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Abstract

With the entire potential of the Large Hadron Collider (LHC) expected to be fully realized

in the near future (High-Luminosity LHC), theoretical predictions that match the ever-

increasing precision of its experimental measurements are more imperative than ever. A

central part of the LHC program is the study of differential distributions for color-singlet

processes (e.g. Drell-Yan and Higgs production) since they allow for rigorous tests of the

Standard Model and possible deviations from it. In this thesis, we focus on technical

aspects of higher-order resummation for differential distributions as well as on providing

precision predictions for color-singlet processes at the LHC in the framework of Soft-

Collinear Effective Theory (SCET).

We first discuss the solution of the Sudakov evolution factor which is a central ingredient

in every resummation framework. For the single gauge interaction case (QCD), all available

approximate analytic solutions are studied with an emphasis on the accuracy they achieve.

We find that at higher logarithmic orders none of the analytic methods meet the criteria

for (sub-)percent level precision, and to this end we propose a semi-numerical method for

its evaluation. We then apply this method and study the solution of the Sudakov factor in

the presence of multiple gauge interactions (QCD⊗QED), where its precision is found to

be at the permil level. An indispensable ingredient in this approach is an analytic solution

of the coupled β-functions for the running of the couplings, which we provide.

We then study the leading-power singular structure of the transverse momentum (qT ) and

0-jettiness (T0) resolution variables for generic color-singlet processes in QCD. We exploit

that the logarithmic structure of beam and soft functions is predicted by the renormalization

group equations (RGE) they satisfy, and we solve them to three loops. These are necessary

ingredients for the qT and T0 resummation at N3LL′ and N4LL as well as for the extension

of the corresponding subtraction methods to N3LO. In addition, by employing consistency

relations between different factorization limits, we predict the threshold limit of the qT
and T0 beam function boundary coefficients at N3LO, results that go beyond their RGE-

predicted terms. Furthermore, motivated by the nontrivial functional form of the full N3LO

beam boundary terms, we propose a cost-optimal and precision-driven strategy for the

numerical implementation of kernels that bear such functional signature.

Finally, we present predictions for the inclusive and fiducial gluon-fusion Higgs qT spec-

trum at N3LL′+N3LO at the LHC. For the latter, we compare to ATLAS preliminary data,

finding good agreement throughout the spectrum. Part of our discussion focuses on the

presence of linear (fiducial) power corrections that stem from the experimental cuts and

how they can be included in the resummation framework. We then apply differential qT
subtractions to predict, for the first time, the Higgs total fiducial cross section at N3LO and

improved by timelike and qT resummation. Of major importance for the precision of our

results are the quadratic (nonsingular) power suppressed contributions, which we obtain

via a dedicated fitting procedure. We conclude by discussing the caveats that apply to the

commonly used qT -slicing method at this high perturbative order and in the presence of

fiducial cuts. Both the qT spectrum and the total fiducial cross section are the highest-order

predictions with a realistic description of all decay products at a hadron collider to date.
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Zusammenfassung

Da sich die großen experimentellen Möglichkeiten des Large Hadron Collider (LHC) in naher

Zukunft immer deutlicher abzeichnen (High-Luminosity LHC), sind theoretische Vorher-

sagen, die der ständig zunehmenden Präzision experimenteller Messungen gerecht werden,

wichtiger denn je. Zentraler Bestandteil des LHC-Programms ist die Untersuchung von

differentiellen Wirkungsquerschnitten für farbneutrale Prozesse (z.B. Drell-Yan- oder Higgs-

Produktion), da sie exakte Tests des Standardmodells und möglicher Abweichungen von

ihm ermöglichen. In dieser Arbeit werden technische Aspekte der Resummation von differen-

tiellen Wirkungsquerschnitten höherer Ordnung ausgearbeitet und Präzisionsvorhersagen

für farbneutrale Prozesse am LHC im Rahmen der Soft-Collinear Effective Theory (SCET)

erstellt.

Wir diskutieren zuerst die Lösung des Sudakov-Evolutionsfaktors, der eine zentrale Rolle

in allen Formulierungen von Resummation spielt. Für den Fall einer einzelnen Eichwechsel-

wirkung (QCD) werden alle verfügbaren analytischen Näherungslösungen auf die erreichte

Genauigkeit untersucht. Auf höheren logarithmischen Ordnungen erfüllt keine der analyti-

schen Methoden die erforderliche Präzision auf oder unterhalb Prozentniveau. Stattdessen

wird eine halbnumerische Methode vorgestellt, die dieses Ziel erreicht. Anschließend wird

diese Methode angewendet auf den Fall mehrerer Eichwechselwirkungen (QCD⊗QED),

wo erneut eine Genauigkeit auf dem Promilleniveau festgestellt wird. Ein unverzichtbarer

Bestandteil dieses Ansatzes ist die hier erarbeitete analytische Lösung der gekoppelten

β-Funktionen für die laufenden Kopplungskonstanten.

Weiterhin werden die führenden singulären Terme im Transversalimpuls (qT ) und 0-

Jettiness-Spektrum (T0) für generische farbneutrale Prozesse in der QCD hergeleitet. Die

Herleitung basiert auf der Renormierungsgruppe (RG), deren rekursive Lösung zu dritter

Ordnung die logarithmische Struktur von kollinearen und soften Matrixelementen vorher-

sagt. Dies sind notwendige Zutaten für die Resummation von qT und T0 auf N3LL′ und

N4LL sowie für die Erweiterung der entsprechenden Subtraktionsmethoden auf N3LO in

fester Ordnung. Zudem werden Konsistenzbeziehungen zwischen verschiedenen Faktori-

sierungstheoremen benutzt, um die führenden eikonalen Terme in den kollinearen Proton-

Matrixelementen für qT und T0 auf N3LO zu ermitteln, was über die aus der RG bestimmten

Terme hinausgeht. Motiviert durch die nichttriviale funktionale Form der vollständigen kol-

linearen Randbedingung auf N3LO wird eine kostenoptimale Strategie mit kontrolliertem

Fehlerterm für die numerische Implementierung von Integralkernen entwickelt, die eine

solche funktionale Signatur tragen.

Schließlich werden theoretische Vorhersagen für das Higgs-qT -Spektrum in Gluonenfu-

sion auf N3LL′+N3LO am LHC errechnet, sowohl für den inklusiven Fall wie für eine

realistische experimentelle Detektorakzeptanz. Die letztere Vorhersage wird mit vorläufigen

Daten aus Messungen des ATLAS Experiments verglichen und zeigt gute Übereinstimmung

im gesamten Spektrum. Ein Teil unserer Diskussion konzentriert sich auf das Phänomen

linearer Korrekturen im Spektrum, die sich aus der Detektorakzeptanz ergeben, aber im

Resummationsformalismus berücksichtigt werden können. Weiter wird eine differentielle
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qT -Subtraktion angewendet, um zum ersten Mal den gesamten Wirkungsquerschnitt für

Gluonenfusion mit realistischer Akzeptanz auf dritter Ordnung zu errechnen, sowohl in fester

Ordnung wie unter Einbeziehung von qT -Resummation und der Resummation sogenannter

zeitartiger Logarithmen. Von großer Bedeutung für die Genauigkeit dieser Ergebnisse sind

die quadratischen (nicht singulären) Korrekturen im Spektrum, die mithilfe einer Regressi-

onsanalyse ermittelt werden. Abschließend diskutieren wir die teils gravierenden Nachteile

der üblichen qT -Slicing-Methode auf dieser hohen Ordnung und bei nichttrivialer Detek-

torakzeptanz. Sowohl das qT -Spektrum als auch der gesamte Wirkungsquerschnitt stellen

die höchsten störungstheoretischen Ordnungen dar, die für theoretische Vorhersagen mit

einer realistischen Beschreibung aller Zerfallsprodukte je für einen Hadronenbeschleuniger

erreicht wurden.
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Chapter 1

Introduction

In July 2012 the last piece of the Standard Model (SM) jigsaw puzzle was put in place.

The discovery of a SM-compatible Higgs boson at the Large Hadron Collider (LHC) by

the ATLAS [4] and CMS [5] experiments is among the most important breakthroughs

in the field of high-energy physics that undoubtedly has opened the door to a new era.

Its significance lies in the fact that it allows for the SM to be considered complete and

self-consistent.

The SM is a quantum field theory invariant under a local SU(3)c ⊗ SU(2)L ⊗ U(1)Y
symmetry. It dictates the dynamics and interactions of matter particles (quarks and

leptons) and gauge bosons, with the latter corresponding to the carriers of the strong,

weak and electromagnetic forces. At face value, these symmetries demand that all gauge

bosons are massless, something that is not on par with experimental observations; weak

interactions are mediated by massive gauge bosons. The only known way that masses

are introduced without spoiling the underlying symmetries is via spontaneous electroweak

symmetry breaking (EWSB) [6–8] by the vacuum, which is realized through the Brout-

Englert-Higgs (BEH) mechanism [9–11]. The Higgs boson is the imprint of EWSB, an

actual prediction of the model and instrumental in elucidating the origin of the particles’

masses, both for gauge bosons and matter fields. In addition, the Higgs boson plays a

central role in preserving unitarity in the SM which would be otherwise violated in the

scattering of longitudinal gauge bosons W+
LW

−
L →W+

LW
−
L .

Despite the success and triumphs of the SM, there are quite a few open questions that the

SM fails to address. In the SM only left-handed neutrinos are accounted for, something that

explicitly excludes a mass term for them. Contrary to this theoretical prediction, it is known

from the observed neutrino oscillations [12, 13] that they have small, non-zero masses. In

principle, the SM could accommodate right-handed neutrinos such that the corresponding

Yukawa terms give rise to masses, but this opens yet another door to questions on why

neutrinos are that much lighter than the rest of the leptons and what is the underlying

mechanism responsible for it. A different shortcoming of the SM is that it does not contain

a candidate particle for Dark matter, which could be part in explaining various cosmological

and astrophysical observations related to (among others) the formation of structures in

the universe. There is also the puzzle of the matter-antimatter asymmetry in the universe,

which in addition to other conditions [14], the amount of CP-violation it requires in order

to be explained is not sufficiently generated within the SM hadron sector and therefore its

origin must lie in physics beyond it.
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But there are also aspects directly related to the SM itself, which at first sight appear

arbitrary and naturally spawn even more questions. For example, the known fermion

masses exhibit a strong hierarchy, where the lightest has a mass me ' 0.51 MeV whereas

the heaviest mt ' 173.0 GeV [15]. Furthermore, it is quite unclear how gravity can be

reconciled with the SM, where the interactions of the former are expected to be of the

same size as gauge interactions at the Planck scale MPlanck ∼ 1019 GeV. Closely related

is the famous hierarchy problem in which radiative corrections to the Higgs boson mass

have a quadratic sensitivity to the cut-off scale Λ
?∼MPlanck where physics beyond the SM

(BSM) are expected to appear. Given the experimentally measured value of the Higgs mass

mH = 125.18± 0.16 GeV [15], this implies that either a significant amount of cancellations

(fine tuning) has to take place or some new symmetry must protect it from said radiative

corrections.

In any case, all of the previous arguments, theoretically or observationally motivated,

point to the fact that the SM cannot be the final answer and BSM phenomena should

manifest themselves one way or another. The study of the Higgs boson gives access to

the EWSB mechanism, which it merely parametrizes, but it can also answer the question

whether the observed Higgs boson is the one predicted by the SM.

The precision frontier at the LHC. Given that so far direct BSM manifestations

have been elusive, a possible way to hunt for new physics is via precision measurements.

While Run 1 of the LHC resulted in the discovery of the Higgs, due to limited statistics and

the lower center of mass energy (7, 8 TeV), searches were mainly focused on total cross

sections. In Run 2, the increased energy (13 TeV) and larger instantaneous luminosity

resulted in a richer data set to be explored. A direct consequence is that now, differential

distributions can be studied with significantly lower uncertainties. Differential distributions

are important because they allow for fine-grained tests of the SM and they can be more

sensitive to BSM effects, which may impact only parts or different regions of the spectrum

and in turn can be highly suppressed in total cross sections.

Take for example the transverse momenta pHT of the Higgs boson. The dominant produc-

tion channel of the Higgs at the LHC is via gluon-fusion, which is a loop-induced process

with quarks mediating its effective coupling to the gluons. It is known that the high-pHT
region is particularly sensitive to new physics, see e.g. ref. [16], whereas the low-pHT region

provides stringent tests of perturbative Quantum Chromodynamics (QCD). In addition,

it has been shown in refs. [17, 18] that the small and intermediate-pHT region is sensitive

to modifications of the Yukawa couplings between light quarks and the Higgs. The pres-

ence of new physics modifying these couplings, thus translates into a deviation from the

SM-predicted pHT spectra. This provides an indirect way to set constraints on various BSM

models that predict such modifications. An important requirement, though, especially if

the couplings are only lightly influenced by BSM physics, is a high-precision measurement

that will allow for the smallest possible deviation to be inferred. The left panels of figure 1.1

show the measurement of pHT by the CMS [19] (top) and ATLAS [21] (bottom) experiments,

where it is clear that even though no incompatibility with the SM predictions is observed,

2



Observable

 (
pb

/G
eV

)
H Tp∆/σ∆

5−10

4−10

3−10

2−10

1−10

1

10

 > 600) / 250H

T
(pσ∆

 > 200) / 120H

T
(pσ∆

 > 600) / 250H

T
(pσ∆

Combination

Syst. unc.

 bb→H 

γγ →H 

 ZZ→H 

aMC@NLO, NNLOPS

 CMS  (13 TeV)-135.9 fb

 from CYRM-2017-002SMσ

Overflow norm.

 (GeV)H
T

p

D
at

a 
/ p

re
di

ct
io

n

1−
0
1
2
3
4
5

0 15 30 45 80 120 200 350 600 ∞

Observable

 (
pb

/G
eV

)
H Tp∆/σ∆

5−10

4−10

3−10

2−10

1−10

1

10

 > 600) / 250H

T
(pσ∆

 > 200) / 120H

T
(pσ∆

 > 600) / 250H

T
(pσ∆

Combination

 bb→H 

γγ →H 

 ZZ→H 

aMC@NLO, NNLOPS

Projection CMS  (13 TeV)-13000 fb

 from CYRM-2017-002SMσ

w/ YR18 syst. uncert. (S2)

 (GeV)H
T

p
R

at
io

 to
 p

re
di

ct
io

n

0.5

1

1.5

0 15 30 45 80 120 200 350 600 ∞

0 50 100 150 200 250 300 350

2−10

1−10

1  [
fb

/G
eV

] 
γγ T

p
 / 

d
fidσd

  PreliminaryATLAS -1 = 13 TeV,  79.8 fbs, γγ→H
Data, tot. unc. Syst. unc.

XH default MC + H→gg

bbH+ttH+VH = VBF+XH

XHSCET + ⊕NNLOJET

0 50 100 150 200 250 300 350
  [GeV] γγ

T
p

0

1

2

 
X

H
R

at
io

 to
 d

ef
au

lt 
M

C
 +

 

3−10

2−10

1−10

1]  
 

-1
 G

eV
×

 [p
b 

H T
dp

)
H T

(pσd

HL-LHC No Sys
HL-LHC Sys. + Stat.
HL-LHC Scaled Sys. + Stat.

ATLAS Preliminary
Projection from Run 2 data

-1=14 TeV, 3000 fbs
γ γ →H 

0 10 20 30 45 60 80 120 200 350 1000
 [GeV]H

T
p

0.9
1

1.1

R
at

io

Figure 1.1: Measurement at the LHC (left) and projection in the High-Luminosity LHC (right)

for the Higgs transverse momentum distribution by the CMS [19, 20] (top) and ATLAS [21, 22]

(bottom) experiments.

the experimental uncertainties are still significant and mainly statistically dominated. This

picture is expected to change dramatically with the High-Luminosity LHC (HL-LHC) [23].

The instantaneous luminosity will increase such that the final data set in the late-2030s

will correspond to 3000 fb−1 and both experiments will undergo significant upgrades to

improve their performance [23–25]. This is also what the right panels of figure 1.1 suggest,

which show the HL-LHC projections for pHT [20, 22], where the resulting uncertainties for

the measured spectra will be significantly reduced and expected to be at ∼ 5− 10%.
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Of course, precision measurements require at least equally precise theory predictions in

order to exploit the full potential of the LHC. This is primarily achieved with the calculation

of higher-order dominant QCD corrections in cross sections, aiming for a perturbative

convergence and a reduction of theoretical uncertainties to the same or better level as the

experimental ones. For typical hard scattering processes at the LHC, the total cross section

is expanded in the strong coupling constant αs ∼ 0.1 as

σ = σ(0) + αs σ
(1) + α2

s σ
(2) + α3

s σ
(3) + . . . , (1.1)

where it is clear that as long as σ(n) ∼ O(1), the convergence of the total cross section σ is

guaranteed due to the smallness of αs. The perturbative expansion in eq. (1.1) can then

be safely truncated at a certain order based on the required precision. However, achieving

higher-order predictions for total cross sections is quite a hard endeavour and even more

so for differential distributions, where the calculational and computational complexity

increases severely. Furthermore, additional complications arise in theoretical predictions

for observables that are sensitive to soft and collinear QCD radiation. One such observable

is the transverse momenta pHT of the Higgs. The expansion of the differential cross section

in the strong coupling constant αs is plagued at each order in perturbation theory by

logarithms of the form

dσ

dpHT
∼

∞∑
n=1

2n−1∑
m=0

αns
1

pHT
lnm

pHT
mH

, (1.2)

which are known as Sudakov double logarithms. While such terms are innocuous for the

parts of the spectrum where pHT ∼ mH , since they can be considered small in these regions,

in the region pHT � mH where the bulk of the cross section is, these logarithms grow large

and overcome the αs suppression, rendering the perturbative expansion divergent. For these

parts of the spectrum, such terms have to be accounted for to all orders in perturbation

theory. This requires a re-organization of the cross section’s perturbative expansion, a

procedure known as resummation. Resumming such terms restores the convergence and

results in a physical spectrum as pHT → 0. There are various ways that resummation can

be performed and in this thesis we work in the framework of effective field theories (EFT).

Another way to increase the precision of theory predictions is to include effects that

are subleading compared to QCD, and thus often neglected. This would be the case for

example for electroweak (EW) or pure Quantum Electrodynamics (QED) effects. A good

rule of the thumb relates the relative importance of the QED coupling constant αe ∼ 1/127

at typical LHC scattering energies to that of QCD, αe ∼ α2
s, which roughly implies that at

two-loops and beyond in QCD, the corresponding QED contributions (in principle) should

be also taken into account. In addition, since photons are massless, much like the gluons in

QCD, soft and collinear QED radiation will contribute the same logarithmic structure as

that in eq. (1.2), and also has to be resummed in order to obtain a convergent perturbative

expansion in αe. While such effects are not (yet) relevant for the dominant production

channel of the Higgs boson, since it is gluon induced, they are already becoming important
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for other well-studied color-singlet processes at the LHC such as the Drell-Yan (DY) process

pp → Z/γ∗ → `+`− [26]. The importance of the DY process is understood from that its

non-strongly interacting decay products provide a uniquely clean experimental signature

that is measured with great precision. Therefore, it is considered a ‘standard candle’ for

the extraction of various SM parameters [27–29] and the parametrization of the universal

parton distribution functions (PDFs) (see e.g. ref. [30] for relevant discussion), which

are necessary inputs for practically any prediction at the LHC, but also is an important

background in various BSM searches (see e.g. ref. [27]).

In light of the above and given the vast theory challenges of the upcoming HL-LHC

era, this thesis is devoted to further enriching the theoretical toolbox of resummation and

provide precision predictions relevant for the LHC. In the following we give an overview of

the topics that are studied in this thesis, along with its main results.

Resummation in the presence of multiple gauge interactions. In chapter 3 we

focus on extending the resummation framework from the case of a single gauge interaction

to a multi-gauge interaction. Of central importance for the resummation of Sudakov double

logarithms in every method (EFT-based or not), and for every resolution variable, is the

evaluation of the Sudakov evolution kernel and of the β-function that dictates the running

of the coupling. In a multi-gauge environment, the β-functions of the couplings become a

coupled system of differential equations for which we provide an analytic solution up to

three loops. Our method is directly extendable to arbitrary order. Turning to the evolution

kernel, we point out that while its analytic form is common in every framework, the

strategies for its evaluation differ considerably with an increasing amount of approximating

assumptions. We find that such assumptions already result in significant systematic errors

for the case of a single gauge interaction (pure QCD) and cannot be neglected when aiming

for (sub-)percent precision, as would be the case in higher-order resummation and/or

when considering in addition QED or EW effects. We solve this issue by proposing a

semi-numerical method that employs our analytic solution for the coupled β-functions

together with a numerical evaluation of the evolution kernel, addressing both aspects of low

computational cost and high precision. Our strategy directly applies for the resummation of

QCD⊗QED or QCD⊗EW mixed effects. As an illustration we obtain the complete NNLL

Sudakov evolution factor in QCD⊗QED.

Subtractions at N3LO. In chapter 4 we study the leading-power singular structure for

the total transverse momentum (qT ) and 0-jettiness (T0) resolution variables in color-singlet

production processes (e.g. pp → Z,W±, H) in the framework of Soft-Collinear Effective

Theory (SCET). The qT and T0 dependence of the factorized cross section is encoded in

so-called beam and soft functions that are universal objects, appearing also as part of more

complicated factorization theorems. Exploiting the fact that their logarithmic structure in

qT and T0 is entirely dictated by the renormalization group equations (RGEs) they satisfy,

we solve the latter up to N3LO in QCD to obtain their fixed-order structure. These results
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are necessary ingredients for carrying out resummation at N3LL′ and N4LL order, for the

corresponding differential subtractions at N3LO, and for the matching of N3LO predictions

to Parton Showers (PS).

Consistency relations of various factorization limits relate both qT and T0 beam functions

in the eikonal limit (z → 1) to known soft functions. Exploiting such relations, we derive

the N3LO singular terms of the beam function nonlogarithmic boundary coefficients, results

that go substantially beyond the RGE-predicted terms and have been confirmed by explicit

three-loop calculations since their original publication.

The complicated form of the beam function boundary terms as a function of the momen-

tum fraction z makes their numerical evaluation particularly challenging. Motivated by their

importance in precision phenomenological analyses, we present a method for an improved

approximation of kernels that bear such functional signature, achieving a cost-optimal,

close to machine-precision numerical implementation.

Higgs physics. The transverse momentum spectrum of the Higgs boson, qT ≡ pHT ,

arguably is the most important differential distribution measured at the LHC. In chapter 5

we present predictions for the gluon-fusion Higgs qT spectrum at N3LL′+N3LO. This order

includes the complete O(α3
s) contributions throughout the small, intermediate, and large

qT -region. We show results both for the inclusive and the fiducial case, i.e. according to

fully realistic experimental kinematic selection and acceptance cuts on the Higgs decay

products. A direct consequence of the fiducial cuts is the emergence of linearly enhanced

(fiducial) power corrections which we explicitly resum at the same order, together with

Sudakov (timelike) double logarithms ln2(−1− i0) = −π2 that timelike processes such as

gg → H are known to exhibit. We employ the experimental cuts used by the ATLAS

collaboration [31, 32] and directly compare to ATLAS preliminary results [32], finding good

agreement throughout the spectrum.

In addition, by employing differential qT subtractions we are able to integrate the fiducial

qT spectrum to predict, for the first time, the Higgs total fiducial cross section at N3LO order.

We investigate both cases of including or not resummation. While for the latter we find a

poor convergence caused by cut-induced logarithmic effects, qT resummation successfully

addresses them, and together with timelike resummation they result in a significantly

improved convergence for the total cross section. Finally, we show that the commonly used

qT -slicing method can severely worsen the accuracy of results, especially if the enhanced

fiducial power corrections are only included via fixed-order matching. Both the qT spectrum

and the total fiducial cross section are the highest-order predictions differential in the decay

products at a hadron collider to date.
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Thesis outline.

This thesis is structured as follows. In chapter 2 we give a review of the theoretical

concepts that this thesis relies on. This includes a brief overview of QCD, a discussion of

its universal soft and collinear limits, and a short introduction to SCET, the effective field

theory that describes these limits. In chapter 3 we apply SCET to derive the extension

of the qT factorization to the case of QCD⊗QED in order to motivate the RGE structure

that emerges when multiple gauge interactions are involved. We move on to solving the

coupled β-function RGEs that serve as an important input both for the study and the

evaluation of the Sudakov evolution kernel in a multi-gauge environment. In chapter 4 we

provide a detailed derivation of the N3LO singular structure for the qT and T0 beam and

soft functions and study the numerical impact of the newly calculated terms. We then

discuss the extraction of the beam function boundary coefficients in the z → 1 limit, from

which we construct ansätze that are valid beyond the eikonal limit. In the final part we

describe a method for an improved approximation of kernels with complicated functional

form like that of the qT beam function boundary coefficients, and exemplify numerically the

advantages of our method. In chapter 5 we present predictions for the inclusive and fiducial

qT spectrum of the Higgs boson in the gluon-fusion channel at the LHC. Part of the chapter

is a detailed review of the framework that our phenomenological study is based on, which

includes all aspects of resummation and fixed-order matching as well as our uncertainty

estimation and the extraction of the nonsingular cross section. Finally, we obtain the total

fiducial cross section and discuss the impact of the linearly enhanced power corrections

in the context of the qT -slicing method. We conclude in chapter 6. In appendix A we

summarize various conventions used throughout this thesis and in appendix B we collect

all relevant perturbative ingredients. Appendix C is devoted to the extraction of three-loop

mixed QCD⊗QED β-function coefficients, while in appendix D we further elaborate on the

extraction of beam function coefficients in the eikonal limit.
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Chapter 2

Collider physics

In this chapter we aim to provide a brief introduction to the theoretical concepts that

this thesis is based on. In section 2.1 we review the very basics of the theory of strong

interactions, in section 2.2 we discuss its soft and collinear limits, and finally in section 2.3

we introduce the effective field theory that describes these limits.

2.1 Quantum Chromodynamics

The theory of strong interactions is described by Quantum Chromodynamics (QCD). It is

a non-abelian gauge field theory with symmetry group SU(N)c, where N = 3 is the number

of colors. In QCD the fundamental degrees of freedom are the quarks and gluons whose

dynamics are described by the Lagrangian density

L =
∑
q

ψ̄q,i
(
i /Dij −mq δij

)
ψq,j −

1

2
trFµνF

µν . (2.1)

The quarks ψq,i are Dirac fermions of flavor q= {u, d, s, c, b, t} that carry color quantum

number i=1, 2, 3. Under a local SU(N)c rotation they transform according to the funda-

mental (triplet) representation1

ψq(x) 7→ U(x)ψq(x) , U(x) = eiα(x)aTa , (2.2)

where T aij are the generators of the SU(N)c Lie group in the fundamental representation

and αa(x) are arbitrary, space-dependent phases.

The gluons, Aaµ, are massless spin-1 fields that correspond to the quanta of SU(N)c and

transform according to the adjoint (octet) representation

Aaµ(x)T a 7→ U(x)

(
Aaµ(x)T a +

i

g
∂µ

)
U †(x) , (2.3)

where a = 1, . . . , 8 and we use an Einstein-type summation convention for all repeated

indices.

The covariant derivative in eq. (2.1) is constructed via the minimal coupling prescription

with the gluon field

Dµ
ij = ∂µ δij − igAµaT aij , (2.4)

1From now on, we suppress color indices i except in expressions whose presence is either helpful or

mandatory.
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where g is the strong coupling constant, most commonly expressed as αs = g2/(4π).

The Lagrangian in eq. (2.1) is invariant both under global and local SU(N)c transforma-

tions. Global transformations, αa(x) ≡ const., are a manifestation of color conservation

while it is the local transformations in eq. (2.2) that give rise to the rich QCD dynamics

and its complex structure.

The generators T a of SU(N)c in the fundamental representation are given by 3 × 3

traceless Hermitian matrices that satisfy the algebra commutation relation

[T a, T b] = ifabcT c , (2.5)

where fabc are the completely antisymmetric structure constants and T a are conventionally

normalized to

tr[T aT b] = TF δ
ab ≡ 1

2
δab . (2.6)

In addition, the generators satisfy the famous Jacobi identity[
T a, [T b, T c]

]
+
[
T b, [T c, T a]

]
+
[
T c, [T a, T b]

]
= 0

⇒ fade f bcd + f bde f cad + f cde fabd = 0 . (2.7)

Another important representation is the adjoint representation in which the generators

T aA are given by the structure constants and eq. (2.7) makes it clear that they also satisfy

the algebra commutation relations

(T bA)ac = ifabc , [T aA, T
b
A] = ifabcT cA . (2.8)

Quantities that are ubiquitous in QCD theoretical predictions are the Casimir invariants

of SU(N)c that label different representations and commute with the group’s generators.

The quadratic Casimirs already appear at the lowest order calculations, where for the

fundamental and the adjoint representation they respectively read

(T aT a)ij = CF δij , fabcfabd = CAδ
cd , (2.9)

which for N = 3 the color structure constants CF and CA evaluate to

CF =
N2 − 1

2N
=

4

3
, CA = N = 3 . (2.10)

The second term in eq. (2.1) is the famous Yang-Mills Lagrangian and corresponds to

the kinetic term of the gluons. It is understood that the trace is over color indices in order

to satisfy gauge invariance and the field strength tensor reads

Fµν ≡ F aµνT a =
i

g
[Dµ, Dν ] = ∂µA

a
νT

a − ∂νAaµT a + gfabcAbµA
c
νT

a . (2.11)

It is noteworthy that although the Yang-Mills Lagrangian appears like a generalization of

Maxwell’s Lagrangian in Quantum Electrodynamics (QED) there is an important difference:
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the former does not correspond to a free theory Lagrangian since it also contains interaction

terms. As a part of it, we find cubic and quartic local gluon field interactions, ∝ fabc or

∝ fadef bce + . . ., which stem as a direct consequence of their non-abelian nature, i.e. due

to the fact that they also carry color charge.

The quantization of QCD proceeds via the path integral formalism in which all the

possible field configurations for all fields are integrated over. At this point, we come across

a subtlety innate to theories that are invariant under local gauge transformations as those

in eqs. (2.2) and (2.3): integrating over all possible gauge field configurations for Aaµ, we are

bound to also integrate over redundant ones, i.e. those that are connected to each other via

gauge transformations. To address this issue we have to isolate the physical configurations, a

procedure achieved via the Fadeev–Popov method and involves introducing the gauge-fixing

term

LGF =
1

2τ
(i∂µAaµ)2 , (2.12)

where τ is a free parameter. The choice τ = 1 corresponds to the Feynman gauge whereas

τ = 0 is known as the Landau gauge. While for practical calculations it is convenient to

work with a specific value for τ , we stress that correlation functions of any gauge invariant

operator must be independent of τ irrespectively of its value.

While eq. (2.12) explicitly breaks gauge invariance and thus the aforementioned redun-

dancy, introducing it has an important implication. The Fadeev–Popov method leaves

behind a gauge field-dependent determinant which can be conveniently represented as a

path integral over Grassmann variables c, c̄ and allows to incorporate the corresponding

Lagrangian as part of eq. (2.1). This procedure gives rise to the so-called ghost fields whose

dynamics are dictated by

Lghost = c̄a(i∂µiDabµ )cb , (2.13)

where the covariant derivative Dabµ is in the adjoint representation

Dabµ = ∂µδ
ab − igAcµ(T cA)ab

≡ ∂µδab − gfabcAcµ . (2.14)

The ghost fields ca do not correspond to physical particles as they do not satisfy the correct

spin-statistics theorem. Their inclusion though in perturbative calculations is crucial

since they serve as propagating modes that cancel the otherwise unphysical timelike and

longitudinal polarizations of the gauge fields Aaµ.2

It should be stressed that the appearance of the ghost fields is a consequence of the

non-abelian gauge symmetry and absent in the abelian case, best exemplified by QED. The

2The fact that the ghost fields correspond to dynamical degrees of freedom in QCD coupled to gauge fields,

is specific to the gauge fixing term in eq. (2.12) which belongs to the family of covariant gauges. Another

possible family of gauges is the axial gauge, which corresponds to a ‘physical gauge’ in the sense that

the resulting determinant from the Fadeev–Popov method is gauge field independent and thus it can be

neglected in the normalized partition function.

11



Chapter 2 – Collider physics

easiest way to see this, is realizing that the structure constants in abelian case are zero,

fabc ≡ 0, and thus the interaction term in eq. (2.13) is absent. Thus, in abelian gauge

theories ghost and gauge fields do not couple and we can treat the determinant induced by

the Fadeev–Popov method as an overall multiplicative factor which eventually drops out

in the normalized partition function.

Having described the dynamics of matter and gauge fields in eq. (2.1) as well as all

the intricacies of their quantization that give rise to eqs. (2.12) and (2.13), we are now in

position to write the complete QCD Lagrangian

LQCD =
∑
q

ψ̄q,i
(
i /Dij −mq δij

)
ψq,j −

1

2
trFµνF

µν +
1

2τ
(i∂µAaµ)2 + c̄a(i∂µiDabµ )cb . (2.15)

Eq. (2.15) contains only two independent parameters: the quark masses mq and the strong

coupling constant g. From experimental measurements it is known that mq exhibit a

strong hierarchy among the different flavors, with mt ' 173 GeV and mu ' 2.2 MeV being

the heaviest and the lightest respectively [15]. In this thesis we will be considering the

environment of collider experiments such as that of the Large Hadron Collider (LHC), where

typical energies and characteristic momentum scales in the processes of interest allow us to

neglect the masses of light quark flavors q={u, d, s, c, b} to good approximation. Therefore,

for the rest of the thesis we consider eq. (2.15) for nf ≡ nq = 5 massless quark flavors.

Another important aspect of relativistic interacting quantum field theories with far

reaching implications is that of regularization and renormalization. These two procedures

emerge as a necessity due to the appearance of ultraviolet divergences (UV) in higher-order

perturbative calculations. UV divergences have their origin in unconstrained large momenta

in quantum loops which have to be regularized and systematically eliminated (renormalized)

by a redefinition of the fields and the parameters in eq. (2.15). While there are many ways

to regularize and tame such infinities (e.g. Pauli-Villars, Wilsonian cut-off Λ, finite lattice

spacing, etc.), the most elegant one is dimensional regularization. Not only it respects both

Lorentz and gauge invariance, but it also allows to simultaneously regularize another class

of divergences, the infrared divergences (IR), that appear in massless field theories. All of

the above make it quite appealing when it comes to practical calculations. In dimensional

regularization divergent four-dimensional integrals are evaluated in non-integer dimensions

d=4− 2ε and their result is expressed as a Laurent series in ε with divergences appearing

explicitly as poles ∝ 1/εn, n > 0. Subsequently, these poles are ‘absorbed’ in the redefined

fields and parameters and in the end the limit ε→ 0 is taken, retrieving the d = 4 result.

An important relation is that between the bare strong coupling constant as it appears

in eq. (2.15) and the renormalized coupling

αbare
s =

(µ2eγE

4π

)ε
Zαs(ε, µ)αs(µ) , (2.16)

where Zαs is the counterterm responsible for canceling the poles at all orders in perturbation

theory. The renormalization scale µ is a parameter of mass dimension [µ] = 1 introduced

12



2.1 Quantum Chromodynamics

such that the QCD action [SQCD] = 0 in d-dimensions. The awkward prefactor eεγE/(4π)ε

defines the modified minimal subtraction (MS) renormalization scheme. It is interesting to

notice the appearance of the scale µ out of a Lagrangian which, for the case of massless

quarks, contains no explicit scale. This is known as dimensional transmutation.

The left hand side of eq. (2.16) is independent of µ, which implies its exact cancellation

on the right hand side. Exploiting this, we can derive the famous renormalization group

equation (RGE) for the strong coupling constant

dαs(µ)

d lnµ
= β[αs(µ)] = −2εαs(µ)− 2αs(µ)

∞∑
n=0

βn

[αs(µ)

4π

]n+1
, (2.17)

where βn are the beta function coefficients that dictate the running of αs. At lowest order

the coefficient reads

β0 =
11

3
CA −

4

3
TFnf , (2.18)

and they are found to be scheme independent up to two loops. The term ∝ε in eq. (2.17)

does not contribute to the αs(µ) running but it plays an important role in the derivation

of the RGEs for various perturbative quantities.

Neglecting terms ∼ O(α3
s) in eq. (2.17) we can solve it exactly and obtain the one-loop

running for the strong coupling

αs(µ) =
αs(µ0)

1 + αs(µ0)
2π β0 ln µ

µ0

, (2.19)

where αs(µ0) is a boundary condition at some characteristic scale µ0. Usually it is set to be

µ0≡mZ =91.1876 GeV [15] where the measured experimental value is αs(mZ)=0.1181 [15].

A phenomenologically crucial observation of eq. (2.18) is that β0 > 0 for N = 3 and

nf ≤ 16, which in turn implies that αs(µ) decreases for increasing values of µ, that is at

short scales. This is the much celebrated result known as asymptotic freedom and it is

a characteristic of non-abelian gauge theories, owing to the self interaction terms of the

gauge bosons Aaµ. It is precisely this feature that established QCD, a non-abelian gauge

theory, as a viable candidate for the description of the strong interactions which allows at

sufficiently short distances a quantitative description of quarks and gluons as a collection

of almost free particles, usually referred to as partons.

Contrary to its high energy behavior αs(µ) diverges at large distances. This is most

easily seen in eq. (2.19) where αs → ∞ as the denominator tends to zero and allows to

identify the scale that this happens

ΛQCD = µ0 exp

[
− 2π

β0αs(µ0)

]
' 0.08 GeV . (2.20)

This scale is known as the Landau pole and it is the point where the onset of color

confinement and hadronization effects take place, i.e. where the perturbative description

of QCD no longer applies. The value of ΛQCD in eq. (2.20) is not entirely representative

13



Chapter 2 – Collider physics

γ∗(q)

q̄(p2)

g(k)

q(p1)

gγ∗(q)

q̄(p2)

q(p1)

Figure 2.1: Feynman diagrams contributing to the next-to-leading order cross section for the

process e+e− → γ∗ → jets where only the decay of the virtual photon is shown. Left panel

corresponds to the real emission amplitude while the right panel corresponds to the one-loop virtual

correction.

since it doubtful whether the QCD beta function — which is calculated in perturbation

theory — still provides a good description of αs(µ) in this regime. Furthermore, even the

fact that it is a physical pole is unclear since it is expected that the increasing trend of

αs(µ) should stop at distances of typical hadron sizes ∼ Λ−1
QCD, as it originally results from

pair creation of particles which towards the non-perturbative regime obtain a natural IR

cut-off [33]. Nevertheless, in practical perturbative calculations it is customary to work

with ΛQCD ' 1 GeV where non-perturbative effects are expected to become important.

2.2 Soft and collinear limits of QCD

Neglecting the quark masses mq is on the one hand well motivated for collider experiment

environments where the characteristic momentum scale for the processes of interest, Q, is

much larger Q� mq. On the other hand, it is in this limit that a certain class of divergences

appear, the so-called soft and collinear divergences.3 They emerge in radiative corrections

and correspond to a universal feature of QCD in the sense that they are independent of the

details of the underlying hard scattering process. To better understand how they emerge

and how they are treated, we discuss them in what follows in the context of two prototypical

examples in collider physics (e.g. see refs. [34–36]), that of e+e− → jets and pp→ X.

e+e− → jets. At lepton colliders the initial state is a color-singlet and therefore they have

provided with a uniquely clean environment in studying both experimentally and theoreti-

cally the dynamics of QCD. In this example we consider the process e+e− → γ∗(q)→ jets at

the center of mass (COM) frame. At leading order (LO) in perturbation theory it involves

the production of a quark-antiquark pair, while at next-to-leading order (NLO) in QCD it

involves a single gluon emission e+e− → γ∗(q)→ q(p1)q̄(p2)g(k). The Born (lowest order)

and two real emission amplitudes for this process read,

iMBorn = ū(p1)ieQqγ
µv(p2) Iµ(q) (2.21)

iM1 = ū(p1)igT a/ε∗(k)
i( /p1 + /k)

(p1 + k)2
ieQqγ

µv(p2) Iµ(q) , (2.22)

3They are also referred to as IR divergences in much of the literature.
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2.2 Soft and collinear limits of QCD

iM2 = ū(p1)ieQqγ
µ−i( /p2 + /k)

(p2 + k)2
igT a/ε∗(k)v(p2) Iµ(q) , (2.23)

where we suppress any color and Dirac indices for the sake of readability. Here, e is the

electromagnetic coupling constant and Qq is the charge of the quark with flavor q. All the

information for the initial state subprocess e+e− → γ∗(q), including the photon propagator,

is part of the tensor Iµ(q) whose precise form is irrelevant for this example. Left panel

of figure 2.1 shows the Feynman diagram for the real emission amplitude iM1, excluding

the production subprocess, and iM2 is understood to correspond to the mirrored diagram.

Taking the soft limit kµ � pµ1,2 of both radiative amplitudes in eqs. (2.22) and (2.23) we

find,

iMtot = iM1 + iM2 =

[
g
p2 · ε∗(k)

p2 · k
− gp1 · ε∗(k)

p1 · k

]
× ū(p1)ieQqγ

µT av(p2) Iµ(q) , (2.24)

where we used the usual gamma matrix anti-commutation relation {γµ, γν} = 2gµν along

with the fact that the partons are massless, p2
1,2 = k2 = 0 and ū(p1)/p1

= /p2
v(p2) = 0. Now

squaring eq. (2.24), summing and averaging over polarizations and color, after some algebra

we find ∑
col.,pol.

∣∣iMtot

∣∣2 = g2CF
2p1 · p2

(p1 · k)(p2 · k)
×
∑
pol.

∣∣iMBorn

∣∣2 , (2.25)

where for the polarization sum we used
∑

λ ε
µ
λ(k)εν∗λ (k) = −gµν +O(k) which is an appro-

priate approximation in the soft limit. At this point we come to an important observation,

namely that in the soft limit the part of the (squared) amplitude responsible for the soft

real emission has completely factorized from the (squared) Born amplitude into an overall

factor. Inspecting also the three-body massless decay phase space in the soft limit we find

it to factorize,

dΦ3(q) =

[ 2∏
i=1

d4pi
(2π)4

(2π) δ(p2
i ) θ(p

0
i )

]
d4k

(2π)4
(2π) δ(k2) θ(k0) (2π)4 δ(4)(q − p1 − p2 − k)

≈ dΦ2(q)× d4k

(2π)4
(2π) δ(k2) θ(k0) , (2.26)

where dΦ2(q) is the two-body decay phase space. The assumption that kµ � pµ1,2 allows for

the statements that the two quarks are produced in a back-to-back configuration and they

are parametrized by Born kinematics, since the recoil provided by the gluon emission can be

neglected. Therefore, quark and antiquark momenta can be parametrized as pµ1 = Q/2 (1, ~n)

and pµ2 = Q/2 (1,−~n) with the unit vector ~n chosen along the direction of the quark and

Q being the COM energy. Under these considerations and using eqs. (2.25) and (2.26), the

cross section for the real emission reads

σ
(1)
R = σ(0) × 2αsCF

π

∫ ∞
0

dk0

k0

∫ π

0

dθ

sin θ
, (2.27)
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where θ is the polar angle between ~n and the emitted gluon while σ(0) is the Born cross

section,

σ(0) =
1

2Q2

∫
dΦ2(q)

∑
pol.

∣∣iMBorn

∣∣2 . (2.28)

In eq. (2.27) the integrals over the energy k0 and the polar angle θ are singular with

the singularities occurring when k0 → 0 and/or θ → 0, π. The former corresponds to

a soft singularity as it essentially emerges for vanishing momenta of the gluon kµ → 0,

whereas the latter corresponds to a collinear singularity since it is realized when the gluon

emission is almost parallel to the direction of the parent quark. Note that the collinear

singularity is also referred to as mass singularity, a name whose origin stems from the fact

that the neglected quark masses mq would provide a natural IR cut-off to it. This can be

understood by considering the case of massive quarks and by looking at the propagator of

either eq. (2.22) or eq. (2.23), which in that case would be

±i(/pi + /k)

(pi + k)2 −m2
q

=
±i(/pi + /k)

k0Q
(

1∓ cos θ
√

1−
(
mq/Q

)2) , for i = 1, 2 , (2.29)

where now the singularity θ → 0, π is completely screened by the nonzero mq.

While the divergences appearing in eq. (2.27) could pose a problem for QCD, there is

one more contribution that we have not yet taken into account. This involves the soft

limit of the one-loop virtual correction, depicted in the right panel of figure 2.1, interfered

with the Born amplitude. In this, the loop integral is also IR divergent since the momenta

of the virtual gluon can become arbitrarily soft and/or collimated to one of the fermions.

Therefore, summing both real and virtual contributions we would then find that the IR

divergences cancel exactly between them. This is based on the celebrated Kinoshita–Lee–

Nauenberg (KLN) theorem [37–39] which states that for sufficiently inclusive observables

such as the total cross section, IR singularities completely cancel out leaving behind finite

perturbative corrections.

pp→ X. Another important class of experiments is that of hadron colliders such as the

LHC. The physical picture there is fundamentally different since the colliding protons are

bound states of partons and the scales appearing in such cross sections are quite disparate;

proton states are governed by nonperturbative effects ∼ ΛQCD whereas the typical scale of

a hard scattering process, Q, is considered much larger Q� ΛQCD. The seminal work of

Collins, Soper and Sterman provided a formal way of disentangling contributions coming

from such different regimes in terms of the collinear factorization theorem [40], under which

the hadronic cross section for the production of any final state X can be schematically

expressed as

σ(pp→ X) =
∑
ij

∫ 1

0
dx1dx2 fi(x1)fj(x2) σ̂ij(x1x2s) +O

(ΛQCD

Q

)
, (2.30)
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q̄(p2)

q(p1) } X

g(k)

g

q̄(p2)

q(p1) } X

Figure 2.2: Feynman diagrams contributing to the next-to-leading order partonic cross section for

the process qq̄ → X where X is any final state. The hard scattering vertex Γ is depicted as a black

blob. Left panel shows the real emission amplitude while the right panel shows the one-loop virtual

correction.

where s is the COM energy and fi(x) is the parton distribution function (PDF). It encodes

the probability of extracting a parton i from the proton p with longitudinal momentum

fraction x that subsequently participates in the hard scattering. Accordingly, σ̂ij denotes

the partonic cross section for the process ij → X. The factorization in eq. (2.30) is

among the most important results in QCD since it separates universal nonperturbative

quantities (PDFs) that are fitted from experimental data from those that can be calculated

in perturbative QCD (partonic cross section).

At this point, a natural question that may be posed is whether the same cancellation of

soft and collinear divergences that we discussed in the e+e− → jets example, also happens

for cross sections at proton colliders. To answer that, we consider a typical process at

the LHC, pp → X, where at lowest order we assume that it is mediated by the partonic

channel of quark-antiquark annihilation q(p1)q̄(p2)→ X(pX). At NLO there is a single real

gluon emission whose momenta kµ can be conveniently expressed in terms of the Sudakov

decomposition,

kµ = (1− z)pµ1 + (1− y)pµ2 + kµ⊥ , (2.31)

where k⊥ · p1,2 = 0 and ~k 2
T = −~k 2

⊥ are the Euclidian transverse momenta. Furthermore,

from the on-shell condition p2
1 = p2

2 = k2 = 0 we obtain (1 − z)(1 − y)(p1 · p2) = k2
T . In

principle there are two amplitudes contributing at NLO for this process, where the gluon

is radiated either from the quark or the antiquark, but we are interested in the p1-collinear

limit and this amounts to considering only the emission off the quark, shown in left panel

of figure 2.2 (the emission off the antiquark is power suppressed in this limit). The Born

and the real emission amplitudes read,

iMBorn = v̄(p2)iΓ(p1, p2)u(p1) , (2.32)

iM1 = v̄(p2)iΓ(p1 − k, p2)
i(/p1
− /k)

(p1 − k)2
igT a/ε∗(k)u(p1) , (2.33)

where Γ contains the information of the vertex and of the decay kinematics. Inspecting
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also the phase space in the p1-collinear limit,

dΦ = dΦX
d4k

(2π)4
(2π) δ(k2) θ(k0) (2π)4 δ(4)(p1 + p2 − k − pX)

≈ dΦX (2π)4δ(4)(zp1 + p2 − pX)× d4k

(2π)4
(2π) δ(k2) θ(k0) . (2.34)

Squaring eq. (2.33), summing and averaging over polarizations and color and integrating

over the phase space eq. (2.34), the real emission partonic cross section at NLO reads [36]

σ̂(1)
c1 = CF

αs
2π

∫ ŝ

0

dk2
T

k2
T

∫ 1

0
dz

1 + z2

1− z σ̂
(0)
qq̄ (zp1, p2) , (2.35)

where σ̂
(0)
qq̄ is the Born cross section,

σ̂
(0)
qq̄ (p1, p2) =

1

2ŝ

∫
dΦX

∑
col.pol.

∣∣iMBorn

∣∣2 (2π)4δ(4)(p1 + p2 − pX) , (2.36)

and ŝ = (p1 + p2)2 is the partonic COM energy. Note that the k2
T integral in eq. (2.35) has

necessarily an upper bound since the collinear approximation is valid only up to the hard

scale of the process ∼
√
ŝ.

Analogously to the example in the previous paragraph, we see that eq. (2.35) exhibits a

double divergence when kT → 0 and z → 1, or a single one for the limiting case of either

variable. Physically, kT → 0 corresponds to a collinear divergence since the momenta of

the emitted gluon become almost aligned to those of the parent quark, whereas z → 1

corresponds to a soft singularity since the momenta carried away by the gluon are almost

zero. It comes as no surprise that the soft divergence is canceled when including the virtual

correction to the cross section, right panel of figure 2.2,

σ̂(1)
c1 = CF

αs
2π

∫ ŝ

0

dk2
T

k2
T

∫ 1

0
dz

1 + z2

1− z
[
σ̂

(0)
qq̄ (zp1, p2)− σ̂(0)

qq̄ (p1, p2)
]

(2.37)

≡ αs
4π

∫ ŝ

0

dk2
T

k2
T

∫ 1

0
dz P (0)

qq (z)σ
(0)
qq̄ (zp1, p2) , (2.38)

where in the second line we defined the q → q splitting function as

P (0)
qq (z) = 2CF

[
1 + z2

1− z

]
+

, (2.39)

and introduced the plus distribution which is defined as follows. For a function f(z) that

is non-integrable in z → 1 and does not diverge worse than 1/(1 − z), the corresponding

plus distribution [f(z)]+ is defined by its action on a test function g(z) as∫ 1

0
dz
[
f(z)

]
+
g(z) =

∫ 1

0
dz f(z)

[
g(z)− g(1)

]
, (2.40)

where the term in the square brackets regulates the z = 1 singularity of f(z).
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Elaborating a bit more on eq. (2.38), we stress that while the virtual contribution

remedied the soft divergence, the collinear singularity kT → 0 is still present and uncancelled.

The crucial observation here is that in the soft singular limit z → 1, both real and virtual

contributions of the cross section share the same initial state kinematics since the same

momenta are flowing into the hard vertex. On the other hand, in the collinear limit, kT → 0

but z 6→1 and thus the term in the square brackets of eq. (2.37) does not vanish.

To proceed and regulate the divergent kT integral in eq. (2.38), we use dimensional

regularization by extending the dimensions of kT from 4− 2 7→ d− 2 = 2− 2ε. Including

the MS factor, the result of the integral reads(µ2eγE

4π

)ε Ω2−2ε

(2π)1−2ε

∫ ŝ

0

dk2
T

k2+2ε
T

= −1

ε
− ln

(µ2

ŝ

)
+O(ε) , (2.41)

where Ωd = 2πd/2/Γ(d/2) is the d-dimensional solid angle. The appearance of the collinear

singularity as an explicit pole in ε would herald fundamental problems for QCD had it not

been for the following two important points. Firstly, concerning the universality of the

collinear singularity, i.e. that it emerges independently from the details of the underlying

hard scattering process and therefore it is a feature that all partonic cross sections share.

Secondly, concerning the fact that it is the hadronic cross section σ that is a physical

observable and should be a finite and not the partonic σ̂qq̄. Substituting eq. (2.41) to

eq. (2.38), the hadronic cross section up to O(αs) is given by

σ(pp→ X) =

∫ 1

0
dx1dx2 fq̄(x2)

[
fq(x1)σ̂

(0)
qq̄ (x1p1, x2p2)

− fq(x1)
1

ε

αs
4π

∫ 1

0
dz P (0)

qq (z)σ̂
(0)
qq̄ (zx1p1, x2p2)

− fq(x1)
αs
4π

ln
(µ2

ŝ

)∫ 1

0
dz P (0)

qq (z)σ̂
(0)
qq̄ (zx1p1, x2p2)

+ fq(x1)σ̂
(1)
qq̄ (x1p1, x2p2) + . . .

]
, (2.42)

where σ̂
(1)
qq̄ denotes the O(αs) corrections to the partonic cross section stemming from phase

space regions that the momenta are neither soft nor collinear. The dots in eq. (2.42) capture

the fact that we have not yet considered all O(αs) corrections to σ; while we examined

only the collinear splitting q → qg, the g → qq̄ with the quark q participating in the hard

scattering may also occur. Considering this case changes nothing in the main steps of the

previous derivation apart from the emerging splitting kernel that is different

P (0)
qg (z) = 2TF [(1− z2) + z2] . (2.43)

In light of the previous arguments and in the spirit of renormalization, we can treat the

PDFs appearing eq. (2.42) as bare quantities and absorb the 1/ε divergence in them,

fq(x, µ) = fbare
q (x)− 1

ε

αs
4π

∫ 1

z

dz

z

[
P (0)
qq (z) fq

(x
z

)
+ P (0)

qg (z) fg

(x
z

)]
, (2.44)
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resulting into a finite partonic cross section in eq. (2.42).

Note though that the renormalized PDF in eq. (2.44) acquired an explicit scale de-

pendence. Taking the derivative with respect to µ while being careful about the scale

dependence of the strong coupling constant in d-dimensions, eq. (2.17), we obtain

µ
d

dµ
fq(x, µ) =

αs
4π

∫ 1

z

dz

z

[
2P (0)

qq (z) fq

(x
z

)
+ 2P (0)

qg (z) fg

(x
z

)]
. (2.45)

This is the famous Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equation [41–43]

at NLO that captures the logarithmic dependence of the quark PDF with respect to the fac-

torization scale µ. Analogous integro-differential equations up to different splitting kernels

Pij(z) are also be obtained for the antiquark fq̄(x) and gluon fg(x) PDFs by considering

the collinear limits where correspondingly a q̄ or a g undergoes collinear splittings.

