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Abstract

High gain free electron lasers (FELs) generate radiation of unprecedented bright-
ness and unique properties and have proven to be a useful tool for applications in a
wide range of studies in physics, biology, medicine and chemistry. External seeding
techniques have been experimentally demonstrated and aim to improve the intrin-
sically poor temporal coherence of a high-gain FEL starting from shot noise. Seeded
schemes, like the high gain harmonic generation (HGHG), are based on frequency
up-conversion and generate fully coherent radiation thanks to the external seed laser
that initiates the process in the FEL. However, the dependence of the properties of
the seeded radiation on those of the seed laser is at the same time a limiting fac-
tor. The repetition rate of the state-of-the-art seed lasers used in external seeding
is incompatible with the repetition rates of modern high-gain FELs based on super-
conducting technology. In addition, seeded radiation is a harmonic of the seed laser
wavelength, a feature that limits the output wavelength to above a few nanometers
and restricts its tunability. To overcome these limitations it is necessary to search for
new possibilities in FELs.

The scope of this cumulative thesis is to introduce novel ideas that allow us to
achieve high repetition rate and fully coherent radiation at an extended and tunable
wavelength range. The three proposals of this thesis aim to reduce the dependence
of external seeding schemes on the seed laser source and at the same time, main-
tain the full coherence of seeded radiation. The first proposal is an optical klystron-
based HGHG, which modifies the conventional HGHG beamline in a way that re-
laxes the stringent requirements on the seed laser power by several orders of magni-
tude. This way, the repetition rate of the seed laser source can be increased, or seed
laser sources of shorter wavelengths can be used instead. The second proposal is an
HGHG seeded oscillator-amplifier setup: an optical cavity captures a conventional
low repetition rate seed laser pulse and stores it to seed electron bunches at a high
repetition rate. The third proposal is an HGHG oscillator-amplifier that eliminates
the dependence on external seed lasers. Instead of the external laser, the electrons
generate the light pulse themselves, starting from shot noise, and the radiation is
stored in the optical cavity to seed electron bunches at high repetition rates. In ad-
dition to the high repetition rate, this scheme allows shorter and tunable seeded
radiation. This type of radiation has never been possible in the past and can greatly
benefit already existing experiments and support new experiments and more dis-
coveries by accelerating the ongoing science at FELs.



xii

Zusammenfassung

High Gain Freie Elektronen Laser (FEL) erzeugen Strahlung von noch nie dagewe-
sener Brillanz und einzigartigen Eigenschaften und haben sich als nützliches Instru-
ment für eine Vielzahl von Studien in Physik, Biologie, Medizin und Chemie er-
wiesen. Externe Seeding-Techniken wurden experimentell demonstriert und zielen
darauf ab, die inhärent geringe zeitliche Kohärenz eines aus dem Schrotrauschen ini-
tiierten High-Gain-FEL zu verbessern. Seeding Konzepte wie High Gain Harmonic
Generation (HGHG) beruhen auf der Aufwärtskonversion der Fequenz eines exter-
nen Seedlasers, der den Prozess im FEL initiiert und die Erzeugung vollständig ko-
härenter Strahlung ermöglicht. Die Abhängigkeit der Eigenschaften der geseedeten
Strahlung von denen des Seedlasers ist jedoch geleichzeitig ein begrenzender Fak-
tor. Die Repetitionsrate der beim externen Seeding verwendeten Seedlaser ist mit
den Repetitionsraten moderner high gain FELs, die auf supraleitender Technologie
basieren, nicht kompatibel. Darüber hinaus ist die geseedete Strahlung eine höhere
Harmonische der Wellenlänge des Seedlasers, sodass die Ausgangswellenlänge auf
wenige Nanometer begrenzt und ihre Durchstimmbarkeit eingeschränkt ist. Zur
Überwindung dieser Einschränkungen ist es notwendig nach neuen Möglichkeiten
für FELs zu suchen.

Im Rahmen dieser Arbeit werden neue Ideen vorgestellt, die es uns ermöglichen
eine hohe Repetitionsrate und vollständig kohärente Strahlung in einem erweit-
erten und durchstimmbaren Wellenlängenbereich zu erreichen. Die drei Vorschläge
dieser Arbeit zielen darauf ab, die Abhängigkeit externer Seeding-Systeme von der
Seedlaserquelle zu verringern und gleichzeitig die volle Kohärenz der geseedeten
Strahlung zu erhalten. Der erste Vorschlag ist ein HGHG, welches auf einem optis-
chen Klystron basiert, und die konventionelle HGHG-Strahlführung so modifiziert,
dass die strengen Anforderungen an die Seedlaserleistung um mehrere Größenord-
nungen reduziert werden. Auf diese Weise kann die Repetitionsrate der Seedlaser-
quelle erhöht werden, oder es können stattdessen Seedlaserquellen mit kürzeren
Wellenlängen verwendet werden. Der zweite Vorschlag ist ein HGHG-geseedeter
Oszillator-Verstärker-Aufbau: Ein optischer Resonator fängt einen herkömmlichen
SeedLaserpuls mit niedriger Repetitionsrate ein und speichert ihn, um Elektronen-
pakete mit hoher Repetitionsrate zu seeden. Der dritte Vorschlag ist ein HGHG-
Oszillator-Verstärker, der die Abhängigkeit von externen SeedLasern eliminiert. An-
stelle des externen Lasers erzeugen die Elektronen, ausgehend vom Schrotrauschen,
den Laserpuls selbst, welcher im optischen Resonator gespeichert wird , um Elek-
tronenpakete mit hoher Repititionsrate zu seeden. Neben der hohen Repetitionsrate
ermöglicht dieses System eine kürzere und durchstimmbare geseedete Strahlung.
Diese Art von Strahlung war in der Vergangenheit noch nie möglich und kann für
bereits bestehende Experimente von großem Nutzen sein und neue Experimente
sowie weitere Entdeckungen unterstützen, indem sie die laufende Forschung beschle-
unigt.
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Chapter 1

Introduction

1.1 Motivation

Synchrotron radiation was demonstrated for the first time in 1947 in General Elec-
tric’s research laboratories when accelerated electrons to 70 MeV generated visible
light [1]. Initially, it was seen as an effect contributing only to energy losses and
thus, as a limiting factor for high-energy physics experiments. As a result, for the
first-generation synchrotron light sources, only parasitic operation at accelerators
built for high-energy physics experiments was allowed. However, the science com-
munity soon realized that the light produced has extraordinary potential for studies
of matter, resulting in the second-generation light sources that appeared in the 1970s
[2]. These light sources were storage rings and were dedicated sources of radiation
that used bending magnets and undulators/wigglers for the generation of light. In
the third generation of light sources, the storage rings were designed with dedi-
cated straight sections to insert undulators and wigglers (insertion devices) [2] and
improve the properties of the generated radiation. Currently, we exploit the fourth-
generation light sources that are diffraction-limited storage rings, such as MAX IV
[3] and PETRA IV [4]. Free electron lasers (FELs) are linear-accelerator-based light
sources and are by some people perceived as a different class of synchrotron light
source and by others as a 4th generation synchrotron light source together with the
diffraction-limited storage rings.

The concept of the FEL was first introduced in 1971 by John Madey and was
demonstrated soon after that by Madey and colleagues [5, 6]. In most of the initial
experiments, oscillators were used to generate light that was amplified in consecu-
tive passes in an undulator enclosed in an optical cavity as the power gain of the
light per pass was rather low. Present high-gain FELs are based on the idea that
high gain can be achieved in a single-pass. To achieve this, long undulators and high
quality electron beams are utilised to reach saturation independently of an optical
cavity and mirror availability. This idea was first introduced by Kondratenko and
Saldin [7] and soon after that, Bonifacio, Pellegrini, and Narducci [8, 9] described the
FEL as a collective instability and formulated a theoretical base to describe it. This
new concept opened the possibility to reach shorter wavelengths and to introduce
the x-ray FEL (XFEL). FLASH was the first XFEL to start operation in 2005 and cov-
ered the XUV/soft x-ray spectral range [10]. Currently, there are several more XFEL
user facilities worldwide such as LCLS [11], SACLA [12], FERMI [13], the PAL-FEL
[14], the European XFEL [15] and the SwissFEL [16]. Additionally, there are many
research and development (R&D) projects for future generations of light sources [17,
18].

A significant figure of merit that characterizes the radiation generated by light
sources is the brightness: it describes the number of photons per unit time (flux), per
0.1% bandwidth and per unit phase space area. The radiation generated by FELs
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provides peak brightness that is up to ten orders of magnitude higher compared to
third-generation storage rings, as shown in Fig. 1.1. The FEL radiation is tunable in
a wide wavelength range (from millimetre to Ångström), reaches high peak powers
(of tens of GW) and ultra-short pulse durations (towards attosecond), and has high
purity in terms of transverse coherence, but also longitudinal coherence (transform-
limited pulses) under certain conditions .

FIGURE 1.1: Comparison of peak brightness of existing FEL sources
and synchrotron light sources. Graph taken from [19].

In the most common case of a high-gain FEL, the radiation is generated by a
process called self-amplified spontaneous emission (SASE) [9]. SASE depends on
the stochastic nature of the synchrotron radiation generated by an electron beam at
the upstream part of an undulator and is in detail described in Chapter 2. The initial
radiation is amplified along the undulator and as a result, the final FEL radiation has
a poor longitudinal coherence. This is reflected in a broad spectrum with various
spikes. To improve the longitudinal coherence, several methods are proposed and
demonstrated such as the self-seeding [20] and the high brightness SASE [21], for
instance. One of the most promising candidates is a family of methods that depend
on external seed laser sources and are described under the term external seeding.

With direct external seeding [22], x-ray wavelength range is not accessible since
there are no seed laser sources available at this wavelength because of the limitations
of the nonlinear up-conversion process of available sources to the extreme ultravio-
let (XUV) spectral range [23]. External seeding can alternatively be combined with
harmonic generation within the FEL process to achieve shorter wavelengths [24]. In
such a scheme, the electron bunch is pre-shaped in one or more short undulators -
called modulators - with the help of an intense seed laser pulse before entering a
second undulator - called radiator. At the radiator, it emits coherent radiation at a
harmonic of the seed laser wavelength, therefore, the high degree of coherence held
by lasers is transferred to the final FEL radiation. Two of the most common exter-
nal seeding schemes are the high gain harmonic generation (HGHG) [24] and the
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echo enabled harmonic generation (EEHG) [25, 26] and are described in more de-
tail in Chapter 2. In addition to the full coherence of seeded radiation, seeded FELs
guarantee synchronization between the seeded FEL and external sources for pump-
probe experiments and shot to shot stability due to the deterministic nature of the
process. These significant and unique features of seeded radiation have allowed
interesting experiments [27, 28] to take place at FERMI, the first fully seeded FEL.
In addition to FERMI, more facilities have devoted resources to external seeding re-
search, such as the SDUV-FEL [29], LCLS [30], the Dalian Coherent Light Source [31],
SXFEL [32] and FLASH [33]. To take advantage of the opportunities offered with
seeded radiation, FLASH is currently undergoing an upgrade, known under the
name FLASH2020+ project, that aims at simultaneous operation of a SASE beamline
and a seeded beamline that takes advantage of the high repetition rate of supercon-
ducting radiofrequency (RF) technology for the first time [34, 35].

Even though external seeded radiation has already considerably increased the
opportunities in high gain FELs due to its full coherence and stability, its properties
suffer from several limitations that the seed laser introduces:

1. The repetition rate of the seeded FEL radiation cannot be higher than the rep-
etition rate of the seed laser source.

2. The output wavelength of the seeded FEL radiation is a harmonic of the seed
laser wavelength, typically limited to a maximum of 100. This limits the:

(a) Shortest wavelength that can be achieved.

(b) The tunability of the seeded FEL radiation.

Since with the seeding schemes introduced so far the harmonic conversion is
limited, it is desirable to start with a seed laser source of a short wavelength as
long as it provides sufficient peak power and stability. For this reason, ultraviolet
(UV) lasers are commonly used for external seeding. Current state-of-the-art laser
sources fulfilling all requirements in terms of tunability and peak power are typically
providing only repetition rates of some tens of Hz. With FLASH2020+, DESY plans
to increase this number to up to 6000 pulses per second with a unique burst-mode
operation [34, 35]. This is currently the upper limit for the overall repetition rate
of external seeding. In addition, the upper limit in wavelength conversion from
the seed laser to the output FEL is in the order of 1%, so the shortest possible FEL
radiation wavelength is above 2 nm [36]. Finally, these UV sources offer limited
wavelength tunability which is typically less than 10% and this implies a limitation
in the continuous variation of the seeded FEL wavelength.

Currently, accelerators based on superconducting RF technology can provide
electron bunches at MHz repetition rates- a repetition rate that is higher by roughly
four orders of magnitude compared to normal conducting accelerators. Burst mode
operation, such as the one at FLASH [37] and at the European XFEL [15], provides
thousands of electron bunches per second and continuous wave (CW) operation pro-
vides million bunches per second. The FELs LCLS II [38] and SHINE [39], currently
under-construction, aim at CW operation, showing that there is a clear direction for
increased repetition rate in future FELs. In such machines, most of the available
electron bunches remain unused in seeded beamlines due to the considerably lower
repetition rate of seed lasers.

In order to push the limits of the capabilities of FELs and improve them even
further to accommodate the needs of multiple experiments of different purposes,
we need to consider that the longitudinal coherence is not always sufficient by itself
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even though it is an important figure of merit of the FEL radiation for many scien-
tific experiments. The average brightness, which depends on the number of photon
pulses generated per second, can be crucial too. Molecular movies benefit from the
properties of seeded radiation (purity, intensity, phase and time stability) but re-
quire high repetition rate. Similarly, spectroscopic techniques, which aim to resolve
the electronic structure of samples, require the high purity that seeding techniques
offer but also depend on statistics. In that case, neither SASE nor external seeding
can offer a good amount of statistics before, for example, the sample degrades: SASE
radiation needs to be monochromatized, which leads to flux reduction and intensity
fluctuations, and seeded radiation is currently only available at a low repetition rate
despite the MHz repetition rates of electrons bunches. In addition to the repetition
rate, extending the wavelength range to shorter than 2 nm would allow new types of
experiments that require higher resolution, such as imaging and diffraction, to take
advantage of the unique properties of seeded radiation.

In this cumulative thesis, the main goal is to address the limitations described
above and propose novel schemes that aim to combine the unique properties of
externally seeded radiation with the high repetition rate of superconducting-based
FELs. Some of the proposed schemes aim to extend the wavelength range and the
wavelength’s tunability provided to the experiments, and ultimately the variety of
the experiments they address. FEL radiation with these characteristics can signifi-
cantly accelerate and expand the science taking place at FELs.

1.2 Organization and scope of the thesis

This cumulative thesis is based on three first-author publications. The common
thread is the effort to increase the repetition rate of external seeding schemes to make
fully coherent x-ray FEL radiation at high repetition rates available for the first time.
Additional goals addressed in these schemes are the extension of the wavelength
range and its tunability.

I start with the theoretical framework (Chapter 2) needed to understand the re-
sults shown in this thesis. In addition to the theory, in Appendix A, I discuss the
main simulation codes that have been used to understand the complexity of the
physics behind these simulations which is connected to long computational times,
and the limitations that may arise based on the mathematical approximations used.

After all the necessary information is introduced, I move on to the main chapters
where the publications are presented. I follow an order of ascending complexity of
the proposals done in this thesis. Since we have identified the seed laser source to be
the main limitation to achieve high repetition rates with seeding schemes, I try step
by step to eliminate this dependence with different setups of different complexities.
Until now, the weight has been put solely on the seed laser side: seed laser systems
are required to become more and more complex and precise. Here, I take a different
approach and I act on the FEL scheme itself to eliminate this strong dependence.

In Chapter 3, I present an external seeding scheme, called high gain harmonic
generation (HGHG), with the addition of an optical klystron [40]. The optical klystron
takes advantage of a low power seed laser source that prepares the electron bunch
to be further self-modulated without the need for a high peak power seed laser.
This new setup requires much lower seed laser power than conventional seeding
schemes. When the seed laser power can be decreased by 2 to 3 orders of magni-
tude, it is possible to do one of the following:
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1. Increase the repetition rate as the optics can withstand these lower power den-
sities.

2. Use seed laser sources of shorter wavelengths which are typically available
only at lower powers.

This setup is rather straightforward; the design still depends on a seed laser source
and requires a seed pulse for every electron bunch, but the power is much lower so
the repetition rate can be increased or the shortest wavelength can be decreased.

Taking one more step away from the dependence of seeding schemes on the seed
laser systems, while increasing the complexity, I move on to Chapter 4. Here, I
present an HGHG setup based on an oscillator FEL. A low repetition rate external
seed laser pulse is first injected into the cavity where it is overlapped with an electron
bunch traversing a modulator. Now two processes occur:

1. The electron bunch gets energy-modulated by the laser pulse.

2. The laser pulse gets amplified due to the interaction with the wiggling electron
bunch.

While the modulated electron bunch can now be extracted from the cavity, the am-
plified laser is recirculated to the entrance of the modulator. The following electron
bunches are then overlapped with the recirculated light pulse and they maintain the
light pulse intensity constant over the bunch train while they are seeded. In this
case, we still need a seed laser source to initiate the seeding process, however, this
seed laser may:

1. Have a lower intensity since the initial signal can be amplified along the mod-
ulator in the cavity.

2. Operate at a low repetition rate since it only needs to initiate the FEL process.

After the initiation, the radiation field is captured and stored in the cavity, enabling
high repetition rate seeding.

In the last step in Chapter 5, a scheme completely independent of external seed
laser sources is proposed. In this case, I still study an HGHG setup based on an
oscillator FEL, but this time, the process starts from shot noise. The electrons them-
selves in the in-cavity undulator emit radiation which is amplified over the passes
in the cavity. When sufficient power is reached, the amplification per pass must
be reduced and be replaced by an equilibrium. The advantages are twofold; being
completely independent of external seed laser sources we can increase the repetition
rate of seeding and reduce the FEL wavelength, in principle with no limitations ex-
cept for mirror availability. However, in this oscillator starting from shot noise, we
have the additional complexity of controlling the power in the cavity to transition
from power amplification to power stability, and a monochromator must be used to
suppress the initial SASE spectrum.

In the last Chapter 6, I summarize the results shown in the publications and
I offer an overview of what has been done, and what else needs to be done and
verified before moving to the realization of the studied setups.
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Chapter 2

Theory

2.1 Accelerator physics

The field of accelerator physics treats the dynamics of relativistic charged particles
experiencing electric and magnetic fields. Since the exact motion of the particles can
typically not be solved analytically, it is common to use Taylor-expansions and work
with different assumptions and statistical properties of ensembles. This way we can
separate the study of linear optics from more complicated nonlinear dynamics and
collective effects. Here, I restrict myself to topics that are useful to understand the
main results presented in the following chapters. Since we are interested in FELs,
we discuss the specific case of electrons and we focus on the main aspects of linear
accelerators. For high-gain FELs, it is very important to have high electron density
and as a result, the requirements on beam size, divergence and bunch length (which
is directly associated to the peak current) are stringent. The control of the beam
size and divergence is treated in the transverse beam dynamics, while the bunch
compression concept is treated in the longitudinal beam dynamics.

2.1.1 6D phase space

At any position, we can describe an electron in a 6D phase space: (x, x′, y, y′, δ, s).
The coordinates x and y are the transverse horizontal and vertical displacements re-
spectively, and together with s, the longitudinal intra-bunch coordinate along the
trajectory, they define the 3D space. The coordinates x′ and y′ are the transverse an-
gular displacements and δ is the relative momentum offset. In classical mechanics
the conjugate variables are used and we refer to the planes (x, px), (y, px) as the
transverse phase space, where px/y is the momentum. However, a modified phase
space is more common in accelerator physics: (x, x′), (y, y′) and (s, δ) are the hor-
izontal, vertical, and longitudinal phase space, respectively. In this 6D phase space,
we can define a reference particle that has all coordinates set to zero, (x = 0, x′ =
0, y = 0, y′ = 0, δ = 0, s = 0), as it always stays on the design trajectory and has
the nominal energy. Following, we summarize the 6 coordinates in a vector, show-
ing the transition from the momentum (canonical conjugate variables) to transverse
angular displacements:




x
px
p ≃ dx

dt
dt
dz = x′

y
py
p ≃ dy

dt
dt
dz = y′

δ = ∆p
po

s




(2.1)
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where p0 is the reference momentum and t is the time coordinate.

2.1.2 Transverse beam dynamics

In an accelerator, the electron bunch should follow the nominal trajectory. However,
the individual electrons diverge within an electron bunch. In order to steer them to
the nominal trajectory, we are using transverse magnetic fields. While the Lorentz
force accounts for both the electric (Υ) and magnetic fields (B) as:

F = e(Υ + u × B), (2.2)

we rewrite the Lorentz force as Fx = −euzBy for an electron of charge e moving
with a velocity u that has only a longitudinal component uz and is experiencing a
magnetic field which has only a vertical component By. We assume an equilibrium
with the centrifugal force Fr = meu2

z/Rc, where Rc is the radius of curvature of the
trajectory and me the electron rest mass, and by equating these forces we get the
magnetic rigidity [41]:

ByRc =
p
e

. (2.3)

Taking only the example of a horizontal deflection, we expand the magnetic field
in the vicinity of the nominal trajectory under the assumption that the transverse
displacements are very small, and we get a series of multipoles [41]:

By(x) = By0 +
∂By

∂x
x +

1
2

∂2By

∂x2 x2 +
1
3!

∂3By

∂x3 x3 +O(x4) (2.4)

Dividing all the terms in Eq. 2.4 with p/e gives:

By(x)
p/e

=
By0

By0Rc
+

∂By

∂x
x

p/e
+

1
2

∂2By

∂x2
x2

p/e
+

1
3!

∂3By

∂x3
x3

p/e
+O(x4) =

1
Rc︸︷︷︸

dipole field

+ ξx︸︷︷︸
quadrupole field

+
1
2

υx2

︸ ︷︷ ︸
sextupole field

+
1
3!
κx3

︸ ︷︷ ︸
octupole field

+O(x4)
(2.5)

Each of the multipoles appearing in Eq. 2.5 serves a different purpose in an ac-
celerator; when perfectly aligned, dipoles steer the trajectory of all electrons inde-
pendently of their position, quadrupoles focus and defocus transversely the beam
and sextupoles are used to compensate for the so-called chromaticity (referring to
the change of linear optics with the beam energy) and for field correction. Linear
beam optics deal with the two first multipoles; dipoles and quadrupoles.

We can use a matrix formalism to describe how each electron’s six coordinates
are affected along a transport line in a linear approximation. The coordinates of
each electron evolve from an initial set of coordinates (xi, x′i , yi, y′i, δi, si) to a new
one (x f , x′f , y f , y′f , δ f , s f ), which can be calculated with the transfer matrix of the el-
ements along the transport line that caused this change. Each of the transfer matrix
elements, Rij, describes the correlation between two coordinates and, for instance,
R56 is the longitudinal dispersion and denotes the correlation between the longitu-
dinal position and the energy of the electrons. These linear matrices are not suitable
for non-linear elements such as sextupoles. It is possible to use Taylor expansions
to describe higher order terms [42]. For second order terms, the map Ti,j,k is used
and for third order terms the map Ui,k,j,l is used and i, j, k, l can take values from 1
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to 6, representing the coordinates of the discussed 6D phase space. Nonlinear op-
tics are out of the scope of the thesis, and readers are encouraged to look for more
information in [42, 43, 44].

In linear optics, a transfer matrix M describes the transport line and is defined as
[41]:

M =




R11 R12 R13 R14 R15 R16
R21 R22 R23 R24 R25 R26
R31 R32 R33 R34 R35 R36
R41 R42 R43 R44 R45 R46
R51 R52 R53 R54 R55 R56
R61 R62 R63 R64 R65 R66.




(2.6)

With this transfer matrix we can now calculate the new coordinates as:



x f
x′f
y f
y′f
δ f
s f




= M




xi
x′i
yi
y′i
δi
si




. (2.7)

Each element in the accelerator has its characteristic transfer matrix. A number
of consecutive elements can be described by a single transfer matrix Mtotal, which
is the product of the matrices that describe κ independent elements, with element 1
being upstream of element 2:

Mtotal(1 → κ) = Mκ · Mκ−1... · M2 · M1. (2.8)

Apart from the single electron trajectories, we are interested in the evolution of
the electron bunch so it is useful to define some parameters that characterize the
electron bunch as an ensemble instead, when taking a snapshot at a certain longitu-
dinal position z. We define as emittance, ε, the area covered by the bunch in the phase
space divided by π. Based on the Liouville’s theorem, the emittance is a constant of
motion when conservative forces are considered. With conservative fields such as
the dipole and quadrupole magnetic fields, the emittance remains constant along z.
It is useful to express the bunch properties as moments of the particle distribution in
phase space. We define the squared rms beam size σ2

x(z) = ⟨x2⟩, the squared rms
beam angular divergence σ2

x′(z) = ⟨x′2⟩ and the rms beam correlation ⟨xx′⟩. Based
on them we define the rms emittance [45], which is a statistical property and is also
known as geometric emittance:

εx =
√
⟨x2⟩⟨x′2⟩ − ⟨xx′⟩2, (2.9)

Since the geometric emittance describes the area in the phase space, we can de-
fine its equation in phase space:

ε = γ(z)x2(z) + 2α(z)x(z)x′(z) + β(z)x′2(z). (2.10)

From Eq. 2.10 we can define the Twiss parameters, which describe the shape and
orientation of the ellipse formed in the phase space:
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β(z),

α(z) = −1
2

β′(z)

γ(z) =
1 + α(z)2

β(z)
.

(2.11)

The beta function, β(z), is the position-dependent part of the amplitude of the trans-
verse oscillations that each electron performs along the accelerator. Based on the
parameters we can define the rms electron beam size σx and divergence σx′ , as illus-
trated in Fig. 2.1:

σx =
√

εxβx(z)

σx′ =
√

εxγx(z)
(2.12)

x

x'

εβ

εγ

Area = πε

φ

tan2φ= 2α
γ-β

FIGURE 2.1: Beam ellipse in the horizontal phase space at a certain
fixed longitudinal position. Here, ϕ is the orientation angle.

Finally, it is common in many cases to refer to the normalized emittance εN,
which is simply normalized to the factor βrelγ, εN = εβrelγ and is conserved during
acceleration. Overall, the emittance is a property of the beam that determines the
electron beam quality and is very important for the FEL successful operation. The
Twiss parameters together with the emittance determine the size and divergence of
the electron beam.

2.1.3 Longitudinal beam dynamics and bunch compression

For high gain FELs that aim at generation of short-wavelength radiation the electron
beam quality plays an important role. A figure of merit of the quality of the elec-
tron beam is the 6D electron beam brightness [46], which is defined as the electron
bunch charge divided by the product of the rms horizontal, vertical and longitu-
dinal emittances. Looking at the contribution of the longitudinal component, this
means that the electron bunches need to be compressed longitudinally to achieve a
high peak current. A high peak current is associated with a larger conversion fac-
tor from the beam power to the output FEL radiation power which is in addition
obtained in shorter distances (shorter power gain length), as it will be discussed in
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detail in Section 2.3 that covers the FEL theory. As a result of this longitudinal com-
pression, short electron bunches of 10-100 fs length are achieved [47]. The electron
bunch length is in addition, directly associated with the output FEL pulse duration
in several FEL schemes.

Magnetic bunch compressors are commonly used in FELs for longitudinal com-
pression. They consist of dipole magnets that deflect the electrons with an energy-
dependent angle. For an effective compression the electron bunch needs to traverse
the bunch compressor with a linear energy chirp, h, meaning that the energy and
longitudinal position of electrons are linearly correlated. An electron bunch with a
linear energy chirp is shown in the longitudinal phase on the top right and left cor-
ners of Fig. 2.3. For any electron it is possible to express its energy offset δ before the
bunch compression as a function of its initial longitudinal intra-bunch coordinate si
[48]:

δ = δ0 + hsi + h′s2
i +O(s3), (2.13)

where δ0 denotes the uncorrelated energy offset. The linear energy chirp is defined
as:

h =
dE
ds

1
E

, (2.14)

where E is the electron beam energy. In this thesis, we define a positive chirp when
the head of the electron bunch has lower energy and the tail has higher energy as
shown in Fig. 2.3. A linear energy chirp can be introduced in the linac during the
RF acceleration process. The energy gain ∆Egain of the electrons by the RF wave is
described with the following equation:

∆Egain = eVRFcos(kRFs + ϕRF), (2.15)

where VRF is the amplitude of the RF voltage, kRF is the RF wavenumber and ϕRF
is the RF phase. Maximum acceleration occurs when ϕRF = 0 and the beam is "on
crest", for ϕRF = π the beam is "in trough" where maximum deceleration occurs and
finally, for ϕRF = π/2 the beam is at "zero crossing". A schematic representation can
be seen in Fig. 2.2. Counter-intuitively, it is not preferred to accelerate the electron
bunch when the energy gain is at maximum. Instead, an "off crest" acceleration is
needed to get a chirped electron bunch as shown in Fig. 2.3. The possible phases that
result in an energy-chirped electron bunch, while it is still accelerated, are either in
the region −π/2 < ϕRF < 0 or 0 < ϕRF < π/2.

