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ABSTRACT

In this thesis, I present experiments that directly compare superfluid
2D and 3D Fermi gases to study the effect of reduced dimensionality
on the stability of strongly correlated superfluids and superconduc-
tors. As the highest critical temperatures for superconductivity are
exclusively found in layered two-dimensional materials, this is a sub-
ject of broad and immediate interest. However, changing the dimen-
sionality of solid state materials such as superconductors is a highly
non-trivial task, and it is therefore still unclear to what extent the re-
markable stability of these strongly correlated 2D superfluids is re-
lated to their reduced dimensionality. For this reason, ultracold Fermi
gases have emerged as clean and tunable model systems that resemble
strongly correlated superconductors in many aspects, but enable the
interaction strength and dimensionality of the system to be changed
nearly at will.

To study the influence of reduced dimensionality on fermionic su-
perfluidity, we therefore created such ultracold Fermi gases both in
2D and 3D in the same experimental setup, realizing homogeneous
systems which are identical in their microscopic physics apart from
the effects of their dimensionality. To quantify the stability of the
superfluid phase in these systems, we probed their excitation spec-
trum over a wide range of momentum and energy using stimulated
Bragg spectroscopy. Such measurements allowed us to firmly estab-
lish superfluidity in 2D Fermi gases for the first time. Using Bragg
spectroscopy, we observed nonzero critical velocities below which the
gas flows without friction. We investigated how the critical velocity
depends on the interactions and the temperature of the system and
found robust superfluidity over a wide range of interaction strengths.
Our Bragg spectroscopy setup allowed us to obtain the full dynamic
structure factor of 2D and 3D Fermi gases, revealing the smooth cross-
over between bosonic and fermionic superfluidity and allowing us to
extract the superfluid gap.

These measurements enabled us to perform the first direct com-
parison between 2D and 3D Fermi gases. We compared our measure-
ments of the superfluid gap in 2D and 3D using two equivalent pa-
rameterizations of the interaction strength applicable to both dimen-
sionalities. Remarkably, we found that the superfluid gap follows the
same universal function of the interaction strength in both 2D and
3D, which suggests that there is no inherent difference in the stabil-
ity of fermionic superfluidity between 2D and 3D Fermi gases. This
trend held even as we expanded the comparison to include differ-
ent superconducting materials, indicating that the superfluid phase
is unexpectedly robust with regard to the reduced dimensionality in
fermionic superfluids in general.






ZUSAMMENFASSUNG

In dieser Thesis stelle ich Experimente vor, in denen ich {iber einen
Vergleich von 2D und 3D Fermigasen den Einfluss der Dimensiona-
litdat auf die Stabilitédt stark korrelierter Suprafluide untersucht habe.
Dies ist ein Thema von hoher Relevanz, da die Kristallstruktur von al-
len bekannten Supraleitern mit sehr hohen kritischen Temperaturen
zweidimensionale Schichten aufweist. Da es allerdings hochst nicht-
trivial ist, die Dimensionalitédt eines Festkorpers zu dndern, ist nach
wie vor ungeklirt inwiefern die Stabilitdt dieser stark korrelierten 2D
Suprafluide mit ihrer Dimensionalitit zusammenhéangt. Um solche Fra-
gen beantworten zu kénnen haben sich ultrakalte Fermigase als Mo-
dellsysteme etabliert. Diese Systeme dhneln Supraleitern in vielerlei
Hinsicht, haben aber den grofien Vorteil, dass ihre Wechselwirkung
und Dimensionalitédt kontrolliert verdndert werden kénnen.

Um den Einfluss der Dimensionalitédt auf fermionische Supraflui-
ditdt zu untersuchen haben wir ultrakalte Fermigase sowohl in 2D
als auch in 3D im gleichen Experiment erzeugt und damit homoge-
ne Systeme geschaffen, die in ihrer mikroskopischen Physik identisch
sind bis auf die Einfliisse ihrer unterschiedlichen Dimensionalitédten.
Um die Stabilitdt dieser Systeme zu quantifizieren haben wir ihr An-
regungsspektrum mithilfe von Bragg-Spektroskopie iiber eine weite
Spanne an Energien und Impulsen untersucht. Diese Messungen er-
laubten uns, zum ersten Mal Suprafluiditdt in 2D Fermigasen nach-
zuweisen. Mithilfe der Bragg-Spektroskopie konnten wir eine endli-
che kritische Geschwindigkeit beobachten, unterhalb derer sich das
Gas dissipationsfrei um eine Stérung bewegte, und die Abhéngigkeit
dieser kritischen Geschwindigkeit von der Wechselwirkung und der
Temperatur untersuchen. Unsere Bragg-Spektroskopie erlaubte uns,
die vollen dynamischen Strukturfaktoren von 2D und 3D Fermigasen
zu vermessen, in welchen der graduelle Wandel von bosonischer zu
fermionischer Suprafluiditat sichtbar wurde und aus welchen wir die
Anregungsliicke im 2D sowie im 3D BEC-BCS Ubergang extrahieren
konnten.

Diese Messungen ermdglichten uns, den ersten direkten Vergleich
von 2D und 3D Fermigasen durchzufiihren. Mithilfe von zwei dquiva-
lenten Parametrisierungen der Wechselwirkung konnten wir unsere
Messungen der Anregungsliicke in 2D und 3D gegeniiberstellen. Wir
konnten beobachten, dass die Anregungsliicke sowohl in 2D als auch
in 3D der gleichen universellen Funktion der Wechselwirkungsstdrke
folgt, was impliziert, dass kein inherenter Unterschied in der Stabilitét
der suprafluiden Phase von 2D und 3D Fermigasen besteht. Diese Beo-
achtung galt auch weiterhin, als wir diesen Vergleich auf verschiede-
ne Supraleiter ausdehnten, was darauf hindeutet, dass fermionischen
Suprafluide im Allgemeinen wenig durch reduzierte Dimensionalitat
geschwicht werden.
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INTRODUCTION

Since the initial discovery of high temperature superconductivity in
the cuprates by Bednorz and Miiller [1] in 1986, high temperature
superconductors have been studied extensively owing to their fasci-
nating properties and wide-ranging potential. However, while a vast
number of different superconducting materials was soon discovered,
the highest critical temperatures T, remained within the cuprate fam-
ily, which consist of two-dimensional (2D) copper-oxide layers stacked
between insulating spacer layers [2]. This was surprising, because
two-dimensional systems cannot support long range order [3], and
superconductivity (as superfluidity of electrons) is only restored in a
competition of quasi-long range topological order and thermal fluctu-
ations [4-6]. Naively, one would therefore not expect two-dimensional
materials to be robust superconductors - however, all known systems
with high critical temperatures feature 2D structures. Many early stud-
ies therefore attempted to find a common thread that connected the
vastly different superconducting materials that had been discovered.

One of the first key observations that united different superconduc-
tors was made in 1989, when Uemura and coworkers pointed out that
the critical temperature of the most common cuprate superconductors
increased linearly with their carrier density n, up to some material-
dependent maximum value (see fig. 1.1) [7]. They soon showed that
a very similar linear scaling held for a number of non-cuprate ma-
terials, including heavy fermion superconductors and organics [8-
10], whereas a different slope was observed in other materials such as
conventional Bardeen-Cooper-Schrieffer (BCS) superconductors [11].
Relating the carrier density to the Fermi temperature T, of the mate-
rial, they created what has since become known as the Uemura plot,
an example of which is shown in fig. 1.2.

A key takeaway from the Uemura plot is that there are many differ-
ent materials that reach similar values of T. /T < 0.1, despite orders
of magnitude differences in T,. These materials, termed exotic su-
perconductors, generally feature short coherence lengths and strong
correlations, but are not limited to layered two-dimensional supercon-
ductors. In this view, the dominance of two-dimensional materials
amongst high temperature superconductors might mostly be a conse-
quence of these materials having higher Fermi temperatures at similar
T./Ty. However, given that two-dimensional systems were expected
to be inferior superconductors due to the increased phase fluctuations
inherent to 2D, the question remains to what degree the reduced di-
mensionality of these materials influences the stability of the super-
conducting phase.

Nowadays, material fabrication capabilities have become more so-
phisticated, and it has become possible to prepare cuprates and other
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Figure 1.1: Universal relation between
T. and n,/m* « o. Measurements of
the muon-spin-relaxation rate o, which
is proportional to the carrier density ng
divided by the effective mass m*, show
a linear relation with the same prefactor
for a number of different cuprate super-
conductors. Figure adapted from [7].



Figure 1.2: The Uemura plot. Blue
points show materials with 2D struc-
tures, red diamonds show 3D bulk su-
perconductors. The grey dashed line
marks T, = 0.1 T. While 2D materials
reach the highest critical temperatures,
both 2D and 3D superconductors reach
relative critical temperatures T./Tr =
0.01. Originally shown in [8], here ad-
ditional data has been added from more
recent measurements [12].

Figure 1.3: A homogeneous 2D Fermi
gas. Using custom light shaping allows
for the creation of homogeneous gases,
imaged here using absorption imaging.
Figure adapted from [20].
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2D materials such as the more recently discovered iron pnictides as
a single superconducting monolayer [13, 14]. In doing so, studies
have confirmed the 2D nature of these materials, and demonstrated
that high temperature superconductivity requires only a single iso-
lated 2D plane [14]. However, while such monolayer systems impres-
sively show the robustness of 2D superconductivity, they are not well
suited to investigate the influence of the reduced dimensionality on
the superfluid phase itself, as the dimensionality of the monolayer is
the same as that of the layers which are stacked on top of each other
in the bulk material. These layers are 2D as a direct consequence of
the materials chemical composition, and therefore the dimensionality
of a superconductor cannot easily be changed, preventing the effect of
the reduced dimensionality from being isolated.

One approach to overcome this limitation is to prepare other, com-
parable systems in which the dimensionality can be more easily modi-
fied. A promising candidate for such studies are ultracold Fermi gases
[15-18]. These relatively simple systems consist of neutral fermionic
atoms that interact via contact interactions, which are tuneable us-
ing Feshbach resonances [19]. When the temperature of an ultracold
Fermi gas is lowered far enough, the fermions bind into bosonic pairs
which can condense and form a superfluid, much like the electrons in
superconductors.

A key advantage of ultracold Fermi gases is the high level of control
available in experiments. Besides being able to tune their interatomic
interaction strength, the potential landscape the fermions experience
can be manipulated using blue- or red-detuned lasers, and the inter-
nal state of the fermions can be changed using two-photon processes
or radio-frequency fields. Thereby, a wide range of different systems
can be prepared, from fermions in optical lattices that implement the
Fermi-Hubbard model [21] to bulk systems, which will be the subject
of this thesis. This high degree of control over the confining potential
provides experiments on ultracold Fermi gases with the unique op-



portunity to prepare systems of different dimensionality, and hence
has led to the creation of one-dimensional [22, 23], two-dimensional
[24—30] and three-dimensional [17, 31—33] ultracold Fermi gases in
the crossover between Bose-Einstein condensation (BEC) and BCS su-
perfluidity.

Consequently, ultracold Fermi gases are highly controllable model
systems that do not suffer from many of the intricacies of solid state
superconductors, such as competing order parameters |2, 34-36] and
electronic disorder [37]. These fermionic superfluids can be prepared
deep in the strongly correlated regime and with arbitrary dimension-
ality, and thereby are ideally suited to investigate the effect of reduced
dimensionality on the superfluid phase in isolation.

However, while three-dimensional Fermi gases have been the sub-
ject of intense experimental effort over the last two decades, compara-
tively little research has been performed with two-dimensional Fermi
gases. Over the course of this work, we therefore first focused on cre-
ating and probing highly controllable homogeneous 2D Fermi gases
in the BEC-BCS crossover [20, 38]. After some key upgrades to the
experimental apparatus, we created a Josephson junction in our 2D
Fermi gas to unambiguously show phase coherence [39] and studied
the equation of state by measuring the speed and damping of sound
waves in the system [40]. We implemented a moving optical lattice
setup that allowed us to perform Bragg spectroscopy and hence probe
the excitation spectrum over a wide range of energies and momenta,
and were able to demonstrate superfluidity in the 2D BEC-BCS cross-
over through the observation of a critical velocity [41]. By perform-
ing Bragg spectroscopy on two- and three-dimensional Fermi gases,
we measured their excitation spectrum and mapped out the evolu-
tion of the superfluid gap [12, 42]. This ultimately allowed us to per-
form the first comparison between ultracold Fermi gases of different
dimensionalities, and to relate our results to those obtained in super-
conducting materials [12]. These main results are summarized in the
following chapter.

INTRODUCTION
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SUMMARY OF THE MAIN RESULTS IN THIS THESIS

2.1 Observation of superfluidity in a strongly correlated two-dimensional Fermi gas

published in L. Sobirey, N. Luick, M. Bohlen, H. Biss, H. Moritz and T. Lompe,
Science 372 (6544), 844-846 (2021) [41]

Measurement of the critical velocity

The first main result of this thesis is the direct observation of super-
fluidity in ultracold two-dimensional Fermi gases. We verify that 2D
Fermi gases fulfill the Landau criterion by subjecting them to an opti-
cal lattice potential moving at a tunable velocity. We find that below
a critical velocity v, no energy is dissipated by the moving lattice,
heralding the presence of a superfluid.

Excitations at different momenta

In Landaus gedankenexperiment, a point-like impurity is able to cre-
ate excitations at any momentum. In our experiments, however, the
lattice wavevector only allows for excitations at a specific momentum
to be created. By changing the lattice spacing, we probe a wide range
of different momenta and observe how different types of excitations
set the critical velocity in bosonic and fermionic superfluids for the
first time.

The critical velocity in the 2D BEC-BCS crossover

Tuning the interaction strength, we show that a nonzero critical veloc-
ity and therefore superfluidity is present throughout the 2D BEC-BCS
crossover. We observe the expected scaling of the critical velocity with
the speed of sound in the BEC regime and find a maximum of v, in
the crossover. Our momentum selective measurements demonstrate
how pair breaking excitations reduce the critical velocity in the BCS
regime.

The critical temperature for superfluidity

As the temperature of the superfluid is increased, its critical velocity
becomes lower, until it vanishes at the phase transition. We heat the
system using the moving optical lattice and map out the temperature
at which the phase transition to the normal state occurs. Tuning the
interaction strength, we show that the critical entropy is roughly con-
stant in the crossover regime.
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2.2 Comparing fermionic superfluids in two and three dimensions

published in L. Sobirey, H. Biss, M. Bohlen, N. Luick, H. Moritz and T. Lompe
arXiv:2106.11893 (2021) [12], submitted to Nature Physics

Measuring the excitation spectrum

s ) The second main result of this thesis is our measurement of the exci-
tation spectrum. Using Bragg spectroscopy, we measure the dynamic
5 structure factor of a two-dimensional Fermi gas over a wide range of
’ = interaction strengths. Our measurements distinctly show both pho-
nonic and pair breaking excitations as well as the interaction between

e T S = the two modes, and reveal the smooth evolution from BEC- to BCS

q/kp . s .
b superfluidity in the crossover.

Extracting the superfluid gap

0 One of the key parameters in the description of fermionic superfluids
, " e . is the superfluid gap. From our measurements of the dynamic struc-
Sest N e, . ture factor, we are able extract the gap using two different methods.

01 MET A . . - )

o L S We compare our results with theoretical predictions and find good

o agreement with mean field predictions in the BCS limit, but a signifi-

In(kpazn)

cant deviation from quantum Monte Carlo predictions in the strongly
correlated regime.

Comparing 2D and 3D Fermi gases

4 ' The third and most important result of this thesis is the comparison
. v of fermionic superfluids with different dimensionality. Our measure-
1 °
g, . % ments in two- and three-dimensional Fermi gases represent a perfect
P ® e b

al e g, starting point to study the influence of the dimensionality on the su-
v perfluid gap, and thereby the stability of the superfluid phase. To this

end, we introduce two equivalent interaction parameters which we

use to compare the interaction strength in 2D and 3D. Surprisingly,
we find that our measurements of the superfluid gap collapse onto a
single, universal curve that depends only on the interaction strength,
but is independent of the dimensionality.

Comparing ultracold Fermi gases and superconducting materials

~ Finally, we compare our results on superfluid ultracold Fermi gases
to those obtained with solid state superconducting materials. We ob-
serve a clear correlation between short coherence lengths and large
o superconducting gaps which holds independent of the dimensional-
10 ity of the system, in excellent agreement with our results for ultra-

cold Fermi gases. Therefore, our experiments strongly suggest that

100 10! 102 10° 10°
Ekp

the stability of the superfluid phase is remarkably unaffected by re-
duced dimensionality for fermionic superfluids and superconductors
in general.
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2.3 Further publications obtained over the course of this thesis

An ideal Josephson junction in an ultracold two-dimensional Fermi gas

N. Luick, L. Sobirey, M. Bohlen, V.P. Singh, L. Mathey, T. Lompe, and H.
Moritz

Science 369 (6499), 89-91 (2020) [39]

Josephson junctions are a fundamental quantum mechanical pheno-
menon in which a difference in relative phase between two superfluid
sides of a weak link drives a current through the link without any ap-
plied voltage. Here, we implement such a Josephson junction in our
ultracold two-dimensional Fermi gas and show that it follows the non-
linear relation between current and relative phase difference expected
of an ideal Josephson junction. Using this junction, we show that two-
dimensional Fermi gases are phase coherent throughout the 2D BEC-
BCS crossover.

This project was discussed in depth in the PhD thesis of Niclas Luick [43].

Excitation Spectrum and Superfluid Gap of an Ultracold Fermi Gas

H. Biss, L. Sobirey, N. Luick, M. Bohlen, ].]. Kinnunen, G.M. Bruun, T. Lompe,
and H. Moritz
arXiv:2105.09820 (2021) [42], submitted to Phys. Rev. Lett.

To understand correlations and quasiparticles within a system, one
needs to study its excitation spectrum. Here, we use Bragg spectros-
copy to measure the dynamic structure factor of a homogeneous 3D
Fermi gas. We observe the different collective and quasiparticle ex-
citations and study their evolution in the BEC-BCS crossover. From
our measurements, we extract the superfluid gap and find remarkable
agreement with state of the art theoretical predictions.

This project will be discussed in depth in the PhD thesis of Hauke Biss.

Sound propagation and quantum limited damping in a two-dimensional
Fermi gas

M. Bohlen, L. Sobirey, N. Luick, H. Biss, T. Enss, T. Lompe, and H. Moritz
Phys. Rev. Lett. 124, 240403 (2020) [40]

The sound modes of a system contain substantial information about its
thermodynamic and transport properties, many of which are not yet
known for 2D Fermi gases. Here, we measure the speed and damping
of long wavelength sound waves in our homogeneous system and ex-
tract the compressibility equation of state. We find that the damping
of sound waves in the 2D BEC-BCS crossover approaches the univer-
sal quantum bound of a perfect fluid.

This project was discussed in depth in the PhD thesis of Markus Bohlen [44].
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Josephson junction dynamics in a two-dimensional ultracold Bose gas

V.P. Singh, N. Luick, L. Sobirey, and L. Mathey
Phys. Rev. Research 2, 033298 (2020) [45]

Classical field methods allow for the simulation of strongly interacting
bosonic superfluids and are excellently suited to enhance our under-
standing of 2D Fermi gases on the BEC side of the crossover. Here,
a Josephson junction in a 2D bosonic superfluid is studied to inves-
tigate the influence of BKT physics on the dynamics of the junction.
We show numerically that the critical current is directly related to the
condensate density and therefore the superfluid scaling exponent of
the gas.

The numerical investigation was performed by V.P. Singh and L. Mathey.

Two-dimensional homogeneous Fermi gases

K. Hueck, N. Luick, L. Sobirey, ]. Siegl, T. Lompe, and H. Moritz
Phys. Rev. Lett. 120, 060402 (2018) [20]

While ultracold atoms have become a flexible and powerful tool to
study quantum many-body problems, the harmonic trapping poten-
tials significantly complicate the measurement of nonlocal quantities
such as the momentum distribution. Here, we present the first imple-
mentation of a homogeneous 2D Fermi gas and measure its momen-
tum distribution. Using matter wave focussing, we demonstrate the
textbook case of Pauli blocking in an ideal Fermi gas.

This project was discussed in depth in the PhD thesis of Klaus Hueck [ 46].
Calibrating high intensity absorption imaging

K. Hueck, N. Luick, L. Sobirey, T. Lompe, H. Moritz, L. Clark, and C. Chin
Opt. Express 25, 8670 (2017) [38]

Absorption imaging is the workhorse technique to access density dis-
tributions in ultracold quantum gas experiments, but due to the low
densities and masses involved in 2D Li, its signal-to-noise ratio at low
imaging intensities is not sufficient. Here, we show an extension of the
usual method to higher imaging intensities that can be calibrated en-
tirely from relative measurements. Our method results in an accurate
and easy to calibrate density determination.

This project was discussed in depth in the PhD thesis of Klaus Hueck [ 46].



OUTLINE

This thesis is outlined as follows:

Part I has served to introduce the problem and the field, to summarize
the main results of this work, and to provide an overview over the
structure of the thesis.

Part II then provides some background to the work discussed here.
First, chapter 4 introduces some key theoretical concepts, beginning
with a brief overview over ultracold gases, condensation and super-
fluidity in section 4.1 and an introduction to superfluidity in two di-
mensions in section 4.2. Section 4.3 continues by introducing BEC-
BCS theory, which is used in section 4.4 to derive the shape of the
excitation spectrum of ultracold Fermi gases. The chapter ends with
section 4.5, which discusses different ways of describing and chang-
ing the interaction strength of a system. Chapter 5 then summarizes
the last decade of progress on two-dimensional Fermi gases, focusing
on the different trapping geometries and measurement tools. Finally,
chapter 6 describes the experimental apparatus used in this thesis.
The most essential part of this thesis is Part III, which presents our
main results: Chapter 7 details measurements of the critical velocity in
the 2D BEC-BCS crossover, and describes how the phase transition to
the normal state can be localized. In chapter 8, the same measurement
setup is used to measure the excitation spectrum of 2D Fermi gases,
and these measurements are used to obtain the superfluid gap. Chap-
ter 9 then briefly summarizes how we performed equivalent measure-
ments on 3D Fermi gases and discusses the changes we made to the
setup in order to create them. Finally, chapter 10 presents the first
comparison between 2D and 3D Fermi gases, as well as between ul-
tracold Fermi gases and superconducting materials in general.

At long last, Part IV wraps up the thesis with a conclusion and an
outlook over promising future experiments.
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THEORETICAL BACKGROUND

In this chapter, I establish the theoretical background required for this thesis, in-
troducing the relevant concepts and quantities. 1 will explain how condensation
turns a dilute cloud of bosons into a superfluid, what consequences confining
such a system into two dimensions has, and how superfluidity is maintained
against all odds. I will discuss how bosonic and fermionic superfluidity are
smoothly connected through the BEC-BCS crossover. Using BEC-BCS theory,
I will derive the excitation spectrum of Fermi gases in the crossover region and
discuss how such an excitation spectrum might be measured. Finally, I will
summarize the scattering physics in 3D and 2D to establish how the interac-
tion strength is commonly parameterized. This chapter is aimed at readers who
are not already intimately familiar with the theoretical concepts discussed here.
A seasoned veteran of the cold atoms community is recommended to skip ahead
to chapter 5.

As this is a thesis about Fermi gases, the reader might wonder why
the theory chapter begins with two sections on the physics of bosons.
However, the physics of the bosons and fermions are not as different
as one might initially suspect: In superfluid Fermi gases, fermions of
different pseudospin form bosonic pairs which can undergo conden-
sation. In fact, we will see in section 4.3 that by varying the strength of
the pairing, a smooth transition from bosonic to fermionic superfluid-
ity can be observed, and it is this very transition that will be studied in
this thesis. Therefore, by starting with bosonic superfluidity, we are
merely approaching the problem from one of its simpler limits.

4.1 Ultracold gases, condensation and superfluidity

This section follows a lecture series by G.V. Shlyapnikov on ultracold quantum
guases [47], specifically on Bose condensation. It is meant as an overview of the
relevant concepts, focusing on intuitive explanations.

To understand the concept of superfluidity, we start by introducing
some key concepts. We will reiterate the relevant properties of ultra-
cold quantum gases and discuss how condensates form. To describe
these condensates, the Gross-Pitaevskii-equation will be introduced
and motivated. By moving to a description featuring quasiparticle ex-
citations, we then derive the quasiparticle dispersion relation and the
Landau criterion.

We consider a gas of N bosonic neutral atoms at a temperature T in
a three-dimensional (3D) volume 2. There are three relevant length
scales in this problem: The first is the mean interparticle separation
n~ 5, where n = N/ is the density of the gas. The second is the char-
acteristic radius of interactions between the atoms R, beyond which
the motion of the atoms is essentially free. We will consider only sys-
tems in the dilute limit, meaning nR2 < 1. In this limit, the large in-
terparticle separation suppresses three-body collisions and therefore
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the formation of clusters and ultimately, a solid. The particles there-
fore remain gaseous, and we can neglect any short-range effects. Fi-

nally, the third length scale is the thermal deBroglie wavelength of the

2nh2
mT 7

generacy parameter nA3, is small, the gas can be considered classical

atoms Ap = where m is the mass of the atoms. When the de-

and is described by Boltzmann statistics. However, when the system
is cooled to low enough temperatures (or the density increased far
enough) that nA3. approaches unity, quantum statistics start to dom-
inate, and we refer to the system as an ultracold quantum gas.

If the system is cold and degenerate enough, it undergoes a phase
transition to a novel phase of matter: the Bose-Einstein condensate
(BEC). This phase transition is a consequence of the quantum statis-
tics of indistinguishable particles: In a hot and dilute system, there are
much more quantum states available than particles, and most quan-
tum states are occupied by a single particle at most. In this case, the
system is thermal, and the indistinguishability of the particles mat-
ters little. However, as the system becomes cold and degenerate, the
number of accessible quantum states decreases, and multiple particles
have to share the same quantum state. When this occurs, the indistin-
guishability of the particles starts to alter the distribution of particles
over the available quantum states: Instead of increasingly populat-
ing all accessible states like distinguishable particles, the majority of
particles will start to occupy the ground state. As the particles in the
ground state thereby become completely indistinguishable in location,
momentum and all relevant quantum numbers, they no longer behave
as individual particles, but instead jointly become one macroscopic
quantum-mechanical object: a Bose-Einstein condensate.

4.1.1  The Gross-Pitaevskii equation

How does one describe such a macroscopic quantum object? Gener-
ally speaking, it is extremely difficult to solve the Schrodinger equa-
tion for interacting quantum many-body systems, as the interaction
between every combination of particles has to be considered, and the
dimensionality of the Hilbert space grows exponentially with the num-
ber of particles. However, in many cases, some simplifying approxi-
mations can be made. In the following, let us consider a dilute gas
which consists of a large number of atoms with weak, repulsive inter-
actions at T = 0, and work out the necessary equations in a mean-field
picture.

We first introduce the field operator for our condensed particles
U(r). In free space, the creation operator is | = af/v/Q, where &
is the bosonic creation operator, and the annihilation operator is 1) =
a/v/. In the Heisenberg representation, the operator 1(r) transforms
to U(r, t), and one can write down its equation of motion for a system
of bosonic particles interacting via weak contact interactions

oV h? L) -
if 5t ( QmA‘ + V(r) +g¥ \If> v, (41)



where V is the external potential, m is the mass of a boson and g
is a small positive coupling constant that quantifies the strength of
the interactions. However, solving this equation is hardly trivial, and
we will therefore introduce the mean-field approximation to simplify
things.

To this end, we will make use of the fact that the number of con-
densed particles in a bosonic condensate is usually very large com-
pared to the number of non-condensed particles. Focusing only on the
creation and annihilation operators for condensed particles ﬂ% and 1,
and writing a state with N, condensed particles in a volume 2 as |Nj),
we can write

1%|No> = /Ny + 1INy +1) and lAbo|No> = /Ny — 1INg—1). (4.2)

If N, is large enough, we can therefore approximate /N, ~ /Ny + 1
and write

‘%‘N& ~ lI)0|No> ~ 1| Np) (4.3)

where we have introduced the complex number 1, such that

[bol? = No/Q=n,. (4.4)

Here, we use n, to denote the density of condensed particles. {; can
be interpreted as the average (or mean) of the field operator 1, and
this approximation is therefore called the mean-field approximation.

We now have the tools needed to simplify eq. 4.1 by splitting the
field operator into a condensate part, which we represent in the mean-
field approximation, and a small non-condensed part:

U(r,t) = Uy(r,t) + ¥'(r, t) (4.5)

Assuming the non-condensed part represents a small correction to the
physics of the system, we can omit it for now and obtain the Gross-
Pitaevskii equation

~8‘1’o_(_h2
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The Gross-Pitaevskii equation resembles a Schroedinger equation
with a repulsive mean-field potential g|¥,|? that depends on the con-
densate density n, = |¥,|?. In consequence, the condensate wave-
function tries to minimize its amplitude, homogeneously filling the
available volume if no external potential is given. The stationary ground
state is then

Wy = g exp(—ipt/h) (47)
where the we have used the chemical potential p = g—g = gn,. If there
is an external potential, the wavefunction will fill the valleys of the po-
tential such that V(r) + u(r) add up to the same value everywhere,
reminiscent of classical water. However, on short length scales, this
will be modified by the kinetic energy term, which assigns an energy
cost to the curvature of the wavefunction. As a consequence, the wave-
function does not follow changes in the potential immediately. This
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The parameter g will be related to the
microscopic properties of the system in
section 4.5.
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Figure 4.1: Sketch of the healing
length. A condensate wavefunction
(blue) close to an infinitely high poten-
tial step at x = 0. Due to the energy cost
of the curvature of the wavefunction,
it does not fall off instantaneously, but
over a characteristic distance £ called the
healing length.

behavior is quantified by the healing length § = miu, which is the char-
acteristic distance over which the wavefunction falls off at a potential
step (see Fig. 4.1).

4.1.2 Excitations in a bosonic condensate

The Gross-Pitaevskii equation is a zeroth order description we ob-
tained by completely neglecting the non-condensed part of the wave-
function. However, since we wish to study excitations, we will have to
go further than that and include the non-condensed part again. If we
perform the replacement U, — U, exp(—ipt/h), Tk exp(—ipt/h)
to make the wavefunction for a stationary state time independent, we
can obtain an equation to first order in ¥’

iha—qﬂ— —h—zA + V() +2g| W% —p | O+ g|T, 20t (4.8)
ot om T g% [ ) - 4

Now, we make an ansatz for ¥’ and write it as a sum over quasiparticle
excitations, for which we define the new bosonic operators b, and b,T,,
and their eigenenergies ¢, and eigenfunctions u,, and v, :

Zu r)b, exp(—ie, t/h) — v;(r)bl exp(ie,t/h)  (4.9)

This is called the Bogoliubov transformation. The functions u,, and v,,
are normalized by the condition

/(uvu;, —v,vi)d?r =38, .

Effectively, this approach splits the complicated effects of interac-
tions between the atoms into two independent parts, one determining
the general shape of the wavefunction at zero temperature and the
other giving rise to thermal and quantum fluctuations, and allows for
the two parts to be solved independently. The Bogoliubov transfor-
mation represents these fluctuations as a system of non-interacting
bosonic quasiparticles that exist on top of the condensate wavefunc-
tion.

To obtain the eigenenergies ¢, of these quasiparticle excitations, the
quasiparticle operators are inserted in eq. 4.8 and one obtains the
Bogoliubov-de Gennes equations:

U, (4.10)

ﬁ2
(=g e 4 VOO + 201067 — 10 ), — ol

<—A +V(r +2g|‘1’o|2—u)v —g|lu, = —¢,v,  (411)

In a uniform system, the index v labels different excitation wavevec-
tors k, and using the stationary solution 1, = ,/n, we can write the
excitation wavefunctions in a coordinate independent fashion as

u, = % exp(ikr) (4.12)

v, = % exp(ikr). (4.13)
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Writing E, = 5., the Bogoliubov-de Gennes equations can then be
rewritten as
(Ex + 2gng — p) ue — gngvy = g (4-14)
(Ex +2gng — p) vic — gnouye = —€ vy, - (4.15)

If we assume that the system is mostly condensed, we may approxi-
mate p &~ gn, and write

(Ex + p)uy — pvye = gy (4.16)

(Ex + p)vie — puye = —¢vy, (417)

Solving these equations for ¢,, we obtain the well-known Bogoliubov
dispersion relation

6 = VER(Ex +2p). (4.18)

This dispersion relation is linear at low momentum, when the exci-
tation energy is lower than the interaction energy per particle p and
therefore cannot remove individual atoms from the condensate, ex-
citing a phononic quasiparticle instead. As the energy increases and
exceeds y, the dispersion relation increasingly resembles that of free
particles. It is sketched in Fig. 4.2.

Another way to interpret the Bogoliubov dispersion is to split the
excitation spectrum into two contributions ¢,(k) = E, and ¢4(k) =
Ey + 2p such that ¢, = /€4(k)e, (k). The contribution €, (¢4) can
then be interpreted as the energy cost of creating a phase (density)
fluctuation. It is straightforward to see that as k — 0, the energy
cost of density fluctuations does not vanish, but is set by the inter-
action energy per particle p as the repulsive interactions in the system
incur an energy cost to fluctuations in the local density. Because of
this, density fluctuations are strongly suppressed in ultracold quan-
tum gases. Phase fluctuations, on the other hand, are soft modes that
can be excited at vanishing energy cost for k — 0. Therefore, excita-
tions at low momentum manifest almost purely as long-wavelength
fluctuations of the phase of the condensate. As the momentum of the
excitation increases, the energy cost of density and phase fluctuations
become comparable, and quasiparticles feature characteristics of both,
increasingly resembling individual atoms being excited out of the con-
densate.
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Figure 4.2: Sketch of the Bogoliubov
dispersion relation. Plotted is the en-
ergy required to create an excitation in a
bosonic condensate with weak repulsive
interactions (solid blue line). In the lin-
ear, low-momentum part (blue dashed
line), the excitations are phononic quasi-
particles, but as the energy of the excita-
tions increases, they more closely resem-
ble single atoms being excited on top of
the mean field (red dotted line).
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—  Box 4.1: The Nambu-Goldstone mode
When a continuous symmetry is spontaneously broken in a system,
a massless Nambu-Goldstone mode appears in its excitation spec-
trum [48, 49]. This mode corresponds to long-wavelength fluctua-
tions of the corresponding order parameter. In the case of a Bose-
Einstein condensate, the broken symmetry is that of the phase of
the wavefunction: Above the critical temperature, the thermal gas
has no well-defined phase, but as the phase transition is crossed, a
condensate with a constant phase is formed. Therefore, the Nambu-
Goldstone mode of the condensate is a long-wavelength fluctuation
of the phase - the phonon.