IR safety and Sudakov double logarithms. So far in our discussions we focused

on total cross sections, but these are not the only measurable quantities that provide

information about the rich QCD dynamics. Differential cross sections in some resolution

variable τ are a prime example that have been and are extensively investigated in collider

experiments. Contributions to a differential cross section dσ/dτ from different parts of the

τ spectrum not only can provide stringent tests to perturbative QCD and help to establish

particle properties within the Standard Model (SM), but they may also be sensitive to

physics Beyond the Standard Model (BSM) and therefore shed light to long standing and

open questions. All of the above motivate for a proper definition of observables that are

free of IR divergences such that a meaningful comparison between theory and experiment is

feasible. To this end, a resolution variable τ is defined to be Infrared-Collinear (IRC) safe

if it is insensitive to both soft and collinear singular limits. More precisely, if τ depends on

the momenta of n+ 1 emissions it has to satisfy

soft : τ(p1, . . . , pn, pn+1) = τ(p1, . . . , pn) , pn+1 → 0 , (2.46)

collinear : τ(p1, . . . , pn, (1− κ)pn+1, κpn+1) = τ(p1, . . . , pn+1) , κ→ 1 . (2.47)

It should be noted that even though experiments may perform measurements of variables

that do not satisfy eqs. (2.46) and (2.47), it is only with IRC safe resolution variables that

a comparison with theory is plausible.

While the KLN theorem guarantees that real and virtual contributions in differential

cross sections of an IRC safe resolution variable τ yield IR finite results, it is known that

this cancellation is incomplete. The reason for this can be traced on the measurement of τ ,

which contrary to total inclusive cross sections, it upsets the exact cancellation between real

and virtual contributions; it imposes restrictions on the real radiation phase space while

the virtual contributions are unconstrained, resulting into a leftover logarithmic imprint.

Resolution variables that are sensitive to soft and collinear emissions exhibit a characteristic

logarithmic dependence which is known as Sudakov double logarithms, a name that stems

from the relative power of said logarithms that appear at each order in perturbation theory.
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2.2 Soft and collinear limits of QCD

Assuming that τ is a dimensionless variable sensitive to soft and collinear emissions, we

can schematically express the perturbative expansion of a differential cross section

dσ

dτ
∼ δ(τ) +

∑
n=1

2n−1∑
m=0

αns

(
δ(τ) + cn,m(τ)

[ lnm τ

τ

]
+

)
, (2.48)

where cn,m(τ) denote some coefficients that do not bare any logarithmic dependent on τ .

Eq. (2.48) has a well behaved and convergent perturbative expansion when τ ∼ 1 but in

corners of the phase space where τ � 1, the existence of the Sudakov double logarithms

αns lnm τ/τ result into its deterioration by overcoming the strong coupling suppression. In

this part of the spectrum the expansion invalidated and necessitates a reorganization such

that the highest-power logarithms are resummed to all orders. As a matter of fact, we have

already come across the effect of leftover logarithms and their resummation in the example

pp→ X. There, the cross section is sensitive only to collinear emissions which give rise to

the single logarithm. These are resummed to all orders by evaluating the hadronic cross

section at µ ∼
√
ŝ, such that logarithms are minimized, and using the DGLAP equations

the PDFs are evolved from µ ∼
√
ŝ to the scale that is used as a boundary condition in

solving eq. (2.45).

In this thesis we will be taking the point of view of performing resummation via effective

field theories (EFT) and specifically using Soft-Collinear Effective theory (SCET) [44–46],

which we present in section 2.3. Though we mention that other formalisms for performing

resummation exist as well, e.g. see refs. [47, 48]. In SCET, differential cross sections are

systematically expanded in the limit of small-τ ,

dσ

dτ
∼ dσ(0)

dτ
+

dσ(1)

dτ
+

dσ(2)

dτ
+ . . . (2.49)

∼ 1

τ

[
O(1) + O(τ) + O(τ2) + . . .

]
, (2.50)

where the first addend corresponds to the leading power (LP) cross section and contains

the most singular terms δ(τ) and [lnm τ/τ ]+, while the rest are suppressed by at least one

power of τ and they are called power corrections. Roughly speaking, in SCET the LP

cross section dσ(0)/dτ obtains a factorized form with each function capturing physics at a

different scale while satisfying its own RGE. Solving these RGEs, each function is evolved

from its natural scale that is free of large logarithms, to a common (arbitrary) scale and

Sudakov double logarithms are resummed to all orders in perturbation theory, resulting

to a physical spectrum for all values of τ . In chapter 3 we review the factorization of the

transverse momentum (qT ) distribution for a color-singlet production in SCET and discuss

the resummation of Sudakov double logarithms that results from the solutions of the RGEs.

We conclude this section by showing in figure 2.3 an illustrative example for the Drell-Yan

(left panel) and Higgs (right panel) qT spectrum. In both plots the blue dashed curve shows

the NLO fixed-order (FO) result that diverges as qT → 0 due to Sudakov double logarithms,

whereas the red solid curve shows the resummed result at next-to-leading-logarithmic (NLL)

accuracy, which is well behaved and exhibits the so-called Sudakov peak at qT ∼ 7−10 GeV.
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Figure 2.3: The resummed (solid red) and fixed-order (dashed blue) inclusive transverse momentum

spectrum for the Drell-Yan (left) and Higgs (right) processes. Both results are obtained from

SCETlib [49].

2.3 Soft-Collinear Effective Theory (SCET)

Soft-Collinear Effective Theory [44–46] is an EFT that captures the IR limits of QCD. It

corresponds to a systematic expansion of the QCD Lagrangian in the soft-collinear limits

and describes the propagation and interaction of soft and collinear modes under the presence

of a hard interaction. Since soft and collinear modes live deep into the IR region, they are

characterized by invariant masses parametrically much smaller than those appearing in the

hard scattering which leads to the emergence of multiple, widely separated scales. Thus, it

comes as no surprise that an EFT is the right tool in order to disentangle physics sensitive

to each scale and to obtain insight and physical information about the hard process.

SCET corresponds to a top-down EFT since the full theory Lagrangian LQCD, eq. (2.15),

is known. As we show in section 2.3.3, it is constructed by ‘integrating out’ of the theory

hard modes that we do not wish to describe, while the remaining ones (soft and collinear)

constitute the dynamical part of the EFT. Note that this is a characteristic difference

of SCET compared to other EFTs, since momentum regions of particles are integrated

out rather than entire degrees of freedom. As a final remark, we mention that SCET is

not the only way to address such physical settings. For example, in the diagrammatic

method [35, 40, 50] a the straightforward expansion of Feynman integrals in different

momentum regions is considered by assigning a power counting parameter and determining

the degree of their IR divergence. In contrast to the diagrammatic method, SCET provides a

natural language for the incorporation of the universal IR limits of QCD in the fundamental

quantity that captures its dynamics, namely the Lagrangian. This way, gauge invariance is

manifest and allows for a systematic way to calculate power suppressed contributions while

factorization and resummation of large logarithms come out naturally.

In the following review of SCET we mainly follow ref. [51], while additional material

from cited references have also been added.
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2.3 Soft-Collinear Effective Theory (SCET)

2.3.1 Basics of SCET

Lightcone coordinates. Since we are interested in describing modes that propagate and

fluctuate around a specific direction nµi , we have to pick a parametrization that makes their

momentum scaling explicit. These are the lightcone coordinates. To be able to decompose

any four-vector with respect to the lightcone direction nµi , we define in addition an auxiliary

vector n̄µi such that,

n2
i = n̄2

i = 0 , ni · n̄i = 2 . (2.51)

This allows to decompose an arbitrary four-vector pµ in this coordinate basis as

pµ = p−i
nµi
2

+ p+
i

n̄µi
2

+ pµ⊥i ≡ (p−i , p
+
i , ~p⊥i) , (2.52)

with each component is defined as

p−i = n̄i · p , p+
i = ni · p , ni · p⊥i = n̄i · p⊥i = 0 . (2.53)

It is understood that pµ⊥i are the projections of pµ in the perpendicular plane that nµi , n̄
µ
i

define. We stress that although nµi does have a physical interpretation — it is after all the

lightcone direction of the (collinear) particle’s momenta that we wish to parametrize — n̄µi
has none whatsoever. It is only introduced to allow for a complete decomposition of pµ as

done in eq. (2.52). Further below in section 2.3.2, we see how this arbitrariness in choosing

n̄µi translates into a symmetry of SCET.

At the LHC the protons move along the beam direction4 and therefore the natural choice

for the lightcone vectors is

nµa ≡ nµ = (1, 0, 0, 1) , nµb ≡ n̄µ = (1, 0, 0,−1) , (2.54)

where now

p− = p0 + p3 , p+ = p0 − p3 , pµ⊥ = (0, p1, p2, 0) . (2.55)

The invariant product is then given by,

p2 = p−p+ + p2
⊥ = p−p+ − p2

T , (2.56)

and ~pT are the corresponding Euclidian transverse components, p2
T ≡ ~p 2

T = −p2
⊥.

Throughout this thesis we are mostly concerned with the environment of LHC and

therefore we predominantly use the lightcone vectors in eq. (2.54) unless stated otherwise.

4Throughout this thesis, we assume a right-handed coordinate system where the z-axis is along the beam

pipe of LHC and the x-axis is pointing to the center of the LHC ring.
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Modes in SCET. In order to construct the SCET Lagrangian, the contributing modes

for the physical process in question have to be deduced. Doing so, allows to disentangle

physics that happens at widely separated scales. The cornerstone of this procedure is

understanding the constraints imposed by the measurement that is performed. Depending

on the resolution variable, two types of soft modes can contribute which in turn define

two distinct SCET classes, based on which numerous physical processes can be described.

These classes are referred to as SCETI and SCETII and we present their basic features with

two specific examples.

Consider the process e+e− → γ∗ → 2 jets where the invariant mass mJ ,mJ̄ of each jet

is measured. Working at the COM frame, the momenta carried by the vector boson are

qµ = (Q,~0) where Q sets the hard scale, and from momentum conservation the two jets

will be in a back-to-back configuration each carrying momenta ∼ Q. Aligning the two jet

axes with lightcone vectors nµ, n̄µ and inspecting the momentum components for the jet

in the n-direction, we find them scaling as

pn ∼
(
Q,

p2
⊥
Q
, p⊥

)
∼ Q(1, λ2, λ) , (2.57)

where we introduced the dimensionless book-keeping parameter λ = p⊥/Q� 1. It serves

for power counting purposes and will be proven to be extremely useful when we consider the

construction of the SCET Lagrangian in section 2.3.3. Here, p− ∼ Q and p⊥ � Q in order

to comply with the definition of a jet,5 while from the on-shell condition p−p+ ∼ p2
⊥ we

have that p+ ∼ p2
⊥/Q. Looking at the relative scaling of the jet’s momentum components

in eq. (2.57) we find,

p− � p⊥ � p+ . (2.58)

From now on, momenta that adhere to the hierarchy of eq. (2.58) or equivalently have

the scaling of eq. (2.57) will be referred to as n-collinear momenta. At this point we can

appreciate the benefits of the decomposition in lightcone coordinates, eq. (2.55), since they

successfully expose the large (p−) and small (p+, p⊥) momentum components, allowing for

definite statements with respect to their scaling.

The invariant mass of the jet is formally defined by considering the x−y plane partitioning

the space into two hemispheres a, b and assigning all particle momenta in each hemisphere

to the corresponding jet. For the jet in hemisphere a

mJ =
(∑
i∈a

pµi

)2
, (2.59)

where the sum i runs over all particles in hemisphere a. Based on this definition, we may

ask what information we can extract for the scaling of the ultrasoft6 momenta, pµus, by

5Among many, a definition of a jet is that of an energetic parton that due to QCD radiation undergoes

multiple splittings enhanced by collinear singularities that result into a collection of collimated hadrons

and other particles that move preferentially in a specific direction.
6While the name ‘ultrasoft’ appears arbitrary at the moment, it becomes clear further below that it is

chosen such that we distinguish them from the parametrically larger soft modes that appear in SCETII.
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2.3 Soft-Collinear Effective Theory (SCET)

considering their clustering with a collinear particle,

mJ ∼ (pn + pus)
2 ∼ p2

n + 2 pn · pus + p2
us ∼ Q2λ2 � Q2 , (2.60)

where the scaling of mJ is dictated by p2
n ∼ Q2λ2, eq. (2.57). Looking at the second addend,

pn · pus ∼ p−p+
us + . . . ∼ Q2λ2 , (2.61)

where we drop terms that are further λ-suppressed. Since p− ∼ Q this forces p+
us ∼ Qλ2 at

most and following from the isotropy of the ultrasoft modes we find,

pus ∼ Q(λ2, λ2, λ2) , p2
us ∼ Q2λ4 . (2.62)

Repeating the previous analysis for the jet J̄ in the n̄-direction is trivial upon realizing

that it simply amounts to the change nµ ↔ n̄µ and thus its momentum components can be

obtained by those of J under + ↔ −. Summarizing the results for the n, n̄-collinear and

ultrasoft momenta,

pn ∼ Q(1, λ2, λ) , p2
n ∼ Q2λ2 , (2.63)

pn̄ ∼ Q(λ2, 1, λ) , p2
n̄ ∼ Q2λ2 , (2.64)

pus ∼ Q(λ2, λ2, λ2) , p2
us ∼ Q2λ4 , (2.65)

where we see that the virtualities between collinear and ultrasofts are parametrically dif-

ferent and this defines an SCETI setting. A convenient way to depict the modes is that

in the left panel of figure 2.4 where only the p± components are shown.7 From there, it is

clear that the n, n̄-collinear (green) and ultrasoft (orange) modes live in different invariant

mass hyperbolas. All modes with p2 � Q2λ2, such as the hard modes (blue), are not part

of the EFT and they are integrated out, whereas those with p2 . Q2λ2 (green and orange)

constitute its dynamical part and they are represented by degrees of freedom in SCET.

Now consider the measurement of the transverse momenta qT of a color-singlet particle

produced at the LHC via the process pnpn̄ → LX. Here, pn(pn̄) is the incoming proton

in the n (n̄)-direction, L is the produced color-singlet with invariant mass Q that sets the

hard scale, and X denotes the total hadronic radiation. Focusing on the kinematic regime

λ ≡ qT /Q � 1, the dominant contributions to qT come either from collinear emissions

or from homogeneous modes which we call soft, and they are both constrained by the

measurement of qT . From eqs. (2.63) and (2.64) the collinear modes have p⊥n ∼ p⊥n̄ ∼ Qλ
which in turn restricts the perpendicular component of the contributing soft modes to be

p⊥s ∼ Qλ. Evoking once more the isotropy of the soft modes, we have

ps ∼ Q(λ, λ, λ) , p2
s ∼ Q2λ2 . (2.66)

As before, in the right panel of figure 2.4 we show the p± components for the collinear and

soft modes where they now lie on the same invariant mass hyperbola. This defines an SCETII

7The p⊥ component can always be deduced by the on-shell condition p−p+ ∼ p2
⊥.
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Figure 2.4: Illustration of the p± momentum scaling for the hard (blue), the collinear (green) and

the soft/ultrasoft (orange) momentum modes. Left (right) panel corresponds to an SCETI (SCETII)

setting where dynamical degrees of freedom are the collinear and ultrasoft (soft) modes.

setting [52]. A crucial consequence of this observation is that the distinction between the

two modes can no longer happen solely on their invariant mass since, p2
n ∼ p2

n̄ ∼ p2
s ∼ Q2λ2,

but their rapidity, e2y = p−/p+, is necessary as an additional variable to completely separate

them. Furthermore, it should be noted that collinear-soft interactions result into off-shell

configurations, and therefore they require special treatment. We come back to that in

section 2.3.5.

Before concluding a comment is in line with respect to the Glauber modes. These corre-

spond to off-shell soft modes with scaling pG ∼ Q(λa, λb, λ) where a + b > 2. Since their

perpendicular component has the same parametric scaling as that of the collinear modes,

the Glaubers induce nontrivial cross-talk between collinear modes from different directions

prohibiting the soft-collinear factorization8 and therefore resulting into factorization break-

ing effects. They are described by the Glauber Lagrangian [53] and their effects will not

be considered in this thesis as a proper treatment thereof lies outside of its scope. Note

though that for the factorization of transverse momentum distribution in the Drell-Yan

process it has been proven that they cancel [35, 40, 54].

According to the previous analysis, we saw that depending on the resolution variable

and along with the collinear modes, two type of homogeneous modes can emerge: ultrasofts

(SCETI) and softs (SCETII). In the following sections and for definiteness, we restrict our

discussions to a single quark flavor and to one collinear direction, the nµ. All derivations

apply equally well for the n̄-direction or any direction nµi around which we wish to describe

(ultra)soft and collinear fluctuations while the rest of the quark flavors can be trivially

reinstated at the very end. Furthermore, we consider only ultrasoft modes (i.e. an SCETI

8Soft-collinear factorization refers to the process of eliminating all soft-collinear interactions at LP SCET

Lagrangian via field redefinitions. It is presented and discussed in section 2.3.3.
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2.3 Soft-Collinear Effective Theory (SCET)

setting) but we come back to the treatment of soft modes and how they can be properly

incorporated in SCET in section 2.3.5.

Degrees of freedom in SCETI. The relevant degrees of freedom (d.o.f.) in SCETI are

massless quarks and gluons whose momenta have either n-collinear ∼ (1, λ2, λ) or ultrasoft

scaling ∼ (λ2, λ2, λ2).9 Since we will be eventually expanding LQCD about the soft and

collinear limit, the analysis with respect to the power counting parameter λ will proven to

be crucial in determining the relevance of different operators. To this end, in this paragraph

we determine the scaling of collinear quarks ξ̂n and gluons Âµn ≡ Âaµn T a, as well as that of

ultrasoft quarks ψus and gluons Aµus ≡ Aaµus T a.
We start by considering the LP term from the expansion of the QCD propagator in the

n-collinear limit

i/p

p2 + iε

p→pn−−−→ i/n/2

p+ +
p2
⊥
p− + iε sgn p−

=

∫
d4x eik·x 〈0|T[

¯̂
ξn(x)ξ̂n(0)]|0〉 , (2.67)

where the equality states that the LP propagator is given by the time-ordered product of

two collinear quark fields. From power counting analysis, the expanded propagator scales

∼ λ−2, whereas on the RHS of the equality the measure scales d4x ∼ λ−4. This implies

that

ξ̂n ∼ λ . (2.68)

Notice that the scaling of the collinear quark is not the same as its mass dimension which

are still those of a fermion field [ξ̂n] = 3/2.

Working along the same lines by analyzing the n-collinear limit of the gluon propagator,

we find for Âµn,

Âµn ∼ (1, λ2, λ) . (2.69)

Notice that it scales exactly like the n-collinear momenta. This comes as no surprise since

gauge invariance dictates that ∂µ and Aµ will always appear together, thus, if ∂µ has

collinear scaling so must the n-collinear limit of Aµ.

Now turning to the ultrasoft fields, the scaling of ψus can be determined as before by

working out the ultrasoft limit of the quark propagator. On the other hand, for Aµus we can

exploit the previous argument on gauge invariance and immediately infer that the scaling

of Aµus must match that of the derivative operator ∂µ ∼ (λ2, λ2, λ2) which leads to,

ψus ∼ λ3 , Aµus ∼ (λ2, λ2, λ2) . (2.70)

9Whereas in the previous paragraph we already saw some examples where λ had an explicit definition, in

what follows we will not be giving any, but only assume that λ� 1. Its precise definition is irrelevant

as it only serves the purpose of determining the relative scaling of momenta, fields, operators, etc.

Furthermore, in the rest of the thesis and for brevity, we drop the overall Q in the scaling relations as it

can be always be reintroduced by dimensional analysis.
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Figure 2.5: Illustration of the collinear momentum decomposition pµ = p̃µ + pµr . The label

component p̃µ ∼ (1, 0, λ) is understood to take discrete values at each grid point (blue dots),

whereas the residual component pµr ∼ (λ2, λ2, λ2) takes continuous values which are restricted by

the surrounding orange boxes. The orange box at the origin of the axes corresponds to the purely

residual zero-bin p̃ = 0.

2.3.2 Symmetries of SCET

Label and residual momenta. Given the different scaling of the momenta between

collinear and ultrasoft modes, it will proven to be beneficial if we provide with a transparent

way for their distinction. To achieve this, we define the separation of the collinear momenta

into label p̃µ and residual pµr components

pµ = p̃µ + pµr , (2.71)

each scaling as

p̃µ ∼ Q(1, 0, λ) , pµr ∼ Q(λ2, λ2, λ2) . (2.72)

Figure 2.5 provides a convenient way to visualize such decomposition, where the label

components of pµ are shown in the x- and y-axis. The label component, p̃µ, is considered to

be discretized with each value corresponding to a grid point (blue dots), whereas the residual

momenta, pµr , are considered to be continuous and take values within the surrounding boxes

(orange dashed). The distances between grid points are considered to be large such that no

addition of residual momenta can change a label value by moving it from one box and into

the neighboring. Even though figure 2.5 might be deceptive as it captures the momentum

decomposition into two continuous spaces (p̃µ, pµr ) ∈ R3 × R4/I, with I specified by the

redundancy of the splitting in eq. (2.71), it proves to be useful in formulating a set of rules

for fields and derivatives while exploiting the relative scaling of p̃µ and pµr .

28



2.3 Soft-Collinear Effective Theory (SCET)

With the decomposition of eq. (2.71) we can write the Fourier Transform (FT) of the

particle piece for a collinear quark separately over p̃ and pr,

ξ̂+
n (x) =

∫
d4p

(2π)4
e−ip·x ˜̂

ξ+
n (p) =

∑
p̃6=0

∫
d4pr
(2π)4

e−i(p̃+pr)·x ˜̂
ξ+
n,p̃(pr) =

∑
p̃ 6=0

e−ip̃·xξ̂+
n,p̃(x) , (2.73)

where
˜̂
ξ+
n,p̃(pr) is expressed in both label and residual momentum space whereas ξ̂+

n,p̃(x) is

written in label momentum and residual position space. Note that the sum over p̃ excludes

p̃ = 0 since in this bin the momenta of
˜̂
ξ+
n cease to be collinear as they acquire a purely

residual scaling.10 To proceed, we introduce the label momentum operator Pµ [56]

Pµξ̂+
n,p̃(x) = p̃µξ̂+

n,p̃(x) , (2.74)

where its action results in picking the label momenta carried by the field. Since all the

previous manipulations go through in exact same way also for the antiparticle piece ξ−n (x),

we find it convenient to combine them into a single field ξn,p̃(x) ≡ ξ̂+
n,p̃(x) + ξ̂−n,−p̃(x) where

ξn,p̃ (ξ̄n,p̃) annihilates (creates) a particle for n̄ · p̃ > 0, whereas ξ̄n,p̃ (ξn,p̃) annihilates

(creates) an anti-particle for n̄ · p̃ < 0. Same manipulations apply also for the collinear

gluon Âµn with the same convention as above for the creation and destruction of a gluon.

The above lead to the FT of the collinear fields expressed as

ξ̂n(x) =
∑
p̃ 6=0

e−ip̃·xξn,p̃(x) ≡ e−iP·xξn(x) , (2.75)

Âµn(x) =
∑
p̃ 6=0

e−ip̃·xAµn,p̃(x) ≡ e−iP·xAµn(x) , (2.76)

where in the last equality we define ξn(x) =
∑

p̃ 6=0 ξn,p̃(x) and similarly for Aµn, with their

spacetime dependence x being conjugate to residual momenta. Based on the previous

manipulations we are lead to the following substitution for the derivative operator acting

on collinear fields,

i∂µ 7→ (Pµ + i∂µ) with Pµ ∼ Q(1, 0, λ) , i∂µ ∼ Q(λ2, λ2, λ2) , (2.77)

where now the scaling of the derivative operator has become explicit.

Important consequence of eq. (2.71) is the existence of separate momentum conservation

laws for p̃ and pr,∫
d4x ei(p−q)·x =

∫
d4x ei(p̃−q̃)·x ei(pr−qr)·x = (2π)4 δp̃,q̃ δ(pr − qr) . (2.78)

Note that this implies a different way of viewing momentum flow in Feynman diagrams

involving collinear particles. Since they carry both (p̃, pr), collinear-ultrasoft particle in-

teractions will change only their residual component, whereas collinear-collinear particle

interactions will change both.

10In practical calculations involving collinear loop integrals, a naive result is obtained by including the zero

bin (p̃ = 0) since it allows the recombination of p̃+ pr back to continuous momenta pµ and thus the use

of dimensional regularization as (the preferred) regulator. To make up for the — otherwise wrongly —

included p̃ = 0 region, a procedure known as zero bin subtraction [55] is employed, where the collinear

integral expanded in the ultrasoft limit is subtracted from the naive result, thus removing the p̃ = 0 bin.
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Gauge symmetry. Important part of SCET are the set of symmetries that satisfies since

they dictate the interactions among the fields and set constraints on operators. In eqs. (2.2)

and (2.3) we saw how the QCD fields transform under a generic SU(3)c gauge transformation

U(x) = eiα(x)aTa . Turning to SCET, we must be cautious that such transformations do not

take collinear or ultrasoft fields off their mass-shell by injecting them large momenta. This

would happen for example if,

i∂µαa(x) ∼ Q(1, 1, 1)αa(x) . (2.79)

Therefore it is mandatory to define the allowed collinear and ultrasoft gauge transforma-

tions [45, 46, 57, 58] as those that have support over momentum regions that keep the

momentum scaling of the transformed fields unaltered,

collinear Un(x) : i∂µUn(x) ∼ (1, λ2, λ)Un(x) , (2.80)

ultrasoft Uus(x) : i∂µUus(x) ∼ (λ2, λ2, λ2)Uus(x) . (2.81)

The action of Un(x) on any of the collinear fields with definite label momenta is written as

a convolution, e.g. ξn,p̃(x) 7→ (Ûn)p̃,q̃ ξn,q̃(x), where (Ûn)p̃,q̃ ≡ (Un)p̃−q̃(x) is understood to

be in label-momentum residual-position space with an implicit summation over repeated

indices. Since the label momenta (conceptually) are considered to be discrete-valued, we

may regard (Ûn)p̃,q̃ as a matrix in label momentum space. Based on this definition we fix

the boundary condition

Un(n · x = −∞) = 1 ⇒ (Ûn)p̃,0 = δp̃,0 , (2.82)

which captures the statement that in the zero-bin (q̃ = 0) the collinear fields do not

transform under collinear gauge transformations since their momenta have ultrasoft scaling

and they would result into an off-shell configuration.

The collinear gauge transformations for both quark and gluon fields read [45, 46, 57, 58]

ξn,p̃(x) 7→ (Ûn)p̃,q̃(x) ξn,q̃(x) , (2.83)

Aµn,p̃(x) 7→ (Ûn)p̃,q̃(x)

(
Aµ
n,q̃−k̃(x) + δq̃,k̃

1

g
iDµus

)
(Û †n)k̃(x) , (2.84)

ψus(x) 7→ ψus(x) , (2.85)

Aµus(x) 7→ Aµus(x) . (2.86)

Notice in eq. (2.84) the appearance of11 iDµus = Pµ+in·∂+g n̄
µ

2 n·Aus which is covariant under

ultrasoft transformations. This can be understood by realizing that the rapid variation of

Aµn results into seeing Aµus as classical background field, thus allowing to consider Aµn as a

quantum field in a background gauge.

11The derivative has been expanded appropriately in the n-collinear limit and the appearance of n · Aus
stems from power counting arguments since only n ·Aus ∼ n ·An ∼ λ2.
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The ultrasoft gauge transformations of the fields read [45, 46, 57, 58]

ξn,p̃(x) 7→ Uus(x)ξn,p̃(x) , (2.87)

Aµn,p̃(x) 7→ Uus(x)Aµn,p̃U
†
us(x) , (2.88)

ψus(x) 7→ Uus(x)ψus(x) , (2.89)

Aµus(x) 7→ Uus(x)

(
Aµus(x) +

1

g
i∂µ
)
U †us(x) . (2.90)

where we see in eqs. (2.87) and (2.88) that ξn, A
µ
n transform as quantum fields under a

background gauge transformation in the appropriate representation [36]. Notice that Uus(x)

transformations do not change the label momenta of the collinear fields. This implies that

for the spacetime components conjugate to label momenta, Uus(x) transformations are

similar to a global color rotation, whereas for those conjugate to residual momenta they

are local and heralds interactions between ξn, A
µ
n and n ·Aus. As a final comment we note

that since two different gauge transformations were introduced, it is expected that collinear

and ultrasoft fields will have different gauge fixing terms.

Reparametrization invariance. The description of a collinear field inevitably involves

the choice of a reference vector. It is therefore expected that upon formulating SCET, the

Lorentz symmetry of the underlying theory is broken by specifying the collinear direction nµ.

So far in our derivations we have been working for concreteness with the lightcone vectors

in eq. (2.54), but any choice that satisfies eq. (2.51) is equally valid. This is reflected by

the existence of a set of transformations that relate different choices for nµ and n̄µ. These

transformations correspond to an invariance of SCET that it is realized at each order in the

power counting parameter λ and it is referred to as reparametrization invariance (RPI) [59],

I II III

nµ 7→ nµ + ∆µ
⊥ nµ 7→ nµ nµ 7→ eαnµ

n̄µ 7→ n̄µ n̄µ 7→ n̄µ + εµ⊥ n̄µ 7→ e−αn̄µ

∆µ
⊥ ∼ λ εµ⊥ ∼ λ0 α ∼ λ0

Each transformation acts solely on nµ and n̄µ changing them by an amount such that the

collinear momentum scaling is preserved, a constraint that fixes uniquely the maximum

scaling of the parameters ∆µ
⊥, ε

µ
⊥ and α. RPI-I captures that the physical direction nµ is

allowed to be boosted and rotated by ∼ O(λ) without changing the physics, whereas n̄µ

under RPI-II may have ∼ O(1) change without any effect, reflecting its auxiliary nature.

Invariance under RPI-III has the most interesting consequences since it imposes that nµ

and n̄µ should always appear in the following forms

(n · a)(n̄ · b) , n · a
n · b ,

n̄ · a
n̄ · b , (2.91)
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where aµ, bµ are arbitrary four-vectors.

In addition, part of our manipulations involved in eq. (2.71) the separation of collinear

momenta into a label and a residual piece. In principle this corresponds to an arbitrary

splitting since we can always move small, residual momenta pµε ∼ λ2 between p̃µ and pµr
without changing their scaling,

pµ = (p̃µ + pµε )︸ ︷︷ ︸
∼(1,0,λ)

+ (pµr − pµε )︸ ︷︷ ︸
∼(λ2,λ2,λ2)

. (2.92)

This invariance implies that the differential operators Pµ and i∂µ should be always grouped

together as Pµ + i∂µ [59].

As a closing and crucial remark, we note that RPI-II and RPI-III relate LP with power

suppressed operators as well as those that appear at the same order in λ, whereas RPI-I

and the invariance in eq. (2.92) connect only operators at different orders in λ. These

transformations, together with collinear and ultrasoft gauge invariance place constraints or

rule out operators and lead to the unique determination of the LP SCETI Lagrangian [57].

2.3.3 SCETI

In this section we discuss the derivation of the LP SCETI Lagrangian which includes terms

for the collinear and ultrasoft quarks and gluons,

L(0)
SCETI

=
∑
ni

(
L(0)
niξ

+ L(0)
nig

)
+ L(0)

us , (2.93)

and we consider as part of L(0)
nig and L(0)

us the corresponding gauge fixing and ghost La-

grangian terms. In full generality the sum runs over all possible ni-collinear directions,

although as we mentioned, we restrict our derivation to the n-collinear case with the exten-

sion to an arbitrary ni-direction being straightforward. On the way deriving each term in

eq. (2.93), we introduce all the relevant ingredients required, including the collinear Wilson

line and the factorization of ultrasoft-collinear interactions via field redefinitions.

Collinear quark Lagrangian. Before we dive into the expansion of LQCD, it is beneficial

to understand the scaling of the quark and antiquark spinors in the collinear limit. We

start by introducing the projector operators,

Pn =
/n/̄n

4
, Pn̄ =

/̄n/n

4
, with Pn + Pn̄ = 14×4 , (2.94)

where their action on the QCD quark fields defines the ξ̂n and ϕn̄ fields

ξ̂n(x) = Pnψ(x) , ϕn̄(x) = Pn̄ψ(x) . (2.95)
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Inspecting the effect of the projectors on the scaling of the unexpanded quark spinor u(p)

we get,

un(p) = Pnu(p) =
1

2
√
p0

 [
p− + i( ~pT × ~σ) · ẑ

]
U

σ3

[
p− + i( ~pT × ~σ) · ẑ

]
U

 , (2.96)

un̄(p) = Pn̄u(p) =
1

2
√
p0

 [
p+ − i( ~pT × ~σ) · ẑ

]
U

σ3

[
p+ − i( ~pT × ~σ) · ẑ

]
U

 , (2.97)

where the appearance of p− ∼ λ0 in un(p) compared to pT ∼ λ in un̄(p) implies that the

latter is suppressed in the n-collinear limit. One can show that similar relations hold for

the antiquark spinors v(p), with vn(p) ∼ λ0 whereas vn̄(p) is suppressed by at least one

power of λ. Therefore, in the n-collinear limit the relevant degrees of freedom are quarks

and antiquarks of both spins.

Now starting from the (massless) quark term of LQCD in eq. (2.15), we express it in

terms of the ξ̂n, ϕn̄ fields

L = ψ̄i /Dψ = (
¯̂
ξn + ϕ̄n̄)

(
/n

2
in̄ ·D +

/̄n

2
in ·D + i /D⊥

)
(ξ̂n + ϕn̄)

=
¯̂
ξn
/̄n

2
in ·Dξ̂n + ϕ̄n̄

/n

2
in̄ ·Dϕn̄ + ϕ̄n̄i /D⊥ξ̂n +

¯̂
ξni /D⊥ϕn̄ . (2.98)

To get to the second line we make use of spinor identities such as /nξ̂n = /̄nϕn̄ = 0 and
¯̂
ξnPn = ϕ̄n̄Pn̄ = 0 that result from the projector defining properties in eq. (2.94). The field

ϕn̄ carries un̄, vn̄ and as we saw it will not be contributing at LP, so it can be integrated

out by shifting ϕn̄ and completing the square in eq. (2.98),

ϕn̄ 7→ ϕn̄ −
/̄n

2

1

in̄ ·D i /D⊥ξ̂n ,

L 7→ ¯̂
ξn

(
in ·D + i /D⊥

1

in̄ ·D i /D⊥

)
/̄n

2
ξ̂n + ϕ̄n̄

/n

2
in̄ ·Dϕn̄ . (2.99)

Since ϕn̄ is a Grassmann field, integrating it out yields the determinant det
( /n

2 in̄ ·D
)

which

at first sight appears to be gauge field dependent. The easiest way to see that it will not

be contributing, is realizing its independence under gauge transformations and that in

lightcone gauge n̄ ·A = 0. This implies that the determinant is independent of n̄ ·A in any

gauge and results to an overall trivial factor [60].12 The Lagrangian for the ξ̂n field then

reads

L =
¯̂
ξn

(
in ·D + i /D⊥

1

in̄ ·D i /D⊥

)
/̄n

2
ξ̂n . (2.100)

12Equivalently, one can consider closed loop Feynman diagrams of ϕn̄ where only n̄ · A fields appear as

external legs. In these, all fermion propagators have the same +iε prescription and thus lie at the same

side of the complex plane, allowing to close the integration contour on the opposite side and pick none

of the poles.
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Note that we have not yet expanded in the strict n-collinear limit since the covariant

derivatives still contain the full gauge field Aµ as well as power suppressed terms from the

action of ∂µ on the fields. We start by disentangling the collinear and ultrasoft scaling of

Aµ by expanding it as

Aµ = Âµn +Aµus + . . . , (2.101)

where we drop any power suppressed terms that are irrelevant for the LP Lagrangian.

Note that eq. (2.101) is on par with the picture presented in section 2.3.1, where the Âµn
is considered as a quantum field and Aµus is the corresponding classical background field.

To separate momentum contributions of different scaling, we perform the label-residual

decomposition which amounts to the replacement of i∂µ 7→ Pµ + i∂µ and the substitutions

ξ̂n 7→ ξn, Âµn 7→ Aµn as defined in eqs. (2.75) and (2.76). The last step involves the expansion

of the covariant derivatives in eq. (2.100) using the scaling of the fields in eqs. (2.69) and

(2.70) and of the differential operators in eq. (2.77),

in ·D = in · ∂ + gn ·An + gn ·Aus +O(λ3) , (2.102)

in̄ ·D = n̄ · P + gn̄ ·An +O(λ2) , (2.103)

iDµ
⊥ = Pµ⊥ + gAµn⊥ +O(λ2) . (2.104)

Taking into account all of the above leads to the LP Lagrangian for the n-collinear quark

field,

L(0)
nξ = e−iP·xξ̄n

(
in ·D + i /Dn⊥

1

in̄ ·Dn
i /Dn⊥

)
/̄n

2
ξn . (2.105)

where we defined

in̄ ·Dn ≡ n̄ · P + gn̄ ·An , iDµ
n⊥ ≡ P

µ
⊥ + gAµn⊥ . (2.106)

To proceed and bring eq. (2.105) to its final form we have to discuss first two important

emerging quantities in SCET, the collinear and ultrasoft Wilson lines, which are the topics

of the next two paragraphs.

Collinear Wilson line. In eq. (2.69) we saw that n̄·An ∼ O(1), a result that went rather

unappreciated. In practical terms, this implies that we can have an arbitrary number of

n̄·An gluon insertions in an operator, at any order in the power expansion, without inducing

any λ suppression to it. The implications of this observation are far reaching and already

affect eq. (2.105): were we to expand the 1/(in̄ · Dn) with respect to gn̄ · An, we would

find that already at LP an infinite number of such gluon insertions are contributing and

thus no closed form expression of the Lagrangian would be possible to be formulated [46].

Therefore, it is convenient to capture their effect in terms of the collinear Wilson line [58],

Wn ≡Wn(x) = P exp

[
ig

∫ 0

−∞
ds n̄ ·An(x+ n̄s)

]
=
∑
perm

exp

[ −g
n̄ · P n̄ ·An(x)

]
, (2.107)
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where ‘P’ denotes the necessary path ordering for non-abelian fields. In the second line

we performed the FT with respect to the label momenta, such that now the x spacetime

dependence that n̄ ·An carries is only with respect to residual momenta.

Under a gauge transformation a (full theory) QCD Wilson line W (x, y) transforms as

W (x, y)
U7−→ U(x)W (x, y)U †(y) [36], which implies the following collinear and ultrasoft

gauge transformations for Wn,

collinear : Wn(x)
Ûn7−−→ ÛnWn(x) (2.108)

ultrasoft : Wn(x)
Uus7−−→Uus(x)Wn(x)U †us(x) . (2.109)

Note that under Ûn transformations, Wn(x) transforms only with respect to the upper

integration bound since for the lower U †n(n ·x = −∞) = 1 which corresponds to the position

space analog of the boundary condition that we imposed in eq. (2.82). On the other hand,

ultrasoft transformations amount to local transformations since Wn(x) is a local operator

in the conjugate space of residual momenta as all collinear fields n̄ ·An are localized at x.

Expressed in label momentum space, the collinear Wilson line satisfies the equations

W †nWn = 1 , in̄ ·DnWn = 0 , (2.110)

with the covariant derivative defined in eq. (2.106). From these it is straightforward to

show that

f(in̄ ·Dn) = Wnf(n̄ · P)W †n , (2.111)

for any function f . In order to fully exploit eq. (2.111), we observe that collinear gauge

invariance imposes that n̄ · P and n̄ ·An appear always together, something that allows the

effective substitution of n̄ ·An ↔ n̄ · P via

1

in̄ ·Dn
= Wn

1

n̄ · PW
†
n . (2.112)

Ultrasoft Wilson line. Inspecting the field content of the collinear quark Lagrangian

in eq. (2.105),

L(0)
nξ ≡ L

(0)
nξ

(
ξn, A

µ
n, n ·Aus

)
, (2.113)

we see interaction terms between ξn and all components of the collinear gluon field Aµn as

well as with n · Aus ultrasoft gauge field, both of which are dictated by gauge invariance

and power counting. The attentive reader may have noticed that using eq. (2.112) we can

swap in eq. (2.105) the in̄ ·Dn for ordinary derivatives at the expense of introducing (some)

Wilson lines. Having this in mind and aiming for a factorization between modes of different

scaling, it is natural to ask whether the same can be achieved for the ultrasoft gauge field

n ·Aus appearing in L(0)
nξ ? While the answer is positive, what is more surprising is that it

can be shown that all collinear-ultrasoft interactions can be completely eliminated from

the LP collinear Lagrangian [58]. To show this, we make the following two considerations.
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First, we introduce the ultrasoft Wilson line which in the fundamental representation

reads,

Yn ≡ Yn(x) = P exp

[
ig

∫ 0

−∞
ds n ·Aµus(x+ ns)

]
, (2.114)

and it is understood that the corresponding ultrasoft Wilson line in the adjoint represen-

tation Yn(x) is obtained from eq. (2.114) upon T a 7→ −ifabc. Now, Yn satisfies the usual

defining equation of Wilson lines,

Y †nYn = 1 , in ·DusYn = 0 , (2.115)

where in ·Dus ≡ in · ∂ + gn · Aus. Same as we did for Wn, using eq. (2.115) it is easy to

show that

Y †n in ·DusYn = in · ∂ , (2.116)

which achieves the first goal, namely to exchange covariant derivatives in ·Dus for Wilson

lines Yn and ordinary partial derivatives in · ∂.

Secondly, we employ a field redefinition in order to simplify the collinear Lagrangian

by using the equations of motion (EoM) and replace redundant terms that give identical

contributions to the S matrix elements [61]. Specifically for SCET, these redefinitions go by

the name Bauer-Pirjol-Stewart (BPS) field redefinitions [58] which for the collinear quark,

gluon and ghost fields amount to

ξn,p̃(x) = Yn ξ
(0)
n,p̃(x) , Aµn,p̃(x) = YnA

µ(0)
n,p̃ (x)Y †n , cn,p̃(x) = Ync

(0)
n,p̃(x)Y †n . (2.117)

Here, the superscript ‘(0)’ is used to denote the BPS-transformed fields and we introduced

the ghost fields cn,p̃ which are relevant in any general covariant gauge. The transformation

of Aµn,p̃ is according to the adjoint representation and from the definition of Wn in eq. (2.107),

together with the fact that the label momentum operator Pµ commutes13 with Yn, the

collinear Wilson line also transforms the same,

Wn = YnW
(0)
n Y †n . (2.118)

Collinear quark Lagrangian (continued). At this point we are in position bring L(0)
nξ

to its final form by using the results of the two previous paragraphs. We start by employing

eq. (2.112) in eq. (2.105) to replace any occurrence of in̄ ·Dn,

L(0)
nξ = e−iP·xξ̄n

(
in ·D + i /Dn⊥Wn

1

n̄ · PW
†
ni /Dn⊥

)
/̄n

2
ξn , (2.119)

13The ultrasoft Wilson line is composed out of ultrasoft fields Aµus which carry only residual momenta and

therefore Pµ does not act on them.
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where the entire effect of the n̄ · An ∼ O(1) fields is now encoded in the collinear Wilson

lines Wn. Next, using eq. (2.116) and performing the BPS field redefinitions, eqs. (2.117)

and (2.118), we have

L(0)
nξ

(
ξn, A

µ
n, n ·Aus

)
BPS7−−−→ L(0)

nξ

(
ξ(0)
n , Aµ(0)

n , n ·Aus
)

=

= e−iP·xξ̄(0)
n

(
Y †n in ·DusYn + gn ·A(0)

n + i /D
(0)
n⊥W

(0)
n

1

n̄ · PW
†(0)
n i /D

(0)
n⊥

)
/̄n

2
ξ(0)
n

= e−iP·xξ̄(0)
n

(
in · ∂ + gn ·A(0)

n + i /D
(0)
n⊥W

(0)
n

1

n̄ · PW
†(0)
n i /D

(0)
n⊥

)
/̄n

2
ξ(0)
n (2.120)

≡ L(0)
nξ

(
ξ(0)
n , Aµ(0)

n , 0
)
,

where i /D
(0)
n⊥ = /P⊥ + g /A

(0)
n⊥ denotes the covariant derivative with respect to the BPS-

transformed gluon field. Eq. (2.120) is the final form of the n-collinear quark Lagrangian

and as it is explicitly shown, the BPS field redefinitions along with eq. (2.116) have allowed

for the complete elimination of the n · Aus gauge field from L(0)
nξ . This translates to the

absence of any collinear-ultrasoft interactions between the fields. It is important to state

though that ultrasoft interactions did not completely disappear ; a consistent treatment

of the BPS redefinitions requires the redefinition of the fields in any of their occurrences,

thus moving collinear-ultrasoft interactions out of the Lagrangian and into operators. This

result is quite remarkable as it corresponds to the first instance of factorization between

fields that capture different modes.

The BPS redefinitions are instrumental in proving factorization theorems and we ex-

plicitly employ them in section 3.2 where we show the factorization of the transverse

momentum distribution for the process pnpn̄ → Z → ν`ν̄` in SCET. Finally, we remark that

the elimination of ultrasoft modes via BPS field redefinitions is plausible only for the LP

SCET Lagrangian L(0)
SCETI

, since at subleading orders in λ, ultrasoft-collinear interactions

do appear in L(n>0)
SCETI

in a from that cannot be reproduced entirely from ultrasoft Wilson

lines Yn.

Collinear gluon Lagrangian. Having developed all the tools needed in the previous

sections, the construction of the LP collinear gluon Lagrangian L(0)
ng is now straightforward

except for one subtle point that needs extra care.

We start from the definition of the QCD field strength tensor in eq. (2.11) and expand

the covariant derivative in the n-collinear limit. This was already performed in eqs. (2.102),

(2.103), and (2.104) which allows us to isolate the strict LP terms

iDµ = iDµ + . . . , where iDµ =
nµ

2
in̄ ·Dn +

n̄µ

2
in ·D +Dµ

n⊥ , (2.121)

and the neglected terms correspond to power suppressed contributions that are irrelevant

at LP.

To proceed, we remind the analogy that we made between the collinear Aµn and ultrasoft

Aµus fields, namely that we shall consider the former as a quantum field and the latter as
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a classical field in a background gauge. This implies that both the gauge fixing and the

collinear ghost Lagrangian terms14 should be covariant with respect to Aµus. Another way

to view it, is by recalling that collinear and ultrasoft gauge transformations have support

over different momentum scalings and thus the collinear gauge fixing term should only

break the invariance of collinear gauge transformations while being completely covariant

with respect to the ultrasoft. Given these observations, we replace all partial derivatives

appearing in eqs. (2.12) and (2.13) with ultrasoft covariant derivatives, which at LP it

amounts to the substitution

i∂µ 7→ iDµus = Pµ +
n̄µ

2

(
in · ∂ + gn ·Aus

)
, (2.122)

where only the n ·Aus component appears due to power counting. Thus, the LP collinear

gluon Lagrangian reads

L(0)
ng =e−iP·x 1

2g2
Tr
{

([iDµ, iDν ])2
}

+ e−iP·x 1

τn
Tr
{

([iDusµ , Aµn])2
}

+ e−iP·x 2 Tr
{
c̄n
[
iDusµ , [iDµ, cn]

]}
. (2.123)

where τn is the gauge fixing parameter for the collinear gluon fields and the traces are

understood to be over color indices.

Closing, we mention that although so far we included the ultrasoft gauge field n ·Aus in

the derivation of L(0)
ng , resulting into interaction terms between Aµn, can and n ·Aus, it can be

shown that all occurrences of n ·Aus can be completely eliminated from L(0)
ng by employing

the BPS field redefintions same way as it happened for the collinear quark Lagrangian

L(0)
nξ . This results into the decoupling collinear-ultrasoft interactions from the LP gluon

Lagrangian.

Ultrasoft Lagrangian. In eq. (2.70) we derived the scaling for the ultrasoft gluons

where we crucially found that Aµus ∼ (λ2, λ2, λ2), i.e. all of its components have the same

scaling. This result, in addition to the ultrasoft momenta being homogeneous and isotropic,

pus ∼ (λ2, λ2, λ2), imply that the ultrasoft Lagrangian for both quarks and gluons will be a

mere copy of LQCD. One thing that we should be cautious about is that τn in eq. (2.123) does

not fix the gauge of Aµus and therefore a separate gauge fixing term τus has to be introduced.

This reflects once more the fact that collinear and ultrasoft gauge transformations are

different and realized separately. Therefore, the full LP ultrasoft Lagrangian reads,

L(0)
us = ψ̄usi /Dusψus −

1

2
TrFµνus F

us
µν +

1

τus
Tr
{

(i∂µA
µ
us)

2
}

+ 2 Tr
{
c̄usi∂µiDµ

uscus
}
, (2.124)

where now we defined the covariant derivative iDµ
us = i∂µ + gAµus and cus are the corre-

sponding ultrasoft ghost fields.

14We remind the reader that L(0)
ng is defined to contain both the gauge fixing and the collinear ghost

Lagrangian terms.
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2.3.4 Hard-collinear factorization and operator building blocks

Our discussion in section 2.3.3 focused only on the dynamical d.o.f. of SCET, namely the

collinear and ultrasoft modes. Goal of this section is to describe how modes with momenta

pµ ∼ Q, where Q some characteristic hard scale of the physical process, are integrated out

and consistently included in SCET.

Wilson coefficients. Not only particular to SCET, but ubiquitous in EFTs is the in-

clusion of the high-energy effects through a matching procedure between the full theory

and the corresponding EFT operators. The necessity for such procedure stems from the

observation that EFTs are constructed to capture (certain part of) the IR physics, thus

being completely agnostic about the UV region of the underlying theory. It is also under-

stood from the fact that the hard modes are not part of the EFT’s propagating d.o.f and

therefore the mismatch between full theory and EFT must be properly accounted for via

a (matching) coefficient, the so-called Wilson coefficient. While in EFTs such as Fermi’s

theory of EW interactions, the matching procedure has a simple multiplicative form, this

is not the case in SCET since operators and Wilson coefficient share the same (hard) scale.

To better illustrate the procedure and discuss some features of the Wilson coefficient

which are particular in SCET, we consider the matching for e+e− → γ∗ → 2 jets [62, 63].

The gauge invariant QCD hadronic current reads,

JµQCD = ψ̄γµψ . (2.125)

Turning to the corresponding SCET operator, naively we would think that the current

that mediates this process is composed only out of two collinear quark fields, one in each

lightcone direction nµ1 , n
µ
2 of the (hard) partons that emerge out of the hard scatter. The

naive SCET current then reads [64],

JµSCET = ξ̄n1,p̃γ
µξn2,q̃ . (2.126)

To see why JµSCET in eq. (2.126) is referred to as ‘naive’, consider its collinear gauge

transformation given by eq. (2.83),

JµSCET
Ûn7−−→ Jµ ′SCET = ξ̄n1,p̃Û

†
n1
γµÛn2ξn2,q̃ 6= JµSCET , (2.127)

where we see that the current JµSCET is not collinear gauge invariant. To remedy this, we

must include as part of the SCET current the collinear Wilson lines Wni , one for each

direction [64]

JµSCET = ξ̄n1,p̃Wn1γ
µW †n2

ξn2,q̃ , (2.128)

where now the transformation of Wni

Ûni7−−→ UniWn compensates that of the fields ξ̄ni (same

for W †n2 and ξn2) and ensures collinear gauge invariance of the current in eq. (2.128). Of

course and as it should, the current in eq. (2.128) is also invariant under ultrasoft gauge

transformations as defined in eqs. (2.87) and (2.109).
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Having discussed the form of the SCET current, we would be ready to perform the

matching procedure had it not been for a delicate point that we have to consider. The Wilson

coefficient in full generality depends on the hard scale of the process, which corresponds

to the large label momenta that are also carried by the collinear fields. Thus, in place

of a multiplicative matching there is instead a convolution between the Wilson coefficient

and the SCET current in the label momenta. This is best implemented using the label

momentum operator Pµ [64],

JµQCD = [ξ̄n1,p̃Wn1 ]γµC(n̄1 · P†, n̄2 · P)[W †n2
ξn2,q̃]

=

∫
dω1dω2 C(ω1, ω2) [ξ̄n1,p̃Wn1 δ(ω1 − n̄1 · P†)]γµ[δ(ω2 − n̄2 · P)W †n2

ξn2,q̃]

≡
∫

dω1dω2 C(ω1, ω2)O(ω1, ω2) , (2.129)

where in the first line it is understood that the Wilson coefficient C(n̄1 ·P†, n̄2 ·P) acts as an

operator by picking the label momenta of collinear gauge invariant products of fields, here

grouped in square brackets. In the second line we trade C(n̄1 ·P†, n̄2 ·P) for delta functions

that act as operators on fields and Wilson lines within the square brackets. This allows

us to rewrite the expression as a convolution between a real-valued function C(ω1, ω2)

and a SCET operator O(ω1, ω2) of definite label momenta ω1, ω2. Note that since Pµ
commutes with the ultrasoft Wilson lines Yn, we can perform the BPS field redefinitions of

eq. (2.117) at any point without affecting the form of the Wilson coefficient. Eq. (2.129)

holds a remarkable result as it encodes the factorization of the hard dynamics captured

by C(ω1, ω2), from the ultrasoft and collinear dynamics encoded in the SCET operator

O(ω1, ω2).

Operator building blocks. Taking into consideration the requirement of collinear and

ultrasoft gauge invariance that SCET operators must fulfill, we are motivated to define

and work with fields that comply with such restrictions. To this end, we introduce the

fields [65, 66]

χn,ω(x) =
[
δ(ω − n̄ · P)W †n(x)ξn(x)

]
, (2.130)

Bµn⊥,ω(x) =
1

g

[
δ(ω + n̄ · P)W †n(x)iDµ

n⊥Wn(x)
]
, (2.131)

where χn,ω is the corresponding n-collinear gauge invariant quark building block and Bµn⊥,ω
is the analogous one for the gluon. For the latter, its two components can be taken as its

physical polarizations. Both fields carry definite continuous label momenta, ω, that are set

by the delta functions δ(ω ± n̄ · P). Notation-wise, it is understood and used throughout

in this thesis, that both the label momentum operator and the derivative operators that

appear in square brackets, act only on the fields inside the square brackets. It is easy to

show that under the BPS field redefinitions ultrasoft interactions can be completely factored
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2.3 Soft-Collinear Effective Theory (SCET)

out of eqs. (2.130) and (2.131) and captured by ultrasoft Wilson lines Yn,

χn,ω(x) = Y †n (x)χ(0)
n,ω(x) , (2.132)

Bµn⊥,ω(x) = Y †n (x)Bµ(0)
n⊥,ω(x)Yn(x) . (2.133)

As a final comment, we mention that the operators

χn,ω(x) , Bµn⊥,ω(x) , Pµ⊥ , n̄ · P , (2.134)

form a complete basis, i.e. all other collinear operators can be reduced such that they

contain only the basic building blocks of eq. (2.134) [66].

