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Abstract

The present thesis consists of two parts. The overarching theme is the notion of a Rieman-
nian cone.

The first part is concerned with linear stability of a certain type of Ricci solitons. Ricci
solitons are generalizations of Einstein metrics. We show that if (B, gg, Z) is a Riemannian
cone and (F, gr) is an Einstein manifold with Einstein constant 1, then the product manifold
(M,g) := (B x F,gp @ gr) is a gradient Ricci soliton with Ricci potential w := £|Z|2.
There is a connection between linear stability of M and that of F. We show that if (F, gr)
is linearly unstable, then the product Ricci soliton is linearly unstable, too.

In the second part, which is the main matter of this thesis, we turn our attention to
Ricci-flat asymptotically conical manifolds. The main goal of this part is to show that Ricci-
flatness is a strong enough assumption prove decay rates for various tensor fields, and in
particular that Ricci-flatness may be used to find suitable asymptotic coordinates in which
the decay rate is optimized.

After a short study of the geometry of Riemannian cone metrics geone, we show that
many geometrically interesting Laplace-type operators admit a structure that allows for
a decomposition similar to the standard formula expressing the Laplacian in spherical co-
ordinates. The role of the spherical Laplacian is played by the so-called tangential operator.
After an explicit calculation, we determine the spectrum and eigenfields of the tangential
operators of the Laplace—Beltrami operator A%, the Hodge Laplacian A% on 1-forms
and the Einstein operator A%°™ on symmetric 2-tensor fields.

After this, we turn our attention to decaying harmonic symmetric 2-tensor fields, and
show that an explicit formula may be derived for the decay rate, involving only the spectra
of the tangential operators we have just dealt with.

Next, we consider asymptotically conical manifolds. These are Riemannian manifolds
(M, g) for which we can find a diffeomorphism ¢, called the asymptotic chart, which maps
M \ K to an infinite frustum of a Riemannian cone with metric geone and such that the
covariant derivatives difference of the cone metric and the pushforward metric ¢.g decays
with a prescribed rate 7 in terms of the radial coordinate (the radial coordinate describes
the position along the “axis” of the cone). The two main components of this definition are
the asymptotic chart ¢ and the decay rate 7. The rest of the thesis is dedicated to showing
that we can find a suitable asymptotic chart in which the decay rate is optimized (and is
the same as in the kernel of the Einstein operator on a cone).

For this, we first consider decaying A%°-harmonic 2-tensor fields and determine that
they admit the same decay rate as their A%°™-harmonic analogues. The proof is similar to
the conical case but, crucially, an iterative procedure needs to be introduced.

Next, as usual for partial differential equations with geometric origins, we introduce a
gauging borrowing ideas from the study of the Ricci-flow. This gauging —2 Ric? +Ly (4 4,19 =
0 leads to a quasilinear partial differential equation. The iterative procedure from before
may be used to determine the decay rate of the difference tensor between gauged metrics
and the reference metric.

Not all metrics are gauged but it can be shown using an argument which is based on the
implicit function theorem, that in a small enough neighbourhood U of the asymptotically
conical metric g, metrics can be pulled back to a metric for which the term with the Lie
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derivative disappears. Consequently, for these metrics the gaugedness condition is equivalent
to the condition of Ricci flatness.

We can construct a family of metrics (gr)r interpolating between the asymptotically
conical metric g and the pullback of the cone metric such that g coincides with the pullback
metric of geone Outside an ever increasing compact set. This family converges to gac, S0 in
particular, for large enough R, the family lies in the neighbourhood U, therefore it may be
uniquely pulled back to a metric with vanishing Lie derivative term via a map . Using this
1 and the original asymptotical coordinates ¢ we can construct a new asymptotic chart in
which g has the optimalized decay rate.
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Zusammenfassung

Diese Dissertation besteht aus zwei Teilen, die mit durch das Konzept des Riemannschen
Kegels verbunden sind.

Im ersten Teil geht es um die lineare Stabilitidt einiger Ricci-Solitonen, eine Klas-
se von Riemannmetriken, die Klasse von Einsteinmetriken verallgemeinert. Insbesondere
wird gezeigt, dass wenn (M, gas, Z) ein riemannscher Kegel ist und (F, gr) eine Einstein-
mannigfaltigkeit mit Einsteinkonstante p, dann ist die Produktmannigfaltigkeit (M, g) :=
(Bx F,gp®gr) ein Riccisoliton des Gradiententyps mit Riccipotential w := §|Z 2. Es gibt
einen gewissen Zusammenhang zwischen der linearen Stabilitdt von M und F. Wir zeigen,
dass wenn (F, gr) linear instabil ist, so ist das Produkt-Riccisoliton auch linear instabil.

Im zweiten Teil, dem Hauptteil der Dissertation, betrachten wir Ricciflache asympto-
tisch konische Mannigfaltigkeiten. Der Zweck dieses Teils ist es zu zeigen, dass die Annahme
der Ricciflachheit stark genug ist um die Abfallraten bestimmter Tensorfelder zu berech-
nen und inbesondere dass diese Annahme stark genug sei fiir die Konstruktion passender
asymptotischer Koordinaten, bezliglich der die Abfallrate verbessert ist.

Nach einem Kapitel iiber die Geometrie der riemannschen Kegelmetriken gcone zeigen
wir, dass die Struktur vieler geometrisch interessanter laplaceartiger Operatoren eine Dar-
stellung zulésst, die die Standardformel fiir “den Laplaceoperator in Polarkoordinaten” &h-
neln. Die Rolle des sphérischen Laplaceoperators wird in diesem allgemeineren Fall durch
den sogenannten Tangentialoperator iibernommen. Wir fithren explizite Rechnungen vor,
die das Spektrum und die Eigentensorfelder des Laplace-Beltrami-Operators A%, des
Hodge-Laplace-Operators A%°™ auf 1-Formen und des Einsteinoperators A% auf sym-
metrischen 2-Tensorfelder bestimmen.

Nach dieser Rechnung werden wir uns an das Abfallverhalten A%°"*-harmonische sym-
metrische 2-Tensorfelder. Wir zeigen, dass sich eine explizite Formel fiir die Abfallrate her-
leiten lésst, die nur vom Spektrum der frither betrachteten Tangentialoperatoren abhéngt.

Nach dieser Vorarbeit geht es weiter mit asymptotisch konischen Mannigfaltigkeiten.
Eine riemannsche Mannigfaltigkeit (M, g) heift asymptotisch konisch, wenn es einen Dif-
feomorphismus ¢ (die asymptotische Karte) gibt, die die Mannigfaltigkeit auflerhalb eines
Kompaktums nach einem Kegel geone ohne seine Spitze abbildet und wenn die Differenz
der Pushforwardmetrik ¢,g und der Kegelmetrik gcone mit einer Abfallrate 7 beziiglich der
Radialkoordinate abfillt (und die Ableitungen fallen entsprechend ab). Hier steht die Radi-
alkoordinate fiir die Position auf der “Kegelachse”. Die fiir uns wichtigste Komponente im
vorherigen Satz sind die asymptotische Karte ¢ und die Abfallrate 7. Das Ziel im Rest die-
ser Dissertation ist zu zeigen, dass sich die Abfallrate durch die Wahl einer passenden Karte
verbessern ldsst (und dass diese Abfallrate mit der Abfallrate fiir A%°™ i{ibereinstimmt).

Als erster Schritt betrachten wir Af-harmonische 2-Tensorfelder und zeigen, dass sie
die gleiche Abfallrate haben, wie im A%°**-harmonischen Fall. Der Beweis geht analog, aber
ein iteratives Verfahren muss eingefithrt werden.

Wie iiblich im Kontext von partielle Differentialgleichungen geometrischen Ursprungs,
flihren wir eine Eichung ein. Hierfiir entlehnen wir ein Konzept aus der Studie des Ric-
ciflusses. Die Eichung —2Ric? +Ly (4 4..)9 = 0 fiihrt zu einer quasilinearen partiellen Dif-
ferentialgleichung. Das friithere iterative Verfahren kann hier wieder eingesetzt werden um
die Abfallrate der Differenz zwischen einer geeichten Metrik und der Referenzmetrik zu



bestimmen.

Es kann mit einem Implizitfuntionssatzargument gezeigt werden, dass jede Metrik in
einer geniigend kleiner Umgebung der Referenzmetrik ¢,. durch einen Diffeomorphismus
zuriickgezogen werden kann, sodass der Term mit der Lieableitung verschwindet. Fiir diese
zuriickgezogene Metrik ist also die Eichung gleich der Bedingung der Ricciflachheit.

Es lasst sich eine Familie von Metriken (gr)r konstruieren, die zwischen der exakten
Kegelmetrik und der asymptotisch konischen Metrik g¢.. interpoliert, sodass gr mit gac
innerhalb eines mit R grofler werdenden Kompaktums iibereinstimmt und sodass gr mit
dem exakten Kegelmetrik aulerhalb eines mit R immer grofler werdenden Komapktums
iibereinstimmt. Ferner konvergiert diese Familie nach gac, also fiir geniigend grofles R liegen
die Metriken gr in der Umgebung Y. Nehmen wir ein solches R;. Dann kann die Metrik
gr, durch einen Diffeomorphismus 1 zuriickgezogen werden, sodass der Lieableitungsterm
verschwindet. Man kann mithilfe von 1 und der urspringlichen asymptotischen Karte ¢ eine
neue asymptotische Karte konstruieren beziiglich dessen die verbesserte Abfallrate erreicht
werden kann.
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Chapter 1

Introduction and overview

This thesis aims to make a contribution to the field of global analysis. This subfield of
mathematics, also known as analysis on manifolds, may be loosely defined that applies
methods from (partial) differential equations to solve differential geometric problems on
manifolds or bundles of manifolds. Several applications exist in physics.

The overarching theme of this thesis is the notion of a Riemannian cone.

1.1 A type of Ricci-solitons coming from cones

The first topic is so-called gradient Ricci solitons. These are Riemannian manifolds (M, g)
satisfying

. 1
Ric? +§£gradg wd = Ag

for some A € R and some function w € C*°(M). (This name comes from the fact that these
metrics evolve by a homothetic rescaling and a pullback under the Ricci flow [CK04]). Note
that Einstein metrics are gradient Ricci solitons where w = const.

We call a gradient Ricci soliton (linearly) stable if the Laplace-type operator A" :=

A9+ Vgradg w ™ 2}%)9 on symmetric 2-tensor fields has positive spectrum, otherwise call the
gradient Ricci-soliton (linearly) unstable [Kro15b.

I have calculated that if (B, g¢p) is a Riemannian cone with Euler vector field Z and
(F, gr) is an Einstein manifold with Einstein constant y, then the Riemannian product Bx F
is a Ricci-soliton with Ricci potential f := £|Z|? (cf. Lemma 4.2). This generalizes the so-
called Gaussian Ricci-soliton, cf. e.g. [Zhal8]. Moreover, I have shown that if the Einstein

manifold (F, gr) is linearly unstable, then M x F' is also linearly unstable (Theorem 4.10).

1.2 Optimizing the decay rate of Ricci-flat asymptotically
conical manifolds

The second part of the thesis is dedicated to the study of Ricci-flat asymptotically conical
manifolds, and in particular how certain tensor fields decay on such manifolds.
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1.2. OPTIMIZING THE DECAY RATE OF RICCI-FLAT ASYMPTOTICALLY CONICAL MANIFOLDS

The Einstein operator Consider a Ricci-flat metric g. The follow so-called Einstein
operator will be of central importance to us.

Ap: T (SPT°M) T (S*T*M), s Agh— 2R, (1.1)

o
where A, is the analysts’ raw g-Laplacian and RY is a linear operator depending on the
curvature of g (see Chapter 2 for precise definitions).

Riemannian cones Before we can define what asymptotically conical manifolds are,
we first need to describe their asymptotics: cones. A Riemannian cone with compact link
(L, g1,) is the Riemannian manifold

Cone(L) := (R" x L, geone := dr @ dr + TQgL), (1.2)

where 7 is the canonical coordinate on RT. The vector field Z := rd, is called the Euler
vector field. (A more detailed exposition of Riemannian cones can be found in Chapter 6.1.)
One easy example of a cone is the Euclidean space without the origin, which has a round
sphere as its link. In general, the cone with link L is Ricci-flat if and only if the link is
Einstein with Einstein constant dim L — 1. In this thesis, we are interested in Ricci-flat
cones only.

The Einstein operator on cones The geometry of a cone and the geometry of its
link are closely related. One prominent example of this interplay is the fact that that the
Einstein operator of a cone can be written in the following form

where O is the so-called tangential operator. (This formula is reminiscent of the formula for
the Laplace-Beltrami operator of R"*! in spherical coordinates and, in fact, other operators
also have a similar expression, cf. Section 6.4.)

I have determined the spectrum and the eigenvectors of the operator Jg (Theorem 6.55).
The spectrum consists entirely of eigenvalues and they are given by explicit functions of
the spectra of certain geometrical Laplace type operators on the link L.

The eigenvectors of the tangential operator Lg are, with the appropriate scaling, covari-
antly constant in the r direction (cf. Corollary 6.24). Moreover, any symmetric 2-tensor field
h can be expressed as an infinite linear combination of eigenvectors of [lg with r-dependent
coefficients. Consequently, the equation Agh = 0 reduces to a system of ordinary differen-
tial equations (Lemma 9.5). This equation can be explicitly solved (Lemma 9.5), and the
growth rates (the so-called exceptional values) can be determined (again Lemma 9.5) be
m4(§) where £ is an eigenvalue of (g and my are explicitly given functions (cf. Defini-
tion 9.4)

Based on the description of the spectrum of g, I have determined the decay rate of
elements in the kernel that are decaying in the first place (Proposition 9.14). The kernel
of the Einstein operator on an exact cone is an important model calculation that can be
mimicked with other operators as well.



CHAPTER 1. INTRODUCTION AND OVERVIEW

Asymptotically conical manifolds Cones have a singularity at their apices and their
are not complete as Riemannian manifolds. One way to remedy this fact is to consider com-
plete Riemannian manifolds that have the cone as asymptotic behaviour. In the literature,
there are several concepts for describing the asymptotic behaviour of a Riemannian metric,
cf. e.g. [PT01]. These are not all equivalent to each other. The notion that is used in this
dissertation is based on the concept of an asymptotic chart.

We say (cf. Definition 7.1) that a complete Riemannian manifold (M, ga.) is asymptot-
ically conical with rate 7 € R if there is a compact set K C M, a number R > 0 and a
diffeomorphism (the so-called asymptotic chart) ¢: M \ K — (R,00) x L such that the
covariant derivatives of the metrics satisfy

|VgCOneyk(¢*gaC _ gCOHe)|gconc — O (T._T—k)> (13)

for any natural number k£ € N (with V0 :=id, of course). Here, gcone is a cone metric on
R* x L (cf. Equation (1.2)), V9ene denotes the Levi-Civita connection of geone, | - | denotes
the pointwise norm induced by geone and r denotes the standard coordinate on RT.

Let us introduce the core Core(R) which is, morally speaking, the compact set where
r < R. (For a precise definition, see Definition 7.4.)

The two most important ingredients are the decay rate 7 and the asymptotic chart ¢.
In fact, as Deruelle and Kroncke have shown in [DK20] that, for an important class of
asymptotically conical manifolds, good stability properties can be proved under the Ricci
flow if one assumes a good enough decay rate. Motivated by this, one of the goals of this
thesis is to show that an a priori given decay rate of a Ricci-flat asymptotically conical
manifold can be optimized by choosing a different asymptotic chart, cf. also the classical
result in [BKN89]).

Before attacking this problem, we consider elements in the kernel of the Einstein op-
erator of g, under the assumption that g, is Ricci-flat. Based on Equation (1.3), the
equation A%°h = 0 may be reformulated as A%°**h = F(h) where F(h) depends linearly
on h and has appropriate decay (cf. Equation (9.5) on page 113). This leads to a system of
ordinary differential equations that can be solved explicitly (Lemma 9.20). Based on this,
the the decay rate of elements in ker A% can be determined by an iterative procedure
(Theorem 9.24).

A family of metrics Using an interpolating function, we construct a family of metrics
(9r)R>R, which agree with g,. on Core(R) and agree with ¢*gcone outside Core(2R). Be-
cause of this, the metric is Ricci-flat outside Core(2R) \ Core(R). This family converges to
Jac in a weighted Sobolev sense (Proposition 8.30).

Gauging We are interested in Ricci-flat asymptotically conical manifolds. The condition
of Ricci-flatness can be expressed as a second-order quasilinear partial equation in terms
of the metric. As a partial differential equation of geometric origin, it is diffeomorphism
invariant. This leads to the need for the choice of a gauge if we want to solve the corres-
ponding partial differential equation. We borrow the DeTurck vector field from the study
of the Ricci flow (Section 8.1). We call a Riemannian metric g gauged with respect to gac
if it comes from the set

Fp 1= {0 € Met (M) | = 2Ric? +Ly (409 = 0} (1.4)

3



1.2. OPTIMIZING THE DECAY RATE OF RICCI-FLAT ASYMPTOTICALLY CONICAL MANIFOLDS

(Note that these metrics are the fixed points of the corresponding Ricci-DeTurck flow.)

The condition of gaugedness of go+h can be expressed in the form A%°"°h = F'(h) where
F(h) depends nonlinearly on h and has appropriate decay (Lemma 10.5). Using an iterative
argument similar to the one used in the study of the kernel of the Einstein operator of g,c,
one sees that there is a neighbourhood of g, in the LP(S?T* M) N L (S?T* M)-topology in
which all gauged metrics have the same decay rate we observed for elements in the kernel
of the Einstein operator (Theorem 10.6).

Optimalized decay rate with a different asymptotic chart A study of the properties
of the DeTurck vector field yields that there is a neighbourhood of gg (in a weighted Sobolev
sense) in which any metric neighbourhood can be uniquely pulled back to a metric for which
the DeTurck vector field vanishes (Proposition 8.23). In particular, the family (gr), will
eventually run in this neighbourhood. This way, we obtain a diffeomorphism ), with the
help of which we can construct a new asymptotic chart where the decay rate agrees with
the decay rate in the kernel of the Einstein operator (Theorem 10.8).



Chapter 2

Some differential operators on
Riemannian manifolds

The goal of this chapter is twofold. First, we introduce some general notation; secondly,
we collect the most important differential operators that are used in this thesis and state
some of their most important properties. This is especially crucial since there are several
competing signs conventions used in the literature. We will stick to the what is sometimes
called the analyst’s sign convention.

While the smooth structure is enough to define many differential operators on differential
forms, this thesis is mainly interested in symmetric tensor fields. Here, the smooth structure
is not powerful enough to induce natural operators but a Riemannian metric is. The proofs
for these statements, where not indicated otherwise, can be found in [Bes87] or [Leel8].

In the following, M is assumed to be a smooth manifold and we fix a Riemannian metric
g € Met (M). Note that g induces pointwise inner products on tensor fields (which we will
denote by (-,),) and in particular we have the following global L?-scalar product

(51, Sg)g = /M <Sl, Sg>g VOlg,

where S1 and Sy are compactly supported smooth tensor fields of the same type, and vol,
is the volume form induced by the metric g. Given a differential operator D, we define its
formal adjoint D* with respect to g via the condition (S, DS1)y = (D*S1,51)g for any
compactly supported smooth tensor fields S7 and Sy of the appropriate type.

Sometimes, a weighted volume form will be used for the norms. If p: M — RT is a
smooth function, then we introduce

/ L /
(1,7, = /M (T,T"), pvol, .

The set of smooth sections of a bundle £ — M is denoted by I'*° (E); the set of smooth
sections of the same bundle with compact support is denoted by I'S° (E). The trivial bundle
with fibre V' over the manifold M is denoted by V ;,, or, if the base manifold is clear from
context, by V. In particular, smooth functions on the smooth manifold M can be identified
with I'° (R;,). We will denote the bundle of symmetric p tensors by SPT*M, and use the

5



2.1. ZEROTH-ORDER OPERATORS

following symmetric tensor product
O: (T*M)®P @ (T*M)®1 — SPHIT*M, h @ k +— h ® h,
where

(th)(Xb p+q Z h 7r(1)7"'7 w(p ))k(Xﬂ(p-i-l),--'1X7r(p+q))7

TESp+q

where Sy, denotes the permutation group of (p + ¢) symbols In particular, for p = ¢ =1
and «, f € T*M, we obtain (o ® 8)(X,Y) = a(X)B(Y) + a(Y)B(X) for any X,Y € TM.

2.1 Zeroth-order operators
We define the Riemannian curvature tensor with the sign convention
2 2
RI(X,Y)Z := Vg(’YZ - VA%(’YZ

The curvature tensor induces an action of symmetric 2-tensor fields via the formula

dim M
RY: S2T*M — S2T* M, h R9% with (Rgh )(X,Y) Z h(RY(e;, X)Y, e;),

where {e; [i =1,...,dim M} is a g-orthonormal frame. We call
Ric? := RYg

the Ricci tensor of g, and
scaly := Trg Ric?

the scalar curvature of g.

2.2 First-order operators

The divergence operator Consider now the cotangent bundle T*M. Since the Levi-
Civita connection of g maps functions to 1-forms, V9: I'®° (R;,) — I’ (T*M), we may
define an operator §9, called the divergence (or codifferential) of the metric g as the formal
adjoint of the Levi-Civita connection on functions:

09 = (V)" T (T*"M) - T (Ryy) -
One can show that at a point p € M, we have
dim M
(09w)(p) = — ( > (ViW)(ez‘)> (),
i=1

where {e; |i = 1,...,dim M} is a g-orthonormal frame around p and ¢/ is the matrix rep-
resenting the induced metric g~ on T*M.



CHAPTER 2. SOME DIFFERENTIAL OPERATORS ON RIEMANNIAN MANIFOLDS

In fact, the divergence operator may be defined on higher-rank tensor fields, too. For
instance, we define the divergence if h € T (S*T*M) is a symmetric 2-tensor field, then

we define
dim M

(69h)(X) == > (VEh)(es, X),
i=1
where {e; i =1,...,dim M} is a g-orthonormal frame and X € T M.

Lemma 2.1. Let f € T® (Ry), w € T (T*M) and h € T°° (S?T*M). Then §9(fw) =
fo9w —w(grad, f) and 69(fh) = fo9h — h(grad, f,"). O

The codivergence operator The formal adjoint of the divergence operator on symmet-
ric 2-tensor fields is called the covidergence operator, and it is given by

(07 w)(X,Y) = 5 (V&@)(Y) + (Viw) (X)),

where w € T (T*M) and X,Y € TM.
The following elementary lemma is useful for calculations.

Lemma 2.2. For any w € I'™° (T*M), one has Try 69*w = —w. O

2.3 Second-order operators

In general, we will call the operator A, := (V9)*VY the raw Laplacian. The name is
motivated by the fact that many geometrically interesting Laplace-type operators have a
zeroth-order contribution (usually depending on the curvature of g) to the raw Laplacian.

The Laplace—Beltrami operator The Laplace—Beltrami operator A% is the Laplacian
type operator defined on smooth functions via A% := (V9)*V9. One can easily show that at

apoint p € M, one has (A% f)(p) := — (Z?imjlw RAE A f) (p) where {e; |i =1,...,dim M}

J= €i,e;j
is a g-orthonormal frame around p and ¢* is the matrix representing the induced metric
g~ on T*M. More succinctly, we may write this as

AY = —g o V92
Note that this is the opposite sign convention to the usual differential geometric Laplacian.

The Hodge Laplacian Since symmetric 1-tensor fields coincide with differential 1-forms,
it makes sense to consider the Hodge Laplacian AY; on symmetric 1-tensor fields. The Hodge
Laplacian is related to the raw Laplacian by the following well-known formula.

Lemma 2.3 (Weitzenbock). AY, = (V9)*(VY) + Ric? where Ric? denotes the Weitzenbick
curvature operator [Pet12].

The well-known formula Ay = dod + 0 od, where §: '™ (/\kT*M> — ' (/\k_lT*M>
is the g-codifferential, has the following analogue for symmetric tensor fields.
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2.3. SECOND-ORDER OPERATORS

Lemma 2.4. §9L§9L*w = %AHng 4+ dd9tw — RicIt w

Proof. Let w € T*M and X € TM. Let p € M and let {e; i =1,...,dimM} be a g-
orthonormal normal frame around p (i.e. gy(ei(p),e;j(p) = d;; and (VY;)(p) = 0). We will
perform the calculations at p.

One checks by straightforward calculations that

. 1 1 dim M 42
(3959°) (X) = 5(A)(X) = 5 > (VEEw)(ex)
i=1
On the other hand
dim M dim M
(d6%w)(X) = — Y (V4 V5w)(ei) — (VEw)(Vhe) = — Y (VE2w)(e).
i=1 i=1
Now
9 §9,% 1 g 1 1 o 9,2 9,2
0767w — §d5 w) (X) = §(Agw)(X) -3 Z (Ve xw = Vi ,w)(ei)
i=1
1 dim M
= 5 (Bgw)(X) - 5 > (R(ei, X)w)(e)
i=1

= %(Agw)(X) - %Ricg(w)(X)

_ %(A%w)(X) ~ Ric%(w)(X). 0

The Lichnerowicz Laplacian and the Einstein operator The geometrically natural
Laplace operator for symmetric 2-tensor fields is the so-called Lichnerowicz Laplacian

AJ T (SPT*M) — C(S*T* M), h — (V9)*(V9)h — 2R + Ric? oh + h o Ric? .
If the metric g is Einstein, then we define the Einstein operator as
Ay T (SPT*M) — C(S*T* M), h = (V9)* (V9)h — 2R%h.

Note that for an Einstein metric with Einstein constant u, we have Ric? = pidyys and thus
A% = A% + 2pidgepspy-

The Laplace-Beltrami operator (on (symmetric) O-tensor fields, i.e. functions), the
Hodge Laplacian on (symmetric) 1-tensor fields and the Lichnerowicz Laplacian on sym-
metric 2-tensor fields are intimately connected.

Proposition 2.5 ([Krolba, Lemma 4.2]). AY(fg) = (A% f)g, Trg AYh = Ap(Trgh) for
any f € T (Ry;) and any h € T (S?T*M). Moreover, if Ric? is parallel (e.g. if g is
Einstein), then A9 069* = §9* o A%, §90 A = A, 069, AY o V92 = V920 A%. Moreover,
do A% =AY od on functions.



CHAPTER 2. SOME DIFFERENTIAL OPERATORS ON RIEMANNIAN MANIFOLDS

2.4 The difference of second covariant derivatives

The goal of this section is to characterise the difference of two second covariant derivatives
using the difference of the first covariant derivatives.

Lemma 2.6. Let (M,VM) be a manifold with connection and let E — M be a vector
bundle over M. Moreover, let V,V be two connections on E and set T := V —V €
' (T*M ® End E). Then, for any h € I'*° (E), one has

V2h —V2h =T % (Vh) + (VT) % h+T T x h,

where * denotes various linear combinations of tensorial contractions (with coefficients V-
covariantly constant).

Proof. For vector fields X,Y € I'* (T'M), we have

Viyh=Vx(Vyh) - Vouyh
= Vx(Vyh+T(Y,h)Vyyyh - T(VYY, h)
= Vx(Vyh) + T(X,Vyh) + Vx(T(Y.h)) + T(X,T(Y,h)) = Vguyh — T(VYY, h)
= Vx(Vyh) +T(X,Vyh) + (VxT)(Y,h) + T(VXY,h) + T(Y,Vxh)

+T(X,T(Y,h)) = Vguyh — T(VXY.h)
= Viyh+T(Y,Vxh)+T(X,Vyh)+ (VxT)(Y,h) + T(X,T(Y,h))
= (V2h+T % (Vh) + (VT)xh+TxTxh)(X,Y).
Rearranging yields the claim. O

Remark 2.7. Note that the tensor T is locally given by the difference of the Christoffel

symbols Tiaﬁ = F@mﬁ — Pvmﬁ. Accordingly, we may write the statement of Lemma 2.6
also as

V2h = V?h = (IV —TV) % h+V(I'V -TV)xh+ (TV - TV)x (I'V - T'V).

2.5 A few words about dual metrics

In our calculations, we will face the situation often, when the difference of two dual met-
rics appears in a formula. The next elementary lemma explains how this is related to the
difference of the original metrics.

Lemma 2.8. Let g, gg be inner products on a vector space V. Then
B9 490 — {90 o (b9 — h90) o 49,

where we used self-explanatory notation for the musical isomorphisms induced by the met-
rics. In local coordinates, this equality reads g™ — (90)* = —(90)**(gap — (90)ap) 9" O

Another useful formula is how the covariant derivative of a dual metric relates to the
covariant derivative of the original metric.



2.5. A FEW WORDS ABOUT DUAL METRICS

Lemma 2.9. Let g € Met (M) be a metric on the smooth manifold M and let V be a
connection on M (not necessarily the Levi-Civita connection of g!). Then

V(g™ =—=(Vg)o (#! @ 19).

1

In local coordinates, V,g" = —gik(Vagkp)gpj. In particular, the dual metric g— is parallel

with respect to the connection induced by Levi-Civita connection V9 of the metric g.

Proof. Let \,p € T (T*M) and X € I'*° (T'M). Then

p(Vx (V) = XOVa(Aog™)predar®

= X“((Var)g” + Mo(Vag™))peda’

= u((VxN*) + (Vx(g7) (A ),
thus

g g —
p(Vx (W) = (VX)) = (Vx (g7 ) ),

and evidently, this holds also with the roles of A and p exchanged. Therefore,
(9~ )\ Vxp)
g\, (Vxp)¥)
) + 9N, Vx (1))
)

(Vx (g™ =X w) — (g7 )(VxA )
= X(g\\¥, 1*)) — g((Vx V¥, u¥)
= (Vxg) A\, 1) + g(Vx (), ¥’

— g(VX N, ) — g(W, (Vxp)¥
= (Vxg) (N, u¥)

+9(Vx (W) = (Vx V¥, 1)

+ 9O\, Vx (1) — (Vxpw)®)
= (Vxg)(\¥, u¥)

+u((Vx(AF) = (VxA)¥)

AV () = (Vxp)®)
= (Vxg)(\, 1¥) +2(Vx (g7 1) (A ).

Rearranging gives the claim. O
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Linear stability of certain product
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Chapter 3

The Einstein operator on warped
products

Here we calculate quantities related to the Einstein operator on warped products. These
are of independent interest as well but in this thesis we will apply them only in the product
case.

3.1 Setup, notations

We will use the notations and terminology of Chapters 2 and 4 of [Chell].

Let (B,gp) and (F,gr) be pseudo-Riemannian manifolds and let f: B — RT be a
smooth function. Let (M,g) := B xy F' be the warped product of B and F with the
warping factor f,i.e. ¢ = n*gp + (f om)n*gr where m: M — B and n: M — F' denote the
projections. These projections will be suppressed later. Introduce the vector field F' € X(M)
by F := grad,In f for the sake of brevity.

We will denote the horizontal lifts of vectors on B and horizontal components of vectors
in M by a superscript 7. Similarly, the vertical lifts of vectors on F and vertical components
of vectors on M will be denoted by a superscript V.

Note that B x {f} as a submanifold of M is totally geodesic for any f € F and {b} x F’
is totally umbilical in M for all b € B. Moreover it is easy to see by [Chell, Proposition 4.1]
that the mean curvature vector of F'in M is H = —grad,In f = —F. In the direct product
case, f =1 and consequently F' = 0.

In the following, we will be interested in symmetric 2-tensors on M. For tensor fields
that are horizontal or vertical lifts of tensor fields on B or F, a subscript will be used. In
particular: ap € C*®(B), ap € C®(F), hg € S?B, hr € S?F and hg ®hp € Q1(B) 0 Q(F)
will be used where ® denotes the symmetric tensor product. We will use the adjectives basic
and fibrous. As for vectors, X,Y, 7, Z' € X(B) and U, V,W, W' € X(F).

In some calculations it is useful to have a g-orthonormal frame in M. Let {e; |i € I}
be a g-orthonormal basis for B and let {e, |a € Ir} be a g-orthonormal basis for F.
Then {e; [i € I := IgpU I} is a g-orthonormal basis for M. Also note that in this case
{feq |a € Ir} is a gp-orthonormal frame in F. Recall that the induced scalar product of

13



3.2. THE CURVATURE PART POINTWISE

tensors can be calculated as
<T, T/>g = Z T(eil,...,eik)T’(eil,. "7€ik)

i1yt €1

for any k-tensors T,T". We set |T'|2 := (T, T), for any k-tensor T
We collect a few things that we will use routinely.

Lemma 3.1. 1. (I, Ty), = (I, T}),, for all k-tensor fields T, T on B
2. <TF,T}’;>Q = f2k <TF,T}/7>9F for all k-tensor fields Tp, T}, on F.
3. |gB|§B = dim B, |gF]3F =dim F and |g|§ =dim M.
4 ldm 2 = P
5. For the volume forms voly = f? OlivaolgB Avolg,..

6. Let o« € C®°(M) and let T and T' be k-tensor fields on M. Then

(VT da @ T'), = (V4

gradg o

T, T>g.

Proof. The first four claims follow by straightforward calculations. The fifth claim can be
proved in local coordinates.

As for the sixth claim, first note that g(3>_,c; da(ei)e;, ej) = da(e;) = g(grad, a, e;) for
all j € I, therefore >, da(e;)e; = grad, a.. As a consequence

(VIT, da @ T')g = Z (VIT)(ejy,- - e, )dale)T (e, ej,)

0,515 k€1

= Z (ng:.e[ da(ei)eiT)(ejl’ cee ,ejk)T(ejl, ceey ejk)

JisesJk €1

= Z (vgradg aT)(ejl, cey ejk)T(ejl, ey ejk)
jl7“'7jk€1

- <v9

gradg o

T, T>g. 0

We introduce partial traces of 2-tensors as

PTv% h:= Z (h(ej,e;)) and PTr h:= Z (h(ei,e;)).