4.1.3 The Landau criterion

Now that we have obtained the excitation spectrum of the bosonic con-
densate, we can study under which conditions an excitation can be
created. We will do so in a classical picture, as done for the first time
by Lev Landau in 1941 [50]. We consider some point-like impurity
moving through a system with velocity v and imagine this impurity
creating some excitation with momentum p and energy ¢, in the sys-
tem. In the rest frame of the impurity, the energy of the system will
be

E=¢,+DV+Ey,, (4.19)
where E,;, is the fluids initial kinetic energy. In order for this excita-
tion to be created by the impurity, it has to be energetically favorable
compared to not creating one. Thus, at the minimum, the velocity
needs to be such that

€
ep—pv<0—>v>;p. (4.20)

If this condition is not fulfilled, no excitations will be created, and the
system moves around the impurity without friction. This phenome-
non is called superfluidity.

We can restate the expression above by defining a critical velocity v,
and stating the Landau criterion for superfluidity:

6P
v, = min {—} >0 (4.21)
p b

In words, a system is considered to be superfluid if there is some
nonzero critical velocity v, below which a moving impurity does not
create any excitations in the system.

It is straightforward to see that the Landau criterion is not fulfilled
by an ideal gas, as ¢, = % and thus v, = min, {2} = 0. However,
we obtain a different result when calculating the critical velocity for a
bosonic condensate where the excitation spectrum is described by the
Bogoliubov dispersion relation (eq. 4.18). We find that

_ I
Ve = m Cs) (4'22)




showing that the weakly interacting bosonic condensate is superfluid,
with its critical velocity set by the speed of sound c,. This is a very in-
tuitive result: As the lowest-energy excitations in the Bogoliubov dis-
persion relation are phonons, the minimum velocity for an impurity
to create such an excitation must be the phonon velocity, which is the
speed of sound.

4.2 Two-dimensional superfluidity

This section summarizes some parts of the lecture " Two-dimensional Bose flu-
ids: An atomic physics perspective” by Zoran Hadzibabic and Jean Dalibard
[51]. It is intended to provide an overview over some of the peculiarities of two-
dimensional superfluidity without going into much detail, as the topic will not
be discussed much in future chapters.

So far, our discussion of condensation and superfluidity was lim-
ited to describing three-dimensional systems of bosons. However,
only a single argument in the discussion so far relied on the dimen-
sionality of the system: Where in an ideal 3D Bose gas, statistical physics
predicts the presence of a Bose-Einstein condensate at zero tempera-
ture, the modified density of states in 2D prevents such a phase tran-
sition from occurring. In fact, it was shown by Hohenberg [3] that
true long-range order such as the constant phase of the macroscopic
wavefunction cannot exist in 1D and 2D systems, interacting or not.

The proof of this statement is rather lengthy, relying on carefully
constructed operators and use of the Bogoliubov inequality to show
that the assumption of long-range order leads to a contradiction if the
dimensionality d < 3. Here, we merely motivate the statement by
trying to estimate the variance of the phase of the wavefunction in an
infinite homogeneous system following [52]: Let 6(r) be the phase of
the macroscopic wavefunction such that 6(r) = 0 without fluctuations,
and let 6, be the Fourier components of 6(r). The energy of a mode
of phase fluctuations is given by E o €Z|6,|> [51]. Assuming that the
system is condensed, we follow the arguments given in section 4.1 to
arrive at the Bogoliubov dispersion (eq. 4.18). At low momentum up
to some k*, the dispersion is thus linear with ¢, o k. Therefore, the
degree of freedom due to phase fluctuations enters quadratically in
the energy, and their average energy in thermal equilibrium is given
by the equipartition theorem such that kyT = E o €Z(0,|?. We can
then calculate the variance of the phase as

(61%) = 16 (4.23)
k

In an infinite homogeneous system, we replace the sum by an integral
which we can without loss of generality evaluate in polar coordinates
and find

;
(o) kT [ Kk, (424)
0

which is divergent for dimensions d < 3, showing that no well-defined
phase exists in infinite 1D and 2D systems at nonzero temperature.
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For a recent review of BKT physics, see
[53]

Note that if the Bose gas is degenerate,
but above TpyiT, Bose-Einstein statis-
tics modify g; from a Gaussian decay of
correlations to an exponential one over
some length scale £ as g; (r) = exp (—7§).
This length scale ¢ diverges as the BKT
transition temperature is approached,
smoothly increasing the range of corre-
lations as the BKT phase transition is
crossed.

While the contribution of phase fluctuations to the integral is constant
for any dimensionality, we see that the additional factor of k9~ re-
sulting from the integration in polar coordinates causes the integral
to diverge for 1D and 2D systems.

However, this divergence occurs due to the lower bound of the in-
tegral, which is the smallest momentum that an excitation in the sys-
tem can have. This smallest momentum is that of an excitation with a
wavelength equal to the system size and thus only equal to zero in a
truly infinite system. For finite-size systems, the variance of the phase
can thus be finite, and if the system is small and cold enough, this
might suffice to give rise to condensation again.

4.2.1  The BKT transition

Even though true long-range order is not possible in two-dimensional
systems, superfluidity can still persist in systems with quasi-long-range
order. The microscopic theory of this phenomenon was developed
by Berezinskii, Kosterlitz and Thouless [4-6] and has been studied
in great detail over the last decades. Here, we will not go through the
complicated thermodynamic description of the two-dimensional Bose
gas, focusing more on some of the key takeaways. In the following,
we will first discuss what it means for superfluidity and condensation
to have quasi-long-range order instead of long-range order, and then
motivate the presence of a superfluid jump as one of the more striking
differences between 2D and 3D superfluids.

Quasi-long-range order

To quantify the differences in superfluid order between 2D and 3D,
we introduce the one-body correlation function g, (r) = ({*(r){(0)),
which is the Fourier transform of the momentum distribution n,. In
a homogeneous system, g; describes how the phase of the conden-
sate is correlated over a distance r. Let us neglect short-range physics
and consider only the behavior of g, over distances r > ¢ in the fol-
lowing. In a uniform 3D BEC as discussed in section 4.1, the phase
of the condensate is constant, and we find g, (r — o0) = n,. This is
the Penrose-Onsager definition of the condensate density, and a finite
value at infinite distance indicates that the gas is phase coherent and
has off-diagonal long-range order. For comparison, we can calculate
g, for a thermal Bose gas far from degeneracy in 2D or 3D, where oc-
cupation of momentum states is given by the Boltzmann distribution
and we find
2.2 2
N, & DA: exp <_2ZI§3T) = g,(r) ~ nexp (_)r\%> . (4.25)
This is the expected result: a system far above the superfluid transition
temperature has no long-range order, and no condensate is present as
g, (r — 00) = 0. The phase is uncorrelated on length scales larger than
the thermal de-Broglie wavelength.
In a uniform 2D superfluid, the phase is not constant - as we have



discussed above, long-range order is not possible in 2D. Instead, the
one-body correlation function is found to be

(4.26)

&) =n, (=),

where the short-range cutoff a is approximately equal to the healing
length € and n is the superfluid density. As we will see, the exponent
of this algebraic decay is smaller than 1/4, leading to a slow decay of
correlations. While the phase is no longer correlated over large dis-
tances, the correlations decay slow enough that the system can still
be considered locally phase coherent. As was shown in [54], if the
correlations decay only on very large length scales, one can still per-
form the Bogoliubov analysis performed in section 4.1 and find that
the two-dimensional Bose gas indeed is superfluid below some tran-
sition temperature Ty .

The superfluid jump

Next, let us motivate a very peculiar feature of BKT superfluids: the
superfluid jump. Let us consider a two-dimensional BKT superfluid
and first remember that a vorfex is a point around which the phase of
the superfluid 6(r) rotates by a multiple of 2n. For simplicity, we will
only consider vortices with charge +1 here, that is with phase wind-
ing 4+2m around the core. The magnitude of the velocity field £ V6
around a single vortex at the origin is therefore . Due to the singu-
larity at the origin, the superfluid density there is suppressed, and a
vortex core forms which has the size of the healing length €. Vortices
are an additional source of phase fluctuations in the system and can
scramble the phase of the two-dimensional superfluid, leading to a de-
struction of quasi-long-range order and superfluidity above a critical
temperature Tgx as shown below.

We now estimate whether vortices naturally occur in the 2D super-
fluid by calculating their free energy F as a function of temperature.
To do so, we first estimate the kinetic energy of a single vortex in a
disk with radius R as

R 2 2
E= / 1nS <i> d?r = h—“ns In (E) .
¢ 2 mr m €

Here, n is the density of the superfluid component of the gas far away

(427)

from the vortex, and we have assumed that the normal component is
unaffected by the vortex. We can furthermore estimate the entropy
associated with a single vortex by adding up the number of distinct
positions a vortex of radius ¢ can have in the disc of radius R and find

S = kyIn (fg) — 2k In (%) .

Then, ignoring any edge effects, the free energy is found to be

(4.28)

F—FE—TS= B~ (122 —4)In (5) . (4.29)

£
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g1(r)

Figure 4.3: One-body correlation func-
tions for different systems. Shown
are sketches of the one-body correlation
function g; for a 3D Bose condensate
(solid black line), a thermal gas (dashed
blue line), a degenerate Bose gas above
the transition temperature (dotted red
line) and a BKT superfluid (dash-dotted
orange line). Short-range effects at small
r have been neglected.

We make the very rudimentary assump-
tion here that the superfluid density is
zero inside the vortex core of size £ and
ng outside of the core. Of course, in a
realistic system, the superfluid density
decays smoothly to zero, but we will ne-
glect such details for the sake of a simple
argument.
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As we can see, there is a distinct point when n)\% = 4 where the
free energy changes sign. When n )\ > 4, the free energy increases
when adding a vortex to the system, making it unlikely for vortices
to be present. However, for n )\ < 4, it becomes energetically favor-
able for a vortex to be created. As this reduces the phase coherence in
the gas, however, it will further reduce n,, increasing the gain in free
energy when vortices are created. Thus, an avalanche effect occurs as
more and more vortices appear, reducing the superfluid density to 0.
Therefore, the 2D superfluid is unstable when the superfluid density
is between 4/2\%. and 0 - it must suddenly jump from 4/3\% to 0 instead.
This phenomenon is called the superfluid jump.

However, while this simple estimation correctly predicts the pres-
ence of a superfluid jump, one should not assume that vortices can
thus not be present in a system cold enough to be below the BKT
transition temperature Tyi where the superfluid density becomes
nonzero. Instead, vortices of opposite charge form tightly bound pairs.
Their effect on the phase of the system is negligible on length scales
larger than their pair size, which is also on the order of £. Repeat-
ing the arguments above for vortex pairs, one finds a negative free
energy for any non-zero temperature, showing that these pairs are al-
ways present as a result of thermal fluctuations. However, while their
presence lowers n, somewhat, it does not qualitatively change the na-
ture of the superfluid. Instead, it is the unbinding of these pairs at
Tgg into the suddenly more energetically favorable free vortices that
destroys superfluid order in 2D.

—  Box 4.2: Finite-size condensation
While in an infinite homogeneous 2D system, superfluidity occurs
without condensation, this is not really the case in realistic systems
like those implemented in ultracold quantum gas experiments. This
can be understood from the Penrose-Onsager definition of the con-
densate density given above: In a two-dimensional box of length L,
the condensate density is

n, =g (L) >0, (4-30)

as the phase correlations have not decayed to zero across the disk.
For a BKT superfluid, the condensate density is therefore

£\ %

ng 3%

no~n, (1) (431)

In fact, even for a degenerate Bose gas above Ty, condensation

and therefore superfluidity are possible in 2D as long as the size of

the system is small enough that g, remains sizable throughout the

system. This phase is called a finite-size condensate.




4.3 The BEC-BCS crossover

In this section, 1 will show the derivation of BEC-BCS theory, following the
derivation given in [55]. As the BEC-BCS crossover is a central aspect of this
thesis, this section covers the topic more in-depth, and the derivation will be
rather extensive, aiming to be useful to a reader not yet familiar with BCS theory
or the BEC-BCS crossover.

We finally turn to the discussion of superfluid Fermi gases. Of
course, it is not immediately obvious how a gas of fermionic atoms
should become superfluid, as Bose-Einstein condensation does not oc-
cur in fermions. This question about the origin of fermionic super-
fluidity was at the heart of the quest to understand superconductiv-
ity, which puzzled scientists after its discovery in 1911 by Onnes [56].
However, it took a full 45 years before the microscopic theory of super-
conductivity was discovered by Bardeen, Cooper and Schrieffer (BCS)
in 1957 [11].

The central assumption of BCS was that fermions of opposite spin
and momentum form bosonic pairs. To motivate this assumption, we
consider a system of two fermions in the vacuum at T = 0 with con-
tact interactions. If the two fermions are of the same spin, they can-
not scatter due to Pauli blocking. Therefore, to obtain anything else
than an ideal Fermi gas, we have to consider fermions of different spin.
Now, assuming weak attractive interactions between the fermions, the
question of whether the fermions pair is equivalent to the question of
whether a bound state exists in the interatomic interaction potential.
We can assume this potential to be a square well, as the short-range
details of the interactions should not matter on the relevant length
scales for our discussion. From simple quantum mechanics, we know
that a square well always features a bound state in 1D and 2D, but not
in 3D, where the bound state is only present after a certain minimum
well depth is reached. Does this mean that fermions in 3D usually do
not pair? In 1956, Cooper realized that the situation changes signif-
icantly when the fermions considered are not in a vacuum, but part
of a larger system [57]. At low temperatures, the momentum states
below the Fermi wavevector ky are already occupied and not avail-
able for particles to scatter into. Thus, the interacting particles must
do so in a narrow region above the Fermi surface, which is effectively
a two-dimensional system in momentum space if the system is cold
enough. Therefore, a bound state will always exist for these fermions
which is stabilized by the presence of the Fermi sea, and they pair for
arbitrarily weak attractive interactions even in 3D.

The focus on pairing at opposite momentum stems from a simple
phase-space argument (see Fig. 4.4). We can safely assume that pairs
for which many states are available to scatter from and into (those
with a large available phase-space volume) are more relevant for the
behavior of the system than those with few states available. Because
only states above the Fermi surface are available, we can also assume
that both fermions have momenta close to fiky, as higher momenta are
energetically unfavorable. If the pair of fermions now has a nonzero
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Figure 4.4: Phasespace available for
pairing at zero and non-zero momen-
tum. When two particles of opposite
spin and opposite momentum of |k| =
kg form a pair (left panel), the phase
space available for them to scatter into
(red) consists of the entire surface of
the Fermi sphere (blue). When the two
particles have a non-zero center-of-mass
momentum g, pairing is possible, but
the phase space available to scatter into
is severely limited as few other combina-
tion of two momenta at the Fermi sur-
face add up to the same center-of-mass
momentum. Figure adapted from [55].

Since strong interactions can lead to
significantly modified momentum dis-
tributions with holes even at low mo-
menta, we will not restrict ourselves to
momenta close to kp in the following
derivation, only maintaining that the
momenta need to be equal and opposite.

total momentum, there are only few states available in the vicinity
of the Fermi surface that add up to this total momentum, and their
phase-space volume is small. Therefore, we can see that the relevant
scattering processes should occur between fermions with equal and
opposite momentum of |k| ~ +hk.

The success of BCS theory in explaining conventional superconduc-
tivity led to the theory being thoroughly discussed in a wide range of
different scenarios. In 1980, A. Leggett pointed out [ 58] that simply by
relaxing the restriction that the attractive interaction has to be weak,
the BCS wavefunction we will derive below naturally transforms into
a wavefunction describing a Bose condensate of tightly bound pairs in
the limit of strong attractive interaction. In the intermediate regime,
he postulated a smooth transition from a BCS superfluid to a Bose-
Einstein condensate of molecules. This extended BCS theory, which
became known as BEC-BCS theory, has proven to be extremely suc-
cessful and has become a core concept of ultracold Fermi gases. Due
to its importance, we will show the full derivation of this theory in
detail in the following.

4.3.1  Pairs and holes: the ansatz

Our goal is to find the many-body wavefunction ¥(r, ..., ry) describ-
ing a condensate of paired fermions. We will write down the Hamil-
tonian of the system and use the BCS ansatz for the wavefunction to
solve it. This ansatz assumes that the system consists of N/2 bosonic
pairs, which consist of two fermions of opposite spin and momentum.
As we will see, the key parameter that describes the system will be the
quantity vZ, which describes the occupation of states with momentum
+hk. By minimizing the free energy, we will obtain a set of coupled
equations for vy, and the energy of these states E, as a function of the
chemical potential p and the interaction parameter g that need to be
solved. From these equations, we will calculate all relevant quanti-
ties of the system, from its momentum distribution to the excitation
spectrum.

To start, we define the pair creation (annihilation) operator bf (b)
in terms of the creation (annihilation) operators CLU (x5 ) for single



fermions with momentum %k and spin o =1, |:
bf = Z ¢kC1T<,TC1T<,¢ (4.32)
k

This operator creates a pair consisting of two fermions of opposite spin
and momentum, as motivated above. The N-particle state can then be
written as

o)y = b2 J0) . (4.33)

Now, we will rewrite this state in a fashion similar to the Bogoliubov
transformation used in section 4.1, using two variational parameters
uy and vy.. This will allow us to write the Hamiltonian as a system of
two coupled equations later and enable us to find solutions.

Moving to the grand canonical ensemble, we consider a coherent
state with a mean of N/2 Cooper pairs and write

M) = Y Vs = gt 10 =0

N N

. . (4-34)
= 2 0k |0) = [T ewrcwe]o) = TT( + oxef el )10).
k k

In the last step, we made use of the fact that the operators ¢, , CIJL_U are

fermionic and thus clt Ucli » = 0. The normalization constant V' must

then be
N=]]1+ 62 (4.35)
k

so that |¥) is properly normalized. We now define the variational pa-
rameters u, and v, such that

1 Py
0y =—— , V=,
SN/ s SV
1
N = g u7k and |uk|2 + |Vk|2 = 1 . (436)

Now, we can write down the BCS wavefunction, originally derived for
electrons in a superconductor:

B) = [Wpes) = [ [(we + vice] 1ef)I0) (4.37)
k

However, as we see here, it applies generally for systems consisting of
bosonic pairs, formed from fermions of opposite spin and momentum.

It is straightforward to see that the variational parameters u, and
v} have physical meaning: We calculate the occupation of a state with
momentum #k and find

ny = (Plef ey 4| T) = (Tlef o, | |T)

= (0] H(uk + Vi 10k 1) Cl:TCk,T H(uk + VkCIt,TCIJr{7j,>|O>
i

=

—v2=1-u2 (4-38)
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N
2

Figure 4.5: Illustration of the scatter-
ing process. Note that no scattering pro-
cesses with a non-zero center of mass
momentum are considered.

Hamiltonian

—  Box 4.3: Calculating the free energy F
To calculate 7, we split the calculation into three parts:

F =B~ pN = (W[H — uN[¥) = (U[Hy, ) + (U], | ¥) — (LpX]0)
We first solve the kinetic energy part of the Hamiltonian:

(Hyn) = (0] H(Uk + Vi€ 1€k 1) Z ﬁkClT(,ch,cr H(Uk + VkCLTCLQ|O> = Z Vi = Z 26V}
Kk k,o k

For the kinetic energy term to be non-zero, the state at momentum %k needs to be occupied, and we
obtain simply the occupation of momentum states n,. = vZ. Next, we solve the interaction part of the

<ﬁint> = (0| H(Uk + Vil 1€k 1)
K

For the interaction term to be nonzero, the states at momentum 4%k’ need to be occupied while the
states at momentum 47k must not be, so we collect a mix of u, and v,.. Finally, the number operator
term is very similar to the kinetic energy term and we obtain

(uN) = (0] ]___[ Uy + ViCyy ) Z Hck oCk,o H(uk + VkaTCkL )[0) = Z 2uvi

Therefore, if a state with momentum 7k is occupied by a pair, |v, |? = 1
and |u,|? = 0, whereas in an unoccupied state |v, |> = 0 and |u,|? = 1.
We see that vi, (1) describes the average occupation of a momentum
state with pairs (holes). As states quite often will have both u, v > 0,
they can be viewed as being occupied by a superposition of pairs and
holes.

4.3.2 Gap and number equation

To obtain solutions for the parameters u, and v, we write down the
many-body Hamiltonian of the system in a uniform system of volume
Qas

0 — T
H= Z €kC o Ck,o T Z o TC 1L Ok’ L €K/ 1 0 (4.39)
k,o Qi
where we used ¢, = h k , once again parametrized the interaction

strength with g and are neglectmg interactions between pairs at non-
zero momentum as explained above. The first term simply describes
the kinetic energy of the fermions, while the second term describes the
interactions in the system through scattering processes in which a pair
with momentum +k scatters into unoccupied states at momentum +k’
(seefig. 4.5). With £, = ¢, —p and letting u,, v, € IR, we can calculate
the free energy of the system as described in the box below:

F = Z Fr= Z 26, vi + Q Z Wy VicUyer Vier (4.40)

k,k’

k,o k

ZCkT ¢l O Cokp H (uy, + viel Tcki )]0y = ka/ukuk,vk
i

k,o k




We can obtain a solution for the parameters u,. and v, by minimiz-
ing the free energy while simultaneously fulfilling the normalization
constraint uf + v = 1 using the method of Lagrange multipliers. We
make use of equation 4.36 to write down the Lagrangian function

L=F B +v-1), (4.41)

where E, is the Lagrange multiplier at momentum #k. Now, the min-
imum of F can be found by solving

V£:0=>a—£:0,6—£:0 (4.42)
auk 8Vk

For each momentum %k, we carry out the derivatives and find

0 0
67111{ ; 2§k’V12</ = aTk ; € (V12</ +1- uﬁ/) = 28,0y (4-43)

9 )
87\/'1( ; ng/Vi/ = 87 Z gk/ (VIQ(/ +1-— U.IQ(/) = 2&kvk (444)

kk/

Py
= = Vier Uy Uyen Vs
auk Q2 K K’

= Z 6(1{ — k’)vk//uk//vk/ + 6(]& — k”)Vk//llk/Vk/

K’ k”
g
= 2Vk§ Ek/ Vier Uger (4-45)
0 g T
87\71( 6 Vier Uy Uyern Vs

k’ ,k”

= Z 6(1{ — k’)vk//ukuk» —+ 6(1{ — k”)vkuk/uk//

k/’k//
g
= 2uk§ g Vi Uys (446)
0
a—Ek(ui +vi —1) = 2B, (4.47)
Uy
0
afEk(ulf +vi —1) = 2B, vy (4.48)
Vk
By defining .
A= Q zk:vkuk (4-49)

we can therefore write equation 4.42 as

€k — By A We ) _
( A —ﬁk—Ek> (Vk) -0 (4-50)

It is now straightforward to calculate the eigenvalues of this matrix,

E, = /&7 + A2 (4.51)

and we arrive at
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We write 2vﬁ as vi +1— uﬁ here as it
results in a cleaner, more symmetric so-
lution later.
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Furthermore, we can calculate the eigenfunctions and obtain

u = % (1 + E‘i) (4.52)
Ve = % (1 - E‘;) - (4.53)

From expression 4.53, we can directly obtain the momentum distribu-
tion ny, = v of the system.

We have now found solutions that minimize the free energy, but
there are two unknowns remaining that depend on the specifics of
the system: the chemical potential p and the parameter A, which is
referred to as the gap (or pairing gap). To obtain p and A, we need
to find equations that relate these two unknowns to the parameters of
the system we are trying to describe, namely the total particle number
N and the interaction parameter g.

First, we will derive the number equation, which relates the chem-
ical potential p to the density n, as the density is usually easily mea-
surable in cold atom experiments. From equation 4.38, it is straight-
forward to write

=>n=2k:(—él;>~ (4.54)

A second equation can be obtained from definition 4.49 and is called
the gap equation:

Q
= e ; B (4-55)

Now, it is simply a matter of solving these two equations in a self-
consistent fashion to obtain p and A, which is usually done numeri-
cally.



— Box 4.4: Intuitive meaning of the gap
It is worthwhile to spend a moment to consider the physical mean-
ing of the gap by looking at its extreme cases. A system with very
weak interactions must approach the case of a free Fermi gas, mean-
ing that we will find that all momentum states below ky are occu-
pied with a pair while all momentum states above are occupied by
holes. Therefore, for any k, we will find u, v, ~ 0 and therefore
A = 0 - an ideal Fermi gas does not have a pairing gap. The max-
imum possible value of A would be achieved if for any occupied
momentum state u,, = v,, where we would find A = gn, the inter-
action energy of the system. Therefore, we can see that A quantifies
the mixing between holes and pairs.

4.3.3 The BEC-BCS crossover in 2D

To provide an intuition for the expressions derived above, we calcu-
late the momentum distribution and single-particle excitation spec-
trum for the case of a two-dimensional Fermi gas relevant in this the-
sis. Here, we will neglect the peculiarities of two-dimensional systems
discussed in section 4.2 and merely note that they change very little in
the case of a system at zero temperature as discussed in the following.

The BEC-BCS crossover problem in 2D was first considered in 1989
by Mohit Randeria and coworkers using a T-matrix approach at zero
temperature [59]. The parameterization of the 2D BEC-BCS crossover
used is somewhat more complicated than the simple parameteriza-
tion by some coupling constant g shown in the previous section, since
Randeria and coworkers take into account that a realistic two-body
potential is repulsive at very short distances in addition to the usual
attraction at longer distances. They find, however, that the problem
can be neatly parametrized by the two-body binding energy Ep, which
increases monotonously with g. Here, we will not derive an expres-
sion for Ep as a function of g, since we will see in section 4.5 that the
actual expression for Eg in realistic 2D Fermi gases is more compli-
cated anyways. Instead, we will simply take Eg to be some parameter
that scales with g and spans a wide range from weakly bound Cooper
pairs for Eg « Ej to tightly bound bosonic molecules for Eg > Ep,

h2kE
2m

where Ep = is the Fermi energy. The results for p and A Rande-
ria and coworkers obtained were remarkably simple. Solving the gap
and number equations analytically in the mean-field approximation,

they found

A = /2EpEg (4.56)

p=Ep—Ep/2. (4-57)

It is worth a moment to emphasize that these simple equations are all
that is needed to calculate the entire crossover from BEC-like super-
fluidity of molecules to BCS superfluidity. Their simple structure not
only confirms that the two-body binding energy Eg parameterizes the

THEORETICAL BACKGROUND 35

We emphasize that these simple results
are only valid on the mean-field level.
Going beyond the mean-field approxi-
mation, the effect of fluctuations must be
accounted for, see e.g. [60-62].
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Note that the results for other dimen-
sionalities will qualitatively be very sim-
ilar, except for the parameterization by
the two-body binding energy.

BEC-BCS crossover in 2D, but also indicates a close relation between
the trivial two-body bound state and many-body pairing in the cross-
over region.

With these expressions, we can now demonstrate the smooth evo-
lution from BEC to BCS type superfluidity in two dimensions. We will
consider the momentum distribution n, as well as the single-particle
excitation spectrum, which describes the energy required to add or
remove a single fermionic atom. When adding or removing a single
fermion at momentum #k, the number of atoms in both spinstates is
no longer equal, and one atom is unable to find a partner to pair with.
Its contribution to the free energy is therefore only £, its kinetic en-
ergy, and we can calculate the energy difference to a system where all
atoms are paired up as

ingl
AF = Fmedon g —¢ 7, (4.58)
We can evaluate this expression using equations 4.53 and 4.55:
8
Fro =262 + 2§ukvk g Uy Vyer

=€, < — ék) — 2Au vy

k

=€, (1—§“)—2AVEI%_gﬁ

£2 A2
~S%TE TR
k k
i i
—¢ 2k _[E 4 23k
€k B, k+Ek
=& —Ey
—= AF =B, (4-59)

Therefore, the single-particle excitation spectrum is simply given by
the Lagrange multiplier E,, and can be calculated using equation 4.51.

The evolution of uf, n, = vZ, E, and ¢, in the 2D BEC-BCS cross-
over is shown in Fig. 4.6. The momentum distribution, which resem-
bles that of an ideal Fermi gas in the limit of negligible binding energy,
shows how holes and pairs gradually hybridize more and more as the
interaction strength is increased. In the BEC limit of strong binding
energies, pairs occupy states up to very high momentum, with each in-
dividual momentum state mostly being occupied by holes. The single-
particle excitation spectrum undergoes a similar evolution from that
of free atoms in the far BCS limit to that of free molecules in the BEC
limit. However, its shape in the intermediate region is very interest-
ing, with a minimum at k;, = \/2mp/%2 that is slowly moving from
k = kg to k = 0 as Eg is increased.
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4.4 The dynamic structure factor

In this section, we introduce the dynamic structure factor and derive a simple
representation in BEC-BCS theory. We will calculate the dynamic structure
factor in 1D, 2D and 3D and discuss additional contributions, as well as meth-
ods of measuring the dynamic structure factor.

While E, describes the cost of adding (or removing) a particle at
a given momentum £k, not all excitations change the number of par-
ticles. In fact, the particle number is usually conserved in cold atom
experiments, and special schemes like hiding atoms in (nearly) non-
interacting spinstates have to be used to measure E, directly. There-
fore, in this thesis, the focus is on a different kind of excitation spec-
trum: the dynamic structure factor, which we will introduce in the
following.

First, we need to introduce the concept of a density fluctuation in
our BEC-BCS picture. If the density of a Fermi gas is given by p(T),
we write its Fourier components as p,. In a uniform system with no
excitations, the density is constant with p(r) = p, for any . However,
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Figure 4.6: n, and E, in the 2D BEC-
BCS crossover. Left panels: Distri-
bution of pairs n, = v (blue line)
and holes u? (red line) as a function of
momentum hk, for different interaction
strengths. The momentum distribution
resembles the ideal Fermi gas result at
weak interaction (top row). As the bind-
ing energy increases, pairs and holes be-
gin to mix around kg, smoothing out the
momentum distribution until no simi-
larities with the free fermion result re-
main. Right panels: Single-particle ex-
citation spectrum E; (blue line) and
free energy of the added fermion §;
(red line) as a function of momentum
1k, for the same interaction strengths.
At low interaction strengths, E, =~
|€|, but as pairs and holes start to hy-
bridize, the pairing gap opens at kp
and excitations at energies lower than A
are suppressed. As the gap increases,
the minimum energy for excitations is
found at smaller and smaller momen-
tum, until the parabolic dispersion of
free molecules is recovered when Eg >
Eg.

The derivation of the dynamic structure
factor given here follows [63].
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if excitations are present in the system, the density fluctuates around
this value, and we write p, = p,—po. In our fermionic basis, a fluctua-
tion at momentum Aq must correspond to some state where a fermion
at momentum #hk is removed and recreated at momentum hk + hq
- a single-particle excitation that maintains the number of particles.
These processes are described by the density fluctuation operator

6p2rl = Z Cl]:+qck ) (460)
k,o

which describes the creation of such a density fluctuation with mo-
mentum Aq.

We now let the Fermi gas be perturbed by some weak external probe
with a well defined momentum %q and energy fiw. The interaction
Hamiltonian is

v | |
Hiy = 5t (Bphe ™" + 3pge™), (4.61)

where V is a small parameter describing the strength of the pertur-
bation. H;; couples weakly to the ground state |¥,) of the system,
meaning that the eigenstates are not modified by the perturbation. If
|T,) = |¥peg) is the ground state of the system and |¥,)) are the ex-
cited states, we can write

<\IJn|Hint|\IIO> = Vq<\yn‘6pg|q]0> = Vq(6p11>n,0 . (462)

At this point, the excited states |¥, ) are quite generic and feature all
possible excitations, but we will derive results for a specific basis of
excited states later. The probability W(q, w) for the probe to transfer
momentum Aq and energy fw to the system can now be calculated in
a straightforward fashion from Fermi’s golden rule as

W(q,w) = 211V§l S(q,w), (4.63)
where S(q, w) is the dynamic structure factor with

S(a,w) =h Y [(3ph)n0l*8(w— i), (4.64)

writing w,, = w, — w, for the difference in energy between the states
|¥,) and |¥;). The dynamic structure factor is therefore the funda-
mental quantity that determines for which combinations of energy
and momentum such excitations can be created in the system. It fully
describes the spectrum of excitations that maintain the number of par-
ticles.



— Box 4.5: S(q, w) and correlation functions

By Fourier-transforming S(q, w) in time and space, one obtains the
van-Hove function G(¥,t) [64], which is defined as

G, t) = <%/p(f’ +f,t)p(f’,0)df’> . (4.65)

G(T,t) is the time-dependent pair distribution function of the sys-
tem, which describes how interactions change the probability of
finding a particle at a position T and time t after another particle
was at a position T = 0 and time t = 0. Therefore, measuring S(q, w)
is directly equivalent to measuring the time-dependent correlation
function between particles in a system.

In the following, we will derive a simple expression for the dynamic
structure factor in the framework of BEC-BCS theory. We will re-
strict ourselves to excitations of single particles, since BEC-BCS theory
does not support collective excitations as it neglects pairs at nonzero
momentum. Therefore, we can construct our basis of excited states
by writing down wavefunctions where a single particle has been ex-
cited, meaning it has been removed at momentum %k and re-created
at ik + q):

9,) = [i0) = g 0%l Po) (4.66)

From these states, all others can be constructed as linear combinations.