2.3.5 SCETII

As we mentioned in section 2.3.1, measurements that restrict the transverse momenta

of the contributing modes, e.g. the qT of a color-singlet probe (H,Z,W±, . . .) or jet

broadening [67], cannot be described by SCETI. This can understood from the fact that

for the ultrasoft modes p⊥us ∼ λ2 which is parametrically suppressed compared to the

corresponding component of the collinear modes p⊥n ∼ λ. Instead, the correct homogeneous

modes that contribute to such measurements are the soft modes

ps ∼ Q(λ, λ, λ) , p2
s ∼ Q2λ2 , (2.135)

and the LP Lagrangian L(0)
s that captures their dynamics is just a copy of the QCD

Lagrangian. Thus, SCETII is the EFT that describes interactions between soft and collinear

modes in the presence of a hard interaction.

One of the crucial differences between SCETI and SCETII is that while the scaling of

the ultrasoft modes allows for interactions with the collinears, this is not the case when

we consider soft-collinear interactions. A simple power counting argument is enough to

convince that the resulting momenta of such interaction is that of an off-shell mode,

kn = pn + ps ∼ Q(1, λ, λ) , k2
n ∼ Q2λ , (2.136)

where we see that the resulting mode’s virtuality is no longer that of a collinear ∼ (Qλ)2.

Therefore, in contrast to the ultrasofts that explicitly appear in L(0)
nξ and L(0)

ng as interaction

terms, the softs do not, and since they lead to off-shell configurations they have to be

integrated out of SCET. This is achieved via a matching procedure and gives rise to the

soft Wilson line [58] which in the fundamental representation reads,

Sn(x) = P exp

[
ig

∫ 0

−∞
ds n ·As(x+ ns)

]
(2.137)

=
∑
perm

exp

[ −g
n · P n ·As(x)

]
, (2.138)

and the corresponding soft Wilson line in the adjoint representation Sn(x) can be obtained

from eq. (2.137) by T a 7→ −ifabc.
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In ref. [58] it is proven using the auxiliary field method that integrating out off-shell soft-

collinear interactions builds up Sn(x) and in ref. [64] a proof is given for the case involving

two collinear directions. Another way to understand the necessity for the emergence of

Sn(x) is that the SCET currents must also be invariant under soft gauge transformations,

something that places stringent restrictions on the way that soft Wilson lines appear in

operators. Thus, much like the collinear Wilson line Wn(x) which ensures collinear gauge

invariance, Sn(x) should be regarded as a fundamental object in SCET.

In order to construct SCETII, a stepped procedure was proposed in refs. [58, 68], with

the subsequent matchings defined as follows:

1. Match from QCD to SCETI with n-collinear modes scaling∼ Q(1, λ,
√
λ) and ultrasoft

modes scaling ∼ Q(λ, λ, λ). Note that although the scaling of the ultrasofts is what

we call soft modes, the virtuality of the collinears is p2
n ∼ Q2λ and this effectively

corresponds to a SCETI setting.

2. Perform the BPS field redefintion as defined in eq. (2.117). That way the ultrasoft-

collinear interactions are completely eliminated in the SCET Lagrangian and moved

into the currents in terms of ultrasoft Wilson lines Yn(x).

3. Lower the virtuality of the collinear modes λ 7→ λ2 such that they now scale

pn ∼ Q(1, λ2, λ), have the correct virtuality p2
n ∼ (Qλ)2, and do not induce a nontriv-

ial Wilson coefficient. Since the scaling of the ultrasoft modes remained the same in

the previous step, set Yn(x) 7→ Sn(x) to obtain an explicit dependence on soft Wilson

lines in the currents.

The second crucial difference between SCETI and SCETII is the emergence of a certain

type of divergences that appear only in the latter and they cannot be treated by dimensional

regularization. These divergences go by the name of rapidity divergences [69–72]. Their

nature is neither UV nor IR as they don’t exist in the underlying full theory and they result

as a product of the power expansion of QCD in λ. Specifically, their appearance can be

traced in that soft and collinear modes share the same virtuality p2
s ∼ p2

n ∼ (Qλ)2 while

their rapidities are distinct, p−s /p
+
s ∼ O(1) whereas p−n /p

+
n ∼ O(λ−2). This can be seen in

the right panel of figure 2.4. The intuitive picture is that since soft modes (orange) live on

the same mass hyperbola as the collinear modes (green), a longitudinal boost can slide them

towards either collinear direction, thus obtaining a collinear scaling. Analogously, the same

boost applied to collinear modes can turn them to soft. This implies that such divergences

will manifest themselves in both soft and collinear (factorized) matrix elements in SCET,

but cancel when both sectors are combined. In order to address this issue, the limits

between soft and collinear modes have to be clearly separated, that is to say, invariance

under boosts has to be broken.

Throughout the literature various rapidity regulators have been proposed and em-

ployed [73–76] and one of them is the η regulator [69, 70] which is very much in spirit

of dimensional regularization. In that, boost invariance is explicitly broken by regulating
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the lightcone and longitudinal momenta upon introducing the following modifications in

the collinear and soft Wilson lines of eqs. (2.107) and (2.138) [69, 70]

Wn(x) =
∑
perm

exp

[
−gw2 |n̄ · Pg|−η

ν−η
n̄ ·An(x)

n̄ · P

]
, (2.139)

Sn(x) =
∑
perm

exp

[
−gw

|2P3
g |−η/2
ν−η/2

n ·As(x)

n · P

]
. (2.140)

where ν is a dimensionful parameter such that the exponent remains dimensionless. In

eq. (2.107) the label momentum operator Pg picks the group momenta of a connected web

(c-web) and w is a bookkeeping parameter that satisfies

ν
dw

dν
= −η

2
w , (2.141)

so that the bare matrix elements are ν-independent and at the end of each calculation it is set

w = 1. With the η regulator rapidity divergences in the soft and collinear matrix elements

appear as poles in η, for η → 0, and they are renormalized along the UV-originating ε-poles

in the MS scheme. Note that the order of taking the zero limit of the regulators is important,

as the η → 0 has to happen while the modes lie on the same invariant mass hyperbola,

which implies that the correct way is first taking η → 0 and then ε→ 0. In close analogy to

µ-independence, bare matrix elements also have to be ν-independent something that yields

their corresponding rapidity anomalous dimensions and gives rise to the corresponding

rapidity renormalization group equations (RRGEs). The latter are solved in order to evolve

functions that live in distinct rapidities to a common, arbitrary one and effectively resum all

(large) rapidity logarithms. In section 3.2 we see the form of the RRGEs in the context of

qT factorization, and in section 4.3 we solve them for the transverse momentum dependent

beam and soft functions in order to predict their ν-dependent FO structure up to O(α3
s).
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Chapter 3

Resummation in the presence of

multiple gauge interactions

In this chapter we consider the higher-order resummation of Sudakov double logarithms

in the presence of multiple coupled gauge interactions. The associated evolution equations

depend on the coupled β-functions of two (or more) coupling constants αa and αb, as

well as on anomalous dimensions that have joint perturbative series in αa and αb. We

discuss possible strategies for solving the system of evolution equations that arises. As an

example, we obtain the complete three-loop (NNLL) QCD⊗QED Sudakov evolution factor.

As part of our analysis we also revisit the case of a single gauge interaction (pure QCD),

and study the numerical differences and reliability of various methods for evaluating the

Sudakov evolution factor at higher orders. We find that the approximations involved in

deriving commonly used analytic expressions for the evolution kernel can induce noticeable

numerical differences, exceeding the perturbative precision at N3LL and in some cases even

at NNLL.

This chapter is based on ref. [1] while section 3.2 has been added.

3.1 Introduction

Despite their smaller couplings in the SM, corrections from the emission of EW bosons can

be comparable to those of QCD calculated at NNLO (cf. αe ∼ α2
s). The exchange of massive

virtual EW bosons in high-energy processes can generate EW Sudakov logarithms, which

can cause sizeable EW corrections. The resummation of EW Sudakov logarithms has been

studied for many years, albeit typically at lower orders than in QCD, see e.g. refs. [77–90].

As a result, achieving sufficiently precise predictions for many collider observables requires

considering them in a joint QCD⊗EW environment to fully capture all relevant effects.

This is of course true when considering an extremely high energy future collider [91], where

EW corrections can be O(1), but also for measurements at the LHC reaching percent-

level precision, the prime example being the high-precision measurements of W and Z

production [92–97]. The literature reflects this: The impact of EW and mixed QCD⊗EW

corrections on the W -mass measurement have received much attention (see e.g. refs. [98–101]

and references therein). QED corrections to the evolution of PDFs have also been obtained,

see e.g. refs. [102–107]. The full NNLO O(αeαs) mixed QCD⊗QED corrections and O(α2
e)
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QED corrections for on-shell Z production were calculated recently in ref. [108] and for

Higgs production in bottom-quark annihilation in ref. [109]. The one-loop QED corrections

to the Sudakov resummation were included in the high-precision analysis of thrust in

e+e− collisions [110]. The resummed pT spectrum of Z-boson production including QED

corrections was obtained in ref. [111], capturing the pure QED logarithmic contributions at

NLL and the mixed QCD⊗QED contributions at LL. Closely related, the QED corrections

to the two-loop anomalous dimensions of pT -dependent distributions were obtained in

ref. [112] and of the quark form factors in ref. [109].

In light of the above and in an effort to match the ever increasing experimental precision,

it is therefore timely to perform a thorough study on the methods for performing higher-

order Sudakov resummation in the presence of multiple gauge interactions. To motivate for

the emerging structure in such cases, we begin this chapter with a review on the transverse

momentum (qT ) factorization in QCD⊗QED. Specifically, we consider the production in

hadronic collisions of a color-singlet at small qT � Q, with Q its invariant mass, when only

QED initial state radiation (ISR) effects are accounted for. We work in SCET, following

closely the corresponding derivation of the pure QCD factorization [71, 113, 114] and discuss

the appropriate the modifications for the inclusion of QED radiation. While it has been

shown that these effects can be straightforwardly incorporated [112], going through the

factorization serves well for motivating its RGE structure, discuss the strategy for the

extraction of higher-order QCD⊗QED perturbative ingredients, and provides a stepping

stone for the rest of the chapter.

In the second part, we step back and reevaluate some of the technical aspects of Sudakov

resummation when the interactions of two gauge symmetries Ga ⊗Gb are involved, staying

agnostic as to the precise resummation formalism utilized. In particular, we analyze the

integrand structure of the Sudakov evolution factor

U(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′
Γcusp[αa(µ

′), αb(µ
′)] ln

Q

µ′
+ γ[αa(µ

′), αb(µ
′)]

}
. (3.1)

An evolution factor of this form necessarily appears in all formulations of higher-order

Sudakov resummation. It implicitly depends on the β-functions controlling the renormal-

ization group evolution of both gauge coupling constants αa(µ) and αb(µ), which in general

are a coupled system of differential equations, as well as on anomalous dimensions (Γcusp, γ)

whose perturbative expansions are themselves joint series in αa,b. We attempt to be as

generic as possible in our discussion and therefore do not immediately specify Ga,b. To draw

some phenomenological conclusions we eventually consider the example of QCD⊗QED, i.e.

Ga ≡ SU(3)c and Gb ≡ U(1)em, for which we obtain the complete three-loop (NNLL)

Sudakov evolution factor.

Interestingly, we also find that the approximations made in obtaining closed-form analytic

expressions for eq. (3.1) that are commonly used in the literature can lead to nonnegligible

numerical differences. When evolving to low scales, where the resummation becomes most

important, the resulting effects can reach several percent or more. In other words, the

use of different strategies for evaluating eq. (3.1) can be a source of nontrivial systematic
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differences between different resummation implementations that can potentially exceed the

perturbative precision one is aiming for.

Since these issues already appear for a single gauge interaction we devote a substantial

fraction of this chapter in exploring them for this simpler case, using pure QCD as test

case. Ultimately, we are forced to conclude that the commonly used approximate analytic

expressions for eq. (3.1) are not sufficiently reliable when aiming for percent-level precision.

We find that a seminumerical approach, where the µ-integration in the exponent of eq. (3.1)

is carried out numerically while using an approximate analytic solution for the running

of the coupling, provides a good compromise, which also straightforwardly generalizes to

multiple gauge interactions.

The structure of the chapter is as follows. In section 3.2 we go through the extension of

QCD qT factorization when QED ISR effects are included. We discuss the resulting RGE

structure and comment on the method for extracting pure QED and mixed QCD⊗QED

perturbative ingredients. In section 3.3, we discuss the coupled β-functions for αa,b. We first

review the standard approximate analytic solutions for α in the one-dimensional case, and

then derive corresponding approximate analytic solutions for the coupled system up to three-

loop (NNLO) running. In section 3.4, we move to analyzing the Sudakov evolution kernel

for the one-dimensional case, discussing several methods for evaluating it and studying

their numerical performance up to N3LL. In section 3.5 we then apply the lessons learned

to the case of two coupled gauge interactions. We conclude in section 3.6.

3.2 QCD⊗QED transverse momentum factorization

We consider the production of a Z boson in hadronic collisions and its subsequent decay

to neutrinos

pn(Pn)pn̄(Pn̄)→ Z(q)X(pX)→ ν`(p1)ν̄`(p2)X(pX) , (3.2)

where the incoming protons pn, pn̄ carry momenta Pµn = (Ecm/2)nµ and Pµn̄ = (Ecm/2)n̄µ.

We denote the four-momenta of the vector boson by qµ and X is any hadronic or electro-

magnetic radiation with momentum pµX upon which we are inclusive. Since our focus is

the investigation of QCD and QED ISR effects and their impact on transverse momentum

factorization, we conveniently choose the decay Z → ν`ν̄` which is neither charged under

SU(3)c nor under U(1)em. This implies the absence of final state (FSR) and initial-final

state (IFI) QED radiation effects that would otherwise impose further conceptual and

practical difficulties to the derivation of the factorization.

We measure the invariant mass Q2 and the rapidity Y of the vector boson

Q2 = q2 , Y =
1

2
ln
q−

q+
, with q± = e∓Y

√
Q2 + q2

T , (3.3)

as well as the transverse momentum ~pTX of all the hadronic and electromagnetic radiation,

which as we show, it is eventually identified with the Z boson’s transverse momenta. The
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differential, full theory cross section reads

dσ

dQ2dY d2~pT
=

1

4E2
cm

∫
d2~qT
(2π)4

∫
dΦL(q) (2π)4δ(4)(Pn + Pn̄ − pX − q) δ(2)(~pT − ~pTX )∑∫

X

∣∣M(pnpn̄ → ν`ν̄`X)
∣∣2 , (3.4)

where we keep the average and sum over color/polarizations implicit while the summation

over X is understood to include the corresponding phase space integrals (denoted with the

superimposed integral). Here, dΦL(q) is the Lorentz invariant (massless) two-body phase

space

dΦL(q) =
∏
i=1,2

[
d4pi
(2π)4

(2π)δ(p2
i )θ(p

0
i )

]
(2π)4δ(4)(q − p1 − p2) . (3.5)

Since the final state is electromagnetically and color neutral, we can separately treat

production from decay. The squared matrix element can then be written into the form∣∣M(pnpn̄ → ν`ν̄`X)
∣∣2 = Lµ†Lν

〈
pnpn̄

∣∣J†µ(0)
∣∣X〉〈X∣∣Jν(0)

∣∣pnpn̄〉 , (3.6)

and Jµ ≡ JµZ is the EW current that couples quarks of flavor q to the Z boson

JµZ = −|e|
∑
q

ψ̄qγ
µ(vq − aqγ5)ψq , (3.7)

where vq, aq are the vector and axial-vector couplings respectively. In eq. (3.6) Lµ is the

amplitude for the propagation and decay of Z → ν`ν̄`. In order to make the production-

decay factorization explicit, we cast the cross into the form

dσ

dQ2dY d2~pT
=

1

4E2
cm

∫
d2~qT
(2π)4

Wµν(q, ~pT )Lµν(q) , (3.8)

where we defined

Wµν(q, ~pT ) =
∑∫
X

〈
pnpn̄

∣∣J†µ(0)
∣∣X〉〈X∣∣Jν(0)

∣∣pnpn̄〉 (3.9)

× (2π)4δ(4)(Pn + Pn̄ − pX − q) δ(2)(~pT − ~pTX ) ,

Lµν(q) =

∫
dΦL(q) Lµ†Lν ≡

(
gµν − qµqν

q2

)
L(Q2) . (3.10)

Here, Lµν is the leptonic tensor and going from the first to the second equality in eq. (3.10)

we made use of the leptonic current conservation and that in the SM the neutrino masses

mν` = 0. In eq. (3.9) we defined the hadronic tensor Wµν which crucially captures all QCD

and QED dynamics.

At this point, standard manipulations involve promoting ~pTX to an operator ~pTX 7→ ~̂pTX
that acts upon the states X picking their transverse momenta and express the momentum

conserving delta function in eq. (3.9) as an exponential. The current in the conjugate
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matrix element of eq. (3.9) can then be translated, something that allows to perform the

summation over the states X and write

Wµν(q, ~pT ) =

∫
d4x e−iq·x 〈pnpn̄∣∣J†µ(x)δ(2)(~pT − ~̂pTX )Jν(0)

∣∣pnpn̄〉 . (3.11)

We are interested in expanding the cross section in the limit qT ≡ |~qT | � Q and to this

end we define the dimensionless power counting parameter

λ =
qT
Q
� 1 , (3.12)

with respect to which the expansion will take place. As discussed in section 2.3.1, in this

limit the dominant modes contributing to the measurement of ~pTX will be either soft or

collinear with their momenta scaling as

n-collinear: kn ∼ (1, λ2, λ) , (3.13)

n̄-collinear: kn̄ ∼ (λ2, 1, λ) , (3.14)

soft: ks ∼ (λ, λ, λ) . (3.15)

To achieve the expansion of the cross section in λ we work in SCET. Notice that based

on the scaling of the soft modes in eq. (3.15) we are in a SCETII setting [68] (see sec-

tion 2.3.5). We start by matching the full theory currents Jµ(x) onto the LP SCET

currents Jµ(x) 7→ JµSCET(x) with

JµSCET(x) =
∑
n1,n2

∫
dω1dω2d2~pT1d2~pT2d4p̃s e

−i(p̃1+p̃2+p̃s)·x
∑
q

Cµqq̄(ω1, ω2)Oqq̄(p̃1, p̃2, p̃s;x) .

(3.16)

Here, Cµqq̄ is the quark Wilson coefficient that captures all the dynamics at the hard scale

∼ Q, whereas Oqq̄ is the quark SCET operator that captures all the soft and collinear

dynamics. It is understood to be manifestly expressed in label momentum and residual

position space with its field content being,

Oqq̄(p̃1, p̃2, p̃s;x) = χ̄
(0)
n1,−p̃1

(x) T
[
δ(4)(p̃s − Ps)S†n1

Sn2(x)
]
χ

(0)
n2,p̃2

(x) . (3.17)

Here, χ
(0)
ni,p̃i

≡ χ
(0)
q ni,p̃i

are BPS [58] transformed ni-collinear quark fields of flavor q and

definite label momentum

χ
(0)
ni,p̃i

(x) =
[
δ(ωi − n̄i · P)δ(2)(~pTi − P⊥ni)W(0)†

ni ξ
(0)
ni (x)

]
, (3.18)

p̃µi = ωi
nµi
2

+ pµ⊥i , (3.19)

and Pµ is the label momentum operator, see eq. (2.74). Note that we follow the convention

of including the appropriate sign in the label momenta of the fields in eq. (3.17) such that

incoming particles have ωi > 0. For ease of notation we have suppressed the spinor and
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color indices in Cµqq̄ and Oqq̄. From now on we also drop the superscript ‘(0)’ where all

fields are understood to be BPS transformed.

At this point we come across the first difference to the pure QCD factorization since

quarks carry electromagnetic charge and they transform under U(1)em on top of the usual

SU(3)c. This necessitates the emergence of soft and collinear Wilson lines that account for

quark-photon interactions and render the SCET operator Oqq̄ in eq. (3.17) invariant also

under U(1)em collinear and soft gauge transformations. This is accomplished by identifying

in eq. (3.18) [112],

Wni(x) ≡Wni(x)W e
ni(x) , (3.20)

W e
ni(x) = exp

[
ieQq

∫ 0

−∞
ds n̄i ·Bni(x+ n̄is)

]
, (3.21)

where Qq is the charge of the collinear quark ξni(x) and Bµ
ni(x) is the ni-collinear photon

field. W e
ni(x) is the collinear photon Wilson line that captures the effect of n̄i ·Bni ∼ O(λ0)

collinear photon field, in direct analogy to the collinear gluon Wilson line Wni(x) that

we defined in eq. (2.107). Similar considerations apply also for the soft Wilson lines in

eq. (3.17) which are defined as [112],

Sni(x) ≡ Sni(x)Seni(x) , (3.22)

Seni(x) = exp

[
ieQq

∫ 0

−∞
ds ni ·Bs(x+ nis)

]
, (3.23)

with Bµ
s the soft photon field and accordingly Seni(x) the soft photon Wilson line. Sni(x) is

the soft gluon Wilson line, defined in eq. (2.137). Note in both eqs. (3.21) and (3.23) the

absence of path ordering as is appropriate for an abelian field.

At this point some comments are in line with respect to the Lagrangians that govern

the dynamics and interactions of the introduced soft and collinear photon fields. For the

soft photon field Bµ
s , the situation is exactly the same as that for the soft gluon fields. Its

Lagrangian is given by an exact (soft) copy of the full theory Maxwell Lagrangian with

the corresponding soft gauge fixing term, while its coupling to soft quark fields is obtained

by properly extending the covariant derivative of the latter. Accordingly, the Lagrangian

for Bµ
n follows as an abelian analogue of the collinear gluon Lagrangian in eq. (2.123).

Note though, that due to the abelian nature of the photon field, the soft and collinear

ghost Lagrangian terms are absent. Finally, to make the BPS transformed collinear quark

Lagrangian in eq. (2.120) manifestly invariant under collinear U(1)em, it suffices to extend

the covariant derivatives with the coupling to Bµ
n and account for the emergence of the

QED collinear Wilson line, W e
n, by substituting W

(0)
n (x) 7→W(0)

n (x).

Coming back to factorization, we proceed to obtain the LP hadronic tensor W
(0)
µν ∼ O(λ0),
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3.2 QCD⊗QED transverse momentum factorization

by substituting eq. (3.16) in eq. (3.11)

W (0)
µν (q, ~pTX ) =

∑
q

∑
n1,n2,n′1,n

′
2

∏
i=1,2

∫
dωid

2~pTid
4p̃s

∫
dω′id

2~p
′
Tid

4p̃′s

∫
d4x

× ei(p̃′1+p̃′2+p̃′s−q)·x C̄qq̄ µ(ω′1, ω
′
2)Cqq̄ ν(ω1, ω2) (3.24)

×
〈
pnpn̄

∣∣O†qq̄(p̃′1, p̃′2, p̃′s;x)δ(2)(~pT − ~̂pTX )Oqq̄(p̃1, p̃2, p̃s; 0)
∣∣pnpn̄〉 .

where the conjugate Wilson line is defined as C̄qq̄ µ = γ0C†qq̄ µγ
0. Note that here we have ex-

ploited that flavor number conservation forces q = q′ in the product (
∑

qO
†
qq̄)(
∑

q′ Oq′q̄′) [65].

Since at LP there are no interactions between collinear and soft fields, the Fock space fac-

torizes |pnpn̄〉 = |pn〉|pn̄〉|0〉 and we can consider soft and collinear contributions separately

to ~pTX by expressing the measurement delta function as

δ(2)(~pT − ~̂pTX ) =

∫
d2~knd2~kn̄d2~ks δ

(2)(~pT − ~kn − ~kn̄ − ~ks) (3.25)

× δ(2)(~kn − P⊥n)δ(2)(~kn̄ − P⊥n̄)δ(2)(~ks − P⊥s) ,

This allows us to express W
(0)
µν in a manifestly factorized form,

W (0)
µν (q, ~pT ) =

∑
q

∑
n1,n2,n′1,n

′
2

∏
i=1,2

∫
dωid

2~pTid
4p̃s

∫
dω′id

2~p
′
Tid

4p̃′s

∫
d2~knd2~kn̄d2~ks

∫
d4x

× δ(2)(~pT − ~kn − ~kn̄ − ~ks) ei(p̃′1+p̃′2+p̃′s−q)·x C̄qq̄ µ(ω′1, ω
′
2)Cqq̄ ν(ω1, ω2)

×
〈
0
∣∣T̄[δ(4)(p̃′s − Ps)S†n2

Sn1(x)
]
δ(2)(~ks − P⊥s) T

[
δ(4)(p̃s − Ps)S†n1

Sn2(x)
]∣∣0〉

× θ(ω2)θ(ω′2)
〈
pn
∣∣χ̄n′2,−p̃′2(x)δ(2)(~kn − P⊥n)χn2,p̃2(0)

∣∣pn〉
× θ(ω1)θ(ω′1)

〈
pn̄
∣∣χn′1,p̃′1(x)δ(2)(~kn̄ − P⊥n̄)χ̄n1,−p̃1(0)

∣∣pn̄〉 + . . . , (3.26)

where the ‘. . .’ denote contributions with different arrangements of the collinear fields χni
in the proton matrix elements. In order to proceed, we exploit that fields with positive

(negative) label momenta annihilate incoming (outgoing) proton states. This sets the n
(′)
1,2

directions to those of the external states n, n̄, up to an overall multiplicative factor which

results from all possible ways of matching [65]. Furthermore, we impose label momentum

conservation in each matrix element of eq. (3.26) which sets p̃1,2 = p̃′1,2, p̃s = p̃′s and allows

us to perform all the primed integrals using the delta functions that are part of the definition

of the collinear fields (see eq. (3.18)). The resulting expression for W
(0)
µν reads,

W (0)
µν (q, ~pT ) = 2

∑
q

∏
i=1,2

∫
dωid

2~pTid
4p̃s

∫
d2~knd2~kn̄d2~ks

∫
d4x

× δ(2)(~pT − ~kn − ~kn̄ − ~ks) ei(p̃1+p̃2+p̃s−q)·x C̄qq̄ µ(ω1, ω2)Cqq̄ ν(ω1, ω2)

×
〈
0
∣∣T̄[S†nSn̄(x)

]
δ(2)(~ks − P⊥s) T

[
δ(4)(p̃s − Ps)S†n̄Sn(0)

]∣∣0〉
× θ(ω2)

〈
pn
∣∣χ̄n(x)δ(2)(~kn − P⊥n)[δ(2)(~pT2 − P⊥n)δ(ω2 − n̄ · P)χn(0)]

∣∣pn〉
× θ(ω1)

〈
pn̄
∣∣χn̄(x)δ(2)(~kn̄ − P⊥n̄)[δ(2)(~pT1 − P⊥n̄)δ(ω1 − n · P)χ̄n̄(0)]

∣∣pn̄〉
+ (q ↔ q̄) . (3.27)
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Chapter 3 – Resummation in the presence of multiple gauge interactions

The matrix elements in eq. (3.27) are still dependent in residual momenta via the

spacetime dependence of the fields. Although so far we found it conceptually easier to

treat the label momenta p̃i as continuous, formally they are discrete and they have to

be recombined with their residual components in order to be made manifestly continuous.

To see how this would happen, consider the soft matrix element in eq. (3.27), which we

abbreviate as Ms

∑
p̃s

eip̃s·xMs(~ks, p̃s;x) =
∑
p̃s

∫
d4pr e

i(p̃s+pr)·x Ms(~ks, p̃s, pr)

=
∑
p̃s

∫
d4pr e

i(p̃s+pr)·x Ms(~ks, p̃s + pr; 0)

≡
∫

d4ps e
ips·xMs(~ks, ps; 0) . (3.28)

In the second equality we made use of the RPI [59] which dictates that label and residual

momenta can only appear as a sum, ps = p̃s + pr, and recombined their components to

form continuous momenta ps. This effectively localizes Ms at x = 0.

Similar manipulations also apply to the n, n̄-collinear proton matrix elements in eq. (3.27),

although in this case not all of their spacetime dependence is absorbed. This is due to

the fact that the (e.g.) n-collinear matrix element carries label momenta only with respect

to the x+ and x⊥ directions but not with respect to the x−. The latter component

corresponds to purely residual momenta and thus leaves a leftover spacetime dependence.

Same considerations also apply for the n̄-collinear matrix element upon x± 7→ x∓. Since

the leftover spacetime dependence corresponds to residual momenta it can be multipole

expanded, and to see this we Fourier transform both collinear matrix elements (which we

abbreviate as Mn,n̄) explicitly in momentum space,

Mn(~kn, p̃2;x−) =

∫
dk+

2π
eik+x−/2M̃n(~kn, p̃2, k

+) , (3.29)

Mn̄(~kn̄, p̃1;x+) =

∫
dk−

2π
eik−x+/2M̃n̄(~kn̄, p̃1, k

−) . (3.30)

Substituting eqs. (3.28), (3.29), and (3.30) in eq. (3.27) we obtain,

W (0)
µν (q, ~pT ) = 2

∑
q

∫
d4x

∏
i=1,2

∫
dωid

2~pTid
4ps

∫
d2~knd2~kn̄d2~ks δ

(2)(~pT − ~kn − ~kn̄ − ~ks)

×
∫

dk+

2π

dk−

2π
ei(p̃1+p̃2+ps−q+k+n̄/2+k−n/2)·x C̄qq̄ µ(ω1, ω2)Cqq̄ ν(ω1, ω2)

× Ms(~ks, ps; 0)M̃n(~kn, p̃2, k
+)M̃n̄(~kn̄, p̃1, k

−) + (q ↔ q̄) , (3.31)

where now all the spacetime dependence has moved from the matrix elements into a phase
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3.2 QCD⊗QED transverse momentum factorization

and therefore we are in position to perform the x integration. It yields the delta function,∫
d4x ei(p̃1+p̃2+ps−q+k+n̄/2+k−n/2)·x

= (2π)4δ(4)(p̃1 + p̃2 + ps + k+n̄/2 + k−n/2− q)
= 2(2π)4δ(ω1 − q+)δ(ω2 − q−)δ(2)(~qT − ~pT1 − ~pT2 − ~pTs)× [1 +O(λ)] , (3.32)

and to go from the second to third line we expanded away the p±s ∼ O(λ) and k± ∼ O(λ2).

Thus, we can perform the k± integrals that correspond to a Fourier transform of Mn,n̄

at x∓ = 0, as well as the p±s integrals since these components do not contribute to the

measurement of ~pT . Writing explicitly the matrix elements,

W (0)
µν (q, ~pT ) = 4(2π)4

∑
q

∏
i=1,2

∫
dωid

2~pTid
2~pTs

∫
d2~knd2~kn̄d2~ks C̄qq̄ µ(ω1, ω2)Cqq̄ ν(ω1, ω2)

× δ(2)(~pT − ~kn − ~kn̄ − ~ks) δ(ω1 − q+)δ(ω2 − q−)

× δ(2)(~qT − ~pT1 − ~pT2 − ~pTs) δ(2)(~pT1 − ~kn̄) δ(2)(~pT2 − ~kn) δ(2)(~pTs − ~ks)
×
〈
0
∣∣T̄[S†nSn̄(0)

]
δ(2)(~ks − P⊥s) T

[
S†n̄Sn(0)

]∣∣0〉 (3.33)

× θ(ω2)
〈
pn
∣∣χ̄n(0)[δ(2)(~kn − P⊥n)δ(ω2 − n̄ · P)χn(0)]

∣∣pn〉
× θ(ω1)

〈
pn̄
∣∣χn̄(0)[δ(2)(~kn̄ − P⊥n̄)δ(ω1 − n · P)χ̄n̄(0)]

∣∣pn̄〉+ (q ↔ q̄) ,

where it is evident from the arguments of the delta functions that they set ~qT = ~pT . This

is in accord with our expectation that hadronic and electromagnetic radiation sets the

transverse momentum of the vector boson. The rest of the delta functions set lightcone

momenta

ω1 = q+ = e−YQ× [1 +O(λ2)] , ω2 = q− = e+YQ× [1 +O(λ2)] . (3.34)

where we expanded the definition of q± in eq. (3.3) for λ� 1.

To bring the LP hadronic tensor into its final form we define the quark hard, soft and

beam functions

Hq(Q
2) ≡ Hqq̄(q

+, q−) =

(
gµν − qµqν/q2

)
4E2

cmNc
Tr
( /n

2
C̄qq̄ µ(q−, q+)

/̄n

2
Cqq̄ ν(q−, q+)

)
, (3.35)

Sq(~pT ) =
1

Nc
Tr
〈
0
∣∣T̄[S†nSn̄(0)

]
δ(2)(~pT − P⊥s) T

[
S†n̄Sn(0)

]∣∣0〉 , (3.36)

Bq n(ω, ~pT ) = θ(ω)
〈
pn
∣∣χ̄n(0)[δ(2)(~pT − P⊥n)δ(ω − n̄ · P)

/̄n

2
χn(0)]

∣∣pn〉 . (3.37)

In eq. (3.35) the trace of the Wilson coefficients is understood to be over both color and

spin whereas in eq. (3.36) it is only over color. Here, we exploited that RPI-III [59]

dictates that the hard function Hq can only depend on the product q+q− = Q2 [1 +O(λ2)].

Analogously for the quark beam function Bq n(ω, ~pT ), besides ~pT , it can only depend on

x = ω/P−n = (Q/Ecm)eY with x the momentum fraction of the proton carried by the quark
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Chapter 3 – Resummation in the presence of multiple gauge interactions

that participates in the hard scatter. Similarly, the antiquark beam function Bq̄ n̄(ω, ~pT )

depends on x = (Q/Ecm)e−Y .

Finally, the factorized LP cross section can be written as,

dσ

dQ2dY d2~qT
= W (0)(Q2, Y, ~qT )L(Q2)×

[
1 +O

( q2
T

Q2

)]
, (3.38)

with W (0) given by

W (0)(Q2, Y, ~qT ) =
∑
q

∫
d2~knd2~kn̄d2~ks δ

(2)(~qT − ~kn − ~kn̄ − ~ks) (3.39)

×Hq(Q
2)Sq(~ks)Bq n(x2,~kn)Bq̄ n̄(x1,~kn̄) + (q ↔ q̄)

≡
∑
q

Hq(Q
2)
[
Sq(~qT )⊗~qT Bq n(x2, ~qT )⊗~qT Bq̄ n̄(x1, ~qT )

]
+ (q ↔ q̄) ,

where the symbol ‘⊗’ denotes the convolution with respect to the variable ~qT , see eq. (A.13).

The hard function Hq corresponds to (the square of) the IR finite part of the Z boson quark

form factor which is calculated by matching the full theory current onto SCET. The beam

functions Bq n, Bq̄ n̄ describe collinear radiation with total transverse momentum ~kn,n̄ and

longitudinal momentum fractions x1,2 = (Q/Ecm)e∓Y , while the soft function Sq describes

wide angle, soft radiation with total transverse momentum ~ks.

Contrasting eq. (3.39) to the pure QCD transverse momentum factorization, e.g. in

refs. [69, 71, 113, 114], allows us to assert that the inclusion of only QED ISR radiation

corresponds to a straightforward extension of the former. The factorized structure is not

altered in the sense that the LP spectrum is still given in terms of the same hard, soft

and beam functions and we can retrieve the pure QCD factorization by simply setting

W e
ni 7→ 1 and Seni 7→ 1 in W (0). The only difference in field theoretical level involves the

inclusion of QED collinear and soft Wilson lines such that the newly introduced collinear

and soft U(1)em gauge invariance is satisfied. It is precisely the presence of these Wilson

lines that give rise to pure QED and mixed QCD-QED higher order effects that appear as

perturbative corrections in the soft and beam functions. In addition, the hard function also

receives pure QED and mixed QCD-QED radiative corrections from its matching to the

full theory current, calculated now in mixed QCD-QED perturbation theory. All the above

imply that a simultaneous expansion in both the strong coupling αs and the electromagnetic

coupling αe = e2/(4π) is in now appropriate for W (0),1

Bq(x, ~qT ) =
∑
n,m=0

B(n,m)
q (x, ~qT )

(αs
4π

)n(αe
4π

)m
, (3.40)

Sq(~qT ) =
∑
n,m=0

S(n,m)
q (~qT )

(αs
4π

)n(αe
4π

)m
, (3.41)

Hq(Q) =
∑
n,m=0

H(n,m)
q (Q)

(αs
4π

)n(αe
4π

)m
. (3.42)

1From now we drop the subscript of the collinear direction in the beam function as it does not affect the

discussion that follows.
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3.2 QCD⊗QED transverse momentum factorization

Renormalization Group. The matrix elements that enter eq. (3.39) are bare quantities

and at higher orders in perturbation theory suffer from UV divergences which are addressed

by renormalization. As discussed in section 2.3.5, the measurement of qT corresponds to a

SCETII problem, thus the soft and beam functions also exhibit rapidity divergences which

have to be regularized and renormalized.2

The renormalization follows the standard steps with the exception that for the soft and

beam functions it has a convolutional form due to their ~qT dependence,

Bbare
q (x, ~qT ) = ZB(ω, ~qT , µ, ν)⊗~qT Bq(x, ~qT , µ, ν) , (3.43)

Sbare
q (~qT ) = ZS(~qT , µ, ν)⊗~qT Sq(~qT , µ, ν) , (3.44)

Hbare
q (Q) = ZH(Q,µ)×Hq(Q,µ) , (3.45)

where µ denotes the standard renormalization scale and ν is the rapidity scale emerging

from the regulated rapidity divergences. Exploiting that bare quantities do not depend on

either scale we can derive their µ-RGE equations,

µ
d

dµ
Bq(x, ~qT , µ, ν) = γ̃qB(µ, ν/ω)Bq(x, ~qT , µ, ν) , (3.46)

µ
d

dµ
Sq(~qT , µ, ν) = γ̃qS(µ, ν)Sq(~qT , µ, ν) , (3.47)

µ
d

dµ
Hq(Q,µ) = γqH(Q,µ)Hq(Q,µ) , (3.48)

and accordingly their ν-RGE equations,

ν
d

dν
Bq(x, ~qT , µ, ν) = γ̃qν,B(~qT , µ)⊗~qT Bq(x, ~qT , µ, ν) , (3.49)

ν
d

dν
Sq(~qT , µ, ν) = γ̃qν,S(~qT , µ)⊗~qT Sq(~qT , µ, ν) . (3.50)

The γ̃qB,S , γ
q
H are the quark µ anomalous dimensions and γ̃qν,S , γ̃

q
ν,B are the quark rapidity

anomalous dimensions. They are defined as

γ̃qB(µ, ν/ω) δ(2)(~qT ) = −Z−1
B (ω, ~qT , µ, ν)⊗~qT

d

d lnµ
ZB(ω, ~qT , µ, ν) , (3.51)

γ̃qS(µ, ν) δ(2)(~qT ) = −Z−1
S (~qT , µ, ν)⊗~qT

d

d lnµ
ZS(~qT , µ, ν) , (3.52)

γqH(Q,µ) = −Z−1
H (Q,µ)× d

d lnµ
ZH(Q,µ) , (3.53)

γ̃qν,B(~qT , µ) = −Z−1
B (ω, ~qT , µ, ν)⊗~qT

d

d ln ν
ZB(ω, ~qT , µ, ν) , (3.54)

γ̃qν,S(~qT , µ) = −Z−1
S (~qT , µ, ν)⊗~qT

d

d ln ν
ZS(~qT , µ, ν) . (3.55)

2Here we implicitly assume that the rapidity divergences are regularized with the η regulator [69, 70], see

section 2.3.5 for relevant discussion.
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The µ anomalous dimensions have the all order structure,

γ̃qB(µ, ν/ω) = 2Γqcusp[αs, αe] ln
ν

ω
+ γ̃qB[αs, αe] , (3.56)

γ̃qS(µ, ν) = 4Γqcusp[αs, αe] ln
µ

ν
+ γ̃qS [αs, αe] , (3.57)

γqH(Q,µ) = 4Γqcusp[αs, αe] ln
Q

µ
+ 2γqH [αs, αe] (3.58)

where Γqcusp are the quark cusp anomalous dimension, γ̃qB,S , γ
q
H the quark noncusp anomalous

dimensions and admit a perturbative expansion in both αs, αe. Note that we have left

implicit the µ-dependence of both couplings αs ≡ αs(µ), αe ≡ αe(µ).

The µ-independence of the cross section in eq. (3.38) dictates that the QCD⊗QED

factorization satisfies the consistency relation,

γ̃qB(µ, ν/ω) + γ̃ q̄B(µ, ν/ω) + γ̃qS(µ, ν) + γqH(Q,µ) = 0 (3.59)

⇒ 2γ̃qB[αs, αe] + γ̃qS [αs, αe] + 2γqH [αs, αe] = 0 , (3.60)

where between the first and the second line all cusp terms canceled, resulting to an all-order

relation for the noncusp anomalous dimensions.

Accordingly, the ν-independence of the cross section implies the relation between the

beam and soft rapidity anomalous dimensions,

γ̃qν,S(~qT , µ) + γ̃qν,B(~qT , µ) + γ̃ q̄ν,B(~qT , µ) = 0 , (3.61)

γ̃qν(~qT , µ) ≡ γ̃qν,S(~qT , µ) = −2γ̃qν,B(~qT , µ) . (3.62)

An important relation can be derived by noticing that the (µ, ν) path independence for the

beam (or equivalently the soft) function,[
µ

d

dµ
, ν

d

dν

]
Bq(x, ~qT , µ, ν) = 0 , (3.63)

implies that the rapidity anomalous dimension satisfies the RGE,

d

d lnµ
γ̃qν(~qT , µ) = −4Γqcusp[αs, αe] δ

(2)(~qT ) . (3.64)

The resummation of large double logarithms induced by soft and collinear gluon and

photon emissions follows from the solution of the µ, ν-RGEs in eqs. (3.46)–(3.50). It

effectively involves the evaluation of each function at its natural (canonical) scale where it

is free of large logarithms and its evolution at an (arbitrary) common point in the (µ, ν)

plane via the Sudakov evolution kernel. To illustrate the procedure, consider the solution

of the hard function RGE, eq. (3.48),

Hq(Q,µ) = Hq(Q,µH)U q(µH , µ) , (3.65)

U q(µH , µ) = exp

{∫ µ

µH

dµ′

µ′
4Γqcusp[αs(µ

′), αe(µ
′)] ln

Q

µ′
+ 2γqH [αs(µ

′), αe(µ
′)]

}
. (3.66)
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On the RHS of eq. (3.65) the hard function is evaluated at its canonical scale µH and

subsequently evolved at an arbitrary scale µ via the Sudakov evolution kernel U q(µH , µ).

As it can be understood, of central importance for the resummation is the evaluation of the

evolution kernel in eq. (3.66) and the perturbative ingredients (cusp and noncusp anomalous

dimensions) that enter the RGE equations.

Concerning the former, an important observation is that the evolution kernel implicitly

depends on the QCD and QED β-functions that control the renormalization group evolution

of both couplings αs, αe which now are a coupled system of differential equations. This

results into nontrivial implications for the evaluation of the evolution kernel that are not

present in pure QCD. Therefore, in section 3.3.2 we discuss and provide with an analytic

solution for such coupled β-functions which serves as an important input when in section 3.5

we study the evaluation of the Sudakov evolution kernel in the presence of multiple gauge

interactions as that of QCD⊗QED.

Turning now to the perturbative ingredients, and for the pure QCD case, all the non-

cusp [2, 115–118] and rapidity anomalous dimensions [115, 119, 120] are known to three

loops with the exception of Γcusp [121–130] and the QCD β-function [131–134] which are

known to four loops. The entire fixed order µ, ν-dependence of Bq, Sq, Hq, γ̃
q
ν is dictated

by their RGEs in eqs. (3.46)–(3.50) and eq. (3.64) which in section 4.3 we solve and derive

their structure up to three loops O(α3
s).

3 For all functions, the boundary (µ, ν-independent)

terms are also known at O(α3
s), see refs. [2, 115, 119, 135–140].

For the pure QED and mixed QCD-QED perturbative ingredients a procedure known

as ‘abelianization’ was proposed in ref. [106, 108] for extracting them. It corresponds into

taking the abelian limit of pure QCD coefficients while using a simple set of replacement rules

between the SU(3)c Casimirs and the electromagnetic charges in QED. The very essence

of this method lies in identifying the relevant QCD Feynman diagrams that contribute

to the perturbative coefficient in question and replacing the gluons (one at a time) with

photons while properly accounting for (i) the change of the gauge group’s generators (ii)

the multiplicity factors resulting from g 7→ γ replacement (iii) the extension of matter

fields to both quarks and leptons when they couple only to photons. Although this method

is particularly useful and straightforward at lower orders, it gets quickly cumbersome

(and full of caveats) at higher orders as it requires to have a complete handle over the

basic topologies of the contributing Feynman diagrams. In ref. [141] it was shown that

certain color factors appearing in three loop (pure) QCD Feynman diagrams do not have an

unambiguous mapping to mixed QCD-QED, which implies that there is a natural limitation

to this procedure, at least in full generality.4 Using the ‘abelianization’ procedure we have

extracted all the pure QED and mixed QCD-QED ingredients relevant for QCD⊗QED

qT -resummation at NNLL order. These include the three-loop cusp, the two-loop hard, soft,

beam noncusp and rapidity anomalous dimensions as well as their one-loop boundary terms.

Together with the corresponding pure QED and mixed QCD-QED β-function coefficients,

3For the three loop µ-dependent structure of the hard function Hq, see ref. [135].
4As the authors of ref. [141] also mention, it may happen that certain color factors do not appear in higher

order pure QCD coefficients and therefore their ‘abelianization’ is unambiguous.

57



Chapter 3 – Resummation in the presence of multiple gauge interactions

they are collected in appendix B.2.

Concluding, we comment that since the inclusion of QED ISR effects involves a straight-

forward generalization of the soft and collinear Wilson lines such that the corresponding

photon interactions are taken into account, it is expected that a similar QCD⊗QED factor-

ization is also valid for a variety of other resolution variables. One of them is 0-jettinness

(T0) [65, 142] although a formal derivation of its factorization differs from the one presented

in this section since it is a SCETI observable.

3.3 Iterative solutions to β-function RGEs

Before discussing the evaluation of the Sudakov evolution kernel, it is important to analyze

one of its key ingredients, namely the solution of the β-function RGE of the coupling

constant. In section 3.3.1, we review the well-known case of a single gauge theory, with

particular attention given to the numerical accuracy of different approximate analytic RGE

solutions. In section 3.3.2 we then discuss the solution of the coupled RGE system for the

coupling constants of two gauge theories.

3.3.1 Single gauge theory

We start from the well-known β-function RGE for the coupling constant α(µ) of a generic

gauge theory,

dα(µ)

d lnµ
≡ β[α(µ)] = −2α(µ)

∞∑
n=0

εnβn

[α(µ)

4π

]n+1

= −2β0
α(µ)2

4π

[
1 + ε

α(µ)

4π
b1 + ε2

α(µ)2

(4π)2
b2 +O(ε3)

]
, (3.67)

where we introduced a formal expansion parameter ε ≡ 1, which we use to keep track of

the evolution order. The perturbative coefficients bn in the second line are defined by the

ratio

bn =
βn
β0

. (3.68)

We take the viewpoint that eq. (3.67) defines the running order of the RGE. That is,

keeping the terms up to O(εk) in eq. (3.67) defines the NkLO or (k + 1)-loop running of

α(µ). At leading order, O(ε0), eq. (3.67) has the well-known exact analytic solution,

α(µ) =
α(µ0)

X
, X ≡ X(µ0, µ) = 1 +

α(µ0)

2π
β0 ln

µ

µ0
, (3.69)

where α(µ0) is a boundary condition for the coupling constant.

As is well known, eq. (3.67) does not admit an exact analytic solution at NLO and

beyond.5 While the exact solution can be easily obtained numerically using standard

5More precisely, eq. (3.67) can still be integrated analytically at NLO and even NNLO. The resulting

expressions, however, cannot be analytically solved for α(µ) in terms of α(µ0) anymore.
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numerical differential-equation solvers, in practice it is often more convenient to have

an approximate analytic solution that can be evaluated much faster than the numerical

solution, which becomes important when the scale µ is not fixed but dynamical. This is

precisely the case for the Sudakov evolution kernel, for which we will need to integrate α(µ)

over µ.

First we review an iterative method to obtain an approximate analytic solution for

eq. (3.67). At NLO, O(ε), the β-function RGE reads

dα(µ)

d lnµ
= −2β0

α(µ)2

4π

[
1 + ε

α(µ)

4π
b1

]
= −2β0

α(µ)2

4π

[
1 + ε

α(µ0)

4π

b1
X(µ0, µ)

+O(ε2)

]
. (3.70)

In the second line we substituted the LO solution in eq. (3.69) for the µ dependence of α(µ)

in the O(ε) term. This induces an O(ε2) error, since the difference between the LO and

NLO µ dependence will itself be of O(ε). Since the µ dependence in the term in square

brackets is now explicit, it can be easily integrated, yielding the NLO solution

1

α(µ)
=

X

α(µ0)
+ ε

b1
4π

lnX ,

⇒ α(µ) = α(µ0)

[
X + ε

α(µ0)

4π
b1 lnX

]−1

. (3.71)

We refer to this (and its higher-order analogues) as the “iterative” solution for α(µ). We

can also expand the inverse in eq. (3.71) in ε to obtain

α(µ) =
α(µ0)

X

[
1− ε α(µ0)

4π
b1

lnX

X
+O(ε2)

]
. (3.72)

We will refer to eq. (3.72) (and its higher-order analogues) as the “expanded” solution.

One might wonder whether the iterative or expanded solution provides a better approxi-

mation to the exact solution, and to this end it is instructive to see to what extent they

satisfy the original β-function RGE. For the iterative solution in eq. (3.71), it is trivial to

verify that upon differentiation with respect to lnµ it reproduces the RGE as given in the

second line of eq. (3.70). On the other hand, taking the lnµ derivative of the expanded

NLO solution in eq. (3.72) yields

dα(µ)

d lnµ
= −2β0

α(µ0)2

4π

1

X2

[
1 + ε

α(µ0)

4π
b1

1− 2 lnX

X

]
= −2β0

α(µ0)2

4π

1

X2

{[
1− 2ε

α(µ0)

4π
b1

lnX

X

]
+ε

α(µ0)

4π

b1
X

}
. (3.73)

Comparing this with eqs. (3.70) and (3.72), we see that the term in square brackets

corresponds to expanding the overall α(µ)2 in the β-function to O(ε). This clearly amounts

to a further approximation, so we can expect the expanded solution in general to provide

a worse approximation, which is indeed what we find numerically below.
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Figure 3.1: Relative deviation of the iterative (colored) and expanded solutions (gray) from the

exact solution for the running of αs(µ) at NLO (dotted), NNLO (dashed), and N3LO (solid).

The iterative solution at NNLO, O(ε2), follows analogously. Starting from the exact

NNLO RGE, we substitute the (expanded) NLO and LO solutions, eqs. (3.72) and (3.69),

in the O(ε) and O(ε2) terms, keeping all terms up to O(ε2) as well as the overall α(µ)2,

dα(µ)

d lnµ
= −2β0

α(µ)2

4π

[
1 + ε

α(µ)

4π
b1 + ε2

α(µ)2

(4π)2
b2

]
= −2β0

α(µ)2

4π

[
1 + ε

α(µ0)

4π

b1
X

+ ε2
α(µ0)2

(4π)2

b2 − b21 lnX

X2
+O(ε3)

]
. (3.74)

The µ-dependence in the square brackets on the second line, encoded in X ≡ X(µ0, µ), is

again simple enough to be integrated analytically.6 This yields the NNLO iterative solution

α(µ) = α(µ0)

{
X + ε

α(µ0)

4π
b1 lnX + ε2

α(µ0)2

(4π)2

(
b2
X − 1

X
+ b21

1−X + lnX

X

)}−1

.

(3.75)

Expanding the inverse in eq. (3.75) in ε, we obtain the expanded NNLO solution,

α(µ) =
α(µ0)

X

{
1− ε α(µ0)

4π
b1

lnX

X

+ ε2
α(µ0)2

(4π)2

1

X2

[
b2(1−X) + b21 (ln2X − lnX − 1 +X)

]
+O(ε3)

}
. (3.76)

It is straightforward to extend the iterative solution to higher orders. To obtain the

NkLO solution, one simply inserts the Nk−1LO solution for α(µ) into the NkLO β-function

and expands it to O(εk), while keeping the overall α(µ)2 exact. The N3LO solution is given

in appendix B.5.

To illustrate the numerical precision of the approximate analytic solutions, we take the

QCD coupling constant αs(µ) as an example, using mZ = 91.1876 GeV and αs(mZ) = 0.118

6This would not be the case had we used the unexpanded NLO solution from eq. (3.71) in the O(ε) term.
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as our boundary condition. The β-function coefficients are given in appendix B.1. As we

are primarily interested in the numerical precision of the solution, we always use nf = 5

massless flavors and do not consider any flavor thresholds. The difference of the iterative and

expanded solutions to the exact7 numerical solution, which we refer to as the approximation

error, is shown in figure 3.1 for different running orders.

The approximation error decreases as the order increases, as expected. The approxi-

mation error is largest for running from mZ down to lower scales, since here the running

increases the coupling. The iterative solution still provides an excellent approximation, with

the error at NNLO and beyond reaching at most 0.1% when running down to µ = 2 GeV,

and at most 0.3% at µ = 1 GeV. For running above mZ , the approximation error is much

smaller due to asymptotic freedom. Beyond the highest scale shown, µ = 104 GeV, the

error stops growing and at some point starts decreasing again. We also observe that the

approximation error for the expanded solution (gray lines) is always 2-3 times larger than

for the iterative solution.

3.3.2 Two coupled gauge theories

We now consider the case of two gauge theories. Their β-functions become coupled as soon

as there are matter fields that are charged under both gauge interactions, since loops of

matter particles can exchange the gauge bosons from both theories. The example we will

eventually consider is the mixed QCD⊗QED running. For now, we keep the discussion

general and consider the following set of coupled β-function RGEs for two gauge couplings

αa(µ) and αb(µ),

dαa(µ)

d lnµ
≡ βa[αa(µ), αb(µ)] = −2αa(µ)

∞∑
n,k=0

εnaε
k
b β

a
nk

[αa(µ)

4π

]n+1[αb(µ)

4π

]k
,

dαb(µ)

d lnµ
≡ βb[αb(µ), αa(µ)] = −2αb(µ)

∞∑
n,k=0

εnb ε
k
a β

b
nk

[αb(µ)

4π

]n+1[αa(µ)

4π

]k
. (3.77)

We have again introduced formal expansion parameters εa,b ≡ 1 to easily keep track of the

evolution order. For future convenience, we also define the rescaled coefficients

bank =
βank
βa00

, bbnk =
βbnk
βb00

, and ba0 =
βa00

βb00

, bb0 =
βb00

βa00

. (3.78)

Note that by definition βxn0 ≡ βn and bxn0 ≡ bn are the coefficients of the individual gauge

theories in the absence of the second.

