Proposition 2.1.6. Let 91 = ¥g = 0 and assume (ST). Consider the parametrization (o3,92) where
02 := 0% /\/Dy. If M/\/N — 0, the Fisher information Jys nx with respect to 9o of a sample {U(j), j <
N —1,k < M — 1} satisfies

Jur,n(V2) = O(M3 log %)

The parametrization was chosen as it allows for estimation of 03 = 02/1/UJ5 with parameteric rate
based on time increments in the regime M/ VN = 0, even when 95 is unknown. Again, we refer to
[9] or Proposition of this thesis. We have considered Uy instead of Uy due to the technical
reason that the N-th order Fourier approximation of the spectral density of the increment process
is positive and, hence, a spectral density as well. We conjecture that the same bound holds for the
Fisher information of Uy.

2.1.2 Lower bound for the case T' — oo

Assuming T — oo, the derivation of a lower bound for estimating (02,72) in the relevant situation
91 = 99 = 0 can be done in exactly the same way as for a fixed time horizon. Here, one obtains the
lower bound T;X 2T with

T VA o,
A3/27 (5 ~ )
T§,AT ‘= 9 / (26)
— . lOg 677 A — 0.
93 VA J

In the case T'=1, we have § = ﬁ and A = & and, thus, we recover the lower bound from Theorem

Further, in case of a balanced sampling design \/Z/(S ~ 1, we have rs o7 = % ~ % ~NM,
whereas for an unbalanced sampling design no parametric rate of convergence can be reached by any
estimator. These findings are in line with the results for a fixed time horizon.

When considering the problem of estimating the whole parameter vector (¢2,1), this lower bound
is no longer tight. In fact, even for the sub-problem of estimating 9o when the other parameters are
known, we can deduce the lower bound T-1/2, which is certainly larger than r;i/ ?,1 Similarly to
Proposition this can be shown by bounding the Fisher information for v of a sample of the
coefficient processes (u¢(t;), ¢ < N,¢ < L) uniformly in L € N. The following theorem summarizes

our findings.

Theorem 2.1.7. Assume (ST) and consider the observation scheme defined in Section [1.2.3 with
be0,1/2)NQ and T — oo.
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(i) Let 91 = Y99 = 0. For any open set H C (0,00)? there is a constant ¢ > 0, such that

2
liminf inf sup P(U%ﬁz)(Hy - (U )H > ;> >0,
M,N.T—00 T (52 9,)cH U2 \/W

with rs A defined in (2.6) and where inf & is taken over all estimators 7 of (0%,92) based on
the observations { Xz, (yr) — Xt (y), i <N, k < M}

(i) For any open set H C R there is a constant ¢ > 0, such that

. . c
th{[nTlr_l)foo 1gfﬁsolé%quo(’3 — 190| > ﬁ) > 0,

where inf & is taken over all estimators of Vg.

2.2 Method of moments estimators for the parameters

In this section we construct method of moments estimators for the parameters and prove corresponding
central limit theorems. To that aim, we first study central limit theorems for realized quadratic
variations based on the space and double increments from and , respectively.

2.2.1 Central limit theorems for realized quadratic variations

The realized quadratic variations of X can be regarded as sums of squares of certain Gaussian random
vectors. Hence, our central limit theorems embed into the literature on quadratic forms in random
variables and their asymptotic properties, see e.g. [62]. Our key tool for proving asymptotic normality
is the following proposition which is tailor made for the situation present in this thesis and which
gives an explicit covariance condition that ensures convergence to the normal distribution. Recall the
matrix norms from @

Proposition 2.2.1. Let (Z; n, 1 <i <d,, n € N) be a triangular array such that (Z1y, ..., Zq, n) ~
N (0,%,,) for a covariance matriz %, € R%*4 n € N, and let (a;pn, 1 < i < d,,n € N) be a
deterministic triangular array with values in {—1,1}. Define S, := Z?;l ai’nZzn forn > 1. If

1=, 3/ Var(S,) — 0 as n — oo, then we have

Sn — E(S,)
v/ Var S,

The proof relies on the fact that S,, can be represented as a linear combination of independent
x2(1)-distributed random variables. ||%,]|2/Var(S,) — 0 then implies that the corresponding Lya-
punov condition is fulfilled. In this section we only require o, = 1 for all i and n, i.e., S, = || Zs |3
The general case will be necessary to verify asymptotic normality of the M-estimators in Section [2.2.2
It is worth noting that Proposition [2.2.1] reveals a quite elementary proof strategy to verify several
central limit theorems in [9, 9] [7T], [74] instead of advanced techniques from Malliavin calculus or
mixing theory.

Remark 2.2.2.

AN(O,l) for n — oo.

1. As an application of Isserlis’ theorem [44], for a 2-dimensional centered Gaussian vector (Y7, Y2),

one obtains the formula
Cov(Y?,Yy) = 2 Cov(Yy, Ya)?. (2.7)
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If (a;) = 1, it follows that Var(S,) = 2[|X,||% and, hence, the condition for asymptotic
normality may be written as || X,]|2/||2Zn|[r — 0. This condition is essentially optimal: in case
of independent observations it is, in fact, equivalent to asymptotic negligibility of the individual
normalized and centered summands and, hence, equivalent to Lindeberg’s condition.

2. The spectral norm is bounded by the maximum absolute row sum. Writing ¥, = (O’E;-L))ij,
asymptotic normality, thus, holds under the sufficient condition

)2
So far, the double asymptotic regime M, N — oo has only been studied for time increments

(ANX)(yr) = X,y (yr) — X, (yr): if b > 0, T is fixed and if there exists p € (0,1/2) such that
M = O(A~P), then the rescaled realized temporal quadratic variation

(n)

dn
(maXiSdn Zj:l ij

Var S,

ag

— 0, n— oo (2.8)

N—-1M-1

1
Vii= ——— ek (AN X2 2.9
satisfies
o2 D Bo*
vVMN <Vt) —>N<0,), N, M — o0, (2.10)
7T’L92 71'192
where

B:2+i(2\/j—\/J+ —\/J—1)27 (2.11)
J=1

cf. Bibinger and Trabs [0, Theorem. 3.4]. The central limit theorem was later shown to remain
valid in case of a growing time horizon, T — oo, provided that TA — 0, see Kaino and Uchida
[49, Theorem 3]. Note that the central limit theorem is only valid under the condition (roughly)
M = O(A_l/ 2), i.e., if the observation frequency in time is much higher than in space. This constraint
is due to a non-negligible correlation of realized temporal quadratic variations at two neighboring
points in space if the distance ¢ of these points is small compared to A. For fixed T', the condition
translates to the requirement that there may only be few spatial compared to temporal observations.

In the situation where the spatial observation frequency dominates the temporal observations
frequency the above result is not applicable. In this case, spatial increments (6 X)(t;) = X¢, (Yk+1) —
X, (yx) and the corresponding rescaled realized spatial quadratic variations

| M-l
V(i) = 375 > e (G X) (1)
k=0

at time t; turn out to be useful. In contrast to squared time increments, which have to be renormalized
by VA due to the roughness of t — X (y), squared space increments have to be renormalized by &,
which is an obvious consequence of the fact that the process y — X;(y) is a semimartingale under
(ST), cf. Proposition [1.2.1]

In the extreme case where observations are only available at one point ¢ > 0 in time (and assuming
Y1 =9 = 0 as well as X = 0) Cialenco and Huang [I9] showed that V,,(¢) is asymptotically normal
with 1/v/M-rate of convergence. An analogous result has been proved by Shevchenko et al. [71] for
the wave equation. If X follows the stationary distribution, Proposition reveals that Vip () is
in fact a rescaled realized quadratic variation of the It6 diffusion y — X;(y). Hence,

VM V(t)—"—2 2, (0,2 M —
o\ 90, 992 ) oo
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follows from standard theory on quadratic variation for semimartingales, see, e.g., [0} 45]. In order to
generalize this central limit theorem to the double asymptotic regime M, N — oo, we define the time
average of the rescaled realized spatial quadratic variations:

= | NoiMo
— N M y\2(4
Vip 1= Z Vao(ts) = 175 Z ST e (G X)(t). (2.12)
i=0 i=0 k=0
In fact, in the case Xy = 0, we have Vg,(tp) = 0 and, thus, we redefine Vg, by summing over

i€{l,...,N} instead of 7 € {0,..., N — 1}.
Theorem 2.2.3. Let b€ [0,1/2). If N/M — 0, then
2 4
VMN (Vip— =) BN (0,22 ), M,N - cc.
2199 203
Remark 2.2.4. The condition N/M — 0 is necessary in order to neglect the bias: the proof of the
theorem reveals that 6~ 'E (e ="¥ (61 X)%(t;)) — % ~ d and, consequently, the overall bias is of the

order
o2 N
E(VMN |Vyp—— ~VMN -0~ 4]—.
299 M

For fixed T, we conclude that the central limit theorem for realized temporal quadratic variations
V; holds when (roughly) M = o(v/N), whereas the central limit theorem for realized spatial quadratic
variations Vg, is fulfilled if N = o(M). To close the remaining gap, we finally study the space-time
increments D;j from . The corresponding rescaled realized quadratic variations are robust with
respect to the sampling regime, as indicated by the representation

Dy, = Z (W(ti+1) - W(ti)) (ee(yk+1) - €£(yk))

>1

in terms of the series expansion .

In contrast to the case of space increments (and in line with the result for time increments), we
impose b > 0 for the remainder of this section. Inspection of the proofs suggests that this condition
may be relaxed to b — 0 as long as the decay is sufficiently slow. As a first step, we calculate the
asymptotic expectation of the double increments. In doing so, we restrict ourselves to the stationary
case, the case Xy = 0 will later be dealt with by means of an approximation argument.

Proposition 2.2.5. Assume (ST) and let b € (0,1/2). Then:
(i) It holds uniformly in 0 <k <M —1and1<i< N —1 that

E (D2) = 0%~ $,(5,A) + O (5\/5 (5 A \/E)) . max(d,A) - 0,
where
Dy(0,A) = Fy, (0,A) (1 +e ") — 2Fy, (5, A)e /2

and

1 e—ﬂwﬂm
F’l92 (6, A) = Z W COS(7T€5).

>1

(i) Assuming that r = lim§/v/A € [0,00] exists, ®y admits three different asymptotic regimes:
ﬂizﬁ—l—o(é), r=0,

@19(5, A) = wﬁz (’I“) ' \/Z—i_ 0<\/E)? re (0,00),
\/527\/5""_0(&)7 =00,
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where

wﬂ’z (’/‘) =

(1 e tm 4 \/%2 /OO o= dz). (2.13)

2
\/71"(92 W

If, moreover, §/v/A =1 € (0,00), we have
Dy (6, A) = e "2y, (1) - VA + O(A%?). (2.14)

Remark 2.2.6. The first order constants appearing in the asymptotic expressions in (i) stem from a
first derivative of Fy,(-,A) in 0 in case r = 0 and a Riemann sum approximation of Fy,(d,A) in case
r # 0, respectively. For simplicity, assuming that x = 0, the proof of Proposition shows a more
precise expression for the remainder terms in case r € {0, c0}:

oy _ 35+ 00/ V), r=0,
E(Dik): P 3/2 /2
VAL 0(A2/5%), 1=

Thus, if our analysis of the remainder terms is sharp (which we believe is the case), the first order
approximations have a poor quality if §/v/A converges slowly.

Proposition suggests to renormalize double increments with § if §/ VA = 0 and with VA
otherwise, which is in line with the renormalizations of Vi, and V4, respectively. However, this approach
might not be feasible: Firstly, it requires the knowledge which asymptotic regime is present, i.e.,
whether or not §/v/A — 0. Especially for one given set of observations this information may be
inaccessible. In this case renormalizing with ®(d, A) automatically captures the correct asymptotic
regime. Secondly, if r € {0,00}, the previous remark shows that the asymptotic expressions for
®y(d, A) may lead to an undesirably large bias. In fact, in order to obtain a central limit theorem
with 1/v/ M N-rate of convergence, e.g., for the case T' = 1, we would have to impose the assumptions
N2/M — 0 and M®/N — 0, respectively. These constraints are even more restrictive than the ones
required for time or space increments.

Therefore, we renormalize with ®4(d, A) and introduce the rescaled realized quadratic space-time

varation
M—1N-1

1
Vi= e D2 .
MN®y(5,A) kZ:O ;} ik

As for Vg, we redefine V by summing over ¢ € {1,..., N} instead of i € {0,..., N — 1} in the case
X, = 0.

Theorem 2.2.7. Let b > 0 and assume A — 0 as well as T = o(M). If either 6/v/A — r € {0,00}
or 6 /A =1 € (0,00), then

VMN(V - o?%) 2, N(0,C(r/+/¥2)0"), N,M — oo,
where C(+) is a bounded continuous function on [0,00], given by (2.34)), satisfying
2

C0)=3  and C(oo):3+gi(\/<]— —VTH1-2V)
J=1

Remark 2.2.8. The redefinition of V for the case Xy = 0 is necessary for the conclusion of the
above theorem: E.g., if kK = 0, repeating the calculations from the proof of Proposition with
Xo = 0 yields that E(D2,) ~ 3®4(0,2A) instead of E(D2,) ~ ®4(6,A). Thus, summing over
i € {0,..., N — 1} in the definition of V introduces a bias of the order E(V — 02) =~ 4, which is not
negligible for the central limit theorem, unless M = o(N).
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Figure 2.1: Plot of the function C(-) from Theorem m

Note that the central limit theorem for V holds with (almost) no assumptions on the relation of
the temporal and spatial sampling frequencies. In particular, assuming a fixed time horizon, we can
close the gap vV/N < M < N, where the central limit theorems hold neither for space nor for time
increments. Also, the condition 6/v/A =r € (0,00) could be relaxed to §/vA — r € (0,00) as long
as the convergence is sufficiently fast, which we omit for the sake of simplicity.

Figure 2.1 shows a plot of the function C appearing in the asymptotic variance in Theorem [2:2.7]
Evidently, the asymptotic variance is minimal for r = 0, where it takes the value 30, and maximal
for r ~ 21/0,, where it is given by roughly 3.830*. For larger values of r, the asymptotic variance
approaches the value C(oo)o? ~ 3.540*.

In the balanced sampling design 6 /vA = r € (0, o0), shows that @, (d, A) and its first order
approximation are sufficiently close to be exchanged in the previous theorem. Thus, we can use a
simpler renormalization which particularly does not depend on the model parameters. Noting that
the condition 7' = o(M) can be rewritten as NA%/2 — 0 if §/v/A = r € (0,00), we conclude the
following central limit theorem for

M—-1N-1

1 .
V= ——— e Wrtyri1) p2 2.15
MN\/Z Z Z ik ( )

k=0 i=0
and its obvious modification for the case Xy = 0.

Corollary 2.2.9. Let b > 0 and assume §/v/A =1 € (0,00) as well as NA*/? — 0. Then, we have
VMN (V, = o, (r)o?) =2 N (0,C(r//02)13,(r)o* ), N, M = o,
with g, (r) from [@2I3) and C() from (231).

To end this section, we compare the realized quadratic variations V%, Vsp and V and their asymptotic
variances. For this purpose, we scale the statistics in such a way that they are asymptotically centered
around the same mean, say o2:

V! = /79 Vs, VI, =20,Vy, V' =V. (2.16)

sp —

For simplicity, let £ = 0. Plugging in the asymptotic expressions for ®4(J, A) from Proposition m
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shows that

29
M—-1N-1 =2 §/VA =0,
TP IR R
25 = ﬁ, 0/VA = 0.
NMvVA

Therefore, V' approximately coincides with V, and V{' for » € {0, 00}, respectively, except for the
factor 1/2 and using double increments instead of time or space increments, respectively.
Further, denoting the asymptotic variances of V{, V, and V' by &, &, and &(r), respectively,

we observe the relations 3 3
S(0) = §6t and &(0) = 56513.

The presence of the factor 3/2 may be explained as follows, e.g., for space increments: Since each
double increment consists of two space increments and neighboring (in time) double increments have
one space increment in common, the covariances that contribute to the asymptotic variance are given

by
Var(D2,) = 2Var(Dy;,)? & 2(2Var((5) X)(t,)))” = 4Var((6}M X)?(1:)),
Cov(Dy, Dis1)) = 2Cov(Dig, Dygr1y)? & 2(Var((6;" X)(1:)))* = Var((03 X)? (1)),
Cov (D3, DY._1)) = Var((63 X)? (1)),

where we have used (2.7). Hence, we get a factor of 6/4 = 3/2 in the asymptotic variance of V.

2.2.2 Construction of estimators

We exploit the central limit theorems for realized quadratic variations for the construction of estima-
tors. First, we discuss estimation of o2 or ¥9, given that the other parameter is known, respectively.
Naturally, the estimation problem becomes much harder when none of the parameters is known.
Nevertheless, using double increments, we can estimate (02,195,9;) in an (almost) rate optimal way.
Assuming T — oo, the same holds for (02,92, 791,190) with the additional help of the sum of squares
statistic S from below.

Estimation of ¢2 or U5

It is straightforward to use the results from the previous section to construct method of moments
estimators for the volatility parameter o2 or the diffusivity parameter ¥, provided that the other two
parameters in the parametrization (02,9, x) are known, respectively. Doing so, we generalize the
spatial increments based estimator from Cialenco and Huang [19] to the double asymptotic regime
and we complement the time increments based methods in Bibinger and Trabs [J] and Chong [I5].
Note that assuming (93, ) to be known is the same as assuming (J2,%;) to be known. Further, x is
particularly known (x = 0) in the relevant sub-model where 97 = 0. Our estimators do not hinge on
Yo such that the knowledge of its true value is not required.

Assuming, firstly, that ¢5 and x are known, we obtain the following volatility estimators:

62, =V, 62:=V/ and &*:=V

where Vi and V{ have been introduced in (2.16). In view of the central limit theorems from the
previous section, the delta method reveals their asymptotic distributions:

Proposition 2.2.10.
(i) If N = o(M), then we have

VMN (62, — o) 25 N(0,26%), N, M — co.

sp
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(i) If M = o(A™P) for some p € (0,1/2) and TA — 0, then we have with B defined in (2.11)):
VMN (62 — 0%) 25 N(0, Bo*), N,M — .

(iii) If either 6/v/A — r € {0,00} or §/vV/A =1 € (0,00) and T = o(M), then we have with C(-)
from .'
VMN (62 — 02) 25 N(0,C(r/\/P2)0*), N,M — oc.

As discussed at the end of Section [2:2.] the double increments estimator has a larger variance
than the single increments estimators. Hence, if one of the regimes N = o(M) or M = o(A~/?)
certainly applies, the single increments estimators are preferable. If none of the regimes is present or
the situation is unclear, one can profit from the robustness of the double increments estimator with
respect to the sampling regime.

If N = o(M), the situation is close to that of N independent semimartingales (cf. Proposition
and the asymptotic variance 20 of the spatial increments estimator equals the Cramér-Rao
lower bound for estimating 02, as can be seen by a simple calculation. Consequently, &SQP is an asymp-
totically efficient estimator. The efficiency loss of the other estimators is due to the fact that for
increasingly more temporal observations the infinite dimensional nature of the process X becomes
apparent, leading to non-negligible covariances between increments.

If 02 and & are known, the diffusivity 92 can be estimated by

2 4

~ o ~
1927313 = W and 192,t = W’
sp t

using Vi, and V; from and , respectively. Due to the non-trivial dependence of the renor-
malization ®»(d,A) on ¥, it is not apparent how to construct a method of moments estimator for
¥9 based on Theorem , in general. However, in the balanced design 6/v/A = 7 > 0, the renor-
malization can be decoupled from the unknown parameter, as exploited in Corollary Since the
function 95 — 1y, () has range (0,00) and is monotonic, there is an inverse H,.(-) and we can define
the method of moments estimator .

Va2, = H,(V,/0?)

with V,. from (2.15]). As a direct consequence of the delta method and the relation

i) = (5-00()) = =0 Va(1-c o 2 [ o)

92
we obtain the following proposition.
Proposition 2.2.11.
(i) If N = o(M), then we have

VMN (éz,sp f 192> PN (0,202), N, M — oo,

(i) If M = o(A~P) for some p € (0,1/2) and TA — 0, then we have with B from (2.11):

VMN (93, = 93) 25 N(0,493B), N, M — oo,
(iii) If /A =r >0 and TVA — 0, then we have with C(-) from (2.34):

VMN (Da,y — 95) 2> N(O, Cr/\/92) (% (r)/a%wz (r))z), N, M - .
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Estimation of (02,95,79;) on a fixed time horizon

We now consider the estimation problem on a bounded time horizon when all the parameters in (o2, )

are unknown. A first result in that direction was obtained by Bibinger and Trabs [9], who considered
a least squares estimator for the parameters (03, k) := (;;, 192) based on time increments, namely
] M=l 1 N 52 \2
(63,k) = argmln ( (AN X)2(yy) — —Oe_“y’“) . (2.17)
(68,F) Z \/> ZO ! ﬁ

Using their central limit theorem ([2.10)) and classical M-estimation theory, the estimator is shown to
be aymptotically normal with 1/v/MN rate of convergence in the regime M = o(A~'/?). Note that
is an M-estimator exploiting the probabilistic structure of the processes [0,7] 3 t — X;(yx).
Indeed, our Proposition m (iii) reveals that the parameters o3 and s are exactly the ones one
can expect to identify with such an estimator. Building on , Kaino and Uchida [49] derived an
estimators for (02,95,91) (as well as for (02,92,91,90) in case T — o) but their thinning approach
results in a convergence rate which is no faster than 1/v/N, see also the discussion at the end of
the current section. Analogously to , it is possible to estimate the parameters appearing in
Proposition (ii), ie. (p%, k) with p?> = 02/0, using spatial increments and Theorem
provided that N = o(M),

M-1 2
(p%, &) —argmm— Z N6 Z (M X)2( pre Ry
(p%,R) k=0

satisfies a central limit theorem with rate 1/v/ M N. We omit a detailed analysis of this estimator.

Recall from Proposition and the subsequent discussion that 9y cannot be estimated consis-
tently on a finite time horizon. Also, in order to estimate more than two parameters, we cannot rely
on only the temporal or only the spatial probabilistic structure of X. To estimate all three identifiable
parameters

n = (0'271925 191)’

we employ a least squares approach based on double increments. Due to the highly nontrivial de-
pendence of the normalization ®4(d, A) on ¥, a direct application of Theorem is impossible.
Assuming, however, a balanced design ¢/ VA =7 € (0,00), we can use Coroll where the
normalization is decoupled from the unknown parameter ¥:

Let 6/v/A = r € (0,00) and define D;;, := Dy + Dty as well as 2z, = (yx + yx+1)/2. Corol-
lary 2:2.9] suggests that for the stationary solution we have

N-1 N-2
1 1 _
- D2 m~ e "% g2 r) and D2, ~ e kg2 r/V?2).
N\/E ; 1k 1/}792( ) N\/27A Z 1k 1[)192( / )

Now, as suggested by Figure -, 2.2] the function r — 1y, (1) is strictly increasing. In fact, by considering
the two different sampling frequency ratios  and r/v/2, it will be shown that we can distinguish o2
and ¥, instead of recovering only the product o?¢y,(r). To estimate 1, we introduce the contrast
process

Kyn (1) = K11\/1,N(77) + KJQ\/[,N(ﬁ)a

where
1 M-1 N-1 9
KMN : ( ZDiZk_f% (Zk)> )
k=0 i=0
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Figure 2.2: Plot of the function r — 14, (r) for different values of 5.

M—-1

KMN L Z(Nmz Zk))2

=0

and fy(z) == o%e "1y, (r/\/V), v = 1,2. As before, we sum over i € {1,..., N} instead of i €
{0,..., N — 1} in the case Xy = 0. The corresponding M-estimator is given by

7 = arg min K n(7), (2.18)
neH
where H is some subset of (0,00)? x R. Again, this estimator does not require any prior knowledge

on the parameters, as it does not depend on 9.

Theorem 2.2.12. Assume that T > 0 is fired, b > 0 and that 6/~/A=r > 0. If H C (0,00)%> x R is
a compact set and n = (02,92,91) lies in its interior, then the least squares estimator i) from (2.18))
satisfies

VMN (i — 1) 25 N(0,9),  M,N — oo,
where € € R3%3 is a strictly positive definite covariance matriz, explicitly given by (2.38)).

Remark 2.2.13. If 97 is known and the sample size is sufficiently large, the estimator for (o2, 2) can
be computed without solving a minimization problem: For simplicity, assume 97 = 0 and let

M-1N-1 M—-1N-1

1 _
vi= MN\FZZD”“’ V2;:mZZD§k.

k=0 =0

Further, denote by G, the inverse function of ¥y + 1y, (1) /1y, (r/\/2), whose existence is part of the
proof of the above theorem. Then, we have

Dy = G (VI/V?), 67 =V /iy (r),

provided that V3 /V5 lies in the range of U5 — 1y, (r) /49, (r/+/2). Due to consistency of (V1,V?), the
latter is true with probability tending to one.

Even when ¢/ VA = r > 0 does not hold, there are always subsets of the data having the balanced
sampling design. Hence, the estimation procedure treated in Theorem [2.2.12] can be generalized to
an arbitrary set {Xy, (yx), < N, k < M} of discrete observations by considering an averaged version
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N > M?
M > +/N

M

Figure 2.3: Determining the sample size of subsets admitting a balanced sampling design.

of the above contrast process. To that aim, choose v,w € N such that v ~ max(1,6%/A) and
w ~ max(1,v/A/8). Then, A := vA and § := wé satisfy

ri=25/ VA=1.
Using double increments on the coarser grid, namely

Dvﬂv (ia k) = Xti+'u (yk-‘rw) - Xti (yk+w) - Xt'H»v (yk) + Xti (yk)v

we set

M—w N—vv 2
. 1 1 , Yk + Yrtw

KX -y S D2, G0k — (BT )
N,M(n) M—w+1 ((NI/’UJrl) N Vu,w(Z ) fn( 9 )

k=0 =0

with f(z) = 201, (r/y/v)e™"* and v = 1,2. In the case Xy = 0, we employ the obvious redefinition
of K ps- The final estimator for 7 is then defined as

Ty,w = arg min (ICJlV,J\/I(ﬁ) + ICJZV,M(ﬁ))' (2.19)
neH

The rate of convergence of this estimation procedure is inherited from the observations on the
coarser grids {(titjv, Yhtiw) 10 <j< N/v—-1,0<I< M/w—-1},i=0,...,v—1,k=0,...,w—1,
on which we calculate the double increments. It follows from A =~ N~! and § ~ M ! that each such
subset consists of M ON

— . = = (MAVN)(NAM?) = M>AN3?

w v

observations and has a balanced design by construction. Figure illustrates how the sample size of
the subsets admitting a balanced design results from the total sample size: if N is much larger than
M?, then the sub-sample size is M?- M = M? and if M is much larger than v/N, then the sub-sample

size is N - /N = N3/2. Therefore, Theorem [2.2.12|implies the convergence rate (M3 A N3/2)_1/2.
Corollary 2.2.14. Assume that T > 0 is fived, b > 0, and that H C (0,00)? x R is a compact
set such that n = (0%,99,91) lies in its interior. If there exist values v ~ max(1,62/A) € N and

w ~ max(1,v/A/§) € N such that wé/v/vA is constant, then the estimator M., given by (2.19)
satisfies

. 1
||77'u,w - 77” - Op(w), M7N — 0Q.

Remark 2.2.15.
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1. The rate of convergence of the estimator 7, ., matches the lower bound provided by Theorem
[2:1:2] up to a logarithmic factor. Hence, our estimator is essentially rate optimal and, in par-
ticular, (M3 A N3/2)~1/2 is the optimal rate of convergence for estimators of (02,1,,9;) on a
bounded time horizon.

2. The same rate of convergence is achieved if, instead of averaging, one computes the contrast
process from only one balanced sub-sample and discards the remaining data. Thus, if M?/N —
{0,000}, the optimal rate of convergence can be reached by using only a small portion of the
available data. On the other hand, our simulation study in Section [3.3] suggests that using the
whole data set is beneficial for the asymptotic variance of the estimator.

3. Integer values v and w such that wd/+vvA is constant exist, for instance, if the observations are
recorded on a dyadic grid, namely when M = 2™ and N = 4" with m,n — occ.

Estimation of (02,9,,91,79) in the case T — o

Next, we consider the regime T — oo, where all four parameters (02,95,91,7) can be estimated
consistently. Again, let us first consider the situation of a balanced sampling design 6/vVA = r > 0.
In fact, the central limit theorem for double increments from Corollary[2.2.9]is not limited to a bounded
time horizon but only requires Tv/A — 0. Hence, under the latter assumption, we can use in
order to estimate n = (02,92,9;) and, in particular, Theorem carries over to an unbounded
time horizon. To obtain an estimator for the remaining parameter 9, we will now define a method of
moments estimator for 9y and replace the unknown parameters (02, 195,9;) appearing in its definition
by the corresponding estimates from 7. Since the parameter ¥y appears in the spatial covariance
function of the stationary solution, it is natural to consider the statistic

N—-1M-1

MN >3 X7 (yr)em (2.20)

=0 k=0

in order to derive a method of moments estimator. Based on the space-time covariance function of
the process (t,y) — X;(y)e"¥/? under (ST), i.e

pay(t) == Cov(Xo(2)e"™/?, X, (y)e™/?) = Cov(Xy(x)e"™/?, Xo(y)e™/?)
— Aot

sin(mwflx) sin(nly),

the mean of S can be expressed via

M—1

1 M—-1

sin? ﬂ'fyk
pykyk E
k=0 k=0 £>1

i\%

Note that there is also a closed form expression for p,,(0), see Proposition In the case X =0,
we redefine S by summing over ¢ € {1,..., N} instead of i € {0,..., N — 1}.

Proposition 2.2.16. If M, N,T — co and A — 0, then

(S— = Z Py ( ) 3>N(0,2D2),

1 (%S) 1-b 1-b
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and puy(t) := pay(—t) for t < 0. If, additionally, VT /M — 0, then

VI(S==o | pu(0)dy) 2 N (0,2D%).

1-2b J,
Remark 2.2.17. A balanced sampling design is not assumed in Proposition [2.2.16] On the other hand,
if a balanced sampling design is present, then vT'/M — 0 is implied by the condition Tv/A — 0 from
Corollary

In order to indicate the dependence of S on the unknown parameter , we will write S(x) in the
sequel. It follows from Proposition [2.2.16| that

2

S(k) 2 %2[;,(1‘)

_ .2 2
where I,(I') := 15 bl b e>1 % and, as before, I' = 41971% - g—g. Clearly, the function I, is
decreasing and, hence, injective. By inverting for 9y and plugging in the estimators (2.18)) for 7, we
obtain

~ ~ /2 1 ’l§2 N . A 3 /.9
Do := Vg e I, (§5(5)> with & :=11/9 (2.22)

as an estimator for 99. Based on Theorem [2.2.12] and Proposition [2.2.16] we obtain the following
central limit theorem for the estimator (7}, 7) in case of a balanced sampling design.

Theorem 2.2.18. Assume 6/vA =1 € (0,00) and Tv/A — 0. Further, let H be a compact subset
of (0,00)% x R such that n lies in its interior. Then, for T, N,M — co and A — 0, we have

(o) 22 (0 (5 ait,))

where Q4 € R**? is the strictly positive definite covariance matriz from Theorem and

,  20iD?
Yoo = G (0)2

As in the case of a bounded time horizon, this estimation procedure can be adapted for an unbal-
anced sampling design. Again, we can estimate 7 using 7, ,, from with v =~ max(1,62/A) and
w ~ max(1, VA, ). Yo can then be estimated via the plug in approach where 7) is replaced by
No,w- We refer to this estimator by 198“’.

Recall that the rate of convergence of 7, ,, is determined by the sample size of the subsets admitting
a balanced sampling design. In the case of a growing time horizon, this sample size depends on T" and
is given by

M N 1 1 _ _ _ T
= A-YV2NNATE2) = LAA-Y2Yp o . =
— = (07 A JINATS™?) = (071 A ) max (A2, 55

Corollary 2.2.19. Assume T max(v/A,8) — 0 and let H be a compact subset of (0,00)% x R such

that n lies in its interior. If there exist values v =~ max(1,0%/A) and w =~ max(1,v/A/§) such that
wd/VUA is constant, then we have

. max (3, A3/2 - 1
T =0p< (T)> a5 -l =0, (77

for T,N,M — oo and A — 0. In particular, T (9" — 0) SN ./\/'(070%2719).
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Remark 2.2.20.

1. Comparison with Theorem reveals that our estimator identifies both (02, 92,1;) and 9 at
(almost) their optimal rates of convergence, respectively.

2. The assumption T max(d,vVA) — 0 is the growth condition on 7' from Theorem [2.2.7} relative
to the coarser grid on which the double increments are calculated.

Let us compare our estimator for (02,9) with the thinning approach considered by Kaino and
Uchida [49]. The authors work with the same observation scheme as we do, but they strictly require
that the spatial margin b of the observation window is zero, i.e., their observations are (X, (yk))ik
with t; = iA,0 < ¢ < N, and y; = %, 1 <k < M-—1. Now, by using only a subset of m < M
spatial observations with m < A~ for some p < 1/2, they estimate (02/1/Jq,91/92) using (63, &)
from due to Bibinger and Trabs [0]. Then, exploiting the estimator &, they approximate the
first Fourier mode u; from , using the empirical inner product, which is facilitated by assuming
b = 0. Considering this approximation at n < N equidistant time points, they estimate o2 in
terms of the corresponding quadratic variation on a finite time horizon or (02, A1) based on a pseudo
maximum likelihood estimator when 7' — oco. In combination with (63, &), they obtain asymptotically
normal estimators for 7 and, if T — oo, for (n,9). Since the resulting estimator only relies on the
approximation of one Fourier mode at n time points, the rate of convergence cannot be faster than
1/4/n. Indeed, on a finite time horizon this rate is achieved under the assumptions
n3/2 n3/2

i 0, N 0
for some p; € (0, 1), which are necessary to control the errors induced by the different estimation and
approximation steps. As a result, 1/v' N A M?2/3 is a lower bound for their rate of convergence, which
is certainly larger than our rate 1/v/ N3/2 A M3. On a large time horizon, the rates of convergence of
the estimators for n and g are given by 1/4/n and 1/ VT, respectively. Here, the assumptions are

nb/2 n3
0,

T372Nm T2
for some p; € (0,1). Since m < A~Y2 and, thus, T%/2Nm < TN3/2 = T5/2/A3%/2 the expression
1/3/(T2/3/61/3) A (T/A3/5) is a lower bound for their rate of convergence for estimating 7. Again,
this is certainly larger than our rate 1//(T/63) A (T/A3/2). The rates of convergence for estimating
J9 agree in both approaches. Only requiring TA — 0, the result from [49] has more flexibility with

respect to the length of the observation time compared to the conclusion of Corollary [2.2.19] which
requires T max(v/A, §) — 0.