Since we know the energy cost of adding and removing fermions
to the BCS wavefunction, it is also straightforward to write down the
energy of such a state relative to the ground state:

hwn,O = Ek + Ek+q (467)

With the excited states known, it is now straightforward to write

(SPII)n,O = Z<\Ilk,o| Z C}i’+q)g/0k/,c/|qjo>
o k’,o’
= Z<\I/0|Cl1;,cck+q,o Z C£/+q,c’ck',c’|\l’0>
o k’,o’

= Z<\IJO|C11,ch+q,0ClT<+q,ch,o |‘I]O>
o

= 2Vkuk+q . (4.68)

The dynamic structure factor is therefore given as

S(Q7 w) =h Z |(6pg)n,0|26<w - wn,O)
=h Z |2Vkuk+q|2 3(w — By — Eyyq)
k

= 4h Z m (1 —nyq) d(Aw — B — B ) (4-69)
k
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Note that this is not strictly a basis of ex-
cited states, as it only contains the ex-
cited states that can be reached from the
ground state by excitations created by
the external probe. However, as other
states do not couple to the density fluc-
tuation operator anyways, we can safely
neglect them.
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Figure 4.7: Unfolded single-particle
excitation spectrum By mirroring E, on
both the k- and the E-axis, one obtains
the full energy spectrum of particle-
and hole excitations, here shown for
Eg/Er = 0.05. The solid lines show
E,, the dashed lines shows £,.. At nega-
tive energies and k < kg, the curve de-
scribes an excitation where a hole in the
Fermi sea is filled by an atom (I). As this
process is energetically favorable, its en-
ergy isnegative. At the same k, the same
curve at positive energies corresponds
to replacing an atom in the Fermi sea
with a hole, which is energetically costly
(II). Above kg, replacing a hole with
an atom is costly, as this corresponds to
adding a highly energetic atom to the
system (III). Therefore, the energy cost
of this process is positive. However, if
an atom is already present, it is ener-
getically favorable to replace it with a
hole (IV). Any vector (hq, hw) (red ar-
row) that connects a (partially) occu-
pied state with a (partially) unoccupied
state results in a nonzero S(q, w). Note
that while at T' = 0, all states at E,, < 0
are occupied and all states at E, > 0 are
empty, thermally occupied states have
to be considered once the temperature
becomes comparable to A.

T T T
= 1
>
0
< _ AE)
=] o T]VUJ =
° oL 2A (g =Bk ]
S
=
+
z
B
M —pr .
7kF 0 kF

Transferred wavevector k

As eq. 4.69 shows, two things have to be fulfilled to have a nonzero
dynamic structure factor at some (q,w): First, there need to be occu-
pied momentum states at some £k (n, > 0 for some k) that can be
transferred into initially empty momentum states at fik + fiq (ny, <
1). Second, for at least one of these momentum states, the transferred
energy hw needs to match the energy required to create a hole at fik
and a particle at #1(k + q). This condition can be visualized in a simple
way by mirroring the single-particle excitation spectrum E, on both
axes, as done in Fig. 4.7, where the statement above corresponds to
finding a (partially) occupied state and a (partially) unoccupied one
at a distance of (Ak, AE) = (hq, hw).

4.4.1  The dynamic structure factor from BEC-BCS theory

In the following, we will calculate the dynamic structure factor from
BEC-BCS theory in 1D, 2D and 3D to show how the results depend on
the dimensionality of the system. In Fig. 4.8, we show the evolution
of the dynamic structure factor across the BEC-BCS crossover in 1D.
Instead of parameterizing the crossover with some interaction param-
eter, we simply set A to some value and solve the number equation to
obtain the corresponding p.. We then numerically solve equation 4.69
and obtain the plotted S(q, w).

In weakly interacting Fermi gases, the shape of S(q, w) is straightfor-
ward to predict using the visual method outlined above: The lowest
energy excitations transfer iw = 2A to an atom sitting at the Fermi
edge with either g = 0 or |q| = 2k, such that the atom is still at the
Fermi edge after the excitation. As hw is increased, excitations away
from the Fermi edge become possible as more unoccupied states are
available to scatter into. The onset of S(q, w) therefore has two distinct
minima. Additionally, excitations at higher Aiw require some trans-
ferred momentum because the only states where such a transfer would
be possible without a momentum transfer are at very large values of
hik and therefore initially unoccupied, creating a region with negligi-
ble weight at small q and large w.

As the strength of interactions and therefore the pairing gap in-
creases, pairs and holes begin to mix even deep in the Fermi sea, and
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the low-momentum, high-energy features of S(q,w) begin to wash
out. Initially, excitations at low momentum transfers still mostly oc-
cur within the Fermi sea and therefore in a limited range of energy
transfers, but with increasing interactions, higher momentum states
also become partially occupied, allowing for excitations at ¢ = 0 even
at large energy transfers. Additionally, the distinct minima of the
onset broaden as the pairing gap increases, and the minimum ini-
tially found at q,,;,, = 2kp starts to move to lower momentum trans-
fers as q,,;,, = +/2mp/h%. Finally, for strong interactions, the two
minima merge, and S(q, w) henceforth has only a single minimum at
q = 0, reproducing the quadratic increase expected for a gas of bosonic
molecules. This merging occurs once p = 0, and the new onset of ex-
citations is found at /A2 4 p? at q = 0.

When the geometry of the system is two-dimensional, the dynamic
structure factor changes (Fig. 4.9).
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Figure 4.8: Evolution of the dynami-
cal structure factor in a 1D Fermi gas.
Plotted is S(q,w) for a range of dif-
ferent interaction strengths as quanti-
fied by the pairing gap A. The dy-
namic structure factor smoothly trans-
forms from the two distinct features at
q = 0and q = 2kp expected for a
Fermi gas to the quadratic dispersion ex-
pected for bosonic molecules. The col-
ormap shown is scaled logarithmically
to increase the visibility of the contin-
uumy; the striped patterns are numerical
artifacts.
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Figure 4.9: Evolution of the dynami-
cal structure factor in a 2D Fermi gas.
Plotted is S(q, w) for a range of differ-
ent interaction strengths, parametrized
by the two-body binding energy Eg as
described in the text. While the 2D-
S(q, w) resembles the result for the 1D
Fermi gas, the minimum energy of ex-
citations is 2A anywhere from 0 to 2kp
as excitations can occur between any two
points on the Fermi surface. However,
due to the available phasespace, excita-
tions at low q are more likely than those
at higher q.

ky/kp ko /kp

Figure 4.10: Two-dimensional excita-
tion spectrum. In two-dimensional sys-
tems, excitations can happen for any an-
gle between k and § (red line), leading
to a modified dynamic structure factor.
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Because excitations at 2A can occur from any point on the Fermi
surface to any other (see Fig. 4.10), the onset of excitations no longer
shows two distinct minima. Instead, excitations can occur at 2A at any
transferred momentum between q = 0 and hq,,,;, = /2mp. Addition-
ally, the momentum-dependent weight of S(q, w) changes: As the sys-
tem is excited along one fixed direction, there is still only one point on
the Fermi edge where excitations to the other side of the Fermi surface
can occur. However, excitations with ¢ = 0 can happen everywhere
on the Fermi surface, leading to a higher probability and more weight
at low q.

Fig. 4.11 shows the simulated S(q,w) for the three-dimensional
Fermi gas. Here, the solution for the gap and number equations are
found as described in [55] and parametrized by the interaction pa-
rameter —1/kpa (see section 4.5). Generally, the dynamic structure
factors in 2D and 3D are quite similar: From 1D to 2D, the possibil-
ity of exciting atoms along a direction not aligned with their momen-
tum significantly changed S(q, w), leading to a constant onset at 2A
instead of two distinct minima. However, from 2D to 3D, no qualita-
tive change in the possible excitations occurs. Instead, the weight of
such non-aligned excitations merely increases further, leading to an
even higher weight at low ¢ but no qualitative changes to S(q, w).
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4.4.2 Other contributions to the dynamic structure factor

In subsection 4.4.1, we calculated the dynamic structure factor S(q, w)

from BEC-BCS theory in one-, two- and three-dimensional Fermi gases.

However, our results miss some crucial contributions. In section 4.1,
we established that the excitation spectrum of a weakly interacting,
condensed system is given by the Bogoliubov dispersion, which fea-
tures a linear branch of phononic excitations at low momentum. In
fact, we argued that such a linear branch should be present in any
neutral condensate in the form of a Goldstone mode, leading to exci-
tation spectra as shown in Fig. 4.12. As we have assumed the BEC-BCS
ground state to consist of a condensate of bosonic pairs, it is natural
to ask why our calculations do not find such a Goldstone mode at low
energy and momentum.

The answer to this question lies in the fact that the calculated ex-
citation spectrum found above is that of single-particle excitations of
the fermionic atoms that form the bosonic pairs, as can be seen from
equation 4.60. Therefore, the S(q, w) we calculated shows the proba-
bility of creating a single-particle pair breaking excitation. However,
the Goldstone mode consists of long-wavelength fluctuations, which
are collective excitations in which many pairs participate. To obtain
these collective excitations, our initial assumption of BEC-BCS theory
to consider only pairs consisting of atoms of equal and opposite mo-
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Figure 4.11: Evolution of the dynami-
cal structure factor in a 3D Fermi gas.
Plotted is S(q, w) for a range of different
interaction strengths, parametrized by
the commonly used — kF% . The obtained
dynamic structure factors are very sim-
ilar to those found for a 2D Fermi gas,
except for an even stronger decrease in

probability towards higher momentum.

" 7

0 kp 2 kg

Figure 4.12: Sketch of the Goldstone
mode in the dynamic structure factor
In a superfluid, a linear Goldstone mode
should be present at low momentum
that is not found in the calculated spec-
tra as they only contain single-particle
excitations.
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Figure 4.13: Dynamic structure fac-
tors from RPA. Calculated dynamic
structure factors of the two-dimensional
Fermi gas for three different interac-
tion strengths, taken from [66]. These
spectra were obtained using a method
called quasi-random phase approxima-
tion, which allows for the calculation
of both the single-particle excitations as
well as the collective modes.

mentum would have to be relaxed, and the resulting equations are no
longer easy to solve.

One method to approach this problem is the random-phase approx-
imation (RPA), by means of which some of the contributions for pairs
with finite momentum that were neglected in BEC-BCS theory are
recovered. RPA was already used by Anderson in 1958 to calculate
the collective mode of a BCS superconductor [65], and has recently
been applied to the two-dimensional Fermi gas by Huaisong Zhao and
coauthors [66], who calculated the dynamic structure factors shown
in Fig. 4.13. A clear Goldstone mode is visible in these spectra. Inter-
estingly, the Goldstone mode appears to bend down as it approaches
the continuum, indicating some interaction between the collective and
single-particle excitations. This effect had previously been predicted
for 3D Fermi gases [67], but has not been observed experimentally so
far. The single-particle continuum found using RPA is very similar to
those we obtained from BEC-BCS theory above, besides a reduction
of spectral weight at low momentum. This effect will be discussed
further in later sections of this thesis. Similar calculations have previ-
ously been carried out for three-dimensional Fermi gases and found
comparable results [68, 69].

In addition to these higher-order excitations, an obvious contribu-
tion to the dynamic structure factor that we have ignored so far is that
of finite temperature, which is unavoidable in experiments. In a sys-
temat T > 0, some of the excited states in the system will be thermally
occupied, meaning that they cannot be scattered into anymore. As
described in detail in [63], one can calculate the effect of these ther-
mally occupied excitations on the measured excitation spectrum by
detailed balancing, and finds that the density-density response func-
tion X”(q, w) one measures in the experiment changes with tempera-
ture as

X" (g, ) o< S(q,w) (1—e W7 ) . (4.70)
However, in our experiments in the crossover region and in the super-
fluid phase, T < 0.1Ty while A ~ Ep,, leading to a negligible effect of
thermal excitations on the measured excitation spectrum. Therefore,
throughout the thesis, we will use X”(q, w) ~ S(q,w) and neglect the
small correction due to finite temperature.

Finite temperature can, however, also change S(q, w) in other ways.
For example, the sound velocity which sets the slope of the Gold-
stone mode is not independent of temperature, but will increase due
to the increased mobility of hotter particles. The pairing gap also has
a temperature dependence, decreasing in magnitude as temperature
increases until it vanishes at some critical temperature for pair forma-
tion T*. Additionally, the linewidth of the Goldstone mode increases
with hotter temperatures through a process called Beliaev damping,
where phonons scatter off thermal excitations, in addition to the finite
linewidth already given by scattering off other phonons called Landau
damping [7o, 71].

Encouragingly, these quantities do not appear to depend too strongly
on the temperature as long as one is close enough to T = 0: Accord-



ing to [72], the speed of sound is mostly constant at T < 0.1T}, and
according to [73], the pairing gap shows a wide plateau as long as
T < 0.5T*, which is usually fulfilled in the crossover as T* > Tggr.
Therefore, one can be optimistic that dynamic structure factors mea-
sured in the BEC-BCS crossover will be in good approximation of the
zero-temperature result at experimentally achievable temperatures,
albeit the finite temperature will certainly lead to a thermal broaden-
ing of features which might complicate the interpretation of the mea-
sured spectra.

4.4.3 Measuring the dynamic structure factor

To measure the dynamic structure factor of a system, one needs a
method of transferring a known energy and momentum to the sys-
tem without changing the number of constituent particles. In solid
state physics, this is commonly done by inelastic scattering of neu-
trons or X-ray photons, where a sample is illuminated with a beam of
e.g. neutrons with a well-defined momentum and energy [74]. By
measuring the angle and velocity with which the scattered neutrons
leave the sample, the energy and momentum that were transferred
to the system can be inferred, and one obtains the dynamic structure
factor.

In cold atom experiments, the high level of control and access allow
for a different approach: In Bragg spectroscopy, the system is allowed
to undergo stimulated scattering processes at a well-defined momen-
tum and energy. To do so, two laser beams are overlapped in the ul-
tracold gas, such that the wavevector of their interference pattern is
q = |k, —ky| o 1/sin(a), where k, and k, are the wave vectors of the
two laser beams and « is the angle under which the beams intersect.
The energy selectivity is obtained by detuning one of the two beams
with respect to the other by w. For an illustration of the process, see
Fig. 4.14.

During Bragg spectroscopy, atoms can virtually absorb a photon
from one beam and emit it into the other, which transfers momentum
+hq and energy +#Aw to the system. The probability of this process to
occur is then proportional to S(q, w) as explained above. To measure
the dynamic structure factor using Bragg spectroscopy, one therefore
only has to detect the momentum transferred to the system, which is
directly proportional to S(q, w).

The most common approach to do so is to expose the system to the
Bragg beams for a very short time and record the transferred momen-
tum directly. This method has been used extensively and produced
important results such as the velocity distribution in 3D BECs [75,
76] and Tan’s contact and the pairing gap in 3D Fermi gases [69, 77].
Alternatively, it is possible to let the system equalize and record the
transferred momentum by observing the resulting increase in temper-
ature in the system. Using this method, the band structure in optical
lattices was measured [78] and the transition from the Mott-insulating
to the superfluid state in one-dimensional Bose gases was investigated
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Figure 4.14: Sketch of Bragg scattering.
Two laser beams (blue) interfere in the
center of an atomic gas (red). In a stimu-
lated process, a particle can virtually ab-
sorb a photon with wavevector k; and
energy hw; from one beam and imme-
diately emit it into the other beam with
wavevector ky and energy fiw,. In the
process, the particle absorbs momentum
hd = h(k; —ky) and energy fi(wy — ws).
If no excitation at this combination of en-
ergy and momentum can be created, the
stimulated process cannot occur.

It would also theoretically be possible
to measure the number of photons scat-
tered from one beam into the other, but
the low amount of scattered photons
makes this very challenging experimen-
tally.
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[79, 80]. Both methods have their advantages: While measuring the
transferred momentum allows for some differentiation between dif-
ferent kinds of excitations created [69], the Bragg pulse has to be kept
short, and a high signal to noise ratio is needed to detect small val-
ues of S(q,w). Measuring the temperature after equilibration enables
longer exposures of the system to the Bragg beams, which increases
the signal while keeping the perturbation from the beams small. In
this thesis, we make use of the second method, as is it more conve-
niently applied to low-density systems.

4.5 The length scale of interactions

In this section, we provide a brief overview over the parametrization of in-
teractions in two-dimensional Fermi gases by discussing their relevant length
scales. The aim here is not to provide a rigorous derivation of scattering physics,
but rather a somewhat intuitive idea of how the different parameterizations
are related. First, we will establish the concept of scattering lengths in three-
dimensional systems and discuss how they are tuned using Feshbach reso-
nances. Next, we will discuss how scattering is modified when confining a
system into a two-dimensional geometry before discussing corrections due to
the imperfect confinement. Finally, we will discuss the nature of the bound
state and calculate its binding energy.

As we have seen so far, ultracold quantum gases are simple sys-
tems, consisting of a number of (nearly) identical particles and not
much else. We generally assume (and hope) that they are closed sys-
tems, meaning that the particles do not interact with anything we do
not explicitly want them to interact with. Therefore, there are only
very few things that can contribute to the sometimes quite compli-
cated many-body physics we want to study. To understand which ef-
fects matter for what type of system, let us consider their characteristic
length scales.

There are three relevant scales which determine the physics of a
quantum gas. Going from small to big, the first important scale is R,
the characteristic radius of interparticle interactions. This is the length
scale on which the bound states that occur in nature are decided. The
second important scale is kp! ~ n#, with the Fermi wavevector kp,
density n and the dimensionality d, which is just the average interpar-
ticle separation. This is quite commonly the most important scale: In
a quantum gas, this is the length scale of the thermal deBroglie wave-
length A\ and therefore the scale on which most of the quantum effects
occurs. As we will see, it is also the length scale on which Fermi gases
pair, and therefore of pretty much any of the interesting many-body
effects, and in our system also the scale of the two-dimensional con-
finement. Since the systems we consider are dilute, ki! is much larger
than R, and this separation of length scales means that we do not have
to concern ourselves with the details of short-range physics when dis-
cussing phenomena that occur on the scale of ki'. The final length
scale is L = Qi, the size of the system. This length scale is not too
important for the purpose of this thesis, but it is the scale on which



collective modes like the breathing or sloshing mode of a harmoni-
cally trapped system occur and on which sound waves are reflected.
In a many-body system, L will again be much larger than k!, which
is why the shape of the trap volume generally does not enter into a
system’s many-body physics.

However, there is one length scale which we have not yet discussed:
the characteristic length scale of interactions. This is because depend-
ing on the system, this length scale can fall in any of these categories,
leading to fundamentally different regimes into which quantum gases
can fall. This section discusses these different regimes and their char-
acteristic length scales.

4.5.1  Scattering in 3D

This section mostly follows the discussion in [81]. The reader might turn to
[82] for a more in-depth derivation.

First, we will introduce the concept of a scattering length, which will
provide us with a first length scale for interactions that is then later
modified by other effects. We will start by imagining two distinguish-
able particles colliding in the vacuum and neglect all effects that might
occur on the length scale of R,. In the center-of-mass frame, the in-
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coming wavefunction is a plane wave V; whlle the outgomg
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~ f (6, k)
plitude f(6, k) depends on the angle 6 and the relative momentum k of

wavefunction is a spherical wave ¥
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the scattering particles and is directly related to the differential scat-
tering cross section as do/dQ2 = |f(6,k)|%. Now, the scattering wave-
function ¥ = ¥, + ¥_ . can be expanded in the basis of Legendre

polynomials P,(cos 0) as
1 & .
T{Z (20 4 1)(e¥0e() — 1)P,(cos ). (4.71)
=0

Here, §,(k) is the phase shift between the incoming and the scattered
wave and contains all nontrivial information about the scattering pro-
cess. In dilute, ultracold systems, all but the lowest partial wave can be
neglected, and after integrating out the angular dependence we obtain
the scattering amplitude

(2000 1), (472)

fok) = o

The phase shift §, is now expanded in a power series of k? and can be
written as

1 1
keot(8y()) = —— + 1k + O(KY), (473)
3D

where we have defined the scattering length a;p, and the s-wave effec-
tive range r,. In most systems, r, ~ R, < k! and the series can be
truncated after the first term, writing

. tan &
agp =  lim (* Kk O) : (4.74)

k<1/r,
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If the momentum dependence of the
phase shift becomes important, the ef-
fective range provides the first correc-
tion term. However, it is only rarely nec-
essary, and we will not further consider
it in this thesis.
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Note that case of indistinguishable par-
ticles discussed here therefore also im-
plies that the spin-wavefunction is sym-
metrical, and therefore for fermions the
spatial wavefunction needs to be anti-
symmetrical.

The scattering length is then a single scalar quantity that describes all
relevant details of the scattering between the two particles, and there-
fore fully quantifies their interactions. Finally, we insert this expres-
sion into the expression for the scattering amplitude above and inte-
grate to obtain the cross section for s-wave scattering of distinguish-
able particles:

4may

0= m (4.75)

In most ultracold systems, ka;, <« 1 and the cross section is simply
given by o = 4ra2,. In this case, a,, is typically on the order of R,
which is quite reasonable given that the interatomic interaction po-
tential is the microscopic origin of the scattering length. However, as
we will see below, it is also possible to increase asp, to arbitrarily high
values. When kasp > 1, the scattering cross section becomes inde-
pendent of a;p and is only limited by the relative momentum of the
scattering particles as 0 = ﬁ—;‘.

When the two scattering particles are no longer distinguishable, the
expression for the cross section is modified by the symmetry of the
wavefunction, and one needs to calculate

O = IH(0,1) £ £z — 0, k)2, (4.76)

where the plus sign refers to bosons and the minus sign refers to
fermions. Due to the symmetry of the expansion in Legendre poly-
nomials, the cross section is therefore twice as large for scattering be-
tween two bosons, but zero for scattering between fermions. There-
fore, gases of indistinguishable (and therefore spin-polarized) fermi-
ons at ultracold temperatures are essentially non-interacting. To over-
come this limitation, ultracold Fermi gases generally work with mix-
tures of two different spin states, such that scattering can still occur
between fermions of different spin.

At this point, it is natural to ask how this scattering length a,p, is
related to the coupling constant g we have used previously to quan-
tify the interactions between particles. The relation between the two
quantities becomes clear when considering a system of ultracold, di-
lute, distinguishable particles with mass m and density n. We will look
at the wavefunction of a probing particle with momentum %k which
moved a distance | through this system. In the far field, its wavefunc-
tion will be a superposition of all possible scattered waves, which re-
sults in a phase shift of the incoming wave of

4rasynl
b= ———. (477)

We can view this phase shift as the probing particle temporarily hav-
ing changed its momentum while traversing the system. The change
in momentum due to the surrounding gas is Ak = §/1, equivalent to
a change in the kinetic energy of the particle of
R?(k* — (k—Ak)*)  4nh’agpn

~

2m m

(4.78)




We can now see that the gas the probing particle interacts with acts ex-
actly like an additional potential the probing particle moves through.
Therefore, the change in energy above is simply the mean-field energy
gn we obtained in section 4.1, and

4mh?
g =

asp - (4.79)

In weakly interacting systems, asp, and g are therefore equivalent pa-
rameters to quantify the interaction strength.

4.5.2 Feshbach resonances

This section follows the discussion in [81]. [19] is recommended for more
details on Feshbach resonances in ultracold gases.

As the scattering length a;p that quantifies the interaction strength
is usually on the same length scale as R, and therefore much smaller
than k!, most systems are quite weakly interacting. This can be very
convenient for theoretical descriptions, as na3, becomes a small pa-
rameter and the effects of interactions can be treated perturbatively.
However, if we wish to realize strongly correlated systems, we will
have to increase the magnitude of a;, such that it reaches the length
scale of kgl. To do so, we turn to Feshbach resonances.

To understand what a Feshbach resonance is, we first have to recall
the shape of the interatomic interaction potential (see fig. 4.15). The
van-der-Waals force between the particles leads to an attractive force
at low distances, meaning that the potential is negative. Therefore,
this potential is able to support bound states, in which the particles
form a stable dimer. Usually, these bound states do not affect the scat-
tering behavior, because spontaneous decay into one of these lower-
lying states would require a three-body collision to conserve energy
and momentum. For gases of fermions, this would require an s-wave
collision between two atoms of the same spin, which is not possible
due to Pauli-blocking. Even in bosonic quantum gases, such events
are rare due to the diluteness, which results in a low probability to
find three of the particles close to each other. Therefore, the scattering
particles are not affected by the bound states, and remain free.

The situation changes drastically once the particles are put in the
presence of an external magnetic field. In the high field regime, which
is the only regime relevant in this thesis, the electron spin becomes po-
larized, and scattering between particles happens almost exclusively
in a triplet configuration as the singlet state is energetically highly
unfavorable. However, the singlet interatomic interaction potential
still exists, it is merely shifted to higher energies. There is a stark
difference between the singlet and triplet potentials, though: The en-
ergy of the singlet does not tune as the strength of the external mag-
netic field is increased. The triplet, on the other hand, tunes with
2pg =~ h- 2.8 MHz/G, where pg is the Bohr magneton. Therefore, as
the magnetic field strength is increased, the two interaction potentials
are shifted with respect to each other.
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Figure 4.15: Sketch of the interatomic
interaction potential. At very short dis-
tances, the particles repel each other due
to the Coulomb force. At intermedi-
ate distances, the van-der-Waals force
leads to a mutual attraction. Finally, at
distances larger than the characteristic
length R,, the movement of the atoms
is free.
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Singlet

Triplet

Figure 4.16: Triplet and Singlet inter-
action potentials. Because the singlet
and triplet potentials react differently to
magnetic fields, bound states of the sin-
glet potential (dashed red line) can be
brought into resonance with the contin-
uum of the triplet potential (grey line).
This phenomenon is called a Feshbach
resonance.

It is interesting to note that both in the
regime of weak and strong interactions,
the parameterization of the interaction
strength ultimately results in a parame-
ter < /o, where we remember that o is
the scattering cross-section.

Once the continuum of the triplet becomes degenerate with a bound
state of the singlet, a Feshbach resonance occurs (see fig. 4.16). The
triplet and singlet states begin to mix, and an avoided crossing occurs
between the continuum and the bound state. One important conse-
quence of this is that by preparing a system at a magnetic field above
the Feshbach resonance and then slowly lowering the magnetic field
strength, the previously free particles can be adiabatically converted
into bound pairs. The second important consequence is that the cou-
pling to the bound state modifies the scattering length. In the vicinity
of the resonance, the scattering length is modified as

AB
4p = ape ARG R
0

(4.80)
where ap is the background scattering length far from the resonance
and AB is the width of the resonance centered at B,,.

By tuning the magnetic field strength close to a Feshbach resonance,
ultracold gases can therefore realize arbitrary scattering lengths. This
is a remarkable feature: Increasing the scattering length to values on
the order of or even above the interparticle spacing realizes a strongly
correlated many-body state. However, as R, is still much smaller than
kp!, the system remains dilute, resulting in a strongly interacting sys-
tem with point-like interactions, a regime so far unique to ultracold
atoms. In this regime, the strength of interactions can be quantified
by comparing the scattering length to the interparticle spacing. As
the scattering length diverges, a smooth parameterization can be ob-
tained from its inverse, resulting in the parameter —ﬁ commonly
used in publications on ultracold Fermi gases.

We now see the connection between Feshbach resonances and the
BEC-BCS crossover discussed in section 4.3: The further the magnetic
field is increased above the resonance, the smaller a;, and the weaker
the interactions. There is no two-body bound state, and pairing would
have to be a purely many-body effect - the system is in the BCS limit.
Below the resonance, where the scattering length is positive, a bound
state exists and the atoms form pairs. Their binding energy is simply
given by

ﬁ2

Eg = .
B magD ) (4 81)

and the system approaches the BEC limit. In between those limits,
the system smoothly interpolates between the BEC and the BCS limits,
featuring aspects of both. In fact, at B = By, a very special case is real-
ized: the unitary Fermi gas. As the scattering length diverges, the only
length scale that remains to dictate the thermodynamic and many-
body properties is ki!, the average interparticle separation. The uni-
tary Fermi gas is therefore a scale-invariant system with the strongest
possible interactions.

In this thesis, the atoms in question will be fermionic Lithium-6
atoms, for which the background scattering length is only ap = 45 a,
close to the characteristic length scale of interparticle interactions R, =
31a, [19]. The interatomic interaction potential features a total of 39



bound vibrational states, with the dissociation energy of the ground
state at an impressive 12253 K [83]. The Feshbach resonance we will
make use of is particularly broad due to the presence of a virtual bound
state close to the triplet continuum: In a balanced spin mixture of the
lowest two hyperfine states, B, = 832.2G and AB = —262.3G [84].
This makes is straightforward to tune the scattering length a.p, over a
wide range of values, as shown in Fig. 4.17. The virtual bound state
also leads to a particularly high triplet background scattering length,
leading to unusually strong interactions at magnetic fields above the
Feshbach resonance. Finally, we note that at magnetic fields below the
broad Feshbach resonance discussed above, there is a second, narrow
resonance at By = 543 G as well as a zero-crossing of the scattering
length at B = 527 G. However, these features as well as the scattering
behavior at low magnetic fields are not relevant to this thesis and will
not be discussed further.
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4.5.3 Scattering in 2D

Let us consider a system of fermionic particles that is tightly confined
into a two-dimensional plane. While the confinement constrains the
kinematics of the fermions, it also introduces a new length scale. As
the bound states stem from the shape of the interatomic interaction
potential, the size of which is still much smaller than any realistic size
of the system in the axial direction, they will be unaffected by the con-
finement, and we therefore expect the Feshbach resonance to remain
at the same magnetic field. However, the wavefunctions of the scatter-
ing particles will be significantly affected by the reduced dimensional-
ity since the harmonic oscillator length in the axial direction 1, is close
to the length scale of the interparticle spacing ki!. Therefore, the pa-
rameterization of the scattering physics must take into account both
the three-dimensional scattering behavior and the tight confinement.

In a true 2D system, the scattering amplitude is given as a function
of the two-dimensional scattering length a,p, by

4w
—log(k?a3,) +in

ftrueQD <k7 aJ2D> = (482>

The scattering length and scattering momentum therefore enter only
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Figure 4.17: Feshbach resonances in
Lithium-6. Scattering length in a mix-
ture of the lowest two hyperfine states
of Lig as a function of magnetic field, in
units of the Bohr radius a,. The scatter-
ing length a3y, is positive when there is
a singlet bound state below the contin-
uum of the triplet, and negative other-
wise (see insets). The values of the scat-
tering length are obtained from [84].

Often, such systems are referred to as
quasi-2D systems, while the term 2D
is reserved for purely two-dimensional
systems. However, as we will mostly
talk about the realistic quasi-2D case, we
will usually omit the quasi- and refer to
purely 2D systems as true 2D.

See for example [29, 30].
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The notation —i0 denotes an infinitesi-
mal imaginary contribution which is re-
quired due to the pole at x = j.

Note that the majority of publications in
2D Fermi gases still omit the Aw correc-
tion even though it would result in a sig-
nificant shift in the interaction parame-
ter used, often of comparable magnitude
to the size of the features reported (see

e.g. [86,87]).

logarithmically into the scattering amplitude. In the experimentally
relevant case of tight harmonic confinement in the axial direction, the
scattering problem in quasi-2D was solved in 2001 by Petrov and Shlyap-
nikov [85]. They showed how the scattering amplitude is related to
the three-dimensional scattering length and the confinement by

4
f2D (k) 1. K212+ (483)
Z:D +w( 2 )

T Von

where w(x) is a function that describes the momentum-dependent

a,

contributions to the scattering amplitude:

, 4] J Lo, ,
wix) = lim {\/:1(’% (=) =2 T sl —x—i0)
One can now obtain a,p, by requiring that
ftrue2D (k7 a“2D) = lap (k) . (485)
To solve this equation, we write the function w(x) as

w(x) = Wy, (%) + Aw(x) with

W) = —log () + i (4.86)

where A ~ 0.905. wy;,, therefore approximates w(x) at small values
of x and the filling correction Aw is the error of this approximation,
which becomes relevant for larger momenta. Therefore,

4w
—log(k?a3y) + in

firuean (K, agp) =

= o (4.87)
\/Zﬂal;D —log(#) + Aw +iw 7

In the zero momentum limit w);,, > Aw =~ 0 and we arrive at

™ _ /T 1z
D10 = lpy [ e VT (4.88)

However, experiments are usually not performed in the zero momen-
tum limit, as the experimentally achievable values of 1, are limited.
Therefore, the scattering length cannot be evaluated using the sim-
ple limiting behavior of wy;,,,(x), and the filling correction Aw has to
be evaluated. The simplest correction to the scattering length can
be obtained by evaluating the w-function at a characteristic momen-
tum k = k, instead of k = 0, obtaining once again a single parameter
ayp that describes the scattering behavior of the system. This correc-
tion does not fully capture the momentum-dependence, but extends
the validity of the parametrization using a single scattering length to
higher momenta. In a many-body system, this characteristic momen-
tum kg is generally given by the chemical potential p, and we write

hky = +/2mp  and

k212 m
z .8
2 hw, ’ (4.89)



where fiw, is the harmonic oscillator spacing in the axial direction. The
corrected scattering length can then be written as

agp = a2D7k_>Oe_%AW<#$7> . (4.90)

— Box 4.6: Parameterizing scattering with an effective range
There is an alternative approach to take into account the finite mo-
mentum correction, which introduces an effective range of interac-
tions R, in the definition of the true 2D scattering amplitude, similar
to eq. 4.73. This approach is discussed in detail in [62]. In essence,
the scattering amplitude is modified to read

4w
—log(k?a3y,) + Rek? +im

firuezn (K, 82p, Ry) = (4.91)
In a true 2D system, R, = 0, and eq. 4.82 is recovered. However,
when solving eq. 4.85, the effective range absorbs the momentum
dependence of the scattering amplitude, and the scattering physics
of the system can be well described without evaluation a character-
istic momentum, at the cost of having to parametrize the system by
a set of two parameters. In this thesis, we will nevertheless use eq.
4.90, as it is the standard in experimental publications.