As before, the order in εa,b to which eq. (3.77) is expanded is what defines the running

order of the couplings. Generically, we consider εa,b on equal footing and define the NnLO

evolution by including in eq. (3.77) all terms of O(εkaε
n−k
b ) with 0 ≤ k ≤ n. Note that this

also makes it easy to have well-defined mixed orders, e.g., when there is a hierarchy between

7We always perform the numerical solution with sufficiently high numerical precision such that the numerical

error is completely negligible for our purposes.
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the two couplings, as is the case for QCD and QED. For this purpose, one can simply specify

the explicit combinations of powers of εa and εb that are included in eq. (3.77).

As in the single gauge scenario, an exact solution to the coupled system of differential

equations can be obtained straightforwardly at any given order by solving it numerically.

Our goal is to derive an approximate analytic solution for the coupled β-function RGE

system by extending the iterative method in section 3.3.1. The key property of eq. (3.77)

that allows us to do so is that, at leading order, O(ε0a, ε
0
b), the RGE system decouples,

yielding exact LO solutions:

αa(µ) =
αa(µ0)

Xa
, Xa ≡ Xa(µ0, µ) = 1 +

αa(µ0)

2π
βa00 ln

µ

µ0
,

αb(µ) =
αb(µ0)

Xb
, Xb ≡ Xb(µ0, µ) = 1 +

αb(µ0)

2π
βb00 ln

µ

µ0
. (3.79)

To obtain an approximate NLO solution, it then suffices to substitute the above LO solutions

into the O(εa) and O(εb) terms of the NLO RGE system, which induces O(ε2a, εaεb, ε
2
b) errors,

dαa(µ)

d lnµ
= −2βa00

αa(µ)2

4π

[
1 + εa

αa(µ)

4π
ba10 + εb

αb(µ)

4π
ba01

]
(3.80)

= −2βa00

αa(µ)2

4π

[
1 + εa

αa(µ0)

4π

ba10

Xa(µ0, µ)
+ εb

αb(µ0)

4π

ba01

Xb(µ0, µ)
+O(ε2a, εaεb, ε

2
b)

]
.

The terms in square brackets can now be explicitly integrated over lnµ to obtain the

iterative NLO solution

αa(µ) = αa(µ0)

[
Xa +

αa(µ0)

4π

(
εa b

a
10 lnXa + εb b

a
0 b

a
01 lnXb

)]−1

. (3.81)

The solution for αb(µ) is given by replacing a↔ b everywhere.

Note that in eq. (3.81) the utility of the εa,b counting parameters becomes evident.

Naively, one might have expected that the O(εa) and O(εb) terms will be proportional to

αa(µ0) and αb(µ0) respectively, which however is not the case, as both are proportional to

αa(µ0). Instead, the εa,b actually keep track of the fact that the lnXa,b factors respectively

resum a series of αna,b lnn(µ/µ0) terms.

The iterative NNLO solution is obtained by substituting the NLO solutions into the β-

function RGE system and expanding it to O(ε2a, εaεb, ε
2
b), while keeping the overall αa,b(µ)2

exact. We find

αa(µ0)

αa(µ)
= Xa + εa

αa(µ0)

4π
ba10 lnXa + ε2a

αa(µ0)2

(4π)2

(
ba20

Xa − 1

Xa
+ (ba10)2 1−Xa + lnXa

Xa

)
+ εb

αa(µ0)

4π
ba0 b

a
01 lnXb + ε2b

αa(µ0)αb(µ0)

(4π)2
ba0

(
ba02

Xb − 1

Xb
+ ba01b

b
10

1−Xb + lnXb

Xb

)
+ εaεb

αa(µ0)

ba0 αa(µ0)− αb(µ0)

[
α2
a(µ0)

(4π)2
(ba0)2ba10b

a
01

(
Xb

Xa
lnXb −

1−Xb

1−Xa
lnXa

)
− α2

b(µ0)

(4π)2
ba01b

b
01

(
Xa

Xb
lnXa −

1−Xa

1−Xb
lnXb

)
+
αa(µ0)αb(µ0)

(4π)2
ba0 b

a
11 ln

Xa

Xb

]
.

(3.82)
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Figure 3.2: Relative deviation from the exact solution for the running of the QCD (left) and QED

(right) coupling constants in QCD⊗QED for the iterative (colored) and expanded (gray) solutions.

As before, the solution for αb(µ) is obtained by replacing a↔ b. The terms in the first line

correspond to the NNLO solution of αa in the absence of αb, while the remaining ones are

the mixing contributions involving at least one power of εb. The corresponding expanded

solution is obtained by inverting eq. (3.82) and expanding it in εi. Note that when doing

so, it becomes essential to expand in terms of εi and not αi(µ0). The necessity of using εi
as expansion parameter is also evident in the mixed O(εaεb) term in square brackets, which

involves a nontrivial rational function of both couplings. The iterative NNLO solution in

eq. (3.82) constitutes a central ingredient for the seminumerical evaluation of the Sudakov

evolution factor in section 3.5.

To illustrate the approximation error for the two analytic solutions, we consider the case

of QCD⊗QED. The relevant coefficients for the coupled β-function RGE to NNLO are

given in appendices B.1 and B.2. Curiously, we were not able to find explicit expressions

in the literature for the mixed three-loop QED coefficient βe11. We therefore performed an

explicit extraction of all mixed three-loop coefficients from the general results for a generic

product group given in ref. [143], as discussed in more detail in appendix C.

For the numerical results, we usemZ =91.1876 GeV with αs(mZ)=0.118, αe(mZ)=1/127

as boundary conditions, nf = 5 for the number of active quark flavors, and n` = 3 for the

number of active charged leptons. As before we do not consider any flavor thresholds.

The approximation error of the iterative (expanded) solution relative to the exact nu-

merical solution is shown in figure 3.2 by the colored (gray) lines at NLO (dashed) and

NNLO (solid). For the strong coupling constant (left panel), the approximation error for

the iterative solution does not exceed 1%, and it is again 2-3 times larger for the expanded

solution. For the QED coupling constant (right panel), the approximation error is much

smaller owing to the fact that αe is much smaller, and therefore both the iterative and

expanded solutions yield equally good approximations. It is interesting to see the individual

effects of various terms in the coupled β-function. In figures 3.3 and 3.4 we show them for

the case of QCD⊗QED as well as for a toy QCD⊗QED′ for which we set the boundary

condition to α′e(mZ) = 1/10. In figure 3.3, as expected, the QED corrections ∼ O(ε0s, ε
1
e)
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Figure 3.3: Impact of different higher-order terms on the running of the QCD (left) and QED

(right) couplings. Shown are the relative differences to the LO running ∼ O(ε0s, ε
0
e).
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Figure 3.4: Same as figure 3.3 but for QCD⊗QED′, where QED′ is a toy theory with a modified

boundary condition of α′e(mZ) = 0.1.

have almost negligible effect on αs, with only the higher order QCD corrections ∼ O(ε1s, ε
0
e)

being relevant. This is also the case for the QED coupling constant, whose evolution is

almost entirely dictated by the QCD corrections. But this is not the case for the toy

QCD⊗QED′ scenario shown in figure 3.4. The fact that the QCD coupling constant is still

almost unaffected by the QED′ corrections is somewhat accidental and due to the fact that

the β-function coefficients βs10 and βs01 differ numerically by an order of magnitude. On the

other hand, the QED′ coupling constant now has comparable higher-order QCD and QED′

corrections since here both β-function coefficients are of similar numerical size.
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3.4 Sudakov evolution kernels with a single gauge interaction

3.4 Sudakov evolution kernels with a single gauge

interaction

In this section, we examine different strategies for evaluating the Sudakov evolution kernel

for the case of a single gauge interaction, with particular emphasis on their numerical accu-

racy and reliability. This will then serve as a guide when considering the two-dimensional

case in section 3.5. In section 3.4.1, we start with a general discussion and give an overview

of the different methods we study for evaluating the Sudakov evolution factor, which are

then elaborated on in section 3.4.2 to section 3.4.5. We then provide a detailed numerical

comparison in section 3.4.6.

3.4.1 General overview

All ingredients of a factorized cross section obey RGEs of the form

dF (µ)

d lnµ
= γF (µ)⊗ F (µ) , (3.83)

as we explicitly saw in section 3.2 in the context of qT factorization. Here, the function F (µ)

can be any of the factorized ingredients (e.g. Hq, Bq or Sq) and γF (µ) is the corresponding

anomalous dimension. In general, γF (µ) and F (µ) both depend on an additional external

kinematic quantity (which appears as part of the argument of the Sudakov logarithms in

the cross section). The ⊗ denotes the fact that γF and F are not necessarily multiplied

but could be convolved in said kinematic variable (e.g. see eqs. (3.49) and (3.50)). It is

worth noting that the convolution structure can play a significant role in the solution of

eq. (3.83) and for a detailed discussion see ref. [144]. However, it does not play any role for

the purpose of our discussion, so we consider only the simplest multiplicative case. In case

of a convolution, one can always transform to a suitable conjugate space (e.g. Fourier or

Laplace space), where the convolution turns into a simple product.8 The Sudakov evolution

factor in that conjugate space then has the same general form we discuss here and all our

conclusions apply equally.

The all-order expansion of the anomalous dimension is given by

γF (µ) =
1

ε
Γcusp[α(µ)] ln

Q

µ
+ γ[α(µ)] , (3.84)

where Q denotes the above-mentioned kinematic quantity, Γcusp is (proportional to) the

cusp anomalous dimension, and γ is the noncusp anomalous dimension. They obey the

perturbative expansions

Γcusp(α) =
∞∑
n=0

εn+1 Γn

( α
4π

)n+1
, γ(α) =

∞∑
n=0

εn+1 γn

( α
4π

)n+1
. (3.85)

8In fact, this is the most common way of performing qT resummation and we explicitly employ it in

chapter 5 for the phenomenological study on the Higgs transverse momentum spectrum.
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Order Γcusp γ β

LL 1-loop - 1-loop

NLL 2-loop 1-loop 2-loop

NNLL 3-loop 2-loop 3-loop

N3LL 4-loop 3-loop 4-loop

Table 3.1: The necessary perturbative coefficients for the Sudakov evolution factor at each resum-

mation order. Γcusp is the cusp anomalous dimension, γ is the noncusp anomalous dimensions and

β is the beta function for the running of the coupling.

We have again introduced the formal expansion parameter ε ≡ 1, which we use to define

the resummation order. Since the µ dependence of γF (µ) primarily enters via the coupling

constant’s µ dependence, the β-RGE for α(µ) in eq. (3.67) is an integral part of the full

RGE system to be solved. In particular, the ε parameter in eqs. (3.84) and (3.85) is the

same that appears in eq. (3.67).

As for the case of the coupling constant before, the truncation of eq. (3.84) together

with eq. (3.67) to a certain order in ε fundamentally defines the resummation order. That

is, keeping terms up to O(εk) defines the Sudakov evolution at NkLL order. The explicit

1/ε factor for the cusp term accounts for the fact that it comes with an additional explicit

logarithm relative to the noncusp term. As a result, the noncusp term always enters at

one lower order in perturbation theory than the cusp term. And since the β-function in

eq. (3.67) starts at O(ε0), it enters at the same loop order as the cusp anomalous dimension.

So at NkLL order we require the k + 1-loop cusp and beta function coefficients and the

k-loop noncusp coefficients.

Solving the RGE in eq. (3.83), one finds

F (µ) = F (µ0)U(µ0, µ) , (3.86)

where U(µ0, µ) is the Sudakov evolution factor given by

U(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′
γF (µ′)

}
= exp

{∫ µ

µ0

dµ′

µ′
1

ε
Γcusp[α(µ′)] ln

Q

µ′
+ γ[α(µ′)]

}
. (3.87)

It resums the Sudakov logarithms appearing in the perturbative series of F (µ)/F (µ0).

One can easily check that counting powers of ε in the anomalous dimension is equivalent

to counting powers of logarithms in the Sudakov exponent, simply because the entire

structure of U(µ0, µ) is fully encoded by the anomalous dimension. This can be easily seen

by considering for example the case µ0 = Q in eq. (3.86), which up to O(ε) reads

F (µ)

F (Q)
= exp

{∫ µ

Q

dµ′

µ′

[
Γ0 ln

Q

µ′
a+ ε(Γ1 ln

Q

µ′
a2 + γ0a) +O(ε2)

]}
, (3.88)
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where a ≡ α/(4π). Now taking also into account the running of the coupling α, we can

perform the integration and cast the exponent into the form

F (µ)

F (Q)
= exp

{
ε0
[
−1

2
Γ0 aL

2 − 2

3
β0Γ0 a

2L3 +O(anLn+1)
]

+ε
[
−1

2
Γ1 a

2L2 − γ0 aL−
2

3
Γ0β1a

3L3 +O(anLn)
]

+ O(ε2)

}
, (3.89)

where we abbreviated the (potentially large) logarithm L ≡ ln(Q/µ). Thus, we see that

the exponent sums an infinite tower of logarithms anLn+1 ∼ O(ε0) which corresponds to

LL accuracy, anLn ∼ O(ε1) which corresponds to NLL accuracy, and so on. In table 3.1 we

summarize the perturbative coefficients necessary to achieve certain logarithmic accuracy

for the Sudakov evolution factor.

In the final resummed cross section, where F (µ) is combined with other ingredients,

U(µ0, µ) eventually appears with both scales µ and µ0 corresponding to two different

kinematic quantities such that U(µ0, µ) resums (part of) the Sudakov logarithms of the

ratio of these quantities.

We stress that while we obtained eq. (3.87) starting from the RGE in eq. (3.83), a Sudakov

evolution factor of the same structure (necessarily) appears in all the various approaches for

performing Sudakov resummation that exist in the literature. This includes EFT-based and

non-EFT-based approaches, and both analytic as well as numerical Monte-Carlo techniques

such as parton showers.

On the other hand, different implementations tend to follow different strategies for

evaluating the integral in the Sudakov exponent. In the following sections we investigate

several methods for doing so, paying close attention to where additional assumptions and/or

approximations are made. As we show, additional approximations that may appear math-

ematically justified can still conspire to yield results for eq. (3.87) that exhibit nontrivial

numerical differences. We investigate the following methods in the sections that follow:

• Numerical: In this method, both the β-function RGE eq. (3.67) and the evolution

kernel eq. (3.87) are evaluated fully numerically (with sufficiently high numerical

precision that numerical integration errors are negligible). This provides the exact

solution of the complete Sudakov RGE system at a given resummation order as

defined above, and we use it as the benchmark to compare the other methods against.

As this method can be computationally expensive, it is often not very suitable for

practical purposes.

• Seminumerical: One option to speed up the fully numerical method is to employ

an approximate analytic solution to the β-function RGE, but to perform the kernel

integration numerically. In other words, we numerically integrate eq. (3.87) but with

the iterative analytic solution for α(µ) used in the perturbative expansion of the

anomalous dimensions. This is described along with the fully numerical method in

section 3.4.2.
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• Unexpanded analytic: Approximate but fully analytic, closed-form expressions for

eq. (3.87) can be obtained. One way to achieve this is to exploit the β-function to

turn the µ integration into an integration over α, which can be performed analytically

after some expansion in ε. This is combined with the analytic iterative solution for

α(µ) as input. We give details of the derivation and the resulting forms explicitly in

section 3.4.3.

• Expanded analytic: Another way to obtain an approximate closed-form result for

eq. (3.87) is to insert the analytic solution for α(µ) in eq. (3.76) in the perturbative

expansions of Γ(α) and γ(α) and fully expand the integrand in ε. The integration can

then be performed directly in terms of µ. This method is described in more detail in

section 3.4.4.

• Reexpanded analytic: Finally, to connect to some of the available literature, we

elaborate another analytic approach where, upon achieving the expanded analytic

evolution kernels, one further expands α(µ0) in terms of α(µR) at a different reference

scale µR, assuming that µ0 ∼ µR, i.e., that there is no hierarchy between them. This

method is discussed in more detail in section 3.4.5.

Given these five methods of integration, we probe their reliability in two different ways in

section 3.4.6: closure tests and approximation errors. The latter simply tests the absolute

difference between any one method and the numerically exact method described above.

The closure test provides a test of the mathematical consistency of the evolution factor.

That is, it should satisfy the renormalization group property

U(µ0, µ1)U(µ1, µ2) = U(µ0, µ2) , (3.90)

which is obvious from its definition in eq. (3.87). A simple way to test that eq. (3.90) is

satisfied is to consider the special case of µ2 = µ0, which yields

U(µ0, µ)U(µ, µ0) = 1 , (3.91)

and simply expresses the fact that the RG evolution should close on itself. Since the

intermediate scale here is completely arbitrary, this property should be satisfied exactly at

any given order. However, deviations from unity can arise due to simplifying assumptions

or approximations made in evaluating the integral in the exponent.

3.4.2 Numerical and seminumerical methods

The most accurate method of integration is to perform the integration fully numerically.

The error introduced by the numerical integration routine can be made arbitrarily small

at the expense of computing time. We always use a sufficiently high integration precision

such that the numerical integration error is completely negligible.
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3.4 Sudakov evolution kernels with a single gauge interaction

Our strategy in the numerical and seminumerical approaches is summarized schematically

as

U(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′︸ ︷︷ ︸
numerical

∞∑
n=0

[
εnΓn

numerical / eq. (3.75)︷ ︸︸ ︷(α(µ′)

4π

)n+1
ln
Q

µ′
+ εn+1γn

numerical / eq. (3.75)︷ ︸︸ ︷(α(µ′)

4π

)n+1
]}

,

(3.92)

where we have written the generic evolution kernel U(µ0, µ) explicitly in terms of the

perturbative series of the anomalous dimensions from eq. (3.85). In both the numerical

and seminumerical methods we truncate the series in square brackets at the desired order

in ε, and evaluate the overall µ-integration numerically.

For the numerical method, we use the exact numerical result for the solution of the

running coupling α(µ′), as indicated in red in eq. (3.92). For the seminumerical method

we instead insert the iterative solution for the running of the coupling, eq. (3.75). In both

cases, the running of the coupling is truncated at the appropriate order in ε.

The seminumerical method turns out to provide a very good approximation of the

integral, since as we have seen in section 3.3, the iterative solution for the running coupling

provides a very accurate solution. At the same time, it is much faster than the fully

numerical method because it avoids calling the computationally costly numerical solution

for the running coupling in each integrand call.

3.4.3 Unexpanded analytic method

We start from eq. (3.84) and split the logarithm at µ0,

γF (µ) =
1

ε
Γcusp[α(µ)]

(
ln
µ0

µ
+ ln

Q

µ0

)
+ γ[α(µ)] . (3.93)

To integrate it over µ we use the standard method of exploiting the β-function for α,

d lnµ =
dα(µ)

β[α(µ)]
, (3.94)

to change the integration variable from µ to α. To replace the explicit logarithm of µ in

eq. (3.93), we integrate eq. (3.94) once to obtain

ln
µ0

µ
=

∫ α(µ0)

α(µ)

dα

β(α)
. (3.95)

The evolution kernel in eq. (3.87) then takes the form

U(µ0, µ) = exp
{
−KΓ(µ0, µ) + ηΓ(µ0, µ) ln

Q

µ0
+Kγ(µ0, µ)

}
, (3.96)
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where the individual functions are defined as

KΓ(µ0, µ) =
1

ε

∫ α(µ)

α(µ0)

dα

β(α)
Γcusp(α)

∫ α

α(µ0)

dα′

β(α′)
, (3.97)

ηΓ(µ0, µ) =
1

ε

∫ α(µ)

α(µ0)

dα

β(α)
Γcusp(α) , (3.98)

Kγ(µ0, µ) =

∫ α(µ)

α(µ0)

dα

β(α)
γ(α) . (3.99)

The integrals in eqs. (3.97), (3.98), and (3.99) yield an evolution kernel which manifestly

depends on µ and µ0 only via α(µ) and α(µ0). To illustrate this, for KΓ at LL order,

∼ O(ε0), we have

KΓ(µ0, µ) =
Γ0

4β2
0

∫ a(µ)

a(µ0)

da

a

∫ a

a(µ0)

da′

a′ 2
, a(µ) ≡ α(µ)

4π
. (3.100)

The integrations can be carried out easily to yield

KΓ(µ0, µ) = − Γ0

4β2
0

4π

α(µ0)

(
1− 1

r
− ln r

)
, r =

α(µ)

α(µ0)
. (3.101)

At NLL, O(ε), we have

KΓ(µ0, µ) =
Γ0

4β2
0

∫ a(µ)

a(µ0)

da

a

1 + ε Γ̂1a

1 + ε b1a

∫ a

a(µ0)

da′

a′ 2
1

1 + ε b1a′
, Γ̂n =

Γn
Γ0

. (3.102)

The approach followed in the unexpanded analytic method is to expand the denominators

in ε keeping terms up to the O(ε), which induces an approximation error of O(ε2), but in

turn allows to easily perform the integration,

KΓ(µ0, µ) =
Γ0

4β2
0

{∫ a(µ)

a(µ0)

da

a

[
1 + ε(Γ̂1 − b1)a

] ∫ a

a(µ0)

da′

a′ 2
− ε b1

∫ a(µ)

a(µ0)

da

a

∫ a

a(µ0)

da′

a′
+O(ε2)

}
= − Γ0

4β2
0

{
4π

α(µ0)

(
1− 1

r
− ln r

)
+ ε
[
(Γ̂1 − b1)(1− r + ln r) +

b1
2

ln2 r
]}

.

(3.103)

The other two integrals, ηΓ and Kγ , are obtained in a completely analogous fashion. At

NLL, for ηΓ we find

ηΓ(µ0, µ) = − Γ0

2β0

∫ a(µ)

a(µ0)

da

a

[
1 + ε (Γ̂1 − b1)a+O(ε2)

]
= − Γ0

2β0

[
ln r + ε

α(µ0)

4π
(Γ̂1 − b1)(r − 1)

]
. (3.104)

We stress, that in this method the anomalous dimensions in ηΓ are kept to the same loop

order as in KΓ, despite the fact that ηΓ has an additional power of α(µ0) compared to

KΓ at each order in ε. From the above derivation it should be clear that the separation

70



3.4 Sudakov evolution kernels with a single gauge interaction

of the cusp term into KΓ and ηΓ is arbitrary and merely a technical tool to perform the

integration. In other words, the fact that we used µ0 on the right-hand side of eq. (3.93)

was merely for convenience and we could have used any other arbitrary scale. Dropping the

highest term in ηΓ (as is sometimes done) amounts to multiplying the ln(Q/µ0) in eq. (3.93)

by ε, which introduces an artificial dependence on µ0 into γF . In particular, doing so would

lead to an explicit violation of the RGE consistency in eq. (3.90).

From the expressions in eqs. (3.98) and (3.99) it is clear that Kγ can be obtained from

ηΓ by replacing Γn 7→ γn and multiplying by an overall ε. Hence, it does not contribute at

LL, and at NLL we have

Kγ(µ0, µ) = − γ0

2β0
ε ln r . (3.105)

The calculation at higher orders proceeds in exactly the same fashion. The results up

to N3LL are given in appendix B.5 in eqs. (B.33), (B.34), and (B.35).

To fully specify the method, we also have to specify how to obtain the integration limits

α(µ) and α(µ0). To be consistent, we have to use a solution for the β-RGE to the same

order in ε to which we performed the integration. To render the method fully analytic, we

use the unexpanded iterative solution to the corresponding order.

The Sudakov evolution factor expressed in terms of KΓ, ηΓ, Kγ obtained as described

above and combined with the iterative solution for α, is precisely the form that is commonly

used to perform Sudakov resummation in QCD in much of the SCET literature; a few

examples from a variety of applications include e.g. refs. [110, 135, 142, 145–155].

3.4.4 Expanded analytic method

If, instead of changing integration variables from µ to α via eq. (3.94), the expanded

solution eq. (3.76) for α(µ) is inserted into the integrand of the evolution kernel eq. (3.87)

and expanded in ε, the resulting integral exhibits an explicit µ dependence which can be

integrated analytically.

Equivalently, the same result is obtained by starting from the unexpanded analytic

integrals of the previous subsection (see eqs. (B.33), (B.34), and (B.35)), substituting the

expanded solution eq. (3.76) for α(µ) in terms of α(µ0) and expanding everywhere in ε. We

therefore refer to these kernels as “expanded analytic” as they involve a further expansion

in ε compared to the unexpanded ones of the previous subsection.

The expanded analytic evolution kernels to NNLL, O(ε2), are given by

ηΓ(µ0, µ) = − Γ0

2β0

{
ln

1

X
− ε α(µ0)

4π
b1

lnX

X
+ ε2

α(µ0)2

(4π)2

[
b21
2

ln2X

X2
− b2
X

(
1− 1

X

)
− b21
X

( lnX

X
+

1

X
− 1
)]

+ ε
α(µ0)

4π
(Γ̂1 − b1)

[
1−X
X

− εα(µ0)

4π
b1

lnX

X2

]
+ ε2

α(µ0)2

(4π)2
(Γ̂2 − b1Γ̂1 + b21 − b2)

1−X2

2X2

}
, (3.106)
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and

KΓ(µ0, µ) = − Γ0

(2β0)2

{
4π

α(µ0)

[
(1−X + lnX) + ε

α(µ0)

4π
b1

1−X
X

lnX

+ ε2
α(µ0)2

(4π)2

1

X2

[
b21

(
(1−X)2 + (1−X) lnX − 1

2
ln2X

)
− b2(1−X)2

]]
+ ε (Γ̂1 − b1)

[
1− 1

X
− lnX + ε

α(µ0)

4π
b1

1−X
X2

lnX

]
+ ε b1

[
1

2
ln2X + ε

α(µ0)

4π
b1

ln2X

X

]
+ ε2

α(µ0)

4π

[
(b21 − b2)

(
X2 − 1

2X2
− lnX

)
+ (b1Γ̂1 − b21)

X − 1− lnX

X

− (Γ̂2 − b1Γ̂1)
(X − 1)2

2X2

]}
, (3.107)

where as before bi = βi/β0, Γ̂i = Γi/Γ0, and X ≡ X(µ0, µ) = 1 + α(µ0)
2π β0 ln µ

µ0
. For

illustration, we kept explicit the additional terms compared to the unexpanded results that

correspond to the expansion of r = α(µ)/α(µ0) in terms of ε. The Kγ kernel is again

obtained from ηΓ in eq. (3.106) by replacing Γn 7→ γn and multiplying by an overall ε.

The N3LL results are obtained analogously. Since they are rather lengthy and not very

illuminating we do not give them explicitly here.

As it can be seen, in this method the dependence on the two scales appears explicitly in

the argument of the logarithm in X(µ0, µ). One can still choose how to obtain the value

for α(µ0), for which we use by default the expanded solution as it is closer in spirit to this

method. In our numerical results we also show the effect of using the iterative solution for

α(µ0).

3.4.5 Reexpanded analytic method

This method is related to the expanded analytic method of the previous subsection but

uses a different treatment for the remaining dependence on α. That is, starting from the

expanded results of the previous subsection, all powers of α(µ0) are reexpanded in terms

of α(µR) evaluated at a reference scale µR, which is typically chosen equal or proportional

to the (hard) kinematic variable Q.9

To illustrate this for the simplest case, we start from the LL expanded analytic result,

which written out explicitly is given by

KΓ = − Γ0

(2β0)2

4π

α(µ0)

[
α(µ0)

β0

2π
ln
µ0

µ
+ ln

(
1− α(µ0)

β0

2π
ln
µ0

µ

)]
. (3.108)

9In our notation, taking Drell-Yan as an example, the kinematic variable Q would be equivalent to the

Z-boson or dilepton invariant mass. It should not be confused with what is sometimes called the

resummation scale and also denoted as Q ≡ Qres, and which is the same as our µ0, i.e. µ0 ≡ Qres.
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To proceed, we reexpand α(µ0) in terms of α(µR) using its fixed-order expansion

α(µ0) = α(µR)
[
1− ε α(µR)

β0

2π
ln
µ0

µR
+O(ε2)

]
. (3.109)

In doing so, it is assumed that µ0 ∼ µR or, more precisely, it is chosen explicitly that the

logarithms of µ0/µR are not resummed via the evolution of α but are instead treated at

fixed order. Formally, this is implemented by multiplying any ln(µ0/µR) in the relation

between α(µ0) in terms of α(µR) by ε as in eq. (3.109) and expanding in ε. Substituting

eq. (3.109) into eq. (3.108) and reexpanding to O(ε0), we obtain the “reexpanded analytic”

result at LL,

KΓ = − Γ0

2β0

λ+ ln(1− λ)

λ
L , λ ≡ α(µR)

β0

2π
L , L ≡ ln

µ0

µ
. (3.110)

At this order, the result only involves the resummed logarithms ln(µ0/µ). The results at

higher orders also contain explicit fixed-order logarithms ln(µ0/µR) induced by the fixed-

order expansion of α(µ0) in terms of α(µR). Since the higher-order results are very lengthy

we do not give them here. Their calculation is discussed for example in appendix C of

ref. [156]. The LL result for KΓ in eq. (3.110) is equivalent to the Lg(1)(αL) term in the

notation there, and we also explicitly verified that we reproduce the NLL g(2)(αL) term.

The N3LL expressions are taken from ref. [157] translated to our conventions.

Another important difference in this method is the treatment of the ηΓ term,

ηΓ(µ0, µ) ln
Q

µ0
, (3.111)

in the Sudakov exponent. Since µR and Q are either identified or considered of similar

size, the explicit ln(Q/µ0) here is treated analogously to the ln(µ0/µR) in eq. (3.109) and

multiplied by ε, such that the ηΓ term is treated like the noncusp term and included at one

order lower than KΓ. This is typically achieved by absorbing it into the noncusp term as

γ(α) = γ(α) + Γcusp(α) ln
Q

µ0
. (3.112)

For the specific choice µ0 = µR = Q, this method reduces to the expanded analytic

method, since all logarithms that are treated differently vanish exactly. However, as soon

as these scales are chosen not to coincide, the different treatment of the µ0 dependence can

have a sizeable numerical effect on the evolution kernel, as we show in section 3.4.6. It is

also important to note that since the first and second arguments of U(µ0, µ) are explicitly

treated differently, and µ0 is assumed to be of order Q, the group property in eq. (3.90) is

lost, and similarly the closure condition in eq. (3.91) becomes meaningless. In other words,

with the above modifications the evolution factor explicitly targets a specific situation and

cannot (and is not meant to) be used to evolve between two arbitrary scales.

This reexpanded analytic expression for the Sudakov evolution factor is also commonly

used, in particular in the formalism of refs. [156, 158–160] and (presumably most) imple-

mentations following it, and also in the formalism of refs. [157, 161, 162].
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3.4.6 Numerical analysis of the evolution kernel

Having elaborated various methods for evaluating the Sudakov evolution factor, we now

study their numerical behaviour. We consider the relative deviation from the exact closure

condition in eq. (3.91) as well as the approximation error as given by the relative difference

of each method to the exact numerical method.

In general, the Sudakov evolution factor depends on the process and observable under

consideration, so we have to specify a concrete example. Here, we consider the hard

evolution for two colored partons in QCD, namely the qq̄ vector current (corresponding

to Drell-Yan production or e+e− → dijets) and the gg scalar current (corresponding to

gg → H production). The relevant hard evolution kernel is given by

U i(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′
4Γicusp[αs(µ

′)] ln
Q

µ′

}
× exp

{∫ µ

µ0

dµ′

µ′
γiH [αs(µ

′)]

}
≡ U iΓ(µ0, µ)× U iγ(µ0, µ) , (3.113)

where i = q, g denotes the quark and gluon cases, and we have separately defined the cusp

U iΓ and noncusp U iγ evolution factors. All relevant anomalous dimension coefficients are

given in appendix B.1.

In this case, the kinematic quantity Q appearing in eq. (3.113) is the invariant mass

Q =
√
q2 of the momentum q flowing through the current, which we take to be Q = 100 GeV

(i.e. typical of Drell-Yan production). We consider the case of evolving from µ0 ∼ Q

to an arbitrary scale µ over two decades above and below. As before, we use nf = 5,

mZ = 91.1876 GeV with αs(mZ) = 0.118 and ignore any flavor thresholds.

Of course, the takeaway message of our analysis would be the same if we were to use

anomalous dimension coefficients associated with soft or collinear quantities. The advantage

of considering the hard evolution is that it is multiplicative and independent of the low-

energy observable, so it provides a simple and generic use case, while the only process

dependence of the evolution is via the color channel. Furthermore, the hard evolution factor

U i(µ0, µ) in this scenario has a direct correspondence in various resummation formalisms.

In the formalisms of refs. [156, 158–160] and refs. [157, 161, 162] it corresponds to the

Sudakov form factor or the Sudakov radiator with µ0 ≡ Qres being the resummation scale.

In the context of SCET, it constitutes the evolution factor for the qq̄ and gg hard functions

with µ0 ≡ µH being the renormalization scale of the hard function. In all cases, µ would

then be associated with an appropriate low-energy quantity, e.g. µ ∼ b0/bT ∼ qT in the

case of qT resummation.10

Closure tests

By construction, the seminumerical and numerical methods satisfy the closure condition

exactly, since they treat the integral and integration limits exactly. As already mentioned

10Here bT is the Fourier-conjugate variable to qT and it emerges when performing qT resummation in the

Fourier-conjugate bT -space. For more see section 4.3.1.
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Figure 3.5: Deviation from the closure condition Uq(µ0, µ)Uq(µ, µ0) = 1 for the quark evolution

kernels from NLL to N3LL for the unexpanded method (left) and expanded method (right). For the

expanded method, the colored (gray) lines show the result of using the expanded (iterative) αs(µ0).
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Figure 3.6: Deviation from the closure condition Uq(µ0, µ)Uq(µ, µ0) = 1 at NNLL (left) and N3LL

(right) for the unexpanded method (solid) and expanded method (dashed). The central lines are for

µ0 = Q, while the bands show the variation when changing µ0 to Q/2 and 2Q. The green dotted

line shows the result of using the iterative αs(µ0) in the expanded kernels (for µ0 = Q only).

in section 3.4.5, the closure condition cannot be applied to the reexpanded method. We

therefore only consider the unexpanded and expanded methods here. The reason these

methods do not satisfy the closure condition exactly is due to the expansions in the integrand

after the variable transformation from µ to α, which means that the change of variables in

the integration limits and the integrand are not in exact correspondence.11

In figure 3.5, we compare the non-closure for the full quark evolution factor at different

orders for the unexpanded (left panel) and expanded (right panel) methods. At LL, the

integrals are trivially exact and satisfy exact closure, so we do not show them. At NLL

(dotted green), the non-closure can be quite sizeable, exceeding & 5% when running to low

scales. For the expanded kernels it even reaches ∼ 1% when running to high scales. While

11Note that in ref. [153] modified unexpanded kernels were constructed that restore exact closure.
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the non-closure effect is reduced at higher orders, it can still reach 1−2% at the lowest scales,

and for the unexpanded kernels it does not reduce from NNLL (dashed blue) to N3LL (solid

orange). For the expanded kernels, the non-closure reduces to below 1% at N3LL, but this

is likely accidental, since the expanded kernels are very sensitive to numerical cancellations

when evolving to scales µ . 10 GeV. This is evident when comparing the effect of using

the iterative instead of the expanded solution for αs(µ0): Even a small change in αs(µ0)

causes large changes in the observed level of non-closure.

In figure 3.6, we compare the unexpanded and expanded methods to each other at NNLL

(left panel) and N3LL (right panel). In addition we vary µ0 away from Q to Q/2 and 2Q,

as it is done in practical applications to estimate a resummation uncertainty. Here, this

should however not be considered as an uncertainty estimate on the non-closure. Rather,

it illustrates the effect of ηΓ, which contributes when µ0 6= Q, and the level at which the

non-closure may influence such uncertainty estimates. The (non-)closure of the unexpanded

kernels tends to be less sensitive to the choice of µ0 than the expanded ones.

Overall, we might say that the unexpanded kernels show a somewhat better closure

behaviour. However, considering that at N3LL the aim for a perturbative precision is in

the several percent range, their non-closure at this order is uncomfortably large.

For brevity we have only shown results for the quark evolution kernels here. The gluon

evolution kernels have the same qualitative behaviour. The only difference is that the overall

non-closure effect is about a factor of two larger for gluons than for quarks, corresponding

to their larger color factor.

Approximation errors

We now study the approximation errors of all four approximate methods relative to the

exact numerical method. The results for the quark cusp contribution, U qΓ, are shown in

figure 3.7, and for the quark and gluon noncusp contributions, U q,gγ , in figures 3.8 and 3.9.

In all cases, we show the results at NNLL (top rows) and N3LL (bottom rows), and at

µ0 = Q (left panels) and µ0 = Q/2 (right panels).

At NNLL, we see a clear hierarchy, with the seminumerical method having the smallest

approximation errors, followed by the unexpanded, and then the expanded methods, which

is as expected, given the increasing level of approximation involved in each method. At

N3LL, the seminumerical method again performs best. The unexpanded and expanded

kernels have similar errors for the cusp term, while the unexpanded ones fare better for the

noncusp terms. The approximation error for the cusp term is always much larger than for

the noncusp term, which is not surprising due to the additional ln(µ) in its integrand. The

errors for the gluon cusp contribution are about a factor of two larger than for quarks.

We find, somewhat surprisingly, that at NNLL the approximation error for the expanded

kernels can exceed several percent when evolving to low scales, while at N3LL it still exceeds

the percent level for both the unexpanded and expanded kernels alike. Overall, the picture

is quantitatively quite similar to what we observed with the closure test.

We stress that the systematic differences we observe are solely due to the method of
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Figure 3.7: Deviation from the exact result for the quark cusp evolution kernel at NNLL (top)

and N3LL (bottom) for all four approximate integration methods. On the left we use µ0 = Q, for

which the expanded and reexpanded kernels are equivalent. On the right we use µ0 = Q/2, with

µR = Q for the reexpanded method.

integrating the RGE for identical perturbative inputs. Typically, we would want such

systematic effects to be much smaller than the perturbative precision we are aiming at, as

was the case for the running of the coupling. In other words, we clearly want to avoid the

method of integration to bias the result in any way. This is clearly not the case here, since

at NNLL and N3LL one would typically aim at a perturbative precision of order several to

few percent.

For µ0 = µR = Q, the reexpanded and expanded kernels are still equivalent. In the right

panels, we therefore also show the results when reducing the hard scale of the evolution to

µ0 = Q/2. This has essentially no effect on the approximation error of the seminumerical,

unexpanded, and expanded kernels. For the reexpanded kernels, we keep µR = Q, which is a

commonly used choice in resummation applications. The impact of treating the logarithms

of µ0/µR and Q/µ0 at fixed-order in the reexpanded kernels compared to the expanded ones

now becomes visible and turns out to be very large, which is quite unexpected. It easily

exceeds the percent level even at N3LL, and not just for the cusp but even the noncusp

contributions. For the cusp term, it exceeds & 10% at the lowest scales. Note that roughly

half of the observed difference is due to the reexpansion around α(µR) and half is due to
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Figure 3.8: Deviation from the exact result for the quark noncusp evolution kernel at NNLL (top)

and N3LL (bottom) for all four approximate integration methods. On the left we use µ0 = Q, for

which the expanded and reexpanded kernels are equivalent. On the right we use µ0 = Q/2, with

µR = Q for the reexpanded method.

the lower-order treatment of the ηΓ term. This effect is not just due to the reduced amount

of evolution from Q/2 to µ, as that is present for all methods including the exact numerical

result. Given the large numerical impact it has, it might be worthwhile to reconsider the

reasons for performing this additional reexpansion around α(µR). Certainly, from the point

of view of the evolution, the appropriate scale for α when starting the evolution from µ0 is

µ0.

Of course, the differences due to the various approximations involved in all methods,

including the reexpanded method, might be considered as higher-order effects. Nevertheless,

given that they are not negligible or even exceed the perturbative precision, they have to

be addressed and accounted for. One option would be to include them as an additional

systematic uncertainty in the theoretical uncertainty estimate. On the other hand, there

is no fundamental theoretical reason for using any specific approximate solution. Hence,

the best option would be to avoid incurring this additional uncertainty by using the unique

exact solution of the defining RGE system resulting from the truncation of the perturbative

series of the anomalous dimensions. If that is computationally prohibitive (or technically

inconvenient), the seminumerical method offers a good compromise, since its approximation
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Figure 3.9: Deviation from the exact result for the gluon noncusp evolution kernel at NNLL (top)

and N3LL (bottom) for all four approximate integration methods. On the left we use µ0 = Q, for

which the expanded and reexpanded kernels are equivalent. On the right we use µ0 = Q/2, with

µR = Q for the reexpanded method.

error is always well below the percent level, and so it is sufficiently accurate even for high-

precision predictions.

3.5 Sudakov evolution kernels with two gauge interactions

Having investigated the integration of the one-dimensional kernels, we now consider the

extension to two gauge interactions, in which case also mixed effects involving both (generic)

gauge couplings αa,b require resummation. In section 3.5.1, we review the general analytic

structure for this case and the methods for evaluating them, based on what we learned from

our exhaustive analysis of the one-dimensional case. We then present numerical results for

the case of QCD⊗QED in section 3.5.2.

3.5.1 Structure of the two-dimensional evolution kernel

We consider the Sudakov resummation for the direct product of two generic gauge groups

Ga ⊗Gb. The extension to more groups is then straightforward. One key difference from
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Chapter 3 – Resummation in the presence of multiple gauge interactions

the one-dimensional case is that the β-functions that govern the evolution of the couplings

αa and αb now become a set of nonlinear coupled differential equations, as discussed in

section 3.3.2.

The generic Sudakov RGE structure remains the same as in eq. (3.83), except that

the perturbative expansions for all quantities now involve a double series in αa and αb,

including mixed terms corresponding to the emissions of two distinct gauge bosons. Hence,

the all-order structure of the anomalous dimension is now given by12

γF (µ) =
1

ε
Γcusp[αa(µ), αb(µ)] ln

Q

µ
+ γ[αa(µ), αb(µ)] , (3.114)

with

Γcusp(αa, αb) ≡
∑
n,m

n+m≥1

εnaε
n
b Γ(n,m)

(αa
4π

)n(αb
4π

)m
, (3.115)

γ(αa, αb) ≡
∑
n,m

n+m≥1

εnaε
m
b γ(n,m)

(αa
4π

)n(αb
4π

)m
. (3.116)

The bookkeeping parameters εa,b ≡ 1 are the same as in the β-functions in eq. (3.77), and

ε ∼ εa ∼ εb, i.e. we make no assumption about the relative hierarchy of the two coupling

constants. It is also important to note the correspondence to the typical notation for a

single gauge theory Ga,
13

Γn ≡ Γ(n+1,0) , γn ≡ γ(n+1,0) (3.117)

The Sudakov evolution kernel is given by the two-dimensional analogue of eq. (3.87),

U(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′
1

ε
Γcusp[αa(µ

′), αb(µ
′)] ln

Q

µ′
+ γ[αa(µ

′), αb(µ
′)]

}
. (3.118)

It is clear from eqs. (3.115) and (3.116) that the sums implicit in eq. (3.118) include pure

Ga terms O(εna), pure Gb terms O(εmb ) terms, and mixed terms O(εnaε
m
b ).

3.5.2 Evaluation of the two-dimensional evolution kernel

Evaluating eq. (3.118) does not correspond to a simple extension of the single gauge

interaction scenario, since mixed terms ∼ O(αaαb) appear in conjunction with the coupled

β-functions.

The fully numerical method is of course still applicable, although it is even more com-

putationally demanding now, since multiple coupled differential equations for αa,b must be

12For the general EW case, the complete factorized structure of the cross section can become more involved,

because the masses of the EW gauge bosons introduce an additional scale. The generic Sudakov RGE

however still has the form of eq. (3.114) with at most a single logarithm ln(µ) [82].
13In contrast to the β-functions, αa and αb appear on equal footing in eqs. (3.115) and (3.116), so we have

no choice but to increment the meaning of n in the subscript compared to the one-dimensional case.
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3.5 Sudakov evolution kernels with two gauge interactions

solved. As before, we use the fully numerical method to provide the exact reference result

to which other methods are compared.

The unexpanded analytic method is not easily extendable, since the coupled β-functions

do not allow an analogous change of variables along the lines of d lnµ → dαa/β
a(αa, αb),

because of the dependence on the second coupling. Doing so would require to express the

µ dependence of αb in terms of αa, which in turn requires that one treats αb as in the

expanded analytic method, at which point the advantage of the unexpanded method is

lost. In principle, this could still be an option for cases where there is a clear hierarchy

between two couplings to justify treating them on unequal footing, as would be the case

for QCD⊗QED. However, we do not pursue this option further here for the reasons given

below.

The expanded analytic method can still be applied to evaluate eq. (3.118). This is

achieved by using the expanded solution of the coupled β-RGE for αa and αb obtained from

eq. (3.82), substituting it into the perturbative expansions of the anomalous dimensions,

and then explicitly performing the integration in terms of lnµ. This was done in ref. [111].

In either case, the obtained analytic kernels will inevitably suffer from the same-sized

approximation errors already seen in the pure QCD case in section 3.4.6. The generalization

to the product group Ga ⊗Gb does not alter the ultimate source, which are the additional

approximation(s) made in the integrand. By including EW or QED corrections, we are

essentially aiming for percent-level effects, and based on our findings and discussion in

the previous section, the analytic methods do not appear to provide sufficient numerical

accuracy.14

We therefore take the seminumerical method as our method of choice for evaluating

the two-dimensional evolution kernels. As already seen in section 3.4.6, it features exact

closure and very small approximation errors (well below the percent-level at NNLL), at a

reasonable computational cost. The extension to the two-dimensional case eq. (3.118) only

requires two steps:

1. We solve the coupled β-functions in eq. (3.77) via the iterative method, up to the

required order in ε, which yields the closed-form analytic expressions for αa(µ) and

αb(µ) in eq. (3.82).

2. We then evaluate the evolution kernel U(µ, µ0) by employing a numerical integration

routine in eq. (3.118), using the analytic expressions for αa,b(µ) obtained in step 1 in

the integrand.

14It is possible to consider using a more accurate (semi)numerical method for the dominant QCD con-

tributions, while including the smaller mixed and pure EW corrections via an analytic approximation.

However, we do not see any gain in doing so compared to e.g. using the seminumerical method everywhere.
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Figure 3.10: Deviation of the seminumerical kernels from the exact result for the joint QCD⊗QED

u-quark evolution kernel at NLL (dashed blue) and NNLL (solid orange). The cusp contribution is

shown on the left and the noncusp contribution on the right.

Schematically, this procedure is illustrated by

U(µ0, µ) = exp

{∫ µ

µ0

dµ′

µ′︸ ︷︷ ︸
numerical

∑
n,m

n+m≥1

[
εnaε

m
b

ε
Γ(n,m)

eq. (3.82)︷ ︸︸ ︷(αa(µ′)
4π

)n(αb(µ′)
4π

)m
ln
Q

µ′

+ εnaε
m
b γ(n,m)

(αa(µ′)
4π

)n(αb(µ′)
4π

)m
︸ ︷︷ ︸

eq. (3.82)

]}
. (3.119)

In what follows, we apply this method to the mixed gauge QCD⊗QED scenario. We

consider the uū hard function as a concrete example and the numerical inputs are the same

as in section 3.3.2. The relevant coefficients up to three loops can be found in appendices B.1

and B.2, allowing us to obtain the complete NNLL joint QCD⊗QED Sudakov evolution.

In figure 3.10, we show the approximation errors for the seminumerical method at NLL

and NNLL for the cusp (left panel) and noncusp (right panel) contributions. As for the

pure QCD case, the former has a larger approximation error, while overall it remains well

below 1% everywhere (except at NLL for the cusp term at the very lowest µ values).

In figure 3.11, we show the relative impact of the QED corrections by comparing the

full QCD⊗QED to the pure QCD resummation kernels at each order. For the cusp piece

(left panel) the impact reaches 4− 5% over two decades of evolution, while for the noncusp

piece (right panel) it reaches close to 1%. The overall effect for QED is expectedly small

due to the smallness of the electromagnetic coupling. Considering a toy QCD⊗QED′ model

with α′e(mZ) = 0.1 in figure 3.12, the corrections become much larger, 30 − 50% for the

cusp piece and 5 − 15% for the noncusp piece. Note that the impact is driven not only

by pure QED and mixed corrections in the expansion of the anomalous dimensions, but

also by the effects induced by the mixed β-functions in the coupling evolution. Note also

that the impact for the cusp term is practically identical at NLL and NNLL even for QED′.
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Figure 3.11: Impact of the QED corrections on the u-quark Sudakov evolution kernel at LL, NLL,

and NNLL for the cusp (left panel) and noncusp (right panel) contributions. We show the relative

difference of the full QCD⊗QED evolution to the pure QCD case at the corresponding order.
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Figure 3.12: Impact of the toy QED′ corrections on the u-quark Sudakov evolution kernel at LL,

NLL, and NNLL for the cusp (left panel) and noncusp (right panel) contributions. We show the

relative difference of the full QCD⊗QED′ evolution to the pure QCD case at the corresponding

order.

This is somewhat accidental and due to the fact that the cusp anomalous dimension does

not yet receive any mixed contributions at three loops [83] while its pure QCD and QED

three-loop coefficients happen to be very small.

3.6 Summary

In this chapter we studied the technical aspects of achieving joint resummation at higher

orders in generic coupled gauge environments. In particular, at the level of the Sudakov

evolution kernel appearing in any resummation formalism, we showed that the commonly

used methods of evaluating the associated integrals in the Sudakov exponent via analytic

approximations can cause numerical differences of the same size as the contributions com-

ing from moving to a higher logarithmic accuracy or including EW radiation. In other
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words, systematic integration errors that are typically assumed to be subleading cannot be

overlooked when attempting percent-level precision.

To show this, we first reviewed a central ingredient of the Sudakov evolution kernel, the

β-function. For the case of a single gauge interaction, we explored its possible approximate

analytic solutions and we demonstrated that the iterative method, which results from the

minimum amount of expansions, induces smaller relative errors compared to the expanded

method. Subsequently we moved to the scenario of two coupled gauge theories for which we

solved the coupled β-functions based on the iterative method, providing analytic solutions

for the running of both couplings at NNLO order, exemplifying them for the case of

QCD⊗QED.

Then we turned to the investigation of the Sudakov evolution kernel in the presence of

a single gauge interaction where we studied five methods for integrating the kernel: nu-

merical, seminumerical, unexpanded analytic, expanded analytic, and reexpanded analytic.

Their main difference lies in the treatment of the µ dependence of α(µ) that one has to

integrate over. Although all methods employ a priori justifiable assumptions, we showed

that the latter three analytic methods can introduce errors at and above the percent-level

compared to the exact result (obtained via a fully numerical treatment at a sufficiently

high numerical precision). One should therefore be cautious in using them, since their

approximation errors can be nonnegligible compared to the perturbative precision one is

aiming for. The reexpanded kernels, which are often used in the literature, are particularly

notable; differences greater than 10% are possible over only two decades of evolution.

On the other hand, we found that a seminumerical method, which combines an accurate

analytic approximation for the running of the couplings (iterative method) with a numerical

integration, yielded minimal errors (typically ≤ 0.1%), while still maintaining reasonable

computing times. As an example, we used it to obtain the complete NNLL QCD⊗QED

Sudakov evolution factor.
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Chapter 4

Subtractions at N3LO

In this chapter we derive the leading-power singular terms at three loops for both qT and

0-jettiness (T0) resolution variables for generic color-singlet processes. Our results provide

the complete set of differential subtraction terms for qT and T0 subtractions at N3LO,

which are an important ingredient for matching N3LO calculations with PS, and they are

necessary ingredients in the context of qT and T0 resummation at N3LL′ and N4LL order.

Furthermore, we employ consistency relations between different factorization limits and

derive results for the qT and T0 beam function boundary coefficients at N3LO in the z → 1

threshold limit. These correspond to genuine predictions and we use them to build ansätze

that are valid beyond threshold. Finally, exploiting the analytic structure of kernels such as

the qT beam function boundary coefficients, we present a cost-optimal and precision-driven

method for their numerical implementation.

This chapter is based on ref. [2] while numerical results in sections 4.2.3, 4.2.5, 4.3.4 and

4.3.6 have been updated and section 4.5 has been added. Parts of this work have also

appeared in ref. [163] as a result of a close collaboration with the author.

4.1 Introduction

Color-singlet processes play a central role in the LHC physics program. The pp → Z,W

Drell-Yan processes are key benchmark processes that have been measured at the percent

level and below [94, 164–166], while precise measurements of Higgs and diboson processes

provide strong sensitivity to possible contributions beyond the Standard Model [167–172].

The inclusion of higher-order QCD corrections is crucial to obtain reliable predictions.

Depending on the specific process and phase-space region, reducing the current theoret-

ical uncertainties requires the calculation of the full corrections at the next order in αs
and/or the resummation of the dominant higher-order terms to all orders in αs. For color-

singlet processes, theory predictions are being pushed to the third order in the fixed-order

expansion [173–185] as well as in resummed perturbation theory [3, 110, 135, 151, 186–192].

A key requirement in both cases is to understand the infrared singular structure of

QCD at N3LO. For fixed-order calculations this is crucial for the cancellation of infrared

divergences between real and virtual emissions, as evidenced by the variety of methods that

have been developed by now at NNLO [193–208]. Resummed predictions are intimately

linked to the singular limit, and the N3LO singular structure is a key ingredient to extend
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the resummation to the full three-loop level.

One way to study the infrared singular limit of QCD is to consider a suitable resolution

variable τ , whose differential cross section dσ/dτ can be factorized in the singular limit

τ → 0. In this chapter we consider the production of a generic color-singlet final state L in

hadronic collisions. In the singular limit, the only hard interaction process that contributes

is the Born process, which we denote as

κa(qa)κb(qb)→ L(q) with qµa + qµb = qµ . (4.1)

We always use the indices a and b to label the initial states, and κi ∈ {g, u, ū, d, d̄, s, . . .}
denotes the parton type and flavor. When there is no ambiguity we simply identify κi ≡ i,
e.g., we just write ab→ L. The qµa,b are lightlike Born reference (label) momenta given by

qµa,b = ωa,b
nµa,b
2

, xa,b =
ωa,b
Ecm

=
Q

Ecm
e±Y , (4.2)

with nµa = (1, ẑ) and nµb = (1,−ẑ). The precise definition of the Born momentum fractions

xa,b and the associated ωa,b = xa,bEcm depends on how we choose to parametrize the Born

phase space in terms of physical observables. For definiteness, in eq. (4.2) we have chosen

the total invariant mass Q =
√
q2 and rapidity Y of the color singlet. Other choices are

possible as well, e.g., ωa,b = q∓ ≡ e±Y
√
Q2 + q2

T . In the singular limit, all possible choices

are equivalent and yield the same factorized cross section. The specific choice affects the

nonsingular power-suppressed corrections.

