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1 Introduction

This thesis is concerned with the study of double obstacle problems for functionals with linear
growth mainly focusing on the area functional. The underlying problem is the minimization of

functionals over some domain 2 C R", i.e. can be written in general like
min/f(Du(:E)) dz
Q

for some integrand f : R™ — R. Often the integrand is assumed to be convex. Those functionals, or
more precisely the integrands, can be classified by their growths for large arguments. For example,
they can have linear growth (1-growth), like the total variation TV].] or the area functional A[.],
quadratic (2-growth), like Dirichlet integral the Dir[.] or more generally of p-growth, like the
p-energy for 1 < p < 4+o0o. The total variation and the area functional are defined by

TV[u] = / |Du(x)| dz and Afu] = / vV 1+ |Du(z)|? dz
Q Q

for suitable function u and it is easy to see, that the integrands | .| and /1 + | . |2 behave like linear
functions for large arguments. In contrast, the Dirichlet integral has an integrand which growths

quadratic and the functional is given by
Dir[u] = / |Du(z)|? d.
Q

Similarly, the p-energy is given by
Eplu] :/|Du|p dx
Q

and thus coincides with the total variation for p = 1 and the Dirichlet integral for p = 2.
In addition to the minimization of those functionals, it is common to include further requirements,
like the Dirichlet boundary values

u = ug on 02

for given boundary values ug, or to constrain the admissible functions by obstacles or even both.
There exists different versions of obstacle constraints, like the single lower obstacle constraint
u > 1, the single upper obstacle constraint u < 9 or the combination of both, the double
obstacle constraint, with

1 < u < .

Here, 11,1 are functions defined on R™ with values in R U {£oo} and for the double obstacle
problem those the lower obstacle is assumed to be less or equal to the upper obstacle, i.e. 11 < 1.
The double obstacle problem contains the single ones by setting, for example, the upper obstacle
1o = +00 and thus obtain the single lower obstacle case. There are many different obstacles which
can be considered. To mention a few for the single lower obstacles, one can set the lower obstacle
11 to be a continuous functions or a characteristic functions 1 4 of a sets A C R"™, which are equal

1 on A and 0 else, but one could also implement constraints that are active only on a given set



A C R™ by considering the obstacle function with given real-valued function on a set A and —oo
else. Further, it is possible to consider thin obstacles, like a function having the value 0 on an
(n—1)-dimensional submanifold of 2 like the boundary of a (smooth) domain inside or intersecting
) and —oo, the characteristic functions of (n — 1)-dimensional submanifolds and many more and
more general ones. As it turns out, the consideration of functionals with linear growth under
the thin single or double obstacles with or without Dirichlet boundary condition is challenging,
since the usual theory regarding the typically considered function spaces and the thinness of the
obstacles, which can be considered for those, reach a borderline case. This fact will be explained
in little more detailed after more light is shed on the mathematical background. For functionals
with p-growth, especially the Dirichlet integral and other functionals with quadratic growth, a
broader literature than for the linear case exist, parts of which will be presented or referred to in
Section [1.5] First results related to the study of functionals of linear growth with thin obstacles
was done for the minimization of the area by a related approach to the here presented, namely
by the parametric approach in contrast to the here presented non-parametric approach. This and
the many other useful results connecting both theories are the reason, why this thesis is mainly
concerned with the study of the area functional. As a side note, one readily speaks about the non-
parametric Plateau problem and the non-parametric Plateau problem with obstacles if those are
included instead of the minimization of the area functional with or without obstacles, respectively.
Before those concepts are introduced mathematically, an example is presented to illustrate the
obstacle problem and make the thin obstacle problem more tangible and depict difficulties which
indeed arises mathematically. This example originates from the description of minimal surfaces by
soap films or bubbles. Those minimal surfaces are, as it will be described in the following section,
closely related to minimizers of the area functional A[.] and the mentioned parametric approach
for minimal surfaces. This kind of analogy is often used, see for example [39], Introduction] or [52]
Introduction], and can be described as follows:

Minimizing the area functional for some given boundary value means to search for a surface with
least area under those fulfilling the boundary condition. If the boundary values are represented by
a closed wire curve, a spanned soap film will assume a shape with minimal area spanned by the
given wire, thus forming a minimal surface.

To depict the obstacle constraint, a simple configuration may be assumed: The boundary is given
by a circular wire and the minimal surface will obviously be the enclosed circular disc. If an object,
e.g. a book or a ball, is placed from below part-way through the circle, the soap film will dislocate
by bending upwards and the object will represent an obstacle from below. Similarly, if the object
is placed from above, an obstacle from above is given.

For the thin obstacle, a very thin sheet can be taken as an obstacle, which is placed perpendicular
to the plane containing the wire. If the sheet is thin and sharp enough, a phenomenon can occur
which also appears in the mathematical treatment of the given problem:

The soap film can slide downwards on the sides of the sheet without tearing and forms a soap film
with a slit where the sheet is. The difficulty here is that the surface does not fulfill the obstacle
constraint anymore, since the soap film does not lie above the sheet and additionally, because the
slit is thin, the surface area is not changed in comparison to the starting configuration and thus
the violation of the obstacle condition is not penalized.

The next question, which may arise, is what happens if an even lower dimensional object is placed



as an obstacle like a pencil lead or a needle. Unfortunately, there is very little theory available and
there is no hope to provide results for this case with the approaches contained in this thesis.

The first ones to tackle double obstacle problem with thin obstacles in context of minimal surfaces
were De Giorgi, Colombini and Piccinini in [I3] using the parametric approach, which will be
explained in the following paragraphs. Therefore, the next section introduces the parametric and
non-parametric approach and gives a brief historical overview. Afterwards, the double obstacle
problem is stated in the parametric and non-parametric setting with emphasis on the difficulties
arising from enforcing thin obstacles and the first and second major result of this thesis is presented.
Then, a different and again connected approach to obstacle problems via variational inequalities
is summarized and the third major result of this thesis is stated. Next, a small overview over the
existing theory and literature is provided before the introduction is closed by the structure of this

thesis.

1.1 Parametric and non-parametric minimal surfaces

The study of minimal surfaces is a very interesting topic on its own. The problem was stated
in various ways and in many different branches in mathematics like Analysis, Geometry, Partial
Differential Equations, Geometric Measure Theory and Calculus of Variations. The general task
is to minimize the (generalized) area of an n-dimensional surface under given constraints like a
given (n — 1)-dimensional boundary and in different ambient spaces like in the space R"*, where
n, N € IN. Here, N is called the co-dimension of the underlying problem and n > 2 is often
assumed.

In the research on minimal surfaces of arbitrary dimension n and co-dimension N = 1, the two
main approaches besides the classical parametric theory, which is restricted to n = 2 and was
solved independently by Douglas in [22] and Radé in [55, 56] around 1930 using parametrized
disc-type surfaces, and the semi-classical theory, which uses only Lipschitz functions and is basi-
cally restricted to domains satisfying the boundary slope condition, are the parametric and non-
parametric approach.

The parametric approach is due to articles by De Giorgi and by Caccioppoli in the early 1960s, who
studied minimal surfaces as boundaries of (n + 1)-dimensional sets. They introduced the perime-
ter P(E) of a set E as a generalized circumference of a set where only points with a generalized
normal vector are considered. While De Giorgi introduced the concept, Caccioppoli gave a simpler
equivalent definition which is used nowadays. For sets E with C! boundaries, the perimeter gives

the same value as the (n — 1)-dimensional Hausdorff measure of the boundary of the set:
P(E) = H""'(0F).

The definition of the perimeter can be found in Definition Sets with finite perimeter are
called Caccioppoli sets. One way to state the minimization problem is to only allow variations
of a given set Caccioppoli set Ey in a given open set 2 C R"*! and define the boundary values by

requiring F = Ej outside of €2:

inf{P(F) : E has finite perimeter and E \ Q = Ey \ Q}



A more localized version requires only that Ey has finite perimeter in an open set A which contains
Q. Then it is possible to minimize the perimeter P(E, A) of E in A:

inf{P(E, A) : E has finite perimeter in A and E\ Q = Ey \ Q}.

Using this version, it is possible to treat sets Ey with unbounded perimeter.

Those results extend the classical parametric Plateau problem to higher dimensions than n = 2.
This is also the reason, why it is still called parametric approach besides not really involving para-
metric surfaces like in the classic formulation.

The parametric approach leads to a well-established regularity theory, showing that minimal sur-
faces have no singularities in dimensions 1 to 7 and for higher dimensions can only have singularities
up to Hausdorff dimension n — 8.

Returning to the initial example, the spanned soap film is considered a part of some object like a
soap bubble and the wire defines the boundary outside of which the the bubble may not be varied
anymore.

In contrast, the non-parametric approach deals with surfaces which are graphs of scalar functions
defined on a given set 2 C R™. The name originates from the fact that the parameterization

cannot be chosen freely, since one is restricted only to graphs. The area functional for a function
u € C1(, R) is defined by

Afu) = / V14 |[Vul? da.
Q

This definition of area can be generalized for Lipschitz and even Sobolev functions. A further gen-
eralization is the extension to BV functions. Those are functions u in L!(Q) whose distributional
derivative can be represented by a Radon measure Du. In that sense, the area can be written with
the help of the total variation of a vector-valued measure as Afu] = |[(L"™, Du)|(€2).

In the first given example, the soap film is modeled by the graph of the function wu.

Comparing both approaches, M. Miranda proved in [50], see also [39], that both lead to the same

minimal surface in the following sense:

u is a minimizer of the area functional
<~
U={(z,t) € QxR : t <u(zx)} is of least perimeter in 2 x R.

Even a local statement of this type remains true as well as one for unbounded graphs. By connecting
these theories, the regularity results for the parametric case are extended the non-parametric
setting. In reverse, it is possible to use well known comparison principles established in the non-

parametric setting to prove uniqueness of minimal surfaces for given boundary values.

1.2 Parametric obstacle problems and the De Giorgi measure

In the parametric setting, unlike in the introductory example, obstacles can be seen as inner
obstacle, i.e. the objects are contained in the soap bubble and the final configuration has to
contain the object, or outer obstacles, i.e. objects outside the bubble which have to stay outside

of the configuration.



Thus the double obstacle may be stated like in [20]: For a given open set 2 and given obstacle sets
01,05 C R™ with O1 N Oy = 0, the goal is to investigate the following infimum

inf{P(FE,Q) : E has finite perimeter in Q, O; C E and EN Oy = 0}.

Here, two major difficulties occur which have to be solved for the non-parametric problem in a

similar way:

1. An additional term or a way to penalize the violation of the obstacles is needed which provides

a lower semicontinuous functional and does not change the infimum.

2. To realize the first point a precise notion of the sets is needed, since thin parts should be
taken into account but are ignored by the perimeter. For example, a line segment L in R?
has perimeter P(L,R?) = 0.

The process described in the first point is called relaxation. The general idea is to replace a given
functional, in this case the perimeter on those restricted sets, with a lower semicontinuous one
which agrees on the domain of definition with the original one and has the same infimum, which
is enforced by requiring a so-called recovery sequence. For more details, see Definition 2:48] The
second point was solved by De Giorgi using the measure theoretic closure which gives a notion of
the set up to H" ! null sets.

In [20], the relaxed problem was proven to be
inf {P(E,Q) +<((O1\ E)NQ) +c(0O2NENQ) : E has finite perimeter in O} (1.1)

with suitable assumptions. Here, ¢ denotes the De Giorgi measure, which in a broad sense measures
the circumference of lower dimensional sets. As before, the goal is to minimize the perimeter, but
violations of the obstacles are penalized by the two additional terms, each for the given obstacle
separately. While the Hausdorff measure might seem sufficient for the measurement of the subsets
violating the obstacles, since for sets contained in a countable union of C!-hypersurfaces the mea-
sure coincides with two times the Hausdorff measure, Hutchinson proved in [4I] that ¢ # 2H"~ 1.
The construction by Hutchinson uses the main difference between the two geometrical measures %g
and H"~!, namely that the first is measuring the half of the circumference of a set while the later
is defined as the infimum over the sum of the diameter to the power n — 1 of coverings by suitable
sets, like balls, of the set and thus is sort of measuring the diameter for n = 2. The construction
and a sketch of the related proofs will be presented in Section since it justifies the interest in
the De Giorgi measure.

Thus, the functional in 7 with the De Giorgi measure replaced by two times the Hausdorff
measure, may be used as the relaxation with a priori knowledge of the obstacle like in the intro-
ductory example but not in general. For more details regarding the counterexample and the usage

of the De Giorgi measure, see Section [3]

1.3 Non-parametric obstacle problems

May a domain €2 C R"™, a suitable function space X, boundary values ug : 92 — R and two

obstacle functions 1, < 1 be given. For a convex functional with linear growth, i.e. functionals



where the integrand f : R™ — [0, +00) is convex and fulfills the estimates
alsl < (=) Sb1+|2l) VzeR"

for some positive constants a, b, the minimization problem can be stated as follows:

1nf/f(DU) dz in Xuoﬂblﬂbz
Q

where the admissible class Xy 4, 4, is defined by
Xugpr s ={u€X 1 u=1up on 92 and ;1 < u < y}.

Since the classical space C! for which such functionals are well-defined has bad analytic prop-
erties, the considered function space X is usually the Sobolev space W1(Q) or the space of
functions of bounded variations BV(£2). The Sobolev space Wh! consists of L!-functions with a
weak /distributional derivative that can be represented by an L! function while for the space BV
the derivative is a finite Radon measure. While the functional is well-defined on W'! without any
further input, since the derivative is given by a function, it needs to be extended for BV functions
to functionals on measures. The reason to consider this larger function space is that W1 is not
closed under weak* convergence and its closure is the space of functions of bounded variation. Con-
cerning those spaces a proper meaning has to be given to the boundary and obstacle constraint,
since every function in W' and BV has many different representatives. While the first task can be
interpreted using trace theorems for the spaces, respectively, the obstacle condition yields different
results assuming the condition to hold almost everywhere with respect to the Lebesgue measure
L™ or almost everywhere with respect to the (n — 1)-dimensional Hausdorff measure "~ 1.

The L"-a.e. constraint does not add to the difficulty of proving the existence of solutions, since,
for example, BV(Q) N {¢1 < u < o L™a.e.} is closed under weak* convergence in BV for a
suitable domain 2 and suitable obstacles ¥ < 5. The direct method then yields the existence of
a minimizer under the usual convexity assumption for the integrand and coercivity assumption for
the functional.

Meanwhile, the H" !-a.e. constraint makes the problem harder even for the single obstacle case:
With the introductory example in mind, the area functional for given boundary values |(£™, Du)|(Q)
on BV(€) is to be minimized on the open ball of radius 2 around the origin, i.e. on = B3(0) C R
Furthermore, let the boundary values be ug = 0 on the sphere S}(0) and the obstacle be ¢ = 1
on the line L := {0} x [—1,1]. To define ¢ on the whole of R? set 1) = —oo on R" \ L. Since
WHL(Q) € BV(Q) it is possible to consider the following sequence:

ug () = max{1 — kdist(z, L),0} € WH1(Q).

While for every k the sequence fulfills the constraint uj > 1 everywhere even in the classical sense,
since the uy are continuous, the wealk* limit is u, — u with u = 0 on By(0), which obviously
violates the obstacle constraint on L. In addition, A[0] < A[w] on the set {w € BV(Q) : w =
0 on S3(0) and w > 1 enforced H" 1-a.e. on L}. Even if another representative of u is chosen like

u=0o0n Q\Land u=1on L, it does not change the value of A[u] and thus does not take the



obstacle into account. The main problem here and as for the parametric problem is that the set
of admissible functions, which in general is convex but not a subspace anymore, is not closed and
thus the infimum over the functional values of the admissible set differs from the possible limits. In
addition, the functions in the considered function space are only defined £™-a.e., but the function
values has to be made sense of H" !-a.e. Those problems leads to the same difficulties as in the

parametric settings:
1. A precise representative of the involved functions is needed.
2. A penalizing term has to be added to account for violations of the obstacle constraints.

In [13], Carriero, Dal Maso, Leaci and Pascali considered the single obstacle problem for functionals

with linear growth and proved that the relaxation FZO in L' to the functional

/f (Du) dz on Wiolw((l)

extended by the value +oo to L1(£2) \ Wigl,w(Q)a with f like above together with some additional
assumptions, © Lipschitz domain, ug € L*(09) and

Wl’lw(Q) = {u e Wh'(Q) : u=wug on dQ and u* > 1 H" '-a.e. on Q}

uo,

is given by

— [10u)+ [ - )i gy on BY(@).
Q Q

In this formulation, gy is the generalized De Giorgi measure, which is influenced by the integrand
and is connected to the De Giorgi measure ¢ in the parametric problem and sometimes even
coincides with it, for example, for the area functional and the total variation. The fﬁ f(Du
is an extension of the function [, f(Du) to BV(2) where the boundary values and a possible
difference to the prescribed boundary values is accounted for and thus is actually dependent of ug.
The superscripts ‘*” and ‘4’ indicate the Lebesgue and the upper representative of the function,
respectively, and the subscript ‘+’ stands for the maximum function of the term and 0. A precise
description is given in the first part of the Preliminaries

Using that as a starting point, it seems reasonable to assume that the relaxation in L' of

Ffé’% /f (Du) dz on V\/u0 b ()

with

1,1
W

oy (1) = {u € WH(Q) + w=ug on 99 and ¢ < u < 15 holds H" '-a.e. on Q}

and the same extension to L' is given similarly by the following functional:

wlﬂl& /f DU / ’l/)l _ U+)+ dgfoo + /(u7 — 1][)2)_’_ dgfoo on BV(Q)

Q



with 4~ = —(—u)™ and a similar notation as above. The only significant change is a modification
of the generalized De Giorgi measure to adjust for upper obstacles, which coincides with ¢gee, for
example, for symmetric integrands f and thus is also equal to ¢ in the case of the area functional

or total variation. Indeed, this is first major result proven in Section [4

Result 1. Let an open bounded set € with Lipschitz boundary, a convex function f : R™ — R
such that a,b > 0 exists with a|z| < f(z) < b(1 + |2]) and boundary values ug € L1(9) be given.
If there exists at least a function v in Wi’;whw? (Q) such that F{¥2[v] < 400, then the relazation

is given by

Ff;’wz [u] = /f(DU) + /(1/)1 —ut); dgpe + /(u7 —19) 4 dsfe on BV(Q).
Q

Q Q

The additional requirement of the existence of the function v corresponds to the assumption, that
the original problem has at least one finite competitor, i.e. Fﬁ(}"l’? [u] < oo at least for one function
u € WH(Q).

Additionally, results without boundary condition and with the original functional having the do-
main of definition being the corresponding subspace of BV instead of W' are presented.
Relying on the first major result, a similar connection as between the parametric and non-

parametric minimal surfaces is proven for the double thin obstacle problem in Section

Result 2. The minimizers of the relaxed parametric and relaxed non-parametric double obstacle
problem for minimal surfaces coincide in the graph-type setting, i.e. if the lower parametric obstacle
O1 and the upper parametric obstacle are given as the subgraph of the lower non-parametric obstacle
function i1 and the supergraph of the non-parametric obstacle functions 1o, respectively:

le 12

w is (locally) a minimizer of A,

=
U={(z,t) e QxR : t <u(x)} (locally) minimizes
P(E,OXR)+<((O1\E)NQxR)+c(O2NENQ X R).

To close the paragraph, the main difference of obstacle problems for functionals with linear growth
and functionals with p-growth for p > 1 is enlightened. For functionals with p-growth, the function
space of choice is W17, i.e. functions in L” with the weak derivative representable by an L? function
or a suitable subspace. To work with functions in W'? with p > 1 has some benefits such as the
closedness under weak(*) convergence and the availability of representatives up to quasi every
point, i.e. up to null sets of the p-capacity cap,. This notion is finer than the H"~l-measure
and thus allows to study problems with even thinner obstacles enforced, see for example [49]. In
comparison, in the case p = 1 the cap; null sets agree with those having zero Hausdorff measure
and thus the representatives available are defined on sets comparable to the sets where the obstacle

constraints are enforced.



1.4 Variational inequalities with obstacles and free boundary problems

Another way to treat obstacle problems is to use variational inequalities. While a connection
between variational problems and partial differential equations is made by the Euler-Lagrange-
Equation, the theory changes as soon as there are obstacles involved. In a simple setting with
a smooth obstacle and the restriction to W'l-functions, i.e. without considering functions of
bounded variations, a connection of the theories in calculus of variations, variational inequalities
and partial differential equations is simple to deduce:

Assuming v € WH1(Q) is the minimizer of A[.] in qumlw(Q) for some given ¢ € WH1(Q) and
a Lipschitz domain Q to given boundary values ug € L1(9€). To calculate the Euler-Lagrange-
Equation one usually would compute the directional derivative at u in every direction which does
not change the boundary values, i.e. VV(l)’l(Q)7 which consists of Sobolev functions having zero
boundary values in some sense, or a dense subset of the function space like C5°(€2). Since u is
assumed to be the minimizer, the derivative of the functional in each direction must be 0. By the
obstacle condition there is a restriction for the admissible functions and thus not every direction
is possible. For example, on the contact set {u = 1} the direction must equal 0 or the obstacle
constraint is violated. It seems reasonable to allow positive variations on the contact set, which
means to restrict the direction to one-sided ones. Allowing that, the derivative at the minimizer u
does not need to be 0 anymore but instead greater or equal to 0, meaning that in every direction

the value of the area functional increases:

d

——Afu+ ty] >0 V¢ admissible. (1.2)

e+ t=0
The superscript ‘4’ indicates that only variations in the positive direction of ¢ are permitted. To
tighten the notation, the direction ¢ can be rewritten in the following way:
A function ¢ such that the function v = u 4 tgp is a valid competitor which fulfills the obstacle
constraint v > 1 at least for a small ¢y > 0 will also fulfill those constraints for all 0 < ¢ < .
Rewriting leads to ¢ = g = v — u. Since this is possible for every direction and one gets a legal
direction ¢ for every function v > 1) one can assume, without loss of generality, ¢ = v—u € Wé’l Q)
with v € Wiol¢(Q) Returning to (1.2) leads to

d Du-D(v — u)
0< —Alu+t = | ——————dz 1.3
st = [ (13)

for all ¢ constructed in the above way and we thus obtain the variational inequality (1.3). In
addition, if u is in C?(£2), one can integrate by parts and, since each v can be written as the sum

of the obstacle ¥ and a non-negative function w, obtains

. Du
0< /—le (W) (v—u)dx

Q

/ di Du da + / di Du d
= —div —_—— war —div —_—— X
/I + |Dup? Jirpup)”

QN{u=y} QN{u>vy}



for all admissible ¢ and thus by construction w. Applying the fundamental theorem of the calculus
of variations, with w > 0 in mind, yields the following obstacle problem/free boundary problem

formulated in terms of partial differential equations

div \/ﬁ S 0 on {u = w}7

div \/ﬁ =0 on {u> v}, (1.4)
u > '(’[) on Q,

U = ug on ON).

The interpretation of the partial differential equations is that, away from obstacles, the solution
fulfills the minimal surface equation and, if the solution u is equal to the obstacle, with the com-
parison principle for minimal surfaces in mind, it must be a supersolution. Often the boundary
O{u =1} is called free boundary and the regularity of that is fascinating on its own.

Another interesting question is, under which assumptions on the minimizer and the integrand is
the variational inequality sufficient to give a minimizer, i.e. when will © be a minimizer if it satisfies
a variational inequality.

This connection and Euler-Lagrange-Equations become more challenging if the BV case is consid-
ered and, in addition, the thin double obstacle constraint is involved. With a glance at the paper
by Ancelotti [4], it seems reasonable to prove a similar version for BV functions and is presented

in section [6] as the third major result in this thesis:

Result 3. Under usual assumptions on f, ug, o and 1o, the one-sided derivatives of F?JO?Z

exist, and thus an associated variational inequality can be computed. Further, a subset D, of the

admissible directions exists, such that the derivative for those directions ¢ € D, is given by

— / <p+ dgpe + / - dgfoc.
t=0

{p—ut>0} {u=—12>0}

d 1,9, d
dtiF(uO) [U + tQO] o = dti""]:[u + th]

Additionally, if a function u fulfills the variational inequality

d —
G P [utte]l >0 forall €D,
dt t=0
=152

it is also a minimizer of F(,

1.5 The De Giorgi measure and thin obstacles problems in the literature

The De Giorgi measure has different applications, the first being to consider lower dimensional
obstacles and the second to give a sufficient condition for some Radon measure p and function g

such that the functional

Q/f(x,u,Du)dx+/g(x,u) A

Q

is lower semicontinuous for suitable functions f. It was introduced in [20] to solve the parametric

thin double obstacle problem. This result was partially presented by Piccinini at a summer school
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with published lecture notes [54] and a similar version to the original was published by De Giorgi
in [19]. Thereafter Colombini proved a new representation for the De Giorgi measure in [15].
Afterwards, de Acutis presented in [I8] a first regularity result near the obstacle for the parametric
minimal surface problem with a single thin obstacle being an (n — 1)-dimensional manifold in R™.
Next, Hutchinson revealed a counterexample to prove ¢ # 2H"~! in [41]. Later Carriero, Leaci
and Pascali introduced in [I1] and [I2] a generalized version of the De Giorgi measure which can
handle more general functionals than the area functional and in some sense is capable of dealing
with integrands with p growth, p > 1, to suit and be able to treat the second application. Those
results were again used by Pallara in [53]. In [I3], Carriero, Dal Maso, Leaci and Pascali determined
the relaxation for the non-parametric single obstacle problem, using the generalized versions of the
De Giorgi measure with p = 1, and later considered limits of such relaxed functionals in [I4].
The results by De Giorgi in [20] were extended to metric measures spaces by Kinnunen, Korte,
Shanmugalingam and Tuominen in [43] and some regularity results for minimizers of the parametric
Plateau problem with a single thin obstacle was established by Ferndndez-Real and Serra in [26]
by approximating thin obstacles with wedge-like sets.

Next, a small overview of the literature dealing with the non-parametric minimal surface problem
with a single thin obstacle and the corresponding variational inequality is given: Those were mainly
studied by Giusti in [35] 36, 37, [38], Frehse in [31) B2] and Nitsche in [52]. A regularity result for
n = 2 was proven by Kinderlehrer in [42]. Lately, Focardi and Spadaro proved an advanced
regularity result at the thin obstacle in [29] based, amongst other sources, on [27), 28] and using
a version of Almgren’s frequency function. Other important contributions, including Frehse [32],
were based on variational inequalities and many others dealing with thin obstacles problems for

quadratic functionals, mainly the Dirichlet integral
Dir[u) :/\Du\zdx.
Q

A very rich and broad literature is available for studying this and similar quadratic functionals.
Combined with a version of a thin obstacle, such problems are known as the Signorini problem
with lots of contributions by various authors. Although some ideas and proofs can be used for
the study of thin obstacles for functionals of linear growth, this problem is not this thesis’ main
concern and thus the presentation of some literature is skipped and the reader is referred to [29]
Introduction] for a short and thus not complete overview on this topic.

At this stage, it should be mentioned, that almost all the presented sources for the non-parametric
problem, besides those in [I3], have in common that the thin obstacle is defined only on nice
sets like (a countable union of) smooth manifolds or even segments of hyperplanes. Many restrict
themselves to only consider the ball B} (0) or half ball BY(0) N {z, > 0} as the domain and the
thin obstacle to live on B (0) N {z, = 0}. Often the values of the obstacle function are assumed
to be regular or even 0.

Another recent result is the dual formulation for the non-parametric minimal surface and total
variation problem with a single obstacle due to Scheven and Schmidt in [62].

The study of thin obstacle problems appears in many branches of mathematics, in physics and other
fields of application. Sometimes they are stated as free boundary problems or as a type of Signorini
problem. Those keywords lead to a very rich literature with a varying degree of connection to the

here presented topics.
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1.6 Structure of the thesis

The goal of this thesis is to generalize the results achieved by Carriero, Dal Maso, Leaci and
Pascali in [I3], to prove the representation formula for the double obstacle problem and derive a
comparison between the parametric and non-parametric solutions of the double obstacle problem
for the area functional. Further, variational inequalities are studied for functionals with linear

growth and involving thin obstacles. The thesis is divided into 5 further sections:

e In the first, some general notions for sets, basic function spaces and measures are fixed. Then
the theory of BV functions, sets of finite perimeter and the extension of functionals of linear
growth to functionals on measures are recalled as well as the idea of relaxation including some
examples. For this kind of extension, a closer look on the recession function is provided. Main

tools like Reshetnyak’s theorem with some extended results are presented.

e Based on the results from De Giorgi, Colombini and Piccinini [20], Hutchinson [41], Piccinini
[54], and Carriero, Dal Maso, Leaci and Pascali [13], a short overview on the De Giorgi
measure, the mentioned counterexample by Hutchinson and the generalization of the De
Giorgi measure, which is using an anisotropic perimeter in the construction, is provided.
Some basic proofs for estimates and inequalities are presented to show the basic properties
of those measures and to point out one of the differences between the proof in [I3] and the

generalized result for the single obstacle problem proven at the end of this section.

e The third section is devoted to the study of the non-parametric double obstacle problem.
First, a convergence almost everywhere result is shown for the gradients of an area-strictly
converging sequence. Next, a cut-off theorem is presented to overcome the difficulty of us-
ing only one-sided approximations like in the single obstacle case. Subsequently, a recovery
sequence is constructed first for Wi'! and then for BV functions with finite energy with-
out enforcement of the boundary condition. Afterwards, a Dirichlet boundary condition is

implemented for the double obstacle problem.

e Since the relaxation of the area functional was determined in the previous section, a com-
parison between the non-parametric and the parametric case can be investigated and the
equivalence result is proven like in the obstacle-free setting. This is mainly done by following
the proof of M. Miranda, approximations of the sets and estimating the De Giorgi measure
for general sets of the type S x (0,1). This section closes with some notes regarding the
double obstacle problem for the area functional with a separation function v € BV and some

regularity observations for a certain double obstacle problem.

e In the final section, the theory of Euler equations for functionals with linear growth based on
[4] is summarized and a version with only one-sided derivatives is proven leading to variational
inequalities. Those results are then extended to the obstacle case and a simpler inequality is

presented, which is sufficient for minimality.

12



2 Preliminaries

In this section, we first gather some general notation on sets, measures and basic function spaces
before we define functions of bounded variations and sets of finite perimeter, note some fine prop-
erties and later give the needed definitions and main tools to treat functionals on measures and
construct relaxations in our setting. Definitions and theorems concerned with Radon measures
and convergence theorems by Reshetnyak are partially stated in a more extensive way to be able
to provide some more general results for auxiliary statements, but are not needed for the main
results in this generality.

The open ball with radius r > 0 and center z € R™ is denoted by B*(z) := {y € R" : |y —z| < r},
the sphere with the same properties S*~!(z) = 9B"(x) is the topological boundary of B?(z). The
superscript n is often omitted in both definitions if the dimension is clear through the setting or
other information.

AAB stands for the symmetric difference (A\ B)U (B \ A). A set A is compactly contained in §2
if A C Q° where the superscript ‘o’ denotes the topological interior of the set and the overlined set
is the topological closure of the given set. A € 2 stands for the closure of A being compact and
contained in the open set €, i.e. A C Q.

L™ denotes the n-dimensional Lebesgue measure and H* the k-dimensional Hausdorff measure with
k > 0. For a £L"-measurable set A, we write |A| for the Lebesgue measure of A while for a function
|.| is the modulus and for a measure it is the total variation. In general, measurability refers to
L"-measurability if not stated otherwise. The Lebesgue measure of the unit sphere is denoted by
wy, := |BY(0)] and, as an reminder, we have H"~*(S7~(0)) = nw,,. For general definitions, lemmas
and theorems like Fatou’s Lemma, dominated convergence or those concerned with convergence in
measure, almost everywhere convergence, convergence in the LP spaces, we stick to the notion and
versions provided in [23, Kapitel IV, §5] and [3l Theorem 1.19, 1.20 and 1.21].

