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Abstract

The Standard Model (SM) of particle physics can be divided into the strong sector and the elec-
troweak (EW) sector. The strong interactions governed by Quantum Chromodynamics (QCD)
have an out-sized influence on high energy predictions relative to the EW interactions. Thanks
to the enormous effort in the precision analysis of QCD, we are now reaching a turning point
in which EW uncertainty is of the same or higher order. Our goal is to further develop the
progress of describing the EW sector’s role, particularly with regards to heavy fields in the SM
and beyond.

In this thesis, we begin by deriving the static potential of a heavy field in theories exhibiting
spontaneous symmetry breaking. We then use our findings to calculate the potential of a heavy
quark-antiquark pair in the Standard Model at EW one-loop order. We do so in both the
Wilson loop and scattering amplitude approaches and discuss the limitations of the Wilson loop
approach. As the field content of the SM is extensive, similar studies in a large set of models
are now achievable by varying the appropriate couplings and group theory factors. We then
present the leading EW corrections to the short-distance heavy quark mass definitions. We
achieve this with the heavy meson static potential as well as its binding and residual kinetic
energy. These energies form the building blocks of most short-distance mass definitions. We
explain how attaining the EW contributions to these energies leads to additional corrections to
the masses. We determine that the leading EW corrections are of the same strength as their
next-to-leading pure QCD counterparts. Next, we consider the leading electroweak corrections
to the heavy quark effective theory and non-relativistic QCD Lagrangian. These corrections
appear in the Wilson coefficients of the heavy quark operators at one-loop order. Due to Parity
violation in the SM, operators up to this order include new parity-violating terms. We derive
these analogously to the parity-preserving QCD result at one-loop order. Pushing the previous
analysis to two-loop order and generalising, we compute the massive gauge and scalar corrections
to form factors in both the Sudakov and threshold regimes up to and including two-loop orders.
The corrections are calculated for processes involving two external fermions and scalars in the
spontaneously broken SU (N)-Higgs model, examining a set of composite operators. We further
discuss how form factors in our toy model can be mapped to the Standard Model and beyond.
Lastly, we determine the master integrals for vertex and propagator diagrams appearing in
effective field theories containing heavy fields. The integrals involve at least one heavy line, and
the standard lines include an arbitrary mass scale. We employ modern methods to tackle these
two-loop integrals, including differential equations and dimensional recurrence relations.






Zusammenfassung

Das Standardmodell (SM) der Teilchenphysik und seine Vorhersagen lassen sich in den starken
und elektroschwachen (EW) Sektor unterteilen. Wie der Name schon sagt, haben starke Wech-
selwirkungen, die von der Quantenchromodynamik (QCD) gesteuert werden, einen iibergrofen
Einfluss auf die Dynamik und folglich auf Prézisionsstudien. Dank des enormen Aufwands
bei Prézisionsanalysen in der QCD erreichen wir jetzt einen Wendepunkt, an dem die EW-
Unsicherheit gleich oder hohr ist. Unser Ziel ist es, Teil des Fortschritts an dieser neuen Grenze
bei der Beschreibung der Rolle des EW-Sektors zu sein, insbesondere in Bezug auf schwere Felder
im SM und dariiber hinaus.

In dieser Arbeit leiten wir zunéchst das statische Potential eines schweren Feldes in Theorien
ab, die spontane Symmetriebrechung aufweisen. Wir verwenden unsere Ergebnisse dann, um
das Potenzial eines schweren Quark-Antiquark-Paares im SM in der EW Ein-Schleifen-Ordnung
zu berechnen. Wir tun dies sowohl im Wilson-Loop- als auch im Streuamplitudenansatz und
diskutieren die Einschrénkungen des Wilson-Loop-Ansatzes. Da der Feldinhalt des SM um-
fangreich ist, konnen jetzt analoge Ergebnisse zu unseren in einer groffen Anzahl von Mod-
ellen erzielt werden, indem die entsprechenden Kopplungen und gruppentheoretischen Faktoren
variiert werden. Anschliefend préasentieren wir die filhrenden EW Korrekturen fiir die Kurz-
Abstands-Definitionen schwerer Quarkmassen. Dies erhalten wir mit dem starken statischen
Mesonenpotential sowie seiner Bindungs- und restlichen kinetischen Energie. Diese Energien
bilden die Bausteine der meisten Massendefinitionen fiir kurze Abstdnde. Wir erklaren, wie die
Berechnung der EW Beitrdge zu diesen Energien zu analogen Korrekturen der Massen fiihrt.
Wir stellen fest, dass die filhrenden EW Korrekturen dieselbe Stérke haben wie ihre néch-
stfiihrenden Gegenstiicke in der reinen QCD. Als néchstes betrachten wir die fiihrenden EW
Korrekturen zu den Lagrangedichten der heavy quark effective theory und der nichtrelativistis-
chen QCD. Diese Korrekturen treten in den Wilson-Koeffizienten der Operatoren fiir schwere
Quarks in der Ein-Schleifen-Ordnung auf. Aufgrund der Paritét-Verletzung im SM enthalten
die Operatoren zu dieser Ordnung paritiat-verletztende Terme. Wir leiten diese analog zum
paritédt-erhaltenden QCD-Ergebnis in der Ein-Schleifen-Ordnung ab. Indem wir die vorherige
Analyse auf die Zwei-Schleifen-Ordnung ausdehnen und verallgemeinern, berechnen wir die von
massiven Eich- und Skalarbosonen herriihrenden Korrekturen zu den Formfaktoren sowohl im
Sudakov- als auch im Schwellenregime bis einschlieflich zur Zwei-Schleifen-Ordnung. Die Kor-
rekturen werden fiir Prozesse berechnet, an denen zwei externe Fermionen und Skalare im spon-
tan gebrochenen SU(N)-Higgs-Modell beteiligt sind, wobei eine Reihe von zusammengesetzten
Operatoren untersucht wird. Wir diskutieren weiter, wie Formfaktoren in unserem Spielzeug-
modell auf das SM und dariiber hinaus abgebildet werden koénnen. Zuletzt bestimmen wir
die Master-Integrale fiir Vertex- und Propagator-Diagramme, die in effektiven Feldtheorien mit
schweren Feldern auftreten. Die Integrale umfassen mindestens eine schwere Linie, und die
Standardlinien enthalten eine beliebige Massenskala. Wir verwenden moderne Methoden, ein-
schliefslich Differentialgleichungen und Dimensional Recurrence-Relationen, um diese Integrale
bis zur Zwei-Schleifen-Ordnung auszuwerten.
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Chapter 1

Introduction

The immense success of the Standard Model (SM) of particle physics and its ability to withstand
experimental scrutiny have puzzled theorists for decades. We know, however, that the SM is
incomplete as it does not incorporate all known fundamental phenomena. The last piece of the
Standard Model was confirmed in the discovery of the Higgs boson by the international scientific
collaboration at the Large Hadron Collider (LHC) [1,2]|. Although the Higgs field was predicted
nearly 50 years prior [3,4], the immense precision requirements from both theory and experiment
are what ultimately lead to its confirmation as part of nature. Thus, the current state of particle
physics is mainly focused on precision studies of the Standard Model. In the quest to attain
higher precision, we must refine our understanding of quantum field theory (QFT) and account
for the tiniest corrections wherein anomalies may lie, revealing potential answers to remaining
mysteries.

One can argue that the most glaring evidence of the incompleteness of the SM is the re-
cent experimental observation of neutrino oscillations [5-7|. This implies that each neutrino
is equipped with a unique non-zero mass, which is in direct contradiction with the SM predic-
tion of massless neutrinos. The evidence of neutrino oscillations was generated from studies
on the smallest (quantum) scales. In contrast, SM incompleteness also occurs on the largest
(classical) scales. Astronomical and cosmological observations no longer agree with astrophysi-
cal predictions [8], derived using general relativity (GR) |9]. More specifically, if one considers
particles that are allowed by the Standard Model, there is a sizeable apparent mass difference
between theory and experiment. This implies that new matter, known as dark matter (DM),
exists [10,11]. These observations shake the foundations of either the SM or GR or both. If
the discrepancy arises from the SM, then new field(s) must be introduced and accounted for by
detection. Otherwise, general relativity must be modified in some consistent fashion to explain
the discrepancy.

Sticking to the gravitational track, herein lies the most well-known puzzle of fundamental
theory: the SM does not include gravity, which starts to play a role in fundamental interactions
at the so-called Planck scale, Mp ~ 10'6 TeV. The fundamental incompatibility lies in the fact
that the SM is a perturbative QFT, whereas GR is inherently non-perturbative. Attempting to
quantise gravity in GR as a field perturbatively yields unphysical predictions near Mp [12-14].
Many proposed solutions have been introduced to describe gravity fundamentally [15-18], but
testing their predictions which would occur near Mp is far from reach currently. For comparison,



the recent Higgs discovery was achieved by a proton-proton collisions at the LHC with centre-
of-mass (COM) energies, /s = 7 TeV, to discover the Higgs particle of mass My ~ 0.1 TeV [19].
This is by no means an exhaustive list and there are many more arguments for physics beyond the
Standard Model (BSM), such as dark energy or the cosmological constant problem, the hierarchy
problem, and grand unification [20-22].

One is then left wondering how to tackle such discrepancies and investigate their fundamental
nature. In principle, there are two ways to search for discrepancies, either directly or indirectly.
Direct searches for BSM physics involve scanning cross-sections and searching for novel field
resonances not permitted by the SM alone. The issue is that the energy of the process limits
this and experiments cannot reach arbitrarily high energy scales. In contrast, indirect searches
rely on precision alone and allow one to scan significantly higher energies than an experiment
can reach. This advantage can be stated heuristically, if the energy scale of new physics is
Apsm and the electroweak (EW) scale is Agw ~ My then the observable uncertainty needs to
be of O(Mp/Apsm). For instance, given a high precision study that reduces the uncertainty of
a collider observable to a single per cent, one can probe effects occurring at one-hundred fold
Agw which is Aggy ~ TeV. In this case, indirect effects of BSM physics again are seen by any
discrepancies which implies virtual contributions from BSM physics.

More recently, the incredible utility of indirect searches through precision studies has been
exemplified in the possible detection of unknown physics. The comparison of high precision
SM determinations of the anomalous magnetic moment (AMM) and lepton-flavour universality
are showing discrepancies with measurements at various experiments [23-26]. If further studies
prove one or more of these discrepancies to be true, this would be an incredible success as it
would not only call for extensions to the SM but said extensions could also explain discrepancies
previously pointed to [27-31]. We end this motivation by adding that BSM searches are not
the sole reason for precision studies. For instance, the critical question of the stability of the
EW vacuum depends on reducing the uncertainty of the top quark and Higgs masses [32-34].
Thus, we have an abundance of reasons to minimise uncertainties in our theoretical predictions
to match current and future-planned high precision experiments.

In performing precision studies with the SM, it is convenient to separate its two sectors,
namely the strong and the EW sector. The strong sector is described by quantum chromody-
namics (QCD) and the remaining SM interactions are all governed by the EW sector. It is well
understood that the pure QCD radiative corrections are dominant at high energies and there-
fore have leading uncertainty. Thus, it has been the quest of many to reduce said uncertainty
by going beyond leading order (LO) in perturbation theory when determining QCD-dependent
quantities and observables. This goal takes us to the realm of higher-order radiative correc-
tions and the art of calculating multi-loop processes at nezt-to leading order (NLO) and beyond.
Thanks to a plethora of modern analytical and numerical methods [35-37], we are now able to
study processes and determine quantities at a very high perturbative order, for instance, the beta
function of QCD is now known to five-loop order [38]|. Given this exceptional progress in the
QCD sector, it is becoming abundantly clear that observable uncertainties from the EW sector
are becoming significant enough to consider in comparison. Based on the ratio of strong and EW
couplings, the rule of thumb is that EW corrections are sub-leading by an order of magnitude
relative to pure QCD corrections. For this reason, to bring the SM observable uncertainty down



to the level attained with QCD alone, we must begin to consider EW corrections beyond LO
and even NLO.

In this thesis, we pursue the end of incorporating EW effects to well-understood quantities,
processes and effective field theories (EFTs) in QCD. We begin by considering heavy fields such
as the top quark in the SM. Our analysis centres on determining the EW corrections to the
potential of a heavy meson (or so-called static potential) in the large mass and small quark
velocity limit. The most well-known static potential is that of quantum electrodynamics (QED),
which is simply the Coulomb potential to all orders [39]. On the other hand, due to the presence
of colour, QCD is the non-Abelian analogue of QED. Thus, the QCD static potential does depend
on higher-order calculations and is known to three-loop order [40,41]. The potential is valuable
as it allows one to study the fundamental properties of a given theory in the non-relativistic
(NR) limit. We then investigate analogous corrections for a heavy meson’s binding energy (BE)
and residual kinetic energy (KE) [42,43]. Armed with these energetic quantities, we consider
applications, mainly how they affect the short-distance heavy quark mass definitions and NR
effective theories.

A precise determination of quark masses has been of particular interest due to their fun-
damental nature as SM Lagrangian parameters and constraining flavour beyond the Standard
Model [22,44]. The focus on heavy quarks (top, bottom and charm) is due to their large masses
which means they can have a large influence on observables. Thus, uncertainty reduction in
this case is of particular importance. For instance, the top quark mass is required to very high
precision in the combined EW fits [45,46]. These fits were employed to attain indirect in-
formation on the Higgs mass and currently serve as SM consistency checks. Moreover, on the
conceptual front, the traditional definition of particle mass as the pole of the field propagator
is no longer applicable in the case of heavy quarks. This definition is lacking due to spurious
non-perturbative infrared (IR) divergences arising at higher-loop orders [47].

Thus, new, so-called short-distance masses must be defined in a way that distinguishes
between ultraviolet (UV) and IR physics. In this thesis, we are primarily interested in the
largest parameter in the SM, the mass of the top quark. Determining the top mass precisely
is crucial for consistency checks of the SM [48-50], and is the dominant uncertainty in studies
of EW vacuum stability [33,51,52]. We are also interested in the bottom quark, which has the
second largest mass and lies in the same generation as the top quark. High power factors of
said mass appear in many important processes, such as B-meson and Higgs boson decays, which
are highly coveted for indirect BSM searches [53-55|. Thus, precise theoretical mass predictions
are of immense value and even defining a well-behaved perturbative quark mass is problematic.
Many successful proposals have been considered and studied to very high precision in pure
QCD [56-60]. We thus focus on EW corrections in this thesis for a portion of widely-employed
heavy quark mass schemes.

The second point of focus in this thesis lies on the front of EFTs, which have proven highly
effective for precision studies. The EFT framework exploits the persisting fact that exciting
and unique physics occurs at all distances, times and energy scales. If one wants to probe a
particular scale of interest, EFTs allow the so-called integrating out of irrelevant scales. I.e.
relegate degrees of freedom present beyond the scale of interest to multiplicative Wilson or so-
called matching coefficients in the EFT Lagrangian [61,62]. In general, an EFT can be either
constructed from the top-down or the bottom-up.



In a bottom-up EFT, the UV theory is either known but lacks a low energy description or is
entirely unknown. Using an EFT, in this case, is convenient as no commitment to a particular
model is necessary, and one can work off what is established. For instance, the Standard Model
effective field theory (SMEFT) is one such model-independent EFT consisting of the SM itself
along with higher-dimensional operators [63]. On the other hand, a top-down EFT is helpful
when the UV or so-called full theory is known, but we are solely interested in the low-energy or
IR regime. The main advantage in employing such an EFT is that its calculations of processes at
lower-energies are rendered much simpler. Thus, one can immediately perceive the utility of the
top-down approach for precision studies as the goal is to attain higher orders in the perturbative
expansion. The issue with working with the full theory is that the number of amplitudes to
determine increases exponentially at each order, which can easily become an impossible task
computationally. The EFT framework grants one the luxury of reducing the field content to
only what is relevant at the low-energy scale and therefore eliminating many degrees of freedom
that are present in the full theory, simplifying calculations significantly [64-67].

In this thesis, we are more concerned with the top-down approach and, in particular, the NR
regime. We begin by considering the leading EW radiative corrections to heavy quark effective
theory (HQET) [64,68-72|, and non-relativistic quantum chromodynamics (NRQCD) |73, 74].
These corrections appear at one-loop order in the matching coefficients of the HQET /NRQCD
Lagrangian. We then further generalise our EFT analysis to two-loop orders in both the NR
and Sudakov energetic regimes. The Sudakov regime is appropriate when the COM energy
of a process is large compared to the theory’s predicted masses |75, 76]. For instance, when
considering LHC partonic processes, the COM energy is /s ~ 14 TeV, which is an order of
magnitude above the largest SM masses. In this way, our analysis applies to both current LHC
processes in the Sudakov regime and future high precision collider processes in the NR regime.

To perform our two-loop study, we work with the SU(N)-Higgs model instead of the full
SM, as it is more versatile and can be mapped both to the SM and BSM theories. We then
employ a sequence of EFTs at each scale for different mass hierarchies and determine the Wilson
coefficients to two-loop orders. In the EFT sector of the matching calculation, we come across
two-loop diagrams which require modern multi-loop techniques to determine. These diagrams
are UV model-independent and appear in all EFTs containing both heavy fields and a mass
scale. Therefore it would be useful to evaluate all diagrams of these types, and we do so with
the help of modern techniques. Upon analysis, we find that the methods that work best to
solve such integrals are a combination of the differential equations approach and dimensional
recurrence relations |77,78]. These two methods have seen enormous success in the current
multi-loop era [79-83], and we further demonstrate their utility here in the realm of EFT. We
now turn to a brief survey of the research, which outlines the content of each chapter.



Outline

This thesis is structured as follows. In Chapter 2 we introduce the SM of particle physics,
describing its properties and symmetries as well as the parameters and field content of the SM
Lagrangian. We then outline the concept of renormalisation and the running of couplings. From
there, we argue the need for short-distance mass definitions when studying heavy quarks. We
close by digging deeper at hints for BSM physics. Chapter 3 describes the framework of EFTs,
delving into the effective theories we employ in this thesis. In particular, we describe HQET
along with its extensions to heavy particles of differing spin, NRQCD and soft-collinear effective
theory (SCET). After these introductory chapters, we proceed to the main results. In Chapter 4,
we introduce the static potential, re-deriving it for QED and QCD up to NLO. From there, we
determine how the EW corrections play a role at NLO and consider applications. In Chapter 5
we derive the heavy meson binding and residual kinetic energy then determine the leading EW
corrections to said energies. With these energies, we evaluate and analyse the leading EW
corrections to commonly used short-distance mass schemes. At this juncture, our analysis shifts
focus entirely to EFTs. In Chapter 6 we reproduce the HQET /NRQCD Lagrangian for heavy
quarks. In doing so, we determine the matching coefficients from the full SM to one-loop EW
order. Moreover, we find the EFT Lagrangian must be extended to include additional operators,
which we determine and match to the full theory. Generalising our EW analysis in Chapter 7,
we perform matching and running with a sequence of EFTs up to two-loop orders with a range of
composite operators. We consider both heavy fermions and scalars, various mass hierarchy scales
and two distinct energetic regimes. Lastly, Chapter 8 is devoted to evaluating massive two-loop
diagrams with heavy fields, some of which are needed in Chapter 7. The calculation is achieved
with modern multi-loop techniques, which we introduce and employ in our analysis. We then
conclude and discuss possible future directions in Chapter 9. The Appendices include theoretical
frameworks employed, technical details and further insights on the calculations performed in this
thesis.






Chapter 2

The Standard Model and Beyond

This chapter sets the stage for research presented throughout this thesis. In Section 2.1 we
introduce the Standard Model of particle physics, describing the concept of gauge symmetries
and presenting the field content in the form of its Lagrangian. We outline the concept of
renormalisation and the running of couplings in Section 2.2 and focus on mass definitions and
the case for short-distance masses in Section 2.3. We end this chapter by discussing hints of new
physics in Section 2.4.

2.1 The Standard Model of Particle Physics

The SM is a fundamental quantum theory that describes the interactions of elementary fields
obeying relativistic mechanics under local gauge groups. As any QFT, once defined, the SM
must undergo a quantisation procedure, detailed in Ref. [84]. Since this section entails a brief
introduction, we will hone in on the SM Lagrangian, decoding its various sectors. The key feature
of the SM is that it is a chiral gauge theory that completely describes the directly observed
fundamental phenomena of strong and EW interactions, spontaneous symmetry breaking (SSB),
quark confinement, flavour physics, etcetera. The SM gauge group can be split in two parts,
SU(N,) describing the strong interactions of QCD [85-88], and SU(2); x U(1)y encoding the
EW interactions [89-91].

The field content of the SM is divisible into two classes, the fermions of half-integer spin and
the bosons of integer spin. The fermions, also known as matter fields, are equipped with spin-1/2;
the scalar and vector bosons are spin-0 and spin-1, respectively. SM fermions come in two types,
quarks and leptons, each a family of six particles (known as flavours) and their corresponding
anti-particles (distinguished by opposite electric charge). The flavours are further grouped into
quark couplets of up-type and down-type known as generations. In order of increasing mass, the
three up-type quarks are up, charm and top, labelled by (u, ¢, t); and the three down-type quarks
are down, strange and bottom, labelled by (d, s,b). Unlike leptons, quarks are colour charged
under the SU(N,) gauge group in the fundamental representation and are equipped with N, = 3
separate colour charges. Moreover, quarks are electrically charged under U(1)g where up-type
and down-type quarks have electric charge, @ = 2/3 and @ = —1/3, respectively. Thus, the sole
differentiating factor between quark generations is, in fact, their masses.

In the case of leptons, they are distinguishable by their electric charge. Analogous to the up-
type and down-type description of quarks, we have charged and neutral leptons or neutrinos. All



Field SUB)e SU@2), Y Q I

t 2/3 1/2

d), \s/), \b)/, -1/3  —1/2
U,R,CR,tR 3 1 2/3 2/3 -
dR,SR,bR 3 1 —1/3 —1/3 -

-1 —-1/2

Ve I vy I vr I 0 1/2
€R, MR, TR 1 1 -1 -1 -

Table 2.1: Fermionic fields and their representions under local gauge groups of the SM. The
triplet, doublet and singlet representations of a given group are labelled by 3, 2 and 1. I3
corresponds to the third isospin component and Y = ) — I3 is the hypercharge in our convention.

charged leptons have () = —1 while neutrinos are uncharged and do not interact under the gauge
group of electromagnetism (EM). Again, in order of increasing mass, the three charged leptons
are the electron, muon and tau, labelled by (e, p, 7). The three neutrinos, named according to
their respective generations, are the electron-, muon- and tau-neutrinos, labelled by (ve, vy, vr).
Although it has been recently confirmed in several experiments that neutrinos oscillate, implying
they have mass [5,6,92|, the SM lacks a description of this feature. As we neglect neutrino masses
in this thesis, we leave the treatment of massive neutrinos to Ref. [93]. Therefore, the only
massive leptons are the charged ones, and as in the case of quarks, mass is the sole distinguishing
factor between lepton generations. We present the SM fermions and their representations under
local gauge groups in Table 2.1.

2.1.1 Gauge Symmetry

Before exploring the various sectors of the SM Lagrangian, we need to unpack the concept
of gauge symmetry [94]. Given a Lagrangian, a global symmetry group describes a class of
transformations that leave the Lagrangian invariant. Global symmetries are non-local, meaning
they are independent of coordinates of space and time in the Lagrangian formulation of a theory.
One may also consider local symmetries where the group transformation is coordinate dependent.
In turn, one can enforce invariance under said local gauge transformation. This procedure is
known as achieving local gauge invariance under a symmetry group, and in doing so, one passes
to a reduced phase space with fewer canonical degrees of freedom.

To illustrate this feature let us consider the example of a fermion labelled by a Dirac spinor,
¥, with four complex components labelled by a spinor index, o = 1,...,4, and mass, m. The
free Lagrangian is then given by the Dirac Lagrangian,

Lo =P (id — m)p, (2.1)

where 1) = ¥~ and given an arbitrary four-vector v, ¥ = v, 0" and vy, are Dirac matrices. Let
us now perform a infinitesimal local symmetry group transformation,

Yo — €70y =y, +i0°(2) 2507, (2.2)



with infinitesimal coordinate dependent parameters 6(x) and T are constant transformations
matrices, known as group generators, in the fundamental representation of the group. Note that
if 6(z) is constant then the Dirac Lagrangian is invariant under the symmetry transformation,
meaning it is a global symmetry. By promoting 6(x) to being coordinate dependent, we are
now considering a local symmetry. In this case the Dirac Lagrangian is no longer invariant and
transforms as,

Lo — Lo +i(9,0%(x)) P T4 50°. (2.3)

We can thus employ Noether’s theorem, which states that the new term appearing under the
local transformation,

J8 = i(0,0(@)) AT 0 (2.4)
is a conserved current with 9".Jj = 0. As our goal is to enforce local gauge invariance on our
free Lagrangian, the introduction of a new field, AZ(m) is necessary, that is defined by its ability
to cancel Jj} once the local gauge transformation is applied.

Before describing Az(af), we need to introduce the adjoint representation. In physics, it
is often the case that symmetry groups being considered are so-called Lie groups [95]. These
groups are defined by the matrices, T, obeying a so-called Lie Algebra,

[T“, Tb] — jfobere, (2.5)

with constants, f®¢ known as structure constants. The structure constants define another
useful representation of a Lie group, the so-called Adjoint representation, with generators,

(Ta)bc — _ifabc’ (2.6)

of dimension equivalent to its symmetry group. With this additional construction at hand, we
may now proceed with defining the new field.

As our goal is to cancel the Noether current in Eq. (2.3), Ajj(z) must carry the same group
index, meaning it will not be invariant under group transformation. However, the new field is not
in the fundamental representation; instead, it is chosen to transform in the adjoint representation,

Al A%+ 9,0% +i0°(TP)C A, = AY — 9,6 — 6" fr*° AS,. (2.7)

The field, Af,(z), chosen as such is known as a gauge field of the group [84]. The gauge field
is solely dependent on the group symmetry being considered and we can now define further
quantities of interest associated to such fields. The first is the so-called covariant derivative,

Dy = 8, +iALT,, (2.8)

then combining Eqgs. (2.2) and (2.7),
Dytha = Dytba + i(0u0") Tt — ARTe5(0,0°)(T°) 707 — i0,0° T)”
— il T A Ty (2.9)
= Db +i0° TS Dy, (2.10)



and therefore, D,y transforms identically to ¢*. Whence, replacing the partial derivative
in the free Lagrangian with a covariant derivative results in a new Lagrangian which exhibits

invariance under local symmetry transformations,
L =1 (i) —m) i, (2.11)

with spinor indices suppressed. We re-iterate the difference here is the inclusion of a gauge field
and by inspection of K, the gauge field interact with the Dirac fermions, thus, we no longer have
a free Lagrangian but an interacting one. By the lack of a gauge field kinetic term in Eq. (2.11),
however, we can see that £ is incomplete. This brings us to the second quantity of interest we
introduce, the field strength tensor,

Fp = F:fVTa =i[D,,D,] = 0,A, —0,A, —i[A,, A (2.12)
= F3,T" = 9,A% — 9, A% + " AL A, (2.13)

the components of which transform locally under the symmetry group as,
FS, — FY, — 6 F,. (2.14)

Therefore, we now are in possession of a kinetic term for the gauge field by contraction of the
field strength tensor and may write down the complete, parity conserving [96], Lagrangian for

mass dimension D < 4,
1

L=—JFL P + ¢ (i) —m) . (2.15)
The first term in Eq. (2.15) is also invariant under local symmetry group transformations. Notice
the lack of a mass term for the gauge field, of the form miAZAa’“, although it is valid in D < 4,
we can immediately see that it is not invariant under a local symmetry transformation. Thus
the gauge field must be massless.

Throughout this illustration, we considered Lie groups in general. However, implicitly we
restricted ourselves to SU(N) with a = 1,..., N? — 1, defined as the group of unitary matrices,
U(N), with unit determinant. The reason is that the Dirac Lagrangian’s global symmetry is
SU(N). In general, when working in the SM, the main symmetry groups that are imposed are
SU(N) for N =1,2,3 and SO(1,3) for space-time, known as Poincaré symmetry [97].

We may now end with the case of a finite group symmetry transformation, to ensure our
Lagrangian is not solely invariant in the infinitesimal case. The Dirac spinor transformation can
be written with spinor indices suppressed as,

W — Ut = exp [10T ], (2.16)

such that U € SU(N). Moreover, the transformations of the gauge field and field strength tensor
are given by,

AT — UASTUY — i(0,U)UT, (2.17)
Fg, T — UFSTU" (2.18)

and therefore, upon simplification the covariant derivative of ¢ transforms as,
D,y —UD,. (2.19)

Whence the complete Lagrangian given in Eq. (2.15) can be transformed piece-wise, and by
inspection, it remains invariant under the finite symmetry transformation. We may now proceed
to the SM, gauging its group symmetries and determining its associated gauge fields.
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2.1.2 The Standard Model Lagrangian
The SM is equipped with global SU(3),xSU(2)r, xU(1)y symmetry. The SU(2)xU(1)y group

defines the chiral nature of the SM, in which different field transform under the fundamental
representations of either SU(2)r, or U(1)y. Fields that transform under SU(2)r and U(1l)y
are known as left- and right-handed fields, respectively. Only fermions exhibit chirality, and the
labelling convention is given by,

1 .
YR/ = Prip =50 £35)¢, 7= iy P, (2.20)

which transform accordingly under SU(2);, x U(1)y but identically under SU(3)c. We again
refer to Table 2.1 for SM fermions to see how they transform under each group. The procedure
of localising a global symmetry and gauging the local symmetry as introduced in Section 2.1.1
will now be employed in the case of the SM. The outcome will be the introduction of SM gauge
fields and couplings; we will also interpret the interaction terms that arise in the Lagrangian.

Strong Sector

Let us begin with the quark sector of the SM and construct QCD, which is a consequence of
gauging local SU(3)c symmetry. Quarks are fermions that transform under the fundamental
representation of SU(3)¢, and all six can be grouped under a label, ¢, where f denotes the six
possible flavours. Thus, we can write the non-trivial transformation of a quark in SU(3)¢ as,

qr — Uqy = exp [i0"T]qy, (2.21)

with generators, T = A\*/2 in the SU(3)¢c adjoint representation, such that a = 1,...,8 and
A% are given by the Gell-Mann matrices. Upon gauging the symmetry in the quark Dirac
Lagrangian, analogous to the illustration in Section 2.1.1, the gluon or gauge field, Gy, of
SU(3)¢ appears. The eight gluons of the SM are so-called vector bosons and are the mediators
of all QCD interactions. The transformation of gluons is under the adjoint representation of
SU(3)¢ and is given by Eq. (2.17),

a a a a G
GuT* —» UGLTUT + —(9,U)U". (2.22)

9Js
Note the inclusion of g5, as one is free to multiply by a constant, dimensionless parameter known
as the strong coupling constant. A coupling constant is always included in field theories as it

allows one to tune the strength of an interaction. The gluon field strength tensor, Gy, on the
other hand, transforms according to Eq. (2.18),
G4, = 0,G% — 0,G% + g.Gb,GS (2.23)

with structure constants, f%¢ € R, of SU(3)¢, which are totally anti-symmetric. We may now
express the QCD sector of the SM Lagrangian and expand out the terms to take note of the

interactions present,

1 .
Laop = — GG + a5 (i —my) 4 (2.24)
1 14 14 a aoc a Cc,V

= 0,01 - 0,6 CH - G 4 g (9,60 (GMG)

2
= S pele e GGG G + qp (i — oG T") a — mydza. (2.25)
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As SU(3)¢ is a matrix Lie group which is non-Abelian, self-interactions between gluons occur.
We see both triplet and quartic terms of gluons alone which would not arise in a an Abelian U(1)
theory such as QED. Moreover, we need not derive the quantum electrodynamics Lagrangian,
LqeDp, as it is analogous to the QCD Lagrangian modulo colour indices and self-interactions
among the U(1) gauge fields, also known as photons.

Electroweak Sector

What remains to be gauged is the EW sector classified by its global SU(2), x U(1)y symmetry.
The EW sector involves all fermions in the SM and not simply quarks, i.e. all fermions transform
non-trivially under SU(2); x U(1)y. Whence, we may group fermions as ones that transform
in the fundamental representation of SU(2)z, and U(1)y, known as isospin-doublets, U, which
includes all SM fermions. Furthermore, we can group those that transform as a singlet in SU(2)p,
and U(1)y in ¥g, including up- and down-type quarks as well as charged leptons. The left- and
right-handed representations then transform under SU(2)r, x U(1)y as,

Uy = UrUy V¥, =exp [Z(QZTZ + pYL1>]\IJL (2.26)
\IJR — UY\I/R = exp [ipYR]\I/R, (2.27)

with Y corresponding to the weak hypercharge and SU(2)r, group generators represented by
7% = 0'/2 such that o' are the Pauli matrices with i = 1,2,3. As this is a finite transformation,
we take parameters #° and p to be finite. Localising this symmetry and rendering the EW
Lagrangian invariant under such transformations introduces novel gauge fields, Wli and B,
which transform in the adjoint representations of SU(2);, and U(1)y, respectively. We may
write these transformations as,

Wizt U Wirut + é(aMUL)UZ, (2.28)
1
By = By = 0up (2.29)

in which we have introduced new parameters, g and ¢’, which correspond to the couplings from
gauging SU(2)r, and U(1)y. Moreover, the kinetic terms of the Lagrangian require field strength
tensors to construct, and these transform as,

Wi, = W) — 9,W, — ge"*Wiwk, (2.30)

B,uu — a}LBl/ - aVB,u, (231)

such that €% is the totally anti-symmetric Levi-Chevita tensor and the structure constant of
SU(2)r,. Now that the gauge fields are defined and their properties understood, we may construct
the covariant derivatives for the left- and right-handed spinors we defined,

Dy = (0 +igWir' +ig Y B,) ¥y, (2.32)
Dyprp = (0, +1ig'Y B,) Vp. (2.33)
Given these ingredients and the constraints of mass dimension, D < 4, the Lagrangian of the

EW sector is accordingly,

| P 1 , 7 . 3 .
Low = = Wi, W = 2B, B" +iqi Pai + iy Pl + i Pufy + idp Py + icpPer, (2.34)
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where the new index k£ = 1, 2,3 denotes the generation and is summed over. Expanding each
term, as in the QCD case, one can investigate the gauged SU(2)r, x U(1)y interactions. What
is immediately apparent and novel relative to QCD, is the lack of fermionic mass terms. If
one attempts to include one gauge invariance will cease to hold and thus the SM fermions are
massless unless there is another mechanism in play.

2.1.3 Spontaneous Symmetry Breaking

In the previous section, we came to an impasse, massless matter fields are not physical, and
thus a different sector is required, which grants fermions mass. The solution arises from SSB
in the SM, first introduced by Weinberg and Salam [89-91]|. In the Weinberg-Salam model, a
complex scalar doublet, ¢(x), is included, which transforms non-trivially under the fundamental
representation of SU(2)r, x U(1)y with weak hypercharge, Y = 1/2. The process of SSB occurs
in many areas of physics, from cosmology to condensed matter theory [98-100]. Heuristically,
SSB occurs when the Lagrangian of interest is invariant under a symmetry group transformation
but contains a vacuum state that is not invariant.
To illustrate this phenomenon, let us consider the following Lagrangian,

1 7 Vi 1 v
W W =2 By BY + (Dyp) (Do) = V(|gl) (2.35)

Lo=—7Wp,

with potential, V' (|¢|?), and covariant derivative given by,

V(le?) = p?lol*+Al¢|* (2.36)
Dy = (0 + igWir" +ig' B")ep. (2.37)

The newly introduced parameters, y? < 0 and A > 0, are additional coupling constant to be
tuned and thus the potential has minima at

2
[pol*=v? = £ (2.38)
2\’

which is commonly termed the vacuum expectation value (VEV). As our newly introduced scalar,
©(x), is a complex scalar doublet, it may be written in terms of four real fields as,

o(z) = ( pLe ) = exp [Z ’T’] win |- (2.39)

p3 + pa \/iv V2
The fields, ¢'(x) € R, with i = 1,2,3 are known as Goldstone bosons [101,102], and they
are massless, while the field, h(z) € R, is massive with M12{ = —u?, as is apparent upon

re-insertion into Eq. (2.35). The massive field h(z) is called the Higgs boson and has been
generated dynamically by the non-zero VEV.

To make the proceeding parts of the derivation simpler, one can set ¢ = 0 as these are
redundant degrees of freedom. So we have fixed three out of four parameters in #* and p under
SU(2)r, x U(1)y transformations. This choice is called unitary gauge in the literature, and the
procedure of exploiting redundancies, in general, is known as gauge fizing [103|. In this gauge
fixing scheme, three mass terms in Eq. (2.35) are generated,

2
v
L, D (Dup) (D)t = g —

8

(Wa)? + (W22 + (gg,BH — W2, (2.40)
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Thus, the gauge bosons acquire the redundant degrees of freedom from fixing the Goldstone
bosons and express them as mass terms. If we further define,

1 .
Wi = (W £iWD), (2.41)
Z,, = cos HwW;’ —sin 6, By, (2.42)
Ay = sin0, W) + cos 0, By, (2.43)

which is standard notation for the SM, with Weinberg angle, 0,,, defined as tan6,, = ¢’/g. The
gauge field A, corresponds to the photon of QED, whereas VV#jE and ZH are the massive charged
and neutral W and Z bosons that mediate the weak interaction. It then becomes immediately
clear from Eq. (2.40) that we are left with one massless and three massive vector gauge bosons
with masses given by,

Mw

— = My =0. 2.44
QCOSngU cos O’ A (2.44)

1
MW = igvv MZ

The following two points can be gleamed from these masses by inspection, the first is that
photons are massless and the second is that the neutral Z boson must be heavier than the
W bosons. To explicitly see the charge exhibited by the W= bosons, one can define the EM
coupling as,

e = gsinfy, = ¢ cosby, (2.45)

and expand the WZVWi’”” in £4 and indeed W+ bosons exhibit EM charge of 41 by inspection.

Of course, although the above Lagrangian adds value, we have not dealt with the issue of
massless fermions yet. The SSB mechanism is not complete, including complex scalar fields in
the Lagrangian and thus, the Higgs field as described means that new interaction terms are
permitted in D < 4. These terms form a new sector known as the Yukawa sector. If we hone in

on quark masses for illustration, the terms are as follows,
Lyuk O —Y4qEpuly — Vit gl od), + hec. (2.46)

The Yukawa matrices, Y4, are different for up- and down-type quarks and k,j = 1,2,3 are
generation labelling indices. Moreover, the field ¢ = i09¢" where o9 is the second Pauli ma-
trix and the Yukawa matrices may not necessarily be diagonal in generation. Note the careful
construction of the Yukawa terms and their implicit invariance under local SM group transfor-
mations. SSB in the EW sector is also known as electroweak symmetry breaking (EWSB), and
once this is incorporated into Ly, we see the coveted generation of fermion mass terms,

v

V2

One can now diagonalise the Yukawa matrices by diagonalising,

Lyae D ——= (Vg puly + Vi gt odly) + hec. (2.47)

Y= S8¢M,SE, v = S¢MuSa (2.48)

. . . u,d
with unitary matrices, S, R

fields consistently in the so-called mass eigenstate basis [104],

and M, 4 diagonal in generation. We can then re-define the quark

u d
U/ = SL}RUL/I% dijp = SLT/RdL/R, (2.49)
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which by definition diagonalises our fermion mass terms in Lyyx. Performing this change of basis
from the original flavour eigenstate basis alters the gauge interactions non-trivially and we will
investigate this now. Quarks in the flavour basis have the following gauge field interactions,

k

— TNk [(Y3 3 / 7l 1 2 2 ur,
Lrw D (urdr) [<2W o —i—ngE) + 2W o'+ 2W o ] < i ) (2.50)
+ g uRYuBufy + g dpYaBdy, (2.51)
__ ¢ z EM | 9 (—kytak | gk k
= Gug 2 et T (uLW &+ diw uL) , (2.52)
with neutral currents given by,
1
z _ 3 2 EW
" cosln (J;, —sin” 0y, J, ), (2.53)
Ty = T, (2.54)
J7 = Qr (YL + VrVuUR) » (2.55)

such that ¢* = u* d*, T3 = 73 and the EM charge is given by the relation, Q = T% + Y.
Conveniently, the flavour basis is diagonal in its gauge-quark interactions, this feature is no
longer present in the mass basis. Upon analysis, the neutral-currents remain diagonal but not
the charged-currents. In this basis one has to introduce a unitary matrix, V = (S%)7.5¢ known
as the Cabibbo-Koboyashi-Maskawa (CKM) matrix [105,106], in the Lagangian,

Lrw O % (df’jW*VC’“{;Md'{ + czf’zw—wgg‘mwg) . (2.56)

The CKM matrix can be further parametrised as it contains four degrees of freedom [107],

Vud Vus Vb cl1ac13 s12¢13 s13¢” %0
Vi=| Vea Ves Vo | = | —si2cas Vi Ve . (2.57)
Viae Vis Vi Via Vis Vip

Angles give the four degrees of freedom, 012, 613 and o3 as well as a phase, §. The phase, ¢,
when non-zero, causes the violation of Charge-Parity (CP) symmetry, which is an important
and well-studied aspect of the SM [108].
Analogously with regards to leptons, the Yukawa sector contains lepton interactions similar
to Eq. (2.47),
Lyuk D Y1 el + hc, (2.58)

between left-handed neutrinos and charged leptons. The lack of a second term as in Eq. (2.47) is
due to right-handed neutrinos not having been previously observed and thus excluded from the
SM. However, we now know that neutrinos have mass, and thus, right-handed neutrinos must
be incorporated in some fashion [109].
We may now combine all the contributions discussed above into one final SM Lagrangian (in
unitary gauge). Prior to SSB, the SM Lagrangian is thus given by,
l o papr  lopi i 1 v 2 2
Lsy = — ZGHJJG - ZWMVW - ZBWBM + [Dppl*=V (Je])
+i(qrPqr + urlur + drPdr + 1. Dly, + eplPer)

- (YUJL@LR +Y%Grpdr + Yl per + h.c> , (2.59)
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with suppressed color, isospin and generation indices and the covariant derivatives are defined
to act as follows,

Duqr = (0 +ig'Y B, +igr' W}, + igs T°G%)qr, (2.60)
Dyug = (9, +ig'Y By + igs TG Jur, (2.61)
Dydg = (0, +ig'Y B, + ig, TG )dp, (2.62)
Dyl = (0 +ig'Y B, + igr' W)z, (2.63)
Dyer = (0, +ig'Y B, )er ( )

We end this overview by noting that the SM has many properties only briefly considered here,
for instance, quantisation and gauge-fizing (GF). For a complete review we point to Ref. [84].

2.2 Renormalisation

When dealing with perturbative QFTs such as the SM, one calculates processes that are related
to observables. The perturbative expansion of a given process is achieved in powers of the small
coupling constants introduced in Section 2.1. Higher-order quantum corrections, also known as
radiative corrections, are required for high precision studies. The Lagrangian formulation con-
tains interactions and propagating terms which can be translated diagrammatically to Feynman
diagrams. We aptly name these higher-loop processes as radiative corrections are distinguished
from LO or tree-level processes by containing loops in their diagrammatic representation. A
curious fact about going beyond LO is that amplitudes from loop diagrams contain divergences
from the UV regions of the momentum integrals being taken. The purpose of renormalisation is
to eliminate said UV divergences by absorption into so-called bare parameters of the QFT La-
grangian. Every parameter, including coupling constants, masses and field content, is needed to
absorb divergences and the physical Lagrangian used for predictions exhibits no UV divergences.

Aside from absorbing infinities, a renormalisation of fields, mass and couplings would still
be necessary even if the loop integrals were finite [94]. The reason is that renormalisation
replaces the postulated bare parameters with those experimentally observed in a mathematically
consistent way. We now arrive at the notion of renormalisable theories: a theory is renormalisable
if all its UV divergences are suppressible by a finite number of parameter re-definitions. We
can reformulate this statement in terms of individual terms which describe interactions in a
Lagrangian. Given an interaction term, one can inspect the mass dimension, D, of its associated
coupling constant. In checking this, if D > 0 the interaction is deemed relevant if D = 0 the
interaction is marginal and if D < 0 the interaction is deemed irrelevant. A theory is considered
non-renormalisable by definition if it permits irrelevant interactions. Renormalisability is one of
the crucial tests in model construction and has played a significant role in the development of
QFTs [110]. The SM itself was constructed to be renormalisable as this issue was first noticed
in the development of QED years prior [111,112].