The entire τ dependence in the factorized cross section is encoded by the beam and soft

functions (e.g. see eq. (3.39) in the context of qT factorization). The beam functions Ba,b
describe collinear emissions from the incoming partons a and b, while the soft function Sc
encodes soft radiation between them. The beam function Bi only depends on the type of

its incoming parton i ≡ κi, while Sc only depends on the color channel of the Born process.

In our case, the only possible color channels are c = {qq̄, gg}, which are equivalent to the

color representation of the incoming partons, so we simply label it by c ≡ i = {q, g}. Both

Bi and Sc are universal objects that do not depend on the details of the hard process. The

process dependence is carried by the hard function Hab which describes the Born process

ab→ L. At higher orders, it encodes finite virtual corrections to the Born process and thus

can be obtained from the corresponding quark or gluon form factors. The hard function

also encodes any additional cuts or measurements on the constituents of L, which we keep

implicit.1 Results for Hab at three loops are known for gg → H in the mt → ∞ limit,

bb̄ → H, and Drell-Yan production [116, 136–138, 209–218]. Explicit expressions in our

notation can be found in ref. [135].

Two resolution variables that probe the IR limits of QCD are 0-jettiness, T0, and

the total color-singlet transverse momentum qT . In this chapter we derive their singular

1In this chapter and for convenience, we consider as part of the hard function also the decay of the

color-singlet. This is common practice, especially for inclusive factorized cross sections in SCET, e.g.

see [65]. In section 3.2 and in chapter 5 we consider the leptonic function, which captures the decay of

the color-singlet, and the hard function separately.
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structure to N3LO. Specifically, we derive the analytic structure of the T0 and qT beam

and soft functions at three loops from their known RGEs. The beam and soft functions

relevant for T0 and qT are the most basic of their type, measuring the small light-cone

momentum or the total transverse momentum of the inclusive sum of all collinear and

soft emissions, respectively. For this reason, they are important objects in their own right,

encoding fundamental properties of the singular structure of QCD, and also appear in a

variety of other contexts. In particular, they often serve as building blocks for constructing

the beam and soft functions necessary for more complicated scenarios or observables, see

e.g. refs. [147, 155, 219–229].

The nonlogarithmic boundary coefficients for both Bi, Sc are not predicted by the RGE

and require an explicit three-loop calculation. The most complicated are the beam func-

tion boundary coefficients, because they are nontrivial functions of a partonic momentum

fraction z. However, they drastically simplify in the limit z → 1. In this limit, the energy

of collinear emissions is constrained to be small which means their interactions with the

primary collinear parton can be described in the eikonal approximation where they only

resolve its color charge and direction. Here, we exploit this to obtain the three-loop beam

function coefficients in the z → 1 limit for both T0 and qT by relating them via appropriate

consistency relations to known soft matrix elements. We give their detailed derivation and

show explicitly that they hold to all orders, allowing one to obtain the z → 1 limits of

the beam functions also to higher orders once the relevant soft matrix elements are known.

We also employ the obtained eikonal terms of the beam function coefficients to construct

ansätze for the next-to-eikonal coefficients. At the time of their construction [2], the ex-

act N3LO beam boundary coefficients were not known. Since by now they have become

available [139, 230, 231], we perform an explicit comparison to our proposed ansätze.

Another aspect that brings to the surface the complexity of the beam function boundary

coefficients is related to their numerical evaluation. While their straightforward imple-

mentation based on current codes is possible, their long and complicated functional form

disallows for an accurate numerical evaluation, thus hindering their use in high-precision

phenomenological analyses. In light of this, we provide a method for an improved approxi-

mation of kernels that bear such functional signature, by exploiting their analytic structure

to achieve a high-precision and cost-optimal numerical implementation.

The chapter is organized as follows. The three-loop structure of the beam and soft

functions and the eikonal limit of the beam functions are derived for T0 in section 4.2 and

for qT in section 4.3. The application to T0 and qT subtractions at N3LO is reviewed in

section 4.4. In section 4.5 we discuss the strategy for an improved kernel approximation.

We conclude in section 4.6.

87



Chapter 4 – Subtractions at N3LO

4.2 T0 factorization to three loops

In this section we study the singular structure of the T0 soft and beam functions. In

section 4.2.1 we review key concepts of the T0 factorization, in sections 4.2.2 and 4.2.3 we

calculate soft and beam functions to N3LO by solving their RGEs and study the numerical

impact of the newly calculated terms. In section 4.2.4 we discuss the extraction of the

beam function coefficients the eikonal limit and finally in section 4.2.5 we provide an ansatz

that is valid beyond the z → 1 limit.

4.2.1 Overview of T0 factorization

The factorization for N -jettiness, TN , has been derived using SCET in refs. [65, 219, 232].

Here we focus on 0-jettiness, T0, which is relevant for color-singlet production and coincides

with beam thrust [65, 142]. It can be defined in terms of generic measures as [219, 232]

T0 =
∑
i

min
{2qa · ki

Qa
,

2qb · ki
Qb

}
, (4.3)

where the sum runs over the momenta ki of all final-state particles excluding L and any

of its constituents. The measures Qa,b determine different definitions of 0-jettiness. Two

possible choices, corresponding to the original definitions in refs. [65, 142], are

leptonic: Qa = Qb =
√
ωaωb = Q , T lep

0 =
∑
i

min
{
eY na · ki , e−Y nb · ki

}
hadronic: Qa,b = ωa,b = Qe±Y , T cm

0 =
∑
i

min
{
na · ki , nb · ki

}
. (4.4)

The choice between the two measures is related to the process pp → L and practical

experimental limitations. For example, in the charged Drell-Yan process, pp→W± → `ν`,

due to the presence of the neutrino the rapidity Y of the vector boson is not known and

therefore the hadronic definition in eq. (4.4) must be used. For our present purposes, the

precise choice of the Qi is not important, so we will simply use the symbol T0.

The factorization for T0 is given by [65]

dσ

dQ2dY dT0
=
∑
a,b

Hab(Q
2, µ)

∫
dta dtbBa(ta, xa, µ)Bb(tb, xb, µ)Si

(
T0 −

ta
Qa
− tb
Qb
, µ
)

×
[
1 +O

(T0

Q

)]
. (4.5)

The factorization receives power corrections suppressed by T0/Q, while starting at N4LO

it also receives contributions from perturbative Glauber-gluon exchanges, which are not

captured by eq. (4.5) [233, 234].

4.2.2 T0 soft function

In SCET the quark (i = q) and gluon (i = g) bare T0 soft function corresponds to the

hemisphere soft function. It is given by the vacuum expectation value (VEV) of incoming
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ultrasoft Wilson lines with a measurement in the small lightcone momenta [65]

Si(k) =

∫
dk+

a dk+
b Si(k

+
a , k

+
b ) δ(k − k+

a − k+
b ) , (4.6)

Sq(k
+
a , k

+
b ) =

1

Nc

〈
0
∣∣Tr
{

T̄[Y †naYnb(0)]δ(k+
a − p̂+

a )δ(k+
b − p̂+

b ) T[Y †nbYna(0)]
}∣∣0〉 , (4.7)

Sg(k
+
a , k

+
b ) =

1

N2
c −1

〈
0
∣∣Tr
{

T̄[Y†naYnb(0)]δ(k+
a − p̂+

a )δ(k+
b − p̂+

b ) T[Y†nbYna(0)]
}∣∣0〉 , (4.8)

where Yni ,Yni are ultrasoft Wilson lines in the fundamental and adjoint representation

respectively (see eq. (2.114)) and the trace is over color. In eqs. (4.6), (4.7), and (4.8)

we use the abbreviation `+a,b ≡ na,b · ` for arbitrary `µ and p̂µ is the residual momentum

operator that picks up soft momenta in the corresponding hemisphere, as defined by nµa,b.

The T0 soft function is closely related to the hemisphere soft function for e+e− → jets,

which is known to NNLO [145, 235–238]. They have the same anomalous dimensions to all

orders [65, 118], and are equal to NNLO [65, 239]. interestingly, it is still an open question

whether they remain equivalent at higher fixed orders.

The beam thrust soft function satisfies the all-order RGE [65, 118]

µ
d

dµ
Si(k, µ) =

∫
dk′γiS(k − k′, µ)Si(k

′, µ) ≡ (γiS Si)(k, µ) ,

γiS(k, µ) = 4Γicusp[αs(µ)]L0(k, µ) + γiS [αs(µ)]δ(k) , (4.9)

which fully predicts the structure of Si(k, µ) in k and µ to all orders in perturbation theory.

By solving it recursively order by order in αs, we can derive this structure at any given

fixed order. Expanding both sides of eq. (4.9) to fixed order in αs(µ) and accounting for

the running of αs(µ), we obtain a relation for the (n+ 1)-loop coefficient in terms of the

coefficients up to n loops,

µ
d

dµ
S

(n+1)
i (k, µ) =

n∑
m=0

[
4Γin−m

(
L0S

(m)
i

)
(k, µ) +

(
2mβn−m + γiS n−m

)
S

(m)
i (k, µ)

]
, (4.10)

where we used the short-hand notation in eq. (A.11) for the convolution in k. This can be

integrated to give

S
(n+1)
i (k, µ) =

∫ µ

k|+

dµ′

µ′

n∑
m=0

[
4Γin−m

(
L0S

(m)
i

)
(k, µ′) +

(
2mβn−m + γiS n−m

)
S

(m)
i (k, µ′)

]
+ δ(k) s

(n+1)
i , (4.11)

where the soft function boundary coefficients are defined by

S
(n)
i (k, µ = k|+) = δ(k) s

(n)
i with s

(0)
i = 1 . (4.12)

Here, we have used distributional scale setting µ0 = k|+ [144], which is defined such that it

effectively allows us to treat the µ dependence of the logarithmic distributions like ordinary
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logarithms. In particular, it satisfies [144]

Ln(k, µ0 = k|+) = 0 ,

δ(k) lnn+1 µ0

µ

∣∣∣∣
µ0=k|+

= (n+ 1)Ln(k, µ) ,∫ µ

µ0=k|+

dµ′

µ′
Ln(k, µ′) = − 1

n+ 1
Ln+1(k, µ) . (4.13)

The first relation is used in eq. (4.12) to define the boundary coefficients as the coefficients

of the δ(k) by setting all logarithmic distributions in S
(n)
i (k, µ) to zero. The other two

relations allow us to easily perform the µ′ integral in eq. (4.11), essentially turning a δ(k)

into a L0(k) and a Ln(k) into a Ln+1(k). In addition, to evaluate the cross terms for m ≥ 1

in eq. (4.11), we need the convolutions [146]

(L0L0)(k, µ) = 2L1(k, µ)− ζ2 δ(k) ,

(L0L1)(k, µ) =
3

2
L2(k, µ)− ζ2L0(k, µ) + ζ3 δ(k) ,

(L0L2)(k, µ) =
4

3
L3(k, µ)− 2ζ2L1(k, µ) + 2ζ3L0(k, µ)− 2ζ4 δ(k) ,

(L0L3)(k, µ) =
5

4
L4(k, µ)− 3ζ2L2(k, µ) + 6ζ3L1(k, µ)− 6ζ4L0(k, µ) + 6ζ5 δ(k) . (4.14)

Starting from the LO result, s
(0)
i = 1, eq. (4.11) yields up to two loops

S
(0)
i (k, µ) = δ(k) ,

S
(1)
i (k, µ) = −L1(k, µ) 4Γi0 − L0(k, µ) γiS 0 + δ(k) s

(1)
i ,

S
(2)
i (k, µ) = L3(k, µ) 8(Γi0)2 + L2(k, µ) 2Γi0(2β0 + 3γiS 0)

+ L1(k, µ)
[
−16ζ2(Γi0)2 + (2β0 + γiS 0)γiS 0 − 4Γi1 − 4Γi0 s

(1)
i

]
+ L0(k, µ)

[
4Γi0(4ζ3Γi0 − ζ2γ

i
S 0)− γiS 1 − (2β0 + γiS 0) s

(1)
i

]
+ δ(k) s

(2)
i , (4.15)

which agrees with ref. [202]. Evaluating eq. (4.11) at the next order, we obtain the three-loop

result,

S(3)(k, µ) = δ(k) s
(3)
i +

5∑
`=0

S
(3)
i,` L`(k, µ) , (4.16)

with the coefficients of the logarithmic distributions given by

S
(3)
i,5 = −8(Γi0)3

S
(3)
i,4 = −10

3
(Γi0)2 (4β0 + 3γiS 0)

S
(3)
i,3 = 4Γi0

[
16ζ2(Γi0)2 − 4

3
β2

0 −
(10

3
β0 + γiS 0

)
γiS 0 + 4Γi1 + 2Γi0 s

(1)
i

]
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S
(3)
i,2 = 16(Γi0)2

[
−10ζ3Γi0 + 3ζ2(β0 + γiS 0)

]
+ (4β0 + 3γiS 0)(−β0γ

i
S 0 + 2Γi1)− (γiS 0)3

2

+ 2Γi0

[
2β1 + 3γiS 1 + (8β0 + 3γiS 0)s

(1)
i

]
S

(3)
i,1 = 32(Γi0)2

[
ζ4Γi0 − ζ3(3β0 + 2γiS 0)

]
+ 8ζ2Γi0

[
(3β0 + γiS 0)γiS 0 − 4Γi1

]
+ 4β0γ

i
S 1 + 2γiS 0(β1 + γiS 1) +

[
−16ζ2(Γi0)2 + 8β2

0 + (6β0 + γiS 0)γiS 0 − 4Γi1
]
s

(1)
i

− 4Γi2 − 4Γi0 s
(2)
i

S
(3)
i,0 = 16(Γi0)2

[
4Γi0(2ζ2ζ3 − 3ζ5) + ζ4

(
2β0 +

γiS 0

2

)]
− 4ζ3Γi0

[
(2β0 + γiS 0)γiS 0 − 8Γi1

]
− 4ζ2

(
γiS 0Γi1 + Γi0γ

i
S 1

)
+
{

4Γi0
[
4ζ3Γi0 − ζ2(2β0 + γiS 0)

]
− (2β1 + γiS 1)

}
s

(1)
i

− γiS 2 − (4β0 + γiS 0)s
(2)
i . (4.17)

This agrees with a corresponding numerical expression in ref. [110]. The required anomalous

dimension coefficients up to three loops and boundary coefficients up to two loops are given

in appendix B.

Numerical impact. The soft function Si(k, µ) has an explicit dependence on µ, which

cancels against that of the hard and beam functions in eq. (4.5). Therefore, simply varying

the scale µ is not very meaningful for illustrating the numerical impact of the µ-dependent

three-loop terms. Instead, we consider the resummed soft function which results from the

solution of the RGE in eq. (4.9)

Si(k, µ) =

∫
dk′ Si(k

′, µS)U iS(k − k′, µS , µ) , (4.18)

where the evolution kernel U iS evolves the soft function between the scales µS and µ while

it satisfies U iS(k, µS , µS) = δ(k). Its closed form solution reads [118, 142]

U iS(k, µS , µ) =
eK

i
S−γE η

i
S

Γ(1 + ηiS)

[
ηiS
µS
LηiS

( k
µS

)
+ δ(k)

]
, (4.19)

Ki
S ≡ Ki

S(µS , µ) = −4Ki
Γ(µS , µ) +KγiS

(µS , µ) , ηiS ≡ ηiS(µS , µ) = 4ηiΓ(µS , µ) , (4.20)

where the definition of the plus distributions La(x) is given in appendix A.2.1 and the

functional form of Ki
S , η

i
S in appendix B.5. A detailed solution of RGEs as that of eq. (4.9)

that involve anomalous dimensions with plus and delta functions, is given in appendix D

of ref. [63].

Formally, the µS dependence on the right-hand side of eq. (4.18) cancels, but when the

starting condition Si(k, µS) is evaluated at fixed order, it only cancels up to higher-order

terms. For ease of presentation, we consider the cumulant of the soft function

(Si ⊗ U iS)cut(Tcut, µ) =

∫ Tcut

dk

∫
dk′ Si(k

′, µS)U iS(k − k′, µS , µ) , (4.21)

for which the distributions turn into ordinary logarithms of Tcut.
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Figure 4.1: Residual scale dependence of the integrated resummed T0 soft function for i = q (left)

and i = g (right). Shown are the relative deviations from the NNLL′ result Scentral
i,cut at the central

scale µS = Tcut.

In figure 4.1, we take as an example Tcut = µ = 20 GeV and show the residual µS
dependence of the resummed soft function when varying µS around the canonical central

value µS = Tcut at NLL′ (dotted green), NNLL′ (dashed blue), and N3LL′ (solid orange).

For the latter we set the currently unknown three-loop constant term s
(3)
i = 0. In all

cases, we show the relative difference to the central value at NNLL′. For simplicity we

always use the same four-loop (N3LL) running for αs (see appendix B.5), which formally

amounts to a higher-order effect at (N)NLL′. For the quark soft function (left panel), the

µS dependence is more than halved going from NLL′ to NNLL′, and roughly halved again

at N3LL′. In the gluon case (right panel), the µS dependence is noticeably larger, but also

reduces significantly at each order as it should. Note that the missing three-loop constant

term will add an additional source of µS dependence due to its α3
s(µS) prefactor, which

however should not change the general picture.

We stress that the residual µS dependence in the resummed soft function by itself is not

necessarily a good indicator of the perturbative uncertainty. Nevertheless, the reduction

in the scale dependence still provides a useful cross check and an indication of the typical

reduction of perturbative uncertainties one might expect at each order. We also emphasize

that the size of the variations in figure 4.1 does not necessarily reflect the variations one

should expect in the resummed cross section, where the evolution of the soft function

happens in conjunction with the beam and hard functions.

4.2.3 T0 beam function

In SCET the quark (i = q) and gluon (i = g) bare T0 beam functions correspond to the

inclusive virtuality-dependent (SCETI) beam functions. They are defined as forward matrix

elements of proton states with lightlike momenta Pµa = Ecmn
µ
a/2 and na-collinear quarks
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4.2 T0 factorization to three loops

χna and gluons Bna⊥ [118]

Bq(ta, xa) = θ(ωa)
〈
pna
∣∣χ̄na(0)δ(ta − ωap̂+

a )[δ(ωa − n̄a · P)
/̄na
2
χna(0)]

∣∣pna〉 , (4.22)

Bg(ta, xa) = θ(ωa)ωa
〈
pna
∣∣Bµna⊥(0)δ(ta − ωap̂+

a )[δ(ωa − n̄a · P)Bna⊥µ(0)]
∣∣pna〉 , (4.23)

where the matrix elements are implicitly averaged over proton spin. The nb-collinear beam

functions are analogously defined. As before, p̂µ is the residual momentum operator with

p̂+
a ≡ na · p̂ and Pµ is the label momentum operator. The δ(ta − ωap̂

+
a ) measures the

total (small) plus momentum of all initial-state collinear radiation with ta denoting the

transverse virtuality of the beam function, whereas δ(ωa − n̄a · P) measures the large

lightcone momenta of the parton that participates in the hard interaction. In what follows,

we suppress the indices a, b that differentiate between na,b-beam functions as it is irrelevant

for our derivations and only keep the index i = q, g.

The T0 beam function appears in the N -jettiness factorization for any N [232], including

deep-inelastic scattering [240]. It has been shown that it also arises in generalized threshold

factorization theorems for inclusive color-singlet production in hadronic collisions [241].

The virtuality-dependent quark and gluon beam functions are known to NNLO [118, 142,

242, 243] and they were recently calculated at N3LO [244].

The beam function Bi(t, x, µ) obeys the all-order RGE [65, 118]

µ
d

dµ
Bi(t, x, µ) =

∫
dt′ γiB(t− t′, µ)Bi(t

′, x, µ) ,

γiB(t, µ) = −2Γicusp[αs(µ)]L0(t, µ2) + γiB[αs(µ)] δ(t) . (4.24)

For t� ΛQCD, the beam function satisfies an operator product expansion (OPE) in terms

of standard PDFs [65, 118]

Bi(t, x, µ) =
∑
j

∫
dz

z
Iij(t, z, µ) fj

(x
z
, µ
)[

1 +O
(

Λ2
QCD

t

)]
, (4.25)

where the Iij(t, z, µ) are perturbatively calculable matching coefficients. Taking into account

the evolution of the PDFs (see eq. (A.32)), they obey the RGE [118]

µ
d

dµ
Iij(t, z, µ) =

∑
k

∫
dt′

dz′

z′
Iik
(
t−t′, z

z′
, µ
)[
γiB(t′, µ) 1kj(z

′)−δ(t′) 2Pkj(z
′, µ)

]
, (4.26)

where 1ij(z) ≡ δij δ(1− z) and 2Pij(z, µ) are the PDF anomalous dimensions.

By solving the RGE in eq. (4.26) recursively order by order, we can derive the complete

structure of Iij(t, z, µ) at any given fixed order, as was done in refs. [142, 242] to NNLO.

Following the same procedure as in section 4.2.2, keeping track of the flavor indices and

Mellin convolutions, the (n+ 1)-loop term is determined from the up to n-loop terms as

I(n+1)
ij (t, z, µ2) = δ(t) I

(n+1)
ij (z) +

∫ µ2

t|+

dµ̃2

µ̃2

n∑
m=0

{
−Γin−m

[
L0I(m)

ij (z)
]
(t, µ̃2) (4.27)

+
(
mβn−m +

γiB n−m
2

)
I(m)
ij (t, z, µ̃2)−

[
I(m)(t, µ̃2)P (n−m)

]
ij

(z)

}
,
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where the µ-independent boundary coefficients are defined as

I(n)
ij (t, z, µ2 = t|+) = δ(t) I

(n)
ij (z) . (4.28)

Starting from the LO result, I
(0)
ij (z) = 1ij(z) ≡ δij δ(1− z), we obtain up to two loops

I(0)
ij (t, z, µ2) = δ(t) 1ij(z) ,

I(1)
ij (t, z, µ2) = L1(t, µ2) Γi0 1ij(z) + L0(t, µ2)

[
−γ

i
B 0

2
1ij(z) + P

(0)
ij (z)

]
+ δ(t) I

(1)
ij (z) ,

I(2)
ij (t, z, µ2) = L3(t, µ2)

(Γi0)2

2
1ij(z)

+ L2(t, µ2)
Γi0
2

[
−
(
β0 +

3

2
γiB 0

)
1ij(z) + 3P

(0)
ij (z)

]
+ L1(t, µ2)

{[
−ζ2(Γi0)2 +

(
β0 +

γiB 0

2

)γiB 0

2
+ Γi1

]
1ij(z)

− (β0 + γiB 0)P
(0)
ij (z) + (P (0)P (0))ij(z) + Γi0 I

(1)
ij (z)

}
+ L0(t, µ2)

{[
Γi0

(
ζ3Γi0 + ζ2

γiB 0

2

)
− γiB 1

2

]
1ij(z)− ζ2Γi0 P

(0)
ij (z)

+ P
(1)
ij (z)−

(
β0 +

γiB 0

2

)
I

(1)
ij (z) + (I(1)P (0))ij(z)

}
+ δ(t) I

(2)
ij (z) , (4.29)

which agrees with refs. [142, 202, 242]. The NLO and NNLO boundary coefficients I
(1,2)
ij (z)

together with the required Mellin convolutions (P (0)P (0))ij(z) and (I(1)P (0))ij(z) can be

found in refs. [242, 243].2

Plugging eq. (4.29) back into eq. (4.27), we obtain the N3LO result

I(3)
ij (t, z, µ2) = δ(t) I

(3)
ij (z) +

5∑
`=0

I(3)
ij,`(z)L`(t, µ2) , (4.30)

with the coefficients

I(3)
ij,5(z) =

(Γi0)3

8
1ij(z)

I(3)
ij,4(z) =

5

8
(Γi0)2

[
−
(2

3
β0 +

γiB 0

2

)
1ij(z) + P

(0)
ij

]
I(3)
ij,3(z) = Γi0

{[
−ζ2(Γi0)2 +

β2
0

3
+
(5

3
β0 +

γiB 0

2

)γiB 0

2
+ Γi1

]
1ij(z)

−
(5

3
β0 + γiB 0

)
P

(0)
ij (z) + (P (0)P (0))ij(z) +

Γi0
2
I

(1)
ij (z)

}
2We caution that the functions Pij(z) and Iij(z) in refs. [202, 242, 243] are expanded in powers of αs/(2π)

while here we expand them in powers of αs/(4π).
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I(3)
ij,2(z) =

{
(Γi0)2

[5

2
ζ3Γi0 +

3

2
ζ2(β0 + γiB 0)

]
−
(
β0 +

3

4
γiB 0

)(
β0
γiB 0

2
+ Γi1

)
− (γiB 0)3

16

− Γi0
2

(
β1 +

3

2
γiB 1

)}
1ij(z) + 3

[
−ζ2(Γi0)2 +

β2
0

3
+
(
β0 +

γiB 0

4

)γiB 0

2
+

Γi1
2

]
P

(0)
ij (z)

− 3

2

(
β0 +

γiB 0

2

)
(P (0)P (0))ij(z) +

1

2
(P (0)P (0)P (0))ij(z)

+
3

2
Γi0

[
P

(1)
ij (z)−

(4

3
β0 +

γiB 0

2

)
I

(1)
ij (z) + (I(1)P (0))ij(z)

]
I(3)
ij,1(z) =

{
−(Γi0)2

[ζ4

2
Γi0 + ζ3(3β0 + 2γiB 0)

]
− ζ2Γi0

[
(3β0 + γiB 0)

γiB 0

2
+ 2Γi1

]
+ β0γ

i
B 1 +

γiB 0

2
(β1 + γiB 1) + Γi2

}
1ij(z) +

{
Γi0
[
4ζ3Γi0 + ζ2(3β0 + 2γiB 0)

]
− (β1 + γiB 1)

}
P

(0)
ij (z)− 2ζ2Γi0(P (0)P (0))ij(z)− (2β0 + γiB 0)P

(1)
ij (z)

+ (P (0)P (1)+P (1)P (0))ij(z) +
[
−ζ2(Γi0)2 + 2β2

0 +
(

3β0 +
γiB 0

2

)γiB 0

2
+ Γi1

]
I

(1)
ij (z)

− (3β0 + γiB 0)(I(1)P (0))ij(z) + (I(1)P (0)P (0))ij(z) + Γi0 I
(2)
ij (z)

I(3)
ij,0(z) =

{
(Γi0)2

[
−Γi0(2ζ2ζ3 − 3ζ5) + ζ4

(
β0 +

γiB 0

4

)]
+ ζ3Γi0

[(
β0 +

γiB 0

2

)γiB 0

2
+ 2Γi1

]
+
ζ2

2

(
γiB 0Γi1 + Γi0γ

i
B 1

)
− γiB 2

2

}
1ij(z)−

{
Γi0

[ζ4

2
Γi0 + ζ3(β0 + γiB 0)

]
+ ζ2Γi1

}
P

(0)
ij (z) + Γi0

[
ζ3(P (0)P (0))ij(z)− ζ2P

(1)
ij (z)

]
+ P

(2)
ij (z)

+

{
Γi0

[
ζ3Γi0 + ζ2

(
β0 +

γiB 0

2

)]
−
(
β1 +

γiB 1

2

)}
I

(1)
ij (z)− Γi0ζ2(I(1)P (0))ij(z)

+ (I(1)P (1))ij(z)−
(

2β0 +
γiB 0

2

)
I

(2)
ij (z) + (I(2)P (0))ij(z) . (4.31)

The required anomalous dimensions and splitting functions up to three loops are given in

appendices B and A.3 respectively. We have evaluated all Mellin convolutions appearing

in eq. (4.31) using the MT package [245]. The calculation of (I(2)P (0))ij(z) required the use

of the identity

Li3

( 1

1 + z

)
+Li3(−z)+Li3

( z

1 + z

)
= ζ3−ζ2 ln(1+z)−1

2
ln2(1+z) ln z+

1

3
ln3(1+z) . (4.32)

Numerical impact. To illustrate the numerical impact of the three-loop corrections,

we consider the resummed beam function which results from the solution of the RGE in

eq. (4.24)

Bi(t, x, µ) =

∫
dt′Bi(t

′, x, µB)U iB(t− t′, µB, µ) , (4.33)
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Figure 4.2: Residual scale dependence of the resummed integrated TN beam function for i = d

(top left), u (top right), d̄ (bottom left), and g (bottom right). Shown are the relative deviations

from the NNLL′ result Bcentral
i,cut at the central scale µB =

√
tcut.

where U iB is the beam function evolution kernel that evolves Bi between the scales µB and

µ while it satisfies U iB(t, µB, µB) = δ(t). Its closed form solution reads [118, 142]

U iB(t, µB, µ) =
eK

i
B−γE η

i
B

Γ(1 + ηiB)

[
ηiB
µ2
B

LηiB
( t

µ2
B

)
+ δ(t)

]
, (4.34)

Ki
B ≡ Ki

B(µB, µ) = 4Ki
Γ(µB, µ) +KγiB

(µB, µ) , ηiB ≡ ηiB(µB, µ) = −2ηiΓ(µB, µ) , (4.35)

where the definition of the plus distributions La(x) given in appendix A.2.1 and the func-

tional form of Ki
B, η

i
B in appendix B.5.

Similar to the soft function above, the µB dependence on the right-hand side of eq. (4.33)

formally cancels, but since Bi(t, x, µB) is only evaluated at fixed order, this cancellation is

satisfied up to higher order terms in its perturbative expansion. For ease of presentation,

we show results for the cumulant of the resummed beam function

(Bi ⊗ U iB)cut(tcut, x, µ) =

∫ tcut

dt

∫
dt′Bi(t

′, x, µB)U iB(t− t′, µB, µ) . (4.36)
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In figure 4.2, we show the residual µB dependence of the resummed integrated beam

function at fixed representative values of x = 10−2 and
√
tcut = µ = 30 GeV. We again show

the relative difference to the NNLL′ central result at µB =
√
tcut at NLL′ (dotted green),

NNLL′ (dashed blue), and N3LL′ (solid orange).3 We use the MMHT2014nnlo68cl [246]

NNLO PDFs and four-loop running of αs everywhere. These evolution orders are sufficient

to ensure the formal cancellation of the µB dependence at N3LL′, while at lower orders they

amount to a higher-order effect. Numerical results to N3LL with PDFs and αs evolution

at corresponding lower orders can be found in ref. [243]. While for the gluon case (bottom

right panel) the residual µB dependence is noticeably reduced about a factor of two between

N3LL′ and NNLL′, the same doesn’t (entirely) happen for the quark cases (top row and

bottom left panels). In these, while the up variation shows a significant reduction of more

than a factor of two, for the down variation this is not the case. We stress once more

that as for the soft function, the residual µB dependence of the resummed Bi by itself is

not necessarily a good indicator of the perturbative uncertainty. Finally, we note that the

depicted shifts ∼ O(%) of the N3LL′ quark beam function at the central scale µB =
√
tcut,

implies that the O(α3
s) corrections are important. It will be interesting to see whether they

impact the T0 spectrum in a nontrivial way, once the N3LO corrections to the beam thrust

soft function are available.

4.2.4 Beam function coefficients in the eikonal limit

We now obtain the beam function coefficients I
(n)
ij (z) in the z → 1 limit. As was already

pointed out and exploited in the NNLO calculation in refs. [242, 243], the beam function

in this limit is effectively determined by a matrix element of eikonal Wilson lines. Here, we

exploit a recently derived consistency relation [241] that explicitly relates the I
(n)
ij (z → 1)

to the threshold soft function to all orders in αs. Consistency relations of this kind

generically arise from different factorization theorems that apply in different limits of the

same multi-differential cross section. In particular, a soft or collinear matrix element of

several arguments will refactorize into a product (or convolution) of simpler pieces of fewer

arguments by taking a stronger limit.

We start by defining the color-singlet lightcone momenta q∓ and corresponding momen-

tum fractions x∓,

q− ≡ n̄ · q =
√
Q2 + q2

T e
+Y , q+ ≡ n · q =

√
Q2 + q2

T e
−Y , x∓ =

q∓

Ecm
. (4.37)

As recently shown in ref. [241], in the generalized threshold limit x− → 1 but generic x+,

the inclusive color-singlet cross section differential in q± factorizes as

dσ

dq−dq+
=
∑
a,b

Hab(q
+q−, µ)

∫
dt f thr

a

[
x−

(
1 +

t

q+q−

)
, µ
]
Bb(t, x+, µ)

[
1 +O(1− x−)

]
.

(4.38)

3Note that in comparison to ref. [2], figure 4.2 has been updated to include the N3LO boundary coefficient

I
(3)
ij (z), hence the complete N3LL′ beam functions are shown.
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Here, Hab is the same hard function as in eq. (4.5), and Bb is the same inclusive beam

function as in eq. (4.5). The threshold PDF f thr
a (x) encodes the extraction of parton a

from the proton for x→ 1.

On the other hand, in the well-known and stronger soft threshold limit, where both

x− → 1 and x+ → 1, the cross section factorizes as [247–251]

dσ

dq−dq+
=
∑
a,b

Hab(q
+q−, µ)

∫
dk−dk+ f thr

a

[
x−

(
1 +

k−

q−

)
, µ
]
f thr
b

[
x+

(
1 +

k+

q+

)
, µ
]

× Sthr
i (k−, k+, µ)

[
1 +O(1− x−, 1− x+)

]
. (4.39)

The new ingredient is the threshold soft function Sthr
i (k−, k+, µ). It describes the process-

independent contribution of soft emissions with total lightcone momenta k+ = n · k and

k− = n̄ · k. It also only depends on the color representation c ≡ i = {q, g} of the incoming

partons.

The threshold soft function is defined as a vacuum matrix element of Wilson lines that

are invariant under longitudinal boosts, and therefore satisfies the rescaling property

Sthr
i (k−, k+, µ) = Sthr

i (e+yk−, e−yk+, µ) . (4.40)

More specifically, in the context of SCET, the soft function is invariant under RPI-III

transformations [66, 252]. Exploiting this property, the soft function can be extracted [76,

119, 176, 181, 248] from the soft-virtual limit of the total color-singlet production cross

section dσ/dQ2, which is known to O(α3
s) [173, 174]. In appendix D.1, we review this

procedure and give explicit results for Sthr
i (k−, k+, µ) to three loops.

The factorization theorems in eqs. (4.38) and (4.39) describe the same cross section and

share a number of common ingredients. In particular, only the beam function depends on

x+ in eq. (4.38). Further expanding eq. (4.38) in the limit x = x+ → 1, it must reproduce

eq. (4.39). As a result, the eikonal x → 1 limit of the beam function must coincide with

the threshold soft function [241],

Bi(t, x, µ) =

∫
dk

ω
Sthr
i

( t
ω
, k, µ

)
f thr
i

[
x
(

1 +
k

ω

)
, µ
] [

1 +O(1− x)
]
. (4.41)

Replacing f thr
i [x(1 + 1− z)] by fi(x/z)/z, which is justified at leading power in 1− z, yields

the corresponding relation for the matching coefficients [241],

Iij(t, z, µ) = δij S
thr
i

[ t
ω
, ω(1− z), µ

] [
1 +O(1− z)

]
. (4.42)

This relation captures all terms in Iij(t, z, µ) that are singular for z → 1, while power

corrections have at most an integrable singularity for z → 1. Notably, the beam function

becomes flavor diagonal as z → 1, while offdiagonal channels are O(1− z) suppressed. By

eq. (4.42), the matching coefficients also inherit the rescaling property in eq. (4.40), i.e.,

in the limit z → 1, they become invariant under a simultaneous rescaling t 7→ e+yt and

1− z 7→ e−y(1− z). In other words, they are symmetric in t/ω and ω(1− z) such that the

dependence on ω cancels on the right-hand side.
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4.2 T0 factorization to three loops

In ref. [241], eq. (4.42) was explicitly confirmed at two loops by comparison to refs. [242,

243]. We now use it to predict the beam function coefficients in the eikonal limit at three

loops. They are given by the coefficient of δ(k−) in the threshold soft function upon

identifying δ(k+) 7→ δ(1 − z) and Ln(k+, µ) 7→ Ln(1 − z). Including the one-loop and

two-loop results for reference, we find

I
(1)
ij (z) = δij

[
L1(1− z) Γi0 + δ(1− z) sthr(1)

i

]
+O

[
(1− z)0

]
,

I
(2)
ij (z) = δij

{
L3(1− z) (Γi0)2

2
− L2(1− z) Γi0

2
β0 + L1(1− z)

[
−2ζ2(Γi0)2 + Γi1 + Γi0 s

thr(1)
i

]
+ L0(1− z)

[
2ζ3(Γi0)2 +

γiS 1

2
− β0 s

thr(1)
i

]
+ δ(1− z) sthr(2)

i

}
+O

[
(1− z)0

]
,

I
(3)
ij (z) = δij

{
L5(1− z) (Γi0)3

8
− L4(1− z) 5

12
(Γi0)2β0

+ L3(1− z) Γi0

[
−2ζ2(Γi0)2 +

β2
0

3
+ Γi1 +

Γi0
2
s

thr(1)
i

]
+ L2(1− z)

[
(Γi0)2(5ζ3Γi0 + 3ζ2β0)− β0Γi1 −

Γi0
2

(
β1 −

3

2
γiS 1 + 4β0 s

thr(1)
i

)]
+ L1(1− z)

[
(Γi0)2(4ζ4Γi0 − 6ζ3β0)− 4ζ2Γi0Γi1 − β0γ

i
S 1 + Γi2

+
(
−2ζ2(Γi0)2 + 2β2

0 + Γi1
)
s

thr(1)
i + Γi0 s

thr(2)
i

]
+ L0(1− z)

[
(Γi0)2

(
−Γi0(8ζ2ζ3 − 6ζ5) + 2ζ4β0

)
+ Γi0(4ζ3Γi1 − ζ2γ

i
S 1) +

γiS 2

2

+
(

(Γi0)22ζ3 + Γi02ζ2β0 − β1 +
γiS 1

2

)
s

thr(1)
i − 2β0 s

thr(2)
i

]
+ δ(1− z) sthr(3)

i

}
+O

[
(1− z)0

]
. (4.43)

The boundary coefficients s
thr(n)
i of the threshold soft function are given in eq. (D.7). We

have exploited that the noncusp anomalous dimension of the threshold soft function is

given by −γiS(αs), see appendix D.1.2. For brevity, we also used that γiS 0 = 0. The result

for generic γiS 0 can be read off from the full expression for the threshold soft function in

eq. (D.4).

The three-loop result in eq. (4.43) is a genuine prediction of the consistency relation in

eq. (4.42). We stress that the information provided by it goes beyond the RGE-predicted

three-loop structure in eq. (4.31). The fact that the leading z → 1 terms must be symmetric

in t/ω and ω(1 − z) allows one to directly determine (or check) the δ(t)Ln(1 − z) terms

from the RGE-predicted Ln(t)δ(1− z) terms, which was already noted in refs. [242, 253].

However, the δ(t)δ(1−z) coefficient cannot be predicted in this way, and eq. (4.42) explicitly

identifies it with the threshold soft function coefficients s
thr(3)
i . The coefficient I

(3)
ij (z) in

eq. (4.43) has been confirmed in ref. [244] by an explicit computation of the exact N3LO

beam function boundary term.

As was shown in ref. [241], a factorization theorem analogous to eq. (4.38) also holds for

the inclusive cross section differential in Q and Y , with Bi replaced by a closely related,
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Chapter 4 – Subtractions at N3LO

modified beam function B̃i(t, x, µ).4 Note that here, the difference between the cross

sections differential in q± and (Q,Y ) matters. The RGE for B̃i(t, x, µ) is the same as for

Bi(t, x, µ) in eq. (4.24), and hence eq. (4.31) also holds for B̃i just with different boundary

coefficients Ĩ
(n)
ij (z). In the limit z → 1, the difference between Bi and B̃i becomes power

suppressed in 1 − z. As a result, the z → 1 limit of the modified Ĩ
(n)
ij (z) is also given by

eq. (4.43).

4.2.5 Estimating beam function coefficients beyond the eikonal limit

We now wish to study to what extent the eikonal limit of the beam function coefficients

can be used to approximate the full result and/or estimate the uncertainty of terms beyond

the eikonal limit.

In figure 4.3, we compare the full T0 beam function coefficient (solid) to its eikonal (LP

dotted green) and next-to-eikonal (NLP dashed blue) expansions at NLO and NNLO for

the u quark and gluon channels. We always show the convolution (Iij ⊗ fj)(x)/fi(x) with

the appropriate PDF fj and normalize to the PDF fi(x), corresponding to the LO result,

where i = u for the u-quark case and i = g for the gluon case. With this normalization,

the shape gives an indication of the rapidity dependence of the beam function coefficient

relative to the LO rapidity dependence induced by the shape of the PDFs. We also include

the appropriate powers of αs/(4π) at each order, so the overall normalization shows the

percent impact relative to the LO result. For definiteness, we choose µ = 30 GeV for the

scale entering the PDFs and αs.

The eikonal approximation reproduces the correct divergent behavior of the full flavor-

diagonal contributions, denoted as5 qqV and gg, toward large x but is off away from large x.

On the other hand, including the next-to-eikonal terms yields an excellent approximation for

all x, particularly for the quark beam function. The rise at very small x for the gluon, which

is not reproduced at NLP, is due to the z → 0 divergent behavior in the gluon coefficient,

which is not reproduced by its z → 1 expansion. If desired, it can be captured by including

the leading z → 0 behavior of the coefficients, which for simplicity we refrain from doing

here. For illustration, we also show the total contribution from all other corresponding

nondiagonal channels (gray dot-dashed). In each case, they are numerically subdominant

to the flavor-diagonal channel and also much flatter in x, since they only start at NLP.

The fact that the NLP result reproduces the full result very well, motivates the construc-

tion of the following ansatz for the beam function coefficients

I
(n)
ij,approx(z) = I

LP(n)
ij (z) + I

NLP(n)
ij,approx(z) +X2 (1− z)INLP(n)

ij,approx(z) , (4.44)

where the NLP coefficient itself is approximated as

I
NLP(n)
ij,approx(z) = −(1− z)ILP(n)

ij (z) +X1 (1− z) d

d(1− z)
[
(1− z)ILP(n)

ij (z)
]
, (4.45)

4Not to be confused with the qT beam function B̃i(x,~bT , µ, ν) in the following section.
5See appendix A.3 for our conventions on the flavor decomposition of Mellin kernels.
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Figure 4.3: Comparison of the full beam function coefficients to their leading eikonal (LP) and

next-to-eikonal (NLP) expansion at NLO (top) and NNLO (bottom). The u-quark channel is shown

on the left and the gluon channel on the right. In each case we also show the sum of all nondiagonal

partonic channels for comparison.

and X1 and X2 are free parameters that can be varied to estimate residual uncertainties.

This ansatz is motivated by the known general logarithmic structure at NLP

I
NLP(n)
ij (z) =

2n−1∑
k=0

cNLP
n,k lnk(1− z) . (4.46)

By multiplying the LP term by (1−z) in eq. (4.45), we generate the appropriate logarithmic

structure at NLP. The first term in eq. (4.45) reproduces the correct NLO and NNLO

coefficients for the leading logarithm at NLP cNLP
1,1 = −4Ci and cNLP

2,3 = −8C2
i for both

quarks (Cq ≡ CF ) and gluons (Cg ≡ CA). Here, the additional double logarithm is

determined by the same power of (Γi0)n as at LP, and this pattern can be expected to hold

at higher orders. The second term in eq. (4.45) generates a next-to-leading logarithmic NLP

series. We fix the central value for X1 = 1 to reproduce the NLL constant term at NLO

c1,0 = 4Ci. Interestingly, we find that this choice also reproduces all NNLO coefficients c2,k

very well, typically to within 10%, for both quarks and gluons and also independently of

the choice of nf . This provides a very nontrivial check and so we expect that eq. (4.45)

provides a very good model of the true NLP structure also at higher orders (n ≥ 4). To
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Figure 4.4: Approximate ansätze for the NNLO (top) and N3LO (bottom) kernels, in the u-quark

(left) and gluon (right) channels. The central curve of the ansätze corresponds to the orange dashed

curves and the yellow bands are the estimated uncertainty. The exact kernels are shown in solid

red.

estimate the uncertainties, we vary X1 by ±0.5, which effectively varies the coefficients of

the subleading terms. At NNLO, this variation covers the exact value for all coefficients.

In addition, the last term in eq. (4.44) estimates the possible effect of terms beyond NLP.

Here, we simply take the central value X2 = 0 and vary it by ±1.

Since Xi probe independent structures, we can consider them as uncorrelated. Hence,

we add the impacts ∆i on the final result of their variation in quadrature

∆ = ∆1 ⊕∆2 =
√

∆2
1 + ∆2

2 . (4.47)

In figure 4.4, we show the approximate kernel at NNLO (top) and N3LO (bottom) for

the u-quark (left) and gluon (right) channels. The dashed orange line shows the central

result from our ansatz and the yellow band its estimated uncertainty. The gray lines show

the impact of the individual variations of the Xi as indicated. The full results at NNLO

(top) and N3LO (bottom)6 are shown as red solid curves. At NNLO, it shows that the

6Note that in comparison to ref. [2], the bottom panels of figure 4.4 have been updated to include the

recently computed exact I
(3)
qqV (z) and I

(3)
gg (z) kernels [244] (solid red), allowing for a direct comparison

between our ansatz in eq. (4.44) and the exact kernels.
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4.3 qT factorization to three loops

ansatz including uncertainties approximates the true result very well, except for the gluon

at very small x where we do not expect it to hold.

At N3LO, we see that the ansatz gives rise to a sizable shift from the pure eikonal

limit, which is crucial in order approximate the relative size of the true kernels. A direct

comparison for both quark and gluon cases, shows our ansatz to (almost) perfectly capture

the relative rapidity dependence of the exact kernels within uncertainties, except for the

small x region of the gluon kernel whose behavior is inherent to 1/z terms. Interestingly,

the exact three-loop coefficients have one to few percent impact, something already hinted

from the resummed beam function (see section 4.2.3) and therefore we expect them to have

a nontrivial impact in the T0 spectrum.

4.3 qT factorization to three loops

In this section we study the singular structure of the qT soft and beam functions. We start

with section 4.3.1 where we review key concepts of the qT factorization. In sections 4.3.2,

4.3.3, and 4.3.4 we calculate the rapidity anomalous dimension, the soft and beam functions

to N3LO by solving their RGEs and study the numerical impact of the newly calculated

corrections for the latter two. In section 4.3.5 we discuss the extraction of the beam function

coefficients the eikonal limit and finally in section 4.3.6 we construct an ansatz that is valid

beyond the z → 1 limit.

4.3.1 Overview of qT factorization

The factorization of the qT distribution in QCD for the limit qT � Q was first established

by Collins, Soper, and Sterman (CSS) [54, 254, 255], and was later elaborated on in

refs. [158, 256–258]. The factorization for qT was also shown within the framework of SCET

in refs. [71, 76, 259, 260]. We write the factorized cross section as

dσ

dQ2dY d2~qT
=

dσ(0)

dQ2dY d2~qT

[
1 +O

( q2
T

Q2

)]
=

∫
d2~bT e

i ~qT ·~bT W (0)(Q2, Y,~bT )
[
1 +O

( q2
T

Q2

)]
,

W (0)(Q2, Y,~bT ) =
∑
a,b

Hab(Q
2, µ)B̃a(xa,~bT , µ, ν) B̃b(xb,~bT , µ, ν) S̃i(bT , µ, ν) . (4.48)

As indicated, it receives quadratic power corrections ∼ O
(
q2
T /Q

2
)
.7 As is common, we con-

sider the factorized singular cross section in Fourier-conjugate ~bT -space, where convolutions

in ~qT space turn into simple products. In particular, Fourier transforming the ~qT -dependent

plus distributions Ln(~qT , µ) turns them into powers of the canonical ~bT -space logarithms,

7When additional cuts or measurements are applied on the decay products of the color singlet L, the

factorization in eq. (4.48) receives enhanced linear power corrections ∼ O(qT /Q) [261, 262]. We discuss

this case in chapter 5 for the Higgs boson fiducial qT spectrum at the LHC.
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which we denote as

Lb = ln
b2Tµ

2

b20
, b0 = 2e−γE . (4.49)

More details on their Fourier transformation are given in appendix A.2.2.

For the rapidity divergences that qT factorization is affected (see section 2.3.5), we use

the exponential regulator of ref. [76], which up to two loops gives results equivalent to the

η regulator of refs. [260, 263].

The beam function appearing in eq. (4.48) is the inclusive transverse-momentum de-

pendent (SCETII) beam function, which also appears in the qT factorization of Z + j and

γ + j [264, 265]. The qT -dependent soft function in eq. (4.48) is the renormalized vacuum

matrix element of two incoming soft Wilson lines. Note that for simplicity, we generically

refer to them as qT or transverse momentum dependent (TMD) beam and soft functions,

even though we mostly consider their bT -dependent Fourier conjugates. The qT beam and

soft functions are known at two loops for several regulators [115, 266–272]. The beam

function have been recently calculated at three loops [139, 140, 231] and the soft function

is known at three loops using the exponential regulator [119].

We also note that one can equivalently define ν-independent transverse momentum

dependent PDFs (TMDPDFs) as

f̃i(x,~bT , µ, ζ) = B̃i(x,~bT , µ, ν)

√
S̃i(bT , µ, ν) , ζ = ω2 = (xEcm)2 , (4.50)

as is done e.g. in refs. [54, 71, 158, 256–259]. Here, the Collins-Soper scale ζ = ω2 [254, 255]

is given in terms of the lightcone momentum ω = xP− carried by the struck parton.

4.3.2 Rapidity anomalous dimension

The ν dependence of the beam and soft functions is encoded in their rapidity RGEs [260],

which in~bT -space assumes a multiplicative form (see eqs. (3.49) and (3.50) for the equivalent

form in ~qT -space)

ν
d

dν
B̃i(x,~bT , µ, ν) = −1

2
γ̃iν(bT , µ) B̃i(x,~bT , µ, ν) ,

ν
d

dν
S̃i(bT , µ, ν) = γ̃iν(bT , µ) S̃i(bT , µ, ν) , (4.51)

where γ̃iν are the rapidity anomalous dimensions, which are closely related to the Collins-

Soper kernel [254, 255]. We remind that the ν-independence of the cross section relates

the soft and beam rapidity anomalous dimension via eq. (3.62), which allows us to use the

same γ̃iν(bT , µ) (up to a factor) for both B̃i and S̃i.

An important property of γ̃iν(bT , µ) in QCD is that like the soft function it only depends

on the color representation i = {q, g} but not on the specific massless quark flavor.8 While

8This should be contrasted to the QCD⊗QED qT factorization in section 3.2, where the pure QED and the

mixed QCD-QED anomalous dimensions are aware of the quark flavor via its charge, e.g. see eq. (B.15)

for the O(α2
e) coefficient of the quark rapidity anomalous dimensions.
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4.3 qT factorization to three loops

we only need its fixed-order expansion, we note that it becomes genuinely nonperturbative

for b−1
T . ΛQCD, and recently a proposal was made to calculate it nonperturbatively using

lattice QCD [273, 274].

The rapidity anomalous dimension itself satisfies an RGE in µ,

µ
d

dµ
γ̃iν(bT , µ) = −4Γicusp[αs(µ)] , (4.52)

which predicts its all-order structure in bT and µ. Similar to the T0 soft function in

section 4.2.2, it can be solved recursively order by order in αs. Expanding both sides of

eq. (4.52) to fixed order in αs(µ) and accounting for the running of αs(µ), the (n+ 1)-loop

term is related to the lower-order terms by

γ̃i (n+1)
ν (bT , µ) = −2Γin+1Lb +

n∑
m=0

2(m+ 1)βn−m

∫ µ

b0/bT

dµ′

µ′
γ̃i (m)
ν (bT , µ

′) + γ̃iν n+1 , (4.53)

where the nonlogarithmic boundary coefficients are defined as

γ̃iν n = γ̃i (n)
ν (bT , µ = b0/bT ) . (4.54)

The result up to three loops is

γ̃i (0)
ν (bT , µ) = −Lb 2Γi0 + γ̃iν 0 ,

γ̃i (1)
ν (bT , µ) = −L2

b Γi0β0 + Lb
(
β0γ̃

i
ν 0 − 2Γi1

)
+ γ̃iν 1 ,

γ̃i (2)
ν (bT , µ) = −L3

b

2

3
Γi0β

2
0 + L2

b

(
β2

0 γ̃
i
ν 0 − 2Γi1β0 − Γi0β1

)
+ Lb

(
2β0γ̃

i
ν 1 + β1γ̃

i
ν 0 − 2Γi2

)
+ γ̃iν 2 . (4.55)

The boundary coefficients γ̃iν n are known up to three loops [115, 119, 120] and are summa-

rized in eq. (B.26).

4.3.3 qT soft function

In SCET the quark (i = q) and gluon (i = g) bare qT soft functions in distribution space

are given as the vacuum matrix elements of time ordered soft Wilson lines. The gluon soft

function reads

Sg(~ks) =
1

N2
c − 1

〈
0
∣∣Tr
{

T̄
[
S†naSnb(0)

]
δ(2)(~ks − P⊥) T

[
S†nbSna(0)

]}∣∣0〉 , (4.56)

and the quark soft function Sq is given in eq. (3.36) upon setting Sni 7→ Sni . The Sni ,Sni
correspond to soft Wilson lines in the fundamental and adjoint representation respectively,

and the trace in soft function matrix elements is over color. P⊥ is the label momentum oper-

ator that measures the perpendicular (label) momentum components of real soft emissions.

The equivalent ~bT -space expressions follow trivially from their Fourier transform.
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The soft function is explicitly known to three loops [119]. For completeness, we explicitly

derive its fixed-order structure to illustrate the joint solution of its µ and ν RGEs, which

in ~bT -space read

µ
d

dµ
S̃i(bT , µ, ν) = γ̃iS(µ, ν) S̃i(bT , µ, ν) ,

ν
d

dν
S̃i(bT , µ, ν) = γ̃iν(bT , µ) S̃i(bT , µ, ν) . (4.57)

The perturbative structure of γiν is discussed in section 4.3.2 above. The µ anomalous

dimension has the all-order structure,

γ̃iS(µ, ν) = 4Γicusp[αs(µ)] ln
µ

ν
+ γ̃iS [αs(µ)] . (4.58)

Expanding both sides of eq. (4.57) order by order in αs, we obtain the coupled RGEs

µ
d

dµ
S̃

(n+1)
i (bT , µ, ν) =

n∑
m=0

(
4Γin−m ln

µ

ν
+ 2mβn−m + γ̃iS n−m

)
S̃

(m)
i (bT , µ, ν) ,

ν
d

dν
S̃

(n+1)
i (bT , µ, ν) =

n∑
m=0

γ̃i (n−m)
ν (bT , µ) S̃

(m)
i (bT , µ, ν) . (4.59)

These are easily integrated to give

S̃
(n+1)
i (bT , µ, ν) =

n∑
m=0

[∫ µ

b0/bT

dµ′

µ′

(
4Γin−m ln

µ′

ν
+ 2mβn−m + γ̃iS n−m

)
S̃

(m)
i (bT , µ

′, ν)

+

∫ ν

b0/bT

dν ′

ν ′
γ̃iν n−m S̃

(m)
i (bT , b0/bT , ν

′)

]
+ s̃

(n+1)
i , (4.60)

where we first integrated the ν RGE at fixed µ = b0/bT and then the µ RGE at arbitrary

ν. In this way, the rapidity anomalous dimension reduces to its boundary coefficients γiν n.