As is customary, B(X) denotes the Borel o-algebra of all Borel subsets, i.e. the smallest o-algebra
generated by open sets in X. For a (signed and/or vector-valued) measure v and a positive mea-
sure i defined on the same measure space, we say v is absolutely continuous with respect to p
if |u|(A) = 0 implies |v|(A) = 0 and write v < p. For example, we have £ < H"~!. For two
measures v < u with p being o-finite, we define by ﬁ the Radon-Nikodym density of v with respect
to p. Two measures p and v defined on the same measure space are singular if a set A exists with
|| (A) =0 = |v|(X \ A) and we write u L v, see for example [24) Definition 1.22].

For a locally compact and separable metric space X, the space of all signed Radon measures is
denoted RMjoc(X,R™). If in addition the total variation of the signed Radon measure is finite,
the space is denoted by RM(X, R™). Further, we always assume the completion of the o-algebra
with respect to a given Radon measure p, like presented in [3, Definition 1.11 (¢)] for the measure
space. As usual, the target space is omitted for m = 1 or if the target space is clear from the
context. We are usually going to deal with locally compact subsets X C R™ or even just open
bounded sets Q endowed with the euclidean norm |. |, but stick here to the general notation to be
able to present some theorems and lemmas in the general framework. The weak™ convergence on
RMjoc(X,R™) and RM(X,R™) is defined as the weak convergence of measures. The weak conver-
gence of measures is given by the duality with the (completion of the) space of smooth functions

with compact support C2 (X, R™) := {u : X — R™ is continuous on X and suppu € X} with
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respect to the supremum norm.
For the restriction of a measure u to a given set A, we use Federer’s notation pulL. A which is defined
by

pwlL A(B) :=u(BnNA).

If 1 is a Borel measure or Radon measure, then plL A is a Borel or Radon measure for a Borel set
A or locally compact Borel set A, respectively.

Regarding typical function spaces on an open set ), we stick to the following notation: CF(Q)
denotes the k times continuously differentiable functions, a subscript ‘cpt’ indicates compact sup-
port and a subscript ‘0’ the closure of Cffpt
indicates the associated subspace of bounded functions.

(Q) under the supremum norm. Further, a subscript ‘b’

The space of Lipschitz function on Q is denoted by C%!(Q) and we have the following theorem by

Rademacher, which ensures L£L"-a.e. differentiability of Lipschitz functions:

Theorem 2.1 (Rademacher, [24, Theorem 3.2.]).
A (locally) Lipschitz function f : RF — R™ is differentiable LF-a.e.

This theorem is important, for instance, in connection with chain rules for Sobolev functions and
functions of bounded variation.
Other important spaces are the Sobolev spaces. Since we are interested only in functionals with

linear growth, we only give the definition of the Sobolev space W'!:

Definition 2.2 (Sobolev space Wh!, see [3, Definition 2.3 and 2.4]).
A function f € L!'(Q) belongs to the Sobolev space W11(Q) if its distributional derivative is
representable by a L(£2, R") function v, i.e.

/uV(pdx:—/vgpdx Vi € Coh(2)
Q Q

holds and we write v = Vu.

Next, we take a closer look at the rectifiability of sets, which plays an important role for represen-

tatives of BV functions.

Definition 2.3 (Rectifiable sets, see [3| Definition 2.57] or [63 Definition 0.57]).
Let E C R™ be a H* measurable set: Then E is

1. countably k-rectifiable if countably many Lipschitz maps f; : R¥ — R™ exist with

Ec Gfi(]R’“).

=0

2. countably HF-rectifiable if countably many Lipschitz maps f; : R¥ — R™ exist with

H* (E\ fj ﬁ(R’“)) =0

=0

3. HF-rectifiable if E is countably HF-rectifiable and H*(E) < +o0.
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Remark. Further, we say that a set £ C R” is locally H*-rectifiable if E N K is H*-rectifiable for
all compact sets K C R”.

An extension to this definition is provided in [3| Proposition 2.76] using so-called Lipschitz k-graphs,
but is here slightly rephrased to better suite the statements:

Proposition 2.4 (Alternative characterization for rectifiable sets).
A H*-measurable set is countably H*-rectifiable if countably many graphs of Lipschitz functions
fi: RF = R™* and rotations R; : R — R" exist such that

H* (E\ fj Rin,i> =0

=0

with R;Gy, == {R;(x, f(x))! : z € R*} C R" fori e NN.

Using [3, Theorem 2.83] we obtain that each countably H*-rectifiable set admits an approximate
tangent space H*-a.e. and vice versa, i.e if a set admits an approximate tangent space H*-a.e.,
it is countably HF-rectifiable. Thus a normal vector exists H" '-a.e. if k = n — 1 is chosen,
where the normal vector is defined as a perpendicular (unit) vector to the approximate tangent
space. Next, [3, Proposition 2.85] guarantees that on the intersection of two rectifiable sets the
approximate tangent spaces of both sets coincide H*-a.e. on the intersection and thus the normal
vector is inherited from the rectifiable sets at least H" !'-a.e. in the case k = n— 1 and the normal
vectors agree up to a sign. Further, this implies that the intersection of two rectifiable sets is again

rectifiable. We collect this results in the following proposition:

Proposition 2.5 (Normal vectors and intersections of rectifiable sets).

A H " Lorectifiable set admits H" '-a.e. a normal vector. The intersection of two H" ' -rectifiable
sets S1 and Sa is again H™ '-rectifiable. The normal vector for H* '-a.e. x € 81 NSy coincides
with those obtained through Sy, S» and S1 N So. Further, each measurable subset of an H" -

rectifiable set is again H" '-rectifiable and admits a normal vector.

Next, we define the measure theoretical closure of a measurable set (Borel set) A in R™ like in [I3]
Section 1] by:
At ={z € R™ : limsup p "L"(B,(z) N A) > 0}.
PO
This coincides with the following definition for L' functions: We set {u >t} := {y € Q : u(y) > t}
and denote by

ut(x) = inf {limsup p "L By(z)N{u >t} = 0} ,
teR PN\O0

u” () = sup {limsupp‘”/j"(Bp(x) N{u <t} = 0}
teR P\0

two representatives of the equivalence class of a function u € L ().

Further, we introduce the function u* := %(u"‘ +u7). Obviously we have ]lf1 = 14+ with the

15



characteristic function of A, which is given by

1a(x) 1 ifzeA,
xTr) =
4 0 ifxé¢ A

Referring to the indices ‘4’ and ‘—’ we distinguish between sub- and superscript. The superscript

versions are given above and the subscript ones are defined by

uy(x) := max {u(z),0} and u_(z) := max {—u(z),0}.

2.1 Functions of bounded variation and sets of finite perimeter
Functions of bounded variations

For the definitions regarding BV functions and sets of finite perimeter and their properties, we
mainly follow [3, Chapter 3], [24, Chapter 5] and [63].

As mentioned in the introduction, the space W11(£2) for some open  C R™ is often not suitable
to treat problems involving functionals of linear growth since the space is not closed under L!-
convergence or weak™® convergence. For example, the sequence uy(z) := kaly 17(x) + L1 o) (x) for
k € IN is bounded in W11((—2,2)), but has no convergent subsequence. The natural extension is
the space BV, since every bounded sequence in W'! has a converging subsequence with limit in

BV and BV is closed under weak* convergence.

Definition 2.6 (BV functions, [3, Definition 3.1]).
A function u € L1(€) is a function of bounded variation if the distributional derivative of u has a

representation as a finite R"-valued Radon measure p in €, i.e. if

/udiwpdm = —/(pd,u Vip € Cop (92, R™).
Q Q

We write Du = p. The vector space of all such functions is denoted by BV(€2). The space BVi,(€2)
contains all functions u € L{ (Q) with distributional derivative in RMj. (2, R™).

loc

Obviously the space W'! is contained in BV, since the distributional derivative of an W' !-function
can be written as the measure Vul™ with the weak derivative Vu. It is worth mentioning that
|Du| < H"~! for every BV function u. This fact answers the question why thinner obstacles like
the 1-dimensional needle for a 2-dimensional surface in R? can not be considered with the approach

relying on BV functions. Further, as the name implies, BV functions have a finite variation:

Definition 2.7 (Variation, [3 Definition 3.4]).
For u € L, (), one defines the variation of u by

loc

V(u, Q) := sup /udivgoda: € C}:pt(Q,IR") ,sup el <1
Q
Q
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A function u € L'(£2) belongs only to BV(€2) if and only if V(u,2) < co. Then the total variation
|Du|(£2) of the measure p = Du coincides with the variation V' (u, Q).

An extension to Borel sets B is given by approximation with open sets containing B:

V(u,B) = inf{V(u, A) : Aopen and B C A}.

In Definition the function space of ¢ can be replaced with Co(Q, R™) or C°

cpt

(Q,R™), without
loss of generality. For the total variation of u, we will also use the notation fQ |[Du|. An important

property of the total variation is the lower semicontinuity with respect to L'-convergence:

Theorem 2.8 (L.s.c. of the total variation, [3, Proposition 3.6]).
For a converging sequence u, € L*(Q) for k € N, ux — u for k — oo in LY(Q), the following
estimate holds:
|Du|(9) < liminf [Dug|(€).
k—o0

The space BV(Q) is a Banach space with the norm
lullgy = [[ulls + [Du|(£2),

but the norm is too strong for most applications. Instead weak* convergence and strict convergence

are used:

Definition 2.9 (Weak* and strict convergence, [3, Definition 3.11 and 3.14]).
For ug,u € BV(Q) for k£ € IN, the sequence uy converges

o weakly* to u in BV if upL® — uLl™ weakly* in L!(Q) and Duy — Du for k — oo converges

weakly* as Radon measures, i.e.

lim /gpdDuk :/godDu Vo € Co(R),

k—oc0
Q Q

e strictly to u in BV if u, — u in L}(Q) and [Duy|(©2) — [Du|(Q2) for & — .

Unlike the weak* convergence, the strict convergence is induced by the metric

d(u, v) = [lu = v[[s + [ [Du[(2) — [Dv[(2) .

The weak* convergence is often considered since the following compactness result holds:

Theorem 2.10 (Compactness in BV, [3] Theorem 3.23]).
Every bounded sequence uy, € BV(Q) for k € IN has a weakly* converging subsequence in BV(Q).

The derivative of BV functions can be decomposed in different parts, which helps to understand
the function space better and gives some insight on different representatives. First, we need to

introduce some further sets involved in the study of BV functions:

Definition 2.11 (Approximate discontinuity, [3, Definition 3.63 and 3.67, Proposition 3.69]).
Let a function v € BV(Q2) be given. The set S, denotes the set of approximate discontinuity, i.e.
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all points where the function does not have an approximate limit z € R. The approximate limit is

defined by
lim |u(z) — z|dz = 0.
N0
B (z)

A subset of S, is the so-called jump set J,, where at least one-sided approximate limits exist, i.e.

a normal vector v, and two values Uext, Uint € R exist with

N0
Bext(z,v) Bint (z,v)

lim / |u(z) — text| dz = 0 and li{% / |u(z) — ting| dz = 0.

with

B (w,v) ={y € B.(z) : (y —2) v >0}
B (z,v) = {y € B.(z) : (y —xz)-v <0}

Thus, for every point z € J,,, a triple (text (), wint (), v, (x)) exists which is unique up to simulta-
neous permutation of the first two components and the change of the sign of the normal vector v,
to —v,. This construction can be performed on general countably " !-rectifiable sets. Taking

points outside of J, into account resolves in the values uey; and ui,; being equal.
The following theorem states, how large the set S, \ J, is and gives some property of J,,.

Theorem 2.12 (Federer-Vol'pert, [3, Theorem 3.78]).
Let u € BV(Q) be given. Then the set S, is countably H"!-rectifiable and

H" 1Sy \ Ju) =0 and L™(S,) =0
and thus J, is H" t-rectifiable. Moreover, Dul J, = (Uext — Uint) Vu H" 1L J, and

Tan" ! (Jy, ) = v

for H* '-aq.e. x € J,,.

A direct consequence and important statement is that for u,v € BV, we have for H" '-a.e.
x € J, N J, either v, = v, or v, = —v, since J, N J, is rectifiable by Proposition [2.5| and inherits
the normal vector from the larger sets.

Further, we can see u™ as the function taking the highest value at jump points. Similar for the
lower representative u~ taking the lowest and the Lebesgue representative u* taking the average
value, see for example [3, Section 3.6]. From this definition it is easy to see, that for u € WH1(Q)
we have ut = u~ = u*.

Besides jump points, there exist the absolutely continuous part and another component of the
derivative, which is for example known from the devil’s staircase function, a continuous function
from [0,1] — [0,1] with £!-a.e. vanishing derivative which attains the value 0 and 1 at = = 0
and z = 1, respectively. For the standard version of the devil’s staircase function, the derivative

1

measure is concentrated on the famous 3-Cantor set, which has Hausdorff dimension between 0

and 1. In total, we can decompose the derivative measure in the following parts:
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Definition 2.13 (Decomposition of the derivative, [3, Definition 3.91, Proposition 3.92]).

For a function u € BV(2), the derivative measure Du can be decomposed in the following parts:
Du = D% + D%u = D% + D/u 4+ D°u

D®u denotes the absolutely continuous part of Du which is absolutely continuous with respect to
the Lebesgue measure £". It can be written as Dul_ (2 \ S) with

S = {x €0 : }1\%7"* |Du|(B,(2)) = OO}'

In contrast, D®u = Du L S is the singular part of the derivative with respect to the Lebesgue
measure and the existence is provided by the Lebesgue decomposition theorem, see for example

[23] Kapitel VII, 2.6 |. The singular part can be further decomposed in the following two parts:
e The jump part D/u = D%ul S, = D%uL_J, with the use of Theorem
e The Cantor part D°u = D%uL (2\ S,).

Remark. As often used, we sometimes do not distinguish between the measure D®u or the density
of D% with respect to the Lebesgue measure. It will always be clear from the context, which is

used.

Those parts have many useful properties, one of which is given in the following proposition:

Proposition 2.14 (Properties of the parts of the derivative, [3 Proposition 3.92]).
For given u € BV(R2), the Cantor part D°u vanishes on o-finite sets with respect to H" 1.

This proposition ensures that the Cantor part does not interfere with the jump part.

With this knowledge obtained it is possible to define traces at least on rectifiable sets, for exam-
ple, on interior rectifiable sets like in [3, Theorem 3.77] or on boundaries of Lipschitz domains. To
treat boundary value problems this information is not enough since the trace is not conserved under
weak™ convergence. A way to identify boundary values on Lipschitz domains is to find a BV func-
tion defined on open set O containing 2 with the desired trace. For ug € L*(9Q) := L}(0Q, H" 1),
this can be done using Gagliardo’s theorem found in [33] giving the existence even of an Whi-
function on O \ Q. Gluing two BV functions along the boundary 9 gives a BV function on the
superset maybe with a jump part on 9. This construction sets the outer trace to the desired
one, i.e. Uext = ug with vg the outer normal vector to €2, but does not imply anything for the
values of uj,¢. This has to be taken into account when dealing with partial differential equations

or minimizers of variational integrals. Summarized we have:

Theorem 2.15 (Boundary traces of BV functions, see [3, Theorem 3.87]).
On a Lipschitz domain Q the trace of a function u € BV(S2) is given for H"~'-almost every x € 9Q

as uing of the extension of u on 0.

To be able to solve problems on merely open and bounded sets 2, a different approach is to use

Dirichlet classes. The basic idea is to prescribe boundary values by a given function v and define
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the desired function space by adding only functions with 0 boundary values, which can be defined
in more general cases than non-zero boundaries. A notion of those classes is provided, for example,
in [46l, Section 2.3]:

Definition 2.16 (Dirichlet classes).
For an open bounded set 2 and prescribed boundary value function v € BV (), we define w(u) =
(u—v)1g on R™ and set the to v associated Sobolev and BV Dirichlet class

W (Q) == {ue W"(Q) : w(u) € BV(R") and [Dw|(09) = 0}
BV,(Q) :={u € BV(Q?) : w(u) € BV(R") and |Dw|(92) = 0}.

Remark. For v € Wh! and domains € with Lipschitz boundary, the presented definitions are equal
and (in even some more cases) equivalent to the commonly used notion W'(Q) = v + W' (),
where W{'! is defined as the closure of C2°

2.(Q) with respect to the W'!-Sobolev norm. Similarly
for the BV case.

To be able to penalize wrong boundary values, a useful tool is to extend BV functions outside of

a given set 2 and thus fix the exterior trace:

Definition 2.17 (BV extension, see [65, Introduction]).
For an open set ©, given u € BV(Q) and ug € WH(R™), we set

)

alz) = u(z) forxz e
= uo(z) forz e R™\ Q

and define
BV,,(Q):={ueBV(Q) : ue BV(R")}.

Remark. This is the way to interpret fﬁ |Du| for a function u € BV and given boundary values wug

as mentioned in the introduction:

If u € BV, (), the boundary term can be interpreted as a the difference of v and ug at the

boundary. If u € BV(Q) \ BV, () the value is +o0.
Additionally, if Q is a Lipschitz domain, we have BV, (Q) = BV(Q2) by Theorem m

Another useful result is the chain rule for BV functions:

Theorem 2.18 (Chain rule, see [3| Theorem 3.99, 3.101)).
Let uw € BV(Q) and a Lipschitz function f : R — R be given. Then f owu is belongs to BV(Q) and

we have
D(f ou) = (f' o u*)DUL™ 4 (f 0 Uext — f 0 Uing )V H" 'L Jy + f 0 u*Du.

Similarly, the chain rule holds for vector-valued BV functions v € BV(Q,RF) and Lipschitz-

functions f : RF — R™ with similar formulation. In addition, the following estimate holds:
ID(f o u)| < Lip;|[Dul

with the Lipschilz constant Lipy of the function f.
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The last inequality enables us to estimate the derivative of the minimum and maximum of two
different BV functions. A direct consequence is a product rule for bounded functions of bounded

variation:

Corollary 2.19 (Product rule, see Remark to [3| Theorem 3.96]).
For two functions u,v € BV(2) NL>*(Q) and f(z,y) = zy, we have

uv € BV(Q) and D(uv) = u* (D + D) + v* (D% + D) + (f (tiext) — f(ting)) v H" ™ L T

Proof. The proof follows directly from the mentioned vector-valued case in with f(z,y) = zy

which needs only to be defined on a bounded set, since u, v are assumed to be bounded. O

Next, we introduce sets of finite perimeter, some of their properties and a first version of the co-area

formula.

Sets of finite perimeter

Sets of finite perimeter are very important in the study of minimal surfaces and are the base on

which the parametric theory is build. Let us first define the perimeter:

Definition 2.20 (Perimeter, see [3, Definition 3.35]).
A L™-measurable set E C R" is a set of finite perimeter in an open set  if the perimeter P(E, Q)
of E in € defined by

P(F,Q) = D1g|(Q) = sup /divgodx Do e CLL(Q,R™) with sup |¢| < 1
Q

cpt
E

is finite. If @ = R™ is chosen, we will omit this in the notation and write P(E).

Remark. As mentioned in the introduction, sets E with C!'-boundary inside a set ) have finite
perimeter if H"1(0F N Q) < oo and indeed the equality H"1(0E N Q) = P(E, ) holds.

The perimeter inherits some useful properties from the total variation formulation introduced for

BV functions and has other helpful properties:

Proposition 2.21 (Properties of the perimeter, see [3, Proposition 3.38, Theorem 3.39]).

For open ' C Q and measurable sets E, F, we have:

1. The perimeter is lower semicontinuous with respect to L' convergence of sets. The conver-
gence of sets is defined by: Ex, k € N converges to E in L' if 1g, — 1g for k — oo in
L.

2. A sequence Ey, k € IN of bounded volume sup |Ey| < oo and of bounded perimeter sup P(Ey) <
oo admits a converging subsequence, i.e. there exist ky, | € N such that P(Ey,) — P(E).

3. P(E,Q) < P(E,Q).
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4. P(E,Q) =P(R"\ E,Q) and

P(EUF,Q)+P(ENF,Q) <P(E,Q) +P(F,Q).

An important definition concerning sets of finite perimeter is the reduced boundary which quantifies

the perimeter by giving insight on points considered for the calculation:

Definition 2.22 (Reduced boundary, see [3| Definition 3.54]).
For a L™-measurable set £ C R™ and the largest open subset 2* of R™ such that F has locally finite
perimeter in Q*, the reduced boundary FE is defined as the set of all points « € supp|D1g| N Q*

such that the following limit exists in R™ and has modulus equal 1:

vEp = lim 7D]IE(BT(I))
£ X0 [D1g|(Br(z))

vg is a generalized inner normal to the set F.
Next, we can note some properties of the reduced boundary.

Proposition 2.23 (Properties of the reduced boundary, see [3, Chapter 3.5]).

1. For boundary points where a normal vector exists in a classical sense, it agrees with the given

generalization.
2. |D1g| is concentrated on FE and we have D1y = vg|D1g|.

3. The reduced boundary is countably (n — 1)-rectifiable and the perimeter can be represented by
P(E,Q)=H""'LFEQ)

for E and Q as in Definition[2.20 This statement is part of De Giorgi’s structure theorem,
see [3, Theorem 3.59].
4. With the reduced boundary the following version of the Gauss-Green formula can be stated:

/divudx: /qu dH™ L.
E

FE

Another interesting boundary type is the essential boundary which is connected to the notion of

densities.

Definition 2.24 (Density and essential boundary).
For a L™-measurable set E C R™ and a value ¢t € [0,1], the set of points E(t) with density ¢ is

given by
|ENB.(@)] }
Et)=qzeR" :lim ——— =t
0={ RTRE]
where ENB
™0 [B(z)|

is called the density at a point x. There can exist points, where the density is not defined, i.e. the
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limit in the definition does not exist. In those cases, one often uses the upper density, where the
limes is changed to a limes superior or to the lower density with the limes inferior.
The essential boundary 0*F is then given by R™ \ (F(0) U E(1).

This definition implies that the essential boundary consists of all points which are not fully in or
outside of F. An important role play the points with density %, since those are closely connected

to the reduced boundary as Federer’s structure theorem implies:

Theorem 2.25 (Federer’s structure theorem).

For a set E with finite perimeter in (), we have the following inclusion and related estimate:
FE C E(0.5) CO*E

and
HHQ\ (E(0)UFEUE(1))) =0.

This implies that a set of finite perimeter has H" 1-a.e. density 0, 0.5 or 1 and that H"~1(E(0.5)\
FE) = 0. Comparing this definitions with the choices of representatives £+ and E~, we have that
E(t) C Et for all t > 0 and E™ also contains the H"!-null set, where the limit does not exist
but the limes superior is larger 0, i.e. E* = F(1) U*E, while E~ contains the density 1 points.

Co-area formula and an advanced trace theorem

An important formula to prove many useful results and applications in all kinds off branches in
mathematics is the co-area formula. There exist many different versions in different settings for
the co-area formula, the most common ones are for smooth and Lipschitz functions. Using the

presented definitions, the co-area formula for BV functions is given by:

Theorem 2.26 (Co-area formula, [63, Theorem 1.42] or [3, Theorem 3.40]).
For u € BV(Q), we have

V(u, ) = /+00 Pz e :u(x) >t},Q)dt

— 00

and for Ll-a.e. t € R, the set {u >t} == {z € Q : u(x) > t} has finite perimeter. Further, we

have
“+o0

DU(Q): /D]l{u>t}(Q)dt

— 00

and by rewriting the first equality for the variation
+oo
Dul(® = [ DL (@) dt.

Remark. More generalized versions of the co-area exist, where on the left-hand side another function

appears as a product or outer composition part in the integrand which has to be implemented on
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the right-hand side. For this generalized version, we first need to understand how compositions
behave at points or on sets with unbounded derivative. To achieve that, the recession function is

introduced in the next subsection.

With the definition of the perimeter in hand, we can state another trace theorem:

Theorem 2.27 (Trace theorem on sets with P(Q) = H"1(9Q) < +o0, [65, Proposition 4.1]).
For a function u € BV(Q)NL>(Q) and on an open domain Q with P(Q) = H"~1(0Q) < +oo and

every € > 0, there exists an open set Q. C Q0 with finite perimeter such that

Q. €0, [0\0.<e, / (i | AP g/|uint|om”*1+e.
FQe o

This suffices to explain boundary values on such domains using lower semicontinuity of the total
variation and the sequence ulg, € BV(R™) for € N\ 0.

2.2 Recession function and functionals on measures

Recession function

The recession function approximates a given function at infinity to gain a grasp on how, for
example, an integrand f(Du) behaves at points of unbounded derivative Du. Also the recession
function is necessary to extend functionals from W'! to the BV setting. There are many different
approaches and many different settings with several nuances to the recession function, but we will
stick to the more basic versions. We mostly follow the definition provided in [I3] and compare it
with the definition typical for Young measures provided for example in Kristensen’s and Rindler’s

paper [46] or in the article by Alibert and Bouchitté [I] and thus achieve some further properties.

Definition 2.28 (Recession function part I).

For g : 2 x R® — R, we define the strong recession function

! t /
0.2) = jim L)
t—
z’—>°§
' —ax

97 (

)

if the limit exists for x € Q, z € R™. This definition holds as well for g without dependency on x.

Remark. Tt is useful to assume z € Q to be able to treat boundary conditions, as we will see later.

In the case, that is of interest here, the recession function f°° of a convex function f : R* — R

with linear growth
alz] < f(z) < b(1+2])

turns out to be

7<) = gim T = (4 0) - 1) (2.1)

t—oo veER™
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and thus fulfills the following inequalities:
alz| < f*(z) < blz|. (2.2)
Additionally, we have the following estimate

flz+w) < f(2) + % (w), (2.3)

which is obtained from the second equality in (2.1)).

Remark.

1. In the convex setting, it is not necessary to assume the existence of the limit, since by the

linear boundedness the existence is assured.

2. In the case of the area functional a(z) = /14 |z|?, we have a®(z) = |z| and for every
positively 1-homogeneous function with or without continuous z-dependency the recession

function coincides with the original function.

3. There are many other definitions of different recession functions. The keyword ‘strong’ indi-
cates, that we consider the limit with respect to all variables, other definitions use the limes

superior or inferior to suite their setting better or give the most general version.

4. Even though we assume linear growth in a very restricted way to be able to define a gener-
alized De Giorgi measure later, it is possible to take other growth conditions into account.
Useful are for example just the upper bound f(z) < b(1 + |z|) or for functions f which
can be negative |f(z)] < b(1 + |z|). Further, general lower limits may be assumed like
f(z) > —a(l + |z|). If the function is x dependent, it is common to allow further alter-
ation by allowing a function ¥ to appear in the estimates. The function is usually bounded,
bounded on bounded sets for unbounded domains  or just in L  or L'. Thus, growth
of the following forms may also be considered like g(z,z) < ¥ + b|z|, |g(z,2)| < ¥ + b|z|,
g(x,z) > U—a|z| and many more. For the discussion of quite general Reshetnyak’s theorems,

we will see some of the mentioned modifications. In all conditions, a,b > 0 is assumed.

The last equality in (2.1)) can be obtained by convex theory using properties of the supergraph and
recession cones [60, Theorem 8.5.] or by a simple calculation as follows:
Part 1: First, we show that f(z 4+ w) — f(w) < f°(z) for all w € R™:

For fixed w € R"™, we use the convexity property of f to obtain:

fz+w) = f(w)

(et + 50) - fw)

< %f(Qz—i—w) + %f(w) — f(w).
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Iterating this step, we arrive at the following inequality for all n € IN and can further estimate:

n k
e+ 0) = f(u) £ 272+ w) — )+ 3 (3) 7w
k=1

(1 n+1

Jr
1 1 1\"
< g /) + ) - (3) fw

=)

The last limit is computed correctly, since f(2w) and f(w) are both bounded by b(1 + |2w]) < o0
for fixed w. Thus, the supremum sup,,cg» f(z +w) — f(w) is bounded from above by the value of
the recession function f*°(z).

Part 2: For the reversed inequality, we use

! 0+t(1+t)z) < Lf(())JrLf((lth)z),

f(tz):f(ut 1+t 1+t 1+t

which implies

S +02) = £42) 2~ 0.

Using the last inequality with w = tz for ¢ > 0 we obtain

Flo +t2) — f(tz) = l%tf(a 1)) + l%tﬂ(l +1)z) - f(t2)
> (14 02) — 15 1(0)
X (2),

where again the boundedness of f(0) < b is used. Thus, the supremum sup,,cg~ f(z + w) — f(w)
is bounded from below by the value of the recession function f>°(z).

Part 1 and Part 2 combined prove the desired equality. It is possible to use this results for
z-dependent functionals g(x,z) to obtain this pointwise estimate and therefore holds for
functions g as well.

A different view on recession functions, which comes from the theory involving generalized Young
measure, is to define the recession function g*° of a continuous g as an extension of a transformed

version of ¢g. For that, the two maps 7" and T—! are introduced:

Tg(z,z) = (1 —|z|)g (x, 1_Z|Z> for z € Q, z € B1(0)

and
-1 o z n
T 'p(x,z) = (14 |z|)p (:v,1+|z> forx € Q, z € R™.

Obviously, those are inverses of each other. To define the recession function, a bounded and

continuous extension of T'f to S1(0) is required.
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Definition 2.29 (Recession function, alternative definition).
Assume g : 2 x R" — R is continuous and T'g has a bounded continuous extension to {2 x B1(0),
then the recession function is defined as the positively 1-homogeneous extension of the function

Tg : Bl(O) X Sl(O) — R, ie.

g™ (z, 2z) = |2|Tyg (m, Z) forx € Qz#0

k1

and g*°(z,0) = 0.

Remark.
1. This definition works also for functions f : R® — R without z-dependency.

2. For such an extension to exist, it is sufficient that ¢ and g™ are continuous on Q x R”, g has
linear growth at infinity and is convex in the second argument. For the functions considered
in this thesis, we have a|z| < f(z) < b(1 + |z|) which suffices for the existence if f is convex,
since f does not depend on z. In those cases, the definitions of the recession functions are
equivalent. It is noteworthy that for g € C°(Q x R™), which is positively 1-homogeneous one

has g>° = g.

The important impact of this definition in our setting is that the recession function can be approx-

imated in dependence of the modulus of z at infinity:

Theorem 2.30 (Convergence to the recession function).
For f : R™ — R convezr and with linear growth a|z| < f(z) < b(1 + |z|) for positive constants a,b,
we have:

Ve >035>0: |f(z) — f(2)| <elz| for |z] > (2.4)

| =

Proof. Since Tf is extendable to S;(0) and since we obtained a bounded continuous function

Tf :B1(0) = R on the compact set By(0), the function T'f is uniformly continuous and for any
given € > 0 there exists a 6 > 0 such

ITf(y) — Tf(yo)| = |Tf(y) — f*(yo)| < & for all yo € S1(0) and |y — yo| < 4,

especially for y = (1 —t)yo or yo = 1% with ¢ € (0, 6) for which we have |y| > 1 — 4. Since f is

positively 1-homogeneous, we further have

112 (yo) = @)l = 17 (y0) = F¥((1 = £)(y0))| < t1F(yo)| < (1 + lyo|) = 52b.

Without loss of generality, we may assume 6 < £ and thus get

|f>(y) = fy)] < (1 +2b)e.
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For y = 1f\z\7 we obtain
rsw=(1- ) () = e
1+ |z 1 1+ ||
1+]z]
1) = 1 S0
= z
=0T 2]
and together with |z| > 1 we conclude
[F7(2) = f(2)] < (14 20)E(1 + [2]) < 2(1 + 2b)é]z| (2.5)
for |y| = lfl‘z‘ > 1 — 6 which can be resolved to
1-4
lz| > ——.
4]
In conclusion, we achieve the desired estimate for example with the choice ¢ := min{g7 1} and
€ :=2(1+2b)E. O

Remark. The outcome is the same if we demand uniform convergence of @ to f°(z) for t — oo

for all z € S1(0) (or any other S,.(0) or B,.(0)), i.e. for all z € S;(0) and

t 1
Ve>036>0: ‘f“’(z)f(:)‘ <cfort> .
Using that property, we can estimate for z # 0 using the positive 1-homogeneity of the recession
function
72 - 1) = [l () WA PPN
2) — () = ||z — | — |z2| ——%| < |z]e for |z] > =,
] Ed 5
since I—zl € 51(0). Again it is possible to include the z-dependency with further assumption on the

continuity of ¢ in x like mentioned in [6l Section 2.3].