An interesting consequence of the interplay of 2D and 3D scales can
be seen when considering the bound state in two-dimensional sys-
tems. The 2D scattering length a,, we have derived above must by
definition always be positive. Therefore, we can always calculate a
nonzero binding energy from the scattering length:

2

Epop = HZgD (4.92)
This is a natural consequence of the fact that an attractive potential
must always feature a bound state in two dimensions, and in stark
contrast to the three-dimensional case, where a bound state is only
present on one side of the Feshbach resonance. However, eq. 4.92 is
only valid in a true 2D system. In a quasi-2D geometry, the binding
energy has to interpolate between two very different cases: Where a;p,
is small and negative, no bound state exists in 3D, and the binding en-
ergy obtained with eq. 4.92 will describe the bound state well, asitis a
purely 2D phenomenon. However, for small positive a;p,, one would
expect the atoms to form very tightly bound pairs already from three-
dimensional scattering physics. As the size of these pairs will be small
compared to 1,, the confinement should no longer modify this bound
state, and the binding energy should purely be the three-dimensional
one. The correct interpolation between these limits is shown in [29].
To obtain the binding energy, one needs to solve the transcendental
equation

~Epu
e hwy

1 o0
—= = / dn fy_ : (4.93)
asp Sy Vdmud L (1 —e2u)

2u
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Figure 4.18: Binding energy in 2D.
Plotted in solid blue is the binding en-
ergy as a function of the interaction pa-
rameter. For comparison, the dashed
lines show the binding energies com-
puted from a,p, (orange) and asp (light
blue). The two-dimensional binding en-
ergies (blue) have been shifted by h% to
account for the ground state energy of
the confining harmonic oscillator. Fig-
ure adapted from [43].

We point out that in true 2D, eq. 4.92
shows that an alternative parameteriza-
tion of interactions can be obtained by
log(Eg/Er) (orjust Eg/Eg ), where in-
stead of comparing length scales, the en-
ergy of the two-body bound state is com-
pared to the energy associated with the
interparticle separation. However, as
the two-body binding energy is modi-
fied by the confinement in quasi-2D, this
parameterization is generally not recom-
mended, although it is still commonly
used in theoretical works.

We note that some authors (see e.g.
[30]) use a slightly modified expression
of the scattering length a,p/, = asp e.YiE
where v ~ 0.577, leading to a small
shift in the interaction parameter (see
below) of Alog(kpasp) ~ 0.05.

Figure 4.19: Magnitude of the filling
correction Aw. Plotted is the differ-
ence between the interaction parameter
log(kpayp) with filling correction and
without for different ratios of Ex/hw,.
The larger the Fermi energy is compared
to the harmonic oscillator spacing, the
more the momentum dependence of
scattering modifies the scattering prop-
erties. This effect becomes significant as
the chemical potential increases towards
the BCS side of the crossover.

The resulting values of E are plotted together with the limiting cases
in true 2D and 3D in Fig. 4.18.
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A good parameterization of interactions in the vicinity of a Fesh-
bach resonance for a two-dimensional system must once again stem
from comparing the length scale of scattering (and therefore interac-
tions) to the length scale of interparticle separation ki*. However,
as we have seen, a,r, does not feature a singularity at the Feshbach
resonance: The presence of an additional length scale in 1, leads to a
smooth evolution of a, as the resonance is crossed. Therefore, the

interaction parameter does not need to be defined using the inverse of
1
Fa2D

one notes that the scattering amplitude depends logarithmically on

the scattering length — - as in the three-dimensional case. Instead,

the scattering length as shown in eq. 4.82 and arrives at log(kpa,p ) as
a good parameterization of interactions in the 2D BEC-BCS crossover.

Fig. 4.19 shows the correction to the interaction parameter due to
the finite scattering momentum. When the Fermi energy becomes
comparable to the harmonic oscillator spacing, the filling correction
becomes relevant, shifting the interaction parameter log(kpa,p ) by the
plotted value. While experiments are generally performed at as low
values for E /hw, as are realistically achievable, corrections of up to
—0.5 Aw ~ 0.5 are often unavoidable when working in the BCS regime
due to the high chemical potential.
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Finally, we take a moment to point out that the entire discussion
above is essentially the result of the introduction of a third length



scale by the confinement. This not only fundamentally shakes up the
scattering physics of the system, it also has another interesting conse-
quence: In two-dimensional Fermi gases, there cannot be a unitary
point, as even on the Feshbach resonance, there is always another
length scale that the interparticle separation can be compared with.
Therefore, the scale invariance of the unitary 3D Fermi gas is not found
in 2D Fermi gases. However, interestingly, the 2D Fermi gas is already
expected to be scale invariant due to a symmetry of its classical Hamil-
tonian, and in fact this scale invariance only gets broken in close vicin-
ity of the Feshbach resonance in a so-called quantum anomaly [86, 88,

89].
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STATE OF THE FIELD

This chapter is intended to give a short summary of the current state of ex-
periments on 2D Fermi gases. I will discuss the historic development of the
different trapping setups that were used to study these systems and discuss
their advantages and disadvantages. While explaining the different ways by
which measurements are made and what kind of information they yield, I will
give a short overview over the most relevant results obtained in 2D Fermi gases
s0 far.

5.1 Trapping geometries

To create a two-dimensional Fermi gas, the most important ingredi-
ent must be the confinement that brings the system into the kinematic
2D regime. This confinement needs to be strong enough such that all
motion in the confined direction is frozen out. This is not exactly triv-
ial: To be able to create degenerate Fermi gases, the density per spin
state needs to be on the order of n ~ 1 um~2 at experimentally achiev-
able temperatures. However, the Fermi energy of a system with such
a density is on the order of h - 10 kHz, requiring a confining potential
where the first excited state is also at the least around h - 10 kHz above
the ground state. This requires tightly focused traps and a significant
amount of laser power.

The first realizations of such deep confining potentials made use of
a retro-reflected red-detuned laser beam, creating deep optical traps
that provided harmonic confinement along all directions, with high
trap frequencies in the axial direction [24-26, 90] (see e.g. fig. 5.1A).
The advantage of this approach is that it allows one to use widely
available CO, or Nd:YAG lasers to create the tight confinement. How-
ever, unless significant effort is made to manipulate the geometry of
the system before loading into the confining potential, many layers of
the trap will be populated at once. As a consequence, measurements
along the axial direction will average together many different systems
with different densities and complicate both the interpretation of data
and control over the density distribution.

Soon, optical lattices created by interfering two beams under a shal-
low angle became common. The highest flexibility here is achieved by
making the angle between the two beams adjustable [91], but high
trap frequencies can be reached also with a fixed angle while main-
taining enough separation between the maxima to be able to load a
single layer with negligible population of the surrounding ones [28]
(see fig. 5.1 B). Since the curvature of the magnetic offset field can be
used to provide the harmonic confinement along the radial direction,
the confining lattice can also be created from blue-detuned light, re-
sulting in less radial confinement [20]. As an alternative to optical
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Figure 5.1: Overview over different
trapping geometries. A: The first real-
ization of 2D Fermi gases features many
layers prepared in a red-detuned opti-
cal lattice. Shown is the density dis-
tribution, integrated along one direc-
tion perpendicular to the lattice, with
the many layers clearly visible. Figure
adapted from [24]. B: Schematic show-
ing a 2D Fermi gas (red) trapped in a
single node of a red-detuned optical lat-
tice (green). By populating only a sin-
gle layer, the integrated column density
measured (image on the bottom) cor-
responds directly to the density of the
system. Figure adapted from [28]. C:
Schematic showing a 2D Fermi gas con-
fined in a blue-detuned TEM;-mode,
demonstrating how a higher Hermite-
Gaussian mode can be used instead of
an optical lattice. Figure adapted from
[93]. D: Density distribution of a ho-
mogeneous 2D Fermi gas. Here, the ra-
dial confinement is provided by a sharp
blue-detuned wall instead of the cur-
vature of the magnetic field or a red-
detuned dipole trap. Figure adapted
from [46].

lattices, it is furthermore possible to achieve a single layer, harmoni-
cally trapped 2D Fermi gas by using a blue-detuned TEM,,;-mode [92]
(see fig. 5.1C).
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However, the harmonic confinement in the radial direction will al-
ways result in an inhomogeneous density distribution, with a cold,
high density region in the center of the trap and hot, thermal low-
density regions in the regions of higher potential. This is not always an
issue, and can even be desirable in measurements where data at many
different densities is required. However, when measuring non-local
quantities such as the momentum distribution, the inhomogeneous
density distribution complicates the interpretation of the results, as it
will inevitably average together the different regions in the trap. To
address this problem, we combined the low radial trapping frequen-
cies achievable with blue-detuned confining lattices with beam shap-
ing using axicons or spatial light modulators [20]. This results in ho-
mogeneous density distributions in arbitrary geometries in the radial
direction, while the axial direction is still frozen out by the confining
lattice (see fig. 5.1 D).

5.2 Measurement tools

Generally, measurements on two-dimensional Fermi gases are per-
formed by taking an absorption image of the density distribution of
the system. However, there are different manipulation techniques
that can be used prior to imaging to modify the information that can
be obtained from the resulting images. In the following, we will dis-
cuss the most common techniques and highlight important results.



In the early years, the measured density distributions were compli-
cated to interpret due to the averaging of multiple layers as explained
above. As a consequence, most measurements were performed using
radio-frequency (RF) spectroscopy, where the pseudospin of atoms
resonant with a RF pulse is changed to an undetected third state. By
recording the apparent atom loss, the fraction of atoms resonant with
the energy of the RF photons can be inferred. Over the years, such
measurements were used to study the evolution of the two-body bound
state as a function of the interaction strength [25, 94] and in the cross-
over from 3D to 2D [26]. By studying the line shape of the RF spec-
trum, polaron physics were investigated the strongly interacting regime
[90], and measurements above the critical temperature for superfluid-
ity were performed to search for a Fermi gas equivalent of the pseudo-
gap phase originally described in cuprate superconductors [87, 95].
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However, the unperturbed density distribution itself already con-
tains valuable information about the equation of state of the system.
Especially once single-layer systems were available, precision mea-
surements of the local density as a function of the trapping potential
were used to map out the thermodynamic properties of the system
(see fig. 5.2). Such measurements were used to determine the pres-
sure [97] and the density equation of state [93, 96] and revealed the
presence of a spin-balanced core in spin-imbalanced systems above a
critical polarization [27, 91].

Another scheme to obtain a different set of information from the
system is to record the density distribution after switching off most
trapping potentials and waiting for a set amount of time. If the only
remaining trapping potential is the harmonic trap in the radial di-
rection and the expansion time is chosen to be a quarter of its trap-
ping period, such a scheme performs a rotation in phase-space that al-
lows for a measurement of the momentum distribution of the system
[98]. Such measurements of the momentum distribution were used
to show the presence of a pair condensate in spin-balanced [28] and
spin-imbalanced [91] systems. Furthermore, from the Fourier trans-
form of the momentum distribution, the spatial coherence properties
can be inferred and compared to predictions from BKT theory [86, 99 ]
(see fig. 5.3).

It is also possible to observe the behavior of a system after a sudden
change in the trapping potential, for example by measuring the width
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Figure 5.2: Equation of state obtained
from the in-situ density distribution A:
The density distribution of a harmoni-
cally trapped 2D Fermi gas (inset), plot-
ted as a function of the potential en-
ergy, can be used to extract the den-
sity equation of state. Figure adapted
from [93]. B: Reduced chemical poten-
tial f = p + Eg /2 as a function of inter-
action strength, compared with theoret-
ical predictions. i increases from values
close to 0 in the BEC limit to E in the
BCS limit. Figure adapted from [96].
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Figure 5.3: Observing pair condensa-
tion and coherence properties in the
momentum distribution A: Schematic
of matter wave focusing, adapted from
[86]. A harmonic confinement is used
for a rotation in phase space that allows
for measurements of the momentum
distribution, here shown for a system
in the BEC limit. B: Experimental evi-
dence for pair condensation in 2D Fermi
gases, obtained by rapidly ramping the
system into the BEC regime while mat-
ter wave focusing is performed. The
macroscopic occupation of low momen-
tum modes indicates the presence of a
pair condensate. Figure adapted from
[28]. C: Experimental evidence for al-
gebraically decaying correlations in a
2D Fermi gas, adapted from [99]. The
first-order correlation function g;(r),
obtained by Fourier-transforming the
momentum distribution, is plotted for
different reduced temperatures t =
T/Tggc,g, where Tggc is the con-
densation temperature of an ideal 2D
Bose gas. For cold temperatures, alge-
braically decaying correlations are ob-
served.

30pm

Figure 5.4: Creating custom potentials
using spatial light modulators. A: Ho-
mogeneous Fermi gas with a poten-
tial step in the center used to measure
the density equation of state, adapted
from [20]. B: Homogeneous Fermi gas
with a narrow potential barrier used to
observe Josephson oscillations, adapted
from [39].
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and center-of-mass of the cloud in response to the change. Such mea-
surements have been used to study whether the kinematics of the sys-
tem are truly two-dimensional [92] and have investigated the broken
scale invariance in the crossover [88, 89].

Finally, recent measurements have started to employ spatial light
modulators to manipulate the system prior to measuring. The ability
to freely manipulate the trapping potential can not only be used in a
static fashion to probe the response of the system to a well-defined po-
tential. The potential can also be switched on faster than the timescales
of the system. As the density distribution cannot follow the change of
potential this fast, the phase of the wavefunction is modified instead,
allowing for the imprinting of phase differences that then evolve into
custom-designed dynamics. Using such methods enabled us to per-
form measurements of the equation of state in homogeneous systems
[20] and to observe Josephson oscillations across a narrow potential
barrier [39] as well as perform quantitative measurements of sound
waves [40].



THE EXPERIMENTAL APPARATUS

In this chapter, I will describe the experimental sequence, following one com-
plete path of the atoms through the apparatus. Upgrading and maintaining the
experimental setup has been one of the core components of my work over the last
years. However, as the setup is already well-documented by the previous PhD
students, I will limit myself here to a general overview. The interested reader
may find a detailed description of the apparatus including the initial design and
commissioning in [ 100, 101], with some more recent improvements described
in [ 46, 102]. Especially the PhD thesis of Niclas Luick [ 43] documents in de-
tail the improvements we made over the last years. More information on the
techniques employed can be found in [103] or [104].

In our quantum gas apparatus, fermionic °Li atoms are cooled to
degeneracy. °Li is one of the only two reasonably radioactively sta-
ble fermionic isotopes of alkali atoms, which are strong candidates for
ultracold atom experiments due to their simple, hydrogen-like elec-
tronic structure, the other one being K. It features a broad Fesh-
bach resonance (see section 4.5.2), and lasers with wavelengths res-
onant to the D, transition from the 2S1 to the 2Ps electronic states
at X\ = 671nm are commonly available. As collisions with room-
temperature atoms make cooling to the nanokelvin temperatures we
require impossible, the entire cycle must occur in an ultrahigh vacuum
environment, with any manipulation of the atoms occurring through
electromagnetic fields. In our apparatus, a combination of ion-getter
pumps and titanium sublimation getter pumps maintains a vacuum
pressure of roughly 1.5 - 107! mbar, low enough that the characteris-
tic time in which an individual atom collides with a non-SLi particle
is on the order of minutes and therefore much longer than our ex-
perimental cycle of ~ 15s. To manipulate the atoms, a combination
of magnetic fields, resonant and non-resonant laser light, and radio-
frequency photons is used. In the following, we will discuss the dif-
ferent steps that are performed as the fermionic atoms travel through
the experimental apparatus, from the oven chamber to the science cell.

From Kelvin to millikelvin

The path of the atoms begins in a pool of °Li in the oven chamber. The
oven is a cylindric steel container that was filled with unoxidized °Li
before being mounted to the vacuum chamber. As the vapor pressure
of °Li at room temperature is negligible, the oven chamber is heated
to 710K (440°C) to achieve a vapor pressure of p ~ 2.5 - 10~* mbar
[105]. At some point, the hot atoms leave the oven chamber through
a series of apertures leading to a decreasing-field Zeeman slower, in
which a counter-propagating resonant laser beam scatters photons off
the atoms, reducing their overall velocity from ~ 1000 % to ~ 50 . To
compensate for the considerable Doppler-shift due to the velocity of
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Figure 6.1: Overview of the experimental cycle to create an ultracold 2D Fermi gas. Fermionic °Li atoms are
ejected from the oven, decelerated in a Zeeman slower (red arrow) and captured in a MOT. After loading the
MOT for about 55, we shift the MOT (orange arrow) to transfer atoms to a deep optical dipole trap created by
the standing wave of two counter-propagating far detuned beams inside a high-finesse cavity (purple). After
evaporative cooling in this resonator, the gas is transported to the resonator focus position and loaded into an
elongated dipole trap which is focused to the resonator waist. By moving the focus position (green arrow) of the
elongated dipole trap, the gas is transported to the science chamber, where we apply a magnetic offset field close
to the Feshbach resonance to perform efficient evaporative cooling. Finally, we create a two-dimensional system by
squeezing the gas in a highly elliptical dipole trap (a,b) and transferring the gas into a single layer of a repulsive
1D optical lattice (c). Figure and caption adapted from [101].

During my PhD, we invested a signifi-
cant amount of time in improving the
stability of the resonator setup as re-
cently described in [43]. We redid the
entire beam path and fiber-coupled both
beams to increase the passive stability of
the setup. Significant upgrades to the
lock setup, such as a feed-forward com-
pensation that keeps the amount of light
on the lock photodiode constant as well
as optical isolation of the lock beam path
improved the stability of the resonator
to the point where it can be relied on to
lock automatically within the first sec-
ond of the MOT phase in virtually any
run. In fact, in the beginning of 2020, the
apparatus ran uninterrupted for three
months straight, during which the res-
onator did not require human attention
a single time. This significant improve-
ment to the stability has been instrumen-
tal for allowing measurements of large
datasets like the ones shown in this the-
sis.

the atoms, a decreasing magnetic field is used. The resulting Zeeman-
shift brings the initially fast atoms into resonance with the laser beam,
and keeps them at resonance as both the velocity and the strength of
the magnetic field decrease. When the atoms reach the exit aperture
of the Zeeman slower, they have scattered approximately 14000 pho-
tons, bringing their temperature all the way from 710K to approxi-
mately 1K. As the atoms enter the main chamber of the vacuum sys-
tem, they are captured in a magneto-optical trap (MOT), consisting of
a spatially varying magnetic field with a gradient of ~ 17G/cm and
six resonant laser beams that act similarly to the Zeeman slower, but
from all directions. Confined in the MOT, the atoms are cooled down
to a temperature on the order of the Doppler temperature of about
1mK, set by the finite linewidth of the D, transition of I' = 6 MHz.

From millikelvin to microkelvin

Once approximately 10% atoms are trapped in the MOT, we switch
on a resonator enhanced dipole trap (REDT). This trap consists of
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Figure 6.2: The cooling resonator. (top panel) CAD model of the bow-tie resonator. (bottom panel) Schematic
of the loading scheme. (a) We load atoms from the MOT (red beams) into the standing wave of the resonator
(grey) by shifting the MOT to a position about 3cm from the focal plane of the TEM,, mode, where the increased
radial waist of about 200—300 pm ensures a high transfer efficiency. (b) We detune the secondary beam by a fixed

frequency offset of 200 kHz, which moves the standing wave at a velocity of 2 < and transports the atoms within
137.5ms to the focus of the bow-tie resonator. (¢) We switch off the secondary beam completely and evaporatively
cool the gas in this running wave trap at a magnetic offset field of 300 G by ramping down the power of the primary
beam by a factor of 100. (d) At the end of this evaporation, the atoms are trapped inside the elongated dipole trap
(red beam) and transported to the science chamber. Figure and caption adapted from [ 43, 101].

two counterpropagating X\ = 1064nm beams with a laser power of
P ~ 1 W which are coupled into a bow-tie resonator with a finesse of
~ 10000, realizing a deep optical standing-wave potential without re-
quiring excessive laser power (see fig. 6.2). The MOT beams, initially
detuned by 4T', are then brought closer to resonance, compressing the
trap to transfer as many atoms as possible into the REDT at a position
3cm away from the focus position of the bow-tie geometry. Once
the atoms have been transferred, the magnetic field is switched from
the quadropole field required for the MOT to a homogeneous offset
field used to manipulate the scattering length of the atoms. At a mag-
netic field of B = 300G, the scattering length of a;n, ~ —2804 is
large enough to enable reasonably fast thermalization. The frequency
of one of the REDT-beams is then detuned by 200 kHz, which causes
the standing-wave potential to move towards the focus of the bow-tie
geometry, moving and compressing the atoms (see fig. 6.3). Once
the atoms reach the focus position of the resonator, forced evapora-
tion is performed, first reducing the power in both beams and then in
a running wave trap after one of the beams has been switched off.

In the focus position located in the
center of the chamber, the minimum
beam waists of the bow-tie resonator are
(17.5 x 30) pm.

The capability to move the atoms into
the focus position of the resonator was
another one of the important improve-
ments to the functionality of the REDT
we implemented over the last years.
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Figure 6.3: Transport inside the REDT.
By detuning one of the beams that form
the REDT, the standing wave pattern
starts to move, and the atom cloud is
transported into the focus position. The
compression of the trap during move-
ment heats the cloud, causing the waist
of the cloud after time of flight to in-
crease. However, this heating is accept-
able because of the more efficient evapo-
ration and loading in the focus position.
Figure adapted from [43].

Finally, the atoms are loaded from the REDT into an elongated dipole

trap (EDT) created by focusing a single X = 1064 nm beam with P ~
4W onto the REDT focus position. The EDT has a depth of a few
100 pK, a tight focus with beam waists of (25 x 25) pm and captures
nearly all of the ~ 2105 atoms remaining in the evaporated resonator.
After performing another evaporation step, the focus position of the
EDT is moved from the REDT center position through a vacuum tube
into the science cell using a translation state over 1.4s.

From microkelvin to nanokelvin

The science cell is a thin glass cell situated between stacks of magnetic
field coils and two high-resolution microscope objectives. After the
atoms are transported into the cell, the current in the coils is switched
on, creating a magnetic offset field of B = 824G, close to the Fesh-
bach resonance. At these fields, the atoms collide rapidly, enabling
thermalization within a few milliseconds.
Before further evaporation, the atoms are subjected to a 200 ms radio-

frequency pulse resonant to the transition between the two lowest

hyperfine states of 5Li at v ~ 78 MHz. The pulse is long enough

so that the atoms decohere, creating a balanced mixture of the two
Figure 6.4: The new glass science cell.

One of the largest upgrades to the appa- pseudospin states. This balanced mixture is then evaporated further.
ratus during my PhD was performed by While this evaporation can be used to obtain a cigar-shaped degener-
switching from a steel science cell to a . . . . .

L ate Fermi gas, its geometry is not well suited for the transfer into the
glass cell. This increased the vacuum-
limited lifetime in the science cell from tight harmonic confinement used to reach the 2D regime. Therefore,
85101205, eliminating the large heating the atoms are transferred into a highly elliptic dipole trap (HEDT)

rates we had previously struggled with.
P yees with a laser power of P ~ 0.8 W and an aspect ratio of 40:1:1, corre-

sponding to beam waists of (8 x 320 x 320) pm. Here, another evap-
oration step is performed during which a magnetic gradient is ap-
plied along the z-direction and the magnetic offset field is lowered
to B = 730G, resulting in an almost pure BEC of around 3000-30000
atoms at a temperature of a few ten nanokelvins.

From 3D to 2D

To create homogeneous 2D Fermi gases, we first need to provide ra-
dial confinement. For most of our experiments, this confinement is

Figure 6.5: The old steel science cell.

provided by a ring-shaped beam (ring) created by a combination of
axicons as detailed in [46]. The ring is ramped on during the last steps
of evaporation in the HEDT to a potential height significantly larger
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than the chemical potential of the atoms, providing a deep, homoge-
neous trapping volume in the radial direction. Because the system
is in the BEC regime, the chemical potential is small, and the cloud
diameter is therefore small enough to be loaded completely into the
ring trap at the diameter of ~ 60 pm used throughout this thesis. The
laser power of the HEDT is then increased from P = 25mW to P =
800 mW, decreasing the diameter of the cloud along the z-direction to
~ 2pm. This tightly confined, already fairly two-dimensional system
is then loaded into a single node of a blue-detuned optical lattice po-
tential that is created by interfering two X = 532 nm beams with a laser
power of P ~ 300 mW each under a shallow angle of approximately
12°. The lattice spacing is approximately 3 pm, enabling the controlled
loading of a single layer. Once the confining lattice has been ramped
on, the HEDT is switched off and the system is deeply in the two-
dimensional regime. Finally, a last evaporation step is performed by
lowering the potential height of the ring to compensate for any resid-
ual heating during the transfer as well as set the final atom number,
which for most experiments shown in this thesis will be approximately
2200 atoms per spin state. This corresponds to a density per spin state
of n = 0.8pm~2, with a typical temperature of around 15nK and a
Fermi energy of Ep = h - 8.5 kHz.
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Figure 6.6: Preparation of a homoge-
neous 2D Fermi gas. (a) The atoms
are initially prepared in a highly ellip-
tic dipole trap (HEDT, red) that tightly
confines the cloud in the z-direction.
Then, a ring-shaped repulsive potential
with a tunable diameter (c) is switched
on to confine the atoms in the radial di-
rection. A blue-detuned optical lattice
is used to freeze out the motion in the
z-direction (b). Panels (d-f) show the
density distribution of the atoms in the
HEDT (d), with the ring switched on
(e) and after ramping on the confining
lattice (f). In these images, the atom
number was chosen to be larger to high-
light the ring potential in panel (e). Fig-
ure adapted from [20].
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The End

At this point, manipulation schemes will be performed that depend on
the specific measurement made. For example, one might use a spatial
light modulator to manipulate the density distribution [20] or excite
a sound wave [40]. In any case, after the scheme has been performed,
the density distribution needs to be imaged to obtain the information
we seek. In our experiment, this is done by high-intensity absorption
imaging, which we have discussed in detail in [38]. In short, we si-
multaneously switch off all optical traps and, depending on the mea-
surement made, optionally allow for the atomic cloud to expand in
the harmonic potential provided by the curvature of the magnetic off-
set field. Then, the atoms are illuminated by a resonant light pulse,
and the density distribution is extracted from the shadow cast by the
atoms onto a CCD camera. When no expansion is performed, the im-
aged density corresponds to the in-situ density distribution of the two-
dimensional Fermi gas. If, however, the atoms are left to expand in the
harmonic confinement for a quarter of the trap period (i.e. approxi-
mately 10 ms), a rotation in phase-space is performed and the imaged
density corresponds to the momentum distribution of the trapped sys-
tem. In any case, the absorption imaging is destructive as the photons
scattered remove the atoms from our confinement, and the experimen-
tal cycle begins anew at the oven chamber.
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OBSERVATION OF SUPERFLUIDITY

In the following chapter, I will present the first main result of this thesis: the ob-
servation of superfluidity in two-dimensional Fermi gases. I will discuss how
the concept of a critical velocity has shaped our understanding of superfluid-
ity and summarize the different systems in which critical velocities have been
measured over the years. I will explain the optical lattice setup used to measure
the critical velocity and show how we manipulate and calibrate the potential.
Recalling the groundwork laid in the previous chapters, I will discuss how we
quantify whether excitations were created in our system before presenting the
first measurement of a critical velocity in two-dimensional Fermi gases. Using
the momentum selectivity of our measurements, I will show how we separate
the different excitation mechanisms that set the critical velocity for the first
time. The dependence of the critical velocity on the interaction strength will be
discussed and compared to the three-dimensional case. Finally, I will present
our measurements of the phase transition to the normal state and compare the
results with theoretical predictions.

The results presented in this chapter are adopted from

L. Sobirey, N. Luick, M. Bohlen, H. Biss, H. Moritz and T. Lompe
Science 372 (6544), 844-846 (2021) [41]

and are reprinted here with modifications and additions.

As we begin our discussion of critical velocities and superfluidity,
let us first talk about the motivation behind this measurement. When
we began preparations for the measurements shown in this chapter,
pair condensation had already been observed in two-dimensional Fermi
gases [28], algebraically scaling correlations had been measured [99],
and our own previous measurements had shown that two-dimensional
Fermi gases are phase coherent [39]. All of these observations are in
good agreement with the theoretical expectation of a quasi-condensate
of pairs, superfluid through the BKT mechanism. However, while
some publications already referred to 2D Fermi gases as superfluids
[86], none of these observations actually show superfluidity. Instead,
they show clearly the presence of a quasi-condensate: In [28], a macro-
scopically occupied low-momentum mode serves as a very direct sign
for condensation, in [99], the measured algebraic decay of the first-
order correlation function indicates a phase that varied slow enough
to be considered locally constant, and in [39], the coherence of the
phase was directly shown in the observation of Josephson oscillations,
and the critical current could even be used to extract the condensed
fraction.

Superfluidity and condensation are not, however, the same. While
the two phenomena often go hand in hand, they do not have to appear
together, as a non-interacting Bose gas at zero temperature will con-
dense, but not become superfluid, and an infinitely large 2D system
might become superfluid through the BKT mechanism without con-
densing. However, such pathological cases aside, the two terms also
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Figure 7.1: Experimental apparatus
used by Kapitza. Two glass plates (1,2)
are separated from each other by an ad-
justable gap. The top plate has a hole in
the center which is connected to a tube
(3). By lifting the tube and plates (4)
so that the level of liquid Helium inside
is above that of the reservoir (5), the ve-
locity of flow in the small gap can be in-
ferred from the time it takes for the lev-
els to equilibrate. From [106].
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Figure 7.2: Critical velocity of super-
fluid ®He. The dissipation as a function
of velocity, measured using a torsional
cell. A clear onset of dissipation is visi-
ble at a critical velocity of 5 mm/s. From
[110].

describe different things. Condensation is a static property, referring
to a macroscopically occupied state and a phase that is at least locally
constant. Superfluidity, on the other hand, is a dynamic property that
describes the robustness of a system against excitations. Therefore, for
a measurement to show that a system is superfluid, it needs to show
this robustness when probing the system over an extended amount of
time. Such a measurement is the topic of this chapter: We will show
that the 2D Fermi gas flows without friction, even when subjected to
a moving obstacle for times much larger than any of its characteris-
tic time scales. Thereby, we will show that 2D Fermi gases fulfill the
Landau criterion, establishing their superfluidity firmly.

7.1 Historic overview

In this section, I will briefly summarize the history of superfluidity, using mea-
surements of critical velocities as the guiding thread. I will begin with the first
use of the word superfluid by Kapitza, following research done on liquid Helium
before moving on to ultracold quantum gases. There, I will discuss measure-
ments on bosons and fermions in 3D as well as superfluid bosons in 2D.

The first measurement that observed superfluid flow was performed
by Kapitza in 1938 [106] and simultaneously by Allen and Misener
[107]. Kapitza measured the flow of liquid *He through a narrow gap
between two glass plates (see fig. 7.1), reporting a drop in the viscos-
ity by a factor of at least 1500 as the phase transition was crossed. Due
to the analogy to the drop in resistivity in superconductors, he coined
the word superfluid for this special state of matter.

While these experiments were not the first to report on unusual
properties of “He below the \-point at 2.17 K, the incredibly low vis-
cosities reported and the close similarities to superconductors sparked
a wide interest into this new state of matter. Over the next years,
a plethora of measurements on the flow of liquid Helium were per-
formed for different geometries. However, while some experiments
found the same vanishing viscosities that Kapitza and Allen and Mis-
ener had reported, other experiments found different results, often for
measurements at higher pressures or in different geometries (see e.g.
[108]). This behavior was explained by Landau in 1941, who intro-
duced the concept of a critical velocity (see section 4.1) as well as the
two-fluid model, which succeeded in explaining many of the observa-
tions that had been reported.

While superfluid “He was studied in great detail over the coming
years, it would take 32 years until a second neutral superfluid was re-
alized in the laboratory when Osheroff, Richardson and Lee cooled
3He below its transition temperature in 1970 [109]. While they ini-
tially presumed to have found a solid phase of fermionic Helium, they
quickly realized that the observed phase transition was of a different

nature - they had realized the first fermionic superfluid, with a critical
temperature of only 2.6 mK.

Soon, this was confirmed by measurements [110] that clearly showed
a critical velocity for superfluid flow as described by Landau (see fig.
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7.2). In these measurements, the liquid Helium is held in a torsional
cell that can be oscillated at variable amplitude using electrostatic forces.
A small orifice constricts the flow in one location, causing a single,
well defined region in which high flow velocities occur. As the volt-
age driving the oscillations is increased, the amplitude of oscillations
and thereby the maximum flow velocity increases linearly until the
critical velocity is reached, where the sudden onset of dissipation re-
quires larger changes in voltage to increase the amplitude further.

Ultracold gases

With both stable isotopes of Helium made superfluid, it took another
25 years until the next neutral superfluid was realized. In 1995, the
first Bose-Einstein-Condensate was observed in ultracold 8"Rb-atoms
[111]. Quickly, it was established that these systems are phase coher-
ent, as two separated condensates were found to interfere [112]. In
1999, Raman and coworkers [113] subjected a sodium BEC to a focused
blue detuned laser beam that was moved through the condensate at a
variable velocity (see Fig. 7.3). They observed that the temperature of
the system increased suddenly as the velocity of the beam exceeded a
critical velocity, establishing superfluidity in BECs.
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With the advent of BEC, the number of superfluid materials and
studies of the properties of such superfluids quickly skyrocketed. The
next expansion of the field occurred a few years later, when the first
ultracold Fermi gases were brought to degeneracy. As explained in
section 4.3, when fermions of two different spinstates interacting at-
tractively are brought together and cooled to ultracold temperatures,
bosonic pairs form from the fermionic atoms, and condensation once
again occurs. Once more, superfluidity was observed in ultracold
Fermi gases through a measurement of a critical velocity. In 2007,
Miller and coworkers [114] subjected a gas of 5Li atoms in the BEC-
BCS crossover to an optical lattice, created by interfering two tightly
focused beams in the center of the gas (see fig. 7.4). By detuning one
of the beams with respect to the other, the interference pattern was
made to move at a velocity proportional to the detuning. By measur-
ing the number of atoms that remained in the condensate after sub-

Figure 7.3: Stirring a BEC. Left: A blue
detuned laser beam is moved through
a cigar-shaped condensate at a variable
velocity v. Right: The temperature plot-
ted as a function of the velocity of the
beam. Below a critical velocity, no dis-
sipation is observed, heralding the pres-
ence of a superfluid. From [113].



72

Figure 7.4: Critical velocity of an ultra-
cold Fermi gas. Left: A moving optical
lattice is moved through a 3D Fermi gas
(inset) for 500 ms. The number of con-
densed atoms is plotted as a function of
velocity, showing a clear onset of dissi-
pation once a critical velocity is reached.
Right: The critical velocity is plotted as a
function of interaction strength. A max-
imum of the critical velocity is found
around unitarity. From [114].
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Figure 7.5: Theoretical prediction for
the critical velocity. The critical velocity
(solid line) follows the speed of sound
(dashed line) until pair breaking excita-
tions become available towards the BCS
side of the crossover, reducing the criti-
cal velocity. The inset shows the coher-
ence length in the crossover. From [67].