The soft boundary coefficients in eq. (4.60) are defined as

s̃
(n)
i = S̃

(n)
i (bT , µ = b0/bT , ν = b0/bT ) . (4.61)

Starting from the LO result, s̃
(0)
i = 1, and expressing the results in terms of

Lb = ln
b2Tµ

2

b20
, b0 = 2e−γE , Lν = ln

µ

ν
, (4.62)

eq. (4.60) yields up to two loops

S̃
(0)
i (bT , µ, ν) = 1 ,

S̃
(1)
i (bT , µ, ν) = −L2

b

Γi0
2

+ Lb

(
Lν 2Γi0 +

γ̃iS 0

2
+
γ̃iν 0

2

)
− Lν γ̃iν 0 + s̃

(1)
i ,
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S̃
(2)
i (bT , µ, ν) = L4

b

(Γi0)2

8
− L3

b Γi0

(
LνΓi0 +

β0

3
+
γ̃iS 0

4
+
γ̃iν 0

4

)
+ L2

b

[
L2
ν 2(Γi0)2 + LνΓi0

(
β0 + γ̃iS 0 +

3

2
γ̃iν 0

)
+ β0

( γ̃iS 0

4
+
γ̃iν 0

2

)
+

1

8
(γ̃iS 0 + γ̃iν 0)2 − Γi1

2
− Γi0

2
s̃

(1)
i

]
+ Lb

{
−L2

ν 2Γi0γ̃
i
ν 0 + Lν

[
−
(
β0 +

γ̃iS 0

2
+
γ̃iν 0

2

)
γ̃iν 0 + 2Γi1 + 2Γi0 s̃

(1)
i

]
+
γ̃iS 1

2
+
γ̃iν 1

2
+
(
β0 +

γ̃iS 0

2
+
γ̃iν 0

2

)
s̃

(1)
i

}
+ L2

ν

(γ̃iν 0)2

2
− Lν

(
γ̃iν 1 + γ̃iν 0 s̃

(1)
i

)
+ s̃

(2)
i . (4.63)

At three loops, we write the result as

S̃
(3)
i (bT , µ, ν) =

6∑
`=0

S̃
(3)
i,` (Lν)L`b , (4.64)

where the S̃
(3)
i,k coefficients themselves are polynomials in Lν . Inserting γ̃iS 0 = γ̃iν 0 = 0 for

brevity, they are given by

S̃
(3)
i,6 (Lν) = −(Γi0)3

48
,

S̃
(3)
i,5 (Lν) = Lν

(Γi0)3

4
+

(Γi0)2

6
β0 ,

S̃
(3)
i,4 (Lν) = −L2

ν (Γi0)3 − Lν
7

6
(Γi0)2β0 +

Γi0
4

(
−β2

0 + Γi1 +
Γi0
2
s̃

(1)
i

)
,

S̃
(3)
i,3 (Lν) = L3

ν

4

3
(Γi0)3 + L2

ν 2(Γi0)2β0 + LνΓi0

(2

3
β2

0 − 2Γi1 − Γi0 s̃
(1)
i

)
− 2

3
Γi1β0 − Γi0

(β1

3
+
γ̃iS 1

4
+
γ̃iν 1

4
+

5

6
β0 s̃

(1)
i

)
,

S̃
(3)
i,2 (Lν) = L2

ν Γi0
(
4Γi1 + 2Γi0 s̃

(1)
i

)
+ Lν

[
2Γi1β0 + Γi0

(
β1 + γ̃iS 1 +

3

2
γ̃iν 1 + 3β0 s̃

(1)
i

)]
+ β0

( γ̃iS 1

2
+ γ̃iν 1

)
− Γi2

2
+
(
β2

0 −
Γi1
2

)
s̃

(1)
i −

Γi0
2
s̃

(2)
i ,

S̃
(3)
i,1 (Lν) = −L2

ν 2Γi0γ̃
i
ν 1 + Lν 2

(
−β0γ̃

i
ν 1 + Γi2 + Γi1 s̃

(1)
i + Γi0 s̃

(2)
i

)
+
γ̃iS 2

2
+
γ̃iν 2

2
+
(
β1 +

γ̃iS 1

2
+
γ̃iν 1

2

)
s̃

(1)
i + 2β0 s̃

(2)
i ,

S̃
(3)
i,0 (Lν) = −Lν

(
γ̃iν 2 + γ̃iν 1 s̃

(1)
i

)
+ s̃

(3)
i . (4.65)

Eqs. (4.63) and (4.65) agree with refs. [115, 119]. The required anomalous dimension and

boundary coefficients up to three loops are given in appendix B.4.

Numerical impact. The soft function S̃i(bT , µ, ν) has an explicit dependence on the

scales µ and ν that cancel against that of the hard and beam functions in eq. (4.48).
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Figure 4.5: Residual scale dependence of the resummed qT soft function in Fourier space for i = q

(left) and i = g (right). Shown are the relative deviations from the NNLL′ result S̃central
i at the

central scales (µS , νS) = (µ, ν) = (b0/bT , b0/bT ).

Therefore, varying µ and ν is not very meaningful for illustrating the numerical impact

of the scale-dependent three-loop terms. Instead, we consider the resummed soft function

which results from the solution of the coupled RGEs in eq. (4.57),

S̃i(bT , µ, ν) = S̃i(bT , µS , νS) Ũ iS(bT , µS , µ, νS , ν) ,

Ũ iS(bT , µS , µ, νS , ν) = exp

[∫ µ

µS

dµ′

µ′
γ̃iS(µ′, ν)

]
exp

[
ln

ν

νS
γ̃iν(bT , µS)

]
= exp

[
4Ki

Γ(µS , µ) + 4ηiΓ(µS , µ) ln
µS
ν

+Kγ̃iS
(µS , µ)

]
× exp

[
ln

ν

νS
γ̃iν(bT , µS)

]
, (4.66)

where Ũ iS is the soft function evolution kernel that evolves S̃i between the scales (µS , νS)

and (µ, ν), and we have chosen to first evolve in ν and then in µ. Note that we use the

unexpanded analytic evolution kernels (see section 3.4), and explicit expressions of the

Ki
Γ, η

i
Γ,Kγ are given in appendix B.5.

To probe the full set of terms in the fixed-order expansion of S̃i(bT , µS , νS), we consider si-

multaneous variations of (µS , νS) around the canonical central scales µS =νS =µ=ν=b0/bT .

In figure 4.5 we show the residual scale dependence of the resummed soft function at the

representative value b0/bT = 20 GeV at NLL′ (dotted green), NNLL′ (dashed blue), and

N3LL′ (solid orange), normalized to the NNLL′ result at the central scale. The three-loop

finite term is included in figure 4.5, so the NNLL′ and N3LL′ results do not coincide at the

central scales. We use four-loop running of αs throughout, which formally amounts to a

higher-order effect at (N)NLL′. As expected, the scale dependence reduces from NLL′ to

NNLL′, where it is already quite small. At N3LL′, it further stabilizes over a wider range

of scales. As in section 4.2.2, we stress that the residual scale dependence in the resummed

soft function by itself is not necessarily a good indicator of the perturbative uncertainty,
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but gives an indication of the typical reduction of perturbative uncertainties one might

expect at each order.

4.3.4 qT beam function

In SCET the quark (i = q) and gluon (i = g) bare qT beam functions in distribution

space are defined as forward matrix elements of proton states with lightlike momenta

Pµa = Ecmn
µ
a/2 and na-collinear quark χna and gluon Bna⊥ fields. The gluon beam function

reads

Bµν
g (xa,~ka) = θ(ωa)ωa

〈
pna
∣∣Bµna⊥(0)[δ(2)(~ka − P⊥)δ(ωa − n̄a · P)Bνna⊥(0)]

∣∣pna〉 , (4.67)

and the quark beam function is given in eq. (3.37) upon setting Wni 7→Wni . The matrix

elements are implicitly averaged over proton spin and the nb-collinear beam functions

are analogously defined. Their equivalent formulation in ~bT -space follows trivially from

their Fourier transform. As before, P⊥ is understood to measure the perpendicular (label)

momentum components of real collinear radiation for the fields inside the square brackets

whereas δ(ωa − n̄a · P) sets the lightcone momenta of the parton that participates in the

hard interaction. In what follows, we continue to suppress the indices a, b that differentiate

between the na,b-beam functions as it is irrelevant for our derivations and only keep the

index i = q, g.

In ~bT -space the beam function obeys the multiplicative coupled RGEs

µ
d

dµ
B̃i(x,~bT , µ, ν) = γ̃iB(µ, ν/ω) B̃i(x,~bT , µ, ν) ,

ν
d

dν
B̃i(x,~bT , µ, ν) = −1

2
γ̃iν(bT , µ) B̃i(x,~bT , µ, ν) , (4.68)

where the ν anomalous dimension was discussed in section 4.3.2, and the µ anomalous

dimension has the all-order form

γ̃iB(µ, ν/ω) = 2Γicusp[αs(µ)] ln
ν

ω
+ γ̃iB[αs(µ)] . (4.69)

For perturbative b0/bT � ΛQCD, the TMD beam function satisfies an OPE in terms of

standard PDFs [54],

B̃q(x, bT , µ, ν) =
∑
j

∫
dz

z
Ĩqj(z, bT , µ, ν/ω)fj

(x
z
, µ
)[

1 +O(bTΛQCD)
]
,

B̃ρλ
g (x,~bT , µ, ν) =

∑
j

∫
dz

z

[
gρλ⊥
2
Ĩgj(z, bT , µ, ν/ω) +

(
gρλ⊥
2
− bρ⊥b

λ
⊥

b2⊥

)
J̃gj(z, bT , µ, ν/ω)

]
× fj

(x
z
, µ
)[

1 +O(bTΛQCD)
]
. (4.70)

For the gluon beam function, we have made its dependence on the gluon helicity explicit,

and decomposed it into two orthogonal structures, namely the polarization-independent
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piece Ĩgj and the polarization-dependent piece J̃gj , where gρλ⊥ = gρλ − (nρanλb + nρbn
λ
a)/2

is the transverse metric and bρ⊥ is the transverse four vector with b2⊥ = −~b2T . Due to the

multiplicative structure of eq. (4.68), both Ĩgj and J̃gj obey the same RGE, and in the

following we will only consider the RGEs for Ĩij .
The Ĩij are perturbatively calculable matching coefficients, whose RGEs follow from

eq. (4.68) by taking the evolution of the PDFs into account (see eq. (A.32)),

µ
d

dµ
Ĩij(z, bT , µ, ν/ω) =

∑
k

∫
dz′

z′
Ĩik
( z
z′
, bT , µ, ν/ω

)[
γ̃iB(µ, ν/ω)1kj(z

′)− 2Pkj(z
′, µ)

]
,

ν
d

dν
Ĩij(z, bT , µ, ν/ω) = −1

2
γ̃iν(bT , µ) Ĩij(z, bT , µ, ν/ω) . (4.71)

Similar to the soft function, these coupled RGEs can be solved recursively as

Ĩ(n+1)
ij (z, bT , µ, ν/ω)=

n∑
m=0

[∫ µ

b0/bT

dµ′

µ′

(
2Γin−m ln

ν

ω
+ γ̃iB n−m + 2mβn−m

)
Ĩ(m)
ij (z, bT , µ

′, ν/ω)

− 2

∫ µ

b0/bT

dµ′

µ′
[
Ĩ(m)(bT , µ

′, ν/ω)P (n−m)
]
ij

(z)

−
∫ ν

ω

dν ′

ν ′
γ̃iν n−m

2
Ĩ(m)
ij (z, bT , b0/bT , ν

′/ω)

]
+ Ĩ

(n+1)
ij (z) , (4.72)

where the nonlogarithmic boundary coefficients are defined as

Ĩ
(n+1)
ij (z) = Ĩ(n+1)

ij (z, bT , µ = b0/bT , ν/ω = 1) . (4.73)

Starting from the LO result, Ĩ
(0)
ij (z) = 1ij(z) ≡ δij δ(1− z), we obtain up to two loops

Ĩ(0)
ij (z, bT , µ, ν/ω) = 1ij(z) ,

Ĩ(1)
ij (z, bT , µ, ν/ω) = Lb

[(
LωΓi0 +

γ̃iB 0

2

)
1ij(z)− P (0)

ij (z)
]
− Lω

γ̃iν 0

2
1ij(z) + Ĩ

(1)
ij (z) ,

Ĩ(2)
ij (z, bT , µ, ν/ω) = L2

b

{[
L2
ω

(Γi0)2

2
+ Lω

Γi0
2

(β0 + γ̃iB 0) +
(
β0 +

γ̃iB 0

2

) γ̃iB 0

4

]
1ij(z)

−
(
LωΓi0 +

β0

2
+
γ̃iB 0

2

)
P

(0)
ij (z) +

1

2
(P (0)P (0))ij(z)

}
+ Lb

{[
−L2

ω Γi0
γ̃iν 0

2
+ Lω

[
−
(
β0 +

γ̃iB 0

2

) γ̃iν 0

2
+ Γi1

]
+
γ̃iB 1

2

]
1ij(z)

+ Lω
γ̃iν 0

2
P

(0)
ij (z)− P (1)

ij (z)

+
(
LωΓi0 + β0 +

γ̃iB 0

2

)
Ĩ

(1)
ij (z)− (Ĩ(1)P (0))ij(z)

}
+
[
L2
ω

(γ̃iν 0)2

8
− Lω

γ̃iν 1

2

]
1ij(z)− Lω

γ̃iν 0

2
Ĩ

(1)
ij (z) + Ĩ

(2)
ij (z) , (4.74)

where we abbreviated

Lb = ln
b2Tµ

2

b20
, b0 = 2e−γE , Lω = ln

ν

ω
. (4.75)
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Note that Lω differs from the characteristic logarithm of the qT soft function, eq. (4.62).

This is equivalent to the statement that the beam function lives at large rapidities ν ∼ ω
whereas the soft function lives at small rapidities ν ∼ b0/bT . The Ĩ

(n)
ij (z) are given in

ref. [115] for quark and gluon beam functions in terms of the results of ref. [269], and were

directly calculated at NNLO using the exponential regulator for the quark case in ref. [272].

At three loops we write

Ĩ(3)
ij (z, bT , µ, ν/ω) =

3∑
`=0

Ĩ(3)
ij,`(z, Lω)L`b , (4.76)

and using γ̃iν 0 = 0 for brevity, the coefficients are

Ĩ(3)
ij,3(z, Lω) =

{
L3
ω

(Γi0)3

6
+ L2

ω

(Γi0)2

2

(
β0 +

γ̃iB 0

2

)
+ LωΓi0

[β2
0

3
+
(
β0 +

γ̃iB 0

4

) γ̃iB 0

2

]
+
(
β0 +

γ̃iB 0

2

)(
β0 +

γ̃iB 0

4

) γ̃iB 0

6

}
1ij(z)

−
[
L2
ω

(Γi0)2

2
+ LωΓi0

(
β0 +

γ̃iB 0

2

)
+
β2

0

3
+
(
β0 +

γ̃iB 0

4

) γ̃iB 0

2

]
P

(0)
ij (z)

+
(
Lω

Γi0
2

+
β0

2
+
γ̃iB 0

4

)
(P (0)P (0))ij(z)−

1

6
(P (0)P (0)P (0))ij(z) ,

Ĩ(3)
ij,2(z, Lω) =

{
L2
ω Γi0Γi1 + Lω

[
Γi1

(
β0 +

γ̃iB 0

2

)
+

Γi0
2

(β1 + γ̃iB 1)
]

+ β0
γ̃iB 1

2
+
γ̃iB 0

4
(β1 + γ̃iB 1)

}
1ij(z)−

(
LωΓi1 +

β1

2
+
γ̃iB 1

2

)
P

(0)
ij (z)

−
(
LωΓi0 + β0 +

γ̃iB 0

2

)
P

(1)
ij (z) +

1

2
(P (0)P (1) + P (1)P (0))ij(z)

+
[
L2
ω

(Γi0)2

2
+ Lω

Γi0
2

(3β0 + γ̃iB 0) +
(
β0 +

γ̃iB 0

2

)(
β0 +

γ̃iB 0

4

)]
Ĩ

(1)
ij (z)

−
(
LωΓi0 +

3

2
β0 +

γ̃iB 0

2

)
(Ĩ(1)P (0))ij(z) +

1

2
(Ĩ(1)P (0)P (0))ij(z) ,

Ĩ(3)
ij,1(z, Lω) =

{
−L2

ω Γi0
γ̃iν 1

2
+ Lω

[
−
(
β0 +

γ̃iB 0

4

)
γ̃iν 1 + Γi2

]
+
γ̃iB 2

2

}
1ij(z)

+ Lω
γ̃iν 1

2
P

(0)
ij (z)− P (2)

ij (z) +
(
LωΓi1 + β1 +

γ̃iB 1

2

)
Ĩ

(1)
ij (z)− (Ĩ(1)P (1))ij(z)

+
(
LωΓi0 + 2β0 +

γ̃iB 0

2

)
Ĩ

(2)
ij (z)− (Ĩ(2)P (0))ij(z) ,

Ĩ(3)
ij,0(z, Lω) = −Lω

γ̃iν 2

2
1ij(z)− Lω

γ̃iν 1

2
Ĩ

(1)
ij (z) + Ĩ

(3)
ij (z) , (4.77)

where the three-loop boundary coefficients Ĩ
(3)
ij (z) were recently calculated in refs. [139, 140,

231]. We have evaluated all Mellin convolutions appearing in eqs. (4.74) and (4.77) with the

help of the MT package [245]. In contrast to ref. [180], we were able to perform all required

convolutions in terms of standard harmonic polylogarithms without encountering multiple

polylogarithms, after using the identity in eq. (4.32) to simplify some of the inputs.
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The polarization-dependent kernels J̃gj in eq. (4.70) have a simpler structure than the Ĩij
since at LO, the beam functions must collapse into the usual collinear PDFs and therefore

J̃ (0)
gj vanishes. For unpolarized gluon-fusion processes, the accompanying tensor structures

are only contracted with each other, and hence we only require their NNLO expressions for

the N3LO cross section. They are given by

J̃ (0)
gj (z, bT , µ, ν/ω) = 0 ,

J̃ (1)
gj (z, bT , µ, ν/ω) = J̃

(1)
gj (z) = 4Cj

1− z
z

,

J̃ (2)
gj (z, bT , µ, ν/ω) = Lb

[(
LωΓg0 + β0 +

γ̃gB 0

2

)
J̃

(1)
gj (z)− (J̃ (1)P (0))gj(z)

]
− Lω

γ̃gν 0

2
J̃

(1)
gj (z) + J̃

(2)
gj (z) . (4.78)

The two-loop terms J̃
(2)
gj have recently been calculated in ref. [275] using the exponential

regulator and in ref. [276] using the δ regulator. They can be converted to our convention

via the relation

J̃
(2)
gj (z) = I

′(2)
gi (z)

= −δLC(2;0,0)
g←j (z)− 1

2
s̃(1)
g J̃

(1)
gj (z) . (4.79)

In the first line of eq. (4.79), I
′(2)
gi (z) is the two-loop boundary term as given in ref. [275].

In the second line of eq. (4.79), s̃
(1)
g = −2CAζ2 is the soft function constant at one loop

and δLC
(2;,0,0)
g←j (z) is the two-loop finite piece of the TMDPDF given in ref. [276].

Numerical impact. As for the soft function above, we illustrate the numerical impact

of the three-loop corrections for the resummed beam function that results from the solution

of the coupled RGEs in eq. (4.68)

B̃i(x,~bT , µ, ν) = B̃i(x,~bT , µB, νB) Ũ iB(ω, bT , µB, µ, νB, ν) ,

Ũ iB(ω, bT , µB, µ, νB, ν) = exp

[∫ µ

µB

dµ′

µ′
γ̃iB(µ′, ν/ω)

]
exp

[
−1

2
ln

ν

νB
γ̃iν(bT , µB)

]
= exp

[
2ηiΓ(µB, µ) ln

ν

ω
+Kγ̃iB

(µB, µ)

]
× exp

[
−1

2
ln

ν

νB
γ̃iν(bT , µB)

]
. (4.80)

where Ũ iB is the beam function evolution kernel that evolves B̃i between the scales (µB, νB)

and (µ, ν). Here we have chosen to first evolve in ν and then in µ. Note that in eq. (4.80)

we use the unexpanded analytic evolution kernels (see section 3.4) and explicit expressions

for ηiΓ,Kγ are given in appendix B.5. For i = g, we restrict to the polarization-independent

piece Ĩgj and write B̃g ≡ −g⊥,ρλB̃ρλ
g for short. As for the soft function, we restrict to

simultaneous variations of µB and νB.
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Figure 4.6: Residual scale dependence of the resummed qT beam function in Fourier-space for i = d

(top left), u (top right), d̄ (bottom left), and g (bottom right). Shown are the relative deviations

from the NNLL′ result B̃central
i at the central scales (µB , νB) = (µ, ν) = (b0/bT , ω).

In figure 4.6, we show the residual dependence on (µB, νB) at NLL′ (dotted green), NNLL′

(dashed blue), and N3LL′ (solid orange)9 as the relative difference to the central NNLL′

result at (µB, νB) = (µ, ν) = (b0/bT , ω) for b0/bT = 20 GeV and ω = 100 GeV. As for T0,

we use four-loop running of αs and MMHT2014nnlo68cl [246] NNLO PDFs throughout. In

all cases we find the scale dependence to be substantially reduced at each order.

4.3.5 Beam function coefficients in the eikonal limit

We now proceed to extract the three-loop beam function coefficients in the z → 1 limit

from consistency relations with known soft matrix elements. For the qT beam function,

these consistency relations arise from factorization theorems for the triple-differential cross

section dσpp→L/dQ
2dY dqT that enable the joint qT and soft threshold resummation [277–

280]. In terms of the momentum fractions xa,b defined in eq. (4.2), the soft threshold limit

is equivalent to taking both xa → 1 and xb → 1. As xa,b → 1, initial state radiation is

9Note that in comparison to ref. [2], figure 4.6 has been updated to include the N3LO boundary coefficient

Ĩ
(3)
ij (z), hence the complete N3LL′ beam functions are shown.
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constrained to have energy . λ−λ+Q, where

λ2
− ∼ 1− xa and λ2

+ ∼ 1− xb (4.81)

are power-counting parameters that encode the distance from the kinematic endpoint.

The all-order factorization relevant for different hierarchies in qT /Q and the threshold

constraint λ−λ+ was derived in refs. [76, 281]. Some consequences of the resulting con-

sistency relations have already been explored in refs. [76, 281]. In fact, the exponential

regulator is defined by its action on the refactorized pieces in these consistency relations. In

the following, we briefly review the relevant factorization theorems and derive the all-order

structure that arises for the qT beam function in the eikonal limit.

qT/Q � λ−λ+ ∼ 1 In this regime, initial-state radiation is not yet subject to the

threshold constraint, and the standard qT factorization theorem eq. (4.48) holds. It receives

power corrections O(q2
T /Q

2), but captures the exact dependence on xa,b via the beam

functions.

qT/Q � λ−λ+ � 1 For this hierarchy, the factorization takes a form similar to

eq. (4.48), but real collinear radiation into the final state is constrained in energy by

1− xa,b � 1. The leftover radiation in this limit is described by intermediate collinear-soft

modes [224, 282] in terms of na,b-collinear-soft functions S̃i(k, bT , µ, ν). They are matrix

elements of collinear-soft Wilson lines and depend on the small additional momentum

k = k∓ available from either one of the (threshold) PDFs and on the color charge of the

colliding partons. The factorization theorem in this regime reads [76, 281]

dσ(0)

dQ2 dY d2~qT
=
∑
a,b

∫
d2~bT e

i~qT ·~bT Hab(Q
2, µ)

×
∫

dk− S̃i(k−, bT , µ, ν) f thr
a

[
xa

(
1 +

k−

ωa

)
, µ
]

×
∫

dk+ S̃i(k+, bT , µ, ν) f thr
b

[
xb

(
1 +

k+

ωb

)
, µ
]
S̃i(bT , µ, ν)

×
[
1 +O

( 1

b2Tλ
2
−λ

2
+Q

2
, λ2
−, λ

2
+

)]
. (4.82)

Collinear-soft emissions do not contribute angular momentum, so the polarization indices for

gluon-induced processes become trivial in this limit and we suppress them in the following.

qT/Q ∼ λ−λ+ � 1 In this regime, the threshold constraint dominates and all radiation

is forced to be soft. The recoil against soft radiation with transverse momentum ~kT = −~qT is

encoded in the fully-differential threshold soft function Sthr
i (k−, k+,~kT ). The factorization
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4.3 qT factorization to three loops

theorem in this regime reads

dσ(0)

dQ2 dY d2~qT
=
∑
a,b

∫
d2~bT e

i~qT ·~bT Hab(Q
2, µ)

×
∫

dk−dk+f thr
a

[
xa

(
1 +

k−

ωa

)
, µ
]
f thr
b

[
xb

(
1 +

k+

ωb

)
, µ
]

× S̃thr
i (k−, k+, bT , µ)

[
1 +O(λ2

−, λ
2
+)
]
. (4.83)

Notably, the fully-differential threshold soft function is free of rapidity divergences because

they are regulated by the threshold constraint. (This is the starting point of the exponential

regularization procedure.) The fully-differential soft function was calculated to O(α2
s) in

ref. [283], albeit in a different context, and to O(α3
s) in ref. [119]. By construction, it

satisfies∫
d2~kT S

thr
i (k−, k+,~kT , µ) = S̃thr

i (k−, k+, bT = 0, µ) = Sthr
i (k−, k+, µ) , (4.84)

where Sthr
i (k−, k+, µ) is the double-differential threshold soft function appearing in eq. (4.39).

Consistency relations. Consistency between eqs. (4.48) and (4.82) implies that the

x→ 1 limit of the qT beam function is captured by the collinear-soft function [76, 281],

B̃i(x,~bT , µ, ν) =

∫
dk S̃i(k, bT , µ, ν) f thr

i

[
x
(

1 +
k

ω

)
, µ
] [

1 +O(1− x)
]
. (4.85)

This is the analog of eq. (4.41) for qT , but this time relates the eikonal limit of the beam

function to an exclusive collinear-soft matrix element instead of the inclusive threshold soft

function. At the partonic level, eq. (4.85) implies [76, 281]

Ĩij(z, bT , µ, ν/ω) = δij ω S̃i
[
ω(1− z), bT , µ, ν

] [
1 +O(1− z)

]
. (4.86)

Note that eq. (4.86) is true for any rapidity regulator as long as the same regulator is used

on both sides. The consistency between eqs. (4.82) and (4.83) implies [76, 281]

S̃thr
i (k−, k+, bT , µ) = S̃i(k−, bT , µ, ν) S̃i(k+, bT , µ, ν) S̃i(bT , µ, ν)

[
1+O

( 1

b2Tk
−k+

)]
, (4.87)

which again holds for any choice of rapidity regulator. In particular, the left-hand side

has no rapidity divergences, so the dependence on the rapidity regulator cancels between

the terms on the right-hand side. Together, eqs. (4.85) and (4.87) uniquely determine the

eikonal limit of the beam function in any given rapidity regulator scheme in terms of the

fully-differential soft function (which is independent of the scheme) and the qT soft function

S̃i(bT , µ, ν) (which determines the scheme). Furthermore, the scheme ambiguity amounts

to moving terms from the soft function boundary coefficients into the coefficient of δ(1− z)

in the beam function coefficients. Since δ(1−z) is a leading-power contribution as z → 1, it

follows that up to lower-order cross terms, all scheme-dependent terms in the beam function

are contained in the leading eikonal terms predicted by eq. (4.86).
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Extraction of the finite terms. For the exponential regulator, the relation between

the fully-differential and standard TMD soft function is particularly simple, leading to an

all-order result for the collinear-soft function in terms of the rapidity anomalous dimension,

see appendix D.2. Inserting this result into eq. (4.86), we find for the eikonal limit of the

bT -space beam function matching coefficient Ĩij in the exponential regulator scheme,

Ĩij(z, bT , µ, ν/ω) = δij
ω

ν
Vγ̃iν(bT ,µ)/2

[ω
ν

(1− z)
] [

1 +O(1− z)
]
, (4.88)

where the plus distribution Va(x) is defined in eq. (A.19). The simplicity of this result

is a direct consequence of the specific rapidity regulator, i.e., one may equally well have

imposed this form of the eikonal limit as the renormalization condition. Nonetheless, when

combined with the soft function to a given order, the scheme dependence cancels and leaves

behind a unique set of terms that capture the threshold limit of the singular cross section

in eq. (4.48). We note that a close relation between the rapidity anomalous dimension and

the eikonal limit of the beam function is a scheme-independent feature [281], and was also

conjectured for the δ-regulator in ref. [271].

It is straightforward to expand eq. (4.88) in αs to obtain the finite terms in the matching

coefficient at any given fixed order using eqs. (4.55) and (A.22). Up to two loops we have

Ĩ
(1)
ij (z) = O

[
(1− z)0

]
,

Ĩ
(2)
ij (z) = δij

γ̃iν 1

2
L0(1− z) +O

[
(1− z)0

]
, (4.89)

in agreement with the full two-loop result [115], and where we have used that γ̃iν 0 = 0.

Including terms up to six loops for illustration, we find

Ĩ
(3)
ij (z) = δij

γ̃iν 2

2
L0(1− z) +O

[
(1− z)0

]
,

Ĩ
(4)
ij (z) = δij

γ̃iν 3

2
L0(1− z) +

(γ̃iν 1)2

4

[
L1(1− z)− ζ2

2
δ(1− z)

]
+O

[
(1− z)0

]
,

Ĩ
(5)
ij (z) = δij

γ̃iν 4

2
L0(1− z) +

γ̃iν 1γ̃
i
ν 2

2

[
L1(1− z)− ζ2

2
δ(1− z)

]
+O

[
(1− z)0

]
,

Ĩ
(6)
ij (z) = δij

γ̃iν 5

2
L0(1− z) +

(γ̃iν 2)2 + 2γ̃iν 1γ̃
i
ν 3

4

[
L1(1− z)− ζ2

2
δ(1− z)

]
+

(γ̃iν 1)3

8

[L2(1− z)
2

− ζ2

2
L0(1− z) +

ζ3

3
δ(1− z)

]
+O

[
(1− z)0

]
. (4.90)

We again stress that these expressions are a direct consequence of the renormalization

condition in the exponential regulator scheme and must be combined with the soft function

in the same scheme to obtain a scheme-independent result. It is interesting to note that

starting at four loops, eq. (4.88) does in fact predict a term proportional to δ(1 − z) in

the beam function matching coefficient due to the inverse Fourier transform to k± back

from the conjugate b± space, where the regularization procedure is applied. Concluding,

we note that the Ĩ
(3)
ij (z) prediction in eq. (4.90) was confirmed by recent, explicit three-loop

calculation of the exact qT beam function boundary coefficients in refs. [139, 140, 231].
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Figure 4.7: Comparison of the full beam function coefficients to their leading eikonal (LP) and

next-to-eikonal (NLP) expansion at NNLO. The u-quark channel is shown on the left and the gluon

channel on the right. In both cases we also show the sum of all nondiagonal partonic channels for

comparison.

4.3.6 Estimating beam function coefficients beyond the eikonal limit

As in section 4.2.5, we can use the eikonal limit of the beam function coefficients and

study to what extent it can be employed to approximate the full result and/or estimate

the uncertainty of terms beyond the eikonal limit.

In figure 4.7, we compare the full qT beam function coefficient (solid) to its eikonal

(LP dotted green) and next-to-eikonal (NLP dashed blue) expansions at NNLO for the

u-quark and gluon channels. Since the NLO coefficients are not singular, we do not show

the corresponding NLO results. We always show the convolution (Iij ⊗ fj)(x)/fi(x) with

the appropriate PDF fj and normalize to the PDF fi(x), corresponding to the LO result,

where i = u for the u-quark case and i = g for the gluon case. With this normalization,

the shape gives an indication of the rapidity dependence of the beam function coefficient

relative to the LO rapidity dependence induced by the shape of the PDFs. We also include

the appropriate powers of αs/(4π) at each order, so the overall normalization shows the

percent impact relative to the LO result. For definiteness, the renormalization scale entering

the PDFs is chosen as µ = 30 GeV.

In both flavor-diagonal contributions, denoted as10 qqV and gg, the eikonal limit correctly

reproduces the divergent behavior as x→ 1, but is off away from very large x. Including

the next-to-eikonal terms yields a sizable shift from the eikonal limit, and provides a very

good approximation in the shown x region. In the gluon channel, one can see a rise of

the full kernel towards small x, arising from an overall 1/z divergence in the coefficient

Ĩ
(2)
gg (z), which is not captured by the expansion around z → 1. If desired, one could also

include the leading z → 0 behavior of the coefficients, which for simplicity is not done

here. For illustration, we also show the total contribution from all other corresponding

nondiagonal channels (gray dot-dashed). In both cases, they are numerically subdominant

10See appendix A.3 for our conventions on the flavor decomposition of Mellin kernels.
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to the flavor-diagonal channel and also much flatter in x, since they only start at NLP.

Similar to the T0 coefficients in section 4.2.5, we now wish to make an ansatz for the

three-loop NLP terms. A peculiar feature of the qT coefficients is that up to three loops, its

eikonal limit contains no logarithmic distributions Ln(1− z) with n > 0, but only L0(1− z).

In contrast, the NLP NNLO coefficient does contain a double logarithm ln2(1− z). Based

on this observation, we make the following ansatz for the NnLO beam coefficient,

Ĩ
(n)
ij,approx(z) = Ĩ

(n) LP
ij (z) +

[
X1Γi0 ln2(1− z) +X2γ

i
X ln(1− z)

]
Ĩ

(n−1)
ij,reg (z)

−X3(1− z)Ĩ(n) LP
ij (z) . (4.91)

Here, Ĩ
(n)
ij,reg refers to the full regular (non-eikonal) piece of the beam coefficient at O(αns ).

At NLO, there is no NLP term, so at this order we simply define the regular piece to be

the appropriate color factor. More explicitly, we use

Ĩ
(1)
ij,reg(z) = −δijCi , Ĩ

(2)
ij,reg(z) = Ĩ

(2)
ij (z)− δij

γ̃iν 1

2
L0(1− z) , (4.92)

where Ci = CF (CA) for i = q (g). The ansatz in eq. (4.91) dresses the lower-order regular

kernel with two additional logarithms ln(1 − z). The coefficients of these logarithms are

chosen such that at the central choices X1 = X2 = 1, they reproduce the known double

and single logarithms at NNLO. The effective noncusp anomalous dimension γiX needed to

achieve this is given by

γgX = 3CA − β0 , γqX = 10(CF − CA) . (4.93)

The size of these additional logarithms can be probed by varying the coefficients X1,2 by

±1 around the central choice. Furthermore, we add the eikonal limit Ĩ
(n) LP
ij suppressed by

one power of (1− z) to estimate the pure NLP constant. Its coefficient X3 is varied by ±1

around the central choice X3 = 0.

Since the Xi probe independent structures, we can consider them as uncorrelated. Hence,

we add the impacts ∆i on the final result of their variation in quadrature

∆ = ∆1 ⊕∆2 ⊕∆3 =
√

∆2
1 + ∆2

2 + ∆2
3 . (4.94)

In figure 4.8, we show the approximate kernel at NNLO (top) and N3LO (bottom) for

the u-quark (left) and gluon (right) channels. The dashed orange line shows the central

result from our ansatz and the yellow band its estimated uncertainty. The gray lines show

the impact of the individual variations of the Xi as indicated. The full results are shown as

solid dark red curves in all cases. At NNLO (top panel) we see that the ansatz including

uncertainties approximates the true result relatively well, even for the gluon case in the

shown x region. In particular, the rather large shift from LP to the approximate NLP

result is needed to correctly capture the full result within uncertainties.

At N3LO (bottom panel)11, we see again that the approximate result gives rise to a

sizable shift from the pure eikonal limit, which by itself is a very small correction. This

11Note that in comparison to ref. [2], the bottom panel of figure 4.8 has been updated to include the recently

computed Ĩ
(3)
qqV (z) and Ĩ

(3)
gg (z) kernels [139, 140, 231] (solid dark red), allowing for a direct comparison

between our ansatz in eq. (4.91) and the exact kernels.
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Figure 4.8: Approximate ansätze (dashed orange) for the NNLO (top) and N3LO (bottom) kernels,

in the u-quark (left) and gluon (right) channels. The yellow bands correspond to their estimated

uncertainties resulting from variations of the X1,2,3 coefficients. The eikonal limit and the full kernel

correspond to the dotted green and solid dark red curves respectively.

large shift arises on the one hand because the LP limit only contains L0(1 − z) with a

rather small coefficient γiν 2, while the NLP now contains up to ln4(1 − z). Surprisingly

and in contrast to the NNLO kernel, the full N3LO coefficients are well approximated by

their eikonal limit, except for the gluon case at small x which is attributed to 1/z divergent

terms that are not part of our ansatz. Nevertheless, it is clear that our ansätze successfully

provide reliable approximate kernels within uncertainties. Thus, we expect their analytic

form in eq. (4.91) to be a useful parametrization for kernels beyond the eikonal limit at

higher orders in perturbation theory.

Finally, we briefly comment on the treatment of the three-loop beam function coefficients

in ref. [180], where the qT -slicing method was first applied at N3LO for Higgs production

and at that time the Ĩ
(3)
ij (z) were unknown. There, the employed approximation was

Ĩ
(3)
gg (z) = C̃N3 δ(1 − z), with C̃N3 fixed such that the inclusive cross section is correctly

reproduced. This effectively absorbs the averaged effect of the actual z dependence into an

effective δ(1− z) coefficient which does not accurately capture its LP rapidity dependence

since already from our results (and by now from the recently calculated, exact Ĩ
(3)
gg (z)) we

know the exact δ(1− z) coefficient.
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4.4 N3LO subtractions

The factorization theorems in eqs. (4.5) and (4.48) fully describe the limit qT → 0, T0 → 0

and thus they capture the singular structure of QCD in this limit. Hence, they can be

used to construct a subtraction method for fixed-order calculations. In principle, this works

for any resolution variable τ and any process for which a corresponding factorization is

known [198, 201, 202, 284–289]. In order to make our discussion as general as possible,

from now on we consider τ as the (generic) resolution variable and only specify it when

necessary. The subtractions can be formulated differential in τ or as a global τ slicing, both

of which we review in the following and for an extensive discussion see ref. [202].

Our starting point is to write the cross section as the integral over the differential cross

section in τ ,

σ(X) =

∫
dτ

dσ(X)

dτ
, σ(X, τcut) =

∫ τcut

dτ
dσ(X)

dτ
, (4.95)

where the second relation defines the cumulant in τcut. Here, X denotes any measure-

ments performed, which can include Q and Y of the color singlet L but also additional

measurements or cuts on its constituents. For τ → 0, the cross sections scales like ∼ 1/τ ,

so performing the τ integral requires knowing the full analytic distributional structure

involving δ(τ) and Ln(τ), which encodes the cancellation of real and virtual IR divergences.

To separate out the singular structure in τ , we introduce a subtraction term,

σ(X) = σsub(X, τoff) +

∫
dτ

[
dσ(X)

dτ
− dσsub(X)

dτ
θ(τ < τoff)

]
, (4.96)

where dσsub(X)/dτ captures at least all singularities for τ → 0,

dσ(X)

dτ
=

dσ(0)(X)

dτ
[1 +O(τ)] ,

dσsub(X)

dτ
=

dσ(0)(X)

dτ
[1 +O(τ)] , (4.97)

with the singular cross section

dσ(0)(X)

dτ
∼ 1

τ
, (4.98)

and σsub(X, τoff) is the integrated subtraction term,

σsub(X, τoff) =

∫
dτ

dσsub(X)

dτ
θ(τ < τoff) . (4.99)

By construction, the integrand in square brackets in eq. (4.96) contains at most integrable

singularities for τ → 0 and so the integral can be performed numerically. Hence, the

full cross section dσ(X)/dτ is only ever evaluated at finite τ > 0, which means it can be

obtained from a calculation of the corresponding ab→ L+ 1-parton process at one lower

order. In practice, one always has a small IR cutoff δ on the τ integral,

σ(X) = σsub(X, τoff) +

∫
δ
dτ

[
dσ(X)

dτ
− dσsub(X)

dτ
θ(τ < τoff)

]
+ ∆σ(X, δ) , (4.100)
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where the last term contains the integral over τ ≤ δ,

∆σ(X, δ) = σ(X, δ)− σsub(X, δ) ∼ O(δ) , (4.101)

and it is neglected for δ → 0.

The above is a differential τ -subtraction scheme, where the parameter τoff ∼ O(1)

determines the range over which the subtraction acts. The key advantage of formulating

the subtractions in terms of a physical resolution variable τ , is that the subtraction terms

are given by the singular limit of a physical cross section dσ(0)/dτ . Hence, they are precisely

given by the factorization formula for τ → 0, which is also the basis for the resummation

in τ . In fact, this form of the subtraction is routinely used when the resummed and fixed-

order results are combined via an additive matching, which we employ in chapter 5 for an

application on the Higgs fiducial qT spectrum and total fiducial cross section. In eq. (4.96),

τoff corresponds to the point where the τ resummation is turned off, and the term in square

brackets in is the nonsingular cross section that is added to the pure resummed result.

Differential T0 subtractions are used in this way in the Geneva Monte Carlo to combine

the fully-differential NNLO calculation together with the NNLL′ T0 resummation with a

parton shower [290–292]. The differential subtractions at N3LO are a key ingredient for

using this method to combine N3LO calculations with parton showers.

In contrast to a fully local subtraction scheme, all singularities are projected onto the

resolution variable τ , so the subtractions are local in τ but nonlocal in the additional

radiation phase space that is integrated over. As discussed in ref. [202], the subtractions

can be made more local by considering a factorization theorem that is differential in more

variables. For example, the combined qT and T0 resummation [155, 224] offers the possibility

to construct double-differential qT − T0 subtractions.

The key point of the differential subtraction is that δ can in principle be made arbitrarily

small, because the integrand of the τ integral is nonsingular, which also means that the

numerically expensive small τ region does not need to be sampled with weight 1/τ . On the

other hand, by letting δ = τcut be a small but finite cutoff and setting τoff = τcut, eq. (4.100)

turns into a global τ subtraction or slicing,

σ(X) = σsub(X, τcut) +

∫
τcut

dτ
dσ(X)

dτ
+ ∆σ(X, τcut) . (4.102)

The practical advantage of the slicing method is that since τcut > 0, the integrand of the

second addend in eq. (4.102) corresponds to a L+ 1-jet cross section and thus allows one

to readily turn an existing Nn−1LO calculation into a NnLO calculation for L, and so most

implementations use this approach [180, 201, 293–299]. The main disadvantage is that

the cancellation of the divergences now only happens after the integration over τ . This

makes the L+ 1-jet calculation very demanding, both in terms of computational expense

and numerical stability, because the 1/τ -divergent integral of dσ(X)/dτ must be computed

with sufficient accuracy down to sufficiently small τcut, which in practice limits how small

one can take τcut. Since the integral is divergent, one cannot let τcut → 0 even in principle,
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so one always has a leftover systematic uncertainty from the neglected power corrections

∆σ(X, τcut).

The numerical efficiency of the subtractions can be improved by including the power

corrections in the subtractions for both T0 [300–305] and qT [306, 307]. The size of the

missing power corrections also strongly depends on the precise definition of T0 [300–302].

The hadronic definition in eq. (4.4) exhibits power corrections that grow like e|Y | at large

Y , which is not the case for the leptonic definition. The power corrections also depend on

the Born measurement X. In particular, additional selection or isolation cuts on the color-

singlet constituents typically enhance the power corrections from O(τ) to O(
√
τ) [261, 262],

which renders them numerically important and (if possible) they have to be included in the

subtraction terms. In chapter 5, where we study the fiducial qT spectrum and total cross

section of the Higgs boson, we come across such enhanced power corrections that result

from experimental selection cuts and which we address by explicitly considering them as

part of the subtraction term dσsub(X)/dτ .

Subtraction terms. The singular terms needed for the subtractions only depend on the

Born phase space, so we can write them as

dσ(0)(X)

dτ
=

∫
dΦ0

dσ(0)(Φ0)

dτ
X(Φ0) , (4.103)

where Φ0 ≡ Φ0(κa, κb, ωa, ωb) denotes the full Born phase space, including the parton labels

κa,b, the total color-singlet momentum qµ parametrized in terms of ωa,b as in eqs. (4.1)

and (4.2) as well as the internal phase space of L. The X(Φ0) denotes the measurement

function that implements the measurement X (e.g. fiducial cuts) on a Born configuration.

The singular terms are defined such that their τ dependence is minimal and given by

dσ(0)(Φ0)

dτ
= C−1(Φ0) δ(τ) +

∑
n≥0

Cn(Φ0)Ln(τ)

=
∑
m≥0

[
C(m)
−1 (Φ0) δ(τ) +

2m−1∑
n=0

C(m)
n (Φ0)Ln(τ)

](αs
4π

)m
. (4.104)

Their integral over τ ≤ τcut immediately follows as

σ(0)(Φ0, τcut) = C−1(Φ0) +
∑
n≥0

Cn(Φ0)
lnn+1 τcut

n+ 1

=
∑
m≥0

[
C(m)
−1 (Φ0) +

2m−1∑
n=0

C(m)
n (Φ0)

lnn+1 τcut

n+ 1

](αs
4π

)m
. (4.105)

The differential subtractions are given by using eq. (4.104) for τ > 0, which amounts

to dropping the C−1(Φ0)δ(τ) term and using Ln(τ > 0) = lnn(τ)/τ . The integrated

subtractions are directly given by eq. (4.105).
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4.4 N3LO subtractions

The precise definition of the Cn(Φ0) coefficients depends on the normalization of the

dimensionless variable τ or equivalently on the boundary condition of the Ln(τ). Rescaling

τ → λτ moves contributions from Cn(Φ0) to Cm<n(Φ0). This freedom was used in ref. [202]

to absorb all terms with n ≥ 0 in eq. (4.105) into a C−1(Φ0, Toff) by taking τ ≡ T0/Toff .

Here, we prefer to keep the cutoff dependence explicit as in eq. (4.105) and take

τ ≡ T0

Q
(for T0) , τ ≡ q2

T

Q2
(for qT ) . (4.106)

The m-loop subtraction coefficients C(m)
n (Φ0) directly follow from expanding eq. (4.5)

for T0 or eq. (4.48) for qT to mth order in αs. For the three-loop coefficients this yields

C(3)
−1(Φ0) = H(3)(Φ0) fa(xa) fb(xb) +

3∑
m=1

H(3−m)(Φ0)
[
Ba(xa)Bb(xb)S

](m)

−1
,

C(3)
n≥0(Φ0) =

3∑
k=1

H(3−k)(Φ0)
[
Ba(xa)Bb(xb)S

](k)

n
, (4.107)

where for simplicity we have suppressed the dependence on µ and the distinction of the T0

vs. qT beam and soft functions. The virtual three-loop corrections to the Born process are

contained in H(3)(Φ0), which only enters in C(3)
−1 . The m-loop soft/collinear contribution

[BBS]
(m)
n follows from inserting the fixed-order expansions of the respective beam and soft

function, reexpanding their product to mth order and picking out the coefficients of δ(τ)

and Ln(τ). The three-loop boundary coefficients of the beam and soft functions only enter

in C(3)
−1 and thus are needed for the integrated subtraction terms but not the differential

ones. Note also that most of the process and Φ0 dependence resides in the hard coefficients,

while the soft/collinear contributions only depend on xa,b and the parton types,[
Ba(xa)Bb(xb)S

](m)

n
=

∫
dza
za

dzb
zb

∑
i,j

[
Iai(za)Ibi(zb)S

](m)

n
fi

(xa
za

)
fj

(xb
zb

)
. (4.108)

We have implemented the results for the subtraction coefficients Cn(Φ0) in eq. (4.107) up

to three loops for both T0 and qT in the C++ library SCETlib [49]. The latter are required

for the phenomenological study of the Higgs boson qT spectrum and total fiducial cross

section that we perform in chapter 5.

Note that evaluating eq. (4.107) for T0 requires rescaling and convolving the plus distri-

butions in the beam and soft functions, as discussed in ref. [202]. For qT , expanding the
~bT -space result of W (0)(Q2, Y,~bT ) (see eq. (4.48)) yields powers of the ~bT -space logarithm

Lnb up to n ≤ 6. Their Fourier transform, given in table A.1 in appendix A.2.2, yields

simple δ(~qT ) and Ln(~qT , µ), which are easily rescaled to δ(τ) and Ln(τ).

Finally, we comment on the original qT subtraction method in ref. [198] that was based

on the qT resummation framework of ref. [159], where the canonical ~bT -space logarithms

are replaced by

Lb → L̃b ≡ ln
(b2Tµ2

b20
+ 1
)
. (4.109)
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This form is also used e.g. in refs. [180, 295]. While using L̃b has certain advantages in the

context of qT resummation, it is unnecessary for the purpose of qT subtractions, since Lb
and L̃b yield the same singular terms and only differ by power corrections. A drawback

of using L̃b here is that the Fourier transform of L̃nb yields complicated expressions in qT
space, see appendix B in ref. [159], whose cumulants are not known analytically and must

be performed numerically.

4.5 Aspects of numerical implementation

The boundary coefficients of the singular differential cross section in eq. (4.104) are not

predicted by their corresponding RGEs and they have to be explicitly calculated. For the

soft and beam functions and up to two loops, all of them were known for some time12

while recently, the full three-loop coefficients have become available.13 Specifically, results

for the three-loop T0 quark beam function in the generalized large-Nc approximation have

appeared in ref. [308] and the complete result was calculated in ref. [230]. For the three-loop

qT beam function the complete result was recently calculated in refs. [139, 140, 231]. From

a phenomenological point of view, they are of great significance as they correspond (in

part) to the O(α3
s) corrections of the singular cross section which dominates the region

where the differential cross section peaks. Consequently, in order to asses their impact in

theoretical predictions, it is of central importance that a numerical implementation thereof

meets certain stability and precision-goal criteria. While for the soft and hard function

these terms are mere constants and do not admit a special treatment, for the beam function

this is not the case; for both qT and T0 they bear dependence in a momentum fraction z and

they are convolved against PDFs, something that renders their numerical implementation

nontrivial.

Although at one-loop the beam boundary coefficients have a simple dependence in z,

starting at two loops rational polynomials along with harmonic polylogarithms (HPLs) [309]

emerge, culminating at three loops, where they assume the greatest complexity both in

functional form and size. This is not unique to the beam function kernels, since a similar

form is also met at the NNLO splitting functions, P
(2)
ij (z), which are also part of the

beam function matching coefficients. Even though numerical implementations of HPLs

are in abundance [310–316] and achieve excellent approximations for individual HPLs,

they appear to be insufficient in meeting the desired precision-goal for the aforementioned

kernels. Culprit for that can be traced in the high degree polynomials intertwined with

HPLs of large weight that appear as part of the kernels. These allow for intricate numerical

(catastrophic) cancellations, prohibiting a high-precision phenomenological study or even

worse, threatening the genuine N3LO terms to be buried in numerical noise. In light of

the above, it is imperative that an alternative method is employed for their numerical

implementation which in addition, it is endowed with desirable features such as stability

12With the exception of the qT soft function which was known to three-loops [119].
13Besides those of the T0 soft function which are still unknown.
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and optimized computation time. This naturally leads to a custom treatment of kernels

with such functional signature.

Here, we focus on deriving an improved approximation for kernels that have a functional

form similar to that of the qT beam boundary terms, Ĩ
(n)
ij (z), and the NNLO splitting

functions, P
(2)
ij (z). Our interest lies primarily in these since they are an indispensable

ingredient for the phenomenological study of the Higgs boson qT spectrum that we perform

in chapter 5. We note though, that the approximation methods presented in sections 4.5.2

and 4.5.3 partially apply also for the T0 kernels, but further investigation is necessary since

they involve a class of functions (Goncharov Polylogarithms [317]) that is absent in both

Ĩ
(n)
ij (z) and P

(2)
ij (z), thus prohibiting a straightforward application of our method.

Understanding the manipulations for an improved kernel approximation necessitates

that their basic building blocks, the HPLs, are studied. This is the topic of section 4.5.1,

where we introduce and discuss all of their properties required for a kernel expansion in the

phenomenologically relevant limits z → 0 and z → 1. In sections 4.5.2 and 4.5.3, we exploit

the analytic structure of HPLs and present an algorithm that generates cost-optimal and

precise approximations at the level of the kernels, in both aforementioned limits. Finally,

in section 4.5.4 we show representative results of our method.

4.5.1 Harmonic Polylogarithms (HPLs)

The HPLs correspond to a natural generalization of the logarithm and the dilogarithm,

Li2(z), and they are the simplest class of special functions that are ubiquitous in multiloop

calculations of Feynman diagrams. Naturally, they also appear as basic building blocks

in the qT beam boundary terms and the NNLO splitting functions P
(2)
ij (z). It is thus

crucial that their analytic and algebraic properties are understood before we proceed and

investigate an improved kernel approximation. In the following review of HPLs we mainly

follow ref. [309].

Definition. HPLs [309] are defined as functions of a variable z and they are classified by

a weight vector ~w = {wn, . . . , w1}. We refer to the wi as letters while the number of letters

carried by an HPL specifies its weight w. The functional form of HPLs results form the

iterative procedure

H~w(z) ≡ Hwn,...,w1(z) =

∫ z

0
dx fwn(x)Hwn−1,...,w1(x) , wi ∈ {−1, 0, 1} , (4.110)

and it follows from their definition that

d

dz
Hwn,...,w1(z) = fwn(z)Hwn−1,...,w1(z) . (4.111)

For each letter wi ∈ {−1, 0, 1} the functions fwi(x) are defined as

f−1(x) =
1

1 + x
, f0(x) =

1

x
, f1(x) =

1

1− x , (4.112)
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and the lowest weight or weight 1 HPLs read

H0(z) = ln z , H−1(z) = ln(1 + z) , H1(z) = − ln(1− z) . (4.113)

Special case are the HPLs with a weight vector that has throughout the same n entries, for

which we use the compact notation ~w = {w,w, . . . , w︸ ︷︷ ︸
n

} ≡ ~wn,

H~0n(z) =
1

n!
lnn z , H−~1n(z) =

1

n!
lnn(1 + z) , H~1n(z) =

(−1)n

n!
lnn(1− z) .