With the definition of the recession function we can define linear functionals on measures and on
BV functions.

Functionals on measures

The first to study functionals on measures were Goffman and Serrin [40] in the positively 1-
homogeneous case. This result was eventually generalized to the non-homogeneous case using
the perspective function or homogenized integrand, see for example [34], [63, Chapter 2.1] or [64]
Chapter 2.1]. In the following, we provide the definition and derivation in several different cases,
starting with the positively 1-homogeneous version on which the other build upon and follow the

descriptions in [64, Chapter 2.1]:
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Definition 2.31 (Functionals on measures, part I).
Let Q C R™ and g : 2 x R” — R U {400} be a lower semicontinuous function, which is positively
1-homogeneous in the second variable, i.e. h(z,tz) = th(z,z) for all t > 0 and (x,2) € Q x R™,

and which fulfills the lower bound constraint
h(z,z) > —T|z| for all (z,z) € 2 x R"

with some positive constant I' < co. Then, for a v € RMj,.(X, R™) with X locally compact subset

of Q, we define the signed Borel measure h(.,v) on X by choosing an arbitrary Radon measure u

/h(.,u):/h(.,:) du (2.6)

for every |v|-finite Borel set £ C X.

with |v| < p and setting

It is easy to see that the value does not depend on the choice of i and one can always take u = |v|.
Further, the dimension of {2 and the target space of the Radon measure do not need to agree.

To be able to treat more general functionals, we introduce the perspective function or homogenized
integrand: For an open Q C R™ and a Borel function g : @ x R” — R U {+o0}, which is not

necessarily positively 1-homogeneous, we define
7: (2% (0,00) x R")U(Q x {0} x R") = RU {#o0}

with
gz, t,z) =tg (x, ;) for (x,t,2) € (@ x (0,00) x R™)

with the extension g(x,0,0) = 0 for z € Q and

9 (z,2) == g(x,0,2) := ligniglfg(m’,t, Z') for (z,2) € @ x (R™\ {0}) (2.7)
—
Z;%z
xr —x
for t = 0. The constructed function g can reproduce the starting function g with t = 1 and a version
of the recession function g* for t = 0 and is positively 1-homogeneous with respect to (¢,z) and

g
even get the strong recession function like in Definition [2.28] The additional assumption

°° is positively 1-homogeneous in z. If the limit ¢ \, 0 exists and is not only a limes inferior, we

f(z,2) 2 —¥(z) -T2

for some non-negative function ¥ and I' < +oo, which entails g(z,t,z) > —t¥(z) — I'|z| for ¢t > 0,
paired with ¥ being either bounded on bounded subsets of €2 or being such that the limes inferior

is indeed a limes, which ensures g> to be the strong recession function, leads to
g™ (z,t) > —T|z| for all (x,2) € Q x R™.

This provides, that the functional can not attain the value —oo and that at every point of the set
Q x {0} x R™ the function g is lower semicontinuous in z as well as g>°. As before, convexity of g

implies convexity of g in (¢,2) and convexity of g in z. Relying on the results from [40] and as
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shown in [64], we can state the following definition:

Definition 2.32 (Functionals on measures, part II).
Let Q be an open subset 2 C R™ and g : 2 x R™ — R a Borel function fulfilling

9(w,2) = —W(x) — T|z| and g% (,2) > —T|z|

for (,2) € @ x R"™ and (z,2) € Q x R, respectively, and with I' < +o00. Then, for a Radon
measure v € RMjoc(X, R™) on a locally compact subset X C Q with | X N9Q| =0, ¥ € LL _(X)

loc

and a Radon measure 1 on X with £ X + |v| < p, we define a signed Borel measure g(.,v) on
X by setting

Lr_Q
/g( V)= /y (., ,V> du for every (WL™ + |v|)-finite Borel set E C Q. (2.8)
pop

Remark.

1. The definition does not depend on the choice of p, which is easy to check using the posi-
tive 1-homogeneity of g in (¢, z). Further, the Definitions and coincide for lower

semicontinuous and positively 1-homogeneous g.

2. With the particular choice pp = L™ L X + |v]* with the usual Lebesgue decomposition of

v =v* 4+ v° we arrive at the usually considered functional on measures

/g(.,z/): /g(.,ya)dx+/g°°<.,z|ss) djv|® (2.9)

ENQ

for all Borel sets E C X with |¥|L"(E) + |v|(E) < 4o0o0. At this point we stress that
|X N OQ| = 0 ensures, that the integral involving the absolute continuous parts with respect

to the Lebesgue measure can be written without dependency of the boundary.

3. In the paper [46] by Kristensen and Rindler, such functionals are treated in the setting of
generalized Young measures, which has added to the theory and provided some interesting
features on the description of such convergences in the BV setting through generalized Young
measures. This allows a better understanding in context of relaxation and by provides better

convergence theorems, as presented in the next part.

4. As a side note, we mention that f may take negative values, and thus I' is allowed to take
arbitrary real values in contrast to the used constants a,b > 0. The additional constraint
which we put upon our integrand for the double obstacle problem, comes from the interaction

of the recession function and the generalized De Giorgi measure.

5. In general, we are interested in £ = Q or E = . Those cases are considered, for example,
in [], where the difference between the closure and the open set is under considerations in
connection with boundary concentration effects. For example, with the derivative of BV
functions in mind, jumps can occur at the boundary which has to be tracked for prescribed

boundary values.
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Corollary 2.33 (Addendum to Definition [2.32]).
1. The definition still holds under the assumption ¥ € L1(Q), v € RMjoc(Q, R") with X = Q

for some open set Q and with an additional upper bound in the form
lg(z, 2)| < () + blz|
for some finite b > 0. In that case, g(.,v) is a Radon measure. This formulation is useful

to look at the local behavior of the functional and without considering boundary values.

2. With a given boundary condition the boundary values have to be tracked. In that case, one
usually assumes L"(0) = 0, ¥ € LY(Q) and considers only finite Radon measure v €
RM(Q,R™) with X = Q for some open set Q. Here, g(.,v) is even a finite Radon measure.

Back to our BV setting for functionals with convex integrands of linear growth, we can plug in the
derivative measure of a BV function and get dependent on the boundary constraint the following

definitions:

Definition 2.34 (Functionals on BV).
For an open bounded set 2, f : R" — R convex and with a|z| < f(z) < b(1+|z|) for some positive
constants a, b, we define for u € BV(Q):

/f (D) d:v+/f°° <|D) d|D*ul. (2.10)

If in addition boundary values are prescribed by a function ug € L'(9€) on a suitable domain, i.e.
at least |0Q| = 0, or by considering BV, (€2) for some uy € BV(R") , we define

/f (D%u) dm‘f'/foo <|Ds > d\Dsu|+/f°° (va(uo — Uing)) dH™ 1. (2.11)

for u € BV(£2) and with the exterior normal vector vq to the domain €.

Remark.

1. The last term in (2.11]) can be understood as a penalizing term for wrong boundary values.
Since weak* convergence does not preserve boundary values, there is no way to enforce them
in general settings but only to penalize the violation of the boundary condition. The term

itself is the portion of the singular part of (2.9)) contained in the boundary 0f).

2. These representations hold for integrands ¢g with z-dependency as well as under the assump-
tions of Definition [2:32 with the versions explained in Corollary [2:33]

In fact, the functionals (2.10) and (2.11) are the relaxation of the associated W''-functionals. To
be able to prove that and before we define and explain relaxation more detailed, we need to provide
some convergence theorems for such functionals. Prior to this, we state a more generalized version

of the co-area formula for BV functions, which can be found in [I7, Lemma 2.4]:
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Theorem 2.35 (Generalized co-area formula).
For an open set Q@ C R™, u € BV,.(2) and a Borel function g : Q x R™ — [0,+00], which is

convex and positively 1-homogeneous as a function z — g(x,y,z) for all (x,y) € Q x R, we have

Diy
Du) = ] d|D1 dt
Jatavui = [{ oo pr;) apisl
Q R Q

with Uy = {z € Q : u(z) > t}.

This co-area formula especially holds for integrands f : R™ — [0, +00] which are convex and posi-
tively 1-homogeneous and, as shown in [I7, Lemma 2.4], even holds, if the integrand is additionally

dependent on the function w itself.

2.3 Reshetnyak’s theorems and area-strict convergence

The lower semicontinuity theorem and continuity theorem for functionals on measures were pro-
vided by Reshetnyak in his paper in [57] for positively 1-homogeneous functionals. With the con-
struction in the last section the semicontinuity theorem can be transferred without much change,
but for the continuity theorem the strict convergence used in the positively 1-homogeneous case

must be adjusted.

Definition 2.36 (Area-strict convergence for Radon measures).
For a locally compact subset X of R™, we say that v, converges area-strict in RM(X, R™) to v if

vy, converges weakly* to v in RM(X,R™) and in addition

klim /\/1+|Vk|2=/\/1—|—|l/|2. (2.12)
— 00
X X

Remark. Area-strict convergence is the strict convergence for the vector-valued measure of v, with
L7, i.e. it can be written as |(L™, vg)|(X) — [(L™, v)[(X) for k — oo. For BV functions, this is
analogous to Aluy] — Alu] with the addition of uy — u in L}(Q) for k — oo.

Indeed the area-strict convergence is stronger than strict convergence. To see that, the following
example as presented in [59, in Section 2.2] may be used:
Consider on the interval (0,1) the sequence uj(z) = z + 5oz sin(2rkz) in W1((0,1)). Then

Vug(z) is given by 1+ cos(2mkx) and we can compute:
1. up — u in L1((0,1)) with u(z) = .
2. up — u weakly* in WH1((0,1)) € BV((0,1)).
3.

1 ©
/ |Vug| de = / 1+ cos(2mkz)dx =1+ s [sin(?wlm)](lJ ke = / |Vu|dz.
T
(0,1) (0,1) (0,1)
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4. Using Jensen’s inequality on the convex function ¢ — /1 + t2, we obtain

/ VT (L cos(@rka) 2 d = ﬁ / I+ (1 F cos(@))?
0,1)

(0, (0,27k)

€ / VI+ (1 +cos(@))? de

(0,2m)

2\ 3

1
1+ o / 1+ cos(z)dz

V

(0,27)

:\/ﬁ:ﬁ:/\/mdx,

(0,1)

where we have the strict inequality, since the requirement for the equality in the Jensen
inequality is not fulfilled, here: z — /1 + |2|? is strict convex and 1+ cos(z) is not constant.

As we will see later, area-strict convergence implies strict convergence and thus the statement is
proven. One can interpret this fact the following way: In general, strict convergence in BV does
not prohibit cancelling oscillation effects as presented in the example, while the area integral with
a strict convex integrand accounts for such effects.

Next, we can state both Reshetnyak’s theorems in different versions following [64], Section 2.2].
The first stated result is the lower semicontinuity theorem for the positively 1-homogeneous case
from which the general case follows according to the generalization presented in the last section.

For more details, see for example [3, Theorem 2.38].

Theorem 2.37 (Lower semicontinuity theorem, part I).
For an open set Q C R™ and a lower semicontinuous function h : Q x R™ — [0, 4+00], which is
convex and positively 1-homogeneous in the second argument, we have the following estimate: If

v converges locally weakly® to v in RMo.(Q2, R™), then

liminf [ A(.,vk) Z/h(.,l/) (2.13)

k—o0
Q Q

holds.
As mentioned, this result easily extends to the non-homogeneous version.

Corollary 2.38 (Lower semicontinuity theorem, part II).
For an open set Q C R™ with |09 = 0 and a lower semicontinuous function g :  x R"™ — [0, o],

which is conver in the second argument, we have the following estimate: If vy converges locally
weakly* to v in RMjoc (2, R™), then

1%€nigf/g(.7yk) > /g(.,y). (2.14)

Q Q

Similarly, for the BV case, we have:
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Corollary 2.39 (Lower semicontinuity theorem, part III).
For an open set Q C R™ with |09 = 0 and a lower semicontinuous function g :  x R"™ — [0, o],

which is convex in the second argument, we have the following estimate: If uj converges weakly*
to u in BV(Q), then

likrr_1>i£f/g(.,Duk) > /g(.,Du). (2.15)

Q Q

Remark. This statement coincides with what we defined and know about boundary value problems:
If for a suitable domain 2, the sequence up € BV, (Q) converges weakly* to some u € BV(Q)
which does not satisfy the boundary condition, in the term on the left-hand side the closure of §2
may be dropped, i.e. the functional over  and the functional over Q have the same value, but it
can still appear on the right-hand side.

Further, the closure on both sides may be dropped as presented in [3, Theorem 2.38] for finite

Radon measures even if the sequence does not have the right boundary values.

In contrast to the lower semicontinuity theorems, the continuity theorem provides an explicit value
for strict convergent sequences of Radon measures in the homogeneous case, see for example [3]
Theorem 2.39]:

Theorem 2.40 (Continuity theorem, part I).
For an open set & C R"™, a continuous and in the second argument positively 1-homogeneous
function h : Q x R™ — R satisfying

|h(z, 2)| <T|z| for (z,z) € @ x R"

for some constant I' < 400 and a sequence vy converging strictly in RM(Q,R™) to v, we have

k—oc0
Q Q

lm [ h(.,v) = /h(.,l/). (2.16)
For the non-homogeneous version, the strict convergence has to hold for (¢, z), implying that the
sequence of Radon measures has to converge in area. Thus, the theorem can be written as:

Corollary 2.41 (Continuity theorem, part II).
For an open set Q C R™ with |Q| < 400, a continuous function g : @ x R™ — R satisfying

lg(x,2)| < T(1+ |z|) for (z,z) € 2 x R"

for some constant I' < 400 and such that the strong recession function g> of g exists, we have for

a sequence vy, converging area-strictly in RM(Q, R"™) to v the following equality:

lim [ g(.,w) :/g(.,u). (2.17)

k—o0
Q Q
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Remark.

1. The additional continuity assumption on g is rather obstructive, since it is required in both
arguments and not only the last one. This restriction was removed by Kristensen and Rindler
in [46] and further generalized by Beck and Schmidt in [6, Theorem 3.10] to merely measur-

ability in the first argument. The version is presented after the remarks.

2. With the first remark in mind, the prerequisite of the lower semicontinuity theorem and
continuity theorem differ by the kind of convergence and by the convexity or continuity

assumption in the second variable. In many cases considered, all requirements are fulfilled.

3. In many cases, the area-strict convergence for the continuity theorem can be replaced by
W-strict convergence, i.e. /¥ + |. |2 is used instead of \/1+ . ]2, with ¥ € L!(Q) bounded
away from 0 on every bounded subset of {2 or similar requirements. This is very important
on sets ) with infinite Lebesgue measure, i.e. where |Q] = oo, since for sets with finite
Lebesgue measure one can choose ¥ = 1. Indeed, the U-strict and area strict convergence
are equivalent on sets with finite Lebesgue measure and we will thus only consider the area-

strict convergence on such sets and thus especially on bounded sets €.

4. All results regarding recession functions, functionals on measures and (semi-)continuity re-
sults for Radon measures from the last and this subsection as well as the following version of
continuity theorem on Radon measures hold for R™-valued Radon measures as well with the
basically the same definitions and proofs. We choose here to state only the R"-valued cases,
since we are mostly interested in functionals on BV, where the dimensions of the domain and

target space of the Radon measure coincide because of the gradient structure.

Theorem 2.42 (Continuity theorem, part III).
For an open subset Q@ C R™ with |0Q| =0, a function g : Q@ x R™ — R such that

e g(.,z) is measurable for all z € R™ and such that g(z, .) is continuous for all x € Q (i.e.

the function is a Carathéodory function),

o fulfills
lg(x, 2)| < ¥(x) + T|z]| for all (x,2) € Q x R,

with a constant T' < oo and some ¥ € LY(Q), which is bounded away from 0 on every bounded
subset of 2, and

e has a strong recession function g°°,

and some v, converging W-strictly to v in RM(Q, R"), we have

k—o0

lim [ g(.,v) :/g(.,u). (2.18)
Q

Q

Again we can use this theorem for the BV case and obtain:

Corollary 2.43 (Continuity theorem, part IV).
For an open subset Q@ C R™ with |0Q| = 0, a function g : Q@ x R™ — R like in the theorem before
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and some uy, converging W-strictly to u in BV(Q), we have

lim [ g(.,Dug) = /g(.,Du). (2.19)

k—o0
Q Q

Remark. This result also proves that area-strict convergence in BV implies strict convergence in
BV and with the counterexample provided, that merely strict convergence does not suffice for the

continuity theorems in the non-homogeneous case.

For more details and proofs on the advanced versions, consider reading [6l, Theorem 3.10], [64]
Section 2.2], [46]. Some simple proofs and some different versions are also presented in [66] and a
further discussion in the homogeneous case can be found in [21].

To be able to generate area-strict convergent sequences for BV functions and to use the continuity
theorems for BV functions, the following result was proven in [I3] and is helpful for obstacle

problems, since it allows to approximate BV functions in area with W !-functions:

Theorem 2.44 (Area-strict approximation from above, see [I13] Theorem 3.3]).
Let Q be a bounded open set of R™ and u € BV(Q2). Then there exists a sequence up € WH1(€)

converging in area to u on Q such that uj > ut H" '-a.e. on Q.

This theorem implies the following density property, which also can be proven much easier without

the last theorem:

Corollary 2.45 (Density with respect to area-strict convergence).

For open bounded sets ), the space WH1(Q) is dense in BV(Q) with respect to convergence in area.
Another important convergence theorem is provided in [58, Lemma 11.1], see also [46, Lemma 1]:

Theorem 2.46 (Area-strict approximation).
For each bounded open Q2 and u € BV(Q), there exists a sequence ur, € WL(Q) N C®(Q) with
ur = u on 0 and uy — u area-strict in BV(Q). If u is additionally in WH(Q), the sequence uy,

can be chosen such that it converges in WH1(2) to u.

For the proof, see [68, Lemma 11.1] or [46, Appendix A]. The proofs show, that for u € L>°(99)
the sequence can be chosen such that each element is in L*° in addition to the other constraints
and for v € L>=(Q) the sequence can be chosen bounded in L*°(Q) with sup ||ug]leo < |Ju||oo, see
for example [59, Proposition 2.3].

As mentioned, the space BV, () for suitable €2 is not closed, taking both traces into account.
This plays an important role for boundary value problems and thus an approximation for any
u € BV(Q) in BV, () is needed. This is no problem for Lipschitz domains, but is also possible

for domains with a weaker condition to the boundary, see [0} Lemma 3.12] and [65, Theorem 1.2]:
Theorem 2.47 (Area-strict approximation with fixed boundary).

For a bounded domain Q C R™ with 1g € BV(R") and |Dlg| = H" 1LIQ, a given ug € WHH(R™)
and a function u € BV(Q) with 1gu € BV(R™), there exists a sequence uy € WM () converging
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in area to u on €1, i.e.

up — u in LY,

/\/1+|Duk|2dx—>/\/1+|Du|2.
Q Q

In addition, the sequence may be chosen such that Vug — D% L™-a.e.

Remark. The results in Theorem [2.47|may be considered on unbounded Q. For that, the area-strict
convergence must be switched to W-strict convergence with a non-negative function ¥ € L!(Q).

Further, in both cases the sequence can be chosen in ug 4+ C,(€2) € WL ().

Next, we state the definition of the process of relaxation.

2.4 Relaxation of Dirichlet and obstacle problems

A main tool to treat variational problems is the method of relaxation. The underlying idea is to
replace a given functional with a lower semicontinuous one which attains the same infimum or
minimum. For example, as seen in the introduction, lower dimensional obstacles are not preserved
in general, but the values of the functional may be bounded from below on the class of func-
tions considering the obstacle. Another example is minimization in Dirichlet classes or in general
with boundary conditions. For example, in the space BV the boundary values are preserved for
strictly convergent sequences, but a minimal sequence does not have to have a strictly convergent
subsequence. As mentioned, the Sobolev space W!:! is not closed under the typical convergences
and thus functionals may not attain the infimum in W'! and thus the relaxation will involve BV
functions. In all mentioned cases, a larger space has to be considered, but to do so, the initial
functionals often have to be extended to a larger space. In case of W1, the relaxation is often
constructed in the space L!.

For a general functional on a metric space X, the relaxation can be defined in the following way,
see for example [I3], Remark 6.1] or [5, Chapter 11]:

Definition 2.48 (Relaxation).
The relaxation F of a given (proper) functional F on a metric space X with values in R U {400}

is uniquely determined by the following two conditions:

a) For every u € X and every sequence (uy)ren converging to u in X, we have

Flu] < lim inf Flug].

k—o0

b) For every u € X, there exists a sequence (uy)ren converging to v in X with

Flu] > lim sup Flug].

k—o0
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Equivalently, the relaxation of such a functional F can be defined by

F = inf {likm inf Flug| : (ug)ren converges to u in X} .
— 00

Remark.

1. A function f is called proper, if f > —oo and there exists at least some & € X such that
f(z) < +oo.

2. The property noted in a) in Definition ensures the lower semicontinuity of F. The
sequence in b), which is required to exist, is often called recovery sequence and the existence

enforces, that the infimum of the values of the functional and its relaxation are the same.

3. The relaxation can be seen as a special case of I'-convergence with only constant sequences
of functionals. For more details, see [5, Chapter 12], and on general notes to I'-convergence

[9) or [48] may be recommended.

4. In general, we are going to use the space L' with the strong topology, i.e. the topology induced
by the L!-norm, to define our functionals and compute their relaxation. Theoretically, the

space BV could also be considered using the weak™ convergence without much change.

Since we will work with convex functions and integrands, we skip convex and quasiconvex envelopes
which are often presented in combination with relaxation and are (partially) contained, for example,
in [5] and are well known aiming experts and instead study some examples.

In the first example, we investigate the relaxation of the area functional in L' without any additional
constraints:

Example 1: Consider an open bounded set 2 and the area functional on L!(£2) given by

JV/1+|Vu2dz for ue WH(Q),
ol

Afu] =
g +00 for u € L1(Q) \ Wh1(Q).

Then the relaxation is given by A = A with

J /14 Du? for u e BV(Q),
Q

+00 for u € L1(Q2) \ BV(Q).

Alu] =

Proof. For a sequence uy, € L() converging with respect to the strong topology to u € L1, we can
encounter the case where the limit is a function in L*(2)\BV(Q2). Here, the sequence consists either
of L1(£2) functions, where the functional A has value +oco and thus the limit in a) of Deﬁnitionm
is +00, an unbounded sequence in W1(Q) with unbounded ||Vug||1, thus the limit is again +oo,
or a combination of both. In both cases, the limit is +00. Since up — u in L, ||ug||; is always
bounded and thus the case with unbounded ||ug||; cannot occur. If the limit u is in BV(€2), we have
either a sequence with u;, € L1(Q)\ WH1(Q) and thus lim infy o Afug] = +0o > Alul, a sequence
in WH1(Q) ¢ BV(Q) for which we can use Theorem to prove lower semicontinuity or we have
the combination of both. In conclusion, the provided functional A fulfills the lower semicontinuity
requirement for the relaxation. For the second part, we use Corollary to obtain a sequence
u, € WH(Q) with ux, — u in area and thus especially in L'(Q), see remark to Deﬁnition For
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this sequence, we get, by applying Corollary [2.43] that it is the desired sequence, which fulfills b)
in Definition 2.48 O

The second example deals with an additional boundary value constraint again for the area func-
tional:

Example 2: Assume 2 is a bounded Lipschitz domain, which is why we can compute a trace on 92
and let ug € WH'(Q) define the boundary values via the Dirichlet class W' (). The relaxation

of
S{\/l + |Vul2dz  for u € W;;1(Q),

+00 for u € L'(Q) \ WL1(Q)

Ay lu] =

is given by A,, = A,, with

S V14 1Dul2+ [ Jug — tins| dH" ™" for u € BV(Q),
Q 99
+00 for u € L1(Q2) \ BV(9Q).

Ao [u] =

Proof. The first part can be proven like in Ezample 1. Using Theorem [2.46] instead of Corollary
we obtain the desired functional for u € BV, () and u € L1(2) \ BV(Q2). For this, note that
since (2 is a Lipschitz domain and by Definition for the Dirichlet classes and u € BV, (£2), we

have
/\/1 + |Dul? = / 1+ |Dul? + / ug — Uing| AH™ L.
Q Q o)

For v € BV(Q) \ BV,,(f2), we note that the weak* closure of BV, () is BV(2) and explicit

approximations can be construction like in [7, Lemma B.2]. O

On more general open domains a similar result may be achieved:

Ezample 2’: The result in Example 2 remains true for domains Q satisfying 1 € BV(R") and
|IDlg| = H" 1L 9. Here, instead of the construction in [7, Lemma B.2] the last step is provided
by Theorem [2.47]

The last example is concerned with obstacles to hold L£L™-a.e.

Ezxample 3: If in the setting of Fzample 1 or Example 2 the additional lower obstacle constraint

with a Borel obstacle function v is added, we obtain that the relaxation of

[V1+|Vul?dz for u € {w e WH(Q) : w > ¢ holds L"-a.e.},
O
+00 for u € L1(Q) \ {w € WH(Q) : w > 4 holds L™-a.e.}

AY [u] =

is given by A= AY with

. J /14 Du]? forue {weBV(Q) : w>1 holds L -a.e.},
AVu] = ¢ @
+oo for u € L1(Q) \ {w € BV(Q) : w > holds L™-a.e.}

and the relaxation of

s{\/l + |Vu|?dz for u € {w e Wi} () : w> 1 holds L-a.e.},

Al lu] =
’ +00 for u € LY(Q) \ {w € Wi} () : w >4 holds L"-a.e.}
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is given by Kfo =AY with

AV ) + [ |ug — ting| dH™ 1 for u € {w € BV(Q) : w > holds L"-a.e.},
.A:fo [u] = aQ
+oo for u € L1(Q) \ {w € BV(Q) : w > ¢ holds L™-a.e.}.
The proof is identical to the ones of Example 1 and 2 with the specification that L' convergence
preserves the obstacle inequality for the limit and finer arguments involving the restriction of using
area-strict approximation from above from Theorem instead of approximation preserving the
trace from Theorem [2.46] This can be handled using a similar approach like in the last part of the
proof for Exzample 2.
The case with the double obstacle problem to hold L£"-a.e. for two Borel obstacles ¥ < 15 can
be treated similarly using an additional truncation argument, which keeps the area-strict sequence
in between the obstacles. This result can be also established by using the argument presented in
Section [

Remark. For the readability, we write for the relaxation of functionals involving obstacle term Fw

instead of F¥ and so on.

For more general notes on relaxation for the BV setting, the articles [2], [8], [I7], [30] and [45] and

the book [10] may be considered. They are adding to the theory among many other sources.
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3 The De Giorgi measure and the single obstacle problem

3.1 The De Giorgi measure and a counterexample by Hutchinson

In this section, we take a closer look at the De Giorgi measure, which is essential for the relaxation
of parametric and non-parametric obstacle problems. We start with the definitions and variations
provided in [20, Chapter 4] and [I5].

Definition 3.1 (De Giorgi measure).
For aset E C R™ and § > 0, let

¢(E) = inf {P(B) + @ :ECB,B open} (3.1)

be the §-De Giorgi measure, where P is the perimeter, and, as for the Hausdorff measure, define
the De Giorgi measure ¢ by

S(E) = gi\{‘rg)<a(E) = iig%(E)' (3:2)
In the original article, the set B had to be in the class G,,, which fixes the representative of a given
set sufficiently for their use of it. More precisely, a set B was in G,, iff the following properties were
fulfilled:

lim »~"|BNB, = B
lmr|BNB, () =0 =B,

limr "B, () \B|=0 = z€B.
N0

Colombini then proved, that the definition provided with open sets is equivalent to the one with
the class G,,. There exist different approaches to De Giorgi’s measure, which we will see later when
a generalized version is presented.

In [20], many extended results were already proven like the fact that ¢ is a Borel regular measure

and a first estimate of the type
c(n)yH" ' <¢ < Cn)yH"* (3.3)

with two constants ¢,C' depending only on the dimension n. At this stage, it was not clear,
whether the introduced measure is equal to 2H"~! or not. Also in [20] was proven that for a set
E contained in a countable union of C'-hypersurfaces, which can easily be generalized to E being
H"~L-rectifiable, the equality

S(E) =2H""Y(E) (3.4)

holds. Still it seemed not possible to prove a formula for the relaxation of the parametric double
obstacle problem with the Hausdorff measure instead of the De Giorgi measure. It turned out that
a set could be found in Federer’s book [25, 2.10.28 and 3.3.20] (with m = 1) and was proven to be
a counterexample for the equality to hold for general Borel sets by Hutchinson in [41]. The

constructed set is a Cantor dust, i.e. a 1-dimensional Cantor set in R2. The main idea behind

41



this construction is to provide a sequence of sets, where each set has a circumference of 4, but can
be rearranged such that the set converges to the diagonal of the unit square with length /2 and
therefore indicates that the Hausdorff measure is equal to v/2. In the following, we introduce the
constructed set and revisit the (sketch of the) proof given by Hutchinson in [41].

First, we define Iy = [0,1] and set

1 3 1
I, = -I_ -+ =1 _ IN.
k <4k1>U(4+4k1) Vk €

For k € Ny, we further set
Ck = Ik X Ik,
C=[)C
k=0

and thus obtain a decreasing sequence of sets with C C ... C Cp41 C Cr C Cx—1 C ... C (Y.

1

|16
/ 1P =P B T E
4 7 7Bl

B =

A 0 IR

Figure 1: construction steps k=0, 1, 2 (from left to right)
For this purely H'-unrectifiable set, we are able to prove the following first estimate:

Theorem 3.2 (Hausdorff measure of C).
The Hausdorff measure of the set C is bounded from above by /2.

Proof. Since in each construction step the set O} consists of 4% squares with side length 4=% and
diagonal length v/2 - 4%, we can estimate the Hausdorff premeasure 7-[% (C):
By the choice of kg such that v/2-47%0 < § and by covering each square with a ball of diameter
V2. 4=%0 we obtain:

H3(C) < H§(Ch,) < AP047R0/2 = V2.

With H!(C) = ;ii% HE(C) < V/2, the result is proven. O
Indeed, in [25, 3.3.20] it is shown, that H'(C) = v/2, but because of the length of the proof and

because it is not necessary for our primary goal to disprove ¢ = 2!, this is not proven here. Next,

we calculate the value of ¢(C):

Theorem 3.3 (De Giorgi measure of C).

For C as given above, the De Giorgi measure of C is equal to 4.
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The proof is divided into two parts, the first provides the inequality ¢(C') < 4, which is not

necessarily needed but easy to obtain:

Proof. Part I: We first observe that P(C)) = 4 and |Cy| = 4% for all k¥ € IN;. For a given € > 0
and arbitrary k € IN, we thus can find a suitable open set By, with C C Cy, C By, P(B;) <4+ 5
and |By| < 47F + %‘5. With that we obtain by monotonicity:

1
§5(C)§4+4T(5+E vk € N and ¢ > 0,

which implies ¢s(C) <4 (k — oo and € N\, 0) and hence ¢(C) < 4 .

Part II: For the second part, we need some auxiliary statements and definitions. The main idea
is to prove that every open set containing C' contains the set C} for some k and estimate the
perimeter using an approximation of the normal vector field to each square contained in Cf. This

is accomplished in the following steps:

1. For any open set A with C' C A, there exists & € IN such that Cy C A.

Proof. Assume that Cj \ A # 0 for all k. Then there exists a sequence z;, € Cj \ A with a
converging subsequence xj — x, since all C}, are compact. Because x is in C C A and A is

open, we reach a contradiction. O

2. Next, we look at the construction of the set and fix a notation for each square and the 4
squares obtained through performing one construction step k& — k 4+ 1. For a center point

a = (a1,as) € R? and some radius 7 > 0, we define the square S = S(a,r) C R? given by
S(a,r) = {z = (z1,22) € R? i ||z —ale< r}.

Further, starting at the top left corner and going left to right and top to down, we define the

corner squares S, S, S5 and Sy, see Figure [2}

3 3 r 3 3 r
S]- :S(<a1—47",a2+47"> 74)7 SQZS<(G1+4T,G2+4T> a4>7

3 3 r 3 3 r
ngS(<a1—4r7a2—4r> 74), 5’4=S<<a1+4r,a2—4r> ,4).