TA — 0, —0

2.3 Confidence sets

All estimators considered in the previous section are consistent and the asymptotic variances (covari-
ance matrices) in the central limit theorems are strictly positive (positive definite) as well as continuous
in the parameters. Hence, it is possible to construct asymptotic confidence sets for the parameters by
employing the standard procedure based on Slutsky’s Lemma: Let v € R? be any parameter consid-
ered in the previous section, i.e. v € {02,092} with d = 1, v = n with d = 3, or v = (02,) with d = 4.
In the cases d € {1,3}, we have considered estimators 4 such that v MN (¥ — ) 2, N(0,%2(y)) for
a strictly positive definite covariance matrix () which is continuous in «y. Thus, Slutsky’s Lemma
implies VMNE(9)"/2(5 —7) N N(0,1) with the identity matrix I € R¥*?. Now, if z4(1 — ) is
the (1 — a)-quantile of the x?(d)-distribution, then

{a eR: IS(H) P -7 < d(J\14_7_\7a)}
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is an approximate (1 — «)-confidence ellipsoid for 7. In particular, if d = 1, we obtain the approximate
confidence interval

2 Yzl —a) | YY)z (1 - «a)
[7 A 7 MN}

Analogously, in the case v = (02,9) = (1,9) € R?*, we obtain in the situation of Theorem [2.2.18|that

(Do — Jo)?
2

{(ﬁ,{%) €0 MN|((Q") 2 (7 — ) |* + T—— < z(1 —a)}

with Q" = Q; and &% = ozf7 5. is an approximate (1 — a)-confidence set.
»V0

2.4 Proofs

The following Sections [2.4.1] - [2.4.3] contain the main proofs of the results from Sections [2.1] and 2:2.1}
[2:2.2] respectively. Auxiliary results and technical Lemmas are deferred to Section [2.4.4]

2.4.1 Proofs for the lower bounds

First, we proof our result on the absolute continuity properties of the solution process for different
parameter values.

Proof of Proposition[2.1.1 The necessity of the conditions on the parameters follows from the dis-

cussion subsequent to Proposition the parameter 02/y/¥2e7%% can be estimated consistently

based on a single spatial observation on a bounded time interval and the parameters (g—j, k) can be

estimated consistently based on a single temporal observation. It remains to prove sufficiency of the
conditions on the parameters:

Assertion (7) is a simple consequence of Koski and Loges [50, Proposition 1]: Set Ay = ¥5(72¢?+T)

03 Yo 03

and Ay = 09 (n202 +T) where T’ = 19z — ye and I = 19z — yo- Then, absolute continuity follows from

1

Zio\é _S\Z)2 < 0.

A
>1 4

We remark that in the reference [50] the authors work with an H-valued Wiener process as opposed to
a cylindrical Brownian motion. Nevertheless, inspection of their proof shows that the result remains
valid as long as the condition (L2) from Section is fulfilled. Thanks to (i), we may assume

Yo = 93 /(492) and, hence, I' =" = 0 for the remainder of the proof.
Statement (i¢) follows from the fact that Cov(X;,(x), X¢,(y)) only depends on (g—z, H) in view of

the Gaussianity of X.
For (ii), note that t — Xy (z) is a stationary Gaussian process with covariance function

2 e 2
p(t) =0 Z oW ex (o).
k>1
Let 9 2 20)
1 it 1 [ o e;(zo
= “o(t]) dt = = t)p(t)dt = —
Flosmy ) 2= 5= [ e plltde = < [ cosunpp(tyae = - > e

be the spectral density of t — X;(zg). By Theorem 17 and its preceding discussion in Ibragimov and
Rozanov [42] Chapter III], it suffices to show

dr>1: ILm u” f(o2,9,)(u) € (0,00) (2.23)
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and
fo202) = fia2.9,)

€ L*(R). (2.24)
J(02,92)

To prove these statements, we may assume £ = 0 without loss of generality. Set

0.2

h(0'2,192)(z) = W’ z € R.

By Lemma [2.4.10| (ii), we have
f(0'2,192)(u) = U2 Zh(o' 192 <f> Sln (’ﬂ'el'o)

£>1

1 (Vi [ 1
_u2(2/0 h(gzﬂ%)(z)dz—k@(\/a)), U — 00,

which proves ([2.23). Now, if 02/v/J3 = 62/1/V2, a substitution shows that

/ h(ﬂ,ﬁz)(z)dz:/ hige. 5, (2) dz.
0 0

f(cr?,ﬁz)(u) - f(&2,1§2)(u) _ (1)
f(gz’ﬂZ)(u) — O " s u —r oQ,

which implies (2.24)). O

Before we prove our theorems on lower bounds (Theorems and , we verify their in-
gredients, Proposition [2.1.4] and Proposition 2.1.6] Further auxiliary results can be found in Section
244

Proof of Proposition[2.1.7} By setting a = k?, p = 7?93 and v? = ﬂg—; in Lemma and using
independence of (u;, ¢ € N), we obtain the Fisher information matrix I for the parameters (u,v?),
namely

Therefore, we obtain

M 5 5
(6_4N€2A + €_2M€2A> 4 (e—4uz + e 21T )
(1 — e—2ul?A)2 = NZgH(E\/E), gii(z) := ,

M
(AN
I = NZ (1 _ 672;1‘302)2

=1
M 2
g?Ae—Zul A xZe—Z,uz
Ly = NZ V(1 — o 2nPPAY Nng (VA), g12(x) = 21— o2y’
o (N F )M
2=

The Fisher information matrix J = Jy; v for the parameters (02, p?) can be computed via the change
of variables formula J = AT T A where

A= (U )

0 1/7?

is the Jacobian of the function transforming (o2, p?) to (i, ?). Hence, the diagonal entries of J are
given by
4 4_4
™ o 20 1
Ju = any Jog = ——1In — g Iz + 12
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If M+v/A is bounded away from 0, then I1; can be interpreted as a Riemann sum. We obtain

M~VA
anlnzN?’/g/ gu(x)dm:N?’/Q.
0

4

On the other hand, if Mv/A — 0, it follows from Lemma [2.4.11} and g11(0) = 517 = 5L, 912(0) =

02
2#11,2 = 51> as well as g{,(0) = ¢g{,(0) = 0 that
3/2 M?A 3 A3/2 p* 3
Iy = N*2(MV/Agi1 (0) + 7911(0) +O(M°A%7)) = 27T404NM+ O(M?),
M?2A NM
Ly = N*?(MV/Agi2(0) + —5912(0) + O(M?A%?)) = 252 T O(M?),
ot
Ioo = —MN + O(M).
2= 5 +O(M)

Therefore, the leading terms in Jos cancel and, consequently, Joo = O(M?3). O

Proof of Proposition[2.1.6 For a discrete time, centered, stationary Gaussian process (Z;), ez whose
covariance function depends on an unknown parameter § € R, we denote the Fisher information of a
sample (Zy, ..., Z,—1) with respect to 6 by I,,(Z). A particularly useful result to calculate I,,(Z) for
the above class of Gaussian processes is given by Whittle [78]:

lim iIn(Z) ! /Tr (‘%%(M) dw, n — 0o, (2.25)

n—oo N - Am o (w)

—T

where N
¢w) =D E[ZZe ™,  we[-m,7],
JEZ
is the spectral density of Z. B
~ Setting 0 = 72199, (2.25) cannot be directly applied to the process Z = Uy, for 1 < k < M — 1:
Uy arises from high-frequency increments of the continuous time process Uy and, thus, cannot be
regarded as time series. Indeed, the spectral density <I>kA of Uy hinges on A = 1/N and, therefore,
even for large N, Iy(Uy)/N is not necessarily close to the asymptotic Fisher information defined in
(12.25)).
To circumvent this difficulty, consider the N-th order Fourier approximation to (IDkA:

) (w) = z_: E[U,(0)Ux(f)]e” ™ >0,  we [-m,7] (2.26)
j=1-N

Lemma i) verifies that @kN’A is positive. Therefore, there exists a stationary Gaussian process
Y = (Yi(j))jez with spectral density @ﬁ’A, see, e.g., [12]. Clearly,
) . D = .
(Yi(4)s-- - Yi(G+ N =1))) = (Ux(0),...,Us(N = 1)),  j €N,

and (Yx(j),...,Ye(j + N —1))) is independent of (Yi(h),...,Yx(h+ N —1))) whenever |j — h| >
2N. Consequently, it is possible to extract L independent copies of (Uk(O), o, Up(N — 1)) from a
sample (Y%(0),...,Yx(2NL — 1)) for any L € N. Now, using the fact that a statistic never has larger
information than the data from which it is constructed (cf. [43], Theorem 1.7.2]) yields

L-In(Uy) < Ly (Ya). (2.27)
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For fixed A = 1/N, we can now apply Whittle’s formula (2.25)) for L — oco: For each € > 0 we can
choose L € N such that
IQNL(Yk) < 2NL(1 + E)]}C, (228)
where
1

o
g8 = o 52( Ydw, S := 36, log &2

By combining (2.27)) and (2.28]), we get IN(Uk) < 2N.#. Proving below that
(2.29)

holds uniformly in k = 0,..., M — 1, we obtain In(Uy) < M?log 1755 and the results follows by
independence of the processes Uy, ...,Up_1.

In order to verify (2.29), we only have to consider the integral over [0,7], by symmetry. From
Lemma [2.4.4] we can deduce for w > k2A that

MVA )
Swygd Ve @M
L, w € [k2A, M2A]
and, hence,
" 1
5% (w) dw < M2AL .
k2 A (o3 RVEN
For w < k%A, Lemma gives
S(w) < M
T R e
Since
1 e—0k?/2 1
dw 1 1 3
/0 (W2 + e 0k7)2 = /0 —oerz dw /e_ekz/2 Fdw S exp (2% ) ;

a substitution yields

E2A 2,—0k?
k“e
/ S%( w<k2A/ W+ | dw
0 w? + ek

< M2A (1 1 R0k / 1 dw
0

(w2 + e—9k2 )2

and the proof is finished. O

>§M2A

We can now conclude the main lower bounds.

Proof of Theorem[2.1.9. As follows from the discussion subsequent to Theorem [2.1.2] it suffices to
show that for each sampling regime there is a reparametrization (y1,72) of (02,792) such that the
corresponding Fisher information satisfies Ja n(7v2) S ra,n locally uniformly. Inspection of the
proofs of Propositions and shows that the bounds on the Fisher information are indeed
locally uniform.

(ii) Case M/v/N > 1. For L € N define the process XTI via XF(y) = ZZLZI up(t)ee(y), t >
0,y € [0,1], and let X%\, = {X(y), i = 0,.. -1, k=0,...,M} as well as Xn n = ATy,
Denoting the corresponding covariance matrices by P v and E ~,m and using the bound on the
total variation distance of Gaussian distributions due to Devroye et al. [30] (see also (3.4))), we obtain

TV(N(0, Sy ), N (0, 5% 1) < 215345 Sk s — EvanEniille < IS8 IS5 0 — Svolle.
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Consequently, we can pick a sequence Ly — oo such that XJ{“,I}'/IM and Xy are statistically

equivalent in the sense of Le Cam and it is sufficient to derive a lower bound for XAL,Z\;[M , Or even
{ue(ti), t < N, ¢ < Ly ). Assuming Ly > M without loss of generality, for this observation
scheme Proposition yields under the parametrization (02 /12, 0?) that

Jun(0?) SN2 A LY = N3/2 = ry

Case M//N — 0. For b € QN (0,1/2), write b = p/q where p € Z and ¢ € N such that y, =

%W, k < M, and, consequently, {yx, k = 0,..., M} is a subset of {2z, k = 1,...,qM — 1}

where z = (ILM Now, ¢M+/A — 0 and since ¢®>M? log (m) < M?3log (Mle) Proposition [2.1.6
implies under the parametrization (02/1/J2,92) that

JM7N(192)§M310g( )ZTN7M.

1
M2A
(4) If min(M, N) remains finite and M/+/N > 1, then N necessarily remains finite and the result
follows from (i7). On the other hand, if M/v/N — 0, then M must remain finite. Like in the proof
of (1), extend the set of spatial locations to {zx, k < ¢M} and consider the corresponding processes
U, k=1,...,¢gM —1 from . A similar calculation as in the proof of Proposition shows that
for any k < gM, the laws of the independent continuous processes {U(t), t < 1} are absolutely con-

tinuous for different parameter values (62,19;) and (62,795) as long as 62/y/J3 = 62 /v/05 and, hence,
consistent estimation of (02, 15) based on continuous or discrete observations is impossible: Note that

the spectral density of the time-continuous process Uy is fx(u) = # Eeezk h(o2 9,) (ﬁ) ,u € R,
u

where h(,2 y,) is defined in the proof of Proposition Now, a Riemann sum midpoint approxi-
mation, see Lemma [2.4.10] shows that

1 k+2M0 1 (Va [™ 1
E h rremr) o | Y2 h d O —
2u? (o%92) ( Vu ) 2u? <2M (k—M)//a (002 (2) 4 + <\/ﬂ>> 7

>0
_ 1 oM — k + 2M/{ 1 (Vu [* 1
5= g S () = (zM ooy D ETO (w)) |

£>0
as u — 00. Since h(s2 y,) is symmetric around 0 we obtain

fif ()

i) = £+ Fe ) = o (37 [ a0 (),

w2
from which equivalence follows as in Proposition [2.1.1 O
Proof of Theorem[2.1.7 The proof of (i) can be done in exactly the same way as for a finite time
horizon. To prove (ii), set a = 1, 0% = vy and p = Ny = 720202 + 93 /(492) — Yo in Lemma [2.4.2

Applying the transformation rule for the Fisher information like in the proof of Proposition [2.1.4]
yields that the Fisher information for 9o of the sample (ue(t;), i < N,¢ < L) is given by

L L
1 1
J Do) =T —g(AeA —
~,a,L(Y0) Zkzg( ¢ )+ZQ>\%
=1 (=1
with
B 2$2(e—4w + 6—2;8) _ 4x<e—2x _ e—4x> + (1 _ er)2
N 22(1 — e—22)2 ’
Insertion of the Taylor approximation of second order for the exponential function shows that g is

bounded on Ry and, hence, Jy a (o) S T holds uniformly in L € N. From here, the result follows
as in the proof of Theorem [2:.1.2] m

x> 0.

g(z)
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2.4.2 Proofs for the central limit theorems for realized quadratic variations

We first prove the generic central limit result in Proposition Afterwards, we can verify the
central limit theorems for realized quadratic variations based on spatial increments (Theorem [2.2.3])
and double increments (Theorem [2.2.7)).

Proof of Proposition[2.2.1} Since ¥, = @, A,Q, for an orthogonal matrix Q,, € R > and a
diagonal matrix A,, the vector Z,, has the same distribution as B, X" for B, := QEAI/2 and
X" :=(Xy,...,X4, ) with independent standard normal random variables (Xj)recn. Denoting A, =
diag(ai n,- - ., a4, n), we obtain S,, = ZInAnZ.,n 2 X"TBZA,LB”X". Furthermore, B, A, B,, is
symmetric such that B; A,B, = PnT I', P, where P, is an orthogonal matrix and I'), is a diagonal
matrix. Since P, X™ ~ N (0, Ey, ), we conclude as in Mathai and Provost [62] p. 36] that

dn
Su 2 X" BT AuBy X" = (P X")TT(P,X") 2 X" T, X" =3 i X7

where 7;.,, i < d,, are the eigenvalues of B,l A,,B,,. The statement now follows by Lyapunov’s condi-
tion and || B, 3 = | Zala:

n 2 2\4
Zl 17, nE ((Xk - EXk) ) o Zf;l ’Yﬁn < maXi<d, %‘2,71 _ HBTT;ATLBHH%

(VarSn)2 - (Edn 2 )2 ~ Zjil ’yin VarSn

i=1 ,yz,n

VarS,, VarS,,

Throughout, we use the notation

Dsf(x) := f(z + ) = f(=),
D3f(x) = f(z +20) — 2f(x +0) + f(x)
for a function f : R — R. We now prove the central limit theorem for space increments.

Proof of Theorem[2.2.3 In Steps 1-3 of this proof we show the central limit theorem under the as-
sumption that Xy follows the stationary distribution. The case Xy = 0 is treated in Step 4. We
abbreviate the (rescaled) space increments by
Si = (6M X)(t;) and Si := ™ /2(FM X)(t;).
Step 1. We calculate the asymptotic mean of Vi,: Application of the trigonometric identity
yields
"2 ey + )f eo(@))e" 2 (ery + 6) — er(y))
=2 (e*% U(z + 6)) — sin(mlx)) (e*%‘s sin(ml(y + 6)) — sin(mly))
=9(6) (2co ( ( ) — cos(ml(y —x —0)) — cos(ml(y — x +0))) (2.30)
+ (9(26) + 9(0) — 29(6))(cos(ml(y — x)))
+2g(8) cos(ml(y + xz + §)) — g(0) cos(ml(y + z)) — g(20) cos(ml(x + y + 26))
where g(z) = exp(—krz/2). Plugging in = = y gives

e (er(y +0) — eu(y))”
= 29(0)(1 — cos(mtd)) + (9(26) + g(0) — 29())
+2g(0) cos(ml(2y + 8)) — g(0) cos(2mly) — g(28) cos(2ml(y + §)) (2.31)
= 2(1 — cos(mld)) + 2(1 — g(d))(cos(mld) — 1) + (g(26) + g(0) — 2¢(d))
+2g(9) cos(ml(2y + 9)) — g(20) cos(2ml(y + &)) — g(0) cos(2mly).
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Writing

we, thus, have
E (e (Xy(y +0) = Xu(y))*) = 0* 3 o (euly +8) = euly))’

= 0% (—2Ds f(0) — 2D;5g(0) D5 £(0) + f(0)D3g(0) — D3 (g(-) f(2y + -))(0)) .

Owing to its closed form expression in ([1.16), we see that f € C;°([0,2]) and f'(0) = —ﬁ. Hence,

EWW&@+®—XMMQZ—%VWD6+@®%=%gW+@®ﬂ

For y = yi we obtain the asymptotic mean

a

B(Vey) = 5o

+ O(9)
and, in particular, under the condition N/M — 0,
2
¢MNO@—;§):VMNW§—EW§D+MH
2

Step 2. We calculate the asymptotic variance: Recall the relation
COV((gik)2, (gjl)Q) =2 COV(Sik, gjl)Q
from (2.7). Together with the symmetry Cov(S’ik, S’jl) = Cov(gjk, Sil), this implies

2

Var(Vep) = Fapzgs

U1+’U2+U3+U4>

where

vg =2 Cov(gik, 5};)2, vy =4 Z Cov(gik, Sjl)Q.

We have already shown that Var(S;;) = E((Si)?) = % -8 4+ O(8?). Therefore,

4 N ot N
— NMs2 L — )| =NM&? —; — .
U1 ) 419%+0<M2> ) 419%+0<M)

In the sequel, we show that the remaining covariances do not contribute to the asymptotic variance.
For vy, we define w := ¥ (72 A(724T)) > 0 such that A, > wf? for all £ € N. Since (e¢(yrr1) — ee(yr))?
< 1252, we get for J = |i — j| > 1 that

~ ~ 2 e_AEJA 2 e—)\zJA 2o
Cov(Sik, Sjx) =%y o GWWW@HQ—W@U)S§:454%5
1 =1 M

52
S 62 e—wézJA 5
; VJA
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where the last step follows by Riemann summation with mesh size v/JA. Since lfv’ﬁg < A5 =
N1 50
M2T ’
Mot XL NMst L1 Nlog N N
< < _ = _— = —_ .
L X g g0 (es) = (W)

To bound v3, we follow the same strategy as for the mean: since (2.30) consists exclusively of second
order differences we have Cov(S;x, Si) = O(8?) for k # . Therefore, v3 = O(NM?2§*) = o(N/M).
To estimate vy, we deduce from (2.30) for k <! and J = |[i — j| > 1 that

Cov(Sik, Sit) = — 9() D3 f1a (w1 — Yrt)
+ fia (yr — k) D3g(0) — D3 (g(-) faa (yi +yr + ) (0)

where
Aot

fily) = 0* Y S cos(ty).

>1

By Riemann summation we have f/'(y) < Zezl e Mt < % On the other hand, by Lemma [2.4.8

< 1

7 < 1 Eef)\kt
Yyn(2-y)

su
t(y)NyA(2—y) b

Therefore,
1 1
"(y) <B(t,y) = ——— A —.
Y) =< Y
¢ ) (&) yA2-y) Vi

Similarly, f:(y), fi(y) < B(t,y) can be shown. We conclude

N—-12M-2 N M

2 2
uSNM YN 54B<m,]@> g%ZZ%Ai

i=0 k=0

N Y 1 M? N X M N3/2 N
x| ¥ xt ¥ s vsSamm-e(i)

=1 \k<MViA M>k>MViA

VN _ N
where the last step follows from VA = M

X — 0. Summing up, we have proved that

S

ot 1 1
Var(Veo) = 552" 3w 0\ var )

Step 3. To prove asymptotic normality, we interpret the number of temporal and spatial ob-
servations as sequences M = M,, N = N, indexed by n € N and consider the triangular array
(Z5, k < My,i < Np,n € N) where Z]} := Sir/V/NMSJ. Since Var(ziyk(Zi’}C)Q) ~ (MN)~!, Propo-
sition [2.2.1] applies if

1

W(Zwov(éik,ém)z 0

/L)

holds uniformly in j < N,l < M, in view of criterion (2.8). The covariance bounds in Step 2 yield
uniformly in j < N,k < M that

> [Cov(Sjk, Sjn)| = O(5),

k<M

> 1Cov(Sit, Sjo)| = O(*VN/VA),

<N
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2 N
> [Cov(Sa S)l) S MN ST [Cov(Si, Si) 2 = o(N/M)
i,k %], k£l

where we have used the Cauchy-Schwarz inequality to obtain the last bound. It remains to note
N/M — 0 and NA > 1.

Step 4. To show that the central limit theorem also holds for the vanishing initial condition, let
X? be the process with £ = 0 and & := S(t)€, where ¢ follows the stationary initial condition
and is independent of X°. For these two processes, denote the rescaled space increments by

S?k = e“y’“/2(5MX°)(ti)7 Ly, = ™2 (&, (ynr1) — &b, (yn))-

We show that 575 ((S?k) gfk) = 0,(1/VMN), then the result for zero initial condi-
tion follows from the result for statlonary initial condition in view of Slutsky’s lemma. To that aim,
we expand

1 N—1M-— 1 1 N—-1M-1 9 N—-1M-1
NG [ — —— G0 f .
NM6 = = S ) NMS ; ZO ik NMS ; kZ:O zkIZk : Al +A2

Eod
|| i

and show that E(|41]) = o(1/vVMN) and E(A

theorem and the Riemann sum argument,

) = o(1/(MN)). First of all, using the mean value

[ V1)

~ o? . Congts - 02
E([}) = Z o © T (ep (i) — ealyr)) et S 67 Ze Mt < NG
>1 M >1 i

1 1 1 1 1
E — < <—=o0
Next, we treat
4 N—-1 M-1 o
E (Ag) = (NM5)2 E(Ssz?l)E(IikI]l)
1,j=0 k,l=0

Comparison of terms yields that
1
NM waTe 2 2 BSRSB(Lly) = O(MN)
i#£j k#l

can be shown in exactly the same way as W Doitj Dokl E(Si5;)% = o(ﬁ) from Step 2 of

this proof. For the other terms, it follows from

o 52 o
that
N—-1M-1
1 1 1
NMS)2 o kl:OE ik (i) < NM(S 5 Z TA VEANVT O(MN)’
N—-1M-1
~ 1 é 1 1
Y Y ES L) < Soo—_—= =0
(NM(S (NMO) e 2o (NMOP 2= \Ji+ A MWT (32%)
for N/M — 0. O
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The proof of the central limit theorem for double increments (Theorem is similar to the
previous one, but the more complex covariance structure of the double increments has to be taken
into account carefully, see Section The (asymptotic) mean of the rescaled space-time increments,
as stated in Proposition [2.2.5] is the first step of our proof. In the following, we write

Dip = e"¥/2D,,. (2.32)
Proof of Proposition[2.2.5 Step 1. We show asymptotic independence of T, i.e.,

1—e™ ™ 29502 A

—022 200 (ee(yrs1) —eg(yk))z-i-(?(é\/g (5/\\/Z)) :

>1

Define f(z) := 17;%. A first order Taylor approximation of f yields

E (D},) = 0®A)  f (7°020°A) (eo(yns1) — eelyn))® + R
>1

where

RS AN F(02(r + &) A) (eolw + 6) — er())?

>1

for some |&| < |T'|. Since
2
(ee(y +0) —ex(y))* S (e*m?/?(sm(wz(y +6)) — sin(wly)) + sin(rly) (e "0/% — 1)) S 1A (65)?

and noting that f’(z?) and 22 f’(2?) are integrable, we deduce

RS AN (LA (60)%) f (02(n*0 + &)A) = O(AY2 A (82VA)) = O((6A) A (3*VA)).

£>1
Step 2. We verify (i): Thanks to Step 1, we may assume \¢ = w2202, It follows from that
E(D2) =o%e "V (Fﬂz (0,A) (1+e7) = 2Fy, (5, A)e_“‘S/Q)
— 0%~ DE(g() Fo 2y + -, 4) ) (0),
Consequently, it remains to show

D3 (9()Foa(2y +-,4))(0) = O (sVA (54 VA) )

uniformly in y € [b,1 — b]. As before this is done by showing

2
Fy,(x,A), 78F792(x,A) <A and 78 FﬁQ(;E’A) < VA
ox Ox

uniformly in x € [2b,2(1 — b)]. By Lemma [2.4.9] we have

Fy,(z,A) AZf (AeA) cos(mlx) = O(A).

£>1

In order to access the first two derivatives of Fy, (-, A), we split it into two summands, namely

1—e A 1
Fy,(z,A) = A; T /\eA cos(mlx) —|—Aez>:1 ( NATh )\gA) cos(mlx) .

=:Hn(z) =:Ga(z)

47



Using the cosine series formula (|1.16)), we can compute

> ot = A e 1)
Ha(x) cos(mlx R —
1927'('2 =1 €2 2 2 1 ) 2

The corresponding derivatives are bounded by
sinh (ﬁ(m - 1)) _ exp (ﬁkﬂ — 1|)
sinh ( exp (ﬁ)

Sew (- Zrlonz-a)) SA

cosh (W(x - 1)) _ exp (— EQA(x A(2 - m)))

H\(z) =
7#)

3

T4

Al s < VA
Klr) = /Asinh (7 ) VA
The derivatives of
= . 1—e *(1+2)
Ga(z) =A Z h(EVA) cos(nlx) with  h(z) := it

>1

can be computed summand-wisely:

GA( AZ (VA)R(LVA) sin(rlz) < A,
>1
Gh(z) = Z(ﬁzA)h(éx/Z) cos(mlz) < VA
>1

where the bounds follow from the Riemann sum approximations in Lemma/|2.4.9] owing to xh(z)|,—0 =

2h(x)|p=0 = 0.
Step 3. We show the asymptotic expressions from (i4): Due to a Riemann sum argument, we
have || Fy, (-, A)|| . < VA and, consequently,

By(5,A) = 2 (Fy, (0,A) — Fy, (5, A)) + Fy_(0, A) [1 om0 26,N5/2}
—2(Fo,(6,8) = Fy, (0,4)) (772 — 1)
=2(Fy,(0,A) — Fy,(8,A)) + O(GVA).
In the case 6/ VA = 0, Taylor’s formula yields

8F192 (O A) iQaZFﬁz (n)A)
Ox 2 Ox?

Fy,(0,A) — Fy,(6,A) =

for some n € [0,0]. We now employ the representation Fy,(-,A) = Ha + Ga from Step 2. Since

0Fy,(0,A)

sin(0) = 0, we have = H,\(0) = —ﬁ. The Riemann sum argument yields

1 cosh ((n—1)/v924)
VA sinh (1/v/024A) N ;(K

5o (-0l V) + (e VA)S -

82F192 (777 A)
0x?

AN

2A)h(EVA) cos(mln)

S

o

48



Therefore,
1

52
Fy,(0,A) — Fy,(6,A) = 39, 5+O<\/Z>'

If §/v/A — oo, Lemma implies

A A3/2
.81 = -2 40 (22)

52
and Lemma yields
2 2
0] — g U2z A 3
= [ PO — /2
Fy,(0,A) = VA /0 S 5+ 0(aY), (2.33)
Since o
/°° 1—e ™ 2z J 1
A
0 209922 Jor
we obtain

VA INE
Fy,(0,A) — Fy,(6,A) = Ton + O ( 52 ) )

Finally, we derive the asymptotic expression for the case §/vA = r, the case §/v/A — r can be
handled similarly. We have

By (6, A) = 2(Fy,(0,A) — Fy, (8, A))e ™2 4 Fy (0, A)(1 + e~ — 2¢7/2)
= 2(F792 (07 A) - F192 (57 A))e_ﬁé/Q + O(AS/z)

and, since 1 — cos(0) = 0, Lemma [2.4.10| yields

1— 6771‘2’!92@2A
Fy,(0,A) — Fy, (rvVA,A) = Z R (1 — cos (WET\/Z)>
>1
VA [ C T (1 con(rra)) ds + O(A?)
= e cos (mrz)) dz i

It remains to compute the integral. By substituting 7 = r/v/f2, we can pass to

0 0

z z

where

To compute A1, note that S(z) + % is an antiderivative of Fzﬂ where S(2) = [, % dh is
the sine integral. Consequently, a substitution and lim,_, ., S(z) = 7/2 yields

hy (7) :f/ 71_005(2) dz =" .
0 2

22
To treat ha, note that h2(0) = h4(0) = 0 and, hence, ho(7 fo Jy 13 (u) duds. Now, plugging in

hy (7) = / e cos(Fz) dz = ?e‘ﬁﬂi
0
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and integrating by parts yields

Fops 7/2 .
ha(F) = \/27?/0 /O e~/ Gy = \/Ef/O e du + /7 (e*”/4 - 1) .

Thus, the claim follows from

hi(7) — ho(7) = %7: (1 _ % /07”'/2 - du) - (1 _ e—F2/4)

F\/%/F:elﬁdunt\/?r(le'ﬂ/‘l).

We now conclude the central limit theorem for the realized rescaled space-time variation.

Proof of Theorem[2.2.7]. Step 1. We prove the central limit theorem for the case of a stationary initial
condition: Asymptotic normality follows just like in the proof of Theorem [2.2.3] and it remains to
calculate the asymptotic variance. Using the notation from the proof of the latter theorem (with
space increments replaced by double increments), we have

Var(V)

2

— WM(’UI + vo 4+ v3 +U4).

To determine the asymptotic variances, we have to distinguish the three different sampling regimes.
Case §/v/A — 0: By Lemmas and [2.4.6, we have

. 4
Var(Dy;)? = %e_”‘s 62 + 0(8?),
2

~ ~ 4
Cov(Dri, Dyigr))? = %e—ms +0% + 0(6%)
495
as well as
- - 52
COV(Dki,ij)220(|i_j|5)7 |’L_.7| 22’

oD D=0 (=i (g a)) - +#

The latter covariances are negligible for the asymptotic variance since

cf. the proof of Theorem
claim.

2.2.3

M? 1 M
I COEIEF S
2 A~ A

k<M

Inserting ®% (5, A) = ‘31_9—;852 + 0(6%) from Proposition
2

Case /A — 0o: By Lemmas and we have

Var(Dy;)? = ﬁe—ﬁé A+ o(A)

ki - 7{_192 )
~ ~ 0'4

Cov(Dyi, Djy1)i)? = ——e " - A+ o(A).
7T192

2.2.5

yields the

From J — 1+ J +1—2VJ=0(J"3?) and VA/§ — 0, it follows for .J := |i — j| > 1 that

- . 4 2 A
COV(D]“',D]W')2 = ;7 (\/J—1+\/J+ —2\/3) e_”‘5~A+O() +O(A3),
2

J3/2
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Cov(Dyi, Diji1y;)? = (ﬁ+ VI+1- 2f) A 4o (ﬁ/z) + O(AY).

4192

Note that the O(A?)-term is negligible for the asymptotic variance since

T
N2MA® = MNA-NA? = MNA - i “MVA VA =0o(NMA).
The remaining covariances do not contribute to the asymptotic variance since for |k — I| > 2, we have
~ - Ad? A2 M2
Cov(Dyi, Dij)?> = O | ———— Ol ————— | -
(b 00" =0 (7575 ) +© (5 e =)

The claim is now proved by inserting ®3(5, A) = %%e’“éA + o(A) and noting that for the function

9(j) = (V7 —1+j+1—2j)? we obtain

1Nfl 2N 1 4
NZ (Ji —j]) = NZZg —>2§:g N — oo,
i,j=0 =1 j=1 j>1

1#]
as the Cesaro limit.
Case 6/v/A=r € (0,00): For f:R? = R, we define

Dif(z,y) = f(x +2,9) + f(z,y) = 2f (@ + Ly),
Dif(x,y) = flz,y+2)+ f(z,y) — 2f(z,y + 1).

We show that the asymptotic variance is given by C(r//J2)c* where

) = e ST AL (). Agalh) = (DED2GA) (5 = 11| = 1) (234
AGo(h) jien

and

x? 2
\/7H (\/|L|> 1¢i20y, H(z) := ﬁ (exp <4> — xL/z e ” dz) . (2.35)

With Fj A from Lemma define

A 2D5Fj;—j,a(0), L=k,
s DﬁF‘h—]\,A((“{:*” 71)5)7 17& k

with 6 = 7v/A. Then, Lemma reads as

i A3/2
Cov(Dig, Dir) = —0%e /%2 1+ O ((J+13/2)> ' (2:36)

Since each term §ﬁ 1, is a Riemann sum multiplied by VA, we have for J, L > 0 that

lim A~ 1/2€A _ 2(\1"7’(‘]& 1))_\117“(‘]’0))7 LZO,
A0 U, (J,L-1)+ 9, (J,L+1)—2¥,(J,L), L>1
where
X1 e T Ya22
2T T cos (mrLz) dz, J =0,
U, (L) = o T2
T( ’ ) T 0 2€7J7T2192z2 _ ef(J+1)7r2192z2 _ ef(Jfl)ﬂ'Qﬁng

/0 SRS cos (mrLz) dz, J>1.
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By symmetry of the cosine function,

~ —1j2p _ _
lm ATV, = (\IIT(J,|L| 1)+ U, (J,|L] + 1) 2\I/T(J,\L|))

also holds for negative L. Hence, we can write for all L € Z, J > 0 and with G}, from ([2.35):

0 2€7Jﬂ-219222 _ ef(J+1)7T2’L92Z2 _ ef|J71\7r219222
(J,L) = / cos (mrLz) dz
0

2m209522
= (G sl +1,0) + Gy (T~ 1,1) = 26, (. 1)) [/
where the last equality follows from
Gy G0 /°° 1 — e liln?022?
Vs o 2m0522

which may be shown analogously to the calculation of ¥y, (r). Consequently, for all J € {1-N,..., N—
1}and Le {1 —M,...,M — 1}, we have

lim A7Y2¢; 0 = —AsL(r/\/02)/\V/ D2

M,N—oco

cos (mrlz) dz, il e,

% S f+1 for J > 0 and - from the

The usual Riemann sum argument shows Fj A (0) <
proof of Lemmaylelds Fya(Ld) < (J+1)L6 < (J+UC+1) for J € Ny and L > 1. We obtain

C1/24A  _ 1
. g“O<<|J+1><|L+1>>’ Mt (2:37)

Therefore,

=0 k=0 4,7=0 k,l=0
20_4 N—-1 M-1
A
= Wara 2 O () o).
i,j=0 k,l1=0

By dominated convergence and taking Cesaro limits twice, we conclude

—1M-1 N—-1 M—-1
M,lzivnioovar<\/7 > 2D >_M1N%o 9y NM 2 D Al nalr/ Vi)

i=0 k=0 i,j=0k,l=0
20’
= ZA (r/\/92).
i, kEZL

Since y,(r) = —Ag,o(r/vP2)/v P2, we have ®F(6,A) = e A 4(r/v/02)/V2 - A + o(A). Finally,
dividing by limps, n—oo AT B5(6, A) = AF o(r/+/T2) /92 yields the claimed asymptotic variance.