Figure 7.6: Critical velocity in the BEC-
BCS crossover. Critical velocity v, and
speed of sound v, as a function of in-
teraction strength, together with theo-
retical predictions. The critical veloci-
ties are significantly reduced compared
to the speed of sound, but the dis-
crepancy is reproduced by calculations
considering the finite size of the stir-
rer, the stirring pattern and the finite
temperature (Ve gim)- Vs averaged and
Vs, max.dens. dénote theoretical calcula-
tions for the speed of sound using dif-
ferent definitions of the Fermi velocity,
and vy, denotes the expected velocity
for pair breaking excitations to occur.
Note that the x-axis is defined with a dif-
ferent sign than in the previous figures.
From [115].

jecting the system to the moving optical lattice for 500 ms, they found
clear evidence for a critical velocity and thereby superfluidity. Using
a Feshbach resonance to tune the interaction strength, they reported a
maximum of the critical velocity around unitarity, where the interac-
tions in the system are strongest.
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This observation was in agreement with theoretical expectations,
which predict a maximum in the crossover. However, the quantita-
tive behavior Miller and coworkers observed was quite different from
the theoretical prediction (see fig. 7.5). This problem was revisited
by Weimer and coworkers in 2015 [115, 116 ], where the critical veloc-
ity was measured by stirring with a laser beam in an oblate geometry
and compared to measurements of the speed of sound and theoreti-
cal predictions. They found that while the size and wavelength of the
stirrer, the temperature of the system and the density inhomogeneity
all reduce the critical velocity, when all these effects are taken into ac-
count, the critical velocity is in excellent agreement with theoretical
expectations throughout the BEC-BCS crossover.
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Two-dimensional systems

When the first ultracold two-dimensional Bose gases were realized,
one of the most obvious questions to answer was whether a transi-
tion to superfluidity would be observed in these quantum gases. To
answer this question, Desbuquois and coworkers employed the now
familiar method of stirring with a focused laser beam to verify the Lan-
dau criterion [117]. They found thatin the central part of the cloud, the
stirring beam caused no dissipation below a critical velocity, while in
the outer wings of the cloud, no finite critical velocity could be found.
Therefore, their stirring experiment not only clearly showed super-
fluidity in 2D Bose gases, but also probed the phase transition to the
normal state.
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7.2 The moving optical lattice

In this section, I will describe the optical lattice setup we use to measure critical
velocities. I will show how the interference pattern is created and how we tune
its different parameters. Finally, I will discuss how we calibrate the height of
the potential by measuring its influence on the density distribution.

In our experiments, we employ a moving optical lattice instead of
a tightly focused laser beam to act as the moving impurity in Landaus
thought experiment, similar to the setup used in [114]. We focus two
red-detuned laser beams to a size slightly smaller than the system size
and overlap them in the center of the trap. The sinusoidal interference
pattern then has a wavevector of q = [k, —k,|, where k,, k, are the in-
dividual wavevectors of the two beams. If one of the beams is detuned

by a frequency difference of Av with respect to the other, the interfer-
2nAv

o
There are a few reasons why we chose to use a moving optical lat-

ence pattern begins to move at a velocity of v =

tice rather than a focused laser beam like many previous experiments.
First, the velocity of a moving lattice is very well known, depending
only on the frequency detuning, which is highly controllable through
acusto-optic modulators, and the wavevector, which can be measured
directly. Second, the velocity can also be tuned to arbitrarily large val-
ues as opposed to the common piezoelectric-mirror-based setups for
focused stirring beams which encounter mechanical resonances and
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Note that it later became clear that the
precise determination of the location of
the phase transition in this fashion is dif-
ficult due to the slow thermalization of
vortices [118].

Figure 7.7: Critical velocity in the BEC-
BCS crossover. A Illustration of the stir-
ring process used to measure critical ve-
locities. B The stirring beam is over-
lapped with the imaging beams and fo-
cused tightly into the gas. C Absorption
image of a 2D Bose gas with the density
suppression caused by the blue-detuned
stirring beam visible in the center of the
cloud. D Temperature after stirring the
cloud for a superfluid (D) and a normal
(E) gas. In the superfluid system, a crit-
ical velocity is visible below which no
dissipation occurs. From [117].
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The translation stages are motorized us-
ing two CONEX-TRA12CC linear actua-
tors (Newport).

Figure 7.8: Calibration of the lattice
wavevector. Left: Exemplary images of
the lattice potential, together with the
ring potential used for homogeneous
confinement, shown for six different lat-
tice wavevectors. The intensity distribu-
tion is imaged using an auxiliary imag-
ing system. Right: Calibration of the
lattice wavevector, obtained by Fourier
transforming the images on the left and
fitting the peaks corresponding to the
periodicity. The set value used in the ex-
periment is roughly proportional to the
separation of the two lattice beams.

similar issues. Third, because the interference pattern can be made as
large as the system size, the height of the moving lattice can be kept
very low without sacrificing signal, whereas a focused beam would
have to be stirred for tremendously long times to cause a measurable
temperature increase or increased to potential heights where it can no
longer be considered a weak perturbation. Finally, as we will see in
the following, the moving lattice brings the great advantage of being
able to select a specific wavevector of excitations.

7.2.1  Creating the interference pattern

Thelaser light used to create the optical lattice is generated by a 780 nm
diode laser and amplified with a tapered amplifier. Through an op-
tical fiber, the light is transported to the vicinity of the science cell.
An acousto-optical modulator before the fiber is used to stabilize and
tune the transmitted power, which is measured using a photodiode
immediately after the fiber outcoupler. The beam is then split into two
parts using a polarizing beam splitter and a \/2 waveplate, where the
waveplate is adjusted such that both beams are approximately equal
in power. After each beam traverses another acousto-optical modu-
lator used for fast switching and frequency detuning, the beams are
collimated, one of the beams passes a second X\/2 waveplate to align
their polarizations again, and the beams are adjusted to their final size
by telescopes. They then travel over a number of mirrors to reach
the microscope. One pair of those mirrors is mounted on motorized
translation stages, which allow the distance between the two beams
to be tuned from approximately 3 mm to 22 mm. The pair of beams is
then focused by a high-resolution (NA=0.62) microscope with a focal
length of f = 26.2mm onto the atom plane, causing the two beams
to interfere. After the atom plane, the beams traverse a second high-
resolution microscope and a set of lenses before ultimately reaching
the CCD camera used for absorption imaging.
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As the lattice beams reach the camera together with the ring-shaped
confinement beam, adjusting the size, overlap and position of the two
beams is straightforward as the resulting interference pattern can be
directly imaged and compared to the position of the atom cloud. Cal-
ibrating the lattice wavevector is therefore a simple process where the



interference pattern is imaged on the CCD camera for a number of dif-
ferent beam distances. Such a calibration procedure is shown in fig.
7.8. The range of wavevectors available in the experiment is limited
by the size of the mirrors and mirror mounts used in the beam path.
Larger distances between the beams and therefore higher wavevectors
would be possible either by using shorter wavelengths or by replacing
some of the 50 mm circular mirrors with either larger or elliptic mir-
rors. Shorter distances are more difficult to realize as the beams need
to be separated by at least a few Gaussian waists to be manipulated
independently, and the current lower bound of 3 mm beam distance
is set by one beam clipping on the mirror mount of the other beam.

To calibrate the potential height of the beams, we employ two com-
plimentary methods. The first method directly projects a lattice with
no frequency detuning and the smallest possible wavevector onto the
atoms. By measuring how the density is modified by the optical lattice
and using the known density equation of state [119], we obtain a po-
tential height per milliwatt total lattice beam power of ~ h-510 Hz/mW.

The second method projects the two lattice beams individually onto
the atoms and measures their potential heights independently. Since
the interference pattern shows a contrast = 0.95, the total potential
height should be well approximated by two times the sum of the two
individual potential heights. For the two beams, we obtain values of
~ h-108 Hz/mW and ~ h - 122 Hz/mW, resulting in a total potential
height of the optical lattice of ~ h - 460 Hz/mW. In our analysis, we
therefore use the mean of the two results of h - 485 Hz/mW as the
potential height per laser power.

7.3 Observing excitations

In this section, I describe how we quantify the amount of excitations created
by the moving optical lattice. I will explain how the heating rate in the system
is related to the dynamic structure factor and further discuss the differences
between optical lattices and stirring beams. The different methods of thermom-
etry in ultracold Fermi gases will be discussed, and the occupation of the lowest
momentum modes in the BEC regime will be established as a robust proxy for
the amount of excitations that was created by the lattice.

To measure a critical velocity, we need to be able to detect if exci-
tations were created in our system. As discussed in section 4.4, there
are two possibilities to do so: The first method is to measure the mo-
mentum transferred to the system directly, for example by perform-
ing a time of flight measurement directly after a short exposure to the
moving optical lattice. Due to the very short exposures, however, this
method leads to small signal-to-noise ratios in low density systems
such as ours. The second method is more promising: In this approach,
the system is allowed to thermalize after the exposure to the moving
optical lattice, causing any excitations that were created to result in an
increase in the temperature of the system. Therefore, the lattice can be
kept at a low potential height and the system exposed to it for a long
time, remaining well in the linear, weak-perturbation regime.
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Figure 7.9: Calibrating the potential
height. Density distribution of a ho-
mogeneous system without (top) and
with (bottom) a single lattice beam left
on. From the relative change in density
and the known density equation of state
[119], the potential height of the lattice
can be obtained. A slight Gaussian fil-
tering has been applied to the images for
visibility.
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Note that as discussed in section 4.4, the
temperature of our 2D Fermi gas is very
low compared to hw, and we therefore
neglect the finite temperature correction

—hw
asekBT ~ 0.

The heating rate 9F resulting from a perturbing potential was de-
rived in [63, 120]. To calculate it, we need to know the Fourier trans-
form V(k,, k) of the perturbing potential. For an optical lattice with
wavevector q along the x-direction, we can simply approximate the

time-independent part of the lattice potential as

V(kx7 ky) = VOBky (ékqu + ka+q) 1)
where V, quantifies the potential height of the lattice. The heating

rate at a detuning of w = 2w Av can then be written as

2
é% =2<%> S(q,w) (1—ek1;7w%) . (7.1)
The heating rate is therefore directly related to the dynamic structure
factor, which we have established in section 4.4 as the quantity that
describes all possible excitations that maintain the number of parti-
cles in a system as a function of transferred momentum and energy.
As we can see, a moving optical lattice with tunable wavevector can
directly measure the dynamic structure factor by measuring the heat-
ing rate. As discussed in section 4.4, this is the principle behind Bragg
spectroscopy. However, in this chapter, we will not concern ourselves
too much with the shape of the dynamic structure factor beyond the
question at which velocity the first excitations are created.

On stirring experiments

Let us make a short excursion to discuss once more the choice of a
moving optical lattice over that of a tightly focused laser beam. In-
tuitively, a stirring beam is a very obvious choice for measurements
of critical velocities, as it closely resembles the point-like impurity in
Landau’s thought experiment. However, there is a very important dif-
ference between a point-like impurity and a focused laser beam: The
minimum achievable size of a Gaussian stirring beam is limited by the
wavelength of the light used, which is on the order of the interparticle
spacing ki'. Therefore, the Fourier transform of the perturbing po-
tential in the case of a stirring beam is once again a Gaussian with a
waist on the order of the Fermi wavevector. The heating rate caused
by a stirring beam will then be some sum over the contributions at all
wavevectors, but weighted by the Fourier transformation of the lat-
tice potential. Therefore, excitations at high wavevectors are strongly
suppressed for realistic stirrer sizes, making it difficult to quantify the
contribution of such excitations using a stirring beam. Additionally,
since excitations at different wavevectors are summed together, a lot
of details of the dynamic structure factor are lost, making it difficult to
differentiate between different types of excitations or to extract quan-
titative information. This is visualized in fig. 7.10, which shows a
comparison between the excitations that contribute to the measured
heating rates using a moving optical lattice and a stirring beam.
Now, if our only aim were to measure the critical velocity in a bosonic

superfluid where all relevant excitations are phonons at low momen-
tum, these considerations need not be made - a stirring beam is well
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suited for such a measurement. However, in any more complicated
system such as a Fermi gas with the possibility of pair breaking ex-
citations that occur at wavevectors around 2ky, an optical lattice has
significant advantages.

Thermometry

We have established that to quantify whether excitations were created
in the system, we will want to measure the heating rate caused by the
moving lattice. Therefore, we need to determine the temperature of
our 2D Fermi gas, which is not a trivial task. When strong interactions
and finite temperatures come together, any theoretical description be-
comes extremely challenging. Usually, thermometry in such systems
is performed by measuring the occupation of high energy states, the
population of which is well described by the Boltzmann distribution.
One common way to do so is to measure the low-density region of
the cloud, where the low density reduces the Fermi temperature far
enough for the local temperature T /T to be high [93, 96]. However,
this method is only really suited to work in harmonically trapped sys-
tems, where there will always be such a low density region. In our
homogeneous two-dimensional Fermi gases, no low density regions
exist in situ, precluding the use of this method for thermometry.
Another common approach is to measure the momentum distri-
bution and obtain the temperature from its high momentum tail [28,
96]. However, matter wave focusing (see chapter 5) is affected by in-
teractions during the expansion time, and therefore limited to the BEC
regime where the scattering rate becomes low enough. Nevertheless,
using this method, we are able to measure the temperature of systems
in the BEC regime, see fig. 7.11. While we are able to obtain a temper-
ature from these Boltzmann fits to the momentum distribution, they
require a significant amount of statistics. The measurements shown
in fig. 7.11 show the average of 50 images for each datapoint, and the
obtained temperatures are already quite noisy. For day-to-day mea-
surements, the large number of repetitions required is not feasible for
our experiments. Instead, we use the fact that the condensed fraction
in the system depends strongly on the temperature. We measure the
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Figure 7.10: Contributions to the heat-
ing rate. Left: The red and black spots
mark the parts of the dynamic struc-
ture factor (blue, shown for a superfluid
Bose gas at finite temperature) that con-
tribute to the heating rate caused by a
moving optical lattice, for three differ-
ent velocities and at a constant wavevec-
tor. Right: The same picture, but for
a stirring beam at three different veloc-
ities. Where the heating rate caused
by a moving optical lattice only consid-
ers excitations at the lattice wavevector,
the stirring beam averages together con-
tributions from a range of wavevectors.
However, excitations at higher wavevec-
tor are suppressed due to the finite size
of the beam, and it is not possible to
separate which kind of excitations con-
tributed to the heating rate.

Note that the heating rate should in
good approximation be constant, and
that a linear increase in the temperature
as a function of the heating time is there-
fore expected for these measurements.
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Figure 7.11: Measuring the tempera-
ture in the BEC regime. We measure
the momentum distribution for a sys-
tem in the BEC regime (log(kpasp) =
—2.9) that has been prepared after heat-
ing the system for a variable amount of
time (see text). Panels A-C show cuts
through the momentum distribution at
different temperatures. In a cold system
(A), a clear peak is visible, indicating
the presence of a pair condensate. It is
surrounded by a low density wing well
described by a Boltzmann distribution
(red line). As the system is heated, the
peak becomes less prominent (B) and
the width of the thermal wing increases.
Panel D shows the temperatures ob-
tained from a Boltzmann fit. The tem-
perature of the system increases roughly
linear in the heating time 7 (see text).
As this method of thermometry requires
a good signal-to-noise ratio in the low
density regions of the cloud, it requires a
significant amount of statistics (here 50
individual realizations per data point)
and is therefore not well suited for our
experiments. We therefore make use of
the fact that the response r = n‘;iigjo -1
(Panel E) increases linearly with 't and
use it as a proxy for the temperature of
the system.

We refer to the temperature measured
after an interaction strength ramp into
the BEC regime as T, while the true tem-
perature of the system at the original in-
teraction strength is denoted by T.

In fact, as long as any heating or cool-
ing due to the interaction ramps is the
same in any repetition of the experiment
and monotonously scales with the initial
temperature (two quite reasonable as-
sumptions to make), our measurements
of critical velocities would not be signif-
icantly affected.
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We find that the response increases in good approximation linearly
with the temperature increase in the system in the range of tempera-
tures relevant to our experiments, see fig. 7.11. As the response can
be measured with a significantly higher signal-to-noise ratio than the
temperature, this enables us to reduce the number of required repeti-
tions by an order of magnitude. In our measurements, we will there-
fore quantify the temperature and thereby the heating rate in the sys-
tem by measuring its response r.

Outside the BEC regime, we are not currently able to measure the
temperature of our homogeneous 2D Fermi gas as interactions during
time of flight prevent us from measuring the pair momentum distri-
bution. For the measurements shown here, however, this is not a sig-
nificant issue, as we are mostly interested in the qualitative behavior of
the heating rate as a function of the lattice velocity. We will therefore
slowly ramp the interaction strength back into the BEC regime after
exposing the gas to the moving lattice and measure the temperature
T at an interaction strength of log(kpasp) = —2.9. While the resulting
temperatures will not be equal to those before the interaction ramp, an
entropy increase before the ramp must nevertheless also correspond
to an entropy increase after the ramp relative to the system that was
not exposed to the lattice, given that our interaction ramps do not sig-
nificantly heat or cool the system. The heating rate in the BEC regime
can then serve once more as a proxy for the heating rate at arbitrary
interaction strengths.

To verify that these interaction ramps do not significantly heat or
cool the system, we prepare systems in the crossover and ramp the
interaction strength to different values. The system is then exposed to
the optical lattice at zero detuning for a time comparable to those used
in later experiments. Afterwards, the interaction strength is ramped
into the BEC regime and the temperature T of the gas is measured as
described above. The result is shown in fig. 7.12. As the temperature



after the interaction ramp T is mostly independent of the interaction
strength at which the system was exposed to the lattice, a change in T
as a function of the lattice velocity therefore indicates that excitations
were created in the system. In summary, for all measurements shown
in this chapter, we will measure the momentum distribution after a
slow ramp into the BEC regime and obtain a measure for the amount
of excitations created in the system from the response r.

T T T T T T T T
0.08} ]
0.06F ¢ 1

. °
] ? s

B 0.04) ? ¢ 7 s 9 LLLett

?olo0a]79

o

0.02} ]

0 1 1 1 1 1 1 1 1

6 5 4 3 2 0 1 2

7.4 Observing superfluidity

Now that I have established how the lattice setup works and how excitations
can be detected, it is time to present the first main result of this thesis: the
observation of superfluidity in two-dimensional Fermi gases. In this section,
I will present clear evidence that 2D Fermi gases are superfluid in the BEC
and BCS regimes. Ultilizing the momentum-tunability of the moving lattice,
I will demonstrate how different types of excitations set the critical velocity in
different interaction regimes.

With the motivation and methodology established, we are now ready

to probe our systems and attempt to observe a nonzero critical veloc-
ity. To do so, we prepare an ultracold 2D Fermi gas at some interaction
strength and expose it to the moving optical lattice at variable lattice
velocities. We then slowly ramp the interaction strength into the BEC
regime and perform matter wave focusing to obtain the momentum
distribution. If the system is superfluid and therefore has a critical ve-
locity, we expect the response r to suddenly increase at this velocity.
The result of such a measurement is shown in fig. 7.14. We observe
a sudden increase of r once the velocity of the moving lattice exceeds
a critical velocity v, which we determine by fitting the response with
the equation r(v) = Amax(0,v? — v2) [121]. At higher velocities, the
heating rate initially increases further, but decreases again to zero for
velocities significantly above the critical velocity.

The reason for this decrease is obvious when we remember that
this measurement was performed using an optical lattice with a fixed
wavevector of g = 0.15 kp. Asshownineq. 7.1, the heating rate caused
by the moving lattice is proportional to the magnitude of the dynamic
structure factor S(q,vq). At this low wavevector, the only feature in
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Figure 7.12: Heating during interac-
tion ramps. Shown is the temperature
T after an interaction ramp into the BEC
regime for systems prepared at different
interaction strengths. We find that the
resulting temperature T is nearly con-
stant, showing only a small increase in
the far BEC regime attributed to colli-
sional losses and some slight evapora-
tion in the crossover region. Therefore,
an increase of T can be interpreted as an
increase in the temperature T before the
interaction ramp.

Figure 7.13: A homogeneous 2D Fermi
gas. In situ density distribution of a ho-
mogeneous system, confined by a ring-
shaped repulsive potential. Nearly all
measurements discussed in this thesis
are performed in a system such as this
one.
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Figure 7.14: Observation of a criti-
cal velocity. Response of a homoge-
neous system at an interaction strength
oflog(kpasp) = —0.8 to the moving op-
tical lattice with g = 0.15 k. No dissi-
pation is observed below a critical veloc-
ity v, (red lines). At higher lattice ve-
locities, dissipation decreases again. Er-
ror bars denote the standard error of the
mean of 10 repetitions.

Figure 7.15: Observation of superfluid-
ity in the BEC regime in 2D. Plotted is
the heating rate in a bosonic 2D super-
fluid (log(kpasp) = —1.8) as a function
of velocity and wavevector, with each
column normalized individually for vis-
ibility. At low wavevectors, the exci-
tations occur at the speed of sound of
¢y ~ 0.3vp. As the wavevector in-
creases, the mode moves towards higher
velocities as excitations start to resemble
single particle excitations. We observe
no excitations at any wavevector below
a critical velocity of v, ~ 0.15 v, estab-
lishing the presence of a superfluid.
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the dynamic structure factor is the Goldstone mode, which has an en-
ergy of hw ~ c,q and is broadened by different effects such as the
finite temperature and damping, see section 4.4. Therefore, as the ve-
locity of the lattice increases significantly beyond the speed of sound,
S(q,vq) — 0 and no more excitations are created by the moving lat-
tice. The observed behavior hence is exactly what one would expect
when performing such a measurement for only one wavevector.
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The obvious remedy must now be to repeat the measurement for a
range of different wavevectors. Then, the lowest velocity at which ex-
citations are created will correspond to the critical velocity, and from
the observed heating rates, the dynamic structure factor should be ob-
tainable. To verify this expectation, we prepare a system of bosonic
molecules, well in the regime where its excitation spectrum should be
described by the Bogoliubov dispersion relation. We repeat the mea-
surement above over the whole range of wavevectors that our lattice
setup can realize and obtain the result shown in fig. 7.15. We clearly
observe a linear branch at low wavevectors, where the excitations are



phonons and the heating rate has a maximum when the velocity of the
lattice is equal to the speed of sound. As the wavevector of the lattice
is increased and excitations are no longer purely phase fluctuations,
their mode velocity increases. For all wavevectors, we clearly observe
a critical velocity below which no excitations are created. This obser-
vation firmly establishes that two-dimensional Fermi gases in the BEC
regime are superfluid.

As we have discussed above, the heating rates shown in fig. 7.15 ul-
timately reflect the shape of the dynamic structure factor. Neglecting
the very minor influence of finite temperature as discussed in section
4.4, the measured heating rate shown in fig. 7.15 directly yields the
dynamic structure factor shown in fig. 7.16. Plotted in this fashion,
the Bogoliubov dispersion relation is immediately recognizable in its
familiar form. However, as this chapter is focused on the presence of
superfluidity and the Landau criterion, we will leave more in-depth
discussions of the dynamic structure factor for the next chapters.
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After having established superfluidity in two-dimensional Fermi
gases on the BEC side of the crossover, the next obvious step is to
repeat this measurement towards the BCS side, where pair breaking
excitations are known to reduce the critical velocity. As we have dis-
cussed in section 4.4, pair breaking excitations can occur when the
energy transferred by the probe is hw > 2A, where A is the pairing
gap. Since the velocity of the lattice is related to the detuning w as
v = w/q, the lowest velocity for which pairs can be broken is therefore
Vo, = limg % o ﬁ at a lattice wavevector of ¢ = 2kp. There-
fore, our momentum selective measurements should allow us to dis-
tinguish phononic excitations at low wavevectors and pair breaking
excitations which occur around q = 2ky,.

To verify this prediction, we prepare 2D Fermi gases at an inter-
action strength of log(kpasp) = 1.6, which is on the BCS side of the
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Figure 7.16: Dynamic structure factor
of a 2D Bose gas. This figure shows
the same data as the previous one, but
plotted as a function of transferred en-
ergy instead of velocity and divided by
w. The well-known Bogoliubov disper-
sion relation is immediately recogniz-
able, emphasizing the relation of the
heating rate to the dynamic structure
factor. The noise at low transferred en-
ergy is a result of the division by w, am-
plifying measurement noise at low de-
tunings.

Note that when the chemical potential
of the atoms p < 0, the minimum
energy for pair breaking to occur is
shifted by the interaction energy to iw =

V2 + A2 [59].

Since the onset of the continuum in-
creases smoothly for wavevectors above
2kp, the minimum velocity should in
fact be found at slightly higher wavevec-
tors, but the effect should be small and
will be neglected here.
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Figure 7.17: Observation of superflu-
idity in a 2D BCS gas. Plotted is the
heating rate in a fermionic 2D superfluid
(log(kpagp) = 1.6) as a function of ve-
locity and wavevector and with each col-
umn normalized individually for visibil-
ity. At low wavevectors, excitations are
still phononic and linear in wavevector.
However, as the wavevector increases,
pair breaking excitations become avail-
able, resulting in a broad continuum of
excitations with a minimum velocity for
excitations at q ~ 2 kp, as expected from
BCS theory. Once again, we observe no
excitations below a critical velocity for
any wavevector, establishing the pres-
ence of superfluidity in the BCS regime.

For a detailed discussion of the behavior
in between the two limits, see the next
chapter.

crossover. To be able to reach wavevectors of q = 2 kg, we reduce the
density to a value of n = 0.8 um~2 and thereby the Fermi wavevector
to a value of approximately half the maximum wavevector we can re-
alize with the optical lattice. We then repeat the same measurement
as above and obtain the heating rate shown in fig. 7.17. The resultis in
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excellent agreement with our expectations, and in stunning contrast
to that obtained for a 2D Bose gas: A broad continuum of excitations is
visible, with the minimum velocity for excitations to be created found
at 2kg. In addition, a phononic mode is still visible at low momen-
tum, but soon merges with the continuum. Once more, we find that
no excitations are created below a critical velocity, which is this time
set by the pair breaking continuum as expected. Therefore, this mea-
surement clearly demonstrates that 2D Fermi gases are superfluid on
the BCS side of the crossover as well and is the first time the differ-
ent excitation mechanisms and their role in setting the critical velocity
have been directly observed.

7.5 Interaction dependence of the critical velocity

In this section, I show how the critical velocity evolves between the BEC and
BCS limits. I will compare the results to theoretical predictions and discuss
what effects reduce the measured critical velocities.

The measurements above have shown that 2D Fermi gases are su-
perfluid, and that the critical velocity is set by different types of ex-
citations at different interaction strengths. We now go on to measure
how the critical velocity depends on the interaction strength explic-
itly, using what we have learned so far. As we know that there are two
relevant types of excitations that limit the critical velocity, one being
phonons and the other being pair breaking, we do not need to measure



the entire range of wavevectors for every interaction strength. Instead,
since the critical velocity will always be limited either by phononic ex-
citations or by pair breaking, it suffices to perform one measurement
at a low wavevector, here q ~ 0.3ky, and one at q ~ 2kg. The critical
velocity will then correspond to the lowest velocity at which excita-
tions are created at that interaction strength.

v/vp

log(kF 32]))

Fig. 7.18 shows the heating rate measured for systems that were
prepared in the crossover, ramped to a variable interaction strength
and exposed to the moving optical lattice with q ~ 0.3 kp before slowly
being ramped down into the BEC regime for thermometry. As the
system approaches the crossover from the BEC side, the phonon mode
moves to higher velocities and becomes more narrow. However, in
the crossover at log(kpasp) ~ 1, the mode suddenly broadens into
a continuum as the moving lattice begins to break pairs even at low
wavevectors.

When the same measurement is repeated using an optical lattice
with a wavevector of q = 2k, the resulting heating rate behaves quite
differently, as one would expect (see fig. 7.19). In the BEC regime,
the excitations are single particle excitations of dimers, as the moving
lattice cannot break the tightly bound pairs. Therefore, these excita-
tions occur at significantly higher velocities than the speed of sound,
but the mode is mostly unaffected as the interaction strength changes.
However, already at an interaction strength of log(kpasp) < 0, the
mode broadens and pair breaking excitations become available in a
wide continuum. As expected, the onset velocities for pair breaking
excitations are significantly lower at g = 2 kg, than at low wavevectors,
and decrease quickly as the BCS regime is approached.

From these two measurements combined, we can immediately see
that the two-dimensional Fermi gas is superfluid throughout the BEC-
BCS crossover. The velocities at which excitations are first created
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Figure 7.18: Evolution of the phonon
mode in the crossover. Heating rate
as a function of velocity and interaction
strength, measured at a wavevector of
q = 0.3 kp.



84

Figure 7.19: Evolution of single par-
ticle excitations in the crossover. The
same measurement as in the previous
figure, repeated at a wavevector of q =
2kp. The behavior is qualitatively very
different, with the broad continuum of
pair breaking excitations starting fur-
ther in the crossover and at lower veloc-
ities.

Figure 7.20: Onset velocities for exci-
tations. Plotted is the fitted onset ve-
locity for excitations to be created at
0.3kp (blue circles) and at 2k (red
diamonds). In the BEC regime, pho-
nonic excitations set the critical veloc-
ity, whereas in the BCS limit, it is set
by pair breaking excitations. The onset
velocity for excitations at 2 kp shows a
small kink where the branch of single-
particle excitations of molecules and the
pair breaking continuum connect. Atin-
teraction parameters of log(kpasp) >
2.3, the measured onset velocities at low
wavevector are compatible with zero, in-
dicating that the phase transition has
been crossed due to the decreasing crit-
ical temperature. Error bars denote 1o
confidence intervals of the fit.

are plotted in fig. 7.20. We observe that low-wavevector excitations
are created at much lower velocities in the BEC regime than high-
wavevector excitations, in excellent agreement with theoretical expec-
tations. In the crossover, pair breaking lowers the velocity for excita-
tions to be created at higher wavevectors, and they start to be created
before excitations at low wavevector become possible. Interestingly,
for the two datapoints furthest in the BCS regime, the onset velocity
for heating is lowest at q ~ 0.3 kp and is fairly compatible with zero.
This very likely indicates that the phase transition for superfluidity
has been crossed, and the system is now in the normal state. We will

readdress this point in a later section.
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Fig. 7.21 shows the resulting critical velocities, which are simply
given by the smaller of the two fitted onset velocities. For comparison,
the speed of sound c, in the system is also shown, as well as a mean-
field prediction for the pair breaking velocity v, = ﬁ = @
[59]. We find that the increase of the critical velocity in the BEC regime



follows the increasing speed of sound, reaching a maximum around
log(kpaysp) = 0 before pair breaking excitation suppress the critical
velocity back down towards the BCS regime. The observed behavior
is very similar to that reported in 3D Fermi gases, as expected given
that the mechanisms at play are the same.
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The critical velocities we measure in the BEC regime are, however,
significantly below the theoretical limit of c, also shown in fig. 7.21,
a discrepancy which seems to vanish towards the BCS limit. One rea-
son for this is simply the finite linewidth of the phonon mode: As
damping of phonons through three- and four-phonon processes will
inevitably cause phononic excitations to decay, the quasiparticle ac-
quires a finite lifetime and thereby a non-zero linewidth that depends
on the temperature and wavevector. However, the perturbation by the
moving lattice also modifies the observed width of the mode, similar
to the power-broadening of optical transitions. Especially far in the
BEC regime, this effect can be quite severe, as the chemical potential
of the dimers becomes very low. To remain in the limit of weak per-
turbation, we would therefore have to reduce the potential height of
the lattice accordingly. To compensate for the loss of signal, we would
then have to increase the time for which the system is perturbed by the
moving lattice. However, collisional losses in the BEC regime also re-
duce the lifetime of the system, making such adjustments unfeasible.
Therefore, we performed these measurements at a constant potential
height, resulting in a width of the mode that is expected to increase to-
wards the BEC regime, which is in good agreement with fig. 7.18, and
therefore resulting in lower critical velocities the further in the BEC
regime the measurement is performed.

We can find some intuition on how strong this effect would be from
numerical simulations. In ref. [122], Singh and Mathey performed
classical-field simulations for bosonic systems to study experiments
such as the ones discussed in this chapter. The simulation results for
the influence of temperature and potential height on the critical veloc-
ity are shown in fig. 7.22. Singh and Mathey observe a linear decrease
in the critical velocity when the temperature is increased, allowing for
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Figure 7.21: Critical velocity in the 2D
BEC-BCS crossover. When the critical
velocity is set by phononic excitations
at low momentum (blue dots), it scales
with the speed of sound in the system
(light blue squares and solid line) [40].
In the crossover, the critical velocity is
lowered by the onset of pair breaking
excitations (red diamonds) and the re-
sulting critical velocities approach the
mean field prediction (dashed line). Er-
ror bars denote 1o confidence intervals
of the fit.
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Figure 7.22: Influence of temperature
and lattice potential height. Shown
is the heating rate in arbitrary units
as a function of temperature (A) and
lattice potential height V, (B). Veloci-
ties are given in units of the speed of
sound, here written as vp, and tem-
peratures in units of the BEC transi-
tion temperature T, which is an upper
bound estimate for the critical temper-
ature. Using classical-field simulations,
Singh and Mathey simulated an experi-
mental procedure comparable to the one
described in this text for a bosonic su-
perfluid at an interaction parameter of
g = 1.6, comparable to a system far
in the BEC regime in this chapter. The
fitted critical velocities are found to de-
crease linearly with the temperature and
nonlinearly with the height of the lattice
potential. Figure adapted from [122].

an extraction of the critical temperature of the system where v, — 0.
When the potential height of the moving lattice potential is increased,
the critical velocity also decreases, but remains nonzero in the range
of potential heights probed. From these simulations, we conclude that
the observed suppression of v, visible in fig. 7.21 is most likely the re-
sult of a combination of these two factors.