The corresponding corners of the larger square S are denoted by s1, s2, s3 and s4.

3. Next, we define a property which states an approximating quality to the normal vectorfield
of each square. A vectorfield ¢ € C1(S,R?) is (S, e)-normal iff

- |

- |

— 22l — () for all z € S N {|p(z)| # 0} (v outward normal to S),

o(z
— Dy(x) - v(xz) =0 for all z € 9S.

p(x)] <1forall xz €S,
o) =0if x € 0S5 and |x — s;| < e for any i = 1,2, 3,4,

>

Here, ¢’ denotes the matrix-vector product and we note, that the function ¢ = 0 is (S, ¢)-

normal.
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4. For any S, it is easy to construct a (S, e)-normal function ¢, for example, by using mollifica-
tion: One possibility would be to take rectangular ‘neighborhoods’ of parts of the vertices,
which have for some sufficiently small 0 < § < 7 a distance of € + ¢ from the corners of the
square .S and expands by ¢ in the perpendicular direction to the contained vertices. On those
‘neighborhoods’ define ¢ as the constant outward normal vector of the only vertex contained
in the neighborhood and mollify with the usual symmetric mollifier scaled accordingly with
g. It is easy to verify that the such constructed field ¢ is (9, e)-normal. By Stokes formula,
we have

/divapdx = /go-z/dHl < 8r—8¢

S as
providing a lower bound. Further, it is possible to construct a (S, ¢)-normal function ¢ such
that |, g divpdx is arbitrary close to 8 — 8¢ or, for example, equal to 8r — 9e.

5. Given (5;, €)-normal ; on S; for i = 1, 2,3, 4, we can extend them to a (.9, €)-normal function

v on S with cp|s_ = ¢; and divp =0 on S’\U?:1 S;.

VU | PN

2r —— ° 2r —
S

y/

2

W

N\

Figure 2: Square S and subsquares .S; Extension ¢; to ¢ with sample vectors

Proof. The main idea is to ‘rotate’ the approximating normal vector provided by each ¢ from
inner boundary parts of S; in S to boundary parts of S. For example, for the right side of
the lower left square, we can define the extension using polar coordinates in the following
way:

For x = (21,22) = (a1 — § + pcos(¥),az — r + psin(d)) with 0 < p < Z and 0 <9 < 7, we
define

(1, 22) = — ’4,03 <a1 — g,ag —-r+ p)) (- sin(d), cos(9))" .

Applying this to every side and by setting ¢ = 0 on the remaining part of S, the desired
extension is found. Since all vertices of S are vertices of some S; and the normal vectors
are ‘rotated’” smoothly in a way to match the normal vector field of S or be equal to 0, we
obtain that the defined extension is C! by the last property of (S,e)-normal fields and the
other properties are passed on accordingly. Thus the extension is indeed (S,¢)-normal for
the same ¢ as the ¢; before.

It remains to check, if the extension is divergence free outside of the S;, i = 1,...,4. This is

clear by definition or can be checked using the divergence in polar coordinates. O

Finally, we are able to implement the proof. For an open set A containing C, we can
assume A to be bounded: For A with |A] = +oo, we have ¢(4) = +oo, since ¢5(A) is
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+oo for each 6 > 0. For A with |A| < 400, we can use a suitable projection p on the
ball B5(0), which is Lipschitz continuous with Lipschitz constant 1, decreases the Lebesgue
measure of A and by P(p(A)) < Lip,P(A) the perimeter, too, using the well known estimate
H"Y(f(E)) < LipH" ' (E) for Lipschitz functions f and measurable sets E.

By the first point, we find some kg such that Cy, C A. For given £ > 0, we can find for all 4%

squares S; fori=1,...,4%in Cy a (S, €)-normal function ¢; with f divp;dz > 4- 4=F _9e,
S
where the radius is provided by 2r = 47%. Next, we apply the extension iteratively until we

get a (Cp, €)-normal function ¢ on Cy = [0, 1]?, which is further extended in the vertical and
horizontal direction by the values of the nearest border point and 0 everywhere else from S
to R?. Next, we can find a function n € C};(R?) with 5(z) = 1 for # € A and can conclude:

/div(mp)dxz/divg@dx:/divgodx
A A Co

:/div<pdx24—4k -0,
Ch

Since € > 0 was arbitrary and ne € Cl,;(R?*, R?) with [n¢| < 1 is a suitable candidate in the
Definition for the perimeter, P(A) > 4 follows for each considered open set containing

C' and, together with the first part, we obtain ¢(C) = 4.
O

In addition to this counterexample, Hutchinson improved the upper bound constant in (3.3) and

proved that
Nnwn,

C(n) =

Wn—1

is optimal. The constant seems reasonable, since it gives the ratio between the circumference of an
sphere and its cross-section area, which is interpreted as a kind of diameter for n = 2. Thus, the

difference between the De Giorgi measure and the Hausdorff measure is reflected in this constant.

3.2 The generalized De Giorgi measure

In this section, we will investigate the De Giorgi measure in a slightly more general version as
presented in [I3], Chapter 4] with some aspects influenced by the articles [11], [I2] and [53]. In
the following, we are interested in a possibly non-symmetric version of the (generalized) De Giorgi
measure in comparison to the introduced version in [L3 Definition 4.1 and 4.2]. Let ¢ : R® — R{
with

1. g(z4+w) < q(2) + ¢(w) for all z,w € R",
2. q(tz) =tq(z) for every t > 0 and all z € R™ and
3. alz| < q(z) < b|z| for some positive constants a,b > 0

be given.

Then we define the generalized §-De Giorgi measure by:
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Definition 3.4 (6-De Giorgi measure).
For § > 0 and for every E C R"™, we define

(E) = inf {m/ q(Du) + %" dr : w e WHY(R™),u* > 1 holds H" *-a.e. on E 5 . (3.5)

The corresponding generalized De Giorgi measure is then given by the same construction as the

original De Giorgi measure:

Definition 3.5 (Generalized De Giorgi measure).
For I as above, we define the generalized De Giorgi measure ¢, of the set I by

(B) = lim j(E) = ?;glgcg(E) (3.6)

The role of the function ¢ will be played by the recession function f* of f. The required properties
of ¢ are automatically fulfilled for convex f with linear growth in the form alz| < f(2) < b(1+ |z|)

for some a,b > 0: With the convexity of f and Definition [2.28| with remarks we have

1.

[z +w) = lim

ftz + tw) lim <f(2tz) n f(2tw)>
2t 2t

I
Kﬁ

:
O
_|_
Kﬁ
P
g

2. Clear from Definition 2.2091
3. See Equation (2.1)).

Using an anisotropic perimeter, i.e. we use ¢(D1g) instead of |D1g| for sets with finite perimeter,
we can rewrite Definition like in [I3 Proposition 4.1]:

Proposition 3.6 (Another characterization of the 6-De Giorgi measure).
For ECR™ and § > 0, we have

§§(E) = inf / q(v) dH™* + @ . B is L"-measureable and H" " (E\ BT)=0,. (3.7)
FB

The proof is similar to the one presented in the original source, but for the sake of completeness

we state the adapted version:
Proof. To distinguish both definitions of the generalized -De Giorgi measure we set Gg as the 6-De

Giorgi measure of Proposition We prove the statement by showing the inequalities cg > fg
and qg < Gg.
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Step 1: With the Definition of gg and for all € > 0 we find a function u € WH1(R") such that
u*>1H" tae. on F and
O(E)+e> /q(Du) + % dz.
R
For t € R, we can set S* = {u > t} and denote by vg: the outward unit normal to S* defined on

FSt. Using Theorem we have
+o00
/u_,_dx: / |St| dt
0

Rn
and
+oo
/ q(Du)dz = / / q(vse) dH™ L dt.
R™ —oo FSt

Thus, we obtain
|15*]

1
§§(E) + € Z / / q(Vst)d/Hnil + T dt.

0 Fst
Since u* > 1 H" '-a.e. on E, we have H" 1 (E\ (St)+> = 0 for all ¢ € (0,1) and arrive at
S(E) +e > 3 (E).
Step 2: We may assume that §g(E) is finite, since otherwise the inequality is trivial. Then, for
every € > 0, we find some £"-measurable set B C R" with H"~}(E \ BT) and

HE) + e > (D) (R + 2

Using [13, Lemma 3.1], we find a sequence wj, € WH1(R") for k € N such that wj > 1 H" '-a.e.
on BT and wy, — 1p strictly in BV(R") and thus especially wy — 1p in LY(R") for k — oc.
Using Theorem [2:40] we obtain

q(D1)(R") = lim [ q(wy)dz.

k—o0
R7L

Thus, we have

~ . w

Q(E)+e> lim [ q(Dwy)+ [l dz > (E)

k— o0 0
]R’IL

and, since € > 0 was arbitrary, we get the second inequality. O

The statements of Proposition 4.2 as well as Proposition 4.3 in [I3] hold as well:

Proposition 3.7 (Properties of gg and ;).
The generalized 6-De Giorgi measure gg has for all § > 0 the following properties:

1. qg is mon-negative, non-decreasing and countably subadditive.
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2. gg is strongly subadditive, i.e. for every E,F C R"™ the following inequality holds:

S(EUF)+(ENF) < S(E)+O(F).

3. For two sets E, F C R™ with dist(E, F) > e, we have

3bo

(E)+(F) < (1 + 6) S(EUF).

As a conclusion for the measure ¢4, we have the following properties:
1’. ¢4 is non-negative, non-decreasing and countably subadditive.

2’. gq 1s strongly subadditive:

Sq(BEUF) +¢(ENF) <c(E)+ g(F).

3’. For two sets E, F C R™ with dist(E, F) > 0, we have
Sq(E) +6q(F) = ¢(EUF)

and thus the De Giorgi measure is a Borel reqular measure on the Borel o-algebra by the

Carathéodory criterion [3, Theorem 1.49].
Further, we have a similar estimate like in (3.3)):
4. With the same constants as in (3.3]), we have

ac(n)H" 1 < ¢, <bC(n)H" .

Proof. The facts that gg and ¢, are non-negative and non-decreasing follow easily from the defini-
tions. The countable subadditivity follows from [I1l Proposition 3.1] for the §-De Giorgi measure,
and thus for the generalized De Giorgi measure as well, in the same fashion as stated there. Thus
point 1. and 1’. hold.

The strong subadditivity in 2. and 2’. follows from the strong subadditivity of the Lebesgue mea-
sure and of the anisotropic perimeter:

For the sets £ and F, we find sequences e, € WH(R") and fr € W1 (R™) converging strictly to
1z and 1p, respectively. Thus ey fr converges in L'(R™) to 1gpnr and e + fr — exfr to Lpur.
Since characteristic functions are bounded by 1 and non-negative, the sequences e, and f can be
chosen bounded by 1 and non-negative as well, like in Theorem With that, the product rule

holds and we obtain the following estimate:

/q(D(ekfk)) dx + /q(Dek +Dfi — D(erfr))dz

RTL Rn
= /Q(ekka + fxDey,) dz + / q(Dey, + D f, — exD fi — frDey) dx
]R"'L R"L

The first integral on the right-hand side can be estimated using the convexity as well as the positive
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1-homogeneity of ¢ and the non-negativity of e and f:

/Q(ekka+ka€k)da? < /Q(ekka)+Q(ka€k)d$

R” R

< / exa(Dfy) + fra(Dey) da.
Rn

Similarly, we get for the second integral on the right-hand side with the upper bound 1 for e; and
fr:

/Q(D@Ic +Dfy — exDfr — feDe) dx = /q (1 = fx)Dey + (1 — ex)Dfy) dz
R"™ R

< (= eaDh) + (1~ faDe) de.

R"

Combining both estimates leads to

/ 4(D(exfi)) da + / 4(Dey + Dfy — Dlex i) da < / 4(Dex) + q(Dfi) da

R™ R™ R™

and, with the strict convergence of e, and f; and Theorem [2.38 used on the left-hand side and
Theorem [2.40] used on the right-hand side of the last equation, we obtain

q(Dlenr)(R") +¢(D1gpur)(R") < ¢(D1g)(R") +¢(D1p)(R"),

which proves 2. and thus 2’.
For 3., we slightly modify the proof in [I3 Proposition 4.2]:
For each A > 0, there exists by the definition of ¢ a function u € WH(R™) with u* > 1 H" -a.e.
on FUF and
gg(EUF) +A> /q(Du)+ %dx.
Tn

Next, we choose cut-off functions n; € C*(R"), i = 1,2, with 0 < n; < 1, |Dn;| < % and n; = 1
on E as well as 72 = 1 on F such that the support is disjoint, i.e. suppn; Nsuppne = (. The
product n;u is in WH1(R™) and fulfills (n;u)* > 1 on E and F, respectively, for i = 1,2. Thus, we

can estimate

5(E) < /Q(D(mu))+ ‘"g“' dz,
]R’TL

s (F) < /Q(D(nzu))+ ‘”2“' dz.
Rn

Combining both inequalities, using the disjoint supports of the cut-off functions and the properties

of g, we obtain:
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S () + g (F) < /q ((m1 + 12)Du 4+ uD (1 + 12)) + [On +m2)ul

)
IRTL
(A
< [ oo+ aunin +m) + ol da
R7L
3l
< [ a0y +ofut® + s
e 9
Rn

< (1 + 325) (QQ(EUF) + ).

Since A was arbitrary, 3. follows and proves 3’. by the Carathéodory criterion.
Point 4’. is a direct consequence of the estimate a|z| < g(z) < b|z| and the inequality ((3.3)). O

Next, an auxiliary lemma estimating the §-De Giorgi measure of superlevel sets is presented.

Lemma 3.8 (Estimate of superlevel sets).
For E C R™ and an arbitrary function ¢ : E — R U {£oo}, we have for each 6 > 0 the following

relation:
+oo
/ Sz €E 1 d(z) > t})dt
0

= inf {‘R/ q(Du) + %dx tu € WHY(R™), u* > holds H" '-a.e. on E

The statement can be found in [12], Proposition 4.3], using the here described setting, and is similar
to [13| Lemma 4.5].
This lemma can be used to prove [I3, Proposition 4.4], which is key to prove lower semicontinuity

and to construct recovery sequences for the relaxation of the discussed obstacle problem:

Proposition 3.9 (Lower semicontinuity and a continuity statement for the De Giorgi measure).
For a Borel set E C R™ and a Borel function ¢ : R™ = RU{zo0} with ¥;¢,(E) < +00, we obtain

the following two results:

1. For every sequence (uy) € WU (R™) such that ui, — 0 in LY(R™) and uj > ¢ H" '-a.e. on

E, we have

n

/1/)+ dg, < hminf/q(Duk) dz.
k— o0
E
2. There exists a sequence u, € WY (R™) with u — 0 in LY(Q) and uj > ¢ H" '-a.e. on E
with
/1/)+ dg, = lim /q(Duk) dz.
k— o0
E R»

Remark. In [62, Lemma 2.10], a slightly different version was established, where for 2. in Propo-
sition the sequence could be chosen in W(l)’l(Q) for an open set () as long as @ has compact
support in Q.
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Proof. The proof is identical to the proof of Proposition 4.4. in [13]. O
To be able to treat upper obstacle problems, we obtain as a direct consequence of Proposition [3.9

Proposition 3.10 (Another lower semicontinuity and continuity statement).
For a Borel set E C R™ and a Borel function 1 : R™ — R U {£oo} with ¥15,(E) < 400 and

4(z) = q(—2), we obtain the following two results:

1. For every sequence (uy) € WHH(R™) such that u — 0 in L*(R™) and u} <y H" '-a.e. on

E, we have

/(—¢)+ dgz < likm inf / G(—Dug)dz = liminf [ ¢(Duy)dz.
—00

k—oo
E R’!L ]R"rL
2. There exists a sequence up € WHH(R™) with u, — 0 in L1(Q) and uf < ¢ H" '-a.e. on F
with
/(—1/J)+ dgz = lim /(j(—Duk)dx = lim [ ¢(Duy)dz.
k—oo k—o0
E R’!L R’!L

Proof. Apply for 1. the Propositionwith g on —uj, > —1 and note that —uj, = (—uy)*. Similar
for 2. O

Remark.

1. Tt is convenient to use the definition ¢(z) = ¢(—z), since usually only ¢(Du) appears in the
most calculations. Since we will plug in f> instead of ¢, we also write f®(z) = f°(—2)
for the adjusted recession function. For a symmetric function f*° like the absolute value
function, we have f °° = f°° and thus in this case nothing needs to be adjusted. This implies
that the same recession function can be used for the lower and upper obstacle problem for

the area functional and the total variation functional.

2. Since ¢ fulfills the properties required on the function ¢ stated at the beginning of this section,

all results and properties hold accordingly for ¢; instead of ¢,.

3. On the first glance it might seem strange that for the upper obstacle a ‘different’ recession
function has to be used. This fact becomes clearer, if one considers Definition [3.5]and notices,
that a possibly preferred direction for the function u to ‘rise’ to or above 1 on E (since we
have no symmetry), needs to be inverted if the function has to ‘decrease’ down and lie below

—1 on a given set E.

Next, we state a useful result on how to calculate the generalized De Giorgi measure of a Lipschitz

graph. This is similar to Proposition 4.6 in [13]:

Proposition 3.11 (De Giorgi measure of Lipschitz graphs).
Let G C R™ be the graph of a Lipschitz function g : R"~' — R. For a Borel set E C G, we can

compute

W(B) = [ alve) +a(-ve) an. (3.8)
E
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Proof. Again, the proof is similar to that of Proposition 4.6 in [I3] with the main difference, that
we do not have ¢(v) = ¢(—v). Knowing that, the proof can easily be obtained. O

A consequence of this result is that we can rewrite the De Giorgi measure on rectifiable sets:

Proposition 3.12 (De Giorgi measure on rectifiable sets).
Let R C R™ be a countably H"*-rectifiable set. For a Borel subset E of R, we can compute

W(B) = [ alve) + a(-ve) anr (3.9)
E

Proof. With the alternative definition of rectifiability provided by Proposition we may use
Proposition [3:11 on components of the rectifiable sets contained in the Lipschitz graphs. Applying
this on components of F yields the result. O

Remark. For the last two propositions, it does not matter if ¢ or ¢ is used in the sense that
q(vr) + a(—vr) = q(vr) + q(vr) = 4(—vr) + 4(VR).

Thus we will not distinguish on rectifiable sets between the two De Giorgi measures ¢, and ;.

3.3 The single obstacle problem revisited

In this section, we derive a representation formula for the relaxation of the functional, related to
the single obstacle problem, at first without boundary constraint:

For some open bounded set © and a Borel function ¢ : R"* — R U {£o0}, we set

F¥[u] = /f(u) dz on Wifp(Q)
Q

with F¥ set +o00 on L1(Q) \Willp(Q) and with convex integrand f : R™ — [0, 00), which fulfills
alz| < f(z) < b(1+ |z|) for some constants a,b > 0. The function space Wi}b(Q) is given by

1,1
W,

o () = {u e WH(Q) : u* > ¢ holds H" '-a.e. on Q}.

The relaxation is proven to be

'l = [ #0u)+ [ @ = u") dogs on BV(@)
Q

Q

and +oo on L'\ BV(Q). In contrast to [13| Chapter 5], we manage to prove the result with the
convexity and growth condition and leaving out the symmetry and a weaker form of the triangle
inequality f(z+w) < f(z) + f(w) + ¢ for some ¢ > 1. The last inequality ensures, that functionals
with integrands like /1 + |.| — 1 can be treated without further issues and gives control over the
recession function in the form f°°(z) < f(z) 4+ ¢. With the results achieved in Theorem we
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are able to drop such extra assumptions.

We begin by proving the lower semicontinuity of

F(Du)da + | (1 — ')y dejee.
/ /
Q

Q

For the proof, we need the auxiliary statement proven in [I2, Lemma 5.3] for symmetric g, see also
[13, Lemma 5.3] for not necessary symmetric g. The difference lies in the usage of § instead of ¢

in one of the terms or in other words in the sign of the evaluation of one integrand.

Lemma 3.13 (Estimate for the obstacle term).
For an open bounded Q@ C R™ and a Borel function ¢ : R — R U {+oo} and a sequence uy €
WEHQ) converging in L1(Q) to u € WHL(Q), we have for every open set A C Q the following

estimate:

/(T/J )+ dgg <

A

(Du) dx+hm1nf /q(Duk) dm+/(w —u")4 dgg
A

/ A
/q —Du) da:+11m1nf /q(Duk) dx—|—/(w—u*)+ dsg | »
A A

A

where q s like in the previous section.
With this result in hand, we can now prove the following lower semicontinuity result:

Theorem 3.14 (Lower semicontinuity on Wh1).
For an open bounded 2 C R™ and Borel function ¢ : R™ — R U {£o0}, the functional

/f(Du)da:+/(w—u*)+da:
Q

Q

is lower semicontinuous on Wh1(Q) with respect to the convergence in L1(Q2), i.e. the functional

is lower semicontinuous along sequences u € WH(Q) with u, — u in L1(Q) with u € WH1(€Q).

Proof. We first follow the lines of the proof of [13] Theorem 5.1]:
Let u, € WH1(Q) be a sequence converging in L' to u. The convergence in L! implies, that if
[{¢p—u* > 0}| > 0, then this holds also true for uy, for k large enough and thus |{¢)—u} > A}| > 0 for
some A small enough. With that, we have [(¢ —uj} )4 dspe = 400 which is clear from Proposition
see also Remark 4.2 in [13]. ?
If {¢) — u* > 0}| = 0, we find for arbitrary A > 0 an open set A such that {¢p —u* >0} C A CQ,
|A] < X and

/b + b|Du| dz < A. (3.10)

We set I = [(¢ — u*)4 dgpe = [( — u*)4 dgpe and can find for each value ¢ < I some compact
Q A
set K C A such that t < [(¢p — u*)4 dgpe. Further, we can find two disjoint open sets ; and €5
K
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such that @\ A C ©; and K C Q» C A. By Theorem [2.39} the functional [ f(Du)dz is lower
(921

semicontinuous and thus we can estimate, using (3.10) and Lemma [3.13

/f(Du)dx+t<)\+/f(Du)dx—i—/(w—u*)Jrckfoo
Q

o Q2
g)\—&-likminf/f(Duk)dx—i—/foo(—Du)dx
—00
Q2

Q1

+ lim inf /foo(Duk) dz + /(1/) —uj)+ dggeo

k—oc0
Q2

Since Q5 C A, we have

/f‘x’(—Du) dz < /b|Du|dx <A
QQ QQ

For [ f*°(Dug)dz, we can estimate in the following way:
Q2
For some fixed € > 0, we use Theorem to get a § > 0 and obtain for any fixed k£ € IN:

o On QN {|Du| < 3}

dx <

| o
S

£ (Duy) da < A/

Q20{|Duy|< 5}
o On QN {|Dug| > 3}

/ [ (Duy,) do SSZf(Duk)dm+€SZ|Duk|dz.

Qan{|Duy|>31}

Plugging those estimates in, we obtain

/f(Du)dm+t<2/\+§+likminf /f(Duk)da:—&—/(w—uZ)ergfm+6/|Duk|dx
—00
Q Q Q Q

With A\ 0, e \(0 and ¢t I we arrive at

[roudss [ u)dge <tmint | [ fOu)dr+ [ i) dgg
Q Q

Q Q

O

Next, we show that for u € W1(Q) the relaxation of the functional agrees with F¥, which is given
by
Flu] = /f(DU) + /(Tﬁ —ut) dgpe for u € BV(Q)
Q Q

and F = 400 on L}(Q) \ BV(Q).
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Theorem 3.15 (Equality on W11).
For ¢, F¥ and Q as above, we have

for u e WH1(Q).

Proof. The proof is identical to the proof for Proposition 6.2 in [I3]. By Theorem we obtain
7 > F¥[u] on WH1(Q) since the relaxation is the largest lower semicontinuous functional, which is
smaller than the initial functional. The other inequality follows easily with 2. from Proposition |3.9
For fixed u € WH1(Q) with F¥[u] < 400, we find a sequence wy, € WHH(R") with w} > (¢ —ut)4

H" la.e. on Q and with

klim o (Vwyg)dz = /(1/) —ut); dgpee.
—00
R Q

With this and with (2.3), we can estimate

k—o0 k—o0

limsup | f(V(u+wg))de <limsup [ f(Vu)dx+ [ f(Vwy)dz
/ [

glimsup/f(Vu)dx—i-/foo(Vwk)dx
k—oo
Q Rn

:/f(Vu)dx+/(¢—u+)+d§f°°-
0

Q

Functions u € W11(€) such that F¥[u] = +oco violate the obstacle constraint and thus a recovery

sequence in this case is given by ux = u. O
Finally, we state the theorem which extends the relaxation to BV functions.

Theorem 3.16 (Extension of the relaxation to BV(Q)).
For 1, F¥ and Q as above, we have
=F".

The proof is identical to the proof of Theorem 6.1 presented in [I3, Chapter 6] and relies on a
representation lemma for monotone non-increasing functionals on BV, which is used on the obstacle
term. This strategy does not extend to the double obstacle case, which is our main concern in
the subsequent chapters, since we cannot obtain monotonicity for the sum of both obstacle terms.
Therefore, we abstain from going into the details of the proof of Theorem Additionally,
another proof is obtained through the proof for the double obstacle problem by setting the upper
obstacle 1y = +00.

Remark. If one wants to add a Dirichlet boundary constraint with a function ug € L(0Q) as in [13]
Chapter 7], 2 is assumed to be a Lipschitz domain and the construction is more involved, since
boundary data has to be tracked. Using the results on the double obstacle problem, this result is

easier obtained, as we will see.
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4 The double obstacle problem

The main goal of this section is to prove the representation formula for the double obstacle problem
for the functional

1,1
Fﬁ;’% [u] = /f(Vu) dz for u € Wuo,wl’% (),
Q

which is extended to L'(2) by +o00 on L! \\7\/'111’017%71#2 (©). As usual, Q is an open bounded set,
11 < 1) are Borel functions, where the inequality holds H"~!-a.e., the integrand f : R — [0, +00)
is convex and of linear growth with alz| < f(z) < b(1 + |z|) for some constants a,b > 0. As in
[13] we will first start with the problem without the boundary constraint and thus it suffices, that
) is just an open bounded set. When we later add the boundary constraint in a distinct section,
further requirements on the boundary of Q will have to be assumed. Before we can start, we need
some auxiliary statements. To be able to adapt parts of proof from the single obstacle problem,
a truncation argument is needed: The main issue is that in the single obstacle case we are free
to approximate from the other side of the obstacle, i.e. if we deal with a single lower obstacle,
we can approximate from above or add non-negative functions like in the proof of Theorem [3.15]
For the double obstacle problem, such constructed functions may disobey the other obstacle and
thus we cannot use one-sided approximations anymore without further care. However, assuming
the existence of a separation function v € Wijllph% (Q), with Wi::l)ml)z (©) defined similar to Willp
as Wiol - without the boundary value constraint, we can still use the space in between u and v
to construct a recovery sequence. To be able to do that, a truncation argument is required and to
implement this, we need to find a subsequence for any sequence converging in area such that the
absolutely continuous part of the gradients converge a.e. with respect to the Lebesgue measure.

The later result is presented in the more general setting with arbitrary Radon measures.

4.1 Almost everywhere convergence of the gradients

We want to show that if a sequence of measures converges area-strictly, then it already converges
almost everywhere. For the proof, we need some shifted versions of both Reshetnyak theorems.
For that, we consider a lower semicontinuous function g :  x R™ — [0, c0), measurable in the first

argument, convex in the second and with strong recession function g and linear growth, i.e.
9(.,2) <b(1+12])
for some b > 0. We remember that we have
9(@,z+w) < g(x,2) + 9> (z,w) (4.1)
and are able to prove the following versions of convergence theorems with that inequality:

Corollary 4.1 (Shifted lower semicontinuity theorem).

For an open set Q C R™ with |09 = 0 and g as above, we have: If v converges weakly™ to v in
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RM(Q, R"), then for v e LY(Q,R™) we have

likrggf/g(.,yk—l—v)z/g(.,u—i-v). (4.2)

Q Q

Proof. Using mollification, we find for a given v € L'(Q,R") and for each ¢ > 0 a function

ve € CY(Q) such that
/|v€ —vldz <e.
Q

Then we investigate g.(z,z) = g(x,z + v-(x)) and find by boundedness of v. that the strong

recession function of the shifted function agrees with the original recession function ¢*°, since we

have using (4.1)):

gt ) gl ) g () bl

oo . . IS . o
z,z) = lim li < x, z)+ lim = T,z
g:°(x,2) = lim . < fm ; < g% (w, 2)+ lim 97 (x,2),
zZ —Zz zZ —z
Tr —T Tr —xT
! ! ! / o0 !
_ gt ) o g(ali ) — g™ (2l ve) . bfJve]]so
o0 oo oo
z,z) = lim > lim > z,z)— lim ——— = T,z
ge"(@,2) = lim, ; z fim, : 2 9% (@, 2)= lim —— 97 (2, 2)
zZ —Zz zZ —Zz
' —x ' —x

and thus the claim. Further, g(.,z + v.) is still lower semicontinuous, convex in the second
argument and there exists a constant b = b+ b||v||o > 0 such that g.(.,z) < b(1+ |z|). Then we
use (4.1) and Corollary on g(.,z+ v.) and obtain:

liminf/g(m,uk +v) > liminf/g(x, Vg + ve) — /g‘x’(ﬂc,vE —v)dx
k—o0

v

g(z, v+ v) — 2be.

k—)OOi = =
Q Q Q
z/g(m,u+vg)—/b|v—v8|dx
Q Q
z/g(x,y+v)72b/\v7vs|dx
Q Q
/
Q

With € N\, 0 the proof is complete. O

Remark. This theorem obviously also holds with the open set €2 instead of the closure and similarly

we can use the theorem for BV functions, i.e.

likminf/g(.,Duk—i—v) > /g(.,Du—i—U) (4.3)
—00
Q Q

for ug,u € BV(Q), up — u weakly* in BV(Q) and some v € L' (Q, R™).

For the continuity theorem version, we get:
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Corollary 4.2 (Shifted continuity theorem).
For an open bounded set Q C R™ with |02 = 0 and g as above, we have: If vy converges area-
strictly to v in RM(Q, R"), then for v € LY(Q,R™) we have

k—o0

lim g(.,l/kJrv):/g(.,quv). (4.4)
Q Q

Proof. We argue similarly as for the lower semicontinuity theorem and obtain with Theorem [2.42

limsup/g(m,uk +v) < limsup/g(x, U + ve) + /go"(x,v —v.)dz

k—o0 k—o0

Q Q Q

S/g(m,u+v5)+/b|v—v8|dx
Q

IN

g(m,y+v)+2b/\v7vs|dx

Q

IA

b\\ D\\ el

g(z, v+ v) + 2be.

With € \, 0 and Corollary [£.1] the result is proven. O

Remark. This theorem holds obviously for non-convex but still continuous integrands as well as

on open sets {2 and we obtain a version for BV functions, too, namely

1imsup/g(.7Duk+v) < /g(.,Du+v). (4.5)

k—o0
Q Q

for ug,u € BV(Q), up — u weakly* in BV(Q) and some v € L' (Q, R™).

A similar result was established in [46, Section 5] for gradient Young measures.

Now we are able to prove the following convergence a.e. result:

Theorem 4.3 (Convergence almost everywhere of the absolutely continuous parts).
Let Q be an open bounded set and v, € RM(Q,R"™) converge area-strictly to v € RM(2, R™) for
k — oo, then there exists a subsequence such that vy — v® a.e., where vi and v* are the absolute

continuous parts (or densities) with respect to the Lebesgue measure.