Conversely, the cancellation of UV divergences does not necessarily depend on whether a
theory is renormalisable in the traditional sense of finite parameter cancellation. In principle, a
non-renormalisable theory, which by definition requires infinitely many parameters to absorb its
UV divergences, can still be predictive [110]. However, predictiveness only holds if one is solely in-
terested in physics below the energy of mass scales of irrelevant couplings in a non-renormalisable
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theory. l.e. given a theory with irrelevant coupling with a mass scale, A, one can still make
predictions at energies, £ < A, where the number of non-negligible, non-renormalisable inter-
actions is finite. In this way, one can fix all parameters of a non-renormalisable theory with a
finite number of measurements, although the theory will not be exact and precision is limited.
We will re-interpret this notion of theories valid at specific energy scales as EFTs in Chapter 3.

Now that we have introduced the notion of renormalisation, We will discuss how it is achieved
conventionally. In general, one begins by regularising the infinities with what is known in the
literature as a regularisation scheme. The process is defined by introducing a regulator for the
UV divergences, which renders their form explicit. Upon regularisation, one can then ensure
that the infinities are removed by renormalisation. In our work, we employ the scheme known as
dimensional reqularisation, in which one replaces the dimension of space-time with d = 4 — 2e,
such that € — 0. In this scheme, UV divergences appear as poles in 1/e and are thus made
explicit when calculating amplitudes.

Moreover, in dimensional regularisation, one includes an additional factor of arbitrary mass
scale, €. This scale ensures that the renormalised couplings remain dimensionless. The newly
introduced scale, p, is known as the renormalisation scale, and one is free to re-scale it for
convenience. After regularising, the renormalisation scheme is set by how one chooses to absorb
the explicit divergences which appear. For instance, one can employ the minimal subtraction
(MS) scheme in which one absorbs only the divergent parts leaving the finite parts untouched.
In our work, we employ the modified minimal subtraction (MS) scheme, which is identical to the
MS scheme modulo an additional re-scaling, u? — p2e”/4x, such that v is Euler’s constant.

2.2.1 Renormalisation

To illustrate the process of renormalisation, let us consider the renormalisable theory of QED
in which the issue of UV divergences first emerged in the context of QFT. Let us examine the
bare QED Lagrangian in which we identify bare parameters with nil superscript,
=0 (40

Lawp = 0° (i — m?) 00 — LD, FOm (2.65)
with bare covariant derivative, D° = 9, — ieoAg, and field strength tensor, F/ B,, = 0,A — BVAB.
As previously stated, all bare masses, couplings and fields are non-physical as they are not those
measured by experiment. The reason being that measured parameters implicitly incorporate all
higher order quantum corrections. Thus, to link theory predictions to observation one needs to
renormalise each of these parameters individually. We define the following QED renormalisation

constants upon dimensional regularisation, which relate the physical to the bare parameters,
1
0, A, = AO e=—pu ", me=—md.

1
\/Zw \/ w Ze

With the above replacements one can then write the Lagrangian explicitly in terms of renor-

) = (2.66)

malised parameters,
Lqep = i) (@ —iep™ A) P — mepy) — *F;WFW
- Z(ZA - 1)F;WF!W + i(ZdJ - 1)7@7%
+ 6(\/5277/)26 - 1)/1_61/;A¢ - me(ZTZJZm - 1)772)1[% (2'67)
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with the so-called renormalisation-induced counterterms appearing in the second and third lines.
The renormalisation constants, Z;, are fixed by the finiteness requirement of Green’s functions,
which are time-ordered products of our renormalised fields. However, simply requiring freedom
from divergence means that the renormalisation constants are not unique. Instead, they are
scheme dependent quantities, meaning one can employ any subtraction scheme as long as con-
sistency is maintained. For instance, one can use the MS-scheme defined previously [94, 113],
but others exist and are more convenient for different applications, for instance the momentum
subtraction scheme useful for lattice studies [114]. As the MS-scheme is most often used, we will
employ it in our illustration, whence, re-scaling p? — p?e”/(47) and choosing,

o0
1
Zi=1+ ; FZik(e), (2.68)

such that Z; ;(e) are solely dependent on the EM coupling, e, and independent of e. Thus, we
may now see how to define the Z;; in QED in the MS-scheme such that the divergences are
no longer present. The first appearance of a divergence always occurs at one-loop or next-to-
leading order (NLO) in a perturbative expansion. For instance, if we consider Z4 for the photon
field and attempt to attain it at NLO, Z4 is defined by the finiteness condition of the photon
propagator,

finite = T+ AAANANRNNANNNN (2.69)

The first diagram gives the one-loop vacuum polarisation correction, and its corresponding
counterterm (from the Lagrangian in Eq. (2.67)) is shown in the second diagram. Requiring
that the sum of the two diagrams is finite in the e — 0 limit up to O(a.) where a, = €2?/(4n)
gives,

Za=1-g 1+ O(a?). (2.70)

Similarly, we obtain Zy and Z,, in one fell swoop by fixing the NLO electron propagator cor-
rections and counterterms according to finiteness,

finite = ﬁ\M/\/i + &R . (2.71)

Again, the first diagram is simply vacuum polarisation and the second is its corresponding

counterterm in Eq. (2.67). Performing the loop integral and enforcing finiteness then gives,

].Oée 2 3a€ 2
Zpy=1—-—+0 Ipp=1——-—++4+0 . 2.72
P 6471' + (ae)7 m € 47r + (ae) ( )

Lastly, for the coupling constant renormalisation, by inspection of Eq. (2.67), one needs to
enforce finiteness on the one-loop correction to the vector current,
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finite = w +

§ (2.73)
and upon similar calculation, one finds,
2 e 9
Le=14—— . 2.74
=1+ 250+ 0(d) (274

Moreover, we find a relation that holds between renormalisation constants up to O(«.), Z, =
1/v/Z 4. This is often the case and determining such relations beforehand is helpful in performing
calculations [115].

2.2.2 Running of Couplings
We may now introduce the notion of running of couplings [116]. Given the renormalised coupling

up to NLO,
2

16W2+—O(éﬁ), (2.75)

we can use the fact that u, the renormalisation scale we introduce in dimensional regularisation,

2
eO:e,uE<1+ ¢
3e

is not physical. Thus, the bare couplings must be independent of f,

de" 1 de 1 dz,
= euZ, - — =0, 2.
dlnp o <E+edln,u+Zedln,u> 0 (2.76)
and assuming non-zero coupling, this relation holds only if,
1 de 1 dZz.
- = —e— — ) 2.
edlnp ‘ Zedlnp (2.77)

We are thus left with this renormalisation group equation (RGE) which defines the QED beta
function of our coupling renormalised in the MS-scheme,

de €2

zdmuz—mﬂ+0@% (2.78)

Ble)

in the limit ¢ — 0. Thus the beta function is a finite function which provides a complete

description of the renormalisation scale dependence of the coupling in a particular renormalisa-

tion scheme. When calculating QED processes, the higher n-loop corrections are of the form,

o In* s/p?, with k < n and /s is the COM energy of the process of interest. Thus, to minimise

large logarithms in theory predictions, the appropriate choice for renormalisation scale is p? ~ s.
We now re-write our RGE in Eq. (2.78) with respect to a. as is done conventionally,

_da
~dlnp

Blae) = —2a, (6 + %50 + O@é?)) ) (2.79)

such that Sy = —4/3 and solving the RGE to NLO gives the so called running coupling,

2

ae(p) = 50~ (u/Aawp) (2.80)
0
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Figure 2.1: The SM running couplings with respect to renormalisation scale. The SM gauge
couplings are g, ¢’ and gs. The top and bottom quark Yukawa couplings are represented by 1,
and yp. The Higgs potential quartic coupling is given by A. All couplings are computed in the
MS-scheme up to NNLO [34].

where the coupling is no-longer a constant but renormalisation scale dependant. The newly
introduced scale, Aqgp, is given by the experimentally observed value of the QED coupling. We
now pause to note an interesting property of Eq. (2.80), recall that a. is necessarily a positive
real number, and Sy is negative, thus the coupling grows as energy increases. Moreover, as
i — Aqep, Eq. (2.80) exhibits a pole and this divergence is known as the Landau pole of the
theory.

In this illustration, we focused on QED as an example; however, the SM, in turn, contains
renormalisation scale-dependent couplings. As written in Section 2.1, the SM gauge couplings
are ¢’, g and g, also from the Yukawa sector, we have the Yukawa couplings, y7, with I labelling
massive fermions and the couplings of the Higgs potential. The largest Yukawa couplings are
Yt, yp and y; in order of decreasing mass. Each SM coupling has an associated beta function,
and these have been determined in the SM to three-loop orders [117]. We present these scale-
dependent couplings in Fig. 2.1 and comment on their properties. The first feature of SM running
couplings to point out is the quartic coupling, A, of the Higgs potential turning negative near
10° GeV. This behaviour is only exhibited by this coupling and points to the meta-stability
of the EW vacuum. The precision of this stability is predominantly dependent on the Higgs
and top quark mass precision determinations as shown in Fig. 2.2 from calculations to two-loop
order [33,34,118,119]. As for the gauge couplings, ¢’ from gauging the U(1)y symmetry group
is non-negative and grows with energy, diverging as in QED at a Landau pole. The Landau pole
appears past the Planck scale Mp ~ 102 GeV, and thus, the pole is not sufficiently well-defined
as of yet unknown quantum gravitational effects will begin to take hold at this scale. The
SU(2)1, gauged weak coupling, g, has the interesting feature of overtaking the strong coupling
near 10'6 GeV and, unlike the hypercharge coupling, does not exhibit a Landau pole.

The remaining gauge coupling to consider is the strong coupling, gs, which conversely to
QED and hypercharge exhibits a Landau pole at small energies, Aqcp ~ 107! GeV. Aqep is
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Figure 2.2: The SM vacuum phase space with respect to the top quark and Higgs masses. The
plane is subdivided into regions of stability, metastability and instability. The three boundary
ellipses correspond to standard deviation variations in the strong coupling indicating the dom-
inant uncertainty in the top mass. Colour gradings correspond to the size of theoretical error
from terms beyond NNLO [34].

also known as the quark confinement scale as it is related to the non-perturbative regime of
QCD and the phenomenon of confinement. Near Aqcp, physical quark states exist in colour
singlet combinations known as hadrons, such that no free quarks arise. For instance, the most
commonly observed hadronic states are mesons (quark-antiquark pairs) and baryons (bound
states of three quarks), but more exotic states such as pentaquarks may appear as well. On the
opposite end of the energy spectrum, at high energies, the strong coupling goes to zero, and this
phenomenon, which is unique to the QCD sector, is known as asymptotic freedom [85]. This
feature is immediately apparent from the overall positive sign of the Sy coefficient of the QCD
beta function,

1
BICP — 5 (33— 2ny), (2.81)

which can be compared to the QED case in Eq. (2.79). It is clear that Eq. (2.81) is positive
for ny < 17 and in the SM n; = 6 which results in asymptotic freedom. This feature of QCD
has been confirmed by observation and is now a consistency condition that must be satisfied
for BSM theories that couple to QCD. Any reason behind the sign difference in QCD relative
to QED harkens back to QCD being symmetric under a non-Abelian group. This results in the
phenomenon of self-interactions among the gauge fields, which in turn impact strong coupling
renormalisation as these are determined from vertex diagrams [85].

2.3 Quark Mass

In this thesis, we will mainly be interested in heavy fields, particularly the SM’s heavy quarks.
One of the most crucial parameters required in the study of heavy quarks is attaining a precise
mass determination. The reason being that heavy quark mass is a fundamental parameter of
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the SM. Moreover, it constrains BSM models with additional flavour physics [22,44, 120, 121].
Quark masses are non-trivial to define due to the phenomenon of quark confinement, which is
not exhibited by any other fields in the SM. Confinement complicates matters, as free quarks do
not exist in nature, and thus, their mass can not be measured as individual entities. We briefly
introduce the issues with defining a quark mass in this section; a complete review is present in
Ref. [122].

We will focus on the top mass, my, as it is often employed in SM consistency checks [48-50].
Moreover, it is the dominant source of uncertainty when weighing the stability of the EW
vacuum [33,51,52]. Secondarily, we are also concerned with the bottom quark, which is the next
heaviest and lies in the same generation as the top quark. The bottom mass, my, is an important
factor in the phenomenology of B-meson and Higgs decay as their decay widths contain large
powers of my, [53-55]. The study of B decays highly constrains elements of the CKM matrix,
thereby supplying precision tests of the flavour sector in the SM [120, 123, 124].

2.3.1 Heavy-Quark Limit

Let us begin by considering the heavy quark limit, in which the quark mass, mg > Aqcp. In
this limit, processes that occur at a scale,

Aqep
mQ

— 0, (2.82)

are separable from confinement physics which is an IR phenomenon occurring at distance scales
of O(1/Aqcp). If this limit is physical, we have a large advantage as we may disentangle UV
and IR physics cleanly. In the case of the top quark, Aqcp/my ~ 1073, which would mean minor
corrections beyond LO of < 1% from this limit. On the other hand, in the case of the bottom
quark, Aqcp/mp ~ 107! and thus the naive expectation is ~ 10% corrections. Such corrections
are significant and thus O(Aqcp/mp) corrections and higher require accounting for.

The advantage of scale separation occurring in the heavy quark limit is that quark processes
are only sensitive to short-distance physics, which can be perturbatively determined. On the
other hand, long-distance physics is non-perturbative and appropriate for hadronic properties,
which is the purview of lattice QCD [125,126]. The former case is of interest to us, and thus
quantities determined by short-distance physics help probe the heavy quark masses. For instance,
in the case of the bottom quark, the B-meson semi-leptonic decay width has been widely studied
and shown to be a sensitive probe of my, [127].

Complications in the heavy quark limit can arise; in particular, quantum corrections occur-
ring at higher-loop order are indiscriminate in their probing of short- and long-distance scales.
These radiative corrections result in alterations to the heavy quark limit by introducing terms
that are suppressed by running coupling powers, and thus, the limit can not be taken naively.
Moreover, these virtual corrections introduce energy scales aside from coupling from the SM,
for instance, matter and gauge field masses. These, along with heavy quark three-momentum
~ mqguv and kinetic energy ~ vaz enter the dynamics. Lastly, when dealing with the bottom
quark, the inclusion of finite-mass effects becomes necessary and require careful consideration
at each loop order [128,129].

These complications and various scales seem to make the precision study of heavy quarks
intractable. However, with the help of EFT, which we introduce in Chapter 3, the problem has
proven manageable. We now proceed to the task at hand of defining mass for heavy quarks.
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Figure 2.3: (a) MS top quark mass computed from the PS mass with one- to four-loop accuracy
with respect to the renormalisation scale of the MS-threshold mass relation. (b) MS top quark
mass computed from the PS, 1S, RS and RS’ mass with third and fourth loop accuracy with
respect to renormalistion scale in the MS-threshold mass relation [133].

2.3.2 Mass Definitions

As is the case for all parameters in the SM Lagrangian, quark masses are renormalised quantities.
Moreover, one is free to renormalise in any well-defined fashion as long as all predictions are UV
finite. This freedom turns out to be of great utility when dealing with quark masses in particular.
The reason being that although any renormalisation scheme is permitted, different ones need
to be applied for different purposes when dealing with quarks as predictions can become non-
attainable otherwise. Various quark mass renormalisation schemes have been proposed and
studied [58, 60,94, 130-132], some of which are illustrated for m; in Fig. 2.3 from one- to four-
loop order [133,134]. Each has its associated regimes of utility as well as properties that make
them unique. We will discuss the ones employed in this thesis briefly as they are re-introduced
later on in the appropriate sections.

2.3.2.1 The Pole Mass and Renormalons

The most natural definition of quark mass is arrived at from the quark propagator and is known
as the pole mass, mpole [135]. This is how we generally define mass in QFT and it is explicitly
given by the pole solution of the quark propagator. The full quark propagator to all loop-orders
can be written as, .

i
p—mq —X(p,mq)
for a quark with mass, m¢g, momentum p and self-energy, 3(p, m¢q). The pole mass is then
defined by the solution to,

iS(p,mqg) = (2.83)

(p—mq — Sp.mQ) |z = 0. (2.89)

pole

Thus, all that is necessary to determine the pole mass up to a specific order in small couplings is
the radiative corrections to self-energy diagrams. The pole mass has the advantage of being both
gauge invariant [135,136] and IR finite [137]. Moreover, for heavy quarks, one can relate the
pole mass to hadron masses such as the meson mass in a perturbative expansion in 1/mg [59].
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Although the pole mass is well-defined and simply determined, its perturbative relation to
physical observables is known to contain ambiguities [130]. For example, consider the semi-
leptonic, b — u decay width to the bottom quark pole mass, denoted m;. At two-loop orders in
QCD this relation is given by [138,139],

G|V *m3
19273

_ GEVal*my

19273

2
T(b— Xuloy) = <1 - 2.41% +(3.39 — 3.226) (%) +O(a?, m;1)> (2.85)

(1-017—0.11+...) (2.86)
where G is the Fermi constant, as = a5(myp) = 0.22 and,

2

is the first coefficient of the QCD beta function such that n; = 4 is the number of light quark
flavours. By inspection of Eq. (2.86), the two-loop terms are large and thus the perturbative
series is poorly behaved although ag/m < 1.

This poor perturbative behaviour is endemic in the pole mass to all perturbative orders [130].
More specifically, any perturbative series relating quantities to the pole mass exhibit ambiguities
of O(Aqcp/mpole). These ambiguities are expected to occur as solely asymptotic convergence
is achievable with perturbation theory [39]. Furthermore, mypol. can only be defined through its
relation to observable quantities, which pass on the ambiguity to the pole mass definition. This
ambiguity has been studied extensively and is also known as the IR renormalon. The IR nature
of the renormalon is due to it arising from the IR (or low-momentum) region of loop integrals at
which the QCD running coupling grows large. For a more detailed review of this phenomenon,

see Ref. [47].

2.3.2.2 The MS Mass

The renormalon ambiguity of the pole mass arises due to its sensitivity to IR physics; this
results in the notion of a short-distance mass definition. To define such a mass, one needs a
way to separate short- from long-distance physics. Conveniently, any mass parameter which
is renormalised at some scale, p, is by definition insensitive to IR scales. Moreover, regulat-
ing perturbative calculations is most often done with dimensional regularisation, as defined in
Section 2.2. Thus, the combination of dimensional regularisation and the requirement of renor-
malisation scale dependence leads to the MS-mass, labelled mq(p), as being a valid quark mass
candidate.

As previously introduced the MS-mass in the SM is defined by dimensionally regulating
the SM Lagrangian and subtracting divergences in the MS-scheme. Moreover, as discussed in
Section 2.2.1, one chooses u ~ ) where () is the characteristic energy scale of the physical process
being studied. The RGE can be used to then relate a mass renormalised at a particular scale
to one renormalised at another, performing a resummation of logarithms at all orders [140, 141].

One may then relate the MS-mass to the pole mass at any order. Again, sticking with our
example from the previous section of bottom quarks in QCD [142-144],

4 _S _3 2 _S 3
T 1+ 228 4 (1,568 — 3.74) (%) + (14752 + 0.38; + 0.450 — 30) (%) +O(ad), (2.88)

myp 3w

24



given to three-loop orders. The second coefficient of the QCD beta function is given by,

38
£ =102 — 3 (2.89)
and @y = a(mp), meaning the MS-mass is taken to be renormalised at p = mp(p) and thus,
my = my(myp). With this relation we can re-express the semi-leptonic decay width of the previous

section to two-loop orders [138],

2
Db — Xuli) = Tom(1 + 4.25%50) | 4 5gg (M) 03y, (2.90)
T T
= Tomp(1+ 0.30 + 0.19 + O(a?)). (2.91)

We can see a marked improvement in the asymptotic series, and it has been shown that the
O(Aqep) renormalon ambiguity indeed vanishes [139]. Thus, MS-pole relation seems to quell
our perturbative issues, and the relation is known to four loop orders in pure QCD for the
heavy quarks [133,134]. Furthermore, as we are interested in EW corrections mainly, the MS-

pole relation has been determined for top and bottom quarks to two-loop precision in the full
SM [145-151].

2.3.2.3 The Threshold Masses

At this point in our overview, it seems the MS-mass is sufficient for all precision tests in the
SM. However, as pointed out firstly in Ref. [152], the MS-mass is not well behaved as well at
scales below i = mg, where mg denotes the pole mass. This poor behaviour is best explained
from an EFT perspective. The MS-mass is defined in the full theory treating the quark as fully
dynamical from a UV scale down to mg. Once one reaches u = mg, however, the appropriate
theory which describes the dynamics and kinematics changes from the SM to HQET [153]. Thus,
from an EFT perspective, it makes no physical sense for u to be lowered beyond mg in the full
theory. Furthermore, mg is not a running parameter in HQET and renormalising mq(u) below
mg introduces non-physical large logarithms, which negatively affects perturbative convergence.

Thus, we need an entirely new set of mass definitions, the so-called threshold masses, which
are well behaved for observables below threshold in the low energy regime. These mass definitions
are useful for heavy quark studies in the non-relativistic (NR) limit. Moreover, a threshold
mass must be defined such that it avoids IR renormalons while also exhibiting well-behaved
perturbative relations in the NR regime. Many threshold masses have been proposed and studied
in a variety of NR process [56-60]. A few threshold-MS mass relations for the top quark have
been determined to four-loop order in pure QCD [133], as depicted in Fig. 2.3. We will now
introduce the threshold masses studied in the remainder of this thesis.

Kinetic Mass: The first threshold mass we will consider is known as the kinetic mass,
mgn(,u,f), in the literature and was first introduce in Refs. [56, 154, 155]. The kinetic mass
incorporates a new IR factorisation scale, puy, to subtract long-distance physics and avoid the
renormalon ambiguity in its definition. The mass is defined by the heavy meson BE, Ay r, and
residual KE, 12 (uy),

2
ma = m () + Aug) — L5 o1 /) (2.92)

2mg* (i)
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where mg denote quark pole mass. The energies are attainable perturbatively from the forward
scattering amplitude of a heavy quark non-flavour changing external current in the small quark
velocity (SV) limit [156]. By definition, in the factorisation limit py — 0, mgn(u #) is simply the
pole mass while for Aqep < p1y < mq, the kinetic mass eliminates the IR renormalon ambiguity
and is well-behaved in the heavy quark limit. The MS-kinetic mass relation has been determined

to three loops in pure QCD [157], for the bottom quark the relation is given by,

kin ~ 2 =~ .2 2
mg™ (per) 4 aug 4 py K (as) 8 up (8B 8T 52
Bl Vet A T e | e S = K42 (20 x 4 22 22
M T35 | 3my,  2m2 = 3T\ 9 1T T
2 2
Ky ([ Bo ™ 23 3 3, 3
X _ O 2.93

up to NNLO [158], such that,

2 1 2 1 1
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The term ¢, is the Riemann zeta function, and Sy is the first QCD beta function coefficient.

Potential Subtracted Mass: Another important threshold mass used in heavy quark pre-
cision studies is known as potential subtracted (PS) mass [57]. As in the kinetic mass, the PS
mass is dependent on energetic quantities determined from the dynamics of heavy physics. To
define the PS mass, let us begin by considering the dynamics of a quark-antiquark (quarkonium)

system, which is governed by the Schridinger equation,

v2

C-—E+vm>mnum—ﬁmm. (2.95)
maq

The binding energy of the system is given by E = /s — 2mg, and V(r) is the Coulomb-like

potential between the pair of heavy quarks, also known as the static potential [39,159|. Thus,

Eq. (2.95) incorporates the total static energy of a pair of heavy quarks in its description at some

fixed distance, r, given by,
Estat(r) = 2mg + V(). (2.96)

The total static energy is physical and always well-defined, meaning it can not exhibit non-
physical renormalon ambiguities. The lack of ambiguities has been demonstrated in the context
of QCD as the higher-order behaviour of V(r) cancels that of the pole mass, implying the total
static energy in Eq. (2.96) is well-defined.
We can explictly draw out this cancelation by expressing the pole mass in terms of the PS
mass, which is defined as,
mey (uyg) = mq — Sm(uy) (2.97)
such that,
sm= [ Pav(a). (2.98)
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and V(q) is the momentum space potential [159]. Note the inclusion again of an explicit fac-
torisation scale to avoid the small |g| region in which the renormalon resides. Thus, to obtain
this mass one needs to extract the Coulomb-like terms from quarkonium scattering in the heavy
quark limit of the SM [160,161]. In the case of pure QCD the PS mass has been determined to
four loop orders [134], as is shown in Fig. 2.3. We present the PS-pole bottom mass relation for
illustration, to one-loop order [57],

) g Cp s s <1 4 %) [al — 25, (ln’zf - >D +0(ad,my?),

mp T my 47

a; = — — —Tyny, (2.99)

neglecting finite mass affects. The colour factors in QCD are given by C4 = 3, Cp = 4/3 and
Ty =1/2, also ny = 4 in the case of the bottom quark while ny = 5 when considering the top
quark in QCD. One can then relate the PS mass directly to the MS-mass using the MS-pole
mass relation. Again in the case of the PS mass, for uy < mg the pole mass and PS mass differ
by O(Eg) where Eg ~ mgv? which is useful for power counting.

1S Mass: Recall that the previous threshold mass definitions we introduced are dependent on
an explicit IR factorisation scale, i f. This additional IR scale controls spurious non-perturbative
behaviour arising from the IR regime in the pole mass definition. Although such scales are
necessary for those definitions, they are free parameters and finding the best choice to minimise
poor behaviour is not always trivial. There are, however, threshold mass definitions that require
no factorisation scales to be introduced; the first discovered and most often employed definition
is the so-called 1.5 mass [59,132].

The 1S mass is defined simply as one-half the energy of the 1S ¢g state calculated perturba-
tively. The perturbative point is crucial as this excludes non-perturbative effects automatically
and it then lies firmly in the realms of short-distance mass definitions. The difficulty in the 1S
mass, as has been shown in QCD, is that the renormalon cancellation is subtle and achieved with
appropriate re-ordering of terms in perturbation theory. In the case of pure QCD the 1S mass
is known to four loop orders [134], as depicted in Fig. 2.3. The 1S-pole bottom mass relation to
one-loop order is [162],
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with [ = In (u/(Crmpas)), and other parameters are as previously defined. In chapters 4 and 5
of this thesis we will be focusing on determining the leading EW corrections to the kinetic, PS
and 1S masses, which appear at one-loop order in each case. We end by noting that we have
by no means introduced all threshold mass definitions, for instance, there is the renormalon
subtracted (RS) mass which is also illustrated in Fig. 2.3. For a review of more definitions not
considered in this thesis we recommend Refs. [122].

2.4 Beyond The Standard Model Motivation

The SM has been incredibly successful in its description of fundamental interactions, and until
now, there exists no direct detection of particles that lie beyond. Moreover, the SM exhibits a
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very delicate structure that discounts many BSM theory proposals, as they have to be consistent
with the plethora of confirmed data thus far. Direct detection aside, however, there is plenty
of indirect evidence that the SM cannot describe, impelling the theory community to consider
models beyond. This section will consider a few pieces of BSM evidence along with compelling
models that describe their origin.

Before we begin, let us list for reference and perspective what exists beyond a reasonable
doubt and is unexplained thus far: neutrino mizing and masses [163|, matter-antimatter asym-
metry [164], non-baryonic cold dark matter |165], acausal density perturbations consistent with
a period of inflation in the early universe [166]. Moreover, there are many deep unexplained
features of nature, for instance: Planckian scale physics, hierarchies of scale between the known
constants of nature, the number of fermion families, the number of space-time dimensions,
etcetera. As the primary focus of this thesis is heavy fields and EFTs, we will avoid cosmology
in the examples considered next.

2.4.1 Flavour Puzzle

Recall that the SM Lagrangian in Eq. (2.59) includes 18 parameters in total: 6 quark masses,
three lepton masses (SM has massless neutrinos), three angles plus a phase of the CKM matrix,
three gauge coupling constants, two Higgs potential couplings. Aside from the gauge and Higgs
potential couplings, the remaining 13 parameters lie in what is known as the flavour sector of the
SM. The flavour sector exhibits many puzzles ripe for consideration, for instance, the hierarchy
of scales between the fermion masses.

As measured, there is an enormous scale separation in mass among the SM fermions, whether
taking them as a single group or separating into quarks and leptons, the hierarchy persists [167,
168]. Moreover, with regard to quarks and their CKM matrix an elusive pattern is present,
which is more apparent in the Wolfenstein basis [169],

1—)\%)/2 A A3
Vo~ A 1—-22/2 A2 |, (2.101)
A3 2?2 1

up to O(A*) with A = sinfy3 ~ 0.2. Thus, in the flavour sector these hierarchies and patterns
are not yet determined.

The answer to this mystery could lie in a flavour symmetry breaking mechanism, i.e. hierar-
chies in the SM arise from particles with flavour symmetry that experience symmetry breaking
at some higher grand unified theory (GUT) scale. For instance, the minimal supersymmetric
Standard Model (MSSM) is often cited as providing such a mechanism. In the MSSM, each
SM fermion field has a bosonic super-partner and vice-versa, accompanied by their masses and
couplings [170]. Alternatively, the apparent patterns may be based on a U(1) Froggatt-Nielsen
(FN) symmetry [171], combined with a discrete A4 symmetry [172]|, which is apparent in SM
extensions containing hypothetical fields known as leptoquarks [163]. Leptoquarks are particles
that couple to both quarks and leptons and may be involved in lepton flavour violation and
non-universality.

On the other hand, one can explain the smallness of the Yukawa couplings and CKM angles
through RGE evolution in the IR. Unfortunately, Yukawa couplings exhibit little logarithmic
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energy dependence, and thus RGE flow is insufficient to explain the hierarchy of scales even for
strong coupling. Lastly, conformal field theory (CFT) offers a neat solution [173]. A CFT is
defined as a local QFT invariant under conformal, or angle preserving, mappings. By extending
the SM gauge group with a conformal sector, containing scale-invariant gauge couplings, the
flavour hierarchy is then generated by strong conformal dynamics [174,175].

The only way to confirm any of these model solutions in the flavour sector, aside from direct
detection of new particles, is through anomalies in data. We are at an exciting time for flavour
physics as several new such anomalies appear in various experiments. For instance, several
measurements over the years of B-decay are hinting at deviations from the predictions of the SM
alone. Such B-decay anomalies are now being accompanied by discrepancies in measurements
of the muon’s anomalous magnetic moment (AMM).

B-decay Anomalies: A large number of data discrepancies are appearing in analyses of var-
ious independent groups with regards to flavour changing current (FCC) transitions. Such
anomalies have been detected in both neutral, b — si™1~, and charged, b — cl~ ¥ transitions.
We group and describe the confirmed results over the years into four distinct types:

e The branching ratio suppression in b — su™p~ transitions [176,177|. In these studies, the
dominant uncertainties are hadronic in nature [178,179].

e Angular observable deviation from the SM in B — K*su™u~ transitions [180]. In this
case, the dominant uncertainties are also hadronic but less significant [181].

e Lepton universality deviation from the SM in b — sl™l~, B — KITl~ and B — K*IT[~,
between electrons and muons (e-y universality) [23]. On the theory side, the uncertainty
is sufficiently small [182], but the experimental sensitivity is not sufficient as of yet.

e Lepton universality deviation in b — sl~ 7, transitions, between all SM leptons [177,183].
In this case, e-u universality holds to high precision [120,184]. Similar to the previous
point, dominant uncertainties are experimental [185].

On the experimental front, the B-decay observables to test lepton-flavour universality violation
in b — c are given by branching ratios. These ratios have been measured over time by various
collaborations including LHCb [23,177,183], Belle [23,184], and BaBar [183]. The discrepancy
with the SM from combined measurements stand at ~ 3o [182,185]; however, the latest and
most precise Belle measurement of,

[ dq*dBR(B — D*rv,)/dq?

Rp+ =
D" T dq?dBR(B — D*er,)/dg?’

(2.102)

has only shown a 1.2¢0 discrepancy. Therefore it may be that statistical fluctuations will eventu-
ally explain away these anomalies. Assuming, however, that these anomalies turn to discoveries
and BSM physics is needed, there are various proposals [186].
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1 D2

Figure 2.4: Diagrams of charged lepton AMM with initial momenta, p;, and transfer momentum,
q = p2 — p1. Shaded circle represents higher-loop virtual SM corrections.

AMM Anomalies: Quantum corrections to the AMM of a particle are important to determine
as they are observables that can be measured to very high precision. Currently, the AMM of the
electron is the most precisely determined observable in particle physics to date. The charged
lepton AMM is given by the diagram illustrated in Fig. 2.4 which evaluates to,

2
APM = —ica(ps) | Fi(-Lp)0" +
l

2
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with F; known as form factors and are given to LO by F} = 1 and F5, = 0. At NLO and beyond
additional terms o< o, become apparent in Fb, which have the same structure as a magnetic
moment. Thus, if at tree-level, F5 = 0, then the magnetic moment is g; = 2, as predicted by
the Dirac equation. At NLO, the first quantum corrections start to appear, and for ¢ — 0, the
leading term in the momentum expansion is,

ae(p) ae(p)

and the AMM is then conventionally defined as,

:91—2
2 )

a (2.105)

which corresponds to all deviations for g; = 2 at LO for all leptons, [ = e, u, 7. It turns out
that the theory predictions must incorporate all EW and hadronic contributions to attain the
precision achieved thus far [187]. The latter of contributes the highest theoretical uncertainty
and therefore requires further thorough study to match the low EW uncertainty [188-191].

Measurements have recently found curious anomalies concerning SM theory predictions for
the muon AMM in particular. After adding uncertainties from theory and experiment in quadra-
ture, there is a significant deviation of 4.10 from the latest theory predictions [188,189]. Curi-
ously, however, at the same time, an extensive lattice QCD collaboration which performed a very
precise computation of the hadronic vacuum polarisation (the sector with the most prominent
theory uncertainty) agrees with experiment, and their results are consistent with the SM [190].
Of course, this is only one theory prediction, and it is in contradiction with a large body of
knowledge, including EW data [191,192|, and previous lattice calculations [193]. Hence, further
investigation is required on all fronts.
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Assuming this anomaly persists and is indeed a discovery, various BSM models exhibit ex-
plicit breaking of lepton universality. For instance, models which introduce additional fields such
as light scalars [194-196|, or partners from supersymmetry (SUSY) extensions [197-199].

2.4.2 Strong CP Problem

Another mystery of the SM lies in the QCD sector of the SM, which includes only quarks and
gluons. As described in Section 2.1, QCD arises from the local SU(3)c symmetry group being
gauged. Furthermore, QCD is CP-symmetric, in contrast to the EW sector, which includes
gauge fields coupled to chiral currents that violate Parity. In QCD, gluons only couple to vector
currents and CP-symmetry in QCD has been confirmed by experiment beyond a reasonable
doubt. Furthermore, if CP-violation does occur, it would be suppressed by a factor of 10° [200].
We thus arrive at the strong CP problem, which can be seen by the addition of the following
term into the colour sector of the SM,

2
g ~
Lsm D 016;2 GG, (2.106)
with 6 a constant parameter and dual tensor, G** = %e“’mpGgP. This additional term is

permitted by the gauge symmetry and must be included in the SM, as there is no conservation
law forbidding it.

The reason why Eq. (2.106) is not included in the original SM is that it can be written
as a total derivative, and thus it does not contribute perturbatively. However, it is, in fact,
non-zero non-perturbatively and therefore required in non-perturbative studies such as lattice
QCD [201,202]. More importantly, it imposes a big issue; the term is CP-violating, resulting in
new contributions to the calculated neutron electric dipole moment (NEDM) [203]. Nevertheless,
CP-symmetry holds, as has been measured consistently. More precisely, measured bounds in
NEDM have placed the constraint of § < 10! [204], which are very small relative to other SM
couplings. The smallness of # and the underlying reason is known as the strong CP problem.

The most well-known solution to this problem is known as Peccei-Quinn (PQ) theory [205].
The authors suggested introducing a new anomalous global U(1) symmetry, now called U(1)pq,
which exhibits SSB. After PQ symmetry breaking (PQSB) at some high PQ scale, the constant
6 parameter gets exchanged for a dynamical field, f(z). If one minimises the vacuum energy,
the field, f(z), naturally tends to zero, acting as a potential. This solution to the strong CP
problem was later found to necessarily introduce an additional pseudo-scalar field known as the
azion [206,207]. The axion can be seen as a pseudo-Goldstone boson associated with the PQSB
and the net effect in the Lagrangian is,

a(z) g3

Eaxion = f 1672 quéa,uu7 (2107)

where 0(z) is replaced by the dimensionless, a(z)/ f4, such that f, is a PQSB order parameter and
a(x) is the axion field. The 6 parameter in Eq. (2.106) has been effectively replaced with 0+a/ f,
and it has a CP-preserving potential minimum at the point, 6 + a/f, = 0. Then conveniently,
the CP-violating angle is dynamically tuned to zero without further need for fine-tuning.

The PQ proposal solves the strong CP problem. It has the bonus of providing an excellent
candidate for DM in the axion, which makes up ~ 20% of the energy density of the universe in
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our cosmological era [165]. On the experimental side, axion direct detection in colliders is not
feasible as the axion interaction is extremely weak. However, because the interaction is weak and
much lower than typical star temperatures, axions must be emitted from stars [208]. Therefore
the PQ order parameter, f,, is bounded below stringently so as not to alter stellar evolution
significantly. The most stringent such bound has been observed from supernova (SN)1987A and
is given by f, > 4 x 108 GeV [209]. This bound is doubly important as it is axion model-
independent, as long as the axion model solves the strong CP problem. Various experimental
searches are being performed currently:

e Solar axions are emitted with energy ~ keV from axion-photon conversion in the presence
of the Sun’s large magnetic field. The CAST collaboration has used azion helioscopes [210)],
to cover the parameter space for QCD axions with order parameter in the range, f, ~
107% GeV. IAXO is a collaboration for a future project which may push this range to
109 GeV [211,212].

e DM axions in the galactic halos can be detected with haloscopes with a microwave cavity.
Experiments detecting axion radio frequencies that correspond to the cold axion Compton
wavelengths are being conducted. The ADMX collaboration has already excluded DM
axions in a small mass range for f, ~ 10'' GeV [213]. Once these studies are completed,
they are expected to map the largest parameter space yet, which are consistent with DM
axions [214].

e Powerful lasers can be used to detect axions through the axion-photon-photon currents.
These experiments let light through a wall under a magnetic field, some of which would
pass through as axions. The ALPS collaboration has employed this method and already
placed strict bounds, albeit much less strict than the CAST collaboration [215].

e As axions are incredibly light; their existence would mediate long-range macroscopic forces.
As the axion is CP-odd, this results in a suppression of its interactions with macroscopic
objects. Studies on monopole-dipole interactions have exploited this property and placed
bounds on the axion-nucleon/electron couplings. Unfortunately, these current bounds are
not near theoretical predictions [216].

In conclusion, the tightest bounds on the PQ order parameter and mass are attained from
astrophysical arguments and observables. Future axion helioscope experiments could attain the
requisite precision to detect QCD axions. Cavity experiments will also be able to detect DM
axions for appropriate f, values if they are the dominant components of DM. Moreover, there
have been many experimental proposals to detect GUT-scale axions with f, > 105 GeV [217].
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Chapter 3

Effective Field Theories

An effective field theory (EFT) can be interpreted as a framework that one can employ to perform
scale separation in a consistent way [218]. The need for such a framework arises in precision
studies when attempting to identify deviations from the SM in observables. As a tool, EFTs
are particularly useful as they cleanly glean unnecessary ambiguities and identify deviations in
a global and model-independent fashion. The main requirement to define an EFT from a full
theory is the existence of various widely separated scales. Moreover, EFTs are mathematically
consistent by the decoupling theorem [219]. The theorem states that large degrees of freedom of
a theory decouple at energies well below their mass, i.e. they are suppressed by inverse powers
of their large mass scale.

From a more calculation-based perspective, an EFT is a tool that manifests scale separation
explicitly. I.e. given some large energy scale, A, an EFT is defined by systematically expanding
in powers of p/A at energies, p < A. The separation of scales is then further made explicit at the
level of observables. Thus, given an EFT, calculations are simplified greatly, and contributions
from different energetic regimes are kept track of systematically. The first step is defining an
EFT; this can be done algorithmically,

1. Identify the low-energy scale of interest, p, and the degrees of freedom with masses or

virtualities less than or near p?.

2. Determine a complete set of Lagrangian operators, O;, consistent with the symmetries of
the low-energy theory. The order in the (p/A)-expansion must be chosen as well, depending

on uncertainty tolerance.

3. Matching is the final step to producing a well-defined EFT, given a general EFT La-
grangian, Leg = ), C;O;, the coefficients, C; are known as matching (or Wilson) coeffi-
cients [61]. The determination of C; is achieved by comparing Green’s functions in the
underlying theory to ones in the EFT, ensuring their equality in the (p/A)-expansion at
each loop-order.

Once the EFT is defined, low-energy observables can be calculated with the EFT Lagrangian.
Essentially, we may now reduce processes to ones with only the relevant degrees of freedom
present. The effects of the remaining degrees of freedom are only present as factors in the
matching coefficients. In EFT terminology, this is known as integrating out irrelevant degrees
of freedom.
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The EFT framework is helpful whether the underlying theory, known as the full theory in
EFT terminology, is either known or yet to be determined. Thus, there are two EFT approaches
to consider, the first being the top-down approach, in which the full (UV) theory is known, and
we are solely interested in low-energy (IR) effects. Conversely, we have the bottom-up approach
in which the full theory is unknown, or its low-energy description has not yet been formulated.

Top-Down Approach: In general, determining a low-energy EFT from a known UV theory
is called a top-down EFT [61]. The advantage of using a top-down EFT to study low-energy
observables is that the calculations become significantly simpler to perform. One of the main
complicating factors in QFT calculations is when various scales are present in the model, any
reduction in the number of which makes higher-order calculations simpler or even feasible in
the first place [220]. In this approach, one can integrate out heavy fields of the full theory
diagrammatically. Integrating out is achieved by first considering the amplitudes of a particular
process in the full theory and perform an expansion in p/A. The same process is considered in the
EFT, and the matching coefficient is defined by enforcing equality between the two amplitudes.

The procedure described can be further applied sequentially if there are various well separated
scales in the full theory. Given a hierarchy of scales, Ay > As > ... > Ay, one can start at
the largest scale, A1, and evolve parameters to A with RGE evolution. Upon integrating out
the heavy field at A; via diagrammatic methods, one can further evolve the EFT with its RGE
to the next threshold, Az, and integrate out further heavy degrees of freedom above As. This
procedure can be re-iterated down to the lowest scale, Ay of the underlying theory. The EFT
at the smallest scale is multiplicatively matched to all the EFTs at higher scales.

As an elementary illustration of the top-down approach, we take the textbook example of a
multi-pole expansion in classical electrodynamics. Consider the dynamics of a rigid body with
charge distribution, p(x), localised at small distance, & ~ 1/A. If the EM field is slowly varying
over large distances, © ~ 1/p, we can describe the dynamics very accurately in terms of a small
number of multi-pole moments. Higher-order terms in the multi-pole expansion are analogous to
higher powers in p/A in the EFT formalism just described, and the moment factors are simply
matching coefficients. In a more general sense, the quest of fundamental physics has revolved
around transforming bottom-up EFTs to top-down EFTs as higher energy scales, and shorter
distances are probed.

Bottom-Up Approach: A bottom-up EFT is one where the UV theory is unknown, or a
low-energy description is not possible in the top-down approach. An example of the latter is
QCD, in which low-energy interactions are non-perturbative. In this case, chiral perturbation
theory is employed as an EFT for hadrons [220]. On the other hand, applying EFTs in cases
where the UV theory is unknown is highly convenient as one is not tied to a specific model,
and therefore assumptions are minimised. All that is assumed is what has been observed at the
experimental scale of interest. In constructing a bottom-up EFT, it is instructive to glean insight
from the previously defined top-down approach. We are then fully informed on what is needed
to construct a bottom-up EFT: the symmetries and field content at the scale of interest and
consistent power counting for our expansion in some large scale. In a bottom-up EFT, the high
energy physics is encoded in a systematically expanded series of operators which solely contain
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low-energy fields. We re-iterate that if the EFT is defined with these requirements alone, it is
entirely model-independent up to the Wilson coefficients, which can be specified.