In a four dipole chicane illustrated in Fig. 2.3, the electrons of higher energy in
the beam travel along the shortest trajectory as they are more "rigid" (see Eq. 2.3). For
a bunch chirped properly in the linear accelerator (linac) section before the chicane
entrance in which more energetic particles are in the tail of the bunch, an overall
bunch compression can be achieved.

An electron of an energy offset δ exits a bunch compressor of a longitudinal dis-
persion R56 with a new longitudinal coordinate s f [48]:

s f = si + R56δ. (2.16)

Subtituting Eq. 2.13 into Eq. 2.16, we get:

s f = si(1 + hR56) + R56δ0. (2.17)

After differentiating, we get the linear compression factor:
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on crest
   φRF=0

VRF

φRF

in trough
   φRF=π

at zero crossing
   φRF=π/2

FIGURE 2.2: The electron bunch distribution in the longitudinal phase
space is affected by the phase of the RF wave during acceleration. In
accordance with Eq. 2.15, maximum acceleration occurs on crest and

maximum deceleration occurs in trough.

  

 

 

  

 

Particle with higher energy

 Reference Particle

 Particle with lower energy
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lbunch,i

 

lbunch,f

head

tail

head

tail

s

 

E

s

FIGURE 2.3: Schematic view of bunch compression in a magnetic chi-
cane. An energy-chirped electron bunch transverses the chicane, and
the electrons follow different paths based on their energy. The result
is that the lower energy electrons follow a longer path and fall behind,
while the higher energy electrons follow a shorter path and catch up,
reducing the overall length of the bunch. On top left and right I show
the electron bunch distribution in the longitudinal phase space. On
the left, we can see the linearly chirped electron bunch before com-
pression, and on the right, after compression. The distribution is ro-

tated clockwise, and as a result, the electron bunch gets shorter.

CBC =
dsi

ds f
=

lbunch,i

lbunch,f
= (1 + h · R56)

−1, (2.18)

where lbunch,i and lbunch,f are the initial and final electron bunch length, respectively.
From Eq. 2.18 we see that in order to reduce the bunch length longitudinally, we
need an energy chirp and an R56 of different signs. The exact signs are a matter
of sign convention. In reality, higher order terms are important for RF acceleration
and bunch compression. It is possible to use a (decelerating) harmonic cavity [49] or
optics linearization with sextupole magnets in arc type bunch compressors to reduce
them. This study is out of the scope of the thesis and readers are encouraged to look
for more information at Reference [48].

Typically, more than one stages of bunch compression are preferred in FELs be-
cause they reduce the sensitivity to RF jitter, they give the possibility to apply the first
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stage of compression at relatively low electron beam energies, and the second stage
at higher energies where the effect of the Coherent Synchrotron Radiation (CSR) on
the transverse emittance is less important and space charge forces are minimised.
On the other hand, single-stage compression is in favour of minimizing some of the
collective effects, such as the microbunching instability [50]. For this reason, even
though most FELs operate with two-stage bunch compression, FERMI [13] has been
operating in the past with only one bunch compressor in order to minimize the effect
of the microbunching instability [51] which plays an important role in seeding [52,
53].

2.2 Synchrotron Radiation

Synchrotron radiation is the radiation emitted by charged particles in the forward
direction and tangential to their orbit when their momentum vector is altered. This
means that both linear acceleration and circular motion force the charged particle
to lose energy in a form of an electromagnetic wave. The power loss of accelerated
and non-relativistic charges is described by the so-called Larmor formula which is
known since 1897 [41]:

P =
q2

6πϵ0

1
m2

0c3
(

dp
dt

)2, (2.19)

where q is the charge of the particle, ϵ0 is the vacuum permittivity, m0 is the rest mass
of the particle and c is the speed of light. From Eq. 2.19 and for typical accelerator
gradients in linear acceleration, such as 60 MV/m, the power loss is negligible so we
are going to focus on the generation of synchrotron radiation by relativistic particles,
emitted when there is a transverse force with respect to their orbit.

2.2.1 Synchrotron radiation: bending magnets and insertion devices

From Eq. 2.19 it is possible to derive [54] the power loss for circular motion and
relativistic particles, known as the Liénard formula [41]:

P =
e2

6πϵ0

1
(m0c2)4

E4

R2
c

, (2.20)

In Eq. 2.20 it is clear that it is advantageous to use electrons in light sources instead
of protons of the same energy since Pelectron/Pproton ≃ 1013. For the same reason,
protons are preferred in circular colliders. For ultra-relativistic electrons and in the
laboratory frame, the synchrotron radiation forms a cone, whose angle is energy-
dependent as θ = 1/γ so the higher the electron energy, the more collimated the
emitted radiation.

A simple method to obtain synchrotron radiation is to bend an electron in a bend-
ing magnet, also known as a dipole. The dipole radiaton’s spectrum is broad and it
can be described by the critical frequency ωc, which splits the spectrum into two parts
of equal integrated power [55]:

ωc =
3cγ3

2Rc
. (2.21)

In order to achieve higher photon density, after the second generation of syn-
chrotrons, undulators took the main role in the generation of synchrotron radiation
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instead of dipoles. Undulators are magnetic devices and they belong to the family
of insertion devices. They consist of several short dipoles placed one after the other
in an alternating polarity with a periodicity of one undulator period λu and they
consist of two girders facing each other as shown in Fig. 2.4. In such a device, the
overall deflection of the electrons is zero.

λu

gap

FIGURE 2.4: Simplified schematic representation of an undulator. The
undulator period λu is the distance between two poles of same polar-
ity and the gap is the distance between the two girders. The black
line shows the trajectory of the electrons, which is shown in the same
plane as the magnetic field for simplicity, but in reality it lies on the

transverse plane of the magnetic field.

In the case of a planar undulator, the vertical field, for instance, varies sinu-
soidally along z as [56]:

By = B0sin(kuz), (2.22)

where ku is the wavenumber calculated as 2π/λu. The transverse velocity of an
electron experiencing this magnetic field can be calculated after integration of the
equation of motion with the Lorentz force from Eq. 2.2:

ux =
Kc
γ

cos(kuz). (2.23)

Then the longitudinal velocity can be calculated as uz =
√

u2 − u2
x:

uz =

(
1 − 1

2γ2

(
1 +

K2

2

))
c − cK2

4γ2 cos(2kuz). (2.24)

Due to the small amplitude of the sinus-like path, the radiation cones emitted in
each period overlap and constructive interference is possible [2]. The wavelength λl
of the radiation emitted by a relativistic electron following this motion is [56]:

λl =
λu

2nγ2

(
1 +

K2

2
+ γ2θ2

)
, (2.25)

where θ is the observation angle and K = eB0
mecku

= 0.934B0[T]λu[cm] is the dimen-
sionless undulator parameter. Constructive interference happens not only at the fun-
damental wavelength (n = 1), but for higher harmonics (n > 1) as well which are
typically generated with less intensity.
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2.3 FEL theory

FELs provide tunable, fully coherent and high peak brightness radiation compared
to other types of light sources. The energy exchange between the emitted radiation
and the co-propagating electron in an undulator are the baseline of the working prin-
ciple of FELs. In the undulator, the electromagnetic radiation overpasses the electron
bunch by λl (the fundamental wavelength radiated in the undulator) for each undu-
lator period λu that the electron traverses. This effect is called slippage. Depending
on the relative phase of the electrons and the electromagnetic wave, an energy ex-
change takes place between them. Under favourable conditions, the net energy is
transferred from the electron bunch to the co-propagating wave and the latter is am-
plified. It is possible to divide the FELs into a few main categories based on: the
power gain in an undulator (high gain and low gain FELs) and the initial conditions
(prebunched electron bunch, external co-propagating field or none of these).

2.3.1 Low-gain FELs (Oscillator FEL)

If the energy gain of the electromagnetic wave propagating with the electron beam
is relatively small in the order of few per cent in a single-pass in an undulator, then
the FEL falls into the category of a low-gain FEL. In this case, optical cavities are em-
ployed in an FEL oscillator (FELO) in order to amplify and store the initially small
signal during several passes. A common way of defining the power gain in oscillator
FEL physics in one pass is gain = (Pout − Pin)/Pin. This is the definition I adopt in
the presentation of my results in the following chapters. Oscillator FELs are limited
in the wavelength range that they can support because, for sustainable operation,
the power gain in a single pass must exceed the cavity power losses. This puts strin-
gent requirements on the reflectivities of the mirrors. As a result, the FEL oscillators
are very common in the THz, infrared (IR), visible and ultraviolet (UV) wavelength
range with ELETTRA achieving the shortest recorded wavelength of 190 nm with
standard mirrors [57]. Some other examples of well established FEL oscillators are
FELIX [58] and the DUKE FEL [59]. An exception for low-gain FELs is the x-ray
FEL oscillator (XFELO) [60] which is planned to generate hard x-rays, using crys-
tals (instead of mirrors) which are efficient reflectors at this wavelength range. At
the same time, multi-layer mirrors can be considered in shorter wavelength applica-
tions as they provide relatively high reflectivities in an extended wavelength range.
A simplified sketch of a FELO is shown in Fig. 2.5.

co-propagating field

electron beam

undulator

dipole magnet

focusing element

FIGURE 2.5: A simple sketch of an FEL oscillator. An undulator is en-
closed in an optical cavity which, in this case, consists of two focusing
mirrors. The orange color refers to the stored radiation field which is
recirculated in the cavity and it is synchronised to overlap with the

electron bunches. With black lines I show the electron bunch path.
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In the following, I discuss the low-gain FEL in a more quantitative way, based
on references [19, 55]. The fundamental process in FELs is the energy exchange
between the electrons and the co-propagating field and here we assume that the
co-propagating field is a plane electromagnetic wave [19]:

Υx(z, t) = Υ0 cos (klz − ωlt + ψ0), (2.26)

where kl = ωl/c is the wavenumber of the co-propagating wave. With E = γmec2

being the electron energy, its derivative is associated with the incremental work:

dE
dt

= u · F = −euxΥx(t). (2.27)

For a negative derivative the light wave gains energy. We consider that the electrons
follow a sinusoidal path in an undulator and in addition, their average longitudinal
speed is uz < c is:

uz = c
(

1 − 2 + K2

4γ2

)
. (2.28)

As a result, the electrons slip behind with respect to the light (slippage). For a sus-
tainable energy transfer from the electrons to the light wave, the electron velocity
component that is parallel to the electric field, and the electric field vector have to
point in the same direction, and this happens when the light wave moves ahead of
the electrons by one optical wavelength for each undulator period.

We can rewrite Eq. 2.27, using Eq. 2.26. We use the approximation that the lon-
gitudinal speed of the electrons is constant and equal to the average speed from
Eq. 2.28 and get:

dE
dt

= − ecKΥ0

2γ
cos ψ − ecKΥ0

2γ
cos χ,

ψ = (kl + ku)z − ωlt + ψ0

χ = (kl − ku)z − ωlt + ψ0,

(2.29)

where ψ0 is an arbitrary initial phase. The argument ψ of the first cosine function
of the energy derivative is known as the ponderomotive phase. For sustainable and
significant energy transfer, we require the ponderomotive phase to be constant. For
dψ/dt = 0 it leads to (kl + ku)uz − ωl = 0. Inserting in Eq. 2.28 leads to a resonance
condition:

λl =
λu

2γ2

(
1 +

K2

2

)
. (2.30)

The condition for sustained energy transfer from the electrons requires radiation of
a wavelength that is the same as the spontaneous undulator radiation of Eq. 2.25.
Hence, this radiation can be used as seed radiation in an FEL amplifier. Based on
the resonance condition, the exact wavelength of the radiation in an FEL can be
tuned either by changing the electron beam energy or by changing the undulator
parameter K for fixed undulator period λu. The type of polarization can be freely
chosen by varying the magnetic field in an undulator. For instance, a sinusoidal
trajectory of the electrons in one plane will result in linear polarization and a helical
path will lead to elliptical polarization.
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Concerning the argument χ of Eq. 2.29, we can rewrite it as χ(z) = ψ(z)− 2kuz.
If ψ(z) = const, then cos χ performs two oscillations per undulator period and can-
cels out. For ψ = 0 the energy exchange is maximum, for −π < ψ < −π/2 the light
wave loses energy, and for −π/2 < ψ < 0 the light wave gains energy. An inter-
esting aspect of the ponderomotive phase is that it can be related to the intra-bunch
longitudinal coordinate as s = λl(ψ + π/2)/(2π) [19].

The electrons in a bunch do not always have the exact same reference energy
Er = γrmec2, but there is a relative energy deviation, η, defined as:

η =
E − Er

Er
=

γ − γr

γr
(2.31)

For γ ̸= γr, the ponderomotive phase is not constant, and instead we get [19] :

dψ

dt
= 2kucη. (2.32)

From Eq. 2.29 and Eq. 2.31, we get:

dη

dt
= − eΥ0K

2mecγ2
r

cos (ψ). (2.33)

These two equations (2.32 and 2.33) consist the so-called FEL pendulum equations.
The ponderomotive phase together with the relative energy deviation define the lon-
gitudinal FEL phase space and in the case of a low-gain FEL, they completely deter-
mine the evolution in the longitudinal FEL phase space. It should be reminded that
these are the 1D particle equations of the FEL and that they are valid for low-gain,
meaning that the field amplitude Υ0 grows so slowly with z that it can be considered
roughly constant along the undulator. The 1D model is an idealised model built on
the assumption that the electron beam is monoenergetic (no energy spread), has zero
emittance and that it is infinitely long. In addition, the optical diffraction of the co-
propagating wave and the electron beam betatron oscillations are not addressed.

We can also derive the energy change of the electrons taking into account their
longitudinal oscillations, which was excluded in the previous model. It results that
the coupling between the electrons and the co-propagating electromagnetic wave
occurs for a slightly modified undulator parameter K̂:

K̂ = K ·
[

J0

(
K2

4 + 2K2

)
− J1

(
K2

4 + 2K2

)]
, (2.34)

therefore the correction factor is the difference between the two Bessel functions J0
and J1.

2.3.2 High-gain FELs (The single-pass FEL)

Suppose the change in the magnitude of the optical field in a single pass is signif-
icant and comparable to this magnitude. In this case, the explicit evolution of the
field along the undulator must be included. Then the FEL works as a high-gain am-
plifier, and the amplification occurs in a single pass in one long (or several short)
undulator [61]. High-gain FELs are the only solution for wavelengths where no mir-
rors with sufficient reflectivity are available: such as below 200 nm and down to hard
X-rays. There are different types of operation for high-gain FELs: the self-amplified
spontaneous emission (SASE) and the external seeding are two of them. In seeding, an
external coherent source is used as an input field. In SASE, there is no input field,
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and instead, the spontaneous emission of the electrons is used as a seed, and as a re-
sult, quasi-coherent x-rays can be produced. Another option is to start with no input
field but with a pre-bunched electron beam. Finally, it is possible to have high-gain
oscillators, which are usually referred to as Regenerative Amplifier FELs (RAFELs) [62,
63].

A significant difference compared to low-gain FELs is the microbunching struc-
tures in an electron bunch that are imprinted as it travels along the undulators. These
structures are longitudinal density modulations that appear because of the energy
exchange between electrons and light wave: the electrons that gain energy are more
rigid to the magnetic field of the undulator compared to those losing energy to the
wave. This causes a longitudinal velocity modulation which in turn, results in den-
sity modulations around the maximum light amplification positions with a period-
icity of one resonant wavelength. The individual microbunches radiate coherently
and the power grows exponentially until saturation is achieved.

Following, we discuss the 1D theory of high-gain FELs and we consider an input
field, whose amplitude is changing along z. We need to consider on top of the Pen-
dulum equations derived for the FEL (see Eq. 2.32 and 2.33) the fact that there are
density modulations described by the current density j and the electric charge den-
sity ρ, and the fact that the electric field amplitude of the light wave is not constant.
This slightly changes the initial electric field we assumed in Eq. 2.26 to:

Υx(z, t) = Υ̃x(z) cos (klz − ωlt). (2.35)

We use the 1D approximation of the wave equation and the slowly varying enve-
lope approximation (SVA) in which we assume that the amplitude Υ̃x(z) varies very
slowly along z and within one undulator period λu. As initial condition we assume
a uniform density distribution (a DC current characterized by ρ0 and j0). A gradual
density modulation induced by the interaction with the light wave is described by
the charge and current density, respectively:

ρ̃(ψ, z) = ρ0 + ρ̃1(z) exp(iψ) (2.36a)

j̃(ψ, z) = j0 + j̃1(z) exp(iψ). (2.36b)

We get the complete set of coupled first-order equations for the one-dimensional
approach of a high-gain FEL for a monoenergetic and on resonance electron beam
[55]:

dψκ

dz
= 2kuηκ, (2.37a)

dηκ

dz
= − e

mec2γr
ℜ
{(

K̂Υ̃x

2γr
− j̃1 ·

iµ0c2

ωl

)
exp(iψκ)

}
(2.37b)

j̃1 = j0
2
N

N

∑
κ=1

exp(−iψκ) (2.37c)

dΥ̃x

dz
= −µ0cK̂

4γr
· j̃1 (2.37d)

We use µ0 for the permeability of free space, and κ for each electron in one longi-
tudinal slice of length λl that contains N electrons, each of them characterized by
a ponderomotive phase ψκ. The two Equations 2.37a and 2.37b are equivalent to
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the pendulum equations we derived earlier for the low gain FEL. Equation 2.37b in-
cludes the electric field amplitude growth, and an additional term that is related to
the space charge field that arises due to the density modulation j̃1 of Eq. 2.37c.

This way, Eq. 2.37c expresses the modulation current that is developed and that
drives the field amplification shown in Eq. 2.37d. Overall, these equations describe
the FEL process as follows: the radiation drives energy modulation, the energy mod-
ulation drives the density modulation, and finally, the bunching is responsible for
the field amplitude growth. Equations 2.37 are a set of 2N+2 number of equations
that cannot be solved analytically. To obtain an analytical solution, we make the as-
sumption that the periodic density modulation is small, we can exclude ψκ and ηκ

for the characterization of the particle dynamics and we solve only the differential
equation of the field amplitude evolution. After a number of mathematical opera-
tions [19] we get the third order differential equation of the high-gain FEL:

Υ̃′′′
x

Γ3 + 2i
η

ρFEL

Υ̃′′
x

Γ2 +

(
k2

P
Γ2 −

(
η

ρFEL

)2
)

Υ̃′
x

Γ
− iΥ̃x = 0. (2.38)

Here, we have the new coefficient Γ defined as the gain parameter, and the space
charge parameter kP:

Γ =

[
µ0K̂2e2kune

4γ3
r me

]1/3

, (2.39)

kP =

√
2kuµ0nee2c

γrmeωl
. (2.40)

A fundamental scaling parameter of great importance for FELs is the Pierce pa-
rameter [55]:

ρFEL =


 1

8π

Ipeak

IA

(
K̂

1 + K2/2

)2
γλ2

l
2πσ2

x




1/3

, (2.41)

where IA = 17 kA is the Alfvén current. The Pierce parameter actually characterizes
most of the properties in a high-gain FEL. It determines the power gain length, Lg0,
obtained in the 1D theory for a mono-energetic beam and excluding space charge
forces:

Lg0 =
λu

4π
√

3ρFEL
. (2.42)

It expresses the distance over which the power grows by a factor of e. The FEL
parameter is a good indication of the natural FEL bandwidth of the high-gain FEL
amplifier.

Solving Eq. 2.38 for the case where the FEL is seeded by an external field leads to
the solution:

Υ̃x =
Υin

3

[
exp((i +

√
3)Γz/2) + exp((i −

√
3)Γz/2) + exp(−iΓz)

]
. (2.43)
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Out of these three terms, the second and third terms describe an exponentially
decaying mode and an oscillating mode, respectively, but are insignificant compared
to the first term while z increases. The two oscillatory terms are only important for
roughly the first two gain lengths in an undulator, a regime often called the lethargy
regime where the field amplitude remains constant. The FEL process in this regime
can be considered identical to the low-gain FEL discussed in the previous section.
The first term, describes exponential growth instead. After these two gain lengths,
the exponential gain dominates the process and the power grows as:

P =
P0

9
exp(z/Lg0). (2.44)

After roughly 20 gain lengths the region of saturation is reached. There, the resonance
condition is no longer satisfied as the electrons’ energy has been reduced due to the
energy transfer. In the FEL phase space, the electrons start moving to a region where
they gain energy and as a result the energy is transferred back and forth between
the electron bunch and the light wave. This results in an oscillatory behaviour of
the power along the undulators. The FEL saturation power depends on the electron
beam power:

Pbeam =
γrmec2 Ipeak

e
, (2.45)

and the efficiency with which the beam power is converted into FEL power is deter-
mined by the FEL parameter:

Psat = 1.6ρFELPbeam. (2.46)

The lethargy and the exponential regime of an FEL are often called the linear regime
of an FEL and can be well described by the third-order FEL equation of Eq. 2.38,
while the saturation regime is often described as the non-linear regime of the FEL and
for its study it is essential to use the coupled equations of Eq. 2.37.

Self-amplified spontaneous emission (SASE)

SASE has been the main method used in high-gain FELs in the past decades to gen-
erate FEL light of a wavelength that spans in a range that goes down to Ångström.
In SASE, the seed is the incoherent and spontaneous undulator radiation emitted in
the first gain lengths. Despite this difference, the behaviour of the FEL in the ex-
ponential regime and in saturation is still valid in this case. The Eq. 2.44 still holds
true by replacing the input power with the effective noise, which is inversely pro-
portional to the number of electrons in one coherence length [55]. The saturation is
reached after roughly 20 gain lengths.

For SASE, the longitudinal cooperation length is defined as lc = λr/(4πρFEL)
and expresses the length over which the electrons emit coherently, therefore it is the
slippage per gain length. Typically, several cooperation lengths exist within the elec-
tron bunch length, so several individual spikes occur in the longitudinal structure
of the output FEL. The separation between the spikes is approximately 2πlc and
therefore, the number of longitudinal modes observed in the frequency domain is
M f = lbunch/2πlc.
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Ming-Xie correction for 3D effects

While the discussion of a 3D model for FELs is cumbersome, and we usually use
sophisticated numerical simulation codes such as Genesis 1.3 [64] and GINGER [65]
for this purpose, here I briefly mention the effects that should be taken into account
when moving from the 1D theory to a more accurate calculation. In particular, the
electron bunch is described by an energy spread, finite transverse dimensions, an
emittance and betatron oscillations along z. In addition, the co-propagating field
diverges due to diffraction effects. Based on these effects, Ming-Xie defined some
useful three dimensional parameters:

Xγ =
Lg04πσδ

λu
(2.47a)

Xd =
Lg0λl

4πσ2
r

(2.47b)

Xε =
Lg04πε

βavgλl
, (2.47c)

where σδ is the energy spread relative to the energy and σr is transverse rms size of
the light beam. The parameters Xγ, Xd and Xε correct for energy spread, diffraction
and emittance effects, respectively. Based on them, a correcting factor ζ < 1 can be
calculated which leads to a more realistic gain length Lg = Lg0/ζ, and saturation
power P′

sat = ζ2Psat (longer gain length and lower saturation power) [19, 66, 67].

2.4 Seeding theory

So far we have studied the cases where the FEL process is initiated by the sponta-
neous undulator radiation or an external coherent radiation field that considerably
exceeds the shot noise, while the electrons are randomly distributed longitudinally
within the bunch. We are going to discuss a different method now: there is no ex-
ternal coherent input field, but the electron bunch is already pre-bunched at the
resonant wavelength. The bunching can be achieved by different methods in prepa-
ration stages as it will be discussed in the following sections. The most common
external seeding methods that take advantage of a pre-bunched electron bunch are
the high-gain harmonic generation (HGHG) [24, 68] and the echo-enabled harmonic
generation (EEHG) [25, 26].

Independently of the method with which we achieve bunching, we consider a
pre-bunched electron bunch and no external laser source for the final amplification.
We can quantify the longitudinal density modulation with the bunching factor that
is the Fourier component of the density modulation with the resonant wavelength.
It can be calculated as a phase average:

bn = ⟨e−inψ⟩, (2.48)

where n is the harmonic number. A pre-bunched electron bunch leads to coherent
radiation that evolves as [66]:

Pcoh(z) =
1
3

ρFEL|b|2Pbeam

(
z

Lg

)2

. (2.49)
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FIGURE 2.6: The power gain curves are demonstrated for different
initial bunching factor based on Eq. 2.50. I show the power normal-
ized to the power saturation and the distance z along the undulators

normalized to the power gain length.

There is a threshold up to which this equation of quadratic growth is valid. At the
transition point, the power is equal to Pth = ρFEL|b|2Pbeam. After this transition point,
exponential growth takes place as:

P(z) = Pth




1
3

(
z

Lg

)2

1 + 1
3

(
z

Lg

)2 +

1
2 exp

[
z

Lg
−
√

3
]

1 + Pth
2P∗

sat
exp

[
z

Lg
−
√

3
]


 , (2.50)

where P∗
sat = Psat − Pth. In Fig. 2.6, Eq. 2.50 is used to demonstrate the gain curves

for a different initial bunching factor. It can be seen that the higher the initial bunch-
ing, the faster the saturation is reached. However, the saturation power is always
the same. The case of a bunching factor of 0.1% is in the order of shot noise and rep-
resents the SASE case. The exact bunching factor in SASE depends on the electron
beam parameters and saturation is reached after 20 gain lengths as expected. Seed-
ing methods like HGHG and EEHG are by default deterministic processes and as a
result not only highly coherent output FEL pulses are expected, but also highly sta-
ble pulses since there are no inherit shot to shot fluctuations expected. This feature
is of great importance for energy-resolved experiments.

2.4.1 High-Gain Harmonic Generation

One of the simplest seeding schemes that is based on the amplification of a pre-
bunched electron bunch and harmonic conversion is the high-gain harmonic gen-
eration, introduced by Yu in 1991 [24, 68]. In HGHG, an external seed laser with
a power that exceeds the electron beam shot noise is injected at the entrance of a
short undulator. The seed laser overlaps temporally and spatially with the electron
bunch along the undulator, which is resonant with the seed laser wavelength. The
undulator encodes the phase and amplitude information of the seed laser onto the
longitudinal phase space of the electron beam. It results in a sinusoidally energy-
modulated electron bunch distribution along the longitudinal axis with a period-
icity equal to the seed laser wavelength. For this reason, the undulator is called a
modulator (see Fig. 2.7) and is typically around two gain lengths long.
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The seed laser power has to exceed the shot noise power of the electron beam
to eliminate the SASE case. Recalling the theory of a high-gain FEL starting with
an external field, based on Eq. 2.44 only one ninth of the input seed laser power is
contributing to the exponential growth and on top of this consideration that is based
on 1D theory, there is also a reduced contribution due to the transverse coupling [69].
Since the ratio between the two powers determines the contrast between the seeded
and the shot noise intensity, it is reasonable to maintain a difference of at least two
orders of magnitude. The shot noise power is [66]:

Pshot = 3ρ2
FELωrγrmc2. (2.51)

For typical high-gain FEL parameters it varies around hundreds of Watts to tens of
kilowatts. For shorter wavelengths the shot noise power increases, and so do the
difficulties in finding high power seed laser sources, making the generation of short
wavelengths with external seeding techniques difficult. Commonly used seed laser
sources in external seeding are in the ultraviolet (UV) and visible wavelength range,
since they are the shortest-wavelength sources that can provide the relatively high
powers and stability required at reasonable repetition rates of 10 Hz, for instance.

modulator chicane amplifier

seed

FIGURE 2.7: A simple schematic view of an HGHG setup: the seed
laser and electron bunch overlap in the modulator, then the electron
bunch continues in the chicane where the bunching is obtained and
finally, the pre-bunched electron bunch enters the amplifier to gener-

ate radiation at a harmonic of the seed laser wavelength.