’iEIB iEIF

3.2 The curvature part pointwise: }O%h and <]O%h, h>
g

The zeroth order part of the Einstein operator is related to the curvature tensor. The
curvature tensor acts on the set of symmetric 2-forms by the formula

Rh(X,Y) = Try h(R(-, X)Y,") = 3" h(R(ei, X)Y, 1),
i€l

where {e; |i € I'} is a g-orthonormal frame in T'M. This action is clearly C°°(M )-linear.
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CHAPTER 3. THE EINSTEIN OPERATOR ON WARPED PRODUCTS

Lemma 3.2. For h€ S?M and Y, Z € X(B), V,W € X(F), we have
1
= > h((PR(e;,Y)Z)" ;) — 7 PTr) h-Hessy (Y, Z),
i€lp
RA(Y,V) = h(VLF, V),

=Y (" Rleq, VIW)Y ,eq)

a€lp

—|F|Z, PTrj h-g(V,W)+|F2_h(V,W)— PTrfB h(VIE, )g(V,W)

Proof. Let {e; |i € Ig} be a g-orthonormal basis for B and let {e, |a € Ir} be a g-orthonormal
basis for F'. Then {e; |i € I :== Ip U I} is a g-orthonormal basis for M.

Z h(R(e;,Y)Z,e;) + Z h(R(eq,Y)Z, e4)

i€lp a€lp
= > h((PR(e;,Y - > h(= Hessg (Y, Z)eq, eq)
i€lp a€lp
1
= > h(°R(es, Y)2)" ;) — ?Hessgf(Y, Z)PTrl h
i€lp
V) =Y h(R(e;,Y)V,e;)) + Y h(R(eq,Y)V, €q)
i€l a€lp
=0+ Z h(g(eq, V)V F,eq)
a€lp
= h(vnga Z g(eaav)ea)
a€lp
= h(V{F,V)
= Y h(R(e;, VIW, &) + > h(R(ea, V)W, eq)
i€lp a€lp
==Y g(V.W)h(VEF,e))+ Y h(("R(V,W)ea)" , ea)
iEIB aEIF

HIFNZ | D2 hlglea, W)V = g(V. W)ea, eq)

ac€lp
—g(V,W) > h(VIFei)+ > h(("R(V,W)ea)", eq)
i€l a€lp

BN [V, W) = PTxS - g(V, )]
O

Corollary 3.3. Taking into account that f € C®(B) and therefore F' € X(B), the only
nonzero combinations are the following. For hg € S*B

Rhy(Y, Z) = PRhp(Y, 2)
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3.3. THE COVARIANT DERIVATIVE

Rhp(V,W) = — PTxB(hp(VIF,-)) - g(V, W),

for hy € S?2F

Rhp(Y,Z) = —f 3Pl h - Hessy, f(V, Z)
Rhp (VW) = FRhp (VW) + [F2, (h(V, W) — PTYE b g(V, W),

and for hg ® hp € QY(B) © QY(F)

R(hp © hp)(Y,V) = hi(VE F)hp(V)
R(hp © he)(V, W) = —g(V, W) S hp(en)hi (V9 F)Y).

i€l
Corollary 3.4. For the pointwise inner product of symmetric 2-tensor fields, we have

<1’%h3,h3> = <BRhB7hB> )
g

9B

<§hp,hp> = f2 <FRhF,hF> )
g

gr

<13(h3 O hp)hp © hF> = 72 (i, h(VORF))
g

3.3 The covariant derivative: V9h

The main part of the Einstein—Laplace operator involves the covariant derivative of the
symmetric 2-form h € S2M. In this subsection, we develop formulae to deal with this

easily.
Lemma 3.5. With our notations,

(V$h5)(2,2") = (Vi hp)(Z,Z")

(V{he)(Z,V) = fPgr(U,V)hp(Z, F)

(V$hp)(V,W) = =2Y (In f)hp(V, W)

(VEhe)(Z,V) = =Z(In f)hp(U, V)

(VEhe)(V,W) = (VEF he)(V, W)

(Vi(hp © hp))(Z,2") = —(hp(Z")Z(In f) + hp(Z)Z'(In f))hp(U)
(VY-(hg © hp))(Z,V) = (V§#hp)(Z)hp(V) = Y (In f)hp(Z)hp(V)

(Vi (hg © hp))(Z,V) = hp(Z)(V{ hr)(V)

(Vi (hg © hp))(V,W) = f*hp(F)(gr((U,V)hp(W) + gr(U,W)hp(V)),

and the other combinations are zero.
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CHAPTER 3. THE EINSTEIN OPERATOR ON WARPED PRODUCTS

Proof. We use [Chell, Proposition 4.1]. For the horizontal covariant derivatives of hp, we
have
(Vihp)(2,2") =Y (hp(Z2,Z")) — hp(VyZ, 2" — hp(Z,V5.Z")
=Y (hp(Z2,2") — hp(V¥ Z,Z') — hp(Z,ViP Z")
— (Vhp)(2, 7)),
(V4hs)(Z,V) =Y (hp(Z.V)) — ha(VEZ,V) — hu(Z,V4V)
=0—-0-Y(Inf)hp(Z,V)
=0,
(Vhp) (VW) = Y (hp(V.W)) = hp(VEV.W) — h(V, VW)
=0-0-0
=0,

and similarly for V¥ hp

(VYhp)(Z2,2") =Y (hp(Z,2") = hp(V$ Z,2") — hp(Z,V5.Z')
=0-0-0
-0,

(Vohe)(Z,V) = Y (hp(Z,V)) — hp(VEZ,V) — hi(Z,V5V)
—0-0-Y(n ))hr(Z,V)
-0,

(VYhp)(V,W) =Y (hp(V,W)) = hp(VSV,W) — hp(V, V§W)
=Y (hrp(V,W)) =Y (In f)hp(V,W) =Y (In f)hp(V,W)
= =2Y(In f)hp(V,W).

For the horizontal covariant derivative of a “mixed” tensor hg ® hp, we have

(VS-(hp © hp))(Z2,Z') =Y ((hg © hp)(Z,Z')) = (hp © hp)(VS,Z,Z") — (hp © hp)(Z, V3. Z')
— 0= hp (VD) hp(Z) — hi(V9 2 )hp(Z)
-0,
(VY (hp ©hp))(Z,V) =Y ((hp © hp)(Z,V)) — (hp © he) (VS Z,V) = (hp © he)(Z,V3V)
=Y (hp(Z2)hr(V)) = hp(VYZ)hp(V) — hp(Z)hr (VS V)
=Y (hp(2)hr(V) + hp(Z)Y (hp(V)) — hp(V§# Z)hp(V)
—h(Z)hp(Y(In f)V)
= (V§?hp)(Z2)he(V) + hp(Z) (VY he) (V)
= (V{¥#hp)(Z)hp(V) =Y (In f)hp(Z)hp(V),
(V- (hp © hp))(V,W) =Y ((hp © hg)(V,W)) — (hg © hp)(VSV,W) — (hp © hp)(V, V§W)
=0-Y(Inf)(hg © hp)(V.W) =Y (In f)(hg © hp)(V,W)
=0.

For the vertical covariant derivatives of hg, we have

(V9hp)(2,2') = Uhp(Z,Z")) — hg(V$ Z, Z') — hp(Z, VY, Z')
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3.3. THE COVARIANT DERIVATIVE

—0— Z(n NHhp(U, 2') + Z'(n fhp(Z,U)
— 0,

(VOhp)(Z,V) = Uhp(Z.V)) - hu(VEZ.V) — hp(Z,V5V)
—0—0+g(U,V)hg(Z,F)
= f2gr(U,V)hp(Z, F),

(VEhp)(V,W) = U(hp(V,W)) = hp(VLV, W) = hp(V, VW)
—0-0-0
— 0,

and similarly for Ap:

(Vhp)(Z,2') = Ulhe (2, 2')) — hi (V3 2, 2') — hp( 2,94, 2")
=0-0-0
= O’

(V9 hp)(2,V) = U(hp(Z,V)) — hp (VL 2, V) — hp(Z, V3 V)
=0 - Z(In ))hp(U,V) =0
=—Z(In f)hr(U, V),

(VEhp)(V.W) = U(hp(V.W)) = hp(VEV. W) — hp(V, VW)
=U(hp(V.W)) = hp(V{FV.W) = hp(V, VW)
= (Vi hp)(V, W).

Lastly, for the vertical covariant derivatives of a “mixed” tensor hp ® hr, we have

(VE(hg ©hp))(Z,2") = U((hg © hr)(Z,Z")) — (hp © hp)(V$Z, Z") — (hp © hp)(Z,V{Z")

=0—hp(Z)hp(U)Z(In f) — hp(Z)hp(U)Z'(In f)
—(hp(Z")Z(In f) + hp(Z2)Z'(In f))hp(U),

(Vi (hg ©hp))(Z,V) =U((hg © hr)(Z,V)) = (hg © hr)(VEZ,V) — (hp © hp)(Z,VEV)

( hp

(

=U(hp(Z)hr(V)) = hs(VEZ2)hp(V) = hp(Z)hp(VEV)

=U(hp(2))hr(V) +hp(2)U(hr(V)) — Z(In f)hp(U)hr(V)
—hp(Z)hp(VEV)

= hp(Z)(V{hz)(V),

(Vi (hg © hp))(V,W) = U((hp © hp)(V,W)) — (hp © hp)(VEV, W) — (hp © hp)(V, VEW)
=0—hp(VEV)hp(W) — hp(VEW)he(V)
= g(U,V)hp(F)hp(W) + g(U, W)hp(F)hp(V)
= hp(F)(g(U,V)hp(W) + g(U,W)hr(V))
= f*hp(F)(gr(U,V)hp(W) + g (U, W)hp(V)). [

Corollary 3.6. In the product case where f =1, we have the following formulae.

(Vg/hB)(Z, Z/) = (V%BhB)(Zv Z,)
(Vihe)(V,W) = (VT hp)(V,W)
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CHAPTER 3. THE EINSTEIN OPERATOR ON WARPED PRODUCTS

(VY- (hg © hp))(Z,V) = (V{#hp)(Z)hp(V)
(Vi (hp © hp))(Z,V) = hp(Z)(V{ hp)(V)

The rest is zero. Note that the last two lines can be uniformly written as a Leibniz type
formula:

(Vi (hp @ hp))(Z,V) = (7*VI8)ghp) © hp)(Z,V) + (hg © ((n*"VIF)khz))(Z,V),

where K € X(B x F) is any vector field.

3.4 Pointwise norm of the covariant derivative: (V/h, V9h)

Next we study the pointwise norm of the exterior derivative of the symmetric 2-form h €
S%(B x; F).
First we calculate the norm of pure 2-tensors.

Lemma 3.7.

IV9hp|} = |V95hp|?, + dim Flhp(-, F)|2,
IV9hp|2 = 0N hpll + 5 hrl,
IV9(hp © he)ls = [ 2V hply, |hely, + F 2 kel IV RE(S,
+ f 22, (31h 2, FI2, + 2hp(F)?(dim F +2) = 2 (Vi hp, hp), )
Proof. We can use the formulae from Lemma 3.5.
For a basic 2-tensor hg we have

IV9hg2= > (Vihp)(ejen)*+ D (VI hp)(eiep)?

i,5,k€lp i€lp
a,belp

2

= > (V) e+ Y (FPor(easen)hnlen F))
i,j7kEIB iEIB
a,belpr
= |V98hpl2, + dim Flhp(-, F)|2,.

For a fibrous 2-tensor hp, we have

IVI9hpls = > (Vihr)(ea )’ + Y (VL hp)(es )

i€lp i€lp
a,belp a,belp
+ Z vg hF 61), €c>2
a, b CEIF
= Z (—2e;(In fhp(eq, ep))? + Z —e;(In f)hp(eq, e))?
’iEIB ZEIB
a,bElp a,belp
+ > (VL hp)(ep )
a,b,celp
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3.4. POINTWISE NORM OF THE COVARIANT DERIVATIVE

=5|F[olhely+ 170 Y (V5 hr)(feb feo)

a,b,celp

= [V hply, + 5 FL, el
Finally, for a mixed 2-tensor hg ® hp, we proceed in several steps.

A= Z Vga(hB@hF)(ei,ej)Z
a€lp

> (=(hplej)ei(ln f) + hp(ei)ej(In f)hp(eq))?

i,j€lIp
a€lp

hrly D (hs(ejei(ln f) + hp(e)e;(n f))

i,J€IB

= 1hel2 Y- ((hnlej)eiin ) + 2hp(e;)ei(n fhp(ere;(In f) + (hples)e;(n ))?)
i,j€Ip

= |hrly(lhalo| FI; + 2(hp(F))? + |hely | FI2)

= [ |hell (B2, | F I, + 2(hB(F))* + |hal2, | FI2,)

+ (hp(F)?)|hel?,

—2 2 2

= 2f (|hB|gB|F|gB
> (Ve.(hB © hr))(ej,eq)’
a€lp
= Y (V9hg(ej)hr(ea) — ei(ln f)hp(e;)hr(eq))?

Z’v.jEIB

a€lp
= > (V¥hg(ej)hp(ed))’

i,jElp

a€lp

—2 Y Vhg(ej)hr(ed)ei(In f)hp(e;)hr(eq)

B =

i,jGIIB

aclp

> (ei(In f)hp(ej)hr(ea))?
jE€lp

a€lp
= V9% hplglhrlg — 2 (V¥ hp, hp), |hely + [FI5lhslglhel

= V92 hp 2|2~ 2 (VPR ), |l + |21 2l
= 1AV b R e, + £ (2 (Y b sy, | i, ) 12,

C:= > (VY (hp®hr))(ee)’

iclp
a,belp
= Y (hB(e) (VI hp)(ep))?

i€lp
a,belp

= |hsl2|V9 hp

= [ hBlg, IV hElg,
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D= Y (VL (hp©hp))(e e’

a,b,cElp

= > fhp(F)? (gr(eq, er)hp(ec) + gr(ea, ec)hp(ep))?

a,b,c€lp
= (b (F) 1" (£ dim Flhely, + 570 dim Flhg , + 20 “lhe,
= 2f2hp(F)*(dim F + 1)|hp|2,
Therefore
IV9(hp ® hp)]2=A+B+C+D
=2/ 2(|hply,IFl;, + (hp(F)?)|hel;,
+ AV b2 el + 72 (<2(ViP R, hi),, + [ FI2, |hsl2, ) hrl?,
+ 2 R[5, IV e,
+2f?hp(F)*(dim F + 1)|hpl;,,
= [V hply, hely, + 2 el IV hEl,
+ 2k 2, (2hB 2, FI2, + 2hp(F)? + 2hp(F)*(dim F + 1)
—2(V¥hp, hp),, + |F|§B|h3|33)
= [V h 2 | hels, + F 2B, VI hel,
+ 22, (3lh 2, | FI2, + 2hp(F)?(dim F +2) = 2(Vihp, hi), )
OJ

Corollary 3.8. If f =1, we have as a special case the following.

[V9hg|2 = |V95hp|2,
IV9hel; = [V hel;,

IV9(hp © hp)l; = V92 hplg, hely, + hslg, IV helg,

“Pure” tensors are not all there is but we know from [AM11, Lemma 3.1] that in the
product case C*°(F) - S?B @ QY(B) © QY(F) @ C®(F) - S?F is dense in H>?(B x F).

Lemma 3.9. For a € C*°(M) and h € S?M we have

V9(ah) 2 = a?[VIR[2 + 20 (V. b h>g+ |darf?|h2.

gradg a'™
Proof. Let o € C*°(M) be a smooth function. Then

|V9(ah)|§ = |aVIh +da® h|3
= o?|VIh|; + 20 (VIh, da @ ), + |do @ hl;.
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3.4. POINTWISE NORM OF THE COVARIANT DERIVATIVE

Let us tackle this expression term by term. For the second term, we know from Lemma 3.1
that

gradg o

g A v
(V h,da@h)g <V h,h>g.
Finally, for the third term, we calculate

lda®h|2 = > (da(e;)h(ej,ex))? = |dal2|h]. O
i,5,k€l

Corollary 3.10. For ap € C*(F) and hg € S*B, we have

IV9(arphp)} = az|V2hp|2, + f*|dal;, |hsl%, + af dim F|hg(-, F)[2,

For ap € C*®°(B) and hr € S*F, we have

V9 (ahr)[2 = aB|Vhel} + 205 (Vi o hr, hp>g + |da|2|hp)2.

grad, ap
Corollary 3.11. In the product case, we have

IV9(aphp)[} = a2V hp|2, + |dagp|, |hsl},,

’Vg(OéBhF)‘Z = a23|V9FhF\3F + |dO‘B‘ZB‘hF‘3F'
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Chapter 4

Riemannian cones and Ricci
solitons

4.1 A little motivation for the definition of Ricci solitons

The motivation of studying Ricci solitons comes from the Ricci low. We call a family of
metrics (g¢)iefo,r) for some T' > 0 a Ricci flow if dygr = —2Ric?. The corresponding initial
metric is gg.
For a Ricci-flat metric go, the constant family (go);e(o,00) 18 @ Ricci flow since digo = 0
and —2 Ric% = 0. With other words, Ricci-flat metrics are fixed points of the Ricci flow.
More generally, if gg is an Einstein metric with Ric? = Ag, then it is easy to see that

gt = (1 —2Xt)go for t € [0,7),

where T := % if A > 0 and T := oo otherwise, is a Ricci flow with initial metric gg. With
other words, Einstein metrics are fixed points of the Ricci flow up to homothetic rescaling.

Ricci-solitons offer an further generalization.

Definition 4.1. We call a Riemmanian manifold (M, g) a Ricci-solition if there is a vector
field X € T°°(T'M) and a real number p € R such that Ric? —}—%Exg = pg. If X = gradjw
with some function w € T'° (R,y), then we call (M,g) a gradient Ricci soliton and the
function w a Ricci potential of (M, g).

It is easy to check that the defining equation for a gradient Ricci soliton may be rewritten
as

Ric? 4+ Hessy w = pug.

Evidently, Einstein manifolds are a special case of a gradient Ricci soliton where the
Ricci potential is constant. Einstein manifolds are also called trivial Ricci solitons.

The name “Ricci soliton” itself comes from the fact that Ricci flows starting at Ricci
solitons are fixed points up to homothetic rescaling and pullback [CK04, Lemma 2.4].

23



4.2. A PRODUCT RICCI SOLITON FROM A RIEMANNIAN CONE AND AN EINSTEIN MANIFOLD

4.2 A product Ricci soliton from a Riemannian cone and an
Einstein manifold

There is a way to construct a Ricci soliton from a Riemannian cone and an Einstein mani-
fold. Riemannian cones will be treated more thoroughly in Section 6.1, here we just anticip-
ate a few of their most important features needed for the present construction. A Rieman-
nian manifold (B, gp) is called a Riemannian cone if there is a vector field X € I'™° (T'M)
such that V9X = idrps. In this case, X = grad, %|X!§

Lemma 4.2. If (B,gp, X) is a Ricci-flat conical manifold and (F, gr) is an Finstein man-
ifold with Einstein constant u, then the Riemannian product (M,g) := (B X F,gp + gr) is
a gradient Ricci soliton with Ricci potential w = §|X|?.

Proof. The Ricci tensor of a product manifold is the direct sum of the Ricci tensors, there-

fore
Ric9B 0 0 0
ic9 — g
Ric ( 0 Rich> (O ugp> '

An easy calculation convinces us that the gradient of w is given by grad, w = ,uX , where

X = | ))((I . We easily convince ourselves that the Hessian of w is given by
g

Hessqgw = (MgB 8) .
Therefore the equation Ric? + Hessy w = Ag reads
o o) (5 0)- (% )
0 pgr 0 0 0 JAgr/’
which is obviously satisfied for A = p. O

Remark 4.3. Lemma 4.2 generalizes the so-called Gaussian Ricci soliton (R™, gfas, 3|%|?)
where | - | denotes the Euclidean distance from the origin. In fact, if F' is a one-point set
and B is a Riemannian cone with link S*~%, then B x F =R"\ {0} (cf. Ezample 6.6).

4.3 Linear stability of Ricci solitons

Definition 4.4 (cf. e.g. [Kro15b, Definition 3.7]). Let (M, g) be a gradient Ricci soliton
(M, g) with Ricci potential w. Define

Vo= {h € (S2T*M)

5gh + h(gradg w, ) o 0 and / <Rng, h>g eiw Volg = 0} .
M

Definition 4.5 (cf. e.g. [Kr615b, Definition 3.7]). We call a gradient Ricci soliton (M, g)
with Ricci potential w linearly stable if the spectrum operator

ALY = A+ Vi V = T (ST M)

gradg w*

lies entirely in [0,00). A gradient Ricci soliton which is not linearly stable is called linearly
unstable.
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CHAPTER 4. RIEMANNIAN CONES AND RICCI SOLITONS

Remark 4.6. The operator A%w is related to the Einstein operator in the same way the
so-called A g+VY is called weighted or Bakry—Emery Laplace operator [BE85] is related

grad, w
to the raw Laplacian.

Evidently, for Einstein manifolds (where w = const), linear stability is decided by the
spectrum of the Einstein operator.

The first-order term that we introduced in the operator Ag‘[’w interacts nicely with the

weighted L?-norm with weight e ™.

Lemma 4.7. The operator AAE/[’w 1s formally self adjoint with respect to the inner product
. Moreover, for any symmetric 2-tensor field h, we have

M,’LU _ g 2 . o —w
(AE h, h)g,exp(fw) _/M (v h|2 2<Rh,h>g> e vol, .

Proof. Recall that the second-order part of the Einstein operator is given by (V9)*V9Y,
where the star denotes the adjoint operator with respect to the pointwise inner product
(-,), induced by the metric g. Therefore by Lemma 3.1, we have for h € I'?° (S?2T*M), up
to surface terms, that

(V) VIR, h), e = ((V9)"V9h,eh),
— (V9h,V9(e™"h)),
= (Vh,d(e™™) ® h+e Vh),
= (VIh,—e Ydw @ h + e—“’vgh)g
=—(VIh,dw@h), e +(V'h,Vh) e
= = (Viaa, whh) €7+ [VoR[2e.
g

(’7 ‘)g,exp(fw)

grad, w
Now
M,’LU . g\ * g g _ ° —w
(A mn) o= /M <(v V' VOh 4V, 2R, h>ge vol,
_ /M <\V9h]§ _9 <Rh,h> ) e~ vol,,
g
as desired. ]

4.4 Instability of product Ricci solitons with unstable fibre

The goal of this subsection is to prove that the Ricci soliton M = B x F' is linearly unstable
if I is linearly unstable as an Einstein manifold. We will proceed as before: we will construct
a (sequence of) destabilising perturbation(s) if F' is linearly unstable.

We start with a preparatory lemma.

Lemma 4.8. Forn > 2 and pu > 0, we have
82 f1(r)2rmte s dr

fece((0.00)) f(;X) f(T)ZT”_le_%’”zdr

=0.
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4.4. INSTABILITY OF PRODUCT RICCI SOLITONS WITH UNSTABLE FIBRE

1/m m m+1/m

Figure 4.1: The “smooth” step function f,, used in the proof of Lemma 4.8.

Proof. The main idea is to notice that for the constant 1 function, the nominator is

o0 1 /2\"?
/ P lem b g = = () r? < 00,
0 2 \p 2

in particular it is finite and therefore the value of the quotient is zero. Based on this insight,
we construct a sequence of compactly supported smooth functions such that the quotient
converges to zero. Since the quotient is manifestly nonnegative, this shows that the infimum
must be zero.

Let ¢ € C2°((0,00)) be a nonnegative “smooth step function”, i.e. a function for which!
¢(z) € [0,1], for which ¢(z) = 1 whenever x > 1 and for which there is a positive § < 1
such that ¢(z) = 0 whenever x < §. Consider the function f,, € C°((0,00)) be the function
given by

o(mr) if r < %,
fm(r) =141 if%<r§m,
d(m?+1—mr) ifm<r.
The function f,, is depicted in Figure 4.1. The support of f,, is the interval [%, m+ % - %]
The support of f], is the compact set [%, %] U [m,m + % - %] Therefore there is a finite

positive constant C such that f? < C. Now it is a matter of calculation to obtain the result.
For the denominator, note that X(Lm) < f2 < 1. Consequently,

1
m’

m 0o 1 /2\"/2
/ rle 57 dr < / fm(r)zr”_le_%rzdr < = () FE,
! 0 2 \p 2

m

. : iy /2
and by the squeeze theorem, we obtain that limp, oo [5° fim (r)*r" e 57 dp = i (%)n rs.

IThis assumption makes the proof easier but it is not needed since f2, being a compactly supported
continuous function, is bounded, and the quotient in question is invariant under rescaling f.
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CHAPTER 4. RIEMANNIAN CONES AND RICCI SOLITONS

1, —&r2

Figure 4.2: The auxiliary function r*~"e~ 2" wused in the proof of Lemma 4.8.

n—1

2. o
" is increasing if r € (0, T) and de-

By elementary calculus, the function rn—le=%

creasing if r € (4/ ”771, 00), cf. Figure 4.2. If m is big enough (concretely m > max {, /”771, \ /ﬁ}),
then we have the following inequalities:

1

o] L m+—
m 2 m ®..2
/ f,%(r)Qrk_le_%Ter :/ f;n(r)%”_le_%r dr+/ f;b(r)%”_le_gr dr
0 0 m
1
m 2 m+t 2
< C/ P le g7 dr—l—C’/ rnle=57 g
0 m

1

1
n—2 = m+%
<C (1> / re” 5" dr + C’m”_le_%mQ/ dr
0

m

m

1\"21— ¢ 5n2 -

()T e
m 7

-0

as m — oo. "o
e 2,n=1,737" ¢4
Therefore lim,,_ oo Jo Sn @2t L = 0, as advertised. O

_B.2
fooo fm(r)2rn—1le™ 27 dr

Lemma 4.9. Let (M,g) = (B,gp,X) X (F,gr) be the product gradient Ricci soliton with
Ricci potential w := %|X|g Let h := fphp where fp € C°(B) and hp € TT(F,gr), i.e.
Try. hp =0 and 09" hp = 0. Then h € V.

Proof. From the proof of Lemma 4.2, we already know that V9w = pg(X,-) and Hess, w :=
V92w = pgp. This implies that Ric? = pug — Hessy w = pgr. Consequently,

<Rng, h>g = </’LgF7 h>g = TI‘gF hF =0
6%h + h’(gradg w, ) = fB(nghF - hF(gradg fB7 ) + /’LthF(X7 ) = 07
where we used that grad, fp and grad, w are both vector fields in T'B. This shows the

claim. 0
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4.4. INSTABILITY OF PRODUCT RICCI SOLITONS WITH UNSTABLE FIBRE

Theorem 4.10. Let F' be an Einstein manifold with constant u > 0, let B be a cone. If F'
is linearly unstable, then the Ricci soliton M = B X F' is also linearly unstable.

Proof. Let us consider the test perturbation h := fhp where f € C>°(B) and hp € S*F is
a compactly supported TT-tensor on F'. Lemma 4.9 implies that h € V.

It is easy to check that (h,h)y v = (hF,hr)gp [p f*e~"vol,,. Moreover, we have
pointwise that [V9h[2 = |df|2,|hr|Z, 4+ f2V97hp|2, (the third term is missing since f
depends only on the B factor and hr is a tensor field on the F factor). We also have pointwise

<R9 h, h> = f? <R9F hg,h F> so using Fubini’s theorem we obtain the following relation

g g
for the global Rayleigh quotiengs:

M
(AE h, h)Mf” — Jpldflgae™" volys  (Afhp,hr)gy
O Y P (T TP

From this we read off that h is a destabilizing perturbation if

(ABhp hp)ge  Jpldfly e voly,
(hF’ hF)gF fB frew VOlgB

This means that we can find a destabilizing perturbation of the form h = fhp if the infimum
of the left-hand side is smaller than the supremum of the right-hand side, i.e. if

o BBhehE)ge _Ipldflg, e volgs |
hr€eTT(gr) (hF,hF)gF fecs=(B) fB erfw VOlgB

The smallest value of the left-hand side of this equation is the smallest eigenvalue A; of
the Einstein operator on F. If we assume that f depends only on the radial coordinate in
B = Cone(S, gg), then the right-hand side becomes

_fB ’df@Be*w VolgB _ _VOlgs (S) fOOO f/(T)QTn_le_%T2dr

I [Pe= voly, Volge (S) [ f(r)2rn—te 2" dr’

the supremum of which is 0 by Lemma 4.8. This means that we can find a destabilizing
perturbation of the form h = fhp if
)\1 < 0.

This concludes the proof. O
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Part 11

Optimizing the decay rate of
Ricci-flat asymptotically conical
manifolds
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Chapter 5

Goals and strategy

In this part, unless otherwise noted, M denotes an n + 1 dimensional smooth manifold.

Asympotically conical manifolds are among the most manageable noncompact mani-
folds. They are asymptotic to a cone, the geometry of which is largely determined by its
link.

As proven for the important special case of asymptotically locally Euclidean (ALE)
manifolds by Deruelle and Kroncke [DK20], if we have a Ricci-flat asymptotically locally
Fuclidean manifold with some decay rate, then in fact its decay rate may be improved
based on the assumption of Ricci flatness. The goal of this part of the thesis is to establish
the analogue of this theorem to the more general class of asymptotically conical metrics,
and on the way prove some other decay results.

If we have a Ricci-flat asymptotically conical manifold of some decay rate, then we
can find a different asymptotic chart where the decay rate is optimalized. This decay rate
depends only on the spectrums of the Laplace—Beltrami operator on functions, Hodge Lapla-
cian on 1-forms and Lichnerowicz Laplacian on symmetric 2-tensor fields corresponding to
the asymptotic cone.

Our strategy is the following.

e First, we discuss cones and asymptotically conical manifolds and recall Banach spaces
that are especially suitable to work with on asymptotically conical manifolds.

e We compute the spectrum of the so-called tangential operators to the Laplace—
Beltrami operator, and the Hodge and Lichnerowicz Laplacians on a Ricci-flat cone.
This data will be used later to determine decay rates.

e We fix an asymptotically conical manifold gac, introduce a gac-gauging F, with the
condition

—2 Rng +£V(g,gac)gac = 07

and show that there is a neighbour or metrics of g,. in the LP? N L*-sense in which
the difference of gauged metrics to g, decays to order k with rate —u — k for any
k € N where this p depends on the spectrum of the tangential operators mentioned
in the theorem.
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In fact, if an initial decay for A is known, then the gauging condition may even fail
on a compact subset.

Based on a careful study of the DeTurck map, we show that there is a neighbourhood
of ga. in the weighted Sobolev topology in which all metrics can be uniquely pulled
back to a metric that has vanishing DeTurck vector field with respect to gac, i.e.
V(¢*9g, gac) = 0 for some diffeomorphism .

Met(M)

ng

We construct a family (gr)g of metrics that coincide with g,. on an ever increasing
compact set Kr and coincide with ¢*geone outside a bigger ever increasing subset
K'%,. We show that this family converges to gac in the Wf P(S2T*M) topology. By
construction, all the metrics in this family are Ricci-flat outside the compact set
Ky \ Kg.

Met(M)

The family of metrics constructed in the previous step will eventually enter the
weighted Sobolev neighbourhood, thus it will be able to be pulled back to a met-
ric under a map 1 such that V(1*gg,, gac) = 0. Now the theorem follows by changing
the asymptotic chart to ¢ o 1.
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Chapter 6

Riemannian cones

6.1 Definition and elementary properties

(Material similar to parts of Section 6.1 has appeared in my master’s thesis [Szal6].) Fol-
lowing [ACM13], we define a Riemannian cone (a conical manifold in their terminology) as
follows.

Definition 6.1. A Riemannian cone is a triple (M, g, Z) where (M, g) is a pseudo-Riemannian
manifold and Z € X(M) is nowhere zero, complete vector field with VIZ = idpps, where
VY denotes the Levi-Civita connection of g. The vector field Z is called the Euler field.

Definition 6.2. The link of the Riemannian cone (M, g, Z) is the set L := {p € P |r(p) = 1}
with the induced metric. The frustum of the Riemannian cone (M,g,Z) at radius R is the
set Frustum g (R) := {p € M |r(p) > R}.

Remark 6.3. We will use the notation geone for a cone metric and gy, for the metric on
the link. In some calculations, to ease notation, we introduce geone =: g and gr, =: g. Unless
otherwise indicated, n := dim L and consequently dim M =n + 1.

The following function will play an important role in the study of conical manifolds.

Definition 6.4. The length of the Euler vector field is called the radial coordinate, and it

r: M — R ps\/9,(Zp, Zp).

is denoted by

Figure 6.1: Riemannian cone with FEuler field. Note that the tip is not part of the picture.
The link is depicted schematically as a double torus.
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6.1. DEFINITION AND ELEMENTARY PROPERTIES

Proposition 6.5. Let (M,g,Z) be a conical pseudo-Riemannian manifold. Then
1. the vector field Z is the gradient of the function %7“2,
2. the vector field Z is a homothety, more precisely Lzg9 = 2g,

3. the orthogonal complement D of Z is an integrable distribution, the leaves of which
are connected components of the level sets of r,

4. the leaf space of D has a natural not-necessarily-Hausdorff smooth structure such that
the projection map is smooth,

5. the flow F1% maps leaves of D to leaves of D.