Step 2. To show that the central limit theorem also holds for the zero initial condition, we proceed
as in Step 4 of the proof of Theorem Again, let X? be the process with € = 0 and
& = S(t)¢ where ¢ follows the stationary initial condition and is independent of XY. For these
two processes, denote the rescaled double increments by D?k and I, respectively. We show that

E(|A1]) = o(1/v/MN) and E(A2) = o(1/(MN)) with

N—-1M-1 N—-1M-1
A= I? Ay i m ——— DY I
! NM%&A 2_:1 ;;) ik 2 NM%&A p kZ:O ik ik
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First of all, using the Riemann sum argument,

2
g .
E(I}) =) o (1 —e™2)2e M (eg(yp1) — ealyn))?
2\
0>1
_ 52 \/Z
SAEEAAN)Y e 2t S A2 AN = .
( ; © ( i A3/ Z3/2
In the regime M+v/A > 1, we have &4 (5, A) = § and, thus,
B(AL]) < 1 N”MZ” 5 M 1 ( 1 )
WSNM & & JAP2 ~uNVA ~ vt - \varw )

In the regime M+v/A — 0, we have ®4(5, A) =~ v/A and, thus,
M

L -1 1 1 (MJK)Wf( 1 )
> N~ VanN (NDYE - O\aN /)

E(Lixlj) =) ;Tg(l — e MB)Ze M) (e (1) — eo(yi)) (ee(yigr) — ee(m))

£>1
62
5 A262 )\%e—Q)\g(ti-‘,-tj) S,, A262(tl +t‘)_5/2 — )
= T VRG
Due to N N N
-1 —1 —1 0
1 1 1 1
< — <Y <Y <
JZ (i + 7)5/2 £y o 572 - i3/2 ; i3/2

and E(D?kbgl) =~ ®y(5,A), we obtain

4 N—1 M-1
2 0 70
Bl = (MN®y(35,A))2 ;1 kZO E(LiwI;)E(D}.Dj)
1 M@ AVA) _

1
e (MN(§ AVA))? VA Y (MN)2VAGAVA)

In the regime Mf = 1, the above term is of the order
is of the order yz~= = o(57x). This finishes the proof.

1
MN3/2\/T

2.4.3 Proofs for the estimators

= o(52y) and, for MVA — 0, it

Propositions [2.2.10] and [2.2.11] follow immediately from the central limit theorems for the realized

quadratic variations and the delta method.

Before proving Theorem [2:2.12] we introduce some notation that will be used throughout the proof
and we state the asymptotic covariance matrix explicitly. To simplify calculations, we will assume

that the target function Ky as is parameterized in terms of

Mo := (02,192, K)
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such that minimizing Ky ps with respect to n € H is the same as minimizing with respect to ny € Hy
and then multiplying the second and third coordinates of the minimizer to obtain the estimator
for ;. The corresponding parameter space is given by the compact set Hy := {z € R® : 2z =

(02,092,901 /092) for some (02,92,91) € H}. Recall the definition of A; () from (2.34) and for any
ik € 7 let

Ay = —Kik(r/\/02)[ VD2, A=) (AR

ikeZ

Bjj, =245 + Ali_1)k + A1)k B,:= Y (Bp),
ikel

Cir = A + Az Cr = Z (Ch)?.
ikeZ

In terms of

4 2 > 2 4 2 o 2
H(x) ::\/x%(l—e_x +2x/ e ” dz>, H’(x):ﬁ(l—e_”’ +4x/ e dz),

x > 0, we have ¢y, (r) = %H(z\;@) and %1/%92(7”) = fH’(2\;fz)@. Denoting r; := r/v/i, the

3

gradient of 79 — f},o(z) is, thus, given by

2

i i i 2 % !
o= () = e ) 507

and we define A A
by (2) ==e gy (2)
1-b

fori =1,2and z € [b,1-b]. Moreover, we write (f, g) := 55 [, f(x)g(x)dx for f,g € L*([b,1-b)).
We will prove that the asymptotic covariance matrix is given by

Q =Jvtuvtyt (2.38)

where U =U(ng),V = V(no) and J = J(ng) are defined via

Uy o= ot (24, (008, ) ()00 B (02,0 (12,0 VIO (B2, e (2,0, 00 + (B2, ) (L, ),00) )
‘/’L'j =2 (<(g71;0)17 (g'rlyg)j>b + <(g7270)1v (972;0)]>b) 5 Za] € {1’ 2’ 3}3
and
1 0 0
J=10 1 0
0 k ’192

Proof of Theorem [2.2.12 The proof uses the classical theory on minimum contrast estimators, see,
e.g., [27]. In particular, the mean value theorem yields

—Kn v (m0) = Ky (o) — Ko (o) = (/0 Kn (o + 7(f0 — o)) dT) (0 — 10)

as soon as [fjg,no] C Hp, where K ~N,m and K ~,m denote gradient and Hessian with respect to 7y,
respectively. In the sequel, we will verify that K as is associated with the contrast function

n n 7 i = 1 = i i
K(no, 7o) := Kl(no,ﬁo)+K2(7loa770) where K" (1o, 7o) := 1-9 ) ( no(z) - ﬁg(z))2 dz
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(Steps 1-2), show consistency of 7y (Step 3), prove asymptotic normality of Ky (1) with covariance
matrix U (Steps 4-7) and deduce stochastic convergence of fol Ky 1 (mo+7(flo—10)) dr to the invertable
matrix V (Steps 8-9). Then, Slutsky’s Lemma yields VM N (g — 10) = —VMNV (10) " K ar(10) +
0p(1) N N(0,V-tUV ). Finally, since J is the Jacobian matrix of the mapping 19 = (02,92, k)
(02,94, kl2) = 7, the result follows from the delta method. Throughout, we work under Assumption
(ST). The case Xy = 0 can be treated by employing similar approximation arguments as in the proof
of Theorem in Steps 2, 3, 7 and 8 of this proof.

Step 1. We show that K is a contrast function in the sense that, for each 79, the function
7o — K (n0,70) attains its unique minimum in 7o = 7o. Since f; (-) is continuous, it is sufficient to
show that (f,,f2) = ( %O, %0) holds if and only if no = 7jo. Clearly, (f},f2) = ( . %O) holds if
and only if k = & and o2y, (r;) = 521/11% (r;) for i = 1,2. Therefore, in order to prove identifiability,
it is sufficient to show that ¥o — g, (r1) /19, (r2) is injective, which, in turn, is implied by strict
monotonicity of H(ryz)/H(r2z) in z > 0. We show that the corresponding derivative or, equivalently,
the function z — H'(r1z)H (raz)r1 — H'(rez)H(r12)r2, is strictly negative for all z > 0: For « > 0,
define p(z) = f;o e=* dz and q(z)=1- e A simple calculation shows that

H'(r12)H (r22)r1 — H'(rez)H (r12)re = %7’17"22(])(7"12’)(](7‘22)7’12 - p(rgz)q(rlz)rgz)

which is strictly negative if we can show that p(b)g(a)b — p(a)gq(b)a < 0 for all 0 < a < b. Now, a
substitution yields p(z) =z [~ et dt and q(x) = 222 fol se~®"5” ds and, therefore,

1 oo
pO)a(@) — plalalbla = 2027 [ [ (7 o) s <o
0 Ji1

follows from negativity of the integrand.
In the sequel, we follow the series of arguments from Theorem 5.1 of Bibinger and Trabs [9].
Step 2. K is the contrast function associated with the process Ky ps in the sense that Ky ar(70)

P
% K(no,70), N, M — oo, for all fjp € Hy: Recall from the proof of Theorem that for 4, j,k,1 €
Ny, we have

Cov(Dyg, D) = o2e—r Azt e 6] e 2.39
VDo Par) = e T G+ O\ ) (239
VA
=0 (2.40
N ESEESY )
and limy a7 o0 A‘l/Qﬁﬁj7k_l = Al = —ANip(r/V/U2)/v/J2. Now, in terms of
1 N-—1
rie(no) = D3 /VA = f1 (z1),  Ril(m) := N 2 ik(0),
=0
we can write
R 2
Ky (7o) = (fo, (zr) = f3 (21))
k=0
9 M-1 1 M-—1
+ Z Ri(no) (fo (2x) — £, (21)) + i Ri (o) (2.41)
k=0 k=0

Clearly, the first summand converges to K!(no, 7). To prove that the other two summands are
negligible, note that

E(riry) = B ((D3/VA — E(D3/VA) + O(8))(D4/VA ~ B(D}/VA) + 0(A)))
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1
= KCOV(D’L?kﬂ D)+ O(A?)

1
2(|k =1 +1)2

_E ov 2 2
— < Cov(Da, Dy)? + O(A) = O((Ii—j|+1) >+O(A).

By Markov’s inequality and boundedness of ¢(-) = fL (-) — f1 (-), we have for any € > 0 that

7o 70
M—1 M-
( Z Rio(zr) ) < - Z |E (RxR;) ¢(zk)p( Z (RiRy) |
k=0 k,1=0 1=
M—1 N—1
S M2N2 Z Z |E rlklr.ﬂ | - O( )
k,1=01,7=0

and, hence, the second summand in (2.41)) converges to zero in probability. For the third summand,
the same conclusion holds since

M—1 | M M—1N-1
< ZR2> =7 ZE(R% _MN2 Z ZE rikTik) = o(1)
k=0 k=0 ,5=0

and L!'-convergence implies convergence in probability. K ]2\, s can be handled similarly by considering
a decomposition into two sums of non-overlapping increments:

_ 1 _ 1 _
Br(m) =21 5% > Falmo) + N > Falm)
i<N-—1 i<N-—1
i is even 4 is odd

where 7ix = D3 /V2A — f2 (k).
Step 3. Consistency of 7y follows from uniform convergence in probability of the contrast process.
Since Ky a and K are continuous, this, in turn, follows from

Ve >0: lim limsup Py, sup |IKnv(m) — Knv(ng)| > €| =0
h=0 M, N—co Ing—ng'|<h

By compactness of the parameter space, for each a > 0 there exists h > 0 such that || f;{) -
ff]gHoo, ||(ff76)2 - (féé,)QHoo < a for all |n) — n{/| < h. Therefore,

(KN (m6) = K ar (16)]

g M-l | Nl | M-
D2 1 1 1 2 1 2
S s (N\/Z ; ik) | Fagy () = Fog (i)l + 57 2 [fo (2% = far (21)?]
M—1 N-1
2 1
<a|— — > D§k> + 1)
(M k=0 <N A
and, hence,
limsup Py, ( sup Ky a () — Ky, (n6)] = s)
M,N— o0 ‘770 77 |<h

1
< limsup ~E ( sup Ky p () — K}V,M(né’ﬂ)
M,N—oco € [nf—n |<h
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a o M=} 1 = a
< limsup “E | = — 3" pz)+1) <t
e 28 (5 5 (v ) 1) <

0

The same argument applies to K 12\, v and the result follows.
Step 4. Let Iy, Fy € C1(]0,1]) and (ag)rez be absolutely summable. Then, we can write

l z_: lFl 2k F2<Z[) - (F1<Z0)F2(Zo) +"'+F1<Zn,1>F2<Zn,1))

3

a
+ - (Fa(21)Fa(20) + -+ Fa(zn0-1) Fa(2n2))
a_
+ 71 (F1(20)F2(21) + - + Fi(2n—2) Fa(2n-1)) + -
and, consequently, we have %227:10 ap—1F1(z1) Fa(z1) — (F1, Fa)y - ) ey G, 7 — 00, by dominated

convergence. '
Step 5. We show that the asymptotic covariance matrix of vV NMKn a(no) is given by U: We

have Ky s (10) = K]1V7M(770) + K}V,M(WO) as well as
o M1 ;| Nl
1 _ 2 1 1
KN,M(WO) =T (N\/Z ; D3y, = fas (Zk:)) gno(zkz)

and similarly for KJQV v (M0). Using Isserlis’ covariance formula (2.7)) in connection with (2.39) and
noting D;, = Djj, + D41k, it follows that

zk+l A3/2 2
o e Z+O<<|i—j|+1>3/2)> ’
2

m-afe
_ _ _zk+zl A3/2
COV(D?]C7D = < Jk‘ l+£’L j—1,k— l+£’b j+1,k— l)+0((|>) 9
<

COV(DZ'le

i—j|+ 1)372

2
_z;ﬁa A A3/2
o Ol ———
i— J,k l +£z—g—1,k‘—l)+ <(|i—j|+1)3/2

3, the first summand in the expansion

Cov(Dj,, D)

Now, for any 1 <e, f

Cov((En,a)es (Kn,ar)g) =Cov((K R ar)e: (K ar)5) + Cov((KXar)es (K ar)5)
+ Cov((B N ar)es (KR ar)#) + Cov(BR ar)es (KN ar)p) (2.42)

is given by

Cov{(k ar)e: (K an)) = s Z Z V(D3 D2) (93, )e(a1) (9, ) 5 ().

Like in the proof of Theorem the covariances may be replaced by their asymptotic expressions,
due to dominated convergence. Further, using (h; )c(2) = e7"*(g;, )c(2) and Step 4, we have

MN - Cov(Kkar)er (KYar)s) = 80% 37 (A70% - {(hh)er (Bh) o My N = oo,
i,kEZ

Analogously,

MN - Cov(K3 ap)er (K3ap)p) =+ 40* ST (BL? - (B2))er (W) b M,N = o,
i,k€EZ
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MN - Cov((KN ar)es (KR ar)p) = 4V20% > ( ((hy)es (R £)bs M, N — oo,
i, kEZ

and insertion into (2.42)) yields the claimed asymptotic covariance matrix.
Step 6. U is strictly positive definite: It is sufficient to show C). < /A, B,., then it follows for any
a € R*\ {0} and H, = Y7_, a;(hi,);, i = 1,2, that

a'Ua = 40* (zATHH;ng + B || H2|§ +2V2C, (H], H§>b)
> 40t (QATHHQHE + B.|H2|[} +2v/2A, B.(H, H2>b)

2
= 80 H\/2ATHO£ + VB HE|

>0

where we may assume (HL, H2);, < 0 since, otherwise, o' Ua > 0 follows immediately from the first
equality. Now, consider (A7) and (Bj,) as elements in the Hilbert space ¢* of square summable
sequences indexed by Z x Z. Clearly, A, = [|[(A7 ,)||7., Br = [(B} ;). and a direct calculation shows
that C, = ((A},), (B]}))ez. Thus, by the Cauchy-Schwarz inequality, we have C, < /A, B, and
equality is ruled out by the fact that (A}, ) and (B],) are not linearly dependent.

Step 7. We show v/ NMK}V’M("’]Q) N N(0,U) under P, : In view of the Cramér-Wold device,

we have to prove vV NMa Ky s 2, N(0,a"Ua) for any o € R®. Let s;, and Z;; be given by the

2
relation sikZEk = %&(Z“ka where s;; € {—1,1} is deterministic. Analogously, define 5;, and

Zﬁk. Then, Zn,am = (Ziks Zj1)ij.k, is a Gaussian vector and from Proposition it follows that
VNMa Ky (o) = Sna — E(Sn) + o(1)

where Syar = S ot S s 22 + SN S % 5. Z2, . From Steps 5 and 6, we can deduce that
Var (Sy.a) — o' Ua > 0, N, M — oo, and thus, in view of criterion , asymptotic normality
follows if the absolute row sums of the covariance matrix of Zy 5; vanish uniformly. This, in turn, is

a simple consequence of (2.39)) and (2.40)).
. P .. P
Step 8. In order to prove fol Knar(no +7(o — mo)) dr —3 V(no), we show Ky ar(10) —= V(o)
for any consistent estimator 7y of 79: We have

2 [ 1
KNM770 Zgno zkgmzk) _MZ< \FZD )) 1(Zk)

and analogously for KJQV v~ By using P, (79 € Hp) — 1 and the uniform continuity of ff,o(z) and
its derivatives in the parameter (z,m0) € [0,1] x Hy, it is straightforward to show K as(ij) —

Ky (o) Py o, Now, write V = 2(V! + V?2) where V' is the Gram matrix of the functions
{(g5)15 (95)25 (ghy)3} with respect to the inner product (-, -)p, i.e., Vir = (g5, )e, (95,) 1), 1 < e, f <
3. Clearly, the first summand of Kzlv 17 (1m0) converges to 2V while the calculations of Step 2 show
that the second summand converges to 0 in probability. The same reasoning holds for K3 ~.a(1m0) and
the result follows.

Step 9. V is strictly positive definite: Being Gram matrices, V! and V2 are positive semidefinite
and, consequently, the same holds for V. Clealrly7 the only way V' can be singular is if there exists

a € R? such that 0 = o Via = || Ze 1 @e(gh,)e||, holds for both i € {1,2}. From the particular form

elly
of the functions (gno)e it is apparent that this would imply that aqty,(r;) + a202% =a3=0

for both i € {1,2}, which is impossible. O

Corollary 2:2.14)is a direct consequence of the previous proof.
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Proof of Corollary[2.2.17, We have to prove
Ve >03C > 0 limsup Py (VM3 A N2 — ) > C) <

N,M— oo

or, equivalently,

Ve >03C > 0: limsup P,, (\/M5 A N32|[2% — o] > c) <e

N,M— 00

where 7, is the minimizer of Ky s in terms of the parametrization 1y = (02,92, k), as in the proof
of Theorem [2.2.12} In fact, similar calculations as in the latter proof show that its Steps 1-3 and
8-9 remain valid. Consequently, we have the representation —KCn ar(nm0) = Viv.ar (15" s 10) (7™ — mo)

~ 1 0 - . P
where Vs (70, m0) = [y K (o + 7o — no)) dr as well as Viv ar (75", m0) — V(1o), where V(1)
is an invertible deterministic matrix. In particular, the set

U v,w

Ay = {Vu (5™ mo) is invertible with ||V ar (g™, 1m0) ™ 2 < IV (10) |2 + 1}

satisfies P, (An ar) — 1. Further, K ~,m (o) can be written as an average of expressions of the type
K, v from Theorem [2.2.12so that the calculations of Step 5 show together with the Cauchy-Schwarz

inequality that E,, (||;'CN,M(770)\|2) — O((M3 A N3/2)=1). Now,

P, (\/M3 A NS0 — o] > C) <P,, ({\/M3 A NB2|0" — ol > CY AN,M)
+P770(AN,M)'

The second summand becomes arbitrarily small as M, N — oco. For the first summand, let v(ng) :=
IV (10)~ |2 + 1, then it follows from Markov’s inequality that

Py, ({VM?’/\N?’/QHAUUJ—??O\ >C}0ANM)
=Py, <{ VM3 A N3V ar (5™ 10) " Kv,ne (o) > C ﬂAN,M)

<P, ((VIE AN R waslm)l 2~} 0 A )
. c : |
<P, (VA AN Ky 2 ) < (O AN E (K ) B 5 2.

Before analyzing our estimator for the whole parameter vector (02,1), we prove the central limit
theorem for the rescaled sum of squares corresponding to the discrete observations of X.

Proof of Proposition|2.2.16, First, let us consider the case of a stationary initial distribution: By
regarding the mean of S as a Riemann sum and noting that y — p,, (0) is continuously differentiable,
we get

E(S) - =5 | o+ o( ).

Hence, the second statement is a direct consequence of the first. To compute the asymptotic variance,
define S, := % EN 1X2( ). We have

M-1

1
Var(S) = e Z Cov(Sy, Sy,)
k,1=0

M2 Z / pykyz dt + Z YrYi

k,1=0 - k,1=0
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where it follows from Isserlis’ Covariance formula (2.7)) that

9 N—-1 9 o)
Rey = oz O P2yt — 1) - f/ 2, (0)di

’,j:O
J=0i=—j -

For t > 0, we have |, (t)] S e MY, )\% < e"™Y2¢t and, therefore, Jr P2, () dt — 0 for T — oo
uniformly in z,y € [b,1 — b] . Consequently, by taking a Cesaro limit,

5 1 N1
R,, = TN A Z p2,(iA) — /_ pz,(t)dt

=0 i=—J
N-1 J (+1/2)A

21 1

=== A 02 (z’A)—/ P2 (t)dt +o(—).
TN =0 i;j Y —(j+1/2)A Y T
Since pgy(-) is bounded uniformly in z and y, we have |dtpxy )| = ‘2pmy dtp:vy(t)’ < |%pzy(t)‘.

Further, there exists C' > 0 such that

[t]=12, <1

d 2 > 2
“ Dl < E e—C[ [t] < e—C\t| / e—C\t\u du < ’ =5
‘dtpa:y( )| ~ >1 - " 1 ~ e*C|t|’ [t| > 1

and, hence, %piy() is integrable over R. Now, using some intermediate points &; € [(i—1)A, (i+3)A],
we can deduce that

J ) (j+1/2)A ) J (i+1/2)A ) )
D IAUSEY | 2w =Y [ o2, (GA) — 2, (1)) dt
i;j o —Grpa Y ZZJ (i-1/2)A (22, = (t)
> (i+1/2)A ) )
2 s 1020200
= d
<a? 3 92 <A
i=—00

uniformly in x,y and j. Therefore, R,, = 0(1/T) holds uniformly in = and y and
M
1 2 [ 1
ki=0 " /-

2 oo pl=b pl-b , )
:m/_m/b /b p2,(t) dudy dt +o( ).

Finally, in order to prove asymptotic normality, we make use of Proposition which states that
is sufficient to prove that the maximum absolute row sum of the covariance matrix of the random

vector (%Xti (yx)e"™¥*/2); 1, vanishes asymptotically. Now, using |p.,(t)| < e *1*, the absolute row
sum can be bounded by

N— M—-1

H

M-1

iﬁ
E\@

o
Py (ti — t5)| < sup Z [Py (L
=0 1=0 k 1=0 j=—oo

<.
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where the last bound follows by regarding the sum as a Riemann sum with lag A. Hence, asymptotic
normality follows, finishing the proof for the stationary case.

To show the statement for the case Xy = 0, we proceed as in Step 4 of the proof of Theorem
Again, let X? be the process with £ = 0 and & := S(t)§ where £ follows the stationary
distribution and is independent of X°. We have

2
0% sttt Ny (fatts
E(&, (ye)6e, (n) = > e Altitti) ey (i )ep(yy) < e Mttt )Z \ee yi)ee(yr)| S e Mttt
>1 M >1
and, therefore, the Riemann sum argument yields

N M-1 N

1 1 1
o E(£2 < 2N et — -2t <« (7)
MN 2= 2~ (& (we)) < ; Ze N o\ 77
The cross terms are also negligible due to E(X{ (yk)X?j (y1)) = O(1) and
N1 M-1 N ) )
MN2 > > E(G i), () B(XD () X7, () Z ) g o)
i,j=1k,l=0 j=1

Thus, in view of Slutsky’s Lemma, the central limit theorem carries over from the stationary case. [

Next, we will prove Theorem [2.2.18] Like in the proof of Theorem [2.2.12] we consider the estimator
7)o, which is defined as the minimizer of Ky ps in terms of ny = (02,99, k). Due to the delta method,

it is sufficient to prove
VMN (i —m0)\ P 1T, 0
A - 0 2.4

( VT — o) > N <0’ < 0 0‘3%9)) ’ 243)

with I} = V-IUV~! and V and U from (2.38)). Again, we assume that X follows the stationary
distribution and refer to the approximation steps from the proofs of Proposition [2.2.16[ and Theorem
for the case Xy = 0. The first step of the proof is given by the following lemma.

Lemma 2.4.1. Consider the situation of Theorem and assume (ST). For N,M,T — oo, we

have ) .
(vrestn ) 23 (0 (" 2p2))

with D? from (2.21]).

Proof. The central limit theorem for 7y in the case T'— oo can be shown in exactly the same way as
for a bounded time horizon, noting that the underlying central limit theorem for double increments
(Theorem is also valid in the regime T — oo, as long as Tv/A — 0. In particular, like in the
proof of Theorem we have the representation

VMN (i — 10) = —VMNV (199) " Kar,n (10) + 0p(1)

where V(n9) € R3*3 is a strictly positive definite matrix such that Ky y(no) — V(no). Hence,
it is sufficient to show the statement with /MN (7o — 19) replaced by —vVMNV (1n9) " K r.n (10)-
Furthermore, as discussed in Step 8 of the proof of Theorem the bias of the latter expression
is negligible for the central limit theorem. The bias of S(k) is negligible since VT /M =~ vVTA — 0
holds under the condition TvA — 0.
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Step 1. We have

ef/\g|i7j+1|A _ e,)\ﬂi,le
Cov(Dir, Xy, (1)) = o° Z eo(yrg1) — ee(yr))ee(yr)

2\
>1 ¢
e~ Aeli—i+1A _ g=Aeli—jlA

~Y
A
>1 t

Thus, for |i — j| < 1, the usual Riemann sum argument shows that Cov (D, X, (y1)) = O(\/Z) In
case [i — j| > 1 the mean value theorem yields Cov(Dik, X, (v1)) S A sy e~ Mli—ilA — (’)(
Consequently, we have for all 4, j, k, [ that

o [ A
Cov(Dix, Xt,(n1)) S AZQ—AM—J\A = (9( ﬁ) (2.44)
>1 t=J

Step 2. We calculate the asymptotic (co)variance of the estimator: Since the individual asymptotic

(co)variances of 7jg and S(k) are already given by Theorem [2.2.12/and Proposition [2.2.16} respectively,
it remains to show vVMNTCov((V(no) K n(m0))i,S(k)) — 0 for i € {1,2,3}. Letting W :=
V~=1(no), we have

Ti—3] J\

3 3
Cov((WKn,n(m0))i, S(k)) = ZWijCOV(ajKjl\/[,N(UO)v‘S’ )+ ZWUCOV@ K3 n(10), S(%))
j=1 Jj=1
as well as
N—1M-1
Cov(@; Ky n (10), S(h)) = ——— 53 Cov(DZ, S(x)) 912, (2¢)
7 MNVA = & B
5 N—1 M—1
= Cov(D3, X7 (1)) €0, f, (2k)
M2N2\/Zij:0kl:0 ’ "
N—1 M-1
< Cov(D;, X
< MQNQ\FUZOMZO ov(Dir, Xy, (y1))*

and similarly for K3, y. Using Step 1, we can bound

N—1 M—1
Cov(0; K m0), S(K
(9 Kn,n(m0), S(K)) S M2N2\Fw oy 0|1_J|+1
) log N A
571\421\110g(N)A=\F0g S \C
MPN2VA N

for any a > 0. Consequently, using M ~ A~'/2 and taking o = 1/4,

VMNTCov((V (o)™ K,y (1m0))i; S(k)) S VMNT ‘F = NOA¥* = (TA)YAAY4 5 0,

Step 3. To prove asymptotic normality, we employ Proposition A similar reasoning as in
Step 7 of the proof of Theorem [2.2.12] shows that it is sufficient to prove that the maximal absolute
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row sum of the covariance matrix of the random vector

1 1 _ T1/4
e Dite, =77 Din, 7Xti(yk)) i
( QINAA ™ (INAYAD ™ JAIN osi<h.
=:Aix =:Bip =:Ci

converges to zero. As in Step 2, it only remains to consider the covariances between the double
increments and the values of X. We show

sup 3 (ICov(Ca, Ajn)| +1Cov(Cir, By +|Cov (A, Ci)| + |Cov(Burs Cin)l) 0
7,1

We only consider the first term, the other three can be treated similarly. Following Step 1, we have

C LG o o < T UNVA
Z' ov(Ciw: Al S T ysraaira 2 = |+1 ~ (MN)3/4A1/4
=0 k=0 J
< MYAA = A3B 0. O

We conclude the central limit theorem for our estimator of the whole parameter vector:

Proof of Theorem[2.2.18 As already remarked, the claim follows if we show (2.43]) under assumption
(ST).
Step 1. /T (fjp — o) .0 By Slustsky’s Lemma, we have

\FT(ﬁo —no) = \/\JC[iN \/J\W(ﬁo — o) 2.

———
A/M—0

The assertion follows since convergence in distribution to a constant implies convergence in probability.
Step 2. VT(S(%) — S(k)) 2,0 In particular, S(k) is a consistent estimator for S := g—zIb(F):
We have

N—1M-1
VT|S(k) — S(i)] = X7 (yr)e™ VT |k — k|
=0 k=0
for some K between £ and k. The expressmn ek is bounded due to the compactness assumption
on the parameter space and iy Ei kM 01 X7 (yr)e™* converges in probability to So. Thus, the

claim follows from Step 1.

Step 3. Define H(n, S) := v (7 . gS)) so that Jo = H (i, S()). We show VT (o —1) =
VTOsH (19, S0 )(S(K) — Suo) + 0,(1) for some S between S(i) and S..: By the mean value theorem,
there exist 7y between 7y and ng and S between S (k) and S such that

VT (g — 90) = VT (H (i, S(%)) — H(no, Soc))
= VT (H(flo, S(7)) = H(no, S(%))) + VT (H (o, S(%)) = H (1o, Sc))
TV, H (10, S(%)) (o — n0) + VT s H(no, 9)(S(%) — S(x))
+VT(9sH (no, S) — OsH (0o, Sso)) (S(K) — Sa)
+ VTOsH (10, Soo) (S () = Soo). (2.45)

Steps 1 and 2 as well as consistency show that the first three terms converge to 0 in probability, from
which the result follows.
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Step 4. Step 3 in combination with Slutsky’s Lemma shows that the limiting distributions of

(V MN (7o —770)) and ( VM N (70 — o) )
VT (99 — ) VT (0sH (10, So0)) (S (%) = Soc)

agree and, following Lemma and the delta method, it is given by

N (O’ (HS 2D? <asﬂo<m,sm>>2)> |

The proof is now finalized by noting
93

8SH(7707SOO) = _O_QI/(F)
b

. O

The rate of convergence in case of a general, not necessarily balanced, sampling design is a simple
consequence:

Proof of Corollary[2.2.19 The statement on 7),,, can be proved in the same way as for a bounded
time horizon. The validity of the central limit theorem for ¥§" follows from the fact that the first
three terms in (2.45]) also tend to zero in probability when 7y is replaced by 7§™. O

2.4.4 Auxiliary results
Auxiliary results for the lower bounds
For Proposition and Theorem (#t) we require the following auxiliary lemma.

Lemma 2.4.2. Consider a discrete sample (u(iA), i = 0,...,N) with A = 1/N of the Ornstein-
Uhlenbeck process given by

2
du(t) = —apu(t) dt + v\/pdB;, u(0) ~N <O, Qa) .

Then, the Fisher information matriz I for the parameter (u,v?) is given by

a2A(ef4uaA + ef2uaA) a672p,aA N4+1
(1 — o 2nad)2 ’ Iz = V2(1 — e—2nad)’ Iz = 94

Iy =
Proof. Thanks to the Markov property of u, the log-likelihood function for (u,2?) is given by
N-1
U, v%) = log mo(u(0)) + Y log pa (u(id), u((i + 1)A))
i=0

where

(z.7) 1 (y — we—Hat)?

z,y) = exp | —

pe(®,y S (1 —e ) ja p v2(1 — e—2nat) /g

is the transition density of u and mg is the density of the initial distribution N (0, %) For

a(y — :Ee”“m)2

72uaA> .
V2(1 _ e—2uaA> ?

1 1
logpa(z,y) = . logv? — B log(1—e

the partial derivatives of first order are given by

ale™2rad  2¢2 NemHM By (y — zeHIA)
1— e—QMQA V2(1 _ e—Q;LaA)

6/1, [logpA(z, y)] = -

64



2a2Ae—2uaA(y _ xe—uaA)2
1/2(1 _ e—2,uaA)2 ’
1 aly — acefl“‘A)2
202 pA(1 — em2mad)’

0,2 [logpa(z,y)] =

The second order derivatives are
QGZAQe—QuaA 2a2A2e—4paA
1 — e—2HaA (1 _ ef2yaA)2

2a2Ae—Hadr 2a3 A2e2nals
_ = _ pekady =R
8“ |:Z/2(1 _ e—2,u,a,A):| 'I(y ze ) l/2<1 _ e—ZMaA)x

92 [log pa(z,y)] =

4B A2e—2nals 843 A2Ze—4Hal () — pe-rady?
<u2(1 ~ e—2uad )2 21— e-2,mA>3> y—xe )

4aB A2e—3Hal

21— o zan "

e paA)2

922 [log pa (,y)] = ﬁ - 256(?1 xeeQMA)) ;

202 Ae HAp(y — ze HA) 202 Ae A (y — peHAA)2
V(1 — e 2nad) VA1 — e 2nal)2

- :ce*““A),

a1/2 a,u [lngA (JC, y)] =

Finally, for the initial distribution,

1 x?

832 logﬂo(m) = ﬂ — QCLE

By stationarity of u, the Fisher information simplifies to
I =—E (D*(p,v*)) = —E (D?log mo(u(0))) — NE (D?log pa (u(0), u(A)))

where we write D?g for the Hessian of a function g. Insertion of

Bu0)) - 2.
E ((u(A) — u(0)e 24)?) = ;Tz (1 e 2med)
E (u(0)(u(A) — u(0)e %)) = 0
finishes the calculation. _

To investigate the spectral density of the processes Uy from (2.5)), the following auxiliary lemma
is necessary.