A seed laser of power Pin and a radius waist w0 induces an energy modulation
∆E [70]:

∆E =

√
Pin

Po

me2KLmodJJ
γw0

, (2.52)

where P0 ≈ 8.7 GW, JJ = J0(ξ)− J1(ξ), where ξ = K2/(4 + 2K2) and J0,1 the Bessel
function of the zeroth and first order and Lmod is the modulator length. This result
is based on the assumption that the modulator is relatively short and the diffraction
and slippage effects do not play an important role. Since this is not always the case
in the results presented in this thesis, we consider the case where a longer modulator
is employed. In that case, we can no longer ignore the diffraction, the slippage and
the power growth since we expand the operation to the exponential power gain
regime. In a systematic study of [71], it is shown that for modulators longer than
three power gain lengths, the optical field gain should be taken into account. In the
case of a modulator Lmod < 5.2Lg, an equivalent modulator length can be used in
Eq. 2.52:

Leq = Lmod

√
1 +

1
16

(
Lmod

3.2Lg

)
. (2.53)

This correction becomes important for Lmod > 3.2Lg. An alternative way to see this
correction is to use an equivalent power. Then, instead of the input power Pin of
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Eq. 2.52 the equivalent power, Peq = P0.63Lmod , so the power established after two
thirds of the modulator length, can be used. For longer modulators than 5.2 gain
lengths, the exponential growth of Eq. 2.38 is dominant and a higher equivalent
power is appropriate [71]. However, this case is not studied further in this thesis.

The energy modulation induced by the interaction with the seed laser can, alter-
natively, be expressed as an induced energy spread [68]:

∆E =
√

2
√

σ′2
E − σ2

E , (2.54)

with σE being the uncorrelated energy spread of the electron bunch before the mod-
ulator and σ′

E the total energy spread after traversing the modulator. For seeding
methods, it is useful to refer to the normalized energy modulation (energy modula-
tion relative to the energy spread) [72]:

A =
∆E
σE

. (2.55)

The energy modulation is later converted into a density modulation in a disper-
sive section of strength R56 with a normalized dispersion of [72]:

B =
R56kseedσE

E
, (2.56)

where E is the reference energy of the electrons and kseed the wavenumber of the seed
laser. This density modulation can be easily understood with the bunch compression
already discussed. Instead of a macroscopic energy chirp h, the energy modulated
electron bunch is described by microscopic energy chirps with a periodicity of the
seed laser wavelength. Based on this correlation of the energy and the longitudinal
position, the final position z f of each particle will change from the initial one zi
when passing through a dispersive section of R56 ̸= 0 according to Eq. 2.16. For
appropriate choices of energy modulation and R56 microbunches are created. These
microbunches correspond to current peaks that are equally spaced longitudinally
as shown in Fig. 2.8. These current density modulation can be quantified by the
bunching factor. In HGHG, the bunching factor of the n-th harmonic can be written
as [72]:

bn = |Jn(nAB)| exp(−1
2

n2B2) (2.57)

where Jn is the n-th Bessel function of its first kind. After achieving the wanted den-
sity modulation, the electrons enter an undulator, called a radiator or an amplifier,
which is tuned to the desired harmonic of the seed laser wavelength and coherent
radiation is generated based on Eq. 2.50.

Another interesting property of the FEL output is its pulse duration, which de-
pends strongly on the seed laser pulse duration σζ in the common case of a shorter
seed laser pulse compared to the electron bunch. There is a natural shortening of
the FEL pulse when harmonic conversion is involved. In addition, based on [73],
the bunching profile affects greatly the pulse characteristics of output FEL. When
the argument of the Bessel function of Eq. 2.57, χn(A, B) = −nAB , maximizes the
Bessel function at χmax

n , the pulse duration of the FEL, σFEL
ζ , of the harmonic n will

scale with the seed laser pulse duration σζ as:

σFEL
ζ =

σζ√
n

(2.58)
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FIGURE 2.8: Electron bunch distribution in the longitudinal phase
space (first row) and the related longitudinal current distribution (sec-
ond row) for an HGHG scheme initially, after the modulator and after
the chicane (see Fig. 2.7). The current is normalized to the initial peak

current of the electron bunch.

For an argument of the Bessel function that does not maximize it, χn ̸= χmax
n , the

scaling is expected to be:

σFEL
ζ =

6σζ

7n1/3 (2.59)

Increasing the argument of the Bessel function χn > χmax would lead to a split-
ting of the pulse, also informally referred to as overbunching.

A single-stage HGHG is limited in the harmonic conversion that can be achieved
[26], because two contradicting requirements are posed on the energy spread. For
sufficient HGHG bunching the contribution of the exponential term of Eq. 2.57 should
be minimized by setting B ≈ 1/n while the Bessel function should be maximized.
This occurs when χn ≈ n, which results in the condition A ≈ n for the required
energy modulation. On the other hand, for exponential amplification in the ampli-
fier the condition σ′

E/E ≪ ρFEL should be satisfied. This means, that there is a trade
between the modulation amplitudes that one can achieve for a given initial energy
spread. For typical high-gain seeded FEL parameters (around 100 keV uncorrelated
energy spread or more and ρFEL in the order of 10−4 − 10−3), the HGHG scheme is
limited to harmonics up to roughly n = 15. The dependence of the bunching on the
energy modulation and R56 is shown in Fig. 2.9, where it is clear that higher har-
monics require larger energy modulation and a as a result, a larger induced energy
spread. These bunching maps are very useful for the optimization of the HGHG
tuning parameters which are the energy modulation and the strength of the chicane.

One solution to achieve shorter wavelengths is to minimize the uncorrelated en-
ergy spread [74]. However, the minimum energy spread is limited by space charge
effects in the gun and also it is increased in bunch compressors and therefore, it can-
not be tuned freely to achieve shorter wavelengths. Another solution would be to



26 Chapter 2. Theory

FIGURE 2.9: Bunching maps calculated according to Eq. 2.57 for dif-
ferent harmonics. For this example, typical electron beam parameters

of σE/E = 10−4 are used.

use shorter-wavelength seed laser sources, but this is also not an easy task and as al-
ready mentioned, the requirements on seed laser power requirements, stability and
repetition rate are strict. It is essential to use an alternative scheme to HGHG that
can obtain bunching at high harmonics with less energy modulation. The cascaded
HGHG (or fresh bunch technique) [75] is one of them, however, its implementation is
quite demanding on the electron bunch parameters, the several stages of harmonic
conversion can degrade the temporal coherence of the output pulse [76] and the
output wavelength can only be a multiple of the harmonics of the two or more indi-
vidual stages. A widely used alternative scheme for generation of high harmonic is
the echo-enabled harmonic generation (EEHG) [25] and it will be briefly introduced
later in this section.

2.4.2 The optical klystron

Optical klystrons were first introduced in 1977 [40] to enhance the gain of an os-
cillator FEL driven by a storage ring, while later, they were used in several other
facilities [77, 78]. Their contribution to FELs is significant, yet their working princi-
ple is rather simple. An optical klystron consists of (at least) two undulator sections
separated by a dispersive section, like a chicane. It is possible to induce an energy
modulation before the chicane with or without an external field and use it in a chi-
cane to speed up the process of creating longitudinal density modulations. This
way, coherent emission is possible downstream from the chicane and the gain pro-
cess can be considerably enhanced. More recently, it was used in high-gain FELs in
SASE mode to reduce the power gain lengths required to reach saturation. Without
the optical klystron, saturation in hard x-rays would require hundreds of meters of
undulators. One or more stages of optical klystrons can be used to speed up the
FEL process and reduce the saturation length [79]. It is usually efficient to tune all
undulators at the same resonance, however there exists a reported example of using
subharmonics [80]. A schematic view of an optical klystron is seen in Fig. 2.10. The
phase space manipulation is explained with Fig. 2.11.

The optical klystron can be seen as a similar process to HGHG. The difference
is that in the first modulator the energy modulation is expected to be much smaller
than the one in HGHG and that there is (most of the times) no harmonic conversion.

We can calculate the power gain GOK close to the optimal conditions to enhance
the gain and for a cold beam in 1D approach [80]:
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modulator chicane amplifier

FIGURE 2.10: In the simplest case, the optical klystron consists of two
undulators separated by a chicane. The chicane converts the energy
modulation induced in the first undulator into a density modulation.

This results in increased gain in the second undulator.
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FIGURE 2.11: Electron bunch distribution in the longitudinal phase
space (first row) and the corresponding longitudinal current distri-
bution (second row) for an optical klystron scheme initially, after the
modulator and after the chicane (see Fig. 2.7). The current is normal-

ized to the initial peak current of the electron bunch.

GOK ≈ 1
9
[5 + D2 exp(−D2σ2

δ /ρ2
FEL) + 2

√
3D exp(−D2σ2

δ /(2ρ2
FEL))], (2.60)

where D = krR56ρFEL and σδ = σE/E is the relative energy spread. The function
shown in Eq. 2.60 is maximised for D = ρFEL/σδ, so when R56krσδ = 1. We get the
optimum R56:

R56 =
λr

2πσδ
. (2.61)

It is essential to remember that σδ ≪ ρFEL and to notice the dependence of the opti-
mal performance on the relative uncorrelated energy spread shown in Eq. 2.60. The
smaller the uncorrelated energy spread, the higher the gain in Eq. 2.60. These results,
however, are only valid when the energy modulation induced before the dispersive
section is small, and in the order of the intrinsic energy spread.

For a better understanding, we can consider here the bunching formula of HGHG
from Eq. 2.57 that we can rewrite less condensed for the fundamental wavelength as:
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b1 = |J1

(
−R56kr

∆E
E

)
| exp(−1

2
σ2

δ k2
r R2

56) (2.62)

For a relatively small energy modulation, the exponential term contribution dom-
inates, and a maximum bunching occurs for σδkrR56 ≈ 1, in agreement with Eq. 2.61.
On the contrary, when the energy modulation becomes significant in comparison
with the uncorrelated energy spread, the Bessel function becomes important and
maximum bunching occurs at ∆E

E krR56 ≈ 1.85 [80]. Thus, for a larger energy modu-
lation, the optimum R56 becomes smaller. It is interesting that apart from oscillator
and SASE applications, it has recently been proposed to be exploited in a seeding
scheme [81, 82]. In this case the interest is not related to a faster saturation, but the
main goal is to obtain the needed energy modulation for seeding with less seed laser
power. This case will be further discussed in Chapter 3.

Apart from the already discussed advantages of using an optical klystron it has
been reported that it relaxes the emittance requirements [79] and when the R56 of
the chicane is comparable to the coherence length, it acts as a phase shifter and it can
lead to power oscillations that depend on the relative phase between the electron
bunch and the light wave [79] that can actually be used to extract the coherence
length [83]. Finally, it can be used to calculate the energy spread [84, 85] due to the
strong dependence of its performance on this property.

2.4.3 Echo-Enabled Harmonic Generation

The EEHG scheme has proved useful to obtain short wavelengths down to a few nm
and stable output FEL and it was proposed by G. Stupakov in 2009 [25, 26]. EEHG
aims at overcoming the hurdle of the strong dependence of the bunching at high har-
monics on the induced energy spread. This is done in two different stages and each
stage employs a modulator followed by a chicane and two separate seed lasers. For
the first stage and after the energy modulation in the modulator (characterized by
an energy modulation A1) induced by the first seed laser (seed 1), a relatively strong
chicane (characterized by a dispersive strength B1) often in the order of several mm
of R56,1 is necessary. This strength is responsible for the over-rotation of the electron
distribution in the longitudinal phase as shown in Fig. 2.13. Each horizontal stripe
shown in the figure after chicane 1 has a small energy spread. This way, it is possi-
ble in the second stage to implement a process equivalent to HGHG (characterized
by an energy modulation A2 and a dispersive strength B2), with the difference that
in this case higher harmonic density modulation can be achieved with reasonable
energy modulations, typically A ≪ 10 induced by the second seed laser (seed 2).
As a result, while in HGHG the bunching factor decays exponentially as n2 with the
harmonic number, in EEHG it scales with m−1/3 [25] (typically m = n + 1 as it will
be discussed later in this section) when optimized and high harmonics in the order
of ∼100 can be achieved [36]. A schematic view of EEHG is shown in Fig. 2.13.

It is possible to use two seed lasers of different wavelengths, each of them charac-
terized by a wavenumber k1 and k2 (Kseed = k2/k1). The wavenumber of the density
modulation after chicane 2 is kE = ak1 +mk2, where a is an integer number, typically
negative and small, and m is a typically positive and large integer. The two integers
determine the harmonic n = m + a. For EEHG, the bunching of the nth harmonic is
typically maximized at a = −1 and can be calculated as follows:
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modulator 1 chicane 2 amplifier

seed 1

modulator 2chicane 1

seed 2

FIGURE 2.12: In an EEHG scheme two seed lasers are needed in the
two modulators, each of them followed by a chicane. At the amplifier

a high harmonic of the seed laser wavelength can be amplified.

ba,m = | exp(−1
2
(aB1 + (Kseedm + a)B2)

2)

×Jm(−(Kseedm + a)A2B2)Ja(−A1(aB1 + (Kseedm + a)B2))|.
(2.63)

In addition to the advantage of extending the wavelength range to shorter wave-
lengths, EEHG is typically more stable than HGHG in terms of wavelength and
pulse energy stability and is reported to be less affected by a linear and nonlinear
energy chirp [86, 87, 88]. However, the fragile structure of the narrowly separated
bands in the longitudinal phase space and the strong first chicane required are mak-
ing the bunch more susceptible to collective effects, such as the intrabeam scattering
(IBS), the incoherent synchrotron radiation (IS) and the CSR [26, 89, 90, 91]. Even
with this very efficient in harmonic conversion method, the harmonic number seems
to be limited to a maximum of roughly 100. With the current seed lasers available
and suitable for seeding this limits us to wavelengths >2 nm (currently shown down
to 2.6 nm [36]). In order to access shorter wavelengths, it is an immediate need to
propose different methods.
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FIGURE 2.13: Electron bunch distribution in the longitudinal phase
space for an EEHG scheme. The longitudinal phase space is shown
initially, after the first modulator, after the first chicane, after the sec-
ond modulator and finally, after the second chicane (see Fig. 2.12).
Please notice the vertical axis range change in the longitudinal phase

space. The longitudinal density can be seen in Fig. 2.14
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FIGURE 2.14: Longitudinal current distribution for an EEHG scheme.
The longitudinal phase space is shown initially, after the first modu-
lator, after the first chicane, after the second modulator and finally,
after the second chicane (see Fig. 2.12). The current is normalized to
the initial peak current of the electron bunch. The electron density
corresponds to the plots of the longitudinal phase space of Fig. 2.13
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2.5 Gaussian Optics

2.5.1 Beam properties and propagation

The description of Gaussian beams and their properties is useful not only for the
description of the FEL light, but also for the seed laser beams used in seeding tech-
niques. Even though it is an ideal beam, it serves as a good approximation for our
case. This subsection is based on the sources [19, 70, 92]. Gaussian beams are a so-
lution of the paraxial Helmholtz equation. For paraxial waves, the variation of the
envelope on the longitudinal plane is very small in the scale of one wavelength and
hence, it is negligible compared to the transverse oscillations. This equation results
in a family of transverse electromagnetic modes (TEM), and the Gaussian beam is
the lowest order of the solutions of this equation, also known as the TEM00 mode,
and its intensity distribution is a Gaussian in both transverse planes. Its wavefronts
are approximated as planar close to the waist, and as spherical further away from
the waist. A Gaussian beam can be described by its complex amplitude U(r):

U(r) = A0
w0

w(z)
exp

(
− r2

w2(z)

)

︸ ︷︷ ︸
Amplitude terms

exp
(
−ikz − ik

r2

2Rcurv(z)
+ iζ(z)

)

︸ ︷︷ ︸
Phase terms

, (2.64)

where r is the radial position, which can be associated with the Cartesian coordinates
(x, y) as r2 = x2 + y2, Rcurv is the radius of curvature of the wavefront, k is the
wavenumber k = 2π/λ and ζ = arctan(z/zR) is the Gouy phase shift. The smallest
radius of a Gaussian beam occurs at the focal point and is called the waist, w0. Its
diameter is referred to as the spot size. A common definition of the waist is the beam
radius in which the intensity is larger than 1/e2, or 13.5%, of the on axis intensity.

The diffraction of the light results in a transverse spread of the waves when it
propagates and the waist radius w depends on the propagation distance from the
focal point:

w(z) = w0

√
1 + (z/zR)2, (2.65)

where zR is the Rayleigh length:

zR =
πw2

0
λ

, (2.66)

which expresses the distance over which the beam radius spreads by a factor
√

2 and
the intensity is halved. At distances z ≫ zR, the beam size starts increasing linearly
with the distance as w(z) = w0z/zR and at this limit, we define the divergence as
the angle associated with this expansion:

θ ≃ tanθ =
w0

zR
=

λ

πw0
. (2.67)

As can be seen in Eq. 2.67, for shorter wavelengths and larger spot sizes the
divergence is smaller. The divergence is an important property of the FEL light,
because it affects the transportation of the output FEL from the undulators to the
experimental hall. Calculating the divergence range for the FEL wavelength range
is important in order to arrange the beampipe diameter and the maximum intensity
that the optics involved in this transportation of the FEL light can withstand.
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FIGURE 2.15: Beam size evolution for an ideal Gaussian beam. The
green lines show the evolution based on Eq. 2.65 and the orange ones
define the divergence angle based on Eq. 2.67. The transverse size is
normalized to the waist size at focus, and the distance from the focus

is normalized to the Rayleigh length.

In the far field, the wavefronts are spherical and the waist scales linearly with z
instead. The curvature Rcurv that the wavefronts acquire at a distance z is defined as:

Rcurv(z) = z
(

1 +
(

πw2
0

λz

))
. (2.68)

The maximum intensity is on axis (r = 0, z = 0) and is defined as I0, and the
power of the beam is the integral of the intensity over both transverse planes and
therefore [92]:

P =
1
2

I0(πw2
o). (2.69)

The intensity drops when going off axis, and can be calculated as the square
modulus of the complex amplitude, I(r) = |U(r)|2, so from Eq. 2.64 we get:

I(r, z) = I0

(
w0

w0(z)

)2

exp
( −2r2

w2(z)

)
. (2.70)

Another important property of the Gaussian beam is its phase, which was first
introduced in Eq. 2.64:

ϕ(r, z) = kz − ζ(z) +
kr2

2Rcurv(z)
. (2.71)

The first term refers to the plane wave, while the Gouy phase shift ζ(z) = arctan(z/zR)
expresses the additional retardation that Gaussian waves experience in comparison
with plane waves. Because of it, a −π phase shift occurs at the focus. Finally, the
last term of Eq. 2.71 is related to the wavefront bending, thus for r = 0 it also goes
to zero.

In order to demonstrate these properties of Gaussian beams, here we take a closer
look into an example of the propagation of a Gaussian beam along z in Fig. 2.15 and
I show how the beam radius increases (Eq. 2.65) and the angle defined by the diver-
gence (Eq. 2.67). For distances ∆z ≫ zR the beam radius asymptotically approaches
the cone of angle that represents the divergence.



34 Chapter 2. Theory

Since the Gaussian beam is an idealized beam and all lasers essentially deviate
from this model, one can define the M2 factor as:

M2 =
w′

0 · θ′

w0 · θ
=

w′
0 · θ′

λ/π
, (2.72)

which is the ratio of the waist diameter-divergence product of the under evaluation
beam and the waist diameter divergence product of a Gaussian beam [92]. It is a
quality factor that describes the degree of deviation of a laser beam from an ideal
Gaussian beam. Since Gaussian beams experience the smallest divergence possible,
in all other cases M2 > 1.

2.5.2 Spectral and temporal properties

When interested in temporal and spectral properties of a pulse, it is possible to de-
scribe a pulse of a central frequency ω0 with the complex function

U(t) = |A(t)| exp(i(ω0t + ϕ(t))),

where ϕ(t) is the temporal phase and the intensity can be calculated as I(t) = |U(t)|2.
We can obtain the complex function in the frequency domain, V(ν), with a Fourier
transformation and calculate the spectral intensity as S(ν) = |V(ν)|2. The widths of
the optical intensity I(t) and spectral intensity S(ν) determine the pulse width in the
time and frequency domain τFWHM and ∆νFWHM, respectively. Because of the Fourier
transformation, these widths are inversely proportional. The pulse’s instantaneous
angular frequency and frequency are:

ω(t) = ω0 +
dϕ

dt
,

ν(t) = ν0 +
1

2π

dϕ

dt
.

(2.73)

This means that if the temporal phase is a linear function of time, then the instanta-
neous frequency will experience a fixed shift in frequency and hence, in wavelength.
For a quadratic dependence of the phase on time, we can define a chirp parameter:

α =
1
2

d2ϕ

dt2 . (2.74)

A pulse characterized by a temporal phase with a highest order in time being
quadratic, is said to be linearly chirped. It is up-chirped and down-chirped for a
positive and negative chirp parameter, respectively. This can be seen by using the
chirp parameter to calculate the instantaneous angular frequency from Eq. 2.73 as
ω(t) = ω0 + 2αt. Taking the example of a Gaussian pulse, we can define with the
help of the chirp parameter α its complex envelope:

A(t) = A0 exp(−2 ln 2(t2/τ2
FWHM)) exp(i(ω0t + αt2). (2.75)

The FWHM product of this Gaussian pulse is:

τFWHM∆νFWHM = 0.44
√

1 + α2. (2.76)

As a result, the unchirped Gaussian pulse has the smallest time-bandwidth prod-
uct and is commonly referred to as a Fourier-transform-limited pulse. The factor 0.44
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is describing Gaussian pulses and for other shapes of pulses this factor should be
adjusted.

Depending on the sign of the chirp, it is possible to compress or decompress
a pulse, which can be a very useful feature in a group velocity dispersive (GVD)
medium. The electron beam together with the undulator can be seen as a GVD
medium [93] which adds a small positive chirp. In addition, the electron beam en-
ergy chirp can be associated with the chirp of the co-propagating light pulse. A
detailed study of the interplay between these three chirps can be found in [93].

2.6 FEL Radiation Properties

Many different ways exist to characterize the output FEL radiation. One of the most
useful figures of merit for synchtrotron radiation is the Brightness. It quantifies the
number of photons per second per unit bandwidth and per unit phase space area.
It is likely the most important property as it quantifies the radiation quality from
many different points of view and there is no optical technique that can further im-
prove the brightness of the FEL radiation. For instance, adding a monochromator
can improve the longitudinal coherence but it will reduce the brightness, as the flux
will be reduced. Similarly, reducing the vertical size increases the divergence, and
adding an aperture decreases the beam size, but it decreases the flux too.

The brightness is calculated as follows:

Brightness =
Φ

4π2ΣxΣx′ΣyΣy′
, (2.77)

where Φ is the flux (number of photons per second in 0.1 % bandwidth), Σx/y, and
Σx′/y′ are calculated as the quadratic sum of the electron beam sizes and the photon
transverse rms size and divergence, σr and σr′ , respectively:

Σx/y =
√

σ2
x/y + σ2

r ,

Σx′/y′ =
√

σ2
x′/y′ + σ′2

r .
(2.78)

FELs aim at very high peak brightness which typically exceeds the peak brightness
of 3rd generation synchrotrons by ten orders of magnitude. The average brightness
on the other hand, is the product of the peak brightness, the pulse repetition rate
and the pulse duration. The repetition rate of the FEL strongly affects it: normal
conducting FELs are usually limited in repetition rates below 100 Hz, while with
superconducting technology it is possible to reach repetition rates of several MHz
and increase the average brightness by several orders of magnitude.

Breaking down how to achieve high brightness, we focus on the so called longi-
tudinal coherence. In a nutshell, it describes the phase correlation of two individual
longitudinal points. One way to quantify the longitudinal coherence is to compare
the resulting bandwidth to the bandwidth of the transform-limited case that corre-
sponds to the pulse duration measured. Another way to quantify the longitudinal
coherence is to calculate the coherence degree with a normalized auto-correlation
function [94]:

Glongitudinal =
⟨U(t)U∗(t − τ)⟩√

⟨|U(t)|2⟩⟨|U(t − τ)|2⟩
. (2.79)
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The range of it is expected to be between 0 and 1. It is also possible to understand
the degree of longitudinal coherence held by a pulse by comparing its pulse dura-
tion with the coherence time defined earlier in the chapter and is more intuitive.
Experimentally, the longitudinal coherence is typically measured with a Michelson
interferometer [95, 96]. While for SASE FELs the longitudinal coherence degree is
typically very low due to the different longitudinal modes of the output FEL, with
seeding the longitudinal coherence is expected to reach the optimum and is typically
compared with the Fourier transform limit.

The transverse coherence (or spatial coherence) is also an important property of
the light that is naturally achieved in free-electron lasers. It describes the degree of
correlation of the phase of the wave at two different positions in the transverse plane
(r1 and r2). Initially in the FEL process, the transverse coherence degree is very low
and different modes exist. During the FEL process, diffraction effects take place, but
are fortunately counteracted by the gain guiding, which describes the effect of the
selective amplification of the central part of the co-propagating field which overlaps
with the area of high electron density of the bunch. This effect in combination with
the diffraction of the co-propagating field that naturally happens lead to mode selec-
tion and high degree of transverse coherence in FELs. It is possible to quantify the
transverse coherence by calculating the transverse coherence degree [94] in a similar
way as Eq. 2.79:

Gtransverse =
⟨U(r1)U∗(r2)⟩√

⟨|U(r1)|2⟩⟨|U(r2)|2⟩
. (2.80)

Even with SASE, the transverse coherence degree exceeds 90% at the end of the
linear regime. Deeper in saturation, higher order modes progress and reach satura-
tion with the result of a decreased transverse coherence. The quality of the transverse
profile of the beam can also be described by another figure of merit, the M2 which
was already introduced. Experimentally, it is easy to measure the coherence degree
with the Young’s double slit experiment [97], or ptychography [98].

For FELs and since the fundamental Gaussian mode dominates towards satura-
tion, the electron beam dimensions in Eq. 2.77 are not important and we can rewrite
the brightness as Brightness = 4Φ/λr [19].
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Chapter 3

HGHG seeding with an optical
klystron

3.1 High repetition rate seeded FEL with an optical klystron
in high-gain harmonic generation

In this chapter, I present simulation results that show the benefits of the addition of
an optical klystron [40] in an HGHG [24, 68] seeded beamline. The simulations of the
following publication are based on the parameters of the FLASH2020+ project. This
project refers to the upgrade of the FLASH FEL at DESY, Hamburg. FLASH was the
first FEL to operate in the XUV/soft x-ray spectral regime and has been providing
SASE radiation as a user facility since 2005 [10]. One of the unique characteristics
of FLASH is the high repetition rate that can be achieved thanks to the linear ac-
celerator that is based on superconducting radiofrequency (RF) technology. FLASH
currently provides up to 5000 SASE photon pulses per second to user experiments
(up to 1 MHz bursts with a length of up to 0.8 ms at 10 Hz serving two beamlines
simultaneously). The upgrade aims at energy upgrade up to 1.35 GeV and a par-
allel operation of the two beamlines with: high repetition rate externally seeded
beamline with new variable gap undulators (FLASH1 beamline), and advanced FEL
schemes providing shorter pulses of variable polarization (FLASH2 beamline). A
high repetition rate externally seeded beamline requires great efforts to develop a
seed laser system that would supply sufficient peak power in burst mode of opera-
tion at 100 kHz to 1 MHz. This high repetition rate demands a compromise on the
tuning range of the seed laser that is currently foreseen between 297-317 nm. This
upgrade will establish FLASH as the first user facility providing high repetition rate
seeded FEL.

Following, we consider adding an optical klystron to an HGHG seeding scheme
using the parameters of FLASH2020+ in the simulation. The proposal is comple-
mentary to the upgrade plans of FLASH and is aiming at relaxing the very demand-
ing requirements posed on the seed laser R&D efforts for FLASH2020+. The study
serves as an example applied to the case of FLASH but addresses more facilities. For
FELs based on burst mode of operation, the goal is to include the optical klystron
and allow seeded operation at their full repetition rate with the additional aid of
a reduced requirement on the peak power of the seed laser. For continuous-wave
(CW) machines, the requirements on the seed laser repetition rate are even more de-
manding. While at FLASH a burst mode at 1 MHz requires 5000 seed laser pulses
per second for seeding at the full repetition rate, CW machines of 1 MHz require 1
million seed laser pulses, increasing the power density per second by more than two
orders of magnitude. An important limitation in the repetition rate of seed lasers
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arises from the optics involved and the power density they can withstand. This lim-
its the combination of peak power and repetition rate that is accessible and one can
trade the one for the other. Since the peak power required in seeding schemes was
not negotiable in the past, an increased repetition rate had not been possible so far.

Reducing the seed laser power can be used not only for increasing the repetition
rate but also as a feature that allows other types of seed laser sources to be used.
In particular, the possible use of HHG sources as a seed would be a game-changer.
The main current limitation is that state-of-the-art sources of this type provide pow-
ers that are not yet well within the needs of HGHG and EEHG. The advantage of
using these sources is that since schemes like HGHG and EEHG are wavelength-
limited mainly as a consequence of being harmonic-limited, it will be possible to
reach shorter wavelengths at the same harmonic number. The other way around,
when wavelengths in the region of 4 nm are achieved as the 70th harmonic of a UV
seed laser, they will now be achieved as the 12th harmonic, for instance. In addition,
since phase errors and degradation of the bandwidth is increasing with increasing
harmonic number [99], this will result in pulses that are closer to the transform limit.