The field content of a bottom-up EFT is easily identified by the specific degrees of freedom
propagating at the scale of interest. The second requirement of symmetry selection requires
one of two assumptions: either the low energy symmetry continues to hold in the UV (usually
the case for gauge symmetries), or a new physics sector is assumed to exist which breaks the
symmetry. In the latter case, higher-order operators can violate low-energy symmetry at some
scale, for instance, CP-symmetry violation as in the strong CP problem, discussed in Section 2.4.
Power counting selection automatically indicates the expected size of the Wilson coefficient of
a particular operator in the bottom-up EFT. There are two types of power countings one can
specify, which depend on whether the EFTs are decoupling or non-decoupling.

In a decoupling EFT, the leading EFT Lagrangian is completely renormalisable, and thus,
UV physics is suppressed by 1/A. We usually take A as some large energy scale identified with
the lowest-lying scale of new physics. Higher-order operators have larger mass dimension and are
therefore suppressed further by higher powers of 1/A; as in four dimensions, the product of the
EFT operator and its coefficient must consistently have mass dimension four. On the other hand,
in non-decoupling EFTs, the leading EFT Lagrangian contains mass dimension operators greater
than four and is thus non-renormalisable already at LO. Thus, an expansion in mass dimension
can not be achieved consistently. Instead, one must rely on the renormalisation procedure to
instruct the expansion; counterterms not part of the LO Lagrangian will be included at NLO.
Thus, the Lagrangian becomes renormalisable at each order in the loop expansion. In non-
decoupling EFTs, the large cut-off scale, A, must be identified with a low-energy scale, 4mv.
This expansion places one-loop contributions of the LO Lagrangian at NLO tree-level terms,
as v2/A%? = 1/(167%). Thus, one can define consistent power counting in both decoupling and
non-decoupling EFTs.

3.1 Standard Model Effective Field Theory

We will begin by briefly reviewing one example of a bottom-up EFT, for completeness, known
as the Standard Model effective field theory (SMEFT) [63]. The idea behind SMEFT is to build
a model-independent EFT based on the SM and current experimental observables. With such
an EFT, one can search for anomalies that point to extensions of the SM without testing every
proposed UV theory individually. Employing an EFT specifically for these studies is further
justified by the lack of direct detection of new particles from experimental collaborations such
as the LHC [167,168,221|. This lack of detection implies a large mass gap to the UV theory, which
is ideal for employing an EFT approach as it is an essential ingredient of any EFT. Therefore,
one can use the SM Lagrangian with parameters from current experimental observables as the
leading-order Lagrangian of SMEFT. Our only assumption in constructing SMEFT is that the
new physics is decoupling, as defined in the previous section.

Given the assumption of new physics decoupling and power counting given by mass dimen-
sions of a higher-order operator, we can write the SMEFT Lagrangian as,

Lsvprr = L&) + ZZ yi-te Dol (3.1)
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The sum over the index 7 is based on all possible Lorentz and gauge-invariant operators at
each order in 1/A. Note that any approzimate symmetries (AS) respected by the SM can be
violated by the higher-order operators. AS-violating operators can then be further suppressed
by their coefficients depending on the assumptions enforced. Initially, the set of conceivable
operators of a given mass dimension may be huge, which is the case beyond dimension five [222].
However, Fierz transformations, integration-by-parts (IBP) identities, and EOMs can all reduce
this set to a minimal set of manageable size [223], known as an operator basis. The choice of
basis is not unique, and some are more convenient for specific applications than others. For
instance, a basis can be chosen, which reduces the number of operators with derivatives, as such
operators complicate calculations [224]. Going to arbitrarily high dimensional order is complex
as the number of operators per order increases dramatically; luckily, they are generally heavily
suppressed by higher powers in 1/A.
For example, consider dimension five operators, the next dimension above the SM in SMEFT.
It turns out that at dimension five, as first noted by Weinberg [225], only a single operator
structure is permitted [226,227|. This operator is known as the Weinberg operator and is given
by,
Oy = (¢T1)TC(p'l,) + hoc, (3.2)

and in the SMEFT Lagrangian, the matching coeflicient of this operator, ¢,;, is a 3 X 3 matrix
with twelve elements that parametrise the three lepton generations [228]. Interestingly, after
SSB, O,,, generates masses for the left-handed neutrinos, m”* = &5v?/(2A), providing a reason
for the lightness of neutrinos relative to other SM particles. A UV theory that produces this
operator is given if one extends the SM by including heavy right-handed neutrinos. In this case,
a Yukawa interaction is permitted as well as a Majorana mass term. If the Majorana term
is large, right-handed neutrinos can then be integrated out in the low energy top-down EFT,
which at first order contains the operator O,, of SMEFT [229]. This mechanism is known in the
literature as the see-saw mechanism and provides an elegant solution to the neutrino problem,
and the heavy neutrino is a DM candidate [230].

Dimension six operators are suppressed by two powers of 1/A for large UV physics scale A
and thus, one would expect heavy suppression. Curiously, however, they are expected to be less
suppressed than the dimension five operators as there are operators at dimension six which do
not violate approximate symmetries. Moreover, many BSM models, after being passed through
the top-down EFT algorithm, contain dimension six operators [231|. The difficulty lies in the
number of possible operators at higher dimensions [228|. For instance, in the Warsaw basis of
dimension six [227], for three fermion generations that conserve baryon and lepton number, there
exist 2499 independent parameters. Nonetheless, dimension six operators have been a crucial
tool for LHC searches for BSM physics, and the LHC-HCC working group has performed a large
amount of EFT analysis with dimension six operators [232].

3.2 Heavy Quark Effective Theory

The first example of a top-down EFT employed in this thesis is heavy quark effective theory
(HQET) [64,68,71,72,156,233]. HQET was originally conceived as a tool to separate the short-
and long-distance physics related to heavy quark mass and QCD dynamics, respectively. As an
EFT, HQET is a decoupling theory and its Lagrangian is given by the heavy mass, mg, limit of
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a quark of interest. Corrections to this limit are suppressed by powers of 1/m¢g and the theory
is renormalisable at each order in 1/mg. The EFT Lagrangian can be written,

[feff = Lheavy + Elighty (33)

where Liignt is the standard QCD Lagrangian for gluons and ny light quarks,

. |
Elight = Z qz(Zﬁ — mi)qi — ZGNVG L (34)

and Lyeavy corresponds to the EFT Lagrangian for the heavy quark of interest. There are two
overarching frameworks which define Lycavy, these are HQET, which we discuss in this section
and NRQCD which is considered in Section 3.3.

HQET was originally devised as a framework to systematically perform calculations in the
heavy quark limit, simplifying both the perturbative and power corrections [68,156]. To con-
struct HQET, one begins by splitting the heavy quark momentum into a sum of two parts: a
large part which scales like the heavy quark mass, mg, and a small part, k, generally referred
to as the residual momentum,

plé = 7’I”LQU‘u + k¥ k|~ AQCD‘ (3.5)

In the splitting, we introduce a four-velocity v# of the heavy quark and mass scale, mg. The
mass scale, mg, is not limited and to be interpreted as being of the same order as the meson mass
subtracted by a term of O(Aqgcp). In general, one takes mq to be the heavy quark pole mass,
but other choices are more well-behaved in the large mass limit [234], as previously discussed in
Section 2.3.

By inspection of Eq. (3.5), in the limit, mg — oo, light degrees of freedom interactions only
affect the residual k* and not v*, which is therefore conserved. As is the case with conserved
quantities QFTs, one can naturally use them to label states. Thus, in the literature, heavy quark
states are labelled by their four-velocity [64]. The HQET Lagrangian is now attainable after
momentum and state substitution and applying EOMs in the limit mg — oo,

£heavy = Z [’na (36)
n=0

where £,, is of expansion order 1/ m%, and the zeroth order term is given by the often quoted
Lo = hyiD - vh,. (3.7)

Here h, is a heavy quark field labelled by its four-velocity, v, and a frame is generally chosen such
that v = 1. One can see that Eq. (3.7) is independent of mass scale and exhibits spin-flavour
independence as well. Hence, at leading order in the EFT, the interactions of a heavy quark
with light degrees of freedom is spin-flavour symmetric. These two symmetries provide elegant
simplifications for calculations in HQET, for instance, in the study of decay and spectroscopy
processes involving heavy fields [68,71,156].

Of course, one must go beyond leading EFT order for precision calculations, for instance the
next-to-leading term is given by,

()7 2 cr(l) : w
- hy(iD)2hy + FS R oG b .
Ly ome (1D)*h, + Img oG, (3.8)
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with anti-commutators, o/ = —i[y# 4] and GH = é[D’“‘,D” |. The matching coefficients
are given by, ca(p) = 1, to all loop orders and cp(u) has been determined to two-loop orders
in QCD [235]. The HQET Lagrangian is currently studied to 1/m4Q [218, 236,237, and the
associated matching coefficients are being determined to N3LO in QCD [238,239]. In Chapter 6
we present the HQET Lagrangian to 1 /m3Q order and determine the leading radiative EW
corrections to the matching coefficients.

We end by noting that this framework is not limited to heavy spin-1/2 fermions; one can
define such an EFT for heavy fermionic and bosonic fields of arbitrary spin [240-243|. This
has been particularly useful in constructing top-down EFTs from BSM physics [241,243], and
bottom-up EFTs for black hole physics [242,244|. For a review of the history, development and
applications of HQET, we recommend Ref. [218].

3.3 Non-relativistic QCD

Let us now consider what may be interpreted as a re-formulation of the HQET framework in
non-relativistic QCD (NRQCD) [73,74]. NRQCD was first conceived to deal with bound states of
heavy quarkonia, or quark-antiquark systems in the NR limit. As both HQET and NRQCD are
based on the expansion, mg — oo, the operators appearing in the two EFTs are identical [218].
The physics, however, of an NR bound state differs significantly from the physics of a lone
heavy quark and its interactions with light degrees of freedom. From an EFT perspective, this
difference lies in the power counting, i.e. the power counting of operators in NRQCD is what
differentiates it from HQET.

In HQET, assuming light degrees of freedom are massless, there exist two scales of interest:
the confinement scale, Aqcp, and the heavy quark mass, mg. Whence, all HQET operators are
distinguished by their order in a Aqcp/mg expansion. On the other hand, power counting in
NRQCD is more complex as two more scales need to be taken into account: the heavy quark
momentum and kinetic energy, pg = mqv and Eg = %mQUQ, respectively. Moreover, the four-
velocity, v, in NRQCD has a different meaning; it is no longer the heavy quark velocity but
the relative velocity of the two heavy quarks. Thus, with these other scales, one can no longer
expand consistently in 1/mg. This issue can be seen if one considers, for instance, Eg/mg,
which is the same order as sz / mé The appropriate expansion parameter is instead the heavy
quark velocity, v, and the appropriate scaling rules have been determined in Ref. [245].

The inspiration for a formulation of NRQCD came from the analogous EM version in
NRQED, first proposed in Ref. [73]. With NRQED as a template, the first form of the heavy
portion of the NRQCD Lagrangian was produced [74],

'Cheavy = Z Env (39)
n=0

such that the leading Lagrangian by NRQCD power counting is given by,

D2
2mg

Lo = ¢'(iD; + ). (3.10)

Here the field, ¥ (z) is a two-component Pauli spinor and there exists an analogous term x(z),
not explicitly written for the anti-quark field. We see further, by comparison of Egs. (3.7)
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and (3.10), that the kinetic next-to-leading term of the HQET Lagrangian has shifted to being
leading in NRQCD. The next-to-leading EFT Lagrangian are those terms suppressed by O(v?)
and are represented by terms of the form,

L1 = 50 (D)) + g 50! (D-E~ E- D)+ g5 —vl(o By +....  (3.11)
with E = —gis[Dt, D], o is a vector of Pauli spinors and B* = ﬁeijk[Dj, Dy]. As we will be re-

introducing this Lagrangian in Chapter 6 and considering it in detail we refrain from expressing
it fully in this section.

We conclude by re-expressing the importance of the kinetic term being a leading contribution
to the NRQCD Lagrangian. This correct treatment of the kinetic terms has resulted in important
findings for describing NR Coulomb exchange. When considering bound states near threshold,
the power counting, v ~ «, is appropriate; correspondingly, Coulomb exchange terms o< (cvs/v)™
require all-order summation. Therefore, NRQCD is a helpful tool for studying NR dynamics
and calculating relativistic corrections as it incorporates these in its higher order EFT operators.
Moreover, there are various valid formulations of NRQCD that are useful for different purposes,
for instance ones where the scales m, mv and mv? are explicitly separated [141,246-251].

3.4 Soft-Collinear Effective Theory

The last EFT which is employed in this thesis is the soft-collinear EFT (SCET) [252|. The
framework of SCET arose from a willingness to describe low invariant mass jet interactions in
which the jets are highly boosted with respect to one another. This high energy, conventionally
parametrised by @), which boosts the particles, defines the SCET expansion. At leading order in
the EFT expansion, a field redefinition is employed to decouple the soft and collinear degrees of
freedom in the operator expansion. Soft and collinear fields can still interact with one another,
and these are represented in the EFT currents by light-like Wilson lines [253]. The benefit of
studying factorisation theorems within the SCET framework is precisely the manifest decoupling
of soft and collinear pieces at the Lagrangian level [254-256]. Working with the full theory instead
complicates the process immensely, and with SCET, power corrections in inverse boost energy
can be studied systematically.

As in NRQCD there are a few formulations of SCET, we will employ the more modern so-
called label SCET formulation in this thesis [257]. As with all top-down EFTs their construction
is dependent on the underlying theory. To illustrate the EFT we will consider SCET for highly
energetic quarks with energy, @, interacting with collinear and soft gluons 255,256, 258-263|.
The reference frame to work from is that of the heavy fields, as in HQET, in which light degrees
of freedom move along the light-cone (LC) direction n*. Hence, the dynamics of the light field
can be decribed by LC coordinates p = (p*,p~,p1), such that p© = n-p and p~ = n - p.
For convenience, one takes the direction of motion to be along the z-direction, in this case,
n* =(1,0,0,—1) and 7* = (1,0,0,1). For large energy, p~ ~ @, and the remaining components
are small. Defining a small parameter, A ~ p, /p~, the momentum can be separated into,

n* n*

p“:ﬁ-p?—l—n-p? +p/ = 0\ + 0\ +O\). (3.12)
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Collinear and soft gluons have LC-momenta that scale as k. ~ Q(A2,1,\) and ks ~ QA\?(1,1,1),
respectively [256,262].

As shown in Ref. [257], at a scale, p ~ @, one can match QCD onto an EFT with collinear
heavy and light quarks as well as collinear and soft gluons. Collinear quarks and their interactions
with collinear and soft gluons are defined by the QCD Lagrangian expanded in small parameter,
A. To illustrate the expansion, consider the massless QCD Lagrangian,

L3 = dilpyp — KG,“WG“ o (3.13)

we may proceed by eliminating large momenta from the EFT fields. This process is reminiscent
of HQET as introduced in Section 3.2, however in this case it is more complex as there are three
scales to take into account. Splitting the momenta into large and small parts,

(n-p)n+pi, (3.14)

we see the large part, p, becomes the EFT label as in HQET while the residual part, k*, is
dynamical. The large momenta, p, are eliminated by defining a new field, ¢, p, labelled by p,
through,

= e PP, (3.15)
b

with implicit recognition that only n - p and p, are true labels. For a particle moving along
n-direction v, , has two large and two small components, &,, and &g p, respectively. The
components are attainable with projectors,

Pt %%

§n7p 1/}n,p’ §n7p 4 Fnp (3'16)

which satisfy identities,

it i

gn,p fn,pa ‘fn,p §ﬁ,p> 7/L£n,p =0, %fﬁ,p =0. (3-17>

Upon this field replacement, the quark portion of Eq. (3.13) becomes,
- np'y » T Snp Y P
D.p

g (P + iDL ) &+ &y (P +1D1) nn] - (3.18)

As derivatives on fermionic fields lead to suppression of order A\?, we may eliminate &n,p with its
EOM,

(1-p+7-iD)Eny = (p, +iP1) 56, (319)

Combining Eqgs. (3.18) and (3.19) gives a Lagrangian of only &, ,,

— e | Sen 020)

L= e Mg, [m D+ (p, +ily)
DD’

in which the summation includes all copies of p and p’ labelled fields.
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What remains to be expanded are the gluons inside the covariant derivatives, D", i.e. we need

to split A* — A¥ 4+ A¥ into soft and collinear parts. A% and A% fluctuations scale as A2 and A\,
respectively and when collinear gluons are acted on by derivatives, this results in A\, 1 contribu-
tions. One can make the power counting explicit through collinear gluons fields being labelled by
large momentum components, ¢. This is done the same way as with fermionic fields, by extract-

ing a phase factor containing large ¢ through field redefinition, A.(z) — e 7% A,, ,(z). Inserting
this into Eq. (3.20) and expanding in power of small scale ), gives the O(\?) Lagrangian [259],

2
L="E, [m -D+ fj‘p} ?{n,p

* L P PLT9d 0 P94, P
A _ LTI S g "
T &nptq [9” ra g S T R ) T R g g 25

+... 4+ 0. (3.21)

Here the label summation over p, ¢ is implicit, and the ellipsis corresponds to terms containing
two or more collinear gluon fields. By inspection, the first term in Eq. (3.21) gives the collinear
quark propagator. The soft gluon interaction arises from the covariant term, and collinear
gluon interactions are label-changing, unlike soft gluons. Thus, we now have a leading SCET
Lagrangian of the general type, which can be applied to particular processes of interest. We end
this section by noting that as this is an extensive subject, the brief motivation we provide here
is far from sufficient; instead, we point to Refs. [252] for a complete overview of the subject.
Moreover, in Chapter 7 we re-introduce SCET and its necessary parts for our specific calculation.
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Chapter 4

Heavy Quark Potential

In this Chapter we consider the static potential in theories exhibiting spontaneous symmetry
breaking. We do so in both the Wilson loop and scattering amplitude approaches and discuss
the limitations of the Wilson loop approach. We use our findings to calculate the static po-
tential of the SM at electroweak one-loop order. As the field content of the SM is extensive,
analogous results to ours in a large set of models are now achievable by varying the appropriate
couplings and group theory factors. This Chapter is based on Ref. [264], reflecting the author’s
contribution.

4.1 Motivation

The static potential is a crucial quantity for QFTs, as it represents the interaction energy of
a pair of heavy particles. The potential allows one to study the fundamental properties of a
given theory in the NR limit. The most well-known static potentials are the Coulomb potential
in QED and its non-Abelian analogue of QCD. The QCD static potential for a pair of heavy
quarks is known to N3LO order [41,265] and valuable in the study of NR bound states, such as
heavy quarkonia. It is of importance in many areas, such as quark mass definitions [57-60, 135]
and quark pair production at threshold [235,266]. The static potential has also been studied for
heavy particles predicted in the context of BSM theories, such as the MSSM and N = 4 super
Yang-Mills (SYM) theory [267-269).

We begin by focusing on the QCD static potential, which is of leading importance to heavy-
quark theory due to the dominance of the strong coupling in the SM. The original idea of
describing a bound state of heavy coloured objects, in analogy to the hugely successful Hydrogen
atom, was proposed by Susskind in his 1970 Les Houches lecture [270]. In order to demonstrate
asymptotic freedom in Yang—Mills (YM) theory, he computed the one-loop pole terms using a
Wilson loop formula for the potential and, in the process, re-derived the first coefficient of the
renormalization group beta function. More recently, the two- and three-loop corrections were
found and turned out to be numerically significant triggering several investigations in further
contexts [40,41,265,271,272].

It is expected that the potential consists of two terms: a Coulomb-like short-distance term,
which is perturbatively calculable; and a long-distance term responsible for the phenomenon of
quark confinement [273|. Thus, a perturbative analysis will not provide the full potential and
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may not hold the key to gaining a deeper understanding of confinement. However, the short-
distance part may still be employed as a starting point for constructing potential models, which
have been vastly successful in the description of heavy quarkonia [159]. Moreover, it provides
an excellent description for very heavy systems, such as the ¢t system, to high accuracy. The
potential in perturbative calculations is comparable with results from numerical calculations in
lattice gauge theory.

The Wilson loop approach, first employed by Susskind, continues to be used to this day
due to its computational simplicity. In this approach, the static potential in coordinate space,
V(r), is defined in terms of a Wilson loop, W (r,T'), with small but finite spatial extension, r,
and infinite temporal extension, " — oo [271]. In this limit, W(r,T) ~ exp[—iTV(r)], and
the potential in momentum space, V(q), is simply its Fourier transform. However, there has
always been discussion about whether the Wilson loop formula is well defined due to possible IR
divergences at higher orders [274]. On the other hand, the scattering amplitude approach yields
identical results, involves a computation of the on-shell quark-antiquark scattering amplitude,
and directly yields the momentum space static potential in the NR, g — 0, limit.

In this paper, we consider extending the static potential to theories that exhibit SSB; in
particular, we take on the case of the SM. The only case of a static potential in the context
of a theory with SSB was in the seminal result by Maldacena for heavy W bosons in NV = 4
SYM [267]. Working off of his result, we attempted an analogous procedure to obtain a SM
potential; however, limitations became apparent, which we discuss in detail. Whence, instead, we
employed the scattering amplitude approach, which provided us with the full SM static potential
to one-loop order. Furthermore, due to the richness of the SM field content, it becomes simple
to compute static potentials in other theories by a replacement of the appropriate couplings and
group theory factors.

We then demonstrate applications of our result to beyond-QCD corrections in heavy-quark
EFTs and threshold mass schemes [57,59, 60|, in particular, the popular PS [57] and 1S [59]
mass definitions. We found that, as is to be expected from previous results on EW corrections
to short-distance heavy-quark mass definitions [51,145,148,149,151], the EW regime contributes
to the static potential at the same order as NNLO pure QCD contributions. Therefore, it stands
to reason that they must be incorporated into high-precision heavy-quark-antiquark threshold
calculations [235,266].

4.2 Wilson Loop Approach

Let us consider a system with an arbitrary field, ¢ (z), defined by an action, Sp[¢)] = [ dzL(v),
in the presence of external sources, J(z). One can express the ground state energy of this system
in quantum field theory as [159]

1, D e {— f L) + )}
TSo0 T [ D{¢} exp [— fddx[,(w)} ’

where the sources are switched off outside the time interval [—7/2,7/2]. This formula in per-

(4.1)

turbation theory has been proven exactly for the case of a linear local coupling between the field
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Figure 4.1: Rectangular Wilson loop to be integrated over.

and the external source [275]. We generalise this by assuming that, in all cases, the vacuum-to-
vacuum transition amplitude is given by

_ [ D{w} exp {=Solt] + Sima[t. T}
[D{texp {(—Sofol}

where Siyt[1), J] is the source-dependent part of the action. Then, inserting a complete set of

(07]07), (4.2)

energy eigenstates, we may write

(0F107) ;= (©[e”T10) = > (0]e T |n) (n]0) = Z |(0[n)[* e T, (4.3)
n
where the smallest-energy eigenvalue, Fj, corresponds to the ground state, which dominates the
sum in the limit 7" — co. Whence taking the logarithm and dividing by (—7") provides one with
the ground state energy, in Eq. (4.1), as is well known [273].
We may now be more specific in our discussion and take a gauge field theory, QED for
instance, where the energy we calculate corresponds to a system of photons interacting with two
pointlike static electric charges (with identical magnitudes, but opposite signs),

1 oWy {-fa 4 +%<8MAM>2+Ju<x>Aﬂ<x>]}
Toee T fD{w}exp{ fdd [ iF +2*177(6u14u)2]}

L

where
2
) = gbalda) ~ o(e — )l (7~ at). (4.5)

We may then rewrite the numerator of Eq. (4.4) as the expectation value

<Texp {g/dt[Ao(t, r) — Ao(t, 0)]}> , (4.6)

where 7 stands for time ordering. This Green’s function is manifestly gauge invariant, which
one can see by considering the gauge invariant operator P exp (g 5€1‘ dx“AM), where P denotes
path ordering and I' is the rectangular loop of spatial and time extent, r and T, respectively, as
illustrated in Fig. 4.1. In the limit 7" — oo, the spatial components, A(7T'/2,¢) and A(—=T/2,¢),
reduce to pure gauge terms, as the field strength tensor F),,, = 0 at infinity and thus is gauge
equivalent to A = 0. Therefore, the operator T exp {g [ dt[Ao(t,r) — Aol(t, 0)]} is gauge invari-
ant and so is the ground state energy (or static potential), which is equal to

V(r) = tim 1 T O2A9) dt[A?%M — Aolt, 0)1})

(4.7)
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Figure 4.2: Feynman rules for (anti-)source propagator and (anti-)source-gluon vertices.

This approach has been employed in QED, where only the LO term contributes to all orders [39],
and the non-Abelian case of QCD has been studied through the three-loop order [41,265]. We
begin by re-evaluating the QCD case and then extend this approach to theories with SSB, as in
the case of the SM and beyond.

4.2.1 QED and QCD

Let us begin by considering the static potential in QCD [271], which corresponds to the inter-
action energy of an infinitely massive QQ pair separated by a fixed distance, r, interacting by
exchanging virtual gluons. Using the definition

1
V(r)= —Tlim Tln wir) (4.8a)
—00
— _ T l e ; 4. TH
= Tlggo Tln <tr7? exp <zg?§d xJ AM>>, (4.8b)

where W[I'] denotes the Wilson loop, P path ordering, tr the normalised color trace, tr(...) =

tr(...)/tr(1), and Ay(x) = TS Aj;(z) the gauge potential. I' is the rectangular Wilson loop as

shown in Fig. 4.1, and
_ | DAexp (—=5)0(4)

O(A)) = 4.9
(OA) = D Ao 28 (19)
The desired properties of the static color charge are dictated by
T2
JH(z) = vP[é(x) — 0(x — )]0 <4 — m%) ) (4.10)

where v = §*0. After Fourier transforming to momentum space, we get the Feynman rules for
our static potential [271]. The QCD Feynman rules remain unaltered besides those illustrated
in Fig. 4.2

To illustrate the computation of the Wilson loop, we consider the tree amplitude illustrated
in Fig. 4.3, where |p|= |p’| and E = y/m? + p?. From this tree diagram, one obtains the
following amplitude

. . Ara Ara 1
ZM = Zngcchzc2 = 7/78 <501025C/16/2 - ]\[65010/16020/2> N (411)
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Figure 4.3: Tree-level diagram for the QCD static potential.

where q = k — K/, and c1(2) and c’1(2) denote colors of initial and final states, respectively. The
color singlet case, with ¢; = ¢o and c’1(2) summed over, gives V(q) = —Cras/q?, while the color
octet case, with ¢ = ¢}, co = ¢, and no summation, gives V,(q) = a,/(204q?), where C4 = N,
and Cr = (N2 —1)/(2N..) are color factors.

At one-loop in QCD, we have the amplitudes illustrated in Fig. 4.4. Upon reduction, in
Feynman gauge, only amplitudes (a)—(d) are non-zero, since the remaining ones are scaleless.
We recalculate the one-loop result in the MS scheme and find the well-known quantity [159]. A
suggestive way of writing the final result in momentum space is

4 2
V(g*) = —CFm;Q(q ), (4.12a)
2 2 ~ H as(p?) 2 as(q?)
= Qg nl| o = Qg n s 4.12b
wvia) =autt) Y (57) (“457) = onta) Lon (V5 (1.120)
where ag = ag = 1,
31 20 N
a1 = ECA -9 Py, a1 = a1 — BoLyq, (4.13)

with L4 = In (A?/p?), Tr = 1/2, ns being the number of light quark flavors, and 8y = 11C4/3—
4Tpny/3 being the first coefficient of the QCD beta function. Here, a, denotes the strong-
coupling constant in the MS scheme and oy represents the effective coupling constant which
incorporates all radiative corrections into its definition. This provides a new scheme, the V
scheme [276,277|, which defines the strong-coupling constant in terms of a potential. With the
QCD result at hand, one expects to be able to extend this approach to the SM and other theories
exhibiting SSB.

4.2.2 N =4SYM

The only case of a static potential calculated for a spontaneously broken theory with a Higgs-
like field is in (3 + 1)-dimensional N' = 4 SYM, which has been done with the Wilson loop
approach [267]. The static potential in this theory is given by

V(r) =— lim %ln <tr77 exp i (jq{ dsit A, + @,Hz\x]) >, (4.14)
r

T—o00

where A, = AT is the gauge field, ®; (1t =1,...,6) are the six scalar fields in this theory,
xH(s) parameterizes the rectangular Wilson loop I' to be integrated over, as previously shown
in Fig. 4.1, and 6;(s) is a six-vector to be defined below.
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Figure 4.4: Feynman diagrams that contribute to the QCD static potential at one-loop. The
arrowed circle represents light-quark and ghost loops.

IX3
7T

(d) (e)

We now summarise the derivation of this potential. Let us consider SSB according to
U(N+1) = U(N) x U(1) giving some expectation value, (®) = v, to a Higgs-like field. Then
the massive W bosons have a mass proportional to |v| and transform in the fundamental rep-
resentation of U(N). In the limit |v|— oo, they so provide the very massive “quarks” necessary
to compute Wilson loops in the U(N) theory. The physics of interest is related to energy scales
much lower than |v|, where the U (V) theory is effectively decoupled from the U(1) theory.

Let us then consider the equation of motion for the massive W boson. Extracting the leading
—ilv

time dependence as W = e ¥II¥7, we obtain an equation of motion from the Lagrangian for

W, which to leading order in large |v| reads
(9p — iAg — i0;®)W = 0, (4.15)

where we have defined 6; = v;/|v|. Notice that Ay and ®; are matrices in the adjoint represen-
tation of U(N). This implies that, if we consider this massive W boson describing a closed loop,
I', its interaction with the U (V) gauge field leads to the insertion of the Wilson loop operator

W(') = trPexpi (% dsit' A, + @Zﬁz\aﬂ) (4.16)
r

This operator is determined by the contour I', parametrised by z#(s), as well as a function, 6;(s),
which is a unit six-vector, with |@|= 1. From this Wilson loop, one obtains the static potential
by taking the expectation value and 1" — oo limit,

. 1
V(r)=— lim Tln Wwiry). (4.17)

T—o0

This potential has been evaluated in detail, and limits have been mapped to classical D-string
solutions [267]. More recently, this very potential has been computed in the weak-coupling limit
to NLO using EFT methods inspired by potential NRQCD (pNRQCD) [278|.

Following this case, we may apply the same procedure to the equation of motion of heavy
quarks in the SM obtained from the SM Lagrangian. The leading time dependence is ex-
hibited analogously for the heavy quarks, Q = e ™@!(Q, where mq = yv, with y being the
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quark Yukawa coupling and v the Higgs VEV. We can then consider the analogous limit,
v ~mg, My, Mz, My > |q|, where |g| is the momentum exchange between the static sources.

4.2.3 SM

Since the Wilson loop approach is technically simpler, we apply it to heavy quarks in the SM,
inspired by the N' =4 SYM derivation. For the sake of illustration, we omit couplings to the
W, Z, and Goldstone bosons, as we will see later that they cannot be taken into account in this
approach. The quark field, ¢(z), then has the equation of motion

[il) — mq — yH ()] ¢ (z) =0, (4.18)

where ) = ,[0" — iA¥(x)] with A* = 9sAg T, — eA¢ represents the covariant derivative
involving the couplings to the massless gauge fields, H(x) corresponds to a gauge singlet scalar
field that models Higgs exchange in the SM, y is the quark Yukawa coupling, and mg = yv with
v being the Higgs VEV [84]. Expanding Eq. (4.18) component-wise gives

{700 — iy - 8+ 10 Ag(w) — v - Alw) = y[H(x) + 0] } () = 0. (4.19)

We can reduce this further by solving the Schrédinger equation for the heavy-quark field, pro-
viding us with the leading time dependence,

W = e ek, (4.20)
Plugging this back into Eq. (4.19) gives

G — Dy =iy - 8+ 1" Ao(@) — - Alx) = yH ()| () = 0. (4.21)

Taking the limit v — oo of this expression, we attain the bi-spinor constraint (1 — )y = 0,
which forces the first component to be zero, ¢ = (0,x). Therefore, all terms acted on by the
matrices v and 5 do not contribute, restricting the naive inclusion of W, Z, and Goldstone
couplings, as they are chiral and flavor changing. We are then left with the equation of motion

(@ — Ay + z’yH) x(z) = 0. (4.22)

Thus, if we consider the heavy quark describing a closed loop, I, its interaction with the Higgs
and gauge fields leads to the insertion of the Wilson loop operator

WD) = TP expi [ 75 dr (#A,(x) - yH(:r)]a'c])] , (4.23)

and the static potential is then given by Eq. (4.17) in the large-v limit. The interaction with
the static sources, ¥ and Y, is given by the static Lagrangian,

Litar = Y1 (i00 — Ao + yH)y + x1(i00 + Ao + yH)xc (4.24)

We may also consider the large-y limit. In this case, the simplification of the bi-spinor to one
large component ceases to occur. Instead, spatio-temporal mixing in spinor components happens

resulting in the loss of gauge invariance.
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Otherwise, in the large-v limit, we have a potential allowing for interactions between the
static source and the bosons g, 7, and H. Evaluating this potential in momentum space to
one-loop order in the MS scheme gives the following extension of the pure QCD result:

V(g) =VP(q) - 42204621@]4 <1 _ a4, <5 - Lq)> , (4.25)

4 3 \3

where Ny = (Nc[Q%n,, + Q3ng4] + ny) such that N, is the number of colours, Q; ; represents the
heavy quark charges, 4 and n, 4 are the charges and numbers of light up-type and down-
type quark flavors, respectively, and n; is the number of charged-lepton flavors. Note there is
no contribution from the Yukawa coupling at NLO as they either cancel or are eliminated by
wave-function renormalisation (WFR), which is known in literature [153]. Although corrections
can occur at NNLO as is the case for theories with scalars [271,279].

We note that taking the large-vacuum-expectation-value limit, as is done here, can also
be applied to BSM theories with Higgs-like fields and higher symmetry breaking scales. On
the other hand, if we choose to include all interactions of the SM consistently in the static
limit, |g|< mq, Mw, Mz, My, then the more computationally intensive scattering amplitude
approach seems to be the safest path. We look at this next.

4.3 Scattering Amplitude Approach

Although we derived the QCD static potential in the Wilson loop approach, it is worthwhile
cross-checking this with the original, scattering amplitude approach |280]. In this way, one can
compute the potential directly in momentum space from the on-shell (OS) quark-antiquark
scattering amplitude in the static limit. Although this is a textbook result in QED [281], we
recalculate this here in QCD to verify that it matches the Wilson loop result.

The idea of the calculation is to study the QCD scattering amplitude of the process

Qp)+Q'(Y) = Qlp—qa) +Q' (' +q), (4.26)

where ¢* = (0, g), in the limit of NR scattering, m¢q >> |q|. There are various ways to parametrise
the four-momenta. We choose to minimise the algebra by employing light-cone coordinates. We
take the initial particles to be moving along the z axis and introduce two light-cone vectors,
n'y = (1,0,0,F1). Then any momentum is expressible as

1
Et = 3 (n" ki 4+ n'lk_) + kY., (4.27)

where kf. represents the remaining transverse components. This choice of coordinates leads to
useful identities,

ny-n_ =2, ni:O, ne - kr =0, kit =k -ny=koxks, (4.28)
and the scalar product can be rewritten as
1
k-q=g(ky g +k--q4) —kr-ar, K =ky ko —kf. (4.29)

In our case, we have four-vectors, p and p’, which satisfy

Py -p-=mp, Pr=Dps, Di= \/Wi pl. (4.30)
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Assuming that we know the transverse part of the momentum transfer, g, we may fix ¢+ and
¢~ in such a way that outgoing-particle momenta are on shell,

{ (p—q)* =mj é{ (p+ —q4) - (p- —q-)—q (4.31)
¥ +q)?* =mj (p-+a+)-(p+ +4-) —q

Solving this system of equations and substituting the explicit expressions for p., we obtain

4+ =—q-=P—-P, (4.32)

where

P=lpl, P=\/p*—ai, (4.33)

so that q?p = P2 — P2, This implies that we may express everything in terms of P and P. As
these parameters are independent of mg, we infer that P, P < mgq, which allows for the leading
power dependence of the amplitude to be safely taken in the limit mg — oco. To proceed, we
need to express all scalar products in terms of our new parameters,

¢ = q ¢ —qj=2P(P-"P),

1 _

p-q = §(P+'Q—+p—'Q+):7D(7’—P),
1 _

Poa = 3--a-+psi-q)=-P(P-P),
1

p-p = §(i+p3):mé+27ﬂ.

With this set of coordinate redefinitions, we may now proceed and calculate the static potential
in QCD.

4.3.1 QCD

In the pure QCD case, the one-loop bare amplitude is proportional to the Born amplitude and
both ultraviolet (UV) and IR finite. The expression for the scattering amplitude in perturbation
theory through NLO in the Fourier-transformed potential, U(q), reads [281],

+0(U? ]|, (4.34)

om Bl UK —DU( - k)
k k)= -2 \Uk—-k)+ /
f(k, k) 2mh? ( ) K2 (2m)3 k21?240

where k = p, k' = p — q, and m, = mg/2 is the effective mass of the scattering particles. For
the Coulomb potential, the integral is IR divergent, but we can calculate this in dimensional
regularization. The terms we obtain from this procedure should match the corresponding terms
in the Wilson loop approach. The UV divergences are removed by the renormalization of the
coupling and the mass in the MS scheme, while the IR divergence in the NR limit is known to
come exclusively from the long-range Coulomb interaction and is removed by on-shell WFR.
The QCD scattering amplitudes contributing at NLO are represented in Fig. 4.5. We calcu-
late them and take the NR limit. More specifically, we expand the Dirac spinor chains in terms
of Pauli matrices and Pauli spinors, taking the g — 0 limit. Next, we pick out the terms that
are of O(1/g?) and contain only Pauli spinors, dropping terms with insertions of Pauli matrices,
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i.e., spin-dependent terms, as these contribute at O(g?/ mé) This leads us to to the following
renormalized color singlet potential in the MS scheme:

B Ao Qg . MQ 31 20

where the imaginary term proportional to (—27i) is the so-called Coulomb contribution, which
is known to appear [280]. The real part is exactly the QCD static potential at one-loop order,
which is identical to the result one obtains with the Wilson loop approach, as required.

4.3.2 SM

We may now extend this approach from QED and QCD to the SM, expanding the scattering
amplitudes illustrated in Fig. 4.5 in the NR limit and taking the real part of the expression to
be the static potential. As in the QCD case, we investigate the following process at one-loop:

Qi(p) + Q2(0) = Q1(p — q) + Q2(p' + ), (4.36)

where ¢* = (0,q) is the momentum transfer. The limit of NR scattering in the SM is given
by |q|< mi, ma, My, Mz, My, where the subindices 1 and 2 are to provide the possibility of
working with different particles, having different masses. Therefore, we have three cases to
consider,

VM Z y/QCD 4 QED | gy8M (4.37)

where 6V(§1>/[) is the one-loop correction from contributions outside pure QCD, the leading of

7

which may be written as,

2

oVER = %C(m) + % (i) + €qigyLa) - (4.38)
We note that flavor changing is permitted in the SM, so we take the internal quark masses
to be non-zero to maintain consistency. To present our large expression for 5V§}}/I concisely,
we consider the limit mqy > My, Mz, My > mg > |q|, which is valid for top and bottom
quarks, i.e., m; = my and mo = myp. Other limits, including the more physical limit m; ~
My, Mz, Mg > ma > |q|, can be considered from the full expressions presented in an arXiv
ancillary file of Ref. [264]. In the regime examined, we have the following leading terms:

2 2 2 2172
SM Qg CF 2 1 217ah’2 78 2 163 7 rh7z
5‘/(1,1) - q2 2 [(Tl,w T4 162 Lo+ 36 1wt 9 362 16¢2 L

~2 2
Th. 1 1 ™ wlhw | 1 o [4Ng 5 (5 8 2
L P i L AL LA R hall oL - =4 =
o T1 T2 Ty Tt +q2[ 3 Qil3 1) 57+ g0
1 LT ha 37 2rp. 25 W 5 Tia
2 ) K _ 9 . _ I )
+9634 e 352 144252 * 9c2s2  864ct + 9 v 1852 * 652 how
5 5 i, 1 1 i 25
288c2s? 14472 252 18s2  192s* 9677 st 12¢2s? 1728¢*

25 5 64 13 5r? 7 7r?
| Lo — =5+ | o= — 4 S L.,
8647, ¢ ’ 1852 81 162s2  18s2  81c2s?2  12¢2s? '
(4.39)
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where La = log(A?/u?), Lap = La — Lp, 7i; = m;/mj, Fij = rf’j—l, ¢ = cosl, =

My /Myz, s = sinb,,, 0,, is the weak mixing angle, and the notation introduced for Eq. (4.25)

has been used. Of course, we have (51/(?‘24) = 51/(51\14) The results presented in Eqs. (4.39)—(4.41)

represent color singlet contributions. Their color octet counterparts emerge via the simple

replacement Crp — —1/(2Cy4). Thus, we have now fully expressed the SM static potential to

one-loop order.

4.4 Applications

The static potential represents a fundamental concept in its own right, not only giving rise to

potential models, which have been astonishingly successful in the description of heavy quarkonia,

but also provides a deeper understanding of confinement. From a more phenomenological stand-

point, however, the primary interest resides in heavy-quark pair production at threshold [235,
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Figure 4.5: Feynman diagrams that contribute to the static potential at one-loop order. The
dotted lines represent possible bosonic propagators, the shaded circles light-fermion and ghost
loops insertions, and the hollow circles boson loop insersions.

251,266|. The static potential enters heavy-quark EFTs, for instance pNRQCD [251,282], where
both the color singlet and octet potentials appear as Wilson coefficients of the theory. Moreover,
there has been significant interest in designing high-precision quark mass definitions appropriate
for processes occurring at production threshold, the most popular of which are the PS [57] and
1S [59] masses. In the following, we summarise these two applications and comment on the
effects of incorporating the SM static potential, or EW corrections to the QCD static potential,
in these results.

4.4.1 Potential NRQCD

The pNRQCD EFT is an often employed extension of NRQCD. The difference between these
two theories is that pNRQCD takes further advantage of the hierarchy of scales that appear
in a particular process. The hierarchy under consideration is taken to be mg > |p|~ mgv >
E ~ mgu?, where pNRQCD takes into account the ultrasoft (US) scale, E ~ mgv?, which is
neglected in NRQCD [282]. To take into account the US scale, one alters the Lagrangian of
NRQCD by including the following terms:

Lpnraop = L¥Rqep + Lot (4.42)

where EE%QCD is identical to Lyrqcep with all gluons taken to be in the US regime. The second
term, Lpot, is of particular interest to us. It arises from the Schrodinger equation as

Lpot = —/d3a:1d3zc2¢T(t,xl)x(t,wg)V(r)XT(t,azg)w(t,:cl), (4.43)

where p; = —iV; and §; = /2 with j = 1,2 act on the fermion and antifermion, respectively.
Moreover, the fermion and antifermion spin indices are contracted with the indices of V' (7), which
are not explicitly displayed. The potential in this expression, V' (r), is precisely the QCD static
potential. There are implicitly two terms in this Lagrangian, depending on if the wave functions
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are color singlet or octet with corresponding singlet and octet potentials, respectively. By
inspection, the potential Vs ,(7) contains both the expansion parameter and Wilson coefficients
of this EFT. Conversely, this EFT can be seen as defining the static potential, i.e., any term
matching to the EFT is the static potential. Whence, when employing this EFT, one should
include the EW corrections to the QCD static potential at NLO as they are comparable to
NNLO QCD corrections.

4.4.2 Threshold Masses

It is well known that, contrary to intuition, the notion of quark pole mass is, in fact, inadequate
for accurate calculations of heavy-quark cross sections near threshold. The loss of accuracy is
due to the existence of IR renormalons, which have been studied in various contexts [47]. The
PS and 1S masses are by far the most frequently used threshold mass definitions that evade the
renormalon problem by employing the static potential. The PS mass is slightly more involved
phenomenologically, as it introduces a new factorisation scale, up, in its definition. Before
introducing these mass definitions, we must first examine the Fourier transform of our static
potential.