Lemma 2.4.3. The function g : [0,00) X [—7, 7] = R, defined by

22 — sinh(2?) cosh(z? cos(w)(sinh(z?) — 222 cosh(x?
o) = M);%Q@ﬁiﬁk)z S - o)

satisfies
(i) [ 9(z,w)dx =0, for all w € [—m, ],

(it) sup|yj<x | 559 w)llzr < 0.

(iii) |g(z,w)| < Lia® ;2 uniformly in w € [—m, 7], z > 0.

~ €T
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Proof. Assertion (i) follows from the fact that

sinh(z?)(1 — cos(w))

Gla,w) = z(cosh(22) — cos(w))’

x>0, we[-mm,

is a primitive of ¢ in z and since lim,_, ., G(z,w) = lim,;_,0 G(z,w) = 0 for all w € [—7, 7].
.. 5
To show (i), we decompose g =) ., g; Where

010:0) = fee e (1 — con(w)

(o) = =5 ) (1 o)
gs(w,w) = xQ(cSoi:I?((;;)) ioiﬁ?fw)p (1~ cos(w))?,
(o) = A 1 cos()? cost
4(,w) = — 222 + sinh(x?) (1 — cos(w)) cos(w).

x2(cosh(z2) — cos(w))
By taking derivatives, one can show that for any a € [—1, 1], the function

sinh(z)
z(cosh(z) — a)

is positive and decreasing in z > 0. From this observation it can be easily deduced that, for fixed w,
the first derivatives of the functions g; with respect to = are either negative or positive on all of R .

Consequently,
o0
/ gZ z,w)dx| =

0
H(‘)xg(

For (#ii), we use the decomposition

5

=2

=1

5
Z| lim gl(x w) — hm gl(x w)| < 11.

1 — cos(w)

9(#,w) = ——5——(h(z,w) + ha(z,w))
where
(2% 4 sinh(2?))(1 — cosh(z?))
u(,w) = (cosh(z2) — cos(w))? ’
cos(w) — 1)(sinh(2?) — 222 cosh(z?
() o (€05(2) = Dlsinh(a?) — 22 osh(a2))

(cosh(z?) — cos(w))?
Then, the result follows from

222 +sinh(2?) _ 1

h(z,w)| < —————>< 5 V1
[z, w)] < cosh(z2) —1 ~ 2?2
and
ha ()| < 222 cosh(2?) — sinh(2?)  2(222% cosh(2?) — sinh(mQ)) < 1 Vi 0
cosh(z?) — 1 (cosh(z?) — 1)2 x?

The following lemma analyzes the N-th order Fourier approximation to the spectral density of the
processes {Uk(j), j € No} fork=1,...,M — 1.
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Lemma 2.4.4. Consider the parametrization from Proposition and the function @kN’A from

[226). If MV/A — 0, then
(i) <I>,]€V’A(w) > 0 for all w € [—m, 7],

(i)
A
%¢ jwl, w| > M2A, (2.46a)
oA w) 2§ A, K2A < |w| < M2A, (2.46b)
2
7’[92](72 < 2
KA +Ae ) lw| < E2A, (2.46¢)
(iii)
P A, w € [—m, 7], (2.47a)
7(1)2]’A(W) S w?
P YN AR2e2F | < KA. (2.47D)

Proof. Without loss of generality, we consider the parameters § = 725 and o = 2. We denote
the covariance function of Uy by pr : Z — R and write CI)kN instead of @kN’A, ie. @fj(w) =

Sy or(i)e ™, w € [, 7.
(7) Let 7 be the covariance function of the process (Uk(to), Uk(t1),...), i.e.,

2 .
e—0€7151A

rr(j) = ZW, JED,

LETy,
where 7, = I,j UZ, . Note that r, and pj, are related by
pr(§) = 2rk(3) —ri(G — 1) —re(d + 1), J €L,

which is a second order difference if j # 0. Since z — e™* has a positive second derivative, it follows
that pr(j) < 0. On the other hand, for j = 0, we have px(0) = Var(Ug(to)) > 0 and, therefore,

O (w) = p(0 +2Zpk cos(jw)

Zpk +22pk —2TkN—1)—Tk(N))>O.

To treat (i) and (iii), we calculate

N-1
e} (w) = pr(j)e™"

N—2
= 2(1 — cos(w Z re(§)e” 9 4+ 4r (N — 1) cos((N — 1)w)
j=2—N
— 21, (N) cos((N — Dw) — 2r (N — 1) cos((N — 2)w).
By using

J—1

J—1 J—1
2 . ) _pp2a ) P2 ..
§ : e—«% \]\Ae ijw § :e 24 ]Ae ijw +§ e 24 ]Aez]w 1
=1 j=0 j=0

j=1—1J
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1 — o= J (0 A—iw) 1 — o= J (00 Atiw)

T e PA ) T o (0FATIm) 1

1— e 2008 4 9= (JHDOCA ¢og(( ] — 1)w) — 20704 cos(Jw)
1+ e 20028 _ 26=0CA cog(w)
sinh(02A) + e =700 cos((J — 1)w) — e~ (DA cog(Jw)
cosh(82A) — cos(w)

for J > 1 and elementary manipulations, we can pass to the representation

&) =®+ Ry
where sinh(6£2A)
®(w) = (1 — cos(w Z; \[42 cosh(0£2A) — cos(w)
and

—OC(N=DA =0 co5((N — 1)w) — cos(Nw)
— 1 — cosh(B£2A) S '
Ry (w) eezz ( cosh( ) NGIE cosh(602A) — cos(w)

Note that we have suppressed the dependence on k to ease the notation and that

= Zpk(j)e*ij‘”, w € [—m, 7,

JEZ

is the spectral density of the process (U (j));>0-
(i7) To prove (2.46al), we note that for w > M?A we have

‘e_‘%zA cos((NV — Nw) — cos(Nw)‘

_ ‘((;942A ~ 1) cos((N — 1)w) + cos((N — 1)w) — cos(Nw)

< CA+w
< Puw.
Consequently,
—0(N-1)A 02w
< 7 A sinh(62A)
Ry(w) < eezz sinh(0¢2A) Ja? cosh(0PA) — cos(w)
sinh(0£2A)
1 —
Z €2 COSh HEQA) — COS(LU))( COS(CU))
P ®

and, hence, Ry is negligible compared to ®. In order to compute an asymptotic expression for &, set

sinh(022)(1 — cos(w))

h = 0 — .
(z,w) x2(cosh(fx?) — cos(w))’ v >0 w e [=mm]
As already remarked in the proof of Lemma 2 we have ah < 0 and, therefore,
2h( ) =h(0,w) — lim h(z,w) =140
5w LT yw) — lim h(z,w) =
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is uniformly bounded in w. Thus, using the mean value theorem and a Riemann sum approximation
with mesh size M+vA for a%h(" w), we obtain

D(w) = A D hIVA W) = Aih(%M\/Z, w) + O(A).

€Ty, =1
Further, since
Yot - [ fda] <<lf (2.48)
0>1 0
for any function f € C'[0,0), we get
A o0
d(w) ~ £ h(z,w)dz + O(A).
M Jo
Finally, due to
a+ b~ max(a,b), a,b>0, (2.49)

we have
(cosh(fwz?) — cos(w)) ~ max (cosh(fwz?) — 1,1 — cos(w))

and, consequently, for z < §—1/2:

Wy, w) = sinh(fwx?)(1 — cos(w)) S

~ wr?(cosh(fwa?) — cos(w)) wx

sinh(fwx?)
2

> 1.

Therefore,
/ h(z,w)dz = \@/ h(vwz,w)dx = /w,
0 0

finishing the proof of (2.46a)).
To prove ([2.46b]) and (2.46¢)), let us write

o= ¢, Ry=> o

LETy LETy

Since the argument in the proof of (i) was on a summand-wise level, also each of the functions ¢, + 0¥
is positive, £ € N. Therefore, we can bound <I>fcv from below using the first summand, namely

O > i+ ok = o (0) + o+ (or — ' (0)).
We show that there exists an environment U around zero and some ¢ € (0,1) such that
ok (w) = ok (0)] < (1 = d)pr(w), welU: (2.50)

A simple calculation yields

(0) = o (N-1)0K2A (cos((N — 1)w)) — cos(Nw))(1 — cosh(0k2A))
VOk2(cosh(Bk2A) — cos(w))
—(v—nyor2a (1 — e %" 2)(1 — cos((N — 1)w)))(1 — cosh(#k>A))
VOk2(cosh(Bk2A) — cos(w))
(e_(’k2A - 1) (1 = cos(w))
VOk2(cosh(0k2A) — cos(w))

o (w) — of

+e

—(N-1)6K2A

+e
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Since cos(z) — cos(y) = —2sin T sin Z5¥, 2,y € R, we have

cos((N — 1w) — COS(NOJ)‘ = ‘2sin <(2N2_1)M) sin (%) ‘ < Nuw?. (2.51)

Therefore, for any a > 0 there exists an environment U of 0 such that

| cos((N — 1)w) — cos(Nw)| < Nw? < N(1 — cos(w))(2 + a),

2,2 2
N2 < N7(1 —cos(w))(2+4 a)

1—cos((N —1)w) <

holds for all w € U. Further, for all x > 0 we have

sinh(z)x

cosh(z) — 1< 5

1— e < sinh(z),
and, consequently,

|ox (w) — o (0)] < e—(N—1)0k2A(1 I 2 T2 I 2+ a02k4)
or(w) - 2 4
27.4

< ”To‘emz e % (14 0K2 + %) :

<1

Clearly, for A sufficiently small, one can choose « in such a way that this bound is strictly less than

1 for all k < M — 1, yielding (2.50). Consequently, it is sufficient to prove (2.46b)) and (2.46¢)) with
N replaced by ¢, + ol (0). Now,

—0k*A

—Qk2(N— 1—e _or2
r(0) + 0 (0) = off (0) = e "M NTDA—— < A

and, again by using (2.49)), we get

sinh(0k2A)

12 > A, w > k2A,

or(w) 2

and

: 2 2
1 sinh(0k*A) S W W < KA.

or(w) = (1 — cos(w)) 02 cosh(OKPA) —1 ~ KA’ <

(791) We show ([2.47a)): We have
0

A
552 = 275@% g(IVOA, W)

with g defined in Lemma Using the properties of g derived in Lemma [2.4.3] and the Riemann
sum approximation (2.48) with mesh size M+/A, we obtain

0

552@) = A > g(tMVA,w) + O(A)

>1

- % /OOO g(z,w)dz + O(A) = O(A).
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To show that %RN is of the claimed order, we write
1 — cosh(62A)
V002 (cosh(002A) — cos(w))’
Be(w) :== e 0 (N-1A (e_‘%ZA cos((NV — Nw) — cos(Nw)) .

o = aBy where ap(w) =

The corresponding derivatives are given by

ga () = cosh(02A) — 1 B Asinh(002A) (1 — cos(w))
96" 203/202 (cosh(0£2A) — cos(w)) /B (cosh(B£2A) — cos(w))?
=:a} (w) =:a2(w)

and
%Bg(w) = e 0 (N-DA ( PNAe™? cos((N —Dw) + (N -1)A COS(Nw)>
= bg(w).

By the product rule, we have

0
%RN egz: apBe + a2 Be + auby. (2.52)

To bound each of the terms, we estimate

cosh(z) — 1 <1 x>0,
cosh(z) — cos(w)
cosh(z) — 1 cosh(z) —1 _ 22
< 5 Ea &€ S |CU| S T,

cosh(z) — cos(w) — 1 — cos(w)
resulting in

cosh(z) — 1 < x?

cosh(z) — cos(w) ™~ 22 V w? (2:53)
and
xsinh(x)(1 — cos(w)) < x sinh(x) x sinh(x) <1 250
(cosh(z) — cos(w))2 ™ (cosh(z) —1)2 " cosh(z) —1 "~ "’ ’
xsinh(z)(1 — cos(o.))) x sinh(z) :Lz o < lwl <
(cosh(z) — cos(w))? ™~ 1 — cos(w) S w?’ S el =
resulting in
asinh(x)(1 — cos w)) z? (2.50)

(cosh(z) — cos(w))? S 22V w?’
In combination with
67942(N71)A ((ng) v w) ,
6—942(N—1)A€2 ((EQA) v w) :

Be(w)
bg(o.})

the bounds (2.53]) and (2.54)) show that any of the three products in (2.52)) can be bounded by

/AN AN

Z e 0 (N-1A £4§2A ((52 )Vw) <A Z e 0P (N-1)A g2 S A
LET, ) LETy
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Consequently, we have & Ry = O(A) which finishes the proof of (2.47a).
To prove (2.47b), we use property (iii) of Lemma [2.4.3]to deduce

8 2 1+ 6002A
69 A Z AN

LETy,
w? [ 1+0k2A Z 14 6(2¢0M)2A < w?

<
~A | T ke 2R | Y KA

where the last step follows from k?A < M2A — 0. Further, using decomposition (2.52)),

O (Rlw) ~ By (0) = Y a} @)(e(e) £ 37 (ah ) ~ a}(0))56(0)
LETy, LETy
+ Y @)
LETy,
+ ) aw = be(0)) + Y (uew) — e (0))be(0). (2.55)
ey, LeTy

Now, by , we obtain
Be(w) — Be(0)
— o 0 (N-DA ((e*“zA ~ 1)(cos((N — 1)w) — 1) + cos((N — 1w) — cos(Nw))
< e—@ZQ(N—l)AEQNw%

In a similar way, we can bound

7962(N71)A€2A

Be(0) Se

5@(60) < e—GEZ(N—l)A ((ng) V. w) < e—eeZ(N—nAng
be(w) — be(0) < e PCN=DAp N2

b[(o) 5 e—GKZ(N—l)A£4A

where the second inequality uses w < k2A < £2A for ¢ € T;,. Also,

1 — cos(w) 2

1 1 1 — cos(w) w
ac(@) = (0) S CHHAY — cos(w)

(cosh(B2A) — 1) ™~ k*A2

S

and, similarly,

w? w?
as well as
aw) S, afw) S

Using the bounds just developed in combination with e~ (N-1A <

the five terms in (2.55)) is of the order 0(1;172) and, hence,

k%m, m € N, shows that any of

1o} w?

69(RN( w) — Ry (0)) < A

72



Now, the proof of (2.47b|) is finalized by

o 2 2002(N — 1)A(e=0C2 — 1) 4 2002 Ae= 002 4 =002 _
9 R(0) = —02(N-1)A
06 ~(0) eeZI ¢ 203/2¢2
k
<A Z e—ee2(N—1)A€2 < A]{;ZG_ekz. 0

LETy,

Covariances of double increments

The following three lemmas are used to calculate the asymptotic variance of V. As can be seen from
the main proof of Theorem [2.2.7] it is sufficient to consider the case where X, follows the stationary
distribution. The first lemma identifies the relevant terms in the covariance structure and shows
independence of I'. Recall the definition of D;j, from .

Lemma 2.4.5. Assume (ST) and let b € (0,1/2). For J > 1 define
9= 92 JEN (=m0 (JHEA _ —mP92(J-1)E2A

Fia(z) = ; YCEN cos(mlz)

and F07A = Fﬂz(' s A) Then,

2D5F5.4(0), 1=k,
DiFsA(y — Yktr1), 1>k

VAS?
(5

COV(Dik,Dﬂ) =— 0’26755/2 . {

where J = |i — j].

Proof. First of all, it immediately follows from the covariance structure of the coefficient processes,
2
Cov(ue(s), ue(t)) = ;T[e_’\“t_S', s,t >0, that

Cov(Dik, Dji) =0 (ee(yr1) — eelyn))(ee(yisr +6) — ec(ur))

0>1
1—e MA
EEe— J =0,
Ae
20~ AMTA _ g=Ae(JHDA _ =A(J-1)A
J > 1.

2)% ) =

Step 1. We show negligibilty of I': We already know from the first step of the proof of Proposition
225 that

1— e—7r2192£2A

Cov(Dix, D) = 0 3 = (ee(yisr) = colvn))ee(wien) — ee(w)) + O (VAF).
0>1

For J > 1, we will show now that

26—77219222JA _ e—ﬂ2192£2(J+1)A _
27T2?921€2

e—7r2192£2(,]—1)A
COV(Dik, Djl) = 0’2 Z

>1

“(ee(yr+1) — ee(yr))(ee(yir) — ee(yr)) + O <\/K62> :

(7 + 172
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If J =1, this directly follows from the case J = 0 in view of

2engA _ 672AKA -1 1— 672)\5A 1— ef)\gA

= —_ . 20
2\ 2\, by, (2.56)

For J > 2, define
2¢—Jr _ e—(J-i—l)w _ e—(J—l)w

2x

gs(x) =
A first order Taylor approximation of g; gives
Cov(Dik, Dj1) = A ZQJ(MA)(ee(ka) —eo(yr))(ee(yir1) — ee(yr))
>1

=AY gs(m* 022 0) (ee(ynr1) — ee(yr))(ee(yier) — eely)) + R
>1

where
RS A?Y " gh(092(n0% + &) A)6°
>1

for some |&| < |T'|. Writing

2e~T _ —2x __ 1
g3(x) = UV h(), ()= 2O
X

and noting h(xz) < x as well as A'(z) < 1 shows that
gr(x) = —(J = Ve VD2 p(z) + e~ D2p/ () < o= U De/2,
Therefore, for some w > 0 and by regarding R as a Riemann sum with lag /(J — 1)A,

R <AZ2 Z e—w(J—1)£2A£262

>1
A%§? /(T _ A J-1)2A 2
>1
VAS? VAS?

< < )
~M(J—1)3/2 ™ (J+1)3/2
Step 2. By Step 1, we may assume X\, = 7209202, By , we have
Cov(Dix, Dji) = — 20%9(8) D5 Fy,a(0) + o F1,4(0)D3g(0)
— D3 (g(-)Fsa(2yr + ) (0)
and, by (2.30)), for I >k,
Cov(Di, Dji) = — 02g(8) D3 Fy.a(y — yrs1) + 0 Fra(yr — yr)D3g(0)
— 02D} (g()Fyaly +y + ) (0).

Hence, as in previous results, it is sufficient to establish

VA
F1a(0), Fya(z), Fia(2) Fia(2) S

For J = 0, this was already proven in Proposition 2.2.5] The case J = 1 follows from the case J = 0
since (2.56) shows

Fia(z) = %Fm(«z) — Fa(2). (2.57)
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For J > 2, we have

2e—A(JA _ e—)\[(J-‘rl)A _ e—)\z(J—l)A — e—)\e(J—l)A(Qe—)\zA _ e—)\ZQA _ 1)
e MDA\ A2, (2.58)
and, therefore,

Fra(z) S Fra(0) £ AAZeMU-DA
>1

- U_\/lg)mMZ((J — DAA)e MDA

>1
VA
=0 ((J_l)m> :

The bound on the first derivative is provided by Lemma namely

9e=AJA _ o= A(JHDA _ o=A(J-1)A

Fia(2) < Z ) £sin(mlz)
>1 ¢
ZefA(JA _ e*)\e(JJrl)A _ e*)\g(]*l)A 1
S sup
¢ 2X¢ ZA(2—=2)
VA

< 2 —XeJA <
Ns%p‘)\zA e £|N7J3/2'

Finally, to bound F 5, we define h;(z) = 2e=7% _ e (J+DZ" _ o=(/=DZ" (learly, h,(0) = 0 and

d d
—hy(z) = e

=—-2(J — 1)ze~ (/=17 (277

e—(J—l)z2 (2€—z2 _ e—2z2 _ 1)

2

e 2 _ 1) e~ (=D (—4ze_z2 + 426_222)

<z4 <z3
~ ~

S(I-1)7%2,

ie., |0]loe < J73/2. In view of Lemma [2.4.9] this shows

2 “AeJA = Xe(JHDA =X (J-1)A
Fia(2) Z ¢ ¢ o3 ¢ 0% cos(mlz)
>1 £
S ha(V/ ) cos(rlz)
>1
1 A
=0 2 \/3: . O
(zA(2—2))7 T3

The following Lemma is useful for calculating the asymptotic variance in case d/vA — 0.

Lemma 2.4.6. For J € Ny and z € (0,2), it holds that
. 52
(’L) FJ,A(O)—FLLA((S):5ﬁ1{‘]:0}—5ﬁ1£}:1}+0(m),

(ii) 2F1a(2) = Fya(z+0) = Fralz =0 = 0 (55 (5 A b)) -
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Proof. (i) The validity of the case J = 0 follows from the proof of Proposition [2.2.5] (i), the case
J =1 follows from (2.57)). For J > 2, we have

52
F7a(0) = Fya(0) = —0F) A(0) — §F}A(f)

for some f € [0, 6] by Taylor’s theorem. Now, the claim is proved by inserting I} , (0) = 0 and noting

that (2.58)) implies

H AHOO N Z (Qe_MJA _ e MDA e—/\g(J_1)A)

>1
1
< )\2A2 =X (J-1)A <
Dzl J5/2\/>

(#4) As previously, it suffices to establish

1 1 1
FY S———=N—7—7——.
Jﬁwﬁvu+1y<¢A ZA@—ZJ
For the case J = 0, we employ the representation FA = Ha + Ga from the proof of Proposition [2.2.5
Then, the validity of the bound on HX follows from

e (-vE=EA-) |

The bound on G4 (z) follow from [|GX ||, < 1/VA and
— e MA(1 + \A) 1 < 1
1+ XA A(Z—Z)Nz/\(Q—z)’

by Lemma [2.4.8 The case J = 1 follows from the case J = 0 see For J > 2, we proceed in
the same way: In the proof of (¢) it was shown that H H \F Finally, by Lemma

GA(2) S sup

~ J5/2f§ J2

243
_ _ _ _ 1
FZA(Z)SJs%p‘Qe AJA _ g=Me(JHDA _ g=Ae(J-1DA S
1
< WA 2 —)\Z(J—l)A‘ -
ngp‘(é )e 2N (2—2)

1 1
~M(J+1)22A(2-2)

The following Lemma is useful for calculating the asymptotic variance in case §/vA — oco.

Lemma 2.4.7. For J € Ny and z € (0,2), we have

(i)
2+ 0(47) J=0
_ ’19271' ’ )
Fra@ = fral0)= (VI—T+vT+1-2/7)+0 (8% + 525), J>1
2@ (J+1)s ) > =7
(i)

2F;A(0) — F7A(0) — F7A(26)

-9 + 0 (5). =0
72@(\/f+\/ﬁ72\/7)+0(&’>/2+ﬁ), J>1,
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(iii)

2F1a(2) = Fra(z = 0) = Fra(z+0) =0 <Jﬁ1zA(;—z)>'

Proof. (ii7) Tt is sufficient to show

A 1
F =0 2.59
sa(2) <J—|—1z/\(2—z)> ( )
for J € Ny and z € (0,2): If J =0, Lemma gives
1 _ 7}\[A
Faz)=Y iig cos(mlz)
>1
—AcA
< sup 1—e™M 1 < A .
>1 A ZA(2—2) "~ 2N (2-2)

By (2.57)) this bound is also valid for Fi a(z). For J > 2, the same method gives

Ze—AgJA _ e—)\[(J—O—l)A _ e—)\z(J—l)A

Fia(z) = Z cos(mlz)
= 2\¢
Qe—AgJA _ e—A@(J—‘rl)A _ e—k[(J—l)A 1
< sup
1 Ae ZA(2-2)
1
< sup |\ AZe A
Ngzll)|£ ‘z/\(2 2)
A
~JzN(2-2)

where we have used (2.58)).
(i) The case J = 0 was already shown in the proof of Proposition m For J > 1, we prove

Fra(0) = 2\/% (\/J —1+VJ+1- 2\/3) +0(A%?),

then (47) follows in view of (2.59): If J = 1, we use (2.33) to calculate
1
F1 A(0) = §F2A(O) — FA(0)
:1 7Vm_A — ‘/Z_é +(’)<A3/2)
2 vV 7T192 vV 7T’l92 2

VA 32
:2\/%2(\/5_2)“9@/).

For J > 2, define
2€—J7r219222 _ e—(J+l)7r219222 _ e—(J—l)ﬂ'219222

9s(2) = 27219522
Then,

/Ooog_](z)dz: 2\/272 (\/ﬁ#—\/ﬁ—%ﬁ)
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and, since ¢5(0) = 0, we have by Lemma [2.4.10| that

Fra(0)=AY g;(tVA) = \F/ e dz+(9(A3/2>

£>1

VE
20,

Finally, (i) is a direct consequence of (7). O

(VI=T+VT+T-2V7) +0(a%?).

Bounds on Fourier series and Riemann summation

The Lemmas in this section provide bounds for Fourier series and Taylor expansions for Riemann
sums. They are our basic tools for computing and bounding covariances. Similar results are stated
in Lemma 7.2 of Bibinger and Trabs [J]. Instead of the derivation in [9], which uses the decay of the
Fourier transforms of L'-functions, we show that these results also follow from the following simple
lemma.

Lemma 2.4.8. Let (a,) be a real sequence and T € {sin, cos}. Then,

Z a,7(ky)

holds for any y € (0,2m) where Ky is the number of monotone sections of (an)1<n<n-

142Ky
—— o sup |a,|
( - Z/) n<N

Proof. By Lagrange’s trigonometric identities,

icos(ky) _ sin (N +1/2)y) — sin(y/2)

2sin(y/2) ’
isin(/@y) _ cos(y/2) — cos (N + 1/2)y)
2sin(y/2) ’
we have uniformly in M < N that
1 1

2 TS Gy S A=)

Therefore,

N N
a1 ) 7(ky) + (a2 = ar) ) (ky
k=2

k=1
N
az — a2 Zrky + (an —an-1)7(Ny)
k=3
N N
<lar| |y 7(ky)| +laz — ar] |y 7(ky)
k=1 k=2
N
+las — as] |3 7ky)| + -+ lax — an-al (V)]
k=3

14+ 2Ky
|ax] + Z |41 akl) TN 2 ):tglglanl
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where the last inequality follows from the fact that, if (ax)n,<k<n, is monotone for some Ny < Ny <
N, then,
Ny{—1
Z lak+1 — akl = lan, — an,| < 2 sup |ay,]. O
k=No n<N

Lemma 2.4.9. Let g € C* (Ry) be such that g’ is bounded and has a finite number K of monotone
sections. Then, we have

M8

g(ke) cos(ky) = _9(0) +0 ( £l e ) )
(y

k=1 2 A @21 —y))?
S stkesintin) = 20 co (1) 0 10l
s 2 2 WA @r—y)? )’

as € — 0, fory € (0,2m).

Proof. We use the formula sin(«) — sin(8) = 2 cos a+ﬁ sin #, a, B € R, to calculate

9(20) + Z g(ke) cos(ky)

k=1
:@+2silng > glke)(sin ((k +1/2)y) —sin ((k — 1/2)y))
2 k=1
:@ gz 2sin nglsm (k+1/2)y) (9(ke) — g((k + 1)e))
_;<'( 2Z:sm (k+1/2)y)g'(¢ ))6
k=1
1+2K ,
5 119100

S e —
(y A (21 —y))
where & € [ke, (k + 1)e]. Here, the last step follows from
sin((k + 1/2)y) = sin(ky) cos(y/2) + cos(ky) sin(y/2)

and then applying Lemma Similarly, the second statement follows from cos(a) — cos(8) =
—2sin (a—;rﬁ) sin (O‘;ﬁ) ,a,8 € R, and

79(2 ( )+igk5 ) sin(ky)

=1

251n3§: (ke)(cos ((k +1/2)y) — cos ((k = 1/2)y) )

2 =1

(%) N 2siln ] ZCOS ((k+1/2)y) (g(ke) — g((k + 1)e))

) e

(A e (3) ¢ g S D

Lemma 2.4.10. Let g € C?(Ry) N LY(Ry) be such that g € L°(Ry) and g” € L*(Ry). Then, as
e—0,

+
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(i)
s];g(ke) = /0 g(2)dz — @5 + O(e2 19" 1),

(i)
etk = [ aeras 0 (2 (e g ) )

k>1

Proof. For a detailed proof of (i), we refer to [0, Lemma 7.2]. The main idea is to regard each
term eg(ke) as a midpoint integral approximation, see also the proof of the following emma. Since
sin?(y) = (1 — cos(2y))/2, statement (i7) is a direct consequence of (i) and the previous lemma. [

Lemma 2.4.11. Let g € C*(Ry). Then, as M — oo, Me — 0,

M 2 2
eZg(ke) = Meg(0) + Mq’@) +O((Me)?).
k=1

Proof. First of all, by the midpoint rule, there exist n; € [(k — 1/2)¢, (k + 1/2)e] such that

M (M+1/2)e M o(k+1/2)e
e>gtka = [ glwyds| = |3 [ (glhe) - o) do
k=1 €/2 k=1 (k=1/2)e
M
<D g ()] S Me® S M.
k=1

Secondly, a Taylor approximation shows that

(M+1/2)e (M+1/2)e €/2
/ gla)do = | sa)de— [ glo)ds
€ 0 0

/2
(M +1/2)¢)*

= (M +1/2)eg(0) + g'(0) +O((Me)*)

2
—g(0)/2 ~ 2@ (0) + O()
2 2 ‘
— Meg(0) + PEEME 10y 4 o((a1e)?). 0

2

80



Chapter 3

Generating fully discrete samples
for the linear equation

Inspired by the application of performing simulations on the estimators derived in Section in this
chapter we develop and analyze a suitable method for generating fully discrete samples of the solution
to the linear SPDE . As already pointed out in the introduction, simulation methods in the
literature generally do not capture the exact Holder regularity properties of the underlying model
and, hence, are not suited for computing power variations. Our simulation method, which we call the
replacement method, generalizes an idea stated in Davie and Gaines [29] without providing a theo-
retical justification. Using the Gaussian property of the true and the approximate model, we derive
conditions for the corresponding total variation distance to tend to zero as the number of observations
tends to infinity. In particular, this preserves the asymptotic properties of our estimators. Except for
the simulation study on the estimators, the results of this chapter can be found in Hildebrandt [36].
The simulations for the estimators on a fixed time horizon are taken from Hildebrandt and Trabs [38].

In Section [3.1] we introduce the replacement method and state our convergence result. Section
is devoted to a numerical example illustrating the accuracy of the replacement method. In particular,
it is compared to the truncation method, i.e., naive truncation in Fourier space. The results provided
by the replacement method turn out to be more accurate at a considerably lower computational cost.
Owing to our original purpose, Section contains a simulation study for the estimators derived in
Section Finally, the proofs are collected in Section

Throughout, X = (Xi(z),¢t € R4,z € [0,1]) denotes the solution field given by (1.12) with
stationary or zero initial condition.

3.1 Simulation method and convergence result

Our aim is to generate discrete samples (Xy, (yx), i < N,k < M) where the points of observation
(ti, yx) are as defined in the observation scheme from Section with b =0, ie.,

k (A

k=0 M, fi= =0, N,

Yk = N

and all of the numbers N, M € Ng and T" > 0 are allowed to tend to infinity, in general. Assuming

b = 0 allows us to take advantage of the discrete version of the orthogonality property (2.3)) of the
eigenfunctions ey. In fact, with U, defined in (2.4), we have Xy, (yx) = Z%;ll U (ti)em (yr) for all

it < N, k < M and, thus, sampling from X at the grid points (¢;,yx) is equivalent to sampling from
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the independent processes U,,, m < M — 1, at times tg,...,ty. Further, any coefficient process uy
may be simulated exactly using its AR(1)-structure, namely

1 _ 672)\gA

N ieN 1
2)\[ R 1€ 0> (3 )

ue(0) = (£, en)w, up(tiv1) = ei)\éA’Ulz(ti) 4o

where (Nf) are independent standard normal random variables.
To derive the simulation method, let us first assume that Xy = 0. In this case, the coefficient
processes uy are centered Gaussian with covariance function

2

Cov(w(ti),ug(tj)) _ ;Te—)\elz—ﬂA (1 _ e—2>\z mm(z,])A) , 0<ij<N.
Y

Thus, when A\ =~ ¢2 is large compared to 1/A, the random variables (u(t;),1 < i < N) effectively

behave like iid Gaussian random variables with variance

Var(ue(t;)) =
due to the exponential factor e~ *¢[i=JI2 in the covariance. Now, in order to define the approximation
of the processes U,,, choose L = Ly; y € N and replace all coefficient processes (u(t;), 1 <i < N)
with £ > LM by a vector of independent normal random variables with variance o2/(2),). Note that
counting in multiples of M is convenient due to the particular form of the index sets Z,, = Z,} UZ,.
from the definition of U,,. Since the normal distribution is stable with respect to summation, for each

m < M it is sufficient to generate one set (RL (i), 1 <i < N) of independent random variables with
RE (i) ~ N(0,s2,) where

= —. 2
5 > o (3.2)
LET, , 4>LM

The resulting approximation is defined by

UL(0):=0,  Uk(t)= > wlt:)+REL(E), 1<i<N.
LELy L<LM

Similarly, if X is the stationary solution, the coeflicient processes u, are centered Gaussian with

covariance function
0‘2 .
Cov(ug(t;),ue(t;)) = 2Tée*Mw\A, 0<i4,j<N.
Consequently, for iid random variables (RL (i), 0 < i < N) with RL (i) ~ N(0,s2,) we define the
approximation
Uh(ti) == > w(t;) +RE(), 0<i<N.
L€Tm 0<LM

In order to generate samples based on the replacement method, it is necessary to calculate the
variances s2,. In fact, approximating the infinite series can be avoided thanks to the closed form
expression provided by the following lemma. We use the notation p : [0,1] — R for the covariance
function of the stationary initial condition with x = 0, i.e., for the symmetric function given by

sin(To(1—y)) sin(Tox)
2 OF() Sin(Fo) : ? F < 07

2072- z(1—1y), r=o, forx <y

sinh(To(1—y)) sinh(Tox)
Fo Sinh(r(,) ’ F > 07

p(x, y) =

2
with T' = 47971% — g—g and T'g = +/|T|, cf. Proposition [1.2.1
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Lemma 3.1.1. Define ¥ € RMADXMY) wiq ¥ = p(yw,y) for 0 < kI < M and let by, :=
V2(sin(mmuy), . . ., sin(mmyar)) T € RMFL. The variance s2, defined by (3.2) satisfies

2

1 o

2 T

S D 3.3

Sm = pp2im 2 (3.3)
eT,, , I<LM

Our simulation method is summarized in the following algorithm:
Algorithm 3.1.2 (Replacement method). Choose L € N.
For 1 <m < M do the following:
(1) For ¢ € Z,,, N (0, LM) simulate (u(t;), 0 < i < N) according to (3.1)).

(2) Compute s2, according to (3.3) and generate RL (0),..., RE(N) ~ N(0,s2,) independently. For
the zero initial condition replace RZ (0) by 0.

(3) Compute
Un(t)= > u(t:)+REL(), 0<i<N.
€Ly, L<LM

Output: X[ (yx) = sM-lgL

m=1 ~“m

(ti)em(yg) for 0 <k <M and 0 <i<N.