7.6 Measurement of the superfluid phase transition

Here, I show how critical velocity measurements can be used to determine the
superfluid phase transition. I will show how we determine the critical temper-
ature in the BEC regime using two independent methods of thermometry. Per-
forming measurements at different interaction strengths, I extract the critical
entropy for superfluidity and discuss its compatibility with previous measure-
ments and predictions.

Now that we have established superfluidity in 2D Fermi gases, the
natural next step is to ask about the phase transition: At what temper-
ature does the system leave the superfluid phase and enter the normal
state? As we have seen above, when the temperature of a system in-
creases, the phonon mode becomes broadened until v, reaches 0 at the
critical temperature T. Therefore, measurements of the critical veloc-
ity can serve as a flexible tool to directly measure the phase boundary
between the superfluid and the normal state.

To perform such measurements, we require a way to heat the sys-
tem in a controlled fashion. Luckily, we have already found one: Us-
ing the moving optical lattice at a velocity equal to the speed of sound
in the system, we reliably create phononic excitations that are ulti-
mately converted into an increased temperature after thermalization.
Because these excitations can be very long-lived in the crossover [40],
we perform this heating procedure in the BEC regime where damp-
ing is substantial. This has the added benefit that we are able to cal-
ibrate the heating procedure directly, as thermometry is available in
this regime. This calibration was already shown in fig. 7.11 D, where
the temperature of the system is shown as a function of the heating
time 7 for which it is exposed to the moving lattice. The approximately
linear increase in temperature reported there is in good agreement
with eq. 7.1, which predicts a nearly constant heating rate. Therefore,
we can control the temperature of the system by tuning the time for
which it is exposed to the optical lattice moving at the speed of sound
in the BEC regime.

Fig. 7.23 shows a sketch of the experimental sequence for these
heating experiments. Note specifically that the potential height V,
and the time 7’ are varied depending on the experiment to achieve a
compromise of negligible collisional losses, small potential height V;
compared to the chemical potential of the pairs, and good signal-to-
noise ratio.

While the moving optical lattice allows for a controlled heating pro-
cess, there is one problem: The maximum velocity of the moving trans-
lation stage we use to set the lattice wavevector is quite slow. Travers-
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ing the full range of motion takes approximately 10s, which is signif-
icantly longer than the time between the heating step and the criti-
cal velocity measurements of 75 ms. Therefore, heating has to be per-
formed at the same wavevector q as the final measurement. Because of
the difficulty of calibrating the heating procedure for each wavevector,
we therefore only work at low wavevectors for these measurements.
However, since the phononic excitations at low wavevector set the crit-
ical velocity in the BEC regime and parts of the crossover, this decision
will only be problematic if we wish to measure further towards the
BCS side.

Using the calibrated heating procedure, we can now perform the
first measurements of the superfluid phase transition in 2D Fermi gases.
For now, we will work at an interaction strength of log(kpasp) = —2.8,
where our thermometry is accurate. Using a constant lattice wavevec-
tor of q ~ 0.6 ki, we measure the heating rate as a function of temper-
ature and velocity. The result is shown in fig. 7.24. While the overall
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temperature of the system increases as expected, the mode appears
to remain mostly unaffected. To quantify this, we subtract the initial
temperature as measured for a stationary lattice and fit the mode with

Figure 7.23: Sketch of the experimental
sequence. The system is prepared in the
BEC regime, at a magnetic field (blue
line) of B = 730G, corresponding to
log(kpasp) ~ —2.8. The dark red line
shows the potential height of the confin-
ing ring potential Vi, which is always
kept at a constant height relative to the
chemical potential of the dimers. The or-
ange line shows the potential height of
the moving lattice. After the system has
been prepared, the lattice is ramped on
for a variable time T at a constant po-
tential height to heat the system. Af-
ter heating, the interaction strength is
set to the desired value and the mov-
ing lattice is ramped on at a variable
time and height that depends on the ex-
periment. Finally, the magnetic field is
ramped back into the BEC regime to per-
form thermometry.

The wavevector was chosen at this
slightly higher-than-usual value for his-
torical reasons. However, we do not ex-
pect this to significantly shift the result-
ing critical temperatures.

Figure 7.24: Heating rate as a func-
tion of temperature at an interaction
strength of log(kpas,p) = —2.8. As
the temperature of a bosonic system is
increased, the phononic mode remains
mostly unaffected. The high velocity at
which the mode is found is a result of
the wavevector q ~ 0.6 kg, which is not
deep in the phononic regime, but con-
tains some contribution from single par-
ticle excitations for historical reasons.
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Figure 7.25: Fitted peak position c,
and linewidth I" of the phonon mode.
Left: Both the peak position (blue dots)
and the linewidth of the mode (red di-
amonds, here given by its 1/e? radius)
increase with the temperature of the
system. However, the increase in the
peak position is relatively small. Right:
The ratio between the linewidth and the
peak position shows how the mode be-
comes less well-defined as the temper-
ature of the system increases. Within
the uncertainty of our measurement, the
broadening of the mode and its position
change continuously.

Figure 7.26: Fitting critical velocities.
Left: Three exemplary heating rate
curves from cold (top row) to hot (bot-
tom row ), shown with fits to the expres-
sion r(v) = Amax(0,v? — v2). As the
temperature increases, the system more
closely resembles a simple quadratic in-
crease in temperature. However, the ad-
ditional free parameter provided by a
non-zero critical velocity will generally
still increase the quality of the fit for real-
istic signal-to-noise ratios. Right: When
plotting the fitted onset velocity for dis-
sipation, it becomes immediately appar-
ent that such a fit is not well suited to
measure the decreasing critical velocity
as the temperature is increased. The
increase in the 1o confidence interval
of the fit towards higher temperatures
shows the fit loses its predictive power,
and the resulting onset velocities are no
longer related to a true critical velocity
but a mere result of over-fitting.

a Gaussian, which describes the lineshape well. The results of the fit
are shown in fig. 7.25. We find that as the temperature of the sys-
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tem is increased, the phonon mode shifts slightly to higher velocities,
indicating a subtle dependence of the speed of sound on the temper-
ature. Additionally, the mode broadens quicker than it shifts, indi-
cating that the phononic quasiparticles become less well-defined as
the system is heated. Within the uncertainty of our measurement, we
observe no sudden jump in position or damping of the sound mode
as for example observed in unitary Fermi gases [123]. However, as
the data becomes somewhat noisy at temperatures above T ~ 0.1 T},
such features may become apparent in more careful measurements in
the future. The linear increase in I'/c, with temperature in the low
temperature regime is in good agreement with theoretical predictions
[124, 125], assuming a constant offset which might be a result of the
non-negligible potential height of the optical lattice.

As we have discussed above, a simple way to obtain the tempera-
ture at which the phase transition occurs would now be to fit the onset
velocity at which dissipation first occurs and find the temperature at
which it becomes compatible to zero, as shown in fig. 7.22. However,
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for signal-to-noise ratios obtained in our experiments, this approach
is not as straightforward as it seems. In fig. 7.26, we show the heating
rate for velocities below the speed of sound for different temperatures,
together with fits to obtain the critical velocities. While for low tem-
peratures, it is not difficult to fit the critical velocity, the predictive
power of the fit is significantly reduced for hotter systems. This is due
to the fact that the additional free parameter of v, will almost always
be able to to optimize the fit, even when there is no longer a critical



velocity present.

Therefore, we attempt to extract the location of the phase transition
by quantifying this decrease in the predictive power of the fit. How
well a fit describes a dataset while taking into account the number
of free parameters is quantified by the adjusted coefficient of deter-
mination R2. In fig. 7.27, we plot the values of R? for fits with and
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without a non-zero critical velocity. While there is quite a bit vari-
ation between the different temperatures due to noise, especially at
higher temperatures, the fit allowing for a non-zero v, is clearly bet-
ter at low temperatures, whereas the difference is negligible at higher
temperatures. Comparing the two values of R2, we can therefore get
an estimate whether the system is well-described without a critical ve-
locity, allowing us to extrapolate at what temperature the superfluid
phase transition is crossed.
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In fig. 7.28, we plot the difference AR? between the adjusted co-
efficients of determination as a function of temperature. At low tem-
peratures, we find that AR? decreases approximately linearly as the
temperature is increased. At higher temperatures, we find negligible
difference between the two fits, indicating that no critical velocity is
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Figure 7.27: Comparing fits with and
without v.. Shown is the adjusted co-
efficient of determination of fits to the
expression r(v) Amax(0,v? — v2)
with (blue dots) and without (red dia-
monds) nonzero v.. For low tempera-
tures, the data is significantly better de-
scribed by fits with a critical velocity
than by those without. As the tempera-
ture increases, this advantage decreases
until both fits describe the data equally
well when taking into account the differ-
ent number of coefficients.

Figure 7.28: Critical temperature in the
BEC regime. Plotted is the difference
AR? between fits with and without a
nonzero critical velocity. We observe
a roughly linear decrease in AR? with
temperature until it stabilizes close to 0.
Performing a bilinear fit (orange dashed
line), we obtain an estimate for the criti-
cal temperature (red dotted line).
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The error of the critical temperature cor-
responds to the 1o confidence interval
of the fit.
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Figure 7.29: Alternative trapping setup
Top: In situ density distribution in the
red box trap. Bottom: Radially aver-
aged density distribution, showing the
low density wings.

needed to explain the heating rate. By performing a phenomenologi-
cal bilinear fit to the data, we obtain an estimate for the temperature at
which the phase transition occurs. We find T, = 0.097(6) Ty, in very
good agreement with the observed onset of pair condensation [28]
and theoretical predictions [29, 61, 126]. Furthermore, this critical
temperature also appears to match the temperature where the relative
width of the mode no longer increased linearly in fig. 7.25 and where
the confidence intervals of the fit in fig. 7.26 suddenly increased, in-
dicating a certain robustness of the method.

7.6.1  An alternate approach

While the method described above enables us to extract the critical
temperature of our 2D Fermi gas, this measurement can only be as
good as the underlying thermometry. Therefore, it is useful to ver-
ify the temperatures obtained from the momentum distribution us-
ing a different method. As we have established previously, the most
common approach for thermometry not using the momentum distri-
bution is to measure the density in regions of the trap where the po-
tential is high, and n is thereby low enough to be thermal. However,
our homogeneous systems do not feature a low density region, mak-
ing such thermometry unfeasible. The reason no low density regions
are present is that the gas is confined using a sharp repulsive ring po-
tential significantly higher than the chemical potential of the pairs.
Even if we lowered the potential height of the ring and allowed a few
atoms to escape, the atoms outside the ring would be disconnected
from those inside due to the high potential barrier, and no longer be
thermalized.

We circumvent this problem by implementing an alternative trap-
ping setup which creates a homogeneous gas with thermal low den-
sity wings without using the ring beam. The new setup, which we will
refer to as the red box, consists of a digital micromirror device (DMD)
which allows us to realize arbitrary potentials in the atom plane and
is illuminated with red-detuned (A = 780 nm) light. Using this DMD,
we create a radially symmetric potential well in the center of the un-
derlying harmonic confinement from the curvature of the magnetic
field, realizing a homogeneous density distribution in the center of the
trap (see fig. 7.29). If the potential height of this DMD beam is now
chosen to be comparable to the chemical potential of the pairs, some
atoms can leave the central area and populate the surrounding har-
monically confined parts of the trap. By tuning the potential height,
we can vary this amount to ensure that only a small fraction of atoms
is in the low-density wings. A great advantage of this setup is that as
the potential in the low density wings is given by the curvature of the
magnetic field, we know the potential energy of the atoms very well,
which is of great importance for this method of thermometry. By fit-
ting the in situ density distribution with a Boltzmann distribution, we
obtain the temperature of the system.

We repeat the measurements shown above in this new trapping ge-
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ometry, using this new in situ thermometry. The results are shown
in fig. 7.30. We observe a similar decrease in the adjusted coefficient

0.15L : | Figure 7.30: Critical temperature mea-
® : sured in situ. The same measurement
: as described previously, but performed
: in the red box trap. Thermometry is per-
0.1}k ° T, = 0.115(10) Tr i formed by fitting a Boltzmann distribu-
: tion to the low density wings. The re-

\CE: ° : sulting critical temperature is approx-
< ° ° : imately 0.02 Ty above than that ob-
0.05 : i tained using time-of-flight thermome-
® : try.
H °
°
[ ] : ° ) e ° ®
Or » ° e%,0
0.09 0.1 0.11 0.12 0.13 0.14
T/Tr

of determination, allowing us to extract the temperature at which the
phase transition occurs once again. Using this method, we find a crit-
ical temperature of T, = 0.115(10) T}, using the red box. The discrep-
ancy of AT, ~ 0.02 T could arise from a number of reasons: First, in-
homogeneities in the potential due to the optical lattice used for the 2D
confinement could systematically shift the fit on the in situ data, most
likely causing the temperature to be overestimated. Second, collisions
during the time-of-flight would cause the temperature extracted from
the momentum distribution to appear lower than it is, as momentum
is redistributed inwards. Third, if thermalization is slow, the critical
temperature obtained using the red box would appear larger than it
should be, similar to the case discussed in [118]. Ultimately, it is dif-
ficult for us at this point to pinpoint the specific reasons for the dis-
crepancy. However, since the difference between the two results is not
too large, we will use it as an estimate for the systematic error on our
temperature determination as T, ~ 0.02 Tj.

There is another clear difference between the results obtained in our
usual homogeneous gas and those obtained using the red box: In the
red box, the minimum temperature we were able to achieve appears
to be approximately a factor of 2 above that realized in the homoge-
neous system. This most likely indicates that the ability for atoms
to evaporate out of the homogeneous system by tunneling through
the repulsive walls contributes significantly to the achievable temper-
atures. In the red box, where this option does not exist, the tempera-
ture is thereby limited to whatever value is achieved during the load-
ing procedure, and is even further increased by photon scattering and
intensity noise as the atoms now are confined in a region of high inten-
sity. This leads to temperatures quite close to the critical temperature,
making measurements of the phase transition difficult as it is easier to
extrapolate if more data far from the transition is available. In fact, for
most interaction strengths, we appear to be barely able to realize sys-
tems below the critical temperature in the red box. Therefore, while
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Figure 7.31: Critical temperatures from
experiment and theory. Blue dots show
the measurements performed in [28],
red lines show the theoretical prediction
of ref. [60] (dotted), ref. [126] (dashed)
and ref. [61] (solid).

Note that as pair breaking excitations
become relevant around log(kpasp) ~
0, excitations at 2kp might lower the
critical temperature. However, as our
heating procedure is limited to low
wavevectors, we are unable to measure
this effect directly. As pairing above T
is expected to occur in the crossover re-
gion, we expect the critical temperature
to still be set by phononic excitations,
but more work is needed to verify this
expectation.

an important crosscheck and useful to estimate the magnitude of sys-
tematic errors in our thermometry, we will be working in the homo-
geneous system for the remainder of this thesis.

7.6.2  The phase transition in the crossover

Now that we have established how we measure the critical tempera-
ture in the BEC regime, we turn to a discussion of the BEC-BCS cross-
over. However, as we have elaborated above, we are not currently
able to measure the temperature for systems outside the BEC regime.
Therefore, we will not be able to measure the critical temperature as
a function of interaction strength. Nevertheless, the nearly adiabatic
interactions strength ramps (see fig. 7.12) enable a different approach
where we approximate that systems which have the same tempera-
ture after a slow ramp into the BEC regime have the same entropy.
Preparing a system at its critical temperature and slowly ramping it
into the BEC regime then results in a measure of its critical entropy,
as the higher the temperature after the ramp back is, the higher the
critical entropy of the system must have been.

At this point, the finite temperature equation of state of 2D Fermi
gases is not known. Therefore, no statement can be made here on how
the ratio between temperature T and entropy S evolves in the cross-
over and as a function of temperature, and we are henceforth unable
to calculate the corresponding entropy S from the temperature T in
the BEC regime, and even less the temperature T from the entropy
S. However, the evolution of the critical entropy nonetheless encap-
sulates important information about the robustness of the superfluid
phase. This is a hotly debated topic, with a range of different results
reported so far: On the experimental side, Ries and coworkers mea-
sured the critical temperature for pair condensation [28] and found a
distinct maximum of the critical temperature in the crossover, exceed-
ing the critical temperature in the BEC regime by around 50% (see fig.
7.31).

Theoretical predictions [60, 61, 126] on the other hand generally
find rather smooth evolutions of the critical temperature at lower val-
ues than reported in the experiment. While they still predict the criti-
cal temperature to be maximized in the crossover, they tend to predict
a broad maximum with critical temperatures similar to those in the
BEC regime. A measurement of the critical entropy in the crossover
would represent an important piece of this puzzle. While not imme-
diately comparable to previous work, it would provide another inde-
pendent quantity for a finite-temperature theory to compete against.

We repeat the measurement described above for a range of interac-
tion strengths, using the experimental sequence outlined in fig. 7.23.
Fig. 7.32 shows four exemplary measurements in the crossover. We
find a clear bilinear feature for all interaction strengths probed. We
therefore prepare systems at the phase transition and measure their
temperature T, after ramping back into the BEC regime, obtaining a
proxy for the critical entropy in the system. Fig. 7.33 shows the re-
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sulting values of T,. We find little variation of T, as the interaction
parameter is increased, indicating that the critical entropy does not
change much in the 2D BEC-BCS crossover.

This is an intriguing and unexpected result. A constant critical en-
tropy in the crossover would indicate that the robustness of the super-
fluid phase is not significantly affected by the interaction strength on
the BEC side and in the crossover region, but might instead be limited
by other effects such as the reduced dimensionality itself. This is remi-
niscent of the theoretical predictions [61] that predict a somewhat flat
critical temperature, although as we have argued above, temperature
and entropy cannot be directly compared in this fashion.
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Of course, it is not possible for an additional measurement to re-
solve a discrepancy in qualitative behavior such as the one between
refs. [28] and [60, 61, 126]. However, the complicated situation is
further highlighted by a recent prediction for the relation between
temperature and entropy in the BEC-BCS crossover. In ref. [127],
Tononi and coworkers calculated the entropy of a system at constant
low temperature of T = 0.01 Ty, see fig. 7.34. They report that the
entropy decreases at constant temperature as the system approaches
the crossover. Assuming that the behavior is similar at higher tem-
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Figure 7.32: Critical temperature mea-
surements in the crossover. Shown is
the difference in the adjusted coefficient
of determination as a function of heat-
ing time for four exemplary interaction
strengths in the 2D BEC-BCS crossover.
A roughly bilinear feature is observable
for all interaction strengths probed, en-
abling us to locate the phase transition.

Figure 7.33: The phase transition in
the BEC-BCS crossover. Shown is the
temperature T, measured aftera system
prepared at the superfluid phase tran-
sition was slowly ramped into the BEC
regime (blue dots), which is a proxy for
the critical entropy. Surprisingly, we ob-
serve little change in T, indicating that
the critical entropy for superfluidity is
nearly constant in the crossover. For
comparison, we also show the coldest
temperatures T we achieve in the cross-
over (red diamonds). These tempera-
tures being significantly below the crit-
ical values T, shows that our measure-
ments of the critical velocity in the cross-
over were performed well below the crit-
ical temperature for all but the lowest
and highest interaction parameters. Er-
ror bars denote the 1o confidence inter-
val of the fit for T, and the standard er-
ror of the mean for T.
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Figure 7.34: Entropy at constant tem-
perature in the crossover. Entropy at
constant volume at a fixed temperature
of T/TF = 0.01 in the 2D BEC-BCS
crossover. Figure adapted from [127].

peratures, such a behavior would indicate that the temperature of a
system at constant entropy increases as the interaction parameter is
increased and the BCS regime approached. Therefore, the mostly con-
stant critical entropy we measure would correspond to an increasing
critical temperature, compatible with the reported behavior from ref.
[28]. This is a puzzling result especially considering that the calcu-
lated relation between entropy and temperature stems from the same
theoretical framework used to calculate the flat critical temperatures
inref.[61].

At this point, this conundrum cannot be resolved. More work will
have to be done on the finite-temperature equation of state, and on
thermometry in the BEC-BCS crossover. One possible measurement
would perform critical entropy measurements as described here and
also measure the critical temperature for pair condensation as described
in [28] to verify whether the two measurements are compatible using
rapid ramp measurements for thermometry. An alternate approach
could be to improve cooling in the red box trap to obtain a thermome-
try that should in principle work in the entire crossover. On the theory
side, more work on the relation between entropy and temperature at
strong interactions would aid in thermometry, and predictions of the
critical entropy could be compared to our data and to those for the
critical temperature.

—  Box 7.1: Temperature of the homogeneous system in the crossover

While we have established that it is difficult to measure the temper-
ature in the 2D BEC-BCS crossover, the measurements described
here can be used to derive an estimate of the temperature of our
systems in the crossover. In the BEC regime, we have shown
that our homogeneous Fermi gas is prepared at temperatures of
T = 0.04(1) Ty, compatible with the previously reported value of
T ~ 0.03Ty [39]. In the BCS regime, we can make use of the fact
that we appear to cross the phase transition at log(kpaop) ~ 2.3
and therefore T ~ T,. Some publications predict critical temper-
ature of T ~ 0.07 Ty at log(kpaysp) = 2.3 [61, 126], but lower val-
ues of T ~ 0.045 T have also been reported [60]. As we have ar-
gued previously, the entropy of our homogeneous 2D Fermi gases
seems to be roughly constant, and we can interpret fig. 7.34 to indi-
cate that the temperature at constant entropy should increase in a
monotonous fashion in the crossover. Therefore, by performing this
comparison to theoretical predictions, the temperature of our ho-
mogeneous superfluids can be assumed to lie between T ~ 0.04 Ty
and T ~ 0.07 Ty depending on the interaction strength.




MEASUREMENT OF THE EXCITATION SPECTRUM

In the following chapter, I will present the second main result of this thesis:
the first momentum-resolved measurements of the excitation spectrum of two-
dimensional Fermi gases.

T will begin with a brief overview over the different methods commonly used to
study the excitation spectrum of ultracold Fermi gases. Employing the methods
introduced in the previous chapter, I will present the first measurements of the
dynamic structure factor of two-dimensional Fermi gases and its evolution in
the BEC-BCS crossover. I will discuss how the Goldstone mode and the pair
breaking continuum develop as the system changes from a fermionic to a bosonic
superfluid, and comment on the interaction between the two modes. Finally,
will extract the superfluid gap and compare it to theoretical predictions.

The results presented in this chapter are adopted from

L. Sobirey, H. Biss, N. Luick, M. Bohlen, H. Moritz and T. Lompe
arXiv:2106.11893 (2021) [12]

and are reprinted here with modifications and additions.

Over the last decades, much effort has been invested in studying the
ground state of ultracold Fermi gases. However, the ground state of a
system is only a small part of it, and much of the intriguing physics of
strongly correlated systems arises from their dynamics - that is, their
response to external perturbations. How a system responds to pertur-
bations is governed by its excitation spectrum, which describes how
the system is modified as energy and momentum are added to bring
it away from its ground state. Here, we will present the first measure-
ments of the excitation spectrum of two-dimensional Fermi gases.

8.1  Previous work

So far, no measurements have been made on the excitation spectrum of two-
dimensional Fermi gases beyond the frequency of the breathing mode in har-
monically trapped systems [ 88, 89). Therefore, in this section I will summarize
some key measurements of the excitation spectrum of three-dimensional Fermi
gases, focusing on the superfluid phase and on publications closely related to
the results presented in this chapter. For a more thorough overview of spectro-
scopic measurements on ultracold Fermi gases, see e.g. ref. [128] and references
therein.

There are two commonly used methods to study the excitation spec-
trum of ultracold Fermi gases: Radio-frequency (RF) spectroscopy
and Bragg spectroscopy.

RF spectroscopy

The oldest and best established method to study the excitation spec-
trum of ultracold Fermi gases is RF spectroscopy. In brief, RF photons
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A more uncommon variant called spin
injection spectroscopy adds a particle
to the system by transferring it from a
weakly interacting initial state, see e.g.
[129]. This method therefore probes the
unoccupied states in the system, as op-
posed to more traditional RF spectros-
copy which probes the occupied states.
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Figure 8.1: RF spectra of gases in the
BEC-BCS crossover. Datapoints quan-
tify the amount of atoms transferred
from the third to the second lowest hy-
perfine state by a RF pulse; red lines are
fits using the typical lineshape of a pair
dissociation spectrum. Adapted from

[130].

Note that the magnitude of the pair size
obtained in [130] likely requires a cor-
rection, as discussed in [131].

Figure 8.2: Photoemission spectra
around the critical temperature. The
plotted intensity map describes the
number of atoms transferred to a weakly
interacting state as a function of energy
and momentum for a system at an
interaction strength of 1/kgpasp ~ 0.15.
The white points mark the center of
an individual column, extracted by a
Gaussian fit; the black line shows the
dispersion of an ideal Fermi gas; the
white line is a fit to the data with a BCS
quasiparticle dispersion. Backbending
of the dispersion can be observed well
above the critical temperature. Adapted
from [134].

of a well-defined energy are used to transfer atoms from one hyper-
fine state to another. If the final state is sufficiently weakly interact-
ing, this process can be described as the removal of a fermion, and the
energy of the RF photon can be related to the single-particle excita-
tion spectrum E; (see section 4.3). As the momentum of RF photons
is negligible, the momentum of the transferred fermion is essentially
unchanged during this process. However, the momentum is not al-
ways straightforward to measure, and therefore many studies using
RF spectroscopy simply record the amount of transferred atoms as a
function of the energy of the RF photons.

One key study that exemplarizes RF spectroscopy was performed
by Schunck and coworkers in 2008 [130]. They prepared Fermi gases
of ultracold °Li in a mixture between the lowest and third-lowest hy-
perfine states. This so-called 1-3 mixture has the advantage that close
to the location of the Feshbach resonance [19, 84], the final state (the
second lowest hyperfine state) is only weakly interacting with the other
two, allowing final state interactions to be neglected. Therefore, the re-
sulting RF spectrum can be interpreted in a straightforward fashion as
a measurement of the properties of the interacting 1-3 mixture.

Fig. 8.1 shows the resulting RF spectra, together with fits to the the-
oretically expected lineshape. Roughly speaking, the observed line-
shape is mostly set by the superfluid gap, which sets the minimum
energy to remove a particle from the interacting many-body system
and thereby gives rise to a sharp onset of dissociated pairs. Towards
higher energies, the dissociation rate slowly decreases again, which
can be interpreted as a result of the finite size of the pairs. This al-
lowed Schunck and coworkers to derive an estimate of the pair size
in the BEC-BCS crossover. However, the RF spectrum is subject to
Hartree shifts that result from the interaction between the spin states
[132]. These shift the onset of the RF spectrum by U = gn, and there-
fore additional input from theory is required to obtain the superfluid
gap from the RF spectrum (see section 4.1). This question was revis-
ited by Schirotzek and coworkers in ref. [133]. By introducing a local
spin imbalance and using theoretical calculations of the Hartree shift,
they were able to obtain the first measurements of the superfluid gap
in the BEC-BCS crossover.
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While RF spectroscopy as performed in [130, 133] is a powerful tool
to study the properties of ultracold Fermi gases, the loss of momentum
information often requires substantial theory input to extract quantita-
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tive information about the system. This can be a significant limitation
of the method in the strongly correlated crossover regime, where the-
oretical calculations are extremely challenging and hard to verify. In
[135], Stewart and coworkers performed RF spectroscopy while addi-
tionally measuring the momentum of the transferred fermions. This
allowed them to directly observe a BCS-like quasiparticle dispersion
in a strongly interacting Fermi gas and later study its temperature-
dependence [134] (see Fig. 8.2). Such momentum- and energy re-
solved RF spectroscopy is sometimes referred to as photoemission spec-
troscopy due to its close similarity with angle-resolved photoemis-
sion spectroscopy (ARPES) measurements performed on supercon-
ductors.

Bragg spectroscopy

A different approach commonly used to study the excitation spec-
trum of ultracold Fermi gases is Bragg spectroscopy, which we have
previously introduced in section 4.4. The key difference between RF
and Bragg spectroscopy is that RF spectroscopy changes the number
of particles in a spin state, while Bragg spectroscopy does not. This
fundamentally changes what information is contained in the result-
ing spectra: RF spectroscopy generally yields information about the
energy and momentum the removed atom had before removal, and
can therefore be a useful tool to describe the ground state of a sys-
tem. On the other hand, Bragg spectroscopy yields information about
the excited states the atom is transferred to, and can therefore be used
to understand correlations and dynamics within the system. Another
way to phrase the differences between RF and Bragg spectroscopy is to
say that RF spectroscopy contains information on either the occupied
or the unoccupied states of the system, whereas Bragg spectroscopy
combines information from both. Additionally, because Bragg spec-
troscopy excites atoms within the many-body system, the initial and
final states are subject to the same Hartree shift, enabling measure-
ments of many-body quantities without additional input from theory.

In ultracold Fermi gases, Bragg spectroscopy has been employed
to study quantities such as pair condensation [138] and Tan’s con-
tact 77, 139-144]. In ref. [69], Hoinka and coworkers measured the
dynamic structure factor at a low momentum transfer of q ~ 0.5 kg
and observed two distinct features, which they attributed to the pair
breaking continuum and the Goldstone mode (see section 4.4 and fig.
8.3). By detecting the onset energy for pair breaking excitations, they
were able to perform the first measurements of the superfluid gap in
ultracold Fermi gases that did not require input from theory. How-
ever, due to the fixed, somewhat small transferred momentum in their
experiment, the superfluid gap could only be measured over a small
range of interaction strengths.

For a review of ARPES in cuprate super-
conductors see [136]; for a more recent
review see [36].

More formally speaking, we can
describe RF spectroscopy by a two-
operator term (cltck), whereas Bragg
spectroscopy is described by a four-
operator term (Ckmcchlck).

Note that there exists a variant of Bragg
spectroscopy called stimulated Raman
spectroscopy where the detuning be-
tween the beams is chosen such that
particles are transferred from one spin
state to another [137]. It is therefore
described by a two-operator term much
like RF spectroscopy, but retains some of
the advantages of Bragg spectroscopy in
momentum selectivity and control over
the light field.
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Figure 8.3: Bragg spectra in the BEC-BCS crossover. By performing Bragg spectroscopy at a fixed momentum
transfer of g ~ 0.5ky, Hoinka et al. observed two different features depending on the interaction strength: The
Goldstone mode (blue datapoints and fits) and the single-particle or pair breaking continuum (red datapoints
and fit). From [69].

8.2 The excitation spectrum in the BEC-BCS crossover

In this section, I will present our results on the momentum-dependent exci-
tation spectrum of two-dimensional ultracold Fermi gases. I will discuss the
different types of excitations present in the system and describe their interaction
dependence.

As we have discussed in section 4.4, there are two main types of
excitations in ultracold Fermi gases in the BEC-BCS crossover. The
first are pair breaking excitations, where a single-particle excitation
breaks apart a Cooper pair. These excitations should be dominant in
the BCS regime, where pairs are weakly bound and large, and get sup-
pressed towards the BEC regime as the pairs become more and more
tightly bound. The second are collective excitations, where a fluctua-
tion of the superfluid phase propagates in the form of a phonon. These
excitations form the Goldstone mode of the superfluid, as described
in section 4.1, and should therefore persist throughout the BEC-BCS
crossover as long as the system remains superfluid.

Besides changing how likely pair breaking excitations are to occur,
changing the interaction strength must also change where in the dy-
namic structure factor these two types of excitations can be found. Pair
breaking excitations can only occur for energy transfers that exceed
2A, where A is the superfluid gap. On the other hand, the energy of
the Goldstone mode will be a linear function of the momentum trans-
fer at low energies, with a slope that changes in the crossover with
the speed of sound in the system. Finally, some additional physics
must occur where these two modes meet, as there is no mechanism
that would stop a phonon from breaking a Cooper pair and therefore
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a coupling between the two types of excitations must exist.

To investigate the evolution of these excitations in the 2D BEC-BCS
crossover, we prepare and probe systems as described in chapter 7:
We prepare homogeneous two-dimensional Fermi gases and use the
moving optical lattice to perform optical Bragg spectroscopy [75, 120,
145-147], which measures the dynamic structure factor S(q, w) of the
system as discussed in section 4.4.

8.2.1  The dynamic structure factor of a strongly interacting 2D Fermi
gas

Fig. 8.4 shows the measured dynamic structure factor in the strongly
interacting crossover regime at an interaction strength of log(kpayp ) =
1.1. The two types of excitations can clearly be identified in this mea-
surement: A well-defined Goldstone mode at low momenta, as well
as a continuum of pair breaking excitation at higher momenta.
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At low momentum and energy, our measurements feature a clear
Bogoliubov-Anderson phonon, with a linear dispersion w = c,q set
by the speed of sound c, in the system. The width of the phonon
mode is small compared to its energy, indicating well-defined pho-
nonic quasiparticles and therefore superfluidity [123]. As the pho-
nonic mode approaches the pair breaking continuum, we observe a
pronounced downbending, reminiscent of an avoided crossing with
the continuum. This behavior had been predicted to occur in three-
dimensional Fermi gases [67, 148] and appears in RPA calculations
of the dynamic structure factor of two-dimensional [66] and three-
dimensional [68, 69] Fermi gases, but had not previously been ob-
served. It clearly demonstrates a coupling between phonons and bro-
ken Cooper pairs.

At higher energies and momenta, the measured dynamic structure
factor features the broad continuum of pair breaking excitations ex-
pected for a superfluid that consists of paired fermions. Although the

Figure 8.4: S(q,w) measured at
log(kpasp) = 1.1. We observe a broad
continuum of pair breaking excitations
as well as a well-defined Goldstone
mode. Where the two modes meet, the
Goldstone mode appears to bend down.

Note that the noise at low detun-
ings in all measurements of the
dynamic structure factor presented
here arises as a result of dividing the
measured heating rate by the detuning
w to obtain S(q, w).