4.4.2.1 Fourier Transform

We are now able to compute the SM analogue of the well-known Coulomb potential, i.e., the SM
static potential in position space. From this, we may obtain the corrections to the PS mass and
compare them with the pure QCD result. In order to simplify our expressions, it is convenient
to introduce the notation [40]

F(r, pu) = / s 9 quiu (4.44)

for the Fourier transform of a general power of 1/g%. We then employ a Schwinger parameter,

1 1 o0 2
_ da 1=, 4.45
@) r<1+u>/o rrte (4.45)

where I'(x) is Euler’s gamma function. There are various representations of F. The ones which
are useful to us are

(ulr)* T(1/2 + w)T(1/2 — u)

Fllrlsmow) = =pan T(1 + 2u) (4.46)
_ % {Z ¢ 72“71 - (-1)”]}, (4.47)

where the first and second formulas are applicable if —1 < u < 1/2 and |u|< 1/2, respectively.
By inspection of the static potential, we need the Fourier transform of In™ (u?/q?), which is
easily attainable from F, since

2 m 2
7 "
e 4.48

and, therefore,

/d ) ”—2 - {ﬁf(r,u,u)} : (4.49)

u=0
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Whence the color singlet potential (in the MS scheme) in position space is
v(fl;/f) (r) = {1 + = [Zﬂo In(pr') + a4 }

| |

T {Q Qj + i)t % [ j) + 2e.) In(pr')] } , (4.50)
where (Q; are the electric charges of the incoming and outgoing heavy quarks. In our calculation,
we take Q1 = 2/3, Q2 = —1/3, and 7’ = |r|e?®. The result as it stands is possibly plagued
by large logarithms. To remedy this problem, it is useful to select a renormalisation scale,
1, that reduces the higher-order corrections. Choices of i most frequently employed in the
literature include p = 1/|r| or u = 1/r’. Other choices of p are tuned so that the first-order
pure QCD coefficient is removed entirely or so that all ny dependencies are removed from the
coefficients [283]. With the Fourier-transformed potential at hand, we may now consider the PS
mass.

4.4.2.2 PS Mass

It is well-known that the coordinate space static potential is more sensitive to long distances than
its counterpart in momentum space and that its leading power correction is linear in Aqcp|r| [57].
The implication is that the expansion of the QCD coordinate space static potential in as(e ™72 |r|)

S e ) ~ 3 (=280) ! by, (ﬂjf) , (4.51)

n

diverges as

which is much faster than the expansion of the static potential in momentum space. This
divergent behavior has been studied in previous works [284,285]. It is clear that the rapid
divergence originates only from the Fourier transform to coordinate space and is not present in
momentum space. Knowing this, one can subtract the leading long-distance contribution and
the LO divergent behaviour completely by restricting the Fourier integral with the cut |q|> uy,
where pf is a new factorisation scale, which is viewed as an IR regulator. The result is called
the subtracted potential, V (7, j1r). The subtraction terms can be evaluated order by order in the
coupling once V(q) is given to that order. More precisely,

V(rug) = V(r) + 2m(py), (4.52)

where

dm(pr) = —% /mwf qv(q). (4.53)

To subtract the leading long-distance contribution of order Agcp, it is reasonable to replace the

factor '™ in the Fourier transform by unity, and this is used as the definition of the subtraction

term in the PS mass definition,

mps(if) = Mpole — 0m(ig). (4.54)

Of course, with this procedure, one has only swept the large loop corrections from dm(siy)
to mpg(ps). However, when myole is expressed in terms of a short-distance mass parameter,
such as the MS mass through a perturbative series, this series will also contain large loop
corrections [286]. Conveniently, these perturbative corrections cancel with large perturbative
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corrections to the pole mass in dm(us). In this way, one may determine the MS mass from
threshold cross sections with better accuracy than the pole mass, the use of which implicitly
contains the non-subtracted potential. Let us now compute dm(puy) from the definition in
Eq. (4.53). We so obtain

SM — 0% Xs N
5m(i) (nf) =CF - [y {1+ in [al + 289 <1n Py + 1>}}

a 5 | Qg ! w
) {Qi T e T [d(i,i) + 2e(i4) <1n 7 + 1)} } ) (4.55)

where, as in Section 4.3.2, the cases ¢ = 1,2 apply to the top and bottom quarks, respectively.
For completeness, we avoid taking limits and employ the complete result to get a numerical
estimate of the one-loop SM PS mass. One usually picks p1y = 3 GeV, a typical scale for heavy
quarks, and p = Mz to avoid large logarithms in the coefficients c(; ;) and d(; j. Moreover, we
choose my = my(Myz), ma = mp(Mz), n, = ng = 2, n; = 3, and adopt the residual parameters
from Ref. [168]. We thus obtain

(0% « (% « «
omi) (n) = Cr=2py (1479520 ) + Sy (044 4+ 89.95° +30.9- ) (4.56)
() = crpy 1 )+ Sup (011416475 - 2427 ) 4
omiyy (np) = Cr—pp (L4795 )+ —pp (011416477 — 242~ ). (4.57)

We conclude that, albeit the additional SM contributions are significantly smaller than the
pure QCD and QED ones at NLO, they are comparable to the QCD corrections at NNLO and
beyond. Thus, they have an appreciable impact on high-precision determinations of the PS mass
and must, therefore, be taken into account.

4.4.2.3 1S Mass

The PS mass along with other threshold mass definitions, such as the the kinetic mass [56,287],
are defined by introducing a new explicit IR factorisation scale, ¢, to remove the IR ambiguity
of the pole mass. By contrast, the 1S mass [59], m1g, achieves a similar goal without introducing
a new factorisation scale. The 1S mass is defined as one half of the perturbative energy of the
1S heavy ¢g bound state,

mas(n) = 5 (1) e = mpote(1 — bm(). (4.58)

The ground state energy calculated from the Schrédinger equation of elementary quantum me-
chanics is exactly (m(f%)pert. At leading order in the expansion in the relative velocity of the
(anti)quark in the ¢q rest frame (threshold region), the dynamics of the ¢¢ pair is governed by
the Hamiltonian [288]
V2
H=——+4+V(r)+U(q,r), (4.59)
mQ
where mg is the quark pole mass, V(r) is the static potential, the analogue of the Coulomb
potential, and U(q,r) encodes higher-order corrections in the small-velocity expansion and is
the SM analogue of the Breit potential [280]. The leading contributions at threshold come from
the static potential, so that we may omit U(q,r) from our calculation. Solving for the S-wave

Green’s function, we have

1

G(E) = (0| G(E)[0) = (0] T 55"

(4.60)
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where (0| denotes a position eigenstate with eigenvalue |r|= 0, and the Green’s function has
single poles at the exact S-wave energy levels, £ = E,,,
E=E, _ |¥a(0)]?
GE) =" ————. 4.61

(E) B, _F i (4.61)
From this expression, one gets (m‘f%)pert = F1, and expanding F; /2 in small SM couplings gives
the 1S mass, which is the SM analogue of the well-known Bohr potential of quantum mechanics.
We may then find the leading EW corrections at one-loop to the 1S mass with our SM potential,
as only the QCD corrections are known, and they have been found to N3LO [289]. At one-loop
through third order in the SM couplings, « and «;, we have

(@Q? + OésCF)

SM _
omy (1) = "6z

[aQBZ- + a(ascg ) + 21Q?) + asCp(asA; + 2m)] , (4.62)
with
Ai =2Bp(li + 1) + a1, By =2eq;(li +1) +d), (4.63)

where m; is the pole mass of heavy quark ¢ and l; = In[u/(Cras(n)m;)]. We further note that
the IR renormalon cancellation is more subtle in the 1S mass definition, as the latter is a well-
behaved parameter only if the orders of terms in perturbation theory are re-interpreted [59].
To see how the leading EW corrections at one-loop alter the 1S mass, we obtain a numerical
estimate in a similar fashion as for the PS mass and compare the O(aas, a?) terms to the O(a?)
ones. Choosing the same input parameters and renormalisation scale as in the PS mass case,
we obtain the following results:

smiyt = 0.2202 + 15103 +0.020% 4 0.710° 4 0.15050 — 2.892a + 2.930507, (4.64)
Smiy = 0.2207 + 3.61a3 + 0.0020” + 0.040” + 0.04a,a + 0.7407a + 0.480,0”, (4.65)

It is apparent that the additional SM contributions are significantly smaller than the pure
QCD and QED ones at NLO, esspecially in the case of the bottom quark. However, they are
comparable in size to the QCD corrections at NLO and beyond, so that it is necessary to include
them in high-precision determinations of the 1S mass, similarly to the case of the PS mass in
Section 4.4.2.2.

4.4.3 Further Applications

We now briefly address possible applications of our results to popular BSM scenarios. The
number of viable dark-matter candidates is rapidly being constrained by precise collider and
cosmological experiments. For example, self-interacting theories have been practically ruled out
recently by galactic observations [290]. We may thus focus on computing the static potential
of the most viable DM candidates, the lightest Kaluza-Klein particle (LKP) and right-handed
neutrinos. As is well understood, SUSY [291] and extra-dimensional theories [292] are two strong
proponents to an array of issues that cannot be explained by the SM. Dark matter is known to
exist. While it is missing in the SM, both SUSY and Kaluza-Klein (KK) theories posit viable
dark matter candidates, the properties of which can be understood better in the NR regime due
to their large predicted masses.
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Figure 4.6: Resonant annihilation process of LKP dark matter, B, through s-channel H(?)
exchange.

A recent static-potential calculation for higgsino-wino DM found the SU(2) x U (1) EW static
potential between a fermionic triplet in the broken phase of the SM at one-loop order [269]. The
NLO terms provided the leading NR correction to the large resonances (or Sommerfeld effect)
in the annihilation cross-section of wino or wino-like dark-matter particles, xo. The authors
found sizeable modifications from the LO prediction of the ygxo annihilation cross section and
determined the shifts of the resonance locations due to the loop correction to the wino potential.
Although these results seem promising for future detections, such resonances would also occur
in KK theory for the LKP coupling [293] to the second excitation of the Higgs as shown in
Fig. 4.6. This will inevitably also be true for right-handed (or sterile) neutrinos due to their
possible large mass [294-296], and thus their potential for producing heavy tt pairs through
s-channel Higgs-boson exchange in the SM. Neutrinos are the only matter particles in the SM
that have been observed with solely left-handed chirality to date. If right-handed neutrinos
exist, they could be responsible for several phenomena that have no explanation within the SM,
including neutrino oscillations, the baryon asymmetry of the universe, dark matter, and dark
radiation [297]. These particles provide us with a test bed case of our ability to deal with static
potentials in theories with SSB, as these massive neutrinos solely couple to gravity and the SM
Higgs field.

4.5 Technical Details

Our calculations of the one-loop correction to the SM static potential were performed using
standard tools. The Feynman diagrams of the type as in Fig. 4.5 were reduced to calculating
a set of master integrals, which were found analytically, since all one-loop master integrals are
known. For the scattering amplitude approach, we achieved this with the help of the algebraic
manipulation program Mathematica accompanied by the program package FeynCalc [298] to
compute the necessary amplitudes and to deal with the algebra. We employed further subpack-
ages of FeynCalc, such as FeynHelpers [299], which reduces and provides explicit expressions
for one-loop scalar integrals by connecting the reduction package fire [300] with the analytic
scalar-integral package Package-X [301|. Lastly, we employed the FeynOnium [302] subpackage,
which comes equipped with functions for dealing with amplitudes in the NR limit. For the
Wilson loop approach, we employed the program package QGRAF [303| to generate the Feynman
diagrams and the programming language FORM [304| to deal with the algebra. We also used the
Mathematica package LiteRed [305] to reduce our integrals and again Package-X [301] for the
analytic one-loop scalar integrals.
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4.6 Summary

In this Chapter, we proposed a novel way of studying static potentials in theories that exhibit
SSB. We discussed the limitations of the Wilson loop approach for the SM and the need to
derive the static potentials directly from the scattering amplitudes. We also pointed out how
these techniques could be extended to BSM theories, mentioning examples that would satisfy
the criteria to be treated in the Wilson loop fashion. We then presented the static potential for
the full SM and considered the regimes of applicability. In particular, we showed how our EW
corrections to the static potential modify two frequently-employed short-distance definitions of
heavy-quark mass, the PS and 1S ones. Moreover, we rounded off each discussion by comparing
the size of the terms arising from generalizing the static potential from QCD to the SM with
the familiar QCD results. In doing so, we found the contributions from the EW regime to be
significant and comparable to pure QCD contributions of NNLO. Therefore, we recommend that
the SM potential be employed in future high-precision heavy-quark studies. The theoretical
framework elaborated here can now be usefully applied to investigate the static potential of
further models, in particular BSM theories with higher symmetry breaking scales, to better
understand the NR regime and explore implications for measurable observables. Our full results
are contained in the ancillary file submitted along with Ref. [264] on the arXiv.
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Chapter 5

Threshold Mass Definitions

This chapter deals more explicitly with the leading EW corrections to the short-distance heavy
quark mass definitions. We achieve this with the static potential determined in the previous
chapter, along with similar expressions for a heavy meson’s binding and residual kinetic energy.
These energies form the building blocks of the majority of short-distance mass definitions. We
explain how attaining the EW contributions to these energies leads to analogous corrections to
the masses. We find that the leading EW corrections are of the same strength as their next-to-
leading pure QCD counterparts and, therefore, must be included for a precise determination of
heavy quark mass. This chapter is based on Ref. [306], reflecting the author’s contribution.

5.1 Motivation

A precise determination of quark masses is coveted due to them being fundamental SM La-
grangian parameters. In particular, the attainment of heavy quark (top, bottom and charm)
masses provides a gamut of phenomenological insights. We are primarily interested in the top
quark mass, my, which a precise determination of not only serves as consistency checks for the
SM [48-50] but also is the dominant uncertainty when weighing the stability of the electroweak
vacuum [33,51,52]. We are also concerned with the bottom quark, the next heaviest quark in
the same generation. This parameter plays a role in B-meson and Higgs boson decays as they
contain high power factors of m;, the bottom quark mass [53-55]. These instances and many
more call for precise theoretical predictions for these heaviest quark masses to relate to the
advent of precise experimental observations. Defining a well-behaved perturbative quark mass
presents unique challenges not found when considering theories such as QED and the electron
mass. Many successful proposals have been considered and studied to very high precision in pure
QCD. However, quarks also interact with the EW sector of the SM and thus, in this chapter,
we will focus on determining the leading EW corrections to heavy quark mass schemes.

The SM is a perturbative quantum field theory, and in such theories, mass parameters
are defined as the location of the single-particle pole in the two-point function. In the quark
case, the pole or on-shell (OS) mass, mg, is given by requiring that the inverse of the heavy
quark propagator with a momentum, pg, is a pole at the point pé = mé in momentum-
space. Thus, the renormalisation scheme is fixed in this way, which is necessary for quantum
corrections in perturbation theory. Although this definition is natural, it suffers when applied to

quarks in QCD. At high energies, the pole mass includes large logarithms, which cause spurious
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divergences. Moreover, due to the phenomenon of quark confinement, the non-perturbative
regime of QCD does not have the requisite pole in the propagator. This leads to a confinement
scale ambiguity in the OS definition for quark mass m¢g ~ Aqcp, which is known as the O(Aqcp)
renormalon problem [130,286]. One, therefore, needs an alternative, a so-called running mass,
mq (), where one absorbs said misbehaving non-perturbative contributions and is finite after
renormalisation. Schemes that do not exhibit these IR divergences make up a family of short-
distance mass definitions dependent on an additional scale, y1 7, which acts as a regulator for the
spurious IR behaviour.

5.2 MS-scheme Electroweak Corrections

The primary short-distance mass candidate is the minimal subtracted (MS) mass, m(u), which
is defined by regulating the field theory in dimensional regularisation and subtracting the UV di-
vergences in the MS renormalisation scheme. The t’Hooft mass from dimensional regularisation,
1, is generally chosen to be of the order of the characteristic energy scale of the process, @, as
perturbative calculations lead to large factors of In" (1/@). One can then use RGE flow from a
quark mass at one scale to that at another scale. In general, one can always write short-distance
mass definitions in terms of the familiar OS mass by relating the bare mass, m°. Explicitly, the
MS-OS relation is given by comparing the two quantities,

m® =2%m, m° = Zﬁm, (5.1)

which are finite by construction and related to the quark OS self-energy [142,144,145|. Thus,
the ratio of the two quantities in Eq. (5.1), gives the MS-OS relation, which is a perturbative
series in the QCD and EW couplings a,(p) and a(u), respectively. The required renormalisation
constants, Z}ylﬁ and ZSZS, have been determined to four-loops in pure QCD [133, 135,143,307,
307-310], and two-loop orders in the full SM [51, 145, 147-149].

We are primarily interested in leading EW effects as these have been scarcely considered,
although in general, they contribute in the same order as their next-to-leading QCD counterparts.
As described in Ref. [115], to determine the pole mass, m, of a fermion in the SM, we start with

the propagator for a fermion of mass bare mass, mg, and momentum, p,

S7Hp) = p—mo — Z(p), (5.2)

where the self-energy function, %(p), is given by the sum of all one-particle-irreducible Feynman
diagrams that contribute to the two-point function. A further subtlety in EW theory is the parity
violation of the left- and right-handed quark fields, which causes them to propagate differently.
Moreover, CP violation is avoided by taking the unit CKM matrix.

One can then decompose the self-energy as [311],

S(p) = PLpAL(p®) + PrpAr(p®) + moB(p?), (5.3)

such that Pr/r = (1F5)/2 are the left- and right-handed projectors, respectively, Ay p and B
are dimensionless scalar functions of p? dependent on SM parameters. The poles of S (p) have
left- and right-handed components that coincide and are given by the solution to the equation
at p2 = m2,

P = AL(p?)][1 — Ar(p®)] = m3[L + B(*)] =0, (5:4)
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which is solvable perturbatively as an expansion,
m:m0(1+X1+X2+...), (55)

where the X}, are given in Ref. [148] and the index k refers to the order in the couplings. One
can then simply convert from the OS scheme to the MS scheme by keeping terms proportional
to A = 1/e — yg + Indm, where vg is the Euler-Mascharoni constant.

Whence, we determine the ratio, eliminating mg from Eq. (5.1), providing us with the MS-OS
relation,

m=m(1—0), 0=20" 4% 5" (5.6)

and in the case of leptons, the QCD contribution would not arise. To one-loop order we have
[145],

—=QCD «

5P () = Cr > (41— 3Ly (5.7)

wih quark labelling, i, and L4 = In (A?/u?) and 5?ED is obtained from Eq. (5.7) by substituting
Q?ca for Crag. In the large m; limit, one can concisely express the EW contributions for top
and bottom quarks as,

= 2nrpy — — — 4+ | Ne+ = | Ly| 5.8a
NN 2) " (55
w _ Gp 5[5 (3 Nl M3
5, = S -N L -5 -2 .8b
b= 32 {mt [4 (2 T 4 (5.8b)

where G is the Fermi constant, which is G;E)) = 1a/(vV2M3Z,s?) at tree-level. The remaining
parameters are, r;; = m;/m;j, ¢ = cost, = My /My, s = sinf,, such that 6, is the weak
mixing angle, My and Myy,z are the masses of the and weak and Higgs bosons, respectively.
The expressions for the two-loop EW contributions at O(aas, @?) are given in Ref. [148].

We now have a valid short-distance mass definition that side-steps the IR ambiguities. Note
that the MS mass is defined in the full theory where the heavy quark of interest is fully dynamical.
This treatment and definition are valid for running the mass between some large scale, up = @,
down to the quark mass or so-called threshold scale [152], © = m. However, from an effective
theory perspective [153], once one runs below to the low energy regime, p < m, the appropriate
EFT is HQET [64, 72|, in which the pole mass is no longer dynamical.

As is described in Ref. [56,154], if one insists on renormalising m(u) in the p < m regime,
non-physical large logarithms start to appear, which no longer improve the convergence of the
higher-order quantum corrections. One requires new mass definitions, which both avoid the
IR renormalon while being well-behaved near-threshold and below. We note that in this low-
energy regime, the physics being described is that of NR heavy quarks in which one can employ
effective theories to study physical phenomena such as HQET and NRQCD [72-74]. These
effective theories and out-shoots have been thoroughly considered in pure QCD. Still, as we are
primarily interested in EW effects, we refer the reader to Ref. [161] for recent consideration of
the EW effects in said theories.

When dealing with NR heavy quarks, as introduced in Chapter 2.3, a range of successful
mass definitions have been proposed and studied in the context of QCD. They are collectively
referred to as the threshold masses [152], and fulfil both requirements: independence from the IR
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renormalon and a well-behaved perturbative series below threshold energies. We will be exploring
some of the more practical and popular masses; in particular, we will be explicitly considering
the following definitions: the potential subtracted (PS) mass [57], the 1S mass [59,132], and the
kinetic mass [56]. The PS and 1S mass depend on the perturbative potential, V' (7), of a heavy
NR quark-antiquark pair (meson) system at fixed separation r. The kinetic mass depends on said
heavy meson’s perturbative binding and residual kinetic energies, A and p2, respectively. Thus,
our job is to begin by determining these energy parameters and procuring their leading EW
corrections, as they are already known to three- and four-loop order in pure QCD [133,134,157|.

5.3 Static Potential

As we thoroughly discuss evaluating the heavy quark potential in Chapter 4, we will only outline
technical details in this section. The focus will be on elucidating the calculation further and
focusing on the specific cases of top and bottom quarks in the SM. The heavy quark or static
potential, as it is called, is a well-known parameter in QED. Moreover, it has been shown not to
exhibit higher-order quantum corrections and instead is elegantly given by the standard Coulomb
potential for two static point charges in electromagnetism [39]. However, in QCD, as it is a non-
Abelian theory, quantum corrections do indeed arise, and these have been determined in the
literature to three-loop orders [159, 265, 271,274]. At one-loop in QCD the momentum-space
potential with parameters renormalised in the MS scheme is given by [271],

Aray (q?)

V(g*) = —Cr 2 (5.9a)
2\ _ 2 ~ (4 as (1)
av(@?) = auli) S (%) (M) (5.90)
n=0
where q is the transfer momentum between the scattered particles and,
- 31 20
a1 = a1 — PoLq, a; = 50‘4 — 5 Tny (5.10)

where ag = a9 = 1. The colour factors, Cp = (N2 — 1)/(2N.), Ca = N, and Ty = 1/2
arise from the colour gauge group, SU(N,), where N, is the number of colours and in QCD
N, = 3. The number of light quarks which factor the light quark loops is given by n; and By =
11C4/3—4Tpnys /3 is the first coefficient of the QCD beta function. The strong-coupling constant
renormalised in the MS scheme is denoted by o, and the effective coupling, ay/, includes all higher
order corrections in its definition. This coupling leads to a new coupling renormalisation scheme,
the so-called V' scheme [277], which defines the strong-coupling constant in terms of a potential.

The static potential is practically attained by considering the static limit of the vacuum tran-
sition amplitude, the so-called Wilson loop approach [159]. The limit is defined in coordinate-
space by fixing the two heavy quark and antiquark to be stationary point sources a fixed distance
apart. Employing this limit leads to source and anti-source vertices and propagators corre-
sponding to the heavy quarks and antiquarks. Although the Wilson loop approach is technically
simpler, we determined, in Chapter 4 that it is lacking when dealing with chiral gauge theories
such as the SM. We found that one must employ the original scattering amplitude approach to
attain the potential [160]. In this way, one computes the potential directly from the relativistic
OS quark-antiquark scattering amplitude and taking the static or large quark mass and small
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velocity limit. Although this is a textbook calculation in QED [281], we employed this approach
in QCD to verify that it matches the Wilson loop result [271]. The upshot of the calculation is
to determine the scattering amplitude of the process,

Q1(p) + Q2(p") = Q1(p — q) + Q5(p' + q), (5.11)

which to all orders results in an amplitude,
M = (a17"u1) Dy (q) (027"05) (5.12)

where ¢* = (0, q) is the transfer momentum and ¢ = 1,2 labels the masses. For instance, The
QCD scattering amplitudes contributing up to NLO are represented in Fig. 4.4. After performing
dimensional regularisation, the one-loop UV and IR divergences are removed by parameter
renormalization in the MS scheme and on-shell WFR. Next, one takes the NR scattering limit,
in which one expands in |g|< m; and performs the NR expansion of four-component bi-spinors
from the solution free-field NR Dirac equation for a particle with momentum p* and mass m;,

vi(p) = V2m; ! 2m; >

1

ui(p) — v2m; (5.13)

&i
op

2m,; S

where o are the Pauli matrices and & are two-component spinors. After the amplitude is
evaluated and renormalised, one may then expand the Dirac spinor chains that arise in terms
of Pauli matrices and two-component spinors. Taking the g> — 0 limit leaves one with the
following amplitude,

M = —2mym; (€l€lU(a,p, p))6162) (5.14)

where the potential is of the form,
U(g.p,p") = V(q) + O(q") + O(¢°, spin-dep.), (5.15)

such that V(q) is precisely the Coulomb-like term of O(1/¢?) and thus picking this out from the
full expression gives the momentum-space static potential. At leading order, we may drop contact
terms, O(q"), and contributions from insertions of Pauli matrices, i.e., spin-dependent terms, as
these contribute at O(q?). Extending this approach to the full SM is analogous, expanding the
scattering amplitudes illustrated in Fig. 4.5 with all possible QCD and EW interactions. After
renormalising all parameters in the MS scheme and applying WFR in the OS scheme, one then
commits to the NR limit, m; > |q|, where labels i grant the possibility of working with quarks
of different masses. Whence, one has three cases to consider,

VM = VAP L vAED 4 gV, (5.16)
as 5‘/51;/[) is the one-loop EW contribution, the leading of which is of O(aas,a?). The full
expressions for 5V(§JM) are given in an arXiv ancillary file of Ref. [264], and to one-loop order
have the general form,

2

aM Qo «
oViig) = 2 () + 2 (diig) + e La) - (5.17)
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We present the limit m; > Mgw, my, > |q|, for top and bottom quarks. Further limits, including
the more physical limit m; ~ Mgw > my > |g|, can be considered from the full expressions.
The useful quantities for threshold masses are 5‘/51:/)[ and have the following leading terms,

2 2 2 2172
sm_ aas Cp 9 1 217”;%2 s 9 16s 7 Th,z
Mio =g & (rt’” Ta e )T se Tt Ty T 362 T e )
~2 2
The 1 1 Ttwlhew 1 o |4Ns o (5 8 2
) - 3 il ] 7L . 2 — L _ -
2@ 1@ T g Tyt T [ 3 Gilzle) " 57 T o
Ll ThThe 37T, 2 . L2 28 5, 7
- _ 8. Ttw
9654 352 144¢2s2  9¢2s2  864c¢4 9 Y 1852 = 6s2 hw
5 5 ST 1 1 .
288¢2 52 14477,2Z _c?s? 0 18s% 1852 19254 96?,% st 12¢252
25 25 64 13 517, 7 (.
- - ~ Lz h + 54 + = - ’ Lt z|
1728¢4 8647",% Zc4 ' 81 162s?2  18s2  81c¢?2s?2  12¢2s2 ’
(5.18)
Cp | (7 172 4s2 55 85 177 73
sySM _ s\ (0 7T Thz ) [T A B 2
) =@ 2 |\1” 162 )T\ 9 T3 T e 16 ) T 22 4
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—L,+°L all °_ L . )
th g ’W] TE [ 5 @ <3 q) T2 T o6 T 12 T Re2s?
1 2 7 1 4 1T 85 7
v, —-—L = 2 L
V3620t T a7 Tglw T gzl (81 144252 12966252 8152 ) b

NE 1 1 o 177 . 1
952 192s* 9677 96c2s? 14477 c2s? 144c2s? 86477 c*

1
)L 1
172804> h] (5.19)

such that N; = (N[Q%ny + Q%ng] + ng) correspond to light fermion loop factors, where n,
and ng are the number of up- and down-like light quarks, respectively, and analagously for
the electro-magnetic charges, @, and (4. N, is the number of light quark colours and n,
are the number of lepton generations. The logarithms are represented as previously shown
in Eq. (5.1) and Ly g = La — L. We note that Eqgs. (5.18) and (5.19) represent color singlet
contributions to the potential. Their color octet counterparts emerge via the simple replacement

CF — —1/(20A).

5.4 Binding and residual kinetic energy

With the potential at hand, what remains to determine are the heavy meson BE and residual
KE parameters, A(us) and p2(uf). The energies are attainable perturbatively from the forward
scattering amplitude of an arbitrary non-flavour changing external current, J, and heavy quark,

Q, as shown in Fig. 5.1. The amplitude can be written in momentum-space as,
i

Tlq) = o [ dae " (@ TI)T10)[@). (520)
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Figure 5.1: One-loop Feynman diagrams for scattering of an external current (wavy line) and a
heavy quark (solid line). The dotted lines represent boson propagators.

where 7T is the usual time-ordering and ¢ is an external momentum. The heavy quark is on-shell
with momentum, p* = (0,m), and thus, p? = m? and s = (p + ¢)%. From this amplitude one
can then obtain the perturbative BE and KE from the following integrals,

Ryy) = 2[5 dwW (w,v)w (5.21)
i :
’02 fO de w v) v—=0,m—o00
3 o dwW (w, v)w?
2
= 5.22
Hay) = v2 fo dwW (w,v) ’ (5.22)

v—0,m—00

where ¢ = v/m, the structure function W(q) = 2Im[7'(q)] and the large m-limit is always taken
firstly as otherwise terms that contribute will be dropped. We then re-express our amplitude in
terms of the excitation energy of the system [286],

m'v2

w=qo— g™ =qo0 — T O(v?), (5.23)

and velocity, v. The threshold value at s = m? is given at,

2

i = /@ Fm? —m = ﬂ + O, (5.24)

where for smaller values of s, the structure function and energy parameters of interest vanish.
Practically when determining the amplitude, it is convenient to first express the NR parameters,

w and v, in terms of Lorentz invariant quantities,

y=m?—s=—mw2+v%) +0(v!w?) <0 (5.25)
P =m? —s=-—mv’(m—w)+ 0w <0 (5.26)

in doing so one simplifies the computation and upon extracting the imaginary part to determine
the structure function, one can then do the expansion in terms of original NR parameters to
perform the integrals in Eq. (5.22). We also note that the structure function is IR finite and that
at the one-loop order, which we are considering, the renormalisation of SM parameters as well
as WFR for the external quarks are not necessary as they do not contribute to the imaginary
part of the forward scattering amplitude [157,286].
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5.5 Potential subtracted and 1S mass

With the above quantities at hand we may tackle the PS mass which arises from the NR limit
of heavy quark-antiquark systems. As introduced in Chapters 3 and 4, the PS is determined in
general by the Schrodinger equation,

(_Zj +V(r) - E) G(r,0,E) =5 (r), (5.27)

such that V(r) is the NR or static potential and E = /s — 2m is the binding energy. Thus, one
can write the total static energy of two heavy quarks separated by a fixed distance, r, as [57,59]

Egat(r) =2m + V(r). (5.28)

As Eq. (5.28) is a well-defined physical quantity, it has been shown not to suffer from IR di-
vergences in higher-order quantum corrections. Moreover, the IR ambiguities in the pole mass
definition have been shown to cancel with the IR ambiguities of the static potential. This conve-
nient cancellation is the impetus for defining the PS mass and is made explicit when considering
the coordinate-space potential,

Vir) = / Fac eV (q). (5.29)

It is known that the coordinate-space potential is sensitive to IR physics while the momentum-
space potential is not [57|. This sensitivity is due to the contribution in the Fourier transform
integral from regions of small |g|, which results in the leading renormalon behaviour of V().
One can then define a subtracted potential,

V(r,pup) =V(r)+25"(ug), (5.30)

for a newly introduced IR-cut off scale, 1y and isolate the renormalon contribution through a

mass definition,
m" (ug) = m— 6" (uy), (5.31)

such that the PS mass counter-term is given by,
1 3
3 () = —2/ d"qV(q). (5.32)
lg|<pgs

Thus, employing the PS mass and subtracted potential in Eq. (5.27) results in quark mass
without leading non-perturbative ambiguities.

Of course, with this procedure, one has only swept the large loop corrections from dm(ps)
to mps(p f). However, when mpe is expressed in terms of a short-distance mass parameter,
such as the MS mass through a perturbative series, this series will also contain large loop
corrections [56]. Conveniently, these perturbative corrections cancel with large perturbative
corrections to the pole mass in 675, In this way, one may determine the MS mass from threshold
cross sections with better accuracy than the pole mass, the use of which implicitly contains the
non-subtracted potential. Let us now compute ém(us) from the definition in Eq. (4.53). We
then obtain

PS Qs g 1%
! = Cp (142 28 (In = +1
6; " (pg) CFﬂMf( + [a1+ 60<nuf+ >D+

(% 2 Qg (6% )%
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The PS mass and kinetic mass, are defined by introducing a new explicit IR factorization scale,
s, to remove the leading IR ambiguity of the pole mass. By contrast, the 1S mass [59], m'S,
achieves a similar goal without introducing a new factorization scale. The 1S mass is defined as
one-half of the perturbative energy of the 1S heavy ¢g bound state,

1
mIS(n) = 5 (8 per = (1 — "5 (10). (5.34)
The ground state energy calculated from the Schrodinger equation of quantum mechanics is
exactly (még)pert. At leading order in the expansion in the relative velocity of the (anti)quark in
the qq rest frame (threshold region), the dynamics of the ¢g pair is governed by the Hamiltonian

283, )

H= v +V(r)+U(q,r), (5.35)
mq
where mgq is the quark pole mass, V(r) is the static potential, the analogue of the Coulomb
potential, and U(g,r) encodes higher-order corrections in the small-velocity expansion and is
the SM analogue of the Breit potential [160]. The leading contributions at threshold come from
the static potential, so that we may omit U(q,r) from our calculation. Solving for the S-wave
Green’s function, we have

1

G(E) = (0] G(E) 0) = (0] 17—

|0}, (5.36)
where (0| denotes a position eigenstate with eigenvalue |r|= 0, and the Green’s function has
single poles at the exact S-wave energy levels, £ = E,,,
E—E,  |¥a(0))?
GE) =" —"——~-21 . 5.37
(E) E,—FE—1id ( )
From this expression, one gets (még)pert = F1, and expanding E;/2 in small SM couplings gives
the 1S mass, which is the SM analogue of the well-known Bohr potential of quantum mechanics.
We may then find the leading EW corrections at one-loop to the 1S mass with our SM potential,
as only the QCD corrections are known, and they have been found to N3LO [289]. At one-loop
through third order in the SM couplings, a and «;, we have

515 _(0QF + asCr)
¢ 167
+OZSCF(045A1' + 271')} s
A =260l + 1) + aq,
B; 226(@1) (li + 1) + d(iﬂ;), (5.38)

{o®Bi + alasc(y + 2mQ7)

where m; is the pole mass of heavy quark i and I; = In[u/(Cras(n)m;)]. We further note
that the IR renormalon cancellation is more subtle in the 1S mass definition, as the latter is a
well-behaved parameter only if the orders of terms in perturbation theory are re-interpreted [59].
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5.6 Kinetic Mass

On the other hand, the kinetic mass is defined directly by the heavy quark BE and residual KE,
as shown by its relation to the pole mass,

i (i) = m (1= 8 (uy)) (5.39)
gy = Mea) i) (5.40)

The leading EW corrections may then be determined at one-loop with the BE and residual
KE by evaluating Eq. (5.22). The QCD corrections are known, and they have been found to
N3LO [157]. At one-loop we have the following relation with both QCD and EW contributions
in the large quark mass limit,

. 4Cpa5 177, 11

5 (1) =u{3 - ( Qt—lﬁ;—482>}, (5.41)
. 4 Cpa i, 11 171}

kin/~\ __ FCs bw t,aw

0 (N) —M{g - ( Qb ﬂ? - 6;2 YR )} (5-42)

such that g = ”f +3 2 m2, m; is the pole mass of heavy quark 7 and the scale p5 labels the usual
IR Wilsonian cut off. Using the MS-OS relations in Eq. (5.6), we may express the kinetic mass
in terms of the MS mass to one-loop order,

min (77,) = (1 8 (my) — 5§<iﬂ(mi)) : (5.43)

The relation is given by Eq. (5.43) with the direct replacement of the pole mass with m dropping
higher-order terms in small coupling expansion contributing past NLO.

5.7 Numerical Estimates

We are now able to provide numerical estimates to our heavy quark short-distance mass relations
at the standard scale = My from Ref. [167]. In the case of the PS and kinetic masses we select
the IR cut-off scale to be, uy = 3 GeV, a typical scale for heavy quarks. Moreover, we take
ny =4, n, = ng = 2 and n; = 3 and run the strong and EW couplings to the Z-boson mass
scale. We then obtain the contributions up to one-loop order for the mass definitions studied

here,
0; = 0.01505 + 2.01r, &p = 0.015cr5 + 0.650. (5.44a)
5 = 0.010as — 0.018a;, 6™ = 0.427a5 — 0.701cv, (5.44b)
613 = a,(1.27 + 8.06a; + 6.83a) + a(0.42 + 2.34a), (5.44¢)
05 = g (1.27 4 8.065 + 1.2500) + (0.11 — 0.180v), (5.44d)
615 =0.2202% 4+ 1.51a2 + 0.0202 + 0.7103 + 0.150,00 — 2.8902a + 2.93a502, (5.44e)
615 = 0.22a% 4 3.6103 + 0.002a% + 0.040> + 0.040,0 + 0.7402 0 + 0.480,0 (5.44f)

Therefore, we can conclude that although the novel EW contributions are significantly smaller
than the pure QCD contributions at NLO, they are comparable to QCD corrections at NNLO and
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beyond. Whence, for high-precision determination of short-distance mass definitions, the EW
corrections must be taken into account. At this point, we briefly mention that the definitions we
studied, although often employed, do not represent an exhaustive list. For instance, there are the
RS [131] and RGI [312] masses as well as the more recently proposed MRS mass [60]. Moreover,
there are ways to refine studies when converting between short-distance mass definitions [313]. In
this scheme, one takes the IR factorisation scale, yi ¢, to be a continuous parameter and studying
the RG flow in 4y of the masses, one can avoid large logarithms of cut-off scales, In (4 /p1).

5.8 Technical Details

Our calculations of the one-loop corrections to the heavy quark masses were performed using
standard tools. The Feynman amplitudes were reduced to a few master integrals, which were
found analytically since all one-loop master integrals are known. We achieved this with the
help of the algebraic manipulation program Mathematica accompanied by the program pack-
age FeynCalc [298] to compute the necessary amplitudes and to deal with the algebra. We
employed further sub-packages of FeynCalc, such as FeynHelpers [299|, which reduces and
provides explicit expressions for one-loop scalar integrals by connecting the reduction package
fire [300] with the analytic scalar-integral package Package-X [301]. Lastly, we employed the
FeynOnium [302] subpackage, which comes equipped with functions for dealing with amplitudes
in the NR limit.

5.9 Summary

In this chapter, we determined the EW corrections to heavy-quark energy parameters up to
NLO. By mapping these parameters accordingly, we illustrated how they modify a range of
often-employed short-distance mass definitions. Moreover, we provided numerical estimates for
comparing the EW corrections at NLO versus pure QCD contributions in the same order. The
contributions from the EW regime were significant and comparable to pure QCD contributions at
NNLO. The groundwork laid here may be incorporated and expanded on in future high precision
studies. For instance, to match the N3LO precision in QCD, it is necessary to determine the
NNLO EW corrections in the mass definitions studied here and others mentioned. Moreover,
the theoretical framework we introduce can help study the NR regime of theories beyond the

SM.
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Chapter 6

Matching the Standard Model to
HQET and NRQCD

In this Chapter we determine the leading electroweak corrections to the HQET/NRQCD La-
grangian. These corrections appear in the Wilson coefficients of the two- and four-quark oper-
ators and are considered here up to O(1/m?) at EW one-loop order. The two-quark operators
up to this order will include new parity-violating terms, which we derived analogously to the
parity-preserving QCD result at one-loop order. This Chapter is based on Ref. [161], reflecting
the author’s contribution.

6.1 Motivation

This Chapter is mainly concerned with extending the framework of HQET and NRQCD from
pure QCD to the full SM. As we only briefly motivated these two EFTs in Chapter 3, we will
re-introduce them here and delve deeper into their properties. Originally, HQET and NRQCD
were developed to take advantage of the fact that the masses of the heavy quarks are much
larger than the remaining dynamical scales being considered.

More specifically, HQET has mainly been employed to study systems with a single heavy
quark [71,72,314]. In these studies, when considering heavy-light systems, the authors reduce
the problem down to one with two dynamical scales; the heavy quark mass, mg, and the rest
which is chosen to be the quark confinement scale, Aqcp, the scale of all processes in pure
QCD - i.e. independent of quark mass. One then constructs the HQET Lagrangian as a power
series in the inverse heavy quark pole mass. One can then estimate the size of each term by
assigning the scale Aqcp to every parameter present other than the heavy quark mass. One
is then left with operators exhibiting two distinct structures; terms containing light degrees of
freedom describing gluons and light quarks; or terms that are bi-linear in the heavy quark fields.

On the other hand, we have NRQCD which is mostly employed to study systems with
a heavy quark and antiquark, QQ, bound state [73,74]. In NRQCD one usually takes into
account two additional dynamical scales, the relative momentum, g ~ mv ~ Aqcp, such that v
is the relative velocity of the Q@ combination, and binding energy, E ~ muv?, of the QQ bound
state. These extra scales add increased complexity to the power counting rules. Thus the size
of each term in the NRQCD Lagrangian is no longer unique but dependent on the system under
consideration. One can, however, still provide reasonable estimates of each term with velocity
counting rules [74,315]. The difference between HQET and NRQCD is immediately clear by
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considering the first two bi-linear terms in the effective Lagrangian,

_ D?
L=Q <¢D° + ) Q. (6.1)

2m
To compare the two theories, one can note that the first term and second term are O(Aqcp)
and (’)(AéCD/m), respectively, in HQET while both terms are of order mv? ~ O(AéCD/m) in
NRQCD. Thus one can immediately note that the heavy quark propagator in HQET is i /(k°+ie)
while in NRQCD the propagator is i/(k° — k*/2m + i€). The NRQCD Lagrangian mimics the
HQET Lagrangian in that it consists of terms in a power series expansion in heavy quark mass.
It contains two and four fermion operators, i.e. terms bi-linear in the heavy (anti)quark fields

and terms bi-linear in both heavy quark and antiquark fields, respectively.

Our work is focused on calculating the primary building block of an effective theory, the EFT
Lagrangian and its matching to the full theory Lagrangian. The matching process is achievable
by ensuring that the full and effective theory S-matrix elements are equal. Both the NRQCD
and HQET matching conditions are computed in the same way, and the Lagrangians are thus
identical [218|. The parameters that are modified by the matching procedure are called the
matching (or Wilson) coefficients, which factor each operator in the EFT. The matching in
NRQCD is then achieved order by order in the strong coupling, «s, and inverse heavy quark
mass [316].

This study will focus on extending the NRQCD Lagrangian and considering the leading EW
corrections to one-loop order with terms up to and including O(aa,/m3, a?/m?), for the two
and four fermion operators of NRQCD. Although the Wilson coefficients are known in the EFT
up to O(a2/m*), the EW corrections have not yet been considered. They must be incorporated
since at leading order they start altering the matching coefficients at the same order as the
higher-order QCD terms. Whence, we study the effect at leading order of incorporating the EW
contributions and noticing how the matching coefficients are improved.

Moreover, the Lagrangian itself must be extended to include parity-violating operators for
the matching procedure to hold with the SM. The utility of our efforts lies in the prolific use
of heavy quark effective theories for high precision observable predictions at threshold energies
which would be the primary purpose of a future collider [317]. For instance, with regards to
the top quark mass determination, which is crucial for understanding the stability of the EW
vacuum [33]. Many so-called threshold quark mass definitions [57,131, 133| have arisen from
the HQ EFT frameworks and we know that the EW sector plays a crucial role in determining
the MS mass of the top quark [146,147] thus it stands to reason that the same is true for the
threshold mass definitions.