Assuming a finite set of observations, Davie and Gaines [29] proposed the replacement method
with L = 1, while omitting a theoretical analysis. Based on a bound on the total variation distance
of Gaussians by Devroye et al. [30], namely

TV(N((L A), N(0, B)) < gHA‘l/z(B — A2 (3.4)

for non-singular covariance matrices A and B, we are able to theoretically justify their approach. In
particular, allowing for M, N — oo, the following theorem provides a condition on L for the validity
of the approximation in total variation distance.

Theorem 3.1.3. Let X be the vector of observations, i.e., X := (X, (yx), i < N,k < M) either
with zero or with stationary initial condition and let X be its approzimation computed via Algorithm

Z12

(i) There exist constants ¢,C > 0 only depending on the parameters (o2,9) such that
TV(X, XL) < O VMNe L*M*A

(i) Assume TA? — 0 for some q > 0. If there exists a > 1/2 such that LMA%* — oo, then
TV(X,X*) — 0. In particular, if T = const. and M/N® — oo for some a > 1/2, then
TV(X, X1) = 0.

A negligible total variation distance is exactly what is required for statistical simulations since
functionals based on true and approximate data share the same limiting distribution: Let (X, ;) and
(Y,.x) be triangular arrays of the same size and assume that ¢,,(X, ) has a weak limit Z for some
sequence (¢,,) of functionals. Then, if TV(X,, +,Y,s) — 0, the sequence ¢, (Y, o) also converges to
Z weakly. In fact, if u, is a dominating measure for the laws of X,, o and Y,, o with corresponding
Radon-Nikodym derivatives fx, , and fy, ,, then

Bt 5n)) — B(e 00| = | [ 607, (2) = i, o (2) ()

S fxne = Fyaallor = 2TV (X e, Yao).

83



L=5 L=10 L=1

< < 3
o o o
o~ o~ ~
o o o
o o o
T T T 1 S e T T
4 2 0 2 4 4 2 0 2 4 4 2 0 2 4
K=2,000 K=6,000 K=20,000 K=70,000
< <
o o o o
N N N N
o o o o
o o o o
T T T 1 S e T T T S e B
4 2 0 2 4 4 2 0 2 4 4 2 0 2 4 4 2 0 2 4
(a) temporal quadratic variation for (b) spatial quadratic variation for
N = 5,000, M =10 N =100, M = 1,000

Figure 3.1: Histograms based on 500 Monte Carlo iterations for normalized quadratic variations based
on the replacement (top) and truncation method (bottom). The solid line corresponds to the standard
normal density function.

Thus, the limiting characteristic functions coincide.

Another aspect worth noting is that there is no statistical test that can consistently distinguish
between two models whose total variation distance tends to zero. Indeed, in such a case, the maximum
of type one and type two error of any test for the true model is asymptotically bounded from below
by 1/2, see e.g. the proof of [75, Theorem 2.2].

3.2 Simulations on the accuracy of the replacement method

In order to test the performance of the replacement method and compare it to truncation of the Fourier
series, we compute rescaled realized temporal and spatial quadratic variations, namely V; from
and V4, from , based on both methods on the finite time horizon T = 1. The outcomes are then
compared with the corresponding theoretical limiting distributions given by and Theoremm
For the simulations we have set the parameters to the values 02 = 0.1, ¥ = 0.5, 91 = —0.4, 99 = 0.3
and have considered the stationary initial condition. Each of the plots in Figures[3.1a] and [3.1D]shows a
histogram of the centered and normalized (with respect to theoretical asymptotic means and variances)
realized quadratic variations based on 500 Monte Carlo iterations. The solid line corresponds to the
standard normal density function.

For the temporal quadratic variation (Figure we have considered M = 10 spatial and N =
5,000 temporal observations. As long as N — 0o, the central limit theorem for time increments also
holds for finite M. Hence, one can expect that the asymptotic regime is reached with these values
for N and M. Indeed, Figure shows that the values provided by the replacement method with
L = 10 (corresponding to LM = 100 simulated Ornstein-Uhlenbeck processes) are already in good
accordance with the theoretical limit. Note that LM+/A ~ 3.2 is far from infinity, so the method
works better than predicted by Theorem [3.1.3] The truncation method, on the other hand, requires
simulation of more than 6,000 coefficient processes in order to produce accurate results and prevent
a severe bias in the simulated values.
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Examining the results for the spatial quadratic variation (Figure [3.1D]), this effect becomes even
more apparent. Here, we considered M = 1,000 spatial and N = 100 temporal observations. Conse-
quently, M+/A = 100 and Theorem suggests that L =1 (i.e., LM = 1,000 simulated coeflicient
processes) is sufficient for the replacement method. Figure confirms this prediction. On the
other hand, even with K = 70, 000 coefficient processes, the simulated values based on the truncation
method still suffer from a severe bias.

In fact, the bias in the central limit theorems introduced by truncation can be explained ana-
lytically: A simple calculation shows that for the normalized temporal quadratic variation, the bias
is of the order v/ MN% ZZZK )\% ~ YMN and in our simulation for the temporal quadratic varia-

~ KVA
tion we have 7%\1 =~ 16,000. Similarly, the bias for the spatial quadratic variation is of the order

VMNLY o /\% ~ VIJ\({;N, in our simulation we have 7”\541\] ~ 316, 000.

3.3 Simulation study for the estimators from Section

The following numerical examples illustrate the asymptotic results for the estimators derived in Section
In order to simulate X on a grid in time and space, we use the replacement method developed in
Section The estimators applied to the simulated data then have the correct limiting distribution,
as follows from Theorem [3.1.3| and its subsequent discussion.

3.3.1 The case of a fixed time horizon

Letting T = 1, we have considered a fixed number N = 219 or N = 2'* of temporal observations,
while M varies in the set {15, 29, 57, 113, 225, 449, 897, 1793, 3585, 7169}. The precise values for M
stem from the procedure of lying a dyadic grid on [0, 1] and then removing the points on the margin
[0,)U(b—1,1] where b = 27%. In fact, all observations are obtained as subsets of a simulation of X on
the full grid ((i/N,k/M), i < N,k < M) with M = 2'3 and N = 2!*. We have used the replacement
method with L = 1 which is justified by Theorem in view of M?2/N = 22 > 1. The parameters
are chosen to be 62 = 0.1, ¥, = 0.5, ¥; = —0.4 and ¥ = 0.3.

First, we consider the estimators for the volatility o2 and the diffusivity 2 which have been
analyzed in Propositions|2.2.10|and [2.2.11] respectively. Figureshows the normalized (with respect
to 1/(MN) as well as the constants % and 93, respectively) mean squared errors based on 500
Monte Carlo iterations plotted against the logarithm of the sampling ratio v/N/M. The simplified
double increments estimator ﬁg}r is computed with r = (1 — 2b)g. Using the same value for r, the
simplified double increments estimator for o2 is computed by replacing the normalization ®(d,A)
with %%/ 24y, (r)VA.

As expected, the estimators based on temporal increments only achieve the parametric rate of
convergence as long as M is not too large, whereas estimators based on space increments only work
well when M is not too small. The estimators based on double increments perform very well through-
out any regime depicted in the plot. Even the simplified versions work surprisingly well, although
their applicability is only supported by our theory as long as M ~ v/N. In particular, the double
increments estimator for o2 can barely be distinguished from the simplified one. Furthermore, as
suggested by the theory, the simulations show that the estimators based on space increments or time

increments have a smaller mean squared error than the double increments estimators in the regimes
VN/M — 0 or VN/M — oo, respectively.

The above estimators require all but one of the parameters (02,92,%) to be known. Within
the more difficult statistical problem where all parameters are unknown, 7 = (02,92,91) can be
estimated by 7 from (2.18) and by 7, . from (2.19). Furthermore, we have implemented a data-
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Figure 3.2: Normalized mean squared errors of estimators for o2 (left) and 9 (right) with 7' = 1,
N =219 and M € [15,7169].

thinning version of the estimator where the contrast process uses only one balanced sub-sample and
discards the remaining data instead of averaging. For the estimator 7, ., and its thinning version, we
set v = [max(1, 2%)] and w = [max(1, M/v/N)] where [] indicates rounding to the next integer. The
minimization problems were numerically solved using the nonlinear least squares function nls from
R. Figure shows the logarithm of the mean squared errors plotted against the logarithm of the
sampling ratio v’ N /M, again based on 500 Monte Carlo iterations. Here, displaying the mean squared
errors on the logarithmic scale helps in distinguishing the different curves and provides a close-up view
at their behavior when they are very small.

For the fixed value N = 2!, taking M = 113 results in a balanced regime and, in particular, we
have v = w = 1. Thus, the definitions of all estimators agree, leading to an intersection of the three
curves at log(v/N /M) ~ 0.12. In contrast to the double increments estimators for single parameters,
7 only produces good results as long as M ~ /N, which is covered by the theoretical foundation.
In fact, with the smallest number of spatial observations, M = 15, the optimization algorithm was
even unable to detect a minimum in almost 3/5 of the simulation runs and the mean squared error is
computed based on the remaining data. Unsurprisingly, the other two estimators have, overall, a much
better performance. On the contrary, when M = 57 (log(v/N/M) ~ —0.56) the estimator 7 works
slightly better. This can be explained by the fact that, here, the choice of v and w is too conservative
in the sense that v V w > 1 although the regime is still reasonably balanced. Furthermore, we see
that it is only possible to profit from an increasing number of spatial observations up to a certain
degree: For M < /N, the optimal rate is M ~3/2 and the empirical mean squared error of TNo,w a8
well as its thinning version becomes increasingly smaller. For M > v/N, the optimal rate is N—3/4
and, indeed, the empirical mean squared errors become stationary. Furthermore, while the latter two
estimators have a similar qualitative behavior, the mean squared error of 7, ,, is consistently smaller.
As announced in Remark this indicates that using the whole data results in an improved
asymptotic variance.
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Figure 3.3: Logarithm of the mean squared errors of the least squares estimator 7, its averaging version
v, and a thinning version exploiting only one balanced sub-sample. The time horizon is T' = 1 and
the sample sizes are N = 24 and M € [15, 7169).

3.3.2 The case T — o©

In order to illustrate the conclusion of Theorem on the estimator (7, 190) in case of a balanced
sampling design, we generated 2,500 samples of (X, (gx))x.; where g, = k/M, t; = iA with A = 4/M?
and T € {25,50,75,100} as well as M € {75,90,100}. To that aim, we used the replacement method
with parameter L = 4. For computing the estimators, we only used the spatial observations satisfying
Uk € [b,1 —b] with b = 0.05. The parameter values are o = 0.1, ¥5 = 0.5, 91 = —0.4 and g = 4. For
smaller values of ¥, the estimation problem becomes increasingly harder. This is caused by the fact
that the function I, : (—72%,00) — R, whose inverse is used for the estimator for g, is quite
flat around arguments not close to —72. Thus, larger sample sizes would be required to illustrate the
precise features of the estimator.

The top row of Figure shows the empirical mean squared errors of 7 and 190 as a function of
T, normalized with respect to their theoretical orders of magnitude, 1/(MN) and 1/T, respectively.
As a baseline, the plot for ¥ also shows the normalized mean squared errors when the estimators
for ¥y are computed using the actual values of 7 instead of their estimates (circular dots). Note
that for different values of M, the mean squared errors are renormalized in a different way, namely,
we multiply by MN = TM/A = TM 3/2 in view of the balanced sampling design. Furthermore,
the dotted lines in the plots represent the estimated mean squared errors plus/minus a Monte Carlo
estimate of their standard deviations. E.g., when Z1,...,Z, with n = 2,500 are the Monte Carlo
realizations of 1%, define Y; := (Z; —¥9)?. An estimate for the mean squared error of 190 is then given
by the empirical mean of Y7,...,Y,. The standard deviation of this empirical mean squared error, in
turn, can be estimated by the sample standard deviation of Y1, ... Y, divided by /n. Let us refer
to the regions between the dotted lines as confidence bands. The bottom row in Figure shows the
decomposition of the mean squared error of 7 into the empirical variance (i.e., the sum of the three
individual variances) and the squared empirical bias (i.e., the sum of squares of the three individual
biases).

The normalized mean squared errors of the estimators for ¥g seem to approach a finite value as

87



T — oo, which confirms the 1/y/T-rate of convergence of Jo. In view of the confidence bands, the
slight deviation in the case M = 90 does not contradict this general behavior. Furthermore, we see
that with M = 100 spatial observations, our estimator for 9 is already very close to the estimator
employing the true values of 1, which shows that our plug-in approach with 7 works very well.

The asymptotic properties of the estimator 7 are largely confirmed by the simulation study as well,
though some precise features are obscured by the fluctuations in the renormalized system. Indeed, as
suggested by the displayed empirical mean squared errors of 7, the asymptotic distribution of 7 has
a fairly large variance, which seems acceptable in view of the fast rate of convergence. In particular,
the asymptotic mean squared error itself is hard to assess precisely, even based on 2,500 Monte Carlo
iterations. This is also reflected in the rather wide confidence bands. They indicate that based on a
second Monte Carlo simulation, the displayed curves might as well be in a different vertical ordering.
On the other hand, it seems plausible from the plot that for a fixed value of T, the mean squared
errors remain bounded as a function of M, which is in line with the parametric rate of convergence for
fixed T'. For individual values of M, the mean squared errors show a linear growth in 7". Inspection
of the decomposition into variance and bias in the bottom row of Figure [3.4] indicates that this is
purely due to a bias effect. This is covered by our theory: It is suggested by Proposition that the
estimator 7 has a bias of the order O(A). Thus, when multiplying the squared bias by M N, we get
an overall error of the order O(MNA?) = O(T/M) in the balanced design. For a fixed value of M,
this exactly explains the linear growth observed for the squared bias. The bias is not present in our
central limit theorem for # since it is proved under the condition that T/M ~ TvA — 0. Tllustrating
the decay of the bias in M in simulations would require very large samples sizes with M > T, which
is beyond the scope of this simulation study.

Figure shows standard normal QQ-plots for the estimators where, as usual, the sample quantiles
are plottet against the theoretical quantiles of the standard normal distribution, accompanied by a
solid line through the first and third quartiles. Due to the scaling invariance of the normal distribution,
QQ-plots following a straight line indicate that the empirical distribution is approximately normal.
QQ-plots for the estimators of the four parameters with M = 90 and 7 = 25 as well as 7' = 100 are
displayed.

Our theory predicts that the estimators for ) = (02,19, 7;) should be asymptotically normal as
soon as M is sufficiently large, no matter the value of T'. This prediction is reflected well in the QQ-
plots. Asymptotic normality of Uy, on the other hand, can only be expected when T is large. Indeed,
at time T = 25, the QQ-plot shows a clear deviation from a straight line. At time 7' = 100, the
empirical distribution already seems much closer to the normal distribution, although some deviation
remains. This can be explained by the fact that 7' = 100 is still not very large, in particular, when
comparing to the number M N ~ TM?3 ~ 7.3 - 107 governing the asymptotics for 7).
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values of 7 instead of 7. Dotted lines represent the estimated mean squared errors plus/minus their
empirical (with respect to the Monte Carlo simulation) standard deviations.

89



8_
o
o
Lrl)_
0 |
g - o o
o — o -
7 - 7 -
o
o
o T T T T | | |
8302 A1 0 1 2 3
94
o _|
©
o _|
N
o
S -
o
© .,
T T T T T T T
83002 A1 0 1 2 3 83002 A1 0 1 2 3
So
< o
o 4
(V]
o
o
(\Il_
N
<I|'_
<
({I)_
o [(e]
o T
o
! oo o .

T T T T T T T T T T T T T T
3 2 1 0 1 2 3 2 1 0 1 2 3

w

Figure 3.5: Normal QQ-plots for the centered (around the true values) and normalized (with respect
to the theoretical rates of convergence) estimators from Theorem [2.2.18 with M = 90, A = 4/M? ~
4.9-107% and T = 25 (left) as well as T = 100 (right).

90



3.4 Proofs

First, we prove the closed form expression for the variance term s2,:

Proof of Lemma|3.1.1 Tt follows from Proposition that X is the covariance matrix of the vector
7 = (e"“yl/2X0 (Yo), - - - ,e"””yM/QXo(yM))—r when X, follows the stationary distribution. Therefore, the
claimed formula follows from

> TV Var ((Xo(*), em)ar) = 55 Var (bn2) = <73 0m S0m
€T,
where the exponential factors cancel in the second step. O

In the following, we prove our convergence result for the replacement method:

Proof of Theorem[3.1.3 First, we treat the case of a stationary initial condition. It follows directly
from the definition of the total variation distance that TV(f(X), f(Y)) < TV(X,Y) holds for any
random vectors X and Y and any measurable function f. Thus, the problem can be reduced to
bounding the total variation distance of (U,,(t;), ¢ < N,m < M — 1) from its approximation. Fur-
thermore, since both U,, and UL are made up of independent summands, it is sufficient to consider
the parts of the sums in which the two differ. To that aim, define R := (RZ (i), i < N,m < M — 1)
and VI = (VL(t,),i < Nym < M — 1) where VL(t) = > ver,, e>na te(t). Let Ep be the co-
variance matrix of (V.L(¢;),4 < N) and = be the covariance matrix of (RL (t;),i < N) as well
as = = diag(Zq,...,Zm-1), EL = diag(Ef,...,Z3;_,). Since VX and RE are centered Gaussian
random vectors with covariance matrices = and Z1, respectively, we can use together with the
block structure of the matrices to bound

TV R < JIED HE-SHE) R = | Y IED FHE - ShED R (35)

=] ©

We now treat each term in the sum separately. Note that =% is a diagonal matrix with the same

diagonal elements as Z,,, namely s2,. Therefore, by the monotonicity of the exponential function,

2
1 e~ Neli—jlA
EL G -EnEN =Y 2 Y ———
S;‘Ln — 2)\4
i#£] 0Ly, , £>LM
2

1 o’ —2aL i limi|A
S 5l BED DS vl ECI

m izj \b€I, (>LM

— E e—2)\Ljyj‘i—j‘A.

i#]
Using > oo, ¢' = %q for |¢| < 1, we can proceed to
0 e~ 2 LmA

Zef2x\L]\4|i7j|A S 2N2672)\L1WiA — 2N
i#] i=1

1 2ALm A S’ Nei?)\LMA
J— e_

where the last step follows from the fact that L2M?A > (LM A®)? — co. Now, letting ¢ > 0 be such
that c¢f? < )\, for all £ € N, we get the overall bound on the total variation distance claimed in (i),
namely

TV(X,XL)Z < TV(VL,RL)2 SJ MN872)\LMA < MNe72cL2M2A'
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To prove (ii), choose r > 0 such that % < . Then, using (i) and exp(—z) < 2~ ",z > 0, for any
r >0, we find

q 2r—1
TV(X, XL < MNe 2 ws < MT ra ( ! ) 0,

~ (LM)z’"AT+1 L LMA Ttatl

finishing the proof for the stationary case.
Also for the case X = 0, let =, be the covariance matrix of (V;2(t;),i < N,m < M — 1) and

ZL be the covariance matrix of (RL (i), i < N,m < M — 1) (without the initial deterministic value).
Clearly, bound (3.5 remains valid and

2
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from which the result follows as in the stationary case. O
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Chapter 4

Estimation in a semilinear
framework

In this chapter we advance the theory on statistical estimation for SPDEs based on fully discrete
observations to the semilinear framework of reaction-diffusion systems. Our aim is to estimate the
diffusivity and volatility coefficients as well as the nonlinearity in the underlying equation. The latter
is done in a fully nonparametric way. The results of this chapter are part of the preprint Hildebrandt
and Trabs [37].

In Section [f.I] we state the different regularity assumptions on the solution process, required for the
different problems treated in this section. These include a boundedness assumption (B), needed when-
ever working with large time asymptotics and a mixing assumption (M) needed for the nonparametric
estimation of the nonlinearity. For the latter problem, we will also require an assumption (E) on the
existence of densities for the random variables X;(y). Using analytic tools from semigroup theory, in
Section we discuss the Holder regularity in time and space of the solution process and show higher
order regularity of its nonlinear component. In Section [£.3] we revisit the parametric estimators for
(02,95) from Chapter [2| in the semilinear framework. Based on the higher order Holder regularity
of the nonlinear component of the solution, we show that their asymptotic properties largely persist.
Section discusses nonparametric estimation of the nonlinearity in the underlying reaction-diffusion
equation. We treat the estimation problem by adapting an approach used by Comte et al. [2I] in the
context of one-dimensional diffusion processes to our infinite dimensional framework. To that aim, we
proceed in two steps: First, we consider observations that are discrete in time but continuous in space.
By implementing an approximation step, the method is then adapted to fully discrete observations.
We derive oracle inequalities for the expected risk when the risk is either the empirical 2-norm with
evaluations at the data points or the usual L?-norm on a compact set. All proofs are collected in
Section For most results the position of their proofs in the latter section is evident, otherwise it
is indicated in the text.

As announced in Section we consider a reaction-diffusion system on [0, 1], namely the mild
solution X to the equation

32
dXt = (192WXt +F(Xt))dt—|—ath, XO :f, (41)
with Dirichlet boundary conditions and where the nonlinearity F' is given by
F(u)=fou

for a function f € C'(R). For simplicity, we will also refer to the functional by f, i.e., we write
fw) = f ow for functions u : [0,1] — R.
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4.1 Further assumptions

Without further notice, in the sequel we will work under the standing assumption that there is a
unique mild solution

X, = S(t)¢ + o/otS(t ) dW, + /Ot S(t— 8)f(X.)ds, >0, (4.2)

such that X is a Markov process with state space E = Cy([0,1]) and X € C(R4, F) holds almost
surely for £ € E. Specifically, we will always assume that either £ = 0 or that £ follows the stationary
distribution on E associated with the Markov process X, provided that it exists. Note that, in case
of existence, the stationary distribution for the nonlinear equation is different from the stationary
distribution for the linear equation considered in the previous chapters. We will denote the linear and
nonlinear component of X by

t t
X} ::a/ S(t —s)dWs, N, ::/ S(t—s)f(Xs)ds, t>0.
0 0

Furthermore, it will be assumed throughout that f and its derivative are at most of polynomial growth,
i.e., there exist constants ¢ > 0 and d € N such that

[f@)] 1 (@) < el +|2]7), zeR. (4.3)

The set of basic assumptions just introduced is sufficient for generalizing the estimation methods from
Section to the semilinear framework as long as the time horizon 7' remains bounded. When
dealing with the case T — oo, on the other hand, we need to impose a stricter assumption, that
ensures that the error induced by the nonlinearity remains negligible uniformly in time, namely:

(B) The process X from (4.2]) with zero or, in case of existence, stationary initial condition satisfies
sup;>o E([[X¢[|%,) < oo for any p > 1.

When dealing with nonparametric estimation of the nonlinearity f, our analysis will, in particular,
rely on a concentration inequality derived via the mixing property of a stationary process. Hence, we
will later assume:

(M) For the SPDE (4.1) there exists a stationary distribution 7 on E and the mild solution X from
(4.2) with & ~ 7 satisfies E(||X¢]|E,) = E(||Xo|%,) < oo for any p > 1. Furthermore, X is
exponentially -mixing, i.e., there exist constants L,~ > 0 such that

Px(t) = /E 1Pe(u, ) = w() | rv m(du) < Le™™ (4.4)

where (P;);>0 is the transition semigroup on E associated with the Markov process X.

Sufficient conditions for Assumptions (B) and (M) to be satisfied are given in the following Proposition
which is strongly based upon results derived in Goldys and Maslowski [34].

Proposition 4.1.1. If there are constants a,b,c, 3 > 0 such that
sgn(z)f(z +y) < —ala| +bly|” + ¢ (4.5)
holds for all x,y € R, then Assumptions (B) and (M) are satisfied.

A proof for the above proposition is given in Section m Condition requires that —f
has at least linear growth at infinity and is, not surprisingly, stronger than the condition from
the general existence result. Still, it covers a large class of systems, including the case where f is a
polynomial of odd degree with a negative leading coefficient.

Finally, for the nonparametric estimation of f on a compact set A C R, we will need that the
L?(A)-norm is comparable to the empirical norm induced by the process X. This can be achieved by
requiring the following equivalence condition.
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(E) For the SPDE (4.1) there exists a stationary distribution © on E and, if £ ~ 7, the random
variables £(x) admit a Lebesgue density p, for each x € (0,1). Further, for any compact set
A C R there are constants cg,c; > 0 and b € (0, 1) such that

pe(2) <e¢p forall ze A, ze(0,1),
pe(z) > ¢ forall ze A, xe(b1-0).

The presence of the constant b in the lower bound is required due to the degeneracy induced by the
Dirichlet boundary conditions. Assumption (E) will be necessary in order to conclude the existence
of constants ¢, C' > 0 such that

1
el < B( [ 20000 ) < Cliltacay
M-—1

1
clltifecay < B(57 D2 #(Xomn) < Clt2a)
k=1

holds for all functions ¢ € L?(IR) with support in the compact set A. Assumption (E) is clearly satisfied
in the case where f is a linear function, f(x) = Yoz for some ¥y < 0, see Section Concerning
a more general framework, there is a large amount of literature concerned with the existence and
regularity of Lebesgue densities corresponding to the marginal distributions associated with various
SPDE models, see, e.g., [4, B8, 63, 65]. However, to the author’s best knowledge, there are so far
no estimates on the densities of the random variables X;(x) that hold uniformly in z € X for some
infinite set X C (0,1). Deriving a sufficient condition on f to ensure (E) goes beyond the scope of
this thesis and is postponed to further research.

4.2 Holder regularity of the solution process

In this section, we discuss the Holder regularity of the process (X:(y), t > 0,y € [0,1]) in time and
space and, in particular, we show the higher order regularity of its nonlinear component (N;(y), t >
0,y € [0,1]). For a > 0, we consider the Holder spaces C* := C*([0, 1]) consisting of all u € Cl*l such
that

(o]

lulloa == u®]lo + sup
k=0 z,y€[0,1]

[uz) — u(y)|

|z — y|o—lel

is finite where [a] := max{k € Ng : k < a}. Further, the Holder continuous functions with Dirichlet
boundary conditions are denoted by

0% = {u € C°, u(0) = u(1) = 0}.

Recall that the linear component (X (), z € [0,1],¢ > 0) of X is a Gaussian process and

2

B((XP(€) ~ XP(m)) = 3 5 (1= e eel©) — een))’
>1
<3 gy (@l&) —erm))” = 1€~ (46)
£>1

2 1— e—>\g|t—s|

)\7[(1 _ e—Ae\t—s\) (1 _ 26—2)\48) 6%(&3)

(1—e M=l = /]t — s]. (4.7)

E((X](x) - XJ(x))?)

|
)

)4
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From this observation it follows that, almost surely, X? € E for any t > 0, z — X} (z) is 2y-Hélder
continuous and ¢ — X (x) is locally y-Hélder continuous for any v < 1/4. The following proposition
generalizes this fact to the semilinear setting and shows that, under Assumption (B), the corresponding
Hélder norms are LP(P)-bounded as functions of time.

Proposition 4.2.1. For any p € [1,00) the following hold.

(i) For any v < 1/2, we have X € C(R4,C]) a.s. and, if Assumption (B) is satisfied, then
sup,o E(X121) < oc.

(ii) For any v < 1/4 and T > 0, we have (X;)o<i<r € C7([0,T], E) a.s. and, if Assumption (B)
is satisfied, then there exists a constant C > 0 such that E(||X; — Xs[|%) < C|t — s|"P for all
s,t > 0.

Furthermore, the same results hold for X replaced by fo(X) where fo(x) := f(z) — f(0).

We remark that a norm bound as in (i) with p =1 is also derived in Cerrai [I3], Proposition 4.2].
To prove the above proposition, we analyze the linear and the nonlinear component of X separately.
The regularity of (X?) can be assessed using properties and together with techniques from
Da Prato and Zabczyk [26] for the study of continuity properties for linear equations, see Lemma
The regularity of (IV;) is a consequence of the regularizing property of the semigroup (S(t)):>0
in view of the fact that, due to our basic assumptions, the process f(X) is continuous as a function of
time and space. To deal with the situation where f(0) # 0 and, hence, f(X;) ¢ E, we need to consider
the semigroup on the space E = C([0,1]). Note that the semigroup S is not strongly continuous on
E. Indeed, we have limy o S(t)z =  in E if and only if + € E. Nevertheless, (S(t));>o defines
a so called analytic semigroup on F which retains many properties of Cp-semigroups. For a precise
definition of analytic semigroups we refer to, e.g., [55]. The following inequalities, which are particular
cases of results derived in Sinestrari [72], are our main tool to study the regularity of (IV;). Recall the
definition Ay = 1923‘9—;2.

Lemma 4.2.2. We fiz an element \g € (0,\1). For any o, 8, € (0,2) \ {1} and n € Ny there ezists a
constant C' > 0 such that

(i) |A%S(t)x]| 0o < Ce 2"\ 2||a0 for all x € E,

(ii) |S(t)z|lce < Ce 0t/ ||z||« for allx € E,

(iii) ||AgS(t)x]lee < Ct=1=D|z||ca for all x € Cf,

(iv) HAgS(t):L'HCéa < Ce’)‘ottf("JrBfTa)HzHcg for all x € C§ where it is required that either n > 1 or
a < g.

For a proof of (4), (i¢) and (iv) we refer to [55, Proposition 2.3.1], (ii3) follows from [72], Proposition
1.11]. Further, in order to transfer the spatial to the temporal regularity, of particular importance for
our study are the so called intermediate spaces, defined by

~ St)xr — x| 5
Diya09) = {2 € B lollpy oy = ol 450 Z=2E <ok ae o)
>
which are Banach spaces with the norm || - ||p 4, (a,00)- These spaces can be defined for arbitrary

analytic semigroups on a Banach space, see, e.g. [72]. For our concrete choice of Ay and E, they are
given by the Dirichlet-Hélder spaces

Do) = CB(0.1), a3,
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where the norms are equivalent, see Lunardi [54].

Having derived the Holder regularity of the process X and, in particular, of fo(X), we can use
Lemma once more to show that the regularity of (IV;) exceeds the regularity of X. A related
strategy has been pursued by Pasemann and Stannat [68] who studied the higher order regularity
of the nonlinear component of X in the spaces D((—Ay)¢), € > 0. For our purpose, we can proceed
similarly to Sinestrari [72] who studied the Hélder regularity of mild solutions to deterministic systems.
We use the decomposition Ny = N + M, where

/St—sfo ) ds, M, = /OtS(r)mdr (4.8)

for m = f(0) and fo(x) = f(x) — f(0). Note that fo maps E and, in particular, D, (a,c0) = Cg*
into itself.

Proposition 4.2.3. For any T >0, p > 1 and v < 1/4 the following hold.

(i) For anyt >0, we have N? € Ca**7 and SUp;< ||A19N?||C§w < 0o almost surely. In particular,
if Assumption (B) is satisfied, then sup,sg E(||A19Nto||227) < 0.
- 0

(ii) We have (N?)i<r € C'V([0,T],E) and %N? = fo(X,) + AgNY in E almost surely. In par-
ticular, under Assumption (B), there ezists C > 0 such that E(|| 4 (N? — NO)|[2,) < C(t — s)?
holds for all s,t > 0.

Furthermore, the same results hold for (N;) and f instead of (Ny) and fo, provided that we replace E
by C([b,1 — b)) and C;" by C*'([b,1 —b]) for some b € (0,1).

4.3 Diffusivity and volatility estimation

Using the results of the previous section, we are now able to carry the central limit theorems for space
and double increments from Section as well as the result for time increments, derived in
Bibinger and Trabs [9], over to the semilinear framework. As a consequence, the estimators considered
in Section for the volatility o2 and the diffusivity 92 can be used in the semilinear framework
and, under quite general assumptions, their asymptotic properties remain unchanged. As before, X
denotes the mild solution of equation and we consider the observation scheme defined in Sec-
tion [1.2.3] The constant b defining the minimal distance of spatial observations to the boundary of
[0,1] is assumed to be strictly positive so that Proposition provides the regularity of the process
(N¢(z), x € [b,1 —b], t > 0) in space and time.

First, let us consider the realized quadratic variation based on time increments, i.e.,

N—-1M-1

Vi = MNf Z Z Xio (yi) — Xo, (yr))*

i=0 k=0

Recall that in the case f = 0, V; = V; satisfies the central limit theorem ([2.10]) under the assumptions
1
M = o(A™") for some p < 3 and TA —0. (4.9)

Theorem 4.3.1. Grant assumption (4.9).

(i) If T is fized and finite, the central limit theorem ([2.10) remains valid for Vi. If T — oo, it
remains valid if Assumption (B) is satisfied and there exists p < 1/2 such that TM = o(A™F).

(i) Under the same assumptzons as in (i), the central limit theorems for the time increments-based
estimators for o2 or ¥ from Sectwn remain valid.
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While the result for a fixed time horizon carries over from the linear setting without any extra
assumptions on the interplay between M, N and T, the additional assumption for the case T" — oo is
much stricter. In the proof of the above theorem we show that R; := V; — Vi = 0,(1/v M N), which
proves the result in view of Slutsky’s Lemma. In fact, it follows from the temporal regularity properties
of the processes (X)) and (N;), that Ry is of the order O,(A%) for any o < 3/4. Hence, the reason for

the additional assumption in the case T' — oo is that vV M NA® = vV MT A%~ is required to tend to 0.

Next, we consider the realized quadratic variation based on space increments, i.e.,

—1M-1

SP: MN(S Z Z Xt yk"rl Xt1(yk))2

i=0 k=0

Like in the linear setting, we sum over i € {1,..., N} instead of {0,..., N —1} if Xy = 0. The central
limit theorem for Vi, in the case f = 0, Theorem holds under the condition

N = o(M). (4.10)
Theorem 4.3.2. Grant assumption (4.10).
(i) If T is fized and finite, the conclusion of Theorem remains valid for Vy,. If T — oo, it

remains valid under Assumption (B).

(i) Under the same assumptwns as in (3), the central limit theorems for the space increments-based
estimators for o® or ¥a from Section 49 remain valid.

Although our proof strategy for the above theorem is the same as for time increments, here, the
result carries over from the linear setting with no extra conditions on M, N and T, at all. Indeed, by
using a summation by parts formula to rewrite Rg, := Vi, — Vip, we can profit from the fact that the
second order spatial increments of (NV;), namely N¢, (yxt1) — 2Ny, (yx) + Ne, (yx—1), are of the order
0,(6?), thanks to the spatial regularity of the process (Ny).