Broken Cooper pairs are themselves
quasiparticles and correspond to a
bound state of a particle and a hole.
They are sometimes called Bogoli-
ubov quasiparticles or Bogoliubons in
condensed matter physics.
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Figure 8.5: S(q,w) measured at
log(kpasp) = 1.6. Towards the BCS
regime, the pair breaking continuum
expands towards lower energies and
momenta. While the Goldstone mode
still persists, it is heavily broadened
at intermediate momenta, leading to a
seemingly momentum-dependent onset
of the pair breaking continuum.

sharp onset of the continuum at 2A is masked by the presence of the
Goldstone mode, fig. 8.4 nevertheless directly shows a suppression
of pair breaking excitations for detunings w < wp, most clearly visi-
ble at momentum transfers around q ~ 2 k. We also observe that the
pair breaking continuum is suppressed at low transferred momentum.
This suppression can be interpreted as the result of a size mismatch
between the low momentum (long wavelength) excitations and the
size of the Cooper pairs [149, 150]: If the pairs are much smaller than
the wavelength of the optical lattice, there is little differential force
acting on the fermions, and the pairs experience the optical lattice as
one particle. Intuitively speaking, we can say that the optical lattice no
longer resolves the constituents of the pairs. We will revisit this effect
in section 10.1.

8.2.2 Changing the interaction strength
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Next, we prepare systems with weaker attractive interatomic in-
teractions. Fig. 8.5 shows the measured dynamic structure factor at
an interaction strength of log(kpa,n) = 1.6. Compared to the mea-
surement performed at log(kpa,n) = 1.1, we can directly see that
the pair breaking continuum has become more prominent, extending
over a wider range of momenta and energies. Furthermore, while the
Goldstone mode is still present at low momentum and energy trans-
fer, it appears to vanish quickly into the continuum. However, when
looking at large transferred momentum, it becomes clear that the on-
set of the pair breaking continuum does not occur until w ~ (0.7 —
0.8) wp. Consequently, the phononic mode is still present for a size-
able range of momenta, but appears to be so heavily broadened that it
is no longer possible to visually separate it from the pair breaking con-
tinuum anywhere except at the lowest transferred momentum. While
so far not understood, possible reasons for this broadening could in-
clude an increase in the coupling between the two modes towards the
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BCS regime, a change in the available damping mechanisms of pho-
nonic excitations, or an increase in T/T...

T T T
4t S(q,w) (arb.) -
3L i
[
3
3 2+
1+
0
0

q/kr

If we instead prepare systems with stronger attractive interatomic
interactions, we see the opposite trend: Fig. 8.6 shows the result of
a measurement performed at an interaction strength of log(kpasp) =
0.7. Compared to fig. 8.4, we can observe a significantly more pro-
nounced Goldstone mode that no longer appears to cross into the con-
tinuum, but rather seems to partially coexist with it. The continuum
itself is significantly less pronounced, and only found at higher ener-
gies and momenta. Interestingly, we still observe some downbending
of the phononic mode, showing that the coupling between the two
modes still persists at this interaction strength. However, the effect
of the continuum on the phononic dispersion has significantly dimin-
ished compared to the measurements performed further in the cross-
over regime, indicating that this coupling becomes weaker towards
the BEC side of the crossover.
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Figure 8.6: S(q,w) measured at
log(kpaop) = 0.7. Towards the BEC
regime, the Goldstone mode gains
relative weight as the pair breaking
continuum is suppressed everywhere
except at high energy and momentum
transfers. The downbending of the
Goldstone mode is still visible, but
much weaker than further towards the
BCS regime.

Figure 8.7: S(q,w) measured at
log(kpaop) = —0.1. Even further
towards the BEC side, no more pair
breaking continuum is visible.
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Figure 8.8: S(q,w) measured at
log(kpaop) = —1.8. Well in the BEC
regime, we observe the Bogoliubov dis-
persion relation of a strongly interacting
Bose gas.

Fig. 8.7 shows a measurement performed at an interaction strength
of log(kpasn) = —0.1. At this interaction strength, the phonon mode
has a nearly linear dispersion over the entire momentum range probed.
The pair breaking continuum is no longer directly visible. However,
the increasing width of the phonon mode towards higher momenta is
most likely still a result of a coupling to pair breaking excitations.
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Finally, fig. 8.8 shows the measured dynamic structure factor at an
interaction strength of log(kpasn) = —1.8, well in the BEC regime.
Here, the pairs are bound tightly, and pair breaking excitations due to
the moving optical lattice can no longer occur at the energies and mo-
menta probed here. Instead, the pairs are excited as single particles,
and we observe a free particle dispersion of pairs at larger momentum
transfers. The system is therefore well described as a strongly inter-
acting Bose gas, and the dynamic structure factor simply shows the
expected Bogoliubov dispersion relation, see section 4.1.

Fig. 8.9 displays the complete set of measured dynamic structure
factors, spanning the entire 2D BEC-BCS crossover. The red lines at
low momentum show the speed of sound in the system and are taken
from the measurements we performed in ref. [40]. As expected, they
are in excellent agreement with the slope of the Goldstone mode.

Fig. 8.9 clearly shows the smooth evolution from BEC to BCS super-
fluidity that occurs in the crossover. With increasing log(kpayp ), we
observe how the Goldstone mode increases in slope, but at the same
time bends down and becomes more broadened as the pair breaking
continuum gains in prominence. At the same time, these measure-
ments reveal the smooth expansion of the pair breaking continuum
towards lower energies and momenta. The momentum-dependence
of the pair breaking continuum gives rise to an interesting observa-
tion: Atlow momentum transfer (and thereby long wavelengths), pair
breaking excitations have little relevance for the dynamics and corre-
lations of a system in the crossover, even though there is a significant
amount of pair breaking excitations already available at larger mo-
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Figure 8.9: Full overview over all measurements of S(q, w). The numbers in the top left corner denote the inter-
action parameter log(kga,p, ). The red lines are derived from an independent measurement of the speed of sound
performed in [40] and show excellent agreement with the slope of the Goldstone mode. The smooth evolution
of the excitation spectrum in the 2D BEC-BCS crossover is clearly visible. Note that the first two panels were
measured with a higher density, leading to a smaller probed momentum range when normalizing with the Fermi
wavevector. On the BCS side of the crossover, the pair breaking continuum is cut off as larger detunings were not
measured.
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mentum transfers (shorter wavelengths). This observation also holds
for small and large energy transfers, corresponding to long or short
timescales of observations. Whether a fermionic superfluid resembles
a system of bosons or a system of paired fermions therefore depends
entirely on the distance and time over which it is probed [151].

8.3 The superfluid gap

In this section, I will discuss how we extract the superfluid gap A from our
measurements of the dynamic structure factor. I will introduce the two different
methods we use to obtain A and discuss their limitations. Finally, I will present
our results on the superfluid gap in the 2D BEC-BCS crossover and compare
the results to predictions from theory.

The superfluid gap is one of the central quantities in the description
of fermionic superfluids. It is one of the two key parameters derived
in BEC-BCS theory (see section 4.3), sets the energy cost required to
break apart the pairs that form the superfluid, and in the BCS limit is
directly proportional to the critical temperature and the critical cur-
rent. Therefore, we can consider it to be a key parameter that quanti-
fies the stability of the superfluid phase.

Here, we use our Bragg spectroscopy measurements to obtain the
superfluid gap in the two-dimensional BEC-BCS crossover. This is
complicated by the presence of the Goldstone mode at energies below
the onset of the continuum at 2A, which prevents us from directly
reading off the gap from our measurements of S(q,w). In the follow-
ing, we will therefore present two different methods used to circum-
vent this problem and obtain the superfluid gap.

8.3.1 Integrating out the momentum dependence

The first method we use to extract the superfluid gap from measure-
ments of S(q, w) was motivated by electronic Raman scattering (ERS)
in solid state physics (see box below). In s-wave BCS superconduc-
tors, the Raman response (quantifying the probability of creating an
excitation as a function of the transferred energy) is expected to show
a sharp onset at 2A [152], with some momentum dependence in the
shape at larger energy transfers. Most measurements of the Raman
response in solid state systems essentially sum together contributions
from different momenta, and due to experimental broadening, the
sharp onset then generally appears as maximum in the measured Ra-
man response.

While ultracold quantum gases do not need to worry about many
of the different excitation modes particular to solid state systems like
lattice phonons and magnons, they feature a Goldstone mode below
2A, which is absent in charged superfluids [65]. However, the pair
breaking continuum extends over a wide range of transferred mo-
menta, whereas the Goldstone mode is only present at a specific mo-
mentum transfer given by its dispersion w(q). Therefore, we decided
to integrate over the available momentum range in our measurements
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to obtain

qexp,max
S(w) = / S(q,w)qdq (8.1)
q

exp,min

which we shall refer to as the Raman response for simplicity. Here, Since all measurements in this chapter

are presented in arbitrary units, we have

we have carried out the integration in polar coordinates as ultracold ) :
omitted constant prefactors for clarity.

quantum gases are isotropic due to their contact interactions, but our
measurements only probe excitations in the direction of the moving
optical lattice. The Raman response as given by eq. 8.1 therefore
quantifies the probability to create an excitation at a given detuning
w, regardless of the direction in space. However, we note that the con-
clusions drawn in the following are not significantly affected if the
integration is performed only along the direction of the lattice.

— Box 8.1: Electronic Raman scattering

Electronic Raman scattering (ERS) is a technique
used in solid state physics that, similar to Bragg
spectroscopy in ultracold quantum gases, essen-
tially measures the dynamic structure factor of

ner and outer copper-oxide planes in a bismuth-
based cuprate superconductor. Note how exper-
imental broadening and gap anisotropy smooth
out the sharp features expected from the super-

a material. It is described in detail in [153]. In | conducting gap.

short, light with a well-defined wavelength is di- o
rected at the material and inelastically scattered
by the electrons in the solid. By detecting the
wavelength difference of the scattered photons,
the energy transferred to the electrons can be in-
ferred. Choosing specific polarizations of the in-
cident and measured light additionally enables
some degree of momentum selectivity.

Intensity (a.u.)

Presented to the right is an exemplary result of

such a measurement, showing the Raman re-
sponse (which is proportional to the dynamic
structure factor, integrated over a range of mo-

menta) as a function of the energy transfer at dif-

l |
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Raman Shift (Cm'1)

ferent temperatures. The sharp feature at low en-
ergy transfer corresponds to the excitation of a

lattice phonon, whereas the two broad maxima Image adapted from [154].

correspond to the superconducting gaps of the in-

Fig. 8.10 shows exemplary Raman responses at different interaction
strenghts. We observe a clear maximum in S(w) that moves to lower
detunings as the system is tuned towards the BCS limit. However,
the onset at 2A is occluded by the presence of the Goldstone mode.
Additionally, the shape of S(w) changes from a distinct peak in the
crossover to a broader feature with a slower decay in the BCS regime,
making the maximum a somewhat poorly defined quantity to fit. We
therefore chose to fit the edge of the continuum as a well-defined fea-
ture, using the phenomenological fitting function

for w < 2A

8.2
for w > 2A (82)

S(w) = {max(&aw +b)
a (2aA + b) exp(—(w —2A)%/c?)
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Figure 8.10: Examples for the Raman
response S(w). Shown are typical Ra-
man responses obtained by integrating
the measured dynamic structure fac-
tors over the momentum axis. While
the presence of the Goldstone mode ob-
scures the onset of the pair breaking
continuum, a clear feature is still visible.
The red lines show the fit used to extract
the gap (see below).

Figure 8.11: Fitted superfluid gaps
from S(w). Blue dots show the fitted
values of A. Red crosses mark interac-
tion strengths where the dynamic struc-
ture factor does not show a visible pair
breaking continuum and therefore does
not allow for the extraction of the su-
perfluid gap, as the fit captures only the
Goldstone mode. Error bars describe 1o
confidence intervals of the fit and are
mostly smaller than the symbol size.
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with a, b, c and A as free parameters of the fit. As a Gaussian decay
does not capture the slow decay of the Raman response at larger de-
tunings, fitting is restricted to the interval w € [0, 1.6 wp]. This pro-
duces good agreement with the measured S(w) and allows us to ex-
tract an estimate of the superfluid gap.

Fig. 8.11 shows the fitted values of S(w) as a function of the interac-
tion strength. We initially observe a continuous increase from the BCS
towards the BEC limit, as expected from theoretical predictions [59,
155-158]. However, in the BEC regime, the superfluid gap obtained
using the phenomenological fit to S(w) starts to become unphysical
as the pair breaking continuum is no longer visible. For interaction
strengths log(kpasn) < 0.5, S(w) is instead dominated by the Gold-
stone mode and thereby contains little information about the super-
fluid gap.
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8.3.2 Strong driving at lower momentum transfers

The second method is better suited to measurements in the BEC regime
and was initially developed in ref. [69]. We probe the system at low
momentum transfers q < 0.5 kp, where the energy of the Goldstone
mode is well below the onset of pair breaking excitations at 2A. As
shown above, the pair breaking continuum is already strongly sup-
pressed at these low momenta and interaction strengths. However,
because these excitations are more strongly suppressed, we are also
able to drive the system stronger while still remaining in the linear
regime. While strong driving leads to a sizeable broadening of the
Goldstone mode, it is usually possible to find a combination of lattice
potential height and momentum transfer for which the two modes are
well separated.
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Fig. 8.12 shows two exemplary measurements of the superfluid gap
using this method. Even though the Goldstone mode is broadened
heavily by the strong drive, the pair breaking mode is still clearly vis-
ible. Since the two modes are well separated, fitting the superfluid
gap is straightforward: We simply perform a bilinear fit to the pair
breaking mode and identify the onset as 2A.

hl(kF GQD)

The result of these measurements is shown in fig. 8.13, together
with the values obtained in the previous section. Both methods are
in excellent agreement with each other in the parameter region where

While the height of the lattice poten-
tial has to be adjusted for each interac-
tion strength and momentum transfer, it
is generally approximately a factor of 8
larger than for the measurements in the
previous section.

Figure 8.12: Examples for the strongly
driven dynamic structure factor.
Shown are typical spectra obtained
by strongly driving the system at low
momentum transfers. The Goldstone
mode is heavily broadened, but a
second, smaller feature corresponding
to pair breaking excitations is clearly
visible.

Figure 8.13: Superfluid gap in the 2D
BEC-BCS crossover. Blue dots show
gaps extracted obtained from S(w), red
diamonds show data obtained from
strong driving at low q. Both meth-
ods show excellent agreement with each
other. The black solid line shows the en-
ergy of the trivial two-body bound state
[29]; the orange dashed line is the pre-
diction from BEC-BCS mean field theory

[59, 155].
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both methods can be applied, and paint a clear picture of the evolution
of the superfluid gap in the BEC-BCS crossover. Our measurements
span a wide range of interaction strengths: On the BCS side of the
crossover our data is in good agreement with mean field calculations,
while on the BEC side of the crossover we obtain gaps that are domi-
nated by the trivial two-body binding energy (see section 4.5).

8.3.3 Comparison to theoretical predictions

To compare our measurements with theoretical predictions, it is im-
portant to remember one of the particularities of quasi-2D Fermi gases.
As discussed in section 4.5, there are some modifications on short
length scales to the physics of tightly confined ultracold Fermi gases
that cause them to differ from purely 2D models. The most impor-
tant modification in the context of this chapter is a modification of
the binding energy, which arises as the two-body bound state under-
goes a transformation from purely two-dimensional in the BCS limit
(where the pairs are large compared to the confinement) to purely
three-dimensional in the BEC limit (where the pairs are much smaller
than the confinement).

This modification of the bound state has important consequences
for the superfluid gap: If we imagine building a superfluid Fermi gas
pair by pair, the cost of breaking a pair will initially just be given by
the two-body binding energy. As the number of pairs increases, the
system may eventually condense into a coherent many-body state and
become superfluid. This many-body state protects the pairs, increas-
ing the energy required to break them apart. Therefore, the superfluid
gap forms as a combination of the two-body binding energy and the
additional effect of the many-body system.

All current theoretical calculations of the superfluid gap in the two-
dimensional BEC-BCS crossover are performed using purely 2D mod-
els. Therefore, their results will trivially disagree with our measure-
ments, because the 2D and quasi-2D two-body binding energies are
already significantly different on the BEC side of the crossover. To
compensate for this discrepancy, we subtract the known binding en-
ergies from our measured values and the theoretical predictions to
compare the more interesting many-body part of the superfluid gap
A—Eg/2.

Fig. 8.14 shows this comparison between our measurements of the
superfluid gap and predictions from mean field BEC-BCS theory [59],
diffusion Monte Carlo (DMC) [156, 158, 159 ] and auxiliary-field quan-
tum Monte Carlo (AFQMC) [157]. Remarkably, our measurements
are in significant disagreement with quantum Monte Carlo predic-
tions: In the BCS regime, our results lie significantly above the pre-
dicted many-body contribution, irrespective of the specific method,
and are in surprisingly good agreement with mean field theory. At the
same time, our measurements show that the many-body contribution
decays faster towards the BEC regime than predicted: We find a broad
maximum of the many-body contribution around log(kpa,n) ~ 1,
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whereas DMC and AFQMC suggest a sharper maximum closer to
log(kpasp ) ~ 0 with a somewhat larger magnitude.

The reason for this discrepancy is not immediately obvious. One
possibility is that the influence of the third dimension is not fully taken
into account by subtracting the appropriate binding energy, but that
there are higher order effects that further modify the superfluid gap.
However, since realistic two-dimensional systems will generally fea-
ture some three-dimensional contributions, this would indicate that
purely two-dimensional theories are not adequate to describe realis-
tic strongly correlated superfluids like 2D quantum gases and likely
also layered superconductors, requiring computationally more chal-
lenging calculations on three-dimensional lattices. Another possibil-
ity is that the particle numbers used in DMC and AFQMC calcula-
tions, which are generally on the order of 50 fermions, are not enough

to describe the thermodynamic limit (or the closer approximation thereof

our ~ 5000 fermions represent). At this point, we are unable to resolve
this open question, and further work on experiment and theory will
be required.

Figure 8.14: Many-body contribution
to the gap with theoretical predictions.
Blue dots correspond to data obtained
from S(w), red diamonds are obtained
using strong driving at low q. Dashed
orange line: BEC-BCS mean field the-
ory [59, 155]; right facing triangles:
fixed-node Diffusion Monte Carlo [156];
downwards facing triangles: auxiliary-
field quantum Monte Carlo [157]; up-
wards facing triangles: fixed-node Dif-
fusion Monte Carlo [158]. Our measure-
ments clearly deviate from the QMC
predictions, which tend to show a max-
imum further in the BEC regime and
with a larger magnitude.

While there are significant discrepancies
between the different quantum Monte
Carlo methods, we note that the authors
of ref. [157] (AFQMC) present their cal-
culations as exact results from first prin-
ciples.






THE EXCITATION SPECTRUM OF 3D FERMI GASES

In this short chapter, I will summarize closely related measurement we per-
formed on the excitation spectrum of three-dimensional Fermi gases.

Twill introduce the modifications we made to the setup to allow for the creation
of three-dimensional gases and present our results on the dynamic structure
factor in the 3D BEC-BCS crossover. Similar to our work on two-dimensional
Fermi gases, I will describe how we extract the superfluid gap from the measured
excitation spectrum and briefly discuss the results.

The results presented in this chapter are adopted from

H. Biss, L. Sobirey, N. Luick, M. Bohlen, ].]. Kinnunen, G.M. Bruun, T.
Lompe and H. Moritz
arXiv:2105.09820 (2021) [42]

and are summarized here with modifications. They will be discussed in more
detail in the PhD thesis of Hauke Biss. I contributed to this project mainly by
performing and analyzing measurements of the dynamic structure factor, by
establishing and implementing the methodology for determining the tempera-
ture and density of the system, and in the interpretation of the results.

One of the great advantages of ultracold Fermi gases is the high
degree of control available over the experimental environment. In
most materials, the dimensionality is predetermined and cannot be
changed, as changing it would result in a completely different mate-
rial. However, in ultracold Fermi gases, the dimensionality is simply
determined by the shape of the confining potential. Therefore, an ex-
perimental setup designed to create ultracold 2D Fermi gases only re-
quires some minor changes to create ultracold 3D Fermi gases. Here,
we will expand the setup described in previous chapters in a straight-
forward fashion to prepare 3D systems and to measure their excitation
spectrum using the same Bragg spectroscopy setup.

9.1 Three-dimensional homogeneous Fermi gases

In this section, I will describe how we use the existing setup designed for cre-
ating two-dimensional Fermi gases and expand it to prepare three-dimensional
Fermi gases. Additionally, I will briefly summarize how we can perform ther-
mometry in these systems by using existing measurements of the equation of
state at unitarity.

To create homogeneous three-dimensional Fermi gases, we must
do away with the vertical optical lattice used to provide the tight har-
monic confinement that brings our systems into the two-dimensional
regime. Instead, we use two tightly focused, elliptical, blue-detuned
laser beams a distance of ~ 40 pm apart. This creates a box-shaped po-
tential along the axial direction, which we can combine with our ring
potential to create an approximately cylindrical confinement, inside of
which the density is approximately homogeneous.

A similar setup was used to create
the first homogeneous 3D Fermi gases
[160]. Other homogeneous quantum
gases often make use of spatial light
modulators, for a recent review see e.g.
[161].
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Figure 9.1: Absorption images of the
3D Fermi gas. The top image is taken
along the axial direction; the bottom im-
age is taken from the side.

We verified the adiabacity of our in-
teraction ramps by performing differ-
ent interaction ramps through the cross-
over, all ending at the same value deep
in the BEC regime. By measuring the
momentum distribution using matter
wave focusing, we were able to confirm
that the condensate fraction was unaf-
fected by our interaction ramps, indicat-
ing that the entropy per particle had not
changed.

Figure 9.2: S(q,w) measured at
(kpasp)~! = 0. Similar to the measure-
ments performed in 2D Fermi gases,
we observe a well-defined Goldstone
mode as well as a distinct pair breaking
continuum.

Fig. 9.1 shows characteristic absorption images of the resulting ho-
mogeneous 3D Fermi gas with a density per spin state of n ~ 0.4 pm 3.
We can observe a small divergence of the ring beam, resulting in a
shape that more closely resembles a truncated cone than a cylinder.
This results in some smearing out of the density distribution when im-
aged along the axial direction, as regions of different radii are imaged
together. Additionally, the extent of the gas along the axial direction is
larger than the depth of field of the imaging setup, leading to further
distortions. However, the absorption image taken along the radial di-
rection clearly shows that the density distribution is homogeneous.

To perform thermometry at unitarity, we follow the procedure out-
lined in [162] and switch off the ring trap, allowing the gas to ex-
pand into the underlying harmonic trap. As the system is homoge-
neous in the axial direction, we can obtain the total internal energy
in a straightforward fashion using the virial theorem and the known
trapping frequency of the harmonic trap. Comparing with previous
measurements of the equation of state at unitarity [163], we can cal-
culate the temperature and entropy per particle of the system before
the expansion. Away from unitarity, knowledge of Tan’s contact [139—
141] and the equation of state would be required to apply this method
of thermometry. However, we can make use of the fact that adiabatic
interaction ramps do not change the entropy per particle of homoge-
neous quantum gases. Therefore, we can obtain the entropy per par-
ticle for systems at arbitrary interaction strengths by ramping to uni-
tarity and performing measurements as outline above.

9.2 Measuring their excitation spectrum

In this section, I will present our measurements of the momentum-resolved
dynamic structure factor in three-dimensional Fermi gases and discuss their
evolution in the 3D BEC-BCS crossover.
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The same Bragg spectroscopy setup used in chapters 7 and 8 can be
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used without further modifications to measure the dynamic structure
factor of three-dimensional Fermi gases. In Fig. 9.2, we show the first
momentum-resolved measurement of the dynamic structure factor at
unitarity. The excitation spectrum of the 3D Fermi gas is remarkably
similar to our measurements performed on 2D Fermi gases, featur-
ing the same well-defined Goldstone mode at low momentum transfer
and a pronounced pair breaking continuum at large detunings. As the
homogeneous 3D Fermi gases we prepare feature slightly larger val-
ues of the Fermi wavevector ky than in 2D, we are able to observe the
onset of the pair breaking continuum bending up at large momentum
transfers, as expected from theory (see section 4.4).
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Figure 9.3: Measurements of S(q,w) in the 3D BEC-BCS crossover. The numbers in the top left corner denote the
value of the interaction parameter (kpasn)~'. We observe a smooth crossover from BEC to BCS superfluidity as the
interaction strength is tuned. The Goldstone mode remains well-defined throughout the crossover, whereas the pair
breaking continuum gains in strength towards the BCS regime. Note the different scaling on the y-axis.

As in the case of the 2D Fermi gas, upon tuning the interaction
strength the dynamic structure factor reveals the smooth evolution
from BEC to BCS superfluidity that occurs in the crossover, see fig.
9.3. However, we do not observe a strong broadening of the Gold-
stone mode as it approaches the continuum on the BCS side of the
resonance, which was clearly present in 2D. Instead, well-defined pho-
nonic quasiparticles seem to persist deep into the BCS regime. This
might indicate that the reason for this broadening is specific to the
systems probed in 2D and not of general nature.
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Figure 9.4: The superfluid gap A in
the 3D BEC-BCS crossover. Blue dots
and squares denote our results, obtained
using strong driving at low momen-
tum transfers and fitting with QRPA cal-
culations at higher momenta, respec-
tively. Orange diamonds [133] and
light blue triangles [69] show the re-
sults of previous measurements. The
red dashed line shows the 3D BEC-BCS
mean field prediction [55]; the black
solid line shows a prediction from self-
consistent T-matrix calculations [151];
the blue dash-dotted line shows a pre-
diction including particle-hole interac-
tions [164].

The suppression of the gap due to
particle-hole interactions is commonly
referred to as the GMB corrections after
Gor’kov and Melik-Barkhudarov, who
first calculated it for the case of a BCS su-
perconductor [165].

9.3 The superfluid gap

Finally, I will describe how we extract the superfluid gap from our measure-
ments of the excitation spectrum. I will present the evolution of the superfluid
gap in the 3D BEC-BCS crossover and compare it to predictions from theory.

Much like in 2D Fermi gases, obtaining the superfluid gap from
our measurements of the dynamic structure factors is fairly straight-
forward. However, in 3D Fermi gases, we are able to employ a dif-
ferent method on the BCS side of the crossover: Because the Gold-
stone mode is not heavily broadened and because the range of mo-
mentum transfers probed extends further, we are able to make out
a clear, constant-energy onset of the pair breaking continuum in the
BCS regime at larger momentum transfers. Therefore, we can obtain
the superfluid gap in a straightforward fashion by fitting the dynamic
structure factor at large momentum transfer with a line shape obtained
from QRPA calculations. At the same time, we find that strong driv-
ing at low momentum transfers still represents a robust and efficient
way to measure the superfluid gap in the crossover and towards the
BEC regime.
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Fig. 9.4 presents our measurements of the superfluid gap in the 3D
BEC-BCS crossover. Much like in 2D, we observe a smooth decrease
of A towards the BCS regime. Our results are in excellent agreement
with previous measurements [69, 133], but span significantly further
into the BCS regime. We find excellent agreement with self-consistent
T-matrix calculations [151] of the superfluid gap in the crossover and
on the BEC side of the crossover, but find results below their T = 0
predictions in the BCS regime. Calculations including particle-hole
interactions [164] show better agreement in the BCS regime, but dis-
agree with our measurements in the BEC regime. Further work will
be required to determine whether particle-hole effects are already rel-
evant at these interaction strengths or whether other effects such as
finite temperature contribute to the observed decrease of the gap in
the BCS regime.
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In this chapter, I will describe how we compare two- and three-dimensional
fermionic superfluids to investigate the influence of reduced dimensionality on
the stability of the superfluid phase.

T will discuss different ways how the interaction strength can be parameterized
in a way that is applicable both to 2D and 3D systems to facilitate a compari-
son. Comparing our results on the superfluid gap in 2D to 3D Fermi gases, I
will show that the dimensionality does not seem affect the stability of the super-
fluid phase. Finally, I will compare our results to different solid state materials
and show that this trend appears to hold for a wide range of superconducting
materials.

The results presented in this chapter are adopted from

L. Sobirey, H. Biss, N. Luick, M. Bohlen, H. Moritz and T. Lompe
arXiv:2106.11893 (2021) [12]

and are reprinted here with modifications and additions.

Now that we have performed measurements of the dynamic struc-
ture factor and the superfluid gap in 2D and 3D Fermi gases, the ob-
vious open question is how the two dimensionalities compare. How-
ever, comparing different dimensionalities is not a trivial task, as a
meaningful comparison requires all relevant parameters except for
the dimensionality to be the same. Luckily for us, there are not too
many parameters that present a challenge: By normalizing all quanti-
ties with the Fermi energy (or the Fermi wavevector where appropri-
ate), we can compare systems with different densities. We will also
mostly be able to neglect the temperature, because the systems we
prepare both in 2D and in 3D are mostly well below the critical tem-
perature and should therefore be a reasonable approximation of the
zero-temperature limit. However, the most important parameter that
needs to be the same is the interaction strength. Therefore, we will
begin this chapter with a discussion of different parameterizations of
the interaction strength.

10.1  Parameterizing the interaction strength

In this section, I will discuss how the interaction strength of two- and three-
dimensional systems can be compared. I will introduce two different interac-
tion parameters that are applicable to both 2D and 3D superfluids, namely the
dimensionless chemical potential and the dimensionless pair size and discuss
their advantages and disadvantages. I will furthermore show how our measure-
ments of the dynamic structure factor can be used to estimate the pair size of
our ultracold Fermi gases.

The reason why we need to discuss different parameterizations of the
interaction strength is that the commonly used interaction parameters

See section 4.5 for our previous dis-
cussion about interaction parameters
and the motivation behind 1/kga,p and

log(kpasp).
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1/kpa,p and log(kpa,p ) cannot be directly compared. While both pa-
rameters ultimately relate the phase shift incurred during a scattering
event to the interparticle spacing, the different relations between the
phase shift and the scattering length in the two dimensionalities re-
sults in interaction parameters without a clear mapping from one to
the other. In the following, we will therefore discuss two different pos-
sibilities to perform such a mapping in the form of alternative param-
eters that quantify the interaction strength. These parameters need to
fulfill three requirements: First, they should describe a fundamental
physical quantity that is well-defined independent of the dimension-
ality of the system. This will ensure that the mapping relates similar
systems to each other. Second, they need to be dimensionless by re-
lating such a fundamental quantity to the appropriate scale set by the
interparticle spacing, so that we can compare systems with different
densities. Third, they need to be known reasonably well - there is no
use in a parameter that would perform a mapping, but which we do
not know the value of.

10.1.1  The dimensionless chemical potential

The first interaction parameter we propose is the dimensionless chem-
ical potential p./Ep. This choice is motivated by BEC-BCS theory (see
section 4.3), where solving the gap and number equations ultimately
results in two parameters: the gap A and the chemical potential .
Having measured the superfluid gap in both dimensionalities, the chem-
ical potential therefore seems like an appropriate pairing. It is also a
fundamental, thermodynamic quantity which is well-defined in any
(grand canonical) system. Furthermore, i/Ep evolves smoothly in
the crossover, approaching a value of 1 in the BCS limit and —Eg /2E
in the BEC limit, independent of the dimensionality. Finally, p/Eg
has been studied extensively in the BEC-BCS crossover, both theoret-
ically [119, 151, 156, 159, 166] and experimentally [40, 96, 163, 167].

We note that while it would also be This greatly simplifies the use of u/Ey as an interaction parameter, as
possible to measure the chemical poten-
tial in our experimental setup instead -
of simply using the theoretical predic- potential i = p — E /2 as calculated in [119] and the two-body bind-

it allows us to use the theoretical prediction for the reduced chemical

tion, previous experiments have found ing energy as given in [29] to calculate p./Ep for our two-dimensional
very good agreement with the calcula-

tion results, and measuring p/Ep to the
required precision is not exactly trivial, One final argument for p/Ey can be made based on the location of
see e.g. [40, 96].

Fermi gases with no measurements required.

the BEC-BCS crossover. In 3D Fermi gases, we can clearly identify uni-
tarity to be a special point that defines the most strongly interacting
regime. In 2D Fermi gases, the choice is not this obvious. Early studies
pointed out that a weak singularity exists where p = 0, and suggested
that this marked the interaction strength that separated the BEC and
BCS regimes [59, 155]. However, experimental studies of the 2D BEC-
BCS crossover clearly indicate that the strongest many-body effects are
found around log(kpasp) = 1, see e.g. refs. [28, 86, 87]. If we cal-
culate the dimensionless chemical potential p/Ey at log(kpasn) = 1,
we obtain a value of p/Ep = 0.36, in remarkable agreement with the
value of u/Ep = 0.37 measured at unitarity in 3D Fermi gases [84,
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163]. This excellent agreement strongly supports the choice of p/Ep
as a parameterization of the interaction strength that connects compa-
rable two-dimensional and three-dimensional Fermi gases.

10.1.2  The dimensionless pair size

The second interaction parameter was proposed by Pistolesi and Stri-
nati in 1993 [168], long before ultracold Fermi gases were first real-
ized. Their aim was to find a parameter in BEC-BCS theory that could
be measured in superconducting materials. Their suggested parame-
terization of the interaction strength was the parameter {kp. Here, € is
the size of the Cooper pairs in the system, which is equivalent to the
phase coherence length in BCS theory. This choice was inspired by
the observation that superconductors with large critical temperatures
T, generally feature surprisingly short coherence lengths [8], and by
the fact that both the Fermi wavevector and the coherence length can
be measured in condensed matter systems.

The parameter {ky also holds up reasonably well when faced with
the requirements posited earlier: The size of the Cooper pairs is also a
fundamental physical quantity that is well-defined independent of the
dimensionality. The normalization with kg ensures that the parame-
ter is dimensionless and applicable for systems with different densi-
ties. However, £k has a weakness in that it is not particularly well
known for ultracold Fermi gases. While theoretical calculations of £
exist for 3D Fermi gases (see e.g. refs. [131, 169, 170]), only one ex-
periment has extracted the pair size [130], and only few interaction
strengths were probed. Furthermore, some open questions remain
about the magnitude of the results obtained in ref. [130] (see box be-
low.) For 2D Fermi gases, the situation is even more dire: no mea-
surements of the pair size have been performed to date, and the only
theoretical prediction is that obtained from BEC-BCS mean field the-
ory [59, 155]. Therefore, before we can use {kp as a parameterization
of the interaction strength for ultracold Fermi gases, we need a better
estimate of the value of £ in the 2D and 3D BEC-BCS crossover first.

Note that while there are many different
definitions of pair sizes and coherence
lengths, they all coincide up to small fac-
tors of order unity on the BCS side of the
crossover where all known supercon-
ductors are found. In the BEC regime,
the coherence length is no longer equiv-
alent to the pair size [169] and increases
again, but the pair size remains a useful
parameterization as it continues to de-
crease towards the BEC limit.