The theoretical background of the optical klystron was introduced in Section
2.4.2. The simulated optical klystron based HGHG scheme utilizes a seed laser of
300 nm. For the simulations, the Genesis 1.3 simulation code, introduced in Ap-
pendix A, has been used. We consider a seed laser with a power that induces an en-
ergy modulation comparable to the uncorrelated energy spread in the first modula-
tor and as a result, the chicane of the optical klystron is optimized based on Eq. 2.61.
After the first modulator the seed laser is out-coupled as it does not play any role in
the process anymore. The publication focuses on the 15th harmonic of the seed laser
wavelength, which is the upper limit for our parameters in HGHG. We compare a
few different sets of parameters (nominal, higher current, longer modulator) to show
the dependence of the optical klystron on them. We show that in an optimized setup
it is possible to reduce the seed laser power by more than three orders of magnitude
and still obtain the same bunching at the harmonic of the seed laser wavelength. We
also investigate the sensitivity of the optical klystron on seed laser power jitter and
finally, we show results on its sensitivity to the initial shot noise. The manuscript
was published in the peer-reviewed journal Physical Review Accelerators and Beams.
Additional simulation results and considerations are presented in Appendix B.1.
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Many high-gain free electron lasers worldwide are planning to incorporate seeding setups into their
day-to-day operation. These techniques provide both longitudinal and transverse coherence and extended
control of the output free electron laser radiation spectral properties. However, the output wavelength and
repetition rate strongly depend on the properties of the seed laser system. With the laser peak power
required for successful seeded operation, it is currently not possible to increase their repetition rate to an
extent that it matches the electron bunch repetition rate of superconducting accelerators. Here, we
investigate the advantages of a modification of standard seeding setups, by combining the seeding with the
so-called optical klystron. With this new seeding setup, it is possible to decrease the seed laser power
requirements and therefore, seed laser systems can increase their repetition rate at the same wavelength.
We show simulation results in a high-gain harmonic generation (HGHG) setup for a range of harmonics
(8th to 15th) and we verify the reduction of seed laser power required with an Optical Klystron HGHG
scheme. Finally, we comment on the stability of the proposed setup to jitter sources and to shot-to-shot
fluctuations and compare to the standard HGHG scheme.
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I. INTRODUCTION

High-gain free electron lasers (FELs) have been deliv-
ering light characterized by high brightness and wavelength
tunability to user experiments for more than a decade [1,2].
At the same time, scientists push the limits in many
directions to improve the available flux, the control, and
the spectral quality of the output FEL radiation. An
interesting milestone to be reached in the near future is
to generate stable, fully coherent pulses at high-repetition
rate. High repetition rate has been possible with super-
conducting linacs since 2005, when FLASH started oper-
ating at 1 MHz in burst mode [3]. The European X-ray free
electron laser (XFEL) is also a burst-mode FEL operating at
4.5 MHz since 2017 [4], while SHINE [5] and LCLS-II [6]
aim to be the first continuous wave FELs at 1 MHz.
Even though there is currently no standard method to

provide fully coherent pulses at these repetition rates, there
has been ongoing research the last decades to increase the

repetition rate of fully coherent pulses with a particular
interest in oscillator-based solutions. The oscillator can be
used either as part of a multistage scheme that is combined
with harmonic conversion [7–10] or as a direct source of
radiation. The latter oscillator FELs are based on x-ray
cavities which provide short wavelengths with full coher-
ence and high repetition rate [11–16].
Self-amplified spontaneous emission (SASE) [17] is

one of the standard methods in high-gain FELs to deliver
light to experiments. It offers a wide range of wavelength
tunability down to hard x rays [18–21] and with high
repetition rate [2,4], but it suffers from intrinsic limitations.
The output longitudinal coherence of the FEL radiation is
poor, as a result of the stochastic initiation of the FEL
process, which also leads to shot-to-shot fluctuations of
other output FEL pulse properties.
Techniques such as the self-seeding [22–24] and external

seeding [25–27] are implemented to improve the longi-
tudinal coherence. Self-seeding has been successfully
demonstrated down to the hard x-ray regime with the
generation of narrow and single line spectra. However, the
shot-to-shot intensity stability still suffers from the SASE
fluctuations, and the high repetition rate is challenging due
to the heat load of the crystals used [28]. With external
seeding techniques, like the echo-enabled harmonic gen-
eration (EEHG) [27,29,30] and high-gain harmonic gen-
eration (HGHG) [25,31], an external seed laser source is
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used to prepare the electron bunches to emit coherently at a
harmonic of the seed laser wavelength at the final ampli-
fication stage. These methods ensure both longitudinal
coherence and shot-to-shot reproducibility and have
allowed a great number of interesting experiments to
become reality [32–34]. However, the dependence of the
output FEL on the seed laser properties comes with a few
downsides too, as it limits the shortest wavelength and the
highest repetition rate possible.
The most common choices of seed laser systems for

external seeding is in the ultraviolet (UV) wavelength range
[29,30,35]. These systems offer sufficient pulse energies,
wavelength and energy stability with fs duration, and
wavelength tunability. Shorter wavelength seed laser sys-
tems, such as high-order harmonics generated in gas (HHG)
[36], have been used in few direct seeding experiments
[37,38] and in harmonic conversion aswell [39,40], but have
resulted to be unsuitable for user facilities due to the lack of
peak power and flexibility. Currently, a conversion of up to
two orders of magnitude in wavelength can be foreseen with
the most efficient seeding method for this purpose, EEHG.
Practically, this limits the shortest wavelength to the soft
x-ray regime. At the same time, the UV seed lasers that are
currently used for seeding are available at repetition rates of
several tens of Hz. The highly demanding parameters at
higher repetition rates are not easily achievable, and one of
the main limitations is the heat loading due to the peak
powers they operate at. As a result, when electron bunches
are available at MHz repetition rate, hundreds of thousands
of electron bunches remain unused due to the lack of seed
laser systems operating at the same repetition rate.
Here, we study in detail an alternative setup that can

bridge this gap. This setup is based on the optical klystron
(OK) scheme that was first introduced in Ref. [41], and was
combined with external seeding only recently [42,43]. An
OK can be used in combination with external seeding
schemes to reduce the requirements in seed laser power.
Our studies show that an optimized setup for this configu-
ration can reduce the power requirements for the seed laser
up to a factor of more than one thousand under certain
conditions. At the same time, we show that even with a low-
seed laser power it is possible to preserve the coherence of
the output FEL on a shot-to-shot basis, thus significantly
extending the previously reported results [42]. Since the
heat load of laser systems is proportional to pulse energy
and repetition rate, one can be traded for the other, allowing
for higher repetition rate systems with current technology.
Additionally, by using shorter wavelength seed lasers

that are available only at lower peak power, the OK-HGHG
scheme allows an extension of the tuning range toward
shorter wavelengths with respect to the single-stage HGHG
scheme. Concerning the implementation of the OK-HGHG
scheme, an advantage of this setup is that for facilities
designed for EEHG, such as the new FLASH1 beamline
proposed in the FLASH2020+ project [44], the existing
setup is already sufficient and the OK-HGHG seeding can

be implemented with no modifications. Finally, it was
recently proposed that an OK-HGHG scheme can take
advantage of the energy modulation induced in a dipole
with the interaction of the laser beam and electron bunch
[45]. A few additional considerations on increasing the
repetition rate of seeded FELs can be found in Ref. [46] and
an analytical study on several methods that have been
proposed for high repetition rate seeded FEL can be found
in Ref. [47].
In the following Sec. II, we introduce the OK-HGHG

setup. To better understand the opportunities and limita-
tions of the scheme, in Sec. III we simulate an OK-HGHG
setup and we investigate the bunching mechanism and its
stability to shot-to-shot jitter sources, in comparison with
the standard HGHG seeding scheme. In Sec. IV, we select
the 15th harmonic of a 300 nm seed laser wavelength
and we optimize and present the output FEL. Finally, we
discuss the impact of the lower signal to noise ratio on the
shot-to-shot stability.

II. MODIFYING AN HGHG SETUP TO
INCLUDE AN OPTICAL KLYSTRON

In a standard HGHG setup, an external seed laser source,
a short undulator (modulator), a dispersive section, such as
a chicane, and a longer undulator (amplifier) are required,
as shown in Fig. 1. One seed laser pulse should be injected
for each electron bunch, and together they interact along the
modulator which is typically around two power gain
lengths long. As a result of their interaction, the energy
of the electron bunch is sinusoidally modulated in the
longitudinal axis with a periodicity of a seed laser wave-
length (λseed). The chicane converts the energy modulation
into a longitudinal density modulation. We quantify this
density modulation with the so-called bunching factor bh of
a harmonic h, defined as

bh ¼ jJhð−hABÞj exp
�
−
1

2
h2B2

�
; ð1Þ

where A is the relative energy modulation, defined as the
ratio of the amplitude of the energy modulation ΔE with
respect to the uncorrelated energy spread σE, and B is the
relative dispersive strength of the chicane, B ¼ 2π R56σE=
ðλseedEÞ, where E is the electron beammean energy and R56

FIG. 1. In a standard HGHG setup, we need one modulator
followed by a chicane, before the final FEL amplification at the
amplifier. The amplifier is tuned to a harmonic of the seed laser
wavelength.
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is the longitudinal dispersion of the chicane. Finally, Jh is
the Bessel function of the first kind.
For a large B the exponential decay of Eq. (1) minimizes

the bunching. As a result, in order to obtain sufficient
bunching at a harmonic of the seed laser, a large A is
required, and usually we take A ≃ h for the harmonic
number h. At the same time, the amplification process in
the amplifier depends on the energy spread of the electron
bunch upstream from the amplifier (σ0E) relative to the elec-
tron beam energy and should not exceed the FEL parameter
ρ [17] upstream from the amplifier, which is typically in the
order of 10−4–10−3. For an energy-modulated electron
beam, this means that ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2E þ ΔE2=2

p
Þ=E < ρ. With a

single-stage HGHG, we are typically limited to a highest
harmonic of 15, and this number strongly depends on the
energy spread of the electron beam [48]. For harmonics
up to the 15th, the amplitude of the energy modulation
downstream from the modulator is expected to be roughly
5–15 times the uncorrelated energy spread. For typical
EUV FEL parameters and since the energy modulation
is proportional to the square root of the seed laser power
A ∝

ffiffiffiffiffiffiffiffiffiffi
Pseed

p
[49], this means that the seed laser power at

the modulator should be tens to hundreds of MW. When
sufficient bunching is obtained in the order of a few
percent, the individual electron microbunches emit radia-
tion in sync at the amplifier downstream and fully coherent
radiation at a harmonic of the seed laser wavelength is
amplified.
We can reduce the seed laser power requirements

with the addition of the OK, as shown in Fig. 2. Optical
klystrons have been a useful tool for FELs since the 1970s
[41], and have been widely used for gain control in
oscillator FELs [50], for energy spread measurements,
and to reduce the saturation length in SASE [51–53].
In the case of an OK-HGHG setup, as shown in Fig. 2,

we need a seed laser source of a peak power that can induce
a low-energy modulation of one to two times the uncorre-
lated energy spread after traversing the first modulator.
Based on Ref. [53], if that is the case, then an optimization
according to Eq. (3) is appropriate. This is normally not
sufficient for seeding schemes and the generation of higher
harmonics, but it is sufficient to increase the bunching at the
fundamental wavelength with the right setting of the first

chicane R56;1. This way, in modulator 2 we no longer need
a seed laser, but the initial energy modulation is self-
amplified further to an extent that it can be used to increase
the bunching at a harmonic of the seed laser wavelength.
The expected approximate gain in energy modulation with
an optical klystron is [54]

GA ¼ A2

A1

≃
I × N
γσδIA

; ð2Þ

where A1 and A2 are the energy modulation after the first
and second modulator, respectively, σδ ¼ σE=Ewhere σE is
the uncorrelated energy spread, I is the peak current, γ is the
electron beam energy, N is the number of undulator periods
of one segment, and IA ¼ 17 kA is the Alfvén current. For
this approximation, a thin beam and low gain in a single
undulator are assumed and the effect of the emittance on the
velocity spread is neglected.
In this setup, since the energy modulation is relatively

low, the longitudinal dispersion of chicane 1 is optimized
based on the electron beam energy spread as [51,55,56]

R56;1 ¼
λseed
2πσδ

: ð3Þ

The longitudinal dispersion of chicane 2 is optimized
to increase the bunching at a harmonic of the seed laser
wavelength based on Eq. (1).

III. GAIN IN SEED LASER POWER WITH AN
OPTICAL KLYSTRON

A. Comparing the performance of different setups

In order to verify the benefits of the OK-HGHG, we first
looked at the bunching mechanism with single-slice (time-
independent) simulations. We used the standard seeding
scheme (see Fig. 1), and the one based on an optical
klystron (see Fig. 2) to amplify the laser-induced modu-
lation. For this study, we considered the electron beam,
seed laser, and undulator parameters shown in Table I.
These parameters are typical for EUV FELs and are also
used as the basis for the future seeding plans at FLASH1
beamline in the FLASH2020+ upgrade [57]. All simula-
tions shown in this paper were performed with the FEL
simulation code GENESIS 1.3, version 4 [58].
The first comparison between the two methods is done

by determining the minimum seed laser power required to
achieve 8% bunching upstream from the amplifier for
different harmonics. This amplitude of bunching is a good
trade-off between a higher bunching that requires higher
induced energy spread and a lower bunching that increases
the saturation length and results in a lower signal to noise
ratio. The seed laser wavelength is 300 nm, and we studied
the harmonics between the 8th and 15th, thus the output
FEL wavelength is between 37.5 nm and 20 nm.

FIG. 2. In an OK-HGHG, we need two pairs of a modulator
followed by a chicane. The two modulators are set to the same
resonance, chicane 1 is responsible for increasing the bunching at
the fundamental wavelength, while chicane 2 is responsible for
longitudinal density modulation at a harmonic of the seed laser
wavelength. The final FEL amplification of a harmonic of the
seed laser wavelength is taking place at the amplifier.
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In order to optimize the standard HGHG scheme, we
scan the seed laser power and the longitudinal dispersion
R56 of the chicane. Then, we select the combination of
these two parameters with which we can obtain 8%
bunching upstream from the amplifier, while the seed laser
power (and thus the energy spread upstream from the
amplifier σ0E) is minimum.
For the OK-HGHG, there are three available tuning

parameters: the input seed laser power, the strength R56;1

and R56;2 of the first and second chicane, respectively (see
Fig. 2). For low-seed laser power, the optimal setting of
R56;1 only depends on the electron beam slice energy spread
and does not depend on the seed laser properties. Based on
Eq. (3), it is set to 482 μm and we keep it constant during
our optimization for several harmonics, after verifying that
this is the optimal longitudinal dispersion for several cases.
Then, we optimize to obtain 8% bunching with minimal
energy spread upstream from the amplifier for all harmon-
ics. The remaining available tuning parameters for this
purpose are the input seed laser power and the R56;2 of the
second chicane.
With the OK-HGHG, it is unavoidable to end up with a

larger energy spread in order to achieve the same bunching
compared to a standard HGHG scheme. This is because,
with the OK-HGHG there are two different stages where
we rotate the electron bunch distribution in the longitudinal
phase space. Due to the intermediate gain, at the end of the
second modulator the distribution is not perfectly sinusoi-
dal on the longitudinal axis [Fig. 3(a)] as expected with the
standard HGHG setup [Fig. 3(b)]. As a direct consequence,
more energy modulation is required to achieve the same
bunching. In an equivalent way, the same energy modu-
lation yields smaller bunching for the OK-HGHG.
In Fig. 4, we present the results of this study. In Fig. 4a,

we compare the required energy spread upstream from the
amplifier (σ0E) to obtain 8% bunching by showing the ratio
between the two schemes (σ0E;HGHG=σ

0
E;OK-HGHG). This way,

we capture the anticipated increased energy spread that was
demonstrated in Fig. 3. In Fig. 4(b), we show the ratio
of the input seed laser power required with the standard
HGHG scheme to the input seed laser power required with
an OK-HGHG seeding scheme. In the nominal case, we
used the parameters shown in Table I, and in all cases, the
seed laser power required with the OK-HGHG was 500 to
300 times less than in a standard HGHG setup. The ratio is
reduced for higher harmonics, however, even at the highest
studied harmonic (h ¼ 15), the gain in seed laser power is
significant.
We additionally studied two different configurations

to better understand the critical parameters for the OK-
HGHG. Initially, we studied the case where the electron
beam peak current is increased by 50%, from 500 to 750 A.
We assume that the energy spread is increased proportion-
ally during the compression by 50% and is 112.5 keV. The
new strength of the first chicane in the OK-HGHG is

R56;1 ¼ 318 μm and it was optimized for the new energy
spread value with Eq. (3). In both the OK-HGHG and the
standard HGHG setup, the input seed laser power and the
strength of the chicane upstream from the amplifier were
optimized once more to obtain 8% bunching with the
minimum possible seed laser power. The new power ratios
are mildly increased, but overall there is no significant
difference in the comparison of the two ratios. An increased
peak current is directly associated with the decrease of one
power gain length (Lg), in our case from 0.94 to 0.78 m,
thus the ratio of the gain lengths per modulator length
(Lmod) increases from Lmod=Lg ¼ 2.6 to Lmod=Lg ¼ 3.1.
The increase of the energy spread requires larger energy
modulation in both cases. The higher peak current does not
significantly affect the gain in the modulator of the standard
HGHG setup and the first modulator in the OK-HGHG,
since we operate at the lethargy regime. At the second
modulator of the OK-HGHG setup, a higher current by
itself would allow an increased gain in the second undu-
lator. However, the higher energy spread counteracts this as
seen in Eq. (2), and as a result, the ratios are only slightly
increased compared to the nominal case.
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FIG. 3. (a) Longitudinal phase space after modulator 2 in an
OK-HGHG setup (see Fig. 2). With an R56;2 ¼ 51 μm, we get
b10 ¼ 8%. (b) Longitudinal phase space after modulator in a
standard HGHG setup (see Fig. 1). With an R56 ¼ 67.25 μm, we
get b10 ¼ 8%.
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Finally, we studied a setup with increased modulator
length by 20%. This means that the periods of the
modulator of the standard HGHG scheme, and of both
modulators of the OK-HGHG scheme increased from 30 to
36. This roughly corresponds to an increase of the length of
each modulator from 2.48 m to 2.97 m and it directly
increases the number of available power gain lengths from
Lmod=Lg ¼ 2.6 to Lmod=Lg ¼ 3.2. For the standard seeding
scheme, the energy modulation is increased proportionally
with the length of the modulator in a first approximation
[59]. With the OK-HGHG, the energy modulation in the
first modulator is also increased proportionally to the
modulator. However, in this case, we have the additional
advantage that the gain is also increased in the second
modulator. This led to a power ratio between 1300 and 900
for harmonics between the 8th and 15th as shown in
Fig. 4(b), which is significantly increased compared to the

previously studied cases. It is worth noticing the essential
dependence of the OK setup on the gain lengths. In order
for this setup to be beneficial, at least 1.5 to 2 gain lengths
are necessary for the second modulator, and the benefits
increase strongly when increasing the gain lengths. From
Eq. (2) and since A ∝

ffiffiffiffiffiffiffiffiffiffi
Pseed

p
[49], the gain in power

increases with the square of the undulator periods at low
gain. In this last setup studied, the increase of the undulator
periods by 25%, more than doubled the gain in power,
which implies that there is exponential gain. A few more
considerations about the power growth in the second
modulator can be found in Ref. [47].

B. Stability to fluctuations

A significant advantage of seeded FELs is that they
generate FEL pulses of great stability which lead to shot-to-
shot reproducibility. This is because seeding is a deter-
ministic process, and the large signal to noise ratio
eliminates the SASE fluctuations. However, there are still
input parameters that fluctuate and that affect the bunching
and hence the stability of the output FEL at the amplifier.
Here, we investigate the effect of the seed laser power
fluctuations and the electron beam compression factor
fluctuations which changes both the peak current and
the energy spread simultaneously. We compare the impact
of these fluctuations on a standard HGHG and on an OK-
HGHG setup for the 10th harmonic of a 300 nm seed laser
wavelength optimized to obtain 8% bunching, as described
in this section. We show the results of this study in Fig. 5.
For the seed laser power fluctuations, once the laser

power is optimized, both increasing and decreasing the
power causes a decrease of the output bunching, as shown
in Fig. 5(a). This bunching decrease is less significant for
the OK-HGHG setup, because the energy modulation
process only depends partly on the seed laser power which
is important for the first modulator. The increase of the
amplitude of the energy modulation in the second modu-
lator does not depend anymore on the input seed laser
power, and thus the bunching varies less than in a standard
seeding HGHG setup. It should be noted that in both cases,
a 10% variation of the seed laser power is affecting the
bunching by less than 5% and 4% for the standard HGHG
and the OK-HGHG setup, respectively.
For the compression factor fluctuations, we change

proportionally the peak current and energy spread, while
we keep all other parameters constant. In this case as well,
the two stages of the OK-HGHG seem to be beneficial for
the robustness of the setup. The increased energy spread is
naturally affecting the bunching mechanism [see Eq. (1)]
for both schemes, however, the increased peak current is
only playing a role for the OK-HGHG. In the case of a
standard HGHG setup, the modulator is operating at the
lethargy regime where the peak current does not play any
role on the energy modulation. Therefore, the bunching
variation is dominated by the change of the energy spread.

(a)

(b)

FIG. 4. (a) Required energy spread ratio between the two
schemes (σ0E;HGHG=σ

0
E;OK-HGHG) to obtain 8% bunching at differ-

ent harmonics. In addition to the standard parameters (Table I)
also higher peak current and longer undulators are studied. The
energy spread (σ0E) is measured upstream from the amplifier.
(b) Ratio between the minimum seed laser power required for
both schemes (Pseed;HGHG=Pseed;OK-HGHG) to obtain the same
bunching for the cases studied in (a).
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Instead, the two stages of the optical klystron setup have
different responses to the electron beam compression factor
fluctuations and thus, its effect on the bunching is milder.

IV. FEL PERFORMANCE WITH
AN OPTICAL KLYSTRON

A. Output FEL

In this section, we show the FEL performance of the OK-
HGHG setup in comparison with a standard HGHG setup.
We study with three dimensional and time-dependent
simulations the performance of one of the most challenging
cases; the 15th harmonic of a 300 nm seed laser wave-
length, with an output wavelength of 20 nm. At this high
harmonic, for an HGHG setup, there are two concerns:
(a) the energy spread upstream from the amplifier is
relatively high to obtain sufficient bunching and (b) the
signal to noise ratio is increased due to the frequency

multiplication [60]. The shot noise is expected to contribute
quadratically with the harmonic number [61]. Nevertheless,
we verified that for our set of parameters the 15th harmonic
is still possible and we present here the results.
For both cases, we start with 8% bunching upstream

from the amplifier obtained with the minimum possible
input seed laser power and we optimize the output FEL
separately, in order to get maximum power and good
spectral and temporal profile at the end of the amplifier.
For both schemes, we follow the same procedure and we
optimize the output FEL by fine-tuning the input seed laser
power and the undulator parameter of the amplifier, Kamp.
With this optimization, we keep all amplifier segments
tuned at the same resonance and there is no tapering taking
place. The simulation parameters used are shown in Table I,
while the fine-tuning results in the optimized simulation
parameters are shown in Table II. In both cases, the
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FIG. 5. (a) Bunching amplitude response to seed laser power
fluctuations for a standard HGHG and an OK-HGHG setup. The
nominal seed laser power is 27.7 MW and 54.5 kW for the
standard and the OK-HGHG, respectively. (b) Bunching ampli-
tude response to electron beam compression factor fluctuations
for a standard HGHG and an OK-HGHG setup. The nominal
energy spread and peak current are shown in Table I. They change
proportionally when we vary the compression factor.

TABLE I. Simulation parameters of the nominal case and for
the harmonics between the 8th and 15th harmonic of a 300 nm
seed laser wavelength. The seed laser peak power range refers to
harmonics between the 8th and 15th. In some simulations, the
temporal dependence is not used.

Electron beam

Energy (E) 750 MeV
Uncorrelated energy spread (σE) 75 keV
Current flattop (I) 500 A
Normalized emittance (ϵx=ϵy) 0.6 mmmrad
Average beta functions (βx=βy) 8.4 m/9.8 m
Bunch length (FWHM) 110 fs

Input seed laser

Wavelength (λseed) 300 nm
rms duration 33 fs
Peak power range (OK-HGHG) 42–265 kW
Peak power range (standard HGHG) 21–85 MW
Waist size 757 μm

Modulator

Undulator parameter 5.42
Number of periods (N) 30
Undulator period 82.6 mm

Amplifier

Periods per segment 74
Undulator period 33 mm
Number of segments 4

TABLE II. We list the simulation parameters optimized again
for the time-dependent simulations, in addition to the parameters
shown in Table I.

Standard HGHG OK-HGHG

R56;1=R56;2 −=38.74 μm 482 μm=32.8 μm
Kamp 1.792 1.789
Seed laser power (Pseed) 61 MW 0.17 MW
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obtained bunching at the 15th harmonic after optimization
was roughly 7%. Reducing the bunching from 8% to 7%
was a result of the optimization and is the consequence
of the high gain available within the used length of the
amplifier.
The results of the optimization are shown in Fig. 6. The

gain curve in the amplifier for both cases is comparable,

while the output power profile and spectra after 12.3 m in
the amplifier are similar in terms of spectral intensity,
bandwidth and power profile. We show in Table III an
overview of the pulse properties of the output FEL. The
slightly increased pulse duration with the OK-HGHG
scheme is justified by the additional slippage in the second
modulator.

B. Shot-to-shot stability

The use of a lower seed laser power in the OK-HGHG
setup is expected to decrease the signal to noise ratio
because of the shot noise that is unavoidably amplified as
well in the amplifier [52,60]. In order to verify the effect of
the lower signal to noise ratio, we simulated both schemes
several times with different shot noises and we observed if
the output FEL is sensitive to this change. As an example
study, we use the simulations optimized and discussed
above, shown in Fig. 6. We have randomly selected five
cases with a different initial shot noise, since larger
statistics are computationally time-demanding. For refer-
ence, we show in Fig. 7 the SASE background in the
temporal domain for these five cases, using the OK-HGHG
lattice and the same electron beam parameters, but without
a seed laser.
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FIG. 6. We compare two fully optimized simulations of a
standard HGHG and an OK-HGHG setup for the 15th harmonic
of a 300 nm seed laser wavelength. (a) Gain curves in amplifier.
(b) Output FEL power profiles. (c) Output FEL spectra normal-
ized to the intensity of the standard HGHG simulation.

TABLE III. Comparison of simulation results between a stan-
dard HGHG and an OK-HGHG setup. The output wavelength is
20 nm and results as the 15th harmonic of a 300 nm seed laser.
The energy spread is calculated upstream from the amplifier.

Standard HGHG OK-HGHG

Energy spread at amplifier (σ0E) 580.9 keV 766.4 keV
FWHM relative bandwidth 9 × 10−4 9.3 × 10−4

Pulse energy 26.3 μJ 26 μJ
Pulse duration rms 18.9 fs 21.5 fs
Seed laser power (Pseed) 61 MW 0.17 MW
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FIG. 7. SASE background in temporal domain for the five
initial shot noise cases studied in this section.
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As expected, the performance of the standard HGHG is
not affected at all by the initial shot noise, as it is shown in
the spectrum and power profile in Fig. 8. On the contrary,
in the OK-HGHG the output FEL properties have small
variations on a shot-to-shot basis due to the sensitivity to
shot noise, as shown in Fig. 9. Such variations, visible both
in the temporal and spectral profiles, are very small in the
case of an ideal electron beam as considered here and do
not affect the possibility to implement seeding. The
standard HGHG completely cancels the SASE background
shown in Fig. 7, and the OK-HGHG almost completely
cancels it too. The rms wavelength variation for the OK-
HGHG results reported in Fig. 9 is 0.001 nm, and even
though it is larger than the standard HGHG (0.0001 nm), it
still remains significantly smaller than the FEL bandwidth
(Δλrms ¼ 0.14 nm) and would not affect most experiments.
Figure 10 shows that the overall energy per pulse can
slightly fluctuate in an OK-HGHG as a result of the shot
noise sensitivity, but also in this case the fluctuations are
small. This limited sensitivity to shot noise might be par-
tially compensated by the robustness of the OK-HGHG to

other parameters’ fluctuations as demonstrated in the
previous section. All our studies suggest that the OK-
HGHG could reliably be used to extend the current
capabilities of HGHG in the EUV spectral range.
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FIG. 8. Shot-to-shot fluctuations for a standard HGHG setup,
imprinted on the output FEL at 20 nm. (a) Power profile for
different initial shot noise. (b) Spectra for different initial shot
noise. They are normalized to the highest spectral intensity with
Seed 2.
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FIG. 9. Shot-to-shot fluctuations for an OK-HGHG setup,
imprinted on the output FEL at 20 nm. (a) Power profile for
different initial shot noise. (b) Spectra for different initial shot
noise. They are normalized to the highest spectral intensity with
Seed 3.
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FIG. 10. Shot-to-shot fluctuations of pulse energy for the
standard HGHG and the OK-HGHG setup.