Finally, we consider the realized quadratic variation based on double increments, i.e.,

N—-1M-1

_ 1
V= MN®, (5, A) ZZD

=0 k=0

with D, := Xtior Wra1) = X, (Yrr1) — Xty (Yr) + X4, (yr). As in the linear case, if a balanced sampling
design is present, i.e. 5/\/Z = r for some r > 0, we can also consider

—1M-1

V= MNfZZD

i=0 k=0

In the case Xo =0, V and V, are redefined in the obvious way. If f = 0, the conditions for the central
limit theorem for V =V, Theorem m are

§/VA = ref0,00} or §/VA=r>0 (4.11)
as well as
A—0 and T =o(M). (4.12)
Theorem 4.3.3. Grant assumptions (4.11) and .

(i) If T is fized and finite, the conclusions of Theorem and C’orollary remain valid for
V and V,, respectively. If T — oo, they remain valid zf Assumption (B) is satzsﬁed and there
exists a € (0,1) such that T = o(M“).
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(i) Under the same assumptions as in (i), the central limit theorems for the double increments-based
estimators for o2, 99 or (02,92) from Section remain valid.

Remark 4.3.4. In particular, in view of Remark [2:2.13] the conclusions of Corollaries [2.2.14] and 2:2.19]
remain valid. Hence, the estimator (2.19)) for (02, 95) defines a rate optimal estimator in our semilinear
framework.

As for space increments, there are essentially no additional assumptions compared to the linear
setting. The influence induced by the nonlinearity is negligible, in particular, since the double incre-
ments computed from the process (N;) decay in both A and ¢ at the same time, as opposed to the
double increments computed from (X?) which are roughly of the order (5 A v/A)/2, see also Lemma
4.0.2

4.4 Nonparametric estimation of the nonlinearity

The following section discusses nonparametric estimation of f. We adapt an estimation procedure
considered by Comte et al. [21] in the context of one-dimensional diffusions to our SPDE setting. First,
we treat observations that are discrete in time but continuous in space and, then, by implementing an
approximation step, an estimation procedure for fully discrete observations will be introduced. Note
that the parameters (02, 12) can be estimated well using the methods analyzed in the previous section.
Thus, in a first step, we will assume that these parameters (in fact, only ¥s is necessary) are known.
Later, a plug-in approach will be considered.

In contrast to the previous section, we will strictly require that the mild solution X from
admits a stationary distribution, denoted by 7, and, moreover, that the mixing assumption (M) is
satisfied. Furthermore, it will be essential for the derivation of our oracle inequalities that we have
T — oo. From now on, let A C R be a fixed compact set on which we want to estimate f.

Before treating the actual estimation problem, we introduce the approximation spaces serving as
candidate functions for the estimation of f in the following section.

4.4.1 Spaces of approximation

In order to estimate f on the set A, we consider a sequence (Sy,)men of finite dimensional sub-spaces
of L?(A) such that D,, := dim(S,,) — oo for m — oco. The intuition is that we choose m depending on
the sample size and, if accessible, depending on the regularity of f and then estimate f by taking the
function fm € S, that matches the data in the best possible way with respect to a suitable criterion
to be defined later. Like in [2]], our key assumption on the approximation spaces Sy, is the following.

(N) There is a constant C' > 0 such that for each m € N there is an orthonormal basis (¢x)ea,, of
Sm;, |Am| = D, with

H > @iH < CD,,.
AeA e

It is shown in Birgé and Massart [I0] that Assumption (N) is equivalent to requiring [[t]|2, <
CDp[t)72( 4y for all t € Sy, and m € N.

Let us briefly recall some examples of approximation spaces with property (N) that are considered
n [21]. We assume that A is a closed interval and take A = [—a,a] for some a > 0 without loss of
generality.

Example 4.4.1.
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[T] The trigonometric spaces

1 1 (kw ) 1
—, —=sin(— ), —
V24 Va a Vva
have dimension D,,, = 2m+ 1 and property (N) follows directly from the fact that trigonometric
base functions are uniformly bounded.

Sm:span({ cos (%-), 1 Skgm})

[P] Piecewise polynomials on a dyadic grid: Most conveniently, these spaces are parameterized in
terms of a pair m = (p,r) with p € N, r € {0,...,"max} and rmax € N being some fixed
value. Let (p;)ien, be the complete orthonormal system in L?([0, 1]) such that p; is the rescaled
Legendre polynomial of degree [ for I € Ny. Further, for p € N and j € {—2P,...,2P — 1} let
I7 := [ja27P,(j + 1)a27P). Then, for m = (p,r), we define

S(p,r) = Span({g&?l7 1 <r,—2P <j< 9P _ 1})

2p 2Px .
pia(x) = \/ Epl(T —J)llf(fﬂ)v z e A

Clearly, dim(S,) = (r + 1)2P7 < (ri40 + 1)2PT and property (N) holds with a constant C
depending on 7y ax-

with

[W] The dyadic wavelet generated spaces: For arbitrary r € IN, there are a scaling and a wavelet
function ¢, € C*(R), respectively, for some a > 0 with support in [0, 1] such that ¢ has r
vanishing moments and

(a <;>,z¢<;+1>@<i”—j>»—zp<j<2p,peN}

is a complete orthonormal system in L?(A), see . Then, the subspace

Sm:span({%¢() +1 \/»Qﬁ—J —2p§j<2p,p§m}>

satisfies dim(S,,) = 2™*2 and property (N) is fulfilled.

The following definition due to Baraud et al. [5] proves to be useful in analyzing our nonparametric
estimator. We fix an orthonormal basis (¢, A € A,,) of S, according to Assumption (N) and define
the matrices V™, B™ € RA*An by

Vil = [loaea Il cays BY'y = [lpaea oo

These expressions are convenient in order to express certain estimates, e.g., |px(Z)pn (Z)] < BV,

and E(|ox(Z2)ex (Z)?) < (Vi™,)? when Z is an A-valued random variable with a bounded Lebesgue
density. Further, let

Ly, := max(p*(V™), p(B™)), p(H) = sup Z laxax Hy x|, He {V™ B™}. (4.13)
acRA m,z)\ a>\<1>\ N

For our main oracle inequalities, we will have to require that L,, is asymptotically negligible with
respect to the time horizon T'. For the previous examples of approximation spaces, the quantity L,,
can be linked directly to the dimension D,,. In fact, it is shown in [5] that L,, < D2, for [T] and
L., < D,, for [P] and [W].
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4.4.2 Estimation based on space-continuous observations

In this section, we consider observations that are discrete in time and continuous in space, i.e., the
data is given by
{X},(z), x €10,1],i=0,...,N}.

From (4.2)) it is evident that we can decompose

t+A t+A
XH_A:S(A)XtJrO'/ S(t+A75)dVVS+/ S(t+ A —s)f(Xs)ds.
t t

By rearranging, we can pass to

Xt+A — S(A)Xt

o [tFA
A :f(Xt)+Z/t St+ A —s)dWs

1 t+A
+ Z/t (St +a=9)7(x,) = F(X0)) ds,
yielding the regression model
Vi = f(X¢,) + Ri + i, 0<i<N-1,
with

Y; — Xti+1 B S(A)th

A
o tit1
E; = Z [l S(ti+1 — S) dWs,

R; = i/tjm (S(tiH — ) f(X,) — f(Xti)) ds.

The main term in the regression model is given by f(Xy,), &; is the stochastic noise term and R; is a
negligible bias. Note that the stochastic noise term is stochastically independent of the covariate X, .
The corresponding least squares estimator is defined by

N—1

. 1

fm = argminyy(g), v (9) = N Z 1Y; — g(Xt'i)||2L2
gESm =0

with L? := L2((0,1)). Note that this estimator hinges on the parameter 15 through the semigroup
S(+) appearing in the response variables Y; and, for now, we assume that it is known. The natural
empirical norm associated with the observations scheme is given by

‘2
L2

N—1
1
gl =+ D_ lo(Xe)
1=0

and, in the sequel, we derive a bound on E(||fm — fall%) with fa := f14. As before, m denotes the
stationary distribution for X and, for nonrandom g € L?(A), let

g1l = E(llgll}) = E(lg(Xo)[72)-
Recall that, under Assumption (E), there are constants ¢, C' > 0 such that
cllgllizcay < Nlgllz < Cllgliza (4.14)
holds for all g € L?(A). The oracle choice for an estimator of f4 from the space S,, is given by

fm =argmin||f — QH%%A)'
gESm

Our main result for space-continuous observations is the following.
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Theorem 4.4.2. Grant Assumptions (M), (E) and (N). Further assume that — 00 as well as

L, = 0(101;2AN) and Dy, < N. Then, for any v < 1/2,

lg2N

R D,,
E(l[fm = falX) SIF = fmll7zca) + - TA

Remark 4.4.3. In contrast to the term A7, v < 1/2, on the right hand side of the above inequality,
Comte et al. [21] obtain the smaller bound A in their corresponding result in the context of SODEs.
In fact, this error term arises from bounding the bias terms R; in the underlying regression model.
The difference in the order of magnitude is due to the fact that for the SPDE model there only is
temporal Holder regularity up to exponent 1/4, as opposed to exponent 1/2 in the finite dimensional
setting.

We encounter the usual variance-bias trade-off in nonparametric estimation: When we choose m
too small the estimator is not sufficiently versatile, leading to a large bias term || fa — fm||L2(A On
the other hand, when choosing m too large, the estimated function will closely follow the concrete
realization of the data, leading to a large variance D,,/T'. Now, assuming that || f,, — fallz2(a) = D%,

balancing the bias and the variance term shows that it is optimal to choose D,, =~ T2 . Under the
additional assumption that TAY — 0 holds for some v < 1/2, the term A” appearing on the right
hand side of the oracle inequality can be regarded as a negligible remainder and we obtain the usual
(squared) nonparametric rate

E(”fm - fA”?V) S T_#il~

In fact, there might be additional conditions due to the assumption L,, ) in the theorem.

T
O( log? N
For instance, for the trigonometric spaces [T], we have L,, ~ D2, and, thus, it is only possible to

take D,, ~ Tﬁ, provided that a > %, as already pointed out in [2I]. For instance, when using
[T], the k-th Fourier coefficients of a function f € C! are generally of the order 1/k. A faster decay
is only expectable in the exceptional case where the function f is periodic on A. Thus, we have
| fm = fall2(ay = D,® with a = £ and it is possible to achieve a convergence rate of T~ %+ for any
& < a. We remark that, in general, the true value of the regularity parameter « is unknown, as it is
a property of the unknown function fa. Building upon the results presented in this thesis, this issue
is addressed in Hildebrandt and Trabs [37] where adaptivity of the estimator on the regularity of f is
achieved via model selection. See also the outlook in Chapter [5| of this thesis.

In order to prove Theorem we adapt the proof strategy from [21] to our infinite dimensional
setting. The main steps of the proof are explained in the following.

For an arbitrary function g, we can write

2

=]
M

() = (f)=llg— flIx + Y F(Xe), f(Xy,) — 9(X0))) L2

2@
L

=llg—flI% + (ei + Ry, f(Xt,) — 9(X4,))) L2

=]
I

%

By definition of f,,, we have ’yN(fm) — v (f) < An(fm) — v~ (f) and using the above expansion on
both sides of this inequality yields

N—
”fm - f||?v < ”fm - fHN + Z €i +wam Xt ) - fm(Xti)»LQ
=0

Since both fm and f,, are A-supported, if we insert f = f14 + f14c in the above equation, then the
terms || f14¢||3, on both sides of the inequality cancel. We arrive at the fundamental oracle inequality

N-1

I = £l < L = Sl 3 (i (X)) = f (X))o

=0
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N-1
+ Z Ry, fn(X1) = fn(X2,))) 2 (4.15)
=0

Z\M

By treating each of the three terms appearing on the right hand side above individually, we can derive
the following proposition.

Proposition 4.4.4. Grant Assumptions (M) and (N) and for ¢ > 0 let
O = Dy = {||t||?V > c|[t|22a for allt € sm} .

Then, for any v < 1/2, we have

B~ Faliey,.) S 150~ fulld + 22 + A7

The event Qy ,, has been introduced since the proof requires bounding the stochastic noise term
+ Zi]\;_()l(ei,t(Xtt»Lz uniformly over all || - || y-normalized ¢ € S,,. The latter is difficult since both
the object to be bounded and the norm are random objects. On the event Qy ,,, it is sufficient to
bound it uniformly over all || - || 2(4)-normalized ¢ € S,,, which is possible thanks to Assumption (N).

Under Assumption (E), we can further bound ||fa — f 2 <[/ fa — fm||L2(A) hence, Proposition
[4:44] already provides the relevant terms appearing in the oracle inequality from Theorem [{.4.2] The
second main step of the proof of the theorem is to verify that the event Q% ,, has negligible probability.
To that aim, let us consider

_ 1413 ‘1
= = —1| < =Vte S
om {wa =2 "

which satisfies Znm C Qp 1. Since E(||t||3) = [|t]|2 and

[ ’, ’”t”N (B
1[I

T

under Assumption (E), bounding the probability of =%, is equivalent to deriving a concentration
inequality for ||¢||3 uniformly over all L?(A)-normalized ¢ € S,,,. This can be done using the standard
techniques for B-mixing sequences, see, e.g., [31]: by means of the mixing assumption in (M),
we approximate (Xi,,...,X:y) by a process with independent blocks and, then, apply a variant of
Bernstein’s inequality. We obtain the following bound for P (=4 N, m)-

Lemma 4.4.5. Grant Assumptions (M), (E) and (N). Then, there are constants K, K' > 0 such that

P(Zf,) < K(Nﬁx(qNA) + Dy, exp ( - K’%))

holds for any pn,qn € N with N = 2pnqn. In particular, with the constants v and L from the
B-mizing condition (4.4]) as well as K := K max(L,1), we have

P(Zi) < K(Vexp (—raxa) + D2 exp (- K/25)).

The conclusion of the main theorem is a straightforward consequence of Proposition [1.4.4] and
Lemma 4.4.5) we refer to Section for further details on the proof.

Next, we assess the quality of our estimator in terms of the more intuitive distance measure

||fm — fllz2(a), rather then ||fm — fallw. Using the triangle inequality as well as the equivalence of
the empirical and the L?(A)-norm on Zy ,, we can bound

1 fn = 17202y < 20 fm = FmllT2ay + 2 Fm = FlI720a)
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=2\ fin = fnllF2(ayLan + 20 Fm = FnllZecaylzg,, + 20 fm = fl72ca)

~ 2||fm - me?V]‘EN,m + 2||fm - fMH%%A)lE?V,m + 2||fm - f”i?(A)'
Then, thanks to Proposition [£.4.4 and Lemma it is straightforward, to derive an upper bound
in probability. Bounding E(|| f, — f ||2L2( A)), on the other hand, is more challenging since the behavior

of || J— 2. (4) On the set =%, is a priori unclear. This issue can be circumvented by considering
the truncated version . .
fa = (EN)V (f N K)

where (K ) is a sequence of positive numbers with Ky — oo such that KyP (=% ,,,) — 0 sufficiently
fast.

Corollary 4.4.6. Grant Assumptions (M), (E) and (N). Further assume that IJ;TAN — 00 as well as

L, = 0(101;2AN) and D, < N. Then, for any vy < 1/2,

R D,,
| fm — f||2L2(A) = OP(Hf - fm||%2(A) + T + AW).

Furthermore, for a sequence (Kx) with Ky — co and Ky /NP — 0 for some 3 > 0, we have

. Dy
B = flBaay) S I = fnllfaca + 22 + A7,

4.4.3 Estimation based on fully discrete observations

We return to our fully discrete observation scheme described in Section [[.2:3] In order to derive a
discretized version of the estimator discussed in the previous section, we assume that the temporal
and spatial observations are recorded at the locations

. k
t; = 1A and yk:M

for 0 <i< N and 0 <k < M, ie., the parameter b specifying the margin of the spatial observation
window is set to b = 0. With observations distributed throughout the whole space domain (0, 1),

we have the possibility to approximate the coefficient processes zy(t) := (X3, ex) by their empirical

counterpart (X, ex)n = = ]Vil_l Xi(y)ex(yr). Recall from (2.4) that for & < M — 1 we have the

relation e
(Xeew)nr = Y we(t) = > au(t)

ez Cex,;

where Z;} = k+2M -Ng and Z,, = 2M —k+2M -Ny. In order to approximate the expression S(A)X;,
appearing in the estimator based on space-continuous observations, we define S(A) := Sy (A) by

M-1

S(A)Xy =Y e MA(Xy er) mer
{=1

which only hinges on X; through the discrete data (Xi(yx), ¥k = 1,...,M — 1). Now, from the
space-continuous regression model

Xi,., — S(A)X,

A

i+1

- = f(Xe) + Rt

we pass to

S(0)X;,,, — 5(A) Xy,
A

= S’(O)f(th) + Rl +¢&; (416)
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with
Ry i=f(X,) - $0)7 (%) + 2B SN | SOF
1

+fw@mﬁmeMMM

1+1
& = A / z+1 - S) dWs.

We consider the corresponding least squares estimator

fm —argmln— E H ‘“

gESm

1M-1 B ApA X
argmmzz( st AN, ca) )

ges i=0 k=1

which is purely based on the space-time-discrete observations.

In the following, we will require a minimal continuity property for the approximation spaces S,
and impose the following assumption.

or any g € 'm, let g: R — e the extension of g by zero on the se . en, the
H) F meN Sm, let g: R — R be the extensi fgb the set A°. Then, th
function g is piecewise Holder continuous, i.e., there are constants a > 0 and —oco = ag < a1 <
.<ar =00, L € N, such that g|(g,,a,,,) € C*((ar,ar41)) forany 1 <1 < L —1.

Note that all approximation spaces from Example also meet the additional requirement (H).
Under Assumption (H), it is possible to derive a convenient and intuitive representation for our
estimator f,,, based on the following lemma.

Lemma 4.4.7. Let H: [0,1] = R be Holder continuous in an environment of yy for each 1 < k <
M —1 and set hy, := (H,eg)p2. Then, the series Hy, := Zlez,j h; — ZlEI; h; converges and we have

(H,er) = Hy as well as
M-1

M—
1
O ) = |3 = S HY

with HM = S(0)H = S 7" Hye,.

Remark 4.4.8. The Holder condition in the above lemma can be relaxed to requiring convergence of
the Fourier series of H at yi to H(yy) for each 1 <k < M — 1.

Under Assumptions (H) and (E), the random variables X, (yx) hit a discontinuity of the extension
g of some g € |J,,cn Sm With probability zero and, hence, the above lemma is applicable with

Xi. o —S(A) Xy, . . 2 .
= t“f()t — g(X%,). In particular, the estimator f,, can, almost surely, be expressed via

=

N-1M-1 A

a . 1 X7 1(yk)—S.(yk) 2
fm =argminyna(9),  Yvm(9) = 5 ( = L —g(Xy, (yk))) (4.17)
gESm NM i=0 k=1 A

where S£ := S(A)X

As in the space-continuous case, our main effort is to bound f,, — fa in terms of the empirical
norm which is now given by

L

gl ar == NI 9 (X, (yr))-



Using analogous steps as in the space-continuous case, we can conclude the following theorem.

Theorem 4.4.9. Grant Assumptions (M), (E), (N) and (H). Further assume that M- — oo as

logZ N
well as L, = O(IOQZ‘AN) and D, < N. Then, for any v < 1/2 and p < 1/4, we have
) D,, 1 1
E(|[fm = falXne) SIF = Fmll7ecay + - tA st

Remark 4.4.10. The conclusion of the theorem is only useful when MA? — oco. In the latter regime,
the O(M ~")-term is negligible with respect to the O(A7)-term. Note, furthermore, that the condition
MA? — oo rules out a balanced sampling design.

The additional terms (compared to the space-continuous case) on the right hand side of the above
inequality arise from bounding the additional parts in the bias terms R; of the underlying regression
model: In the proof we show that for h > 0 we have E(||S(h)X; — S(h)XtH%Q) = O(1/M) and the
approximation error gets amplified by dividing by the squared renormalization A2. Furthermore, the
process f(X;) has the same regularity properties as X? but we cannot profit from independence of the
coefficient processes. This results in the additional error term E(|| f(X;) — S(O)f(Xt)HQLz) = O(1/MP)
for p < 1/4.

As in the discussion following Theorem [£.4.2] it can be concluded from the above theorem that if
| frn — f|\2L2(A) ~ D2 the estimator fm with Dy, = T admits the usual nonparametric rate of

— @ . .
convergence 1~ 2a+T under the conditions L, = o(longN) and

Y L)
T(A +MA2+MP —0
for some v < 1/2 and p < 1/4.

Figure shows four exemplary realizations of the estimator fm with the trigonometric basis [T
when f is a linear function such that discrete observations of the solution process can be generated
by means of the replacement method from Chapter [3] The compact set on which f is estimated is
A = [—1,1]. One can see that the general shape of the function f is captured accurately inside some
interval containing the origin, roughly [—0.6,0.6]. It is evident from the histograms that areas further
away from the origin do not contain as many data points which, naturally, affects the quality of the
estimator there. Also, there is a boundary effect caused by the fact that the functions in S, are
necessarily periodic over [—1,1].

With the same reasoning as in the space-continuous case, setting fg“ = (—-Kn)V (fm NKn), we
get the following bound on the L?(A)-risk.

Corollary 4.4.11. Grant Assumptions (M), (E), (N) and (H). Further assume that —NA- — 0o as

log? N
well as L, = O(IOZQAN) and Dy, < N. Then, for any v < 1/2 and p < 1/4, we have

R D 1 1
2 _ 2 -_m —
1 = F320a) = Op (IF = Flzay + o + AT+ 5 + 7).

Furthermore, for a sequence (Ky) with Ky — oo and Ky /NP — 0 for some 3 > 0, we have

N D,, 1
E(IfAY = fllZ2a) S I = fnllZza) + - tA e T
Estimation of f with unknown diffusivity and volatility

In practice, the diffusivity parameter 5 appearing in our nonparametric estimator for f will generally
be unknown and has to be replaced by an estimator. To that aim, we make use of the double increments
based estimator ¥ := 93* as defined in (2.19) with ¥, = 0, while omitting the spatial observations
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Figure 4.1: Four realizations of the estimator fm from with the trigonometric basis [T] on
A = [-1,1] (blue) along with the true underlying function f(x) = —0.3 - z (gray). The barplot
below each realization shows a histogram of the corresponding discrete observations (X, (yx))ix. The
sample sizes are given via M = 500, T' = 200, A = 0.05. The dimension of the approximation space
was chosen to be D,, = 2m + 1 = 29, which corresponds to D,, < VT. The discrete observations
of X are obtained by means of the replacement method with parameter L = 1, see Chapter 3] The
remaining parameter values are o2 = 95 = 0.05.
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yr ¢ [b,1 — b] for an arbitrary but fixed b > O Recall that the computation of U5 does not require
prior knowledge of the volatility parameter o2 and Corollary [2.2.19) m together with Section reveal
the (squared) convergence rate (g — 03)2 = O ,(max(A3/2,5%)/T). Since the conclusion of Theorem
m is only useful as long as MA? — oo, we work in the regime M+/A — oo where the (squared)
convergence rate is given by (95 —12)2 = O ,(A3/2)T). Now, based on the estimator U4, we can define
an approximation S(A) of the discretized semigroup S (A), namely

M-1
S(A)u = efMA<u 6g>]y]€g with 5\[ = 7T2'L§2€2

for continuous functions w : [0,1] — R. The corresponding nonparametric estimator for f is then
given by

N—-1M-1 &
v o Xipos () = S2.01) 2
= argmin o 50 37 (ST (X))
g m 1= k=1

where S't% =S (A)X:,. In order to analyze the convergence rate of fim, We incorporate the approxi-
mation of the semigroup into the regression model. Due to .5'(0) = 5(0), it is now given by

S(O)Xti+1 - S(A)th

A — $(0)f(Xs,) + R, + &

with N
S(A) Xy,

i

— S(A)X,,
A .
Based on this representation, we are now going to show that the approximation of the discretized
semigroup does not affect the convergence rate of the nonparametric estimator. In fact, since our
error bound for U from Corollary is a priori only valid in probability sense, the same holds for

fm-
Theorem 4.4.12. Grant Assumptions (M), (E), (N) and (H). Further assume that Mv/A — oo,

R; = Ri+

TVA — 0 and ; 2AN — o0 as well as L, = 0<log72AN) and Dy, < N. Then, for any v < 1/2 and
p<1/4, we have
. D 1 1
2 m
1Fon = Fallonr = O (IF = Fnllfaca + o + A7+ 5755 + 777

Furthermore, the same bound holds for || fo, — f||2L2(A)

Remark 4.4.13. The proof does not make use of any propertleb of ¥y apart from its convergence rate.

In general, if Uy is any estimator for 95 with \192 — Y2| = Op(am,n,r) for some rate of convergence
am, N7, we get the additional term X%T in the above upper bound. For ¥, this additional term

does not appear in the theorem, as it is dominated by D, /T.

Circumventing spectral approximations?

A drawback of our nonparametric estimation method based on fully discrete observations is that its
validity is only supported by the theory when the observation frequency in space is much larger than
in time. Indeed, Theorem only serves as consistency result as long as MA? — oco. This issue
results from the bias introduced by approximating the coefficient processes of X by their empirical
counterparts, in order to get an approximation of the semigroup. Due to the roughness of the paths
x +— Xi(x), the corresponding approximation quality is rather poor and the error gets amplified by the
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renormalization. A similar effect can be observed in Kaino and Uchida [49] where a spectral approxi-
mation is used for parametric estimation for the linear equation, see also the end of Section[2:2] Thus,
it could be beneficial to set up an estimation method that does not require the spectral approximation
step. Also, this would enable considering observations that are not distributed throughout the whole
space domain [0, 1] which corresponds to allowing b > 0 in our observation scheme from Section
In the following, we describe an approach which we have pursued unsuccessfully. Nevertheless, it
would be interesting to consider for other models, in particular, when there is more regularity in the
driving noise.

For simplicity, set Xy = 0 and recall that the nonlinear component (N;) of the solution process
satisfies the equation dN; = AyN; + f(X;). Thus, treating the terms involving X} as stochastic noise,
we have the expansion

Xipa(z) = Xi(x)  Negalz) — Ne(z) | A
A = A +ep(z)
AgNy(2) + f(Xi(2)) + RP () + & (x)

with

X?—&-A(l’)*X?(x) o Nt+A(l‘) th(x) d

eB(z) = A , RA(x) :== A - a]\ft(:c).

On the other hand, for sufficiently smooth functions, the second order differential operator Ay can be
approximated by means of second order differences. Thus, we consider the expansion

9y 5 =1 52 +& ()
= AgNy(z) + R (z) + &) (v)
with
0 _ 0 0 _
éf(x) _— X (z+90) QX(;Z(x) + X (z 5)’
~ Ni(z +6) — 2N, 4+ Ny(x — 6
() = 9, NeE 1) 52(”3) (=9 _ 4Ny (@),

Setting X;i := Xy, (yx) and

Y, = th‘+1 (yk) - Xti (yk)

_ 9 Xio(wpg1) — 2X4, (yn) + Xo, (p—1)
A ? 52 ’

we obtain the regression model
Yir = f(Xix) + Rir + €ix

with the bias and stochastic noise terms
Rig == R{(yx) — R (), can =1 () — &0 (w).

The corresponding least squares estimator is then given by

B | MoIN-1
fm = argmin UN Z Z (Yir, — g(Xar))%
9€Em k=0 i=0

The bias terms R;; can be controlled thanks to the following lemma:
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Lemma 4.4.14. Grant Assumption (B). For any p > 1 and v < 1/2 there exists C > 0 such that

E (a7 (N ale) - N0@) - 0N (@)]) < card, (4.18)

E (]Z’; (Nf(x +6) — 2N2(z) + N2(z — 5)) - AlgNtU(x)’p> < oo, (4.19)

for any (t,z) € Ry x (0,1).

A proof of this lemma is given in Section [£5.1] The remainder terms R;j, are well-behaved but we
run into problems with the stochastic noise terms. In fact, these are correlated to the covariates and
do not meet the fundamental requirement of a regression model that E(e;;|X;x) = 0. Indeed, since
eo(yri1) — 2e0(yr) + ee(yr_1) = —4sin®(m5/2)es(yr), we have

XD (k) — X2 () 9. X0 r41) = 2XP(ye) + XP(ye-1)
Eik = A — V2 52
up(t; — up(t; 495 sin® (785 /2)uy (t;
5 () )| A0y a5 D)

>1

and there is no reason why this expression should be independent of Xy, (yx). In fact, assuming a
balanced sampling design A = §2, we can further decompose

we(t; — e Ayt 419 sin? 77@\/>2—1+e Byt
5ik:Z eltiv) A et o(Yr +Z 2 A/ )A ) (%) ee(yr)
£>1 £>1

such that the first term is independent of F;, due to the AR(1)-structure of the Ornstein-Uhlenbeck
processes uy. Still, the second term is not negligible, as its variance is of the order

~

Z (4192 Sinz(ﬂ'(\/Z/Q) — 14+ e—AgA)Q
A A

Bl

>1

due to the usual Riemann sum argument.

As already mentioned, the estimation procedure might be fruitful, on the other hand, if one
considers a noise process with more regularity than a cylindrical Brownian motion. Indeed, if the
denominator in the above sum grew faster than A, one could profit from the fact that

4192$in2(§)—1—|—e S & )

Of course, a more regular noise process also results in an improved regularity of the solution process
X. This, in turn, also facilitates spectral approximations so that further comparisons of the two
approaches will be interesting.

4.5 Proofs

We start by proving the results on the Hdolder regularity of the linear and nonlinear component of
X. The two subsequent sections contain the proofs of our main results, namely on diffusivity and
volatility estimation, Section and on nonparametric estimation of the nonlinearity f, Section
Further proofs and auxiliary results are deferred to Section
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4.5.1 Proofs for the Holder regularity of X

We verify the results on the Holder regularity of the processes X and (V;) claimed in Propositionsm
and of Section respectively. To that aim, recall that for s > 0 and p > 1 the Sobolev spaces
WeP .= W=P((0,1)) are defined as the set of all [s]-times weakly differentiable functions v : (0,1) = R
such that

[s] 1ol () (s () [P 1/p
o (k) [ull*D (&) — ull*) ()]
ullws> = ,;,OHU lze + (/0 /0 €= n]F e d€ dn < 0.

Further, the Sobolev embedding theorem states that for any s > 0, p > 1 and « > 0, we have
1
s——->a = WP cCcC“ (4.20)
p

and the embedding is continuous. Our first step is an analysis of the Holder regularity of the linear
component X?. We remark that the norm bounds in statements (i) and (ii) of the following lemma
are also stated in Cerrai [I3] as well as Da Prato and Zabczyk [26].

Lemma 4.5.1. For any p € [1,00), the following hold.
(i) sup;so E(|XP[|5,) < oo.

(it) For any v < 3, we have X° € C(R4,Cy) a.s. and sup;> E(HX?H’&J) < o0.
(iii) For any vy < % and T > 0, we have (X)o<i<r € CV([0,T], E) a.s. and there exists a constant
C > 0 such that E(|| XY — X?||2) < C|t — s|"P for all s,t > 0.

Proof. (iii) The property (X{)o<i<r € C7([0,T], E) is a consequence of Kolmogorov’s criterion and
E(]| XY — X?||2,) < C|t — s|"P. To verify the latter statement, we proceed similarly as in the proof
of Kolmogorov’s test from [26], Theorem 3.5], see also [26] Remark 11.35]. Without loss of generality,
assume s,t € (a,a + 1) for some a > 0 and define U := (a,a + 1) x (0,1). Using and (4.7), we
see that

B(X?(@) ~ X2W)P) S VIE— sl + |2~y < VIE= s+ VIe 4]
S((t =P+ @ =y

holds uniformly in z,y € (0,1) and s,¢ > 0. The last step follows from the equivalence of norms
on R2. Now, since (t,z) — X?(z) is a continuous function, we can use the following bound on its
increments from Da Prato and Zabezyk |25, Theorem B.1.5]: for any a > 0, > 4, there exists a
constant ¢ > 0 (independent of @) such that

1

IX0(6) — XO(m)|° dgdndum))a (4.21)

xu (1€ =n* + [u—v[?)P/2

B—4

1X2(2) = XP )] < (@ —y)* + (t—5)°) = </M

for all (z, s), (y,t) € U. Note that for x = y, the right hand side of the above inequality is independent
of . Now, choose a = 2m for some m € N in such a way that « = 2m > p. Then, by applying
Jensen’s inequality to the concave function Ry 3 h — hP?/®, we obtain

54 0 _ YO 2m
Blsuwp X2(e) - XP()) < (e -0 ([ HPRE =S

<cp(t—s)%p (/ (1€ =l + Ju — o)™/ dfdndudv)a .
B usu (1€ =7+ [u—v[?)?/?

y2a
d€ dndu dv)
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The above integral is finite as long as § — & < 2. Now, the result follows since for any given v < 1/4,
wecanplckmENandﬁ<2+2suchthat 4<fy

Assertion (i) can be proved similarly by takmg s=tand y = 1in to obtain a bound for
sup,, | X2 (z)| = sup, | X?(x) — X%(y)|. Note that in order to be able to chose y = 1, we have to modify
the set U by taking, e.g., U = (a,a + 1) x (—¢,1 + ¢) for some ¢ > 0, and extend X° by defining
Xi(2) :== 0 for z ¢ [0,1] such that X° is a continuous function on U.

(#4) Clearly, Ay is a second order differential operator whose eigenvalues satisfy the condition
> ps1 A7 for any p > 1/2. Thus, by [26, Theorem 5.25], X° € C(R4, W2*P) holds for any a > 0
and p > 1 such that 1/p + & < 1/4. Now, by choosing « close to 1/4 and p sufficiently large,
X% € C(Ry, Cy) follows from the Sobolev embedding theorem (4.20). In order to bound the norm
we use the following argument taken from [13]: with the bound r the Gaussian process X9, we
get for any h € (0,1) that

XO XO q
BN ) S BRI + [ [ B0 4

\6 0|2
Bt + [ [ e

In view of (), this shows that sup,sqE(||[X{]|{n.,) < +00 as long as h < 1/2. Further, by the
Sobolev embedding theorem, we have || X7 ||ca < || X7 |y .0, provided that i — % > ~. Thus, choosing
h € (v,1/2) and ¢ > max((h — )71, p), we get

ya
q

E(IX?112,) <E(IIXOIIWM) < E(IX7 1§00
by Jensen’s inequality. The claim now follows by taking the supremum over ¢ > 0 in the above
inequality. O

Before proving Proposition 4.2.1) we recall some facts from semigroup theory. For details, in
particular, on semigroups generated by differential operators we refer to, e.g., [55]. For £ = C([0,1]),
consider the part Az of Ay = ¥2A in F, as defined in (1.4]). As already mentioned, Ay generates

an analytic semigroup Sz on E which is not strongly continuous at 0. Indeed, this follows from

—F
D(A;) = E and the semigroup SE satisfies lim¢_,o Sp(t)r = @ if and only if x € E. Nevertheless,
for any = € E it holds that fo r)xdr € D(Ap) and we have the representation

Spt)er —x = AE/O Sg(r)xdr. (4.22)

Hence, if r — ||A;S5(r)x| 5 is integrable over [0,t], then S;(t)x —a = fot ApSp(r)xzdr. Since the
definitions of the semigroups S, Sg and Sy and their generators agree on the intersection of their
domains, respectively, we will refer to all three by S and A from now on.