(4.114)

At each weight w there are 3w linearly independent HPLs and which at w = 1 they are

plain logarithmic functions, see eq. (4.113). Once identifying that Li2(z) = H0,1(z), it can

be easily worked out that HPLs of w = 2 can be written as linear combinations of the

dilogarithm and logarithms. Following the same pattern, HPLs of w = 3 can be expressed

in terms of Nielsen’s polylogarithm [318] Sn,p(z) = H~0n,~1p(z). On the other hand, starting

at w = 4 it is no longer feasible to express the HPLs in terms of Sn,p(z), which implies that

H~w(z) constitute a bigger set of functions.

HPL identities. HPLs satisfy an important set of identities, that of integration by parts

(IBP) and the product algebra [309].

Consider an HPL with weight vector ~w = {wn, . . . , w1}. The IBP relations read

Hwn,...,w1(z) = Hwn(z)Hwn−1,...,w1(z)−Hwn−1,wn(z)Hwn−2,...,w1(z)

+Hwn−2,wn−1,wn(z)Hwn−3,...,w1(z)− . . .− (−1)n−3Hw1,...,wn(z) , (4.115)

where it implies that if ~w is symmetric and n is even, then H~w(z) is given by a product of

HPLs of lower weight. For example at w = 2, eq. (4.115) yields Hwi,wi(z) = 1
2 [Hwi(z)]2 for

any wi ∈ {−1, 0, 1}.
Now consider two HPLs of different weights wi, wj and with weight vectors ~wi, ~wj re-

spectively. The product algebra identity dictates that their product can be expressed as a

linear combination of HPLs with total weight wk = wi + wj ,

H~wi(z)H~wj (z) =
∑

~wk=~wi]~wj

H~wk(z) . (4.116)

Here, ~wk = ~wi ] ~wj denotes the weight vectors ~wk that result from all possible letter

ordering combinations of {~wi, ~wj} such that the original ordering of ~wi and ~wj is pre-

served. To be more precise through an example, consider two HPLs with weight vectors

~wa = {w1, w2}, ~wb = {w3, w4}, then

H~wa(z)H~wb(z) = Hw1,w2,w3,w4(z) +Hw1,w3,w2,w4(z) +Hw1,w3,w4,w2(z)

+Hw3,w1,w2,w4(z) +Hw3,w1,w4,w2(z) +Hw3,w4,w1,w2(z) . (4.117)
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At this point, a comment is in line with respect to the singular behavior of the HPLs. It

can be shown that HPLs whose m-rightmost vector indices are zero, ~0m, have logarithmic

singularities at z = 0 [309]

H...,~0m
(z) ∼ lnm z , (4.118)

and similarly HPLs that carry m-leftmost vector indices ±~1m have logarithmic singularities

at z = ±1 [309]

H±~1m,...(z) ∼ lnm(1∓ z) , (4.119)

where in both eqs. (4.118) and (4.119) the ‘. . .’ denote an arbitrary number of any letters. An

important observation is that eq. (4.116) can be exploited in order to isolate the singularity

of an HPL by writing it as a linear combination of explicitly singular and nonsingular terms.

Take for example Hwi,wj ,0(z) and assume that wi,j 6= 0. Using eq. (4.116) we can write,

Hwi,wj ,0(z) = Hwi,wj (z)H0(z)−Hwi,0,wj (z)−H0,wi,wj (z) , (4.120)

where in the first term the logarithmic singularity H0(z) ≡ ln z is explicitly isolated, whereas

the rest of the HPLs are well defined in the limit z → 0. This is a particularly useful property

of the product algebra that we heavily employ for the approximation of the kernels in z → 0

and z → 1 in sections 4.5.2 and 4.5.3 respectively.

Analytic properties. For the lowest weight HPLs in eq. (4.113) we can already read off

their branch cut structure

H0(z) : (−∞, 0] , H−1(z) : (−∞,−1] , H1(z) : [1,∞) . (4.121)

We refer to the branch cut of H−1(z) as “negative” cut and to the branch cut of H1(z)

as a “positive” cut. Since at higher weights the letters mix, it is beneficial to understand

what kind of branch cuts the HPLs of w > 1 can develop. We work as a concrete example

the HPLs of w = 2 and disregard the case that the rightmost letter is 0.14 Consider for

example the Hwi,1(z). If wi = 1,

H1,1(z) =

∫ z

0

dx

1− x ln(1− x) ≡ 1

2
ln2(1− x) , (4.122)

where it is obvious that H1,1(z) and H1(z) share the same positive branch cut. Now if

wi = 0,

H0,1(z) =

∫ z

0

dx

x
ln(1− x) . (4.123)

14As mentioned in the previous paragraph, we can always use eq. (4.116) to isolate this logarithmic

singularity, which effectively allows to consider HPLs without rightmost 0-letter. This procedure is not

constrained to HPLs of a particular weight, as its iterative application isolates any number of logarithmic

singularities that appear as rightmost 0-letters.
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Re(z)

−∞ +∞

Im(z)

1−1

H~w(z) = H−~w (z) + H+
~w (z)

Figure 4.9: Analytic structure of an HPL with arbitrary weight vector ~w that contains (at least)

both wi = ±1 letters. The H~w(z) (red) has branch cuts in (−∞,−1] and [1,∞) and it is split into

H+
~w (z) (blue) that has only the [1,∞) cut and into H−~w (z) (green) that has only (−∞,−1] cut.

While the primitive 1/x could imply that H0,1(z) develops in addition to [1,∞) a branch

cut starting at z = 0, the expansion of ln(1− x) at x→ 0 is of O(x) and therefore H0,1(z)

results in having the same branch cut as H1(z). The last case is for wi = −1 and the

situation is different since,

H−1,1(z) =

∫ z

0

dx

1 + x
ln(1− x) , (4.124)

where the 1/(1 +x) primitive now induces a negative cut with the resulting HPL exhibiting

both branch cuts.

Analogously, working out the case of Hwi,−1(z), wi = {−1, 0, 1}, we find that H−1,−1(z)

and H0,−1(z) share the same branch cut structure as H−1(z) whereas H1,−1(z) develops

both branch cuts.

While the previous discussion was based only on HPLs of w = 2, already at this point

we can draw some powerful conclusions concerning the analytic structure of higher weight

HPLs. Considering an HPL of arbitrary weight ~w, without trailing 0’s while having only

a positive (negative) branch cut, then increasing ~w with the letter wi = 1 (wi = −1) or

wi = 0 leaves its analytic structure intact, whereas increasing it with wi = −1 (wi = 1)

induces to the resulting HPL both branch cuts. Based on these observations it is useful to

define an HPL as a sum of terms with separated branch cuts. This is achieved by defining

the split of an HPL [310] with weight vector ~w as

H~w(z) = H+
~w (z) +H−~w (z) , (4.125)

where ‘+’ (‘−’) superscript denotes that the term carries only a positive (negative) branch

cut. In figure 4.9 we show an illustration with the branch cut structure of H~w(z) and H±~w (z)

that results from eq. (4.125).

At w = 1 it follows immediately from their definition in eq. (4.113) that

H1(z) ≡ H+
1 (z) , H−1(z) ≡ H−−1(z) . (4.126)
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The construction of ‘+/−’ higher weight HPLs proceeds in an iterative manner, exploiting

the previous observations regarding the addition of a letter wi to their existing weight ~w.

If wi = 1, we have

H+
1, ~w(z) =

∫ z

0

dx

1− x
[
H+
~w (x) +H−~w (1)

]
, (4.127)

H−1, ~w(z) =

∫ z

0

dx

1− x
[
H−~w (x)−H−~w (1)

]
. (4.128)

In eq. (4.128) the H−~w (z) by definition has only a negative cut but the primitive 1/(1− x)

induces a positive cut, which is prevented by subtracting the HPL evaluated at x = 1.

Finally, the mismatch of this subtraction is added to the ‘+’ term in eq. (4.127), for which

it is innocuous since it doesn’t alter its analytic structure. Note that adding eqs. (4.127)

and (4.128) we retrieve the full H1, ~w(z), as dictated by eq. (4.125).

Following the same train of thought, the case for the addition of the letter wi = −1 can

be similarly worked out,

H+
−1, ~w(z) =

∫ z

0

dx

1 + x

[
H+
~w (x)−H+

~w (−1)
]
, (4.129)

H−−1, ~w(z) =

∫ z

0

dx

1 + x

[
H−~w (x) +H+

~w (−1)
]
. (4.130)

Finally, for the case wi = 0 and based on the fact that any number of such letter additions

do not change the branch cut structure of an HPL allows to write,

H±0, ~w(z) =

∫ z

0

dx

x
H±~w (x) . (4.131)

4.5.2 Kernel approximation: limit z → 0

Having explored in section 4.5.1 the analytic properties as well as the algebraic identities

of the HPLs, we are now in position to describe our kernel approximation method. We

denote the kernel whose approximation we investigate by K(z), and having in mind the

most general functional form that Ĩ
(3)
ij (z) and P

(2)
ij (z) assume, we decompose it as

K(z) =
∑
i

[
Fi(z)

Ri(z)
+
Gi(z)

Qi(z)
H~wi(z)

]
, (4.132)

where Fi(z), Ri(z), Gi(z), Qi(z) are polynomials in z. The subscript i serves for indexing

purposes and the summation runs over all terms that are part of K(z).

We begin by examining the best possible approximation that can be achieved for the

most basic building block of K(z), namely the HPLs H~wi(z). We assume that the H~wi(z)

appearing in eq. (4.132) do not have any rightmost 0-letters as they correspond to loga-

rithmic singularities ln z and inhibit their z → 0 expansion. In case that HPLs of the form

H~wj ,~0n
(z), with arbitrary ~wj , are part of the kernel, we use the product algebra identity in
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eq. (4.116) to explicitly isolate them and proceed with the steps described bellow for the

rest of the HPLs.

In full generality and as shown in section 4.5.1, HPLs can have both positive and negative

branch cuts. Therefore, a straightforward expansion of H~wn(z) as a power series in z has a

constrained radius of convergence |z| < 1, and for achieving a relative error ∼ O(10−15) it

requires the truncation of the series at ∼ O(z35). To address this issue, we first separate the

branch cut structure of the HPLs according to eq. (4.125), and then perform the Bernoulli

change of variables [319] in each of the terms with a single branch cut [310]

H~wi(z) = H+
~wi

(z) +H−~wi(z) , (4.133)

H+
~wi

(z) : z 7→ 1− e−u , (4.134)

H−~wi(z) : z 7→ ev − 1 . (4.135)

The final step involves the expansion in the limit u, v → 0, which results to a polynomial

in u, v for H+
~wi

and H−~wi respectively. The Bernoulli change of variables in eq. (4.134)

(eq. (4.135)) maps the z = +1 (−1) branch point to +∞ (−∞), and the resulting u (v)

series has an extended radius of convergence 2π. The necessity for the branch cut separation

stems from the observation that if we allow HPLs to carry both cuts, then none of the

above transformations will be of any help; the z 7→ 1− e−u moves the z = −1 branch point

to z = − ln 2 ≈ −0.693 and similarly the z 7→ ev − 1 moves the z = 1 branch point to

z = + ln 2 ≈ 0.693, both of which end up reducing the radius of convergence, even compared

to a standard z-series. Employing the Bernoulli transformations allows for the truncation

of the u, v-series at O(16) with a relative error ∼ O(10−16) [310]. Note though that in our

case, even with this improved approximation for the HPLs, achieving such a small relative

error at the level of K(z) corresponds to an overly optimistic estimation, since numerical

cancellations between HPLs in K(z) are quite strong.

On the other hand, the method described above for the HPLs provides an important

hint on how similar results can be pursued at the level of the entire kernel. Therefore, we

treat K(z) as one entity whose series expansion results from that of its individual pieces.

This allows at intermediate steps for arbitrary precision calculations between the terms

appearing in eq. (4.132) and results to a controlled loss of precision. To achieve this, we

first separate the positive and negative branch cuts of the kernel K(z), then we perform

the Bernoulli transformations, and finally we expand in the limit u, v → 0,

K(z) = K+(z) +K−(z) , (4.136)

K+(z) : z 7→ 1− e−u , (4.137)

K−(z) : z 7→ ev − 1 . (4.138)

A caveat to this simplified approach is the presence of rational polynomials Gi(z)/Qi(z) in

eq. (4.132), which as we show below, they can change the analytic structure of the HPLs.

This is equivalent to the statement that the separation in K±(z) is not equivalent to the

separation in H±~wi(z). Before we proceed to examine the effect for each primitive factor
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separately, we note that presence of Gi(z) in Gi(z)/Qi(z) admits no special treatment.

Since Gi(z) are a polynomials in z of integer powers, they do not introduce any new branch

cuts and therefore we gain nothing from the Bernoulli transformations. Consequently,

there is no preferred variable between u or v for their expansion, and Gi(z) inherit the

Bernoulli transformation of the accompanying ‘+’ or ‘−’ term, together with which they

are expanded.

Now consider the case of Gi(z)/Qi(z) ≡ c/z, where c is a constant. As already mentioned

in section 4.5.1, any number of extra wi = 0 letters on an HPL do not alter its branch cut

structure. Therefore, neither will the 1/z primitive, since we can think of it as an effective

extra weight on the HPL, 1
zH~wi(z) ≡ d

dzH0, ~wi(z). Thus, the ‘+’ and ‘−’ separation is trivial

for such terms, [
1

z
H~wi(z)

]
+

=
1

z
H+
~wi

(z) , (4.139)[
1

z
H~wi(z)

]
−

=
1

z
H−~wi(z) , (4.140)

where the term in the square brackets with ‘+’ (‘−’) subscript denotes that it has only a

positive (negative) branch cut. Given eqs. (4.139) and (4.140), in what follows we suppress

the overall multiplicative z-terms in the functional form of Qi(z) as they have no impact

on the analytic structure of the HPLs.

Turning to more complicated Qi(z) makes the situation slightly more involved. To

examine it, we restrict our discussion to the specific cases of Qi(z) ∈ {(1− z)n, (1 + z)n}
where n > 0. Considering only these cases is motivated by the primitives that are met in

Ĩ
(3)
ij (z), P

(2)
ij (z) kernels.15 For such terms, a straightforward separation of the branch cuts

in just the HPLs leads to wrong results. To see this, consider the simple case

1

1± zH~wi(z) =
1

1± z
[
H+
~wi

(z) +H−~wi(z)
]
. (4.141)

The presence of 1/(1+z) develops a negative cut to H+
~wi

(z) and the resulting H+
~wi

(z)/(1+z)

has both cuts, thus prohibiting its (improved) expansion in terms of the Bernoulli variable

u. Note though, that 1/(1 + z) is harmless for H−~wi(z) as it leaves its analytic structure

intact, i.e. H−~wi(z)/(1 + z) still has only a negative cut. Analogous considerations apply

for the effect of 1/(1 − z) on H∓~wi(z). One way to regard the above, is realizing that the

presence of the 1/(1± z) primitive practically induces an extra weight in the multiplying

HPL since

1

1± zH~wi(z) ≡
d

dz
H∓1, ~wi(z) , (4.142)

15We note that different functional forms of Qi(z) may be part of the kernel, e.g. 1− z2, but they can be

easily worked out and converted into {(1− z)n, (1 + z)n} , n > 0. In both Ĩ
(3)
ij (z), P

(2)
ij (z) we were unable

to find a primitive that under elementary algebraic manipulations could not be reduced into either of

the aforementioned forms.
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where crucially, the ‘+’ and ‘−’ terms of H∓1, ~wi(z) differ from those of H~wi(z). Therefore,

and for terms like these, we modify the definition for the branch cut separation such that

the accompanying primitives are properly taken into account

H~wi(z)

(1 + z)n
=

[
H+
~wi

(z)

(1 + z)n

]
+

+

[
H−~wi(z)

(1 + z)n

]
−
, (4.143)[

H+
~wi

(z)

(1 + z)n

]
+

=
H+
~wi

(z)

(1 + z)n
−
n−1∑
k=0

(1 + z)k−n
1

k!

dk

dzk
H+
~wi

(z)

∣∣∣∣
z=−1

, (4.144)

[
H−~wi(z)

(1 + z)n

]
−

=
H−~wi(z)

(1 + z)n
+
n−1∑
k=0

(1 + z)k−n
1

k!

dk

dzk
H+
~wi

(z)

∣∣∣∣
z=−1

, (4.145)

where eq. (4.144) (eq. (4.145)) corresponds to the term with only a positive (negative) branch

cut. The subtrahend in eq. (4.144) serves the purpose of eliminating the cut developed at

z = −1 by the primitive factor(s), with the resulting term maintaining its analytic structure

of a single positive cut. Finally, the subtracted term is added to the piece with the opposite

branch cut in eq. (4.145), for which it does not alter its analytic structure. Contrasting

eqs. (4.144) and (4.145) to eqs. (4.127) and (4.128), it is understood that the former method

of separating the branch cuts corresponds to an adequate extension of the latter, with the

Qi(z) treated as effective extra weights on HPLs. Under similar considerations for the

1/(1− z) primitive, we define the corresponding ‘+’ and ‘−’ separation to be

[
H+
~wi

(z)

(1− z)n
]

+

=
H+
~wi

(z)

(1− z)n +
n−1∑
k=0

(1− z)k−n 1

k!

dk

dzk
H−~wi(z)

∣∣∣∣
z=1

, (4.146)

[
H−~wi(z)

(1− z)n
]
−

=
H−~wi(z)

(1− z)n −
n−1∑
k=0

(1− z)k−n 1

k!

dk

dzk
H−~wi(z)

∣∣∣∣
z=1

. (4.147)

where now the subtraction takes place for H−~wi(z) since 1/(1− z) causes a positive branch

cut to develop.

We now turn to the terms Fi(z)/Ri(z) in eq. (4.132) that are independent of HPLs. As

before, we restrict to the specific cases Ri(z) ∈ {(1 − z)n, (1 + z)n}, where n > 0. From

the previous analysis it should be clear that 1/(1 + z)n terms can be treated as (effectively)

having only a negative branch cut, whereas the 1/(1 − z)n terms as (effectively) having

only a positive branch cut. Therefore, an improved series expansion is achieved under

Ri(z) = (1− z)n : z 7→ 1− e−u , (4.148)

Ri(z) = (1 + z)n : z 7→ ev − 1 , (4.149)

and the polynomial Fi(z) inherits the variable transformation of the accompanying Ri(z).

Finally, we comment on the terms ∝ lnn z/z, n ≥ 0 which appear in the gluon kernels

and emerge from either addends in eq. (4.132). Although in principle they can be expanded

opting for either Bernoulli change of variables, here we choose not to do so, since they induce
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terms ∝ lnn u/u or ∝ lnn v/v which obstruct the possibility for a Chebyshev acceleration

of the resulting series.

The above considerations conclude the algorithm for an improved approximation of K(z)

in the limit z → 0. Summarizing all the steps in a schematic sequence,

K(z) =
∑
i

[
Fi(z)

Ri(z)
+
Gi(z)

Qi(z)
H~wi(z)

]

=

wmax∑
n=0

dn
Hn

0 (z)

z
+

wmax∑
n=0

Cn(z)Hn
0 (z)

=

wmax∑
n=0

dn
Hn

0 (z)

z
+

wmax∑
n=0

[
C+
n (z) + C−n (z)

]
Hn

0 (z)

=

wmax∑
n=0

dn
lnn z

z
+

wmax∑
n=0

∑̀
m=0

[
c+
n,mu

m + c−n,mv
m
]

lnn z +O
(
u`+1

)
+O

(
v`+1

)
, (4.150)

where dn, c
±
n,m are constants, u = − ln(1− z), v = ln(1 + z) and the sum over n is bounded

by the maximum weight wmax of the HPLs present in K(z). In the second line we isolate

the logarithmic singularities H0(z) ≡ ln z of the HPLs using eq. (4.116) and separate the

terms ∝ lnn z/z that we do not expand. The coefficients Cn(z) have a functional form

that falls under one of the cases that we considered in this section, i.e. they are composed

out of rational polynomials and HPLs without rightmost 0-letters. Thus, to obtain an

improved expansion for these, in the third line we split their positive and negative branch

cuts while properly accounting for the primitive factors, and we perform the Bernoulli

change of variables in eqs. (4.137) and (4.138). Finally, we expand in u, v → 0, resulting to

the polynomial form in eq. (4.150).

4.5.3 Kernel approximation: limit z → 1

Turning now to the opposite limit, z → 1, the most natural question that should be posed

is how many of the tools developed in the previous paragraph for the z → 0 approximation

apply also in this case? Unfortunately, the answer is few and the reason twofold. On the

one hand and in terms of numerical implementation, the most convenient way to express

the kernel in this limit is by the change of variables

z 7→ 1− y , (4.151)

where now z → 1 is realized for y → 0. The reason that this transformation is preferred, is

related to numerical precision arguments relevant for the dominant, singular terms of the

kernel ∝ lnn(1− z)/(1− z) 7→ lnn y/y , n ≥ 0. On the other hand and looking at how the

w = 1 HPLs transform under eq. (4.151), we have

H0(z) 7→ −H1(y) , H1(z) 7→ −H0(y) , H−1(z) 7→
∫ y

0

dx

x− 2
+ ln 2 . (4.152)
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Notably, while H0(z), H1(z) still map to the HPL class of functions (although of different

weight), this is not the case for H−1(z) where its analytic form changed entirely. Formally,

under z 7→ 1−y the full basis of HPLs16 maps to a wider set of functions known as Multiple

Polylogarithms (MPLs) [320].

MPLs can be regarded as a class of functions with one possible definition via iterative

integrals, same as that of the HPLs in eq. (4.110). An important difference between the

two is that the weights wi of MPLs are not restricted to the values {−1, 0, 1}, as they can

be any complex variable. For example, the transformation of H−1(z) in terms of MPLs

reads

H−1(z)
z 7→1−y7−−−−→ G2(y) + ln 2 , (4.153)

where G~w(y) is an MPL of weight vector ~w = {wn, . . . , w1} and weight w. Furthermore,

MPLs satisfy the so-called shuffle algebra [320] which is analogous to the product algebra of

HPLs in eq. (4.116). This is an important property that we harvest — in complete analogy

to the z → 0 limit — in order to isolate the logarithmic singularities ∼ ln y that manifest

as rightmost 0-letters in MPLs.

Looking back at eq. (4.152), a direct consequence of the y-transformed HPLs is that

they cease to have a negative branch cut at (−∞,−1]. The same also applies when

considering the induced branch cuts emerging from the transformation of primitive factors

1/(1 + z) 7→ 1/(2− y) present in the kernel K(z). Therefore, the Bernoulli transformation

in eq. (4.135) does not provide an improvement for a series expansion and in contrast to

the limit z → 0, a positive and negative branch cut separation of the kernel is no longer

justified.

In light of the above, we address the kernel approximation of K(z) in eq. (4.132) in

the limit z → 1 as follows: we first map K(z)
z 7→1−y7−−−−→ K̃(y) where we stress that under

this transformation K̃(y) depends on both HPLs and MPLs. We then separate the terms

∝ lnn y/y, which same as in section 4.5.2, we leave unexpanded. Subsequently, we isolate

the logarithmic singularities ∝ lnn y that manifest as rightmost 0-letters in HPLs and MPLs

using the product and shuffle algebra respectively. Finally, we apply the transformation

y 7→ 1− e−r in the coefficients of lnn y and expand them in the limit r → 0. Putting the

previous steps into math,

K(z)
z 7→1−y7−−−−→ K̃(y) =

wmax∑
n=0

dn
lnn y

y
+

wmax∑
n=0

Cn(y) lnn y

=

wmax∑
n=0

dn
lnn y

y
+

wmax∑
n=0

∑̀
m=0

cn,mr
m lnn y +O(r`+1) , (4.154)

where dn, cn,m are constants and r = − ln(1− y). The coefficients Cn(y) are composed out

of rational polynomials, HPLs and MPLs free of logarithmic singularities and the sum over

n is bounded by the maximum weight wmax of the HPLs present in K(z).

16As it can be understood from eq. (4.152), only HPLs that carry the letter(s) wi = −1 map to MPLs,

while those that do not, still transform to linear combinations of HPLs under z 7→ 1− y.
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The transformation y 7→ 1 − e−r ⇒ z 7→ e−r addresses successfully the expansion of

H~w(z) that carry only the letters wi = 0 and/or wi = 1, as well as of the primitive factors

1/z. It is analogous to the Bernoulli transformation that we performed in eq. (4.137), and

as expected, it results to an improvement in the convergence of such terms, hence (partially)

to that of the kernel. Conversely, it does not address adequately the expansion of H~w(z)

that carry the letter(s) wi = −1 or the primitive factors ∝ 1/(1 + z), for which we are

(potentially) forced to truncate the y-series at higher orders in order to meet a certain

precision goal. It should be noted though, that this is correlated to the analytic structure

of the kernel, in the sense of how strong it is the presence of such primitives and HPLs.

Concluding, we stress that while this choice for expanding K(z) corresponds to a com-

promise, since not all terms are optimally approximated, it still amounts to an amelioration

compared to a standard y-series. This is due to the fact that the y-series has inherently a

restricted radius of convergence |y| < 1 due to the branch cuts of the HPLs.

4.5.4 Representative results

Having presented in sections 4.5.2 and 4.5.3 an improved approximation method for kernels

with the functional form of eq. (4.132), in this section we exemplify this improvement. We

show representative results for the splitting functions17 P
(2)
qqS(z), P

(2)
qq∆S(z) and the N3LO

gluon beam function kernels Ĩ
(3)
gg (z), Ĩ

(3)
gq (z), with the latter being directly relevant for the

phenomenological study that takes place in chapter 5. In order to be fully exhaustive in our

comparison, we contrast our approximation method against a plain polynomial expansion

for Ĩ
(3)
gg , Ĩ

(3)
gq and with respect to a code implementation for P

(2)
qqS(z), P

(2)
qq∆S(z).

All kernels — irrespectively of how (and if) they are approximated — are compared to

their ‘exact’ counterpart. We obtain these from the evaluation of the full, unexpanded ker-

nels that carry the exact z and HPL dependence. Specifically, we use a Mathematica [321]

implementation together with the HPL [314] program which explicitly allows for the evalua-

tion of the HPLs and the kernels at arbitrary precision.

For the kernels that are approximated based on the method developed in sections 4.5.2

and 4.5.3, we use our own implementation in SCETlib [49].

For the plain polynomial expansion of Ĩ
(3)
gg (z), Ĩ

(3)
gq (z), we use results provided by the

authors of ref. [139], which correspond to power series in z (limit z → 0) and in 1− z (limit

z → 1). While the authors of ref. [139] provide the expansions to very high order, here, the

truncation of the series is chosen to be the same as that in the improved approximation

since the latter always allow for lower order polynomials.

For P
(2)
qqS(z), P

(2)
qq∆S(z) we use our own code implementation. Specifically, these kernels

are unexpanded, i.e. they carry the exact z and HPL dependence, and we obtain numerical

values for the HPLs using the program hplog [310].

Figure 4.10 shows for Ĩ
(3)
gq (z) (top panel), Ĩ

(3)
gg (z) (bottom panel) the relative difference

between the ‘exact’ and the approximate kernels in units of machine epsilon ε. The left

column shows the standard z expansion whereas the right column shows the improved

17See appendix A.3 for our conventions on the flavor decomposition of a generic Mellin-convolution kernel.
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Figure 4.10: Relative difference of the N3LO gluon beam boundary coefficients in units of machine

epsilon ε between the ‘exact’ and the approximated kernels either employing the standard series

expansion (left panels) or the improved method (right panels). A detailed explanation of the plots

is given in the text.

expansion. In all cases, the kernels are evaluated at binary exact z values in order to

avoid any numerical noise stemming from standard approximations of non-binary exact z

values. The red data points correspond to the relative difference where the ‘exact’ kernel

is allowed to return values beyond machine precision and therefore a scattering around

±ε/2 indicates that the approximate kernels are correct to machine precision. The blue

data points show the same as the red, but now the ‘exact’ kernels are truncated to machine

precision, therefore the relative difference is expected to be exactly 0 if the expanded kernels

yield the best possible double precision approximation. The dashed red vertical line shows

the point in z where we switch between expansions. Overall, and for both flavor channels,

it is clear that the improved method corresponds to a better approximation, especially in

the limit z → 0. It is evident that the standard expansion results in high relative error in

the range 0.2 . z . 0.6, which constitutes a clear indication that the power series should

be truncated at a higher order; in fact we have checked that their relative error improves

when the standard series are truncated ∼ O(50). Although at first sight this might appear

as a (viable) choice, its ramifications are rather important. In the beam functions, both
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Figure 4.11: Relative difference of the NNLO splitting functions in units of machine epsilon ε

between the ‘exact’ and an implementation either via a numerical code (left panels) or via the

improved approximation method (right panels). A detailed explanation of the plots is given in the

text.

Ĩ
(3)
gq (z), Ĩ

(3)
gg (z) are convolved against PDFs and inevitably involves ‘calling’ them several

thousand of times, resulting in a significant slower evaluation of the beam functions as the

expansion order increases.

Figure 4.11 shows the same plots as before, only now for P
(2)
qqS(z) (top panels) and

P
(2)
qq∆S(z) (bottom panels), either using a code implementation for the unexpanded kernels

(left column) or using the improved approximation method (right column). In this case, the

results are more dramatic. The relative difference of the code implementation is (more) than

one order of magnitude away from that of the improved expansion, exceeding 100 ε when the

latter are less than 10 ε. This is due to catastrophic numerical cancellations that take place

within the exact and unexpanded kernel, inherent to their size and complicated functional

form. Thus we see, that even though a code implementation may achieve excellent results

for the evaluation of individual HPLs, it fails to address the precision requirements at the

level of such complicated kernels.
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4.6 Summary

In this chapter we studied the three-loop structure of beam and soft functions for both

0-jettiness, T0, and transverse momentum qT resolution variables. These functions are

defined as collinear proton matrix elements and soft vacuum matrix element, measuring

the small light-cone momentum (for T0) or total transverse momentum (for qT ) of all soft

and collinear emissions, and thus are universal objects probing the infrared structure of

QCD. Exploiting that the all-order singular structure of the beam and soft functions is

governed by their RGEs, we derived results up to O(α3
s). Subsequently, we performed a

numerical study on the residual scale dependence of the resummed soft and beam functions

for both qT and T0, where we found that at N3LL′ and in almost all cases it is substantially

reduced. Exception to that was the down variation of the T0 quark beam function between

the two highest orders, NNLL′ and N3LL′, although we stress once more that the residual

scale dependence of just the resummed beam function may not be representative of the

perturbative uncertainty one might expect at the cross section level.

Furthermore, for the scale-independent boundary coefficients I
(3)
ij (z) of the N3LO beam

functions, we exploited relations between different factorization limits to derive the leading

eikonal limit I
(3)
ij (z → 1), i.e. the full singular limit of the beam functions as z → 1. These

correspond to genuine predictions that provided nontrivial cross checks and the only ones

at N3LO, for the authors of refs. [139, 140, 231, 244] that performed the calculation of

the exact T0 and qT beam boundary coefficients at O(α3
s). We then studied the extent to

which the eikonal limit of the beam boundary terms can provide a good approximation to

the exact kernels, and based on our findings at lower orders, we constructed ansätze for

both T0 and qT . Since the N3LO exact kernels were made (long after) available, we directly

compared them to our ansätze, finding very good agreement always within the uncertainty

estimate of the latter.

Finally, motivated by the importance of the N3LO beam boundary terms and their

nontrivial functional form, we presented an improved method for the approximation of

kernels that bear such functional signature, in the phenomenologically relevant limits z → 0

and z → 1. To achieve this, we exploited the analytic and algebraic properties of the most

basic building block, the HPLs, while properly taking into account the effects of primitive

functions on their analyticity. Crucial points in obtaining an improved approximation was

the treatment of the kernels as one entity and the Bernoulli change of variables. In addition,

we illustrated the improvement by examining the relative error for the gluon beam function

kernels Ĩ
(3)
gg (z), Ĩ

(3)
gq (z) and the splitting functions P

(2)
qqS(z), P

(2)
qq∆S(z) as approximated by our

method, and contrasted either to a standard series expansion (gluon kernels) or to a code

implementation (splitting functions). While for the former kernels we saw that the improved

method allows for a significantly lower truncation order of the series while achieving very

good precision, for the latter the findings were more compelling. The relative difference

for the code implementation of the exact kernels exceeded 100 ε, when their corresponding

improved approximation was below 10 ε. In light of these, we concluded on the evident

advantages of the improved approximation.
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Higgs physics

In this chapter we present predictions for the gluon-fusion Higgs boson qT spectrum at

N3LL′+N3LO both inclusively and with fiducial cuts as required by experimental measure-

ments at the LHC. By integrating the fiducial qT spectrum, we predict the total fiducial

cross section to third order (N3LO) and improved by timelike and transverse momentum

resummation. We find that the N3LO correction is enhanced by cut-induced logarith-

mic effects and it is not reproduced by the inclusive N3LO correction times a lower-order

acceptance factor.

This chapter is based on ref. [3] while discussions have been extended appropriately both in

depth and in order to cover the necessary background material. Sections 5.3 and 5.4.1 have

been added.

5.1 Introduction

Fiducial and differential cross section measurements of the discovered Higgs boson [4, 5]

provide the most model-independent way to study Higgs production at the LHC. They are

thus central to its physics program [31, 322–333] and will remain so in the future [334].

It is well known that theoretical predictions for the dominant gluon-fusion (gg → H)

Higgs production mode suffer from large perturbative corrections. This has led to the

calculation of the total inclusive production cross section to N3LO [179, 335–342], which is

made possible by treating the decay of the Higgs boson fully inclusively. Unfortunately, this

also makes it a primarily theoretical quantity; one that cannot be measured in experiment.

The experimental measurements necessarily involve kinematic selection and acceptance cuts

on the Higgs decay products, which reduce the cross section by an O(1) amount. Therefore,

any comparison of theory and experiment always involves a prediction of the fiducial cross

section, i.e., the cross section within the experimental acceptance. Up to now, the fiducial

cross section for gg → H was only known to NNLO and a key theoretical challenge was to

calculate it at N3LO, which we do in this chapter.

Arguably, the most important differential cross section of the Higgs boson is its transverse-

momentum (qT ) distribution, serving as a benchmark spectrum in many experimental anal-

yses. At finite qT , it is known to NNLO1 [299, 343–351], i.e., from calculating H + 1 parton

to NNLO, including fiducial cuts, which is an important ingredient for our results. For

qT � mH , the qT spectrum contains large Sudakov logarithms of qT /mH , which deteriorate
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the perturbative expansion, and they must be resummed to all orders in perturbation the-

ory in order to obtain precise and reliable theoretical predictions. So far, qT resummation

has been achieved to NNLL′ and N3LL [151, 157, 159, 191, 276, 352–354], which capture

in particular all O(α2
s) contributions that are singular for qT → 0. In this chapter, we

obtain the resummed qT spectrum at N3LL′+N3LO, both inclusively and with fiducial cuts.

Compared to N3LL, the resummation at N3LL′ incorporates the complete O(α3
s) singular

structure for qT → 0, i.e. all three-loop virtual and corresponding real corrections, allowing

us to consistently match to N3LO and obtain O(α3
s) accuracy throughout the qT spectrum.

For the fiducial cross section, we incorporate the experimental cuts in the resummed qT
spectrum following the recent analysis in ref. [262]. This allows us to also resum large,

so-called fiducial power corrections induced by the fiducial cuts [261, 262], and eventually to

predict the total fiducial cross section at N3LO from the integral of the resummed fiducial qT
spectrum. This constitutes the first complete application of differential qT subtractions at

this order. (For earlier results and discussions see refs. [2, 180] and for a recent application

in the context of qT -slicing method see ref. [355])

The structure of the chapter is as follows. In section 5.2 we review the theoretical

framework that the present analysis is based on. In section 5.3 we discuss the method for

extracting power suppressed contributions of the qT spectrum. In section 5.4 we present

predictions both for the inclusive and the fiducial transverse momentum spectrum, and

discuss in each case the impact of the ensuing theoretical uncertainties. In section 5.5 we

calculate the total fiducial cross section and investigate potential pitfalls that the qT -slicing

method involves. We conclude in section 5.6.

5.2 Framework

This section is devoted to providing the necessary background material that the present

phenomenological study is based on. In section 5.2.1 we review important theoretical

considerations regarding Higgs boson production in the gluon fusion channel, while in

section 5.2.2 the nontrivial effects of the fiducial cuts on the qT spectrum are discussed.

In sections 5.2.3, 5.2.4, and 5.2.5 we present the method to achieve both qT and timelike

resummation, the matching to the FO cross section and our setup for estimating theoretical

uncertainties. Section 5.2.6 collects all numerical inputs relevant to our predictions.

5.2.1 Higgs production

We consider Higgs production at the LHC in the diphoton decay channel,

p(Pa) p(Pb)→ H(q) +X(pX)→ γ(p1) γ(p2) +X(pX) , (5.1)

where Pµa,b = Ecmn
µ
a,b/2 are the momenta of the incoming protons and nµa = (1, ẑ),

nµb = (1,−ẑ). We denote the Higgs boson momentum by qµ and we are inclusive over

any additional hadronic radiation X with momentum pµX . We are interested in the domi-

nant gluon-fusion production channel, gg → H, which is a loop induced process with a top
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Figure 5.1: Leading order Feynman diagrams for Higgs production in the gluon fusion process with

the exact mt dependence (left) and in the limit mt →∞ (right) where the top quark is integrated

out.

quark in the loop mediating the effective coupling between the Higgs and the gluons. In

general, analytical expressions for the amplitudes contributing to the gluon-fusion process

are quite complicated due to the presence of multiple mass scales, mH and mt. Fortunately,

the hierarchy that mH and mt exhibit can be exploited by working in the so-called infinite

top mass limit, mt → ∞, where the top quark is integrated out and an effective theory

with nf = 5 massless quarks is defined. In figure 5.1 we show LO Feynman diagrams for

the process gg → H with the exact mt dependence (left) and in the limit mt →∞ where

the top quark is integrated out (right). In that limit the EFT current reads [356–358]

Jgg =
αs(µt)

12πv
Ct(mt, µt)F

a
µνF

µν a , (5.2)

where v = (
√

2GF )−1/2 = 246 GeV is the Higgs VEV while Ct(mt, µt) = 1 + O(αs) is a

Wilson coefficient that stems from integrating out the top quark and carries all the mt

dependence. It is known to up to N4LO [359–361] and satisfies the RGE

µ
d

dµ
Ct(mt, µ) = γt[αs(µ)]Ct(mt, µ) , (5.3)

γt[αs] = α2
s

d

dαs

β[αs]

α2
s

, (5.4)

with γt[αs] its anomalous dimension. It is common to rescale the current in eq. (5.2) with

the exact LO mt dependence [362],

F0(ρ) =
3

2ρ
− 3

2ρ

∣∣∣∣1− 1

ρ

∣∣∣∣ arcsin2(
√
ρ) , ρ =

m2
H

4m2
t

< 1 , (5.5)

which defines the rescaled EFT (rEFT) [362] and the corresponding current is given by

JrEFT = F0(ρ)
αs(µt)

12πv
Ct(mt, µt)F

a
µνF

µν a . (5.6)

It should be noted that rescaling Jgg with F0(ρ) provides a good approximation of the exact

mt dependence at NLO and therefore it is believed to be also useful at higher orders [363–

366, 366–369].
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Working in the limit mt → ∞ and neglecting the proton masses, we write the cross

section for the process in eq. (5.1) differential in the Higgs four-momentum

dσ

d4q
=

1

2E2
cm

W(q, Pa, Pb)L(q,Θ) . (5.7)

Here, the scalar hadronic structure function W(q, Pa, Pb) encodes all the QCD dynamics

of the production process gg → H and it is defined as

W(q, Pa, Pb) =
∑∫
X

〈pp|J†rEFT|X〉〈X|JrEFT|pp〉 δ(4)(Pa + Pb − pX − q) , (5.8)

where we keep implicit the average over spin and color while the sum over X includes all

possible intermediate states with the corresponding phase space integrals. Since W is a

Lorentz scalar and inclusive over the hadronic final state X, it can only depend on the Higgs

momentum qµ and the proton momenta Pµa,b via q2 and 2q ·Pa,b = Ecm

√
q2 + ~q 2

T e
∓Y , where

q2, Y and ~qT are the Higgs virtuality, rapidity and transverse momentum, respectively.

In eq. (5.7) the leptonic function L(q,Θ) captures the propagation and the decay of the

Higgs boson and it is defined as

L
(
q,Θ

)
=

∫
dΦγγ(q)

∣∣MH→γγ
∣∣2 Θ(Φγγ) , (5.9)

with dΦγγ(q) =

[
2∏
i=1

d4pi
(2π)4

(2π)δ(p2
i ) θ(p

0
i )

]
(2π)4δ(4)(q − p1 − p2) , (5.10)

whereMH→γγ is the matrix element for the propagation and the decay of the Higgs boson

while dΦγγ(q) is the differential diphoton phase space. In eq. (5.9) the function Θ(Φγγ) is

responsible for implementing all the fiducial cuts and in general, it can be regarded as a

collection of θ-functions that impose restrictions on the diphoton phase space. As we will

see, a common example would be a cut on the photon momenta and/or their rapidities.

Owing to the SM prediction for the Higgs total decay width, ΓH ≈ 4 MeV� mH [15], it

is justifiable to make use of the narrow width approximation (NWA) and further simplify

the calculational complexity of the cross section by factorizing the production and decay

subprocesses. This amounts to the limiting case ΓH/mH → 0 for the (squared) Higgs

propagator

∣∣∣∣ i

q2 −m2
H + imHΓH

∣∣∣∣2 ΓH
mH
→0

−−−−−→ π

mHΓH
δ(q2 −m2

H) , (5.11)

under which the leptonic function L(q,Θ) can be recast into the form

L(q,Θ)

ΓH
mH
→0

−−−−−→ L(q,Θ) = 2πδ(q2 −m2
H)

1

2mHΓH

∫
dΦγγ(q)

∣∣MNWA
H→γγ

∣∣2Θ(Φγγ)

= 2πδ(q2 −m2
H)Bγγ A(q; Θ) . (5.12)
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Here, MNWA
H→γγ is the matrix element capturing only the decay of the Higgs boson, i.e.

stripping off the squared propagator, and Bγγ is the branching ratio of the Higgs to decay

into two photons,

Bγγ =
1

2mHΓH

∫
dΦγγ(q)

∣∣MNWA
H→γγ

∣∣2 . (5.13)

In eq. (5.12) we introduced the acceptance function A(q; Θ) which is defined as

A(q; Θ) = 8π

∫
dΦγγ(q) Θ(Φγγ) . (5.14)

Going from the first to the second line of eq. (5.12), we exploited the fact that since

the Higgs is a scalar particle the squared matrix element
∣∣MNWA

H→γγ
∣∣2 depends only on

(p1 + p2)2 =q2 =m2
H , which allows us in NWA to explicitly pull it out of the phase space

integral and express the leptonic function L(q,Θ) as a product of Bγγ and A(q; Θ).

Turning back to the acceptance function A(q; Θ), in full generality it depends on qT = |~qT |
and Y , both induced by the fiducial cuts that are imposed on the diphoton phase space.

In eq. (5.14) we follow the normalization convention that in the inclusive case, which is

defined as the absence of any cuts, Θ(Φγγ) = 1, the acceptance evaluates to

Aincl ≡ A(qT , Y ; 1) = 1 , Θ(Φγγ) = 1 . (5.15)

We proceed by decomposing the differential measure d4q = (π/2)dq2dY dq2
T and set

q2 = m2
H using the delta function in eq. (5.12). This allows us to write the cross section in

eq. (5.7) differential in the Higgs transverse momentum as

dσ

dq2
T

= Bγγ
∫

dY W (qT , Y )A(qT , Y ; Θ) , (5.16)

where we defined W (qT , Y ) = π2W(q, Pa, Pb)/(2E
2
cm). In the discussions that follow, we

drop the Bγγ from dσ/dq2
T since we eventually only show results normalized to Bγγ .

5.2.2 Fiducial power corrections

Expanding in eq. (5.16) both the acceptance and the hadronic structure function in the

limit qT /mH � 1, the qT spectrum can be written as

dσ

dq2
T

=
dσ(0)

dq2
T

+
dσ(1)

dq2
T

+
dσ(2)

dq2
T

+ · · ·

∼ 1

q2
T

[
O(1) +O

( qT
mH

)
+O

( q2
T

m2
H

)
+ · · ·

]
. (5.17)

The singular, leading-power term dσ(0)/dq2
T scales as 1/q2

T and dominates for qT � mH .

It contains δ(qT ) and [lnn(qT /mH)/qT ]+ distributions encoding the cancellation of real

and virtual infrared singularities at qT = 0. The dσ(n≥1)/dq2
T are power corrections and

formally subleading in this limit as they are weighted by at least one power of qT /mH .
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Due to azimuthal symmetry, W (qT , Y ) receives only quadratic power corrections [262,

306],

W (qT , Y ) = W (0)(qT , Y ) +W (2)(qT , Y ) + . . . , (5.18)

where W (0) ∼ 1/q2
T contains the singular terms. On the other hand, the acceptance

corrections are finite at qT = 0, but the fiducial cuts Θ generically break azimuthal symmetry

and thus it receives linear power corrections [261, 262] (see also refs. [370, 371]),

A(qT , Y ; Θ) = A(0, Y ; Θ)
[
1 +O

( qT
mH

)]
. (5.19)

To better understand the origin of such linear power corrections, we consider the proto-

typical example [261, 262, 370] of imposing a minimum cut on the transverse momenta of

each photon pT1,2 ≥ pmin
T . In this case, a particularly useful parametrization for qµ and pµ1,2

is that in the hadronic COM frame,

qµ =
(√

m2
H + q2

T coshY, qT , 0,
√
m2
H + q2

T sinhY
)
, (5.20)

pµ1 = pT1(cosh η1, cosφ, sinφ, sinh η1) , (5.21)

pµ2 = qµ − pµ1 , (5.22)

where we made use of the overall azimuthal symmetry to align the Higgs transverse momen-

tum qT with the x-axis. The azimuthal angle φ of the photon is defined as that between

~qT and its transverse momentum ~pT1 , whereas η1 denotes its rapidity. Using eq. (5.22) and

the fact that the photons are on-shell, we solve for pT1 and pT2 ,

pT1 =
m2
H/2√

m2
H + q2

T cosh(Y − η1)− qT cosφ
, (5.23)

pT2 =
√
p2
T1

+ q2
T − 2qT pT1 cosφ . (5.24)

The acceptance A in eq. (5.14), with a set of theta functions encoding the case of a cut in

the photon transverse momenta, is written in this frame as

A(q; Θ) = 8π

∫
dΦγγ(q) θ

(
p2
T1
− pmin

T
2)
θ
(
p2
T2
− pmin

T
2)

=
4

π

∫ π

0
dφ

∫ ∞
0

d∆η
p2
T1

m2
H

θ
(
p2
T1
− pmin

T
2)
θ
(
p2
T1
− pmin

T
2 − 2pT1qT cosφ+ q2

T

)
,

(5.25)

where we expressed the diphoton phase space in terms of the azimuthal angle φ and the

rapidity difference ∆η = η1 − Y . Notably, the qT dependence of A comes either from

quadratic ∝ q2
T or linear terms ∝ qT cosφ, and upon expanding in the small-qT limit it

would be tempting to conclude that all linear terms average out under the φ integral. A

careful investigation though, renders this statement false since the pmin
T condition imposed

by both θ-functions has nontrivial consequences. This can be understood by inspecting
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the different domains in φ that each θ-function prevails. A straightforward analysis yields

that for φ ∈ [0, π/2] the second θ-function in eq. (5.25) is the relevant one, whereas for

φ ∈ (π/2, π] the opposite happens. To see this,

θ
(
p2
T1
− pmin

T
2)
θ
(
p2
T1
− pmin

T
2 − 2qT pT1 cosφ

)
× [1 +O(q2

T )]

=

{
θ
(
p2
T1
− pmin

T
2)

cosφ < 0 ,

θ
(
p2
T1
− pmin

T
2 − 2qT pT1 cosφ

)
cosφ ≥ 0 .

(5.26)

This observation points to the fact that linear terms no longer vanish upon φ integration

and therefore linear (fiducial) power corrections emerge. Thus, we see that the presence

of the fiducial cuts explicitly breaks azimuthal symmetry whereas in the inclusive case,

where no restriction is imposed on the decay phase space, azimuthal symmetry is manifest.

Finally note that while for this example the specific set of cuts induced no dependence on

Y , in general this is not the case, e.g., when additional cuts on the rapidities of the photons

are imposed.

Coming back to our discussion, it will be beneficial for what follows to define the strict

leading-power spectrum,

dσ(0)

dq2
T

=

∫
dY A(0, Y ; Θ)W (0)(qT , Y ) , (5.27)

and the fiducial power corrections as

dσfpc

dq2
T

=

∫
dY
[
A(qT , Y ; Θ)−A(0, Y ; Θ)

]
W (0)(qT , Y ) . (5.28)

The latter were analyzed in refs. [261, 262] and include all linear power corrections dσ(1)/dq2
T ,

which are absent in the inclusive spectrum. These are quite subtle, and can be further

enhanced to O(qT /pL), where pL is an effective kinematic scale set by the fiducial cuts

with typically pL � mH . This prohibits the expansion of A(qT , Y ; Θ) even for qT � mH ,

since in the phase space region where qT ∼ pL, the acceptance receives uncontrolled

O(qT /pL) ∼ O(1) power corrections. For example, the pmin
T cut that we saw before sets the

scale pL ∼ mH − 2pTmin. It is thus critical to use the exact qT -dependent acceptance and

take
dσsing

dq2
T

=

∫
dY A(qT , Y ; Θ)W (0)(qT , Y ) (5.29)

as the leading “singular” contribution at small qT , which corresponds to the sum of

eqs. (5.27) and (5.28). The remaining “nonsingular” contributions then read

dσnons

dq2
T

=

∫
dY A(qT , Y ; Θ)

[
W (2)(qT , Y ) + · · ·

]
(5.30)

and they are quadratically suppressed ∼ O(q2
T /m

2
H).
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Figure 5.2: Left: Relative difference of the exact acceptance function A(qT , Y ; Θ) to its leading

power approximation A(0, Y ; Θ). Right: Numerical illustration of the power corrections for the

Higgs transverse momentum spectrum at NLO.

In figure 5.2 we exemplify the presence of fiducial power corrections. We impose the

asymmetric cuts pT1 ≥ 0.35mH and pT2 ≥ 0.25mH on the transverse momenta of the

photons and a rapidity cut
∣∣η1,2

∣∣ ≤ 2.37 using mH = 125 GeV for the Higgs mass. The left

panel shows the exact acceptance relative to its LP (qT = 0) approximation for various

rapidity values Y . At Y = 0 (solid orange) and Y = 1 (dashed blue) the pT -cuts dominate

and result in linear power corrections to A, which can be seen from the slope of the curves.

As discussed in ref. [262], the Y = 2 case (dotted green) is close to the edge of the fiducial

region and the cut on η1,2 dominates over the ones on the photon transverse momenta,

resulting in quadratic power corrections to A. Turning to the right panel, we show the qT
spectrum of the Higgs in the diphoton decay channel at NLO for the same set of fiducial

cuts. The blue points show the full cross section dσ whereas the solid orange line captures

the singular contribution dσsing, which as expected dominates in the small qT region.1 As

is clearly illustrated by the slope of the curves, the strict leading-power spectrum dσ(0)

receives linear and parametrically enhanced power corrections (dotted gray) compared to

those received by the singular spectrum dσsing that follow a quadratic trend (dashed green).

5.2.3 Resummation and nonperturbative treatment

Resummation. In order to calculate the singular spectrum, the hadronic structure func-

tion W must be expanded in the limit qT � mH . To do so, we work in the SCET

framework [45, 58, 64, 373, 374] with rapidity renormalization [260, 263] using the exponen-

tial regulator [76], where the LP hadronic function assumes the following factorized form

1The full cross section dσ is obtained from MCFM-8.0 [372] whereas the strict leading power dσ(0) and the

singular dσsing spectrum are obtained from SCETlib [49]. A description of the numerical inputs is given

in section 5.2.6.
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in distribution space

W (0)(qT , Y ) = σBH
t
gg(m

2
H , µ)

∫
d2~ka d2~kb d2~ks δ

(
q2
T − |~ka − ~kb − ~ks|2

)
(5.31)

×Bµν
g (xa,~ka, µ, ν)Bg µν(xb,~kb, µ, ν)Sg(~ks, µ, ν)

[
1 +O

(Λ2
QCD

m2
H

)]
,

with

xa =
mH

Ecm
eY , xb =

mH

Ecm
e−Y , σB =

√
2GFm

2
H

576πE2
cm

, (5.32)

where σB is the Born cross section for gg → H. It is straightforward to relate W (0) with

the expression given in eq. (4.48), by setting Q2 = m2
H (and resolving the differential

in Q2). In our own implementation we work in the Fourier conjugate space, where the
~bT -space expression for W (0) is given in eq. (4.48), and we can immediately make use of

the results of section 4.3. We stress that while working in bT space further simplifies the

resummation of W (0), methods to achieve resummation directly in distribution space also

exist by now [144, 375].

In eq. (5.31) the hard function Ht
gg describes the hard interaction for producing a Higgs

boson and captures the virtual corrections of the gg → H Born process. It is defined as2

Ht
gg(m

2
H , µ) =

∣∣Ctgg(m2
H , µ)

∣∣2 ≡ ∣∣F0(ρ)αs(µ)Ct(mt, µ)Cgg(m
2
H , µ)

∣∣2 , (5.33)

where the hard matching coefficient Cgg(m
2
H , µ) corresponds to the IR finite part of the

timelike gluon form factor. It is calculated by matching the gluon field strength tensors in

the rEFT current eq. (5.6), onto SCET [135, 376]

F aµνF
µν a 7→ m2

HCgg(mH , µ)Bµna⊥Bµnb⊥ , (5.34)

where Bµni⊥ are ni-collinear gluon fields. It has been calculated up to N3LO in the limit

mt →∞ [377–382]. Note that here we opt for a two-step matching, where we first integrate

out the top quark at the scale µt ∼ mt, giving rise to the effective current in eq. (5.2), and

subsequently we match it to SCET at the scale µ ∼ mH via eq. (5.34). In principle, this

allows to sum logarithms of mH/mt by evolving Ct between the scales µt and µ ∼ mH ,

although in the present analysis we choose not to do so and therefore we have already set

µt ≡ µ in eq. (5.33). As a final comment, we mention that a one-step matching is also

feasible, as performed in ref. [376].