GEORGIA PARASKAKI et al. PHYS. REV. ACCEL. BEAMS 24, 120701 (2021)

120701-8



V. OUTLOOK

The need to increase the repetition rate of seeded
radiation is becoming more and more important. Seeded
radiation is nearly Fourier-limited and combines the sta-
bility with the control of spectral properties and timing.
Being available at high repetition rate with no need for a
monochromator will dramatically increase the control and
statistics of experiments. Here, we considered an ideal
electron beam distribution and we showed that an OK-
HGHG scheme can provide a significant reduction for the
required seed laser power. This allows seed laser systems to
immediately increase their repetition rate and allows the use
of other types of short wavelength seed laser sources that
are available only with lower peak powers. At the same
time, the lower peak power allows operation with a larger
laser transverse size which could reduce the sensitivity to
the laser alignment. Since the OK-HGHG scheme does not
require any additional components compared with an
EEHG beamline, in many facilities it is possible to
immediately test it and use it in a standard operation.
Complementary toRef. [42]whichpresentedveryvaluable

experimental results for a single and two-stage HGHG, we
have investigated the OK-HGHG setup in a systematic way
with simulations. We have shown the strong dependence of
the optical klystron on the gain lengths which can result in a
reduction of the seed laser power by a factor of up to 1300.We
also showed that the two stages of theOK-HGHGschemecan
provide increased stability to seed laser power and electron
beam compression factor fluctuations. Most importantly, we
have verified with time-dependent simulations that the low
signal to noise ratio does not deteriorate the coherence
properties of the output FEL from shot to shot.
As an outlook, the impact of electron beam imperfec-

tions should be studied to verify that they will not diminish
its benefits, with a focus on electron beam energy chirp
effects and the impact of microbunching which are known
to be important for the operation of externally seeded FELs.
In that direction, start-to-end simulations with a real
electron beam of dedicated facilities would be valuable.
Finally, the combination of the optical klystron with more
complicated seeding schemes such as the EEHG and the
cascaded HGHG should be systematically studied to
achieve shorter output wavelengths.
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Chapter 4

HGHG seeding with an oscillator
starting with a low repetition rate
seed laser

4.1 Optimization and stability of a high-gain harmonic gen-
eration seeded oscillator amplifier

In this Chapter, I present the simulation results of a seeded oscillator for the imple-
mentation of an HGHG scheme. Typically, oscillator FELs are associated with low
gain and the direct extraction and use of the stored radiation. In the scheme simu-
lated in this Chapter, even though the main aspect of storing a radiation field in a
cavity and amplifying it with fresh electron bunches remains, there are some distinct
differences between our proposed setup and a low-gain oscillator. One of the main
differences is that the power gain per pass is considerable and the FEL operates in
high gain. One pass is completed when the radiation field, which is amplified in the
in-cavity modulator (as shown in Fig. 4.1), is recirculated back to the entrance of the
modulator after following the optical path of the cavity . Another difference is that,
even though there is considerable power gain along the in-cavity modulator, the aim
is to maintain the same power level per pass. For this reason, the power gain has to
be equal to the losses in the cavity (zero net gain). These losses arise in a first approx-
imation due to the reflectivity of the mirrors, however, imperfections may increase
them. The stored radiation should not reach saturation, but should be stabilized at
a level that is useful for seeding: the power of the stored field at the entrance of
the in-cavity modulator should be, in every single pass, analogous to the seed laser
sources’ power used in seeding methods. Finally, the stored radiation serves the sole
purpose of inducing an energy modulation on the electron bunch distribution and is
not out-coupled for further use. For this reason, I call the in-cavity undulator a mod-
ulator, even though power amplification takes place as well to allow the system to
operate. The scheme relies on harmonic conversion and the output FEL is generated
at the amplifier placed downstream from the cavity as shown in Fig. 4.2.

In the following publication, I assume the availability of a seed laser source at
a low repetition rate, for instance at 10 Hz. For UV seed laser sources, this is not
an issue as they are commercially available and widely used at this repetition rate
for external seeding experiments. When using such a laser source, the aim of the
oscillator is to store and recirculate the initial laser pulse and increase this way its
repetition rate to match the electron bunch repetition rate.

An important feature of the in-cavity modulator is that it is relatively long com-
pared to single-pass seeded FELs. Typically, single-pass seeded FELs employ mod-
ulators that are less than 3 power gain lengths long and the energy modulation is
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FIGURE 4.1: In the first stage of the seeded oscillator-amplifier, the
goal is to maintain a stable power level of the recirculated radiation
field in each pass. This stored radiation is used to modulate the en-

ergy of the electron bunches.

FIGURE 4.2: In the second stage of the seeded oscillator-amplifier,
the radiation field does not play any role and is stored in the cavity,
while the energy modulated electron bunch is extracted with the chi-
cane. The chicane strength is optimized to introduce bunching at a
harmonic of the wavelength of the in-cavity field. This way, coherent
emission is possible at that harmonic in the amplifier. In this drawing,
the electron bunch and the in-cavity radiation field are considerably

separated to emphasize that they are independent at this stage.

achieved in the lethargy regime, where energy exchange occurs with no significant
power gain. In the multi-pass case of the oscillator, the power gain is necessary to
compensate for the cavity losses. Under these conditions, a lower input power is
expected, based on Eq. 2.52 and 2.53. Relaxing the power requirements on the seed
laser sources, makes the use of HHG sources as a seed possible. The advantages of
implementing seeding with HHG sources were already introduced in Section 2.4.2
and following, it is assumed that an HHG source of 50 nm with 3 MW peak power
is available [100]. The simulation results are based on this wavelength as it is the
most challenging: the reflectivity in mirrors is considerably lower below 100 nm,
while the power gain length is longer for shorter wavelengths. This means that a
longer modulator is required for sufficient power gain which comes with the cost of
a higher induced energy spread.

I use once more the FLASH2020+ parameters as the study case and I assume
that it is possible to generate harmonics up to the 12th with an HGHG setup. The
simulations are repeated for a conventional seed laser at 300 nm too. The proposal
is to obtain two working points: one between 50 to 100 nm and one between 200
to 300 nm. For the two working points an electron beam energy of 1350 MeV and
750 MeV is used, respectively, in accordance with the FLASH2020+ plans. However,
the exact wavelength ranges should be determined by the facility needs and the
possible electron beam parameters in combination with the availability in mirrors
with sufficient reflectivity.

The simulation work is implemented with the codes Genesis 1.3 version 4 and
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Ocelot that are introduced in Appendix A. The simulations’ workflow is shown in
Fig. 4.3. The initial ideal Gaussian field representing the seed laser is internally gen-
erated in Genesis and so is the electron bunch. Then, the interaction of the two of
them along the undulators is simulated in Genesis. At the end of the modulator, the
amplified radiation field can be extracted and loaded into Ocelot for propagation
and focusing. The focused radiation field can be loaded back to Genesis to meet the
next electron bunch and start the second pass in the oscillator together. As the sim-
ulations are considerably time consuming the optimization is done in several steps:

1. Optimizing a single-pass HGHG of the target wavelength. This determines the
lattice parameters, the energy modulation required and the R56 of the chicane.

2. Calculating the input seed laser power and waist size based on the required A
and B as given in Eq. 2.52 and 2.53.

3. Optimizing cavity design to obtain a stability (reproducible radiation field
properties from pass to pass). The optimization excludes the amplifier down-
stream.

4. Simulating the complete process for a number of consecutive passes and char-
acterizing output FEL.

FIGURE 4.3: Flow chart of simulations taken from [101].

The manuscript was published in the peer-reviewed journal Physical Review Ac-
celerators and Beams. Additional results and considerations are included in Appendix
B.2.
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The free-electron laser (FEL) community is interested in taking full advantage of the high-repetition-
rates of FELs run by superconducting machines while maintaining the spectral properties achieved with
external seeding techniques. Since the feasibility of seed lasers operating at a repetition-rate of MHz and
with sufficient energy in a useful wavelength range, such as the ultraviolet (UV) range is challenging, a
seeded oscillator-amplifier scheme is proposed instead for generation of fully coherent and high-repetition-
rate radiation. The process is triggered by an external seed laser while an optical feedback system feeds the
radiation back to the entrance of the modulator where it overlaps with the next electron bunch. Downstream
from the feedback system, the electron bunches are then used for harmonic generation. We discuss the
optimization of dedicated simulations and we investigate the stability of this scheme with numerical
simulations. As a result, we address the control of the reflectivity of the resonator as a key parameter to
achieve a stable HGHG seeded radiation. Finally, we show the impact of the power fluctuations in the
oscillator on the bunching amplitude with analytical and simulated results. The output FEL radiation
wavelengths considered are 4.167 nm and 60 nm.
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I. INTRODUCTION

Cavity-based FELs are a well-established technology for
generation of radiation in a wide range of wavelengths.
Most of the FEL oscillators radiate in the terahertz (THz),
infrared (IR), or in the visible wavelength range. Some
examples are FELIX in the Netherlands [1], CLIO in
France [2], FHI FEL in Germany [3], and FELiChEM in
China [4]. There are other examples in different configu-
rations, such as the inverse-Compton interaction compact
x-ray source in Hawaii [5] and the storage ring FEL at
ELETTRA [6] which has achieved a wavelength down to
190 nm. In addition, several simulation studies have
explored low-gain FELs in the past decades [7,8], however,
the simulation codes have significantly improved since
then, giving the possibility for more detailed studies.

High-gain FEL Oscillators have been demonstrated in
the past and are referred to as regenerative amplifier free
electron lasers (RAFELs) [9,10]. Initially they addressed
longer wavelengths with experimental tests in the IR [11],
and later on they were proposed to be used in the x-ray
regime as well [12]. A RAFEL requires only a few passes to
reach saturation and the requirements on reflectivity are
relaxed since it is a high-gain FEL and therefore, it consists
of a low Q resonator. Another concept that is under
investigation is the FEL oscillator (FELO) in the x-ray
wavelength range and down to 0.1 nm [13–15] as a direct
source of radiation. There are different driver sources for
such an XFELO. Originally, there were studies for an
energy recovery linac and therefore, a low-gain FEL. Later,
it was adapted to machines like the European XFEL [16]
so that the gain could be larger. XFELOs aim at stable
and fully coherent x-ray radiation and operate with
highly demanding Bragg crystals which require high
reflectivity. At the same time there have been studies of
schemes that use the oscillator as a source of seed instead of
using the generated radiation directly [17–20], and sug-
gestions on combining a RAFEL with harmonic generation
as well [21].
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In this paper, we describe a setup which uses a cavity-
based FEL to imprint the energy modulation onto an
electron beam for the implementation of a high-gain
harmonic generation (HGHG) [22] seeding setup. The
main ingredients of HGHG are a seed laser source, a
modulator, a dispersive section, and a radiator. The seed
laser interacts with the electron beam along a modulator
with the result of modulating the energy of it sinusoidally
with a periodicity matching the seed laser wavelength.
Then, the dispersive section converts the energy modula-
tion into a density modulation which has a frequency
component at a certain harmonic of the seed laser. The
prebunched electron beam is traversing the radiator which
is tuned to be resonant at the same harmonic of the
seed laser.
In single-pass seeded FELs, the seed source for the

HGHG scheme is a laser which, when going to high-
repetition-rates, determines the repetition-rate of the output
seeded FEL radiation. As an example, currently at FLASH
[23,24] the seeding experiments are done at a repetition-
rate of 10 Hz, in single-bunch operation and at FERMI with
a repetition rate of 50 Hz [25]. In the seeded oscillator-
amplifier, the optical properties of such a seed laser are
retained in a feedback system while the repetition-rate is no
longer limited by the seed laser and is determined by the
cavity, so it can be increased easily to a MHz and beyond.
Seed laser sources with a MHz repetition-rate are currently
under development, but are challenging systems. The
requirements for tunable sources with tens of μJ of pulse
energy, excellent stability, less than 1% rms energy fluc-
tuations and wavelength stability below 1% rms with
respect to the spectral bandwidth, make these lasers being
considered as beyond the state of the art. Therefore, this
scheme is proposed as an alternative solution for generation
of high-repetition-rate seeded FEL radiation.
This scheme offers two advantages: the first one is that it

can generate seeded FEL radiation at high-repetition-rates
beyond the capability of the current seed laser systems
exploited to generate ultra short pulses in the UV wave-
length range and below. In addition to increasing the
repetition-rate of HGHG, this scheme offers the possibility
to extend the output wavelength range at this repetition-rate
and achieve shorter wavelengths with HGHG. This is due
to the amplification of the seed laser input intensity in the
modulator which allows the use of shorter wavelength seed
lasers of lower intensity. In addition, there are different
possibilities offered by this scheme, which are discussed in
[26]. In this paper, we show results of an HGHG seeded
oscillator-amplifier which generates high-repetition-rate
seeded FEL radiation which was first introduced in
[27,28]. The simulation results here are more detailed
and in addition, the optimization of the simulations is
discussed and the stability of this scheme is investigated.
This approach overcomes the limitation of requiring

high-repetition-rate seed lasers. This is crucial for pulsed

machines, but it is also vital for future continuous wave
(CW) machines. Currently, the x-ray user facilities FLASH
at DESY, and the European XFEL are the only operating
pulsed FELs driven by superconducting linear accelerators,
while LCLS-II [29] and SHINE [30] will be CW machines
and are under construction. Here, we use FLASH as an
example, which operates in a burst-mode. This means that
every tenth of a second a 800 μs rf pulse is accelerated,
containing a bunch train of 800 bunches. The repetition-
rate of FLASH of 1 MHz would require a cavity of 300 m
roundtrip length, while for the 4.5 MHz of the European
XFEL this would be reduced to 66 m.

II. WORKING PRINCIPLE AND SIMULATION
IMPLEMENTATION

A. The HGHG seeded oscillator-amplifier scheme

The goal with the cavity in this scheme is to increase
the low-repetition-rate of the seed laser to seed the high-
repetition-rate bunches of a superconducting FEL. The
process is initiated by a low-repetition-rate seed laser for
the first pass, in the case of a burst-mode. The power of the
laser is amplified by its interaction with the next electron
bunch in the in-cavity undulator, the modulator, and is then
stored in an optical cavity in order to seed the next electron
bunch arriving at the modulator.
The energy-modulated electron beam exits the modula-

tor and traverses a chicane with a longitudinal dispersion
(R56) which induces a density modulation and hence,
microbunches with high harmonic content are formed.
Downstream of the chicane, an undulator called an
amplifier is placed. The amplifier is resonant with the
desired harmonic of the seed laser which corresponds to the
wavelength of the output seeded FEL radiation. Therefore,
this scheme is comparable to a regular single-pass HGHG
scheme [31]. The only difference is that it requires a longer
modulator in order to amplify the radiation in cavity field to
compensate for the power losses that occur in the cavity.
A schematic layout of the described HGHG seeded
oscillator-amplifier set-up is shown in Fig. 1.

B. Simulation setup and parameter choice

Numerical simulations are implemented by combining
two codes for the two different processes: the FEL process
in the modulator with Genesis [32] with three-dimensional

FIG. 1. Simplified schematic view of an HGHG seeded
oscillator-amplifier. The orange line represents the path of the
light pulse in the cavity and the black one the electron beam
trajectory.
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time-dependent simulations, and the light propagation in
the cavity with ocelot [33]. Genesis simulates the FEL
process in the modulator and then, the three-dimensional
field at the end of the modulator is extracted and is loaded
into ocelot. In our simulations, ocelot is propagating the
field along a drift, focuses transversely, and propagates
again back to the entrance of the modulator. The field
amplitude is reduced to account for cavity losses which are
different for the two wavelengths and the longitudinal
position of the field is changed so that the roundtrip of the
cavity matches the repetition rate of the electron bunches
and thus, overlaps optimally with the electron bunches in
the modulator. This procedure is repeated for an arbitrary
number of passes. Similar three-dimensional and time-
dependent simulation approaches have been adopted in
other RAFEL designs [21,34].
For the simulations, we use the two electron beam

energies (0.75 GeV and 1.35 GeV) that are proposed for
the upgrade of FLASH [35] within the FLASH2020þ
project [36]. The simulations shown here have been per-
formed for two seed laser wavelengths (300 nm and 50 nm)
and their 5th and 12th harmonics respectively. Hence, the
output FEL wavelengths are 60 nm and 4.167 nm. This is
because these are the longest and shortest foreseen wave-
lengths in the current design of FLASH2020þ in a seeded
operation [36]. For the 50 nm seed laser a high harmonic
generation (HHG) source is assumed [37], with state-of-the-
art possibilities demonstrated in the extreme ultraviolet
(XUV) range [38,39].
The main simulation parameters are summarized in

Table I. A flat-top electron beam current distribution is
assumed and the modulator parameters are chosen to
provide maximum power gain in the steady state region,
which refers to the passes in the oscillator in equilibrium
state. For the first pass, an ideal Gaussian seed laser pulse is
used, which is then propagated and amplified self-
consistently during subsequent passes. Since the modulator
length is the same for both wavelengths, the input
power and reflectivity needed for 50 nm (3 MW and 6%
respectively) are higher than those for 300 nm (0.75 MW
and 1.01% respectively) since for shorter wavelengths the
power gain length is longer [40].
Here we have assumed a simple resonator design that

allows us to study in detail the FEL process and does not
bound us to a specific optics selection and cavity design
that would otherwise be necessary and crucial for the actual
implementation of this scheme in an accelerator. We
assume that a ring resonator would be a suitable and valid
option for the resonator, therefore the total reflectivity
applied in each pass accounts for the losses of all 4
elements and the focusing element in ocelot allows us to
adjust the properties of the radiation field that would
otherwise naturally diverge. As seen in Table I, at
300 nm the total reflectivity is 1.01%, therefore each
mirror should have a reflectivity of roughly 30%, while

for the 50 nm the total reflectivity is 6% and each mirror
should have roughly 50% reflectivity. It should be noted
that the exact wavelengths and tunability range for this
scheme can be adapted based on availability in seed laser
sources and mirrors as the technology advances, therefore
the numbers presented here serve as an example study. In
addition, the modulator length can be increased to com-
pensate for higher resonator losses in case it is required by
mirror availability.

III. SIMULATION CONSIDERATIONS

In the following section, the most important design
considerations during the optimization process are
described. The setup of the seeding parameters, the
modulator length, and the cavity detuning are presented
in Sec. III A, III B, and III C, respectively. In this section,
we show results only for a modulator set to resonance with
a 50 nm seed laser. This case is presented in more detail
because it is one of the most challenging ones compared to
longer wavelengths, since the power gain length at this
wavelength is the longest, while the cavity losses are the
highest and the technology in seed lasers is more limited.
For the 300 nm resonant modulator, the optimization steps
are the same, while the requirements on laser and mirror
technology are more relaxed.

A. Optimization of seeding parameters

Once a stable operation in the longitudinal and transverse
plane has been achieved, one can fine-tune the parameters

TABLE I. Parameters used for simulations. The rms undulator
parameter is referred to as Krms, the number of undulator periods
as Nu, and the undulator period as λu.

Electron beam

Energy 750 MeV 1350 MeV
Uncorrelated energy spread 120 keV 120 keV
Peak current 1 kA 1 kA
Charge 100 pC 100 pC
Normalized Emittance 1 mmmrad 1 mmmrad

Input seed laser

Wavelength 300 nm 50 nm
Peak power 0.65 MW 3 MW
Pulse energy 53 nJ 250 nJ
FWHM Duration 78 fs 78 fs

Modulator

Krms 4.517 3.248
Nu 90 90
λu 60 mm 60 mm

Cavity

Reflectivity 1.01% 6%
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for seeding. The optimal optimization process takes into
account the target harmonic, and based on this, the energy
modulation at the exit of the modulator is determined. The
amplitude ΔE of the energy modulation induced by a field
of peak power Pmod in the modulator is approximately
calculated as [41]:

ΔE ¼
ffiffiffiffiffiffiffiffiffiffiffi

Pmod

Po

s

me2KLuJJ
γw0

; ð1Þ

where w0 is the laser waist size, K is the dimensionless
undulator parameter, Lu is the undulator length, me is the
electron mass and P0 ≈ 8.7 GW is a constant calculated in
[41]. We define JJ as the difference of the Bessel functions,
thus JJ¼J0ðξÞ−J1ðξÞ, where ξ ¼ K2=ð4þ 2K2Þ. It should
be noted that the simulations are performed with longer
modulators than commonly used in seeding schemes, as it
will be discussed in Sec. III B. In this case the power level
along the modulator cannot be considered constant any-
more and diffraction and slippage effects become impor-
tant. In our case, Eq. (1) is valid with less than 2% error
with Pmod being the power level established after two thirds
of the modulator length Pmod;2=3. Assuming that the length
of the modulator is fixed and the longitudinal and trans-
verse properties of the radiation pulse are stable, one can
readjust the power of the radiation field of the input seed
laser on its first pass in the modulator to achieve precisely
the energy modulation desired in the steady state regime.
After this step, the precise mean energy modulation in

the steady state regime is calculated, since at this point the
operation of the oscillator is stabilized and fixed. A useful
parameter is the normalized energy modulation amplitude
which is defined as [41]:

A ¼ ΔE
σE;i

; ð2Þ

where σE;i is the energy spread upstream the modulator
and ΔE is calculated with Eq. (1). Based on the energy
modulation we optimize the bunching by adjusting the R56.
More commonly, the normalized dispersion is used which
is defined as [41]:

B ¼ 2πR56σE;i
λmodE

; ð3Þ

where λmod is the central wavelength of the radiation pulse
at the modulator and E is the electron beam energy. The
bunching factor, which quantifies the density modulation
within the bunch for a specific harmonic number n is
defined as [22]:

bn ¼ jJnð−nABÞj exp
�

−
1

2
n2B2

�

; ð4Þ

where Jn is the Bessel function of the first kind. Based on
this formula, the working point, which is defined by the
A and B parameters, is determined. As an example, one can
aim for 20% of bunching amplitude at the 5th harmonic of a
300 nm seed laser by adjusting the dimensionless param-
eters A and B.

B. Requirements for modulator length

In this section, we discuss the importance of the length of
the modulator and the power level of the radiation field in
the cavity. This is because the required normalized energy
modulation A can be achieved by varying these two knobs,
as shown in Eq. (1).
The upper limit for the modulator length is mainly

imposed by the maximum energy spread which can be
induced along the modulator while a high-quality beam,
suitable for exponential amplification is still maintained.
The energy spread of the electron beam upstream from the
amplifier, σE, as a fraction of the electron beam energy E
should be much smaller than the parameter ρ. Therefore,
σE=E ≪ ρ [42], where ρ is the dimensionless fundamental
FEL parameter [43].
The lower limit is imposed by the energy modulation

needed to achieve significant bunching at a certain har-
monic of the seed laser, and in addition, by the losses of the
resonator. For HGHG, the normalized energy modulation A
at the end of the modulator should be approximately equal
to the harmonic number in order to efficiently suppress the
exponential term and maximize the Bessel function in
Eq. (4). However, for higher harmonics it is preferred to
deviate from this rule and use smaller energy modulations
due to the energy spread limitations discussed above.
The following study for achieving the 12th harmonic of a

50 nm seed source wavelength is based on the previously
illustrated principles. Based on this case, the length of the
modulator is determined. For longer wavelengths, this
length is sufficient and for lower harmonics the peak input
power can be decreased to control the energy modulation.
The requirements are: (1) For the simulation parameters
in Table I, the FEL parameter at the amplifier is
ρ ¼ 1.3 × 10−3, therefore the requirement σE=E ≪ ρ leads
to σE ≪ 1.75 MeV, which is equivalent to A ≪ 14.6. We
set the limit at: A ≤ 10 for the energy modulation at the end
of the modulator. (2) The maximum possible peak power of
a seed laser at 50 nm and at 10 Hz is assumed to be 60 MW:
Pseed ≤ 60 MW [37]. (3) The maximum total reflectivity of
a resonator for 50 nm is assumed to be 10%: R ≤ 10% [44].
(4) The minimum normalized energy modulation for
achieving at least 2% bunching is calculated analytically
with Eq. (4) as: A ≥ 5.5.
Figure 2 shows the possible modulator lengths for

different input radiation pulse peak powers, based on
simulation results of a single pass in the modulator. As
discussed, a maximum input peak power of 60 MW is used.
The requirement for 5.5 ≤ A ≤ 10, reduces the allowed
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parameter settings to the area indicated by the green band
shown in the figure. In order to have enough energy
modulation and at the same time achieve the same energy
modulation in subsequent passes, the power has to be
increased 10 times to compensate for the 90% losses
assumed. As a result, the limitation in reflectivity,
R ≤ 10%, reduces further the allowed parameter settings
to the nonstriped area. In the end, there is only a small space
available for combinations of seed laser power and modu-
lator length that meet all four requirements, which is the
area in between the black dashed lines and the vertical
black line. It is concluded that in order to achieve the 12th
harmonic of a 50 nm seed laser with reasonable bunching,
realistic seed laser power and resonator total reflectivity, the
modulator has to be at least 5 m long. Longer modulators
can be used in case the reflectivity of 10% cannot be
reached, without violating the other 3 conditions. This
conclusion is valid for the specific parameters of the study
and one can deviate for different simulation parameters,
such as the electron beam parameters, or the focusing and
waist size of the radiation pulse, for instance.
Based on this study, a modulator of 5.4 m length is

chosen with an input seed laser peak power of 3 MW and
with total resonator reflectivity of R ¼ 6% for the 50 nm
case. The peak power in the steady state region is stabilized
at 3.5 MW. We choose a longer than the minimum required
modulator length of 5 m because this way, when there are
deteriorations, such as a timing jitter between the seed laser,

or a spatial jitter between them, there is still enough power
gain to compensate for the resonator losses.
This modulator length is well beyond the traditional

approach of using modulators of less than two gain lengths
[22]. The consequence is that the modulator operates in the
exponential regime, where the system is more sensitive to
intensity fluctuations. The calculated power gain length for
the simulations based on fitting the Ming-Xie formulas [43]
is 1.12 m for the 50 nm resonant modulator and hence, the
modulator covers roughly 4.8 gain lengths.

C. Cavity detuning for optimum longitudinal
overlap between electrons and stored light pulse

Since the electrons are slower than the photon pulse
within the modulator, due to their smaller longitudinal
velocity, the laser pulse advances longitudinally in each
pass, an effect known as slippage. When the group velocity
of the electromagnetic wave is equal to the speed of light
[45], the slippage is the product of the number of undulator
periods Nu and the resonant wavelength λmod, therefore
Δz ¼ Nuλmod. For high-gain FELs in the exponential gain
regime, the group velocity is reduced and the slippage
drops to Δz ¼ Nuλmod=3 as shown in [34,45,46].
In this paper, the zero detuning ΔLcav ¼ 0 is defined as

the length of the cavity for which the light pulse overlaps
with the following electron bunch without taking into
account the slippage. However, since there is slippage
the synchronism of the system is achieved for a cavity
length that is longer than the zero-detuning length, so
ΔLcav > 0. Figure 3 shows a detuning curve with the pulse
energy and FWHM pulse duration averaged over 30 passes
and a modulator resonant with λmod ¼ 50 nm. The cavity
detuning can therefore be used to control the pulse
duration, bandwidth and pulse energy of the output
radiation [4]. In this paper, we are choosing a cavity length
which maximizes the gain per pass and the pulse duration,
which occurs when ΔLcav ≈ 54λmod. The width of the

FIG. 2. Overview of possible modulator lengths and seed laser
powers. The color bar shows the range of normalized energy
modulation that is useful (5.5 ≤ A ≤ 10) in shades of green. The
grey and light blue areas of the color bar correspond to non
acceptable values of energy modulation. The modulator length
for which the power gain is not sufficient to cover resonator losses
that are above 90% is also excluded and is shown in the plot with
the diagonal black stripes. The small space of input peak power
and modulator length combinations that is meeting all the
requirements lies in between the two dashed black lines, and
the vertical black line. As a result, the minimum possible
modulator length is 5 m.
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cavity detuning curve depends on the seed laser pulse
duration and the electron bunch length which in this case is
a 100 fs flat-top bunch.