Proof of Proposition[{.2.1 Due to Lemma [£.5.1] in order to prove the statements for X, they have
to be proved for (N;) and, if £ follows the stationary distribution, for (&;);>0 with & = S(¢)¢.
(i) Step 1. We show [[N¢|cy < oo a.s. forall ¢ > 0 and, under Assumption (B), sup,> E(||Nt|\cw)

oo: From Lemma [£.2.2] (ii) we have that

t t
[ Nellcg S/O 15(t =) f(Xo)llcg dSS/O ¢TIt — )72 f(Xo) oo ds

and, consequently,

t
Ny S supllF(X) o [ e ar
s<t 0
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is finite almost surely by our basic assumptions. Also, using Jensen’s inequality and the fact that
7 a(r) == e~ 2"r"3 is integrable over R, we get

Nl < [ ate= s ([ o) d) < [ -9l as

Thus, Fubini’s theorem and the polynomial growth condition on f from (4.3) yield

sup E([|N,[|%) S sup E(|| f(X,)|2) S 1+ sup E([| X.[|2)
t>0 0 >0 )

which is finite under Assumption (B).
Step 2: We show (N;) € C(R,Cy): In order to verify || Ny, — Nillcy — 0 for b — 0 a.s., we use
the decomposition

t+h
Nt+h*Nt:(S(h)*I)Nt+/ S(t‘i’h*?")f(Xr)dT

To treat the first term, choose a € (7y,1/2). Then, using (4.22)) and property (iv) of Lemma we
can bound

h h
1(S(h) = DNz < / | A0S Nillg dr < | Nellos / e o= (425%) gy
0 0

which tends to 0 for h — 0. For the second term, it follows from bound (i¢) in Lemma that

t+h t+h .
H / S(t+h—r)f(X)dr| < sup ||f(XT)||OO/ oo g
t r<T t

Co
which also tends to 0 a.s. for h — 0.

Step 3: Steps 1 and 2 verify claim (i) in the case { = 0. To treat the case where { follows the
stationary distribution, we use the fact that X has the same distribution as X = (X;1¢)¢>0. Again,
we have the decomposition

Xe=SA+ )+ XD, + N
and (7) has already been proved for the second and third term. For the first term, the result follows
from [|S(1+t)¢lcy < [€lle = [[Xolloo by inequality (ii) in Lemma

Step 4. We transfer the result (i) from X to fo(X): First of all, fo(X) € C(R4,Cy) a.s. holds
due to the result for X and the assumption fy € C1(R). Further, we have
o

560X llcg = llfo(Xe) oo + sup FEUE) = HXe)
e#n 1€ =l

< Nfo(Xe)lloo + I/ (X0) oo 1 Xelleg

and, under Assumption (B),

E(|fo(X0)llg) S B fo(Xo)I5) + E(LF (Xe)lI22) + B X:l15)
S L+ E(IX28) + B(1X 1) < oo

uniformly in ¢ > 0.

(#i) Step 1: We show the claim for (NV;): Using the same decomposition for the increments of N
as in the proof of (i), we get

[Nt = Nlloo < [I(S(t =) = I)Ns[loo + / 1S5t =) f(Xp)lloo dr
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for s < t. For the first term, by definition of the intermediate spaces, it holds that
1(S(t = s) = D)Nslloo S [INsllDa, (v,00) (= 5)7 S [INsllgzv (8= 5)7. (4.23)

By Lemma m (1) and Holder’s inequality, we have
t » t p
| [ se-nsceoa| < ([ ise-nseca)

< ( / e (X, o dr)

t
<G5yt [P, 2 . (4.24)

By combining (4.23) and (4.24)), we obtain (Ny)o<i<r € C7([0,T], E) a.s. and, under Assumption (B),

E ([INe = Nsll5e) S (¢ = s)PE(INsllg2,) + (8 = 5)7(1 + ing(IthH’o".f%
>0

from which the result for (IV;) follows due to (7).
Step 2. The case where £ follows the stationary distribution can be treated as in (i) since

S+ 1)E =S+ s)Ellec S (=) IS(VEl[ 2 S (8= )| Xol|oo-

Step 3. We transfer the result (i) from X to fo(X): First of all, the pathwise property is again
a consequence of the assumption fo € C*(IR). Next, without loss of generality, assume that d from
is given by d = 2m for some m € N. Then, using the formula a” — b" = (a — b) S.7— a*o"—1=F
for a,b € R and n € N, yields

X ()

X (x)
(X)) = @) < [ L el /. ey an
1

= [Xi(2) — Xs(2)| + | Xe(2)*" = X (2)*m

2m +1

S [Xi(z) = Xs(2)] (1 + IXt(w)'“Xs(fB)Qm_kO
k=0

=:Zst

where we have assumed X, (z) > X,(z) without loss of generality. Consequently, since (s,t) — || Zs,t]|o
is bounded in LP(P) for any p > 1 under Assumption (B), we obtain

E([|f(Xe) = F(X))1%) S E(I1X: = X,[122) 2 E(| Z6,30)"2 < (¢ = s)77. B

We turn to the excess Holder regularity of the nonlinear component (N;) of X. Since (V) is the
pathwise solution of the equation dN; = Ay N+ f(S(t)é+ X2+ N;), No = 0, the almost sure properties
are a consequence of the results of Sinestrari [72] on the regularity of solutions to deterministic systems.
In the following, we give a direct proof for them, both for the sake of completeness and since we require
its steps in order to bound the respective norms in LP(P).

Proof of Proposition[{.2.3 (i) Due to Proposition we have fo(X;) € Da,(v,00) = C37 for any
v < 1/4. Further, for any ¥ € (7, 1), Lemma (iv) yields that

t t
JAoN? v < / A0S (t — ) fo (Xl v ds < / Wt — )| fo(X.)| ¢z ds
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with (r) := e~ 2"~ 1*777. Since h is integrable over R, the pathwise properties immediately follow
from fo(X) € C(R,,C27), cf. Proposition Further, Jensen’s inequality gives

t t p—1
1N, 5 [ bl = X s ([ n)ar)
0 0 0 0

~

Consequently, under Assumption (B), sup,s E(||A19Nt0||g%)
- 0

< Ssupysg E(||f0(Xt)||g(2ﬁ) is finite by
Proposition

(i) In order to prove %Nt = AyN? + fo(X;) in E, note that the usual decomposition for the
increments of (N?) and formula ([4.22)) yield the representation

1 A
ATHNG, o = N9 = AN = foX0) = [ (S() = DAY ar
0

+ % /tt+A (S(t+ A —r)fo(X,) — fO(Xt)) dr.

We have [|(S(r) — I)AgN?||oo <

rW||A19NtOHC§w and

1S(h) fo(Xr) = fo(Xe)lloo SIS (R)(fo(Xr) = fo(Xe))lloo + [1(S(R) = I) fo(Xe)[loo
SIfo(Xr) = fo(Xo)lloo + A7 [ fo(Xe)ll c2v-
Thus, () and Propositionyield [AH(ND A — NP) — AgNP — fo(Xy)||oo S AY — 0 uniformly on

bounded time intervals, almost surely.
The properties claimed for %Nto now follow from the properties of fo(X;) provided by Proposition

427 and

t+A
[AoNEya = Ad NP lloo < 1(S(A) = 1) Ag NP lloo + / [A9S(t + A —7)fo(Xr)lloo dr
t

t+A
SANAN g+ [ (6 A=)
t

where the bound on the integrand is taken from result (ii¢) in Lemma
It remains to analyze the regularity of the process M. First of all, by (4.22)), we have AyM; =
S({t)ym —m and m € C?/([b,1 — b]) is trivially fulfilled. Further, setting m; := S(t)m, we have

22 e M2e41t .
mi(r) = =23 750 S5 e2e+1(2). The mean value theorem yields

m(x) —mi(y) = (x —y)8Y_ e 21" cos(m(26 + 1)¢)
>0

for some £ between x and y. Thanks to Lemma , the sum 3 ,o e 21" cos(m(2¢ + 1)) is
uniformly bounded in ¢t > 0 and £ € [b,1 — b] and we can conclude sup_tzo | A My || o2 ([p,1—8]) < 00.
The same argument shows that

— e ran1A

1
S(t+ A)ym — S(t STy SVA
1S+ A)m — SEt)mlleqpi-n) S oy 2041~

Hence,
1A
AT (Mypa = My) = SEmllc(pa-b) < Z/ 1(S(rym = S(E)m) e (i) dr S VA
t
and, in particular, %Mt = S(t)min C([b,1-b]) as well as H%(Mt-&-A_Mt)”C([b,l—b]) SVASAY. O
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We conclude this section by analyzing the approximation quality of the difference quotients for the
derivatives of (V).

Proof of Lemma |4.4.14. For the first statement, note that by Jensen’s inequality applied to the
Lebesgue integral, we have

BIA (Vs (0) ~ M)~ aNi @) = B(|% [ o) - N )

<3/ " B(|owi) - M) ds

Further, |9;(N?(z) — NP (2)|P < |fo(Xs(x)) — fo(Xe(x))|P + |Ag(NO(z) — NP(x))|P. From Proposition
4.2.1| we get for s € [t,t + A] that
E(|fo(Xs(2) — fo(Xi(2))P) S APZ.

To estimate the second term, we use the usual decomposition N — N = (S(s—t) — )N + [;” S(s —
r) fo(X,) dr and

145(S(s = 1) = DN lloo < A2 A9 N |l Dy, (/2,000 S A2 A9 Nl

as well as

[0 [ st =nar] < [0 0l an

see Lemma m (#i7). Thus, we have by Holder’s inequality that
E(As(N9(z) = NY@)P) S APEB(IANEIE.) + (s = 03 [ B(Ifol X)) dr
t

which, in view of Propositions and finishes the proof of (4.18]). For the proof of (4.19)),
recall that by Taylor’s formula, we have the expansion h(z+4§) = h(x)+h'(z) +f5+6(x+5—z)h"(z) dz
for any h € C?(R). Hence, we can write

5 2(h(x +6) — 2h(z) + h(x — 6 /K(; (z —2)h'(2) dz (4.25)

with K;5(z) := 0~ 'K (0~ '2) and the triangular kernel K(2) := (1 —|2|)1{_1<.<1}. Since K integrates
to 1, it follows that
192 40

55 (VP (2 +0) = 2N (2) + N7 (x = 0)) = Ap N} (@) = - Ks(2 — 2) (A9 Ny () — AyN (x)) dz

< (20)"[1 40N Nl o7

from where the result follows due to Proposition [£:2.3] O

4.5.2 Proofs for the estimators of ¢? and ¥,

In the following, we prove the central limit theorems for the realized quadratic variations in the semi-
linear framework, as claimed in Theorems [£.3.1]4:32] and [£.3:3] of Section [£:3] The corresponding
results for the estimators then follow directly in view of the delta method. This also applies to the
joint estimator of (02,13), as we assume ¥y = 0 and, hence, (62, 192) can be directly calculated from
two realized quadratic variations based on double increments when the sample size is sufficiently large,

see Remark 2.2.13]

We start with the result for time increments.
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Proof of Theorem[{-3. Tt is sufficient to consider the process X7, + Nijy, instead of X,: if &
follows the stationary distribution, then X has the same distribution as X with f(t = Xyppt =
S(t)S(to)€ + XPy 4, + Nige, for any to > 0 and (S(t)S(to)€)e>0 can be chosen arbitrarily regular by
choosing ty sufficiently large. In fact, since the properties of (IV;) used in the sequel, are the same
under each of the initial conditions, we can assume £ = 0 for simplicity. Then, we have

) == . ) | NoimM-d )
Wi = MNVA ; kZ:O (Xt () — X ()™ + MNVA ; I; (Nt, 1 (yr) — Ne, (yr))
g NoIMoL .
+ MNVA 2= 2 (Xt (k) — X, (Ye)) (Nes o (yi) — Ne, (yr)
=V + R1 + Rs.

Since V; satisfies the claimed central limit theorem , due to Slutsky’s lemma, it suffices to prove
that Ry and Rs are of the order o,(1/vVMN).

If T is finite, it follows from Lemma and Proposition that for all ¥ < 1/4 and P-almost
all realizations w € (), there exists a constant C = C(w,T) such that |Xg+1(yk) - X2 (yw)| < CAY
and | Ny, ,, (yx) — N, (yr)| < CA for all i < N, k < M and N, M € N. Consequently, R, and Ry are
of the order 0,(A217) and the statement follows due to the condition M = o(A~*) for some p < 1/2.

If T — oo and Assumption (B) is satisfied, Lemma[4.5.1]and Proposition yield E(|R;|) < A3/?
and, by applying the Cauchy-Schwarz inequality to the cross terms, we get E(|Ra|) < Az for any
v < 1/4. The claim follows since VVMINA2T = v/TMA?7 converges to 0 for any v € (p/2,1/4) and
the fact that convergence in L*(P) implies convergence in probability. O

Next, we prove the result for space increments.

Proof of Theorem[].3.9. We only consider the case of a finite time horizon, the case T'— oo can be
treated similarly by taking expectations. Further, it suffices to consider the case £ = 0, see also the
proof of Theorem We have

N M-1 M
1

—

Voo = 31Ns (Xp (1) — X, (ur))? + UNS DD (Vi (yrrr) = Niy ()
i=1 k=0 i=1 k=0
9 M-1
+UNs SO (XD (k) = XD (wr) (Ve (wag1) — Ne, (yn)
=1 k=0
= Voo + Ri+ Ry

and the claim follows if R, and R are of the order o,(1/vVMN).
To bound the term Ry, we use the formula

M—-1 M—2
Z ak(bk_H — bk) = — Z (ak_H — ak)bk_H + ap—1bpr — agbg. (4.26)
k=0 k=0

Setting aj, := Ny, (yk+1) — N, (yx) and by, := X (yx), we get

M—2

Ry = ML]V(S ; kz:% Xtol (yk+1)(Nti (yk+2) - 2Nti (yk+1) + Nti (yk))
N
+ 31w D (N (yw) = Ve (g —0)) X3, () + (N (1) = Ne, (90)) X, (v0) -

=1
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By Lemma and Proposition we have X° € C(R4, C([b,1-0])) and sup,<7 || A9 Nl (.1 -1))
< 0o a.s. Thus, there exists a random variable C' = C(w, T') with | Ny, (Yk+2) — 2N, (Y1) — N, (yx)| <

C6%, | Ny, (yr+1) — Ney (yr)| < Cd and [ X | S Cloralli < N, k< M—1and M,N € N as. It follows
that |Ry| < C?§ and |Ray] < C2§ hold a.s. and, therefore, the claim follows from the fact that
VMN§ = /N/M tends to 0, by assumption. O

Finally, we prove the result for double increments. To that aim, let IN;; denote the double incre-
ments computed from the process (Ny), i.e., Nip := Ny (Y1) — Neowy (W) — Ne, (1) + Ne, (yie)-
The first step of the proof of Theorem is given by the following lemma.

Lemma 4.5.2. Assume that the constant b defined in Section|1.2.3 is strictly positive and let p > 1.

(i) Let o € (0,1) and § € (0,1] be such that o+ B < 3/2. If T is finite, then there exists a random
variable C = C(w,T) > 0 such that

INi| < C62ATS

holds for alli < N,k < M and N,M € N a.s. If Assumption (B) is satisfied, then there exists
a constant C' > 0 such that

145

P
E(Nul) < C(5°a%)
holds for all i < N,k < M, N, M € N uniformly in T > 0.

(ii) Let v <2 and e < . If T is finite, then there exists a random variable C = C(w,T) > 0 such
that

INi(et1) — N | < COTA?

holds for alli < N,k < M and N,M € N a.s. If Assumption (B) is satisfied, then there exists
a constant C > 0 such that

P
E(|Nigi1) — Nal?) < C(5747)
holds for all i < N,k < M, N, M € N uniformly in T > 0.

Proof. We write N = N9 +M,;;, where NY and M;;, are the double increments computed from the
processes (N?) and (M;) defined by (4.8)), respectively. In the following, these double increments are
estimated separately.

(¢) For a € (0, 1), we have

NG| < 0%V,

tit1

0
_ Nti

=

tita
< 64 (HS(A) — I)Ng”C’g + H/t S(ti+1 — S)fo(Xs)dS‘ CO‘> .

Further, using formula (4.22)) and Lemma (iv) in combination with a + 8 — 1 < « yields

A
IS(a) = DNSleg = | [ 408()NE ar

s
A
S/O ||S(T)||L(Céx+571’cg)HAﬁNg||C61+ﬁ,1 dr

A
1-8 1+8
</ P AN | garor dr S A AgND || goro-r

~
0
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Similarly, by Lemma [4.2.2] (iii) and Holder’s inequality,

H /timl S(tiv1 — s)fo(Xs)ds’ .

tit1 18
5[ = )T X o ds
0 ti

tig1 » % 11
5 / HfO(Xs)||Cg+5,1 dS A P 2
t;

Thus, noting o+ 8 — 1 < 1/2, Propositions and yield the claim for the case of a finite time
horizon and, under Assumption (B),

tita
a J
(|]N |p) S o (Ap (HAﬂNO”paMa 1)+Ap e ¢ E(|f0(Xs)gg+ﬁ—1>ds>
148

< SPOAPTE” !

To verify that My, is of the claimed order, recall that in the proof of Proposition [£.2.3]it is shown

that 4 GMy = S(t)ym =: m;y and that [m:(x) — m¢(y)| S | — y| holds uniformly in ¢ > 0 and z,y €

[b,1— b]. Thus, we have M;;, = j;ii+1(m5(yk+1)_ms(yk)) ds and, consequently, M| < Ad < 6O‘Aﬂ

(#4) For v € (1,2), we have
NGty — Nl <OVIND,, = Nolleg-
Using the decomposition
ti A
Niy = Ni = / S(ti = 5)(fo(Xera) = fo(X.)) ds + / S(tis1 — 5)fo(X.) ds,
0 0
we get from Lemma (i) that

H / S(ti = 9)(fo(Xera) = fo(X))ds| = | / S()(foXtis—r) = folXr—r)) dr|

Y

0 C’Y

0

ti
< / e F | fo(Xorss 1) — fo(Xesos) oo -
0

Further, for h < %, Lemma (i4i) gives

| [ st - ocxas]

0

A
y—h
S [t =) T ol oy dr
0

Now, the result in case of a fixed T follows from the path regularity of fo(X). Further, under
Assumption (B), we can use Jensen’s and Holder’s inequality to estimate

A
—1-a=h
BNy~ NGP) S 57 sup B fo(Xrva) = Fo(X0) ) + 678715 [ B (sl
< VAP 4 SYAPITEY),

The result follows, since one can pick h € (0, 1) such that 1 — rh> e
To estimate |M;|, recall that in the proof of Proposition it is shown that aa—;Mt = %Ath =

35 (S(t) - I)m and that || 25 M, — 25 M| o1 IS ) = S(s)mlleqpi-e S VIt —sl. Ap-
phcatlon of ) to the double increments yields

445 52
Mi(k+1) 711\/‘[1]6 = 52 5 K(;(fo)a 2(Mt1+1(2) — Mtl(Z))dZ
and, consequently, [IM;g41) — Mix| < VA < ATAE. O
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The above lemma is the main ingredient for the following proof of the central limit theorem for
double increments.

Proof of Theorem[{.3.3 As for time and space increments, we can assume & = 0 and the claim follows

if we verify |R;| = 0p,(1/VMN), i € {1,2}, with

N M-1 M—-1

B v o 2 M R e O 2 Nl

and where D;;, are the double increments computed from X°. In the following, we verify the claim
under Assumption (B). The result for the case of a fixed T can be shown analogously by using the
pathwise properties of (IV;) derived in Lemma We treat the cases Mv/A = O(1) and MVA — oo
separately.

Case M/A = O(1): Using Lemma with @ = 0 and 8 = 1 yields E(N% ) < A? and, hence,

VAINE(Ri]) < MVNfZE ) S VATNAYE = [T arvE v 0

since each of the three factors tends to zero. For the cross terms, we take f =1 and a = § < % in

Lemma 4.5.2] to bound
E(|DaNul) < E(D%)/2E(N3)V2 € AV/4As"/2.

Consequently,
A5/45a/2
VIINE(Ri|) S VAN =~ =

Case MV/A — co: With 8= 2% and @ = 2 < 1 in Lemma we get E(N2) < A3/252
and, hence,

T
e VMAYY 0.

A3/252°‘ T
VMNE(|R|) S VM 1 A0

To treat the cross terms, we use formula (4.26]) with ax := Ny, and by, := Hyp, := X8+1(yk) — Xg (yk)
to deduce
N M-1

M—
DixNip = — Z Z itk+1) — Niw) Higror1)
i=1 k=0 i=1 k=0

N N

+ Z Niy-nyHim — Z NioHio. (4.27)
i=1 i=1

Since E(H%) < VA, Lemmam gives for any v < 2 and ¢ < % that

M-—2
1
E (‘MN(S ; 2 (Ni(kt1) — ]Nik)Hz'(k+1)D
M—-2
<SS BN — N V2E(HE )2
= MNs i(k+1) ik (k+1)
1=1 k=0
(S’YAE\/Z 5 1A5+1/4
~ 0
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Further, by picking € and v in such a way that 2y — 4 + 4 > a, we get

T 1
y—1 Ae+1/4 _ .
\/W(S A = \/ﬁ (M\/Z)l/Q—Qe —0

For the remaining two terms in , take a = a'H < 1land 8 = s in Lemma 2l Then,

> o
" <‘]\/[1N§ ;]Ni(Ml)HiMD S % Ap
and, finally,
VMNAG® = \/MT VA 50
Summarizing, we have shown that v/ M NE(|Ra|) — 0, which finishes the proof. .

4.5.3 Proofs for the nonparametric estimator of f
Space-continuous observations

We prove our results for the space-continuous observation scheme. To that aim, we follow the main
proof strategy from Comte et al. [21, Proposition 1]. First, we verify our estimate for || f,, — fal/3 on
the event Qpn .

Proof of Proposition[{./.4} By applying the Cauchy-Schwarz inequality and Young’s inequality to

(4.15), we can bound

2

N—
Hfm - fAH?v SHfm - fA”?V + = Z Hfm Xt fm(Xti) HRi||L2
=0

N

i

+ 1 fm = fnlly ~ sup

2
N t(Xti)’si
tE€ESm, [[tIn=1 N < >L2

=0

N-1
<l = Ll + £ = Sl + 37 2 IR

=0

Z\H

1. N—1 2
+n||fm_fm||?\/'+n< sup <t >

tESm, Ht”Nzl i=0

A , 4. 0 N-1
(Ut ) = Sl = Sl + N;IIRHH

N— 2
+n sup
(tesm,mw N ; )

for any n > 0. Taking n = 8 and rearranging gives

tE€Sm, [[tlln=1

N—1 2
= Sl Bl — Fall + Z|R||L2+16< sup }Vz<t<xti>,a>m>. (1.25)

The claim of the proposition follows by bounding the expectation on Qp ,, of the three terms on the
right hand side of the above inequality. For the first term, we have

E(lfm = falldlay..) < E(lfm = falld) = [1fm = fall7-
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For the second term, note that with fo := f — f(0) and 1 := 1y 1], we have

st - )|, |5 o= o0 RECH OIS
L L
+ Hf (Xt)
K, 3+ FOF S0 A1

>1

+ |7 - x|

Using Jensen’s inequality, D 4(7/2,00) = Cg and (1,e0)? < €72, we get for any v < 1/2

2
ds)
L2

B (i) <58 ([ st -0 - sxi)

1 tit1

2
S+ | A'E <Hf0(X) Cg) ds + f(0)2VA

x [ (e - s o
A7

in view of Proposition m To treat the third term on the right hand side of (4.28]), consider an
orthonormal system {x, A € Ay} of Sy, with the property || >y, 03|l < CD,, which exists due
to Assumption (N). Since on Qn 1, [|t]|x = 1 implies ||t||%2(A) < 1/¢, we obtain

| N2 2 1 | N2 Z
t(X 51 1oy, < - sup — t(Xy,), e
€S Il = 1( Z " ) e (N ZO< wi)i

. tE€Sm, [Itl] 2 <1 P

(4.29)

-1

1 Ly 2
= ; sup ( Z O‘Aﬁ Z <90>\(Xti)35i>L2>

a€RAm, [lof|<1 \ yop i=0

> (;wax(&i),e»m)z.

€A, =0

A

To handle the expectation of the above bound, note that e; = £ ftt_i“ S(t;11 — s) dWy is independent
of Fi,, implying

1

E ((or(X0) 1) | ) = / B (1 (Xy, (2)): ()| F, ) d = / (X0, (2))B (e4(x)| Fr,) da

0
1
- | exXu@)B i) de =0,
Hence, for j < i, we have
E ((ox(Xt,) i) 2(0x(Xy,),€5) ) = E (E (<(p)\(Xti>75i>L2

and, consequently,

J5),) =0

| Nl 2 | N1 ,
E Sup T t<Xti)7€i 1o m < T2 E( 2 Xt ) .
t€Sum, [[t]v=1 (N ;< )iz i N? €



Further, Parseval’s relation yields

E ((pr(X0).2);.) =B ((Z% (X,)sex) a(Eirer) 1) )

k>1

_ ZiQE (( S (oa(X2,), ex) 1o / T At dﬁk(s))2>
kE>1 ti
_ Z;i ST E((oa(Xr,), er)32)E ((/:+ e Aeltisi—s) dﬁk(s))2>

k>1
1 . efQAkA
= 2 Z (<§0)\(Xt1;),6k>2L2)
k>1
2

< 2B (lea(Xe)22)

Above, we have used independence of the (one-dimensional) stochastic integrals from F;, and pairwise
independence of {Sj, k > 1} in the third step. In view of Assumption (N), we have shown

N-1 2
1 1
E sup N t(Xti)agi 1q m 5 7E(H(P)\(XO)H22)
tESm, ltln=1 ( i=0 < >L2 " /\ez/\:m NA -
2 < Dm
*E Z ox(Xo(z))dr | S T
0
AEA,,
which finishes the proof. 0

The following proof verifies our bound on the probability of the event S ,.

Proof of Lemma4.4.5. We follow the steps of the proof of Lemma 1 in [2I] which employs the stan-
dard technique for deriving concentration inequalities for S-mixing sequences, see, e.g., Theorem 4 in
Doukhan [31), Section 1.4.2]. In contrast to the result derived in [31], a different version of Bernstein’s
inequality is used which is convenient to work with in our situation: it directly follows from Massart
[61l Proposition 2.9] that for independent real-valued random variables Z1, ..., Z, with |Z;| < B and
E(Z?) < 12 for some constants B,v > 0, we have

1 n
P(|S, — E(S,)| > vV2x + Bx) < 2™ where S, := - Z Z; (4.30)

for any x > 0. In order to be able to make use of in our context, we need to approximate
the observations Xy, ..., X:, by independent blocks. In fact, using Berbee’s coupling Lemma [7],
it can be shown (see, e.g., the discussion following Lemma 5.1 in [77]) that there exists a process
(XA, 0 <i < N —1) with the following properties. For every j =0,...,py — 1, we have

D * * *
Ui = (Xpjgn+11a: - Xj2j+nania) = Kgjan a0 X{2j41)an1a) = Uj1s
D * * *
Ujo = (X[(2j+1)QN]A’ s ’X[2(j+1)qN]A) = (X[(2j+1)qN]A7 e 7X[2(j+1)qN]A) =:Ujo2

and for each a € {1,2}, Ug,,..., Uy, 1, are independent and P(U;. # U;,) < Bx(qnA). Here,

Bx is the [-mixing coefficient of X which is in our case given by (4.4 . Set Q* ={Xia =X\, 1 =
0,...,N—1} and P* := P(- N Q*). Clearly,

P(“N,m) < P(Q* n E?\/’,m) + P((Q*)C)
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and using the union bound, we get

P((2%)°) < 2pnBx(gnA) < NBx(gnA).

It remains to show P*(2f,,) < D7, exp(—K'#). To that aim, set

— ]1VNZ; (/ (z)) dx — E(/O1 H(Xia(z)) dfﬂ)))

so that vy (%) = ||t||% — [[t]|2. Recall the constants 0 < ¢ < C' < oo from the implication (4.14)) of

Assumption (E). We have
1 =Ntz o1
D\ e[ p MR b2 1
-2 teSm\{0} CHt”m(A) 2

=P sup fon ()] = 5 )
t€Smlltl 124y =1 2

Now, each t € Sy, with |[#[[2(a) = 1 has a representation ¢t = Y\ .y axpx with >0\ a3 =1 and

O (N 1
” R T

’L)N(t2) = Z oonszN(go)\cpN).
AN

On the set {|ox ()| < 2V, (202)Y2 + 2Bz, YA, X € Ay, } with z := ﬁ, we have

2

> laawlfow (prpn)| < 2(2C)2p(V™) + 20p(B™) < =+ o
/\,)\' 2\/7

1\3\0

where the last bound is due to ¢ < C and, hence, SUDLe S, 1] 2 4) =1 lun ()] < £ is fulfilled. Conse-
quently,

P* (25.,,) < P’ (HA, N € At [un(oapn)| = 2V, (202) Y2 + 2B;’;,z)

Z (|UN exen)| = 2V% (2Cz)'/? + 2B>\)\’x)
NeA

I A

We decompose vy (prpa) = v (eapr) + v3 (Papa) where

. pNil( ~E(Zalt),  Zsal) ::;vjz:”;/olt U

and U;-"a denotes the i-th entry of U, ,. Under P*, the family (Zy o(t),. .., Zpy—1,a(t)) is independent
for a € {1,2} by construction and satisfies

|Zj a(expa)| < By

E(Zf,a(%\%\f)<ZE(( [ er @i @) ar)’)

1
<E (/0 Sﬁi(Xo(x))SOif(Xo(x))dx) — lloxgn 2 < Cllorgn [Zaca) = CO)?

124



where we have used Jensen’s inequality twice in the second line. Thus, by the Bernstein inequality
(14.30), we get

2
P (|UN(<PA<PA')| > 2V (20) '/ + BTX””) <> P <|U?v(%80x)| > Vi (2C2)' % + BTA“)

a=1

< 4e7PNT,

Summing up, we have shown

2
P* (2%.,,) < 4D2 —
( N,m)— mexp( pN64CLm)7
which finishes the proof. O

Based on the previous results, we are now ready to verify the conclusion of our main theorem on
space-continuous observations.

Proof of Theorem [{.4.3. Consider Qn ,n = Qnm, ¢ as defined in Proposition @ with ¢ > 0 from
the implication (4.14) of Assumption (E). Then, on Zy ,,, we have [|t[|% > $|t[|2 > %||t||%2(,4) for all
t € Sy, implying En,m C Qn . Thus,

E(||fm — falX) = E(|lfm — fallklon..) + E(|fm — fA||?vlsz<;Vm)

D,, A
Sfa— fmll + - T AV +E(|| frm — fA”?\/lQ?\,’m)
Dpn, .
Sfa— fmllieca + T T AT+ E(|[ fm — fA||?V15§\,1m)
by Proposition and Assumption (E). In the following, we conclude the theorem by showing that
E(|f — fald1z;, ) = o(A7),
We consider the Hilbert space H := (L?(0,1))"V equipped with the inner product (u,v)y~ :=
+ Zf\;lwi,vi}p forA u,v € HN. Note that [[t|% = |[f]3~ with ¢ := (¢(Xo),....t(X(n-1)a))-
Clearly, the vector fn, := (fm(Xo),.. .,fm(X(N,l)A)) is the orthogonal projection in HN of Y :=
(Yo,...,Yn_1) onto the subspace {(t(Xo),...,t(X(n—1)a)), t € Si}. Denoting the corresponding
projection operator by II,,, we have
1 = Fally < I fm = FIR = ITnY = Fll3 = 11 =) Fll 7w + [Ton (Y = )lI7n
<N + 1Y = i~

since the operator norm of the projections is given by one. Now,

N-1
r 1 —c —c
E(|flf~x1zg ) = N E(|f(Xia)l721z; ) <E(f(X0) %) *P(ES )" SPEY.)?
i=0
and
- 1= 1/2 1/2
E(IY — fllfn1sg,,) = N D E(|Ri+eillialzs, ) S (B(IRl7:) " +E(leillzz) PES)
i=0

It can be shown just like in (4.29) that for any v < 1/2, we have

E(|R:|7) S A% = 0(1)
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and an explicit calculation yields

B(leilt) = 58 ( (S ([ e as
t

2

>1 i
P S
0,00>1 ti
1 1— —2X¢A (2 B
< (D) e

>1
Gathering bounds, we have shown
E(|fm — faliiss,,, ) S AYPPER,.)"
Using Lemma [£:4.5] in view of D,, < N, we get

N
P(ES..) S Nexp(—ygnA) + NZexp ( - K’ )
’ QQNLm

Under the condition 1N2A
og® N

fixed v > 0. Then, we have

VlOgN) — 1 for some

— 00 it is possible to choose (gy) such that gn/(

N exp(—ygnA) < NeXp(*l; log(N)) = N~(5 1,

Further, since L,, = o(-X2-), for any 8 > 0 we have L,, < 32 ~ for N sufficiently large, implying

log? N log
N NA K’
' >K'————— > log(NV)
2qn L, 4vlog NL,, 41/6
as well as
NQeXp(fK/ )gNQ—fﬁfﬁ.

Hence, for arbitrary a > 0, we can choose v sufficiently large and S sufficiently small such that
P(24,,) < N~(2%% and, thus,
A 1 1 A®
_ 2 -3/2p(= 1/2 20
E(llfm = falli1as,,,) S A PEVW S f5ana S 7o = 7w
From here, the claim follows by choosing o = 7. O

We prove our final result for the space-continuous observation scheme, namely the bound on the
L2-risk.