Proof. 1. For X € X(M), one has

d(9(Z, 2))(X) = X(9(Z,Z)) = V4 (9(Z, 2))
= (VX9)(2,2) +29(V4 Z,Z) = 29(X, Z)
since V9¢g = 0 for the Levi-Civita connection VY.

2. Recall that X,Y € X(M), we have Lz(9(X,Y)) = (Lz9)(X,Y) + g(LzX,Y) +
9(X,LzY), hence

(L29)(X,Y) = Lz(9(X,
= Z(9(X,Y)

) —9(LzX,Y) = g(X,LzY)
9([2, X],Y) — g(X,[Z,Y])
= g(vg X Y) 4 g(X,VY) - g(VLX — V% Z,Y) — g(X, VLY — Vi Z)
= g(V4Z,Y) + g(X, V] Z)
=g(X,Y) +9(X,)Y) =29(X,Y),

Y)
) -
)+
) +

where we used the metricity and the torsion freeness of the Levi-Civita connection
VY.

3. Let us denote the distribution in question by D C TM, ie. D, := (Z,)* for all
p € My. Since Z is nowhere zero on My, D is a codimension-one distribution, which
is obviously transverse to the one-dimensional foliation Z generated by' Z.

We will show now that D is involutive. Let X,Y & D. Then by torsion freeness of the
Levi-Civita connection, we have

9([X,Y], Z) = g(V§Y = V3 X, Z) = g(VXY, Z) — g(V§ X, Z)
:g(X,Z)—g(Y,Z) =0,

thus [X,Y] € D. Integrability of D now follows from Frobenius’ theorem.

The fact that the leaves of D are connected components of level sets of r follows from
the facts that Z is the gradient of 1r2 and that the level sets of 17“ and r are the
same since r > 0.

!The foliation Z consists of maximal integral curves of Z.
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CHAPTER 6. RIEMANNIAN CONES

4. We show that a leaf of D and a leaf of Z intersect each other in at most one point.
For this, consider a maximal integral curve v: I — My of Z where I C R is an open
interval around 0 € R. Introduce the temporary notation p := %1"2. Then the function
p o~y is smooth and its derivative at s € I is

(:0 © 7){9 = dp'y(s)’y; = dpq/(s)Zv(s) = g(Z'y(s)a Z’y(s)) = 2(p © 7)(5)

This ordinary differential equation has the solution (p o v)(s) = (p o 7)(0)e?. Con-
sequently, we have (rovy)(s) = (roy)(0)e®, which is a monotonously increasing function
since p > 0 on Mjy. Thus it cannot happen that « intersects a level set of r twice.

To summarize, we see that D and Z are transverse foliations the leaves of which
intersect at most in a single point. The claim now follows from the discussion in
[Mat84, Section VIL.7] but cf. also [Szal6, Section 6.1].

5. We have already seen in the previous point that if r(p) = r(q), then r(F1Z p) = r(F17 q)
whenever both sides make sense. Let L, := {p € M |r(p) = a}. Then our result can
be formulated as F17(Ly) C Laet whenever the left-hand side makes sense. Since the
flow is a continuous map, it maps connected subsets (like leaves) to connected subsets
(subsets of leaves). O

Example 6.6 (Punctured flat space). The easiest example of a Riemannian cone is (R™ \
{0}, gsta, 70y) where v := \/(z1)%2 + -+ (z™)? is the radial coordinate.

Example 6.7. Given a Riemannian manifold (L,gr), we can define a Riemannian cone,
which we call the Riemannian cone over (L, gr,), as follows:

Cone(L, g) :== (R7% x L, g := dr® + r%g;),

where r denotes the coordinate on R>Y. One can easily see that (C+(M,gnr), Z == 10, is a
Riemannian cone. The vector field Z is complete, its flow is F1Z (r,p) = (ret,p). Note that
Cone(L, g1,) is conformal to product metric (R,dt ® dt) x (L, gr,) via the diffeomorhism

¢: R x L — Cone(L, gr), (t,z) := (', z),

where t is the standard coordinate on R. In fact, one calculates easily that ¢*(dr & dr +
r’gr) = e (dt @ dt + gr).

Remark 6.8. If (L,gz) = (Br(0), gstal pr(0)) is the ball in R* of radius R endowed with
the induced metric of the flat metric of R?, then Cone(L, gr.) may be embedded isometrically
into R x R? = R3. Restricting this to the subset where r < R for some R € R, we recover
the classical definition of a right-angled cone (kvés) without its apex. [Euc08, Book X,
Definition 18].

In fact, it turns out that all Riemannian cones are of the form given in Example 6.7.

Proposition 6.9. If (M,g,Z) is a Riemannian cone and (L, gr) is its link, then
¢: Cone(L,gr) — (M,g), (t,z) — FIZ z

is a Riemannian isometry which maps ro, to Z.
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Proof. This follows by an easy calculation based on Proposition 6.5. ]

Many local calculations based on local frames can be made considerably simpler by
using a frame that is “well suited” to the conical geometry.

Corollary 6.10. Let (M, g, Z) be a Riemannian cone with link (L, gr) and let p = ¢(r,x) €
M. If{e; |i =1,...,dim L} is a gr-orthonormal frame around x € L, then {F; |i =0,...,dim L}
where Ey := 0, and E; := %dqﬁej for 7 >0, is a g-orthonormal frame around p.

Proof. This follows from the facts that g(9,,V) =0 for any V € T'L and that
1 1 1 1
9(Ei, Ej) = g (r pe . (;56]) gL (Te Te]> ;

since F; € TL for ¢ > 0. ]

Definition 6.11. A standard (or adapted) frame on TM is a frame constructed like in
Corollary 6.10.

From now on, we will suppress the isomorphism ¢ from the notation.

Remark 6.12. Proposition 6.9 shows that the leaf space of D is isomorphic to R*. Moreover,
each leaf is isomorphic to the link.

Remark 6.13. Proposition 6.9 shows that Riemannian cones are a special type of warped
product: Cone(L, gr) = (R4, dr ® dr) x, (L,gr). Therefore, all the terminology of warped
products gets inherited to cones.

Note that for Riemannian manifolds (L1, g1) and (Lo, g2) with Ly N Ly = (), we have
Cone((L1, g1) U (L2, g2)) ~ Cone(Lq, g1) U Cone(Ls, g2), thus we may restrict our attention
to cones with connected link.

Definition 6.14. A regular Riemannian cone is a Riemannian cone the link of which is
compact and connected.

Proposition 6.15 (Metric completion of a cone, [BM16, Theorem 1.5]). A Riemannian
cone (M, g, Z) can be completed as a metric space by adjoining an ideal point * with r(x) = 0.

Definition 6.16. The apex (or tip) of the Riemannian cone is the unique point in M\ M.
Corollary 6.17. The distance function from the apex coincides with the function r on M.

Proof. It is a general fact for Riemannian warped products that the the projection 7: B x ¢
F — B to the base (in case of a cone: B = (0,00)) does not increase the length of tangent
vectors, since

9(X,X) = g(drX + (X — XdrX),drX + (X — Xdr X))
= |dn X |2 +29(dn X, X —drX) +|X — dn X |}
2 2 2
=Xy, + ffom | X —dnX]g,
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hence we have for any curve v: I — M that L(y) > L(m o ~) (lengths), and in par-
ticular disty(p,p’) > distg, (7(p), 7(p')). This means that disty({r1} x L,{r2} x L) >
distgr@dr(r1,72). On the other hand, equality can be achieved via the curve ~: [r,rs] —
M,t— (t,x) for any fixed x € L. The claim now follows from a density argument. O

From now on, we will be interested solely in regular Riemannian cones, and therefore
we will leave the adjective “regular” to ease terminology. Their appeal stems from the
hope? that they may offer a good balance between noncompactness and tracability. More
concretely, it is reasonable to make the working hypothesis that the geometry of the link
determines a good portion of the geometry of the cone. Moreover, regular cones can be
thought of as being only “mildly” noncompact (in the sense that they are noncompact only
“in one direction”).

Remark 6.18. The question arises whether the Euler vector field is unique on a Rieman-
nian cone. It is easy to see that the set of FEuler vector fields forms an affine space over the
vector space of parallel vector fields. If dim M > 2, then Gallot’s dichotomy [Gal79] states
that if (M,g,Z) is a Riemannian cone with compact (or, more generally, complete) link
(L,gr), then either (L, gr) is the round sphere or the restricted holonomy group of g splits.
We have as a consequence, since parallel vector fields split the restricted holonomy, that the
Euler vector field is unique, except on the punctured flat space (Example 6.6) where it is
unique up to an additive constant.

6.2 The stretching map

Definition 6.19. The stretching map of the Riemannian cone (M, ) with stretching factor
o > 0 is the diffeomorphism ®,, := F1Z , where Z € X(M) is the Euler vector field.

Remark 6.20. Note that in the model, the stretching map with stretching factor a corres-
ponds to the map (r,x) — (ar, z).

The stretching map will be useful in the investigation of “behaviour at infinity”, and
therefore it is a good idea to collect some of its useful properties in the next lemma, the
proof of which is straightforward calculation.

Lemma 6.21. 1. The stretching map is a group homomorphism (R, -) — Diff (M) and
its generating vector field is %’ 1<I>a(p) = Z, for anyp € M.

a=
The stretching map is a homothety, more precisely (®,)*g = a?g.

The stretching map scales the volume form as (®o)* volz = att volg.

The Levi-Clivita connections (and all induced connections) of g and (P,)*g coincide.

SR

The stretching map intertwines between Laplace operators: L(®e)"9 o (8,)* = (®4)* 0
L9, where L € {Ap,Ay,Ar}. In particular, the kernel of LI gets mapped to the
kernel of L(®)"9 ynder pullback under ®..

2This hope is going to be realized later.
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Lemma 6.22 (Non collapsing balls). On an ezact cone M, we have inf ey Bp(R) > 0 for
all R > 0.

Proof. Let us work in the model, and let us fix a point py := (9, z¢) and a radius R > 0.
Let Ry < min {rg, R}. From the triangle inequality, we have the inclusion

(ro — Ro/3,70 + Ro/3) x BM(Ro/3) C BM(R).

To see this, let p := (1, x) be an element of the set on the left-hand side, and let p := (¢, z)
be the point that is on the same Z integral curve as p and on the same level set of r as pg.
Then by the triangle inequality

sopeE B%(R). Thus
Voly (B (R)) > Volg((ro — Ro/3,70 + Ro/3) x B (Ro/3))

(ro—Ro/3,m0+Ro/3)x B} (Ro/3)

T0+R0/3
= / / r" volg dr
ro—R/3 JBM(Ro/3)

ro+Ro/3
:/ r"dr~/ volg
ro—R/3 BY (Ro/3)

— L ((ro + Ro/3)"" — (ro — Ro/3)"") Vol (B (Ro/3))
—_——— —_——

n+1
270 S%To
1 n+1y,.n+1 : M
> 5 (1= @/3)" g™ inf Vol, (BY (Ro/3))
>0
=:¢(R) >0,
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uniformly in p € M for all R > 0. 7 In the last step we have used that the volume of Ry/3-
balls in a compact manifold do not collapse, which is due to e.g. [Heb96, Theorem 3.18(2)]
since Sobolev embeddings hold on compact manifolds. O

Let us call the set Uy := {p eM ‘1 <1Zl5(p) < 2} standard ring, and let us set U, :=

&, (U7). Note that the set U, corresponds to the product set («, 2a)) x M in the model from
Proposition 6.9.

6.3 The curvature of a Riemannian cone

Due to Proposition 6.9, Riemannian cones are warped products. This means we can special-
ize several results. The base is (0,00), the fibre is (L, g1.), and we suppress the projections
from the notation.

Lemma 6.23. Let (M, geone) be a Riemannian cone with link (L, gr). Let X,Y, Z be vector
fields on M. Then the following hold.

1. The Levi-Civita connection of gecone cam be calculated as follows

1 1
v%oney — X(dT(Y))ar _|_ ;d’r’(X)Y + ;dT(Y)X + ngLY — TQL(X, Y)ar

2. VYeoney = dp, V9one2p = rgr and Apr = —%.
3. The Riemannian curvature can be calculated as follows.
R (X YVZ = RI(X,Y)Z 4+ gp.(X, Z2)Y — g (Y, Z)X.

In particular, R9(X,Y)Z is always vertical, and it is always zero if at least one of
the three vector fields playing a role here is horizontal.

4. The Ricci curvature can be calculated as follows.
Ric9me = Ric% +(2 — dim M)gy.

In particular Ricdre = 0 if and only if (L,gr) is Einstein with Einstein constant
dim M — 2.

Proof. 1. This is a direct consequence of [Chell, Proposition 4.1] and the flatness of
dr ® dr. Note that the notation (-,-) is used for the warped product metric in this
book.

2. This follows by direct calculation from the last claim. For the Laplace-Beltrami op-
erator, we can use an adapted frame, cf. Definition 6.11.

3. This is a direct consequence of the flatness of dr ® dr, the previous claims and [Chell,
Proposition 4.2].

4. This is either a short calculation in an adapted frame based on previous claims or a
special case of [Chell, Corollary 4.1].
O
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Multiplying tensor fields with an appropriate radial factor makes them radially covari-
antly constant. Using this fact can simplify calculations substantially.

Corollary 6.24. If wy,n, € I° (T*L) and hy, € I (S?*T*L), then
vgorone (TCUL) = Vgcrone (dT) =0
and
Vgio“e(dr ®dr) = V%CTO“ (rwp @dr) = ng‘me (rwr, ®rnL) = Vg‘f'”e (r%h) = 0.
Proof. This follows from direct calculation based on Lemma 6.23. O

The pointwise norm of the Riemannian curvature decays quadratically (with derivatives)
on a Riemannian cone.

|gcone -

Lemma 6.25. On the exact cone (M, geone), we have for the pointwise norm |V 9eone:k Rgcone
O (7“*2*’“).

Proof. As usual, we calculate in an adapted frame {E; |i =0,...,dim M — 1}.

k = 0: We obtain by direct calculation that |RIcone =0 (r72).

|gc0ne

k=1: For X,Y,Z, W € T M, we can use the formula for the Riemannian curvature tensor
from Lemma 6.23 to obtain
(V%[c/one RIon)(X,Y)Z = v%{c]one( R (X,Y)Z)
— RYeone (vlg/lc/oneX’ Y)Z — RYcone (X, V‘(‘},[C/ODQY)Z — RYcome (X, Y)V%c/onez
= Vi (R(X,Y)Z + g(X, 2)Y — g(Y, Z)X)
— RIL (Vi X, Y)Z — g(Vii X, 2)Y + g(Y, Z)Vire X

~ BOL(X, VI Y)Z = (X, D)V Y +g(Vip™Y, )X
_ RQL )(7 Y)v%c/onez o g()(7 v%c/onez)y 4 Q(Ya vlg/lc/oneZ)X

(
(
(
= Vi (R (X,Y)Z)
— RIL(Vion X Y)Z — RIM(X, Vi Y ) Z — RIL(X, Y ) Vi 7
1
+ RgL (X’ V%OneY)Z + RgL (X7 Y)v[g/lc/onez
- RgL (vlg/lc/oﬂe)(7 Y)Z — RgL (X, v%oney)z J— RgL ()(7 Y)v{g/lc/onez
1
1
= (VIR + —dr @ R )(W, X, Y, Z),
=0 (r=3).

k > 1: Since V9eone(ldr) = —T%dr ®dr + %Tg and Veoneh = VILh for any r-independent
vertical tensor field h, the Leibniz rules implies that V9one:k Rdcone will be a linear
combination of tensor products of %dr and vertical fields independent of r. The g-
norm of each of these is O (r~!), and so the (k+2)-contravariant tensor V9cone:k Rdcone

has pointwise \Vgcone’kRgcone =0 (r*k”), as advertised. ]

Now a direct calculation reveals that |V9cone Rgcone

|gcone

‘gcone
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6.4 The tangential operator

Definition 6.26. A family of vector bundles on the manifold M parametrized by the man-
ifold A is a vector bundle m: B — A x M.

The reason for this definition becomes clear if we introduce the notation E, := 7= ({a} x
M) for any a € A. After identifying {a} x M with M using the canonical projection, the
bundle E, becomes an ordinary vector bundle over M (with the restriction of 7 as the
bundle projection). We identify sections via the map M — {a} x M,z — (a,z).

Note that the set {a} x M is a closed set in A x M, and therefore we can extend any
section from {a} x M to an open neighbourhood using coordinates patches and a partition
of unity. (In fancy sheaf theoretic language: the sheaf of sections of a vector bundle is fine
and consequently soft.)

Definition 6.27. A differential operator D: I (E) — I' (E) is restrictable to Eq if for any
section hq € I' (E,), the expression D(ha)|(ayxnr is independent of the extension hg of h.
In this case, we define Dy: T' (E,) — T'(E,) via Dg(hg) := D(h~a)|{a}><M.

Restrictable operators form a C* (M )-module.

Example 6.28. Consider® the Riemannian cone (M, g) with link (M,g). As we have seen
before in Proposition 6.9, M = I x M as manifolds with I = (0,00). This way, any tensor
bundle E over M can be considered as a family of vector bundles on M parametrized by I.

Given a g-orthogonal frame ey, ... e, of TM, the raw Laplacian on E can be written as
follows, with V denoting the connection induced by the Levi-Civita connection of the metric

g.

_ _ 1 _
Ap = _v%r, . 772 nghei

i>0
_ _ 1 _ _
=—-Vy,. Vo, + v@a,ﬂr ) Z (VGiVGi - V?eiei)
i>0
_ 1 _ _
=~V Vo, — 5 > (VeiVei - Vveiei—rgm,ei)ar)
i>0

_ n — 1 _ _
= Vo,V = Vo, — 5> (VeVe, = Vo o)
r >0
(This formula is a slight generalization of the well-known ‘Laplacian in spherical coordin-
ates’ formula.)
The operator D := —%2 >0 (?ei@ei - ?Veiei) is restrictable.

Example 6.29. In this thesis, the operators of interest differ from the raw Laplacian by a
zeroth-order term. Such terms, being pointwise, are always restrictable.

Counterexample 6.30. The operator —@@@& is a non-restrictable second-order oper-
ator.

3Here we see the convention mentioned earlier: (M, g) = Cone(()L, gr) and (M, g) = Cone(M, g). The
presence/absence of the bar in the notation makes it unambiguous which convention is being used.
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As we have discussed in Proposition 6.5, the flow of the Euler vector field establishes
a diffeomorphism between {r;} x M and {re} x M for any r1,79 € I. Recall the notation
®,, := FIZ , for the stretching map. This map maps {r} x M to {ar} x M. The stretching
map allows us to define an even better class of operators on subbundles of the tensor bundle,
for example for E := S?T*(I x M).

Definition 6.31. A restrictable operator D: T'(E) — T'(E) on a finite-rank subbundle E
of the tensor bundle of I X M is conical or Euler if the following diagram commutes for
any r1,72 € 1.

D,
L(E) I'(E;,)
((I)TI/TQ)* ((I)rl/rz)*
L(Er,) I'(E;,)

r2

An easy calculation convinces us of the next statement.

Lemma 6.32. A restrictable operator D: T'(E) — T'(E) is conical if and only if the
following diagram commutes for all r € 1.

I (E;) I (E;)
(@) ()"
I'(E1) I'(E1)

1

Euler operators are in a one to one correspondence with operators on any of the bundles
E,.

Example 6.33. Consider the operator D from Example 6.28 acting on functions. We claim
that r2D is an Euler operator .

Indeed, note first that whenever ¢ is a diffeomorphism, « is a 1-form and X is a vector
field, we have

¢*(a(X)) = (¢"a)(dp™'X).

Now we calculate for f € C®({r} x M), using that ®,|rp = idryr and naturality of the
pullback,

(@7 (D) = (@,)° (—:2 S (VeVelh) + vVeiei<f>)>
>0

_ _7«% Z(@T)* (?ei?ei(f) - ?veiei(f))

>0
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= 3 (A0 @I85 o) — )07 V)
= 3 3 (A0 a7 )07 ) — (5 @07 Vo)
= 3 3 (A @7 )]0 ) = (1) (097 Vo)
- 5 (@05 e (497 ) (1) — (@97 Vo) 1)
= 3 L (@) = (e (1)
= SDi(f)

DA (1)),

thus (®,)* o (r2D,.) = 12Dy o (®,)*, as claimed.

Example 6.34. Similarly, the operator r*D (cf. Example 6.28) acting on symmetric 2-
tensor fields is an Euler operator.

Example 6.35. Consider the potential term in the Hodge Laplacian on M. Since (M, qg)
is Ricci-flat, the potential term is zero, we are done.

Example 6.36. Consider now the potential term in the Lichnerowicz Laplacian on M, i.e.
o] (o]

—2R. We claim that 7R is an Euler operator. This is a zeroth-order operator, so it suffices
to check the Euler condition on a single frame of E,. at any point x € M. Such a frame can
be chosen to consist of forms of the form dr ® dr, dr ® rhy and r*hy where hy € T (T*M)
and hy € T (S*(T*M)). Note that d(®,)(1 1) (X0, + Xar) = rX°0, + X, and therefore

(®,)*(dr @ dr) = rdr @ dr,
()" (dr © rhy) = rdr ® r(hy o ®,)
(®,)*(r*hg) = r?hg 0 @,

or more concisely

(®,)*h =r’hod, (6.1)
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for any of the tensors above.
We calculate, using that (®,)*h € I' (E1) and therefore E; = e; fori > 0,

]_(%)1((<I>r)*(dr @ dr)) =1 zn:(dr ® dr)(R(E;,-)-, E;)
' eTM

|

= 7%dr(0;)(hy 0 ®.)(R(Dr,-)-) + Y _ dr(e;)(hy o ®,)(R(es, -)-)
=0
Ri((®,)*(r*he)(X,Y) = i 72 (hy o ®,)(R(E;, X)Y, E;)
1=0

= 12(hy 0 ®,)(R(Dy, X)Y, 8,) + r* Zn:(hg o ®,)(R(e;, X)Y, e;)
=1

=72 (hoo @) (R(ei;, X)Y + g(ei, V)X — g(X,Y)es, )

=1

= 12(R(hg 0 ®,) + (ha 0 ®,) — g(X,Y) Tryho ®,)(X,Y)
On the other hand, similarly
(®,)*(R,(dr @ dr)) = (®,)*0 =0

(@,)* (R (dr @ rhy)) = (£,)°0 = 0

(80)° (Re(ha) (X, ¥) = 5 3 hal(Rler, () X) (d(8,)Y), €0
>0
=" ha(R(es, d(®,)X)(d(®,)Y), ;)
>0

— (R(hy 0 ®,) + (ha 0 ®,) — g(X,Y) Tr, ho ®,)(X,Y).

Thus we have shown that r?(®,)* o R, = Ry o (®,)*. This means that >R is an Euler type
operator.

We have observed the same scaling in Examples 6.34 and 6.36. This motivates the
following definition.

Definition 6.37. Let (M,g) be a Ricci-flat Riemannian cone. The tangential operator to
the operator Ay, is the Euler operator

Og =0 := —Z (?Ez?Ez — vaiEi) — QTQR.
>0
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The tangential cone to the Hodge Laplacian on 1-forms is
Oy = —Z (?EZ?EZ — ?VEZEZ) ,
i>0

(where we note that the Hodge Laplacian coincides with the raw Laplacian by Ricci-flatness).
The tangential cone to the Laplace—Beltrami operator is

Op = — Z (ﬁEz?Ez — ﬁinEz) .
i>0
With the tangential operators, we can write

- = - 1
A =—-Vy,Vp, — EVaT + <UL (6.2)
r r

_ %(_@Z@Z — (n—1)Vz +0y). (6.3)

Of course, the decomposition of the operator A into an Euler operator and a rest is not
canonical: we have the freedom of an Euler type operator.
The next lemma collects some important properties of the tangential operator.

Lemma 6.38. 1. For any r € I, we have the following Leibniz type rule for (Or),:

(DL)r(fh) = rQ(AB)T(f)h - 2?gradg fh + f(DL)rh (64)
whenever f € C*°(M) and h € T (E;).
2. For any r € I, the restriction (1), is an elliptic operator.

3. For any r € I, the restriction (), is formally self-adjoint with respect to the L?
metric [gy, 0 (5 )5 volg.

4. For r = 1, the eigenfields w; of (Or)1 can be chosen to satisfy the normalization
condition

/{1}><M <wi’ wj>§|{1}xM VOlg = 5ij-

5. For any r € I, the symmetric 2-tensor fields (®1/,)*w; are eigenfields of (Or), satis-
fying the normalization condition

/{T}XM <(‘I)1/r)*wz~, (<I>1/r)*wj>g Volgl vy = 705 (6.5)

Proof. 1. Let f € C*®°({r} x M) and h € I' (E,). Then

(@D () = =3 (?eﬁei(fm Vg (fh) — 2R fh)

>0

==Y (Veleil i+ [Ve,h)

>0
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= Vv (Nh+ [V, eh - 2r2f;_%h>
=~ 3" (@D + ei( Vel + e Vel + [V Ve )
>0
= Vv.e(f)h+ fﬁveieih - 27’2f]i?h>

= r*(AB)r(f)h = 2Vgraa, rh + f(Or)rh

2. Tt is clear that (1), is a second-order operator. To determine its principal symbol,
let x € M, A\ € T,M and h € (E,)x. Then we can find a function f € C>°(M) with
f(x) = 0 and df, = A. Moreover, we can find a section o € I' (F,) with o(x) = h.
Now by the definition of the principal symbol and the Leibniz rule, we calculate

thus whenever A\ # 0, the symbol o(D)(\) is invertible. (Note that E, is a bundle
over M,so A€ TM.)

3. Consider two smooth symmetric 2-tensor fields h,k € I' (E;). It is easy to show that
09E; = §9%,; = 0 and Vg, E; = 0 for ¢ > 0. By the standard technique, we see that

for X € TM, (?X)* = —Vx — 89X. Moreover, since R is a pointwise operation, its
adjoint is also pointwise, and we know that it is formally self-adjoint in Ap,.

Based on these, we calculate

(Op),)* = (— Z (?ElﬁEl — ?VEI.EI-) — 27“2](%2)*

o

==Y ((VBY8)" = (Vvsm)") - 20%(R)"

>0

= Y (V5 (V) = (Vopn)) — 23R
>0

= =3 (Vi = 8B) (Vi - 0E;) —0) - 22 (R)*
>0

3 ((-VR)(-5) —0) - 22k
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— —Z (6E16E1 + ?inEJ — 27”21%3
>0
= (0Op).

In the last step, we have used that Vg, E; = 0 so we can add Vv B, Ei freely.

. By the second claim, (Op), is an elliptic operator, so elliptic regularity implies that

its eigenfields are smooth. Then we can show using the standard technique and the
second claim, that eigenfields corresponding to different eigenvalues are orthogonal.
Lastly, we can perform a Gram—Schmidt orthogonalization process in each of the
eigenspaces since they are finite dimensional.

. This part follows from the fact that [z, is an Euler operator and the integral trans-

formation formula. O

6.5 The spectra of the tangent operators of certain Laplacian

operators

Next, we determine the spectra of some tangential operators. Similar calculations have been
done in [Kr620, Section 2].

6.5.1 The general strategy

The general strategy of finding the spectrum of the tangential operator is as follows.

1.

Obtain an L?-orthogonal decomposition of the tensor fields of the appropriate on the
link type using tensor fields of lower rank on the link. Show that the corresponding
Laplacian on the link acts diagonally with respect to this decomposition.

. Find orthonormal bases for the direct summands from the first step.

. Obtain a formula relating a general tensor field on the cone to the decomposition in

the second step.

. Calculate the tangential operator on a general tensor field using the formula from the

third step. (This is the most calculation intensive step.)

. Represent the tangential operator with matrices on certain finite-dimensional sub-

spaces and solve the eigenvalue problem explicitly (in terms of the spectra of Laplacian
operators).

The higher the rank of the tensor field, the more complicated these steps are.

6.5.2 The Laplace—Beltrami operator on functions

Proposition 6.39. Let (M, g) := Cone(L, gr) be a Ricci-flat cone. Then the spectrum of
the tangential operator to the Laplace—Beltrami operator on (M, g) is o(Op) = o(A%). O
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Proof. The proof of this proposition is trivial, but we follow the steps outlined for the
general case methodically to illustrate them in this easy case.

1. This step is not necessary for the Laplace—Beltrami operator.

2. Let {v; |i € N} be an orthonormal basis of L*(R;,gr) consisting of eigenvectors of
A%L. (This is possible by the fact that A%L is an elliptic operator acting on a compact
manifold.)

3. Given any smooth function f € C*°(M), we obtain the expansion

flriz) = ai(r)vi(z),

1€EN
where (r,z) € M and a; € C*(R™).
4. Let v € C*°(L) with A% v = \v. Now Up(v) = A% v = Av.

5. We see that the subspace C>°(R™)v; is invariant under Op. This means that we may
represent [1p on this subspace as the 1-by-1 matrix

)

the eigenvalue of which is A;. O

6.5.3 The Hodge Laplacian on 1-forms

Decomposition of 1-forms on the link

Definition 6.40. The vector space D(L,gr) := D(L) := {h € T (T*L) |09%a =0} is
called the vector space of divergence-free 1-forms on the manifold L with respect to the
metric gr,.

If it is clear from context, we suppress the metric from the notation.
Lemma 6.41. Let (L, g1) be a compact Riemannian manifold. Then

1. We have the L?-orthogonal decomposition T (T*L) = d(C>®(L)) ® D(L,gy).

2. The Hodge Laplacian A% acts diagonally with respect to this decomposition.

Proof. 1. This follows from the Hodge decomposition theorem, by noting that D(L, g1,) =
SILQN(L) & ker A%

2. For f € C*°(L), we have by Proposition 2.5
AL (df) = doItdf + 69-ddf = dé9 df = dAY f,
thus A% (dC>(L)) C dC>°(L). On the other hand, if w € D(L, gr,), we have for any
feC>®(L) that
(09" AYw, fg, = (AYw,df)g, = (d69w + 69 dw, df )4,
= (69%dw,df )4, = (dw, ddf )y, =0,
thus 692 A% w L C*®(L), a dense subset in L?(L,gr). This means §9*A%w = 0 and

thus AY(D(L,g1)) € D(L,g1).
O
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Formula for a general 1-form Note that any 1-form w € I'*° (T*M) may be written as
W(pz) = wWo(r, 7)dr +7(W1) (r0)5 (6.6)

where (r,r) € M, and wo(r,r) € R and (w1)(.) € T, L. Moreover, if w is smooth, so are
wo(r,-) and wi(r,-) for any fixed r.

Orthonormal bases for the direct summands Our next goal is to find an orthonormal
basis of L?(L, gr) consisting of eigenvectors of the Hodge Laplacian A%, By Lemma 6.41,
we may reduce this task to finding L?-orthonormal bases of L?(d(C>°(L))) and L*(D(L, g1.)).

Lemma 6.42. o Let {v; € C°(L) |i € N} be an L?-orthonormal basis of the Laplace—

Beltrami operator Ay (these are automatically smooth by elliptic regularity), and let
\C}% i€ N+} is an
orthonormal basis for L?>(d(C*(L))) consisting of eigenvectors of the Hodge Laplacian.

Ai € R be the corresponding eigenvalues., i.e. A% v; = \jv;. Then {

e There is an orthonormal basis for L>(D(L, g1)) consisting of eigenvectors of the Hodge
Laplacian.

Proof. e The fact that % is an eigenvector of AYF of eigenvalue \; follows from Pro-
position 2.5. Pairwise orthogonality can be shown by an easy calculation. (Note that
we needed to exclude the index ¢ = 0 from this new basis since compactness of L

implies that vy = const and thus dvy = 0.)

e Let & € QF(1). According to Lemma 6.41, we may write & = df +ij; where f € C>(L)
and 7j € D(L,gr). One checks that the L?-orthogonality of the decomposition in
Lemma 6.41 implies that for @ = df +7, where f € C>°(L) and 7j € D(L, g1,), we have
A% @ = pa if and only if AZp df = pdf and A%7 = pij. (Note that this relation does
not mean that either df or 7j are eigenvectors of the Hodge Laplacian A since it is
not excluded that they are zero.)

Let now {@; |j € N} be an orthonormal basis of L?(T*L, g) consisting of eigenvalues
of A% and let u; € R be the corresponding eigenvalue, i.e. A%@; = p;@;. According
to Lemma 6.41, we may write &; = df; + 7j; where f; € C*°(L) and 7; € D(L, gz).
Since {@; |j € N} be an orthonormal basis of L*(T*L,gr), {7j; |7 € N} be an ortho-
gonal generating set of L2(D(L, g1.), gr.). Since the Hodge Laplacian A%F is elliptic, its
eigenspace I, corresponding to a given eigenvalue p is finite dimensional. Therefore,
we may chose a linearly independent system of E,,. Performing Gram—Schmidt or-
thogonalization yields an orthonormal basis of E,,. The set of the vectors in D(L, gr,)
obtained as described above yields an orthonormal basis for L?(D(L, g1,)), which we
denote by {w; |j € N}.

O

Lemma 6.42 and the decomposition in Equation (6.6) means that any one-form on the
cone may be written as

w= Z(aividr + birdv;) + Z cjrwj, (6.7)
iEN jEN

where a;,b;,¢; € C*°(R™) and by = 0.
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Calculations and the spectrum The next task is to determine the spectrum of the
tangent operator to the Hodge Laplacian.