6.2 The Lagrangian

The continuum NRQCD Lagrangian up to the same order we are considering have previously
been computed [218,316] using dimensional regularisation for the IR and UV divergences tak-
ing the external states to be on shell. To express the NRQCD effective Lagrangian, one must
consider heavy fermions and antifermions coupled to non-Abelian gauge fields, enforcing Her-
micity, parity, time-reversal and rotational invariance [236]. One can further perform heavy
field re-definitions to eliminate time derivatives acting on the heavy fermions at higher orders
in 1/m, this is known as the canonical form of the heavy particle Lagrangian [318]. Note that
when employing the NRQCD Lagrangian which we define below, NRQCD has a UV cut-off,
UNR = {Vp, Vs}, where mv < vng < m, which corresponds to integrating out the hard modes
of QCD to obtain NRQCD [319]. More specifically, v, is the UV cut-off of the relative three
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momentum between the heavy quark and antiquark while vg is the UV cut-off of the three-
momentum of the gluons and light quarks. The NRQCD Lagrangian including light fermions
reads (up to field redefinitions) is [73,233,251],

L= (Ly+Ly+Lypy)+Lyg+ Ly, (6.2)

such that 1 and y are the Pauli spinors that annihilate a fermion and create an anti-fermion,
respectively. We are mainly interested in the bracketed parts of the Lagrangian as these terms
will attain the leading EW corrections to their matching coefficients. More explicitly, the La-
grangian for heavy quarks of masses mi 2 > Aqcp and velocity, v, in a frame where v = (1, 0)
has bi-linear terms (up to the order we are considering) [73,218,320],

r ot LicoDs + D2+ D4+ a-B+ [D-E]+, o-(DxE—ExD)
= ic co— 4+ c4—— + crgs—— + Cpgs——— +ic
X 0L/t 22m 48m3 FYs m DYs 8m?2 SYs Sm2
{D? o B} D,o - BD; oc-DB-D+D-Bo-D
+CW193W - 2CW298W + Cq9s ’m?
) D - DxB|+|DxB|-D
sieng DX BERX BB e v o0 - O/t ), (03)
and four quark operators given by [321],
Lo = Ty LT 2 oo
vx — my 1X2X2 . 10P1X20 X2
dvs a ta dUU Trpa Tra
+ I T ST X0 + —— ] T o1 X4 T o o, (6.4)
mi1ms mims

The terms in this Lagrangian require some unpacking; the covariant derivative is D¥* = 0" +
igsALT* = (DY, —D) deﬁned in the usual way, iD; = i0; — gsAg and iD = i0 + gs A, with com-
binations thereof, B’ = 3g-€ijk[Dj, Dy) and E = —g—[Dt,D] Moreover, covariant derivatives
in square brackets act only on the fields within the brackets. The subscripts F,S and D on the
Wilson coefficients stand for Fermi, spin-orbit and Darwin, respectively. We use the common
summation convention, XY’ = Z?:l XY and define [X,Y] = XY -YX,{X,Y} = XY+YX
to denote commutators and anti-commutators, respectively. The QCD analogues of the electric
and magnetic fields are defined as usual by E = —[0;A] — [0A"] and B = [0 x A]. The most
general term we obtained in Eqgs. (6.3) and (6.4) are constructed from all possible rotationally
invariant, Hermitian combinations of iD;, D, E, iB, io, with parity requiring even numbers of
factors of D and E.

On the other hand, the four quark operators in the Lagrangian represented by 6.4 have sub-
indices, {1,2}, which distinguishes for the case of distinct heavy quarks with unequal masses.
Moreover, one can re-write these terms by applying a Fiertz transformation,

dC
¢T/JIUX2X§0'¢1
mo
C C

s
vs_ T T = wITaaxszT o, (6.5)
mi1mso

Ly = —2
wxmm

_l’_
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where one can transform between the two bases with the relations,

c c 2 2
Gos = — 2dN - ?;iziv N4N2 Ao ]\;NQ dov: (6.6)
c c 2 2
= = g+ G2 = e S (67
dys = —d°, — 3d°, + ;N T z‘jv (6.8)
dow = — dC, + 5, + 2dN - QdN (6.9)

Both versions of Ly, are employed, the Lagrangian in (6.5) is more convenient for matching,
when one is studying the equal mass case with annihilation processes. On the other hand, (6.4)
is preferable when considering a bound state calculation. We employ (6.4) for matching in the
unequal mass case.

6.3 Form Factors and Matching

Any loop diagram in an integrable QFT can be written as a function, F'({p}, {m}, i, €), such
that {p} are the external momenta, {m}, the external and internal masses, i the scale parameter
in dimensional regularisation where the calculation is done in d = 4 — 2¢ dimensions. Let us
then consider, for instance, the radiative corrections to the quark-gluon three point vertex. This
vertex can be expressed fully in terms of two form factors in QCD, F172(q2), defined by the
irreducible three point function,

c , aq
09 = i T aly) BP0 + iFla) T ] At (6.10)
where ¢ = p' — p, m is the mass of the heavy quark, o#” = —%[7“, ~¥]. We only have two form

factors as {,,0""q,} are the only Lorentz structures that appear in QCD due to the non-chiral
nature of the theory. On the other hand, if one considers I's in the full SM, two additional chiral
Lorentz structures emerge, and their corresponding form factors have the following form,

C . _ 2.4" 5
I = r§ i 1) [ B+ BASE A )
Employing dimensional regularisation on the diagrams one finds that the form factors F1,3(q2)
are UV and IR divergent [218]. We can always expand our two form factors, F;(q®/m?, u/m,€),
as a power series in ¢?/m? at fixed e, then take the limit ¢ — 0 to obtain an expression of the
form,

A B
F;, = F;(0) (EO + 22 1 (4 +Bo)ln— +D0> +
uv €IR
A B
q23qui(0) (1 + =L + (A1 + By) ln — + Dl) (6.12)
€uv €IR

Conventionally, we label € with the subscripts, eyy and er to indicate whether the divergence
is ultraviolet or infrared, respectively. UV divergences are cancelled by renormalisation counter-
terms while IR divergences cancel when a physical observable is considered. The coefficients of
the effective Lagrangian are determinable from the difference between the form factors in the
full theory versus the effective theory of interest. More specifically, the non-analytic terms in the

76



form factors cancel in the difference while the analytic ones determine the Wilson coefficients
of the Lagrangian. By inspection of the terms in the effective Lagrangian in Eq. (6.3), all
terms contain at least one power of A, the gauge field. Thus all form factors at one-loop
are attainable by computing the three-point on-shell scattering amplitude, which have been
previously calculated [322].

To find the relationship between the full theory form factors and the Wilson coefficients for a
low-momentum heavy quark scattering off a background vector potential, we expand Eq. (6.11)
in the NR limit and multiply by a factor of \/m/E for both the incoming and outgoing quark.
If we take p and p’ to be the three-momentum of the incoming and outgoing quark, respectively,
then g = p’ — p is the transfer momentum of the background vector potential. We are then left
with the following effective interaction operator,

—igsTulp (P')[AL° — A - jluxr (D), (6.13)

which can then be compared to the scattering amplitude in the effective theory Lagrangian to
relate the Wilson coefficients to the form factors. We re-computed the NR expansion of Eq. (6.13)
in QCD and confirmed the previous result [218,320], i.e. we found for the time component of
the current,

1 1 1 1
-0 __ 2 2 / 2 2 /
P =A@ {1 g+ o 0 <9 b4 ) -+ e 0 xp)) (619

and the spatial component of the current,

i =R G tp 42+ o X a = P 50 x g o -
a0 = ) % (04— s )
) {0 % - oo X 0= o ) (o 0~ P
—8%,;3(19’2 —p*)o x (p'+p)+ #a(p’ +p)(p’ x p)} : (6.15)

This can then be compared to the relevant subset of the Hamiltonian of Eq. (6.3),

HTZ’,X - wT {gSAO o 02297;214 : (p, +p) - 'LCngsA . (O' X q) — CD 9s 3q A

2m 16m
—l—icsfﬁa (p’ x p)A° +icg 169;@3 (p'2 —p’)A -0 x (p' +p)
+i(ew, — CW2)875¢L3 (Pp?+pHA- (o xq) + iCWQ%qu- (o0 x q)
—ich‘%G (P +P)A- (P xp) - CMSQ#(P'2 ~-p’)A-q
+cM8‘%q2A (0 )} o+ (e, v ) (6.16)
= g0 {A%" — A j}o + (he, ¢ 2 X) (6.17)

and matching the Lorentz structures provides one with the following relations between the
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Wilson coefficients and form factors,

CQZCQIC4ZF1, (6.18)
cr = Fy) + Fy, (619)
cD :F1—|-2F2—|—8F1,, (620)
cg = I + 2F3, (621)
1

wi = P14+ 5+ 4F] + 4F;, (6.22)

1
CW, = 5 2+ 4F1/ =+ 4Fé, (623)
cq = P, (6.24)

1

such that,
dF;

F,=F,(0), F = : (6.26)

! d(q2/m2) 72=0 .
These relations between the form factors and Wilson coefficients remain unchanged by the
allowance of further interactions from the standard model. This can be seen by taking the NR

limit of Eq. (6.11), the 4-current j — j + j where j’ includes the new form factors and their
expanded Lorentz structures, for the time component of the current one obtains,

1 1 1
0 _ 2N ) S 1,12 (! 72 2
= F3(q ){Qma P +p)— g 5l pp +o: pp°) — 6 P +p)(P" +p )}

) s a - ) (6:27)

and the spatial component of the current,

. 1 1 i
i’ =Fs(q%) {U = 5304 P) + 50" + (o pp' + o p'p) — 5P’ % p}

4m?2 8m?2
1
+ Fu(q”) {—4m2 qo - q} : (6.28)

By comparison, one can see that F3 4 are factors of entirely different Lorentz structures. In fact,
one can count nine independent structures and thus one requires nine new linearly independent
terms in the effective Lagrangian that result in the same Lorentz structures upon inspection of the
Hamiltonian. Due to the fact that the SM is chiral and exhibits less symmetry than QCD there
is more freedom in selecting the possible terms to include in the effective Lagrangian, we thus
select a set that provides us with the correct Lorentz structures without claiming uniqueness,

Lon :wT(p'){boza D 2 (D-B+B-D)

1
—i—bg—a (D><B~|—B><D)+zb4 {0' o D2}+zb5—[D20-D]

+bﬁ P Do Bl +ibr o 5 {D o E}—i—zbgg—Da ED;

16 3
—i—zbgw(a’-DE-D+D-E0-D)}w(p)+(h.c, b oY)+ O1/m?, g2 /m3), (6.29)
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with the operator, E = —g—{Dt, D}. Upon employing the free field Schrodinger equation (up
to O(1/m)), the following replacement holds,

2
0 VY 0, ¥(t,x)=eP* = {Op) = —ip™p, O = ipy}, (6.30)
Yot 2m
and analogously for the vector field, A(z#). Therefore, after Legendre transforming the La-
grangian in Eq. (6.29) to its Hamiltonian one can then match the relevant terms by inspection
of Lorentz structures. This can then be compared to the chiral Hamiltonian and the Lorentz
structures matched to provide the following relations between the new Wilson coefficients and

form factors,

by = by = by = by = by = —F}, (6.31)
by = Iy + 2F), (6.32)
bs = AF} + F, (6.33)
b = — Fy, (6.34)
by = 8F}, (6.35)
bs = Fy — 8F}. (6.36)

Note that we have written HQET Lagrangians in the special frame, v = (1, 0), and the notation
of [320] was employed. However, one can re-write Eq. (6.3) to the same order in 1/m in an
arbitrary frame as follows,

- D? D4 o GH v DY G
Ly =Qy {COZD U—02%+C4ﬁ JsCF 4Vm —gsCD[gn{ﬁu]
. UAO'HV{Dﬁ,Gy)‘} {DE,U#VG’W} DiUuVGMVDJ_)\
+19sCs 82 + gscw, T 1emE 95w Sm3
tgue T PLC D1y + D1yGauD} — D) Gy Do)
o 8m3
. D, ,[D,,G*"]+[D,,G']D,
—1gsCM H[ ]87713[ } L Qva (6'37)
such that,
D" =DM — vty D, (6.38)
and 0" = —L[y# 4"] and GM = i[D“,D”]. We can also write the chiral Lagrangian in

Eq. (6.29) in the same covariant form,
£Sh = QU{ 2bysvt 0 DY + zbl—%{v D”,v U,/)\DA} — bg 75%0“ [D’\ G|
—bs g 275{(7“,,,7,\}{D“ G} + ba—g 75{71 00", D1}
+b52—7}’1275 [UuO'M,/DVDi] + ib62—n‘1275 W'D, O'V)\GVA]
+ib78%’y5{D2L, {v'D,, o, D} + Z’bSleW%Di{U“Dw v’ o, D YD |,
+ibgﬁ75(U“UWDV{UAD,\, DYYD 4 + Do {v Dy, ?_}U”UWDV)} Qv,  (6.39)

in which the chirality is made explicit by the appearance of 5 factoring each term.

79



v, 24, W H,¢

Figure 6.1: Self-energy diagrams contributing to the one-loop WFRC.

6.4 Two Quark Matching

The self energy contributions which contribute to the wave function renormalisation (WFR),
represented in Fig. 6.1, can be split into left /right and scalar components, respectively,

E(p) :EL—I—ER—Es/Q (6.40)
= Prwy, + Prwgr — 25/2, (6.41)

such that Pr/; = %(1 + v5) are the usual left/right chiral projection operators, from this ex-
pression one can obtain the on-shell WFR correction,

04 =071, + 0Zpg, (6.42)
such that,
0Zr ik = —{Sr/r +m* (8] + Tk — 258) } |22, (6.43)
and therefore,
67 = — {[wL +wpr + 2m2(w;; + Wi+ 25)] — yslwr — wr + 2m2(w§% — w'L)]} l2=m2  (6.44)

The total on-shell form factors at one-loop can then be calculated from the amplitudes present

in Fig. 6.2. We present the result in the large external on-shell quark mass, m = m, limit
and small new internal mass appearing from flavour changing, mo, along with small transfer
momentum, g,

a ] 11 15
F1=1—5Z1+F1()+F1(b)_1+aq2[<—+L1>CF—I—<—+ Ll)CA:|

Tml |\ 8 6 16 " 48
2
a g [ 2 1/ 13 17 1/ 5 3 1,
L.+~ Ly (22 R
T [27 = ( 28 Taz ) T\ Toe T ea e e T g e

1, 1, 1 i 1,
2 g2 L L Ly, — T (14> 4
g2 hw ~ 16 hw 1””%87”“” “+24 21+48 22 48< +3T1’w>>}’ (6.46)
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FQ—FQ +F2 = |:2CF+<2 4L1 Crl| + % 120 r+ T 4L1 Ca

af(35 1, N1 (7 1, 1 3.0 1,1
al/35 1 T B } 1
+ |\t 168 ) @ T\ 1 T g g™ e — qgThwlin — gplis )

2
« q 1 13 1 1 . 9 1 2 Th,w
trm [c2 32 T2 \ag (i) + gemTe = gy (Mha +riw) + 48T1 wliz
1
+]_6Th‘ ’le h>:| (647)
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Figure 6.2: Diagrams that contribute to three-point matching coefficients in the SM. The Abelian

and non-Abelian contributions are given by diagrams (a) and (b), respectively.
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where L4 = In Az/,uQ, Lap = La— Lp and r;; = m;/m;, we fix the Yukawa coupling to the
EW coupling, o, and quark masses in the standard way [115]. We also define the mixing angles,
¢ = cosby, = My /My and s = sinf,,. Moreover, we leave out IR divergences, €rg, to reduce
the size of the expressions and they are conventionally not included in the matching coefficients.
Although the form factors in the limit presented above provide an adequate approximation for
my1 > My.z, Mg > ma,q*, in the SM the correct limit is m; ~ My, z, Mg > ma, ¢> and
thus we recommend the latter for precision calculations. We leave a limit comparison to future
numerical studies and the full expression with no approximations is included with an arXiv

ancillary file of Ref. [161].

6.5 Four Quark Matching

To achieve the matching we follow the procedure originally outlined in [316] reproducing there
results and extending them. One begins by expanding the dimensionally regulated matrix ele-
ments about zero residual momentum. This expansion is done to zeroth order since there are
no derivative terms in the four fermion portion of our effective Lagrangian, by inspection of
Eq. (6.4) and Eq. (6.5) - i.e. we solely require the matrix elements for the four heavy quarks at
rest. Diagrammatically, this means the amputated legs in a given diagram can be multiplied by
a projector, Py and P_, to the particle and anti-particle sub-spaces, respectively. The kinematic
factor which relates the relativistic and non-relativistic expansions, y/m/FE may also be set to

unity without loss of generality.
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The calculation of such matrix elements in QCD and HQET has been achieved in previous
studies [316,323,324]. In the S-matrix elements of such heavy-heavy systems, one can see a
unique IR behaviour appearing, which gives rise to the Coulomb pole and hence to the standard
NR weakly coupled bound states. This behaviour in the IR appears expectantly in both the
effective and full theory. Expanding the dimensionally regulated matrix elements of QCD about
the residual momentum, one would expect an IR singularity - reflecting the Coulomb pole -
to emerge. This odd power-like IR divergence is set to zero in dimensional regularisation; the
EFT has identical IR behaviour which is consistently put to zero by dimensional regularisation.
Crucially, we are taking into account all the non-analytic behaviour in the heavy quark masses
coming from high momenta such as in QCD logarithms, for instance.

The MS scheme is employed throughout for both UV and IR divergences. As was done
previously, we avoid on-shell WFR and stick to MS [316]. The scheme is followed to avoid
identifying the UV divergences in the on-shell (OS) scheme which correspond to a WFR constant
and subtracting them accordingly, this is less straightforward than employing MS throughout.
The price to be paid for this choice is that the heavy quark fields cease to be adequately
normalised - hence one requires the proper WFR factor, Z, to be included when calculating the
on-shell matrix elements, for instance, in QCD one has,

3
Z9%P =14 Cp= (4Lm - 1) +0(a2), ZNP =1, (6.50)

To be clear, Z only contribute at one-loop order in the equal mass case, the amplitudes of
which are illustrated in Fig. 6.4. Lastly, we note that in our calculation, the Wilson coeffi-
cients in Eqgs. (6.4) and (6.5) are invariant under local field re-definitions as discussed in detail
previously [218].

6.5.1 Unequal Mass Case

In the unequal fermion mass case, annihilation diagrams do not contribute, and thus we are
left with the box diagrams present in Fig. 6.3. The aforementioned Coulomb singularity and
the mechanism by which it vanishes is identifiable. The upshot is that a suitable dimensionful
parameter - the relative momentum of the heavy quarks - is not present in the calculation. Thus
dimensional regularisation has no way to reproduce the Coulomb pole which was pointed out
and discussed in detail in Refs. [316,323].

We re-calculate the following known QCD matching coefficients in the large m; 2 limit and
confirm the result of [316],

dss = — Cr ((’;A - CF> m;fm% {m% <L2 + ;) —m3 <L1 + ;) } : (6.51)
dsy = CF (C;A - CF> mga_gm%mlmzlq,z, (6.52)
o= (er20) g ot 1 2) )

i S fnamm {’”3‘ (L2 i 13?) s <L1 i 13?) } ’ (6.53)
dyy = mmlmgm,g + 4(7?%4?%7%%) {m% (L2 + 1;) —m3 (L1 +3) — 3m1m2L1,2} . (6.54)

Note that imaginary parts appear in Wilson coefficients, this occurs often and are qualitatively
related to the inelastic cross sections which are unattainable with NR theory alone. Moreover, the
decay width of heavy quarkonium states into light hardons are also implicated in the imaginary
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Figure 6.3: Relevant diagrams for the matching of the four-fermion operators at one-loop order
and O(1/m?) in the unequal mass case. The incoming and outcoming particles are on-shell and
exactly at rest.

parts, which has been previously calculated [73|, which agrees with our results. The O(aasy)
real EW corrections, which we define as d;j, to these coefficients will be presented in the limit,
m1 > mo, Mew, where Mgw labels bosonic masses in the EW sector. We choose this limit for
compactness mainly but the full result up to O(a?) in the analogous limit to the QCD result is
included as an arXiv ancillary file of Ref. [161]. We note that at O(aas), d., = d,, = 0, and
what remains to display are the following coefficients,

1 2
di}s = Qg { <]. + 3L2 + 12¢m — 4?”1’27:7'1' - 3T1’w7“2’w |:3L1 + 7L2 + ; - 927T:|

24
9 1, \1 15 171
7127’%,11) |:2 + ”T] - 27’%’11)7,71') 872 =+ Tw |:L2 + 3:| 02} ) (655)
dl,, = aas L 55+ 15Lg + 677 L2+1—1 + 3673, L12 1
vV 792 ;W 3 ;W ’ 82
5 55\ 1
Iy S 6.56
+(242+72)c2}’ (6.56)

where the EW parameters present in this expression mimic the definitions present in Section 6.4.

6.5.2 Equal Mass Case

When considering the equal particle case more amplitudes are involved since annihilation pro-
cesses are now allowed and must be taken into account (see Fig. 6.4). The inclusion of annihi-
lation processes, most significantly, includes, at leading order, the tree level contributions. We
confirm the previously calculated matching coefficients in pure QCD,

g, = aiCr (C;A - CF) (2 =2l +im), (6.57)
dg, =0, (6.58)
a? 3 .
dyy =3 (—20A + 4C’F> (2 — 2ly + i), (6.59)
c Qg Nf 5 8 1
dvv*( 71—0‘5){1+ T |: 6 <L1+212 3) 9+3L1:|
11 109
+Ca {—12L1 + 36] - 4OF} , (6.60)

where ls = In(2). The O(a, aas) EW corrections to these coefficients, defined as df;-, will be

presented in the following limit, m; > Mgw > mo. This limit is again chosen for compactness
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Figure 6.4: Relevant diagrams to the matching for four-fermion operators at one-loop order and
O(1/m?) in the equal mass case. The incoming and outgoing particles are on-shell and exactly
at rest.

but the full result up to O(a?) is included as an arXiv ancillary file of Ref. [161],

dg; =« {—4(12777{1” +asCr (;2& - é) Clz + oCr (—; + %Ll — 4riw + 2857{le> 512} , (6.61)
d°, = aa,Cr { (; + 332L1> S% + (?25 + 32L1> 612} , (6.62)
& =a { (—17; + o Lll - %CF + ;—SCFLl - izg - ém]) SiQ
+ <?ZZ + s Bz - %CF + %Cplq - %lg - izw}) C% + 196i7ras} , (6.63)
dfjlv = aa, {(898 + %Ll - ?Ll,z + %Tl,z - 2;T7“1,w7‘z,w> + clz (iZLLZ - 37621>
iz (leLw’Z — g — %LLZ — %riw + %r%’w — gWTl,wTh,w — %Wrihriw + % (lg - Z’LTI‘)
~grh e b 2im) + ik (20 + ot Lk e + prlula + o) b

(6.64)

6.6 Discussion

To underline our discussion the full set of EW corrections to the two and four quark matching
coefficients is presented in Tables 6.1 and 6.2, respectively. We avoid taking any limits and plug
in the latest SM parameters to compare with the known QCD result. The reason we choose
the full expression up to the order we are considering is to maximise accuracy and we focus
on comparing the real parts of the Wilson coefficients. For our comparison we choose for our
renormalisation scale, yu = Mz, m1 = my(Myz), ma = my(Mz) and the coupling, as = as(My)
and the parameters were taken from the latest PDG review [167]. We will begin by considering
the b; and ¢; Wilson coefficients factoring the two quark operators. By inspection of Table 6.1,
at the renormalisation scale we are inspecting, it is clear that the EW corrections alter the
Wilson coefficients significantly. Moreover, the size of these corrections varies widely depending
on the coefficient under consideration and this provides further credence to the lack of reliability
of naive order of magnitude estimates. As for the new parity-violating operators, they come
equipped with non-negligible matching coefficients of similar order of magnitude to the ones
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Coeft. €0,2,4 Cp cDh cs W, CW, Cq M

QCD 1 1.04 1.192 1.08 0.996 -0.004 0.04 0.076
EW corr. 0 0.0006 | -0.1012 | 0.0012 | -0.0639 | -0.0629 | 0.0006 | -0.0509
Coeft. b07172 b3 b4 b5 bﬁ b7 bg bg

EW corr. || -0.002 | 0.024 | -0.002 | -0.04 | 0.02 | -0.04 | 0.042 | -0.002

Table 6.1: Three-point matching coefficients with 4 = Mz and SM parameters taken from PDG.

Coefl. dss dsy dys dyy ds, ds, ds ds,
QCD 0.02 | 0.0004 | -2.269 | -0.038 | 0.0018 0 0.003 | -0.366
EW corr. || 0.093 | -0.077 | -0.2734 | 2.145 | -0.134 | 0.002 | -0.014 | -0.034

Table 6.2: Four-point matching coefficients with the equal and unequal mass cases distinguished
by the superscript, ¢, with 4 = Mz and SM parameters taken from PDG.

factoring the parity-preserving operators. On the other hand, the matching coefficients of the
four quark operators vary even more strongly in both the QCD and EW sectors. If we now
consider Table 6.2, we may focus on the largest Wilson coefficients in QCD which are d,s and
dS, in the unequal and equal mass cases, respectively. The EW corrections to these coefficients
are an order of magnitude smaller which align well with naive estimates, i.e. O(aas). However,
the largest EW contributions which arise in d,, and df, are of the same order as the largest
QCD coefficients and further justify the necessity of including them in precision calculations.
We end by noting that these results were achieved with the help of Mathematica accompanied
by the package, FeynCalc [298], to compute the necessary amplitudes and deal with the algebra.
We employed further sub-packages of FeynCalc such as FeynHelpers [299] which reduces and
provides explicit expressions for one-loop scalar integrals by connecting the reduction package,
fire [300], with the analytic scalar integrals program, Package-X [301]. Lastly, we employed
the FeynOnium sub-package, for dealing with calculations in the NR limit [302].

6.7 Summary

The matching coefficients of the NRQCD Lagrangian have been computed at one-loop up to
and including terms of order O(1/ m‘é)) with QCD as the full theory, confirming previous results.
The Lagrangian was then extended to include the leading QCD+EW and EW corrections at
one-loop, of which various limits were presented and discussed. New parity-violating operators
were found to be necessary for the two quark terms in the effective Lagrangian, and we showed
them to be frame independent. The new terms arose due to the SM being parity-violating
and new Lorentz structures emerged that are not present in the NR limit of QCD; thus, the
matching coefficients accompanying said terms exhibited EW corrections purely. When studying
the four quark operators, we considered both the equal and unequal external heavy quark mass
cases. We rounded off by comparing all the matching coefficients for a particular renormalisation
scale with and without EW corrections and found the contributions from the EW regime to be
relevant. Therefore, we recommend their inclusion in future heavy quark precision studies. Our
full results are contained in the ancillary file submitted along with Ref. [161] on the arXiv.
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Chapter 7

Two-loop Electroweak Form Factor
Corrections

In this chapter we compute the massive gauge and scalar corrections to form factors up to and
including two-loop orders. The corrections are calculated for processes involving two external
fermions and scalars in the spontaneously broken SU(N)-Higgs model, examining a range of
composite operators. The formalism we deploy is applied in both the Sudakov and threshold
energetic regimes. We further discuss how our form factors can be mapped from our model to
the Standard Model and beyond. This Chapter is based on Ref. [325], reflecting the author’s
contribution.

7.1 DMotivation

The often addressed form factor is a crucial building block in the perturbative analysis of scat-
tering processes occurring at the LHC and future colliders [326,327|. It is also the simplest
amplitude which can be used to study the IR structure of the Standard Model and beyond.
For reference, the QCD form factors of massless quarks have been evaluated through to the
three-loop level [328] and even recently towards four loop orders [329-338]. On the other hand
for massive quarks in QCD three-loop results are available thus far [339-341]. In our study, we
consider massive gauge and Higgs corrections to the form factor for scalar, fermion and mixed
external particles on a range of operators, checking and extending the results of [76] to two-loop
orders. Furthermore, unlike previous work which focus solely on the Sudakov regime relevant
for LHC studies, we also consider the threshold regime appropriate for future high precision
colliders (218,341, 342]. When the COM energy of a process is large compared to predicted
masses in our theory, this is known as the Sudakov energetic regime. For instance, with regards
to the SM, LHC partonic processes lie in this regime as the COM energy is /s ~ 14 TeV,
which is an order of magnitude above the largest SM masses. Radiative corrections of both
exclusive and inclusive scattering processes include terms with up to two powers of large loga-
rithms, In (s/ MI?V/Z), known as electroweak Sudakov logarithms [343]. Such logarithms cause a
break-down of fixed-order perturbation theory and thus, resummation is necessary at all orders.
Thus far, the literature on EW Sudakov effects in most cases focuses on employing IR evolution
equations to deal with computations [75,344-351].

One can see the so-called Sudakov logarithm as an IR logarithm in EW theory, as it diverges
in the small EW mass limit. Naturally, this calls for the use of EFT, in which the IR logarithms of
the full theory are convertible to UV logarithms in the EFT, and then summable using standard
RG techniques. In this regime, the appropriate effective theories are SCET and heavy particle
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effective theory (HPET) for both fermions and scalars [259, 260|, which have been previously
used to study high energy EW Sudakov corrections [76,352|, and to perform resummation.
This paper studies high energy EW Sudakov corrections in the EFT formalism, expanding on
previous work [76,352,353|. With regards to studies in the high energy (Sudakov) regime, many
observables have been found to a high level of accuracy. For instance, inclusive top quark pair
production cross-section uncertainties, now are at around 3 — 5% for a fixed top quark mass of
my = 172.5 GeV [354]. Moreover, although precision measurements are crucial for testing SM
predictions, BSM physics can hide as anomalies within the uncertainties. Thus, to discover or
rule out signs of BSM physics, further precision is necessary than what can be provided by the
LHC, and indeed, a future high precision collider which operates at threshold energies along
with theoretical studies can achieve that [355,356]. In the threshold regime, the processes we
consider have a COM energy, /s, near equal to the sum of the on-shell masses of the particles
produced. Radiative corrections to scattering processes at threshold depend on the large on-shell
external particle masses, as well as EW masses which are significant and, again, must be taken
into account. We note further that in the threshold case, we take the gauge and Higgs masses
to be IR as in the Sudakov case. Although there is extensive literature on QCD corrections
at threshold, there is much more that needs to be achieved when considering EW and even
BSM physics. The effective theory we employ at threshold is HPET along with standard RG
techniques to perform logarithmic resummation.

In this work, we generalise previous results in a gauge-invariant fashion to massive scalars and
fermions, incorporating the Higgs sector. Moreover, we study the threshold regime, as in previous
works only the Sudakov regime was considered. We take the EFT analysis to two-loop orders to
match the highest precision IR evolution results keeping the EW gauge boson and Higgs masses
non-degenerate [75,348|. We choose to study form factors instead of specific collider processes
since they form the building blocks for a vast array of processes. In particular, they can be
employed to study di-jet, tt, squark pair, and DM production in various models [353,357-359)].
Previous and future results on processes are attainable from our results by external particle pair
summation. Group-theoretic factor replacements are necessary as well since the model we study,
SU(N)-Higgs theory with SSB, is selected for generality. Moreover, the various set of composite
operators, we look into allows future studies to be derived from our results. To illustrate such
derivations, we apply our formalism to EW corrections in the SM for the case of light quarks,
leptons and the top quark as external particles.

7.2 Full and Effective Theory Formalism
7.2.1 SU(N)-Higgs Theory and the Standard Model

Our calculation is set in a spontaneously broken SU(2) gauge model, however we keep our re-
sults quite general, i.e. not substituting numerical colour factors and sticking with composite
operators so that our results are more conveniently mapped to more specific models for pheon-
menological studies. In particular, with regards to the SM, the mapping of our model to the
SM has been studied in detail previously [75,76,353|. Our model lacks solely in representing
mass eigen-state y-Z mixing, this occurs in the SM when the left-handed fermion SU(2) isospin
group mixes with the U(1) hypercharge gauge group.

In our model the EW fields, W* and Z, are replaced with equal mass neutral SU (2) gauge
bosons, W® : a = {1,2,3}. We label the SU(N) generators by 7% : a = {1,...,N? — 1}
in the fundamental representation. The Lie algebra provides structure constants f*¢ with
Casimir operators for the adjoint and fundamental representations given by, C'4 = N and
Cr = (N? —1)/2N, respectively. Moreover, we take the convention, tr(7T?) = Trd%, and

88



even in the specific case of N = 2 for SU(2), we remain with the general symbols rather than
the specific values, which makes our results easily convertible for specific models. For instance,
in the SM which includes the U(1) hypercharge gauge group. For SU(2), the generators are
T = 0%/2 : a = {1,2,3} with Pauli matrices, 0%, and f®¢ = ¢2*¢. With the above specifications
we may now state the SU(2)-Higgs Lagrangian in the t’Hooft-Feynman gauge,

L=Ly+ L+ Lym+ Lar + Lgh + LHiggs + Lyuk- (7.1)

The Lagrangian is split into a few parts; £, and £, which describe the fermions and scalars
(external particles), respectively; Lyn and Lgp corresponds to the massive Yang—Mills (YM)
and gauge-fizing (GF) terms, respectively; Ly describes the Faddeev-Poppov (FP) ghost fields;
Liiggs corresponds to the free Higgs Lagrangian which induces SSB and lastly, Lyyx entails the
Yukawa interaction terms which provide mass to the external fermions and scalars.

Fermions/Scalars Let 1;(x) and x;(z) correspond to Fermions and scalar fields with sub-
scripts labelling fields as we consider different incoming outgoing external states for generality.
The Dirac and scalar Lagrangians then have the following form,

Ly =hiilDy, Ly = DX DFyy, (7.2)

where D, = 0, — W, T, W (z) is the gauge field as previously defined and g corresponds to
the SU(N)w gauge coupling.

YM and Gauge-Fixing The Yang-Mills and gauge-fixing Lagrangians have the usual form,

1 1
Lym = ——F%,F"*  Lop = ———F} 7.3
YM TR ; GF 2y W (7.3)
such that F¢, = 9,W2 — 8,WS + gf"**WiW and Fyy = (W} — &w My ¢*)T® where ¢ is
the Goldstone boson field and &y the linear t’Hooft gauge fixing parameter.

FP-ghosts In order to compensate for the effects of the unphysical components of the gauge
fields in Lgp, one introduces the Lagrangian,

Lo = —i(0"e") DL — & M ec?, (7.4)

with FP-ghosts, ¢*(x),¢*(x), and DZI’ = 0,0% + gfabCWﬁ.

Higgs and Yukawa The Higgs sector is defined by a complex scalar field, ®(x), coupled to
the gauge fields in the minimal Higgs Lagrangian,

Ly = (D,®)'D"® — V(|®]%), (7.5)

with a potential, V (|®|?) = %(|<I’|2—v2/2)2. The Higgs potential is defined such that it gives
rise to spontaneous symmetry breaking. Meaning the parameters, A and v, are chosen in such
a way that the potential minimum occurs for a non-vanishing Higgs field. More specifically, the
scalar field ground state is non-zero,

2

(@)P= 5 #0. (7.6)
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In perturbation theory one has to expand around the ground state and the Higgs field is written

as
1

d=—((H+v)+i¢"T?), 77

7 (( )+ i*T) (7.7)

where H and ¢% have zero vacuum expectation value and are real. The physical Higgs field is

labelled H and the Goldstone bosons which encode non-physical degrees of freedom are labelled

¢®. Inserting Eq. (7.7) back into the full Lagrangian, £, provides mass to the Higgs field and

W-boson,
My = \@v and My = %”, (7.8)
respectively. As for fermion and scalar masses, these arise from the Yukawa-like interactions,
Lyux = —Y5.i0i®; — ys,ix,T<I>xi + h.c., (7.9)

where yr; and y,; are the Yukawa couplings for the fermions and scalars, respectively. After
spontaneous symmetry breaking, i.e. inserting Eq. (7.7) back into Eq. (7.9), results in mass
terms for said fermions and scalars,

Lyvuk = —V2(ysitbitki + ys,z‘XIXz’)(H +v), (7.10)

therefore we can re-write,

g My _ g
my = V2v0y; = yp = = Yy, 7.11a
v W A My T2y (7112)
2
m VYs = = , .
X Yo s 2v2 My 22 ° ( )

and in this notation the Lagrangian becomes,

Lyuk = —myg, Pihi — m? xIxi — ng,iHlﬁiwi - gYs,ingxi, (7.12)

where hy , is conventionally used in Feynman rules, as given in Appendix A, which we attain
by expanding each term in the full Lagrangian.

7.2.2 Heavy Particle Effective Theory

In the case of fermions we deploy HQET, which we describe briefly in this section but refer
to other works for more detail [64,153,360]. HQET is useful when considering a bound state
of a heavy quark with mass m > Aqcp, and light quarks with mass smaller than the colour
confinement scale, Aqcp. The heavy quark interacts with the light degrees of freedom at an
energy scale of order Agcp. Whence, one can perform a system momentum decomposition,

p* = mut + k¥, (7.13)

such that the velocity of the heavy quark, v, is usually normalised with v? = 1, and the residual
momentum, k, is small and labels light quark interactions. The first part of Eq. (7.13) is
approximately conserved in processes and represents the energy of the heavy quark. The second
part parameterises the remaining momentum due light and heavy-light quark interaction, such
that,

|k|~ O(Aqcp) and  m > Aqep. (7.14)

Therefore, we have a scale hierarchy which is a requirement for an EFT and upon which HQET
was founded.
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We now derive the HQET Lagrangian for a quark coupled to our SU(N) gauge and Higgs
fields, the full theory Lagrangian is given by,

L= (il —m)p — SV Hipy, (7.15)

such that D* = Ot —igW*# and Y} is the Yukawa coupling as previously defined. By introducing
the projection operators [84],

Py = #, (7.16)
and two eigen-functions of these operators,
hy = e™ TP, (7.17a)
Hp = ™" P_qp, (7.17b)
we then perform a spinor decomposition,
Y= 1;r¢¢+ 1;¢¢:6_im”'x(hf+ﬂf)a (7.18)

where the field and anti-field are given by Hy and hy, respectively. These fields satisfy the
relations, phy = hy and yHy = —Hy and heavy field external states are explained in Ref. [153].
Now, substituting Eq. (7.18) into Eq. (7.16), employing identities and using the anti-field, Hy,
equation of motion to integrate it out, the HQET Lagrangian is arrived at,

Luqer = hyiv- Dhy — ngHﬁfhf +O(1/m), (7.19)

where we neglect terms of O(1/m) in our derivation as they are heavily suppressed. The heavy

quark propagator is thus,
1 1+9

Sk) = k-v4+id 2 7
with residual momentum, k&, and the vertex couplings are given in Appendix A.
To derive the heavy-field limit of a real scalar, or spin-0, field, it is very similar to the
fermionic, or spin-1/2, derivation. One takes the full theory Lagrangian to be that of a complex
scalar field, x, with mass, m, coupled once again to to our SU (V) gauge and Higgs fields,

(7.20)

L = Dux' D'y —m*xx — %YsHXTX (7.21)

Motivated by earlier studies [361-363], we then decompose the scalar field in the following way,

—imu-x
e

ANV

where again, H, is the anti-field containing the heavy modes, which needs to be integrated out.
More specifically,

(hs + Hy), (7.22)

(tv-0+m)x (7.23a)

H, = (—iv-0+4+m)x, (7.23b)

and plugging Eq. (7.23) into Eq. (7.22) gives,
iv-0Hs = (2m +iv - 0)hs. (7.24)
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Hence, substituting Eq. (7.22) and Eq. (7.24) into the Lagrangian given by Eq. (7.21), and using
the equation of motion, one obtains the heavy scalar effective theory (HSET) Lagrangian in our
model,

Luser = hiiv - Dhy — gYSHh;hs +0O(1/m). (7.25)

We again neglect terms of O(1/m) in our derivation as they are heavily suppressed. The heavy

scalar propagator is thus,
1

T kovtid
where k is again the residual momentum and the vertex coupling is also given in Appendix A.

Moreover, the HSET Feynman rules are directly attainable from the full theory rules through
Eq. (7.13) and division by 2m.

S(k) (7.26)

7.2.3 Soft-collinear effective theory

The appropriate effective theory for high-energy particles is SCET, which is defined by some
energy of O(Q), where @ is a large characteristic scale of the process under consideration. SCET
preserves the modes of the full theory with small invariant mass in comparison with Q2. To
describe fields in SCET, null vectors, n and 7, are necessary where n = (1,n) and n = (1, —n).
The three-vector, n, is chosen to be a unit vector, thus, n-n = 2.

When calculating the Sudakov form factor, we choose the Breit frame where n and 7 to be
along the ps and p; directions, respectively. The momentum transfer is labelled by, ¢ = p2 — p1,
and has zero time-component. We work with light-cone components, which for a four-vector,
p, are defined by p™ = n-p and p~ = - p. In our problem, p; = py| = p; = poy = 0, and
Q? = pfpg , which is reflected in our Feynman rules, see Appendix A. When a field is moving
approximately along n, it is describable by an n-collinear field, &, ,(x), in SCET where p labels
momentum, with components 7 - p and p; [259,260]. Kinematically, the field, &, ,(x), describes
a particle with p? < Q%. We can now define power counting in SCET,

P ~Q, pt~Q2\ pL~Q)\ (7.27)

with small expansion parameter, A, useful for power counting. The SCET field, &, ,(x), has
momentum p + k, where as in HPET, k is the residual momentum, except in this effective
theory, k is of order QM.

On the other hand, the gauge fields in SCET are, W), ,(x), Wi ,(x) and W (z) which corre-
spond to n-collinear, n-collinear and witrasoft (US) fields. The US fields in SCET are the same
as those present in other well-known effective theories [141,364]. The n-collinear fields scale in
momentum as,

pT~Q pt QPN pL~ QA (7.28)
whereas the scaling of n-collinear fields is given by,
pt~Q, pT~ QA pL~ QA (7.29)

The US fields scale simply as pT ~ p~ ~ p| ~ QA2 The SCET fermion Lagrangian at leading
order is given by [259],

— 2 —
- . D n
Lee = Enpy <m D+ M%p) &npy (7.30)

such that iD* = i0* + gW* is the US covariant derivative. The associated fermionic SCET
propagator is then given by,

S(p) = (7.31)

NS

n-p
p2
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At this stage we define the projection operators for fermions in SCET,
%7 Pﬁ = Zja
where P&, p = &np, Prép = 0 and the converse holds for & ,. We further note that the large
scale @) is not integrated out completely in SCET. The scale is implicit in the field labels and
Q may appear in the anomalous dimension, however 2, which appears in the full theory, may
not.

We also require SCET analogues for scalar fields. Let ®,, be the scalar analogue of &, ,
which describes a scalar particle moving approximately along n. One normalises the SCET field,
®,, », in the same way as the full theory field, ¢, producing scalar particles with unit amplitude.
The scalar field kinetic energy term in the Lagrangian then becomes,

P, = Pi+ P, =1, (7.32)

D¢ D¢ — @ (- p)(in- D)+ pi) Py (7.33)
in SCET. It is also convenient to re-define the scalar field as follows,

Gnp = V1 pPrp (7.34)

in terms of which the kinetic term becomes,

2
£¢¢ = (bIL,p (Zn D+ (fj_p)> ¢n,p (735)

with identical normalisation as Eq. (7.30). The re-scaled scalar propagator is given by,
1 n-p

IO RS

. ; (7.36)

Hence, ¢y, as defined, creates n-collinear scalar fields with amplitude, /7 - p.

7.3 The Form Factor

In this work we consider the Euclidean form factor given by the on-shell scattering amplitude,
Fr(Q?) = (p2| O |p1). The external particles have momentum, p? = m?, and are scattered by a
set of operators O, with transfer momentum, Q% = —(pa —p1)? > 0. The time-like form factor is
given by analytically continuing, F(s) = Fg(—s —0%"), implying In Q%/u? — Ins/u? —ir. We
are interested in Fp(Q?) for scattering of fermions, O = {¢pyte), ap, hat¥ep} = j = {1,2,3},
scattering of scalars, OU) = {xTx,i(D*xTx — xTD"x)} : j = {4,5}, and mixed scattering
with, OU) = {4, xT¢} : j = {6,7}. We consider gauge singlets operators as in previous
studies [76,352]. Thus, the external particles have the same gauge quantum numbers, but
differing mass. We then compute the form factor, Fg(Q?), in the EFT approach with a set of
theories, each appropriate at a particular scale.