Proof. Since vy, converges area-strictly to v, it also converges weakly*. Next, we set S as the union
of all singular sets of v and vy with respect to the Lebesgue measure and thus have |\S| = 0 and
v4(S) =0=r°(Q\ S) with the singular part with respect to the Lebesgue measure v*. Similarly,
the equations hold for all v, k € IN as well. By regularity we can find open sets O; for [ € IN such
that S C O; and |0y < } and have, using Corollary for open sets (see remark)

likminf/ lvie, — v > [V°|(Or) = [V°|(S). (4.6)
—o0
O;

o8



Using Corollary for open sets (see remark), we also obtain

timsup [ = 7] < () = 71(01) = [+°1(S). (4.7)

k—o0
Q

Combining both estimates (4.6) and (4.7)), we obtain

0 < limsup / |1/k—z/a|<hmsup / lve — v <0.

k—o0
Q\Ol Q\Ol
By a standard argument we can choose for each [ an almost everywhere convergent subsequence
on Q\ O; and by a simple diagonal argument with [ — oo we get an a.e. convergent subsequence

on ©Q\ S and thus on €. Since v L™ =1, on Q\ S, the proof is complete. O

Remark. This construction is obviously also possible for more general locally compact metric
measure spaces with some base measure . The concept of area-strict convergence on such space
(X, 1) has to be adjusted to strict convergence of the measure |(u, vi)|(X) to |(u, v)|(X) for k — oo
and we obtain an p-a.e. convergent subsequence v — v® with v and v* now being the absolute

continuous parts with respect to the measure pu.

We can apply this theorem for example on sequences in WH1(Q) converging in area to a limit in
BV(Q):

Corollary 4.4 (A.e. convergence of gradients).
Let (u)rew € WH1 (or BV) converge in area to u € BV. Then there exists a subsequence with

Vur — Vu a.e.

4.2 A truncation argument

To construct a recovery sequence in the way of Theorem [3.15] which obeys both obstacles, we
approximate min{u,v} and max{u,v} separately using only the space provided in {u < v} and
{u > v}, respectively. More precisely, we want use the one-sided approximation on min{u, v} from
above and truncate the sequence by v and similarly for max{w,v}. Thus a truncation argument
for sequence converging from one side, here above, is sufficient. As usual, 2 C R™ is an open and
bounded set.

Theorem 4.5 (Truncation argument).
Let f and Q2 be as in the beginning of this section and f° the corresponding recession function.
Let u € BV(Q) with uw < h L"-almost everywhere for a function h € Wh1(Q). If u,, € WH1(Q)

converge area-strictly from above to u and wy € WH1(R™) converge in L to 0 from above, we have

lim sup/f(Dka) dz = klirn /f(Duk) dz + lim sup / f°°(Dwy) dz

k—o0 k—o0

f Du) —|—hmsup/f°°(Dwk)dx

k—oc0

for a not relabeled sub-sequence of i, = min{uy + wg, h}.
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Proof. The proof relies on the fact that VAL™ is absolute continuous with respect to £™ and
convergence in measure as well as the Lemma of Fatou. For a given € > 0, we divide € into three
subsets, Qo == {u=h}, Q. :={h—u>¢e} and Q. = Q\ (Q UQ.). For reason of simplicity, we
drop the notion of the precise representative in the following proof. We can now estimate on each
of these sets using that, for two BV functions v; and v, and thus especially for W1 () functions,
we have D% = D%y almost everywhere on {v; = va}, see [3, Proposition 3.92(a) and Remark
3.93]:

1. On Qp we have

/ f(Diy)de = / f(Vu)dz

Qo

Qo
g{]"(Duk)d:n +Q/0f(Vu)dx SZf(Vuk)dx.

Restricting to a subsequence, where Vuy converges to Vu almost everywhere provided by

Corollary we can use Fatou’s Lemma and conclude, since f is non-negative, with

lim sup /f(Vu)do:—/f(Duk)dx <0
0 Qo

k—o0

that
limsup/f(Dﬂk) dz < limsup/f(Duk) dex.
Qo Q0

k—o0 k—o0

2. On Q. we subdivide further for arbitrary but fixed k € IN:
If 4y, — u < € the truncation has no effect on 4y and we can estimate with (2.3)):

f(Dig)dx < / f(Duy) dz + / f°°(Dwy,) de.
Q.N{tp—u<e} QeN{tr—u<e} Q.N{ar—u<e}
Else, the truncation may have an effect and we obtain, using (2.3) and an inequality of the

type f(Dmin{a,b}) < f(Va) + f(Vb) for a,b € WhH! which holds at least L™-a.e.:

F(Diy) dr < / F(Dug) da + / (D) de

Qe \{tr—u<e} Qe \{tr—u<e} Qe \{tr—u<e}

+ / #(Dh) dz.

Qe \{tr—u<e}

These estimates together imply

/f(Dak)d:cS/f(Duk)dx—i-/foo(Dwk)dx—i- / f(Dh) da.
Q. Qe Q.

Q.N{ap—u>e}

At this stage we notice that for ¥ — oo and by the convergence of wy to 0 and ug + wy to u
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in measure and Dh being in L*(£2) we can estimate:

F(Dh)dz — 0.

Q.N{ar—u>e}

Thus the last term may be omitted in the limit.

3. For Q., we have £"(Q.) — 0 for ¢ \, 0 and can simply estimate

/f(Dak)dxg /f(Duk)dx+/f°°(Dwk)dx+/f(Dh) dz.
Q. Q. Q. Q.

Further, we have
g{r%)/f(Dh)dxzo
Qs

and again this term may be omitted in the final calculation.

Combining all results, we arrive at

k—o0 k—o0

limsup [ f(Dag)dz <limsup [ f(Dug)dz+ | f(Dwg)dz.
/ [

Since uy converges in area to u, the rest of theorem follows easily, where the equality instead of

= is obtained through the lower semicontinuity of | f(Du)dz and the non-negativity of the other
Q

terms. O

This truncation theorem has some nice implications on the manipulation of the sequences occurring

in this thesis. The first ensures the area-strict convergence for a truncated sequence.

Corollary 4.6 (Truncation of an area-strictly convergent sequence).
If u, € WHL(Q) converge area-strictly to u € BV(Q2) from above with u < h L"-a.e. for some

h € WH1(Q), then there exists a subsequence such that min{ug, h} converges in area to u.

Proof. Apply Theorem |4.5| with wy, = 0 and f(z) = /(1 + |z|?). With the lower semicontinuity of

the functional we obtain the desired result. O
Next, we show that the from above in area converging sequence can be chosen monotonic.

Corollary 4.7 (Monotonic area-strict approximation from above).
Foru € BV(Q), there exists a non-increasing sequence uy € WH(Q) converging in area from above

to u.

Proof. By Theorem we obtain a sequence uy, converging in area from above to u. Using

Corollary [£.6)iteratively with h,, = u,, n € IN on uj with & > n we obtain the desired sequence. [

Further, it follows that a sequence provided by 2. from Proposition [3.9| can also be truncated by

a function h >, h € Wh! without changing the provided estimate:
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Corollary 4.8 (Truncation of sequence converging to the obstacle term).
If wi, € WHEH(R™) conwverge in LY (R™) to O with the estimate from 2. in Pmposition then for
h >, h € WHY(R™) the sequence min{wy, h} fulfills the estimate as well.

Proof. Use Theorem [£.5] with u = 0 = uy,. O

Remark. Such sequence wy, can also be chosen monotone decreasing with the same argument like
in the proof of Corollary

Last and most important, the statement of Theorem remains true if instead of f a shifted

integrand is used:

Corollary 4.9 (Truncation argument for shifted integrand).
Assume the same assumptions as in Theorem. For a givenv € L*(Q; R™) and with the integrand
f(.+v), we have

lim sup f Day + v) dz < limsup f Duy, + v) dz + lim sup / 1 (Dwy,) dz

k—o0 k—o0 k—o0

k—o0

/f (Du + v) —|—hmsup/f°°(Dwk)dm

Proof. The proof is identical to the one provided for Theorem[4.5| with the use of the shifted version

of Reshetnyak’s continuity theorem provided in Corollary [£.2] see also the associated remark. [

Remark. All results in this section hold as well if one considers sequences area-strict approximations
from below and w; < 0, since the truncation argument can be applied for such sequences in a
similar fashion. For wy < 0 it is convenient to use f*°(Dwy) = fw(—Dwk) to be able to apply the

continuity part of Proposition [3.10| without further changes.

4.3 Relaxation of the double obstacle problem

We first begin with proving that the functional

Flovzy /f (Du) / P —ut) dgpe + /(u_ —2)4 d¢je 0N BV(Q)

Q

and F¥1%2[u] = 400 on L}(Q) \ BV(Q) is lower semicontinuous for open bounded €2, f and 11,12
like in the beginning of this section. Under the assumption that a function v € W1(Q) exists
such that for the two Borel functions (obstacles) ¥, 12 : R™ — R U {00} holds 1 < v* < 1)y
H" la.e., we provide afterwards a recovery sequences to prove that this functional is indeed the
relaxation of F¥1%2 and thus the first major result announced in the introduction, yet first without

boundary conditions.

Theorem 4.10 (Lower semicontinuity of F¥1:%2).

The functional F¥1¥2 is lower semicontinuous with respect to convergence in L.

62



Proof. We are only looking at limit functions u € BV(£2) with F¥1¥2[u] < co. In the other cases,

either the function u

a) is in L'(Q) \ BV(£2) and we trivially get the lower semicontinuity,

b) violates the obstacle condition even in the £™-a.e. sense and thus uy for all k large enough as

well, similar to the proof in Theorem [3.14] and one obtains that at least one of the integrals

with respect to the generalized De Giorgi measure is infinite, or

c) at least one of the integrals with respect to the generalized De Giorgi measure is +o0o, where

the following estimate can be used:

If, without loss of generality, [(¢1 — u™)y dgpee = +00 and we have up — u in L', we can

Q

restrict ourselves to the case ux € BV(Q), since otherwise the functional takes the value

+00 constantly. For this sequence, we can estimate, using the lower semicontinuity of F¥

provided by Theorem [3.16

lim inf F¥1¥2 4] > likm inf F¥ [ug] > F¥[u] = +oo.
— 00

k—o0

For the case F¥1%2[u] < oo and given uy € L'(Q) with up — u in L1(), we again can restrict
ourselves to up € BV(Q2). Then we divide € in the two Borel sets Qq := {u™ < 49} and Qy :=
{u™ > 1}. We have (u™ —1hg)1 = 0 on ; and since u™ > u™ > by > 1, we get (Y1 —ut)y =0
on Q. Since f(Du) + (1 — u™)1gpe and f(Du) + (u™ — ¥h2)+ 6 are regular measures, we can

find for given € > 0 disjoint compact sets K7 C 3 and K5 C €y such that

[f(Du) + (1 — u")qcpe](Q) — e < [f(Du) + (%1 — u') 4] (K7),
[f(Du) + (™ = 92)45](Q2) — & < [f(Du) + (0™ = ¢2) 155 ] (K3).

IN

Since Kf and K3 are disjoint, we can find disjoint open sets K{ C Of and K5 C O5.

Theorem on Of and Of, we obtain

[f(Du) + (1 — uF) s (1) — & < [f(Du) + (1 — ub) 55 ] (KT)
[f(Du) 4 (1 — ut)4p](OF)

<liminf [ f(Dug)dz + [ (Y1 —uf)4 dspee,
[f(Du) + (0™ = ¥2) 155 ](Q2) — e < [f(Du) + (0™ — h2) 455 ] (K3)

< [f(Du) + (u™ = 42) 455 ](03)

< liminf/f(Duk)dx + /(u,; — o) 4 dgfoo
k—oo
O Os

IN

Using

for any given uy, € LY(Q), k € N with uz, — u in L'. Both estimates combined and with £ \, 0 the

proof is complete.

O

Next, we provide the proof for the representation of the relaxation, first for functions u € W1(€)

and then the general case u € BV(Q).
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Theorem 4.11 (Relaxation for functions in WH1(Q)).
For u € WHY(Q), we have with f, £ and Q as before:

/Y2 [u) = Fovvefy),

Proof. By lower semicontinuity provided by Theorem we have F¥*'¥?

construct a recovery sequence, to prove le’% < Fouve:

> F¥u¥2 | It remains to

First of all we only consider u € W11 (Q) with F¥1%2[u] < oo since otherwise the constant sequence
uy, = u suffices. Using Proposition 3.9 and we obtain two sequences wy and w* € WH1(R")
with w} > (Y1 — u*) 4, (W)* < —(u* —2)y = —(¢2 — u*)_ and with

lim sup / 1 (Dwyg)dz < /(wl —u”)y dgpeo
R’!L

k—o0
Q

as well as

limsup/foo(—Dwk)dx < /(u* — 2)+ dSfm.

k—o0
R™ Q

Using Corollary the sequences can be chosen such that 0 < wg < (v —u)4 and 0 > wk >
—(v — u)_, where v € WH1(Q) is the given function, which lies in between the obstacles, i.e.
1 < v* < 1)y, This leads to ¥ < u + wy + w” < 4y for the Lebesgue representatives H" !-a.e.,

since we can estimate on {u < v} with w* =0 and (v —u)y =v —
h<utwy=utwp+wF =u+wy, <utv—u=0v<h

and on {u > v} with wy = 0 and —(v — u)_ = v — u we obtain:
1/11§v:u+v7u:u+wk:u+wk+wk:u+wk§¢2.

Plugging the sequence in, we can estimate, using (2.3):

lim sup F¥1%2 [y, + wy, + w¥] < Flu] 4 lim sup / 1 (Dwyg) dz + / e (Dw") dz
k—oo k—oo
R”L R"L

= F[u] + lim sup 2 (Duwy)dz+ [ f(—Dw*)dzx
o]

k—o0
< FYue2 [’LL]

And thus we have le’wz

= Flivz on W, O
Next, we need a way to adapt this method for u € BV(Q).

Theorem 4.12 (Relaxation for functions in BV(2)).
For an open bounded set Q and the functional F¥1¥2 with two Borel functions 1 < s H* '-a.e.,
a convex integrand f: R™ — [0, 4+00) of linear growth with a|z| < f(z) < b(1 + |z|), the relazation
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of F¥1:¥2 s given by
Flﬁlﬂbz — Fie

Proof. Since we know, that F¥1:¥2 is lower semicontinuous and agrees with Frove

on WhH1(Q),
we only need to provide a recovery sequence for u € BV(Q) and can limit ourselves to provide
this exclusively for v € BV(Q) with F¥1%¥2[u] < +o0 since otherwise ux = u for all k& € IN may
be used. Next, we use Theorem to obtain a sequence up € W11(Q2) converging in area to
u, = min{u,v} from above. Further, we obtain a sequence wy € W11(2) from Proposition

with 0 < wy, — 0 in L, (wg)* > (1 —ut)4 and with

limsup [ f°(Dwy)dz < [ (1 —ut); dgpeo
[

k—o0
Q

and define @y := min{uy + wy,v}. Similarly, we get a sequence u* € W11(Q) converging in area
from below to u” := max{u, v} and by Proposition a sequence w* € WH1(Q) with 0 > w* — 0
in LY, (wg)* < —(u™ —12)4 and with

limsup [ fo(=Dw*)dz < [ (u™ — )4 <o
[ |

k—oc0
Q

and define @* := max{u® + w*, v}.

k

Then we define = g + @* — v with ¢; < U, < s, since on {u < v}, we have @* = v and

ay, fulfills the constraint by construction like in the W'!-case and on {u > v}, we have similarly
@iy, = v and @* fulfills the obstacle constraint. Further, u converges to u in LI(Q). Now we can use
Corollary 4.9 with the integrands f*°(. — D%, ), f*°(. —D®u") and with the associated recession
function which is equal to f°°, and the fact D%u + Dv = D%u,, + D*u" to conclude

k—o0 k—oo

lim Sup/f(Dﬂk) dz <lim sup/f(Dﬂ;c — D% + D%) da
Q

Q
<limsup /f(Dau)dx
Q

k—o00
+ [ f°(Dag — D%,)dz + [ f°(Dak — DY) dz
/ /
< | f(Dw)dxz + [ f(Duy, — D%,) + [ f(Du” — D)
o | /

+ /(1/11 — ')y dgpe + /(Lf — ¥2)4 dSfu

Q

Q
:/f(Du) + /(1/)1 —u")y dgfe + /(u_ — Y2)+ dSfec.
Q

Q Q

In the last step, we used that f°°(D%u,) + f°(D%u”) sum up to f°°(D%u), since Du,, and Du”
are mutually singular and possible split jump parts, i.e. if 4~ < v* < u™*, add up correctly, since
they have the same direction v, and f°(v,)(v* —u™) + [P (vy)(ut —v*) = fC (1) (u™ —u™). O
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Since the major difficulty in the proofs is the construction of the recovery sequence with the help
of the truncation argument which is applicable for limits in BV, we obtain the following trivial

corollary:

Corollary 4.13 (Double obstacle problem in a BV-setting).
Let Q) be an open set, f, f°°, 11,19 as before. Further define the functional

/ F(Du) for u € BVay, ()
Q

extended by +oo to L1(Q) \ BV, 4, 4, (Q), where
BVo,pr.00(Q) = {u € BV(Q) : ¢y <ul and u™ < Pa holds H" *-a.e. on Q}.

If there exists a function v € WHH(Q) with ¢ < v* < 1hg H" L-a.e., then the relazation of the
functional is given by F¥1¥2,

It is unsatisfactory that the separation function v has to be in W1, but the proofs heavily rely on
the absolute continuity of the separation functions and thus concentration effects are a problem.
The relaxation with only a BV separation function v, i.e. ; < vt and v~ < 1)y is a point of
interest for further research in the general setting, while for the area functional a result is obtained

using the parametric theory, see Section

4.4 Relaxation of the Dirichlet double obstacle problem

In this section, we additionally assume that the open bounded set €2 has either Lipschitz boundary
or that Q fulfills P(Q) = H"~1(992) and there exists a constant M > 0 such that we have the
bounds —M < i1 < 1o < M and thus are able to define a trace on the boundary, see Theorem
and [6I, Lemma 2.3]. The boundedness of the obstacles enforces the boundedness of all
u € BV(Q) with finite functional value F2%2 < +o0, i.e. provides u € L>(Q). Further, we
assume that the function v € Wl’l(Q) with 91 < v* < )9 on Q can be extended to a Wh! function
on a ball B, such that Q € B, and in addition fulfills vx = ug on 9N for given boundary values
ug € LY(0Q, H" 1) or ug € WH1(B,.). Under those assumptions, we have:

Theorem 4.14 (Relaxation of the Dirichlet double obstacle problem).

For Q and v as described above and for integrands as defined at the beginning of Section [, we have

Ff;ﬂ/& _ ]_-11!)01,@[’2’
with

Q

Forvrul = | fDu)+ [ (% —uh)pdepe + [ (07 =)y doje
[roo-] /

Jor u € BV(Q) and F¥1*2 = 400 on L1(Q) \ BV(Q).

Remark. Although .Ffol’w seems to not depend on ug, the boundary penalization is again encoded
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in [ f(Du), since a portion of the integral on the singular set u is given by
Q

/fOO(VQ(Uo — Ujng)) dH™ T,
50

where vq is the exterior normal to 2 and wi,; the inner trace of u on 9f2.

Proof. First we extend v € WH(Q) to v € WH(B,.) with Q € B,.. Further, we set ¢y = ¢ = v
on B, \ Q and consider the relaxation of F¥+:%2 on B,.. Theorem yields that the relaxation is
equal to F¥1¥2 on B,. Next, we notice that all u € BV, where F¥1:¥2 [u] is finite, are equal on
B, \ Q and, since ¥; < v* = tUgyy < 1Po on 9Q, we have (1 —ut)y = (u™ —12)4 = 0 on I and
thus the integral terms involving the obstacles are 0 on 9€2. In reverse, every function u € BV(2)
such that @ = lou + 1p \qv € BV(B,) can be extended in this way and yields finite values of
F¥1:¥2[y] on B,.. Thus

Finta [y, Q) + / f(Dv) = F¥r¥2[q, B,],
B,\Q

which proves the claim. O

Remark. In the same way, the result of Corollary extends to the addition of boundary values.

Another application of these results is to allow inner boundary parts like for slit domains, i.e.
domains with interior cuts, enforcing the values by the obstacles. If, for example, the domain
B2(0) \ ([0,1] x {0}) is considered with some boundary values ug on S}(0) U ([0,1] x {0}), we can
consider the obstacles 11 = ¥ = ug on S}(0)U([0,1] x {0}) and 1); = —o0 = —)s else, the relaxed
functional for integrands f like before is given for u € BV(B?%(0)) by

(D) + / 522 (Vi 0 (10 — i) A
B1(0)\([0,1]x{0}) S1(0)

+ / [ ((2) (up — Uint,1)> + ((_01> (uo — Uint,—1)> d#!

[0,1]x{0}

where Proposition|3.11{was used to rewrite the obstacle term involving the slit. The representatives
uint +1 are the corresponding (inner) traces with respect to the given normal vector (0, +1)".

In general cases, where the slit is the graph of an Lipschitz function, a similar result can be
established. If the slit is unrectifiable, wrong boundary values are penalized in the sense of the
obstacle constraint, i.e with an integral with respect to the generalized De Giorgi measures gy and
Sfoo- Obviously one can consider domains with more slits and theoretically also domains, where

slits touch each other and so on.
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5 Connection between the parametric and non-parametric

double obstacle problem for the area functional

A connection between the parametric and non-parametric minimal surface problem is their coin-
cidence if dealing with a graph-type setting. As stated in the introduction, u is a minimizer of
the non-parametric problem iff the subgraph is of least perimeter. Since for the single and double
obstacle problems the additional obstacle terms in both settings look quite similar, it seems that
even in this setting, they may have the same or a similar connection. Since we have no general
uniqueness result yet, we can only hope to show that in a non-parametric setting, both problems
yields the same infimum and thus the subgraph of a non-parametric minimizer is a parametric
minimizer as well. In the parametric and non-parametric case we therefore have to deal with De
Giorgi-measures acting on different spaces, i.e. on R"*! for the parametric and on R" for the
non-parametric and we thus switch and adapt our notation to ¢" := ¢ | for the De Giorgi measure
with n-dimensional domain of definition and similarly ¢"*! and thus indicate the dimension using
a superscript if needed.

In this section we will only consider single and double obstacle problems of the non-parametric
type on a bounded open set €2, i.e. the parametric obstacles O; and O, are given as the sub-
and supergraphs of Borel functions 1,19 : R® — R U {400} such that ¢ < 19, ¢ < vT and
v~ < )5 holds H™ !-a.e. on § for some separation function v which we first assume to be in Wh1.
Thus the H" '-a.e. required inequalities can be stated as ¥7 < v* < 1)5. For the single obstacle
problem we will without loss of generality only consider the lower single obstacle problem and in
that case set 9o = +00. Under the given assumptions, the relaxation from Section []is defined and

the corresponding non-parametric functional is given by

A2 [y] = L+ |Dul2+ [ (Y1 —u")pds™ + [ (u™ — )4 ds™ for u € BV(Q).
VT [0

Q Q

The parametric area functional can be written as
PYY2(E) =P(E,Q x R) +<"TH((O1 \ ET) N (2 x R)) + "0 N E~ N (Q x R)).

We start by stating the important results for the equality of parametric and non-parametric prob-
lems for the area functional presented in [39] which is based on [50] and introduces a construction
of a subgraph from a suitable set of finite perimeter, which decreases the perimeter. Further, we
state some approximation results, which are helpful so avoid reduction effects and be able to treat
the obstacle problem and discuss the right translation between parametric and non-parametric
problems. After the preparatory section, we prove a first inequality, which shows that the pre-
sented construction does not only decrease the perimeter but also correctly takes into account the
obstacle functionals. In the next step, we show that the obstacle terms in the parametric and non-
parametric setting of the right representative of a subgraph and function, respectively, are equal
and thus prove that the subgraph of a non-parametric minimizer is a parametric minimizer of the
corresponding problem. In the last two sections, we improve the non-parametric double obstacle
problem for the area-functional by allowing BV separation functions and provide a continuity result

at the obstacle for minimizers of the double obstacle problem for the area functional.
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5.1 Graphification and approximation of Caccioppoli sets

We begin with a connection between the subgraph and the area integral as presented in [39]
Theorem 14.6]:

Theorem 5.1 (Connection between the area integral and perimeter of the subgraph).
For u € BV, we have

/ 1+ [Duf2 = P(S,,Q x R)
Q

with Sy, = {(z,t) € A xR : t < u(z)}.

Remark. Considering obstacle problems, one may be inclined to use a notation, where the graph
is included, i.e. define S,, with the defining inequality ¢ < u(x). In this case, the theorem remains
true but will not yield any advantage regarding the coverage of obstacle parts as we will discuss

towards the end of this subsection. We therefore use the definition in the theorem.

Next, we present [39, Theorem 14.8], which allows us to pass from arbitrary sets to subgraph-type

sets with smaller perimeter:

Theorem 5.2 (Graphification).
Let E C Q x R be measurable. Suppose that

(i) for almost every x € Q) we have

t—+oo

lim 1g(z,t) =1,
t——o0

(ii) the symmetric difference Ey = EA() X (—00,0)) has finite measure.

Then the function

k
wg(x) :kli_glo /]IE(a:,t)dt—k
k

is in L1(2) and

/\/1 +|Dwgl? < P(E,Q x R).

Q

This is already enough to prove the equality for the obstacle-free case.

Remark. By Fubini’s theorem, we have that |Eg| = ||wg||1 and that the wy g = f 1g(z,t)dt —k
converge in L! to wg. Further, if we consider a set E of finite perimeter in Q x ]R]j an application
of the isoperimetric inequality will often guarantee the part (ii) of the assumptions and from (ii)
and again with the isoperimetric inequality one can show the assumption (i). More precisely, if
we consider suitable boundary values, which, for example, are given as the subgraph of a W!!
function outside of 2 x R, the prerequisites are fulfilled. For the double obstacle problem it is
often possible to consider the problem without boundary conditions where the assumptions can

be obtained through the obstacle condition. In contrast, it is not possible to do so for the single
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obstacle problem, since 2 X R obviously will contain the obstacle and have zero perimeter in 2 x R
and, for example, in the case with a single lower obstacle it is easy to construct an from above

unbounded obstacle such that no non-parametric minimizer can exist.

Next we revisit the definitions of the De Giorgi measure to be able to state a first approximation

result, which is interesting on its own:

Theorem 5.3 (Equivalence of definitions of the De Giorgi measure, see also [15, Theorema 4]).
Let Q) be open and E be a Borel set. It is then equivalent to define the §-De Giorgi measure in )

with open sets

BN Q)
5

C‘S(E,Q)—inf{P(B,Q)—F : B open andEﬂQCB}

or measurable sets

IBNQ|
5

&(E,Q) = inf {P(B7Q) + : B is L™ — measurable and H" ' ((E\ BT)NQ) = O}

and we have
gé(Ea Q) = GJ(Ev Q)

Thus, both generate the same measure for & \, 0 which agrees with the in Section[3 defined one for
Q=1R", i.e.
E,Q) = lim ¢°(E,Q) = lim &°(E, Q).
S(E, Q) JI{%C(,) 51@;(,)

Similar as before, the limits can be changed to suprema.

The first approximation results allows us to cover the reduced/essential boundary in an open set

with arbitrary small change in the perimeter and the Lebesgue measure:

Proposition 5.4 (Approximation of the perimeter covering the essential/reduced boundary).
Let 2 be an open set and E a Borel set with finite perimeter in 2. Then for each € > 0 there exist
open sets B. such that FE C 0*E C B, |B:N Q| < e and

P(EUB:, Q) <P(E,Q) +e¢.

Similarly, we can find for an arbitrary subset A of E* with finite De Giorgi measure open covers
B. with the same properties, i.e. |B: NQ| < e and P(EU B,,Q) <P(E,Q) +e¢.

Proof. First we note, that the essential boundary of E in ) has finite Hausdorff measure, i.e.
H"HO*E N Q) < +oo, and thus has also finite De Giorgi measure ¢(0*E N Q) < +oo by (3.3).
With the definition of the De Giorgi measure with open sets, we can find for each € > 0 some §; > 0
such that ¢°(9*E) > ¢(0*E) — ¢ for 0 < § < §;. Further we can find by the definition of the J-De
Giorgi measure open sets Bs. containing 0*E such that P(Bs., Q) + M < (0B, Q) +e.
Since ¢°(0*E,Q) +¢ < s(0*E, Q) + ¢ < +00, we can estimate

|Bs.NQ <0(c(O"E, Q) +¢)
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and thus can find d2 such that |Bs. N Q] < e for 0 < § < §. Therefore we can find for each
e > 0 some 0 < . < min{d1, da,¢}, which can be chosen monotonically increasing, i.e. §. < d.s for
0 < e < €', and such that ¢%(9*F, Q) > ¢(9*E,Q) — ¢ as well as corresponding sets B. = Bj, .
which fulfill P(B,, Q) + '33739' <% (0*E,Q)+e and |[B.NQ| < e. Since the intersection of finitely
many open sets is again open, we may replace B. by B. N without losing any properties. It now

remains to estimate the perimeter. We have, using Proposition [2.21

P(EUB.) < P(E,Q) + P(B.,Q) - P(EN B.,Q)

B. B.NE
<P(E,Q)+P(B.,Q) + |5 | —-P(ENB.,N) - ‘csiﬂl
<P(E,Q) 4% (0*E,Q) + ¢ — (0" E, Q)

<P(E, Q) +e,

where we used that P(EN B, Q) + % > ¢%(0*E,Q), since by definition of the open set B. we
have 9*E C ETNB. C (EN B:)" and thus the claimed is proven using the alternate definition of
the §-De Giorgi measures and Theorem [5.3

The proof for arbitrary subsets of ET with finite De Giorgi measure is identical. O

Since we will have to construct parametric recovery sequences for the double obstacle problem,
we need approximations which do not interfere with the obstacle constraint. Thus, we state the

following proposition:

Proposition 5.5 (Truncated approximation of obstacle parts).

Consider some set E with finite perimeter in Q X R and a lower obstacle O as the subgraph of
a Borel function 1 such that <"*1(01 \ ET,Q x R) is finite. Then there exists a sequence C. of
open sets of finite perimeter with O1 \ ET C C., |C.| < € and

P(EUC.,QxR) = P(E,Qx R)+<""(0;\ ET,Q2 x R)

for e — 0. In addition, if a separation function v € WHY(Q) (or v € BV()) is given and we have
1 < vt oand thus O1 C S}, we instead may use the sets C. NS, instead of C..

Proof. With a similar argument as in Theorem [5.4) we obtain open sets C. containing Oy \ ET

and with P(C¢, Q) + @ <% (01 \ ET,Q) + ¢, where 4. is chosen like above. We then can use

the lower semicontinuity of P¥1 (= P¥1+°) to obtain

PY(E) <liminf P(EUC.,Q x R)
eN\0

and use Proposition as well as that ¢® < ¢ holds for all § > 0 and all sets from the definition
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of the De Giorgi measure to get the upper bound

P(FUC,QxR)<PE,Q2xR)+P(C,2xR)

|C|

de
<P(E,QxR)+%" O \ET,QxR) +¢

<PE,QXR)+¢"THO\ET,QxR) +¢

<PE,QxR)+P(C., 2 xR) +

and thus the first part of the claim. For the second, we replace C. with C. NS, and note that
C. U S, converges in L' to S,. With the inequality

P(C.NS,, 2 xR) <P(C,, Q) +P(S,,2 xR) —P(C-US,, Q2 x R),
together with the lower semicontinuity of the perimeter and thus

limsup (P(S,,2 x R) — P(C- US,, 22 x R)) <P(5,,2 xR)—P(S,,2 xR) =0,
eNO0

we obtain the second part of the claim. O

Remark. We can obviously combine Proposition [5.4] and and replace E with E U B, in the
statement of Proposition [5.5] Another direct consequence of this approximation is stated in the

following corollary:

Corollary 5.6 (Truncated approximation of the reduced boundary).
In the setting of Proposition we can extend Proposition as follows: We can find open sets
B. containing (a subset of) O*E such that

P(EU(B.NS,), Q2 x R) — P(E,Q),

where S, is the subgraph of the separation function v € WH(Q) (or BV(Q)). Further, with C.

from Proposition we obtain the convergence
PY1(E) = lim P(EU((B-UC.)NSY)).

Although, the sets B-NS, and C-NS, are possibly not open anymore, we still have that 0* ENS; C
B.NSH and O;\ ET Cc C.NS/f.