IV. SIMULATION RESULTS

A. Transverse properties of light pulse in the cavity

It results from the simulations that not only the longi-
tudinal plane, but also the transverse plane of the radiation
field plays an important role in the stability of the resonator,
making the use of 3-dimensional codes such as Genesis of
utmost importance. Changing the waist size and/or waist
position within the modulator in one pass affects the gain of
the system significantly. The Rayleigh length depends on
the waist size, and its relation with the power gain length
affects the energy exchange and amplification process in
FELs when the diffraction effect cannot be suppressed [43].
In addition, the energy modulation depends on the effective
power that overlaps temporally and spatially with the
electron beam. In the transverse plane, the field has to
be reasonably larger than the electron beam size, while it is
usually desired to be shorter longitudinally.
The waist size in the modulator per pass is simulated and

calculated with chi23d [47]. The M2 [48] and waist size in
the steady state region (here we assume from pass 30 to
pass 100) for both horizontal and vertical planes along with
their rms fluctuations and for resonators suitable for 50 nm
and 300 nm are summarized in Table II. It should be noted,
that the focusing has been optimized separately for the two
wavelengths. The waist size w0 is defined as the radius of
the beam when the intensity drops to 1=e2 of the on-axis
intensity, and at focus position when propagating in a drift
section. For the first pass, the seed laser is an ideal Gaussian
pulse. The field stabilizes transversely in terms of intensity
and waist size with very low fluctuations over the course of
passages. We conclude that the radiation pulse has proper-
ties which depend on the design of the cavity. This has the
advantage of compensating initial fluctuations and leading
to a self-stabilized working point.

B. Output seeded FEL radiation

In this section we present the simulation results for 2
different cases: (i) The 5th harmonic of a modulator
resonant with 300 nm, (ii) and the 12th harmonic of a
modulator resonant with 50 nm. The stability per pass in

frequency domain for the output FEL is shown in Fig. 4(a)
and 5(a). As an example, the spectra of the passes 20,
40, 60, 80, 90, 100 for both cases are shown in Fig. 4(b) and
5(b) and the power profiles for the same passes in Fig. 4(d)
and 5(d) are shown separately. The evolution of the power
profile for 100 passes is shown in Fig. 4(c) and 5(c).
For both output FEL wavelengths (4.167 nm and 60 nm),

the spectrum is longitudinally coherent from the first pass
already and shows wavelength and coherence stability,
proving that one can use this scheme to generate fully
coherent high-repetition rate seeded FEL radiation. For the
4.167 nm case, we see in Fig. 5(a) that there is a red shift in
the spectrum which is less than 0.03%, and depending on
the experiment, can be tolerated. Finally, Fig. 5(c) shows a
pulse shortening of the FEL pulse duration caused by the
development of an FEL frequency chirp along the modu-
lator with the number of passes. The pulse duration can be
restored with a grating if required by the experiment. The
timing for both cases seems to be reliable. Some of the
basic parameters that characterize the final FEL pulses are
shown in Table III as an average.

V. STABILITY OF THE SYSTEM

In this section, we investigate the stability of an HGHG
seeded oscillator-amplifier. In Sec. VAwe study the effect
of fluctuations of the input seed laser power, the tolerances
in the total reflectivity of the resonator, the effect of relative
timing offset between the injected seed laser and the
electron bunch in the first pass and the charge jitter. In
all cases, the stability is examined with simulated results in
terms of power gain G and normalized energy modulation
A from the 30th pass and up to 100 passes in the oscillator,
so in the steady state regime.
The power gain is defined as G ¼ ðPf − PiÞ=Pi, where

Pi is the peak power upstream from the modulator and Pf is
the peak power downstream of it. The results shown refer to
a 50 nm resonant modulator and optical feedback system,
since the 300 nm resonant modulator is operating at the
exponential region as well and analogous results are
observed in the simulations.
In Sec. V B, we discuss the effect of the oscillator power

fluctuations on the energy modulation and the bunching
amplitude, which is crucial for implementing the HGHG
seeding. In this case, both the 300 nm and the 50 nm cases
are considered and analytical derivations are compared to
simulation results. Similarly to the previous section, we
show the results for the 5th harmonic of a 300 nm seed laser
and the 12th harmonic of a 50 nm seed laser.

A. Impact of input seed laser peak power, resonator
reflectivity, laser-electron beam timing offset

and charge jitter

Shot-to-shot fluctuations of the input seed laser power at
the first pass can affect the stability of the stored power in

TABLE II. Transverse properties of stored radiation pulse:
waist size and M2 on horizontal (x) and vertical (y) plane and
their rms fluctuations in the steady state region.

50 nm 300 nm

M2 x 1.859� 0.002 1.538� 0.002
M2 y 1.576� 0.002 1.339� 0.001
Waist size x ð267.9� 0.3Þ μm ð589.4� 0.5Þ μm
Waist size y ð250.3� 0.3Þ μm ð681.1� 0.6Þ μm
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FIG. 5. 12th harmonic of a 50 nm seed light pulse. (a) Output
spectrum per pass at amplifier. (b) Output spectrum for selected
passes. (c) Power per pass in amplifier along the intrabeam
coordinate s. (d) Output power profile for selected passes.
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the feedback system per pass. In Fig. 6(a) the effect of the
input seed laser power is shown for a 5% and 10% offset,
which is considerably larger than the power stability of
current seed laser systems which are often expected to be
within 1% rms. Since a deviation of 10% in the seed laser
power affects the energy modulation by less than 4% and
the power gain considerably less than 0.01%, it is con-
cluded that the seed laser power fluctuations are not critical
for the stability of the HGHG seeded oscillator-amplifier.
This result relaxes the requirements on the seed laser
source.
The reflectivity of the optical feedback system can vary

either due to static effects or due to dynamic effects. Some
of the effects that can degrade the operation of the cavity
are the thermal loading, the slow degradation of the mirrors
or the thermal effects on the mirror holders which can cause
a cavity misalignment. Higher reflectivity, and therefore
more power, leads to more instability as shown in Fig. 6(b).
Increasing the power level of the radiation in the feedback
system for a fixed modulator length results in a different
working point on the gain curve which is closer to the
saturation. In the reflectivity study case, the effect on both
the relative energy modulation and the relative power gain
is much stronger than in the seed power fluctuation study
[Fig. 6(a)], since in this case the reflectivity offset is acting
in every single pass and the effect is amplified with the
number of passes.
It results that the reflectivity has to be carefully con-

trolled and thermal effects have to be studied to secure a

stable operation, since a 2% relative deviation in reflectivity
can affect the energy modulation to an extent that HGHG is
no longer possible. However, a careful design of the
mirrors, and a feedback system that counteracts the
degradation of the mirrors can ensure that the reflectivity
changes are limited to acceptable ranges, which in our case
should be < 1%, and achieve active control.
Figure 6(c) shows the effect of a �40 fs timing offset

between the electron bunch and the seed laser which is
injected in the first pass. The timing jitter should be better
than 40 fs with optically locked seed lasers and assuming
that feedback systems can prevent slow drifts. The simu-
lations are implemented with a 100 fs flat-top electron
bunch, since this bunch length is sufficient to simulate the
overlap between the electron bunch and the radiation
pulse, taking into account the slippage with accurate
simulation results. This allows reducing the demanding
required computational time needed for such simulations
that run in several passes. However, only for this study,
we have extended the electron bunch length to a 300 fs
flat-top current distribution, for realistic results of time
jitter. In all cases, the energy modulation is not affected
more than 4%, therefore the timing between the electron
bunch and the seed laser injected in the first pass is not
crucial when the electron bunch is sufficiently long and
uniform.
In addition, we simulated the effect of charge jitter up to

�1% [49] by adjusting the peak current of the flat-top. The
simulation results showed that even with the maximum
offset, the energy modulation is affected by less than 4%
and the gain by less than 0.2% within the error bars. It is
concluded that a moderate charge jitter is not critical for the
implementation of the scheme under study. In the following
section, we extend the study to understand how the
normalized energy modulation fluctuations affect the for-
mation of the bunching amplitude and eventually, the
seeding process.
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FIG. 6. Overview of the stability study. In (a) the effect of seed laser peak power, Pseed, fluctuation up to �10% is shown, in (b) the
reflectivity tolerances for up to�2% and (c) the effect of timing offset between the external seed laser pulse and the electron beam for up
to �40 fs. In all cases we show the effect on the relative normalized energy modulation ΔA=A, achieved at the steady state in the
oscillator (passes between 30 and 100), and on the right axis, the effect on the relative power gain, ΔG=G as an average over the same
passes. The error bars indicate the standard error on the mean values calculated at the steady state region.

TABLE III. Properties of FEL output radiation.

4.167 nm 60 nm

Pulse energy 18.2 μJ 150 μJ
rms pulse duration 13.4 fs 25.2 fs
Δλrms=λ 2.8 × 10−4 1.8 × 10−3
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B. Sensitivity of bunching amplitude
on power fluctuations

As discussed in the previous section, there are several
factors that can cause fluctuations in the power level, and
hence the energy modulation achieved at the modulator.
After exiting the chicane, the prebunched electron bunches
arrive at high-repetition-rates and enter the amplifier. At
this second stage, the amplifier, the only input parameter is
the prebunched electron bunch. For this reason, it is
essential to study the sensitivity of the bunching factor
on the power fluctuations in the oscillator. Starting from
Eq. (1), and Eq. (2), the sensitivity of the normalized energy
modulation A to the power per pass Pmod of the stored
radiation pulse in the cavity is

ΔA
A

¼ 1

2

ΔPmod

Pmod
: ð5Þ

The rms power fluctuations and rms normalized energy
modulation fluctuations are shown in Table IVand they are
consistent with Eq. (5). In addition, Table V summarizes
the seed laser pulse properties at the exit of the modulator,
where the peak power maximizes. The peak power that
reaches the mirror downstream will be less than the several
MW reported here due to diffraction.
Based on Eq. (1), (2), and (4), the power fluctuations in

the oscillator translate into bunching fluctuations for the
electron beam that enters the amplifier. In turn, the power
level Pth when the power growth is transitioning to
exponential in the amplifier is correlated with the bunching
amplitude as: Pth ∝ jbnj2 [50]. This means that for a fixed
radiator length and sufficient initial bunching at the

amplifier, the bunching fluctuations can affect the final
FEL power depending on whether or not saturation has
been reached at this point.
We calculate the sensitivity of the bunching amplitude on

energy modulation deviation for an HGHG scheme [51] as:

Δbn
bn

¼ n2B2
ΔA
A

−
1

2
½n2ðB2 þ B2A2 − 1Þ�ΔA

2

A2
: ð6Þ

One can easily extract the sensitivity of the bunching
amplitude on the power fluctuations in the oscillator from
Eq. (5) and (6).
Figure 7 shows how Eq. (6) relates to the simulation data

for all 100 passes shown in Fig. 4 and 5. Table IV shows the
exact parameters used in Eq. (6), with the normalized
dispersion B being calculated by taking into account
the chicane strength and the longitudinal dispersion
added along the long modulator [52]. The power fluctua-
tions in the oscillator affect the bunching amplitude of
higher harmonics more severely, based on Eq. (6) and the
simulation results. We have extended the analytical study
for up to a 40% deviation in A, in order to cover the effects
studied in Sec. VA. These analytical calculations can be
used to minimize the effect of the fluctuations in the
oscillator on the bunching amplitude.
Finally, the bunching maps of the 5th harmonic of a

300 nm and the 12th harmonic of 50 nm seed laser are
shown in Fig. 8(a) and 8(b). The peak to peak energy
modulation fluctuations which occur in the first 100 passes
are shown with a double arrow on the bunching maps The
color bar indicates the analytically calculated bunching
amplitude fluctuations expected for the calculated energy
modulation fluctuations observed in the simulations and for

TABLE IV. The Table summarizes the mean normalized energy
modulation A and the mean power in the cavity Pmod over 100
passes with their rms fluctuations. In addition, the normalized
dispersive strength B used for the analytical calculations in this
section is shown.

300 nm-5th
harmonic

50 nm-12th
harmonic

A 7.24 7.11
A rms fluctuations 1.66% 1.93%
Pmod rms fluctuations 3.12% 4.31%
B 0.17 0.14

TABLE V. Summary of laser pulse properties at the exit of the
modulator.

300 nm-5th harm. 50 nm-12th harm.

Pmod 51.4 MW 56 MW
Pulse energy 3.4 μJ 2.7 μJ
rms pulse duration 25 fs 17.8 fs
Beam radius x 228 μm 147 μm
Beam radius y 192 μm 120 μm
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FIG. 7. Sensitivity of bunching amplitude on energy modula-
tion fluctuations downstream from the modulator. The solid lines
are calculated with Eq. (6), while the stars show the simulation
results for 100 passes. The dark blue and the light blue color
represent the 5th harmonic of a 300 nm resonant modulator and
the 12th harmonic of a 50 nm resonant modulator, respectively.
In the inset, we show the range of the fluctuations observed in the
simulations in more detail.
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the R56 set in the simulations. For increasing harmonic
number the bunching maps become more constricted which
illustrates the increasing sensitivity to fluctuations. One can
use this type of plots to optimize for minimum bunching
fluctuations, or for maximum bunching amplitude.

VI. CONCLUSIONS

In this paper, we presented the optimization process of an
HGHG seeded oscillator-amplifier. The modulator length
was determined based on the requirements for the imple-
mentation of HGHG seeding and the technology available
for this setting, and the seeding parameters were optimized.
An overview of the output seeded FEL radiation per pass in
time and frequency domain for 100 passes from initiation
proves that fully coherent light can be generated almost
immediately with a seeded oscillator-amplifier scheme.

Since the oscillator is partially operating in the exponen-
tial regime, the stability of the power per pass in the oscillator
is more crucial compared to conventional FEL oscillators
operating close to saturation. The seed laser power fluctua-
tions at the first pass can be tolerated up to 10%, which
relaxes the requirements on the seed laser. In addition, a
timing jitter between electron and laser beam up to �40 fs
and a charge jitter up to�1% can be tolerated, indicating the
feasibility of the scheme. The reflectivity seems to be the
main challenge since it should deviate considerably less than
1% from the nominal value for reliable results. This can be
achieved with appropriate mirror choice and the use of
feedback systems. An active control on the reflectivity is
crucial, since it is the main tuning knob for compensation of
other fluctuations and for system stability.
Finally, we show how the power fluctuations in the

oscillator affect the fluctuations in energy modulation
which in turn determine the fluctuations in bunching
amplitude. Simulation results were compared with analyti-
cal expressions in good agreement and can be used to
determine a stable working point.
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Chapter 5

HGHG seeding with an oscillator
starting from shot noise

5.1 Advanced Scheme to Generate MHz, Fully Coherent FEL
Pulses at nm Wavelength

In external seeding, harmonics of a seed laser source are amplified and as a result
the wavelength range of the output FEL is restricted by the fundamental wavelength
of the seed laser source. This limits the shortest output wavelength that can be
achieved and in addition, it limits the tuning range that is not continuous but in-
stead, wavelength gaps within this range are common. To address these two limi-
tations, it is important not only to reduce the fundamental wavelength but also to
be able to tune it freely. In this last section of the results of this thesis, I take one
more step forward to completely abandon the dependence of seeding on external
seed lasers and address these limitations. With the proposed HGHG scheme that
depends on a cavity-based FEL that starts from shot noise there are three indepen-
dent advantages:

1. The fundamental wavelength at the modulator can be decided at wish. This
means that it is possible to start from a relatively short wavelength in the order
of few to tens of nm, depending on mirror availability. Starting with such a
short wavelength can expand the wavelength range of the output FEL to very
short wavelengths, which was never possible before with external seeding and
harmonic conversion.

2. As the wavelength of the seed in the modulator can be tuned as desired, the
problem of the wavelength tunability is solved. A continuous and wide wave-
length range is generated and offered to experiments.

3. Similarly with the seeded oscillator amplifier discussed in Section 4, the repeti-
tion rate can be adjusted to match the electron bunch repetition rate. The only
adjustment is, in principle, the cavity length.

These advantages come with two additional challenges that are thoroughly dis-
cussed in this Section. In the proposed setup:

1. A SASE spectrum is expected when starting the FEL process from shot noise
and this must be suppressed by a monochromator that will increase the esti-
mated losses in the cavity.

2. A positive net gain is required initially to amplify the power of the stored radi-
ation in the cavity. When the required for seeding power level is reached, the
net gain must be reduced back to zero to achieve equilibrium.
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Regarding the first challenge, the additional losses due to the monochromator
have to be carefully be taken into account in addition to the mirror reflectivity losses.
To be able to compensate for these losses, a higher power gain is required in the cav-
ity. Concerning the second challenge of the transition from positive gain to zero net
gain, a number of different approaches is suggested and simulated in the following
publication. The common thread is that in order to reduce the power gain a very
fast feedback is required in the order of the electron bunch repetition rate. Here,
CW machines have a natural advantage: since the number of consecutive electron
bunches is in principle unlimited, it is possible to reduce the gain slowly and in
several passes, reducing this way the requirements on the feedback system. On the
other hand, burst mode machines have the inherent difficulty of a finite number of
consecutive electron bunches within a flat top. This number of bunches must be used
for amplification of the power, for reduction of the power gain with a fast feedback
and finally, for the main operation at equilibrium.

In this publication, I again work on the example of a 50 nm fundamental wave-
length for consistency, and I use for the simulations the same electron bunch pa-
rameters and the same optimized beamline of Chapter 4. The following manuscript
was published in the peer-reviewed journal MDPI Applied Sciences and as part of
the Special Issues Oscillator-Amplifier Free Electron Lasers an Outlook to Their Feasibil-
ity and Performances. The published manuscript reviews several methods to obtain
gain control by showing simulation results and includes analytical calculations for
the optimization of the setup and the estimation of the power density that the cavity
mirrors should withstand.
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Abstract: Current FEL development efforts aim at improving the control of coherence at high
repetition rate while keeping the wavelength tunability. Seeding schemes, like HGHG and EEHG,
allow for the generation of fully coherent FEL pulses, but the powerful external seed laser required
limits the repetition rate that can be achieved. In turn, this impacts the average brightness and the
amount of statistics that experiments can do. In order to solve this issue, here we take a unique
approach and discuss the use of one or more optical cavities to seed the electron bunches accelerated
in a superconducting linac to modulate their energy. Like standard seeding schemes, the cavity is
followed by a dispersive section, which manipulates the longitudinal phase space of the electron
bunches, inducing longitudinal density modulations with high harmonic content that undergo
the FEL process in an amplifier placed downstream. We will discuss technical requirements for
implementing these setups and their operation range based on numerical simulations.

Keywords: seeded FEL; oscillator; amplifier; high repetition rate

1. Introduction

Free-electron lasers (FELs) have been making enormous improvements during the
past decades, delivering high-brightness radiation to users all over the world at wave-
lengths from mm to hard x-rays, covering a wide range of experiments. At the same time,
many experiments, for instance, those that depend on spectroscopic techniques to resolve
electronic structure, require full coherence and high statistics, which can only be fulfilled
with fully coherent radiation at high repetition rate. These two requirements are becoming
important for scientific applications and are driving new FEL developments. Currently,
superconducting accelerators are capable of providing thousands of bunches per second at
MHz repetition rate. This potential is currently exploited in self-amplified spontaneous
emission (SASE) mode [1]. However, in this case, the FEL process starts from random
fluctuations of the electron beam charge density distribution [2] leading to a limited tem-
poral coherence, which impacts the peak brightness. The longitudinal coherence can be
improved by self-seeding [3,4] and single-mode [5,6] lasing schemes which are based on
the SASE process. As a consequence, the stochastic nature of SASE is imprinted on the
final FEL pulse as intensity fluctuations even though improved longitudinal coherence
is achieved.

At wavelengths in the nanometer range and longer, alternatives to generate fully
coherent radiation are based on external seeding. In this case, a seed laser of typically
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several tens MW of power is used to prepare an initial signal for a final FEL amplifier,
usually tuned at a harmonic of its wavelength, thus imprinting its coherence properties
upon the output FEL pulse. Many interesting experiments and methods are allowed due
to the unique properties of seed radiation [7–10]. Two chief examples of external seeding
schemes are the high-gain harmonic generation (HGHG) [11,12] and the echo-enabled
harmonic generation (EEHG) [13–15]. As the harmonic conversion of seeding schemes
is limited, it is advantageous to use short wavelength seed lasers. Currently, ultraviolet
(UV) seed lasers are the most suitable candidates for such setups [14–16]. However, the
requirements put on these laser systems in terms of peak power limit their repetition
rate, which is usually in the kHz regime. As seeded radiation pulses can be generated
at a maximum repetition rate defined by the seed laser repetition rate, not all electron
bunches generated in superconducting accelerators can be seeded. This leads to high
peak brightness FEL pulses, but limited average flux, in contrast to the number of electron
bunches available. In order to address this limitation, alternatives have been recently
studied to increase the repetition rate of seeding schemes by reducing the seed laser power
requirements [17,18], and in this paper, we propose an oscillator–amplifier setup.

Here, we review and further discuss a scheme which can generate FEL pulses of both
high peak brightness, compared to SASE, and of high average flux compared to standard
seeding schemes, by generating high repetition rate seeded radiation pulses [19–22]. In this
scheme, an FEL oscillator is employed and acts as a feedback system which recirculates a
seed pulse, and seeds the electron bunches at high repetition rate. In this case, one may
either use a low repetition rate seed laser, or start from shot noise. Starting from shot noise
lets us be independent of seed laser systems both in terms of repetition rate and wavelength.
Oscillator FELs are a well-studied topic, and their technology has been established for a
long time. There is a wide range of oscillator FELs that were operated during the past
decades, and detailed simulation studies were performed almost two decades ago [23–25].
These studies led, more recently, to the development of other ideas such as XFELOs [26]
and Regenerative Amplifier Free-Electron Lasers (RAFELs) [27–30] (high-gain oscillators).
Both these schemes aim at Angstrom radiation with Bragg crystals instead of conventional
mirrors, and no harmonic conversion is used. However, at wavelengths in the nanometer
range, where crystal optics cannot be used, mirror technology strongly limits the generation
of wavelengths below the 190 nm demonstrated at ELETTRA [31]. In order to reach shorter
wavelengths, one can exploit a resonator at a longer wavelength, together with harmonic
conversion. Such cascades have been proposed in [32–35]. Earlier work on resonators in
the EUV regime can be found in [36].

An overview of the seeding schemes that can employ an oscillator to increase the
repetition rate of the FEL radiation is given in Section 2, together with comments on its
implementation in continuous wave and burst-mode accelerators. Considerations on
the implementation of a resonator and a simple model which can be used for its design
are provided in Section 3. In Section 4, we introduce the methods used in simulations
for power gain control in the cavity, when the start-up of the FEL process is based on
random fluctuations of the initial electron beam distribution. In Section 5, we compare
these results to the case of an oscillator where the start-up of the FEL process is based on a
low repetition rate external seed laser, to the case of standard single-pass seeding, and to
SASE simulations.

2. Overview of Methods
2.1. Employing an Oscillator in Standard Seeding Schemes

In this section, we review different schemes that can be implemented with an oscillator
in order to provide high repetition rate seed pulses. In standard seeding techniques, an
external seed laser is used to modulate the energy of the electron beam as a result of their
interaction along an undulator (modulator). In this case, one seed laser pulse needs to
be injected for each electron bunch. The purpose of adding an optical cavity to a seeding
scheme is to replace the need for an external seed laser, because the cavity can recirculate a
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radiation pulse and maintain its peak power and pulse properties. In this case, in addition
to the energy modulation process which happens along the modulator, an amplification
process must also occur. This is important because the power gain is used to compensate
for unavoidable cavity losses. Here, we define as net gain the difference between the
peak power at the beginning of a pass n + 1 and the peak power at the beginning of pass
n, divided by the peak power at pass n. If the power gain compensates exactly for the
losses and the net gain is zero, the peak power per pass remains constant as long as the
pulse properties remain stable. In this way, the seed pulse is reproducible and can support
seeding schemes at high repetition rates.

In this paper we consider two approaches to generate and store a seed laser pulse
in cavity.

1. An oscillator-FEL starting with an external seed laser pulse. An external seed laser
initiates the modulation of the first electron bunch and the bunch amplifies the seed
pulse to compensate for the power losses in the cavity. The optical cavity feeds
back the seed pulse which is used to modulate the following bunches. The shortest
wavelength of the modulator is determined by the low repetition rate seed laser
source and by the mirror availability.

2. An oscillator-FEL starting from shot-noise. An electron bunch generates radiation
along the modulator, which is amplified with the number of passes. This process can
be divided into two phases. The “build-up regime”, where the net gain per pass needs
to be positive to build up the peak power required for seeding, and the “steady-state
regime” where the net gain needs to go back to zero so that the resonator losses are
equal to the power gain. In order to transition between these two phases, an active
control on the gain per pass is required. In addition, starting from noise means that
a SASE spectrum is generated. This needs to be monochromatized. In this case, the
shortest wavelength of the modulator is determined by the mirror availability.

In the following, we consider the implementation of an oscillator-based FEL in support
to HGHG and EEHG seeding schemes in order to further extend the tuning range to shorter
wavelength and higher repetition rate.

2.1.1. High-Gain Harmonic Generation (HGHG)

HGHG is a method to achieve fully coherent and stable seeded radiation in high-
gain FELs and was introduced in [11]. The components needed are a modulator, a seed
laser resonant to the wavelength of the modulator, a dispersive section, and an FEL
amplifier tuned at a harmonic of the seed laser wavelength. The seed laser is overlapped
with the electron bunch in the modulator, and their interaction results in a longitudinal
sinusoidal energy modulation along the electron bunch with the periodicity of the resonant
wavelength. In the dispersive section placed downstream, the energy modulation is
converted into density modulation that includes relevant harmonic content. The dispersive
section is characterized by the R56 matrix element of the transfer matrix, which describes
the evolution of the 6-D phase space (x, x’, y, y’,δγ, z) of the electrons. The R56 is closely
related with the presence of longitudinal dispersion. When a correlation between the
longitudinal position (z) and a relative energy offset (δγ) is established in the modulator, it
is possible to choose an R56 to rotate the longitudinal phase space, and convert the energy
modulation into longitudinal density modulation. The same matrix element is responsible
for the so called bunch compression in accelerators, where we exploit an electron beam
with an energy-longitudinal position correlation (electron beam energy chirp) to compress
it longitudinally and increase its peak current. After the dispersive section, the bunched
electron beam then enters the amplifier and emits coherent radiation. In the case of an
HGHG oscillator-amplifier, an optical cavity which encloses the modulator is added as
shown in Figure 1. Instead of injecting a seed laser pulse for each consecutive electron
bunch, the optical cavity stores a radiation pulse which acts as a seed laser source. Because,
as discussed above, a certain amount of power gain is required at each pass, the modulator
is longer than in a conventional HGHG scheme.
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Figure 1. In an oscillator-based HGHG scheme, an optical cavity is added and encloses the modulator.
The optical cavity acts as a feedback system which maintains the peak power of the stored radiation
field and, under perfect synchronism, this field is used to seed consecutive electron bunches arriving
from the linac upstream the cavity. Note that in reality, the optical cavity design will be more complex
than this simplified sketch.

2.1.2. Echo-Enabled Harmonic Generation (EEHG)

HGHG schemes are characterized by a limited up-frequency conversion efficiency due
to the fact that the nth harmonic requires the energy modulation to be n times larger than
the slice energy spread to maximize the bunching. This is typically limiting the conversion
to n = 15 and critically depends on the energy spread [37]. The EEHG scheme [13–15]
was proposed to overcome this limitation, achieve higher harmonics and, thus, shorter
wavelengths. In this scheme, there are two seed lasers with two modulators, two dispersive
sections, and one radiator. The first modulator and seed laser are used to induce an
energy modulation, and then the first dispersive section, which has a large longitudinal
dispersion, shreds the longitudinal phase space of the electron beam creating thin energy
bands. Each of these bands has a lower energy spread than the initial one, and this way a
lower energy modulation is required in the second modulator compared to HGHG. The
second dispersive section is weaker and compresses the energy bands. Similarly to what
happens in HGHG, it converts the energy modulation from the second modulator into a
density modulation, which in this case can have higher harmonic content.

In a regular single-pass EEHG, two modulators and two seed lasers are needed. In
order to convert the classic scheme to a high repetition rate cavity-FEL, one possibility is to
include two cavities, one for each modulator. In the case of two cavities, the wavelength
can be chosen independently and the high repetition rate is secured. Another solution is to
feed one modulator with an external seed laser and place the other modulator in a cavity.
In this case, the repetition rate of the external seed laser source determines the overall
repetition rate. This seed laser should have a longer wavelength which is at present already
available at high repetition rate. Then, the other modulator which is enclosed in the optical
cavity is resonant to a shorter wavelength.