Proposition 6.43. Let (M, g) := Cone(L, gr) be a Ricci-flat cone. Then the spectrum of
the tangential operator to the Hodge Laplacian on (M, g) is determined by

dDHy—{A+1i (";1>g+A

U{u—n+ﬂu€dﬁﬁbumﬂ}

)\GU(AQBL)}

The corresponding eigenvectors are

2
o \vdr—my (\)rdv with eigenvalue A\+144/ (%‘1) + X of the multiplicity* equal to the

multiplicity of A with respect to the Laplace—Beltrami operator A%, where v € C*(L)
with A% v = v for some X € R,

e rw with eigenvalue 1 —n+ 2 where w € D(L, g1,) with AYfw = uw for some p € R of
the same multiplicity as p with respect to A%,L.

Remark 6.44. It may happen that the eigenvalues corresponding to different values of
A coincide. In this case, we adopt the convention that we count the eigenvalues and the
multiplicities separately. This is the convention we will adopt also in Theorem 6.55.

Since the calculation is not long, we calculate the multiplicities also in the classical
sense. Note that we may rewrite the expression for the eigenvalue as

2
n—1)2 n—1\?2 1 3 (n—1\?
A+1+ A= At — - —
r1xy(fg) + ((2)+2)+4<2>’
thus the eigenvalues corresponding to A\, N € o(A%) coincide if and only if
2 2 2 2
n—1 1 n—1 1
t-| = N -
((2)+u)((2)+ 2)’

where the signs are a priori independent of each other. Note that since o(A%) < 0 and
n > 1, there are nonnegative numbers under the square. Thus coincidence may happen if

and only if
n—1\2 1 n—1\2 1
A= = N+ =
( 2 )+ 2 \/( 2 )+ 2

still with independent signs. If the signs are the same, we get X\ = N, thus no nontrivial
coincidence occurs. If the signs are different, then

[/n—1\2 1 [/n—1\2 1
i S
( 5 ) +)\:F2 ( 5 ) + A 5
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(now, of course, with the signs either both the top choice or both the bottom choice) i.e.

n—1\2 n—1\2
A= N+
ﬂ ) \/( )+
Proof. Note that for any function f € C*°(R") (depending only on ), we have Uy (fw) =
fOpgw, thus we may ignore the coefficient functions for the calculations. Moreover, the as-
sumption on Ricci-flatness means that the Hodge Laplacian and the raw Laplacian coincide.

As usual, to ease notation for the calculations, we will denote objects related to g by an
bar, and objects related to g, without any marking, i.e. V:= V9, V := V9L, Ap:= A¥.

e Let w € QF(1) and let let {e; |i € I'} be a gz-orthonormal frame of T, L at some point
x € L. Now we have at x that

Op(rw) = Ve, 0 Ve, *VVE e:)(rw)

M: I M:

Ve, (rVe,w — w(e;)dt) — @VEiei)(rw)

@
I
-

M:

(rVe, o Ve,w — (Ve,w)(e;)dr — e;(w(e;))dr

ﬁ
I
—

—w(ei)rgr(ei,) —1Vy, ew + w(Vee;)dr)

N (V2w — 2(Vew)(e)dr — rw(gr (e ), e:)

i=1
=1rAg,w —2(6%w)dr —rw
=rA%Yw — (n — 1)rw — 2(89%w)dr — rw

=rAYfw — (n — 2)rw — 2(69 w)dr, (6.8)

where we used that the assumption of Ricci-flatness of the cone means that Ric9L =
n—1 and thus Afw = Ay w+ (n — 1)w.

e In particular, if v € C*°(L) with A%v = M and w := dv, then AYfw = Adv by
Proposition 2.5 and 692w = §92dv = A% v = Av, thus Equation (6.8) implies

Og(rdv) = rdw — (n+ 2)rw = (A —n + 2)rdv — 2 vdr. (6.9)
e On the other hand, if w € D(L, g1.), then Equation (6.8) implies
Op(rw) =rpw — (n —2)rw — 0= (u —n + 2)rw. (6.10)
Equation (6.10) implies already that o (A% [p(z,4,)) € o(On).

e Let v € C®(L) with A% v = \v and let {e; |i € I} be a gr-orthonormal frame of T, L
at some point x € L. Now we have at = that

m(vdr) = — Z(?ei © ?ei - vVeiez‘)(vdr)
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= — Z Ve, ((dv(e;)dr + vrgr(e;, ) — 6Veiei(vdr)

— —Z ei(ei(v))dr + dv(ei)rgr(ei, ) + dv(ei)rgr(es, ) — vrVe,(grlei, )]
_ dv(V i) —vrgr(Ve,eq, )]

—[=(A¥v)dr + rdv + rdv — —vrdr + Z vrgr(Ve,ei, ) — ZvrgL(Veiei, ]
i€l il

*)

—[(-A%v — nv)dr + 2rdv)
= (A4 n)vdr — 2rdv, (6.11)

where, at step (x), we used that Ve, (gr(ei,")) = —7dr + gr.(Ve,ei, ).
e Equations (6.11) and (6.9) imply that for v € C>(L) with A% v = Av we have

O (avdr + brdv) = a((A + n)vdr — 2rdv) + b(A — n + 2)rdv — 2 vdr)
= ((A+n)a —2Xb)vdr 4+ (—2a + (A —n + 2)b)rdv.

This formula shows that the space C®°(R1)vdr + C®(R*)vdr is invariant under the
tangential operator (. In fact, the tangential operator may be represented on this

subspace by the matrix
A+n —2A
-2 A=n+2/
The eigenvalues of this matrix may be computed explicitly:

—1\?2
A1+ <" >+)\,

2
with corresponding eigenvectors \vdr — my (\)rdv.

This finishes the proof. O

Lemma 6.45. Let (N,gn) be a Riemannian manifold and let byy: TN — T*N, X —
gy (X, ) := XN be the musical isomorphism induced by the metric gn. Then bgn 0 AT, =
A%XM °© ng

Proof. For any vector field X € I'*°(T'N) and any tangent vector Y € TN, one has
VN (X gN) (VgN X) ox Since gy is parallel. Consequently, with a gy-orthonormal frame
{e;li=1,...,dim N} at a point p € N, we have at p that

dim N dim N

AR (X0ow) = = 37 VINHXw) = — 37 VIV o VIN (X7 ) = V8 (X7o)
=1 =1 ¢
dim N ng
= ( > V& o VINX = Vi, X) = (VI X)on 0
=1

Corollary 6.46. In the setting of Proposition 6.43, the spectrum of the tangential operator
to the raw Laplacian on TM is o(OLM) = o(Og). O

raw
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6.5.4 The Einstein operator
Decomposition of symmetric 2-tensor fields on the link Recall that the operator
69 % (SPTL) — T (T*L) ,h > = 3 (VEh) (e )
el

(where {e; |i € I} is a gr-orthonormal frame) has formal adjoint
1
§9L* . T'° (T*L) —» T <S2T*L) , W > _§‘CwﬁgL 9L,

where f,, : 7L — TL denotes the musical isomorphism induced by the metric g;. Note
that (092*w)(X,Y) = L(V¥w)(Y) + 3(V§Fw)(X) for any 1-form w € '™ (T*L) and any
tangent vectors X,Y € TL.

Definition 6.47. The denote the set of transverse and traceless tensors by TT(L,gr) =
{h € T> (S*T*L) |69vh = 0 and Try, h = 0}.

Lemma 6.48. Let (L,gr) be a compact Riemannian manifold different from the round
sphere. Then we have the L*-orthogonal decomposition

0 (SPT7L) = (€(L))gr & {nV2v + (Affv)gy |v € C(L)}
@ 69 (QY (L)) @ TT(L, gr).
Proof. This is the discussion after Lemma 2.2 in [Kro17]. O

The Einstein operator A% is elliptic, whence its spectrum consists of eigenvalues with
finite multiplicity and we obtain an orthonormal eigenbasis {?"th ]k e N} on TT(L, gz,) as
before.

Formula for a general symmetric 2-tensor field on the cone Note that any sym-
metic 2-tensor field h € '™ (S2T*M) on the cone can be written at a point (r,z) € M
as

h(r,z) = ho(r,z)dr @ dr +rhy(r,z) @ dr + r?ha(r, z),

where ho(r,z) € R, hi(r,x) € T} L and ho(r,z) € S?T; L. Based on the decomposition and
the orthonormal bases before, we may write

h = Z Pdr ® dr + Z Qidr ® rdv; + Z Ajdr © rw; + Z Swir2gL
€N ieNt jEN 1€N

+ Z Ri(nT2ng’2U + (A%Lv)r2gL) + Z BjT5gL’*(ij) + Z Fertk,
ieN+ jEN keN

where
e {v; |i € N} is an orthonormal eigenbase for AY with A% v; = A\,
e {w; |7 € N} is an orthonormal eigenbase for A% [p(r g,) With Affw; = pj,

e {tx |k € N} is an orthonormal eigenbase for A% | g,) With A%ty = vy,
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and P;, Qi, R;, Si, Aj, Bj, Fy, € C*°(R™). It will turn out to be advantageous to regroup the
expression as follows

h= Z(Pwidr R dr + Qidr ® rdv; + Ri(HTZVgL’% + (A%Lv)ﬁgL) + SiUiTQQL)
€N
+ Z(Ajdr O rw; + Bjrdd* (rw;))
jEeN
3 Bt (6.12)
keN
(with Qo = Ro = 0) since, as we will see, the lines in this regrouping represent invariant

subspaces.

Calculations We can calculate the tangential operator’s value at the different types of
tensors separately. We start with vertical (purely link-related) tensor fields.

Lemma 6.49. Fort € I (S2T*L), we have Og(r’t) = r? A% t—2dror(0964)—2(Tr,, t)dre
dr +2(Trg, t)r?gr

Proof. In the following, t € I'™° (S*T*L), moreover, X,Y € TM and U,V,W € TL.
e We have 72Rt = Rt +t — (Tr,, t)gy, since

(Rt)(@,.0,) = " H(R(E:, 0)0, Ey) = 0,

\'M:

1=0

(;?t)(ar, V) = zn:t(R(Ei, 0.V, E;) =
1=0

(R, W) = 3 (R VIW, ) = 1R VW0 + 5 Y Rler VIV )
1=0

t
Z €z7 W"'gL(eZ)W)V_gL(V? W)eiaei)
i=1

S ROV, W) + VW) = (Try, tgn(V, W),

w"‘ iw"—‘

e We have Vy (r?t) = r2Vyt — dr © rt(V,-) since

Vv (r*)(0,,0,) = V(r*t(dy, 8;)) — 2r*t(Vy0,,0,) =0

Vv (2)(0,, W) = V(r2t(8p, W)) — r2t(Vy 8y, W) — r2t(8,, Viy W)

—rt(V, W),

Vv (r?)(W,U) = V(r2(W,U)) = r*t(Vy W, U) = r*t(W, VyU)
= V(r2t(W,U)) — r*t(VyW,U) — r2t(W, VyU)

= r2(Vyt)(W,U).

54



CHAPTER 6. RIEMANNIAN CONES

e Based on this, we calculate for the second, iterated derivative

Vv (Vi (1)) = Vi (r? Vit — dr © rt(W, )
= r?Vy(Vwt) — dr © r(Vwt)(V,-) — rgr(V,) © rt(W,-) — dr © rVy (LW, -))

® Py (Vwt) — dr o r(Vwt)(V,-) = rgr(V,-) © rt(W,-)

—dr ort(VyW, ) +t(V,W)dr © dr
= r?Vy (Vwt) — dr © r(Vwt)(V,-) — dr © r(Vyt)(W,)
—dr O rt(VyW, )+ 2t(V,W)dr © dr —rgr(V,-) © rt(W, ),

where, in the marked step, we used that

Vy (H (W, ))(X) = V(H(W, X)) — t(W, Vy X)
= (Vyt)(W, X) + t(Vy W, X) + t(W, Vy X)

WYy X — rt(V, X)0, + %dr(X)V)

= (TvO)W, ) + (v W, ) — 1(W, V)dr)(X).

e Now we may calculate the value of the tangential operator to the raw Laplacian on
r?t as follows.

D (128) = — S (Ve 0 Ve, — Vg, o) (r21)

=1

== Z T2v€i (veit) —dr® r(veit)(eia ) —dr® ’I”(Veit)(ei, )
i=1

—dr ©rt(Ve,e;,-) + 2t(e;, €)dr © dr —rgp(ei,-) © rt(e;, )
— T’2VV€i€Z. Vt+dr © rt(Ve,ei,-)

= =Y PPV, ot = 2dr O r(Vet) (e, ) + 2t(ei, e5)dr © dr
i=1
—rgr(e;,-) ©rt(e;,-)
= 12Ny, t — 2dr © 7(894t) — 2(Try, t)dr © dr — 2r?t

o

e Since Op = Dyaw — 272R, the claim follows. O
In Equation (6.12), the corresponding part looks like
S;vir?gr, + Ri(’I’LTQVQUi + (A%Lv))TZgL) + T(SgLAjrwj + r?Fyty.
Based on Lemma 6.49, we obtain for these tensor fields the following.
Corollary 6.50. We have the following.

e Ifv e C®(L) with A% v = \v for some X € R, then Op(vr?gr) = —2nvdr ® dr +
2dt © rdv + (A + 2)vr?gr.
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o Ifv e C®(L) with A% v = v for some X € R, then Op(nr’VILlv + (A% v)rigy) =
2(n — A)(n — 1)dr ® rdv + (A — 2n + 2)r?(nV922v + (A% v)gr).

o Ifw e D(L,gr) with AYfw = pw for some p € R, then Op(ré%frw) = (—p + 2n +
2)dr ® rw + (p — 2n + 2)r2§% w.

o Ift e TT(L,gr) with A%t = vt for some v € R, then Op(r*t) = vrt.
Proof. e We calculate

Op(vrigr) = A% (vgr) — 2dr © r69% (vgr) — 2(Try, (vgr))dr ® dr + 2(Try, (vgr))gr
® r3(Ag, v —2(n — 1)v)gr, + 2dr © rdv — 2nvdr © dr + 2nvgy,
= —2nvdr ® dr + 2dr © rdv + (A + 2)vr?gr

where, in the marked step, we used that

n

0%t vgr, = Zvﬁz UgL 617' Z ez gL €iy - )+ U(VeigL)(ei,‘) = —dv.
=1 i=1

e We calculate

(2 0V + (A% 0)gr)) = r2A% (1920 + (Av)gr)
— 2dr ® rd9 (nV3v + (A% v)gr)
— 2Tr,, (n"V?0 + (A% v)gr)(dr ® dr — r?gr)
N r2(nV2(A%v — 2(n — 1)v)
T (AE 20— 2(n — 1)AE )2
+2(n—=A)(n—1)dr ®rdv
=2(n—MN)(n—1)dr ®rdv
+ (A =2n+2)r*(nV?v — (A% v)gr),

where, in the marked step, we used that

§IL (nV20 + (AFv)gr) = = Y Ve, (nV?0 + (AFv)gr)(ei, )
i=1

= Z nVe . v+ Ve (A% v)gr(es,-)

i, () — d(AY
= nAY (dv) — n(n — 1)dv — Adv
—(n—=A)(n—1)dv.

e We calculate
Op(r?69*w) = rzAgELégL’*w — 2dr © r(09L 69 *w) — 2(Try, 69 w)dr © dr
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1
®) r269L* (A% w — 2(n — 1)w) — 2dr © r(§Alquw + do9'w — Ric9 w)

+ 2(69w)dr © dr — 2(69w)rigy,
= (—p+2n —2)dr ® rw + (p — 2n + 2)r259*w,
where, in the marked step, we used Lemma 2.4 and Lemma 2.2.
e We calculate
Op(r?t) = r2 A%t — 2dr © r(89:t) — 2(Try, t)dr ® dr + 2(Tr,, t)r?gr,
= r? A%t = vrit. 0

Next, we turn our attention to mixed tensor fields, i.e. tensor fields of the form dr ® rw
where w € Q(L).

Lemma 6.51. Ifw € QY(L), then Og(dr © rw) = —2(8%w)dr @ dr + dr © rA%¥w +4dr ©
rw + 412698 *w.

Proof. In the following, v € C®(R™), moreover X,Y € TM and U,V,W,Z € TL, and e¢;,
E; are elements of an orthonormal frame, as usual.
e R(dr ®rw) = 0 since

n

;?(dr ©rw) (0, 0r) = Z(dr ®rw)(R(E;,0,)0,),E;) =0

=0

]%(dr Orw)(oy, V)= zn:(dr O rw)(R(E;,0,)V), E;) =0
=0

Ig%(dr O rw)(V,W) = i(dr O rw)(R(E;, V)W), E;)
=0

3

= (dr © rw)(7(0,, V)W, 0,) + %2 _(dr ©rw)(R(ei, V)W, e;) =0,

I
—

where we used that R(9;,-) = 0 and in general R(X,Y) € TL.

o We calculate

Vy(dr ©rw) =rgr(V,") ©@rw+dr © Vy(rw)
=rgr(V,") ©rw+dr ®rVyw — dr ® w(V)dr
=dr ©rVyw+rgr(V,-) ©® rw —2w(V)dr @ dr.

e For the iterated second derivative, we obtain

Vi (Vy(dr ® rw)) = =2(Vw)(V)dr @ dr — 2w(VwV) — w(V)dr © rgr,(W,-)
— 2(Vyw)(W)dr @ dr 4+ dr ©® rVy Vyw + rgr.(W, ) ® rVyw
+ Vi (9. (V, ") @ rw +rgr(V,-) © rViyw
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= —41[(Vww)(V) + (Vyw)(W)]dr @ dr — 20(VwV)dr @ dr
—2w(V)dr © rgr,(W,-) +dr © rVNwVyw + rgr(W, ) © rVyw
+7r9.(VwV,) ©rw — gr(V,W)dr © rw
+7rgr(V,)dr @ dr + w(V)dr ® rgr.(W,-)

= —4(§9*w) (W, V)dr @ dr + dr © rVy Vyw
—2w(VwV)dr @ dr — 2w(V)dr ® rgr,(W,-)
+rgr(W,) ©rVyw +rgr(VwV,:) © rw
—gr(V,W)dr ®rw+rgr(V,:) ©rVww — w(W)rgr(V,-) ® dr,

where we used that Vy (t(W,-)) = (Vvt)(W,:) + t(VyW,:) — 2((W,V)dr for t €
> (S?T*L).
e Now for the tangential operator to the raw Laplacian, we calculate

Draw(d’l“ © TW) = - Z(?ei © @ei - @Veiei)(dr © Tw)
i=1
==Y —4(09*w)(es, €)dr @ dr + dr © Ve, Ve,w
i=1
—2w(Ve,e;)dr @ dr — 2w(e;)dr © rgr(e;, -)
+rgr(ei,) ©rVe,w +rgr(Ve,ei,+) © rw
—gr(ei,e)dr ©rw+rgr(ei,-) © rVe,w — wl(e;)rgr(e;, ) © dr
—dr ©rVy, e;w —rgr(Veéi, ) © 1w + 2w(Ve,e;)dr @ dr
= —46%wdr @ dr + dr © rAg, w + 2dr © rw
— 4r289L* ) + ndr O rw + dr ® rw
= —4(0%w)dr @ dr + dr © rAYfw + 4dr © rw — 4291y,

[}

e Since O = Oyaw — 212R, we the claim follows. O
Based on this lemma, we can calculate the tangential operator on the following tensors.
Corollary 6.52. We have the following.

o Ifv e C®(L) with A% v = v for some X € R, then Og(dr ® rdv) = —4\vdr @ dr +
(A+4)dr © rdv — 2(nr?VIr2y + r2(A%v)gr) + 2 Avrgyr.

e Ifw e D(L,gr) with AYfw = pw for some p € R, then Op(dr ® rw) = (u+ 4)dr ©
rw — 4r289r*.

Proof. We calculate the two claims separately.
o We calculate
Op(dr ® rdv) = —4(8%“dv)dr ® dr + dr © rAJ¥ dv + 4dr © rdv — 4r2§9-*dv
= —4A%vdr @ dr + Xdr © rdv + 4dr ® rdv — 4r2\IL2y
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= —4 vdr @ dr + (A +4)dr © rdv
4 (m’2V9L’2v + TZ(AQBLv)gL) + %AngL,

n

where we used that for any X,Y € T M, we have

(9 0) (X, ¥) = SV (o) (¥) + 5 V3 (d0)(X)

1 1
— gr,2 gr,2,, _ xy9L,2
=5 Vxyv+ 5 Vyxv=Vyjv.

e For the second claim, we calculate

Og(dr © rw) = —4(6%w)dr @ dr + dr © rA%¥w + 4dr @ rw — 41?894 *w
= (u+4)dr © rw — 4r2591*w. O

Now only tensor fields of the form vdr @ dr, where v € C>°(R™), are left.

Lemma 6.53. Forv € C*°(R"), we have Og(vdr @ dr) = (A% v+2n)dr @ dr — 2dr ®rdv —
20r2gr,.

Proof. In the following, v € C*°(R™), moreover X,Y € TM and U,V,W,Z € TL, and e¢;,
E; are elements of an orthonormal frame, as usual.

e Rudr @dr(X,Y)=v3c;dr @ dr(R(E;, X)Y, E;) = 0 since R(E;, X,Y) € TL.

e Since Vdr = rgr, we calculate Vi (vdr @ dr) = dv(W)dr @ dr + v(Vydr) ® dr =
dv(W)dr @ dr +vrgr(W, ) © rgr (W, -).

e For the iterated second derivative, we calculate

Vv (Vi (vdr @ dr)) = Vy (dv(W)dr @ dr + vdr © rgr.(W,-))
=V (dv(W))dr @ dr + do(W)dr ® rgr(V,-) + do(V)dr © rgr,(W, )
+orgr,(V,) @ rgr(W,-) +vdr © rt(Vy W, ) — 2¢(V, W)vdr @ dr,
where we used that Vy (t(W,-)) = (Vyt)(W,:) + t(VyW,-) — 2((W,V)dr for t €
I (S2T*L).
e Consequently, we obtain

n

Oraw(vr @ dr) = — Z(?ei o Ve, — ?vel,ei)(vdr ® dr)
i=1

=— Z ei(dv(e;))dr @ dr + dv(e;)dr ® rgr(ei,-)
i=1

+ dv(e;)dr © rgr(ei, ) + vrgr(ei,-) @ rgr(ei,-)

+ vdr © rt(Ve,e;,-) — 2t(e;, e;)vdr @ dr

— dv(Ve,e;)dr @ dr —vrgr(Ve,ei,-) ©rgr(Ve,ei, )
= (A% v)dr @ dr — 2dr © rdv — 2vrigy, + 2nvdr @ dr
= (A% v+ 2n)dr @ dr — 2dr ® rdv — 2vr?gy,.
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o]

e Since Op = Opaw — 2r2R, the claim follows. O
In the decomposition Equation (6.12), the only term of this form if Pyv;dr @ dr.

Corollary 6.54. If v € C*°(L) with A%'v = Xv for some A € R, then Op(vdr ® dr) =
(A +2n)dr @ dr — 2dr © rdv — 2vr3gy.

Proof. Op(vdr @dr) = (A% v+ 2n)dr @ dr — 2dr © rdv — 2vr?gr, = (A +2n)dr @ dr — 2dr ©
rdv — 2urlgr. O

Representing the tangential operator as matrices We can conclude that the fol-
lowing subspaces are invariant under Cg.

o C®(RT)vdr@dr+C®(RT)drordv+C (RY)(nr2VIL2v+ (A% v)rigr)+C (R1)vrigy,
for v € C*°(L) with A% v = Av for some X € R.

In fact, if we take an element (cf. Equation (6.12))
h = (Pvdr ® dr + Qdr ® rdv + R(nr*VI%2y + (A% v)r?gr) + Svr?gr,
then
Ogh = ((A+2n)P —4XQ — 2nS)vdr @ dr
+ (2P ()\ F4)Q +2(n — 1)(n — MR + 28))dr © rdv
+(—2Q+ (A —2n+2)R)vr’gy
+ (—2P + 4)‘Q + (A +2)S) (nr?VIL2y + (A% v)r?gr).

If A > 0, then v # const, and the eigenvalue problem of the tangential operator (g
may be written as the eigenvalue problem for a 4-by-4 matrix:

A+2n  —4\ 0 —2n
-2 A+4 2(n—-1)(n—-A) 2
0 —4 A—2n+2 0 ’
-2 42 0 A+ 2

n

the eigenvalues of which may be computed explicitly (preferably with a computer
algebra system). These turn out to be A (with multiplicity 2), and 4my (A)+A+2n+2
with multiplicity 1

If, however, A = 0, then v = const (by virtue of L being compact and without
boundary), thus dv = 0 and V9:2v = 0, and the only surviving terms are Pvdr ®
dr + Svr?gr. Consequently, the previous matrix “collapses” to a 2-by-2 matrix

2n —2n
-2 2

the eigenvalues® of which are 2(n + 1) and 0, both of multiplicity 1

®Note that 2(n+ 1) = 4m4 (\) + A+ 2n+2 for A = 0 but the corresponding “negative” branch is missing
from the eigenvalues, when compared to the A > 0 case.
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e C®¥(RT)rw ® dr + C®(RT)r2§9*w for some nonzero w € D(L, gr,) with A% w = pw

for some p € R.
In fact, for A, B € C*°(R™), we have

Op(Arw@dr+Br2et*w) = ((ut4) Ad-(—p+2n—1) M) rwodr+(—4A+(u—2n+2) B)r? 69 *w.
This can be written as a matrix

p+4 —p4+2n-—2
-4 p—-2n+2 )’

the eigenvalues of which are 2m4 (p+ 2 —n) + p + 2 (each with multiplicity 1).

e C®(R*)r?t for some nonzero t € TT(L, gr,) with A%t = vt for some v € R.

In fact, if F € C>®°(R"), then Og(Fr?t) = vFr?t.

The spectrum Now it is time to reap the rewards of our work.

Theorem 6.55. Let (M, g) = Cone(L, g1) be a Ricci-flat cone. Then the spectrum of the
tangential operator to the Einstein operator is the following.

o(0gp) = o(A%)
U{dms(A) + X+ 2n+2 |X € o(A%), A > 0}
U{2ma(pn+2—n)+p+2|p € o(A¥ g}

Ua(AY lrr(L.gr))
u{2n+2}.

The corresponding eigenvectors are

vdr ® dr +vrigy for X\ € o(AY) with Agv = Mo,

(n — D)vdr @ dr +n(n — 1)dr © rdv — 2(nr*V9L-2y + (A% v)gr) — A(n — 1)vr?gy, for
A € o(AY) where Agv = v, with A > 0,

—n(n—A)Avdr@dr+n(n—XN)mny(N)drovdr+(A—nmy (X)) (nr?VIE2o+ (A% v)gr) +
(n — XN vrlgr for 4me(N) + A+ 2n + 2 with Agv = A, X € o(A%) with A > 0,

—ndr ® dr + r2gr, for 2n + 2,

(=5 +n—1)dr ©rw+ (mmp(p+2 —n) — 1)r269*w for 2my(u+2—n)+ p+2 and
AYfw = pw withw € D(L, gy,),

r2t forv € U(AgEL’TT(L,gL)) with A%t = vt.

and the multiplicities are inherited from the corresponding eigenvalues of the Laplacians —
except when A > 0, when the eigenvectors of the first two type have the same eigenvalue
(namely X itself) and thus the multiplicity of \ with respect to the tangential operator Og
is twice the multiplicity of N with respect to the Laplace—Beltrami operator A% .
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Proof. This follows directly from the discussion above. Note that 0 € o(A%), so it is not
necessary to include 0 explicitly. Note also that 2n+2 = 4my () +A+2n+2for A =0. O

Remark 6.56. It may happen that the eigenvalues of the tangential operator coming from
different eigenvalues of the given Laplacians coincide. In this case, we adopt the convention
that the eigenvalues and their multiplicities are counted as in the theorem, cf. Remark 6.4/

Remark 6.57. Note that the spectrum of the tangential operator g consists of eigenvalues
and that these eigenvalues converge to infinity. The latter statement can be proved by an
easy calculation based on the growth analysis of the function f: R — R,z — x & AvVx + a?
(with A,a > 0) and by noting that the spectra of the different Laplacians on the link are
bounded from below.

Remark 6.58. Note that for v € C®(L) with A%%v = Mv for some X € R, we have
Ug ('Ugconc) = )\'Ugconc-
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Chapter 7

Asymptotically conical (AC)
manifolds

7.1 Definition and elementary properties

Definition 7.1. A complete Riemannian manifold (M, gac) is called an asymptotically
conical Riemannian manifold" (short: AC manifold) if there are

e a compact set K C M,

e a Riemannian cone Cone(L, gr,) with L connected,

e qa positive number R > 0,

e qa positive number T > 0, and

e a diffeomorphism ¢: M \ K — Cone(L, gr) \ ((0, R;] x L;)

such that
|vgconmk(¢*gac _ gcone)|gcone =0 (TﬁT*k) for all k e N (71)

We call the set K the core or nuculus, the set M \ K the end, the number T decay
rate, the map ¢; the asymptotic chart and the map ¢~ the asymptotic parametrization. We
denote the fact above by g € AC (geone, T, ¢) with K and R left implicit.

An asymptotically conical manifold is depicted schematically in Figure 7.1.

Remark 7.2. There are several competing definitions for the term “asymptotically conical
metric” in the literature, cf. e.g. [PT01]. The basic idea of our definition can be traced back
at least to Cantor [Can79], where he considers the special case (L,gr) = (S™, ground) and
calls the corresponding asymptotically conical manifolds asymptotically simple.

Remark 7.3. Some authors allow for multiple ends in the definition of an asymptot-
itcally conical manifold. However, asymptotically conical manifolds with Ricci curvature
bounded from below have necessarily one end by the Cheeger—Gromoll splitting theorem

"'We will use the notation gac and go for an asymptotically conical manifold.
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Figure 7.1: Asymptotically conical manifold

[CG71, EH84J. Since the main objects of interest in this thesis are Ricci-flat asymptotically
conical manifolds, our restriction to a single end (and in particular a connected link) in the
definition does not restrict the generality.

The core of an asymptotically conical manifold is not uniquely specified. In fact, there
is a systematic way to generate a family of suitable cores.

Definition 7.4. A radius function on the asymptotically conical manifold g € AC (geone, T, @)
is any smooth function p: M — R such that p]M\K = ro¢. Given a radius function
p: M — R, we define the family of manifolds

Core(R) :=={pe M |p(p) < R} UK.

The core is closed and bounded (since p is comparable to the distance function to a fixed
point), thus the Hopf-Rinow theorem implies that Core(R) is compact. Thus, Core(R) is a
suitable core for g and Core(R;) C Core(Rz) for R; < Rs.

The pointwise norm induced by the asymptotically conical metric is comparable to the
pointwise norm induced by the cone metric.

Lemma 7.5 ([Pacl3, Remark 6.3]). Let g € AC (gcone, ¢, 7) and let S be any tensor field.
Then [Sg.g = [Sgeone (1 + O (r77)).

7.2 Examples of Ricci-flat asymptotically conical manifolds

If a manifold M has the property that M C K is diffeomorphic to (R,00) x L for some
compact set K, then it is not complicated to construct a metric that satisfies the asymp-
toticity condition Equation (7.1). In fact, take any open precompact set U C M containing
K and consider the open covering U := {U,M \ K'}. If fy, fap i is a partition of unity
subordinate to U and gy is any Riemannian metric on U, then the metric

9= fugu + fM\K¢*gcone
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(where geone is any cone metric on (R, 00) x L) satisfies the asymptoticity condition since
g — &*geone = 0 on M \ U. (In fact, we will put this construction to use in Section 8.4.)

The situation is much more delicate if we want a Ricci-flat complete metric which
satisfies the asymptoticity condition.

Example 7.6. The easiest example for an asymptotically conical manifold is M = R™
with the standard flat metric guq. The link in this case is S™=1 with the standard round
metric ground- Let us fix any R > 0 and set K := {x € R™ ||z| < R} C M. The asymptotic
chart is given, in essence, via spherical coordinates: ¢: M \ K — (R, 00) x L,z — (|z|, ﬁ)

Now (qﬁ_l)*gﬂat = Gcone, thus any positive decay rate may be chosen.

This example is an example of what we could reasonably call an asymptotically Euc-
lidean metric.

Example 7.7 (Eguchi-Hanson metrics). Consider the cotangent bundle M := T*S? of the
2-sphere S?. We have the following chain of diffeomorphisms

(T*S?)\ 2(58%) ~ (T'S?)\ 2(5%) ~RT x US? ~RT x SO(3) R x (S3/Zj),

where z denotes the zero section?, US? denotes the unit tangent bundle (with respect to
an arbitrary metric) and where we used that US? is an SO(3)-torsor and that we have
the isomorphism SO(3) ~ S3/Zy. Note that the manifold (S®/Zs) x R is diffeomorphic
to Cone(S®/Za, ground) where ground denotes the metric induced by the round metric on the
quotient. Note furthermore that the set K := 2(S?) is compact in M since the zero section
z s a diffeomorphism (in fact, M \ K is a dense open subset of M), hence we can write
the compositions of the above diffeomorphisms as

¢: M\ K — Cone(Sz/Zg,gmund).
Fizing a positive real number R > 0, we may thus obtain a diffeomorphism
¢o: M \ K — COHG(S2/ZQ7gmund) \ (07 R] X (52/22)

by restricting ¢, where K := ¢~1((0, R] x (S?/Zs)).