Proof. Follows directly from the proof of Proposition and together with Proposition [2.21
O

Next we state an approximation stemming from the study of the minimizers of constant mean
curvature functionals: Consider some nonempty set {2 with finite positive volume and perimeter,

ie. 0 <P(Q)+ |9 < +o0 and consider the minimizers Ey C 2 of the functional

P(E) +A|Q\ E| (5.1)
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which is defined on sets E contained in 2. Then one obtains the following result, see for example
[68, Theorem 2.3] and for the proof [16] and [67].

Theorem 5.7 (Approximation of Caccioppoli sets and A 7 00).
The (possibly non-unique) minimizers Ex of (5.1)) fulfill

(i) OEx N Ex(0) = 0 for all A > 0, i.e. the topological boundary contains no points of density
zero for the set E.

Furthermore, as A / +00, we have
(i) Ex /Q in the sense that Ex, C Ey, if A1 < A2 and |\ Ex| = 0.
(iii) P(Ex) 7 P()
Additionally, one can show that OF) converges to 0S) in the Hausdorff distance if Q is bounded.

Remark.

1. We will use this approximation to reduce certain parts of considered sets to tackle the upper
obstacle constraint and on the complement of considered sets to enlarge other parts of the
set in a suitable sense to tackle the lower obstacle constraint. The main goal is to get rid of

points of density 1 and 0 in the topological boundary, respectively.

2. The problem of the mentioned density 1 (and 0) points in the topological boundary also
appears in the regularity theory for parametric minimal surfaces where one usually wants to
show that the topological boundary is contained in the reduced boundary/essential boundary

and use this information to provide regularity.

Before we begin with the proofs of the desired results, we need to answer the question on how to
relate the parametric and non-parametric obstacle constraint. Starting from the non-parametric
constraint with a separation function v € W' which fulfills ¢»; < v* < 1) , we need to find corre-
sponding sets for the parametric problem. For the results like lower semicontinuity of the paramet-
ric double obstacle functional proved in [20] and [43] to hold, we need disjoint obstacle sets. This
implies, that the choice Uy := {(x,t) € QxR : t < ¢1(x)} and Uy := {(z,t) € QxR : t > ()}
is not suitable, since they intersect on the coincidence set {1); = 2}. Another point against
adding the graphs of ¥; and 1, to the obstacles is a problem regarding density 0 and 1 points
of the sub-/supergraph which are in the graph of the considered function. At this stage it is not
clear whether this problem is of solely technical nature but if, for example, the graph of a function
u € BV has so many points (z,u*(x)) which are both density 0 points for the subgraph of v and
contact points with the lower obstacle in the sense of w * (x) = 11 (z), that they together have
positive De Giorgi measure, then those points are not seen in the non-parametric setting but are
seen in the parametric one and thus would lead to a discrepancy between both theories. One can
easily show that at least for minimizers in the single obstacle case such a configuration can not
occur and similarly can be excluded in the double obstacle case if enough space between the two
obstacles is left. But if a BV-function u exists such that the mentioned density 0 or 1 points have
positive De Giorgi measure, a minimizer could be forced to contain those points in its graph using
suitable obstacles, for example 1 = u = 1 on a suitable subset of €.

If we instead consider the subgraph of ; as the lower obstacle, i.e. O; = Sy, , and the supergraph
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of 19 as the upper obstacle, i.e. Oy = S¥2 = {(z,t) € A x R : t > 9)2(z)}, such problems do not
occur: The sets are disjoint (or at least there exist disjoint representatives, since 11 < 19 holds
H" l-ae.) and we still have that if a set S with finite perimeter and of subgraph type contains
01, that the function corresponding function fulfills ¢, < w; As mentioned in the definition of
the subgraph of a BV function, the perimeter of the subgraph and the perimeter of the union of
graph and subgraph have the same perimeter and thus the area-part of the considered problem is
not touched.

Since we have to deal with representatives of functions and sets, we need to provide some connec-
tions and note some properties which we will use without further mention during the proofs:

The definition u™(z) = inf {lim supp "L (B,(z) N {u > t}) = 0} of the upper representative

teR PN\0
of a function u € BV (or L}

o) function implies some useful properties and a connection to the

representatives of the sub- and supergraph. We notice that £"(B,(z) N {u > t}) is monotonic in

t, i.e. for t; <ty we always have
L*By(x) N{u > ta}) < LM(B,y(z) N {u > t1}).

This implies that
e if for a given ¢y we have limsup p~"L"(B,(z) N {u > to}) > 0 we already have u™ >ty and
P\O0
e if for a given tg we have lig%) p~ "L (By(z) N {u > to}) = 0 we already have u™ < to.
p

Similarly for the lower representative u~ (x) = sup {lim supp "L"(B,y(z) N{u<t})=0;.
teR PN\0
If we now consider the relation to the measure theoretical concept on sets, we quickly find by the

graph-type structure and Fubini’s theorem that S,+ C S; and the difference lies basically in the
set G+ NS}, where G, := {(z,u(x)) € QxR}. Similarly one has S ) C (S*)~ and the difference
lies in the points contained in S, N G,~. Since the graph of the function does not contribute to
the obstacle terms by the choice of the obstacles, we can freely interchange those sets.

To close this subsection, we state some notes regarding representatives:

1. If we consider a separation function v € BV, we may choose some representative of the
function which fulfills both obstacle constraints simultaneously and use that without further
notice. For the certain representatives of the sets, the choice will not matter. Further, we

may always assume 1; < ¢ on § by changing the functions on a H™ ! null set.

2. As the obstacles are disjoint, it is possible to find for each set E with E~ C E C E* a

suitable representative E with
PY1¥2(E) = P(E,Q x R) +<"TH(O1 \ E) N (2 x R)) + <" TH(O2 N EN (2 x R)).

A particular choice, like introduced in [20] and [43], is given by E = (EU(ETN01))\(O2\E™),
which obviously fulfills ¢"*t1(0; \ ET) = ¢"*1(O; \ E) and ¢"*1(O; N E™) = "0, N E).
With the discussion before, we may thus change the choice of obstacles and consider O7 UO;
or Swf U Sy instead of O; and O; UO; or S(2) U §¥2 instead of Oy without really changing

the functional.
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3. This discussion gives us a hint on how to divide the given obstacles in thin and thick parts.
The thick parts of the lower obstacle can be described by 1/1{’ and the thin parts are given as
11 on the set where ¥, > @Z)f. Similarly for the upper obstacle with 15 and the set ¥y < 15 .

Obviously this decomposition is not unique.

5.2 Approximation of obstacle terms and the first inequality regarding the
parametric and non-parametric double-obstacle problem

To tackle the general double obstacle problem, we first study the single obstacle problem and
consider an example to enlighten some difficulties to tackle and explain, why the approximations
introduced in the previous section are needed:

Consider the domain Q = (—1,1) and the obstacle function ¢; = 21y, and the corresponding
parametric obstacle O; = ((—=1,1) x (—00,0)) U ({0} x [0,2)). Then E = (-1,1) x (—o0,0] U
([0,1) x (0,1)) U ((—1,0] x [1,2]) is a set with finite perimeter and eligible for the single obstacle
problem. We have O; \ E* = (), but the measure theoretical closure of the graphification is given
by (—1,1) x (—o0, 1] and thus the set {0} x (1,2) C Oy with positive ¢"T!-measure is not covered
anymore. This implies, that the graphification may uncover obstacle parts which were covered
before. In this particular case it is easy to see that the single obstacle functional is reduced by
the graphification, but in more general cases this needs to be proven. A first step to counter such
cancellation is to enlarge the set with the help of Proposition as an approximation. To handle
obstacle parts, which are not covered by the original set, Proposition is helpful. In the double
obstacle case one needs to be even more careful, since for the upper obstacle one needs to shrink
the set during such approximation, we will apply Corollary [5.6] one time on a certain subset of the
reduced boundary and the not covered part of the lower obstacle to extend the given set and a
second time on the rest of reduced boundary and the covered part of the upper obstacle to reduce
the set, thus forming a ‘dual’ approach.

The second approximation introduced in Theorem [5.7] will help to ensure that the graphification
of the newly obtained approximation will indeed cover the obstacle. It unfortunately works only
on Caccioppoli sets with finite volume, which in our case are subsets in R"*!. To circumvent this
restriction, we will use truncations of the type E N (2 x (—k, k)) for a given set E. Since this set
will in general not have finite perimeter as {2 need not to have finite perimeter, we will later need
to approximate general domains ). To start the proof, we start first with an easier case, namely

with only a bounded single lower obstacle:

Lemma 5.8 (Inequality for the bounded single obstacle problem).

Let Q be a bounded open set in R™ with finite perimeter and let the parametric single lower obstacle
01 ={(z,t) € A xR : t < 1(x)} for some bounded Borel function 11 with |11| < M be given.
Then we have that the graphification wg of a set E, which fulfills the assumptions of Theorem[5.

and has finite parametric single obstacle functional value

PY(E) :=P(E,Q xR) +<¢""H(0; \ ET,Q x R) < oo,
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has finite AY* value and the following inequality holds:
AV [wg] < PYL(E).

Proof. Let E be a set such that P¥1(E) < +oco. This especially implies that the perimeter of
F is finite. First we assume that E is bounded from above, i.e. there exists some k, such that
E C Q x (—o0, k) and later use the result to obtain the general case. Without loss of generality,
we may choose k > M.

For given ¢ > 0 we find by Proposition [5.4] and 5.5 sets B, containing 8*E and sets C. containing
O1 \ ET such that F U B, U C. has finite perimeter in Q x R, converges for € \, 0 to E and

P(EUB.UC.,Q x R) — P¥1(E).

Since ¥ (z) < M, we may also truncate the sets B. and C., and instead consider the approximation
by EU((B: UC:)NQ x (—o0,k + 1)) and by Corollary we are still left with

P(EU((B-UC.) NN x (—00,k+1)),Q x R) — P¥*(E).

For easier notation we set A, = E U ((B: UC:) N Q x (—oo,k + 1)) and note that the sets
*EN (2 x (—oo, M| and O7 \ E™ are still openly covered and contained in the set A., since the
truncations of B, N (2 x (—o0,k+ 1)) and C. N (2 x (—o0, k + 1)) are still open and contain the
mentioned sets, respectively.

If we want to verify that the graphification of A, fulfills the obstacle condition, i.e. wXE > 1, we
quickly find that this can not be verified in general. A major problem are the points of density 1
which lie in the topological boundary of E. Thus we will use the second approximation given in
Theorem [5.7] to circumvent this. To be able to apply this Theorem, we need to rewrite our terms,
since it, at least without further proof, works only for bounded sets:

Since 9 is bounded, we have that E* contains the set Q x (—oco, —M|] and thus A as well. Next
consider the set A, = A. N (Q x (—k — 1,k + 1)). Since Q) = Q x (—k — 1,k + 2) has finite
perimeter in R™*!, and A, has finite perimeter in Q x R, we obtain that *A, has finite perimeter
in R*HL:

P(*A.) < P(A,Q x R) + Q| + 2(k + 2)P(Q).

The inequality can easily be obtained using the Hausdorff measure of the reduced boundary which
obviously is contained in (FA.)N(QxR)UOQ, since —k—1 < —M holds and A, C 2% (—o0, k+1).
Next, consider a ball Bg such that Q C B and the set Q = Br x (—k — 1,k + 2) and define the
set ¥Z. = Qp \ ¥A. as the complement of *A_ in Q. It is easy to see, compare for example [3
Remark 4.2], that

(P("A.) + P(*Z.) — P(Qr)) (5.2)

N |

P(kA67Qk’) = P(kZE7Qk) =

Now we apply Theorem on *Z,. and obtain for A\ > 1 sets kZ;\ C *Z. which converge in L'
and in the perimeter to ¥Z. for A — oo and such that 8*Z> N *Z2(0) = (). We further define the
sets KA .= Q. \ (FZ2 U (Q \ (2 x (=k — 1,k +1))) and observe that *A. C A2, ¥ A2 converges
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to ¥A, for A\ — oo in L! and in the perimeter, i.e. [FAX\*A.| — 0 and P(*A}) — P(*A,) for
A — 0o. We then can easily verify that F(*A) N FQi = F(*A.) N FQy for all A > 0, and that
FEAINFOX (=k—-1,k+1) Cc F*AN)NFQ x (—k — 1,k + 1). Using those estimates and the
principle used in equation , we obtain

P(FA2, Q) < P(PAY, Q) — H(F(RAM) N (FQ) x (—k — 1,k + 1))
P(*AY, Qi) — HM(FFA. N (FQ) x (=k — 1,k + 1))

IN

and thus
P(*A., Q) = lim P(*A2, Q).
A—00

Further, we can choose for each ¢ > 0 some )., such that [P(*A2: Q) — P(*A., Q)| < € and
|FAXe \ *A.| < e. Next we extend the constructed sets to Ay . := ¥AX= UQ x (—oo, —M] and
observe that E C Ay, Age — F in L' and P(4;.,Q2 x R) = P(E,Q x R) for € \, 0.

Next we consider the graphification of Ay . and take a closer look at the obstacle Os:

By construction, we have that O; C Ay .. Further, we have that for each point (x,t) € O; C QxR
there exists a radius p > 0 such that B,(z,t) C Ap.: To verify this, we notice that either
(x,t) ¢ ET and thus is covered by the open set C. C Ay . or (z,t) € Et. Now there are again two
possibilities: Either (z,t) € E*\ E(1) and is thus contained in the open set B. or (z,t) € E(1) in
which case we will show that there exists either such ball or we arrive at a contradiction:

If no such ball exist, we find for each p > 0 a point in B,((z,t)) which is outside Ay . and thus
get that (x,t) € 0Ak N Qy, noting that £ > M and thus ¢ < k. This implies that the point
(z,t) € BE(1) N 0Agc C Age(1) N OAg, and thus a contradiction to (i) of Theorem [5.7] since this
implies that, by construction of ¥ A}, 9¥Z2< Nk Z2=(0) # 0.

Next we fix z € (2 such that wﬁkws are defined and consider the line L, = {a} x [-M,¢1(z)) C
{z} x [-M, M]. For any given n > 0, the set L? = {z} x [-M,¢1(z) — n] is compact. Thus
at each point of LY there exists an open ball contained in Aj. and we can find a finite open
cover of L] with finitely many of such balls and an r, > 0 such that a cylinder of the form
{z € Q: |z—2z| <ry} x[-M,¢1(z) —n] is contained in Ay .. The radius r, can be chosen
monotonically increasing in 7, which we will assume from now on. Since B} (z) x [—o00, —M] is
automatically contained in Ay, we obtain that B} () x [—oo,¢1(z) —n] C Ag. and for the
graphification wa, . holds L™ ({wa, . (z) < ¢1(z) —n} N Bj(z)) =0 for p < ra. Since n > 0 was
arbitrary, we even have by the definition of the lower representative wy, () > ¢1(z). Thus the
lower and upper representative of w,, _ fulfill wik’a (r) > 1p1(x) and wa, , satisfies the obstacle
constraint. Further and similar to the proof of Theorem [5.2] and the preceding auxiliary lemma in
[39] together with the estimates obtained through Proposition and we can estimate

/,/1 + |Dwa, . |? < P(Ar, Q2 x R)
Q
< PY(E) + 3e.
The term 3¢ stems from the approximation of A, with Ay . and the approximation of P¥1(¥E)

by P(¥A.) using the truncated versions of B. and C.. Now we can let ¢ \, 0 and obtain that
Ak, — E in L' which implies that ws, . — wg in L', see, for example, remark to Theorem
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By lower semicontinuity of A¥*, we arrive at
AP lwp] < PY(E)

and thus the result is proven in the case where E is bounded from above in the z,,;-variable.
To obtain the general case, use truncations E; := EN(Q x (—o0,1) of E with I > M together with
the estimate
P(E,QxR) <P(E,QxR) +/]lE(x,l)d7-l"(m),
Q
like in the proof of Theorem in [39]. Applying the bounded from above case with k = [, we
observe that
A ] < PV () < PV (E) + / Loz, 1) dH™ (@),
Q

since [ was chosen larger then M. Noticing that we have

/]lE(x,l) dH™(z) — 0 for | — oo
o)

and E; — E in L', which can easily be obtained like in the remark to Theorem we arrive at

A”’l[wE]glilmianwl[wEl]glhm PV (E) + / 1g(z,1)dH"(z) | = PY(E)
— 00 — 00
Q

and the general claim is proven. O

Next, we consider the first double obstacle case. A noteworthy problem which arises in the double
obstacle case is that the approximation by enlargement like in the single obstacle case may stand in
conflict with the upper obstacle. Similarly, reducing the set may interfere with the lower obstacle.
The idea is to truncate such approximations by the subgraph and supergraph of a separation

function.

Lemma 5.9 (Inequality for the bounded double obstacle problem).

Let Q be a bounded open set in R™ with finite perimeter and let Oy = Sy, and Oy = S¥2 for some
bounded Borel functions y,vs with |11, 2| < M and such that a function v € WHY(Q) exists
with 1 < v* < 1po. Then, we have that the graphification wg of a set E with finite parametric

double obstacle functional value
PY1Y2(E) :=P(E,Q x R) + <" (O \ ET,Q x R) +¢<"TH(E7 N0, Q2 x R) < 00
has finite AY1¥2 value and the following inequality holds:

AYr2 [wE] < PY1se (E)

Remark. In the following proof, one has to be more careful regarding the representatives. For the

single obstacle case, we could state that 2 x (—oo, —M] C E™ and had to some extent not to worry
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about the exact representatives. In the double obstacle case, we again have that Q x (—oo,—M] C
Et C Q x (—o00, M] and the same holds for E~, but not necessary for the set E itself. Since
the choice of the representative does not change the perimeter and the right representative is
automatically chosen for the De-Giorgi obstacle terms, we will assume, without loss of generality,
that Q x (—oc0,—M] C E C Q x (—oo, M| and we will deliberately switch representatives when
dealing with the perimeter of a set.

Further, it is clear, that the sets considered in this Lemma fulfill the requirements of Theorem

Proof. We divide the proof into four steps. In the first, we approximate the set by enlarg-
ing/reducing the set to cover O; and uncover Oz as well as the corresponding parts of the essential
boundary. In the second step, we approximate the set to get rid of certain density 1 and 0 points
as in the single obstacle case. In the third step, we check the graphification of the obtained sets
for their interaction with the obstacles and, finally, consider the limit of our approximation in the
last step of the proof.

Step 1. First, we have that F is bounded and thus no truncation of the set will be needed. We then
start similar to the proof of Lemma[5.8 and by Corollary [5.6|find for given £ > 0 sets B. containing
this time (0* E)NS, and the portion {x € FENFS, : vg = vg, } of FENFS, where the normal vec-
tors align as well as the null sets (0* EN0* S, )\ (FENFS,) and where the normal vector of F ENFS,
does not exist, compare Proposition Then, we define SV := {(z,t) € A x R : ¢t > v(z)} and
find similarly sets B. which cover 9*E N SY and the portion of FE N FSY where the normal
vectors align as well as the null set (0*E N 9*S,) \ (FENFS,) . We can now consider the set
(EU(B.NS,))\ (B.NSY). By Corollary [5.6{ we can ensure

P(EU(B.NS,)\(B.NS"), 2 xR)<P(E,QxR)+2
and by construction find that

SO\ (EU(B-NS,))\ (B- N SY)T,Q x R) <" 10, \ EY,Q x R),
"THON((EU(B-NS,)\ (B-NSY)",QxR) <" O, NE™,QxR).

To verify those estimates, assume for example that z € O\ E~ is in ((EU(B-NS,))\ (B-NSY))~.
We first note that v~ < ¢y and thus O N SY and Oz N (SY)~ is a H™ null set. Thus we may
assume ¢ ¢ E~ and x ¢ S, which implies that € 9* EN9*S,. Since (0*ENI*S,)\ (FENFS,)
is (besides being a null set) only reached by E U (B. N S,), because B. N S” was subtracted, we
have that « ¢ (0*EN09*S,)\ (FENFS,) and by construction also not in the subset of FEN FS,
where no normal vector exists. As a side note, we can argue here with S, instead of B. N S, since
we obviously have (B. N S,)" C S;F. For z € FEN FS,, we would obtain that z is in addition
a density 1 point of £ U S, which implies that the normal vectors of £ and S, show in opposite
directions. The considerations leads to = € B, implying = ¢ ((EU (B: N S,)) \ (B: N S¥))~ but
merely z € F((EU(B:NS,))\ (BN SY)). Arguing similar for z € O; N E™, the claim is verified.
Next, we find by Corollary some sets C. containing 01 \ £ and C. containing O, N E~ and

observe that

PY1%2 ((EU((B:UC:)NS,))\(B-UC.NS")), 2xR) = P((BU((B-UC:)NS,))\ (B:UC:NS")), 2xR)
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and
P(EU((B.UC.)NS,))\ (B-UC.NSY)),Q x R) < PY1¥2(E) + 4e.

For easier notation, we set A, := (EU ((B. UC-)NS,)) \ (B. UC.NS?)) and continue with the
second step.

Step 2. Using Theorem and arguing as in the proof of Lemma [5.8] we can again obtain a
sequence A2 converging in L! and in the perimeter in Q2 x R to A.: We have that A. C A2, A2
converges for A — oo to A, in L! and in the perimeter and additionally fulfills that A2NAX(1) = 0.
Relying on the truncation like in the proof of Proposition [5.5 and as will be shown below, we may
adjust the sequence by truncating the parts added to A. by A2 and thus obtain flg‘ = A.U(AXNS,),
which still converges in L! and in the perimeter to A., and fulfills A, C Ag‘ but maybe loses the
property regarding density 1 points in the topological boundary if the considered point is contained
in the reduced/essential boundary of S,. The approximation properties regarding the convergence
in L' are trivial to show as well as the fact that A, C flg‘ The stated convergence in the perimeter
can be verified using A. C A2 and Proposition to obtain

P(A.U(A2NS,), 2 xR) =P(A2N(A.US,), Q2 x R)
<P(AMQxR)+P(A.US,,QxR)—P(A2US,,Q x R)

and thus the convergence in the perimeter follows with the lower semicontinuity of the perimeter.
We may further choose suitable A, as in the proof of Lemma i.e. that A. and A2< differ in the
perimeter and in L! only by an e.

In a similar fashion and now using interior approximation of A., we can construct Ag‘ C A, which
converge in L' and in the perimeter to A. and fulfill that A2 N AX(1) = (). More precisely, we
use Theorem on A. N (2 x (=M — 1,M)) and add Q x (—oo,—M] to the newly obtained
approximation. Arguing like in the single obstacle cases ensures, that the stated properties hold.
Now we can consider the set E. = (A, U (A2 N S,))\ (A2 N S?) after adjusting A., such that

P(E.,Q x R) < P(A.,Q x R) + 2

holds. This can be done arguing like in the first part of this step and by monotonicity of A2 and
flg‘ in A\

Altogether, we constructed a sequence of sets E. which, considering each time the right represen-
tative, contain O; but do not contain Oy, converge to E in L! for £ \, 0 as well as in the perimeter
P(Ekc,Q x R) — P¥1¥2(E). Further, the sets E. have some boundary properties regarding den-
sity 1 points in the topological boundary on parts of the set and contain by S, truncated cylinders
around [—M, ¢ (xz) —n] and by S truncated cylinders around [¢2(z)+n, M] for all n > 0, which we
will explain and use in the third step to conclude properties of the graphification of E. regarding
the obstacles.

Step 3. We can now consider the (subgraph of the) graphification S, and observe, as in the
proof in the single obstacle case, that E. contains for each n > 0 a truncated cylinder around each
line contained in O; — 7, i.e. for all © we have that L7 := {z} x [-M, v (z) — 7] is contained
in a cylinder U7 = B! (z) x (—o0,¢1(z) —n] C A2 and thus UZ N S, is contained in A2<, since

the adjustments with A. N S¥ in step 2 do not take away any points in S, and hence do not
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interfere. This implies that U NS, is still a subset of E.. Remembering that by our setting we
have that Q x (—oo, M| C EX, we can draw the conclusion that wgs (x) > 91 (z) for all z € Q by
the definition of the upper representative and U} N .S, implying wEE () > ¢1(x) —nforallp >0
since S,+ contains O;. Arguing in a similar fashion for the upper obstacle, i.e. finding a cylinder
in the complement of E- around {z} X [¢2(z) + n, M] C {z} X [-M, M] which get truncated by
S, we have that wy () < ¢a(z) for all z € Q.

Step 4. By estimating all approximation steps, we get in the same fashion as for the single obstacle
case that

|E.AE| < 6¢ and P(E.,Q x R) < PY¥2(E) + 6¢

and thus E. — F in L' and P(E.,Q x R) — P¥1¥2(E) by lower semicontinuity for ¢ \, 0. This

implies as described for the single obstacle case that wg, — wg in L, which leads to

AVr2[yg) < 1i£I§£1f A2y | < PY1Y2(R)
and the desired inequality is proven. O
With Lemma in hand, we can prove the general statement:

Theorem 5.10 (Inequality for the general double obstacle case).

Let Q be a bounded open set in R™ and let O = Sy, and Oy = Sz for some bounded Borel
functions 11,19 be given such that a function v € WH1(Q) exists with ¢ < v* < 1hg. Then, we
have that the graphification wg of set E, which fulfills the assumptions of Theorem and has

finite parametric double obstacle functional value
PY1¥2(E) :=P(E,Q x R) + "0\ ET,Q x R) +<"TH(E~ N 02,2 x R),
has finite AY+¥2 value and the following inequality holds:
AV1¥2 [y ] < PYLY2(E).

Proof. We first assume that € has finite perimeter. For given k& > 0, we observe that the set
Ey, =EnN(—k,k)UQ x (—o0o, k| has finite perimeter in Q x R, more precisely, we have

P(Ex,Q x R) < P(E,Q x R) + /1 +1p(z, k) — 1p(z, —k) dH"(z) < P(E,Q x R) + 2|9,
Q

compare for example the proof of Theorem in [39]. Further, we set 11 ,,, = min{t1, m} and

Yo.m = max{y, —m} and observe that for k& > m we have
pYLmbrm (B < PY1Y2(E) 4 / 1+ 1g(z, k) — 1p(z, —k) dH"(x).
Q

For this, it is important to note that we have ¢ ,, < 1 and 93 ,, > 12 and thus the estimate
follows trivially for & > m. We notice further, that Ej contains Q x (—oco, —k — 1) and does not

intersect © x (k+ 1, +00). Thus we may replace the function 1 ., by Y1,k = max{y m,, —k —1}
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and the function g2 , by ¥2,m k = min{tya m, k + 1} without changing the value of the functional,
ie. P¥im¥2m(EL) = PYume¥zmk (). We now can apply Lemma with the separation
function v, = min{max{v, —m}, m} and obtain for each & > m that

AV g ] < PUE) + [ 14 (k) ~ La(, ) K (@)
Q

Taking the limit k¥ — oo, we have wg, — wg in L! and observe that
AY1ms¥2,m [wE] < Pwlﬂl&(E)’

for all m € IN, where we used that by the remark to Theorem , the integral term [ 1+ 1g(x, k)—
Q

1g(z, —k) dH™(x) vanishes for k — oco. Since this holds for all m € N, we may send m — oo and

obtain with the monotone convergence theorem that
A2 [wE] < pY1se (E).

It remains to prove that this result holds for arbitrary open bounded sets €2 and not only for those

of finite perimeter:

For fixed E consider the Radon measure p1(A) = [ /1 + [Dwgp[2+ [(¥1 —w})+ + (wg —1a) 4 ds™.
A A

First we prove that p(Q) < oo:

Assume p(Q2) = +oo. Then we find for each { > 0 a compact set K; C Q such that p(FK;) > I.
Since €2 is open and K; compact, we can find for each point x € 0K; a ball B, ,(x) C Q. Covering
the topological boundary of K; in such a way and noting that the boundary is again compact, we
find a finite subcover of the topological boundary with B, , (z;),i=1,...,n. Consider now the
set @ = KU, B, . (z;), which has finite perimeter and fulfills 4(%) > p(K;) > I by the
non-negativity of . Choosing [ > P¥1:¥2(E) and applying the result for sets of finite perimeter on
the set €, we reach a contradiction and thus p(Q) < +oo.

Since u(£2) < 400, we find for given ¢ by regularity some compact set K. such that |2\ K| < &
and p(K.) > p(2) —e. We can again cover 0K, with balls B, () C Q for x € K., choose a
finite subcover B, |, (z;),i=1,...,n and define the set Q. = K. U|J}"_, B, . (x;). Now we arrive
again at a set Q¢ of finite perimeter with |\ Q.| < |Q\ K| < e and pu(Qe) > pu(Ke) > p(Q) —e.

Applying again the result obtained for sets of finite perimeter, we arrive at
AYr 2 [wE] —e< PY1i2 (E)
for all € > 0 and the claimed result follows for & ™\, 0. O

Remark. This proof can also be applied locally on suitable subsets of the domain 2 and on suffi-
ciently regular domains even with boundary values given by a W1 separation function, which is
defined on a suitable larger set like a ball containing 2 for the non-parametric problem and as a

subgraph of the given function for the parametric problem, similar to Theorem 14.9 in [39].

To obtain that the subgraph of wg is indeed a minimizer of the parametric double obstacle problem

if E is already a minimizer in the cases, where the assumptions of Theorem [5.2] automatically hold,

82



we need to prove that AY1¥2[wg] > P¥1¥2(S,,.). While the part of the area functional and the
perimeter is already obtained by Theorem a connection for the obstacle terms is missing and

its acquirement is the goal of the next section.

5.3 Relationship between the n- and (n+1)-dimensional De Giorgi measure
and the second inequality

To prove the desired result, we need to show that

"+1(S+\Olﬂ QXIR, :/’1/11—’11,
Q

or at least that the left hand side is smaller then the right hand side together with an analogous
result for the upper obstacle. To achieve that, we first prove a connection between the n- and the
(n 4+ 1)-dimensional De Giorgi measure for sets of the type F C R™ and F x I C R™ x R with
an interval I, respectively. From this case, the desired (in-)equality will follow easily by applying
a Cavalieri-type principle. Before we state and prove the theorem involving this equality, we shall
recall some helpful tools:

First we state a version of the co-area formula for rectifiable sets from [47, Theorem 18.8], which

will allow us to estimate the perimeter of an (n + 1)-dimensional object by its slices:

Theorem 5.11 (Co-area formula for (locally) H"~!-rectifiable sets).
If E is a locally H" -rectifiable set in R™ and f : R™ — R is a C! function, then

/H”*Q(Em{f:t})dt:/\vEf\d’HH (5.3)
R E

with tangential gradient
Vef=Vf-(Vf -ve)vg

for a normal vector vy of E which exists by the remark to Definition [2.3
In addition, for any Borel function g >0 or g € LLY(R", H" 1L E), we have

gdH”_th:/g|VEf|dH”_1. (5.4)
R EN{f=t} E

Remark. At this stage we have to mention, that a Lipschitz function f : R® — R is not only
differentiable £™-a.e. as stated in Theorem but tangentially differentiable at H" !-a.e. point
of a (locally) H" !-rectifiable set, see [47, Theorem 11.4], and thus the original statement is for

merely Lipschitz functions.

Next, we define slices for a set £ C R"*! by
Et = {{17 el : P e t} (55)

and set z’ as the first n components of z € R™, i.e. z = (2/,2,41). With that, we can connect
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points in the reduced boundary of a measurable set £ C R"*! and its slices F; starting at (5.4)):
We use (5.4) on the set FE C R"™! and the function f(x) = 2,11 and obtain

/g|y’E|dH":/ / gdH" dt (5.6)
FE R (FE),

for a Borel function g which is either non-negative or in L'(R",H" L FE). Using g = 1 and

|ve| < |ve| =1, we obtain
/ dH"™ > / V| dH™ :/ / dH™ 1 dt. (5.7)
FE FE R (FE),

Further, one can use (5.6) to prove an adaptation of [47, Theorem 18.11]:

Theorem 5.12 (Slicing of boundaries).
If E is a set of locally finite perimeter in R*1, then for a.e. t € R the horizontal section E; of E
is a set of locally finite perimeter in R™ x {t}, with

H'" (FE.A(FE),) =0, (5.8)
Vig(2,t) # 0 for H" '-a.e. x € (FE), (5.9)

and Oy
Vg, = % H" ' -a.e. on (FE);. (5.10)

At this point, it is important to distinguish and emphasize the difference between FE; = F(E;) as
the reduced boundary of the slice in R™ x {t} and (FE); which is the slice of the reduced boundary
of E.