To illustrate the matching, consider the Sudakov regime. At scales higher than @2, the model
is the original (or full) Higgs-gauge theory. As one shifts to scales below O(Q?), one transitions
to the EFT (SCET) with O(Q?) degrees of freedom integrated out. The IR behaviour of the
full and EFT are identical but the UV behaviour differs. One must further introduce a so-
called multiplicative matching coefficient to the EFT operator to ensure that the full and EFT
operators produce identical OS matrix elements. More precisely, when matching the full theory
onto SCET at the scale,  ~ @, one attains,

(p2] O() lp1) = exp [C(w)] (2] O() [p1) » (7.37)
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where the matching coefficient, exp [C'(u)], at p ~ @ appears explicitly and can be computed
perturbatively. The coefficient is indpendent of IR physics and presented in exponential form for
later convenience. The operator, @(u) is the effective theory version of the operator in the full
theory, O(u). More generally, a full theory operator, O, may need to be matched to a more than
one operator, O;, with identical quantum numbers in the EFT [365,366]. Note that C/(y) will
contain logarithms, In 2/Q?, and do not produce large contributions when u ~ Q. Although
we choose u = @, any value of O(Q)) may be chosen as well, and all physical observables do
not depend on the renormalisation scale, p. The convention we follow is to pick the coefficient,
c(p), of O in the full theory, to be unity at © = Q. Our choice then provides the normalisation
for Fp(Q?), and ¢(Q) = exp [C(Q)] is the SCET operator coefficient at u = Q. Moreover, to do
RGE for ¢(u) between scales we use the usual relation,

W29 — (el (7.39)
with anomalous dimension, v(u), of the EFT operator, O. We then repeat these steps of match-
ing and RGE as we shift between well-separated energy scales, integrating out the appropriate
degrees of freedom along the way. The EFT approach is superior to IR evolution as it divides
a multi-scale calculation into multiple single-scale pieces which are simpler to work with. One
can then trivially identify so-called universal quantities which exhibit scale independence.

For reference, our notation mirrors previous work [76,352], and is as follows, we use a(u) =
a(w)/(47), and for applications to the SM, a;(u) = «;(p)/(47) such that i = {s,2,1} represents
the couplings for QCD, SU(2) and U (1) interactions. Hypercharge is taken to be normalised such
that @ = T3 + Y. We further employ the abbreviated notation, L4 = In A?/u?, for logarithms
present.

7.4 Renormalisation

7.4.1 Field Renormalisation

The OS renormalization of the external scalar/fermion fields in our form factor expansions
is done when the vertex contributions are multiplicatively renormalised. The renormalisation
factor, Z, is known as the scalar/fermion wave function renormalization (WFR) constant. The
OS self-energy corrections, ¥, at p> = m? define the WFR constant as we will describe. The
external fields we study are, {1, x, hf, hs,&np, Onp}, and letting {7, J} denote these fields such
that Vyy and Z;; = \/Z;Z; correspond to the vertex and wave-function contributions, we have
the perturbative expansion,

Vig=1+aV) +a®V) +0(a®), (7.39)
Z; =1+ a2V +a252% + 0(a®). (7.40)
Therefore, the WFR is given by,

2 1 1 1
Ziy=1+3 (020 +020) + 5 <5Z§2> +92) + Jozitoz) — L0zV) - 4(5Z§1>)2) .
Whence, the total form factor, Fry = V21, up to order o, can be written as follows,

1 1
Frj=1+a {V}}) +5 (02" +925") } +a? {V}i) +5 (027 + 92

1 1 1 1. a 1y 1
+5 (62" + 9237 ) Vi) + JoziVezf) - <

(62V) - ;(5251))2} . (7.41)
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Figure 7.1: Two-loop self-energy graphs, arrowed lines represent all incoming-outgoing particles,
dashed lines correspond to bosonic propagators. (a), (b) are seagull terms and only occur with
scalar propagators, (h)-(j) and (c)-(g) represent Abelian and non-Abelian corrections, respec-
tively.

With the above notation we may now discuss how to obtain the WFR constant, Zj, for the
spin-{0, 1/2} fields we study. In all cases, the WFR contributions are garnered from self-energy
amplitudes, 7 [84,115].

Before determining WEFR contributions for our fields of interest, we note that collinear SCET
and full theory field WFR contributions are identical |76,259]. Whence, we only need to outline
how to obtain the wave-function contributions to the form factors for the full theory and HPET
fields.

Scalar field: For massive scalars of momentum, p, and mass, m, the self-energy amplitudes,
as shown in Fig. 7.1 are of the form,

¥y = —i%, (pP)1. (7.42)
From this we may extract the WFR contributions in the following way,
i .
6ZX = Ztr(8p22X|p2=m2)‘ (7.43)

The massless case is identical except one takes p? = 0 instead.

Fermion field: In the case of fermions of momentum, p, and mass, m, the self-energy ampli-
tudes are of the form, )
Sy = =i (Sy () + ZE(p*)m) 1, (7.44)

where the super-scripts, V' and S, denote vector and scalar contributions, respectively. From
this we may extract the WFR contributions,

0Zy = {SV(m?) +2m?*d,2 (SV(p?) + 25 (0%)) |pemm2 } - (7.45)

The massless case simplifies as p? = 0 instead and the terms proportional to m? vanish.

Heavy fields: Lastly, for heavy scalars and fermions, h, of momentum, p, and velocity, v, the
self-energy amplitudes are of the form,

Sp=—i{f (v-p)+ X (Mp)} 1, (7.46)
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Field | m | M YA 572
C Y7 2 2 (0,0

vl <2F+1Jé>{€IR_€UV} By
0,M
Yoo | M % (= EUV+1+2LMW>+%< 2~ 1+ 2Ly, ) FOAD
Ce( 2 4 Yy 2 (m,0)

Ym0 ( v ang —4+3L )+ 6( o Ty T4 6L> F,
/ M
Yo m | M %(—EUV—8+2LMW—P)+%(—%+14+2LMH—P> Ry
Cr 4 4 (0,0)

X 019 ; 2 {GUV 6IR} FZ‘ y
Y? c ,

x |0 M —azt T eUV+3 4LMw) B
Cp(_4 _ 4 v? ( ) (0,M)
X m 0 2 (€U2V' EIR)+4m2 2€IR+1 L Fz( )
Y o, C M

x | m| M — gz S +TF(%—4LMW—|—S> "
- Crp(_ 4 _ 4 Yf(_2 L) (0)

by, 0 2 (EUV 61R> + 42 GUV+€IR F(hM)

C Y
hps | - | M TF(Gé\/ _4LMW>+T< 6UVJFQLMH) En

Table 7.1: On-shell wave-function renormalisation contributions. Exchanged boson masses are
M = My, g where Ly = In M?/pu?, and the external particle (scalar or fermion) mass is m.
1747)

The two-loop wave-function corrections, FI( , and the parametric integral functions, P, P and

S, S, shown in Appendix B.8.

for bosons of mass, M, coupling to the heavy fields, as in our case. We thus obtain a heavy field
residual mass term, dm, along with the usual wave function contribution,

621 = 10ppSh|vp—o (7.47)
omyp = —iXp(v-p=0). (7.48)

The residual shift in the heavy particle mass, dm, occur as a result of divergent loop integrals
with odd-powered loop momenta, [, and dm is not analytic in M?. Residual shifts of his kind are
known to occur in mass corrections to particles with [-v propagators [367,368|. Integrals such as
these are finite but not analytic upon dimensional regularisation. In the HPET Lagrangian there
is both mg and dm which are not independent of each other. Thus, one can pick mg — mg+Am,
om — dm — Am, and for convenience, define mg such that dm is not longer present. This choice
is known as the pole mass [286], and as in previous work we stick with this convention.

7.4.2 Mass and Coupling Renormalisation

Our loop calculations up to two-loop order are done with the bare (unrenormalised) Lagrangian
and thus Feynman rules. We thus have to multiplicatively renormalise the bare mass and
couplings with their respective constants. Although this does not alter the bare two-loop results
at O(a?), the one-loop bare parameters must be replaced by the renormalised ones as terms
will appear which contribute at two-loop order. In our work we employ the MS scheme for the
coupling renormalisation and the OS scheme for mass renormalisation. With the OS scheme,
one defines the (physical) renormalised mass squared as the real part of the propagator’s pole.

In the case of coupling renormalisation the replacement can be applied naively as shown
below. However, in the case of mass renormalisation, say given a mass M, with replacement (we
denote the bare quantities with index, 0),

MZ = M? 4+ 6M? + O(a?), (7.49)
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in which 6 M? corresponds to the mass contribution, the masses to be renormalisaed often appear
in terms of the form (u?/M?)¢ or in powers of logarithms. Thus the substitutions at one-loop

() - (o)

0 p
_0M?

which, when applied provides corrections of O(a?). For the particles we are considering below,
the renormalized quantities and renormalization constants are defined as follows,

ag=(1+Z,) (7.52a)
My = M, + 6 M, (7.52b)
Mo = M + M (7.52¢)
mio = mi + 5mi (7.52d)
Map,0 = My + 61y, (7.52e)

where the subscripts ¢ and x indicate that the masses belong to fermion and scalar fields,
respectively, that appear externally in the form factor.

7.4.2.1 Coupling Renormalisation

In the MS scheme, the bare coupling ag is renormalised to the physical coupling o with the
following relation,

ag=(14+6Zy)a =« <1 — aﬁo) + 0(a?), (7.53)
41 eyy
such that [y is the leading (one-loop) renormalisation group beta function coefficient. We note

that By has the following form,

11 4 1
where the terms proportional to C'4 and ny correspond to the non-Abelian and fermionic contri-
butions, respectively, while the last term corresponds to a Higgs contribution. Thus by applying
the substitution in Eq. (7.53) to our one-loop form factors, we get terms which contribute at

O(a?).

7.4.2.2 Gauge Mass Renormalisation

As this is the first case of mass renormalisation we consider we will discuss this in detail, at
the amplitude level. The bare mass, Myy,, is related to the renormalized mass, My, by the
self-energy corrections of the gauge boson, given by,

19 (p) = 6% g p2T1(p?)1 + terms o< pHp”. (7.55)
After extracting II(p®) from the amplitudes with the help of the projection operator, P, =
v — P ;é’”, the renormalised mass is given by setting dM2, = —MEVH(MI?V), and we may check

various contributions at one-loop, up to O(e), where € are UV divergences. The results up to
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O(€?), needed for mass renormalisation contributing at two-loop orders is provided in an arXiv
ancillary file of Ref. [325]. We begin with the self-energy contributions from the fermion loop,

4 3
H(Ma/)nf = _§Tfnf {5 + 3im + P 3LMW} + O(e), (7.56)

where as we stated before, a(p) = a(u)/4m. Next, we have contributions from the non-Abelian
gauge boson and ghost field loops,

51
(M ) wwiee = gcA {82 —12V27 + — - 51LMW} +0(e), (7.57)
from the loop with gauge and Higgs boson,

1
H(M%V)WHZQ{—2—€+LMW+]\ZVlnw+r21nr}+(’)(e), (7.58)

where we define r = My /My, s = 1/M§I — 4M3V and w = 1\2/1]\5157 and finally a contribution

from the loops with Higgs and Goldstone bosons,

a 15
H(M%V)w = ECA {34 —-3V3+ - 15LMW} + O(e), (7.59)
1 3 r? 31 1
0t s = 35 (340~ )+ (s 55— 5
4 4 5 3 6
r r r°s r
2! Inw— nw+ 1 O(e). 7.60
2 79 nr+ 120y nw Sy nw + 19 nr}—l— (€) ( )

Thus combining all terms provides one with the gauge boson mass correction in the replacement
rules. Moreover, we omit tadpole diagram contributions in the self-energy amplitude as they are
momentum-independent and cancel with the associated vertex and WFR tadpole contributions,
which are excluded as well.

7.4.2.3 Higgs Mass Renormalisation

As we were explicit in the previous section and broke down each contribution we will be brief now
as the above still applies and we simply state the correction. The bare Higgs mass, Mp,, and
the renormalized mass, My, are related by the Higgs self-energy corrections, X (p?) = iX(p?)1.
Extracting %(p?) gives the renormalized mass by setting § M7 = X (M%), which has the following
form after combining all contributions,

M 1
SM3, = acAoF&TW {—2er(r4 —16r% +36) + Myr(r' — 16r* + 48) (LMW - )
, €
A 9 r(s — Mpy) LIM, T 1
—s(r* =16/ +56)In [ o ) )L g W e T 2
s(r 7%+ 56) n< My + >} ar’—s5 \/nge Mw
—Inr}+ O(e), (7.61)

up to O(€), where € are UV divergences. The results up to O(e?), needed for mass renormalisation
contributing at two-loop orders is provided an arXiv ancillary file of Ref. [325]. Whence the
above provide us with the Higgs mass correction at two-loop order. Moreover, we note that the
self-energy diagrams with tadpoles have been omitted for the same reason previously described.
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7.4.2.4 Fermion and Scalar Mass Renormalisation

Lastly we discuss the mass renormalisation of the massive external fermion and scalar fields we
consider. These masses appear and the corrections contribute at two-loop order in the threshold
regime. Due to expression size we show the example of the case where the Higgs and gauge
masses are taken to be IR and vanishing. We begin with the scalar contributions; the relation
between the bare scalar mass, m,,, and the renormalised mass, m,, is determined by the scalar
self-energy corrections, %(p?) = iX(p?)1. Extracting X(p?) gives the renormalised mass by

setting (5mi = Z(mi), which has the following form after combining all contributions,
2\° 2¢ — 3)['(e — 1) ' (e)
sm2 — aevee [ X 2 ( 2 7.62
M = ae <m§<> {CFmX 21 i g’ (7.62)

where € are UV divergences. Note that the first and second term have the same dimensions by
definition of Ys in Eq. (7.11).

Next, the bare fermion mass, m,,,, and the renormalised mass, my, are related by fermion
field self-energy corrections,

S(p?) =i (Y (*)p + ¥ (p*)my) 1, (7.63)

where the superscripts, S and V, label the scalar and vector contributions. Extracting %V (p?)
gives the renormalized mass by setting dmy, = my, (Ev(mi) + x5 (mfp)) , which has the following

form after combining all contributions,

2\ €— e) Y7 €
dmy, = ae’Fe <n%> {pr - ?f (F(e -1)+ 141}2)6) } , (7.64)

where again € are UV divergences. In this case dimensions hold since Yy is dimensionless as
shown in Eq. (7.11). Note that the expansions up to O(e)? are needed for mass renormalisation.
Now we have all the one-loop terms that arise in our problem which, when replacement rules
are applied, contribute at the two-loop level.

7.4.3 Operator Renormalisation

Composite operators like ours require both WFR and subsequent subtractions [153|. This holds
for both full and effective theory operators, to illustrate, let us take, for instance, the bare
heavy-light fermion operator from HPET,

OO = GOTKY = \/Z; ZyiThy, (7.65)
with I' being a Dirac matrix of interest. The renormalised composite operator is then,
_ VL1 Zn -
0= 27,00 =~ Tl
@]
= ¢T'hy + counter term, (7.66)

such that the additional operator, Zp, is found by calculating an operator-inserted Green’s
function. Therefore, Z»n can be found from the one particle irreducible Green’s function of v,
hy and O, where the counter term in Eq. (7.66) contributes,

( Vil L 1) T, (7.67)

Zo
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to this time-ordered product. Thus, the counter term given by Eq. (7.66), must eliminate the
UV divergences present in the vertex contribution. Hence, Eq. (7.66) must be finite as eyy — 0.
Plugging in the wave function contributions, |/Z¢Z, then gives Zo by the finiteness requirement.
The anomalous dimension of the composite operator,

po(dZo
=— | — 7.68
o= 4= (42). (7.68)

is then obtained from the renormalisation constant,

Zo=14+6Zp=1-— L’}/O (7.69)
€uv

Note in this case the independence of the renormalisation of O from our gamma matrix, I,
in the composite operator. This is due to heavy and light fermion spin and chiral symmetry,
respectively. In fact, this independence holds for all our effective operators in the threshold
regime as they include operators with heavy/light fermions/scalars [153]. On the other hand,
in the full theory as well as SCET the gamma matrix plays a role and Zp varies for different
operators. In particular, in the full theory for both scalars and fermions, the scalar and tensor

currents require renormalisation while the vector currents, at all orders, do not, meaning § Z¢ is
zero [84].

7.5 Radiative Corrections in Sudakov Limit

We may now determine the form factor, In F(Q?), in the large Q?, or Sudakov, limit. We per-
form calculations up to two-loop order, extending previous studies and refraining from including
computational details which have been presented in other works |75, 76].

7.5.1 Massless External Particles

Let us consider the case of massless external particles in a fair amount of detail to begin with.
The limit we consider is thus, @ > M? > m?, where M and m denote the bosonic and
external masses, respectively. Schematically, in this case, the matching and running steps can
be illustrated as follows,

O (LQ> 60(7)1 n 60(51 preM, €C+D@2,
m,M=0 m=0
where C' and D are multiplicative matching coefficients, 1 the effective theory anomalous di-
mension and @172 the effective theory operators at each scale. At scale, u > ), we use the full
theory, and at scale, p < @, we match down to SCET with the Wilson coefficient, ¢(u). The
RGE of ¢(u) is given by,
de(p)
dp
where v (1) is the anomalous dimension for a full theory composite operator, O. The full theory
is matched onto SCET at a scale pu ~ Q.
On the other hand, the EFT has off-shell modes of O(Q) integrated out. The matching
coefficient thus depends on Lg, and these logarithms are not large if u ~ @. The full theory

= yr(a(p))e(p), (7.70)
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P2 P2

b1 p1

(0) (c)

Figure 7.2: One-loop vertex corrections, bulls-eye represents composite operator, arrowed lines
represent all incoming-outgoing particles we consider, dashed lines correspond to bosonic prop-

e ~
agators. (b), (c) only exists with the operator, O = i¢'D,¢, and EFT equivalents, O.

operator, @ matches to the SCET operator, O. More specifically,

PT — €9 (Enpy W )T (Wi p ), (7.71a)
XX = €@, W) (Wi dn ), (7.71b)
ix! BMX — (@], W) liDy + iDs], (Wi s ,), (7.71c)
DX — €% (Enps W) (Wi Br,), (7.71d)

where iDy = P+g (n- Ang) Z,iDs = Pl+g (0 A, _q) %, P are label operators in SCET and W,
is a Wilson line with n-collinear gauge fields [259]. Of course C'(p) is indeed Cj(p) : j = {1,...,7}
as it differs for each operator. We have also written the multiplicative matching coefficient as
exp [C'(p)] rather than C'(u) for convenience. Upon computing the OS full theory matrix element
with all IR scales set to zero, the matching coefficient is found by extracting the finite part
[218,369,370].

To illustrate the computation, let us consider the one-loop result. The full and EFT diagrams
to be determined are those in Fig. 7.2, except in SCET the external lines are both taken to be
collinear and graphs (b) and (c¢) are no longer identical. After combining the vertex graphs
with the wave-function and tree-level graphs, one obtains the value of the full and effective
theory matrix elements, (pa| O |p1) and (pa| O |p1), respectively. The IR scales to be set to zero
are the internal and external particle masses, resulting in scaleless integrals for the EFT and
wave-function contributions. One then combines the vertex and wave-function contributions
as prescribed in Eq. (7.41) to obtain the one and two-loop order results. Moreover, as the
masses are zero there are no two-loop contributions from mass renormalisation, only coupling
renormalisation contributes.

The EFT matrix element has no radiative corrections as scaleless integrals are null in di-
mensional regularization. Thus, both full and effective theory operators are then normalised to
have the same values at tree-level [218|,

P [C(:U’)] N mtree. (772)

When computing the one-loop graphs for O, exp [C'(u)] is given by the on-shell full theory matrix
element, normalised by its tree-level value. The particle masses are all much smaller than Q?,
resulting in contributions, M?/Q? (where M corresponds to the gauge and Higgs masses), which
are negligible.

At one-loop order, one can determine C(u) for the other operators in a similar fashion, and
these are presented in Table 7.2, where in the loop expansion, C(p) = aC'™M (1) + a>2CW (1) +
O(a®). Large logarithms are not apparent if y ~ @, in this work we choose y = @ and the RGE
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O ye) cW o®
— Y2 Y2
() —3Cr + + Cr {—GL?Q + 72— 12} + 4 {Lg -2} V9 + AC
_ 2 >
Dyap -4 Cr {72 _6Lq (Lo —3) Lo — 48} — 2L {Lg — 1} | Vi9 + ACy
— Y2 Y2
Yoty | Cp— Ce{ 6Lg(Lg—4) Lo+ —48) + -+ V@ 1 A
X'x —3CF G {-6Lg(Lg —1) Lo +7* —12} v+ Ac
Rl
ixX'Dyx 0 F{-6Lqg (Lg —4) Lg +* — 48} VA9 4 ACs
_ Y2
ox, Xt | —3Cp — 3£ Cr{—6Lg (Lo —3) Lo+ 7% — 36} V{9 + ACs

Table 7.2: Matching corrections, C'(u), to the Sudakov form factor at u ~ Q. V;(Q) are two-loop
vertex corrections. AC(u) is the coupling corrections to matching at u ~ . Both are given in
Appendix B.1. ~vF is the one-loop full theory anomalous dimension.

of ¢(u) in the EFT is described by, 1, the anomalous dimension of O in SCET. The full thoery
anomalous dimension, yp, of O is also given in Table 7.2, we avoid presenting the two-loop result
as this has been previously found for a number of operators [371].

On the other hand, 71 in SCET is used to evolve ¢(u) from p = @ — M. As previously
defined, the UV counter terms for the SCET graphs are precisely the anomalous dimension, and
can depend on @, the largest scale. UV divergences are independent of IR properties and ~; is
linear in In p?/Q? to all order [370,372], so one can always write,

2

11() = Ala(n) In oy + Bla(w) (7.73)
The anomalous dimension can be written in a loop expansion, v; = a*ygl) +a27§2) +0(a?), and is
presented for each operator in Table 7.2. By inspection, v varies solely based on the operator’s
external fields, meaning it is equal for the three fermion and two scalar operators, respectively,
and the average of the two field’s result for the mixed operator. The reason being that the EFT
anomalous dimension is dependent on the full theory IR divergences, which do not appear in
the vertex factors.

The next matching step occurs at the lower scale, © ~ M, where the massive bosons are
integrated out. The matching is done from SCET with massive bosons (x> M), to SCET
without massive bosons (< M). In our model, this is a free theory, so there is no need
for propagating bosonic modes below M. The matching coefficient at u ~ M is given by
d(p) = exp [D(p)] in Table 7.3 and is found from the SCET vertex and wave-function corrections.
More specifically, one matches in the following way,

€ (Enps W) D (Wit ) = €1 P&, 5, T (7.74a)
6C(¢L W) (W@ ) — e“TPD] By, (7.74b)
eC (@, W) liD1 + Dol (Wi @5 ,) — e“TPBY L i(P 4+ P), 5, (7.74c¢)
% (Enpa W) Wik @) — PG 1, Brip, . (7.74d)

As for the results, although we calculate up to two-loops fully for ¢(u), we have not yet de-
termined the bare two-loop vertex contribution of d(u) due to the complexity of massive SCET
integrals. As for mass and coupling renormalisation, we present these O(a?) contributions for
both ¢(u) and d(p) in Appendices B.1 and B.2. Moreover, the collinear particle propagator cor-
rections are the same as in the full theory and the US corrections vanish [259|. Thus, the WFR
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Y 7Y /Cr DPW /Cp AD®
YT ALo—6 | —L3, + 2Ly Lo —3Lay, + 5 — 27° | AD:
=
X', ix'Dux | 4Lg —8 | —L3,, +2Lan, Lo — 4Ly, + 5 g 2| AD,
ox, X' |4Lg -7 | —L3; +2Lu, Lo — 5La, +4— 372 | AD,

Table 7.3: SCET form factor contributions at p ~ M, with one-loop matching, D™ (), and
two-loop mass and coupling renormalisation correction, AD(?) (). The latter is given in Ap-
pendix B.2. 71 is the one-loop SCET anomalous dimension.

corrections are the same as in the full theory and we have these up to two-loops. For a more
detailed description on the specific one-loop SCET integrals, we point to previous work [76,252].
What remains to calculate is the bare two-loop SCET vertex contributions to have a complete
account at this order, we will leave this to future work.

The above matching steps are identical at each order, and the two-loop vertex and wave-
function graphs we calculated are shown in Figs. 7.3 and 7.1. Furthermore, we note that both
in the massive and massless external particle cases of SCET, there is no Higgs contributions in
the vertex corrections. This is because the fermion Yukawa vertex vanishes, as by construction,

ot i
P 4 4

since gt = n? = 0. Moreover, couplings of three scalars have dimension of mass, and scalar
operators have Higgs exchange corrections with sub-leading factors of Y;/@Q which we drop.
This is easily seen when using the re-scaled, ¢, ,, with a propagator of identical form to those
of fermions. The Yukawa coupling is then given by,

5n,p€n,p = gn 5n,p (775)

B (7.76)

Y
YoHXTX = Y. H®] @y = = ,sp

which is O(1/Q) as - p is of order O(Q) which suppresses any graph at each tri-scalar coupling.
Thus, scalar full theory graphs only contribute at y ~ @ in the matching, as well as scalar
effective theory contributions to the wave-function renormalisation.

7.5.2 Massive External Particles

In this section, we consider the Sudakov regime for massive external particles, extending previous
results. We are primarily interested in the limits, ) > mj 2 > M, although we will discuss
other cases that can be studied as well, in particular one that can be applied for LHC studies
of the top quark.

There are two cases to consider, Q) > mo > my > M and @ > mgy ~ my > M, we begin
with the former. Again, the Sudakov form factor can be determined with an EFT at each well-
separated scale [373]. One begins as in the massless external particle case by matching the full
theory onto SCET with a single massive particle at the scale, u ~ . The same operators are
matched to as in Eq. (7.71), except now in SCET, &, ,,, is taken to have mass, mg. Again, IR
scales in the matching are those much smaller than () and as usual are not present in exp [C(u)],
as shown in Table 7.2. Next, one runs the operator from the scale ) to ms, which can be done
with ~1, given in 7.2, as the anomalous dimension is also IR scale-independent. The matching
steps that follow lie at scales u = mo, 4 = my1 and u = M. Schematically, the matching and
running steps can be illustrated as follows,

_ " . m N
CO, M2y (CHRE, CHR@, Fom, C+RAT 3, CHRAT @, M, C+R+T+U A O,
m1,M=0 M=0 M;éO

103



Figure 7.3: Two-loop vertex correction graphs, (a)-(d) are Abelian corrections; (f)-(i) are non-

<~
Abelian, (j)-(m) only exists with the operator, O = i¢TD#¢ and EFT equivalents, (m)-(o) are
seagull terms and occur only for scalar fields.

o RW/Cp e W /Cp
sl 12 AL + T 42| Lo — 2Ly, —5 | A2, — 1L, + T 42
Xhxt ixdDpxt | M2, — Ly + 42 | 4Lg 2L, — 6| L2~ L 4T 42
Pax1 12 AL + T 42| ALy — 2Ly —6 | LL2, — Ly, + 5 +2
Xty L2 Ly + 542 | 4Lg—2Lyp, —5 | 312 — 1L, +T 42

Table 7.4: Matching and running results for @) > mg > m; > M. R is the matching at p ~ mo
and T the matching at p ~ my. The anomalous dimensions for running from ms to my are ~s.
R and T are only dependent on the spin of the light particle.

where the exponents are multiplicative matching coefficients, 7; the effective theory anomalous
dimensions and O; the effective theory operators at each scale.

Firstly, at ;4 = msg, one matches SCET to an EFT with the massive particle described by
a heavy field [153], hss, with a velocity, vo, such that v = 1. Whereas, the other particle
remaining massless continues to be described by the SCET field, &3 p,. The fermionic operators,
for instance, are then given by Bf72PW%§ﬁ7pl, and similarly for other operators [374]. The
matching correction at p = mg can be calculated from the vertex diagrams in Figs. 7.2 and 7.3,
for the corresponding external particles in the effective theories above and below mso. More
specifically, in the fermion example, the difference between graphs where &, , and hy o, for the
particle with mass, mo. Note that in the theory below mgy there are no graphs which contain
collinear Wilson lines associated with Ay, and thus such corrections do not appear. Above ma,
the graphs in this theory are evaluated with bosonic masses set to zero, as mg > M, and on-shell
at p3 = m3. Below my the graphs in the EFT are evaluated at M = 0 as well, at the on-shell
point, ko - vo = 0 where ko is the heavy particle’s residual momentum. As for the wave-function
graphs, the &; ,1 and HQET graphs both vanish on-shell. Hence, the vertex correction and
the on-shell wave-function graph for &, p, provide the matching [76|, and results are shown in
Tables 7.4 and 7.1, respectively.

We proceed then with the next matching step with the coefficient, exp [T'(u1)], at the scale,
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0 % /Cr ) U®(n)
YT 4 (wh(w) — 1) 2C g (wh(w) — 1) Lag, —
X' ixTDpx | 4 (wh(w) — 1) 20k (wh(w) — 1) Lagy, —

X, dx | 4(wh(w) 1) | 2Ck(wh(w) = )L, — (Fhw) = §0F +Y2)) Loy | U5

~

Table 7.5: One- and two-loop matching contributions, U2 at p ~ M. The latter is given

in Appendix B.3. The anomalous dimensions for running m; to M are given by 73 and are
operator independent.

1~ mq. At this scale, the theory above mj is SCET with heavy field for particle with mass,
mg, and the theory below mj, the n-collinear SCET field, &5 ;,, becomes a heavy field, hy g,
with velocity, v, such that U% =1 and vy - v9 = w. The fermionic operators, for example, are
then given by Bf,grhﬁl instead of l_zfgfwgfﬁ,pl. In the theory below mq vertex corrections due
to collinear Wilson lines do not occur, as there are no collinear Wilson lines, W, associated
with heavy fields. The matching is determined by the vertex and wave-function graphs in the
theories above minus the theories below mq, setting all scales less than m; to zero. Note that
in the theory below mq only scaleless integrals appear which are trivial and thus, the sole non-
zero contributions come from vertex contributions above m; and the n-collinear WFR diagram.
Conveniently, the matching at ms is determined by identical graphs, so T is given by R with
mo — m1, and is presented in Table 7.4.

The anomalous dimension, 3, remains to be computed for the running between m; and M,
as well as the matching coefficient, exp [U(u)], at u ~ M. These are determined by on-shell
HPET graphs, with non-zero bosonic masses, M, as they are no longer IR scales. The one-loop
contributions are presented in the last column of Table 7.5, and by inspection we see they are
operator-independent and only differ in appropriate Yukawa coupling. The function,

_ In (w+ vVw? — 1)

w? —1

h(w)

, (7.77)

is well-known and appears as a factor in the HQET anomalous dimension [153]. Note further
that in the Sudakov regime, the Higgs contribution in exp U is sub-leading as, Q* ~ mimaw,

and in this limit,

h(w) ~ h%w (7.78)

thus the gauge contribution dominates in the Sudakov regime. Later we will see that in the
threshold regime, the Higgs and gauge contributions turn out to be on equal footing. We also
present the two-loop contribution to the matching contribution, exp [U(u)], in Appendix B.3. As
for remaining two-loop contributions, we present the mass and coupling renormalisation, which
contribute at two-loop order for each matching coefficient in an arXiv ancillary file of Ref. [325].

We have a similar situation in the case ) > ma ~ my > M, which is why we left this
for last. Evolving down to m; ~ mg is the same as for the case where m; = 0. The matching
is simply given by the sum of R and T at mgy and mq, respectively [76]. Below mj ~ mo
the matching and running is identical to the previous case with anomalous dimension, 3, and
matching coefficient, exp [U(u)]. Lastly, if ma = my, then the case is identical to ma ~ my,
except one sets my = m; in all matching and running contributions.

Further Cases: We note finally, as considered in previous work |76], that there are other
cases one can compare for complete generality, in particular, one case resonates with regard to
heavy SM particles in the high energy regime. The Sudakov limit being, Q@ > mj ~ mo ~ M,
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which involves one running step with +; and two matching steps. At u ~ @ the matching
coefficient is represented by the usual, exp [C'(x)]. On the other hand, at one-loop the matching
at fr ~ my2 ~ M mimics the massless case. However, the matching condition, exp [D(u)], is
determined with massive collinear propagators, which modifies the matching in the following
way,

D(mi, M) = D(0,0) + (fa(22) = fa(22)/2) + (fi(21) = f1(21)/2), (7.79)

where z; = m; /My, fi12 corresponds to the massive collinear contributions,
fi(zi) = In(my) — 1,(0), (7.80)
where I, is the collinear vertex contribution and,
fi(z:) = 6Zi(mi, M) — 6Z;(0, M), (7.81)

is the difference between the wave-function contribution with all mass scales non-zero and the
external mass scales set to zero from Table 7.1. Both the vertex and wave-function contributions
depend solely on whether the corresponding particle is a fermion or a scalar. More specifically,
fi(z;) maps to fr(z) and fs(z) in the case of fermions and scalars, respectively, and are given
by,

1 27 L1
fr(z) =2+ < - 2> In 22 + > tanh™! +5 In? (%) — 2(tanh ™! 2)2, (7.82a)

1 1
fs(z)=1- (1 — 22) In 2 +3 tanh +3 In? (22) — 2(tanh ™! 2)?, (7.82Db)

where Z = /1 — 422, as was also found in [76]. The one-loop renormalisation corrections to
D(m;, M) that contribute at two-loop order are given analagously to the previous cases. As for

bare contributions at two-loop order, the WFR are given by F (m.M) 45, Appendix B.7, and the
bare vertex contributions are still to be determined. Thus, now that we have considered cases
of interest in the Sudakov limit, we can shift to studying counterparts in the threshold limit.

7.6 Radiative Corrections in Threshold Limit

In this section, we calculate the form factor In F(m?), in the opposite limit, i.e. small Q? and
large m?, or threshold regime. Evidently, at threshold, the external particle masses are then
taken to be the largest scale, and we consider the following three cases: mo > m1 > M > Q,
mi ~mg > M > Q and my ~ mg ~ M > (. We provide the form factor up to and including
two-loop order, which is computed using a sequence of effective field theories.

We begin by noting that at scales higher than m?, the theory is the original gauge-Higgs
theory, or so-called full theory. Moving to scales below m?, we transition to HPET where degrees
of freedom of off-shellness on the order m? are integrated out. More specifically, let us commence
with the case, my ~ mg > M > @), where m; 2 and M denote the external particle and bosonic
masses, respectively. Schematically, we then have the following matching and running steps,
illustrated as follows,

K~y 2 ~ ~ ~M ~
O L0 By By oBO, L85 BHUO
Q,M=0 Q=0

I

where B and U are multiplicative matching coeflicients, 73, is the effective theory anomalous
dimension, and O; 5 the effective theory operators at each scale. At the scale p > my2, we
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employ the full theory graphs and below, at © < mq2, we match down to HPET with the
matching coefficient, b(n), and RGE given by,

p ) o)), (78)
i
where yp is the anomalous dimension of the operator, O, in the full theory and is independent
of energetic regime as given in Table 7.2.

The full theory is then matched onto HPET at p ~ mj2. The matching coefficient then
depends on logarithms, L, ,, which are not divergent if ;1 ~ mj2. The matching is done
between full and effective theory operators as follows,

Volhy — eBhyoThyy, (7.84a)
Xix1 = ePhl yhg 1, (7.84D)
15 Byt

7/X2D;LX1 — e hs72[vl + U2]uhs,17 (7.84C)
box1 — €Bhyahsy,  xbr — GBhLth,l- (7.84d)

We can then calculate the matching coefficient, exp [B(u)], as the full theory vertex and wave-

function corrections with IR scales, M and @, set to zero. The results of which at one- and
two-loop order are given in Appendix B.4. Note that for the two-loop results, since my ~ ms
and we want to evaluate the master integrals (MIs) analytically, this can only be achieved with
MIs at a single scale, whence, we expand the bare two-loop contributions about the difference,
A, = m1 — me, to NLO. This is an accurate representation as the scale we are considering is
where m1 ~ msy and although we chose to expand to first order as is conventionally done one can
expand to any order and perform the single-scale two-loop MlIs as they are independent of the
expansion order. As for the remaining two-loop contributions, we present the mass and coupling
renormalisation contributions at two-loop order in Appendix B.4.

What remains is the anomalous dimension, ~3, between mj2 and M, and the matching
coefficient, exp [U(u)], at o ~ M. Again, these contributions are found by computing graphs in
Figs. 7.3 and 7.1, evaluated on-shell, with bosonic masses, M, included and external lines taken
to be heavy with incoming and outgoing velocities, v1 and vg, reespectively. The difference here
being that in the threshold limit,

2 2
we TIEM o), (7.85)
2m1m2
since we take m; ~ mg, and thus, h(w) ~ O(1), by inspection of Eq. (7.77). Whence, the
sub-leading Higgs contribution which was sub-leading in the Sudakov regime becomes of the
same order as the gauge contribution in the threshold regime.

Finally, we consider the slightly more involved, ma > m; > M > @ case, where mq 2 and
M denote the external particle and bosonic masses, respectively. Schematically, we then have
following matching and running steps, illustrated as follows,

~m R o~ < », ~m > ~ < A ~ ~M ot ~
O 5 :4 2 6301 73 y 6B QNM 1 eB+G02 3 €B+G02 r“Q ; BB+G+U03,
,M,m1=0 ,M=0 =0

where B, G and U are multiplicative matching coefficients, v3 and 43, are the effective theory
anomalous dimensions, and @17273 the effective theory operators at each scale. At the scale
> ms, we employ the full theory graphs and below, at 1 < ms, we match down to an effective
theory with a single heavy field of mass, mo. Thus, the effective theory operator is given by
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0 M () 3w | B
Py — 5 (3Lus (8CPLm, +8Cp +5Y7) +4 (24 +7°) Cpp + 97) —sCp+ 2| BY
Doy L <73Lm2 (8Cme2 —40Cp + 11Yf> 4(60 + 7%) Cp + 27Yf) ooy -S| BY
Ba0H ey & (=3Lmy (3CpLmy = 56Cr +9YE) = 4 (48 + 7%) Cr + 15Y7) —cp- 1| BY
Xbxi — £ Cp (6(Lmy — 2) Ly + 7% — 12) + %1 2Y2 (—12Ly, + 6L2,, + 72 +12) Cr BY
ibDa —5CF (6(Limy — 8)Liny + 72 + 51) % sz L (6(Liny — 4) Ly + 72 + 12) AC B
X1 | =0 (6(Liny = 2Ly + 7 —24) — 7 (Lmz 1) + 3= (612, + 7% — 12) Cp B
Paxa 5CF (6(Liny = 5)Limy + 72 +48) — Yot — ZY2 (L, — 1) Cr BY

Table 7.6: Matching and running, B(u) and 3(u), to the threshold form factor for mg > mq >

M > @ at y ~ mo. The two-loop contributions are given in Appendix B.5.

O G (u) G ()
BT, L (Lm1 (16CF - 7Y]?) —16CF + 5Yf2) a®
2
Xbx1 #CF (6L2,, + 7% +48) — gyﬁ%(Lm1 —1) G§2)
ixiD,x1 HCP{6(Limy = 2)Lyn, + 7% + 48} — o (L, — 1) Gc
Mo | & {Lml (16Cp + Y§(2Ys — 9Y})) — 16Ck + Y§(9Yy — 4Y)} | G
Pax1 gt {6m3CrLE, + (48 + 7%) m3Cp — 3Y2 (L, — 1)} G

Table 7.7: Matching corrections, G(u), to the threshold form factor for mg > mi > M > Q at
u ~ mq. The two-loop contributions are given in Appendix B.6.

the full theory operators with particle 2 represented by a heavy field, h;,, for instance in the
fermionic case we have, h #,2I"p1, and similarly for the other operators.

We can then calculate the matching coefficient, exp [B ()], as the full theory vertex and wave-
function corrections with IR scales, mi, M and (@, set to zero. The results of the vertex and
wave-function contributions, exp B (1), as well as the anomalous dimension, 73, between ms and
my are given in Table 7.6 and Appendix B.5. Moreover, the coupling and mass renormalisation
corrections that contribute at two-loop order are also given, in Appendix B.5. What remains
then is to evaluate the matching at p ~ m; as the final matching and running, exp [U(u)] and
~3, at M is identical to the previous case. The theory above, i > my, is the effective theory with
particle 2 taken to be a heavy field and the theory below, u < myq, is heavy particle effective
theory where both particles 1 and 2 are taken to be heavy and the IR scale being the bosonic
masses are set to zero. The theory below m; is scaleless and thus does not contribute to the
matching but the theory above m; is one of two scales, m; and w’ = py - vo. However, v’ is
integrated out at leading order in the threshold limit as,

, m? +m3—Q*  my
W =pU2= (g~
2m2 2
and thus, we obtained the matching and wave-function contributions, exp [G(1)], with logarithms
of a single scale, mq, and these are presented up to two-loops in Table 7.7 and Appendix B.6.
As for the coupling and mass renormalisation corrections that also contribute at two-loop order,
we present these results in Appendix B.6.

Lastly, we account for the case, mi ~ mo ~ M > (), which applies to heavy fermions and

scalars in the SM. Schematically, the matching is given by

(7.86)

uNmLzNM ~
o oMl b,
Q?MZO
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where D is the multiplicative matching contribution and O; the effective theory operators at
o~ my2~ M. Above u, we employ the full theory graphs and below, we match down to HPET
with the matching coefficient dependent on logarithms, L, , and Ljs. These logarithms are
not large if p ~ my 2, M. The full and effective theory operators are as given in Eq. (7.84). We
can then calculate the matching coefficient,

D(p) = aD(u)") + a*(DP () + AD®) (), (7.87)

as the full theory vertex and wave-function corrections with IR scale, @), set to zero. Due to the
size of the expression, the result is attached in an arXiv ancillary file of Ref. [325]. Note again
in this case, that for the two-loop results, since m; ~ mg ~ M for analytical scalar integral
evaluation, we expand the bare two-loop contributions about the difference of A,, = m1 — ms,
Ay = My — My and Ay, ar = My — my to NLO. This is an accurate representation as the
scale we are considering is where mq ~ mog ~ M.

With the above results, due to their generality one can map them to operators in models
that are similar to the SU(N)-Higgs model we discuss here, including those with spontaneous
symmetry breaking at a certain scale.

7.7 Application to the Standard Model

So far we have studied the SU(N)-Higgs model which can be used to compute results for the SM
as discussed in Ref. [76]. We illustrate the mapping of our radiative corrections from our to other
models of a similar type, which may exhibit SSB. When considering the SM, one must select the
correct coupling constants with care, since, it is a chiral gauge theory, and our model is vector-
like. Results for greater than two external particles are then attainable through appropriate
combinations of form factors. We now focus on charged fermion production by quark and lepton
currents, Qi’VyPLQi and EWHPLL, respectively, where @); is the quark doublet with generation
index, i = u, ¢, t, with only the top quark mass, my, taken to be a non-zero fermion mass.