In [EH78], Equchi and Hanson constructed a metric on Rt x S% which descends to a
metric on RY x (S3/Z3) and extends to a smooth Ricci-flat metric gpy on T*S?. The Eguchi—
Hanson metric is asymptotically conical. The Equchi—Hanson metric is hyper-Kdihler, in the
sense that M admits three complex structures I,J and K, satisfying the relation I1J = K,
with respect to which g is Kdhler.

The Eguchi-Hanson metric belongs to a larger family of metrics.

Definition 7.8. An asymptotically conical manifold is called an asymptotically localy Eu-
clidean (ALE) manifold if the asymptotic cone is of the form Cone(ST™M=1/T) where
I' € SO(dim M — 1) is a finite subgroup of O(n) acting freely on SO(dim M — 1).

2In this topic, the idea to work on a bundle which has nice asymptotics outside the zero section is quite
popular, cf. also Example 7.12.
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The terminology comes from physics. Hyperkdhler ALE spaces of dimension 4 have been
classified by Kronheimer [Kro89] into classes Ay, By, Ck, Dy, Fs, E7, Es. The Eguchi—
Hanson metric is A1. Known examples of ALE metrics are either hykerkéhler or arise as a
finite quotient. For further examples for ALE metrics, cf. references in [HRS20].

Asymptotically locally Euclidean manifolds form a strict subset of asymptotically conical
manifolds.

Example 7.9 (Stenzel metrics). In [Ste93], Stenzel constructed a family of compelete Ricci-
flat asymptotically conical manifolds on T*S™ L, asymptotic to Cone(SO(n + 2)/SO(n)).
The special case n := 2 recovers the Egquchi—-Hanson metric.

Example 7.10 (Ricci-flat asymptotically conical Calabi—Yau manifolds). Based on work by
[CTY4], Conlon and Hein gave a construction for Ricci-flat asymptotically conical Calabi—
Yau manifolds [CH13, CH15].

Example 7.11. In [vC11], van Coevering constructed examples of Ricci-flat asymptotically
conical Kahler manifolds using so-called crepant resolutions.

Example 7.12 (Go-manifolds). In [BS89], Bryant and Salamon constructed asymptot-
ically conical manifolds with holonomy group contained in Go. The underlying manifolds
are the spinor bundle of S®, the bundle of anti-self-dual 2-forms of S* and the bundle of
anti-self-dual 2-forms of CP2. Their asymptotic cones are Cone(S® x S3), Cone(CP?) and
Cone(SU(3)/T?), respectively (cf. also [KL ]). As all Go-manifolds, the Bryant-Salomon
manifolds are 7 dimensional and Ricci-flat [Bon66]. A systematic construction of asymp-
totically conical Go-manifolds has been presented in [FHN |].

7.3 Functional analysis on asymptotically conical manifolds

The usual functional spaces of Sobolev and Hoélder type are not well suited for asymptotic-
ally conical manifolds. However, there is a nice theory of weighted analogues of these spaces
that are designed especially to deal with functional analytic issues arising on asymptotic-
ally conical manifolds. As far it could be determined, the idea of weighted function spaces
originates from [Can75] who defined these spaces on R", motivated by work in [NW73].
An exceptionally clearly written exposé about weighted function spaces can be found in
[Pacl3], here we recall only the essentials (but cf. also [McO79, CBC81, LM85, Bar86]).

Given an asymptotically conical manifold (M, g) € AC (geone, ¢, 7) and a radius function
p € C®(M), we define the following Banach spaces of sections of a vector bundle E — M
endowed with a bundle metric and a metric connection V.

Definition 7.13 (cf. [Pacl3, Section 5] and [DK20, page 5]). The weighted Sobolev space
with order k € N, degree p > 1, and rate 6 € R s

Wf’p(E) := Banach space completion of the space {s eI (F)

Islhytocey |

with respect to the norm

k 1/p
HSHW’W(E) = Z/ ’p—é—JvJ8|pp—d1mMVO1g ‘
s = Ju
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We also introduce HE(E) = Wf’Q(E). This is a Hilbert space. The weighted space of C*
sections of rate 6 € R is defined similarly as

C¥ (E) := Banach space completion of the space{s eI (F) ‘||s||c§(E)}

with respect to the norm
k
i
HSHC(’;(E) = ZSUP [p~ IV 5.
=0

The weighted Hélder space with order k € N, rate 6 € R and Hélder exponent o € (0,1) is
defined as

CE(E) = {s € CF(E)

Isllgse s < o0}

where

||3||C§’Q(E) = HSHC(’;(E)

T%’Vks(a:) — Vks(y)‘
| disty(x, y)|*

)

+ sup min {p76+k+a(x)7 p75+k+a( )}

z,yeM
0<distgy(z,y)<inj(M,g)

where 7Y denotes the parallel transport along the (unique) shortest geodesic from x to y.
Evidently, if s € C¥ (E), then s = O <p5>.

Remark 7.14. The notation for weighted spaces is not standardized in the literature. We
follow in this thesis the convention of [Pac13] and [Bar86].

Since different radius functions may differ only in the core, we have the following.

Lemma 7.15. Different choices of the radius function lead to equivalent morms on the
weighted Sobolev spaces.

Weighted Sobolev and Hélder spaces are convenient to work with because analogues of
several theorems for classical Sobolev and Holder hold.

Theorem 7.16 (Weighted Sobolev embeddings). Let E — M be a vector bundle with
metric and a metric connection.

o Ifk>1>0andk—2>1—2 and one of the following conditions hold

» a
(a) p<qand B <6

(b) p<gqand B <9,
then there is a continuous embedding ng(E) <We(EB).

o If By < By and k1 + a1 > ko + aa, then there are continuous embeddings Cgl+1 (E) <
k1,a ko,
Csl (E) < Cg2°2 (E) < C§2 (B) and C}} (E) < Cf2 (E).
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o IfB <6 andk—3 > l4a, then there are continuous embeddings Wp’ (E) < C’é’a (B) <
Wi(E).
Proof. Cf. [Mar02, Theorem 4.17]. O

The following version of the Sobolev inequality holds on asymptotically conical mani-
folds.

Theorem 7.17 (Sobolev inequality). Let (M, g) be an asymptotically conical manifold of
dimension m and decay rate —T < 0. Then there is a constant C € R such that

11l s gy, ) < CNAF e ang)
holds for all compactly supported smooth functions f € C2°(M).
Proof. Cf. [vC10, Theorem 2.6] or [Heill, Theorem 1.2]. O

Proposition 7.18 (Weighted Holder inequality, cf. e.g. [Pacl13, Lemma 6.7]). Let (M, g) €
AC (geone, @, 9) be an asymptotically conical manifold, and let (Ey, (-,-)x) — M be Hermitian
bundles, k = 1,2. Let $1,52 € R and q1,¢2 € (0,00]. Then L%ll(El) ® L%E(Eg) C L%(E)
where E := E1 ® Fo, § := 1+ P2 and % = q% + q%. If x: B4 ® By — F is a uniformly
bounded bundle map, then there is a constant C = C(x) such that (with the usual infix
notation)

||U1*U2HL‘1 ) < CHUIHqu (E1) HU2”L‘12 (E2)

Proof. 1t suffices to show the claim for decomposable tensors. Let uy € Lqﬁl1 (E1) and uy €
L% (E2). Then

1/q
||u1®quLq lpPur @ us|p dlmMvol)

=
= ([ (77 v
-

‘p B1 fdlmM/ql

Ul‘ ’p*ﬁzpf dim M/q2,,, ‘q V01g> 1/q

M
g

Li(E)

—pB1 ,—dim M/q1

v B2 dim M /a2

T

p

L9 (E)) L92(Ey)

_ —B1 q1 ,—dim M Lo B2 q2 ,—dim M e
=/, lp~ " ug | p vol, Ip uz|®p voly
= ||U1HL§11(E1)HU2||L222(E2),

where we used the ordinary Holder inequality in the marked step. The last claim follows
similarly. O

As an example of how calculations in weighted Sobolev spaces are done, consider the
following lemma.
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Lemma 7.19. Let (M, gac) € AC (geone, @, 7) be an asymptotically conical manifold with
asympotic link (L,gr) and let p € C*°(M) be a radius function. Then if o <  then p® €
L (Ryy)-

Proof. Let K C M be a compact set outside which p = 7 o ¢ (this is a suitable choice for a
core). Without loss of generality, we may choose K := Core(R) for some R > 0. Then we
calculate

0% s,y = [, (070D M vl = [ (pe it o,
:/ p(—5+a)p—divaolgac+/ p(-Bre)p=dmM o)
K M\K

<Ci+ C'z/ p(_ﬁ—m)p_dimM volgs
M\K

Jcone

gcone

S Cl + CQ/ T(—B—i—a)p—dimM vol
M\K

< Ci+ 0y /OO/ p(=Bta)p—dim M, dim M—1 voly, dr
R JL

< C1 + Oy Voly, (L)/ PPl < oo O
R

7.4 Some formulas involving higher covariant derivatives

In this section we develop a few formulas that relate higher covariant derivatives with
respect to different connections, with a special emphasis on Levi-Civita connections and
decay rates.

Covariant derivatives of the difference tensor We prove a few general lemmata
about tensor fields related to different Riemannian metrics. Let g and ¢’ be two Riemannian
metrics on a manifold M, and set h := ¢’ —g. Let the corresponding Levi-Civita connections
be V and V’. Then due to torsion freeness of both V and V', it is known that 7' := V' -V

a (2,1)-tensor field which is symmetric, i.e. T(X,Y) =T (Y, X) for all X,Y € TM. This

tensor field can be determined by a Koszul style formula.

Lemma 7.20. In the setting above, we have 2¢'(T(X,Y), Z) = —(Vzh)(X,Y)+(Vxh)(Y, Z)+

(Vyh)(Z,X) for any X,Y,Z € TM. Moreover, for the pointwise norms, we have |T|, <
5IVhly
2 g

Proof. By ¢’ compatibility of V’, we obtain for X,Y,Z € TM

0= (V29)(X,Y) = Z(g(X.Y)) = ¢ (V5 X,Y) = g (X, V7Y)
— Z(g(X.Y)) + Z(h(X,Y))
—g(VZX,Y) - g(T(Z.X),Y) - h(V2X,Y) - K(T(Z,X),Y)
— g(X,V2Y) - g(X.T(Z,Y)) - h(X,V7Y) — h(X,T(Z,Y))
— (V29)(X,Y) + (Vzh)(X,Y),Y)) - g(T(Z,X),Y) — h(T(Z,X),Y) - g(X, T(Z,Y)).
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Thus, by permutation of the arguments, we obtain

0= (th)(va) - g/(T(Z,X),Y) - g/(X,T(Z, Y))? (72)
0= (Vxh)(Y,2) - ¢ (T(X,Y), Z) - g (V. T(X, Z)), (7.3)
0= (th)(Z7X) - g/(T(Y7 Z),X) - g,(Z7T(K X)) (7'4)

Therefore, the linear combination —(7.2) + (7.3) + (7.4) yields

0=—(Vzh)(X,Y) + ¢ (T(X,2),Y) + ¢ (T(Y, Z), X)
) ), Z) = ¢'(T(Z,X),Y)
Vyh)(Z,X) = ¢(T(2,Y), X) - ¢ (T(X,Y), Z)
\Z) + (Vyh)(Z,X) — 2¢'(T(X,Y), Z).

Rearranging gives the first part of the claim.
For the second claim, we are going to use the fact that for any metric B: V@V - R
and any vectors vy, ...,v; € V, we have

B(vy + -+ +vg,v1 4 - +vg) < k- (B(v,vr) + - + Bk, vg)),

which follows from the Cauchy—Schwarz inequality and the inequality between geometric
and arithmetic means.
For a ¢g’-orthonormal frame (e;);c7, we have

|T|527’: Z g/(T(eivej)aek)z
i,j,k€l
= Y 1 (T enes) + (Veh)es,en) + (Ve ) (erer)

i,5,kel

—

%)
S 3 1 (Veh)enes) + (Veh)eg,ex)” + (Ve )i, er)?)
i,5,k€l

9
— Z‘vh|§/,

where we used the estimate given earlier to establish the inequality in the step marked
by (*). O

As we will see, for the curvature, it is useful to know what the covariant derivative VT
looks like. We can give a similar, Koszul style characterization via the metric ¢'.

Lemma 7.21. In the setting above, for X, Y, Z W € TM, we have
20" (VwT)(X,Y), Z) = —(Viy zh) (X, Y)+(Viy xh) (Y, 2)+(Viyy h) (X, 2)-2(Vwh)(T(X,Y ), Z).
Moreover, \VT|§, < 3|V2h\§, + 9]Vh\3,.
Proof. The strategy is to derive the statement of Lemma 7.20 with respect to W.
Vw (29 (T(X,Y), Z)) = Vw (=(Vzh)(X,Y) + (Vxh)(Y, Z) + (Vyh)(Z, X)).
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By the product rule we obtain

2(Vwg ) (T(X,Y), Z) +24'(VwT)(X,Y), Z)
+ ZQI(T(V[/VX) Y),Z)+ 2gl( (X, VwY), Z) + 2gl(T(X, Y),VwZ)
= (=Vw(Vzh))(X,Y) = (Vzh)(Vw X,Y) = (Vzh)(X,VwY)
+(Vw(Vxh)(Y, Z) + (Vxh)(VwY, Z) + (Vxh)(Y,Vw Z)
+ (Vw (Vyh))(X, Z) + (Vyh)(Vw X, Z) — (Vyh)(X, Vw Z).

Separating the term we want to express on the left-hand side, we get

29 (VwT)(X,Y), Z) = (=Vw(Vzh))(X,Y) = (Vzh)(VwX,Y) — (Vzh)(X, Vy)
+(V (Vxh))( Z)+ (Vxh)(VwY, Z) + (Vyh)(Y,Vw Z)
+ (Vw (Vyh))(X, Z2) + (Vyh)(Vw X, Z) + (Vyh)(X,Vw Z)
—2(Vwg )(T(X,Y), Z) — 24 (T(Vw X,Y), Z)
— 29/(T(X, VwY),Z) - 29/(T(X, Y),VwZ2).

Using Lemma 7.20 for ¢'(T°(-,-), ), we obtain

—(Vw(Vzh)(X,Y) = (Vzh)(Vw X,Y) = (Vzh)(X,VwY)

+(VW(VXh))(Y7Z)+(VX Y(VwY, Z) + (Vxh)(Y,VwZ)
+ (Vw (Vyh))(X, Z) + (Vyh)(Vw Z) + (Vyh)(X, Vw Z)
—2(Vw g ) (T(X,Y), 2)
+(Vzh)(VwX,Y) = (Vyu, xh)(Y, Z) — (Vyh)(Vw X, Z)
+ (Vzh) (X, VwY) = (Vxh)(VwY.Z) + (Vv,vh)(X, Z)
+(vazh)(X Y) = (Vxh)(Y,VwZ) — (Vyh)(X,VwZ)
— (Vi zh)(X,Y) + (Vi xh)(Y, Z)
+ (Viyh) (X, Z) = 2(Vwg )(T(X,Y), Z)
— (Vi zh)(X,Y) + (Viyxh)(Y, Z)
+(V124/,Yh)(X Z) =2(Vwh)(T(X,Y), Z),

as claimed.
For the claim about the norms, choose a g’-orthogonal frame (e;);c; to calculate

IVTly = > ¢((VeT)(es en) )

i,5,k,lel
1
=7 2 ((Vaeeies) + (Vi e h)ejen) + (Ve o h) (e ex)
1,5,k,lel
= 2(Ve, h)(T (e, 5), ex))?
4
S Z Z ( (Vgl ekh)(ei7ej)z(vghelh)(ej?ek) (Vzl €5 h)(eiﬂek)g

igklel
+ 4(Ve, h) (T (ei, €5), er)’)
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= 3|V2h|2 + 4|Vh* T2
< 3|V2h% + 4|Vh[2|T|Z
< 3|V?h|% + 9| VA

where we used the inequality from the proof of the last lemma, the fact that the induced
norm on tensors is submultiplicative with respect to compositions, and Lemma 7.20. O

In principle, we could continue this pattern to derive a Koszul style formula for even
higher order partial derivatives in terms covariant derivatives of the difference tensor A of
ever increasing order. However, for our purposes, this cumbersome road would give too much
information—we need only the decay information after all. This is why we introduce the
following simplifying notation. Let 7' x S denote any R-linear combination of contractions
of the tensor fields T and S. The meaning of * can change from line to line but it remains
an associative operation. Moreover, let PT denote any R-linear combination of the tensor
T with permuted arguments.

With this notation, we can rewrite the statement of Lemma 7.21 as

VT = PV?h — (Vh)* T = PV*h + (Vh) x (PVh) = P(V*h + (Vh) x (Vh)).
From this, we can easily read off how the norm behaves:

IVT|y = |P(V2h + (V) % (Vh))|g
= C1|V2h|y + Ca|(VR) * (Vh)],
= C1|V?hlg + Cs|Vh[;
=0 (r*T*Z) +0 (7«2'(*7*1))
=0 (r_T_Z) )

With this simplified notation, we can state and prove the following statement.
Lemma 7.22. Let ¢’, g be Riemannian metrics on a smooth manifold, and let h := ¢’ — g,
and T := VY9 — V9. Then

k+1
VoET = P [ okt 1 Z(Vg,ph)*(vg,kﬂ—ph) ’
p=0
where k € N. In particular, if |V9’kh|g =0 (r—T—k), then |V9’kT\g =0 (T—T—k—l)_

Proof. We have seen the statement for £ = 0 and £ = 1 before in Lemmata 7.20 and 7.21.
For k > 1, we can show the statement using induction and the Leibniz rule. O

Covariant derivatives of the curvature tensors Armed with these results, we can
now express the curvature R’ of ¢’ in terms of the curvature R of g and various covariant
derivatives of the tensors h and T.
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Lemma 7.23. In terms of the data above, R'(X,Y)Z = R(X,Y)Z + (VxT)(Y,Z) —
(VyT)(X,V)+T(X,T(Y,2)) - T(Y, T(X,Z2)) for X,Y,Z € TM. For covariant deriv-
atives with respect to g, we have VFR' = VFR + Zfiol(VlT) * (VFFIZITY) where  denotes
a contraction. In particular |R'|; = O (r=2) and [V¥(R' — R)|, = O (T_T_g_k).

Proof. We will treat the cases separately, based on the value of k.

k=0: Let X,Y,Z € TM. The second covariant derivative with respect to the metric ¢’
can be calculated as

(VixyZ =V5%(Vy2) =V 2
X
=(Vx +T(X,) o (Vy +T(Y,))(Z) = Vyvirx,y)(Z)
—T(VxY +T(X,Y),2)
=ViyZ+ (VxD)(Y,2)+T(VxY,Z)+ T(Y,VxZ)
+T(X,VyZ)+T(X,T(Y,Z)) - Vrxy)Z —T(VxY,Z)
+T(T(X,Y), Z)

The curvature tensor is the antisymmetrization of the second covariant derivative,
therefore the fact that T is symmetric yields

R/(X, Y)Z — V/XyZ - VS/7XZ

= R(X,Y)Z + (VxT)(Y, Z) — (VyT)(X, Z) (7.5)
+T(X,T(Y, 2)) - T(Y,T(X, Z))
= (R+PVT - T+T)(X,Y,Z). (7.6)

Based on this equation, the triangle inequality implies that the pointwise norm satis-
fies
’R/|g’ < ‘R|g’ + 2|VT‘Q’ + 2’T o(T'® idTM)’g’
< |Rlg +2|VT|g +2|T2
=0 (7“_2) +0 (’I”_T_Q) +0 (7“2’(_7_1))

=0(r?).

Similarly, we obtain that |R' — R|, = O (r~7"2). By Lemma 7.5, we have the same
decay rate in the g-norm, too.

k > 0: The starting point of the argument is Equation (7.5). Taking the kth covariant
derivative implies, using the Leibniz rule, the statement. The decay rate follows from
a similar argument as in the case k = 0. O

Higher covariant derivatives of tensor fields Next we relate higher-order covariant
derivative of any tensor field to each other.
We start with a naturality statement.
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Lemma 7.24. Let M and N be smooth manifolds and let ¢: M — N be a diffeomorphism.
Moreover, let g € Met (N) and let S € T ((T*N)®") be a tensor field. Then for any k € N,

we have [V4'#4(59)] gy = ¢* (V9451 ).
Proof. One checks that |¢*S|4+g = ¢* (|S|y) for any tensor field T', which is incidentally the

claim for k = 0. Next, elementary calculations show that V¢ 9(¢*S) = ¢*(V9S). The claim
now follows by induction:

[V ok (¢75)

prg = [VIR (VY 9(99))|geg
= [V IR (§"(V99)) ]+
=" (IV7*(v95)],)
— ¢ (‘vg,kzﬂs‘g) O

Lemma 7.25. Let M be a smooth manifold and let V, V be two connections on M and set
T :=V — V. Moreover, let S € T ((T*M)®*) be a tensor field. Then for any k € N, we

have
k

S .

VES = 3 (VPS) % VI(Tx---xT),
p,q,7=0 r times
ptg+r=k

where x denotes a multilinear operator which factors through the tensor product via a V-
covariantly constant map.

Proof. We can work using induction. The case k = 0 is trivial. Note that V(A x B) =
(VA) x B+ A% (VB) because of V-covariant constancy of x. Thus we have by the Leibniz
rule

k
VEtle — v (VEQ) = U P q
VS =V(VFS) =V p;o (VPS) » V (T*t‘ * T)
p#qi’,r:k T times
k
_ P q ce
=(V+T)| > (VP *xVI(Tx---xT)
p,g,7=0 r times
p+q+r=k
k
= Z (VPPESYx V(T -+ T) + (VPS) x« VITH (T x - - - % T)
,q,7=0 r times r times
pg-g-&-r:k ‘ ‘
+ T (VPS)*x VT x---+T)
r times
k
= Z (VPPESYx V(T -+ T) + (VPS) x« VITH (T x5 T)
,,7=0 r times r times
pg-g-&-r:k ‘ ‘

+ (VPS)*xVI(T x---%T)

r+1 times
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k+1

= Z (VPSYx VYT % ---xT). O
p,q,r=0 r times
p+g+r=k+1

In the context of asymptotically conical metrics, we have the following corollary.

Corollary 7.26. Let M be a smooth manifold, let g € Met (M) be an asymptotically conical
metric and let g € Met (M) be another Riemannian metric with h = g — g satisfying
|V9kR|, = O (p_T_k). Moreover, let S be a tensor field with |V9*S|, = O (p_“_k). Then

|VI9*h|; = O (p_o‘_k) as well.
Proof. We proceed in three steps.

e From Lemma 7.22, we know that

a+1
Vk,aT = Vg,a—s-lh + Z(vgmh) * (Vg,a+1—ph)
=0
’ a+1
=0 (p—T—a—l) + Z o) (p—T—p) 9] <p—T—a—1+p)
p=0

=0 (,O_T_a_l) ’

thus we obtain from the Leibniz rule that

q

VIUT x---%xT) = (VINT) % -k (VST
k ti 017;11@:
imes a1t tap=q
q
= O p_T_al_l L. O p—T—ak—l
W2 o) o)
ai1+--+ap=q

-0 (p—kT—q—kz> -0 (p—q(p—T—l)k) ‘

(This means each derivative introduces a factor p~!

a factor p~7 1)

and each “power” of T introduces

e By Lemma 7.25, we obtain now

k
vg,ks _ Z (ngs) * vgﬂl(T* R T)
P,q,r=0 r times
ptatr=k
k
= Y (VS50 (o).
P,q,r=0
ptqt+r=k

e Since the pointwise metrics induced by g and g are equivalent by Lemma 7.5, we
obtain

VRSl < CLIVIES|y(1+ 0 (p77))
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k
<Gl D (VS *0(p ) {1+ 0 (p77))

p,q,r=0
p+q+r=k

k
<G Y (VRS0 (pTTT) 1+ 0 (7))

P,q,r=0
prgt+r=k

k
<Cy Y 0@ P)O(TT)(1+0(pT))

p,q,r=0
pt+g+r=k

=0(p M) a+0(p ) =0(pF). m

7.5 Pointwise injectivity radius on asymptotically conical man-
ifolds

The goal of this section is to show that on an asympototically conical manifold, far enough
from the core, the injectivity radius grows at least linearly.
7.5.1 Pullback to a reference set

First, we show that the pointwise norm of the difference g.c — gecone at a homothetically
rescaled point can be calculated via a rescaled version of the pullback.

Lemma 7.27. Fixt € R and let ¢y := FltZ. Then we have for the pointwise norms that
1' ‘e*2t¢2‘gac - gcone’gcone = ‘gaC - gCOHe’gcone © ¢t7
2‘ |vgCone (6_2t¢?ga(ﬁ - gcone)|gcone = ’vgcone (gac - gcone)’gcone © ¢t7

3- |Vgcon672(e—2t¢?gac - gC0n6)|gconc = |vgcon672(gac - gCOHe)’gconc © ¢t'

Proof. This is an easy calculation using that ¢} geone = €2 geone, the properties of the point-
wise norm under pushforwards and rescalings and naturality of the Levi-Civita connection.

1.
th’ei2t¢:gaC - gCOne|gcone = ‘ergac - 62thOne’gcone
= [¢; (Gac — Geone) |geone
= ‘gaC - gcone|(¢t)*gconc ° (Z)t
= 62t|gac - gcone|gcone © ¢t
2.

|vgcone (6_2t¢:gac - gcone) |gcone = 6_2t ’vgcone (qs:gac) ’gcone
= 672t ’vqf)?gcone ((Zsljjgac) ’672t¢zgcone
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= [(9£ VI ) (¢ Gac)| 67 geone
= |vgconegac|gcone © ¢t
= |vgcone (gac - gcone) |gconc © ¢t

3. This is basically the same as in the last item. O

Using this lemma, we can express the C2-norm on a homothetically rescaled compact
subset.

Lemma 7.28. Let K C M be a compact subset and t € R such that ¢:(K) C M \
Core(Rasy)' Then ||gac _gconeHCQ(SQT*M|¢t(K),gconC) = ||6_2t¢;5kgac _gconeHC?(S?T*M|K,gconc) <

pr e Tt (Cg+ ST CQ), where pr = min{p(p) |p € K}. In particular if t > 0

orel p%{e”
and K C M \ Core(R,qy), we have ||gac — gconeHCQ(SQT*M|%(K>7§COH€) < Ce™ with C =
P (Co+f;;§+c2).

P

Proof.

2 2 |77 gae — Geone o (P)
lle™ t¢2k9ac - gcone||C2(52T*M|K7gcone) = sup —vacone (6_2t¢:gac N gcone)‘gcone N
+|vgcone72(e_2t¢?gac - gcone)ygcone (p)

’gac - gcone‘?]cone((bt (p>)
= sup —vacone (gac - gcone)‘gcone(ét(p)) peK
+|V9°°"e’2 (gac - gcone) |§C0ne (¢t (p))

|gac - gcone‘gcone (Q)
= sup "vacone (gac - gcone)‘gcone (q) qc ¢t(K)
+ | vgcone,Q (gac _ gcone) |§CODC <q)

Using that ¢;(K) C M \ Core(Rasy), we obtain the estimate

Cop(o(q))~"
< sup +Clp(¢t(q; T

) 1
+Cap(¢i(q)) 72

Using that p o ¢y = ep, we obtain

Cop(q) e
=sup{ +Cip(q) "tV g e K
+02p(q —7—26( T—2)t

In case ¢ > 0, the parentheses can be estimated by its value at ¢ = 0. ]
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7.5.2 Lower semicontinuity of the injectivity radius function
We state a few useful calculation rules for the injectivity radius.

Lemma 7.29. Let p € M, g € Met (M), a > 0, ¢: M — M a diffeomorphism and let
U C M be a neighbourhood of p in M. Then

1. inja2,4(p) = ainjy(p),
2. and injy.,(p) = inj,(é(p)),

3. injg, (p) < injy(p).

Proof. 1. Since the Koszul formula implies that the Levi-Civita connections for g and
a?g are equal, the corresponding exponential maps coincide. This means in particular
that the largest subset U of T}, M which gets mapped diffeomorphically onto M is also
independent of « (as long as a > 0 holds). However, the injectivity radius, i.e. the
supremum of the radii of balls lying entirely in U does depend on the scaling.

Since for the pointwise norm of X, € T, M, we have |X|,2, = v/a?g(X, X) = a| Xy,
we have B¥*9(0) = Bf/a(()) in T, M. Consequently
injp(QQg) = sup {r >0 ‘B?QQ(OP) C U} = sup {7’ >0 ’Bf/a(op) - U}
= sup {aR > 0|B%(0,) C U} = asup {R > 0 |B%(0,) C U} = ainj,(g).

2. Since ¢: M — M is a diffeomorphism, the differential d¢y,: T, M — Ty, M is a linear
isomorphism, therefore we obtain the following relation for balls in the tangent space

BE9(0,) = { X € T,M |(6"),(X, X) < r?}
= {do0)Y € ToM |(6"0)p(dyi,) Y dayg V) <2
= {do;0yY € TyM |gy(V,Y) < 72}
— dgbqj(lp) {Y € T,M ’gqb(p) (Y,Y) < 1"2}
= d%:é;) B (0g(p))-

Now using the fact that the exponential map of a pullback metric is the pullback of
the exponential map of the original metric, we obtain

inj,(¢*g) = sup {7’ >0 expﬁ*g: B?"9(0,) — M is a diffeomorphism onto its image}
= sup {T >0 [(¢* exp?),: BY9(0,) — M is a diffeo. onto its image}

= sup {r > 0 |(¢* exp?),: d¢;(11))B£(0¢(p)) — M is a diffeo. onto its image}

= sup {7’ >0 |expy: BY(04,)) — M is a diffeo. onto its image}
= njy) 9

as claimed.
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3. If BY @ (p) C U, then inj,, (p) < injy(p). Otherwise inj,, (p) < inj,(p) since at least

inj,,
one g-geodesic must leave U before reaching the injectivity radius of g at p. O

It is a fundamental result of Riemannian geometry that, for a fixed metric, the pointwise
injectivity radius function inj,: M — R is continuous. Paul Ewing Ehrlich showed that, on
compact manifolds, we can say more. Recall that a function f: X — R from a topological
space X is lower semicontinuous if it is continuous with respect to the left order topology
on R, i.e. if for any point x € X and any € > 0, there is an open neighbourhood U = U(z, €)
of = such that f|y, > f(x) — e. All continuous functions are lower semicontinuous and it is
an easy exercise to show that the pointwise minimum of lower semicontinuous functions is
again lower semicontinuous.

Proposition 7.30 ([Ehr74, Chapter 6, Theorem 1]). Let M be a compact manifold. Then
the map
inj: C?(Met (M)) x M — R

1s lower semicontinuous.

The situation is more delicate in case of noncompact manifolds but one can localize the
previous result.

Corollary 7.31 ([Ehr74, Chapter 6, Remark after Theorem 1]). Let (M, go) be a complete

noncompact Riemannian manifold with injg, (po) < oo at some pg € M. Moreover, let K :=
90
injg (po)
(g(]vp())'

(po). Then the function inj: C%(Met (M) |k) x K — R is lower semicontinuous at

Remark 7.32. If (M, go) is a complete connected Riemannian manifold with inj gy = oo,
then the exponential map shows that M is diffeomorphic to RE™M — Cone(S§dmM—1),
This means in turn that all asymptotically conical metrics living on M are necessarily
asymptotically Fuclidean. These metrics, having been thoroughly investigated elsewhere, are
not our main concern here.

Next, we prove a general lemma about lower semicontinuous functions and “restrictions”
to compact subsets.

Lemma 7.33. Let (M, g) be a Riemannian manifold and let (E, (-,-), V) be a vector bundle
on M with inner product and compatible connection. Furthermore, let K C M be a com-
pact submanifold. Let F: C¥(E) x M — R be a lower semicontinuous function. Then
f: C¥(B|k) x K = R,(0,p) — F(o,p) is lower semicontinuous.

Proof. Let +: K — M denote the embedding. This map induces the restriction map
t*: C*(E) — COF(E|k), which is continuous by the following calculation

k

"o llok () ) = sup { > [Vl
a=0

k
pEK} §SUp{Z|V“U|p

a=0

pE M} = llollcr -

Since f = F o (¢*,¢) all the maps on the left-hand side are lower semicontinuous, f itself is
lower semicontinuous. O
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Figure 7.2: Injectivity radius in the proof of Proposition 7.34

We have arrived at the main statement of this section.

Proposition 7.34. The injectivity radius of an asymptotically conical metric grows even-
tually at least linearly. More precisely, if gac is an asymptotically conical metric with
inj, (p) # oo for some any p € M, then there are constants R,C > 0 such that the
pointwise injectivity radius satisfies

injgac |M\Core(R) > Cp.
The constants R and C' depend on gac via Rasy and the asymptotic constants for gac.

Proof. Let geone be the cone metric to which the metric g, is asymptotic on Cone(RaSy).
Fix a reference radius ro > Rasy. Now by continuity of inj, M — R, we get a finite
positive constant

a := min {min { injg...(p) ‘p(p) = ro} , Rasy — ro} > 0.

Consider the restriction f of function min {inj,a} to C?(Met (M) |x) x K — R where
K:={peM|rog—a<p(p) <ro+a}. Note that K C M \ Core(Rasy) by construction.

Let € > 0. By lower semicontinuity of the injectivity radius map, for allp € {qg € M |p(q) = ro},
there is a d(e,p) > 0 such that whenever ||g — geonellc2 < ¢ and d(p,q) < d, we have
inj,(q) > inj, . (p). In particular, we may cover the reference slice as {p [p(p) =70} =
Upefpp(p)=ro} Bp(0(€,p)). Since the reference slice is compact, there is a finite subcover. Let
Omin and dmax denote the smallest and the biggest § from this finite subcover, respectively.