Moreover, if E has finite Lebesque measure and H"({x € FE : vg(x) = *e,q1}) = 0, then
vp(t) = H"(E,) for (t € R) is such that vy € WLH(R), with

loc

d VE) i (@)
&’UE(t) = — / Wd% (J}) fOT a.ce. t € R.
(FE):
Using (5.8) in (5.7) we obtain:
H'(FE) > /’H”’l(}"Et)dt. (5.11)
R

With this preparation we are able to prove the following connection between the (n 4 1)- and the

n-dimensional De Giorgi measure:

Theorem 5.13 (De Giorgi measure on specific sets).
For E C R™, we have
§(E) =¢"T(E x (0,1)). (5.12)

We split the proof into different parts:
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Lemma 5.14 (First inequality between De Giorgi measures of different dimensions).
For E C R™, we have
"HHE % (0,1)) < ¢"(E).

Proof. We can assume ¢>"(E) < oo, since otherwise the inequality is trivial by monotonicity of
¢®™. By the definition of ¢>™ (see3.1]) we find for each ¢ > 0 an open set E;. C R" with E C Ej.
and

|E5,5|
)

P(Es.) + <CME) 4 ¢ (5.13)

and thus

P(FE;s.) < <*"(E) 4 ¢ and
|Es.c| < 0(s™(E) +e). (5.14)

Next, we use the inequality P(A x (0,1)) < P(A) +2L™(A), which is still to be proven, and obtain
for the open set Es. x (0,1) C R**! with (E x (0,1)) C (Es. x (0,1)) that

|E5,6 X (Oa 1)'
1)
|E6,€|

<P(Ese) +2|Es | + 5

< g‘s’"(E) +e+ 26(§6’”(E) +¢),

C(S,n-l-l(Ed’E x (0,1)) < P(Ese x (0,1)) +

where (5.13)) and (5.14)) were used. Sending ¢ N\, 0 and ¢ N\, 0 proves the desired result.
It remains to prove

P(E x (0,1)) < P(E) 4+ 2L™(E).

First we note that (F(E x (0,1))), = FE x {t} up to H" '-null sets for a.e. ¢t € (0,1) by
Theorem especially ([5.8) and the fact that every slice is a shifted version of E. This results
in combination with (5.7) in

1" (F(E x (0,1)) N (R™ x (0,1)))) = P(E).
Further, since F(E x (0,1)) C ((FE) x (0,1)) U (E x ({0} U {1})), it suffices to estimate
W' (F(E x (0,1)) N (E x ({0} U{1}))) < 2L™(E).
Combining both estimates, we obtain the desired inequality. O

Next, we want to prove the second inequality:

Lemma 5.15 (Second inequality for De Giorgi measures of different dimensions).
For E C R™, we have
CHHE % (0,1)) = ¢"(E).
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For this proof, we need a little more preparation, since we want to construct a set Z C R"™ for each
open set S C R"! with E x [0,1] C S and for which P(S) + % < ¢O"H(E x (0,1)) + € holds,
such that Z fulfills the corresponding inequality in R”™ for the set E. To do so, we need to adjust
the sets S:

Lemma 5.16 (Truncation with half-spaces reduces the perimeter).
Given a set E C R™ with finite perimeter and finite volume, then the set EN H with a half-space
H has a smaller perimeter, i.e.

P(ENH) <P(E).

Proof. Step 1: For a function n € C}:pt(]R”) with 0 < 7 and, without loss of generality, H =

R" ! x (—0,0), we have nl g € BV(R"™) with
ID(nly)| < |VnlL"L H +nH" 'L OH.

Then we can estimate the following by using integration by part on the half-space R™ \ H

‘D(UILH)KRH) §/|V77|dx+/nd7{n—1

H OH
:/|V77|dx— / Opnda
H

RO\H
< / V| da.
Rn

Step 2: Let E be a set with finite perimeter and volume. Then 1g is in BV and we can find
a sequence 0 < n, < 1 with n; € Cgpt(Rn) and 1 — g strict in BV. We obviously have
mely — Iglg = lgng in Ll(IR"). By the above argument the sequence is bounded in BV
and there exists a weakly™® converging subsequence n, 1z = 1ynp in BV. Using the lower semi-

continuity of the perimeter and step 1., we obtain
[D1gng|(R™) < liminf [D(n, Lg)|(R™)
=00

< lim /|V77kl|dx:P(E).
=00
R7l

Now we can proceed with the proof of Lemma

Proof. W.l.o.g we can assume ¢"™' = (E x (0,1)) < co. To show the desired inequality we will
show that for each open set S C R"™! with H"(E x (0,1) \ S*) = 0 we can find a set Z C R"
with H"~Y(E\ Z*) = 0 and ¢*"(Z) < ¢®"+1(S). First of all by truncating S with Lemma
with the hyper-spaces H; := R" x (—o0, 1) and Hy := R"™ x (0, +00), we only reduce the perimeter
and Lebesgue-measure of the set S and do not change any properties regarding £ x (0,1) C S+.
Because of that it is enough to consider only sets S C R™ x (0,1). Since H"(E x (0,1)\ ST) =0
it is clear by using Fubini’s theorem that for H!-a.e ¢ the (ST); contains E x {t}.

86



For choosing the correct slice for our inequality, we define S}* := {z € R™ : (x,t) € (S*);} and
can find for any A > 0 a ¢ty € (0,1) with

Sn
15| < essinf (P(St) + |St|> +A (5.15)

te(0,1) 1)

P(S{) +

using Theorem with (5.8) and (5.11). Further, we can assume (S7, )+ contains F.
Now, since FS{! x (0,1) C F(Sf x (0,1)), we can estimate using (5.15)) and (5.7)) for ¢ € (0,1) to

obtain

x (0

1
i x (0,1
< H'(FS, x (0,1)) + 262 O D] 5 ) =/H"—1(fszg)+
0

5%

P(Sp R™) + i ;

ds

Sil
)

1
< /’H”‘l(]—"SS) + % + \ds

0
:/ / |v’S|dH”*1ds+W+A
0 (FS.)
< P(S) + %' — H™M(F(S x (0,1)) \ (FS x (0,1))) + A.

In the last estimate |vg| < 1 was used and all parts where |vg| = 0 were added but only those at
t =0 and ¢t = 1 subtracted. With A small enough and § 0, the result follows. O

Proof. (of Theorem [5.13) Combining the estimates of Lemma and yields the result. [

Now we have ¢"(E) = ¢"™(E x (0,1)). By a simple scaling argument we get ¢"(E) = 1¢"(E x
(0,)) and, using the translation invariance of ¢, we obtain ¢"TY(E x M) = ¢"(E)LY(M) for each
M € B(R), since open intervals generate B(R). Since R is o-finite with respect to £, we have by
[23, Kapitel V, 1.3 Satz] that ¢" ® L! is a measure equal to ¢<"*1 on sets in B(E) x B(R) and by
[23, Kapitel V, 1.5 Satz und Definition] the product measure is unique as long as ¢" is defined on
an o-finite set with a corresponding (completed) o-algebra, i.e. E is a o-finite set. We thus obtain
¢"*t1 = ¢" ® L1 on such sets. Indeed we will consider the sets {¢; — ut > 0} and {u™ — 12 > 0}
which, if [ (1 —uT)y + (™ — 2)4 ds™ is finite, is also o-finite with respect to the De Giorgi
Rn

measure. Using the product measure on such sets we arrive at

/f+ e = () with F = {(2,8) € R™! : s Aand 0< ¢ < f(z)}  (5.16)
E

as long as EN{f > 0} is o-finite with respect to the De Giorgi measure ¢".

Applying this result, we arrive at:

Theorem 5.17 (Equality of the obstacle term).
Let Q, 41, 3 and Oy, Oy be like in Theorem and u € BV with A¥¥2[u] < co. Then

(0, \ 5,0 x R) = / (1 -ty de
Q
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and similar

§”H(S; N OQ,Q X R) = /(ui — Q/JQ)Jr d¢™.
Q

Proof. Since AY*%2[u] is finite, we have that the set T1 = {z € Q : (¢1(z)—uT(z)) > 0} is o-finite.
Using the definition of S and u™, we find that £1((S} \ O1) N {z} x R) = (¢1(x) — u™(z))4.
Applying Cavalieri’s principle for the product measure ¢" T = ¢" x £! on T} x R, we arrive at the

first claim. The second follows analogously. O
Combining the result of Theorem and [5.17] we arrive at:

Theorem 5.18 (Non-parametric minimizer of the parametric double obstacle problem).

Let Q, 11, ¥y and Oy and Oy be like in Theorem |5.10. Further, let E be a minimizer of P¥1:¥2
such that the assumptions of Theorem are met. Then, Sy, is also a minimizer of P¥1:¥2,

Proof. Applying Theorem and we have

Pt (S,,) = A2 [wg] < PV (E) = min P¥1v2(A)
and thus S, is again a minimizer or P¥1-%2. O
With Theorem the second major result of this thesis follows:

Theorem 5.19 (Relation between parametric and non-parametric double obstacle problem).

Let Q be an open bounded set, 1,99 : R® — R U {£oo} be two Borel functions such that a
separation function v € WH! exists with 11 < v* < 1o holds H" '-a.e. Further, let u € BVi6c(92)
be a local minimizer of AY'%2 i.e. u minimizes AYv¥2 on each open set A € Q. Then the set
U={(z,t) € QxR : t < u(x)} minimizes the parametric double obstacle problem P¥1:¥2 locally
(on A xR).

Proof. Let A € 2 C R™ be an open set and B be a Caccioppoli set in € x R which coincides
with U outside of some compact set K C A x R. Then U N (A x R) and BN (A x R) satisfy the
conditions (i) and (ii) of Theorem and the graphification wp of the competitor B coincides
with u outside of A.

Assume now that B has smaller parametric double obstacle functional value than U. Then we
obtain by Theorem and that A¥1¥2[wp, A] < A¥1¥2[u, A] and thus a contradiction.

Therefore U is a local minimizer of P¥1-¥2, O

Remark.

1. The reverse implication of the main result, i.e. that a set of subgraph type that minimizes
the parametric double obstacle problem with obstacles O1, Os like in Theorem follows
trivially by [5.17 and that for each function w the subgraph S, is eligible for the parametric

double obstacle problem.
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2. The general approach of Theorem can be exploited for the functional A;fg’w if we have
a minimizer v € BV(Q) and Q is a bounded domain such that uy can be extended by a
function ug € WH1(B,) to a ball B, D Q where ¢1 < uf < 12 holds H" l-a.e. in Q.
Then this equivalence holds on Q x R by the same argument, where the obstacles are set to

Y1 =9 = up on B, \ Q.

3. Obviously, this result also extends to the single obstacle problem using ¥; = —oo or 1 = +00

for the upper or lower obstacle problem.

5.4 The non-parametric double obstacle problem revisited

In Section [4] we have seen that in the non-parametric setting a W' separation function between
the obstacles is needed to be able to use the truncation theorem in a proper way. Applying the
truncation theorem with a BV-separation function failed and could not be fixed. The usage of
the parametric theory can circumvent this difficulty. Consider the proof of Theorem [5.10} If it is
possible to obtain the same result without using truncated obstacles, the in the proof constructed
sequence wg, could be used as a recovery sequence for arbitrary function v € BV with finite
functional value A¥1¥2[u] < oo by setting E = S,,. The change from a W'! to a BV separating
function is not an issue, since one can still apply the truncation results from Proposition [5.5] with
the subgraph of a BV function v which satisfies 1; < v+ and v~ < 15. The main part to notice is
that S still contains the lower obstacle O; and similarly Oy C Q\ S; and thus the proof works
identically. Now we can state the full version of the double obstacle problem for the area functional
and thus extend the result of in that specific case:

Theorem 5.20 (The general non-parametric double obstacle problem for the area functional).
Let ) be a bounded open set in R"™ and let O1 = Sy, and Oy = SY2 for some bounded Borel
functions 1,1 be given such that 1y < s holds H" '-a.e. and a function v € BV(Q) exists with

H" 1-a.e. inequalities 11 < vt and v~ < y. Then, the relazation of

/ V14 |Dul? for u € BVg y, 4,(2)
Q

extended by +oo to LY(Q) \ BVo g, .4, () is given by AV1:¥2.

Proof. We first introduce an improvement of the proof of Theorem [5.10] to apply it later on each
subgraph of eligible function u € BV with A¥1:¥2[u]: Given is a set F which satisfies the prerequisite
of Theorem with P¥1:%2(E) < co. The main idea is to not simply cut off a given set at +k,
but instead consider the set Ey, = E N (Q x (=k,k)) U (S, \ ( x (—k, k)) and notice that

PY1¥2(Ey) < PYDY2(E,Q x R) 4 20| + P(S,, 2 x R)
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and Er, — E in L! as well as

P(Ex,Q x R) <H"(FE N (Q x (—k, k) + H" (FSy \ (2 x (=k, k)))

+ | 1g(z,—k) +1g, (2, k) — 21 g(z, —k)1g, (z, k) dH" (z)

+ [ 1g(x, k) +1g, (z, k) — 21 g(z, k)1g, (x, k) dH" ()

for almost all & > 0, where the inequality follows similarly as in the proof of Theorem in [39].
Without loss of generality consider an 2 of finite perimeter in R™ or apply the approximation like
in the end of proof of Theorem [5.10] Using the approximations like in the proof of Lemma [5.8
and 5.9 on (E, NQ x (—k — 1,k + 1)) with Q@ = Bg x (—k — 1,k + 1) and the usual truncation
of the set, which gets added to Ej, by S, and the truncation of the set, which gets subtracted
from E}, by S¥, we obtain for almost all k > 0 sets Ej . C Q x (=k — 1,k + 1) which are close to
EpN (2% (—k -1,k —1) in L' and the perimeter can be bounded by

P(Epe, Qx (=k — 1,k + 1)) <P(Ep, Q x (—k — 1,k + 1))
F O\ BT, QX R) + " (02N E™,Q X R) +¢,
since the truncation enforces that Fj agrees with S, in Q x (=k — 1, —k) and Q x (k,k + 1). This

also yields that Fj, . := Ej.US, \ (Q x (—k, k)) is close to Ey, in L' and in the perimeter to the

parametric double obstacle functional, more precisely, we have
P(Ej., Q2 x R) < PY2¥2(E)) +¢

for almost all & > 0. Considering the obstacle O, we easily can verify that O; C Elj . and moreover

that Oy C Swg at least H™-a.e., since for almost every x with
k,e

1. Y1(x) < —k, we have O1 N{z} x R C S,+ N{z} x RC S/ Nn{z} x R,

2. —k < ¢1(x) < k we have that Ej . N (Q x [—k, k]) contains for each n > 0 a by S, truncated
cylinder of the form B, x [=M,(x) —n] NS, around = x [—k,11(x) —n]. This implies
that by the definition of the upper representative v*, S,+ and S} that O; N (B, (z) x R) C
SN (B(x) xR) C S;EEk.s N (B,(z) x R), since S, N (B,(x) x (—o0, —k) is also contained in
Ej, . by construction. Hence, O; N {z} x R C Swgs,k.

3. Finally and arguing like in 2. together with v™ > )1, the same result follows for v (z) > k.

Arguing similarly for the upper obstacle, we have that wg, _ fulfills the double obstacle constraint

and converges for € \, 0 to wg, together with
Avr2 [wEk] < PY1iye (Ek)
Letting k — oo, we obtain that P(Ey, Q2 x R) — P¥1¥2(E) and wg, — wg in L' and thus

AY1 2 [wE] < PY1sY2 (E)
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Now we may apply this result on each subgraph E = S, of functions u with finite A¥+¥2[u] and a
suitable diagonal sequence with ¢ ~\, 0 and suitable £k — oo to obtain a recovery sequence. Together
with Theorem [5.18] the proof is finished, since this gives us

AWz [u] — p¥1s¥2 (Sy).
O

Remark. In retrospective, the relaxation of the double obstacle problem for the area functional
could be proven using Theorem [5.18] and the results for the parametric double obstacle problem
for the area functional. Similarly, if for a non-parametric functional a parametric version with the

same approximation properties exists, the results of Corollary extends to those functionals.

5.5 Some continuity result at the obstacles for minimizers of the double
obstacle problem

In this section, we briefly discuss the regularity of solutions of the double obstacle problem for
the area functional in the non-parametric setting. In general, on the contact sets {u = 1);} for
i = 1,2 we expect the regularity of the obstacle 1; and away from obstacles we have the usual
local regularity of minimal surfaces. It is interesting to study regularity up to the obstacles, which
in general may be as bad as possible depending on the obstacles. Even if only thin obstacles are
allowed, they can define values on a dense subset of 2 and thus can restrict the minimizer to only
one option. Because of that, it is reasonable to consider nice settings, like for example in [26] for the
parametric or in [29] for the non-parametric case. Most of the time the domain  C R™ is set to be a
unit ball and smooth obstacles contained in one diameter of the ball are considered. The prescribed
boundary values on the unit sphere should be compatible with the obstacle where, in the case n > 2,
the diameter touches the boundary. Here, we consider {2 = B;(0) and thin obstacles whose support
is contained in B/ (0) = B1(0) N (R"~! x {0}). Even if the thin obstacle is smooth or constant,
one cannot expect a global regularity, since even in the case n = 1 it is clear that for a domain
Q = (—1,1), boundary values ug = 0 for x = £1 and a single obstacle » = 1 at z = 0 and ¢y = —o0
on [—1,1] \ {0} the minimizer is not smooth on the whole domain. In this case, the minimizer is
given by u(z) = 1 — |x| which is only Lipschitz but not differentiable on the whole domain. Similar
results are established in [26] Theorem 1.7] showing that for flat obstacles, at least on B 1 (0), the
minimizers are reasonably smooth on BT (0) U B’% (0) with B%‘(O) = B1(0)N (R™! x (0, +00))
and on B;(O) U B’% (0) with B;(O) = B%(z)) N (R"! x (—00,0)). Similarly, in the non-parametric
setting, regularity on Bi (0) U B} (0) and B (0) U B} (0) is established in [29, Theorem 1.1] under
a symmetry assumption with respect to R"~! x {0}.

For the double obstacle problem, we note that if ¢y = 15 on B} (0) and 11 = —1)9 = —o0 otherwise,
the regularity /continuity at the obstacle switches to those at the boundary for the domains B (0)
and By (0). For example, if ug is continuous on B} (0) and ¢; = u for ¢ = 1,2 on B (0), we can
use [39, Theorem 15.9] following the results of [51] to establish continuity at the active obstacle on
B} (0):
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Theorem 5.21 (Continuity at the boundary).
For an open bounded set Q C R™ with Lipschitz boundary and uy € LY(9Q, H"~1), let v be the
minimizer of
Ay [u, Q] = / V1+ Dul2dz + / [ug — Uing| AH™ L.
Q o0
Then, if ug is continuous at a point xg and 02 has non-negative mean-curvature in a generalized

sense near xg, v attains continuously the value of ug at xg, i.e.

Now we are able to prove the following result:

Proposition 5.22 (Continuity at the obstacle/boundary).

Let ¢g € CO(BL(0)) and ug € L1 (0B1(0), H"™1) be given. For an easier notation we set ug = 1
on Bi(0) and further define the obstacles 1 = 3 = ug(= 1) on BL(0) and 1 = —co = —1)
otherwise. Then, the minimizer v of ALYY2 on By(0) coincides on BY (0) with the minimizers
of Au,[u, BY (0)] and on By (0) with the minimizers of Ay, [u, B (0)] and is continuous in Bi(0).
Further, if ug is even continuous on B} (0)U9dB1(0), the minimizer is continuous on the closed ball

and thus at the obstacle and up to the boundary.

Remark. Even if ug is defined on 9B1(0) U B/ (0), the boundary values constraint in the functional
A¥1¥2[y, E] is only considered on 9F for E € {B1(0), BE(0)}.

Proof. By classical results, see for example [39, Theorem 14.3], we have that the minimizers of
ALrY2 [y, B1(0)], Ay, [u, BT (0)] and Ay, [u, By (0)] are continuous (smooth) on B (0)\B}(0), Bf (0)
and B7 (0), respectively. Since the boundary of B} (0) and By (0) is Lipschitz and has non-negative
mean curvature, we obtain with the use of Theorem two minimizers v; of A,,[u, B{ (0)] and
vy of Ay, [u, By (0)] are continuous on B (0) UB/ (0) and By (0) UB}(0), respectively, and thus can
be combined to a continuous function v over the whole domain B(0). It remains to prove that v
is indeed a minimizer of AY!-¥2:

For that, we use Proposition and rewrite the functional, remembering f*°(z) = |z| for the

area functional for some arbitrary u € BV(B1(0)):

/ 1+ [Duf*+ / up — Uine| dH" 1 + / (1 —ut) g + (u” —2)4 dg

B1(0) 0B1(0) B1(0)
= / 1+ |Dul? + / [uo — Uing| dH" "
By (0) 8B1 (0)NB7 (0)
+ / 1+ |Dul? + / |t — Uine| dH™ !
By (0) dB1(0)NB7 (0)
+2 / (wp —ut)p + (u™ — o)y dH" ! + / ut —u” dH"
B1(0) B1(0)

Now we need to investigate the last line. On the set, where u does not jump, we have
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2 / (uo — )y + (u™ — o)y dH™ ' + / ut —u” AR

Bi(O\ T B (O\Ju
=2 / (g — u) 4 + (ug —u)_ dH"*
B (0)\ ],
=2 / lug — u| dH" L.
Bi(0)\Ju

On B} (0) N J, we have the triple (u™,u™, +e,) H" '-a.e. In those cases, the trace is with respect
to B (0) and By (0) has to be considered more carefully. Since u~ < u™ we only have three cases:

The first case is u~ < ut < ug and we obtain pointwise for the integrands:
2((wo—ut)p+(u —w)y) +ut —u” =2(uwg—ut) +ut —u” =up—ut +ug—u".
In the second case, we have ug < v~ < u™ and we similarly obtain
2((u0—u+)++(u_ —u0)+) +ut —u” :2(u_ —uo) +ut —u =ut —ug+u —up.
In the last case, we have u~ < ug < ut and thus
2((wo—uM)y +(u” —uo)y) +ut —u =ur —u =ut —ug+ug—u.

Combining this results, we arrive in each case at the integrand |ug — u™| + |up — v~| and thus
obtain
A2 [u, B1(0)] = Auo[u, B (0)] + Ay, [u, By (0))-

From this it is clear, that v is a minimizer of A:ﬁ’é’”’? since otherwise a minimizer w would satisfy
either
Ay [w7 BT(O)] < Ay, [’U, B;r (O)} = Ay, [Ulﬂ BY(O)L

Ao [, By (0)] < Au, [0, By (0)] = Ay, [v2, By (0)]

or both. This contradicts that v; and vy are minimzers of A, [u, B{ (0)] and A, [u, B (0)], re-
spectively. If ug is in addition continuous on dB1(0) U B1(0), the continuity of v on B;(0) follows
from Theorem [(.21] O

Similarly, some specific cases may be traced back to existing regularity theory for single obstacle
problems, but we still miss a theory for the double obstacle problem even in the mentioned case
with 11 # 12 on Bj(0). This could be an interesting point for further research, which may be

enriched by the equivalence of the parametric and non-parametric problem from Theorem [5.19
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6 Variational inequalities via one-sided directional derivatives

In the introduction, the relationship between obstacle problems, variational inequalities and partial
differential equations with additional constraints have been mentioned at least in the W'-!'-case. We
have seen that to handle double obstacle problems for functionals with linear growth we need the
space of functions of bounded variation for which Anzellotti introduced a notion of Euler equations
in [4]. If dealing with obstacle problems, the choice for directional derivatives is restricted by the
obstacle. This leads to a restriction on the directions which on the other side allows for more
integrals to to be covered. For example, if we consider the total variation, we cannot compute the
directional derivative at a point where the original function is 0, since the absolute value function
is not differentiable at 0. If instead only one-sided derivatives are considered, this difficulty can be
overcome.

To introduce this theory and compute the derivatives, we present in the first subsection the main
results by Anzellotti, before we provide a framework for one-sided derivatives in the setting. Last,
we tackle the derivatives and variational inequalities obtained through obstacle terms and provide
a theorem which proves at least in some cases the equivalence between the solutions of variational
inequalities and minimizers of associated functionals.

Before we begin, we have to mention another approach to Euler equations, which is also applicable
to obstacle problems, and compare it with the approach given in this section: It is (often) possible
and useful to derive Euler equations from dual formulations of a given problem, like done in [44], [7]
Chapter 2] or [62]. The later also involves Euler equation for the one-sided (thin) obstacle problem
for the total variation and the area functional and one of their main results, see [62, Introduction,
Theorem 3.6 and 3.9], is the dual formulation of the minimization of the one-sided (thin) obstacle
problem, which uses a duality between BV functions and S functions. S is defined as the space
of sub-unit vector fields in L°° whose distributional divergence exists as a non-positive Radon
measure. Further one can see that in the obstacle free case, the duality still holds with sub-unit
vector-fields with vanishing distributional divergence.

If one tries to implement such result for the double obstacle problems many difficulties arise. A
major one is that one loses the conditions on the sign of the divergence and thus no representation
theorem of Riesz type can be applied for the required vector-fields and domain splitting arguments
to get such condition back only work in trivial cases. Thus, for the double obstacle problem this

directions seems to be not promising.

6.1 Differentiability results by Anzellotti

For the general setting, we consider on an open bounded set 2 C R", a non-negative Borel function
f Q@ xR" — [0,+00) such that the strong recession function f* exists. For the following
statements, like in [4], it is enough to demand the existence of a weaker form of the recession

function of the form
f(z,tz)

12 (@,2) = Jim D22
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and thus dropping the additional regularity with regards to the z-variable. This is enough to

] Z/f(x,u)
Q

for a Radon measure p € RM(Q, R™) like in (2.9)). Further, the non-negativity may be dropped

if |f(.,2)] < b(1+|z|) is assumed. For simplicity, we assume f to be non-negative nevertheless.

explain a functional of the form

In the following, if we consider boundary conditions or penalizing terms on the boundary appear,
we also require () to have either Lipschitz boundary and the recession function to be continuously
extendable to € like in (2.7). Next, we state the main results from [4] with regards to functionals

on Radon measures which can be found in Theorem 2.4 and 2.5

Theorem 6.1 (Differentiability of functionals on measures).
Assume that for all x € Q the function f(x,z) is differentiable in z for all z € R™ and f>(x,z) is
differentiable for all z € R™\ {0}. Assume also that the derivatives with regard to the z-variable
are bounded, i.e.

[f=(z, 2)| < M and |f*(z,2)| < M.

Then the functional I[u] := [ f(.,p) is differentiable at the point p in direction B iff |8]° < |u|*

Q
/fz ’ Bad“/foo( ul) g 17"

with the common notation of the absolute continuous parts pu®, % and the singular parts p°, 5°

and in this case one gets

d
|
o [+

w.r.t. the Lebesgue measure.

If f(z,2) is not differentiable in z for some x € Q at z = 0, the statement remains true under
the additional assumptions that for such x, where f is not differentiable in z at z = 0 we have
f(x,0) =0 and that B* = 0 almost everywhere on the set T = {x € Q : p*(x) = 0}.

Remark. Obviously, Theorem [6.1] can be stated with respect to some other measure than the

Lebesgue measure and remains true if the z-dependency of f is dropped.

Next, we specifically turn to the BV case and sum up the results from Theorem 3.6 and parts of
Theorem 3.7 and 3.9 in [4]:

Theorem 6.2 (Differentiability of functionals on BV).
Assume that for all x € Q the function f(x,z) is differentiable in z for all z € R™ and f*(x,z) is
differentiable for all z € R™ \ {0}. Assume also that

|[f(2, 2)] < M and |f°(x, 2)| < M.

Then the functional Flu ff ,Du) is differentiable at uw € BV(Q) in direction ¢ iff |D%¢| <

|D*u| and in such case one has
D%u D3y
= [ f.(.,D% -D‘lgadav—l—/‘]”jo(.7 ) d|D%¢
Q/ o) J =) e P
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with the common notation of the absolutely continuous parts D*u, D% and the singular parts D%u,
D%y w.r.t. the Lebesgue-measure.

If f is not differentiable at z = 0 for some x € Q, the statement remains true under the additional
assumptions that for such x € Q we have f(x,0) = 0 and D% = 0 almost everywhere on the set
T ={xe€Q : D%(z)=0}.

Additionally, if boundary values are fixed by a given function ug, we have an extra penalizing term
to consider. Thus we are looking at [ f(xz,Du) + [ f(z,valug — Uing)) AH™ ™1 with the outward

Q o0

normal vg. The additional term is again differentiable at u € BV if o = 0 H" " L-a.e. where u = ug

in 02 and the derivative can be computed by

d — Uy — U B
E/foo(.7VQ[UO_U—t(p])dH7z 1 :—/f;o (_J/gM) VQL,Dd’H" 1
0% 80

The theorems treat the two general cases of the total variation with f(z) = |z|, which is not
differentiable in {0}, and the area functional with f(z) = +/1+|z]2. For the total variation

case, the directions are even further restricted because of the non-differentiability at {0} and the

t=0

additional condition has to be satisfied. For the boundary term, the problem is essentially the
same.

Closing this part, we state that if «w is a minimizer of such a given functional, the derivatives
obtained through Theorem [6.2] have to vanish, i.e.

d

— Flu + ty] = 0 for all ¢ allowed.

dt t=0
These equations are generalized Euler equations.
The remaining question is if, in reverse, solutions of those Euler equations are again minimizers.
The result is given by Theorem 3.10 in [4], which we will compare later in context of the same

question regarding variational inequalities for obstacle problems.

6.2 Variational inequalities for functionals of linear growth

Since we are interested in the one-sided directional derivative to be able to treat obstacle problems,
we assume t > 0 and can state the following two versions connected to the Euler equations presented
in Theorem and Theorem without distinguishing the two cases, since the absolute value
function is one-sided differentiable in {0}. With the definition

5 [l z+ty) — f(x,2)

fz($727y) = }{% t 9

i.e. the one-sided direction derivative in the z variable in the direction y, we obtain:

Theorem 6.3 (One-sided differentiability of functionals on measures).
Assume that for all x € Q the function f(x,z) is one-sided directionally differentiable in z for all
z € R™ and f*(x, z) is one-sided directionally differentiable for all z € R™. Assume also that all
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one-sided derivatives at all z € R™ are bounded by M, i.e. for all z € R™ we require
[fo(@,2,9)] < M and |f2*(x,2,y)| < M

to hold for each y € S?_l(O), Then the functional I[p ff .y 1) is one-sided directional differ-

entiable at the point u in direction 8 with

i [ (B s [
Q

with the notation of the absolute continuous part 8%° and the singular part 5°° of 5° w.r.t. u®.

d
—1
det [

Remark. If f is differentiable at some point then f,(x,z) -y and f.(z,z,y) coincide. In the case
of the absolute value function a(z) = |z| on R™, we can calculate @, at 0 in direction ¢ € R"™ as

follows:

041 = ||
|0+ t0)] _ o]
In that case, a,(0, ) = || and especially a,(0,0) = 0.

Proof. Following the proof of Anzellotti to Theorem 2.4 and Theorem 2.5 the result follows easily
using t > 0: We have:

I[u+t6]=/f(-,u“+tﬁ“)dx+/f°o(-,W> A+ [ 12087,
Q Q Q

With the definition of f., the first term is clear. The second follows through simple calculation

like in [4]. For the last, we have by the positive homogeneity of f°° in the second variable

Q/f“wﬁ“) =tQ/f°O<.,ﬁ“>,

since t > 0 and we thus do not have to deal with the non-differentiability of |z| at 0 and do not

have to enforce 3°° to vanish like in the proof to Theorem 2.4. O

To be more precise, in the setting in [4] we would have to be able to differentiate [ f°(.,¢3%). If
Q

St = G [ = [
Q Q Q

For ¢t < 0, we similarly have

i!f“(-,tﬁ”z—t/f“ 8= - /f"" —6*).