7.7.1 Light Quarks

Let us begin by considering the representation of light quarks in the SM [84]. The first generation
of the quark doublet is given by,

u
Qu:[ ,
d

u
Vad + Viyss + Vb

, (7.88)

At the scale, @ > my, in the full EW theory, we assume the operator coefficient is unity. In
performing the matching at u ~ @ all masses and in turn Yukawa factors are IR and thus taken
to be zero. Thus, the EFT operator may be written as,

QuiPLQu — e(Q) [E§3Wa] uPr (Wi | (7.89)

with the quark doublet of Eq. (7.88) labelled by £(@+) in SCET. Thus, the matching condition,
c(p) at the scale p = Q with Ly =0 is,

Inc(Q) = apw (Q) Inc™M(Q) + apw (Q)? I c?(Q) + O(ahy), (7.90)

where,

(7.91)

(s 4 aa(p)3  an(p) 1
aEW(M)_< A 3 4w 4 il7r 36)
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The couplings now include the appropriate SM gauge factors, Cr, which are 4/3 for an SU(3)
triplet, 3/4 for an SU(2) doublet, and 1/36 for Y = 1/6. Renormalising the EW couplings at
= My gives the following [115],

Qe (M
(M) =
Qlem MZ

The SM beta functions can be used to run these couplings from My to p ~ @. The theory
below @ is SCET with SU(3) x SU(2) x U(1) symmetry. In this regime, the SCET current in
Eq. (7.89) is multiplicatively renormalised with the anomalous dimension,

(1) = aw (1)1 () + asw (1) (1) + Oahw). (7.93)
One can employ (u) to run ¢(u) down to the mass of exchanged bosons. The integrating
out may be done sequentially, i.e. first the Z-boson and then the W-boson at their respective
mass scales. This is not a good choice to use for the SM, as My /My is not negligible, and
terms with powers of My /My are more dominant than terms with powers of aln My, /M.
It is preferable to integrate out both bosons at a common scale, say u = My, in doing so the
matching is done from SU(3) x SU(2) x U(1) onto SU(3) x U(1)gwm, a theory with only massless
gauge bosons. Moreover, the Higgs corrections for light particles are sub-leading as the Yukawa
coupling is proportional to the light mass and thus, are suppressed. At y = My, integrating out
the massive gauge bosons leads to the following matching,

[€9Wa] Py [WEEDD] ) [0, W] Py [l ] +

n,p2 n5n,p1 n,p2 n,p1
d (&8 W] 7P [Whel) ] (7.94)

Note that the u and d parts have differing matching corrections due EW symmetry being
broken. The matching corrections are as follows,

Ind™ (Mz) =a; Ind® (M) + a? Ind® (M) + O(a?)
+ agIndV(My) + a2 Ind® (Mz) + O(ad) (7.95)

where the terms proportional to a; and as correspond the Z and W contributions, respectively,
and,

2
Qlem 1 2,

= - — - 0 7.96

M= e sin? Ow cos? Oy, <2 3> W) (7.96)

as Gem <1> g (7.97)

~ drsin? Oy cos? Oy \ 2

We multiplicatively renormalise operators of Eq. (7.88) below Mz, using anomalous dimensions,

Y (1) = an () (1) + a1 ()12 (1) + 0 (@), (7.98)
Y () = ()M (1) + i (1)*2”) () + O(a3) (7.99)

such that
ni = {5+ g} ma = (U5t
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All-combined, the low-scale operator is then,

[’(Qu)wn} vuPL [WJ (Qu)} ol [émWn} uPr {WT (u) ] "

n.p2 n,p1 n,p1
) [E0 W] P W] (7.101)
with
, MZ d , Iz d /
Inc®? (1) = Ine(Q) + / —'uv(,u) +Ind® ) (My) + / *'U’Y(u’d (). (7.102)
Q v My M

The EFT operator in Eq. (7.101) is usable now for studying specific LHC processes with
SCET [375]. For instance, if one considers jet production it is important to choose the renor-
malisation scale to be at or near the LHC jet invariant mass.

7.7.2 Leptons

We now perform the analgous study for the lepton current, EVMPLL, where L is the lepton

doublet,
L= ( ? ) , (7.103)

and is identical to that for the quark doublet, aside from a few replacements. At the low scale,
1, the operator in the full theory is,

L PLL —e® (€0, W] 7P [Wiel), | +

O |0 W] P [WiEG (7.104)

with Eq. (7.102) and replacements v — v, d — [, along with different gauge theory factors
which implies the following coupling replacements,

/ as(p) 3 an(p)1
= — — 1
aw{1) = au ) = ( “2005 4+ L), (7.105)
2
d 7.106
NN ein? 0W cos2 Ow ( ) ( )
o 1 2
— al om — +sin’6 , 7.107
9270 yrsin 20w cos? Oy ( 2 sm W) ( )
ai(p) — ay(p) =0, (7.108)
- ~ Qem
az(p) — dy(p) = 475“ ), (7.109)

which provides us with the leptonic equivalent of the previous result.

7.7.3 Top Quarks

We now study the specific process of tt-production by a vector current Qt’yMPLQt, where @y is
the left-handed quark doublet in the SM. We may write the quark doublet as follows,

()

We will neglect all quark masses other than m;. This example demonstrates how our model
handles non-zero fermion mass as well as Higgs exchange. We will examine both the Sudakov
and threshold regimes in this case as they are both available to us in this example.

t

(7.110)
Viad + Viss + Vb
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Figure 7.4: Vertex contributions to matching coefficient, cg(u), at one and two-loop order. Higgs
exchanges cause Qyy,PrQ; to mix with ¢gy,Prt and the index, «, is the fundamental SU(2)
and index and is summed over.

7.7.3.1 Sudakov Regime

In the Sudakov regime, the SCET operator at u ~ @), can be written,

Q1 PLQr —cr(Q) [ ,(l%t2)Wn] YuPr [ngé%l)} +
er(Q) [€0,Wa] vuPr [Whel, |, (7.111)

where £(@) and £® represent the left-handed and right-handed t-quark doublet, Eq. (7.110),
and singlet, tg, respectively, in SCET with gauge indices suppressed. The reason tr appears
in this case is that Higgs exchange diagrams are chiral in the SM, and have been computed in
our model value which is a vector-like theory, thus when mapping to the SM we must plaster
on the fact that the Yukawa coupling switches the chirality of the fermion. Practically, the
Higgs exchange causes Q)1 and tr operator mizing. The matching at y = @ is then given by
cr/r(Q), where one splits the left and right handed contributions of ¢(Q)) which now has non-zero
Yukawa coupings. Hence, cg(Q) includes all terms which are due to Higgs exchange diagrams
of type illustrated in Fig. 7.4; and the remaining graphs contribute to ¢z, (Q). Note further that
one must include appropriate factors of two for terms in ¢y /g arising from summing over each
closed SU(2) index loop, i.e. because both the Higgs and @Q; are doublets in SU(2). As for the
wave-function correction, the ¢ and ¢g field renormalisation contributions which include Higgs
exchange must also include appropriate factors of two from loops with SU(2) index summation.

The theory below @ is SCET with SU(3) x SU(2) x U(1) symmetry. In this regime the two
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operators in Eq. (7.111) are multiplicatively renormalised with anomalous dimensions (again
splitting chiral contributions in the same way as for matching),

L) yer ana CE) e, (7.112)
At this scale, the Higgs vertex graph, which causes ¢y /cg mixing, is 1/Q? suppressed. We may
use v to run ¢y, and cr down to a scale of order m;. At p ~ my there are several different
methods one can use. Since {my, My, z, Mg} are relatively close, it is best to integrate all of
them out at p ~ my. Thus, we go from SU(3) x SU(2) x U(1) to SU(3) x U(1)gm gauge theory,
with broken SU(2) x U(1) symmetry and no massive degrees of freedom. At u = m; we replace
the top quark SCET by the heavy quark field ¢,, whereas the &' quark in the SCET field £(@*)
remains a SCET field, §(bl). Matching is then given by,

(E9W,] Py [Wiel)] - %alt_mtvlag (&0 W] v [l ] (7.113)
[ééi%QWn} Wulr {WQLE&J — %ast_vztm, (7.114)

using the results from Section 7.5.2 to obtain the coefficients, a;. Moreover, we renormalise
couplings at j = my, including contributions from W/Z, g, and H,h%*, where h®T are the
SM goldstone bosons. Lastly, below 1 = my, the anomalous dimension of #,,t,, is given by,

das | daem
34nr 9 4rx

5= a0 + a9 + 0(a®), a= <

(7.115)

from the fourth column of Table 7.4, with the given group theory factor replacements. These
tt results may be used in decay studies as has been done in pure QCD [374]. We have here the
additional EW contributions including Higgs up to two-loop order.

7.7.3.2 Threshold Regime

In the threshold regime at p ~ my, m; is the largest scale in the problem. As the scales,
{m¢, My, 7z, My}, are not far apart, integrating them all out together as in the Sudakov regime
is the way forward. As before, one can first integrate out the top quark as m; ~ 172 GeV and
my > mpy > My, z > mp, which leads to an effective theory that breaks SU(2) x U(1) invariance
as the b/ quark remains along with dynamical W/Z bosons. From which one integrates out the
Higgs first [376], as My ~ 125 GeV, and then the W/Z bosons at a common scale, Mz ~ 81 GeV.
Otherwise if one wants to avoid breaking SU(2) x U(1) invariance, as the scales are not widely
separated it is most natural to integrate H, W/Z and ¢ at a common scale, say u ~ My. We
consider the latter here. Moreover, we note that for treatment at the scale u ~ mj one needs a
further matching and running step and the heavy-light current we consider applies in this case.

Integrating out at the common scale y ~ My, below My the top quark fields are replaced
by their heavy quark counterparts ¢, and the bottom quark in the doublet remains a full theory
field. The operator matching is then,

_ 1 _ _ _ 1 _
QY PrLQ: — §a1Ltv2tvl + a%b”mPLb’ and tpYy,Prtr — iagtmtvl, (7.116)

where the matching coefficients, aiL/ R, are obtained using the matching coefficient, J(u), from
Section 7.6 with the appropriate graphs and group theory factors. Thus, we go from SU(3) x
SU(2) x U(1) theory to SU(3) x U(1)gm, with broken SU(2) x U(1) symmetry and only light
degrees of freedom. As in the Sudakov case, the renormalisation of the SM couplings is done at

w=mz.

113



7.8 Technical Calculation

We produce the Feynman diagrams with QGRAF [303], process the output with FORM [304], obtain-
ing amplitudes as a linear combination of scalar integrals. We then proceed in the standard way
by reducing scalar integrals to a smaller set of so-called MIs using integration-by-parts identities
(IBPs) [377], with the help of LiteRed [378] and home-grown tools. Our two-loop MIs in some
cases are dependent on two mass scales taken to be not widely separated, either the external
particle masses or the exchange boson masses, respectively. One can perform these integrals
numerically but to obtain analytic results we expand such amplitudes in the mass difference
to NLO in said difference, leading to single scale integrals. Once the integrals are maximally
reduced, what remains is to evaluate the MIs. As these procedures are well-known, we refrain
from delving into too much detail.

We focus here on the calculation of MIs of the two-loop vertex and wave-function contri-
butions. The full theory integrals have been computed analytically and we present the MIs
appearing in our calculation here [341]. We evaluate effective theory MIs which are not known
analytically using the differential equations method [78,82]. As evaluating HPET integrals of
this type is involved, the calculation will instead be presented in Chapter 8.

We classify the MIs in relation to their topology. We begin by distinguishing between the
vertex topologies for external full theory fields displayed in Figs. 7.5 (a)-(¢). The MIs for each
topology are expressible with an integral family which can be written as,

1
J(S) 4 2 € 'yEe / l l
{Vim) . (m)} [( 7T € d ld QDUI( ) . _D?? (m)7
where [; : © = 1,2 are the loop momenta, s is the scale in the EFT formalism at which the MIs
play a role, and,

Dl( ) l 2, Dg(m) = l% — m2, Dg(m) = (ll + 12)2 — m2,
Dy(m) = (lh —p1)? —=m?,  Ds(m) = (I — q)* —m?, (7.118)
Dg(m) = (1 + q) —m?, Dy(m) = (I + 1o —q—p1)* — m2. (7.119)

Here the on-shell external momenta are labelled by p; : ¢ = 1,2, such that (1%2 = mf) and
q = p2 — p1 is the usual transfer momentum. We therefore label the MIs by their associated
denominator exponents, v ...v7. Note the single mass scale in our denominators, this arises
from the fact that for integrals involving two mass scales or more, we expand our results in the
difference of mass scales up to NLO. For instance, for graphs that include propagators of both
W and Higgs bosons, we expand about AM = My — Mj, assuming them to be not widely
separated. This is done so we can work analytically as any number of scales can be handled
numerically. Moreover, our choice to expand to NLO is for presentability as there is no issue in
expanding the amplitudes to higher orders in AM computationally.

(7.117)

In the Sudakov regime the bare two-loop vertex matching contributions, Vi(Q), at the scale
1~ @, has all mass scales set to zero as they are taken to be IR, and thus m = 0 in cases below,
in which case we have MIs with topology given by Fig. 7.5 (a). Post-reduction one is left with
the following MIs to the appropriate order in e,

SO <Q2>26 (597163 865¢2  115¢ 1 11563 132G G 526%¢s
1010100 —

64 * 32 * 16 4e 16 8 4 3

8e2(3 5763C4
3 16 +§+C’)( )) (7.120a)

2 € 4 1 . 14 .
T = (%) <_19263 — 80€® — 32¢ — Pt 32€3C 4+ 1262 (o + 4ely — 365@@,
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(do) (e1) (e2) (e3)

Figure 7.5: Two-loop form factor topologies. Massive fields are represented by solid lines, double
lines represent heavy particles, massless propagators are shown as dashed lines. Arrows represent
direction of momentum. (a;) represent topologies of MIs at p ~ @ (Sudakov), (b;) represent
topologies of MIs at y ~ mj 2 (threshold), (¢;) represent topologies of MIs at y ~ myg (threshold),
(d;) represent topologies of MIs at p ~ m; (threshold) and (e;) represent topologies of MIs at
w~ M (Sudakov/threshold).
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Figure 7.6: Full theory self-energy topology. Arrows represent momentum direction. The MIs
associated to other topologies are subsets of the MIs required for this topology.
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where (s denotes the Riemann (-function,
Cs:ii s>2:s5€N (7.121)
k=1 ke’ - ,

and these integrals have been verified from previous work [379]. On the other hand, in the
threshold regime, the full theory MIs have topologies represented by Figs. 7.5 (b, ¢). Due to the
threshold limit, Q — 0, the MIs are further reduced down to two-loop self-energy topologies, as
shown in Fig. 7.6, and analytic expressions are known [380]. The MIs can therefore be expressed
in terms of a single integral family with five propagators given by,

1
(m)- - DE(m)’

g = [(4m)2 e / AP 141, i (7.122)
1

™™y

where [; : i = 1,2 are the loop momenta, s is the scale in the EFT formalism at which the MIs
play a role, and,

Di(m) =1 —m®  Dao(m)=105—m* Ds(m)=(h—p)*—m?
Dy(m) = (Is — p)* —m?,  Ds(m) = (I1 — ls)* — m?>. (7.123)

To begin with, the bare vertex matching contributions at the scale y ~ mi2 ~ M > @, for
)

matching from the full theory to heavy-heavy operators is represented by Vi(m’M . Post-reduction
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one is left with the following Mls,

M m2\ > 2 1 2
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where I, =1In(n), S = T5 S2 = QZLWLSQ(W/?)), and S3 = —Ls3(27/3)/+/3, such that Ls; can be
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written in integral form as,

Ls;(0) = —/0 do'In?=1|2sin (0/2)] : 0 < 6 < 27. (7.125)

Next, we consider the bare vertex matching contributions at the scale p ~ ma > my, M, for
matching from the full theory to heavy-light operators labelled by V™) The MIs in this are,
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Lastly, we consider the vertex contributions, Vi(m), at the scale 1 ~ mqo > M, for matching
from the full theory to HPET. In this case, we have the following MIs,

S e (M T (949¢2 L85 5 155G 25y 5G _ 55EGs
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As for the full theory and SCET bare two-loop wave-function contributions, present in Ap-
pendix B.7, it is well-known that they map to MIs illustrated by Fig. 7.6, and thus we refrain
from going into detail.

With regards to the effective theory MlIs, the HPET vertex and wave-function contributions
have MIs with topologies represented by Figs. 7.5 (d,e) and 7.7. We begin with considering
the heavy-light currents in Fig. 7.5 (d), the MIs of which can be expressed in terms of a single
integral family with seven propagators given by,

S —€ € 2 D D 1
Rz(/l)...w = [(47")2 e’YE] /d lld ZQW7 (7.128)

where vy is the heavy particle velocity, p; and my are the full theory field momentum and mass,
p1 - v2 = w', and thus,
Di(m) = (1 +p1)? =m*, Dy(m) = (la+p1)>—m? Ds=(l1 — ), Dy=15,
Ds=11-v9, Dg=ls-vo, D7= (ll — lg) - U9 + w'. (7.129)
Similarly, for the heavy-heavy vertex contributions, all sub-topologies can be mapped to the

largest unique two that are shown in Fig. 7.5 (e). We can again express all MIs in terms of nine
propagators given by,

—€ €12 D, +D 1

KIS?..IJQ = [(477)2 Ve /d hd l2w, (7.130)
1Dy

where vy o are the heavy particle velocities, vy vy = w, M is the mass of exchanged bosons, and
Dy=ly-vi, Dy=li-vy, Dg=(ly—1p)>—M? Dy=If—M>
Ds(M) =1y vy, Dg(M)=1ly-va, D7(M)=13—-M? Ds=13, Dg=1} (7.131)

Finally, we examine the wave-function contributions of which all topologies are mapped to those
shown in Fig. 7.7. In this case we can express all MIs in terms of six propagators given by,

1
A N e

S (7.132)
.. D}
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Figure 7.7: Heavy field self-energy topologies. The MIs associated to other topologies are subsets
of the MIs required for topologies illustrated.

where p and v are the heavy particle residual momentum and velocity, M is the mass of exchanged
bosons, and

Dy=(p—h)-v, Dy=(p+1l)-v, Ds(M)=15—-M* DyM)=(l+Il)*—M>
Ds(M)=12—~M?* Dg=(p+lo—11)-v, Dy=13, Dg=(lj —Iy)> (7.133)

The evaluation of integrals of this type, i.e. massive two-loop integrals with heavy line insertions,
is non-trivial and requires modern methods. In Chapter 8 we discuss the methods we employed
to evaluate the MIs appearing in our calculations and generalisations thereof.
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7.9 Summary

Both the massive and massless form factors are indispensable building blocks to a broad set
of observables in both high and low energy regimes. Precisely studying these factors is crucial
for shedding light on mysteries that remain in the Standard Model and beyond, such as the
physical structure of the top quark, aspects of mass generation and the nature of dark matter.
Our various composite operators, choice of model for applicability, as well as consideration of
two critical energetic regimes is emblematic of the breadth of the problem at hand. Our two-
loop results are not complete, as we have not calculated the bare two-loop vertex corrections for
massive SCET graphs. Continuing to map this space at two-loops and beyond is essential for our
predicting power to be able to match the high precision potential of a future electron-positron
collider and the LHC in its upcoming high luminosity operating phase.

Currently, the effective theory formalism is central when it comes to tackling such complex
problems by breaking them down scale by scale. By application to the SM, we have begun
extending the work on EW corrections to high energy processes beyond NLO, as stated in the
latest review [50]. Moreover, we are mapping other parts of the energetic landscape, aside from
the Sudakov regime, which itself opens the door for further investigation. Beyond the SM,
the generality of the model and operators studied means that our results can be applied to
BSM models by replacement of the proper coupling and group theory factors, which would be
interesting to examine further. For instance, one can apply our results to various models of dark
matter [358,359|, where weak corrections are significant for indirect detection. Our full results
are contained in the ancillary file submitted along with Ref. [325] on the arXiv.
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Chapter 8

Massive Two-Loop Heavy Particle
Diagrams

In this Chapter, we evaluate vertex and self-energy diagrams that appear in EFTs containing
heavy fields. The integrals involve at least one heavy line, and the standard lines include an
arbitrary mass scale. The evaluation is done analytically with modern techniques. We employ the
methods of differential equations and dimensional recurrence relations to evaluate said integrals
up to two-loop orders. This Chapter is based on Ref. [381], reflecting the author’s contribution.

8.1 Motivation

Heavy Particle Effective Theories have a wide range of applicability, and their use cases have
expanded dramatically in recent years. They are apparent when a field of arbitrary spin in a given
theory is taken to have a large mass compared to other propagating massive degrees of freedom.
HPETs were originally conceived in the context of QED and QCD, such as in HQET, NR QCD
and QED and variations therein [64,251,282]. More recently, they have also been applied in the
EW regime [75,76, 161,325, 348,352, 353|, as well as in BSM physics such as in the context of
heavy dark matter |269,358|, Z’ bosons [382,383| and black hole interactions [242, 384, 385].

When dealing with such theories beyond leading perturbative order, one is faced with loop
diagrams containing eikonal lines. In this work, we determine these at two-loop order by employ-
ing a set of modern techniques, in particular, differential equations and dimensional recurrence
relations (DRR), which have been successful in similar contexts [265,386]. We further include
a non-zero mass-scale in the standard lines for theoretical models with massive propagating de-
grees of freedom. The mass scale bounds the IR regime for the two- and three-point diagrams
studied here. Even in theories with exclusively massless propagating degrees of freedom such as
QED/QCD and gravity, the IR structure needs to be correctly understood [341,385].

The diagrams considered here are especially useful in the evaluation of form factors of a given
model. The form factor is most well-known for its uses in perturbative analyses of scattering
processes occurring at the LHC and future colliders [326,327|. Form factors are of primary
consideration instead of specific processes as they form the fundamental building blocks for a
vast array of processes. For instance, they have been employed to study di-jet, ¢, squark pair,
and DM production in various studies [353,357-359]. It is also the simplest amplitude that can
be used to study the IR behaviour of a theory. For further reference in the context of the SM,
the QCD form factors of quarks have been evaluated to three-loop order [328,330,339-341], and
the EW corrections using both EFT and IR evolution equations are currently being studied to
two-loop order [75,325,344-350].
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On the other hand, there has also been significant progress in the realm of Feynman diagram
evaluation. When previously, certain classes of multi-loop diagrams were intractable, they have
now become determinable with the help of revolutionary techniques. Most notably, diagrams
with masses are now attainable with the differential equations method [78,81-83]. The basis of
which is set upon differentiating the master integrals of interest, forming a system of differential
equations and reducing said system to so-called e-form |78,387-389|. Given that such a reduction
is achievable [388], the MIs are expressible in terms of multiple polylogarithms (MPLs) [390,
391]. The outlier systems which can not be reduced to e-form are not representable as MPLs.
Fortunately, even in this domain there is good progress in understanding functions beyond
multiple polylogarithms such as elliptical polylogarithms (EPLs) [392-398], or entirely novel
functions [399-402|. In our case, the diagrams we encounter are reducible to e-form and thus,
can be written in terms of MPLs. However, when we take external lines off-shell, the integrals
are only reducible to (A + Be)-form, as we will see. This is the closest extension of e-form, and
one must resort to EPLs to solve such MIs. In this work, we provide results for the massive
heavy-heavy, heavy-light and propagator diagrams at two-loop order. The results are explicitly
give up to O(e?) working in d = 4 — 2¢ dimensions, which is the appropriate order for SM-like
theories 76,325,352, 353]. However, this order is arbitrary as the results are attainable to any
order in €, given the exact boundary integrals provided here.

Outlining this Chapter, we begin by discussing the formalism we employ and follow by illus-
trating the problem. In the main sections, we tackle the on-shell diagrams under consideration
by reducing the differential equations to e-form. The last section illustrates the off-shell self-
energy case and its reduction to (A + Be)-form. A description of the methods we employ in our
work is given in Appendices C.1 and C.2.

8.2 Formalism and Technicalities

The massive HPET vertex and self-energy have MIs with topologies represented by Figs. 8.1
(a,b) and 8.2, respectively. We begin with considering the heavy-light currents in Figs. 8.1 (a),
the master integrals of which can be expressed in terms of a single integral family with seven
propagators given by,

1

S 2—e €12 d d
Rz(/l)...um = [(47") e’t ] /d lid lQm; (8.1)

where v is the heavy field velocity, p is the full theory field momentum and p? = m?, and thus,

Di(m) = (4 —p)* —m?, Dao(m) = (o —p)* —m?, Ds=(l1 —1ls)? Ds=1I3,
Ds=11-v, Dg=ly-v, D;= (1 —l)-v, Dg(m)=(l1 —I2)?—m?
Dg(m) = l% - m2, Dlo(m) = (lz —|—p)2. (8.2)

Upon momentum re-scaling with respect to m it is clear that these integrals are dependent on
w = p-v/m. Thus, one can define the differential system of equations on derivatives of the MIs
with respect to w. However, upon investigation it turns out that a further change of variables is
necessary to reduce the system to the requisite e-form. The appropriate kinematic variable was
found to be,

1—w 1-p?

P=Vivw Y1t g

With this change of variables, all MIs are expressible in terms of MPLs. The boundary conditions
are freely determined by giving a specific allowable value to w. Similarly, for the heavy-heavy

(8.3)
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(b1) (b2) (b3)

Figure 8.1: Prototype topologies of two-loop vertex diagrams. Solid lines represent massive
particles, double lines represent heavy particles, dashed lines correspond to massless propagators.
Arrows represent direction of momenta. (a;) and (b;) correspond to heavy-light and heavy-heavy
topologies. We also include the case of light self-energy insertions as is apparent in (bs).
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vertex contributions, all sub-topologies can be mapped to the largest unique two that are shown
in Fig. 8.1 (b). We can express all MIs in terms of ten propagators given by,

s 2—¢ €12 d d 1
KZE1.)..V10 = [(47‘1’) eVE ] /d lld l2m, (84)

where v1 2 are the heavy particle velocities, M is the mass of exchanged bosons, and

Di=ly-vi, Dy=1li-vi, D3= (1 —1s)>—M? Dy=105-M>* Ds(M)=1 0o,

DG(M) :lg-’Ug, D7(M):l%—M2, Dgz (lg—ll)-vg, Dgz(ll—l2)2, Dlozl%.
(8.5)

Again, re-scaling the momenta with respect to M in this case gives integrals dependent on
w = v1 - vo. The appropriate kinematic variable to take derivatives with respect to was found
to be B as previously defined.

Lastly, the self-energy diagrams which contribute to heavy field renormalisation and residual
mass term are examined [153|. The prototype topologies are shown in Fig. 8.2. In this case, we
can express all MIs in terms of the eight propagators,

1
L(usl)...us - [(4W)2_667E6]2/ddl1ddl2w

Dp (8.6)

where p and v are the heavy particle residual momentum and velocity, M is the mass of exchanged

fields,

Dy=(p—h)-v, Dy=(p+1l)-v, Ds(M)=15—-M* DyM)=(l+Il)*—M?
Ds(M) =13 —~M?* Dg=(p+la—11)-v, Dy=13 Dg=(lj —Ip)> (8.7)

We note the relations between the heavy field self-energy, ¥(p), the bare field counter-term, 6 Z,
and the residual heavy field mass, dmy,, are given by,

821, = i0y.pXpp=0

5mh = —ii|v.p:0.

Whence, to determine these quantities one only requires the MIs on-shell at v - p = 0, thus
eliminating the momentum, p, from the propagators. This results in MlIs that are simple enough
to evaluate with standard techniques. Maintaining v-p # 0 is interesting as it applies to off-shell
studies. In this case we define w = p-v/M and [ remains the appropriate kinematic variable
as previously defined. As we will see however, it is solely reducible to (A + Be)-form and thus
requires treatment with elliptics which is more involved.

As mentioned in the previous section, in all cases, the goal is to derive a differential system
for the MIs and solve iteratively in a small dimension parameter, €. To take the derivative with
respect to the product p- ¢ for two arbitrary vectors p and ¢, it can be done in the following two
equivalent ways,

0 _(ap-pe 0 _ (pae—d’p 0 (8.10)

dp-q) (p-9)?—p*¢ 9p (p-9)?—p*¢* g '
In our study, we take derivatives with respect to the parameter w, as defined in each case. Upon
re-reducing the differentiated results with IBP identities, one obtains a linear combination of
MIs, leading to a set of coupled differential equations. More precisely, the derivative of a given
MI will inevitably lie in the same sector or sub-sector, meaning they contain the same set of
non-zero v;, or a smaller set, compared to the original MI. Thus, one can combine all MIs and
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Figure 8.2: Heavy field self-energy topologies. The MlIs associated to other topologies are subsets
of the MIs required for topologies illustrated.

their derivatives into a linear system of differential equations. This system, in turn, will contain
coupled sub-systems that may be reduced to e-form. From there, we solve the system iteratively
at each order in a Laurent expansion about small e.

To achieve this technically, we obtain the Feynman diagrams with QGRAF [303], process the
output with FORM [304]. We then proceed in the standard way by reducing integrals to a smaller
set of so-called master integrals (MIs) using integration-by-parts identities (IBPs) [377|, with the
help of LiteRed [378] and home-grown tools. To reduce the system of differential equations to e-
form we employ LIBRA [403] and the boundary integrals that require Mellin-Barnes treatment are
determined with the help of packages MB [404| and MBsums [405]. We also employ HypExp2 [406]
for hypergeometric functions and the PSLQ algorithm [407] for analytic expansions in e.

8.3 Heavy-Heavy Vertex

To recap, the heavy-heavy N-loop master integrals with massive propagators at d = 4 — 2¢ have
the following form,

1 1
I = [(4m)?ceree)™ / 2y —
DU

Un—m VUn—m+1 NVn’
Dl DDy

(8.11)

where n is the cardinality of the minimal set of denominators, D; and D;, which we separate
into,
Di = ll * Vg, Dl == l22 - M2, (812)

for some particular combination of loop momenta, l;, and v; = vy 2 such that one preferentially
works in a frame with v? = 1. To be able to deploy the differential equation approach to
solve such master integrals one must first take a derivative of the integral with respect to some
parameter. The most natural parameter in this case is w = vy - vo.

8.3.1 One-loop Case

At one-loop, all on-shell amplitudes reduce to expressions with a single MI,

1 1
1M = [(4m)?—cerme M—2E/ g : 8.13
[( 77—) € :| d (l"l)l)(l"l)g) 2 -1’ ( )
then we may solve this as an ODE by parameterising and taking the derivative with respect to
w = v - V2,
A0 () = — Y O + i (8.14)
dw w? —1 w?2—1" '
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where the simpler integral,

- 1 1
I=[(m?> e M2 [ 4% : . 1
(mpmeemar [y oy =1
We then reduce and evaluate,
T 2—¢ € —2¢ d 1
I = [(477) eVE ] M™*(2 - d)/d ll2 —3 (8.16)
= 27ET (e) M % (8.17)

One can then solve Eq. (8.14) by variation of parameters and the boundary condition, I (0) = 0,
to obtain,

1 Vw? —1) - ~
I = og(w + vw )I = wr(w)l, (8.18)
w? —1
which mimics the well-known result from Feynman parametrisation and its modification for
HQET-like propagators [153].

8.3.2 Two-loop Case

In the two-loop case we have a column vector, A(w), of n = 26 master integrals tabulated in
Table 8.1, based on our notation in Eq. (8.4). Upon differentiation of A(w) with respect to w
and reduction by IBP identities, we have a differential system,

OwA(w) = M(w, €)A(w). (8.19)

with a 26 x 26 matrix, M(w, €) which is neither Fuschian nor in e-form. We may now proceed with
the algorithm outlined in Section C.1. Changing variables to 5, we determine a transformation
matrix, T, to attempt to reduce the differential system to one in e-form. Evaluating T is done
step-wise transforming the blocks of T, or coupled sub-system they represent, to e-form. The
largest such sub-system in this case is a 3 X 3 block which we illustrate,

o 2wPoe 3 (2w-1)@w+l)
2(w—1)w(w+1) 4(w—1)w(w+1) 4(w—1)w(w+1)e
Ma — €2 2w? —3¢ 1
3= (w—1)w(w+1) " 2(w—1Dw(w+1) " 2(w—1Dw(w+1)
262(2w26—2w2—26—1) 36(2w26+2w2—26—1) A —dw2e—3w2 —2e—1
(w—Dw(w+1)2w—1)2w+1) (w—Dww+1)Rw—1)Qw+l)  (w—Dw(w+1)2w—1)2w+1)
(8.20)
Changing variables to § and following Lee’s algorithm we find a transformation matrix,
8
—oT 0 0
_ Be
T3 = 0 =T 0 ) (8.21)
_2Be2 38¢€2 we?
w—1 2(w—1)2w—1)(2w+1) (2w—1)(2w+1)
which reduces M3 to e-form,
2w 0 B8
(w—1)(w+1) 2(w—1)
_ 6 8
S3 =¢ 0 oD@ =T @-D@=1 |- (8.22)
M ¢ 8w
w—1 4w3 —4w?2 —w+1 4w2—1
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Yy

g

vr

Ve

Vs

V4

V3

V2

4!

MI

Aq

Az

As

Ay

As

As

A7

Ag

Ay

AlO

A

Al

Ars

Ay

Ais

Ats

A

A18

Arg

Aso

Aai

A22

A

Aoy

Ass

A26

Table 8.1: Column vector of heavy-heavy Mls with propagator exponent indices v;.

129



After repeating these steps for each block, we can consolidate each transformation matrix into a
final transformation matrix. This matrix allows us to perform the complete reduction to e-form
as

dwA(w) = eS(w)A(w). (8.23)

with Fuschian matrix S, this system of equations is given explicitly in Appendix C.3. By analysis,
Aj..4, Ai3.16 and Aoy o5 are w-independent and thus correspond to a portion of simpler boundary
MIs. The boundary MIs require evaluation by different methods. In this work, we employ DRR
to solve the boundary integrals we encounter, which provides exact results for these integrals.
The DRR method is formally introduced in Appendix C.2. We present results for boundary
integrals explicitly in Appendix C.4. One is not limited to DRR; however, for illustration of
other methods, one can use, we solve a non-trivial example here. Consider,

d d 1 1
Aiu=0C l l 8.24
H /d l/d BB -1l — 1) —1)ly-v (8:24)
where C' = — [(47r)2*667’56]2 M?P=7 and we perform a shift and re-scaling in loop momenta

for convenience, giving an overall negative sign. The first step involves eliminating the eikonal
propagator by means of a Feynman trick developed in HQET [153],

1 (1) (s) /Oo Aot
=2° D E— 2
B T ts) J, P AvaByy (8:25)

Apply this to two of the four propgators in Eq. (8.24) and completing the square [y o — [ 2—Av/2
gives,

> d d 2
A14 == CA dA/d ll /d l2 ((ll B UA/2)2 . 1)(([2 . 1))\/2)2 - 1)((11 — l2)2 1 )\2)2.
(8.26)
From here, one can proceed with standard Feynman parametrisation and application of the
Cheng-Wu theorem [408], simplifying the result further. Performing the integral over A is then
straightforward, and one is left with an integral over two Feynman parameters in d = 4 — 2¢
dimensions,

1 o)
Ay =C / dy / dran/T (s + 1)V22D(2e = 1/2) (31 (1 — 31) + 20)52. (8.27)
0 0

From here, it is clear that one should proceed with the Mellin-Barnes (MB) representation as
the result will be reduced to simple Beta function integrals and a single MB integral. The MB
representation is given by the well-known transformation [409|,

1 1 1 100 B?
(A+ B r()\)gm-/m de sz A+ 2 (=2). (8.28)

After transforming and performing the remaining Beta-integrals one is left with performing a
sum over residues, in z, of,

o P(=)(z+1)T(e—2z— YT (—e+2+32)T(e+2)

1
Ay =C— d 8.29
u=Cgnvr e I'(3-e)I'(22+2) (8.29)
which can be expanded to give,
17462 3
A= Mo (== - 2V31m — 12+ 61y + Ole) ), (8.30)
€
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MI||vi | v |vg | va | s | s | V7 | Vs | Vg | Vi
air OO0 1| 100|000 O
a2 OO0 1|10, 0|0[O0|O0] O
az | 1101|1000 [0}|O0]O0
ag | 1212|1210, 010[0|0]O0
as | OO0 1| 100|100 O
ag | OO0 1| 10|01 1|00
az |00 0] 1 |0]0|0|0]|1 1
ag | 110101 |0]0]|0|0]|1 1

Table 8.2: Heavy-heavy boundary MIs at w = 1 with propagator exponent indices v;.

to finite order, where I, = In(n). Although Feynman parametrisation, MB and other techniques
work well for a subset of boundary integrals it is not always possible to obtain exact results. On
the other hand, with DRR, exact results are always attainable which can then be expanded to
any order in €, which is why we choose to employ DRR instead.

Given the boundary integrals, we can immediately determine Mls order-by-order in € in terms
of MPLs, up to an integration constant. To determine the MIs fully, we need to satisfy boundary
conditions, as this is a first-order differential system; one only needs to enforce regularity at one
of the poles. We choose w = 1 or v; = vy which leaves us with the column vector, a, of
boundary integrals present in Table 8.2. These are to be determined independently of the
differential equation method. Conveniently, this is a subset of the integrals that differentiate to
nil given previously, and thus no further calculation is necessary. Thus we have all the ingredients
necessary to determine our result in terms of MPLs, and we perform the integrals iteratively at
each order in ¢, enforcing boundary conditions up to @(e?). The full results in terms of MPLs
are presented in an arXiv ancillary file of Ref. [381].

8.4 Heavy-Light Vertex

The heavy-light N-loop master integrals with massive propagators at d = 4 — 2¢ have the
following form,

1 1
Dyt ... Dy pYnemil L pn

TTn—m n—m-+1 *

I= [(47r)2—€eWEE}N/¢ldz1 Ay (8.31)

where n is the cardinality of the minimal set of denominators, D; can have the following forms,

Dl(w) = li * Vg, Dz(m) = ll2 — m2, Dl = liz, (8.32)
for some particular combination of loop momenta, l;, and momentum, p, such that w =p-v/m

where v2 = 1 and p? = m?. To use differential equation to solve the MI’s we begin by taking a
derivative of the integral with respect to w.
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8.4.1 One-loop Case

We will go through the derivation explicitly at one-loop as a reference for the main two-loop
result. At one-loop order, all on-shell amplitudes reduce to expressions with two MIs,

1
7O = [(4#)2 75 m /d l — .12_ 7 (8.33)

I® = [(47‘(‘)2_66"@6

— BT (e — D)m (8.34)

2-2

then we may solve this by parameterising, taking the derivative and reducing, to obtain,

d ] 1
dwﬂ)( w) = [(4m)* e dz[dw T— J ET (8.35)
= —ml2% <(1D_ —wl (1) + - w2) 1(2)> (8.36)

One can then solve Eq. (8.14) by variation of parameters and the boundary condition, (1) (0) = 0,
to obtain,
IW = 2i75wD (e)m! 2, (8.37)

which is equivalent to the known heavy-light one-loop result [153].

8.4.2 Two-loop Case

At two-loop order we have a column vector, B(w), of n = 33 master integrals tabulated in
Table 8.3, based on our notation for R(*) in Eq. (8.1). Differentiating B(w) with respect to w
and performing the IBP reduction, the linear system obtained is in the form,

OwB(w) = M(w, €)B(w). (8.38)

with a 33 x 33 matrix, M(w, €). We can again proceed with reduction in this case to e-form by
changing variables to 5 and determining the transformation matrix T. In this case, the coupled
sub-systems to transform step-wise are no greater than two, for instance,

. (2w2651-1122—4e) 4
_ w—1)w(w+1 w
My= | e . (8.39)
(w—1)w(w+1) (w—1)w(w+1)

Changing variables to § and following Lee’s algorithm we find a transformation matrix,

% 0
ne( ) 60

which reduces M5 to e-form,

2w _ 28
Sy =e <w*1>§g+1> et (8.41)
Tw—1 w2l

Repeating these steps for each block, we can consolidate each transformation matrix into a final
transformation matrix. This allows us to perform the complete reduction to e-form as

DwA (w) = eS(w)A(w). (8.42)
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Vg

Vs

1Z!

v3

V2

V1

MI

By

By

Bs

By

Bs

Bg

B

Bg

By

Bio

B

Bia

B3

By

Bis

Big

Bi7

Big

By

Bag

By

Bas

Bas

Boy

Bas

Bag

Bar

Bag

Bag

Bsp

B3y

Bss

Bss

Table 8.3: Column vector of heavy-light MIs with propagator exponent indices v;.
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MI||vi | v |vg | va | s | s | V7 | Vs | Vg | Vi
b1 1{0]1{1]0]0]0|0]0]|O0
bo 1{0jo0ofj1]0]0]1T|0]0]| 0
bs 1{1j0]0]0O]O0O]O0O|0]0]| O
by 1{1j0j0jO0OjO0O]1|0]0]| 0
bs 1{0j0jO0O]O]O]O0O| 1|10

Table 8.4: Heavy-light boundary MIs at w = 1 with propagator exponent indices v;.

with the reduced system given explicitly in Appendix C.3. By analysis, in this case, By 2, Bs
and Big are w-independent correspond to a portion of boundary MIs which we determine with
DRR as in the previous case. We present exact results for boundary integrals explicitly in
Appendix C.4. Moreover, as in the previous case, to determine the MIs fully, we need to satisfy
boundary conditions. We select the w = 1 pole or p - v = m which leaves us with the column
vector, b, of boundary integrals present in Table 8.4. These are also evaluated with DRR and
present in Appendix C.4. Thus we have all the ingredients necessary to determine our result in
terms of MPLs, and we perform the integrals iteratively at each order in € enforcing boundary
conditions up to O(e?). The full results in terms of MPLs are presented in an arXiv ancillary
file of Ref. [381].

8.5 Heavy Propagator

The heavy-heavy N-loop two-point master integrals with massive propagators at d = 4 —2¢ have
the following form,
_ N d d 1 1
I = [(47r)2 5€’YE€} /d ll...ﬂ ZNDZI/I..

DVn—m ' DVn7m+l

—
Dy DUl DY

: (8.43)

where n is the cardinality of the minimal set of denominators, D; can have the following forms,

for some particular combination of loop momenta, l;, and w = p - v/M which we take the
derivatives with respect to, such that v? = 1.

8.5.1 One-loop Case

We will go through the derivation explicitly at one-loop as a reference for the main two-loop
result. At one-loop all on-shell amplitudes reduce to expressions with two MIs,

1 — )2 TEVEE 1—2€ D 1 . 1
! [(4m) JM /d l( (8.45)
1

2 2—e _YEe D
[()_ [(47‘1’) eE]/d ll

taking the derivative and performing IBP reduction, we obtain,

= —€e"BT(e — 1)M?™2 (8.46)

d —ewel 4Py [ 41 !
@I(l)(w) _ [(47r)2 ¢7ee] /d I [dw T —w)} T (8.47)
o (13}2—_3iw 70 (1D_—w22) o), (8.48)

134



MI || v1 | vo | vg | vy | vs | g | 7 | g
Cy 0O(0jO0|1T|1T]0]01]O
Coj||lOJO|1T |1 |1T]0]01]0O0
C3 ||lO|O|1T 0|1 ]1]01]0
Cy | O1]0]1T | 1]0]0]|O0
Cs||l0O|2 0|1 |1]0]01]O0
Ce |O| 1T |1 |1 |1]0]01]O0
Cr 17111 {0]0]0]O0
Cs 171(1]0(1]0]0]O0
Cy 1|11 1}1]0]0]0O0
CollO|O0O]O0O]O0O]1T]0]1]1
Chn|f10]0]0]0]O0]1]1
Ceff1|0]O0O]O0O|1T]0]1]1

Table 8.5: Column vector of heavy self-energy Mls with propagator exponent indices v;.

One can then solve Eq. (8.14) by variation of parameters and boundary condition, I (0) = 0,
to obtain,
I = 27BT (€) M2, (8.49)

which again equals the result obtained from the usual Feynman parametrisation [153].

8.5.2 Two-loop Case

We will start by considering the off-shell case for generality with parameter, w, non-zero. The
column vector of MIs C(w), consists of n = 12 integrals. We tabulate these in Table 8.5, based
on our notation for L(*) in Eq. (8.6). Differentiating C(w) with respect to w and performing
IBP reduction, we have a differential system,

9 C(w) = M(w, €)C(w). (8.50)

with a 12 x 12 matrix, M(w, €). Proceeding with Lee’s algorithm to attempt reduction to e-form.
We then determine a transformation matrix T. To evaluate T, one starts by transforming the
blocks and coupled sub-system they represent to e-form. By analysis we find a non-trivial block
that can only be reduced to (A 4+ Be)-form,

0 -1
My =1 (e 1)e-s)  (Bu?a) @) |- (8.51)
(w=2)(w+2) (w—2)w(w+2)

and transforming Ms minimally gives,

Tw?—20w+24  16((w—2)w+3)e (=280 +64w—112)e | 144265056

= w(w?~4) w(w?—1) w(w?—1) w(w?—4)
Sp=e (6w?—16w+24)e 3,2 93,12  (10w2—32w+56)e | 612429028 : (8.52)
w(w2—4) + w(w?—4) w(w?—14) + w(w? —4)

Thus, this block requires individual treatment with EPLs to solve. The remaining blocks,
however, do, reduce to e-form, as can be seen in the reduced system given in Appendix C.3.
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MI || vhn |vo | v | Vg | Vs | g | V7 | VR
c1 oo j1]j1]0]0]07]O
co O[O 1T |1 ]1]01]01]O0
cs |01 |1 ]1]0]0]01]O0
ca O 1T ]0] 1] 1]01]01]O0
s O 1T | 1|1 ]1]0]01]O0
c6 17111 {0]0]0]O0
cr 17110 1]0]0]O0
s 1|11 1}1]0]0]0O0
co ||O[O]O0O]O0]1T]0]1]1

cof|l 10001 ]0]1]1

Table 8.6: Self-energy boundary MIs at w = 0 with propagator exponent indices given by v;
with p-v = 0.