Choosing € := a/2, we obtain for any metric g with ||g — gconeHCQ(gcone) < Omin that

inj,(g) > inj,(geone) > a — € = a/2.

1/7
Let p € M with p(p) > ( 2C ) / ro =: R where C' denotes the constant from Lemma 7.28

5min
for K := {p € M |p(p) = ro}. Moreover, let t € R be such that py := F1Z, p € K. Since we
have p(p) = rge?, thus for the metric g := €?!g,., we obtain that
||62tgac - gcone”CQ,K = ||gac - gconeHc2’F1tZ(K) S Ce_Tt
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= C (p(z))> = 5min < 5min7
To 2

therefore by the calculation rules for the injectivity radius derived in Lemma 7.29, we obtain

To . . —t. . .. .. ..
o) injy (p) = 7" injy(p) = inje-tg,, (p) = Mje-2g,,,.(P) = Mjp1Z yrg.. (P)
= inj,(F17,p) = inj, . (po) > a/2.

Therefore

for p(p) > R, as claimed. O
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Chapter 8

The DeTurck map and gauged
metrics

8.1 The DeTurck map

The Ricci flow has some inconvenient analytic properties which can be remedied by adding
an extra term to the evolution equation. This term — called DeTurck’s term — is the Lie
derivative of the metric with respect to a certain vector field. This vector field depends on
the current metric and an arbitrary reference metric, and can be thought of as a first-order
nonlinear differential operator

1 #
V: Met (M) x Met (M) — X(M), (g91,92) — <59192 — idTJrg1 g2) ” .

In this thesis, we will call this operator the DeTurck map. In the evolution equation of the
Ricci—-DeTurck flow, the second argument if a fixed reference metric and the first argument
is the actually evolving family of metrics. Nonetheless, it is worth investigating properties
of the full DeTurck map.

Since the DeTurck map is defined manifestly invariantly, it is now wonder it behaves
decently in the presence of diffeomorphisms.

Lemma 8.1. The DeTurck map is equivariant under diffeomorphisms. More precisely, for
any diffeomorphism ¢: M — N and any two metrics g1, g2 € Met (N), we have

Var(d* g1, 0" g2) = do~ 'V (g1, 92),

where Vi and Vi denote the DeTurck maps on N and M, respectively.

Proof. Let {e; |t € I} be a gj-orthonormal frame of T'N. Note that E; := d¢e; define a
¢*gr-orthonormal frame of T'M. Consequently,

Trgeg, ¢ g2 = Z(Gb*gz)(% €;)
il

=Y ga(doe;, dge;) o ¢

el
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= ¢(EiE)o¢

i€l
= Trgl g2 0@
= Qb* (Trg1 92)5

and therefore d(Trg«q, ¢*g2) = d(¢*(Trg, g2)) = ¢*(d Try, g2). Moreover, for any vector field
X € X(M), we have

(077 (¢ g2))(X) = = > (VE (6" 92)) (es, X)

i€l
==Y ((¢"V9)e, (0" g2)) (i, X)
el
==Y ((¢"V9)e, (6" g2)) (i, X)
i€l
==Y (" (V") dge, 92) (€, X)
el
== (Vo 02) (does, dX) 0 6
i€l
== (Vig2) (i, dgX) 0 ¢
el
=67 ga(dpX) 0 ¢
= ¢" (67 g2)(X).
The claim now follows from the fact that for any A € T*N, any metric g € Met (V) and
any diffeomorphism ¢: M — N, we have (¢*\)¥*s = dp~! Mg, O

For calculations, it is useful to have a local expression of the DeTurck vector field.

Lemma 8.2. In local coordinates, the DeTurck vector field reads

V(g 92)l = (91)7(T(91)i" — T(g2);" )0

Proof. Since both sides of the statement are tensorial, it suffices to check the statement in
a single chart around each point. Let us take g;-normal coordinates around a point p € M
and calculate at p

(91)7(D(g1)i" — T(g2)5*)0% = 69(0 — T(g2)i") O
== T(g2)ii" O

zGI

—-¥ 5 Da(g2)ii + Di(92)ia) (92)™ O

zeI

1
= Z ( 92 ia 92) kak - iaa Trg1 92(92)ak8k)

el
1 uyz
— (6792~ 5dTry )
showing the claim. O
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In order to do analysis, we will need to consider maps induced by the DeTurck map on
weighted Sobolev spaces.

Proposition 8.3. Let gy be an asymptotically conical metric on M. Moreover, let p > 1
and let k € N with pk > dim M + 1 and § € R. Then there exists a neighbourhood U of gy
in Wf’p(SQT*M, gy) such that the map

WU — Wy "(TM, g,), 9 — W(g) = V(g )
is well defined.

Proof. The proof is based on the weighted Holder inequality 7.18 and the structure of the
DeTurck map. 0

The linearization of the DeTurck map
Lemma 8.4. The linearization of the DeTurck map at (g1,92) € Met (M) x Met (M) is
locally given by
DVig, go)(h1, h2) = =(91) (71)ap(91)” (D(g1)i;" = T(g2)i5")) 0%
+ 3(92) 7 (Vi ha)ju = (Vo h)ig + (Y ha)a) (92)" O
= 3(92)7 (V5 h2)jt = (V5 h2)ij + (V5 ha)ia) (92) (9_2)V (92) "D
Proof. We may find the linearization componentwise.

e First consider, for fixed g1 € Met (M), the map Z: Met (M) — X(M),g — V (g1, 9).
Its Gateaux derivative at g € Met (M) is given by

DZy(h) = 4 _ ((gl)ij(r(g)ijk —T(g+ )\h)ijk)ak)

o d
= —(91)" d)")\—o (F(g + )\h)ijk) O

The Gateaux derivative of the Christoffel symbols can be calculated using the co-
ordinate version of the Koszul formula.

d d
x| Tlo+M)i" = = 3o+ M) (@i(g + M)t = (g + Mh)ig + Dj(g + Ah)ar)
A=0 A=0
- 7l (3(g+ A0)) (Bi(g + Mh)ju = Bulg + AR)ij + 5(g + Ah)a) o
d
+ g+ An)F 2o d)\‘)\ (0i(g + Ah)ji — Oi(g + Ah)ij + Dj(g + Ah)ar)
=0

= —39"hapg” (Digji — Dugij + Oi9a) + 39" (Dihji — Othij + Djha),

where we used the fact that %‘)\_0 (g + Ak = —gk“hapgpl, which can be derived

from the identity (g + Ah)**(g 4+ Ah)ap = 0%. Consequently, we have

D2,y = ()" 55

F(g + )\h)i]’k> Ok
A=0
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8.1. THE DETURCK MAP

= 3(90)7 (W (@sgi1 = Ougs + 9390) — 9 (Bihju = Dthiz + 1))

where we used the metric g to raise indices of h. This form is not manifestly invariant;
however, we can rewrite the partial derivatives using the Levi-Civita connection of g
to obtain

DZy(h) = $(gq1)" (hkl(aigjl — 019i5 + 9;9u) — g™ Oyl — Othij + ajhil)) Ok
2g) T (+h* (Vg1 + T(9)i g + T (9)il" 9jp

—Vigi; — T(9)ii" 9pj — T(9)1;" 9ip

)
+ Vg +T(9)ji" gp1 +T(9) 1" 9ip)
g (+Vihgi + T(9)i bt + T(9)iP hip
- Vlhl] - F(Q)lzph F(Q)ljphip
+ Vjihit +T(9) i hpr +T(9) 1" hip)) Ok
= (907 (VE, M) = (V§h)ij + (V§,h)an)g

where we used that expressions like h* gpl are symmetric under exchanging g and h.

e Now consider, with some fixed go, the map W: Met (M) — X(M),g9 — V (g, g2). Its
Gateaux derivative at the metric g € Met (M) is given by

DW,(h) = 35| ({g+ M) (Dla -+ Ab)y" = D) )0
= In ((g+ M)) (T (g + Mn)ii" — T(g2)i;™)) r=00k
A=0
g+ Do 75| (Dla+ A" = Ta)s )0k

. : o d
_ —gwhapgpj (F(g)ijk — F(gz)ij ))ak; + g” d)\' (F(g + )\h)ljk) Ok
A=0

The second term is quite like the expression —DZ,(h) = NEAY ’ ( g+ Ah)ij ) Ok,
except for g appearing instead of g;. This means that we can spare the calculation
and simply substitute g for g; in the expression for —DZ,(h) to obtain

DWy(h) = —g"hapg™ (T(g)i5" — T(g2)i;"))Oh
+ 399 (V5,1 — (V§)is + (V5 h)in)g" 0.

This formula is not manifestly invariant but we will not bother to rewrite it in a
manifestly invariant way, cf. Remark 8.8.

e For the Gateaux derivative of the full DeTurck map at (g1, g2) € Met (M) x Met (M),

we obtain the formula in the claim by DV{y, 0,)(h1, ha) = DZy, (h2) + DWy,(h1). O

Corollary 8.5. The symbols of the operators in Lemma 8.4 are
o(DZg)(A@h) = (-t Ly#ag1 h+3 (Tr!h h))‘>#ga
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o(DW)(A® h) = (+iy#sh — 3(Trg h)A)#,
(DVig, g2)) (A ® (h1, h2)) = (+eyeh1 — %(Tl“g h)A — by, ho + 2(Trg, ho) )P

In particular, if dim M > 1, neither the DeTurck map nor any of the maps obtained from
it by fixing one of its arguments is elliptic.

Proof. The claim about the symbols follows from the fact that covariant derivatives have
the identity as symbols. To show that the operator DZ, is not elliptic, consider a nonzero

A € T*M. Now, there exists a nonzero T' € S*(T*M) with ¢,4, T = 0. (We can take e.g.

T := 1t ® pu where g1(\, 1) = 0.) Then h := 1[;9‘12 A®A+T # 0 but o(DZ,)(A® h) = 0.

Showing that W is not elliptic goes along the same lines.

The above discussion shows that we can find, for each nonzero A, a nonzero hy in the
kernel of the symbol of V' and a nonzero hyy in the kernel of the symbol of W. Then (hq, hs)
is a suitable tensor to refute ellipticity. O

Remark 8.6. For the sake of completeness, we show that all three operators in Corollary 8.5
are, as a matter of fact, elliptic if dim M = 1. Indeed, note that o(DW,)(A® h) = 0 if and
only if ty#gh — 1(Trg h)A = 0. Let us choose a local coordinate x, and let g = gdxr ® d;v

h = hdx @ dx, A\ = Az for some functions g,h and \. Then (dz)b = 18 and Trg h = 5
consequently

1 1h- 1h
— (T = =Xz = ==\
Ly#gh 2( s h)A 2§Adx 2§A

If X #£ 0, then the map h — %%)\ is an isomorphism, showing that W is elliptic.
Similarly, one can show that if dim M = 1, the operators W and V' are elliptic.

Corollary 8.7. If g1 = go = g, we have the following formulae for the linearizations of the
operators from Lemma 8.4

DZ4(h) =06'h + 3 grad Try h
DWy(h) = —69h — 5 grad Try h

V(g g)(hl, h2) = 5g(h2 — hl) 5 gradg Trg(hQ — hl)
for any h, hq, ho €S2(T*M), 0
Remark 8.8. Note that, for g = g1 = g2, we obtain DW, = —DV,. This means in

particular that in this special case we may show that DW, is an isomorphism by showing
that DZ, is an isomorphism, and vice versa.

There is a nice relation between the Hodge Laplacian and the DeTurck map.

Lemma 8.9. If g1 = g2 = g, then we have for any vector field X € X(M) any any metric
g € Met (M)
DZy(Lxg) = AgX + Ric? = —DWy(Lxg).
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8.1. THE DETURCK MAP

Proof. Since DZ, is obtained via the musical isomorphism, it is practical to calculate
(DZy(Lxg))’ first. Let {e; |i € I} be a g-normal frame of TM around p € M and let
V € X(M) be an arbitrary vector field. Then we have

67 (Lxg),( ZV (Lxg)(ei, V)
i€l
=Y —ei((Lxg)(en V) + (Lx9)(Viei, V) + (Lxg)(ei, VL V)
i€l
=Y —ei(g(VLX, V) +g(ei, Vie) + (Lx9)(VE e, V) + (Lxg)(es, VEV)
i€l
=Y —ei(g(VLX, V) +glei, Viei) + (Lxg)(Viei, V) + (Lxg)(ei, VEV)
i€l
=Y —g(VIVIX,V)—g(VLX,VIV) - g(Vei,Vie) — glei, VI, Viei)
i€l
+ g(V%gieiX, V) +9(Vie, Vi X)+g(VLX,VIV)+ g(ei, nggiVX)
= " g(-VI2 X, V) — gles, VI e0)
el
—gAXV dez, evel

el

where we used the well-known formula (Lxg)(Y, Z) = (V5. X, Z)+g(Y, VLX) for X,Y, Z €
X(M). Moreover, we have at the point p

3d(Try Lxg)(V) = 3d (Z(ﬁw)(% e») (V)

el
= %d (Z 9(Ve X, e;) + gles, VgiX)> (V)
el
= d(g(e:, VX)) (V)
= Z g(vg(eia vng) + g(ei? V%V‘ng, 62‘)
i€l

= gle:, V{2 X

icl
where we used that {e; |i € I} is a normal frame at p. Note that the order of the second

covariant derivatives in the two results are different, which hints at a curvature term. In
fact, we obtain by adding the previous two results that

(DZy(Lxg))* (V) = 0(Lxg),(Vp) + 3d(Trg Lxg)(V)
= g(AgX, V) =Y g(ei, VIR X) + > gles, Vi X)

el el
A X, V) Zg (ei, R9(V,e:)X)
el
=g(AgX, V) + ) g(R9(e;, V)X, ¢;)
el
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= g(A,X, V) + (R)(V, X)
= g(AgX, V) + Ricg(V, X).

The claim follows by applying the musical isomorphism b,. O

8.2 Gauging
With help of the DeTurck vector field, we introduce a gauging condition.

Definition 8.10. We call metrics in the set
Fo = {9 € Met (M) | = 2Ric? +Ly (g g9 = 0}

metrics gauged with respect to the reference metric go € Met (M). Furthermore, for a com-
pact set K C M, we introduce the notation

FaNE = {g € Met (M) | = 2Ric? +Ly (g gpy90 = 0 on M\ K},

9790)

Evidently, f, = J—"g]\g[ .
The gaugedness condition is equivalent to a a second-order quasilinear partial differential
equation. A tedious calculation leads to the following result.

Lemma 8.11 ([Shi89, Lemma 2.1]). The condition g € F, is equivalent to
0= gV 7?g;
+ gebgra <;Vf°gpavgogqb + VgOgjpnggib>
— 90" (V915 V{9ig — V05V Gig — V500 V5 95
— 9™ 9ip(90)"" Ry, — 9™ 9jp(90)" I REy -

It is useful to know the coarse structure of the equation in Lemma 8.11 in terms of the
difference tensor h := g — go.

Corollary 8.12 (cf. [DK20, Equation (5)]). Fiz a metric go € Met (M) and suppose h €
' (S2T*M) such that go+ h € Met (M). Then the condition go+h € Fy 1 equivalent to
a second-order quasilinear partial differential equation

0= (g0 + h)“bV§%’2g¢j
. 1
+ (90 + h)™(go + h)P* <2v§0 hpa Vi by + VP hjpV P hib>
— (90 + 1) ™ (go + h)™ (V?f hipVi'hig = Vi hpa Vi hig — Vi hpa Vi’ hjq)
— (90 + h)ip(g0)"? Ric% +(go + h)ip(90)"(90) " hap g™ (R*°) juiq

— (g0 + 1) jp(g0)"? Ricf® +(go + 1) jp(90)" (90)** hrapg™ (R )ikig
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which can be written structurally as
0= (go+h) Lo V92h + (VIh) % (VL) — hx R — (go + h) * Ric?,

where x denotes various linear combinations of tensorial contractions the coefficients of
which are covariantly constant or of the same growth rate as gg.

Proof. Note that g := go + h establishes the connection between the setups of Corol-
lary 8.12 and Lemma 8.11. Rewriting the first-order and second-order terms in the equation
of Lemma 8.11 is straightforward. Since

9" (R jrig = (90)* (R%) jhig + (9" — (90)"™ ) (RP) jraq
= Ric%? —(90)"*havg™ (R%) jriq
and V9% g = V9P, we may rewrite zeroth-order term of the equation in Lemma 8.11 as
= (90 + 1) (g0 + W)ip(90)" "Ry + (i ¢ j)
~(g0 + 1)ip(90)P (g0 + WM REy, + (i ¢ )
(g0 + P)ip(90)" [RicSs —(90)* hang (B )] + (i 4 j)
—(go + h)ip(g0)P? Ric% +(g0 + 1)ip(90)*(90)"** havg™ (RP ) jriq + (i <> ),

which yields the claim. Here, the notation (i <+ j) means repeating the expression in the
current line with the indices ¢ and j exchanged. O

Under certain circumstances the two terms in the gaugedness equation vanish individu-
ally. One example is the next lemma from [DK20] which we reproduce from completeness’
sake.

Lemma 8.13 ([DK20, Proposition 2.6]). Let (M™,g,X) be a steady Ricci soliton, i.e.
Ric! = Lxg for some vector field X € '™ (T'M) on M. Then lim, |X|; = 0 implies
X = 0. In particular, any gauged metric g € F,  that is asymptotically conical with
lim; o V(g,90) = 0 is Ricci-flat.

Proof. By the contracted Bianchi identity, one has:
%ngg = §9Ric? = 09Lxg

= %Vg(Trg Lxg) + AyX + Ric!(X)

= %VQRQ + Ay X + Ric?(X).
Therefore, Ay X + Ric?(X) = 0. In particular,

AL(XD) + X(1X[3) = 2[VIX[5, +2(VEX, X), — 2Ric! (X, X) = 2|[V/X]7,
which establishes that the nonnegative function | X |3 is a subsolution of the operator
Ax = AL+ V% : C°(M) = C®(M), uw— ALu+ X (u).

The use of the maximum principle then implies the result in case lim o | X|; = 0. O
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Corollary 8.14. If (M, ga.) is a Ricci-flat asymptotically conical manifold, and X €
' (TM) is a Killing field that vanishes at infinity, then X = 0.

Proof. Ricci-flatness implies that the Killing equation is equivalent to the steady soliton
equation. ]

8.3 Setting the DeTurck vector field to zero by pullback

8.3.1 The exponential of a vector field

In this section, we assume M is a manifold and ¢ is a complete metric on M. We will use
the formalism of connector maps, cf. e.g. [Pat99].
The map object of interest in this subsection is the exponential of a vector field.

Definition 8.15. The exponential of the vector field X : M — T M with respect to a con-
nection V is the map Ey: M — M,p epo(Xp). We will use the notation % = ¥,

and, if the connection or metric is clear from the context, simply £ .

It is important that this map is not the flow of the vector field X in general.
The map X — & is injective if X is pointwise smaller than the pointwise injectivity
radius.

Lemma 8.16. The exponential map does not map points farther away than the length
of the vector field at the given point. More precisely, if dg, denotes the distance induced
by the metric g, then dg(E%(p),p) < |Xplg for all p € M. Moreover, if py € M, then
dg(E% (), po) < | Xplg+dg(p,po) for allp € M. In particular, if g is an asymptotically conical
metric and | X|; = O (p), then there exists a constant C' < 0o such that dg(E%(+), po) < Chp.

Proof. The curve [0,1] — M,t — exp,(tX,) is a geodesic connecting p and % (p) of length

| Xplg- If | Xyl < inj,(g), then this is the distance, otherwise the distance may be smaller.
The second claim follows from the triangle inequality. The last claim follows from the

fact that p and the distance from a given point are comparable. O

Recall [Pat99, Definition 1.1] that the geodesic flow on (M, g) is the family of diffeo-
morphisms
Gi: TM — TM,v— (79)(t),

where ¢ > 0 and -, denotes the unique geodesic with initial condition 7, (0) = mras(v) and
(7,)(0) = v. Jacobi fields are closely related to the differential of the geodesic flow, as the
following lemma from [Pat99, Chapters 1.3.-1.5.] shows. For v € TM and £ € T,(T'M),
let Jg“ denote the unique Jacobi vector field along the geodesic «, with initial condition

Jgg’% (0) = Ty (€) and (Jgg"y“)’((]) = K,(§) where K is the connector map of the Levi-
Civita connection of g. We will use the simplified notation Jg Y= Jéq o

Lemma 8.17 ([Pat99, Lemma 1.40]). For t > 0 and v € TM, £ € T,(TM), we have
T,(Go)() = (J)' (). [

Based on this, we can calculate the derivative of the exponential of a vector field.
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Corollary 8.18. Let X: M — TM be a vector field and p € M.

1. Then for any v € T,M, we have T,(&,x)v = J(tf%;‘jx) (t).

2. If the curvature tensor RY, the vector field X and the endomorphism field VIX are
bounded, then the derivative of £ is bounded.

Proof. 1. Let 0 := X, € TyM and ¢ := (T, X)(v) € TyT'M. Let v: (—€,e) = M be
a curve with v(0) = p and 4/(0) = v. Then z := X ovy: (—€,¢) — TM is a curve
with z(0) = X, and 2/(0) = (7,X)(v). By construction, o := 7pp 0 z = v and
Z = X|, as a vector field along v, therefore Kj(¢) = (V?,2)(0) = VJX. Moreover,
Torram(§) = Tx, mrm (T Xv) = Tp(mra 0 X)v = v since X is a section of 77y, Thus

Ty(Ge)(€) = (J] gox (1), J(’vgx/( )-
Since £y = mra 0 G1 o X, we obtain
Tp(Ex)v = TGl( YTTM © Tx,Gio T,X(v) = TGl(p)WTM(Jg,ng< )s Jv VIX ( )
_Jeng( )
as claimed.

The general case follows similarly.

2. Following [Cha20], let v := yx and J := Jx ,vax and define the function

X
fol0,00) = R, te [T +]T(6)]
From the Jacobi equation, we obtain
f, - QQ(J, Jl) + 2g(J/7J”)
= 2g(J7 J/) + 29(Jla R(J7 7/)7,))
< 2[J||J'| +2C 1|1 ||y
< (CWP+D(IP+ TP = (C1X[* + 1) f,

where we used the Peter—Paul inequality in the last inequality. Here C is the bound
on |R|. From Gronwall’s lemma, we obtain

£(t) < F(0)el OVl 1,
and this implies in particular
T, (Ex)ol? = [J(1)]? < f(1) < f(0)eCIXol L
= (|J(0)]2 + |J'(0)]?)eCIXp*H1
= (Ju]? + | VIX|?)eCIXp P+
= TP (1 4 |9IXP) ol?,

<oo

thus showing the claim. d
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It is well known that on a smooth manifold, the smooth structure alone is not sufficient
for the definition of the exponential map. However, the following “infinitesimal pullback”
along the exponential of a vector field turns out to be a famous operation that can be
defined solely in terms of the smooth structure.

Lemma 8.19. Let S be a once continuously differentiable tensor field and let X be a once

continuously differentiable vector field. Then %‘t—o (&x™S)=LxS

Proof. We demonstrate the proof for 2-tensor fields; other ranks can be treated analogously.
Let p € M and let V, W be two vector fields around p. Then by Corollary 8.18, we have

d . 1
i, Ex VW) = lim 2 (e, ) (To(Ecx )V To(Ex)W) = S,(V, 1)
1 X, X
= lim + (S, 0 (0%, x (0 Ty, x (0) = Sp(V, W)
= f'(0)

where we define f: R — R, ¢ — wa(t)(J\)/fpva(t)7 JV);”VWX(t)), seen as a section of YL R;;.
We calculate with the product rule

_ d _ o 'xRuy
= Gl f=Va

*(T*MQT* M X X,
— (v S ) T (8, Tt x(8)
»TM X X
+ Sy (t)wgf TGy x ), Tfay, x (8)

X, YTM X,
+5x ) (v, x (1), ng JWVWX(t))‘t:O

= (VXpS)p(Va W) + Sp(vVXa W) + Sp(m Vi X)

=X, (S(V,W)) = S(VxV = Vy X, W) - S(V,VxW - Vi X)

= Xp(S(V,W)) = S([X, V], W) = S(V,[X, V])

= (LxS)p(V, W) O

£(0)

t=0

Fix a metric g, and consider the map ®(h, X) := V(Ex™h, g») where V is the DeTurck
map. Since the exponenetial of the zero vector field is &, = idys, we have that ®(g,0) =
V(gy, gp) = 0. At this point, we calculate the derivative of ®.

Lemma 8.20. (D(y, 0)®)(h, X) = —A%X — Ric%(X) — (§%h + $d Try h)bs. In particular,
(D(gb,O)q))(O’ X)=—-A%X — Ric?(X).

Proof. This is a consequence of Lemma 8.4.

d
P)(0,X)= — V(o; =DW, —
) )( ) ) dt o (¢thbvgb) 9o dt ‘t—O

= —A%X — Ric®(X),

d

—| V(&g + th), gs) = DW, ’

dt =0 (¢0(gb ) gb) 9gv dt =0
= (0%h + 3dTry h)%. o

(D¢ (Pixg) = DWy, (Lxgp)

95,0

(Digy,0)®)(h; 0) = (o + th) = DWy,h
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Remark 8.21. The fact that we used the first argument of the DeTurck map in the defin-
ition of the map ® is inconsequential for our purposes. Indeed, if we redefined the map
® by swapping the arguments in the DeTurck map, we would get the same result as in
Lemma 8.20 up to an overall sign. This is due to Corollary 8.7.

8.3.2 Mapping properties of the raw Laplacian on vector fields

Lemma 8.22. Let p > 1, k > W +1and B+ 1€ (2—dimM,0) be nonexceptional,
i.e. B¢ my(o(0py)) where Oy denotes the tangential operator of the Hodge Laplacian on
1-forms. Then the raw Laplacian induces a bounded map

k k—
Agoo: Wl P(TM, gac) = W[ P(TM, gac),
which is an isomorphism of Banach spaces.

Proof. Since B is not exceptional, the raw Laplacian induces a continuous Fredholm map
(cf. [Pac13, Section 9])

Agoe: WP (TM, goc) = WE—P(TM, gac).

Let us now consider the kernel of this operator. By elliptic regularity on weighted Sobolev

spaces, the kernel of A, consists of smooth vector fields. As in [Pacl3], the kernel is

independent of k and p. By the Sobolev embedding, a vector field ngll P(TM, gac) C

Czlaf1 (T'M, gac) thus vector fields in the domain of A, decay as O (pf8+1> (this is genuine
decay since 4+ 1 < 0).
Let now X € ker A,  and set u := ]X\gac. This is a smooth function on M with

u=0 (pQ(BH)) and we have

Afeu=2(Ag, X,X) —2[V9X2 <0,

Gac

thus u is a subsolution of A%°. The weak maximum principle on the compact manifold-
with-boundary Core(R) implies therefore that for R big enough, one has

max u= max u< CR2(B+1),
Core(R) 0 Core(R)

Letting R — oo shows that u = 0, thus X = 0 and ker A, = 0.

Since A,  is formally self-adjoint, the same holds for the adjoint operator, too. By the
way weights change under taking the adjoint [Pacl3, Section 9], we see that coker A, =0
iff+1>2—dimM. O
8.3.3 Killing the DeTurck vector field by a pullback

Given a metric gg, introduce the notation
Gy :={g € Met (M) |V(g,90) = 0} .

Some authors call this condition the Bianchi gauge.
In a neighbourhood of gac, all metrics can be pulled back to a metric in G, .
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Proposition 8.23. Let g, be a Ricci-flat asymptotically conical manifold on M. Moreover,
let p € (1,00) and let k > W + 1 and let § € (1 — dim M, —1) be nonexceptional
for the raw Laplacian of g.. on wvector fields. Then there is a neighbourhood U of Gac in
WEP(S2T* M, o) such that

a) UN Gy, is a manifold, and

b) for any metric g € U, there is a unique vector field X € ijll’p(TM, Jac) such that

(5X)*g € ggacz i.e. such that V((gX)*gvgac) =0.

Proof. The proof rests on the Banach space implicit function theorem.
Note that our assumptions on k imply by the weighted Sobolev embedding theorem
that Wf:ll’p(TM, Jac) C C’;fl (T'M, gac) for any a € (0,1).

1. Consider the map W: Wf’p(SQT*M, Jac) — Wf:ll’p(TM, Jac)s 9 — V (g, gac) defined
on an open neighbourhood Uy of gp. (Such a neighbourhood exists because of the
closure of weighted Sobolev spaces under tensor products, up to weights and our
assumptions on k.) Evidently, W (gac) = 0. We claim that the differential of this map
at gac is surjective and its kernel is a complemented subspace.

For surjectivity, it suffices to consider tensor fields of the form Lxg.,. with X €

ijll’p(TM, gac) since by Lemma 8.20, one has DW,, (Lxgp) = —Ag, X — Ric® X =

—Ag4, X. By our assumptions and Lemma 8.22, we have that
k+1, k-1,
—Agye: W(S—:_l P(TM) — W™ P(TM)

is an isomorphism, so in particular it is surjective. Note that this also means that
the operator DW,,  restricted to tensor fields of the form Lxg, for some X ¢

W;rle(TM gac) has trivial kernel, i.e. ker DWgy, N L WERLD (70 goc) Jac = {0}

Next we claim that the kernel of DW,, is a complemented subspace, in fact,

kp g2 —
W5 (S*T* M) = ker DW,, ® Eijf”’(TM,gac)gaC' (%)

The only thing left to show is that we can write any tensor field h € Wf P(S2T* M, gac)

as h = hg + Lx, gac for some hg € ker DW,, . and X}, € Wf:ll’p(TM, Jac). Let X}, be
the unique solution of the equation DW,, (h) = Ay, Xp. Then hg := h — Lx gac is a
good choice.

2. Now consider the map ®(h,X) = V((Ex)*h, gac) defined in a neighbourhood of
(gac,0). In Lemma 8.20, we have already established that

(D(gue.0y®)(0,) = —Ay,. — Ric%: Wi (TM, goc) — Wi "P(TM, gac)

is an isomorphism.

Note that if X € Wf:ll’p(TM, Gac) C C§+1 (T'M, gac) is a Killing field, then Corol-
lary 8.14 implies that X = 0. Consequently, Lx, gac = Lx,0gac can happen only if
X1 = Xo, and therefore the decomposition (x) can be rewritten as

ker DW,, & W;C-:—ll P(TM, gac) ~ W§7p(SQT*M)> (ho, X) = ho + Lx gp. (%)

Now the implicit function theorem implies the claim. O
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Remark 8.24. The proof of Proposition 8.23 follows the train of through of [DK20, Propos-
ition 2.12]. Independently, there is an analogous result for weighted Hélder spaces [DO20,
Proposition B.2]. An alternative proof for our result can be given from this proposition and
a weighted Sobolev embedding.

Remark 8.25. Note that ford < —%, one has the continuous embedding Wf’p(SQT*M, Jac) C

WE’ﬁimM/p(SQT*M’ gaC) = LP(SQT*M’ gac)'

8.4 Eventually exactly conical metrics

Suppose M is a manifold with a single end, i.e. there exists a compact set K C M and a
diffeomorphism ¢: M \ K — Cone(L) \ ((0, Renda) x L) for some Repnq > 0. (Note that, as
manifolds, Cone(L) ~ (0,00) x L.)

Definition 8.26. A metric geee € Met (M) is eventually exactly conical if there is a
threshold radius Reoine > 0 such that ¢*geone = Geec 0n M \ Core(Reoine)-

Next, we show that we can approximate asymptotically conical metrics with eventually
exactly conical metrics arbitrarily closely in appropriate weighted Sobolev spaces. For this,
we will need a bump function with controlled derivatives.

8.4.1 Interpolating function

We will need the following version of the chain rule. On M := R", this lemma is known as
Faa di Bruno’s formula [FdB55], cf. also [Fra78].

Lemma 8.27. Let M be a smooth manifold with connection V. Let f: M — R and g: R —
R be smooth functions and let T' be a smooth tensor field on M. Then

V((go f)T)= (¢ o f)df ® T + (go f)VT.

Consequently, we have

k linear combinations of terms of the form
Vk(g of)= Z(g(p) o f) p many factors of f with
p=1 k many derivatives V acting on them

where gP) denotes the pth derivative of g.

Proof. The first claim is easily verified in local coordinates.

For the second claim, we apply the first claim iteratively, starting with 7" = 1, and collect
terms based on the order of derivative on g. This procedure works because the derivative
of a real valued function can be identified with a real valued function. O

Lemma 8.28. Given an asymptotically conical manifold (M,g) and a radius function
p: M — R, there is a number Ry € R and a smooth family (fr)r>Rr, such that fr|core(r) =
0, frla\core2r) = 1 and for all natural numbers k < ko, there is a constant Cy < oo with

|Vbeonek | < %.

96



CHAPTER 8. THE DETURCK MAP AND GAUGED METRICS

Proof. Let F': R — R be a smooth function such that F'|_ 1) = 0 and F|3 oy = 1. (Such a
function can be obtained e.g. by appropriately rescaling and shifting the indefinite integral a
bump function, e.g. the bump function of Arias de Reyna [AdR82].) Since the derivative F”
is compactly supported, there are constants C, < oo for all k € Z* such that |F*) (z)| < Gy
for all x € R.