It is important to investigate if it is more advantageous to have the shortest wavelength
at the first or the second modulator. We study the specific case of a combination of two seed
laser wavelengths of 300 nm and 50 nm by using an electron beam with a nominal energy
of 1.35 GeV, energy spread of 120 keV, and energy modulation amplitudes of A1 = 3
and A2 = 5 times the energy spread in the first and second modulator, respectively.
These parameters fit the choices of the FLASH2020+ project [38]. The resulting maximum
bunching factor b [13] for final wavelengths between 2 nm and 6 nm is shown in Figure 2a.
Using a seed with a wavelength of 50 nm in the first modulator and 300 nm in the second
modulator is not beneficial in terms of bunching compared to the classic scheme with two
seed lasers with a wavelength of 300 nm, whereas much higher bunching can be achieved
by utilizing the shorter seed in the second modulator. Both 50 nm configurations drastically
reduce the required longitudinal dispersion of the first chicane, as can be seen in Figure 2b.
As the second chicane converts the energy modulation from the second modulator, a
seed wavelength of 50 nm in this modulator results in an approximately six times smaller
optimum dispersive strength than the one needed for a 300 nm seed.
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Figure 2. (a) Maximum bunching factor for different combinations of seed laser wavelengths. (b) Optimum setup of the
chicanes to maximize the bunching factor. The working point resulting in a lower R56,1 is shown for each configuration.

A tunable seed around 50 nm in the second modulator would allow to overcome
the limitations of the wavelength separation of the harmonics and provide access to a
continuous wavelength range and high bunching. For example, a final target wavelength
of 4 nm with more than 13 % bunching could be achieved either by a 47.4 nm or a 51.3 nm
seed. The preferred setup with the second modulator enclosed in a cavity and thus being
resonant to a shorter seed is shown in Figure 3. As a final remark, we note that one cavity
could be employed for both modulators, which would be preferred in terms of cavity length
requirements. However, in this case, the peak power of the radiation cannot be tuned
independently at the two modulators which is an important aspect of the optimization
of EEHG.modulator 1 chicane 2 amplifier
Figure 3. In an oscillator-based EEHG scheme, one or two optical cavities can be attached. In this
figure, the first modulation occurs with a conventional external seed laser, while the second energy
modulation is achieved by employing an optical cavity around the second modulator. The optical
cavity is fed by a seed laser and maintains its properties in order to seed consecutive electron bunches.

To demonstrate the feasibility of the proposed EEHG configuration, a single-pass
full simulation with the FEL code Genesis 1.3 [39] is carried out. The wavelengths of the
first and the second seed laser are 300 nm and 50 nm, respectively. The electron beam
parameters are the same as those used in the already presented analytical calculations
above, and in addition, the normalized emittance is 0.6 mm mrad, the electron bunch
length is 314 fs full width at half max (FWHM), and the current profile is Gaussian with
a peak of 500 A. The duration of the Gaussian seed laser pulses is set to 150 fs and 50 fs
FWHM for the first and second seed laser, respectively. The simulation is optimized for
an output wavelength of 2.013 nm with longitudinal dispersions of R56,1 = 2.649 mm and
R56,2 = 17.50 µm. The radiator has a period length of λu = 19 mm and is tuned to the
output wavelength. The bunching along the electron bunch upstream from the radiator,
the evolution of the FEL peak power along the radiator, as well as the spectrum and
power profile at the same position in the radiator are presented in Figure 4. The bunching
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amplitude is approximately 9.5% and thus slightly smaller than the 11.2% predicted by
the simple analytical model (see Figure 2a), but still more than sufficient for an efficient
amplification in the radiator.
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Figure 4. (a) Bunching along the electron bunch. (b) FEL peak power along the amplifier modules (gray). (c) Spectrum after
the 5 modules of the amplifier. (d) Power profile after 5 modules of the amplifier.

2.2. Employing an Oscillator-Based Seeding Scheme in an Accelerator in Continuous-Wave or
Burst-Mode Operation

A seeded oscillator-amplifier scheme is suitable for accelerators that can generate
electron bunches at high repetition rates, as it requires a cavity length which matches the
electron bunch repetition rate. The cavity roundtrip length should be Lcav = c/(m · frep),
where frep refers to the electron bunch separation and m is an integer which represents the
number of roundtrips of the radiation before it meets again an electron bunch. For instance,
when the electron bunches arrive with a frequency of 1 MHz, the total roundtrip cavity
length should be Lcav ≈ 300 m for m = 1. Alternatively, the radiation pulse can perform
more than one roundtrip in between two consecutive bunches. However, in this case the
total resonator reflectivity decreases with the number of passes m as Rm.

A superconducting accelerator can run in continuous wave (CW) or burst-mode
operation. At FLASH [40,41], which operates in burst-mode, the bunch trains arrive with
a repetition rate of 10 Hz with a flattop of 800 µs and a bunch spacing of 1 µs (1 MHz
repetition rate). With a pulsed operation at 10 Hz as well, the flattop of the European XFEL
is 600 µs with a 0.22 µs bunch separation (4.5 MHz) [42]. The exact number of bunches
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available depends on the operation mode and the sharing of those bunches among different
undulator beamlines. In the case of burst-mode operation, there is a specific number of
bunches available to build-up the peak power and stability needed to deliver seeded FEL
pulses. This is not an issue when the process starts with a low repetition rate seed laser
source because the steady-state regime is reached within a few passes [22] as shown in
Figure 5a, but it is critical when starting from shot noise, as we show in Figure 5b. The
build-up regime is marked with a green background color. During this process, there must
be positive net gain, and the peak power in each pass increases. The steady-state regime is
marked with blue color in the same figure, and refers to the passes in the oscillator where
the net gain is zero and the peak power per pass is constant. Comparing Figure 5a,b, there
are more power fluctuations in the case where we start with a seed laser. This might be
due to the fact that in this case we do not use a monochromator.

In burst-mode operation, the more bunches are used during the build-up process, the
less bunches will be part of the steady-state regime when seeded radiation is generated.
The steady-state can be maintained for a maximum number of passes defined by the
difference between the available bunches in one bunch train and the number of bunches
used during the build-up process. Taking as an example FLASH and the build-up regime
shown in Figure 5b, we would need 18 bunches to take part in the build-up of the power,
and the remaining 782 bunches would be part of the steady-state regime where the seeded
radiation is generated.

A machine operated in CW mode offers a continuous number of bunches with a
constant separation between them. For instance, SHINE in Shanghai will be operated in a
CW mode and is expected to provide bunches with a continuous 1 MHz repetition rate [43].
The same repetition rate is planned for LCLS-II [44] as well. In this case, the build-up
time needed becomes less important. It is possible to increase the number of passes in the
build-up regime and ensure a smooth transition to the steady state. However, it becomes
more important to verify how long the steady-state regime can be maintained before the
process needs to be initiated again.

(a) (b)

Figure 5. (a) Example of the peak power per pass in an oscillator starting with a low repetition rate seed laser. From the first
pass already the net gain should be zero. In practice, it takes a few passes for the system to self-stabilize. (b) Example of
the peak power per pass in an oscillator starting from shot-noise. For 19 passes the build-up regime where the net gain is
positive is highlighted with a green color. At pass 19, the desired peak power level is reached and the steady state regime is
entered, marked with a blue color. From this pass and onward, the net gain is reduced to zero and the peak power level is
maintained in each pass.
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3. Resonator Considerations
3.1. A Simple Model for the Reflectivity Requirements and Estimated Power Level in the Cavity

The transition between the build-up and the steady-state regime in the case of start-up
from shot noise is discussed in more detail in Section 4, while here we focus on the steady-
state operation of the modulator-amplifier. We maintain the generality of the discussion
by using approximations to build a simple model that can be used to investigate the
parameter space for the design requirements. In the steady-state regime, there is a number
of conditions that need to be fulfilled:

• The input seed power needs to exceed the shot noise power of the electron beam by
several orders of magnitude; otherwise, the SASE is not suppressed and the seeding
process is not successful. Only a part of the seed power contributes to the exponential
growth. Using for estimation the 1D cold FEL model this fraction amounts to 1/9.
Assuming an excess of 3 orders of magnitude, the minimum input seed laser pulse
peak power needs to be at least several 10 kW to 100 kW, depending on the exact
electron beam parameters [45]. In addition, for seeding techniques it is required to
induce an energy modulation of several times the initial energy spread which depends
on the target harmonic to be amplified, the exact seeding scheme and the modulator
length for given electron beam parameters. Typically, this requires a peak power that
is larger than 100 kW.

• The saturation power downstream of the modulator needs to be well below the
“natural” saturation to avoid large induced energy spread, which would suppress
the amplification process at the amplifier. As a general rule, the energy spread
downstream of the modulator σE relative to the electron beam energy E, should be
considerably less than the FEL parameter of the amplifier ρamp [46], thus σE/E �
ρamp [45]. The maximum acceptable seed peak power after amplification in the
modulator strongly depends on the length of the modulator with respect to the gain
length, and thus on the power amplification and on the energy spread increase. For
the sake of avoiding a specific parameter set, here we assume that saturation at the
seed laser wavelength yields between 1 GW to several 10 GW. Assuming a margin
of 3 orders of magnitude to avoid “heating” of the beam, the seed peak power after
amplification needs to be limited to not more than several tens of MW.

The gain from shot noise to saturation of an FEL is around 9 orders of magnitude,
which corresponds to about 20 power gain lengths (Lg). This means that there are 3 orders
of magnitude between the minimum input peak power (Pin) and the maximum output
peak power which are allowed to be lost in the cavity. Otherwise, either the minimum
power is too close to shot noise or the maximum power too close to saturation. It is clear
that these boundaries are not very strict and should only be seen as an approximation. It is
known that the power along z develops as [46]:

P(z) =
Pin
9
· ez/Lg . (1)

With a roundtrip reflectivity R, the power after a modulator length of Lmod should be
P(Lmod) = Pin/R. This leads to

Pin
R

=
Pin
9
· eLmod/Lg → Lmod = Lg · ln(

9
R
) (2)

For the first approximately three power gain lengths we expect no FEL power amplifi-
cation, and this is referred to as the lethargy regime. Assuming three orders of magnitude
for the maximum allowed power amplification, the maximum modulator length is 9 · Lg to
compensate losses. The same equation can be used for design considerations; for instance,
for a total reflectivity of 6%, the modulator should be roughly 5 · Lg. This result is indepen-
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dent of the input seed laser power, however, in practice, the energy modulation process
depends on both the input seed peak power and the length of the modulator as [47]:

∆E =

√
Pin
Po

me2KLmodJJ
γw0

, (3)

where w0 is the seed waist size, K is the dimensionless undulator parameter, me is the
electron mass in keV, P0 ≈ 8.7 GW [47], JJ = J0(ξ)− J1(ξ), where ξ = K2/(4 + 2K2) and
J0,1 the Bessel function of the zeroth and first order. As the modulator is used both for
energy modulation and amplification, both these aspects need to be taken into account
for the exact design. Let us consider an example of these analytical estimations by means
of a reasonable set of parameters: λseed = 50 nm, K = 3.25, w0 = 286 µm, γ = 2641.9,
Lg = 1.12 m. In Figure 6, we show the expected energy modulation for a combination of
seed laser peak power and modulator length, calculated with Equation (3). In the same
figure, we show the reflectivity required as expected by the 1D cold theory and Equation (1)
with the dashed black vertical lines, as it is independent of the input seed laser power. It is
clear that while the modulator length is fixed and is used to determine the amplification,
for a given modulator length, it is still possible to use the seed laser peak power as a knob
to adjust the energy modulation. In turn, the energy modulation is related to the energy
spread which affects the FEL process in the amplifier, as already discussed. Note that while
Equations (1) and (3) are well established approximations valid in the 1D case, diffraction
effects should be also taken into account and the exact dependencies may deviate from this
result.
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Figure 6. The color bar indicates the energy modulation achieved for combinations of seed laser peak
powers (Pin) and modulator lengths (Lmod) and is calculated with Equation (3). The horizontal axis
shows the normalized modulator length to the gain length (Lmod/Lg). The vertical dashed lines show
the reflectivity R required for equilibrium between amplification and losses for different normalized
modulator lengths, and is calculated with Equation (2).

3.2. Cavity Design Considerations

The numbers quoted so far are needed for the system to work, and should be com-
plementary with a discussion on the technical feasibility of the resonator. The important
questions here are if the downstream mirror, which will have the maximum power density,
will be able to withstand it, and if mirrors with the required properties actually exist. We
consider two operation regimes for the resonator: one at a wavelength between 200 nm
and 300 nm, and one between 50 nm and 100 nm.

Regarding the reflectivity requirements, we expect that for wavelengths around
300 nm, the mirror choice will not pose an issue as there are options to choose from.
Optics in this wavelength regime are used for current laser systems, such as dielectric
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mirrors, with reflectivity and damage threshold that guarantee sustainable operation and
have been studied for other storage ring FELs in the past as well [48]. The main challenge
is faced for the working point in the XUV range between 100 nm and 50 nm, where no
commonly used options are available. Here, we consider the upper limit in gain, where
the roundtrip loss should not exceed a factor 1000 to avoid electron beam heating. Under
normal incidence, this means that each mirror should reflect at least 1/

√
1000 ≈ 1/33 or

3%. In case of a ring resonator with mirrors at 45 degree incidence angle, each should
reflect more than 1/

√√
1000 ≈ 1/5.6 or 18%. For example, we consider Molybdenum

mirrors. At normal incidence, the reflectivity at 40 nm is ~6%, at 45 degree around 40% [49].
Both values exceed the requirements. Note that a gain of 1000 is an upper limit that would
require a relatively long modulator. However, it is preferred to operate at a lower gain if
the reflectivity of mirrors allows it.

Here, we consider simple estimations in order to calculate the power density for a
Gaussian beam. Assuming a Gaussian beam with a waist at the end of the undulator, the
size of the spot at the mirror is [47]:

w2(L) = w2
0

(
1 +

(
L
`

)2
)

, (4)

where L is the distance from the undulator to the mirror, w0 is the spotsize at the waist and `
is the Rayleigh length. With the distance to the mirror much larger than the Rayleigh length
and remembering that for a Gaussian beam πw2

0 = λ` with λ the radiation wavelength, the
dependence of the beam radius on the distance becomes nearly linear and we can rewrite
Equation (4) as

w2(L) ≈
(

Lλ

πw0

)2
≈
(

Lλ

πσb

)2
, (5)

where we have approximated the spotsize of the radiation with the electron beam size σb.
Since the mirror has an angle with respect to the radiation in one plane only, the area of the
radiation on the mirror for a transversely symmetric beam can be approximated as:

S ≈
(

Lλ

πσb

)2 1
sin α

, (6)

with α the glancing angle.
Assuming that the fraction of the pulse energy that is not reflected by the mirror is in

fact absorbed, the power density Pd absorbed is

Pd =
Ep

S
· (1− R) = Ep(1− R) sin α

(πσb
Lλ

)2
, (7)

with Ep the pulse energy.
Here, we take the example of FLASH2 and the existing mirrors commonly used in

FLASH operation to demonstrate a feasible working point. For a wavelength of 15 nm
with a mirror 15 m downstream of the undulator under a glancing angle of 1 degree, from
Equation (6) the spot size is approximately 0.3 cm2, assuming a 100 µm beam size. With a
reflectivity of 99% (R = 0.99) and 1 mJ of pulse energy per second for a single pulse, the
power density is around 1 mW/0.3 cm2, or up to 17 W/cm2 for a pulse train of 5000 pulses
per second. Under these assumptions and taking into account the reflectivity, the absorbed
power of FLASH2 on the mirror is up to 170 mW/cm2 for 15 nm.

For a modulator with the mirror at normal incidence at the same distance of 15 m,
the same electron beam size and a wavelength of 50 nm, the spot is from Equation (5)
approximately 2.4 by 2.4 mm. Assuming again Molybdenum mirrors with 95% absorption,
the pulse energy should not exceed 2 µJ in order to avoid an absorbed power density
higher than 170 mW/cm2. At 45 degrees with 60% absorption, the pulse energy would
be approximately 5 µJ. Assuming a typical pulse duration of 100 fs, the peak power is
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therefore 20 MW (or 50 MW for the 45 degree mirror case), which is consistent with the
values mentioned earlier for FLASH. For a CW-FEL, the numbers are more critical because
of the larger number of bunches per second.

Finally, we would like to comment on the geometry of the optical feedback system.
There is a number of components needed in order to maintain a stable operation and
diagnose the radiation field properties. The intensity of the seed laser, which in this case
is the intensity inside the resonator, needs to be regulated and therefore measured for a
large wavelength range without significant distortion of the radiation field. Furthermore,
with the system starting from noise, the noise needs to be suppressed, which is best
done with a grating. Finally, the radiation needs to be refocused in the middle of the
modulator. Therefore, the actual resonator will have a more complicated geometry than
depicted earlier. A ring resonator could include all needed elements, but other geometries
should be considered and compared depending on the wavelength requirements and
space constraints of a specific facility. The technical design and specifications are, however,
beyond the scope of this paper.

4. Simulation Results and Implementation Considerations for Oscillator-Based
Seeding Starting from Shot Noise

In this section, we focus on an HGHG-based oscillator scheme as shown in Figure 1
and more specifically, in the case of an oscillator-FEL starting from shot noise. As shown
in Figure 5b, when the process in the cavity starts from shot noise, there are two separate
operation regimes to be considered. For a transition from positive net gain (“build-up”)
to zero net gain (“steady-state”), the gain has to be reduced. Here, we discuss different
methods that could be applied in order to achieve control over the power gain in the
resonator. In all cases we use the same set of simulation parameters, which is summarized
in Table 1, and the modulator is resonant with 50 nm wavelength. For the sake of simplicity,
here we restrict ourselves to the case of a relative energy modulation A = ∆E/σE = 7,
meaning that the amplitude of the energy modulation ∆E after the modulator is seven times
larger than the initial energy spread σE in the steady-state regime. As seen in Equation (3),
for given lattice, electron beam parameters and constant waist size, the energy modulation
is stabilized if the input peak power in the modulator Pin is stable too. All simulations
here are done with Genesis 1.3 for the FEL process [39], while the radiation field in the
cavity is treated with ocelot [50], which accounts for the slippage, reflectivity, focusing, and
monochromatization.

Table 1. Electron beam parameters used in simulations.

Electron Beam Parameters

Energy 1350 MeV
Energy spread 120 keV
Peak current 1 kA (flat-top)
Pulse duration 300 fs
Normalized Emittance 1 mm ·mrad

4.1. Reflectivity Adjustment

The most direct way to control the net gain is to adjust the resonator reflectivity. In
this case, initially the reflectivity (Rbuild−up) is as high as possible to enable a fast build-up
of the power and then, when the desired peak power level is reached, the reflectivity has to
drop to the value Requil , which ensures equilibrium between losses and power gain. The
reflectivity applied during the build-up process, Rbuild−up, is determined by the maximum
total reflectivity allowed by the mirrors, and the maximum change in reflectivity that can be
supported by a filter within the time separation of two consecutive bunches. The larger the
difference in reflectivity ∆R = Rbuild−up − Requil is, the higher the net gain and the faster
the steady-state regime will start, as shown in Figure 7a. For the present setup of resonator
and beam parameters shown in at Table 1, the reflectivity at equilibrium is Requil = 10.6%,
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including the losses in the monochromator. With Rbuild−up = 14%, 46 passes are required
in the build-up regime in order to reach a relative energy modulation of A = 7, while a
reflectivity of Rbuild−up = 12% requires 99 passes. It is also possible to apply the reflectivity
change in steps if a fast change is not possible. For instance, for the reflectivity change
required as shown in Figure 7b, it is possible to apply the ∆R = 3.4% (from Rbuild−up = 14%
to Requil = 10.6%) in steps of ∆R = 0.34% in 10 passes. In the case of a burst-mode of
operation, the number of steps must be reasonably small compared to the number of
bunches at the steady-state. In the case of a continuous wave operation, these steps can be
as small as required by the hardware limitations.

40 60 80 100

passes in build-up region
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R

 [
%

]

(a) (b)
Figure 7. (a) In this plot, the number of passes needed to reach steady-state as function of reflectivity change, ∆R = Rbuild−up − Requil ,
is shown. We assume that the build-up process is over when the energy modulation is at least A = 7. (b) Example of ∆R = 3.4%. For
the first 46 passes the reflectivity is set to Rbuild−up = 14% and from the 47th pass onward the reflectivity drops to Requil = 10.6% and
the net gain is zero. As a result, the peak power is stabilized.

In practice, the reflectivity change can be implemented by adding a filter in the return
path of the radiation field. A total reflectivity change of several percent is currently not
possible to be applied within 1 µs, but would be possible in several steps during a transition
time. For this reason, this method would be an option in CW machines, as it is currently
unlikely to function in burst-mode in view of time constraints.

4.2. Longitudinal Overlap between Electron Bunch and the Recirculating Light Pulses

Another method to obtain gain control is by affecting the longitudinal overlap between
the electron bunch and the stored radiation field. A change in cavity length would change
the arrival time of the radiation pulse, a procedure known as cavity detuning. The exact
amount of the detuning or delay needed to transition between positive net gain and zero
net gain depends on the electron bunch length. Here, we have assumed a 300 fs flat-top
current distribution for the electron bunch as an example study.

For all passes, the reflectivity is set to a value Rset which is larger than Requil , namely,
the reflectivity, which leads to zero net gain when the longitudinal synchronism between
the electron bunches and the recirculated seed pulse is optimum. Here, we define the
cavity length Lcav for which the detuning is zero (∆Lcav = 0), as the cavity length for
perfect synchronism between the radiation pulses and consecutive electron bunches for
no slippage, thus it is the cold cavity length. Due to slippage effects, perfect synchronism
is achieved for longer cavity lengths (∆Lcav > 0) that allow the longitudinally advanced
radiation pulse to be delayed. As in this case we assume that the reflectivity cannot be
reduced, we keep the reflectivity constant over all passes and we de-tune the cavity by
∆Lcav to reduce the net gain in the steady-state regime. The detuning and the reflectivity
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are two complementary knobs. The larger the reflectivity difference ∆R = Rset − Requil is,
the longer the detuning is needed.

In Figure 8a, a cavity detuning is simulated for a range of set reflectivities Rset between
11% and 15% . The cavity detuning curve for each reflectivity shows how much the length
of the cavity should be shifted to move from the maximum net gain (shown with the
vertical arrow), to zero net gain (intersections between the horizontal dashed line and
detuning curve). The cavity detuning for maximum power gain is independent of the
total reflectivity as expected, as it depends on the total slippage per pass, which is in turn
dependent on the wavelength, the periods of the modulator and the group velocity of the
field. Taking again the example of Rset = 14%, in Figure 7a we need 46 passes to reach
the desired in-cavity peak power level with the optimum detuning of ∆Lcav = 2.7 µm,
and from Figure 8b we see that a detuning of ∆Lcav = −14.1 µm keeps the in-cavity peak
power level constant. The result is shown in Figure 8b, where the cavity length is shifted
by 16.8 µm and equilibrium is reached and maintained.
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Figure 8. (a) Detuning curves for a 300 fs flat-top electron beam. The optimum detuning length is at ∆λ = 2.7µm, for all set
reflectivities, as shown with the vertical arrow. The zero net gain point shown with the horizontal dashed line, shows the
detuning that needs to be applied to reach equilibrium for each total reflectivity Rset. Keeping the reflectivity constant and
changing the cavity length can transition the system from positive to zero net gain. We remind the readers that the power
net gain has no units as it is the difference between the peak power at the beginning of pass n + 1 and at pass n, divided by
the peak power at pass n. (b) With an oscillator starting from the random fluctuation of the electron beam distribution, a
transition between amplification of the power and maintenance of the peak power is achieved by detuning the cavity length
from ∆Lcav = 2.7µm to ∆Lcav = −14.1µm. For all passes the reflectivity is Rset = 14%.

For the implementation of this technique there are different options that can be
considered. When detuning the cavity length, the position of one or more mirrors needs to
be adjusted within µm and with a MHz repetition rate. This depends heavily on the mirror
choice and mirror size and weight. As an alternative solution, in the past a similar dynamic
cavity desynchronization was considered for FELIX [51] in order to control the growth rate
and the final power at saturation and the fluctuations in power [52,53]. It was proposed that
instead of mechanically adjusting the mirrors, it is preferable to ramp the electron bunch
repetition rate frequency by ∆ frep to achieve a cavity detuning of ∆Lcav = L∆ frep/ frep [53].
In this case, a dynamic desynchronization along the bunch train is important.

As a final remark, it is important to point out that the cavity detuning results in a
change in the temporal and spectral distribution of the stored FEL pulse. This has been
extensively discussed in FEL oscillators in the past [54–56]. The consequences on the
properties of the output FEL should be carefully considered before applying this method
for power gain control.
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4.3. Optical Klystron

Another well-established method of gain control in FELs is the use of an Optical
Klystron (OK), first introduced in [57]. It was originally introduced for gain control in
oscillator FELs [58], but its application has been expanded. It has been used as a method to
speed up the FEL process in SASE operation, when the total amplifier length is not sufficient
for a given wavelength [59–61]. In addition, it is used in a seeding scheme when the seed
laser peak power is not sufficient to increase the energy modulation required in seeding [17].
The simplest configuration of an optical klystron consists of two undulators tuned at the
same resonant wavelength and a dispersive section in between them. The electron beam
travels in the first undulator starting from some initial conditions (noise, or external seed)
and a relatively weak energy modulation is induced. Then, the dispersive element modifies
the electron beam phase space. This way, the bunching at this fundamental wavelength
is increased, and the bunched electron beam generates coherent emission in the second
undulator with increased gain. The dependence of the power gain on the longitudinal
dispersion is a useful knob for our setup.

In an oscillator, the two modulator sections separated by the dispersive section are in
the resonator as shown in Figure 9. A 1D theory of optical klystron is discussed in [61] and
a recent revision can be found in [62]. The optimum longitudinal dispersion depends on
the energy spread and in our case can be estimated as

R56,1 =
λres

2πδ
, (8)

where δ is the relative energy spread. With the studied parameter space, the optimum
longitudinal dispersion is predicted as R56,1 = 89 µm. Note that the sum of the length of
modulator 1 and modulator 2 in Figure 9 is equal to the length of the modulator in Figure 1,
so the power gain increase is introduced by chicane 1 only, and not by increasing the length
of the modulator.modulator 1 chicane 2 amplifierseed modulator 2chicane 1
Figure 9. In an oscillator-based HGHG scheme, an optical klystron can be employed. To do so, the
cavity contains two modulators separated by a chicane. This way this chicane can be tuned to control
the gain per pass.

In order to transition to the zero net gain regime, the R56,1 should initially be set to a
value close to the optimal, and later on tuned to another value which would reduce the
gain in the second modulator. In Figure 10a, we show the net gain achieved for different
reflectivities and R56,1. The R56,1 at the steady state is determined by the intersection of the
curves and the horizontal dashed line, which shows the zero net gain. We are interested
in the range R56,1 < 75 µm, because a too large R56,1 would cause an over-rotation of the
longitudinal phase space which is not useful, as we still need to increase the bunching at
a harmonic of the seed wavelength with the R56,2. The optimum longitudinal dispersion
appears at around R56,1 = 73 µm, which is approximately in agreement with Equation (8).
Note, here, that the reflectivities required with the optical klystron are dramatically reduced,
by more than an order of magnitude, when we compare to Figure 8a. As an example,
with a reflectivity Rset = 0.38%, we can build-up the peak power needed for seeding with
R56,1 = 42.5 µm, and after 19 passes change the longitudinal dispersion of the first chicane
to R56,1 = 30 µm to achieve zero net gain, and stable peak power of the radiation field per
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pass as shown in Figure 10b. Note, here, that the input peak power is considerably lower
in the order of 120 kW compared to the roughly 3.5 MW needed in all other gain-control
methods presented already, to achieve the same energy modulation A = 7. In addition,
the reflectivity required, Rset = 0.38%, which considerably relaxes the requirements on the
mirror specifications.
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Figure 10. (a) Changing the R56,1 of the chicane affects drastically the gain in power. Here we show the net power gain for
selected set reflectivities Rset, between 0.4% and 1%. The horizontal line shows the zero net gain. (b) With a reflectivity
Rset = 0.38%, it is possible to transition from positive gain to zero gain by adjusting the longitudinal dispersion of chicane1
as shown in Figure 8, from R56,1 = 42.5 µm to R56,1 = 30 µm, respectively.