118

— Box 10.1: The pair size measured in ref. [130]
We would like to point out that there are some open questions re-
garding the extraction of the pair size performed in ref. [130], which
will be relevant for our comparison with their work below.

First, the authors state that the pair size can be inferred both from
the onset of pair dissociation and from the width of the pair dis-
sociation spectrum. They define expressions for the pair size from
both, introducing a numerical constant in the definition of the pair
size from the width to ensure both expressions result in the same
value when applied to a theoretical prediction for the line shape in
the BEC limit. However, the authors show in their Fig. 1 that the
two definitions of the pair size nevertheless produce different re-
sults outside the BEC regime. The authors then later state that the
definition of the pair size using the onset of pair dissociation cannot
be used in their experiments as the onset is subject to Hartree shifts.
The definition of the pair size from the width therefore contains a
numerical prefactor that is ill-motivated outside the BEC limit and
cannot be verified experimentally.

Second, the authors show in their Fig. 1 that when chosen to agree
in the BEC limit, this definition of the pair size from the width is a
factor of ~ 2.44 different from the theoretical prediction of the pair
size towards the BCS limit. However, the authors fail to compen-
sate for this effect, stating that as their uncompensated measure-
ments yield pair sizes below the interparticle spacing, they may as-
sume their definition of the pair size from the width to be equivalent
to the real pair size, as this supposedly indicates the measurement
was performed close enough to the BEC limit. This is a rather sur-
prising statement, given that at least one of their measurements is
performed on the BCS side of the crossover, where their Fig. 1 pre-
scribes a correction factor of ~ 2 already.

This discrepancy was pointed out by Palestini and coworkers [131],
who showed that when a correction factor is applied as suggested
by Fig. 1 of ref. [130], the resulting pair sizes are in good agreement
with theoretical predictions. As an aside, this discussion is further
complicated by a calculation of the pair size in ref. [171], which
finds a compatible pair size to the uncorrected value fromref. [130],
but does so using a definition of the Pippard coherence length in the
BCS regime that differs from the definition used in ref. [130] by a
factor of ~ 2.7.

In summary, there are still many open questions regarding the value
of the Cooper pair size in the 3D BEC-BCS crossover. When we
compare our results to that of ref. [130], we will therefore assume
the correct method of extracting the pair size from the RF spectra to
be that including the correction pointed out in ref. [131].




COMPARING FERMIONIC SUPERFLUIDS IN 2D AND 3D 119

10.1.3 Estimating the pair size

In the following, we will obtain an estimate of the pair size ¢ from our
measurements of the dynamic structure factor. To this end, we will
focus on the suppression of the pair breaking continuum at low mo-
mentum transfers, which we have previously argued to be the result of
a size mismatch between the wavelength of the Bragg lattice and the
size of the Cooper pairs. However, the connection between the dy-
namic structure factor and the pair size is rarely explicitly made, and
if so only in approximate terms. In ref. [150], Biichler and cowork-
ers state that for momenta q <« 1/¢, the phonon mode exhausts the
sum rules, implying that the continuum must therefore be absent at
these low momentum transfers. In ref. [149], Leggett also states that
the density response function (which is closely related to the dynamic
structure factor) should tend to zero on a scale on the order of 1/¢. We
will therefore use the onset of the pair breaking continuum in the mo-
mentum axis to estimate the pair size.

In our measurements, the onset of the continuum has an additional
dependence on the detuning. To not further complicate things, we
focus only on a small window around 2A where the onset momentum
is lowest. This also ensures that our measurement is unaffected by the
presence of the Goldstone mode.

Fig. 10.1 shows the typical onset of the pair breaking continuum as
it is visible in S(q,2A/#%). To obtain an estimate of the pair size, we
perform a bilinear fit to obtain the onset wavevector of the continuum
k.. Building on refs. [149, 150], we estimate the pair size to be £ ~
oy /k,, where a,p is some so far undetermined prefactor.

At this point, we are unaware of any explicit expression from which
we could derive the magnitude of a,p. Therefore, we turn to theory
to obtain an estimate. We fit our data to the theoretical mean-field
prediction from refs. [59, 155], leaving o, as a free parameter. This
fit results in a,p, = 0.60.
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Fig. 10.2 shows our resulting estimate of ¢, together with the pre-
diction from mean field theory. We find surprisingly good agreement
with the theoretical prediction, further supporting the link between
the dynamic structure factor and the pair size. As in the case of the
superfluid gap, this method is only applicable for log(kpasp) = 0.5 as
no pair breaking continuum is visible further in the BEC regime.
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Figure 10.1: Onset of the continuum.
Shown is S(q, 2A/h), measured at an
interaction strength of log(kpasp) =
1.6. The red line shows the bilinear
fit used to extract the onset wavevec-
tor k,. Note that we have averaged
together a small range of detunings
([1.8A,2.2A]) to obtain this data.

Figure 10.2: Estimate of the pair size
¢ in 2D. The datapoints show our es-
timate of the pair size, obtained from
the measured dynamic structure factors
for the 2D Fermi gas. The red line is
the theoretical prediction from refs. |59,
155] that was used to calibrate the pref-
actor ayp. Errorbars denote 1o confi-
dence intervals of the fit. We find excel-
lent agreement with the prediction from
mean field theory.
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Figure 10.3: Estimate of the pair size §
in 3D. Stars show the pair size estimate
obtained from averaging a small win-
dow of S(q,w) around 2A; Diamonds
were obtained using the separate mea-
surement at Aiw ~ 2A. The red line
is the theoretical prediction from ref.
[170] that was used to calibrate the pref-
actor azp. Orange squares show the
previous measurement of ref. [130], cor-
rected as described in ref. [131]. Er-
rorbars denote 1o confidence intervals
of the fit. We find good agreement
with previous measurements and the-
ory in the BEC- and crossover regimes,
but our measurements disagree in the
BCS regime for unknown reasons.

Due to these discrepancies in the BCS
regime, the fit to determine ogp was
limited to —1/kga,p < 0.1.

Encouraged by the good agreement for 2D Fermi gases, we use
the same method to obtain an estimate for the pair size in 3D Fermi
gases. As fewer measurements of the full dynamic structure factor
were made, we perform an additional measurement, recording just
S(q,2A/h) for a wide range of interaction strengths, combine the data
from both methods and proceed as for the 2D Fermi gas. This time,
the fit to the prediction from ref. [170] results in oy = 0.83.
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The results are shown in fig. 10.3, together with the theoretical pre-
diction from ref. [170] and the results from ref. [130], which have
been corrected using the ratio shown in the inset of fig. 1c of ref.
[130] as described in ref. [131] and discussed in the box above. To-
wards the BEC limit and in the crossover, we find good agreement
with previous measurements and theoretical predictions. However,
in the BCS regime our two measurements deviate from each other.
The datapoints obtained from the original measurements continue to
show good agreement with previous measurements and theoretical
predictions. However, the independent measurements performed at
a fixed detuning of 2A suggest larger values of the pair size.

It is not immediately clear what effects could be responsible for this
discrepancy. We note that fitting the onset momentum k, is difficult
in the BCS regime, as k, quickly approaches the smallest momentum
transfers available in our setup. It is possible that this effect gets miti-
gated somewhat due to the higher signal to noise ratio obtained by av-
eraging together a range of detunings in the original measurements,
and therefore larger systematic errors could affect the determination
of k, from the second measurement at fixed detuning. However, at
this point this possibility is purely speculative, and we are not able to
determine with certainty which one of the two measurements is closer
to the true value of the pair size. We will therefore proceed using the
data from both measurements.

10.1.4 Comparing p/Ep and £kp

Now that we have introduced two different parameterizations of the
interaction strength, the final step required is to compare them. As we
have established early in this section, a useful mapping should connect
similar systems to each other. If the two interaction parameters we in-



COMPARING FERMIONIC SUPERFLUIDS IN 2D AND 3D 121

troduced fulfill our requirements, they should therefore map the same
systems onto another, or any comparison we do will be ill defined.
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Therefore, we take our estimates of £k for 2D and 3D Fermi gases
and calculate the value of p/Ey at that interaction strength. For the
two-dimensional systems, we calculate p using the value of fi = p +
Eg/2 obtained in QMC calculations in ref. [119] and subtract the ap-
propriate binding energy given in ref. [29] as stated previously. For
the three-dimensional system, we use the value of {i obtained from
QMC calculations in ref. [166].

The resulting comparison between the two interaction parameters
is shown in fig. 10.4. We find that when plotted against p/Ep, our
estimates of £ky obtained for 2D and 3D Fermi gases collapse onto a
single curve within the accuracy of our measurement. Both interac-
tion parameters therefore describe the same mapping between two-
dimensional and three-dimensional systems, which is shown in fig.
10.5. This excellent agreement further justifies our choices of p/Ep
and £kp and supports the assumptions we have made in our estimate
of the pair size.
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Finally, we note that given the accessible range of interaction strengths
in our experiment (see fig. 10.5), our measurements on 3D Fermi
gases appear to reach significantly further into the BCS regime than

Figure 10.4: Comparison between in-
teraction parameters. Plotted is our esti-
mate of £ kp against the calculated value
of p/Eg. Blue points correspond to the
2D Fermi gas; red diamonds to the 3D
Fermi gas. We observe that within the
accuracy of our measurement, the val-
ues from 2D and 3D collapse onto a sin-
gle curve, indicating that £kp and u/Ep
represent equivalent mappings between
2D and 3D Fermi gases. The solid grey
line marks an interpolating fit to the data
used to obtain £k for a given value of

w/Ep.

We note that while the value of p/Ep ~
0.44 at unitarity in ref. [166] is some-
what above the value of p/Ep = 0.37
found in state of the art measurements
[84, 163], this difference is not signifi-
cant in the context of the comparisons
we perform in this thesis.

Figure 10.5: Mapping between 2D
and 3D using p/Ep as an interaction
parameter. The shaded areas show
the range of interaction strengths for
which measurements of S(q,w) were
performed in this thesis. Remarkably,
although our measurements in 2D were
performed over a significantly larger
range of magnetic fields than in 3D
(730G — 940G in 2D, 730G — 890G
in 3D), our measurements on 3D Fermi
gases reached significantly further into
the BCS regime.
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those performed on 2D Fermi gases, although our measurements on
2D Fermi gases were performed up to higher magnetic fields. This
could be the result of the two-dimensional confinement, which fa-
vors pairing since a bound state exists for arbitrarily small interaction
strengths. The difference in the accessible interaction range would
thereby essentially arise from a tendency towards smaller pair sizes in
2D geometries, which is interesting in the context of high-temperature
superconductivity. However, other effects such as a different scaling
of T/T, at constant entropy could also be responsible for this discrep-
ancy.

10.2  Comparing two- and three-dimensional Fermi gases

In this section, I will perform a comparison between 2D and 3D Fermi gases.
Using the dimensionless chemical potential as an interaction parameter, I will
discuss the similarities and differences in their excitation spectra. Comparing
the superfluid gaps measured in 2D and 3D, I will show a remarkable collapse
onto a universal function that is independent of the dimensionality.

Now that we have established a mapping between two-dimensional
and three-dimensional Fermi gases, we may proceed to compare the
measurements we have presented in chapters 8 and 9. While we have
shown that p/Ep and £kg are to some degree interchangeable param-
eters, p/Ey is known to much greater accuracy than the pair size for
ultracold Fermi gases. Therefore, we will use it to parameterize the
interaction strength in this section.

10.2.1  Comparing the excitation spectrum

As we have already pointed out in chapter 9, our measurements of the
dynamic structure factor in 3D Fermi gases look remarkably similar
to those performed on 2D Fermi gases; a side-by-side comparison is
shown in fig. 10.6. Those similarities do not come as a surprise, as
the fundamental excitation modes available in the two systems are the
same. Both are neutral superfluids, and therefore both are expected
to show a well-defined Goldstone mode; and as both consist of paired
fermions, we expect both to show a clear pair breaking continuum.
Nevertheless, while the two dimensionalities are similar in many
regards, there are some differences: First, as we have mentioned pre-
viously, the Goldstone mode appears heavily broadened towards the
BCS regime in 2D Fermi gases. Our measurements on 3D Fermi gases
do not show such a broadening, indicating that it stems from an effect
particular to our two-dimensional systems. Second, the different pref-
actors oz and o, introduced in the previous section already indicate
that the onset of the pair breaking continuum appears at slightly lower
momentum transfers in 2D than in 3D. This is especially visible in the
fourth row in fig. 10.6, and leads to some changes to the behavior of
the dynamic structure factor at high momentum transfers. A good ex-
ample for this is visible in the second row, where the continuum is still
absent in the 3D Fermi gas and we observe a dynamic structure factor
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Figure 10.6: Comparison between results from 2D and 3D Shown are four typical dynamic structure factors from
chapters 8 and 9 with somewhat similar values of the interaction parameter p/Ep. The momentum and energy
range shown has been restricted to a common area to enable a fair comparison. For the two dynamic structure
factors shown in the top row, no measurements with closer values of p/Ey were taken.
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Figure 10.7: Comparing the gap of 2D
and 3D Fermi gases. Blue points show
our measurement of the gap in 2D Fermi
gases; red diamonds show our results
for 3D Fermi gases. The grey line is the
prediction from ref. [151] for 3D Fermi
gases; grey triangles show the predic-
tions from 2D DMC (right facing, [156]
and up facing, [158]) and 2D AFQMC
(down facing, [157]). Our measure-
ments from 2D and 3D collapse onto
a single curve that is independent of
the dimensionality of the system and
in good agreement with theoretical pre-
dictions for 3D Fermi gases. Note that
for the predictions from 2D QMC, we
have used their results for A — Eg/2
and added the appropriate binding en-
ergy for quasi-2D Fermi gases from ref.
[29] to facilitate a fair comparison. Us-
ing just their calculations for A, the dis-
agreement with our data would be sig-
nificantly more pronounced in the BEC
regime.

that still closely resembles the Bogoliubov dispersion relation. How-
ever, in the 2D Fermi gas, we already observe an almost completely
straight mode with some first hints of downbending, as the effect of
the pair breaking continuum can already be seen.

10.2.2 Comparing the superfluid gap

As we have discussed previously, the superfluid gap is one of the most
important parameters in the description of fermionic superfluids, es-
sentially capturing the stability of the superfluid phase. Therefore,
and given our measurements of the superfluid gap in 2D and 3D Fermi
gases, it is only natural to ask how the gap is affected by reducing
the dimensionality from 3D to 2D. There are two different effects that
might play a role: On the one hand, the two-body bound state exists
for arbitrarily weak interactions in 2D, whereas in 3D it only exists on
the BEC side of the resonance. As the superfluid gap consists of both
the two-body binding energy and the additional contribution from the
many-body state (see chapter 8), we could therefore expect the gap to
be larger in 2D. On the other hand, there is no long range order in 2D
(see section 4.2), and we know that the critical temperature for super-
fluidity should therefore be reduced to the BKT transition temperature
Tgir- While it is not clear what effect this reduction should have on
the superfluid gap, we might nevertheless expect BKT superfluidity
to be less robust.
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To resolve this question, we plot our previous measurements of the
gap A/Ep against our new interaction parameter p/Ep. The results
are shown in fig. 10.7. Remarkably, we find that within the experi-
mental precision, our measurements of the gap in 2D and 3D Fermi
gases collapse onto a single curve. Our observations therefore sug-
gest that the superfluid gap follows a single, universal function of
the interaction strength that is independent of the dimensionality of
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the system. This function seems be reasonably well described by self-
consistent T-matrix calculations carried out for 3D Fermi gases in ref.
[151], whereas 2D QMC calculations show very little agreement with
our data as discussed previously.

This collapse is unlikely to be the result of experimental imperfec-
tions. While the gap should be reduced as T /T, approaches 1, our
2D Fermi gases are well below the critical temperature for most of the
BEC-BCS crossover, as discussed in chapter 7. Only the measurements
furthest in the BCS regime were performed close to T, which could
explain their slight deviation from the 3D measurements. Therefore,
thermal excitations are unlikely to have significantly shifted the gap
measured in 2D Fermi gases. For the case of the 3D Fermi gas, finite
temperature might be the reason why our measurement of the gap in
the BCS regime lies below the prediction from ref. [151] as discussed
in chapter 9, but is very unlikely to be of relevance in the interaction
range where our 2D and 3D results overlap.

Populated excited states in the axial direction are also unlikely to
have affected our measurement of the gap, as they would be expected
to be the more relevant the larger p/Aw, becomes. As w, is constant
in our measurements, such effects would therefore also most strongly
affect the data furthest in the BCS regime, where our measurements
in 2D are not far from theoretical predictions. Trivial explanations
such that our 2D Fermi gases actually behave like three-dimensional
gases (and in consequence should be treated as such) because Aw, is
not sufficiently large compared to the relevant energy scales can be
ruled out by analyzing the data using this assumption. Assuming the
system to be a purely 3D Fermi gas with an extent of 1, in the vertical
direction, our measurements of the gap remain unaffected, but one
obtains Fermi energies which are roughly twice as large, shifting the
measured values of A/Ey, far below those obtained for 3D systems.

The final possibility to be discussed is the modified two-body bound
state in our quasi-2D geometry, which was already commented on in
previous chapters (see especially fig. 4.18 and its discussion in sec-
tion 4.5.2). The resulting change in Eg could certainly be of relevance
for our measurement of the gap in 2D. The modification of the bound
state and therefore the binding energy increases smoothly from the
BCS- to the BEC limit, and we would expect a corresponding change
in the superfluid gap to follow this trend. However, our measure-
ments of the gap in 2D and 3D Fermi gases collapse over the entire
range of interaction strengths probed, as is particularly evident from
the remarkable agreement between the measured gaps in 2D and the
prediction from ref. [151] in 3D even far in the BEC regime. There-
fore, if this collapse was only a coincidence caused by the reduced
two-body binding energy, it would have to be a case of truly remark-
able accidental finetuning.

Consequently, these observations suggest that the stability of the
superfluid phase in ultracold Fermi gases is remarkably robust with
regard to changing the dimensionality of the system. A possible inter-
pretation of this result is to say that p/Er and A/Ep (and kg, for that

Note that we use the same conversion of
(kpasp)~! to p/Ef for the calculations
of ref. [151] as we do for our data, al-
though ref. [151] also yields results for
the chemical potential. This choice is
made to ensure that all data shown in
fig. 10.7 is treated equally. However, we
verified that using the chemical poten-
tial obtained in ref. [151] does not sig-
nificantly affect the conclusions drawn
here.
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Note that the measurement of the crit-
ical temperature in 2D [28] probed the
critical temperature for pair condensa-
tion as opposed to superfluidity. How-
ever, as of the time of writing, no mea-
surements of the critical temperature for
superfluidity exist for strongly interact-
ing 2D Fermi gases.

The upper critical field H., refers to
the magnetic field at which type-II su-
perconductivity breaks down at 0K. At
this field, the magnetic flux through
the superconductor is so large that the
Abrikosov vortices that carry the mag-
netic flux quanta are separated exactly
by their diameter, which is given by the
coherence length €. Any further in-
crease in the magnetic flux can no longer
be accommodated, and superconductiv-
ity breaks down.

Note that if only either kp or Ep is
known, the effective mass m* can be

. h2k2
used to obtain the other as Ep = IZ[IIF
for superconducting materials.

matter) are essentially the same quantity, describing the strength of
pairing in the BEC-BCS crossover. In this interpretation, any change
to the stability of the superfluid phase would be expressed purely in a
modification of the critical temperature, whereas the zero-temperature
parameters of the system would remain unaffected. However, cur-
rent state of the art measurements of the critical temperature in the
strongly interacting regime yield T, = 0.167(13) Ty for 3D Fermi gases
[163] and T, = 0.167(39) Ty for 2D Fermi gases [28]. More work is
therefore needed to see how the reduced dimensionality affects the
critical temperature, and whether all other parameters of the system
indeed remain unaffected.

10.3 Comparing different fermionic superfluids

In this final section, I will extend our comparison beyond ultracold quantum
gases and compare our systems to different superconducting materials. I will
highlight the surprising relevance of weak coupling theory even towards the
strongly correlated regime and show how our conclusions from ultracold Fermi
gases seem to apply to fermionic superfluids in general.

Finally, it is time to return to the topic with which we have mo-
tivated this entire study: the question to what extent dimensional-
ity matters in high-temperature superconductors. Here, the interac-
tion parameter £k which we have established in section 10.1 becomes
useful due to its original design intent of parameterizing the interac-
tion strength in superconductors: As ¢ can be inferred for supercon-
ducting materials from measurements of the upper critical field, {kp
presents us with the opportunity to perform the first direct compar-
ison between ultracold Fermi gases and solid state superconductors.
As in the previous section, we will investigate the influence of the re-
duced dimensionality on the superfluid gap as a probe for the stability
of the superfluid phase.

To this end, we surveyed publications from solid state physics that
cited the seminal papers by Uemura and coworkers [7—-10, 172] to find
materials for which ¢, A, kp and Eg had been reported. Whenever a
material had additional tuneable parameters such as the doping level,
we only selected data for optimally doped samples (corresponding to
the highest critical temperatures). In cases such as cuprate supercon-
ductors where multiple gaps exist, we focused on the one most closely
related to superconductivity (as opposed to e.g. the pseudogap state).
In total, we were able to find 31 materials that fulfilled these require-
ments, of which 9 materials feature layered, two-dimensional struc-
tures. These materials are summarized in table 10.1.

For our measurements of the gap in 2D and 3D Fermi gases, we
interpolated our joint estimates of £k in 2D and 3D shown in fig.
10.4 and discarded all measurements of the gap outside the interaction
range for which estimates of kg are available. The resulting compar-
ison between 2D Fermi gases, 3D Fermi gases, various superconduct-
ing materials and liquid *He is shown in fig. 10.8. Our comparison
spans five orders of magnitude in A/Ey and £k, reaching from the
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Material A/ky  Ep/kg € kg Ref.
(K] (K] [A]  [AT]
Bi,Sr,CaCu,Oq 140 970 7.0 0.41 [173, 174]
Tl,Ba,Ca,Cus0;, 270 1800 7.3 0.49 [173, 175, 176 ]
La; 45515 1;CuO, 84 1100 11 0.46 [173, 174]
YBa,Cu;0;, 470 8800 15 0.45 [173, 177, 178]
RbCa,Fe,As,F, 95 730 10 0.20 [179]
FeSe/STO 240 6200 6.7 0.61 [13, 180]
Pb 13 120000 830 1.6 [181]
Sn 6.6 110000 2300 1.6 [181]
Al 2.1 110000 16000 1.6 [181]
Nb 18 13000 111 0.54 [182-184]
BaKBiO, 61 2900 53 0.26 [181, 185]
k-(ET),Cu(NCS), 25 210 23 0.17 [173,186]
NbSe, 15 810 80 0.54 [187, 188]
PbMoSq 36 1600 9.8 0.31 [173,189]
YB, 16 2400 330 0.41 [190]
YNi,B,C 21 4200 80 0.94 [190]
LuRuB, 16 4100 180 0.85 [191, 192]
YRuB, 13 2400 110 0.84 [191, 192]
K3Cso 33 470 26 0.34 [10,193]
Rb,Cy, 62 2900 29 0.49 [181, 193, 194]
Re;Ta 8.6 640 110 0.46 [195]
Re; ;Ta 16 2000 45 0.44 [196]
Nby 5055 5.6 660 78 0.15 [197]
La,Ir, 4.3 520 190 0.40 [198]
LaPtGe 4.9 1200 59 0.43 [199]
BeAu 5.8 18000 1900 1.1 [200]
TaOs 3.5 900 74 0.50 [201]
Zr,lr 41 1700 46 0.75 [202]
NbOs, 4.8 620 90 0.43 [203]
3He 0.0046 0.89 200 0.78 [168, 204]
Li, ZrNCl tuneable [184]

Table 10.1: Parameters for different superconducting materials. Values and references for the superconducting gap
A, the Fermi energy Eg, the coherence length £ and the Fermi wavevector ky used in fig. 10.8. We note that there are
different extrapolation methods and definitions of the coherence length, leading to different values between references.
However, the differences are generally on the order of unity and therefore do not affect the conclusions drawn below.
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Figure 10.8: Comparing the gap of ul-
tracold Fermi gases and superconduct-
ing materials. We find a clear corre-
lation between large gaps A/Ep and
short coherence lengths / pair sizes £kp
that holds independent of the dimen-
sionality of the system, and for su-
perconductors and Fermi gases alike.
Even at strong interactions, this correla-
tion is well described by the weak cou-
pling prediction of the Pippard coher-
ence length.

The Pippard coherence length can in-
tuitively be understood as the length
scale associated with the softening of the
Fermi edge due to pairing in BCS super-
fluids.

The large scatter of datapoints visible for
superconducting materials most likely
stems from effects such as disorder,
competing order parameters and ex-
trapolation errors in the determination
of the upper critical field.
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strongly correlated regime all the way into the weak coupling limit.
We observe that all materials surveyed fall into a single band, which
This ex-
pression, which is only expected to be valid in the weak coupling limit,

hvp

follows the Pippard coherence length € , = & [74, 205].

holds surprisingly far into the strongly correlated regime, where our
measurements finally appear to deviate as the system enters the BEC
regime.

As pointed out by Uemura and coworkers [8], two-dimensional su-
perconductors tend to feature larger values of A/Ep and correspond-
ingly smaller values of the interaction parameter £¢kp. However, both
two-dimensional and three-dimensional materials ultimately fall into
the same band - the correlation between shorter pair sizes and larger
superconducting gaps appears to be independent of the dimensional-
ity. Consequently, fig. 10.8 suggests that there is no inherent change
in the stability of fermionic superfluids in two dimensions compared
to three-dimensional systems with the same interaction strength. This
observation is in excellent agreement with our findings on ultracold
Fermi gases, and strongly implies that dimensionality in itself does
little to strengthen the superfluid phase in fermionic superfluids, in-
dependent of the material.
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1 1 CONCLUSION AND OUTLOOK

In this thesis, I have presented experiments on ultracold Fermi gases
that have allowed us to perform the first quantitative comparison be-
tween two-dimensional and three-dimensional fermionic superfluids.

As the first main result, we established the presence of a critical
velocity in the 2D BEC-BCS crossover, demonstrating superfluidity in
two-dimensional Fermi gases. To this end, we subjected homogeneous
two-dimensional Fermi gases to a moving optical lattice and showed
that dissipation due to the lattice was absent below a critical lattice
velocity. By tuning the wavevector of the moving lattice, we were able
to demonstrate how different excitation mechanisms set the critical
velocity in the BEC- and BCS regimes and measure the critical velocity
throughout the crossover. Using the same lattice to heat the system,
we observed the phase transition to the normal state and showed that
the critical entropy is approximately constant from the BEC limit into
the crossover.

Asthe second main result, we utilized this momentum-tunable mov-
ing optical lattice to perform Bragg spectroscopy on two-dimensional
Fermi gases. This allowed us to map out their excitation spectrum in
the crossover, which demonstrated the smooth evolution from BEC to
BCS superfluidity in the crossover. We were able to clearly observe the
distinct contributions from the Goldstone mode and the pair breaking
continuum, and for the first time directly observed the interaction be-
tween the two modes. From the onset of pair breaking excitations, we
obtained the superfluid gap as a function of the interaction strength,
finding a remarkable deviation from state-of-the-art numerical calcu-
lations. We were furthermore able to expand our experimental setup
to allow us to create three-dimensional homogeneous Fermi gases and
measured their excitation spectrum using the same method as for two-
dimensional Fermi gases. This allowed us to obtain the superfluid gap
of 3D Fermi gases over a wide range of interaction strengths.

The third and final main result of this thesis is the comparison be-
tween 2D and 3D fermionic superfluids. To this end, we established
two interaction parameters that are applicable to both 2D and 3D sys-
tems, namely the dimensionless chemical potential and the dimen-
sionless pair size, and demonstrated that they are approximately equiv-
alent. Having demonstrated superfluidity in 2D Fermi gases, and hav-
ing performed similar measurements on the superfluid gap in both
dimensionalities, we were able to perform the first direct comparison
between two-dimensional and three-dimensional superfluids. We ob-
served a remarkable collapse of the superfluid gaps measured in 2D
and 3D onto a single, universal function of the interaction strength
throughout the BEC-BCS crossover. Our parameterization of the in-
teraction strength furthermore allowed us to compare ultracold Fermi
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We note that extending this proposed
technique to 2D is not straightforward.
First, one would have to find an inter-
action strength where the energy can be
precisely measured, as no unitary point
exists where the internal energy den-
sity can be trivially calculated. Then,
the contact would have to be measured
[207], and an additional measurement
would need to connect the energy to the
temperature at one interaction strength,
e.g. following the procedure of ref. [93].

gases to superconducting materials for the first time. We observed a
clear correlation between large superconducting gaps and short coher-
ence lengths that holds independent of the dimensionality of the sys-
tem, in excellent agreement with our observations on ultracold Fermi
gases. Therefore, our experiments strongly suggest that the stability of
the superfluid phase is remarkably unaffected by the dimensionality
of the system in fermionic superfluids in general.

Outlook

In this thesis, we have restricted ourselves to studying of the influence
of reduced dimensionality on the superfluid gap, and have found that
the gap remains remarkably unaffected. However, in the context of
high temperature superconductivity, the critical temperature should
clearly be the more relevant quantity for their usefulness. Therefore,
it would be of great interest to study how our results extend to the
influence of reduced dimensionality on the critical temperature. So
far, the best estimates for the critical temperature in 2D and 3D Fermi
gases agree at the point of strongest interactions [28, 163]. However,
little data exists away from unitarity in 3D, and the measurements per-
formed in 2D have large uncertainties associated with them. There-
fore, reliable measurements of the critical temperature for superfluid-
ity in 2D and 3D would represent a significant increase in our under-
standing of fermionic superfluids.

However, thermometry of ultracold systems with strong interac-
tions is by no means a trivial task. One comparatively simple path to
reliable thermometry in 3D is to expand the method we have used in
3D Fermi gases. Currently, this method is limited to unitarity because
the virial theorem requires knowledge of the internal energy density,
which is difficult to calculate away from unitarity. However, by mea-
suring Tan’s contact [139-141] for different interaction strengths, the
energy of the unitary Fermi gas could be related to that at different in-
teraction strengths using the adiabatic sweep theorem. This approach
has the advantage that it does not require significant modifications
of the experimental setup as would be required e.g. for measuring
the temperature using impurities of a different atomic species. The
only necessary modification would be a second Bragg lattice at a very
large wavevector, so that Tan’s contact can be obtained from the high-
energy tail of the dynamic structure factor [142, 143, 206].

Besides measuring the critical temperature, a robust method of ther-
mometry in the BEC-BCS crossover would also enable a wide range
of additional measurements on finite-temperature fermionic super-
fluids. One very promising avenue of further research would be to
study the strongly correlated normal state of fermionic superfluids.
Historically, the trivial presence of pairs above the critical tempera-
ture in the strongly correlated regime has been compared by some to
the pseudogap state in cuprate superconductors (see e.g. refs. [60,
95, 134, 208, 209]). However, current experimental evidence asso-
ciates the pseudogap in cuprate superconductors with a competing



order parameter corresponding to a density-wave ordered state [36],
which is not expected to be present in ultracold Fermi gases. Never-
theless, the onset of pairing in the normal state has been suggested to
be relevant in setting the critical temperature for superconductivity,
see e.g. refs. [210, 211]. Furthermore, initial studies performed using
RF spectroscopy have shown density-dependent many-body pairing
in the strongly correlated regime [87]. Consequently, it would be of
great interest to measure how the dynamic structure factor evolves as
the phase transition is crossed. Given our capacity of preparing and
probing 2D and 3D Fermi gases, it could furthermore be interesting to
see if this evolution occurs differently depending on the dimensional-
ity [212].

However, not all future studies need to focus on finite-temperature
physics. A recent upgrade added an accordion lattice to our setup (see
e.g. ref. [91]), enabling continuous tuning from two-dimensional con-
finement to three-dimensional Fermi gases. Using this accordion lat-
tice, studies could probe the evolution from 2D to quasi-2D to oblate
3D geometries to further study the influence of reduced dimensional-
ity on fermionic superfluids. Another advantage of such a tunable lat-
tice is that it is much better suited for loading systems with large chem-
ical potentials such as spin-imbalanced gases. This could be helpful
to prepare exotic phases of matter such as the elusive Fulde-Ferrel-
Larkin-Ovchinnikov (FFLO) phase [213].

Another possibility would be to focus on our Bragg spectroscopy.
Using near-detuned Bragg beams, our experimental setup would be
perfectly suited to investigate the dynamic spin structure factor [206 ]
as a complement to the dynamic (density) structure factor we have
studied in this thesis. Because the spin response is unaffected by the
Goldstone mode, such measurements could measure the superfluid
gap further into the BEC regime. Furthermore, it has been suggested
that the spin structure factor is the ideal tool to measure the Higgs
mode [66], which is otherwise difficult to probe as it lies within or
very close to the pair breaking continuum.

Finally, while not the main subject of this thesis, over the last years
we have made significant improvements in creating systems with arbi-
trary potentials, which enabled us to e.g. implement an ideal Joseph-
son junction in a 2D Fermi gas. Using a combination of digital mi-
cromirror devices (DMDs) to create a tunnel junction and to mea-
sure its conductivity, our experiment is perfectly suited to implement
a recent proposal [214] to create a quantum gas analogue to the en-
hancement of interlayer transport in high-temperature superconduc-
tors [215, 216].

To summarize, at the end of my PhD thesis, our experimental appa-
ratus is in a great spot: After many years of work, we are able to reli-
ably prepare homogeneous superfluid Fermi gases in 2D and 3D over
a wide range of interaction strengths [20, 42]. Besides directly imag-
ing their density- and momentum distribution [20, 38], we are able
to manipulate them using DMDs [39, 40] and probe their excitation
spectrum using Bragg spectroscopy [12, 41, 42]. We have established
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methods to control the temperature and entropy in these systems [ 20,
39, 41, 42] and to probe the phase transition to the normal state [41].
Therefore, our experimental apparatus is positioned well to investi-
gate a wide range of problems, and will serve as a strong basis no
matter in what direction the future will take our research.
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