Let Rprelim € R be arbitrary and let

Ry :=sup {p(p) |p € Core(Rprelim)} = max {p(p) |p € Core(Rprelim)} -

(We need this step because we have no control over the behaviour of p in the core. However,
this choice of Ry makes sure that K C p~!([—o0, R]), hence Core(R) = p~!([~00, R))UK =
p~1([~o0, R]) for any R > Ry.) Define the family (fr)r>g, of functions via fgr: M —

Rp— F (%). By construction, we have fr|core(r) = 0, fRIM\Core(2r) = 1-

The claim about the derivative follows by applying Lemma 8.27 and noting that V9% p =
O ( pkarl) ) O

8.4.2 Interpolating family of metrics

Let gac be an asymptotically conical metric with decay rate 7 and let gcone denote its
asymptotic cone. Consider the following family of metrics:

gRrR ‘= fR¢*gcone + (1 - fR)gac

for R > Ry. Evidently, this metric is Ricci-flat except on the set Core(2R) \ Core(R).
Before we prove the main statement of this section, let us prove the following technical
lemma.

Lemma 8.29. Let Ry > R; > max{Rend, Rysy}, let a € R and let g := ¢*geone- Then
Jeore(Ran\Core(ry) P* ™ M volg = C(a, gink) (RS — RY).

Proof. Note that Core(Ry) \ Core(R;) = ¢~ ((R1, R2] x L) for the asymptotic chart ¢ and
the link L. Now

pafdlmM a—dim M vol

vol :/ p
I Jom1 (e, Ralx ) !

— / (¢—1)*(po¢—dimM VOlg)
(Rl,RQ}XL

/Core(Rz)\Core(Rl)

_ a—dim M
= T v01¢71*g

(R1,R2]XL
— roz—dim M vol
(Rl,RQ} x L

R2 . .
— ,r_afdlm M / ,rdlm M VO]'glink dr
R1 {7”} x L

Ro
= Volg, . (link) / rdr
Ry
RS — R}

Jcone

= VOlglink (lznk)
= C(a, giink) (RS — RY) [
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The main statement of this section is that we can approximate any asymptotically
conical metric with a family of eventually exactly conical metrics in appropriate weighted
Sobolev spaces.

Proposition 8.30. Let § > —7 be a real number, and let k,p € N*. We have imp_so0 gr =
Jac N Wék’p(SzT*M). In particular, for all € > 0 there is an R € R™ such that ||gac
< €.

gRHW;’p(SQT*M)

Proof. Without loss of generality, we may assume that Ry > max { Rend, Rasy }-
We wish to estimate the following number

k
e =90y gogea = 22 [, | [ 070 o= g7 vl
Based on the calculations
9 = Yac = [ geone + (1 = f)gac = gac = f(¢" geone = Gac),
it is clear that it is advantageous to evaluate the integral using the partition
M = Core(2R) U (Core(2R) \ Core(R)) U (M \ Core(2R)).

k

B i
1 g Core(rt) ‘p (YR — Gac)

k
p,o_divaolg:Z/ Ovoly, =0
=0’ M

Now the generalized Leibniz rule

l

vgl(gR - gac) = Z <CZL> (Vg’liaf> ® vgﬂ(gb*gcone - gac)

a=0
implies that

k

[
dlmMVOI

I = p

‘p76+lvl (gR - gac)

lz:% ~/Core(2R)\Core(R) g

k p

l

5 (1) (7)o -

a=0

_ (75+l)p 7dimMVO1

P g

g ~/Core(2R)\Core(R)

k
<C

_ —a ¢|P * —dim
p( S+ Z ’VQ?Z af ’VQ,G((JS YGcone — gac) |p 1Y dim M VOlg
) a=0 | ~——

<C'Mp—T—a

=0 /Core(2R)\Core(R

SC/Ra—l

k l
< ol / p(7§+l)p R(afl)ppf(TJra)p o~ dim M vol
=0 ’ Core(2R)\Core(R) azz;) ( ) 7
k l ap )
p(—6+l)p Z (R—lp (R> p—'rp> o~ dim M VOlg

=0 /Core(ZR)\Core(R) a=0 P

98



CHAPTER 8. THE DETURCK MAP AND GAUGED METRICS

k b .
R p R\ P .
<c" E / (=0—7)p () E () —dim M ]
N =0  Core(2R)\Core(R) p P P p 9

a=0

<C"" since R<p<2R

< C/////// p—(6+7)pp— dim M VOlg
Core(2R)\Core(R)

1
- CQ<57 T, D, glink)m

The fact that (gR - gac)|M\Core(2R) = _(gac - gcone) implies that

dim M

I3 = / P (g — gac)| p~ M yol
3 Z \Core(a) (9R = Gac)| P g
<C / (=5+0)p (—7—D)p j—dim M )

Z M\Core(2R) P g 7
< C// (—5—T)p—dimMVOIg
o M\Core(2R)
1
= C5(6,7,p, ghnk)m

where we used in step (x) that p = ¢*r on M \ Core(2R).
Now we have

1
l|gac — gRH;/ﬁp(SQT*M) =hL+1L+13=C(0, Tap7glink)m
The claims follow as this expression converges to 0 if R tends to infinity. O

Proposition 8.31. For large enough Ry > Ry, there exists a diffeomorphism ¢¥: M — M
such that

b V(w*nggac) =0
e Ric¥" 9% =0 on M \ K for some compact set K C M.

In particular, the metric go := Y*gg, lies in fgaC\K
Proof. In particular, for large enough R, the metric g will lie in the neighbourhood U/ from
Proposition 8.23. Let R; be a suitably large value. This means, there is a diffeomorphism
Y = Ex with some X € ijll’p(TM, Jac) such that go := ¢¥*gg, satisfies V' (go, gac) = 0.
On the other hand, Ric/%1 |ggery = 0 and Ric%™ |ypcorezr)y = 0 by construction.
Since the Ricci tensor of a metric behaves naturally under pullbacks, this means that
Ric® |yp i = 0 where K := ¢~ (Core(2R)).
Thus —2Ric? +Ly (g; g.c)gac = 0 fails to hold on the whole of M, but it does hold on
M \ K. Comparing this to Definition 8.10 shows the claim. O
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Chapter 9

Decay of tensor fields and the
Einstein operator

9.1 A useful expansion

Let E := S?T*M. In Theorem 6.55, we have obtained an orthonormal eigenbasis w; of
L?*(E1). By Lemma 6.38 these eigenfields extend to eigenfields on E, as (®/,)*w;. Let
W € I' (E) be the unique section of E such that Wl .y = (®1,)*w;. This suggests we
use these orthonormal bases to expand any section h € I' (E):

hlgysmr = Z ui(r)TQVVZ-, (9.1)
1€EN
where u;(r) € R. Keeping Volg . ({r} x M) =r"Volg, (M) in mind, the coefficients u;(r)

can be obtained as

rn

u; (r) = — h,TQWZ' 0lgeone - 9.2
( ) /{T}XM< >gcone v Jcone ( )

This decomposition is useful because it “takes the burden” of the dependence along the
link directions off our shoulders, and we have to deal with r-dependent functions only. The
motivation of the factor r? is the scaling from Examples 6.34 and 6.36 but, as it turns out,
r2W; scales just right to be covariantly constant in the radial direction:

Lemma 9.1. The section r2W; is covariantly constant in the radial direction, i.e. V z(r?W;) =
Var (T2WZ’) =0.

Proof. For w € Q!(link) and hy € S?(T*link), explicit calculation reveals that
Vo, (T2((I)1/T)*(d7‘ ®dr)) = Vg, (dr @ dr) = 0,
Va, (7“2(‘I>1/T)*(dr Ow)) = Vg, (dr ®rw) =0,
Vo, (r*(®1/,)"(h2)) = Vo, (r’h2) = 0.

As W; is an R-linear combination of these fields, we obtain the statement. O

Moreover, the built-in scaling ensures that the decay rates are easy to read off the
coefficient functions u;, as the next lemma shows.
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9.1. A USEFUL EXPANSION

Lemma 9.2. Let h = 3 ;cqyuir’W; € F(S2T*M), and define Sp(€) == S5_,€% be a

smooth section.
1. If h=0 (r7*), then u; = O (r~*) for all i € N.

2. Conversely, if there is a single threshold R € I and a sequence C; > 0 and such that
Uil{Roo) < Cir™" for alli € I and Yoy Sk(&)CF < oo for some 2k > (n+1)/2; then
h=0 (r=+).

Remark 9.3. Note that the second condition is stronger than the condition that u; =
O (r7#). The latter condition postulates the existence of sequences (R;)ien and (C;)ien
such that Ui|[R,-,oo) < Cir™*, the former one, however, demands a single number R such
that ui|[rey < Cir™" for all i € N. An easy counterezample can be constructed using
wi(r) =r~* 4+ U(x — 1) where ¥ is a bump function.

Proof. 1. By assumption |h| < Cr~* pointwise outside some compact set K. Without
loss of generality, we may take K to be of the form [R, c0) x M. Now by the Cauchy—
Schwarz inequality, we obtain for any r > R that

ri” /{r}xM <h7 7ﬁQVVi>gcone Volgeone

1
< P2y geone) I Wil L2(4r} M geome)

1
= ﬁ\h|L2({r}xM,gcone)

|ui(r)] =

1
S ﬁ‘h|Lw({T}XM7gcone) VOlgCone({r} X M)

1 n
= alhloe iyt geone) ™ VOlgeone ({1} x M)

1 n
= r7|h|Lw({T}XMvgcone>r VOlglink (M)

<C VOlglink (M> rh

2. The proof of the other direction requires more subtle means. By the Sobolev embed-
ding on E, over the compact manifold {r} x M with 2k > n/2, and by repeated
application of elliptic regularity for the tangential operator [J, we have

sup |hlg = [[hrllcoz,) < Collhr || m2e(a,)

{r}xM

< CoCou(|hrll22(E,) + 18R | g2x—2(5,)
< CoCar(||Prllz2(5,) + Cok—2(10he | 12(5,) + 10°he || g2t-1(g,)))

A

< CoCok(Ihrellz2(m,) + Con—2(|0he || 12(5,) + Cor—a(|O*hel| 25,
+oeee 02k+1HthTHL2(Er)> )

k
< COCmaX Z HDlhT HLQ(ET)
=0
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and, by the fact Y5 ga; < VE+ 14/3F oa?, which follows from the inequality

between the arithmetic and the quadratic means, we have

k
< CoCmaXmJ py [ P
=0

Now, let us investigate the sum under the square root further

|\Dlhr||%2(57.) = ||Dl Z Ui(r)wiH%%E

€N
= | ZU@ 5 w2||L2(E
1€N
l
= Wi, U w; ) vol
zJXG:N/r}XM 5 ! J( )gj j>§ g
= ¥ wghu(g [ i) vol
z‘,];N ' oY ! {r}xM vg
= Z Ui(T)duj(T)gééij
5,j€N
= Z“Z Z
1€N
= &lui(r)?
1€N
therefore, we obtain
k k
YO RN,y = DY & ui(r)?
1=0 1=0 i€N
k
=Y
1€N =0
= Y S(Eulr)
€N
<Y S(E) i
€N
= Kr—2",
where K < oo by assumption. The claim now follows. O

9.2 Exceptional values and the kernel of the Einstein oper-
ator on a cone

Two particular functions of eigenvalues of the tangential operator [y, will appear frequently
in what follows so it makes sense to introduce an abbreviation for it.
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n—1

Figure 9.1: The real part of exceptional values corresponding to eigenvalues. Note that the
positive-mode branch m_ is negative if and only if £ < 0, cf. Defintion 9.4.

Definition 9.4. The positive/negative mode exceptional value (cf. Figure 9.1) correspond-
ing to the eigenvalue £ of the tangential operator Oy, is

ma(€) = "t (";1)2+§. (9.3)

At this stage of exposition, m4 (§) is merely a useful abbreviation. Its true significance
is revealed in connection with Fredholmness properties of the Lichnerowicz Laplacian on
weighted Sobolev spaces.

Note that the negative mode exceptional value is always negative but the positive mode
exceptional value is negative if and only if £ > 0. For the graph of the functions m.., consider
Figure 9.1.

With the help of the exceptional values, the kernel of the Lichnerowicz Laplacian on an
exact cone can be described in fairly explicit terms.

Lemma 9.5. Let h:= Yoy uir®W;.
1. h € ker Ay, if and only if

— 0y 0pu; — %@ui + %uz =0 for all i € N. (9.4)

104



CHAPTER 9. DECAY OF TENSOR FIELDS AND THE EINSTEIN OPERATOR

2. A fundamental system of solutions of the differential equation (9.4) is {T — rmi(éi)}.

/ 2
This fundamental system has Wroriskian determinant W (r) = —% (”T_l) +&. In-

2
troduce &pes 1= — (”771) , the only zero locus of the Wrorisian, (which may or may
not be in the spectrum of Og).

3. The elements in the kernel of Ay, are of the form

h= 3 (e porrm @) 2w S (6T e T ) W
65 (N

ne —1\?2
= Z é;rr_ > sin [ Inr- (n > + £
1€N 2
£i<f7‘es
ne —1\?2
+6;T_T1 cos (lnr~ J ‘(n 5 > +§|)) r2W;

+ Z (c;rr_nTil Inr + C;T_%) r2W;
€N
&i=Eres
+ Z (Cz‘,f'rer(éi) + ci—rm—(éi)) r2W;
ieN
§i>f7'es

for real constants cgt, éit eR.

Remark 9.6. Note that the the summands for & < &es can be written in the same form as
summands where & > &pes.

Proof. 1. Note that if & satisfies Azh = 0, then h must be smooth by elliptic regularity
and therefore the assignment r — wu;(r) can be chosen smoothly for each i € N. This
means all the derivatives of u; are justified.

By Equation (6.2), Lemma 6.38, Lemma 9.1 and the Leibniz rule,

. _ _ 1
Aph=—V5,Vo.h — Vo h+—0ph
T T

YRy - 1
= Vo, Vo, | D_uir*Wi | - EV@T Y owrtWi | + 500 | Y wir*Wi
ieN " ieN " ieN
= Z (_ararui - ﬁ&,uz + %U,Z> T2WZ~_
r r

€N

Now for h to be in the kernel of Ay, and integration on sets of the form {r} x M with
the help of the normalization (6.5) reveals that, the expression in Equation (9.4) is
zero if and only if

&i

n
—0,0ru; — —0ru; + 2
T T

u; =0 forall 7 € N.
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2. Equation (9.4) is a Cauchy—Euler differential equation, and it can be solved with the
ansatz u;(r) = r* for some a € R. The corresponding index equation is

—ala—1)—na+¢& =0,

the solutions of which are a = my(&;). It is easy to check that the corresponding
Wronskian determinant is

pme (&) pm— (&) o [ (=12
W(’I”) = det <ar(’rm+(§1)) 87,,(’[”’”7‘*(67)) = -2r ( 2 ) + 5

3. As an easy consequence of the earlier steps, the form of u; claim follows immediately

2
if &€ # — (%‘1) , i.e. if the Wronskian is not zero. If the Wronskian is in fact zero

n—1
(i.e. we have a resonance), the solution is easily checked to be u(r) = ;7= "2 +
n—1
cor” 2 Inr. u

Based on the different behaviour of the component function w;, it is reasonable to
introduce the following concepts.

Definition 9.7. We call an eigenvalue £ € o(0p)
o subresonant if & < Epes,
e resonant if &€ = Eres,
o superresonant if & > Eres,

Since the eigenvalues of the tangential operator (g tend to infinity by Remark 6.57,
there are only finitely many subresonant and resonant eigenvalues.

9.3 Decay rates in the kernel of the Einstein operator on a
cone

The goal of this section is to describe the decay rate of decaying tensor fields in the kernel
of the Einstein operator on a Ricci-flat cone. (Note that in this case, the Einstein operator
and the Lichnerowicz Laplacian coincide.)

Definition 9.8. The tensor field T on the noncompact Riemannian manifold (M,g) de-
cays at infinity if for every positive € > 0 there is a compact set K. C M such that

sup {|Tly(p) [p € M\ K} <e.

Evidently, we may choose the family of compact subsets to be increasing without loss
of generality.

Moreover, on an AC manifold, we may choose K. := Core(r(e)) for some increas-
ing function r: (0,00) — (0,00). Indeed, if K/ is a family of compact sets satisfying
sup {|T|4(p) |Ip € M \ K¢} < €, then we may choose 7(€) := max {p(p) |[p € K/}. The fact
that r is increasing follows from the fact that the family K’ may be chosen to be increasing.
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Lemma 9.9. Let T be a smooth tensor field on the Riemannian cone (]\7[,§) decaying at

infinity. Moreover, let Uy = (a,2a)) X M. Then limg—o0 a‘”_1||TH%2(Ua 5 =0

Proof. Let us introduce the temporary notation fy(a) := ||T||1r(v, g)-
@) = T WEa(, ) = | 1713 vols

< sup ]T%/ volg
U.

o1 @

— foola)? /U voly = foo(a)? [ ®%(voly)

U
= foo(a)Q/U ot volg = j"oo(a)zan+1 Vol;(Uy)
= C(n, Ul)a”+1foo(a)2,

where C(n,Uy) := Volg(Uy). Thus a2 fo(0) < Cfoo(a).

By definition of decay at infinity, we find for every ¢ > 0 a compact set K. C M such
that |T|;(p) < € whenever p € M \ K. In particular, if we denote a, := max {r(p) |p € K.}
(which is finite by continuity of r and compactness of K), we have |T'|y,, |5 < €. From this
it follows that limy—e0 foo() = 0.

Therefore we have that 0 < a " ! fo(a)? < C(n,U1) feo(a)? — 0, and the claim follows
by the squeeze theorem. O

We have established before in Lemma 9.5 that any symmetric 2-tensor field in the
kernel of the Einstein operator is of the form h = Y,y (c; ™+ (&) 4 ¢ = (&))p;. With the
assumption of decay at infinity, we can say more.

Corollary 9.10. For a symmetric 2-tensor field h € ker A% that decays at infinity, we have
c;r = 0 in the expansion from Lemma 9.5 whenever & > 0. Moreover, there are only finitely
many indices i such that & < 0.

Proof. Note that my(&) > 0 if and only if §& > 0. Moreover, note that any positive
eigenvalue is necessarily superresonant. Suppose to reach contradiction that for some ig € N,
we have m4(&,) > 0 and ¢; # 0. From the fact Joryxr (Wis wy) 5 volg [y = 17635, we
have

A LA
2

> (ui(r)w;

1€EN

volz
g
Uq

g

2a
:/ Z ui(r)uj(r)/ (wj, wj) - volg r'dr
o4 {r}xM g

i,jEN

= /2a Z ui (r)2r™dr

@ jeN

2«
> / wi, (1)%r"dr

o
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2c
Z / (C:ETT’H—(&O) _|_ Ci_o,,,.mf(éio))andr
[0

o 92m4 (§ig)+n+1

> (o —1 om () tnt
T 2my (&) +nt
2m+(€io)+m—(£i0)+n+1 —1 9
+ 2¢. ¢ Q
0o m—i—(&o) + m—(gio) +n+1

o 92m.— (&ig)+n+1

- -1 2m— (§ig)+n+1
0 2m_ (&) +n+1

2 S 1
r>1 l(c".”' 02 my (€ig)tntl _q Dy (€3 )+t 1

= 2% o (6) rnrl

+ (c

where in the last step we used that 2m. (&;,) +n + 1 is the largest of the exponents. Thus

1712 1,422+ Gi) 1 9 ;
(0% n HhHLQ(Uo”g) 2 E(Cio) 72”’/-’»(6010) le% m+(§l0

the basic decay lemma. Thus cfo = 0 is necessary.
The last claim follows from the fact that the spectra of the Laplacians on the compact
manifold M are discrete and the eigenvalues converge to infinity. O

) - o, which contradicts the statement of

Next, we determine what the decay rate in the kernel is. For this, we need to use some
machinery since the different eigenvectors w are orthonormal only in the L? sense and not
pointwise.

Lemma 9.11. Let f: (0,00) — R, 7 + c177% + cor™ 9 where c¢1,c2 € R and ay,as € RT
with a1 # as. Then the absolute value of f is eventually decreasing, i.e. there is a constant
R = R(c1,c2,a1,a2) such that f|(g ) is strictly monotonously decreasing.

Proof. We have to consider three cases.
c1 - co > 0. In this case, we have that
|f(r)] = |eir™™ + cor™ | = |er|r™ " + |ea|r™ 2,
and this is manifestly monotonously decreasing on (0, c0).
¢1 - c2 = 0. In this case, we have for some i € {1,2} that
[f(r)| = leir™®] = [eilr™*,
(with possibly ¢; = 0) and this is manifestly monotonously decreasing on (0, 00).

c1 - ¢ < 0. In this case, it is technically easier to study the function f2. It has a minimum
1

% “27% g the only zero locus of f. Moreover, the second derivative

_ 1
az—aj

at rg where rqg :=

test function f2? has a local maximum at R := —E?Z?

of f’. Further, lim, ,o f2(r) = 0, thus the function f? (and consequently |f|, too) is
monotonously decreasing on the interval [R, co) O

is the unique zero locus
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Let us use the following notation ¢,: {r} x M < M and consider the vector bundle
B, = (1;)*(S?M) with the pullback connection V" := (1,)*V9. Note that for the induced
volume form on {r} x M, we have (i.)*vol = r"voly but it will be advantageous to
consider the rescaled volume form vol, instead (with this convection, we can make use of
the normalization condition Equation (6.5)). For any section h of S2M, use the notation
hy := (¢r)*h for the induced section on FE,.

Definition 9.12. The generic decay function is the function (cf. Figure 9.2)

- (”T_1> if & is subresonant or resonant,
m: R =R, &= §my(€) if & is nonpositive and superresonant,

m—(§) if € is positive.

Definition 9.13. We call a Riemannian cone special (or resonance-dominated) if the spec-
trum of the tangential operator O includes a resonant eigenvalue but it does not include
any negative superresonant eigenvalues. A Riemannian cone is generic if it is not special.
By extension, we call the cone metric and the metric on the link special or generic if the
corresponding Riemannian cone is special or generic, respectively.

Proposition 9.14. If geone s a Ricci-flat generic cone metric, and h € ker AgECO“e s a
tensor field in the kernel of the Einstein operator which decays at infinity, then h = O (r=#)
where

= —min{m(¢) | € o(0p)}.
If geone is a Ricci-flat special cone metric, and h € ker A% is a tensor field in the kernel
of the FEinstein operator which decays at infinity, then h = O (r_nTil In 7“) =0 (r_%+e>
for any € > 0.

Proof. Note that h is in the kernel of an elliptic operator, therefore it is smooth by elliptic
regularity. Also note that u is defined as a minimum, and this minimum in fact exists since
the eigenvalues of the tangential operator [ approach infinity by Remark 6.57.

Suppose geone is a generic Ricci-flat cone metric.

By continuity of [0 h,. for any I € N and compactness of L, we have

00 > |0 12,
= HDlZUi(T)wz‘H%z(ET)
ieN
= Zui(r)d-wiH%z(Er)

1€EN

- Z /{ﬂxM <u¢(7“)5zl‘wi,uj(r)£§wj>g volg

ijEN

— .ZE:N ug ()& (r)€5 /{T}XM (wi, wj) ; voly
.7

=D “i(r)d“j(r)fé%

1,JEN
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9.3. DECAY RATES IN THE KERNEL OF THE EINSTEIN OPERATOR ON A CONE

m

n—1

[ ]
[ ]

Figure 9.2: The decay rate in the exact case. The decay rate is chosen to be the highest
value on the function graphs with solid line for the discrete values £ € o(0p), represented
by dots.
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CHAPTER 9. DECAY OF TENSOR FIELDS AND THE EINSTEIN OPERATOR

=> ui(r)*e

ieN
= Z gglui(r)Qa
ieN

therefore, we obtain

k k
YN Rl e,y = DD & uilr)?
1=0

1=0:eN

k
= > &lui(r)?

ieN =0
= Sk(&)ui(r)
€N
We need to show that there are constants C, R € R such that the left-hand side of the
equation in the claim is less than Cr~#* whenever r > R.

Let us rearrange the eigenvalues &; in an increasing order, and let ¢y denote the largest
index such that & < 0.

2“ZF£Z Uz ZF& QMU'L +ZF§1 MU@

€N <19 i>10

The first sum is finite by Lemma 9.10 and each of its summands is eventually decreasing
by Lemma 9.11. Let R € R be a number such that all summands are decreasing on [R, c0).
In the second sum, u;(r) = ¢; 7M=& hence each summand is a decreasing function in 7.
All in all, we have for r > R that

2HZF (&)ui(r Z F(&) 2,uu )2 + Z F(fi)Tzuui(r)Q

€N i<ig >0
< Y F(&)R™ui(R)* + ) F(&)R™ui(R)?
1<ig i>140

k
=Y IT'hgll72 g, = C < oo
=0

The claim now follows from Lemma 9.2. Note that the potential presence of a resonant
eigenvalue causes no trouble if there is at least one negative superresonant eigenvalue which
then dominates the logarithmic factor.

The case for a special Ricci-flat cone metric can be shown similarly. O

9.4 Functions fit for iteration

Definition 9.15. A strictly monotonously increasing continuous function F: (0,00) —
(0,00) is called a function fit for iteration if for all x,y € (0,00), the inequality F(x) —
F(y) > x —y holds.

Example 9.16. Fiz a real number 7 > 0. Then the following functions
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e F': (0,00) — (0,00),x — x4+ T,
o F:(0,00) = (0,00),z — min {2z, z + 7}
are fit for iteration.

The most important property of functions fit for iteration is that we can construct a
convergent sequence by

Lemma 9.17. Let F': (0,00) — (0,00) be a function fit for iteration. Moreover, let pu, ag > 0
and define a sequence (ay)nen recursively via

Qi = {min {Flan),pnt if Flan) # p,
n+1l -— .
ptslan —p) i Flan) = p
for any n > 1. Then limy, o an = .
Proof. If ag > u, then a, = p for all n > 1 so, in particular, lim, _,. a,, = p. In the

following, we will treat the case where 0 < ag < p. Note that the condition on F' entails in
particular that F' is a strictly monotonously increasing function.

1. The sequence (ap)nen is strictly monotonously increasing as the following argument
shows.
o If Fap) = p, then any1 = p+ 3(an — F(ay)) > an.
o If, however, F(ay) # i, then ap+1 = min {F(a,), u} > an.

Moreover, the sequence is bounded above by u. This means that a is convergent and
its limit is its supremum.

2. Next we show that the sequence (b, := F™(a))nen grows without bound. Indeed, for
any n > 1, we have the following telescopic sum

bn - bO = (bn - bn—l) + (bn—l - bn—2) +---+ (b2 - bl) + (bl - bO)
= (F(bn—1) = F(bn—2)) + (F(bn—2) = F(bn—3)) + -~ + (F(b1) = F(bo)) + (F(bo) — bo)
> (bn—1 = bp—2) + (bn—2 — bp—3) + -+ (b1 — bo) + (F(bo) — bo)
=bp_1—bo+ (F(bg) — bo),
—_————
=:>0
where we used the growth property of F. In particular, we obtain b, = F(ap—1) >

F(apn—2)+d>---> F(ag) + nd.

3. Now we show that supa, = p. It is clear that p+ 3(a, — p) < pif F(a,) = 0 so
it suffices to treat the other case, i.e. when a, = min{b,, u}. We show that for any
€ > 0 the number y — € is not an upper bound for the sequence b. Indeed let d be as
in the last step and let n > @. From the last step we obtain that

u—e<u—§§ao+n6§bn.
Thus p — € is not an upper bound. ]
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Remark 9.18. As already noted, any function fit for iteration is strictly monotonously
increasing but merely demanding that the function F is strictly monotonously increasing
is not enough to draw the conclusion, as the next counterexample shows. Let F': (0,00) —
(0,00), 2 — & 4+ 2, and suppose ag € (0,%5). Then, with the notations of the proof, we have
b, = %(ZZ:O 2%) + 2%ao. Consequently, F(a,) # p for any n, and therefore lima,, =
limb, = § < p.

9.5 Decay rates in the kernel of the Einstein operator on an
AC manifold

The goal of this section is to prove that the decay statement of Proposition 9.14 holds for
asymptotically conical manifolds, too. The intuitive reason why this is to be expected is
that the difference between the exact conical and the asymptotically conical geometries
“decays faster than solutions in the kernel”. The proof is based on a bootstrap argument.

Recall that we can write any symmetric 2-tensor field h on the exact cone, and con-
sequently on the end of an asymptotically conical manifold, as h = >,cy uir?W; where
u;: I — R is some function. In the next lemma, we describe the decaying elements in the
kernel of A% in terms of independent ordinary differential equations for these component
functions wu;.

Lemma 9.19. Let M be a manifold with a single end and let go € AC (geone, 7, P) be a
Ricci-flat asymptotically conical metric on M. Suppose h € ker A% with |h|g,,,, = O (r~),
|V9eonepl, = O (r=271) and |(VI«m)2hl,,,.. = O (r~*2) for some a < 0. Then for all
1 € N, the function u;: I — R satisfies the ordinary differential equation

n .
—ug - ;Ug - %Uz = fir * 3, (9.5)

where f;: I — R is a smooth function. Moreover, there is a universal constant R € I and a
sequence of numbers C; € Ry such that ui|(r ) < Ci.

Proof. Based on , for any h € ker A%, we have
0 — A%Oh — A%coneh + (AQLO _ A%cone)h
_ A%conch
+ (90 - gcone) * (vgconc)2h + vgconc (gcone - gO) * vgconch
+ (vgcone)2(gcone _ 90) * Rh + (RQO _ Rgcone) *h
_ A%coneh
+0()0 () +0 (1) 0 (1o71)
+0 (7“_7_2) O )+0(r)0(r °)
_ A%coneh + O (r7a7772) .
This means that for any AY°-harmonic h satisfying the decay properties in the statement

of the lemma satisfies
A%coneh — O (T_a_T_Q) .
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Without loss of generality we can introduce a symmetric 2-tensor field f with
A%coneh — f,,,‘—()é—’T—Q. (*)

Note that A%O is an elliptic operator, therefore h must be smooth, consequently A%Oneh is
also smooth, which in turn means that f must be smooth. Moreover, f is bounded outside
some compact set K, which we can take without loss of generality to be [R,00) x L for
some R € I such that the compact set in the definition of the asymptotic metric is in the
complement of [R,c0) X L.

Let us introduce the function f;: I — R, = [(y, 1 (f,7?Wy),  volg, . This function
is smooth by construction, and it is also bounded since the Cauchy—Schwarz inequality

implies that

|fi(r)] < HfHL?({r}xL,VOIQHDk) : HV“ZWz‘HL2({r}xL),volgnnk)

=1

< ||f||L°°({r}><L,VOl ) 'VOI.glink({r} X L) < 0.

9link
Note also that [(,y,; (h,7?Wi),  volg,, = —u(r) — Fuj(r) — &u;(r). This way,
applying the operator [(,, (-, 7"2Wi>gcone volg, . to Equation (%), we obtain
nm_ Mo 1 —a—T7—2
—u; — —u; — —&u = fir : O
r r

Luckily, Equation (9.5) can be solved explicitly.

Lemma 9.20. Fiz an ro € I bigger than the asymptotic threshold and also bigger than 1.
If € is nonresonant, then solutions of Equation (9.5) are of the form

u(r) = ——A— - (rm+(£) (/r f(s)s m+@=a==1g5 4 C’+>
Fre "

e
L me(©) < / " ()5 m-©-a—r-1q5 4 c_)) , (9.6)

0

2
where C1 € R are free constants. If & is resonant, i.e. if £ = — (%) , then solutions of
Equation (9.5) are of the form

u(r) = r~"% Inr- </ f(s)s™?32ma=Tqg 4 C+)
ro
T (/ F(s)s™/ 3327 T In s ds + C_>
To

where C'y € R are free constants.

Proof. Equation (9.5) can be solved using the method of variation of parameters.
2
Suppose £ is nonresonant, i.e. £ # — (”T_l) . The homogeneous equation is an Euler—

Cauchy equation and it can be solved using the ansatz u(r) = r® As we have seen in the
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exact cone case in Lemma 9.5, a fundamental system of solutions is given by u. () = 7"+,
The corresponding Wronskian is

- -1\
W(r) = det (ZI Z/_)Z_Qr_n (n2 ) re

which is nonzero by assumption. Let us introduce Ay : I — R via

L
TOW()

/nl +£ mf
/nl +£ Tof

Here we used the identity —n—1+m=(§) = —m+(§). The general solution of Equation (9.5)
can be written as

Ag(r)=F us(s)f(s)s™* T 2ds

Pl 1+mE(§)— e

7mi afﬂ'flds

u(r) = (A4 (r) + Cpui(r) + (A= (r) + C-)u—(r)
( / PR &)—a—7— 1dS+C+)
/ m(5a71d8+c>
(\/7+§ .

2/ ("71) ¢ "0

-© ( / 0 f(s)s - ©a—T1g, 4 c_>) ,

where Cy. € R and Cy := 20, ( ) +£.

:T‘m

2
Suppose now that £ is resonant, i.e. { = — ("771) . Then the functions

uy(r ::rfnTillogT and wu_(r):=71""2
_l’_

form a fundamental system for the homogeneous differential equation, and the correspond-

ing Wronskian is
I() dt<u+ u/>__T_n7
uy o u_

which is nonzero. As before, let us introduce A4 : I — R via
L
ro W(s)

As(r) =F u(s)f(s)s™* T 2ds
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.
= :I:/ f(s)ux(s)s" T 2ds.
70
The general solution of Equation (9.5) can be written as

u(r) = (Ap(r) + C)ug(r) + (A-(r) + C_)ur) -
— " Inr- (/r f(s)s”/Q_S/Q_O‘_Tds + C+>

T (/ F(s)s™/ 33270 In s ds + C_>
To

where C'y € R are free constants. ]

The next subgoal is to establish a decay estimate for solutions (9.6) of Equation (9.5).
We start this investigation with a series of computationally intensive lemmata, the results
of which are summarized in Proposition 9.23 of page 120.