Proof of Corollary[{.4.6 First, we prove the bound in probability: For any a > H]”||2L2(A)7 the triangle
inequality yields
P(Hfm - fH%%A) > 20’) < P(”fm - me%Q(A) Za— ”fm - fH%P(A))
<P(1= fm = me%Z(A) >a—|fm— fH%?(A)) +P(Ex,m)-

=N,m

Now, as in the proof of Theorem we have |t[[3 > 3[/t]2 > %HtHQLQ(A) on En,m, for all t € S,

where ¢ > 0 is the constant from the equivalence condition (4.14]). Thus, using fm — fm € S as well
as Markov’s inequality and the triangle inequality,

C
( ~Nm||fm fm”L2 >a'_||fm f”%Q(A)) <P(1:Nm m_me?V > i(a_Hfm_f”%?(A)))
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2E (1=, [l fn = fnll%)

(@ fm = Fa)

_AB(1zy e — FalR) + 4l — Fal?
B (a_||fm_fH2L2(A))
Now, we set a == K(||f — meLz(A + D,,/T + A”/) for some K > 1. By Proposition [4.4.4] and
Assumption (E), the above bound can be estimated up to a constant by
||fm—f||2L2(,4)"‘Dm/T"‘A'y ||fm_f||22(,4)"‘Dm/T‘FA'Y 1
5 < = .
a— |l fm = fll72(a) (K =D)(I1f = Fmll22a) +Dm/T+m) K-1

Using P(2%,,,) S N~ for any power a > 0 from the proof of Theorem we can conclude that
for any € > 0 there exists K > 0 such that

. . D,
lim sup P (| = flizcay = 2K ([ fa = fmlfaga) + =5+ + A7) <
—00

which verifies the claimed bound in probability.
Next, we consider the truncated estimator fKN We have

IF™ = FllZacay < IFm™ = FlZeaytznm + 200 1o ) + KR )1zg,
and, thus, as soon as Ky > || f|[ - (a), we can further bound

™ = FllZ2cay < fm = FlZ2(aylen,, + 4K 1=g,

For the expectation of the first term, we get like in the above derivation of the bound in probabil-
ity that E(|| fm — fHLZ(A)l_Nm) S |\fa— fm||2LQ(A) + D,,/T + A". The expectation of the second
term, 4K3P (2 Nm) decreases faster than any power of N, thanks to Lemma and the growth
assumption on Ky. Thus, 4K} P(E%,,,) < N7 < A7, which finishes the proof. O

Fully discrete observations

In this section, we prove Theorems [£.4.9] and [£.4.12] The proof for Corollary [£.4.11] follows exactly
the same arguments as for the space—contlnuous case and is omitted. Further techmcal Lemmas and

a proof of Lemma [£.4.7] are postponed to Section

Before proving the main theorem for fully discrete observations, we state and prove the discrete
analogons of Proposition and Lemma [4.4.5] To that aim, we define

[FIERYE Z E(g*(Xo(yr)))

for nonrandom g € L?(A). Again, we have

cllglZzcay < gl ar < Cllglliza
for all g € L?(A) and some constants ¢, C > 0 under Assumption (E).

Proposition 4.5.3. Grant Assumptions (M), (N) and (H). For ¢ > 0, define
QN Mm = QN Mm,c = {||t||?VM > c||t||72 for allt € Sy} .
Then, for any v < 1/2 and p < 1/4, we have

1 1

. Dy,
E(Ilfm = falf Lo ) S 12— full2ar+ 22 + A + 75 + 11
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Proof Recall the underlying regression model from ([@.16). By Lemma [{4.4.7) we have ||g||3 5 =
~ Z Y11S(0)g (X4,)||32 for any g € S, and, thus, we can derive the basic inequality

N—1 N—1
. 16 - 1 N 2
Fon = fall% 2 <3| fm — fall? +—§:Ri2+16 sup (—§:<SOtXi,si )
|| HNA,M || HN,M N v H HL2 €S [l r=1 N v ( ) ( ) >L2

just as in the proof for the space-continuous case. Also the variance term can be handled analogously:
With an orthonormal basis (¢x, A € A;,,) of Sy, the same line of arguments as in the proof Proposition

[L44] leads to

N—1 N-1
B s (52 (S0X).4) ) Tavn) S x5 O BISO X))
ms 1t v, M i=0 AEA,, =0

Further, since [15(0)¢a(Xe) |22 = 2 05" 63 (X, (), we get Saen, 150)9r (X022 < Dy by
Assumption (N). Consequently,

1 A 2 D
E( sup (7 <S 0)t(X; 75i> ) 1o m) 5 =,
t€Sm, It N =1 N = ( ) ( ) L2 N,M, T

1=

=z
L

We finish the proof by showing that

1 1
B(|1Ri3:) S 5775 + 775 + A (4.31)

holds for any p < 1/4 and v < 1/2: First of all, by Lemma we have

E(||lf(X¢) - S(O)f(Xt)H%?) SBOFXD B + XD + 17 (X0 [5, )55

with the space D, deﬁned in . The expectation on the right hand side is finite as long as
a < 1/4, due to Lemma and Proposmon Thus, by picking a sufficiently close to 1/4, we
get N

E(|[f(X:) = S0)f(X)[72) S 6° = M~°.

To bound A~2E(||S(h)X; fg(h)XtHQLQ) for h € {0, A}, we use the usual decomposition X; = S(t) Xo+
X? + N; where we can fix a convenient value for ¢ > 0, due to stationarity. Since the decomposition
is trivial for ¢t = 0, we pick ¢t :=t; = A. For S(t) Xy, we have

. 2
IS(n)S(1)Xo — S(M)SWHXollF: = Z e ((S(8) X0, ex) 12 — (S() X0, ex) )
+ Z e 2k(htt) (Xo,ex)3e
k>M
For the first sum, the Cauchy-Schwarz inequality yields

(<S(t)X07ek>L2 - <5(t)X07€k>M)2 =< > e M Xo e — Y e M (Xo )L )

L€, \{k} l€T;;

<[ XolZ2 > e
IE(T VT )\ [k}

and, thus, with t = A,

M-1

Z e*2>"“h<<S(t1)X07ek>L2 - <S(t1)X07€k>M>2
k=1
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1

2 2
< [ Xoll7e Y M < || X7 —= / P dr S| Xoll 7 s
I>M \/> M A /

The same bound holds for the second sum since

1 1

D e IR (X, e)fa < [ XollFaemP A < X0l gk S 1Kol g A

k>M

Therefore, assuming M A2 — oo, we get

ATE(IS(R)S (1) Xo — S()S(10) Xoll3) S BUXolE) w7 = o 5757 )

The linear component X} can easily be treated due to independence:

M-1 9
B(|S(h)X? = SMXP2) =B( 3 e (3wt = Y w®) ) +E( Y e ()
=l ek} (€T, =M
1
<22 Bli) S 37

L> N

For the nonlinear part, set By := Zeez,j\{k} ne(t) — ZZGI’; ng(t) with ng(t) := (N, ep)r2. Then, by
the Cauchy-Schwarz inequality,

g<( > ) X )= (> )

Le(THUT, )\ {k} Ce(THUT, )\ {k} Ce(THUT, )\ {k}
Since, furthermore, - 5, n2(t) <Ay, QQHNtHD , we have

E(S(h)N, — S(h)Ni[32) < E(Mf BE) +E( Y n2®) SEAND,) (30 A + a5

k=1 >M k>M

1
S WE(HN:&H%Q)-

Now, by Remarke have E(||N;[|3, ) < oo for @ = 1/2 and, thus, E(||S(h)Nt—S’(h)NtH%2) <4
4.31)

Finally, the bound (| ) follows in view of

tit1 2 < A7
B(|5 [ (st =900 = sx) as;,) <
for any v < 1/2, which is shown in the proof of Proposition m O

The remaining steps of the proof closely follow the space-continuous case.

Lemma 4.5.4. Grant Assumptions (M), (E), (N) and (H) and and let

t|3 1
BN, Mm = { | ”N’M — 1‘ < §Vt € Sm}.

1112 0
There are constants K, K’ > 0 such that

P(Z% 01.m) < K(Nﬁx(qNA) + Dy, exp ( - K’%))

holds for any pn,qn € N with N = 2pyqn. In particular, with the constants v and L from the
B-mizing condition (4.4)) as well as K := K max(L,1), we have

PS5 ar) < K (Nexp (—rawa) + Dfexp (- K/ PX)).
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Proof. After replacing integrals by their empirical counterpart, the proof can be carried out in exactly
the same way as for space-continuous observations. In particular, vy (t) has to be replaced by

N—-1M-1
o (8) = NL (t(Xia(y) — E(t(Xia ()
=0 k=1
and Z; () by
Zou®) = 252 LS 4wt )
e qN M k=1 e

Now, we can finish the proof for the main theorem on fully discrete observations.

Proof of Theorem[].4.9 As in the space-continuous case, we prove that
E(|fm = falliarlss, ,, ) SN

holds for any a > 0. Since f, = argmmges ~ Z Yy - (O)Q(Xti,)H%z with Y; =
A’l(.SA'(O)Xt i S(A)X,, ), we have that (5(0) fn(X,), - ( ) fm(Xey_,)) is the orthogonal pro-
jection in HY = (L?(0, 1)) of (Yo,...,Yn_1) onto the subspace {(S(0)t(Xy1,), ..., S(0)E(X1y)), t €

Sm}. Using the fact that projection operators have norm 1 and inserting Y; = S(O)f(Xti) +R; +¢;,
we get

= Falldins < x5 3 18(0)Fn(X0) — SO,
1 1172—01 ) 1 Nl ,
< 7 2 SO + 5 X 1A+l
§ 1 N-1 , 1 N—1
S 7 2 Ml + 5 X IR+ Z el
From here, the conclusion follows in exactly the same way as in the proof of Theorem [4.4.2 O

The following proof verifies that the rate of convergence is not affected when the parameter -
appearing in the estimator for f is replaced by an appropriate estimator.

Proof of Theorem[{.4.13, We verify the bound for || f,, — fall¥ as» the bound for | o — fAHL2(A) then
follows as in the proof of Corollary [1.4.6] We define

Wl = {(192 )2 < hA;/Q}.

Step 1: We show that

Xi,l32) S

E(Lyy,  ATIS(A)X,, —5(A)

’ﬂ\?

For fixed ¥, € (0,92), we have 192 > 1, on the event \I/}]ﬁ,,M as soon as T is sufficiently large. Thus,
we can estimate

M-

- Z R B e RS

1S(A)X;, — 5(A
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M-—1
< (02— 02)2A% 3 Ao LAY, 63,

k=1
A7/2 M-—1 Oon2k2A
<h— D N BTFAX en)y
k=1
on \I'?v u- Therefore,
& & 2 A7 23 2 —9,72k2A
E(lyy , [I5()Xs = 5(A8)Xellz2) S h— Z Ake E((Xy,, er)ir)
k=1

and the claim follows from the usual Riemann sum argument if we show that E((Xy,,ex)3,) < Ay '
To that aim, we apply the decomposition X; = S(t)€ + X2 + N;. As in previous results, S()¢ is
negligible since we can choose t arbitrarily large due to stationarity. For the linear part, we have

1 1 1

E((X9 2y < E — E —_ —— < —.
(< t,i7€k>M) ~ )\é ~ k+2£M)2 - k2 1+2£) )\k
teTuz; €20

Finally, for the nonlinear part define ng(t) := (N, eg) 2. Then, using the Cauchy-Schwarz inequality
and the spaces D, from , we have

Noendr= (3 )X ) <Ivdb (X )

Le(THUT;) Le(THUT,) Le(TH VT

1 2 —(2a-1) 1 2
< o Iilib, (30 7Y £ S INell

1
provided that o > 3/4. Now, by picking a € (2,1), we get E((Vy, ex)2,) < Ay ' in view of Remark

14.9.0l
Step 2: By Markov’s inequality, we can estimate

P (11 = fallfoar = @) < P({1fm = falear = a} 0 Wi ar NExam ) + PP 0)%) + PESyarm)

< a_1E<1\rJ§(,1MmEN,M,,,L fn = fA”?V,M) +P((VRar)°) +PEX am)

for any a > 0. Now, using Step 1, we can show

1 h

. D,,
N [ fAu?V,M) S = Inllfeny + = + A+ Sas t gty

just like in the proof of Proposition 4. her P (=5 N m) converges to 0 under the assumptions of

this theorem and, thanks to Corollary .19 P((\Ilf](, M) ) can be made arbitrarily small by choosing
h sufficiently large. Since h/T < D,/ T olds for any fixed h, we have shown that for arbitrary € > 0,
we can pick K > 0 such that

E (llllh

N, M

1 1
MA2+M))<E' 0

D,,
hmsupP(Hfm fA||NMZK(Hf meL2(A)+ T LAY+

M,N—oco

4.5.4 Further proofs and auxiliary results

Before turning to the auxiliary results for nonparametric estimation of the nonlinearity f, we prove
that condition (4.5) implies Assumptions (B) and (M).
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Proof of Proposition[{.1.1] First, we sketch the existence proof and show that Assumption (B) is
satisfied for £ = 0. To that aim, we follow the line of arguments from [26, Theorem 7.7], see also [34]
Propositon 6.1]. As before, write m = f(0) as well as fy(z) = f(z)—m and decompose X; = w(t)+v(t
with w(t) = X? + fo r)ymdr and v(t) ;= S(¢ f + fot (t — s) fo(Xs) dt. Tt follows from Lemma
and ||S(r)m|le Se ’\°7||m|\oo (cf. Lemma that w € C(R, F) holds almost surely and

sup E(||w]|%,) < 0. (4.32)
>0

As in Theorem it follows from the fact that Fy(u) := fo o u is a locally Lipschitz continuous
function from F 1nto itself, that there exists a solution to equation up to a terminal time
tmax = tmax(w) > 0. Thus, global existence follows from an a-priori estimate on ||v(-)||e. We
consider the approximation v, := nR(n, Ay)S(t) + fot nR(n, Ay)S(t — s)fo(v(s) + w(s)) ds where
R(n, Ay) := (nI — Ay)~! is the resolvent operator of Ay. Then, v, is differentiable in time, even when
v is not. Now, for any « € E and z* € 9||z||, it follows like in [26], Example 7.8] from the condition
(N4) in Section [L.1] that (Ayx,z*) < 0 where 9||z|| is the subdifferential of the norm defined in (1.6).
Thus, setting 0, (t) := v}, (t) — Agvy, — f (v, (t) +w(t)) and using the bound with Ry, ¢y € Ol|vn(t)]|
from , we can estimate

C(lit [vn (®)]leo < <dt n(t)s P, (1)) = (Aovn(t), ho, 1)) + (fon(t) +w(t)), ho, (1)) + (0n(t); hoge)

(f(n(t) +w(t), b, 1)) + 1100 (t)l]oo
—aflon(t) o + bllw(®)1% + ¢+ 118, (1) | o-

INIA

Using Gronwall’s inequality and the fact that v, () — v(¢) and J,,(¢) — 0 uniformly on compact time
intervals yields

t
[v®)lloe < e [I€]loe +/ e~ (bl|w(s)|1% + ¢) ds.
0

By Jensen’s inequality, we pass to

-1

t t p
ool S e lel+ [ eI + o7 ds- ( [en ds>
0 0

and Fubini’s theorem as well as (4.32)) show that there exists K > 0 such that for nonrandom initial
conditions ¢ =z € F, we have
E(|Xl%) S e” |5 + K. (4.33)

In particular, Assumption (B) with £ = 0 is satisfied.

Further, based on their derivation of lower bounds for the transition densities associated with the
Markov semigroup (P;), Goldys and Maslowski [34], Theorem 6.3] show the existence of an invariant
measure 7 on F and of constants C,~ > 0 such that

||Pt*y_7r||Tvgc(/ﬂ\\u||wu(du)+1)e*vt with Pt*y::/EPt(u,-)z/(du)

holds for all probability measures v on E. Thus, we have || P;(z,-) — 7|ltv < C(||z]s + 1)e™7* and
P,(z,-) converges weakly to 7(-) as t — oo for all z € E. By Skorokhod’s representation theorem,
there exists a probability space on which there are F-valued random variables Z, Z;, Zs,... with
Z; ~ Pi(x,"), Z ~ 7 and Z; — Z almost surely. Denoting the expectation on the second probability
space by E, Fatou’s Lemma yields

/ lull2, w(du) = B(| Z|[2,) < limint B(|Zi]2,) = limint / lullZ, Pz, du) <
E 11— 00 11— 00 E
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by (E33). Thus, if Xo = € ~ 7, then B(|X,[2) = B(| X]12) < o0 and
[ 1P = allay wlawy < ([ Jullemdn) + 1)e e,
B E
as required for (M) as well as (B) in case of a stationary initial condition. O

Technical Lemmas for the nonparametric estimator of f

The following proof verifies the connection between the L2-norm on [0, 1] and its empirical counterpart.

Proof of Lemmal[{.4.7 In view of Dini’s test, the Holder condition implies convergence of the Fourier
series of H at the points yy, i.e., H"(yg) := Z? L her(yr) = H(yx) asn — oo forany 1 <k < M —1.
Therefore, |(H, ex)ar — (H™, ex)m| < = l 1 Y H (y) — H™(y1)]|ex ()| tends to 0 as n — oo. Hence,
the sequence (H",ep)p = Zlez,jm[l,n} h — Zlezk A1,n fu converges to the limit (H,ex)nr, proving
the first part of the lemma. In the same way, using e;(yx) = +e;(yx) for I € Ii, one can show that
H(y,) = Zl]\ifl Hie;(yg). Consequently,

] M- M—-1 M- M-1 M-1
Vi Z H?(yr) = Z ( Z Hei(yx ) Z H Hy (e, ev)m Z Hf = ||[HY||7.. 0
k=1 k=1 1= LU=1 =1
The following lemma analyzes the regularity of X; in the spaces
D. :=D((—Ay)7) := {u € L*((0,1)), > A\F(u, ex)? < oo} (4.34)
k>1
endowed with the norm ||ul|p, := ||[(—Ay)%ul|r2. For e < 1/4, these spaces can be identified with

L?-Sobolov spaces on (0,1), namely D. = W?5?2 and the norms are equivalent. For a proof of this
characterization, we refer to, e.g., [I1].

Lemma 4.5.5. Under Assumption (M) we have E(|| X[, ) = E([|[Xo|5.) < oo and E(||f(X:)|Ip,) =
E(||f(Xo)|I',) < oo for alle <1/4 and p > 1.

Proof. We use the usual decomposition X; = S(t) Xo+ X+ N;. By stationarity, we may choose t = 1.
As before, E(|X?[,.) < oo can be shown by a direct calculation. Further, E(|[S(1)Xo|.) < oo
follows from

1S(1) Xol%. = Zeszk)\i%Xo,@ky < || XollZ2 Zefzh)\ie < 11 Xoll%.
k>1 k>1

To treat N; = fo (1 — 5)f(Xs) ds, note that

[~ A0 S(hyull3s = 37 A (u,e)? < sup A Jul2,.
k>1 AZM

The function A — A\2¢e~2*" attains its maximum over R, in \* := ¢/h and is monotonically decreasing

n [A\*,00). Thus, we have supysy, A e 2 < g2(h) with g(h) := (5)° for h < /A1 and g(h) =
Ase~MP for h > e/\;. Since g € L'(R. ), we can use Jensen’s inequality to show

il < ([ o0 - ol )< ([ aas)” ([ ot - nroei )

Stélg(l—SHU(X;NiadS
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Therefore, E(|N1],) < E(I1£(Xo)[}2) S E([f(Xo0)[[%) < oo by Assumption (M) which shows the
claim for X;. In order to transfer the result to f(X;), we estimate

wumm<wumww—wxmy+//’ D ICE iy

< IFXDIIZ2 + 1 (X% XD,
SIFXNZ: + 1 (Xo)lls + I1Xell D,

from where the claim follows by Assumptions (M) and (4.3)) in view of the first part of this proof. [

Remark 4.5.6. The treatment of the nonlinear component in the above proof shows that E(|| N[, ) <
oo holds for all € < 1.

The following lemma is useful for bounding the expression [|S(0)f(X;) — f (X)||2, appearing in
the remainder term R; from the regression model 1-) Of particular interest to us is the situation

where « is close to 1/4 and, hence, the exponent ; can be chosen close to 1/4.

+1

Lemma 4.5.7. Let H € C**([0,1]) N Dy, for some o € (0,%). Further, let HM := Zk ! Hyey, where
Hy = (H,ep)m = 55 lMl YH(y))ex(y). Then, there exists a constant C > 0 such that

CY2
|H — HM |2, < CK?§tatt
where K := max(||H||co, || H ||c2o, | H]| D, )-

Proof. First of all, by regarding H as a Riemann sum, we can bound

yz+1
|Hy — hi| = ‘M ZH yi)ex(yi) / H(y)ex(y dy‘ < Z/ H(y)ex(y) — H(y)e(y)| dy
S (HeklloollHcha +HH o llerlleza)0® S (1H [l cze + [[Hllook™)6% S KRS (4.35)

Similarly, since -+ 22/1:711 H?(y,) = |HM|2, = 2/[:711 H}? holds by Lemma we have

ﬁMZm% 1] < Z/ 12 ) — H(y)] dy

< ||H2||Cm52a <2/ H||oo || H || g2e 62 < K252, (4.36)

I = [ H 12

Also, note that for hy := (H, ex) 2 and any R € N, we have

TR < AR AR < | H|[H A S KPR (4.37)
I>R I>R
The three inequalities just derived are now used to bound
|H — HY|[{2 = [|[HY||72 — | H |22 +2(H — HY  H) 2
< |HM(32 — | H|[Z=| +2/(H — HY, H) 2| :

a2
Due to (4.36)), the first term can be bounded by K26%¢ < K26 datT up to a constant. For the second
term, using Parseval’s identity, we get

M-1
(H — HM HL2|f‘Zhl thl+Zh2‘<‘Zhl thl]+2h2 LTy + T,
=1 =M =M
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aQ
It follows directly from (4.37) that Ty < K2/M* < K25 7at1, To estimate T1, we decompose

Mo—1 M—1
T < ‘ Z (hy — Hl)hl‘ + ’ Z (hy — Hl)hl‘ =:T11 + T2
=1 =My

for some intermediate value My € {1,...M — 1}. Now, using the Cauchy-Schwarz inequality and

[E35), we get

My—1 My—1
T2 < ( SNy —H,)Q)( 3 A%ahf) < K2Mod ™ | H %, < K*Mpo™™
=1 =1
and, by (4.37),
M—1 M—1 )
TH< > (= H)* Y b S H|G + [HM3:) > hif S KMy,
1=M, 1=M, 1=Mo

Balancing the bounds for T7; and 775 shows that it is optimal to take My =~ &~ 75T and with this

02
choice we obtain the overall bound Ty < K25 48?“, which finishes the proof. O
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Chapter 5

Conclusion and outlook

This thesis provides genuinely new insights to the theory of parameter estimation for SPDEs based on
discrete observations in time and space. The heart of this thesis is given by the interplay of our results
on estimation of (02,93). By providing matching upper and lower bounds, we have, in a sense, com-
pletely solved the problem of simultaneous estimation of the diffusivity and the volatility coefficient
of the stochastic heat equation on an interval. The resulting optimal rate is remarkable since it differs
from the usual parametric rate of convergence, in general. Furthermore, we have complemented the
existing literature on statistics for SPDEs based on discrete observations by setting first steps into
two new directions: by considering reaction-diffusion equations, we are the first to treat estimation in
a semilinear framework and, by estimating the associated nonlinearity, we are the first to consider a
fully nonparametric estimation problem. In fact, the latter is also the first account of nonparametric
estimation of the nonlinearity in SPDEs, regardless of the observation scheme. In contrast to the pa-
rameter o, estimation of the nonlinearity f turns out to be comparable to drift estimation for finite
dimensional SDEs. The parametric and nonparametric estimators constructed in this thesis are either
directly given by a closed form expression or via a simple least squares criterion, which makes them
easy to implement and practically relevant. Apart from statistical contributions, this thesis introduces
the replacement method for generating fully discrete samples of the linear stochastic heat equation on
an interval. Based on this method, it is possible to generate almost exact (in distribution) samples at
a comparably low computational cost. Employing the replacement method, simulation studies on our
estimators confirm our theoretical results.

Based on our insights and developed techniques, it will be possible to extend the theory to more
general models and estimation problems. This is particularly important with respect to practical
applicability of the statistical methods. In the following, we state some further research directions
that we consider to be interesting. Of course, the list is not exhaustive and, in particular, it would be
possible to consider any combination of these extensions.

5.1 Adaptive nonparametric estimation of the nonlinearity

In Section we have derived a nonparametric estimator for the nonlinearity f and, under certain
assumptions, the estimator achieves the usual nonparametric rate T~ 771 where a determines the
regularity of f. The estimator has the limitation that choosing the optimal value for the dimension
D,,, of the approximation space requires knowledge of the regularity « of f. This problem can usually
be circumvented by considering an adaptive version of the estimator where the dimension of the
approximation space is chosen in a data driven way. As in Comte et al. [21] this should be possible in
our case by introducing a penalization pen(m) = peny ,,(m) for too large dimensions D,,, leading to
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overfitting. The resulting estimator is then given by
fi=fsn with 7 :=argmin ( misn n,m(g) + pen(m)) (5.1)
m 9gESmM
where m belongs to an appropriate subset of N and yn s is the risk process from (4.17). In analogy
to [21], it can be expected that choosing a penalization pen(m) > C’% for some constant C' > 0 will
automatically realize the bias-variance compromise

5.2 Nonparametric estimation of the nonlinearity under low
spatial resolution

Our nonparametric estimator of the nonlinearity f from Section relies on an approximation of the
heat semigroup by means of replacing the Fourier modes of the solution process by their empirical
counterparts. This approximation step is only possible for discrete observations distributed throughout
the whole spatial domain and with a much higher spatial than temporal resolution. Indeed, our oracle
inequalities only serve as a consistency result when MA? — co. Thus, in future research it should
be explored how nonparametric estimation of the nonlinearity can be accomplished while avoiding
spectral approximations. For equations driven by a more regular noise process than a cylindrical
Brownian motion, a possible approach could be to directly approximate the Laplacian rather than
the corresponding semigroup, as discussed at the end of Section [£:4] For reaction-diffusion equations
driven by space-time white noise, this remains a completely open problem.

5.3 Spatially varying diffusivity

Let us consider the stochastic heat equation with a spatially varying diffusivity parameter 95 : (0,1) —

R, namely
2

dX(z) = 192(33)%

Without parametric assumptions on s, using the local measurements approach due to Altmeyer and
Reif [3], it is possible to recover the value ¥2(xzg) based on the observation (Xy, Kj, 4,), t € [0,T], as
h — 0, where the kernel K}, ,, is supported in a radius h around z¢ € (0,1). Thus, one can say that
the information on the value ¥5(z) is stored in the process locally around zq. It will be interesting
to explore how this property is reflected in space-time-discrete observations that are recorded locally
around a point zo € (0,1). Indeed, this is not only interesting from the practical perspective of
deriving estimation methods for more general models but it will also clarify the structural connection
between the discrete and the functional observation scheme.

Xy(z)dt + o dWi(z),  (t,z) € Ry x (0,1).

5.4 Multi-dimensional space domains

Central limit theorems for time increments at finitely many spatial locations in R? have been studied
by Chong [I5]. The situation where the number of spatial observations tends to infinity has not
yet been explored. Neither have other types of increments been studied in the literature in a multi-
dimensional setting, yet. Let us consider an open bounded space domain @ C R? for some d > 1.
Since the stochastic heat equation driven by a cylindrical Brownian motion only has a function valued
solution in space dimension d = 1, we need to consider a noise process that is more regular in space.
This can be implemented by considering

dXi(z) = V2AX(x) dt + o B dWy(z), (t,z) e Ry x O,

1This approach has indeed proved to be successful, see the preprint Hildebrandt and Trabs [37] which appeared prior
to the final publication of this thesis.
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where the diffusion coefficient B has a regularizing effect in the sense that the condition (L2) from
Section is satisfied. E.g., by considering B = (—A)~" for an appropriate power v > 0, we can
again obtain a diagonalizable equation where the coefficient processes are independent. Furthermore,
when considering a rectangular bounded space domain, e.g., O = (0, 1)¢, there are explicit expressions
for the eigenfunctions of the Laplacian. In fact, they are given by products of the eigenfunctions in
the one-dimensional case. This enables explicit calculations on the covariance structure of discrete
observations but they will certainly be more tedious compared to dimension one.

While time increments are defined just like in the one-dimensional case, a generalization of the
other types of increments hinges on the geometry of the points of observation in the space domain. If
these form a rectangular grid, at least the generalization of double increments is straight forward. We
conjecture that it is possible to estimate (02,4;) based on a generalization of double increments in a
rate optimal way. It will be interesting to see how this rate is affected by the dimension d as well as
the regularity parameter . Of course, with the introduction of the new parameter « also arises the
question how it can be inferred from the data.

5.5 General nonlinearities

As for multi-dimensional space domains, a noise process that is more regular than a cylindrical Brow-
nian motion also allows for more flexibility with respect to the class of nonlinearities F' in systems of
the type

2

dXi(z) = ( Xi(z) + F(Xy)(2)) dt + o BdWy(x), (t,z) € Ry x (0,1).

So far, we have only considered nonlinearities of Nemytskii-type, i.e., F(u) = f o u for some function
f R — R, but there are also other important examples to consider, e.g., Burgers’ equation where
F(u) = —u%u. As in Pasemann and Stannat [68], by taking B = (—A)~" for some sufficiently
large v > 0, it is possible to force the solution process to take values in the domain of the operator
F. Then, if the Holder regularity of the solution process is preserved by F' to a certain extent, one
can conclude that the nonlinear component exceeds the linear component of the solution process in
regularity. Thus, similar estimators for (¢2,95) as in Sectionwill keep their validity in the general
semilinear framework.
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Appendix

Abstract

Parameter estimation for parabolic stochastic partial differential equations in one space dimension
is studied, observing the solution field on a discrete grid in time and space. We focus on an infill
asymptotic regime in both the time and the space coordinate.

First of all, we consider the linear stochastic heat equation on an interval. While temporal power
variations have already been studied in the literature, we prove central limit theorems for realized
quadratic variations based on spatial increments as well as on double increments in time and space.
Resulting method of moments estimators for the diffusivity and the volatility parameter inherit the
asymptotic normality and can be constructed robustly with respect to the sampling frequencies in
time and space. Upper and lower bounds reveal that, in general, the optimal convergence rate for
joint estimation of the parameters is slower than the usual parametric rate.

Then, the semilinear framework of reaction-diffusion equations is considered, where the nonlinearity
is given by a smooth function f : R — R. Noting that the solution process is exceeded by its nonlinear
component in Holder regularity, we show that the asymptotic properties of our diffusivity and volatility
estimators largely carry over from the linear setup. Furthermore, we derive a nonparametric estimator
for the nonlinearity f of the underlying equation. The estimate is chosen from a finite dimensional
function space based on a simple least squares criterion. We derive oracle inequalities both with
respect to the empirical 2-norm with evaluations at the data points and with respect to the L2-
risk. Our results provide conditions for the estimator to achieve the usual nonparametric rate of
convergence.

Reverting to the linear setup, our theoretical results are illustrated in numerical examples. In order
to perform precise simulations, we develop the replacement method for generating fully discrete samples
of the solution to the stochastic heat equation on an interval. Our approach generalizes a method
proposed by Davie and Gaines (2001). In order to provide a theoretical justification of the method,
we derive a condition for the validity of the approximation which is particularly applicable when
the number of temporal and spatial observations tends to infinity. The quality of the approximation
is measured in total variation distance. Simulation results indicate that samples provided by the
replacement method are more accurate and considerably less computationally expensive than those
obtained by naive truncation in Fourier space.

Zusammenfassung

Wir behandeln Parameterschétzung flir parabolische stochastische partielle Differentialgleichungen
in einer Raumdimension, wenn der Losungsprozess an diskreten Gitterpunkten in Raum und Zeit
beobachtet wird. Der Fokus liegt dabei auf hochfrequenten Beobachtungen, sowohl in der Zeit- als
auch in der Raumkoordinate.

Zuerst betrachten wir die lineare stochastische Warmeleitungsgleichung auf einem Intervall. Wah-
rend zeitliche Variationsprozesse bereits in der Literatur untersucht wurden, beweisen wir zentrale
Grenzwertsatze flir empirische quadratische Variationen basierend sowohl auf Orts- als auch auf
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Doppelinkrementen in Raum und Zeit. Die resultierenden Momentenschatzer fiir den Diffusivitéts-
und den Volatilitdtsparameter erben die asymptotische Normalitat und konnen robust beziiglich der
Beobachtungsfrequenz im Ort und in der Zeit konstruiert werden. Obere und untere Schranken zeigen,
dass die optimale Konvergenzrate fiir die gemeinsame Schéatzung von Volatilitdt und Diffusivitdt im
Allgemeinen langsamer als die parametrische Konvergenzrate ist.

Anschlieflend betrachten wir ein semilineares Modell, und zwar Reaktions-Diffusions-Gleichungen,
deren Nichlinearitdt durch eine glatte Funktion f : R — R gegeben ist. Wir stellen fest, dass die
Holder-Regularitat der nichtlinearen Komponente der Losung hoher als die des gesamten Losungs-
prozesses ist. So kénnen wir zeigen, dass sich die asymptotischen Eigenschaften unserer Diffusivitéts-
und Volatilitatsschétzer groBitenteils nicht vom linearen Fall unterscheiden. Desweiteren behandeln wir
nichtparametrische Schatzung der Nichtlinearitat f der zugrundeliegenden Gleichung. Unser Schétzer
wird aus einem endlichdimensionalen Funktionenraum basierend auf einem leicht zu implementieren-
den kleinste-Quadrate-Kriterium gewéhlt. Wir leiten Orakel-Ungleichungen beziiglich der empirischen
2-Norm, die sich durch Auswertung einer Funktion an den Datenpunkten ergibt, und beziiglich des
L?-Risikos her. Dadurch erhalten wir Bedingungen, unter denen der Schitzer die iibliche nicht-
parametrische Konvergenzrate erreicht.

Unsere theoretischen Resultate werden anhand der linearen Gleichung mit numerischen Beispielen
illustriert. Um prézise Simulationen durchfithren zu kénnen, entwickeln wir die Ersetzungsmethode
zur Erzeugung raum- und zeitdiskreter Beobachtungen fiir die stochastische Warmeleitungsgleichung
auf einem Intervall. Unser Verfahren verallgemeinert eine Methode, die von Davie und Gaines (2001)
vorgeschlagen wurde. Zur theoretischen Rechtfertigung der Methode leiten wir eine Bedingung fir die
Giiltigkeit der Approximation her, die insbesondere anwendbar ist, wenn die Anzahl an zeitlichen und
ortlichen Beobachtungen gegen unendlich konvergiert. Dabei wird die Approximationsgiite beziiglich
des Totalvariationsabstandes gemessen. Simulationionsergebnisse legen nahe, dass anhand der Erset-
zungsmethode generierte Beobachtungen sowohl préziser als auch deutlich weniger rechenaufwéndig
sind im Vergleich zum bloflen Abschneiden der Fourierreihe.

List of publications derived from the dissertation

The results of Chapter [2]referring to a fixed finite time horizon as well as the corresponding simulations
from Chapter [3| are taken from Hildebrandt and Trabs [38]. The remaining results of Chapter [3| can
be found in the publication Hildebrandt [36]. The results of Chapter 4| are part of the preprint
Hildebrandt and Trabs [37].
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