The optical klystron has many advantages. As already explained, the first one is that
it makes the transition from positive to zero net gain possible. In addition, it increases
the gain both in the positive gain regime and in the zero net gain regime as R56,1 6= 0 as
well. This relaxes significantly the requirements in mirror reflectivity in the XUV range.
Moreover, the optical klystron could be used as an active tuning tool to adjust the gain per
pass and absorb different sources of jitter which contribute to gain changes. Concerning
technical requirements, a chicane consisting of fast kickers for this purpose should be able
to change the R56 by several µm and with a MHz repetition rate. Stripline fast kickers
are already standard technology and are, for instance, used at the European XFEL for
extracting individual electron bunches with up to 4.5 MHz repetition rate [63,64]. Let us
assume that a change of 10 µm is sufficient to transition from positive net gain to zero net
gain. The longitudinal dispersion of the chicane is approximately R56 ≈ Lθ2, where L is
the distance between the first and second dipole of a chicane and θ is the bending angle of
the first dipole. A kicker adds an angle

∆θ[µrad] = Lkicker[cm]Bkicker[Gauss]/Eb[GeV],

with Lkicker and Bkicker being the length and field of the kicker and Eb the electron beam
energy. With these kickers, a kick angle of 0.6 mrad can be achieved with Eb = 1 GeV and
the change of R56 shown in Figure 10b would be possible within 1 µs. It is important to
ensure that implementing this change in R56 will not affect the stability of the system. Using
the kickers only in the build-up regime would ensure stability during the steady-state
regime. For the build-up regime, the stability is not so important, as long as the peak power
is reached, since during these passes no seeded radiation is generated.

5. Comparison of Simulation Results

Until now, we have only discussed about the process in the modulator and resonator.
In this section, we compare simulation results at a final wavelength of 4.167 nm, reached
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with different schemes and this time we show the final FEL pulses generated at the amplifier.
For the HGHG simulations, this wavelength is the 12th harmonic of a 50 nm resonant
modulator. We consider the following four cases:

• A SASE setup, starting from shot noise and without changing any electron beam
parameters. The FEL pulse is extracted at the same position as the seeding simulations.

• A single-pass standard HGHG setup, starting with an ideal Gaussian seed laser pulse
instead.

• An HGHG seeded oscillator-amplifier starting with a low repetition rate seed laser.
This scheme was discussed in detail in [22]. For the first electron bunch an external
seed laser pulse is injected, and then the seed pulse is stored in the cavity.

• An HGHG seeded oscillator-amplifier system starting from shot noise. This was
described in detail in Section 4. A reflectivity change from Rbuild−up = 14% to
Requil = 10.6% was used to transition from positive to zero net gain.

In Table 2, we have summarized the main simulation results for the four different
cases, and in Figure 11 we show the final spectra for the four different cases with the same
final wavelength of 4.167 nm. In addition, for completeness, we have added the pulse
properties of the output FEL at 2 nm with the EEHG simulations discussed in Section 2.1.2.
The output FEL is shown in Figure 4. Note that the peak power is comparable for all HGHG
seeded pulses as expected; however, as the resulting pulse duration differs, the bandwidth
cannot be directly compared. It is important to emphasize that a single-spike spectrum
was generated in all seeded schemes. The power spectral density in the multi-pass HGHG
starting with a seed laser, and in the standard single-pass HGHG are almost identical,
while the multi-pass HGHG starting from shot noise seems to have almost an order of
magnitude higher spectral density as shown in Figure 11d. In this case, we have used
a monochromator with an rms bandwidth of ∆λ/λ = 2.5 · 10−4 in the resonator, which
stretches the radiation pulses and filters the radiation in the frequency domain. Because of
this, the result in Figure 11d deviates compared to the other two HGHG cases.

Table 2. Simulation results for final FEL pulse at the same position along amplifier. For the multi-pass
simulations, we examine the FEL pulse after 100 passes. For the SASE, we calculate based on the
average over 50 simulations with different shot noise. For EEHG, we consider the simulation results
of a 2 nm output FEL shown in Figure 4.

Peak Power ∆λFW HM /λ rms Pulse Duration

SASE 3 MW 2× 10−3 75 fs
Standard HGHG 1.2 GW 1.6× 10−4 20 fs

multi-pass HGHG (seed) 1.2 GW 2× 10−4 27 fs
multi-pass HGHG (shot-noise) 1.1 GW 5× 10−5 60.6 fs

single-pass EEHG 0.18 GW 1.6× 10−4 11.35 fs
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Figure 11. Spectra of final FEL pulse at the same position at the amplifier and with the same electron beam parameters
shown at Table 1. The spectral intensity is normalized to the peak intensity calculated at the standard single-pass HGHG
simulation. (a) SASE. Please notice the extended horizontal axis. The average SASE spectrum over 50 shots is shown
with the black line. (b) Standard HGHG in a single-pass. (c) Oscillator-FEL starting with an external seed laser pulse.
(d) Oscillator-FEL starting from shot-noise.

6. Discussion

In this paper, we described different seeding schemes that can benefit by employing an
oscillator setup to increase the repetition rate of a seeded FEL. We presented an overview
of simulations and requirements for its implementation. We developed a simple model to
estimate the amplification and modulation process in the modulator. This gave an insight
into the design of the resonator in terms of modulator length, resonator requirements,
and feasibility of the implementation of this scheme. Then, we focused on simulation
results of an HGHG scheme. We showed that there is a number of methods that could be
used to dynamically control the power gain in the resonator when the process starts from
shot-noise and we compared the performance of a single pass HGHG, a multi-pass HGHG
starting with a low repetition rate seed laser and of SASE, which is to be considered as
our background.

Where so far the wavelength range mentioned here could only be reached with an
EEHG scheme, the use of a resonator now would make it possible to reach the same
wavelength with an HGHG scheme. Alternatively, starting with a shorter wavelength in
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an EEHG scheme, the use of the resonator could push the minimum wavelength beyond
the water window and transition metals, making seeding in this important wavelength
range possible. These options will be studied in future studies.

In addition, there are still a number of considerations that need to be addressed as
we are moving towards more detailed studies for the realization of this scheme. Even
though first stability studies were presented in [22], it is still crucial to study the stability of
this scheme over several passes with a non-ideal electron beam, including imperfections
and energy chirp effects. In addition, there are other important questions related to its
implementation, such as how the repetition rate can be adjusted when experiments need
a lower repetition rate, the space constraints to insert mirrors when the longitudinal
dispersion required for seeding at short wavelengths is small, the requirements in terms of
diagnostics for the recirculating radiation field, and realizing wavelength tunability. These
are expected to be addressed in future work.
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Chapter 6

Conclusions and Outlook

This thesis is motivated by the limitations that external seeding techniques suffer
from because of the, otherwise fundamentally important, seed laser systems: their
coherence is transferred to the output FEL radiation but at the same time they limit
its maximum repetition rate, shortest possible wavelength and tunability in wave-
length. This way, many experiments that would benefit by the full coherence and
timing stability of seeded radiation are excluded. In addition, the low repetition rate
of seeded radiation limits the statistics obtained in experiments and excludes the
observation of very fast processes. In Chapters 3, 4 and 5 I showed published and
detailed simulation results of three setups that allow us to manoeuvre around these
limitations and generate high repetition rate radiation while maintaining the unique
properties of external seeding techniques. All of them primarily aim to increase the
repetition rate, secondarily to reduce the shortest wavelength of seeded radiation
and in some cases to extend the wavelength tunability.

The first proposal was an optical-klystron based HGHG scheme presented in
Chapter 3. With our work, we have demonstrated that with this setup it is possible
to reduce the required seed laser power by two to three orders of magnitude and
yet, maintain the properties of seeded radiation even at the 15th harmonic of the
seed laser wavelength. As the seed laser power is significantly reduced, it is possi-
ble to increase the repetition rate or use seed laser systems of shorter wavelengths.
While the first proof of principle experiment has already taken place [81], it is still
important to study in more detail and systematically the advantages and limitations
of this setup. It is crucial to verify the effect of a linear and quadratic energy chirp: in
a standard HGHG setup, a wavelength shift is anticipated with the linear chirp and
bandwidth broadening with the quadratic energy chirp. With the optical klystron,
it is expected that the wavelength shift will be more significant due to the two in-
dividual stages with chicanes. As a result, a different optimization depending on
the electron bunch energy profile is required. In addition, the micro-bunching insta-
bility has proven to be a significant limitation in seeded FELs and its impact on an
optical klystron based HGHG should be verified. This systematic study will allow
further experiments that can be optimized based on the observations from simula-
tions. Since the setup is rather simple and resembles EEHG beamlines, this scheme
could be part of the standard operation of high repetition rate FELs in the near fu-
ture.

The second proposal was an HGHG seeded oscillator-amplifier, using a low rep-
etition rate seed laser to initiate the process, and an optical cavity to store it and
seed consecutive electron bunches (Chapter 4). This solution is attractive because
it allows high repetition rate seeding while using seed lasers in low repetition rate.
While the simulations published were quite extended, to be able to design a first
proof of principle experiment there are further considerations that can be made.
Concerning the electron bunch, it is important to incorporate in the simulations its
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expected energy chirp. As the energy chirp translates into a chirp of the ampli-
fied field, the several passes in the resonator are expected to gradually enhance this
chirp. A start to end electron bunch should be used to verify that it does not af-
fect significantly the stability of the setup. Concerning technical considerations, the
in-coupling of the seed laser in the cavity needs to be designed and the reflectivity
of mirrors at wavelengths between 50-100 nm must be experimentally determined
since there is little available data in this region of interest. In addition, it is impor-
tant to verify the position that the first mirror after the in-cavity modulator should be
placed at. While the chicane seems to be a natural choice, short wavelengths in the
order of 50 nm and typical electron bunch properties require a longitudinal disper-
sion in the order of tens of micrometres. Such a small R56 is a limiting factor when
space is needed for a mirror insertion. Different considerations need to be taken into
account to solve this issue. For instance, the optical klystron discussed above can
be a solution: since the chicane in between the two undulator sections increases the
bunching at the fundamental wavelength, the longitudinal dispersion is typically
larger. Another solution is to directly implement an EEHG setup with an oscillator
as a larger dispersion is more common compared to an HGHG setup. Both solutions
are briefly discussed in the publication of Chapter 5. Finally, the optical cavity is
very long and in the order of 300 m for 1 MHz repetition rate and reducing further
the repetition rate is not straightforward. If sufficient reflectivity is provided by the
mirrors, one solution would be to let the stored radiation pulse perform more than
one roundtrip in the cavity in between two consecutive electron bunches.

In Chapter 5 it was proposed to become completely independent of seed laser
sources . The additional advantage compared with the setup discussed above is that
the fundamental wavelength can be chosen independently of availability in seed
laser sources, making extended wavelength tunability and shorter wavelengths pos-
sible. While all the considerations discussed above for the seeded oscillator hold
true for this setup as well (except for the in-coupling of the seed laser), here the con-
siderations to plan a first proof of principle experiment are extended. First of all,
it is crucial to identify a fast feedback that will allow a smooth transition between
power amplification and power equilibrium. Several methods were proposed in the
publication and all of them are calling for near state-of-the-art solutions, therefore
experimentally testing the different solutions to identify the technical limitations is
of utmost importance. Out of the proposed solutions, the fast kicker chicane has
the natural advantage that it is "off" during the steady-state, and "on" during the
amplification of the power when the stability of the chicane does not matter as the
radiation is not yet used at experiments. To be able to transition from the positive
net gain to a steady-state there must be a fast feedback that can measure the power
at the return path and identify the pass that the transition should take place. In sim-
ulations, it is easy to identify after how many passes the power of interest is reached,
however, since it starts from shot noise and the electron beam parameters fluctuate
from bunch to bunch the number of passes required to reach the power of interest
is expected to vary from one bunch train to the next one. This feedback is also im-
portant to be able to identify other abnormalities such as when one electron bunch
is lost and the gain needs to be readjusted to compensate for the additional losses.

Last but not least, as a monochromator is required, the losses would increase fur-
ther and the requirements on mirror reflectivity become more and more important.
Another issue that arises when the seed laser is completely omitted, is that the syn-
chronization with the pump-probe laser is lost and a fast feedback with a femtosec-
ond synchronisation system is required instead to synchronise the FEL pulses and
the pump-probe laser. The different advantages and disadvantages vary depending
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on the type of operation of the FEL. CW operation allows a smoother transition from
the power amplification to the equilibrium state due to the, in principle, unlimited
number of bunches compared to a burst mode of operation. On the other hand, a
burst mode of operation fulfills a much lower threshold of power density that the
mirrors in the cavity can withstand compared to the many more photon pulses per
second generated by a CW FEL. As a result, different machines need to study the
cavity geometry and the technical challenges based on the special features of each
FEL.
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Appendix A

Numerical methods

In this section, I introduce the FEL code Genesis 1.3 [64], which is the main tool for
all FEL simulations shown in this thesis, and the multi-package Ocelot [102], which
is used for the treatment of the radiation fields when there is no interaction with the
electrons. Following, the main features of these codes are introduced.

A.1 Simulating the FEL process with Genesis 1.3

Simulation codes that model the FEL process (interaction of electrons with an optical
field in an undulator) are of utmost importance for the understanding and accurate
design of FELs. As discussed in the Theory chapter of this thesis (Chapter 2), an
analytical solution for the FEL process is not possible, so numerically solving the
FEL equations is the most promising approach for reliable results. Many different
applications of FELs exist and call for different approximations, so different codes
offer different solutions of one dimensional or three dimensional approach, averag-
ing or not the undulator orbit, using time dependence or not, using a slow varying
amplitude approximation. Different simulation codes exist to serve the different re-
quirements within the FEL community and few of them that are commonly used are
Genesis 1.3 [64], Ginger [65], MINERVA [103], MEDUSA [104], FAST [105], PUFFIN
[106] and more.

The results shown in this thesis depend on the simulation code Genesis 1.3 ver-
sion 4 [107] which is a time-dependent and three-dimensional simulation code that
is based on a slowly varying envelope approximation (SVEA) and undulator period-
averaged equations of motion. An electron bunch consists of a large number of elec-
trons, typically in the range 109 − 1011. Simulating all these electrons can be very
demanding computationally and requires several hours of simulations. While in
most simulation codes (including the previous version of Genesis) the electrons are
represented by macro-particles, which are sample particles used to reduce memory
requirements and speed-up the simulations, in this 4th version of Genesis it is pos-
sible to simulate all electrons in an one4one mode. This means that each electron is
treated individually in the simulations. In Genesis, the electron bunch consists of
longitudinal slices with each of them being one resonant wavelength long and the
radiation field is described in a 2D grid that is also treated in longitudinal slices.
In Genesis v4, the electrons are allowed to move from the one longitudinal slice to
another, as the complete electron bunch and radiation field are kept in the mem-
ory. This feature is particularly useful for electron bunches with a significant energy
chirp traversing a chicane, or schemes like EEHG where strong chicanes are needed
to reshuffle the electrons in the longitudinal phase space. This version of Genesis is
written in C++.

This highly accurate model requires the use of clusters and parallel computing,
and all simulation results based on Genesis are, for this thesis, obtained this way and
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with the help of the Maxwell cluster resources operated at DESY. In Chapter 3, the
optical klystron based HGHG is simulated in an one4one mode, so with a realistic
number of electrons, unless otherwise stated. In a few cases, it is explicitly stated
that steady-state simulations (no longitudinal dependence of properties) was cho-
sen to scan parameters faster. The oscillator-FEL is a rather more computationally
demanding FEL scheme since the simulations run in several passes. For this reason,
a "macro-particle" approached was preferred when simulating the results shown in
Chapter 4 and 5.

A.2 Radiation field treatment with Ocelot

Ocelot is an open source multiphysics simulation toolkit based on python that ad-
dresses light sources such as FELs [102]. In an FEL, it covers a wide range of its
physics as it is possible to optimize the electron beam dynamics, import the lattice
to FEL simulation codes such as Genesis and perform pre/post-processing, export
the FEL radiation field for characterization and propagation in a beamline. In ad-
dition, it offers online optimization tools for FEL tuning [108]. In the results shown
in this thesis, I use Ocelot for FEL radiation propagation and characterization of the
field properties. More specifically, Ocelot was used for the oscillator FEL simulation
results shown in Chapters 4 and 5. Adaptors from Genesis to Ocelot and vice versa
already exist in Ocelot.

When the radiation field is loaded into Ocelot, a number of actions is possible
to simulate the transportation of the radiation field in the cavity. The radiation field
can be converted to the appropriate domain for the desired operation and it can be
propagated along drift sections while the mesh size can be readjusted to allow opti-
mum resolution with no numerical reflections due to the grid size. In addition, it is
possible to focus the radiation field which is done by adding a quadratic curvature
to the wavefront. Another feature that was used in the simulations presented in the
thesis is the monochromatisation. For this, a Gaussian transfer function can be de-
fined to filter the radiation field in the frequency domain at the desired wavelength
and bandwidth. Other useful tools offer: plotting the radiation field, plotting the
Wigner distribution, adding group delay dispersion, calculating the coherence de-
gree, identifying the waist size and position of the radiation field, back-propagating
it, reflecting it on mirrors with height errors.

Finally, for this thesis many self-written tools were used but also a few more tools
that were generously shared: elegant [109] was used for the electron beam optics
matching, chi23d [110] was used for post-processing of the in-cavity radiation field
and params, an excel tool developed by B. Faatz, was used on several occasions to
obtain estimations and optimize the design of the FEL.
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Additional simulation results

B.1 HGHG seeding with an optical klystron

For the simulation results shown in this section, I consider the simulation parameters
and results shown in the publication of Chapter 3. I use the same simulation param-
eters but in this case, I optimize for the 10th harmonic of the seed laser wavelength.
In a similar optimization method, R56,1 remains the same as it does not depend on
the input seed laser power, but only on the uncorrelated energy spread. I aim at a
bunching of 8% at the 10th harmonic with the minimum seed laser power possible.
To achieve this, the input seed laser power and the R56,2 are tuned. The optimized
parameters for the optical klystron HGHG (OK HGHG) and the standard HGHG
are shown in Table B.1.

With these parameters, the bunching at the fundamental wavelength after chi-
cane 1 in the optical klystron HGHG is equal to b1 = 16%. Based on Eq. 2.49, a
pre-bunched electron bunch can almost immediately start emitting coherent radia-
tion with no need for an external seed laser. For relatively shorter modulators, the
power in the second modulator grows quadratically, while for longer modulators
it grows exponentially (see Eq. 2.50), following the already introduced FEL process
starting with a pre-bunched electron bunch. As shown in Fig. 2.6, the power in-
creases rapidly if there is sufficient bunching. I compare the rise of energy modula-
tion along the modulators with the chicane at the optimized R56,1 = 482 µm and the
chicane off. I show the energy modulation along the modulators shown in power
gain lengths in Fig. B.1. It is clear that without the chicane, it is not beneficial to use
two modulators. The energy modulation increases more considerably after the first
gain length in modulator 2.

TABLE B.1: I list the simulation parameters optimized for the
time-dependent simulations.

Standard HGHG OK-HGHG
R56,1 /R56,2 -/67.6 µm 482 µm/50 µm
Kamp 1.7 1.7
Seed laser power (Pseed) 25 MW 0.048 MW

The optimization of the output FEL for the standard HGHG and the optical
klystron HGHG (OK-HGHG) resulted in comparable results, shown in Fig. B.2. The
pulse properties and energy spread of the electron beam are shown in Table B.2. The
results of the OK-HGHG were achieved with a seed laser power that is reduced by
a factor of more than 500 compared to the standard HGHG (see Table B.1).
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FIGURE B.1: Energy modulation along the two modulators with the
chicane on and off. The modulator length is shown in power gain
lengths and, for an easier understanding, I have excluded the drifts,
the quadrupole and the chicane in between the two modulators since
the energy modulation is not affected while the electron bunch tra-

verses these elements.

TABLE B.2: Comparison of simulation results between a standard
HGHG and an OK-HGHG setup. The output wavelength is 30 nm
and results as the 10th harmonic of a 300 nm seed laser. The energy
spread is calculated upstream from the amplifier.

Standard HGHG OK-HGHG
Energy spread at amplifier (σ′

E) 373.3 keV 407.3 keV
FWHM relative bandwidth 1.1 · 10−3 1.1 · 10−3

Pulse energy 63.8 µJ 64.8 µJ
Pulse duration rms 20.2 fs 20.7 fs

I repeat the same simulations shown in Fig. B.2 but this time I change the initial
shot noise in each of these simulations. The random seeds that initiate the simula-
tions are the same as the ones used for the 15th harmonic shown in the publication
of Section 2.4.2.

The results of the 10th harmonic and the 15th harmonic of a 300 nm seed laser
wavelength are both very encouraging for the implementation of an OK HGHG
scheme. The potential issues are that the noise amplification depends quadratically
on the harmonic number, which could affect the higher harmonic, and that the 10th
harmonic requires only 48 kW of input power which translates into a lower input
signal to noise ratio. However, in both harmonics I showed with time dependent
and 3D simulations that:

1. The seed laser power can be reduced by two orders of magnitude.

2. The output FEL radiation shows an insignificant sensitivity to the initial shot
noise, while the output pulse properties remain comparable to the standard
HGHG results.
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HGHG and an OK-HGHG setup for the 10th harmonic of a 300 nm
seed laser wavelength. In the first row I show the gain curves in
amplifier and the output FEL power profiles. At the bottom, I show
the output FEL spectra normalized to the intensity of the standard

HGHG simulation.
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FIGURE B.3: I repeat the simulations of Fig. B.2 with a different initial
shot noise of the simulation. In the first row I show the shot to shot
pulse energy fluctuations, in the second row I show the output FEL
power and spectrum for a standard HGHG scheme and at the bottom
I show the power profile and spectrum of the output FEL for the OK

HGHG scheme.
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B.2 HGHG seeding with an oscillator starting with a low
repetition rate seed laser

In this section, I have included additional material that is complementary to the
publication shown in Section 4. The focus here remains on the 50 nm resonant mod-
ulator and the amplification of the 12th harmonic. Initially, I discuss in more detail
the optimization of the oscillator, shown in Fig. 4.1. As a first step, the lattice pa-
rameters are chosen. This means that the undulator parameter should be decided
and a reasonable optics matching should be achieved by adjusting the quadrupoles’
strength. While the undulator parameter is typically calculated from the resonance
condition of Eq. 2.30, 3D effects that are included in our simulations may result in a
different optimum K. Scanning the undulator parameter of the modulator (in-cavity
undulator) in a single pass and in several passes in the oscillator results in different
power gain as shown in Fig. B.4. The K for an optimum gain is shifted to lower K
values compared to a single-pass.
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FIGURE B.4: Power gain in the first pass of the oscillator and in the
fourth pass for different undulator parameters K.

The beta functions in the modulator are shown in Fig. B.5. Based on this, the rms
electron beam size varies between 32 µm-85 µm horizontally and between 50 µm-
80 µm vertically. Even at focus, the radiation field is larger than the electron beam
size, ensuring a good overlap between the two. The waist size (in a definiton of
1/exp2) is shown in Fig. B.6. It should be pointed out that due to the gain guiding
the radiation field is typically smaller transversely than anticipated by propagating
it in a drift section. To demonstrate this I take the radiation field at the 60th pass
and I first propagate this along the actual beamline and I plot the intensity profile at
several positions (see Fig. B.7), and then I propagate the same radiation field along a
drift of the same length (see Fig. B.8). It is clear that while the radiation field along a
drift reaches the minimum waist size at focus and then starts diverging again, along
the modulator the gain guiding plays an important role; since the FEL interaction
occurs where the electron density is significant, the dominant mode of the radiation
is kept at the central part of the electron bunch where the amplification takes place
and as a result, the transverse size of the radiation is smaller compared to its size
when diffraction occurs without guiding.

The optimization of the longitudinal overlap has already been discussed in the
publication in Section 4 and the optimum detuning is extracted from the detuning



102 Appendix B. Additional simulation results

FIGURE B.5: Optics matching along the modulators and the chicane.
The elements of the beamline can be seen in Fig. 4.1.
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FIGURE B.6: Waist size of radiation field stored in the cavity. It is
calculated by propagating the input field along a drift and identifying

its waist size.

curve of Fig. 3. Using the suggested cavity detuning of ∆λ = 54λseed, I show the
stability of the longitudinal position of the radiation field with respect to the electron
bunch position per pass in Fig. B.9. The time window of the simulation is 80 µm and
it is fixed to follow the electron bunch. On the left, the power profile is shown with
respect to the electron bunch current distribution at the 1st pass of the oscillator and
at the entrance of the modulator. On the right, I show the position of the peak of the
Gaussian power profile of the radiation field at the entrance and at the exit of the
modulator. As it can be seen, the radiation field is shifted along the modulator due
to slippage, but an optimum cavity detuning corrects for this slippage and allows
optimum overlap for all 100 passes.
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FIGURE B.7: Projected intensity of the radiation field on the trans-
verse plane. Position z = 0 m shows the intensity at the entrance of
the modulator at the 60th pass. At z = 2.7 m the first modulator seg-
ment ends, and two drift sections separated by a quadrupole follow,
as shown in Fig. B.5. Between z = 3.6 m and z = 6.3 m the second
modulator segment is placed. In this case, amplification takes place

and leads to gain guiding.
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FIGURE B.8: Projected intensity of the radiation field on the trans-
verse plane. Position z = 0 m shows the intensity at the entrance
of the modulator at the 60th pass. The radiation field is propagated
along a drift section and the focal point occurs after roughly 3 m. In
this case, there is no amplification of the radiation field so the propa-

gation leads to diffraction.
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In the second part of the setup (see Fig. 4.2), the energy-modulated electron
bunch traverses the bunching chicane to obtain sufficient bunching at the 12th har-
monic of the seed laser wavelength. The R56 of the chicane is tuned to achieve maxi-
mum bunching. Comparing the theoretical prediction for R56 there is a discrepancy
(a lower R56 was used in the simulation). This difference results due to the relatively
long modulator used of 5.4 m. Since the modulator is characterized by a longitudinal
dispersion, this should be subtracted when setting the R56 of the chicane.

The results of the output FEL shown in the publication of Section 4 were obtain
with the undulator parameter of the amplifier set based on the resonance condition
of Eq. 2.30. A scan of the undulator parameter can, however, further enhance the
output FEL as shown in Fig. B.10. These results were obtained by reducing the the-
oretically calculated undulator parameter by 0.2%.
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FIGURE B.10: The output of the FEL amplifier in time and frequency
domain for one 100 passes. This results as the 12th harmonic of a
50 nm wavelength laser. These results can be compared to the Fig. 4
and 5 of the publication shown in Chapter 4. The difference between
these results is that here I have reduced the K parameter of the ampli-

fier by 0.2%.

For completeness I have added the electron optics in the amplifier section in
Fig. B.11.
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FIGURE B.11: Optics matching along the amplifier. The elements of
the beamline can be seen in Fig. 4.2.
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Ipeak electron beam peak current
J Bessel function
j0 dc electron beam current density
j̃ modulated electron beam current density
K undulator parameter
K̂ modified undulator parameter
kl FEL radiation wavenumber
kP space charge parameter
kRF RF wavenumber
Kseed seed laser wavenumber ratio
kseed seed laser wavenumber
ku undulater period wavenumber
lbunch electron bunch length
lc coherence/cooperation length
Lg0 1D power gain length
Lg 3D power gain length
Lmod modulator length
M transfer matrix
M2 M2 quality factor
M f longitudinal modes
m0 rest mass
me electron rest mass
n harmonic number
Nu number of undulator periods
Pbeam electron beam power
Pcoh coherent power of pre-bunched electron beam
Pin input power



114

Psat saturation power
Pshot shot noise power
Pth transition power of pre-bunched electron beam
P power
p momentum
r radial coordinate
Rc radius of curvature of particle trajectory
Rcurv radius of curvature of wavefronts
R56 longitudinal dispersion
S spectral intensity
s longitudinal intra-bunch coordinate
t time coordinate
U wave complex amplitude
uz/x/y longitudinal/horizontal/vertical velocity
VRF RF voltage amplitude
w0 waist size of radiation field at focus
w(z) waist size of radiation field
Xγ energy spread parameter
Xd diffraction parameter
Xε angular spread parameter
x/y transverse displacement
x′/y′ transverse angular displacement
z longitudinal position
zR Rayleigh length

α laser chirp parameter
α(z) alpha function (twiss parameter)
A normalized energy modulation
β(z) beta function (twiss parameter)
βavg average beta function
βrel velocity relative to speed of light
Γ gain parameter
γ(z) gamma function (twiss parameter)
γ electron beam energy
δ relative momentum offset
∆Egain electron beam energy gain
∆E energy modulation
∆νFWHM FWHM frequency bandwidth
ε emittance
ϵ0 vacuum perimittivity
εN normalized emittance
ζ Gouy phase shift
η relative energy deviation
λl undulator wavelength/FEL wavelength
λr reference wavelength
λu undulator period
µ0 permeability of free space
ν instantaneous frequency
ρFEL FEL or Pierce parameter
ρ0 dc electric charge density
ρ̃ modulated electric charge density
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σr photon beam rms transvserse size
σr′ photon beam rms angular size
σx/y electron beam rms transvserse size
σx′/y′ electron beam rms angular divergence
σδ relative energy spread
σE uncorrelated energy spread
σE′ energy spread upstream from amplifier
σFEL

ζ FEL rms pulse duration
σζ seed laser rms pulse duration
τFWHM FWHM pulse duration
Υ electric field
Φ flux
ψ ponderomotive phase
ω angular frequency
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