Lemma 9.21. Let& > 0. The function Ay : [ - R, r — fr:) s m+O=a=T=1 £(5)ds converges
to a finite value as r — oo. If the solution u of Equation9.5 tends to zero at infinity, then

@) rm—(é)) if —a—71<m_(§)
u; =0 rm*(f)lnr) if —a—1=m_(§) -
O(r—o77) ifm_(§) < —a—r1.

Proof. For the first claim, note that, since the standard topology of R is metrizable, it
suffices to show that the function A, converges sequentially. Since R is complete, it suffices
to show Cauchy convergence. Let (7,)nen be any sequence in I converging to infinity. Define
the sequence A, := f:o" s—m+@)=a=m=1£(5)ds. For n,m € N, we have

A= A = | [0 s
/(20 v
<on| [T (s

= (Y ’r;ler(f)*a*T _ T5m+(5)*a*7' _

Now we show that (Ay)nen is a Cauchy sequence. Let € > 0. Then, by convergence to
1
infinity, there is a number N. € N such that r, > (%) T+ OFTFT whenever p > N,. But

then r;m+(5)7a77 < 365 thus whenever n,m > N, we have

|A, — Ap| < Cy ‘r%mﬂu(ﬁ)—a—f — pom(@mamT

g 02(7»;1”1-%(5)*0‘*7' + r;m+(§)*0‘*7')

€ €
<Oy —+—)| =
- 2(202+202> ©
showing Cauchy convergence, and thereby the first claim.
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Consequently, A (r) +Cy = — [* s™m+E ===l (s)ds + K for some constant K €
R, and, if K # 0, then there exists a threshold R > 0 such that A4 (r) + Cy > $K, for

all » > R, thus u — 0 is impossible. Thus K, = 0 and correspondingly, by boundedness of
the function f, we obtain'

1 (r”“(g) (/ f(s)s™m+E)maT=lgg 4 C+>
24/(252) +¢ "o

e (©) ( / F(s)s—m-(©=a=r=1g 4 c)) ‘
To

_ |_2m (rm+(§) ( / > f(s)s—m(s)—a—r—lds)

+rm-(8) ( / ' fs)s™m-©mam=1ge 4 a)) ’

ju(r)| =

T0

IN

o <rm+(s> / F m©—a-r—1gg L mo(©) / " Sm_(@amds)

T 0

S 02 <Tm+(§)r—m+(§)_a_7. + Tmf(ﬁ) /r s—m(g)_a_7_1d8>
T0

< Gy (T_O‘_T + 7= /T S—W(ﬁ)—a—f—ld&,)

o

For the remaining integral, now we need to consider the following cases.

Case 1: m_(§) = —a — 7. In this case, the integral evaluates to In(r/rg), thus |u(r)| =

O(r*T7)4+0 (rm*(g) In r) =0 (r “Tlnr).
Case 2: m_(§) # —a — 7. In this case, the integral evaluates to
Cy(rm=O7a7T _ (pg)7m-(E)—a=Ty,
and thus |u(r)] =0 (r ")+ 0O (Tm*(g)).
The second claim follows. O
Lemma 9.22. Let £ < 0 be superresonant. Then
O rm+(§)) if —a—1<m_(§)
u =30 Erm(f) mr) if —a—r=m_(&).
O(r—o77) ifm_(§) < —a—r1.

n—1 2
Let £ = — (T) < 0 be resonant. Then

0] rf%lnr) if—oz—7'<—"771
uj =40 r_nT_l(lnr)Q) if —a—7=-"31.
O(r = "lnr) if 7%1 < —a—T.

!Note that £ > 0 is alway superresonant.
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Let £ < 0 be subresonant. Then

OngQl) if —a—7<— 51

n—1
u; = Or‘Tlnr) if —a—7=-251.
—a— 3 n—1
O(r—7) if =% <-a-—T.
Proof. e First, let us assume that .. < & < 0 is nonresonant. From now on, we use

m4 := mg(§) in this proof in order to ease notation. Note that in this case, there is
a strict inequality m_(£) < m4(§). From Lemma 9.20, we have that

u(r) = ———— - (rm+(§) (/ fs)sTm+@=am=1g5 4 C+>
N "

_m-(©) ( / f(s)s—m(o—a—T—ldHC_)),
To

thus, from boundedness of f and standard estimates, we obtain the estimate

lu(r)| = C4 (r"” (/ sTmmaTT g 4 |C'+|> + - (/ sTm-maT s 4O |>>
ro ro

(9.7

Based on the relative position of —a — 7 with respect to m4, we have five case to
consider.

Casel m_ <my < —a—T,

Case 2 m_ <my =—a—T,

Case 3 m_ < —a—T7 <my,

Cased m_ = —a—7<my,

Case b —a—7<m_ < my.

Cases 1,3 and 5 may be dealt with at once (note that here m_ # —a — 7 # m4):

u(r)| = Cy (rm (/ gomiarlgg |0+|> e (/ gma Tl yc_|)>
T0 70

=Co (rmt(r " 4 C3) + " (rT T 4 Cy))
— 0" 40 () 406
=0 )+0(r 7).

In case 2, we have a logarithmic integral

u(r)| = Cy <rm+ (/ g el |c+|> e (/ gomea g |c|)>
T0 70

202( *(In(r/ro) + Cs) + 7" (r m_7a77+04))
=00 Inr)+0 (™) +0(r )+ 0 (™)
=0 ("™ Inr).
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Similarly, in case 4, we also have a logarithmic integral

u(r)] = Cy (rm (/ gmiarLgg | |0+|) G- (/ gt g |0|>)
70 To

= Co (rmM+(r~™+ 7T + C3) + ™ (In(r/ro) + Cy)
=00 +0 () +0@™ Inr)+ 0 (r™-)
=0@™)4+0(r 7).

e Let us assume now that & = £ is resonant. From Lemma 9.20, we have that
e r
u(r) = r~ T lnr - </ f(s)s™/273/2ma=T g 4 C+>
0

—r (/ f(s)s™?7327 2T In s ds + C_)
ro

thus, from boundedness of f and standard estimates, we obtain the estimate (valid
for r > max {R,1})

lu(r)| < ClrfnTil (lnr- (/ sinl/2-a=r=lge 4 |C’+]>

T

0
+/ Fs)smD/2=a=m= 1y g ds + |C|> . (9.8)
70
Note that for any real number a € R, we have the indefinite integral

a1l B Cor®Inr + Cgr® if a # 0,
T Inrdr =
Cylnr+ Cs(Inr)? ifa=0

for some real numbers Cy, C3, Cy,C5 € R. Based on the relative position of —a — 7

with respect to —"Tfl, we have two case to consider.

If —a—7= —"T_l, then we obtain
[u(r)| < C1 (r=*F (In(r/ro) + |C4) + Cilnr + Cs(lnr)? + |C_|)
=0 (T_nTil(lnr)z) .

If —a— 7 # -1, then we obtain
[u(r)| < Crr= 7 (lnr : (Cgr"T_l“’“T + 07) + O T T T g+ Oy + |C,|)
=0 (P T )+ 0 () + 0 (r T Inr) 40 (r77T)
—0 (rmax{—”%lv—a—f} In 7‘) :

Hence the claim.

2
o Let &£ < — (%‘1) be subresonant. Then a calculation similar to the superresonant

case shows the claim.
O
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The decay properties of the component function can be summarized as follows. Recall
the generic decay function m from Definition 9.12.

Proposition 9.23. Let « > 0 and u = O (r~%) is a decaying solution of Equation (9.5)
with eigenvalue £. If £ is nonresonant, then

O
u =
@

2
On the other hand, if £ = — (%) is resonant, then

- min{fa*‘l',m(f)}) if —a—71%# m(f)
P ) if —a—1=m(&)

O (r—wir{—a=mm(O} 1p 7“) if —a—T1#m(§)
u =
O rm(g)(lnr)Q) if —a—T1=m(§)

As a consequence, we obtain the decay rate of decaying elements in the kernel of the
Einstein operator of asymptotically conical metrics.

Theorem 9.24. Let g, be an asymptotically conical metric with decay rate T which is
not resonance-dominated. Let o > 0 be a real number and suppose h € ker AY with
h = O(r=®). Then h = O (r~*) where p := —min{m(§) |€ € o(A%*)} where m is the

generic decay rate function from Definition 9.12.

Proof. We may develop h as h(r,z) = 3oy ui(r)r*W;(z). Here, each u; = O (r=®) by the
decay assumption. Moreover, by Proposition 9.23, we have that, in fact u; = O (r—rev)
where apew may be chosen as

o {min{F(a),u} if F) #
new /L‘i‘%(a_u) ifF(Oé):,ua

where F': (0,00) — (0,00),x +— = + 7 since in the case where F(«) = p, we have r #Inr =
(@) (7“’”'%(0‘_“)). Note that F' is a function fit for iteration. Since the decay rate of h is

determined by the biggest of the decay rates of the w;, the above iteration corresponds
exactly to the situation described in Lemma 9.17. This finishes the proof. O
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Chapter 10

Iterative improvement of the decay
rate

10.1 First-order decay of the difference tensor for gauged
metrics

Our goal in this section is to establish that if we have a gauged metric g € F, with
g—g0o=0(p™®), then VIh = O (p~271)

Note that the condition g = go + h € F,, for Ricci-flat go can be expressed [Shi89,
Lemma 2.1] or [DK20, Equation (5)] as a quasi-linear partial differential equation

9"V hij + hang™ (90)9in (90" (R%) kig + havg™ (90)" 9 (90)"* (B )itaq
_ g (;vfo hpa VP gy + V90, V90 hib)
+ gabgpq (Vgo hjpvgo hig — V§’° hpavgo hig =V hpaV‘ZO hjq) )
Lemma 10.1. The operator Q: I'>® (S?T*M) — T (S2T*M) defined locally as
(Qh)sj = (g0 + h)™ V% hij + hap(go + R)¥*(90)™ (g0 + h)ip(g0) (R) juig
+ hab(90 + 1)**(90)" (90 + 1) jp(90)"* (B® )iniq
induces a second-order quasilinear, uniformly elliptic differential operator
Q: W2E(S2T* M, go) — W2 _,(S*T* M, go)

defined on an open neighbourhood U of 0. Its symbol is o(DyQ) = (go + h) ™! @ idgep«ps at
any h € U.

Proof. 1t is clear that the operator @ is of second order and that it is quasilinear. Moreover,
an easy calculation reveals that the linearization of ) at a tensor field h such that gg + h
is a metric is

DyQ = (go + h) ™! o V9% 4 lower-order terms,

and an equally easy calculation verifies that the symbol is indeed the map in the claim.
As for the domain of definition and the mapping properties, we work in more steps.
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L. First note that |golg, = Vdim M and thus if [|h|pe(g27+n1,g9) < $V/dim M, we have
from the reverse triangle inequality that

‘90 + h‘go = ’90 - (_hﬂgo > Hgo‘go - ‘ - h’go’
> V/dim M — %\/dimM = %\/dimM.

.. . 1 2 . . .
Thl:S. go + h is invertible and oty < Vamdl — C4(dim M). Moreover, go + h is a
metric.

Let us introduce U := {h ‘HhHLoo(SQT*M) < %\/dimM}.

Now by the submultiplicative property of the induced tensor metrics with respect to
the tensorial multiplication and the fact that the pointwise go-norm of tensors 7% M ®
TM is comparable to the pointwise gg-operator norm on End (TM) ~ T*M & T M,
we have

’9_1 o vgO’Qh‘go = ’9_1 ® V9072h|go < 02]9_1]90\V90’2g]90 < 0102]V9°729\g0.

This estimate, together with the mapping properties of the gg-covariant derivative
on weighted Sobolev spaces imply that that the map U — WE;S_Q(SQT*M ),h —
lg~t o V90.2h|, is well-defined.

2. To establish the mapping properties of the the curvature terms in the operator @,
one uses the weighted Holder inequality. O

The proof of [DK20, Lemma 2.9], originally stated for asymptotically locally Euclidean
manifold, carries over to asymptotically conical manifolds. For convenience of the reader,
we reproduce the proof here.

Lemma 10.2 (Weighted interpolation inequality, [DK20, Lemma 2.9]). Let (M, g.c) be an
asymptotically conical manifold, let T € R, and let (E,V) be a metric bundle. If h € T (FE)
with Vh € WTlfl (T*M ® E), then we have |Vh|?> € LP(R,,) and the interpolation inequality

VR Do,y < C (IRl o sar-ars) + IV 0 aromy) Il )
holds where C' = C(E,p,T) is independent of the section h.

Proof. By the density of compactly supported smooth sections in weighted Lebesgue spaces,
we may assume that h is compactly supported and smooth. We can avoid differentiability

issues at h = 0 if we introduce the quantity |h|s := |/|h|2 -+ 0 for some fixed § > 0.
Evidently, |h| < |hls.
Now we compute for any a € R

/M |Vh|%p%vol,,. < /M (Vh,Vh), |Vh|Fp" volg,

Integration by parts and the Leibniz rule imply
== [ g b, (VR0 vl
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+/ (h, VR),._ (VIVh[3™2)p% volg,,
+/ (h, VR),. |Vh[P 2V p* volg,

The Cauchy-Schwarz inequality, the inequality |Ag, hlg.. < |V2hlg.., the well-known iden-
tity V(|Vh|§ac) =2(V?h, Vh)gaC and the existence of a constant C such that |Vp|g,. < Cy
imply

/ ‘h’gac‘vzh’.gac‘Vh’2p 2p VOlgac
+/ |h’gnc‘vh|gac‘Vzh’gmc|Vh’2p 410 VOlgac
+Cl/ |h’gac|Vh’gac|Vh|2p 2p 1V lgac'

After letting § — 0, the first two terms coincide and we obtain the inequality

[ IV v0lgue <2 [ Wl [T2hg (VR 25 vol,,

[ g [ VR 2 ol ()

Jac

By the Young inequality!, we obtain, for any € > 0, the following inequalities:
’h"gac|v2h’|gac ‘Vh|2p 2 < E‘Vh|§pc + 02( )|h|gac|v2h|gmv

[hlgac [V hlgoep™ - [VAIGET? < el VAIZ, + Cale, p) R, [V

gdc

where Cy(e,p) := —%(ep)_l/ P" . Therefore, from Equation (%), we have

[ VR voly, < (1 Cu)e [ VB 5 voly,,
M M
+ Cale,p) / WP V22 g% vol,,.
M
+Cu-Coferp) [ M ITRIE o vy ()
Note that the term on the left-hand side of Equation (xx) and the first term on the right-
hand side of the same equation are constant multiples of each other. Choosing € := €5 <

ﬁ, we obtain by subtracting the first term on the right-hand side and dividing by the
constant coefficient? 1 — (1 + C} )€, we obtain

/ |Vh| pvolg,, < Cg/ |h|gac|v2h|l7acpa volg,. +Cy /M|h|PaC|Vh|Pana—onlgac,

!The Young inequality is ab < %ap + p%bp* where a,b >0, p > 1 and p* := # is the Holder dual of p.

We obtain the desired inequalities with the choices b := (ep*)*/?" |Vh|2272 and a := (ep*)~'/?" |hly,. T with
T :=|V?h|,,. in the first case and T := |Vh|,,.p ' in the second case.
2Note that this constant is positive due to our choice of €, thus the direction of the relation sign remains

invariant under the division.
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where Cs(p) := % and Cy(p) = %. Taking the pth root, we obtain a

constant C5(p) which depends on the maximum of C3 and C4 and the constant between
the p-mean and the 1-mean for which

1/p 1/p
([ ronzzomvon, )" <o ([ i Ivon,0)
M M

o 1/p
+Cs ([ 1hlg, 19, 07 voly, )
2 a e
< Cs- e | ( [ 1900,.07)

o 1/p
+ Cs (/M VR P pvolgac> .

Specializing to « := —7p — n yields the desired inequality (with C' := Cj). O
Lemma 10.3. There exists a real number € > 0 such that if h € C'Eﬁ (S2T* M, go) with
Al oo (521 0,g0) < € s0lves the equation go +h € Fy , then h € C’E/g (S2T*M, go). The

same conclusion holds if the gaugedness condition is replaced with go+ h € f%\K for some
compact set K C M.

Proof. We proceed in several steps following [DK20, Theorem 2.7].
1. To show that h = O (p_ﬁ) and V9h € O (p‘ﬂ_l) (with respect to the pointwise go-

norm), it suffices to show that h € Clﬁ (SQT*M, go). By the definitions of the norms,
. . 1, %
it is clear that HhHCEB(S?T*M,go) < ||h|]0[11,a(52T*M790), hence Cz® (S2T*M, go) C

C’ig (S2T*M, go) for any a € (0,1). Note that, for p € (n,o0) and 3 € (0,1), the
weighted Sobolev embedding (cf. e.g. [Mar02, Theorem 4.23]) implies

Pllore (serensgo) = Crllbllws (sorerge)

2. This means our job has been reduced to finding an upper bound for the WZ’g(S 2T*M, go)-
form using the equation go +h € F,  (and by restricting the L>(S%*T*M, go)-norm
of h). By Lemma 8.11, the gaugedness relation gy + h € Fg, can be written as a
quasi-linear partial differential equation

Q(h) = (VI°h) * (V°h).
Note that the gop-norm of the right-hand side of this equation may be estimated as
[(V9R) % (V) hlg, < Co|VR[Z (10.1)

where Cy = Cs(go,x). Since @ is a uniformly elliptic operator, it is natural to start
with an elliptic estimate for weighted Sobolev spaces. Suppose ||A| oo (s27+11,99) < €1
where €1 > 0 is chosen so small such that uniform ellipticity of ) is guaranteed by
Lemma 10.1.

”huwfvg(s2T*M7g0) <Cj (HQ(h)HL’iﬁ_Q(SQT*M,go) + ”hHL’iﬁ(SQT*M,go))
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< Cy (|||V90h|30\\L{ﬁ72(32T*M,gO) + HhHL{B(SQT*M,gO))
< Csl|h|l oo (527+ M, g0)
(V2R sorearge) + IV™Rlle _ (s2rnsg0)
+ C4HhHL{ﬁ(SQT*M,gO)
S N S | PR
+ C4||h||L§B(S2T*M,gO)

Here we used elliptic regularity, the estimate from Equation (10.1), the weighted
interpolation inequality Lemma 10.2 and the definition of the weighted Sobolev norm.
Note that the far left-hand side of this chain of inequalities appears as a factor in the
first term of the right-hand side of the last formula, thus

(1= Collbllzs2ratgo) Ihlhy 2 s gy < Collbllzr sornrgy  (102)

Now we see a second place where it is necessary to bound the L>(S?T*M, go)-norm
of h for the argument: if [|h||poc(g2renrgy) < €2 < C%,’ then the coefficient on the
left-hand side of the previous equation is positive, thus we obtain the estimate

||h||WE’§(52T*M,go) < CGHhHL’:B(SQT*M,gO)a

Cy
1—Csex "

where Cg :=
3. Next, we relate the L‘:B(SZT*M, go)-norm of h to the assumed decay rate of h. First

of all, note that HhHL’jB(S2T*M,gU) =|lp- hHinﬁ+1

(S2T*M,go) SIDCE
P _ 8 —dim M
1My (soreangn = [, (071l )7p~ 4 voll,
_ B—1 —dim M _ P
= [ "ol volgy = 0+ bl gorap gy
Now the weighted Holder inequality Proposition 7.18 implies that
HhHLQB(SZT*M,gO) =lp- h”LI;BH(WT*M,gO) < C7||pHLfl’7n(RM,go)|‘hHL(j°B+n(S2T*M,gO)a

where 7 > 0 is a positive number. The p-factor is finite by Lemma 7.19. The the
h-factor may be estimated, due to the fact that h € CBB (S2T*M, go), as follows

— B—n - B—n
Illzes,, (527 01.g0) = es5up(p™"|hlgo) = sup(p™="|Rlgo)

zmaX{ sup (p""|hlg,),  sup (pﬁ_”!hlgo)}
Core(R) M\ Core(R)

< max {C’g,sup(Cgpﬁ*”p*'B)} < 00,

where Cy is an upper bound in the core and Cy and R are asymptoticity constants
for 7 (i.e. |hlgo|ar\core(r) < Cop™).
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4. Thus we have, for h with ||h|| feo(s27+p1,4,) < max {e1, €2}, that
Hhuci’g(yT*M,go) < CIHhHWgé’(yT*M,gO) < CICGHhHLzlﬂ(SQT*M,gO) < 00,

where we used all the previous steps in order for each inequality. This shows the claim.

5. Note that the gaugedness condition has been used only in step 2. If the gaugedness
condition holds only on M \ K, then we may split up the integrals to K and M \ K,
and work analogously. O

Proposition 10.4. There exists a real number € > 0 such that if h € CEB (ST M, go)

with ||| Loo(s27+ 01,e) < € SOlves the equation go +h € F, , then Veoneskh = O (p—B_k) for

go’
all k € N.

Proof. The statement for k = 0 is true by assumption. Lemma 10.3 proves the statement
for k = 1. For k > 1, we can argue using elliptic estimates [Mar02, Theorem 4.21] and the
fact that A9 is a uniformly elliptic conical operator of order 2 and rate 2. O

This proposition means that once we have established a zeroth-order decay, and the
higher derivatives come for free as long as the gaugedness condition is satisfied outside of a
compact set. In the next section, we will establish an iterative procedure that improves on
the decay rate.

10.2 TIteration
Next, we state and prove a technical lemma.

Lemma 10.5. Let M be a smooth manifold, and let go € AC (geone, T, @) with Ric? = 0.
Moreover, suppose h € I'*® (S2T*M) is a symmetric 2-tensor field such that |h|g.,.. =
O(p=*), IV%hlgp. = O(p~*") and [VIre?hlg,.. = O (p~*7?) for some a > 0
and such that g :== go + h € f%\K for some compact subset K C M. Then AY°*h =
@ (P_F(a)_z) where F': RY — RY is a function fit for iteration.

Proof. The proof involves a lot of gory calculation, so it may be a good idea to summarize
the strategy. We start by expressing ¢~ o V90:2h in two different ways. The first way uses
the decay property of h and the fact that gg is asymptotically conical to geone to compare
the inverse metric g~! to the cone metric geone and the second covariant derivative V992 to
V9eone:2 This leads us to a formula to the raw Laplacian Ageoneh- The second way uses the
assumption that g € F, and Corollary 8.12. After adding the curvature terms, we obtain
a formula for AJ°™*h. Some tedious calculation is needed to show that the curvature terms
of geone and ¢ interact in such a way that their combination decays faster than any of them.

In the rest of this calculation, we will assume that K = (). (The behaviour inside K is
anyway inconsequential for the decay properties since h is continuous.)

First, we substitute both the metric ¢ and the Levi-Civita connection V92 for the
metric geone and the corresponding Levi-Civita connection (at a price of certain correction
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terms appearing, of course). For the difference of second derivatives we use Lemma 2.6 with
T = V9 — \JYcone
0 V92 h = ((goone) "+ 91 = (goone) 1) 0 (VIeoner? 4 V902 — geone: )y
(gcone) 0 V9ore:2 ] 4 (gogne) "} 0 (V902 — yeone:2)
+ (97" = (geone) ) © VI P h 4 (971 — (geone) 1) © (VIO — VIeone)y
Agconeh + (geone) "H 0 (T % Voreh + (V9 T) x h+ T+ T x h)
+ (97" = (geone) ) 0 VI 2hy
+ (97— (geone) L) © (T % V9eoney 4 (V9T x b+ T % T % h)
Agconch + g o (T * VIoreh 4 (V9reT) x b+ T % T % h)
+ (97" = (geone) ) © VIone?py
= —Aygeonc
+g7 " o (TH Ve h + (V9oreT) x h)
+g 1o (T*Txh)
+ (97" — (geone) 1) 0 VIeore2h

Since g_l =0 (1)7 g_l - (gcone)_l = g_l - (90)_1 + (90)_1 - (gcone)_l =0 (P_T) +0 (p_o‘),
T =0 (p~™!) and V%eT = O (p~7~2), we obtain

g oV Ph = —Ay b
+0(1)o(0(p ) %0 (p )+ 0 (p72) %0 (p™)
+0(1)o(0(p ) %0 (p )50 (p™)
+(0(p™) + 0 (7)) %0 (p7°72)

= —Dgeonc
+0 (5o E) +.0 (o7 02)
+0 (p—QT—a—2)
+0 (p22) +.0 (%)
= —Dgeonc

+0(p2) (O (p ) +0 (P ) +0(p™) + 0 (p77))
geonch + 0 (P72 (0 (p77) + 0 (7))

Note that Corollary 8.12 applies and its statement may be expressed structurally as

=—-A

0=g "o V92h+ (VOR) x (V) — h x R — g x Ric%
which leads us to the equality

Adeoreh = A h — 2R9%°m b 4+ Ric%™ o(geone) * © I+ h 0 (geone) 0 RicIeone

Jcone
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— g1 o V902) — 2Ry 4 Ric%om o(geone) " 0 1+ 1 0 (Geome) ! 0 RicIeone
w0y 0
—(VPh) % (Vh) + h* R% + g x Ric
— 9Reone 4 Ricdone (geone) T 0 h + h 0 (geone) 0 RicIeone
+0 (p_a_T_Q) +0 (p—Qa—2)

— h * Rg() + g * RngO _2Rgconeh + Ricgcone O(gcone)_l o h + h ° (gcone)_l o Ricgcone
+0 (pfaf‘er) +0 <p72a72>

— hx R% — ZRQ?:oneh +0 (p—a—T—2) +0 (p—2a—2) 7

where we used that Ric?® = O (0). Let us introduce the notation (i <> j) to repeat the
contents from the last equality sign with indices i and j exchanged. Now we can examine
the remaining term more carefully in local coordinates

(h* R97 — 2R%h);; = —g" (g0)P* (gip (R ) jhtq + 9jp(BP)ittq)
-2 (Rgcone )iklj Pap (gcone)ak (gcone)bl
= " (90)"19ip(R%) jr1g — (R )irtihab(geone) ™ (geone) ™ + (i <+ j)

Since g = go + h and we have and (g0)"?(g0)ip(R%)jkig = (R);k1i, We may continue with

= —g"(RP) 11 — 6" (90)P(RP) jrighip
- (gcone)ak (gcone)bl(Rgcone)ijklhab + (7' < ])

Now since

—g" (R%) jrae = —(90)" (R%) jae + ((90)™ — g*") (R) jra
—(Ric®) ¢ + (90)"* hapg™ (R%°) jrat
—(Ric®) 11 + (g0)"g" (R%) jiithab,

we may rewrite the expression of interest as

(hox e = 2R5 By = —gM (R) s = g (R 110 90)"hip
— (geone)® (gcone)bl(RgCO"e)zklj ab+ (i < J)
= — Ric% +(g0)**g" (R) juiiha
+ (— Ric% +(g0)™ bl(Rgo)jquhab)(go)p “hip
— (geone) ™™ (geone) " (R )it jhap + (i > 7)
= —Ric%) +(g0)"¢" (R*) jaiihap

— Ric% (g0)"hip + (90)** 9" (R%) jrighab(90)" hip
- (gcone> (gcone) (Rgcone)zklj ab + (Z A .7)
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= —Ricf;
+ [(QO)ka PH(RP) ikt — (geone) ™™ (goone) ™ (BRI )i ] hap
+ [— Ric (90)"? + (90)**¢" (BP) jkaghan(90)*Thip
+ (i< )

= [(90)**g" (R%) j1ti — (geone)™ (geone)™ (RI°" )ikt hat
+ (i < J)
+0 ( p—2a—2)

Let us concentrate on the coefficient of h,,. Changing the metrics to geone and using the
decay rate of the difference of curvature tensors (Lemma 7.23) yields

(90)**g" (R) 11 — (geone)™ (geone) " (R ) 151
= (geone) ™ (geone) " (RP) jus
+ (goone) ™ (" = (goone)™) (R) jyus
+ ((90)™ = (geone)™) (goone) " (RP) jus
+ ((90)** = (geone) ™) (8" — (geone)™) (R®) jrii
— (geone) ™ (geone) " (RI™ )ikt
= (geone)* (goone) " (R%) jrti — RI™ )i
+0(1)*(0 <p—“> +0() 0 (%)
O(p)x0(1)x0 (p?)
O (™) * (0 < )40 (7)) *0 (p7?)
(gcone)ka Feone) " (R jkii — BRI )ipy;
+0(p*2)+0(p7?)

=0W*0W=0(p2)+0 () +0(p77)

~0(ret) <0 (7).

Thus the curvature term is

(h * RQO _ 2Rgoone h)’Lj —

Finally, we obtain

A%h = hx R — 2R%h 4 0 (o7 7 2) 4 0 (p727?)
o(rer)
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where
2z ife<r

F:R+HR+,:¢H{ '
r+7 ifax>T

is a function fit for iteration. O

Theorem 10.6. Let g9 € AC (Geone, @, T) be a Ricci-flat asymptotically conical manifold
of decay rate T > 0 and asymptotic chart ¢ which is asymptotic to Cone(L, gr,). Suppose
further that go is not resonance-dominated (cf. Definition 9.13). Then there exists a p > 1
and an LPNL*>® neighbourhood of gy such that for any gauged metric g in this neighbourhood,
we have

V¥ (g = go)lgy = O (67*7%)  for any k € N, (10.3)
where p is determined as in Proposition 9.14.

Proof (sketch). One can establish similarly to the first step of the proof in [DK20, The-
orem 2.7] that h = O (p~®) for some a > 0 if the LP(S>T* M, go)-norm and the L>(S>T* M, go)-
norm of h are small enough. By Lemma 10.5, we have that

A%coneh -0 (pfF(a)72) ’

where F is a function fit for iteration. Working as in Theorem 9.24, we establish that
h =0 (p~%ev), where

" _{mﬂﬂw_lﬁ it F() #
R VRS TGE it F(a) = p.

where p := —min {m(&) | € o(0%)} (recall Definition 9.12). (Again, this case distinction
is necessary because of the logarithmic factor appearing in Proposition 9.23. Instead of
W+ %(a — ) any number would be admissible between a and p.)

Now Lemma 9.17 delivers the decay rate for the zeroth derivative. Lemma 10.3 extends
it to the first derivative. The higher-order decay rates follow from an inductive argument
based on elliptic regularity of weighted Holder spaces. O

Remark 10.7. The resonance-dominated case should be treated similarly but the existence

of a logarithmic factor in both when F(«a) = p and when F(a) # 0 means that we cannot
expect an optimal decay rate, only an infimum.

10.3 Decay improvement for asymptotically conical mani-
folds

Finally we are in position to show that we can find an appropriate asymptotic chart in
which the optimalized decay rate is assumed.
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Theorem 10.8. Let (M, gac) € AC (geone, T, @) be an asymptotically conical manifold with
asymptotic cone (Cone(L, gr.), eone) and T > 0. Assume that ga. is not resonance-dominated®.

Then there is an asymptotic chart ¢ such that ga. € AC (gcone,u, ¢~>>, where

pw=—min{m(§) |£ € o(Op)}

where m is the generic decay function from Definition 9.12. Note that the spectrum of Og
has been computed in Theorem 6.55.

Proof. Let gac € AC (geone, T, ). Then we have |[V9ne® ((¢~1)* g, —geone) | geone = O (T*T*k)
for all kK € N.

Recall the family of eventually exactly conical metrics (gr)r>r, constructed in Pro-
position 8.30. Metrics in this family are Ricci-flat outside of the compact set Core(2R;).
Moreover, since gr — gac in the Wf P(S2T*M) topology, we can find some Ry > Ry such
that gr, € U where U is a Wf P(S2T* M )-neighbourhood on which every metric may be
uniquely pulled back to a metric satisfying the Bianchi gauge with respect to gac (cf. Pro-
position 8.23). This in turn means that the metric g, may be uniquely pulled back to a
gauged metric, i.e. there is a diffeomorphism ¢: M — M such that ¥*(gr,) =: g € Gg..,
Le. V(gba gac) = 0.

Since g is gauged with respect to ga. outside 1 ~!(Core(2R;)), Theorem 10.6 implies
that the difference g, — gac decays optimally to all orders:

V(g5 = ool = O (57

for all k£ € N where p is the optimalized decay rate.
Now consider the diffeomorphism ¢ o ¢: ~1(M \ K) — (R,00) x L. Since on M \
=1 (Core(2R1)), we have gac = 1*¢*geone by construction, we obtain

’vcone,k((d) o w)*gac - gcone)‘gac = ‘vcone,k((d) o ¢)*(Qac - w*¢*gcone))‘gac
= |V H (¢ 0 ¥)u(gac — Gac))lgac-

The claim now follows from Corollary 7.26 and Lemma 8.16.
O

Remark 10.9. In the resonance-dominated case, because of the presence of the logarithmic
factor in both branches in Proposition 9.23, one cannot expect a definite best decay rate.
It is reasonable to expect that the optimal decay is O (p~*1Inp). To accommodate this case,
one would have to relazx the Definition 7.1 to obtain a definite decay rate. Alternatively, one
could expect a decay statement of the form O (p~+7¢) for every € > 0 since Inr = O (p°) for
any € > 0.

3Cf. Definition 9.13
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