For both derivatives to agree at t = 0 for all allowed 8°°, we either need 5°° to vanish or f*° to

t > 0 we simply have

be linear, which, besides from the trivial case f*° = 0, does not occur since we assumed f to be

non-negative.
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Applying Theorem [6.3] to the BV case we obtain:

Corollary 6.4 (One-sided differentiability for functionals on BV).
Assume that for all x € Q the function f(x,z) is one-sided directional differentiable in z for all
z € R™ and f°°(z,z) is one-sided directional differentiable for all z € R™. Assume also that all
one-sided derivatives at all z € R™ are bounded by M as in Theorem [6.3 Then the functional
Flu] := [ f(z,Du) is one-sided directionally differentiable at the point u in direction ¢ with

Q

_ DS Dassp
= [ f.(.,D%, D% dx+/f°°< >dD‘”g0
/ ( Drul’ orvg] ) P!

/fm( |Dss|)0”D““”|

.7-'[ + tp]

dt+

with the notation as above.
Proof. This is a direct consequence of Theorem O

Remark. In the case, that the requirements of Theorem [6.1] or Theorem [6.2] are met, the results
can be reproduced from Theorem and Theorem respectively, combining the results from
the directions given by the measures 5 and —f or the directions given by the functions ¢ and —¢.
If obstacles are involved, it will in general be not possible anymore to choose both measures or
both functions, since for example ¢ may be admissible but —¢ may not be. Such phenomenon
occurs, for example, on the contact set of the function u and the obstacle 1. If a lower obstacle
is assumed, ¢ could still be chosen positive at such point, since u + t¢ > 0, but —¢ would lead
to u — tp < v, which is not admissible. For the relaxations obtained in Section [4 the problem

remains on thick obstacle parts. In addition, one has to deal with the additional obstacle terms.

Before we treat the obstacle terms, we take a closer look on the boundary terms for which we

obtain the following theorem:

Theorem 6.5 (Differentiability of boundary terms).
Under the assumptions of Theorem[6.4, we have

pres /foo a(uo — u —t@)) dH" ! :/foo(ngngp(uO*u)VQ)&z(uO*Uago)danil

t=0

with a(z) = |z].

Proof. The proof follows from direct calculation using

—u—tp

ug
(g, —u—t _ foo vg————
f= (@ vauo —u —tp)) = f (»T Cir—

>|u0—u—tcp|

i (s — u— +1¢)] £0.
First, for H" '-a.e. € 0Q where ug — u # 0, we have that [“e=U—lf — wo—u for ¢\ (.

|lug—u—tep| Jup—u|
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In the second case, we have ug —u = 0 and ¢ # 0 and thus

Pt —u = 1) = = (w005 )t
In the last case, we have ¢ = 0 and thus the derivative vanishes.

Combining those results, we arrive at

d . _
F/f"o(.,ug(uo—u—tgo))dﬂn_l :/foo(.,sgnw(uo—u)z/g)az(uo—ugp)d?—l" !
o t=0 00

with
sgn(ug —u)  for |ug —ul #0,
sgn,(uo — u) =
sgn(y) else.

O

Similar to the Euler equations, we now get inequalities if we consider the derivatives at minimizers

u. Thus, we get

d
d?]-'[u + tp] > 0 for all ¢ allowed.

This type of inequalities we call variational inequality and here the same question arises as by the
Euler equation about the connection between solutions of the variational inequality and minimizers
of the related functional. Similarly, we will answer this in the relevant case, where the directions
are restricted. In the other case, where all directions are allowed, the result is equivalent to the

case of the Euler equation.

6.3 Differentiability of the obstacle terms

In this part, we assume that the function f : R™ — [0,+00) is convex and of linear growth as in
Section {4 We now take a closer look at the obstacle term Ofu + t¢] = [(¢ — (u + to) ™) 4 dgyee,

where 1) :  — [—00, 4+00] is a Borel function and u, ¢ € BV(Q). Furthe?, for fixed u, we restrict
ourselves to consider only functions ¢ such that Ofu 4+ t¢)] is finite for 0 < ¢ < ¢y for some ¢y > 0.
As we will see in the next subsection it is enough to consider only such directions ¢ where Ofu+t¢]
is finite for some ¢ = 5 > 0 and ¢t = 0. This implies that the functional is finite for all 0 <t < .
To compute the derivative we start by investigating the integrand (¢ — (u +t9) ™) and discuss it
with respect to the different representatives, which may occur for ¢ € BV(£2). We can distinguish
the following three different cases with the reminder that on Q\ J,, the representatives u* and u*

are equal:

i) On 2\ S, the function ¢* is approximately continuous and thus we have
= (uttp)t =y —u" —tp".

ii) On the set, where only ¢ jumps, i.e. on J, \ J,, and on the set where the functions u and ¢

jump and where the sides of u™ and ¢* coincide, i.e. on J, N J, N{v, = v}, where v, and
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v, are given by the triples (v, u™, 1) and (o™, ¢, 1,), we have
b (ut to)* = % —ut — 1"

iii) On the set, where u and ¢ jump, but the sides of u™ and ¢~ coincide, i.e. on the set
JoNJuN{vy = —vy,}, where v, and v, are given by the triples (u™,u™, 1) and (o1, 97, 1),
we have

Y — (u+te)t = —max{ut +to~,u” +toT}.

For the points ii) and iii), we use that J,, J, and J, N J, are rectifiable by and the normal
vector on the intersections v, and v, agrees H" '-a.e. up to the sign.
In this situations, the derivative with respect to ¢ can be computed and we obtain:
i)
d
+ *\ *
d?(w—u —ty ) = —".

ii)

iii) If ut +tp~ >u™ +tp™', we have

d

AT (w—u+ _tSD_) =—y,

if ut 4+t~ <u™ +tp', we have

ar ('l/)—uf _tSOJr) =—p"

and, for completeness, if u™ +tp~ = u~ + tp", we obtain

dti‘* (w —max{ut +to,u” + t<p+}) =—pt.
Roughly speaking, this implies that the obstacle functional is monotonically decreasing and thus
variations in negative direction increase the functional and in positive decrease it or keep it the
same. Further, for ¢ > 0, we have 0 < O[u + t¢] < Ofu] < +oo for ¢t > 0, but for ¢ < 0 we need
to assure the finiteness to be able to compute the derivative. To do so, we have to determine the
sets, where the variations play a role, since the set, where the integrand of Ofu + t¢] is greater
than zero, is not necessarily a subset or superset of {(1) — u*)y > 0}, i.e. the set where u violates
the obstacle. More precisely, we may have derivative terms on some subset of A; = {¢) —u™ < 0}
or Ay = {¢) —u* = 0} for some ¢ > 0 if the suitable representative of ¢ is negative and such that
1 — (u+tp)T >0, ie. the variation with ¢y leads to a violation of the obstacle. In contrast, we
may have no such term in a subset of Az = {1 —ut > 0} for fixed t > 0 if (u + tp)T > 1, ie.
the variation with ¢ leads the function to fulfill the obstacle constraint. Besides that, we need to
distinguish which derivative matters in case iii).

The following lemmas show that the case of a subset of A; may be ignored for ¢ \, 0 and the

set Az is fully accounted for and also will allow us to observe, what happens on A,. For the first
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results, we consider only ¢ like in the cases i) and ii) from above, i.e. that either u does not jump

or the jumps align like in case ii). Thus we have (u +t@)t = ut +toT H" !-a.e. and obtain:

Lemma 6.6 (Some convergence result).

For u, ¢, as above and such that Ou + ty] is finite for all 0 <t <ty for some tg > 0, we have

e+
{(ut>v) o

el IR O )

Proof. Since ut > 1) and thus u fulfills the obstacle condition, we have o+ < 0 on the set, where
ut + et < 1. We now define the set B(t) = {¢p —u™ —tp™ > 0} N {ut > ¢} for 0 < t <ty and
notice that B(t;) C B(tz) for 0 < t; < t2 by monotonicity. Since Ofu + ti] is finite, the sets B(t)
have at most Hausdorff dimensions n — 1 and are clearly contained in the thin part of the obstacle
up to a H" L-null set. To be able to compute the derivative of Ofu + t¢] on B(t) with respect

to (positive) ¢ at 0, we will prove the finiteness of [ —¢T d¢ for (small) ¢ > 0 and estimate the
B(t)
derivative by this term: We have

(Y —ut —toh); dgpe < 400
{ut >y}

for 0 < t <ty and thus

(Y —ut —topt); dgpee = / P —ut —topt dgpe < +00
{ut>} B(to)

and
(¢—u+—t1<p+)+ dgfoo = / 1/1—u+—t1g0+d§foo < 400
{ut>y} B(t1)
for all 0 < t; < tp. Combining both estimates and by monotonicity, positivity of the integrand
and the fact that

OS‘/¢*U“%w+®m§t/¢*wh%w+®m<+w,
B(t1) B(to)

we arrive at the finiteness of

ot dgpee | < +o0.
B(t1)

By monotonicity of B(t) and since ¢t < 0 we have the finiteness for each 0 < ¢ < t; < tp and
since t; was arbitrary but smaller than ¢y we have the finiteness for all 0 < ¢ < t5. Now we can

estimate the difference quotient on those sets:

Y —ut
t

o~ | =

(Olu + te, B(t)] - Olu, B(0)]) = /
B(t)
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We can further estimate by the definition of B(¢) that 0 > % > o1 and we thus obtain

0<

~+ | =

(O[u + t, B(t)] — Olu, B(0)]) < / — ot degee
B(t)

and it only remains to show that the integral on the right-hand side is vanishing for ¢ \, 0. To
do so, we reduce to the case where B(t) has finite Hausdorff measure: Since Olu + t¢] is finite for
0 <t < tg, we have that |B(t)| = 0, but H"~!(B(t)) may still be infinite.

Since [ |¢T|dsfe < 400, we obtain that B(t) is o-finite with respect to #"~! and thus also with
B(t)

respect to gpe. Using this, we find for each 0 < t <ty a subset B.(t) C B(t) with H"(B.(t)) < +o0
and
[ tetdgs <e
B(t)\Be(t)

for any given € > 0. A possible choice would be a set, where [¢T| > § for a suitable small §.
Further, by monotonicity, we can choose Eg(tl) = B(t1) N Be(tg) for 0 < t1 < to = %0 Sending
£\, 0 allows us to restrict ourselves to the case where B(t) has finite H"~!-measure.

Next, we consider the set By := (,.,B(t). Since B(t) has finite Hausdorff measure and the
sequence is monotone, we have H"1(By) = H"~1(B(0) = 11\1% H"~1(B(t)), see for example [24]

Theorem 1.2]. Since B(0) = §) up to H" 1-null sets, we are finished. O
This proof implies the following corollary:

Corollary 6.7 (Vanishing derivative).
For given u € BV(Q), let u,p be in LY(B(t), H" 1) with B(t) = {u < 0} N {u +tp > 0}. Then, if

[ u+tedsss is finite for all0 <t <ty, [ @dsse is finite for 0 <t <ty and we have
B(t) B(t)

/(pdgfm—>0fort\0

B(t)

and thus the limit set By = }{% B(t) does not contribute to the derivative with respect to t of

J(w+tp) 4 dpe.
Q

Relying on this corollary and with the equivalent version where B(t) is replaced by
{u >0} N {tp > u}, we can compute the derivative on As if (u+ t@)t = u™ +to™:

Lemma 6.8 (Derivative on a set).
Under the finiteness assumption on Ofu + tg] for 0 < t <ty for some to > 0 and for u, € BV
with (u+te)*t = ut +te™, we have on the set {1) —ut > 0} the following derivative:

dt+
{h—ut>0} t=0 {¥—ut>0}

— / (¢ — (u+tp) T dgpee = / —pT dgpe,
where the integral on the right-hand side can take values in [—o0, +00).
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Proof. For ¢ <0, we can compute the derivative directly, using the finiteness of Ofu + t¢]:
1 +
7 (Olu+te] — Olu]) = — CACNES
{ut <y}

For ¢t > 0, we have to be a bit more careful: Applying Corollary and by a similar argumen-
tation as for Lemma we obtain that the set where u™ + to™ > @ is vanishing if (o), is
summable over Ag. If it is not summable, we have by finiteness of Ofu + t¢] for the derivative:

1 + 1 +

n (Olu+ty] — Olu]) = — © dgfoo—g Y—uT dgpes. (6.1)

{ut<yin{ut+tot <y} {ut<g}n{ut+tot>y}
If the set {u™ + to > 1} does not vanish with respect to H"~!, the derivative at ¢t = 0 is —oo,
since we have for the last appearing integral

1
O>—; ¢—u+d§foo—>—oo.

{ut<gin{ut+tot >}

If the Hausdorff measure of the set vanishes, then the difference quotient behaves for ¢ > 0 like

_ / (er dgfoo,

{ut<ypinfut+tot <y}

and since ¢ is not summable by assumption and {ut < ¥} N{u" +tpT < ¥} — {ut < ¢} for
t \, 0, the derivative at ¢ = 0 is again —oc. O

Now it only remains to clarify, what happens on the set, where u and ¢ jump and u* and ¢~ are
aligned on one side. Before we do that, we fix some notation. As explained in Definition [2.11]
we can identify the function values for some x € J, for a BV function u by a triple (text, Uint, ¥)
which is unique up to permutation of the first two components and a simultaneous change of the
sign of the normal vector. In this Section, we fix the order by setting the triple to be (u™,u™,v,,)
and define the hereby given jump set to be J%«. For two BV functions u, ¢ and for H"'-a.e. x in
the intersection J¥* N J,7, we have by Propositioneither Vy =V, OF vy = —V,. To distinguish
these two cases, we write J,' , for the subset of Ji» N Jo¢ if v, = v, and Jy. €lse. Now we can

state we following lemma;:

Lemma 6.9 (Estimate on the intersection of jumpsets, the missing case).
Let some function u,o € BV(Q) be given such that Olu + ty)] is finite for 0 < t < ty for some
to > 0. On the set C(0) = J, , N{y —ut > 0} we have

d _
o [ w-wreedgs| = [ omdgs
C(t) C(0)

with C(t) = J, , N {Y — (u+tp)*t > 0}.
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Proof. We distinguish into three cases depending on the sign of the representatives of (:

1. In the first case, we assume ¢ < 0. Here, we have the finiteness on C;(t) = C(t)N{e™ < 0}
of

/ (¥ — (u+tp)t) dgpee < 400 for 0 <t < tq.
Cr (%)

We can divide C;(t) further in the part Cj (t) = Cy(t) N {u™ + tp~ > u™ + te*} and
Cy(t) = Ci1(t)\ Cf (t). On C;(t) we can now estimate, using Proposition 4. in
Proposition [3.7] and the finiteness of [D7¢|(£2) to obtain

/ ¥ —ut —tpt dspe > / Y —ut — T dpe — tobCh|D7p| > —00

AN 0) ci(b)

and we already have by monotony

/ P —ut —tetdspe < / P —ut —te” dspee.
AN 0)) cf ()

By adding the integral over C () and similarly interchanging ™ and ™, we obtain the

finiteness of

/ wfzﬁftcqufoo < +oo for all 0 <t <t
Cy(t)

and thus, similarly to the proof of finiteness in Lemma the finiteness of

—00 < / @~ dgpe < / <p+d§foo <0for 0<t<ty.
C1(t) C1(t)

Now we can use Corollary using ut — u~ and —tepT > 0 to obtain that the part of the
integral, where ut +tp~ < u~ does not add to the derivative for ¢ \, 0 and thus the integral
part over {ut +tp~ <u” +tpt} C {ut +tp~ < wu} does neither. This implies that only
the function —p~ appears as the integrand of the derivative over C4(0).

2. In the second case, we have pt > 0 > ¢~ and define Cy(t) = C(t) N {¢™ > 0 > p~}. Here,

we obtain the needed finiteness by estimating
0< / Pt dgpe < / et — o7 dgpe < BCLIDI|(R) < 400
Ca(t) Ca(t)

and similarly

0> / @ dgpee > / 0~ —ptdgpe > —bC, D p|(Q) > —o0.
Ca(t) Ca(t)

Thus, we can use again similar arguments like in Lemma and Corollarywith ut —u*,
where u* = “ﬁ# < wut, and —tp~ and with u* —u~ and #p™ to obtain that the part of the
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integral where u™ +tp~ < u* does not add to the integral in the limit ¢ \, 0 and neither does
the part where u™ +tp™ > u*. Together this implies that only the function —¢~ appears as
the integrand of the derivative over Cz(0).

3. In the last case, we have ¢~ > 0. Here, we have to differ into two subcases:

In the first, we assume that ¢ and thus ¢~ as well are summable on C3(0) with respect
to the De Giorgi measure ¢y, where C3(t) = C(t) N {¢~ > 0}. By monotonicity, i.e. since
Cs(t1) D Cs(te) for 0 < t1 < tg < tg, we also have the summability on Cs3(t) for 0 < t < tg.
Now can use Corollary to obtain, that the integral over the set where u™ + toT > u™
does not add to the derivative for ¢t \, 0 and neither does {u™ + tpt > ut +tp~} C
{u™ +te™ > ut}. This implies that in this case the function —p~ appears as the integrand
of the derivative over C3(0).

In the second case, o+ and thus ¢~ as well are not summable over C3(0). Here, we can argue
like for and note, that the representative chosen does not matter, since all combinations

for the integrand of ¢ and ¢~ deliver the same value, namely —oo.

Combining all cases we arrive at the stated claim. O

Remark. The non-summability in the very last case is no trouble, since Ofu + ty] < +oo for

0 <t <tg. Thus the derivative can still be computed, but tends to —oc.

By Lemma [6.6] together with Corollary [6.7] we achieve that the set A; does not contribute to the
derivative, where the missing case of the derivative on J, , N Ay is added by using the concepts
established in the proofs in Lemma by the 1. and 2. point. For example, for ¢+ < 0, we have
that H" !-a.e. only the integrand —p~ matters and we obtain the finiteness of the derivative like
in 1. for the adapted sets B(t) and can then argue like in the proof of Lemma with ¢~ instead
of ™. Similarly for the second case.

Further, we obtained by the calculations after Corollary and by Lemma point 3. that the
set Az counts fully for the computation of the derivative and that the integrand to appear in the
derivative at t = 0 in case iii) is given by —p* on subset of J{:w and —¢~ on J, .

Now we are able to state the full derivative of such obstacle terms, remembering that we still may

have some derivative on As:

Theorem 6.10 (Derivative of the obstacle term).
Assume u, p € BV(Q) such that Ofu + ty] is finite for all0 <t < tq for somety > 0. Then

d
=0
' {—ut>0N\Ju e {p—ut>0}NJ0u
- / " dgpe — / @7 dope,
(—ut=0, p+ <ON\Ji, (—ut=0, o= <0}NJi

where we used that ¢t = ¢* on Q\ J,.

Proof. The first two integrals on the right-hand side are known. The third term is clear and the
finiteness is easily given by the finiteness of O[u + t¢]. The fourth integral term is obtained very
similarly to the proof of point 1. and 2. in Lemma O
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Remark. The important thing to notice is that the assumption Ofu + tp] < oo for 0 < t < 1
for some tg > 0 is very powerful and necessary but, as we will see in the next section, exactly
the condition, which we want. Here, we note that on the sets where T < 0 or ¢~ < 0 we
obtain summability of those parts by finiteness of Ofu + ty]. Next, we mention that, by the lower
semicontinuity obtained in Section [4] the computation of a derivative is nonsensical if we have
Ol[u] = 400 and thus }{% Ofu + tp] = +o0.

In this section, we computed the derivative of the obstacle integral term for the lower obstacle.
Similarly, this is possible for the upper obstacle term, but we skip the precise formulation because
of the lengthy formula.

Combining the results of the previous subsection and this, we acquire the derivative of the relax-
ation of the double obstacle functional under the given conditions. The expression of the derivative
is lengthy and hard to verify whether a function u satisfies the corresponding variational inequality.
Therefore, we prove in the next section some useful results for the allowed directions ¢ and give an
easier formula, which a given function under certain restriction has to verify to be an minimizer of

the double obstacle functional.

6.4 Directions and minimizers

A main argument needed in the previous subsection is the finiteness of Ofu + tp] for 0 < t < tg
for some constant ¢ty > 0. To achieve that not only for the obstacle functional, but on the whole
functionals }'Zf Llo’;b ? and ]-"(ﬁ 0 = ]-"(ﬁ ’OJSOO, where boundary values ug may or may not be prescribed,

we prove the following lemma:

Lemma 6.11 (Finiteness of the functionals).

For functions u,¢,v € BV, a suitable domain Q and f as in Subsection [{.4), we have:

1. ]-'Zi 10’)1[’ 2 4s convexr and thus

Foiv2Au+ (1= Av] < 400 for X € [0,1]

if f&)’fh [u] < 400 and ‘7:(16;07)% [v] < 4o0.

2. If .7-'(1/;10’)1/)2 [u] < 400 and fgi‘o’)w [u+ top] < 400 for atyg > 0, then .7:&10’)% [u+tp] < +oo for
all0 <t <ty

Proof. We only need to prove 1., since 2. easily follows from 1.
Since f and f°° are linear, as well as the boundary term, we have only to be careful at the obstacle
terms, since the map u +v — (u + v)T is not always linear. More precisely we may have trouble
on a subset of J, ,. Here, we have to take the jump part into account. Since the J, and J,
are rectifiable, and we are on a subset of the intersection of those, this subset is rectifiable by
Proposition [2.5] we have

fRDI) LTy, = ) (ut —u ) H T L,

U,V

PR LTy, = 2 (-r) " — v W L
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On the set D = {(Au+ (1 = Nv)" =t + (1 =Nv }n{y— (Au+ (1= AN)v)" > 0} we can
estimate:

/(111 =t = (1= No7) [ ) + (% = Mt — (1= X)o7) f(—v) dH"

D

=X [ ¢p—utdspe + (1 =) [ p— v dgpee (6.3)
/ /

and

P07 (M + (1= \w)(D) = /((>\qu + (1= No7) = A + (1= Noh)f () dH"

D

- / A — ™) () dH 4 / (1= N0~ — v*) (1) M
D D

Af®(DIu)(D) + (1 - A)f>(Dv)(D)

N /(1 = N7 =) () + (1= N (07 =) () AR

D

=Af>(D?u)(D) + (1= A) f*(Dv)(D) + /(1 =N —vT)dsy,
D
(6.4)

where we used Proposition and its remark in the last step. Adding (6.3 and (6.4) we have

FeDI(Au+ (1 —Mw)(D) + /¢ — M+ (1= M) T depee
D
= A (D) (D) + (1 = \) f<(DIv)(D) + A/w —utdgpee + (1 — A)/w — vt dgpee
D D

SAPDID) + (1= N D)D) 41 [ ut s dpm (1= ) [0 =07 doge.
D D
A similar computation on {(Au+ (1 — A)v)T = du™ + (1 = NovT}n{yY — Qu+ (1 — X)v)T > 0}
and for the upper obstacle terms gives us the convexity of F, (d; 10’)¢ ? and thus the lemma is proven.

For this, we note that by 11 < 15 only one obstacle may be violated at a certain point and thus

the calculation for the upper and lower obstacle terms do not intervene. O

Remark. Without such detailed insight on the calculation with the generalized De Giorgi measure,
the convexity follows from the convexity of F¥1¥2, too. One simply can chose the recovery sequence

for u, v, namely sequences ug, vy € WH(Q), k € N, with

lim Flug] = FYui2 [u] and lim Flog] = F¥1i2 [v].

k—+oo k—+oo

Using the lower semicontinuity and Aug + (1 — Ao, — Au + (1 — A)v in L1 (), we obtain by the
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convexity of F¥1:¥2 the convexity of F¥1:¥2:

fwlwa [)\u + (1 _ )\)’U] < liminf FY1:¥2 P\Uk + (1 - A)vk}

k——+oo

< lim inf AFY0%2 ] 4 (1 — A)FY1¥2 1]

k— 400

= \FV¥1¥2 [u] + (1 — )\)]:wl’wz [’U]

Lemma [6.11] implies, that for the double obstacle problem we are allowed to vary in direction of
any v with finite functional value .7-';"0171”2 [v] < 400, which seems reasonable.

It remains to check, whether functions satisfying the variational inequality are also minimizers
for the functional. Since it is very hard to check if a functional satisfies the general variational
inequality for the double obstacle, we will limit the directions and will still be able to prove from
this reduced version that functions satisfying the new variational inequality are minimizers of the

double obstacle functional:

Definition 6.12 (Restricted directions).
Given some function u € BV(2) such that ]-'Zi 10’)1/) ?[u] < +00, we define the set of restricted direction
by

D, = {gp =v—ueBV(Q) : ve WH(Q) and F2 1 [v] < +oo} ,

i.e. directions v — u, where v satisfies the obstacle constraint and has the right boundary values.

This restriction seems reasonable, since the functions v in the Definition suffice to approximate
.7-'(12 10’;/’ *[w] for all w € BV(2), such that the functional is finite. This implies a kind of density of

the directions. Next, we state some obvious properties involving the directions D,,.

Proposition 6.13 (Some properties of u + tp for ¢ € D,,).
For u with F('fjo’;p“’ [u] < +00 and D, like in Definition we have:
1. ]:ijo’;’b[u + tp] < 400 fort € [0,1],

2. D*(u+ty) = (1 — t)D%u and thus |D*¢| < [D%u| and |D*(u + tp)| < |D*u| for t € [0,1],

3. {1 — (u+te)t > 0} C {¢p1 —ut > 0} and {(u+te)” — 12 > 0} C {u™ — 2 > 0} for
t €10,1].

4. If a Dirichlet boundary condition is involved, we additionally have {uint + to # ug} NIQ C
{tint 7# o} NOQ fort € [0,1].
Proof.
1. Clear by Lemma [6.11

2. By the definition of D, we can write ¢ = v — u for some v € WH1(Q). Thus, we have
D*p = —D%u and D*(u + t¢) = (1 — t)D*u and the statement follows.

3. Clear, since v satisfies the obstacle constraint in the definition of D,,.

4. Follows easily from u + tp = (1 — t)u + tv and v satisfying the boundary constraint in the

trace sense.

O
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Now we are able to state the reduced derivative of F¥1:%2 at u € BV(Q) in directions D,,:

Theorem 6.14 (Reduced directions and variational inequality).

For u as described and ¢ € D,,, we have

d
7].”!’1,1!)2 [u + t@]

d
e Flu+ ty)

. drt

= / @7 dop + / ¢ A<

{¥1—ut>0} {u=—92>0}

t= t=0

Thus, a minimizer u of F¥1¥2 fulfills the reduced variational inequality

d

— / @~ dgpee + / oT d$foe 20 Yo € D,. (6.5)
U -0 {u=—12>0)

If boundary values ug are involved, we need to replace F by F, .

Proof. The proof follows trivially from Theorem and the properties given in Proposition [6.13
More precisely, by 2. from Proposition [6.13} we have that J,!, is empty for all ¢ € D, and by
3. we have that u + te violates the obstacle constraint at most one points where u violates the

obstacle constraint and thus we have no terms on the set {1y = u™} and {¢o = u™}. O

It remains to show that functions satisfying the reduced variational inequality are also minimizers

of the functional.

Theorem 6.15 (Variational inequality and minimizers).
Assume u € BV with .7:(1210’)w2 [u] < +oo satisfies the variational inequality (6.5), then w is also a

minimizer of F¥1:¥2,

Proof. Consider any competitor v € BV. Without loss of generality, we assume f(d; 10)111 2[v] < +o0.
For this v, we find a recovery sequence v, € WH(€) with
: Y1,92 _ Y192
i Fey o] = Froy * ol
Then, for each k, we have ¢y := vy — u € D,. Using the variational inequality and convexity, we
obtain

FE/’JO;’/JZ [vg] = F%JO%Q [u+1-pr > f('ﬁfo’;p? [u+0- @k Fhye [u+ tor] > Fhuy2 [u].

d
+ det|,_, (o) (uo)
With k£ — oo we have
f_'d’lﬂl’g [U] > ]:(wl»ﬂ& [u]

(uo) uo)

and the proof is complete. O

The proof is very similar to the proof of Theorem 3.10 in [4]. In the obstacle-free case, i.e. if we
set 11 = —00 = —1)2, we obtain a more general result, since we can treat integrands f( ., z) which
are only one-sided differentiable in z like the total variation integrand f(z) = |z|. To achieve that,

we allow more directions to be considered and only obtain a variational inequality instead of an
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equality, which is a natural trade-off. If the function f is differentiable in z, both theorems lead
to the same result. Generally, there is no chance that one can still use variational equalities if

obstacles are involved and one has to stick to the here presented (reduced) variational inequality.
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Abstract

Obstacle problems appear in many different fields of mathematics. In this thesis, we improve
the known results of [I3] by removing two of the stated prerequisites on the integrand for the
relaxation of single obstacle problems for non-parametric functionals of linear growth by using
insights on the recession function and modifications of the De Giorgi measure. Further, we
identify the relaxation of the double obstacle problem and obtain a full counterpart to the
parametric double obstacle problem for the area functional treated by De Giorgi in [20] by
using a truncation argument which leads to new approximation results. For the proof of that
truncation, a convergence almost everywhere result is established for gradients of an in area
converging sequence of BV functions. Additionally, we are able to prescribe boundary values
in a broader sense to the double obstacle problem, which allows us to treat usual Dirichlet
problems with or without obstacles as well as ‘inner’ boundary parts on a slit domain. With
the relaxation formula for the double obstacle problem to the area functional, we prove the
equivalence of the non-parametric and parametric obstacle problem in the graph setting using
tools from the obstacle-free case and approximations. Further, we use a similar approach to
slightly generalize the relaxation result for the double obstacle problem for the area functional.
Finally, we develop variational inequalities for functionals of linear growth and especially for
relaxations of obstacle problems relying on one-sided directional derivatives. For the obstacle
case, a reduced variational inequality is stated, which is sufficient to be a minimizer of the

relaxation of the corresponding double obstacle problem.



Zusammenfassung

Hindernisprobleme treten in vielen verschiedenen Bereichen der Mathematik auf. In dieser
Arbeit werden die bekannten Ergebnisse aus [I3] verbessert und es wird gezeigt, dass zwei
der dort angegebenen Anforderungen an den Integranden fiir die Relaxierung von Hindernis-
problemen fiir nichtparametrische Funktionale mit linearem Wachstum weggelassen werden
konnen. Dies wird durch eine genauere Betrachtung der Rezessionsfunktion und Modifika-
tion des De-Giorgi-Mafles erreicht. Weiterhin wird eine Darstellungsformel fiir die Relaxie-
rung des Doppelhindernisproblems bewiesen und somit ein Aquivalent zum parametrischen
Doppelhindernisproblem fiir das Fldchenfunktional, welches von De Giorgi in [20] behandelt
wurde, auch fiir das nichtparametrische Problem gezeigt. Diese basiert auf der Verwendung
eines Abschneidearguments, welches zusétzlich zu neuen Approximationsresultaten fiihrt. In
den Beweis dieses Abschneidearguments geht die fast-iberall Konvergenz fiir die Gradien-
ten einer in Fliche konvergierenden Folge von BV-Funktionen ein, welche ebenfalls bewiesen
wird. Zusédtzlich werden Randwertaufgaben im Zusammenhang mit Doppelhindernisproble-
men behandelt, welche in einem verallgemeinerten Sinne normale Randwerteprobleme mit
oder ohne Hindernisse als auch Gebiete mit inneren Randstiicken berticksichtigen kénnen. Mit
der Relaxierung des Doppelhindernisproblems fiir das Flichenfunktional wird die Aquivalenz
des nichtparametrischen und parametrischen Hindernisproblems mit der Herangehensweise fiir
den Graphenfall ohne Hindernis und mit Hilfe von Approximationen bewiesen. Des Weiteren
wird ein dhnlicher Ansatz genutzt um den Satz iiber die Relaxierung des Doppelhindernispro-
blems fiir das Flachenfunktional etwas zu verallgemeinern. Schliellich werden Variationsun-
gleichungen fiir Funktionale mit linearem Wachstum und insbesondere fiir die Relaxierungen
von Hindernisproblemen entwickelt. Dafiir werden hauptséchlich einseitige Richtungsableitun-
gen verwendet. Fiir den Hindernisfall wird eine reduzierte Variationsungleichung angegeben,
die hinreichend ist, um Minimierer der Relaxierung des zugehorigen Doppelhindernisproblems

zu sein.
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