By analysis, we find that C > and Cig are w-independent boundary MIs, which we solve with
standard methods and are present in Appendix C.4. Unlike the previous cases, our boundary
condition is to enforce regularity at w = 0 or p-v = M, which leaves us with the column vector,
c, of boundary integrals present in Table 8.6. Although there are more integrals to determine
at w = 0, this point is what is needed for field renormalisation contributions in practice, as
described in Section 8.2. These are to be determined independently of the differential equation
method and instead with DRR. We present the exact results for these integrals in Appendix C.4.
Thus we have all the ingredients necessary to determine our result in terms of MPLs and EPLs,
and we perform the integrals iteratively at each order in €, enforcing boundary conditions up to
O(€%). The full results in terms of MPLs and EPLs are presented in an arXiv ancillary file of
Ref. [381].

8.6 Summary

We have employed the differential equations method and dimensional recurrence relations to
treat diagrams with heavy field insertions up to three-points and two-loop order. Our analysis
focused on vertex or form factor diagrams as these are fundamental for a broad class of processes
and can be combined for use in studies beyond three-point order. Our results are applicable
for a broader range of theories and provide an IR structure for models studied by including
a mass scale. The treatment of the heavy-heavy and heavy-light vertex diagrams was shown
to be straightforward, and we provide the results in terms of MPLs. The on-shell self-energy
contributions give the heavy field and residual mass renormalisation. We evaluated these dia-
grams as they were boundary MIs for the general off-shell propagator. Determining said off-shell
self-energies with differential equations leads to a sub-system of equations that required treat-
ment with EPLs, and we describe this as well, providing results for the off- and on-shell cases.
Based on this study, we have provided further proof positive of the power and simplicity of the
differential equation method and advocate for its use when more exotic propagators are present.
Our full results are contained in the ancillary file submitted along with Ref. [264] on the arXiv.
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Chapter 9

Conclusion and Outlook

In this thesis, we incorporated electroweak corrections to fundamental parameters and EFTs
arising from QCD. We focused our analysis on heavy quarks, such as top quarks in the SM,
shedding light on the role of the EW sector. Our findings demonstrate that the leading EW
corrections are comparable in size to current high precision QCD estimates and we therefore
must take these into account. We further endeavoured to maintain generality at each stage by
considering BSM theories and studying both heavy and light fields in model-independent ways.

Our analysis of heavy fields and the EW sector began in Chapter 5, in which we considered
the heavy quark static potential. As the full SM is chiral and exhibits SSB, we proposed a
consistent way of studying static potentials in theories with SSB. In contrast to the traditional
Wilson loop approach, the method we pursued is better suited for SM-like theories and implicitly
provides higher-order scalar and spin-dependent contributions. The main result we presented in
this approach is the leading one-loop EW corrections to the heavy quark potential. We found the
contributions from the EW regime to be significant and comparable to pure QCD contributions
at NNLO. Moreover, we discussed how the theoretical framework introduced helps to study the
NR regime of theories beyond the SM.

We examined analogous corrections to short-distance mass definitions with the EW cor-
rections to the heavy quark potential at hand. The building blocks of these mass definitions
are energy parameters, including the heavy quark static potential, binding energy, and residual
kinetic energy. For this reason, we began Chapter 6 by elaborating on the static potential calcu-
lation and applied it to the case of top and bottom quarks. We then presented our calculation
for the leading one-loop EW corrections to the heavy quark residual KE and BE. From there,
we determined the leading EW corrections to often-employed threshold mass definitions for the
top and bottom quarks in the SM. The numerical estimates we provided for the EW corrections
indicate that they are comparable to pure QCD contributions at NNLO. Moreover, these mass
definitions are useful when working with heavy quark EFTs, which we considered next.

Remaining in the vein of heavy quarks but shifting gears to an EFT perspective, we focused
on HQET and NRQCD. In Chapter 7 we confirmed previous matching results in pure QCD
and then studied the EW corrections to the HQET/NRQCD Lagrangian. We found the EW
corrections to the matching coefficients and determined that the Lagrangian required extension.
The extension was due to the SM being parity-violating, unlike pure QCD. Thus, new Lorentz
structures emerged that appear as independent operators in the EFT Lagrangian with associated
matching. We performed the matching at one-loop order for both form factors and four-quark
operators. As in the threshold mass study, we produced numerical estimates for the one-loop
matching coefficients, demonstrating the need to incorporate EW contributions in future studies.

In Chapter 8 we generalised the previous EFT analysis to the case of both massive and
massless form factors. Our interest in form factors lies in their nature of primary building blocks
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to a broad set of observables in both high and low energy regimes. This chapter aimed to attain a
complete two-loop EF'T description for each operator, mass hierarchy and energetic regime in the
model we employed. We achieved a significant portion of this endeavour in both the Sudakov
and threshold energetic regime for both matching and running. We further showed how the
results in our model could be mapped to the SM up to and including two-loop orders. This was
achieved by replacing coupling and group theory factors. We also discussed how replacements
of a similar type can be used to study models beyond the SM.

Our two-loop EFT analysis opened many avenues of inquiry, one of which was the appearance
of heavy field diagrams with mass scales. Analytically evaluating such integrals required treat-
ment with modern multi-loop techniques. In Chapter 8 we evaluated all diagrams with heavy
field insertions up to three points and two-loop order. We achieved this analysis with differential
equations and dimensional recurrence relations, which we have shown to be the appropriate
framework for dealing with non-standard multi-loop integrals. Our results are applicable to a
broader range of theories and provide IR structure for models studied with the inclusion of a
mass scale. The treatment of the on-shell diagrams was shown to be straightforward, and we
provided the results in terms of MPLs. We further considered the off-shell case for completeness
which required more delicate treatment with elliptic functions.

To conclude this thesis, the research we presented has opened new avenues of exploration
into the effects of incorporating the EW sector in high precision studies. We have demonstrated
that the leading EW contributions are comparable to the next-to-leading QCD corrections on
a range of fronts, from fundamental SM parameters and energies to EFTs. As high precision
QCD is currently providing predictions far beyond leading order, our findings indicate that
the sub-leading EW sector needs accounting for at this stage. In particular, when considering
specific processes of interest, approaching different energetic regimes, and delving into higher-
loop orders. We hope that the framework we develop and the results we express in this thesis
will help incorporate the EW sector in future studies, ultimately increasing the odds of detecting
new physics at the LHC and beyond.
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Appendix A

SU(N)-Higgs Theory Feynman Rules

We illustrate here the Feynman rules we employ for our calculations in the various theories.
They may be determined from the Lagrangian described in section 7.2.1. The gauge boson fields
of mass M = My are Wy (with Lorentz vector index p). The corresponding Fadeev-Popov
ghost fields are labelled ¢* (and antighost ¢* ) and Goldstone bosons are labelled ¢*. In the
Feynman-t’'Hooft gauge used by us, one sets My = My, . The fields, ¢ and x denote fermions
and complex scalars, respectively. The SU(IN) coupling is given by ¢ and the field labelling,
{1,2} differentiates between the particles on the grounds of mass, if two of the same kind exist
in a vertex. Vertices which apply beyond two-loops are omitted here but should be included if
one wants to venture beyond.

A.1 Fermion and Scalar Couplings

¥ 0 X p b2 X
> S T Seennneeeees
ig(p1 + p2)HT°
igy, T
we Wy
(] ¥ X X
> i e  GRRTELLRE I SRRERELEEE
I I
I —i§Yy I —igY,
I I
H H
X X

2i6° G, TOT®
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A.2 Gauge Field Self and Ghost Couplings
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A.4 Effective theory couplings

hg hg hy hg
I
I
igv, T | —i§Yy
I
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I
I
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I
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I
i I
gy T | —idY;
I
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d)(n D) ¢(n7p) (b(”vp) ¢(n D)
:::::::::::)::::::::::_':::::::::)::::::::::: :::::::::::)::::::::::r:::::::::::):::::::::::
I
I
ign, T | —z%Ys
I
Wi H

In the effective theory vertices, solid (dashed) lines correspond to fermions (scalars) and widely
(thinly) spaced lines correspond to heavy (co-linear) particles. As for the co-linear vertices we
do not distinguish between soft /Wilson line couplings as they are identical up to the order we
are considering.
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Appendix B

Form Factors Contributions

In this Chapter we present the form factor contributions compact enough to present in this
thesis, for each scale hierarchy and operator considered in Chapter 8. The numbering of the
contributions corresponds to their ordering in their respective tables in Chapter 8. We note
further that the explicit contributions from two-loop vertex corrections, Vi(2), are too large to
present here. We thus include the full expressions with description in the arXiv ancillary file of
Ref. [325].

B.1 Matching at u ~ Q:

The coupling corrections to matching from the full theory at p ~ @, contributing at two-loop
order are given by,

AC) = % (—2L% + (7% — 12) Lo — 28(3 + 24) (Ca (3Ca +22) — 8nyTy — 4)
Y2

+ ﬁ {6Lg (Lo (—2CACFIn Lo + Ca (6Ck + 22) — 8nsTy — 1)

+Cy ((7* = 36) Cp — 88) + 320 Ty +4) — 168(3CACr + 48C (9CF + 22)

—272C4 (3Cp + 11) + (n* — 48) 8ns Ty + 1)}, (B.1)
ACy = % (2Lg ((9 — 2Lg) Lo + 7% — 48) — 563 — 3° + 192) (C4 (3C4 + 22)

2
—8nTy — 4) + 5—;6 {612 (204 (6CF — 11) + 8nyTy + 1)

+12L¢g (Ca ((7* — 42) Cp + 22) — 8nyTy — 1) — 24C4Cr L},
—12(28¢3 — 90+ 7%) CaCp + 22 (7° — 12) Cy — (7* — 12) 8nsTy + 1)},  (B.2)
ACs = % (Lo (=2(Lg —6) Lo +7° — 48) — 28(3 — 21> + 84) (C4 (3C4 + 22)
2

Y
—8nsTy —4) + Zé {LQ (—QCACF (Lg—6)Lg+Ca ((71'2 — 36) Cr+ 44)

—2 (8nyTy + 1)) — 28¢3CaCp — 2C4 ((7* — 24) Cp + 66) +48nsTy + 6},  (B.3)
Cr

ACy = — (2Lg ((3 —2Lg) Lg + m* — 12) — 563 — 7> + 48) (—6C3 + 22C4
—8n Ty + 5), (B.4)
ACs = % (Lo (—2(Lg — 6) Lo + 7% — 48) — 28¢5 — 272 4 96) (—6C3 + 22C4
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—8nsTt +5), (B.5)
Cr

ACs = o (—2Lq ((9 —2Lg) Lg + m* — 36) + 563 + 37> — 144) (Ca (—12C4 + 3Y}

—176) + 64n,; Ty + 20). (B.6)

B.2 SCET Matching at y ~ M:

The SCET form factor contributions at two-loop order from mass and coupling renormalisation
are given by,

_ _Cr_
T2MS,
+3Myy (Lagy, (M (141C4 — 32nTy — 20) + 10M7) — 8Mp Ly,
—54Myy, M7 + 6Mp, Mpy — 6Mys (12Myy, — 4Mj, M3 + M) In(w)
+6 (8Myy M7y — 6My, My + M) In (M /Mpg)} (2L, —2Lg +3), (B.7)
AD; = — 35\;% {3Myy (Lagy, (M (141C4 — 32nTy — 20) + 10Mg) — 8Mz Ly, )
+MS, ((99\/§7r - 690) Ca + 32(5 + 3im)n Ty + 124) +6MAM2,
—54 M7 My, — 6Mpys (Mj; — AME Mg, + 12Myy) In(w)
+6 (Mfy — 6Mp M7, + 8ME My, ) In (Mw /Mu)} (Lagy, — Lo +2), (B.8)
AD3 = — 145‘5% {3Myy (Lagy, (M (141C4 — 32nTy — 20) + 10Mp) — 8Mf Ly, )
+MS, ((99\/§7r - 690) Ca + 32(5 + 3im)n Ty + 124) +6ME M2,
—54M} My, — 6Mpys (Mpy — 4AMEME, + 12M3,) In(w)
+6 (Mfy — 6 My M, + 8MpE My, ) In (Mw /Mp)} (AL, —4Lg + 7). (B.9)

AD, = { M5 ((99v37 = 690) Ca + 32(5 + 3im)n Ty + 124)

B.3 HPET Matching at u ~ M:

The two-loop HPET matching contribution at p ~ M, are given by,
2

v = M 4 FM ATy + 5CE (12(Lany = 1Lagy +7°) h(w)
€
24

1

= O h(w) (6Lany (w+ 1)Lagy —2) +3(w + 1)Ly,
+3Lr,, ((w+ 1) Loy, — 4w) + 72(w + 1)) , (B.10)

+ =Y} (12(Lary — 1) Loy + 7°) h(w)

2
U = (M + BN 4+ AU + SwCE (12(Lan, = DIty +7°) h(w)
1
T (12(Easy — Uy +77) )

1
- 6CFYS?h(w) (6Lagy, (w+1)Lag, —2) + 3(w + 1) LYy,
+3Lar, (w+ 1) Lo, — 4w) + 7*(w + 1)), (B.11)
2
U = (v L FOD 4 AU + ngIZ; (12(Lagy — 1) Loty + 72) h(w)
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(YfY +Y2Yy) (12(Lagy — 1) Loy, + 7°)

48
- 6C,;nysh(w) (3 (2Lasy (Lazy — 2) + Ly, + Ly,) + 7°)
1
— EwC’F(YfZ + Y2)h(w) (3(Lary + Lary)* — 12Lagy, + 72) h(w). (B.12)

The terms, Vi(M) and Fy are the bare two-loop vertex and wave-function corrections and AU;
are the associated mass and coupling renormalisation contributions.

B4

Matching at p ~ m; o:

Matching corrections at one- and two-loop order to the threshold form factor at p ~ mq 2 are
represented by,

B =

B = —

Cr Y2L,
M {L2 (ml + m2) Lm2 (m% —4mima — m%)} - 16;7,7_7%4_ {9m% — 8mima
Y?
_5m% - m {5m%Lm1 9m2Lm1 4m1m2L72m + 8m1m2Lm1 — Gm% + Gm%}
Y2mqymoL2
_ f4m_m+m2 2m e {m Lml + m%Lml —+ m% —+ 4m1m2 — m%} , (B13>
CrLm, m_CrL2, Y7 Lo, , ,
4 5 2 — 9m? +9
2m_my {m1 e mQ} i 2my 16m_m? {9m + 9mim
Cr
—3mymj — 11m3} — - {m1 — 5miLm, + m2L2 —m3Lm, — 2m1m2L%11
+

YQ
F4mymy Ly, + 6m? — 6m3} — m {11m3 Ly, + 1lm3maLy, — 9m3Lo,
+

—17m1m%Lm1 — 18m} — 26mims + 18mim3 + 26m3 } (B.14)
2 2 2 2 Yszm 2
W {L (ml -+ mQ) — Lm2 (ml — 4m1m2 + 7m2)} — m {9m1 - 8m1m2
Cr
—9m2} — m {ml — T3 L, + m2L2 — m3 Ly, + 4mimaLy,, + 4m?
YimymaL? Y7
_4m§} _ f4mim+m2 - 16mim+ {Qm%Lml — 9m%Lm1 — ZIT)”LlTnngn1 + 8mimaLyy,
—14m3 + 14m3}, (B.15)
Cr YZL
= m {L (ml + m2) — 2m2Lm2} ;mgz 2m my {mzL?nl — Qm%Lml
Y2
+m3L2, — 6mi+6m3} + o2 5 {mim3L2, —2mim3Ly, +2m5Lp,
mimsm_m._
Y22
+2m] — 2m3} — ﬁ, (B.16)
Cr2m3 Lo, (m3 +8m3)  CpLi, (m3+m3)  YiLu, (mi—2m3)  YEL2,
m_my (m% + m%) 2m_my 2mam_m. 16m_m

C
o~ ( ; ) {miL2, —32miLy, +2mim3L2, —4mim3L,, +m3L2,
— o4 1 2
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Y2
+18m7t — 18m3 )} + £ Mi{m3L2, —16mim3iL
! 2} 16m3mam_m_ (ml —l—m2) { 1172 Em, 12

Y2

+mim L2 — 8m2m3 Ly, +8mSLy,, +8m$) + > 8mim3
17792 171025 my 2--my 1} 16m m%m my (ml +m2) { 17792
+8mimj — 8mS}, (B.17)
CrpL?, (m?+m 2m3CpL YL
BV ==L ma (M +m3) _ 2m3 ome 2 L2Yymymi — Yomi — Yimimo
2m_my m_m? 8mim_m?2.

2

Y
! 3 {—Qm‘;’m%Lml IMIm3 Ly, + 9m3 Lo,

2 3
+ng1m2 + Yst} + 716m%m_m+

Y2
+9m1m3 Ly, + 9mim3 + Qm%mg’} + m {—9m1m§l — 9mg}
2" =Ty
Y;Y, Y;Y,m?
fi {2m1m L2 4+ 2mim3L2, —4mymiLoy,, — 4m%m%} + fismg
16m2m m+ ! ! 4m_m?
vy 3 2 2 3 YV L}
16m%78n,m2+ {Zml + 2mimg — 2mims — 2m2} - 8m_m+m2
Cr
2m m+ {m — Smi’Lml} — m {m%mQL%l1 — Z’mﬁmng1
+m3L2, — ngl +mum3L2, + 3mim3 Ly, —4mi + 4mim3} . (B.18)
(2) (mi2) L pome) 1 pma)
B =V, 2F + 5B+ AB)
CQ
+5o £ (60m3L2, —80miLy,, — 1212, + 28L.,, + 5m°mi + 104m7 — 7° — 36)
my
Y4
+ 64f (72miL2, — 144miLy,, — 36L2, + 72Ly,, + 67°m] + 176m7 — 37% — 88)
CFY
L (25212, — T68Lyy, + w2m3 — 366m3 + 217% +912) m
32m1
CrY.
_ 32m§1§ (12m3L2, + 764m3 Ly, ) m_
Yim_
- £8mi{’ (36miL2, — 324miL,,, —108L2, )
Yim_
-3 ;gm% (360Ly, + 37°m7 + 322m7 — 97° — 408)
02
+ F (12miL2, + 176m3i Ly, + 60L2, ) m_
CrY?
- 16m§ (1972m? + 386m? — 5r% — 160)
02
+ —£ (7r mi — 188Ly,, — 64m7 + 57° + 236) m_
CFY2
~ Tom? L (228m3L2,, — 292m3 Ly, — 60L%, + 128L,,,) (B.19)
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B = )+

B = i) ¢

1 1
QF( 2) 4 2F( Y 4 ABy)
02
4m1m_ (
2

C
- 8—F2 (36miL2, + 36miLy, +36L2, +3m*mi — T4m3i + 372 + 40)

12m3L%, — 28miLym, + 1202, — 16Ly,, + 7°m? + 30m? + 72 + 16)

Y
+ ot (12m3L2, — 16m3Lm, + 1202, — 4Ly, + 7°m3 + 10m2 + 72 + 2)

+ - (36mILY, + 72miLy,, + 3612, + 36Ly,, + 3w°m] — 74m7 + 37> + 22)

3
+ oy (36mILL, + 12m Ly, + 3617, — 24Lm, + 3n°mi — 80mi + 37% + 46)
1

CpY?
- 192m (324m32L2, — 1512m2Lyn, + 900L2, — 1284L,, ) m_
1
CpY?
- 103 Tr{3 (277%m? + 1278m? + 7572 + 1202) m_
1
Y4
ST Gmfl —— (3n”mi + 124m} + 37”4 70)
4
+ W (36m3 L2, — 108m? Ly, + 3612, — 72Lym,)
1024m s (324mIL2, +324miL,,, — 25217, )
1
AT (840Lm1 +277*mi — 36mi — 217 — 778), (B.20)
g 1
QFIQ 2) | 2F( Y 4 ABj)

02

2—F (12miL2, —58miLy, — 12L2, + 34Ly,, + 7°m7 + 80m; — n° — 55)
mj

C%m,

4m1

CrY.
-3 J; (84m3L2, — 388miLy,, — 108L2, + 216L,,, + Tn°mi + 548m7 — 9n” — 342)
my

4
Y
128mim_

4

+ 256% 2 (36miLZ, — 180m3 Ly, — 108L2, + T2Ly, + 3m*mi + 376m; — 97* — 138)

_l’_

(12m3L2, —22miL,,, +60L2, — 194Lp,, + 72m} — 10m? + 572 + 263)

(36miL2, — 108m3 Ly, +36L2, — T2L,, + 3m°mi + 124m3 + 37% + 70)

CrY?
Ck 2
S (6m3Ly, + 6Ly, — 10mi —7)
CrY?m_
- Tfmg (36m2 L2, +132m3 Ly, + 1476L%, — 4392L,,,)
1
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_l’_

CrY?m_
ZE T (37%m2 — 936m2 + 12372 + 5378)

192m3
53 3 (1128Ly,, + 15m°m7 + 548m7 — 337 — 1130)
5;7; ; (180m2L2, — 396m2Ly, — 396L2, ), (B.21)

m 1
Bf) _ (‘/4( 12) | §F>(<m2) + §F§m1) + ABy)

_|_

+

+

02
3— (24miL2, —24miL,,, — 1202 + 12L, + 20°mi + 24mi — n° — 12)
my

20%m._

= O (18m2L, + 1212, — 24L,,, — 6m? + 7° + 18)

my
CrY2m_
Fg# (12miL2, — 36miLy, — 1202, + 32L,,, + 7°mi + 30mi — n° — 38)
CrY?
5 j (36m3L2,, — 48m3 Ly, — 1212, + 24L,y, + 372m3 + 60m? — 7% — 30)

m1

& Yim_

1212, —12L 2412 1212, —24L 24+18), (B.22

192m1( mi 0 +12) - 96m1( it 18), (B.22)

m 1
Bé2) _ (VB( 1,2) + 7F>(<m2) + §F>gml) + ABs)

_l’_

+

2

C2m_
L (36m3 L2, —120m?Lin, +60L2, — T2Lyn, + 37°m} + 108m} + 5% + 48)
my

CrY2m_
ST (12mi L, — 54mi L, + T2L, — 132Lyn, + 7°m} + 78m3 + 67 +126)
1
CrY, 2L2 2 2 2 9 2 2
— 96m4 (12m1Lm1 - 24m1Lm1 - 36Lm1 —+ 36Lm1 + T ml + 24m1 _ 37T _ 36)
1
384m% (12m%L$n1 — SGm%Lm1 — 12I/2m1 +24L,,, + ﬂzm% n 48m% 2 30)
1
1€;;Lm (12m LZH — 42mem1 — 24Lib1 + 60Lp, + ﬂ_Qm% n 57m% 92 72)
1
C% 212 S e
" T2 (12miL%, —12miLy,, + 1212, + 7°m] + 6m] + 7°), (B.23)

m 1 1
BéQ) _ (‘/6( 1,2) + §F>gm2) + §F1§; 1) + ABg)

S (60miL2, — 132miLy,, — 12L2, + 24L,,, + 57°mi + 168m] — 7> — 30)

(180 $L2, —396mi Ly, — 3612, + T2Lyy,, + 157°m] + 494m7 — 37* — 88)

— 73_ (36miL2, + 36miLy, + 108L2, — 252L,,, + 3mw*mi — 2m3 + 97 + 300)

_l’_

_l’_

# (108m3 L2, — 180m3 Ly, — 36L2, + 72Ly,, + 97*m7 + 210m7 — 37% — 88)
m}

2

24m1

5 (108Ly,, + 257%m7 + 744m? — 57% — 132)
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The notation m+4 = mgy £ m;.

2
Cem_

i (5*mi — 432Lyy, — 144m7 + 157° 4 474)

- }m (90Lym, + 67m] + 140m; — 37 — 106)

- 71/(;;2[? (24Lypn, + 3n°mi + 72mf — 7% — 30)

_ Yjsi% (66Lm, + 5m°mi + 150m7 — 27° — 78)
CFgéf%m_ (162Lin, + 107°mi + 228mf — 57° — 171)

_ (’;g ;fn }; (108Lyn, + 157%m7 + 312m3 — 57% — 132)
Cﬁ?;?‘ (156 L, + 97*mi + 468m] — 57* — 186)
C’% 2,9 2 2

+ Sz (B00MALE, = 60003 Ly, — 60L7,)
C%m_ 2,9 2 2

+ g (00mELE, o+ 312mi L, + 180L7, )

B m (72m3L2, — 144m3L,,, — 36L2,)

+ 7%;:% (36m%Lfnl — 60} Ly, — 12L$n1)

_ % (60miLy, —144m3 Ly, — 2417, )
W (120m3L2, — 288m3 Ly, — 60L2, )

_ Clg ;f; Y:; (180miL,, — 264m7Ly,, — 60L7, )
(ﬂ (108m3L2, — 396m3 Ly, — 60L2, ). (B-24)

V(ml,z)

f and F7 are bare two-loop vertex and wave-function

corrections. AB; are the two-loop order contribution from mass and coupling renormalisation.

B.5 Matching at y ~ ms:

Matching corrections to the threshold form factor at p ~ mo are given by,

m L (ma, L o,
52):(‘/1( 2)+§F1§, 20)+§F1§}OO))

+ éc% (3Liy (4 (Limg — 2) Ly + m° + 16) + 6¢3 — 277 — 48)

1
— ﬁcFYf? (2Lmy (6Lpmy (2Lim, + 1) + 37 — 46) + 12(3 + m° + 158)

1
+ 6—4Yf4 (36 (Limy — 3) Ly, + 37> + 142) , (B.25)
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~ (2 m 1 _(m2,0) . 1 000
Bé):(VQ( 2)+§F1§)2 )+§F1§J ))

1
+ TQCI% (6L, (4L2,, — 2Ly, + 7 4 26) + 12¢5 — 7° — 246)

1
- 3—20FY}? (=6Lym, (4L2,, — 2Ly, + 7 + 30) + 7 + 262 — 12(3)

=556 (36 (Limy — 3) Lim, + 37 4 124) (B.26)
~(2 m I (m2,0) 1 00
Bé):(vé( 2)—|—§F122 )—}—in/() ))

+ éc% (3Limy (4 (L, — 2) Ly, + 7 + 28) + 6¢3 — 2* — 108)

1
— 37201;1/!2 (2Lmy (6Lpmy (2Lim, + 3) + 37 — 50)
3

+3 (4¢3 + 50+ %)) + o8 7 (36 (Limy — 3) Liny + 37° 4 136) , (B.27)

_ ey 1 1
B£2) _ (V4( 2) + §F>(<m270) + §Fv)EO,O))

1
+ 80% (2L, (ALZ,, + 6Ly, +7° — 12) + 4(3 + 7% + 24) +

L cpy? (—Lm2 (4L%, + 7 —3) =6+ ¢<2>(1))

12m3
1
+ 35 YV (2L, (ALY, — 6Ly +7° +12) +4¢s — 7 — 24) | (B.28)
2
~(2 m 1 m 1
Bé ) _ (V5( 2) + §F>(< 2,0) + §Fv)EO,O))

1
+ EC% (4L, (Limg (4Lpmy — 9) + 7 + 15) + 8(3 — 3% — 54) +
1
oo CrY? (—4Lm2 (8L2,, — 9Ly, + 272 + 24) + 372 + 8(15 + 1/}(2)(1)))

2
1

* 192m‘21

YA(4L3, + (7% = 6) Ly, +2(¢3 +6)), (B.29)
1 ma,0 (0,0)
§F>§ 20) 4 5Fe )
1
+ 50% (Limy (4Lmy (L, + 3) + 7% — 24) + 2(3 + 7% + 24) —
1

) N 1
B((SQ) = (VG( 2t

CrYyYs (2Lmy (4L2,, + 6Ly, + m° — 12) + 4¢3 + 7° + 24)

24m2
1
~ & CpY? (2L, (4L}, + 6Ly, +7° — 24) 4 43 + 7% + 72) +
2
1
T Y3Yy (413, + (7% — 6) L, +2(G3 +6)) (B.30)
2

> m 1 m 1
B’§2) — (VY( 2) + §F1§1 2,0) + §F;EO,O))

1
+ EC% (6L, (2Limy (2Limy — 7) 4 7 4 36) + 12¢3 — Tr* — 264)

CrY;Ys (4L, (3L, — 10) + 7% + 56)

 16mp

1
+ ECFYf2 (=Lumy (12 (Limy — 3) Liny + 37 + 88) — 6(3 + 37> + 104)
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+

2
128m Y7V, (36 (Limy — 3) Lin, + 37° + 142) . (B.31)

Vi(m2) and FT are two-loop vertex and wave-function corrections. The mass and coupling renor-
malisation contributions contributing at two-loop order are given by,

-1
ABy = 5 Cp {=2Lm, (3Lm, (Bo — 48Cr) + 120Ck + (24 + %) Bo
+250L2 ,) +24 (24 +7%) Cp — (7 — 96) Bo — 8B0Cs }

192Yf {6Lm2 ( mo (480F + 5/80) - 208CF + 6/80)

+24 (46 + 7%) Cp + (57% — 132) o} + 3%1/;1(13 — 15Lpm,), (B.32)

~ 1
ABy = Cp {—2L, (—3Ly, (48CF + 55y) + 552CF + (60 + 72) By

+260L2,,) + 24 (66 + 7°) Cp + (264 + 57%) B — 880(3 }
1
192

+24 (166 + 7°) Cp + (180 + 117%) o} + 55 Y} (52 — 33Lim, ), (B.33)

7{6Lum, (48CE Ly, — 496Ck — 1850 + 1180 Lm,)

AB; = ﬁCF {—2L, (—3Ly, (48CF + TBo) + 696C + (48 + 72) By
+250L2 ,) +24(68+ %) Cp + (96 + 77%) Bo — 860Cs }

- Yf {2Ln, (48CE Ly, — 496Cp — 10&0 + 980 Lm,)

+8(154+W)CF+(4+3W)QO}+ Yf(13 9Lm,), (B.34)

ADBy = ECF {612, (12CF + fBy) — Lim, (240CF + (7* — 12) By)

+6 (38 +7%) Cp — 2B L3, + Bo (7° — 4(& +9)) }

2
- 92;/ > { Ly (—6Lmy (20CE + Bo) + 384CF + (12 + ) By
+260Lm2) —10 (42 + 7%) Cp — (24 + %) Bo + 4Bo3 }

4

192 3

1
- (12(Limy — 3) Ly + 7 4 42) + 3721/;1(13 —15Ly,), (B.35)

ABs = ﬁCF {—2Lyn, (—24Lpm, (3CF + Bo) + 456CF + (51 + 72) Bo

+2B0L2,,) + 6 (223 4 27) Cp + (153 + 87%) By — 8B0(s }
2

962

—6 (10CF + Bo)) + 600CF + (12 + %) Bo) + 4B0(3 }
4

192m2
ABg = ECF {612, (12Cp + By) — Lim, (240CF + (7* — 24) )
+6 (32 4+ 72) Cp — 2B0L3,, + Bo (—4¢ — 72+ 7?) }

2
gé/% [6Lumy (Lmg (8Cr + fi0) — 2 (18Ck + fi)) +4 (54

+ {~2((387 +57%) O +7?Bo) + Ly (2L, (BoLum,

- + (12(Limy — 4) Ly + 7 + 54) (B.36)
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Y5Yy
+7%) Cr + (24 +7°) fo} + " { Ly (168Cr + (x* — 12) fio)
2

~T20p L%, — 6 (24 + 7%) Cp + 260L3,, + 460(¢ +9)}
YpY? 5 v}
S (12(Limy — 2) L 18) — =2~ (2Lyn, — 3),
o3 (12(Lma = 2)Lmy + 77 +18) = 0 (2im, = 3)
-1
ABr = 5 Cp {—2L.n, (3L, (48CF + 550) + 552CF + (48 + 72) Bo

2
+2B0L32,,) + 24 (60 + ) Cp + (192 + 57%) Bo — 850(3 }

(B.37)

— 674 ;{2Lm2 (48CFLm2 — 448CF — 1805y + 9,30Lm2)
9
+8 (152 + 7*) Cp + (68 + 37°) Bo} + 3—2Yf(5 —3Ly,)
PY,

XY 60k + By) + 19C +3ﬁ)+Yf ® (3L, — 11) (B.38)
4m2 mo F 0 F 0 16m2 mo . .

B.6 Matching at y ~ m;:

Matching corrections to the threshold form factor at p ~ my are given by,
1 1
GgZ) _ (Vl(ml) + §F1£m1,0) + §F}§0))

1
— éc% (4L, (3L, — 10) + 7% + 56) +

Y2
Cr—L {20, (2Lm, (2L, — 9) + 7% + 48
96m?3 {=2Lms (2Lms (2L, )

1
—A4Cs + 37% + 120} — 556 7 (36(Lim; — 3) L, + 37 + 142) , (B.39)

m 1 m 1
Gg) :(‘/2( 1)+§F>E 1’0)+§F}EO))

1
- 6012’ {Lm, (4(Lm, — 3)Lim, + m° + 24)
Y2
+2¢3 — 1 — 24} + Cp—=~5 {~2Lm, (2Lm, (2L, — 9) + 7*
96m7
+48) — 4¢3 + 3> + 120},

m 1 1
ng) — (%( Vo4 §F>gm1,0) + §Fi50))

1
+ 50% {Lpm, (4(Lmy — 3) Ly, + 7% +24)

(B.40)

Y2
4203 — 7% — 24} + Cp 48;1% {—2Lm, (2L, (2L, — 9) +7°

+48) — 4¢3 + 37% + 120}, (B.41)

2 m 1 0 1 0
Gg):(w( 1)_|_§F1§)m1 )+§ng))
1 1
— EC% (12(Lim, — 2) Ly, + 7 4 24) + ZsCFYfYS (w2
2

Y.
424 +12(Lpn, — 2)Lyn,) + Cr 96;12 {12(Lp, — 3)Lpn, + 7
1
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3

Y2Y
48} - o f2 (12(Lyny = 3) Ly, + 7° + 48) (B.42)

m 1 1
G = 5™+ B0+ SR

- %c% (3L, (4(Liny — 5)Lin, + 7 + 56)

YQ
+6(5 — 5> — 216) + CFG—Z {=2Lyn, (6L, (2L, — 9)

+372 + 142) + 97 + 350 + 6¢<2>(1)} : (B.43)

Vi(ml) and F7 are two-loop vertex and wave-function corrections. The mass and coupling renor-

malisation contributions contributing at two-loop order are given by,

1
AG, = ECF {6Lyn, (BoLm, —2(12CF + B0))

1
+168CF + (24 +7%) Bo} + 192Yf {6L,,, (216CF
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The contributions from bare two-loop vertex contributions, Vi(ml)7 are too large to present here.

We thus include the full expressions with description in the arXiv ancillary file of Ref. [325].

The contributions from two-loop vertex corrections, Vi(M), are too large to present here. We
thus include the full expressions with description in the arXiv ancillary file of Ref. [325]. The
contributions from all corrections both one- and two-loop are too large to present here. We thus

include the full expressions with description in the arXiv ancillary file of Ref. [325].

B.7 Two-Loop Field Renormalisation

The bare two-loop wave-function contributions are presented here for reference. As with all
other contributions, these too are available in the arXiv ancillary file of Ref. [325].

B.7.1 Fermion and Scalar Field at m =0 and M = 0:
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B.7.2 Fermion and Scalar Field at m =0 and M # 0 (Ay = My — My ):
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B.7.3 Fermion and Scalar Field at m # 0 and M = 0:
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B.7.4 Fermion and Scalar Field at m # 0 and M # 0 (Ay = My — My,
Ay = My —m):
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B.8 Parametric Integrals:

P(z) = —/Old:z {2(1_$)1H<1—$+22x2> +422$(1—x2)}

1—=2 1—x+ 2222

3 3 o (3—622—122%) . 5
_224-{224—3}1112 + W e tanh™" (/1 —422) (B.57)
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P,(z):_/Oldx{(l_x)ln<1—x+z2x2> B 2z2x(1—x)(2—x)}

S(z) = /01 dx {(3x2 — 62 +4)In (1 _fj;%Z) - (1225)1(;132)2}
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22 222 224 24

’ 1 22.’133
‘“@——A‘”%_x+ﬂﬂ}

1 1 1 5 322 -1 1 5
-l S T (vice) eeo)
z

2122~ —

The integrals may be analytically continued in the regime, 422 > 1, using V1 — 422 — iv422 — 1
and therefore tanh~!(v/1 — 422) ~— i tanh ! (v/422 — 1), and plugging this back into the integrals
one can verify that the integral remains real.

B.9 Remaining Matching Contributions:

All remaining matching coefficient contributions are too large to present here, which includes:
The bare two-loop vertex contributions in all cases, the heavy bare two-loop field renormalisation
contributions, both the one- and two-loop contributions of D(,u), the coupling and mass renor-
malisation contributions labelled by AB(u) and AU (u). We thus present their full expressions
with description in the arXiv ancillary file of Ref. [325].
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Appendix C

Heavy Master Integrals

C.1 Differential Equations Algorithm

We briefly introduce the algorithm for reducing a coupled differential system to e-form in the
context of multi-loop integrals, for further detail see [389]. Given a family of n master integrals
in a column, J(z), arising from the same types of diagrams and dependent on a single parameter
x, a differential system may be defined,

0 J(x) = M(e, z)J(z). (C.1)

The matrix M(e, z) is obtained after IBP reduction of the differentiated MIs, where d = 4 — 2e.
Given this linear system one can then proceed with Lee’s algorithm [389], which reduces the
system to one which can be solved iteratively order-by-order in e. Firstly, a reduction to so-
called Fuschian form is necessary for M(e, x) in which only simple poles in x arise. If the system
exhibits regular singularities this can always be achieved [410]. Specifically, one can always
define a transformation matrix, T(e, z), such that

J=T(e,z)J and M =T 'MT-T10,T, (C.2)
resulting in a transformed differential system,
03 (z) = Mi(e, z)J (). (C.3)
One then needs to determine T such that it factors out the e-dependence,
0, d () = eS(x)I (z). (C.4)

This can be achieved in many cases [387] and in general one requires that S be Fuschian,

S@) =Y 2, (C5)
k

with Ay being constant, k finite and only simple poles in « present. This form of differential
system then simply lends itself to a an iterative solution in terms of MPLs which has a nested

sum representation,
i1 i
Ty T

Lial,...,an (1:17 oo ,ZUn) — Z a1 te ‘Cf;L . (C6>

(2
i1>..>i,>0 L n

A special case of which are the so-called Harmonic Polylogarithms (HPLs) [304],
He, . an(x)=Lig, a0, (x,1,...,1), (C.7)
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with,
1
Hy, . o(xz)= ﬁlnn(aj). (C.8)

In general however, there will be MIs in J(z) that are independent of = and thus differentiate
to zero. These MIs along with x-dependent MIs at a pole in z must be determined as they
define the boundary conditions and enforce regularity at all values of x. Otherwise one solely
has the integrals up to an integration constant. Thus boundary integrals, which are simpler
to determine, must be found with other means, for instance Feynman parametrisation, Mellin-
Barnes representations [409], or dimensional recurrence relations [77,79,80]|, which we discuss in
Appendix C.2.

C.2 Dimensional Recurrence Relations

As was originally formulated by Tarasov in Ref. [77], one can evaluate multi-loop integrals
through dimensional recurrence relations and analyticity properties in D, their space-time di-
mensionality. We employ the dimensional recurrence algorithm (DRA) first suggested by Lee
in Refs. |79,80] to evaluate our boundary integrals in Chapter 8. This approach is useful as we
wish to provide boundary integrals to all orders in ¢, for general applications. Given boundary
integrals to all orders, the differential equations algorithm discussed in Section C.1 can then be
employed to determine the remaining integrals to any desired order in e.

The DRA method to determine multi-loop integrals can be broken down into five steps. For
a more detailed review we recommend Ref. [80]. Before going through each step one must make
sure that all multi-loop integrals which are sub-topologies of the one of interest are known as
these will be necessary. Once these are determined one can proceed, given an MI, J D) to be
determined the DRA method proceeds in the following systematic way:

1. Examine the pole structure of J(P) and make certain that there exists a so-called basic
stripe of integer width two between a set of poles. This is necessary as the integral needs to
be finite in such a stripe. If the integral does not contain a basic stripe, make the integral
suitable by increasing powers of certain propagators and relating the new integral to the
original through IBP identities.

2. Given an appropriate MI for DRA treatment, J(P), one can now proceed to constructing
its DRR which can in general be written as,

JP=2 = c(D)JP) + R(D). (C.9)

The first term on the right-hand side contains a rational factor, C'(D), and the second
terms is known as the inhomogenous part of the relation, R(D), and is made of MIs in
sub-topologies of J(D).

3. Given the recurrence relation in Eq. (C.9), one can write down a general solution as,

JP) = 5 (D)w(z) + 7. (C.10)

The terms in this solution are to be determined individually where, ¥~1(D) is the homoge-
nous solution also known as the summing factor and JI(D) is a particular solution to the
inhomogenous part. The goal at this stage is to obtain the general solution by first finding

a suitable homogenous solution, ¥ ~!(D), within the basic stripe and with this determining

a particular solution, JI(D)
function in dimensionality with z = e

, for the inhomogenous part. The function, w(z), is a periodic
D
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4. What remains at this stage is fixing the singularities of the periodic function, w(z), which
is done by studying the analytic properties of the MIs in Eq. (C.9) and the summing factor,
(D), in the general solution.

5. If there are any remaining constants that are not yet fixed in Eq. (C.10) the last step is
to fix these. This can also be done by studying analytic properties further, or evaluating
the MI in a space-time dimension, D, which is especially simple.

The main procedure which requires careful consideration in the DRA method is given in the
fourth step. To fix the singularities in w(z) one needs to analyse the pole structure of %(D)J(P)
in the basic stripe of the complex plane of D. One can attain this data, i.e. the position and
order of the poles of X(D)J (D), either by inspection if trivial, or semi-analytically with the
help of an algorithm automated in FIESTA [411]. What one finds in general is that the pole
ordering is dependent on the summing factor, (D) and the basic stripe chosen given the MI
being evaluated. Whence, step five may not be necessary in the case of such requirements being
appropriately chosen. In this thesis we evaluate all our boundary MIs with the DRA method
for completeness and check the results to high numerical precision with FIESTA.

C.3 Differential Systems in e-form

In this section we present the reduced Fuschian systems of differential equations present in
Chapter 8. The vertex diagrams are given in e-form and the off-shell self-energy diagrams are
given in (A + Be)-form. The original system described by M and the transformation matrix
required for reduction, T, are provided for all cases in an arXiv ancillary file of Ref. [381].

Heavy-Heavy:

[1’5_6<— 4b | 2dsw Adp ) (C.11)

Iw—1)  w?—-1 2w-—1)

i (_ 7}2&_2,8” . 4(105;_1315” - 2i6(g§2_—1§)> | (C.12)
o)
i = 3(?01?61)’ (C.14)
i = :}11_561 (C.15)
o (e )
- (%7 (C.17)
. (_ 1;};%,? - iﬁ_g/bi - jﬁ) 7 (C.18)
= <_ 16(?:)1€ 1) 32iiliﬂl) 120131—7111} i 4(?;20—61) B 16?:?7?1)) o
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C.4 Heavy Boundary Integrals

In this section we present exact results for all the boundary integrals in Chapter 8. In our
notation, v = d/2 with d = 4 — 2¢ and we take mass scale to unity as is conventionally done for
conciseness.
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We can see the introduction of new functions in some of the boundary integrals of this section.
These are the hypergeometric functions [412], and generalisations thereof. The hypergeometric
function is defined for complex |z|< 1 as a power series expansion,

oFi(a,b;c;2) = Z ol (C.91)

n=0

with (q), denoting the Pochhammer symbol defined by,

1 n=>0
(q)n:{q(q+1)---(q+n—1) n>0 (C92)

For |z|> 1 the hypergeometric function can be analytically continued, avoiding branch points
at unity and infinity. We also have the appearance of the regularised generalised hypergeometric
function which is defined by,

o

Flans... anb b.z)_zwﬁ (C.93)
plig\a1, .5 Ap; 01, .., Og; _nzoﬂgzlr(n—l-bj)n!’ '

which is the maximal extension of the hypergeometric function and thus defines all forms that
appear in our work. Such functions are common in multi-loop integrals and thus, there exist a
variety of methods and associated tools to deal with them. In our case, for the remaining MIs
we solve by differential equations we need to expand the hypergeometric functions present in the
boundary integrals in ¥ = 2 — ¢ for ¢ — 0. This can be done with automatically with HypExp2,
which is what we employed in our study [406].
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