In eq. (5.31) the gluon beam functions Bµν
g describe collinear radiation with total trans-

verse momentum ~ka,b and longitudinal momentum fractions xa,b, while the soft function Sg
describes soft isotropic radiation with total transverse momentum ~ks. They were discussed

and calculated, including their dominant contributions at N3LO, in sections 4.3.3 and 4.3.4

by solving their corresponding coupled RGEs in ~bT -space. We stress once more that for

the unpolarized gluon-fusion process that we consider here, only the NNLO expressions of

2Note that for simplicity we suppress the mt dependence in the arguments of Ht
gg and Ctgg.
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p p

H

Figure 5.3: Graphical illustration of the Higgs boson production at small transverse momentum

at the LHC. The collinear modes (green) and initial state protons (red) are captured by the beam

functions, the soft modes (orange) are captured by the soft function and the hard virtual modes

(blue vertex) are captured by the hard function.

the polarized kernels in eq. (4.78) are necessary for W (0) at N3LO order. In figure 5.3 we

show an illustration of the different modes that each function in W (0) captures.

As already mentioned in section 5.2.2, W (0) contains all the singular terms that have

to be resummed to all orders in perturbation theory in order to restore the validity of

the spectrum at small-qT . Crucially, the acceptance function A does not contain large

logarithms and therefore resumming W (0) in eq. (5.29) correctly resums also the fiducial

power corrections to the same order. This was also explicitly shown for the Drell-Yan

process in ref. [262]. Naturally, the resummation of W (0) is equivalent to that of the

leading-power inclusive spectrum. An indispensable part for it is the resummation of both

Sg and Bµν
g by solving their coupled RGEs in eqs. (4.57) and (4.68), with the corresponding

solutions given in eqs. (4.66) and (4.80). Analogously, for the resummation of the hard

function the corresponding RGE that the Wilson coefficient Ctgg satisfies must be solved.

Its RGE reads

µ
d

dµ
Ctgg(m

2
H , µ) = γtgg(mH , µ)Ctgg(m

2
H , µ) , (5.35)

with γtgg(mH , µ) its anomalous dimension [135],

γtgg(mH , µ) = 2Γgcusp[αs(µ)] ln
(−imH

µ

)
+ γgH [αs(µ)] , (5.36)

where the cusp Γgcusp and noncusp γgH anomalous dimensions are given in appendix B.1.

The matching coefficient Ctgg up to three loops and in our notation is given in ref. [135].

Solving eq. (5.35) we find for the hard function

Ht
gg(m

2
H , µ) = Ht

gg(m
2
H , µH)UgH(mH , µH , µ) , (5.37)
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UgH(mH , µH , µ) =

∣∣∣∣ exp

[∫ µ

µH

dµ′

µ′
γtgg(mH , µ

′)

]∣∣∣∣2 (5.38)

=

∣∣∣∣ exp

[
−2Kg

Γ(µH , µ) + 2ηgΓ(µH , µ) ln
(−imH

µH

)
+KγgH

(µH , µ)

]∣∣∣∣2 , (5.39)

where the definitions of Kg
Γ, η

g
Γ and KγgH

are given in appendix B.5.

The all-order resummation ofHt
gg, B

µν
g and Sg is achieved by evaluating them at their own

canonical scale(s) µH,B,S , νB,S and subsequently evolving them to a common arbitrary point

(µ, ν), where all large logarithms are resummed through the evolution kernels ŨgB,S , U
g
H , as

given in eqs. (4.66), (4.80), and (5.38) respectively. Formally, both µ, ν scales cancel exactly

in the resummed cross section, but as we saw in section 3.4, it is strongly dependent on the

implementation of ŨgB,S , U
g
H and there can be small residual leftover dependence in these

scales. Here, we employ the unexpanded analytic evolution kernels [1] which we discussed

in section 3.4.3. The canonical scales are defined by the requirement that the fixed order

expansion ofHt
gg, B

µν
g and Sg is free of large logarithms. ForBµν

g and Sg the scales µB,S , νB,S
can be directly read off from the logarithmic dependence of their perturbative expansion at

any nontrivial order, e.g. from eqs. (4.65), (4.77), and (4.78). Turning to the hard function,

and for timelike processes such as gg → H, it is well known that it contains timelike

logarithms ln2[(−m2
H − i0)/µ2] [383]. If the spacelike µH = mH is chosen as the canonical

scale of Ht
gg, then terms ln2(−1 − i0) = −π2 appear, which are anything but innocuous

since they give rise to large corrections in the hard function at each perturbative order.

This is easily addressed by using an imaginary boundary scale µH = mHe
−iπ/2 ≡ −imH

and resumming all such π2-terms by evolving Ht
gg from µH to µFO = mH . The timelike

scale choice µH = −imH significantly improves the perturbative convergence in contrast to

the spacelike choice µH = mH [384–388]. In fact, it is advantageous to apply this timelike

resummation not just to W (0), which contains Ht
gg naturally, but also to the full W (qT , Y ),

as demonstrated for the rapidity spectrum in ref. [135], or equivalently the nonsingular

corrections [142, 147]. To do so, we take [135]

W (qT , Y ) = Ht
gg(m

2
H , µFO)

[
W (qT , Y )

Ht
gg(m

2
H , µFO)

]
FO

, (5.40)

and analogously for dσnons. The ratio in square brackets is expanded to fixed order in

αs(µFO), while Ht
gg(m

2
H , µFO) in front is evolved from µH = −imH to µFO = mH at the

same order as Sg and Bµν
g in eq. (5.31). This yields substantial improvements for the

spectrum up to qT ∼ 200 GeV, which is not unexpected, as W (2) will contain Ht
gg in parts

of its factorization. Beyond qT & 200 GeV, a dynamic hard scale ∼ qT becomes more

appropriate and the heavy top (mt → ∞) limit breaks down, indicating that the hard

interaction has become completely unrelated to the H + 0-parton process.

Summarizing, the canonical scales in conjugate space for each function in eq. (5.31) read

µH ∼ −imH , µB ∼ b0/bT , µS ∼ b0/bT , (5.41)

νB ∼ mH , νS ∼ b0/bT . (5.42)
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Figure 5.4: Illustration for the renormalization group evolution of the hard H ≡ Ht
gg, soft S ≡ Sg

and the beam function B ≡ Bµνg in the (µ, ν) space.

In figure 5.4 we show an illustration for the resummation of W (0) that results from the

evolution of each function in the three-dimensional (µ, ν) space. We first evolve the beam

functions that live at large rapidities νB ∼ mH down to small rapidities νS ∼ b0/bT
and in conjunction with the soft function, we perform a µ-evolution from the low scale

µB ∼ µS ∼ b0/bT up to µFO = mH . On the other hand, the hard function is evolved in

the complex µ-plane from µH = mHe
−iπ/2 to µFO = mH , which corresponds to a rotation

parametrized by the angle ϕ, and successfully resums all timelike logarithms.

For the phenomenological predictions of the qT spectrum that we present in section 5.4, all

necessary perturbative ingredients are known. Specifically, at N3LL′ (N3LL) we require the

N3LO (NNLO) boundary conditions for the hard [135–138, 212], beam and soft functions [2,

115, 119, 139, 140, 275], the 3-loop noncusp anomalous dimensions [2, 115, 119, 120, 142, 215,

389], and the 4-loop β-function [131–134] and gluon cusp anomalous dimension [121, 123–

128]. At NNLL, all ingredients enter at one order lower than at N3LL.

Nonperturbative treatment. An important aspect of qT resummation is the treatment

of the nonperturbative regime. At very large bT & 1/ΛQCD (equivalently at very small

qT ) the Bµν
g , Sg as well as the rapidity anomalous dimension γ̃gν start to get affected by

nonperturbative effects and are bound to hit the Landau pole. A plethora of prescriptions

to avoid the Landau pole exist in the literature, see e.g. refs. [155, 254, 255]. In this analysis,

and since the impact of nonperturbative effects is not of primary concern, we employ a

simpler prescription. Following the method described in ref. [262], we perform a freeze out

of both the running coupling and the PDFs by the replacement

αs(µ) 7→ αfr
s (µ) ≡ αs

[
µfr(µ)

]
, fi(µ) 7→ f fr

i (µ) ≡ fi[µfr(µ)
]
, (5.43)
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with the function µfr(µ) that dictates the freeze-out defined as

µfr(µ) =

{
Λfr + µ2

4Λfr
µ ≤ 2Λfr ,

µ µ > 2Λfr .
(5.44)

We use Λfr = 1 GeV as our central value. Different prescriptions are equivalent up to

power suppressed terms ∼ ΛQCD/qT , and to be on par with this choice, we furthermore

neglect nonperturbative power suppressed contributions ∼ O(bTΛQCD) in both Sg and

those resulting from the OPE matching of Bµν
g (see eq. (4.70)).

5.2.4 Fixed-order matching and profile scales

Fixed-order matching. In the small-qT region the full cross section dσ is given by the

singular cross section dσsing up to quadratic power corrections dσnons ∼ O(q2
T /m

2
H). Given

that dσsing is predicted by SCET, we incorporate the power suppressed contributions and

extend the spectrum towards large values of qT ∼ mH using an additive matching

dσ = dσsing(µres) +
[
dσFO1(µFO)− dσsing(µFO)︸ ︷︷ ︸

dσnons

]
, (5.45)

where the first addend is evaluated at the (schematically denoted) resummation scales µres,

constructed according to the hybrid profile scales that we discuss in the next paragraph.

The term in the square brackets corresponds to a differential subtraction term between the

full cross section at fixed-order dσFO1 (which amounts to a Higgs+1 parton configuration as

it is evaluated for qT > 0) and the singular cross section expanded at fixed-order. The result

of the subtraction is what we previously defined as nonsingular cross section and it suffices

to be evaluated at the scale µFO = mH since it is power suppressed. At NnLO, or O(αns )

relative to the LO Born cross section, we need the full spectrum at one order lower Nn−1LO1.

Therefore, we refer to the result of the fixed-order matching in eq. (5.45) as NnLL′+ NnLO

when the singular cross section is resummed (together with the fiducial power corrections)

at NnLL order including the O(αns ) boundary terms, and matched to the Nn−1LO1 full

spectrum. The unprimed counting convention involves using the boundary terms at one

order lower compared to that of the resummation. In table 5.1 we summarize the resummed

and resummed + matched order counting along with the perturbative ingredients necessary

for claiming certain accuracy.

Profile scales. While for qT � mH , the singular and nonsingular contributions can be

considered separately, this separation becomes meaningless for qT ∼ mH . To obtain a valid

prediction there, the qT resummation is switched off and only the timelike resummation is

kept, such that singular and nonsingular terms in eq. (5.45) exactly recombine at fixed order

into the full cross section. To achieve this, we use the hybrid profile scales [147, 155, 262]

which enforce the correct qT resummation for qT � mH and smoothly turn it off towards

qT ∼ mH . The hybrid profile scales effectively induce the asymptotic behavior

µB,S(qT , bT ), νB,S(qT , bT )→ µFO = iµH as qT → mH . (5.46)
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Order Γgcusp γgH,B,S γgν β boundary terms nonsingular

LL 1-loop - - 1-loop - -

NLL 2-loop 1-loop 1-loop 2-loop - -

NNLL 3-loop 2-loop 2-loop 3-loop 1-loop -

N3LL 4-loop 3-loop 3-loop 4-loop 2-loop -

NLL′+NLO 2-loop 1-loop 1-loop 2-loop 1-loop 1-loop

NNLL+NLO 3-loop 2-loop 2-loop 3-loop 1-loop 1-loop

NNLL′+NNLO 3-loop 2-loop 2-loop 3-loop 2-loop 2-loop

N3LL+NNLO 4-loop 3-loop 3-loop 4-loop 2-loop 2-loop

N3LL′+ N3LO 4-loop 3-loop 3-loop 4-loop 3-loop 3-loop

Table 5.1: The resummed (upper part) and resummed + matched (lower part) orders together

with the necessary perturbative ingredients at each order of accuracy. Γgcusp, γ
g
H,B,S are the gluon

cusp and noncusp anomalous dimensions for the hard, beam and soft functions respectively. By γgν
we denote the gluon rapidity anomalous dimensions and β is the QCD beta function. The boundary

terms capture the fixed order expansion of Ht
gg, B

µν
g , Sg at canonical scales and by nonsingular we

denote the order for the fixed-order matching in eq. (5.45).

The choice of the boundary scales reads

iµH = νB = µFO ≡ mH , µB,S = νS = µFO frun

( qT
mH

,
b0

bT mH

)
, (5.47)

with the hybrid profile function defined as

frun(x, y) = 1 + grun(x)(y − 1) . (5.48)

The function frun(x, y) governs the amount by which the hard, beam and soft functions

are evolved in (µ, ν) by modulating the slope of the scales in bT -space for a specific target

value of qT /mH through the function

grun(x) =


1 0 < x ≤ x1 ,

1− (x−x1)2

(x2−x1)(x3−x1) x1 < x ≤ x2 ,
(x−x3)2

(x3−x1)(x3−x2) x2 < x ≤ x3 ,

0 x3 ≤ x .

(5.49)

For qT ≤ x1mH , resummation is fully turned on, whereas it’s fully turned off for qT ≥ x3mH .

The functional form that grun(x) assumes for the in-between range x1 < x ≤ x3 provides

a smooth connection of the aforementioned cases as both resummation effects and the

nonsingular contribution are important in this range. For our central results we use

the transition points (x1, x2, x3) = (0.2, 0.5, 0.8), which for mH = 125 GeV translate to
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Figure 5.5: Illustration of the (qT , b0/bT ) functional dependence for the µB , µS , νS profile

scales in eq. (5.47). The white lines of constant qT capture the different transition points

(x1, x2, x3)=(25, 62.5, 100) GeV, where grun(x) assumes different functional form.

(x1, x2, x3) = (25, 62.5, 100) GeV. In figure 5.5 we show the hybrid profile scales µB, µS
and νB as a function of both qT and b0/bT . The white lines of constant qT correspond to

our central choice for the transition points (x1, x2, x3) where grun(x) changes its functional

form. Contrasting to the Drell-Yan case in ref. [262], turning off the resummation slightly

earlier is motivated by the faster onset of the quadratic fixed-order power corrections.

5.2.5 Estimation of uncertainties

An indispensable part of every theoretical prediction is a reliable uncertainty estimation

by a thorough exploration of the space of all possible scale variations. Variations of the

unphysical scales provide a way to estimate missing higher-order terms in the perturbative

expansion of the cross section.3 To this end, we identify several sources of perturbative

uncertainties: the fixed-order (∆FO), the qT -resummation (∆qT ), the timelike-resummation

(∆ϕ), and the matching (∆match). They are estimated via appropriate scale variations which

we review in what follows, and a detailed description thereof can be found in refs. [135, 262].

For each source X = {FO, qT , ϕ,match}, we identify the corresponding uncertainty as the

maximum deviation from the central prediction that results out of all scale variations vi
that are part of X’s total set of variations VX

∆X = max
vi∈VX

∣∣dσvi − dσcentral
∣∣ , X = {FO, qT , ϕ,match} . (5.50)

3However, scale variations should be cautiously regarded as the ‘true’ uncertainty, since they are not able

to probe new color structures that might appear at higher-order terms and/or they can be accidentally

small due to, e.g., coincidentally small coefficients at a certain perturbative order.
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In addition, each X is regarded as an independent source and they are added in quadrature

in order to obtain the total uncertainty yield,

∆total = ∆FO ⊕∆qT ⊕∆ϕ ⊕∆match =
√

∆2
FO + ∆2

qT
+ ∆2

ϕ + ∆2
match . (5.51)

The fixed-order uncertainty ∆FO is estimated from an up and down variation of the µFO

scale by a conventional factor of two, i.e. µFO/2, 2µFO.4 Since all the resummed logarithms

contain ratios of the scales in eq. (5.47), µH/µB, µH/µS , νB/νS , varying only µFO effec-

tively leaves intact all resummed logarithms while it probes the fixed order expansion of

Ht
gg, B

µν
g , Sg and that of the nonsingular cross section. Note that in the fixed order region

qT ∼ mH , this variation reduces to the usual up/down variation in the fixed-order cross

section.

The qT -resummation uncertainty ∆qT is estimated from variations of the hybrid profile

scales [147]. While the ensuing variations of the resummed logarithms formally cancel

against that of the boundary terms, as we saw in sections 4.3.3 and 4.3.4 for the soft and

beam functions, in practice there is some residual scale dependence from the truncation

of Ht
gg, B

µν
g , Sg at fixed-order. Therefore, varying the hybrid profile scales provides an

estimation of the resummation uncertainty ∆qT . The hybrid profile scale variations are

realized via the following modifications in the scale definitions

µB = µFO

[
fvary

( qT
mH

)]vµB
frun

( qT
mH

,
b0

bTmH

)
,

µS = µFO

[
fvary

( qT
mH

)]vµS
frun

( qT
mH

,
b0

bTmH

)
,

νS = µFO

[
fvary

( qT
mH

)]vνS
frun

( qT
mH

,
b0

bTmH

)
,

νB = µFO

[
fvary

( qT
mH

)]vνB
. (5.52)

The central choice of the exponents is given by (vµB , vµS , vνS , vνB) = (0, 0, 0, 0) which is

in accord with the definitions of the central scales in eq. (5.47). The variations are given

for vi = {−1, 0,+1} and we explicitly exclude all those that result in variation by a factor

larger than two in the arguments of the resummed logarithms [147]. The functional form

of fvary(x) reads

fvary(x) =


2(1− x2/x2

3) 0 ≤ x < x3/2 ,

1 + 2(1− x/x3)2 x3/2 ≤ x < x3 ,

1 x3 ≤ x .
(5.53)

4In practice, we only vary the renormalization scale µR whose dependency is carried by αs, while we keep

the factorization scale µF in the PDFs fixed. Varying µR while keeping µF fixed, is compensated by

fixed-order logarithms of µR/µF that we have implemented in the singular cross section, alternatively

these logarithms are predicted by a reexpansion of αs(µF ) in terms of αs(µR), and performing this

reexpansion we also obtain the full (and nonsingular) cross section at µR 6= µF starting from available

results at the central µR = µF = mH . This variation justified since it is the µR dependency of the

overall α2
s in the Born cross section that drives the 7-point variation (µR, µF ), as evidenced in ref. [135].

We have explicitly checked that this holds at NLO, NNLO and N3LO.
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The two extreme cases correspond to either completely turning off profile scale variations

in the fixed-order region qT ≥ x3mH , where resummation is by construction turned off, or

inducing a factor of 2 variation as qT → 0. Note that independent variations of µH are not

contained in ∆qT , as the corresponding variation of the resummed logarithms is already

covered by those in eq. (5.52).

We separately probe the perturbative uncertainty associated with the resummation of

timelike logarithms in the gluon form factor. To achieve so, we parameterize the hard scale

as [135]

µH = µFO exp(−iϕ) , (5.54)

and vary the phase ϕ ∈ [π/4, 3π/4] around the central choice ϕ = π/2, which amounts to

the usual factor of 2 variation since π/4 ' ln 2. The resulting maximum deviation yields

the timelike-resummation uncertainty ∆ϕ.

In the matching that we perform via eq. (5.45), the resummation and fixed-order re-

gions are separated via profile scales that govern the transition based on the parameters

(x1, x2, x3). To account for the ambiguity in the explicit choice of their values, we perform

a four-point variation around the central choice

(x1, x2, x3)central = (0.2, 0.5, 0.8) , (5.55)

(x1, x2, x3) =
{

(0.3, 0.65, 1), (0.1, 0.35, 0.6), (0.3, 0.45, 0.65), (0.1, 0.55, 1)
}
, (5.56)

which yield the ∆match uncertainty of the matching procedure.

Finally, a rough uncertainty estimate for the nonperturbative prescription in eq. (5.43)

can be obtained in similar fashion to the rest of the sources, by varying the freezeout model

parameter around our central choice Λfr = 1 GeV. While we explicitly performed such

variations we found them to be negligible compared to the rest of the sources and therefore

we do not include it as part of our uncertainty estimate.

5.2.6 Computational setup

In this paragraph we summarize all the computational settings and numerical inputs relevant

for the phenomenological analysis of the qT spectrum and total cross section that we present

in sections 5.4 and 5.5.

We consider the LHC at Ecm = 13 TeV with the fiducial cuts used by the ATLAS

collaboration [31, 32]

pT1 ≥ 0.35mH , pT2 ≥ 0.25mH ,

|η1,2| ≤ 1.37 or 1.52 ≤ |η1,2| ≤ 2.37 . (5.57)

where pT1,2 , η1,2 are the transverse momenta and rapidities of the two photons that the Higgs

boson decays. For all different perturbative orders that we present, we use both the same

PDF set, PDF4LHC15 NNLO PDFs [390], and the ‘iterative’ solution (see section 3.3.1) of
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the four-loop running5 of αs(µ) given in appendix B.5. The input constants in our analysis

are

mZ = 91.1876 GeV , mt = 172.5 GeV , mH = 125 GeV , (5.58)

αs(mZ) = 0.118 , GF = 1.1663787× 10−5 GeV−2 . (5.59)

The singular cross section, both inclusive and fiducial, is obtained from the C++ library

SCETlib [49]. This includes the LP hadronic structure function W (0)(qT , Y ) both at fixed

order and resummed (up to N3LO and N3LL′ respectively), as well as the evaluation of

the acceptance function A(qT , Y ; Θ). For the latter, we follow a semi-analytical method

for solving the two-body decay phase space in the Higgs rest frame, where both fiducial

cuts and phase space are parametrized in terms of the Collins-Soper angles [391], for more

details see ref. [262]. A crucial part of the numerical setup is a cost-optimal and precise

evaluation of the N3LO beam function boundary terms and the NNLO QCD splitting

functions. We implement both in SCETlib as a series expansion based on the methods

developed in sections 4.5.2 and 4.5.3. For the inverse Fourier transform in eq. (4.48), we

use a double-exponential method for oscillatory integrals [392–394], while the qT and Y

integrals are performed with the help of Cuba-4.2.1 library [395, 396]. We have explicitly

checked that uncertainty resulting from all aforementioned numerical integrations is entirely

negligible compared to the perturbative uncertainties presented in section 5.2.5, and thus

we do not consider it.

For the fixed-order cross section at LO1 and NLO1, we use our own analytic implementa-

tion of W (qT , Y ), which for the fiducial case we integrate against A(qT , Y ; Θ). Specifically

for the NLO1, we implement results from ref. [397] after performing the necessary renormal-

ization, and which we checked against the numerical code from ref. [345]. At NNLO1, we

use existing results [151, 191] from NNLOjet [346, 350] for both the inclusive and fiducial

cases.

5.3 Extraction of the nonsingular cross section

An imperative requirement in order to match to the total fixed-order cross section is the

calculation of the nonsingular contribution. Elaborating on its definition in eq. (5.45), we

may explicitly write it as

dσnons

dq2
T

=
dσFO1

dq2
T

− dσsing

dq2
T

=

∫
dY A(qT , Y ; Θ)

[
W (qT , Y )−W (0)(qT , Y )

]
. (5.60)

Here, we give the expression for the fiducial case and it is understood that the inclusive

follows trivially from setting A(qT , Y ; 1) ≡ Aincl = 1 under the rapidity integral. Although

with the inputs specified in section 5.2.6, we are in possession of all the required ingredients

to calculate dσnons, we come across a rather common obstacle: obtaining stable and precise

5We have explicitly checked that numerical differences stemming from a consistent αs running at each

order are entirely negligible.
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numerical data of dσFO1 for qT → 0 is a quite hard endeavour, especially at higher orders in

perturbation theory. A way around this issue would be to neglect the nonsingular contribu-

tions in the spectrum below some value qcut
T , where qcut

T is chosen based on power-counting

arguments for the relevance of dσnons and the target precision of the phenomenological

analysis. This defines the qT -slicing method. As we show in section 5.5 and for the present

case, dropping the nonsingular below (some value of) qcut
T is not a viable option since none

of the aforementioned arguments are met.

Instead, we take another way of addressing this obstacle by exploiting our knowledge on

the cross section’s analytical structure at subleading powers. Specifically, we parametrize

each coefficient of the nonsingular cross section’s perturbative expansion as

q2
T

dσnons

dq2
T

∣∣∣∣
O(αns )

=
q2
T

m2
H

2n−1∑
k=0

(
ak + bk

qT
mH

+ ck
q2
T

m2
H

+ . . .

)
lnk

q2
T

m2
H

, (5.61)

and perform a standard χ2 fit to the inclusive and fiducial nonsingular data to determine

the corresponding parameters (aincl
k , cincl

k , . . .) and (afid
k , b

fid
k , . . .). This method has been

extensively used and tested for the similar needs of extracting nonsingular cross sections

in the context of N-jettiness subtractions, and for a detailed description see refs. [300, 301].

Here we review the most important points of this procedure.

Two aspects of the fitting procedure necessitate caution, with the first revolving around

the number of fitted parameters. While we are interested in extracting the leading quadratic

power suppressed coefficients ak, part of dσnons is the whole “tower of power corrections”

∼ O(qn+2
T /mn+2

H ) , n ≥ 0. Therefore, a fit that focuses on extracting just the ak and

disregards the power suppressed parameters (bk, ck, . . .) amounts in absorbing their effect

as part of ak. Thus, it is crucial that we include bk, ck, . . . as additional nuisance parameters

that quantify the theoretical uncertainty of the fitted ak. Note, that the relevance of the

former parameters is not to be judged according to their size, but rather in comparison to

the statistical uncertainties of the generated data; to put it another way, the more precise

the data set is, the more nuisance parameters we are able to, and must include in the fit.

The second aspect is with respect to the effective qT -range in which the fit is performed.

Ideally, the fitting procedure should take place in the low-qT region, but as already men-

tioned, this can be a difficult task to achieve due to imprecision of the data and large

numerical cancellations taking place between the fixed-order and the singular cross sections.

On the other hand, increasing the range towards larger qT values implies data of better

quality, but at this point we run the risk of overfitting. To avoid this, we include data

towards larger qT until the standard p-value of the fit decreases, which constitutes a clear

indication that the fit starts to become biased. In order to check that the choice of the

final qT window is the appropriate one, we add an extra parameter expecting the p-value

to not increase.

For the O(αs) (NLO) and O(α2
s) (NNLO) nonsingular coefficients we generate data

using our own analytical implementation of W (qT , Y ) (see section 5.2.6) which permits

in particular to obtain the fixed-order cross section to excellent precision; notably, we are
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Figure 5.6: Results for the fit of the O(αs) (NLO) inclusive (top panel) and fiducial (bottom

panel) nonsingular coefficients. Left and right columns show the same result, with the latter in

absolute logarithmic scale. The dark orange line is the central value of the fit whereas the yellow

band captures its resulting uncertainty. The green (gray) data points correspond to the nonsingular

data that are included (excluded) in the fit along with their statistical uncertainties. The precise

definition of the ATLAS fiducial cuts is given in eq. (5.57). Note that for the fiducial case, the

fit-data comparison serves for illustrative purposes only since the resulting fit is subject to an

additional constraint, as explained in the text.

able to reach 10−4 relative precision down to qT = 0.1 GeV (fiducial case). We perform a

separate fit to the inclusive and fiducial data, where in the latter case all bfid
k coefficients

are included. Specifically for the fiducial case, we make use of the observation that not only

eq. (5.60) determines the quadratic afid
k , but also the (otherwise unphysical) expression

q2
T

∫
dY A(0, Y ; Θ)

[
W (qT , Y )−W (0)(qT , Y )

]
≡ q2

T

m2
H

2n−1∑
k=0

(
afid
k + c̃ fid

k

q2
T

m2
H

+ . . .
)

lnk
q2
T

m2
H

,

(5.62)

which we exploit to extract the afid
k . Using the fitted values of afid

k (while taking into account

their uncertainties parametrized by c̃fid
k ), we extract the bfid

k from eq. (5.60). As a benchmark

for our fitting procedure, we correctly reproduce the O(αs) and O(α2
s) coefficients of the

total inclusive cross section to better than 10−5 and 10−4 relative precision respectively.
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Figure 5.7: Results for the fit of the O(α2
s) (NNLO) inclusive (top panel) and fiducial (bottom

panel) nonsingular coefficients. Left and right columns show the same result, with the latter in

absolute logarithmic scale. The dark orange line is the central value of the fit whereas the yellow

band captures its resulting uncertainty. The green (gray) data points correspond to the nonsingular

data that are included (excluded) in the fit along with their statistical uncertainties. The precise

definition of the ATLAS fiducial cuts is given in eq. (5.57). Note that for the fiducial case, the

fit-data comparison serves for illustrative purposes only since the resulting fit is subject to an

additional constraint, as explained in the text.

In figures 5.6 and 5.7 we show the results of our fits for the NLO and NNLO inclusive

(top panel) and fiducial (bottom panel) nonsingular coefficients. Left and right columns

show the same results, with the left column capturing the overall shape of the coefficient

while the right column depicts it in absolute logarithmic scale and shows its magnitude

towards small qT . The orange line is the central value of the fit whereas the yellow band is

the corresponding uncertainty. The nonsingular data that are included (excluded) during

the fitting procedure are shown as green (gray) data points. It is clear from the excellent

statistical uncertainties of the data that we are able to fit aincl
k and afid

k at high precision,

something that in turn results in a negligible uncertainty of the fit, which only becomes

important outside its range of validity.

For the O(α3
s) (N3LO) coefficient we use existing NNLOjet results [151, 191] to get nonsin-

gular data. While these are not yet precise enough towards small qT to give a stable fit on
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Figure 5.8: Results for the fit of the O(α3
s) (N3LO) inclusive (left panel) and fiducial (right panel)

nonsingular coefficients. The dark orange line is the central value of the fit whereas the yellow band

captures its resulting uncertainty. The green (gray) data points correspond to the nonsingular data

that are included (excluded) in the fit along with their statistical uncertainties. The definition of the

ATLAS fiducial cuts is given in eq. (5.57). Note that the fit-data comparison serves for illustrative

purposes only since both inclusive and fiducial fits are subject to further constraints, as explained

in the text.

their own, we exploit that in the inclusive case, the known O(α3
s) coefficient of the total in-

clusive cross section [179, 398] provides a sufficiently strong additional constraint to obtain a

reliable fit. In the fiducial case, we exploit that aincl
k stem from q2

T

∫
dY W (2)(qT , Y ) whereas

afid
k stem (also) from q2

T

∫
dY A(0, Y ; Θ)W (2)(qT , Y ), and thus are related since they arise

from the same Y -dependent coefficient functions W (2)(qT , Y ) which solely governs their qT
dependence, whereas the presence/absence of the LP acceptance factor merely affects the Y

integral bounds. At NLO and NNLO, we empirically find their ratios 0.4 ≤ afid
k /a

incl
k ≤ 0.55.

At N3LO, we thus perform a simultaneous fit to inclusive and fiducial data, using 12 fidu-

cial (all afid
k and bfid

k ) and 8 inclusive parameters (all six aincl
k and the leading two cincl

k at

O(q4
T /m

4
H), as the bincl

k are absent in the inclusive case), with a loose 1σ constraint on the

fiducial parameters 0.4 aincl
k ≤ afid

k ≤ 0.55 aincl
k (the bfid

k , . . . parameters are unrelated and

unconstrained). We stress that this does not amount to rescaling any part of the fiducial

NNLO cross section with an inclusive N3LO K factor. It merely tells the fit to only consider

afid
k of roughly the right expected size. This is sufficient to break the degeneracies and

yields a stable fit.

In figure 5.8 we show our results for the fit of the N3LO inclusive (left panel) and fiducial

(right panel) nonsingular coefficient. The dark orange line shows the central value of the

fit whereas the yellow band captures its resulting uncertainty. The nonsingular data that

were included (excluded) in the fitting procedure are shown as green (gray) data points

along with their statistical uncertainties. At this order, the inclusion of the subleading

parameters bfid
k , c

incl
k is crucial, since they effectively allow the extension of the fitting range

to fairly large values of qT , which results in a determination of both inclusive and fiducial

ak with a reasonable uncertainty estimate.

160



5.4 Transverse momentum spectrum

0 10 20 30 40 50 60 70 80 100 150 200

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

1.3

0 10 20 30 40 50 60 70 80 100 150 200

-25

-20

-15

-10

-5

0

5

10

15

20

25

Figure 5.9: Left panel: Prediction for the Higgs inclusive transverse momentum spectrum at the

LHC 13 TeV. Right panel: Percent relative error to the N3LL′+N3LO central prediction.

On the other hand and in comparison to NLO and NNLO, it is clear from figure 5.8 that

the uncertainty of the fit can no longer be neglected. Thus, for the results in sections 5.4

and 5.5 that include the O(α3
s) nonsingular coefficient, we identify as an additional source

of uncertainty that of the fit, which we denote as ∆nons. Since it is unrelated to the rest of

the uncertainty sources in eq. (5.51), it is added to ∆total in quadrature.

5.4 Transverse momentum spectrum

In this section we present predictions for the Higgs transverse momentum spectrum in

the gluon-fusion production and diphoton decay channel, gg → H → γγ, at the LHC.

In section 5.4.1 we consider the inclusive spectrum and in section 5.4.2 the fiducial one.

Both cases are compared to lower orders and we inspect separately all various sources of

uncertainty that impact the spectrum.

5.4.1 Inclusive spectrum

The inclusive transverse momentum spectrum is defined as that in absence of any set of

fiducial cuts applied on diphoton phase space, i.e. Θ(Φγγ) ≡ 1, such that the acceptance

function in eq. (5.14) evaluates to A(qT , Y ; 1) = Aincl = 1.

In the left panel of figure 5.9 we show results at NNLL+NLO (dotted green), at

N3LL+NNLO (dashed blue), and for our new prediction at N3LL′+N3LO (solid dark

orange). The bands correspond to the total uncertainty ∆total at each order, as defined

in eq. (5.51) and whose estimation is described in detail in section 5.2.5. Note that the

N3LL′+N3LO prediction includes ∆nons as an additional source of uncertainty that re-

sults from the fit of the nonsingular O(α3
s) coefficient, as described in section 5.3. In the

right panel we show for the same results the relative error to the highest-order predic-

tion. Throughout the spectrum we observe excellent perturbative convergence, especially

for the central predictions at the two highest orders. Focusing on the resummation re-
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Figure 5.10: Total uncertainty decomposition for the inclusive transverse momentum spectrum in

terms of the percent impact of each individual contributing source. For the two lowest orders the

nonsingular fit uncertainty ∆nons is found to be negligible and thus neglected.

gion (qT . 40 GeV) where the singular cross section dominates, the mild deviation of the

N3LL′+N3LO central curve from the N3LL+NNLO implies that the inclusion of the three

loop boundary terms has a nontrivial impact on the spectrum. For qT . 2 − 3 GeV, the

increase in the uncertainty bands is due to the spectrum approaching qT → 0, where the

unresummed quadratic nonsingular contributions become significant. Furthermore, from

both panels it is clear that the estimated uncertainties are substantially reduced at each

consecutive order and remarkably, at N3LL′+N3LO, they are found to be below 5− 7%.

In figure 5.10 we show for each order a complete decomposition of ∆total (solid black)

in terms of each individual uncertainty source that impacts the spectrum. We restrict the

range up to qT = 100 GeV since above that only the timelike ∆ϕ (dot-dashed light blue)

and the fixed-order ∆FO (dashed blue) uncertainties contribute (qT resummation is turned

off there), with ∆FO dominating at all three orders.6 As expected, for qT . 40 GeV where

6We remind the reader that timelike resummation is applied not only to the singular cross section, but

also to the full hadronic structure function W . See section 5.2.3 for relevant discussion.
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Figure 5.11: Left panel: Prediction for the Higgs fiducial transverse momentum spectrum and

comparison to ATLAS 13 TeV preliminary data [32]. Right panel: Percent relative error to the

N3LL′+N3LO central prediction.

resummation is turned on, ∆qT (solid light orange) is the most relevant source along with

∆FO. While at the two lowest orders and for qT . 30 GeV, ∆qT has the largest impact,

at N3LL′+N3LO they are brought on equal footing, which illustrates the importance of

the O(α3
s) boundary terms in the singular cross section. The fit uncertainty ∆nons (dotted

gray) is almost negligible (. 0.5%) throughout the spectrum. As an overall impression, we

comment that all sources of uncertainty have evidently decreased, especially between the

two highest orders, where at N3LL′+N3LO we observe almost ∼ 50% reduction.

5.4.2 Fiducial spectrum

The fiducial differential cross section is defined in eq. (5.16) and in contrast to the inclusive

case, the qT dependence of the acceptance function A has a nontrivial effect on the spectrum.

For the comparison to ATLAS preliminary data [32] we have corrected them for the photon

isolation efficiency [31], subtracted all other Higgs production processes which are denoted

as XH in ref. [32], and divided out the branching ratio Bγγ .

In figure 5.11 we present results at NNLL+NLO (dotted green), at N3LL+NNLO (dashed

blue) and for our new prediction at N3LL′+N3LO (solid dark red). Their uncertainty

bands represent ∆total and the N3LL′+N3LO prediction includes ∆nons as an additional

source of uncertainty that stems from the fit of the nonsingular O(α3
s) coefficient. In

the right panel we show the same results but normalized to the highest-order prediction.

Overall, similar to the inclusive case, we observe excellent perturbative convergence at each

successive order, evident from uncertainty bands and the central curves. The uncertainty

band at N3LL′+N3LO corresponds to a significant improvement since it has been reduced

throughout the spectrum to below ∼ 8%. Especially in the Sudakov region (qT . 30 GeV)

where the bulk of the cross section is, we notice a ∼ 40%− 50% decrease from the previous

order. It is worth mentioning once more that the moderate difference in the resummation

region of the central predictions between the two highest orders, points to the fact that the

N3LO boundary terms influence the spectrum nontrivially. Finally, the observed inflation
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Figure 5.12: Total uncertainty decomposition for the fiducial transverse momentum spectrum in

terms of the percent impact of each individual contributing source. For the two lowest orders the

nonsingular fit uncertainty ∆nons is found to be negligible and thus neglected.

of the uncertainties at qT . 2− 3 GeV is a direct consequence of the spectrum approaching

qT → 0, where the unresummed quadratic nonsingular contributions become significant.

Turning to the comparison with the ATLAS preliminary data, it is quite pleasing to notice

such good agreement, both in the Sudakov peak and in the tail region. The data are well

described, although the significant experimental uncertainties prohibit definite statements

on whether the higher-order prediction(s) are favored over the lower order ones.

In figure 5.12 we show a breakdown of ∆total (solid black) in terms of each individual

uncertainty source that impacts the spectrum. As in the inclusive case, we restrict to

qT ≤ 100 GeV since above that range only ∆FO (dashed dark blue) and ∆ϕ (dot-dashed

blue) contribute, with the former dominating throughout. The qualitative picture is not

changed compared to the inclusive case. In the resummation region qT . 40 GeV, ∆qT (solid

orange) and ∆FO contribute the most to ∆total, whereas it is apparent that at N3LL′+N3LO,

∆qT is tamed with a reduced and similar impact as ∆FO, something that can be attributed

to the newly included O(α3
s) boundary terms in the singular cross section. The ∆nons
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(dotted gray) has a fairly small contribution (∼ 0.5%) on the highest order prediction,

although in comparison to the inclusive case it is marginally larger, which is expected

based on the discussion in section 5.3 for the assigned uncertainty on the extraction of the

nonsingular O(α3
s) coefficient.

5.5 Total fiducial cross section

If (and only if) the singular distributional structure of the qT spectrum is known analytically,

then the transverse momentum distribution can be integrated to obtain the total cross

section σ ≡ σfid/Bγγ ,

σ =

∫
dqT

dσ

dqT
= σsub(qoff

T ) +

∫
dqT

[
dσ

dqT
− dσsub

dqT
θ(qT ≤ qoff

T )

]
. (5.63)

This is the basis of differential qT subtractions [198] that we discussed in section 4.4. Here,

qoff
T is the range over which the differential subtractions act and it cancels exactly between

all terms. The subtraction term dσsub contains at least all the singular terms, with σsub(qoff
T )

corresponding to its distributional integral over qT ≤ qoff
T , while the term in brackets is

numerically integrable. In practical calculations, an IR cutoff qcut
T is introduced in eq. (5.63),

which then takes the form

σ = σsub(qoff
T ) +

∫
qcut
T

dqT

[
dσ

dqT
− dσsub

dqT
θ(qT ≤ qoff

T )

]
+ ∆σ(qcut

T ) , (5.64)

with

∆σ(qcut
T ) =

∫ qcut
T

dqT

[
dσ

dqT
− dσsub

dqT

]
, (5.65)

where it is understood that qcut
T � qoff

T . Now taking dσsub ≡ dσsing as given in eq. (5.29),

we write eq. (5.64) as

σ = σsing(qoff
T ) + σnons(qcut

T ) +

∫ qoff
T

qcut
T

dqT
dσnons

dqT
+

∫
qoff
T

dqT
dσ

dqT
, (5.66)

with dσnons given in eq. (5.30). Eq. (5.66) is our master formula both for the evaluation of

the total cross section and the discussion that follows.

We proceed and evaluate the total cross section σ by taking qcut
T = 0 in eq. (5.66), where

the nonsingular cumulant identically vanishes

σ = σsing(qoff
T ) +

∫ qoff
T

0
dqT

dσnons

dqT
+

∫
qoff
T

dqT
dσ

dqT
. (5.67)

A crucial point here that allows us to integrate the nonsingular cross section explicitly down

to qcut
T = 0, is that we are in possession of its analytic form, eq. (5.61), which results from

the fitting procedure of the nonsingular coefficients in section 5.3.
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Figure 5.13: Cumulant of the fiducial and nonsingular power corrections as a function of qcut
T

and normalized to the Born fiducial cross section σLO
fid . The yellow band captures the nonsingular

uncertainty ∆nons of the fit.

If on the other hand such analytic form of the nonsingular cross section is not available

(which is usually the case), then the qT -slicing method is employed. This amounts to setting

qoff
T → qcut

T ∼ 1 GeV in eq. (5.66) and simply dropping the nonsingular cumulant below qcut
T

σ = σsing(qcut
T ) +

∫
qcut
T

dqT
dσ

dqT
+O

(qcut
T

2

m2
H

)
. (5.68)

As we discuss in section 5.2.2, the power corrections in eq. (5.68) that stem from neglecting

the below qcut
T nonsingular contribution, σnons(qcut

T ) ∼ O(qcut
T

2
/m2

H), follow a quadratic

power law only because we treat the acceptance function exactly. To put it in other words,

it is due to the fact that we consider as part of the singular cross section all the linear,

cut-induced power corrections by choosing dσsub ≡ dσsing = dσ(0) + dσfpc. If on the other

hand we took dσsub = dσ(0), then the resulting power corrections in eq. (5.68) would

be linearly enhanced σfpc(qcut
T ) ∼ O(qcut

T /mH), deteriorating severely the validity of the

qT -slicing method. This was also observed in ref. [261] and further refined in refs. [262, 370].

To better illustrate the previous arguments, in figure 5.13 we show the nonsingular

(nons.) and fiducial power corrections (fid. p. c.) as a function of qcut
T , and normalized to

the Born fiducial cross section σLO
fid . As expected, the nonsingular power corrections follow

the correct quadratic power law in contrast to the linear enhancement that the fiducial ones

are subject to. We observe that the latter contributions are huge at α3
s (dashed red), and

even at α2
s (short-dashed blue) only become negligible below qcut

T . 10−2 GeV. Conversely,

the nonsingular power corrections are significantly better behaved and smaller even at

relatively high values of qcut
T , although growing larger order by order in perturbation theory.

Specifically, the α3
s (solid red) are about ten times larger than at α2

s (dashed blue), and at
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Figure 5.14: Total fiducial gg → H → γγ cross section at fixed N3LO order and including resum-

mation, where ∆resum ≡ ∆qT ⊕∆ϕ ⊕∆match, compared to preliminary ATLAS measurements [32].

qcut
T = 1− 5 GeV still contribute 5− 10% of the total α3

s coefficient. The underlying reason

for that can be understood from the analytic form of the cross section at subleading powers

in eq. (5.61). Even though both fiducial and nonsingular contributions are formally power

suppressed, they do come with explicit logarithms of qT /mH , whose power increases at each

perturbative order. This partially compensates their power suppression at higher orders in

perturbation theory, rendering them numerically more and more relevant. For this reason

it is imperative to include and resum the linearly enhanced fiducial power corrections in

the subtractions. Finally, it is interesting to notice the plateau that the α3
s nonsingular

power corrections exhibit at qcut
T ∼ 1 − 5 GeV, which upon variation of qcut

T would give

the impression of a stability for the slicing method while at the same time such a huge

contribution would be neglected.

Coming back to eq. (5.67), it can be evaluated strictly at fixed order or including

resummation. Aiming for a direct comparison, we proceed in both ways with our final

results for the total fiducial cross section presented in figure 5.14. The results on the

left correspond to the evaluation of eq. (5.67) at fixed order with the uncertainty bands

resulting only from fixed-order variations (∆FO). The results on the right correspond

to the evaluation of eq. (5.67) including both qT and timelike resummation. The inner

uncertainty band captures ∆resum ≡ ∆qT ⊕ ∆ϕ ⊕ ∆match ⊕ ∆nons and the outer band

∆total = ∆resum ⊕∆FO. The apparent poor convergence at fixed order is largely due to the

fiducial power corrections. To see this,

σFO
incl = 13.80 [1 + 1.291 + 0.783 + 0.299] pb ,

σFO
fid /Bγγ = 6.928 [1 + (1.300 + 0.129fpc)

+ (0.784− 0.061fpc)

+ (0.331 + 0.150fpc)] pb . (5.69)
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where the successive terms denote the contributions from each order in αs. The numbers

with “fpc” subscript are the contributions of the fiducial power corrections in eq. (5.28)

integrated over qT ≤ 130 GeV. Note that the corrections without them are almost identical

to the inclusive case. It is precisely the presence of the fiducial power corrections that

breaks this would-be universal acceptance effect, causing a 10% correction at NLO and

NNLO and a 50% correction at N3LO, while it shows no perturbative convergence.

Integrating the inclusive spectrum over qT , all qT logarithms and resummation effects

formally have to cancel, though numerically it strongly depends on the specific implemen-

tation of resummation and matching.7 For the fiducial power corrections on the other

hand, the nontrivial qT -dependence of the acceptance spoils this cancellation; it acts as

a weight under the qT integral and induces residual logarithmic dependence in the scale

ratio pL/mH . This causes the large corrections in eq. (5.69), which get resummed using

the resummed σsing in eq. (5.67). In light of the above, we can assert that the fiducial qT
spectrum is the more fundamental quantity, while the total fiducial cross section becomes a

derived quantity.

Together with timelike resummation, this leads to the excellent convergence of the

resummed results in figure 5.14, very similar to the inclusive case [135],

σincl = 24.16 [1 + 0.756 + 0.207 + 0.024] pb ,

σfid/Bγγ = 12.89 [1 + 0.749 + 0.171 + 0.053] pb . (5.70)

At this point it should be stressed that qT and timelike resummation are two orthogonal

procedures, both necessary to restore a well behaved perturbative convergence of the cross

section; qT resummation addresses the leading and subleading power effects in the small-qT
region whereas timelike resummation remedies the timelike logarithms induced by the hard

process throughout the spectrum.

To conclude, our best prediction for the Higgs fiducial cross section at N3LL′+N3LO for

the cuts in eq. (5.57), reads

σfid/Bγγ = (25.41± 0.59FO ± 0.21qT ± 0.17ϕ ± 0.06match ± 0.20nons) pb

= (25.41± 0.68pert) pb , (5.71)

where in the first line we explicitly give the uncertainty from each source and in the second

line we add them in quadrature to obtain the total perturbative uncertainty. Multiplying

by Bγγ = (2.270± 0.047)× 10−3 [399–401], we find

σfid = 57.69 (1± 2.7%pert ± 2.1%Bγγ ± 3.2%PDF+αs ± 2%EW ± 2%t,b,c) fb (5.72)

where we also included approximations of additional uncertainties. The PDF+αs uncer-

tainty is taken from the inclusive case [342, 401]. For the inclusive cross section, NLO

electroweak effects give a +5% correction [402], while the net effect of finite top-mass, bot-

tom, and charm contributions is −5% (in the pole scheme we use). We can expect roughly

similar acceptance corrections for both, and therefore keep the central result unchanged

but include a conservative 2% uncertainty (40% of the expected correction) for each effect.

7In our approach we have verified explicitly that this is well satisfied.
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5.6 Summary

In this chapter we performed a phenomenological study for the process gg → H → γγ at

the LHC, providing predictions both for the inclusive and fiducial transverse momentum

spectrum at N3LL′+N3LO. In addition, by integrating the fiducial qT spectrum we obtained

the total fiducial cross section at N3LO, and improved by qT and timelike resummation.

Both results correspond to the highest-order predictions to date for the dominant gluon-

fusion Higgs boson production channel at the LHC.

Our starting point was a review of the framework that our analysis was based on.

Specifically, we presented our theoretical considerations which involved us working in NWA

and in an EFT where the top quark is integrated out (mt →∞) while the cross section is

rescaled to incorporate the exact LO mt dependence (rEFT). Furthermore, we introduced

one of the central ingredients of this chapter, the acceptance function A, which incorporates

all the fiducial cuts applied on the Higgs decay products.

Next, we discussed the limit qT → 0 of the transverse momentum spectrum, which we

obtained by matching the rEFT onto SCET. We saw that while the inclusive spectrum

receives quadratic power corrections ∼ O(q2
T /m

2
H), this is no longer true in the presence

of fiducial cuts. In this case, linearly enhanced (fiducial) power corrections ∼ O(qT /mH)

appear. Their origin can be traced to the broken azimuthal symmetry of the diphoton phase

space due to experimental cuts, and which emerge solely from the qT → 0 expansion of A.

Crucially, said power corrections are predicted by qT factorization and can be resummed

at the same order as the LP hadronic structure function (inclusive spectrum) by keeping

the exact qT dependence on A.

Subsequently, we reviewed our resummation and fixed-order matching framework, part

of which was addressing the large timelike logarithms present in the gg → H form factor via

resummation of the full hadronic structure function. For the extraction of the nonsingular

cross section, we exploited our knowledge of the analytic structure of the qT spectrum at

subleading powers and performed a fit of the nonsingular inclusive and fiducial data. This

explicitly allowed us to obtain an analytic handle on the quadratically power suppressed

(nonsingular) spectrum which proved to be instrumental for the calculation of the total

fiducial cross section.

Then we presented predictions for the inclusive and fiducial qT spectrum. In both

cases we found excellent perturbative convergence with the ensuing uncertainties having

significantly reduced at N3LL′+N3LO below 5 − 7% for the inclusive and 7 − 8% for the

fiducial spectrum. For the latter, we performed a comparison to ATLAS preliminary data

with evident agreement both in the peak and in the tail region.

Finally, employing differential qT subtractions we integrated the fiducial qT spectrum

and obtained the total fiducial cross section, with our best prediction at N3LL′+N3LO. We

investigated both a pure fixed-order calculation and one including resummation (qT and

timelike), where we saw a poor perturbative convergence for the former and an excellent one

for the latter. This is attributed to the acceptance function whose nontrivial qT dependence

induces leftover logarithms of pL/mH (pL ≈ mH − 2pcut
T being a kinematic scale set by
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the fiducial cuts) which in turn can be resummed together with the LP hadronic structure

function. Contrary to the inclusive case, this allowed us to identify the fiducial qT spectrum

as the fundamental quantity and the total fiducial cross section as a derived quantity.

Finally, we explored the caveats that the slicing method entails when the nonsingular or

the fiducial power corrections are neglected below qcut
T . For commonly employed values of

qcut
T ∼ 1 GeV and at O(α3

s), we found that dropping the nonsingular contribution can have

∼ O(%) effects relative to the Born cross section, whereas neglecting the fiducial power

corrections would be catastrophic as they induce & 10% effects.

170



Chapter 6

Conclusion and outlook

The extensive study of differential distributions lies at the core of the LHC precision frontier.

They play a central role for the measurement of various SM parameters as well as in BSM

searches, the effects of which might manifest only as small deviations from the SM-predicted

spectra. Of fundamental importance are theoretical predictions that match the experimental

precision so that even the most subtle deviations can be established. Differential cross

sections of resolution variables that are sensitive to soft and collinear emissions are known

to develop a distinctive perturbative structure, characterized by the presence of Sudakov

double logarithms. In corners of the phase space where these logarithms grow large, the

perturbative expansion is invalidated and necessitates resummation, a process that restores

convergence in the singular limit.

In this thesis, working in the framework of SCET, we studied technical aspects for

improving the resummation precision and accuracy and provided with higher-order phe-

nomenological predictions relevant for the LHC. Concretely, the basic lines of research

involved the extension of the resummation framework to a multi-gauge interaction environ-

ment, the study of the three-loop singular structure for two resolution variables (qT , T0),

and higher-order phenomenological predictions for the Higgs boson in the gluon-fusion

production channel. In the following, we provide a detailed overview and conclusions of

the aforementioned research topics of this thesis.

Resummation in the presence of multiple gauge interactions. In chapter 3 we

studied the technical aspects of performing higher order Sudakov resummation when multi-

ple gauge interactions are involved. Our main focus was the numerical accuracy of various

methods for the evaluation of the Sudakov evolution kernel, which constitutes a central

ingredient in every resummation framework. Phenomenologically, this is of particular im-

portance since resummation applications of immediate interest involve considering QCD

together with QED/EW, where the effects of the latter are expected to be ∼ O(%). There-

fore, it is crucial that a theoretical treatment of the Sudakov evolution kernel does not bias

the expected precision of such predictions.

We embarked on our analysis focusing on a key ingredient for the evolution kernel,

the solution of β-function RGE. First, we reviewed approximate analytic solutions for

the running of a coupling in a single gauge interaction scenario and which are based on

an iterative method. We saw, using αs as a test case, that the method with the least

amount of approximations yielded results of highest numerical accuracy. Then we moved
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on to consider solutions for the β-functions of two gauge groups. Although in this case

the β-functions are a set of coupled differential equations, at lowest order they decouple.

This allowed us to extend the most optimal iterative method used in the single coupling

case, and provide a solution for the coupled system which applies at arbitrary orders. We

explicitly obtained solutions for the running of two generic couplings at three loops and

exemplified their numerical robustness by considering the running of αs, αe in QCD⊗QED,

where their difference relative to a high-precision numerical solution was at the sub-percent

level.

Then we turned our attention to the possible ways of evaluating the Sudakov evolution

kernel. As before, we first focused on the single gauge interaction case (pure QCD). We

extensively analyzed various approximate analytic methods that are of common use in the

literature and the (amount of) approximations that underlie the evolution kernel calculation.

Specifically, we studied the unexpanded, expanded and reexpanded analytic methods along

with our own proposal, the seminumerical. The latter method is based on a numerical

treatment for the integral of the kernel while employing the approximate analytic solution

for the running of the coupling, a way that addresses both precision requirements and a

cost-optimal evaluation of the kernel. We compared all methods by probing their difference

relative to an ‘exact’ (high-accuracy, fully-numerical) evaluation of the evolution factor as

well as via the renormalization group consistency property (closure) that the kernels must

satisfy. We found that all approximate analytic methods are prone to relative errors that

can reach the percent level and above, even at high logarithmic accuracy (N3LL), while the

seminumerical stayed at the sub-percent level.

Finally, we discussed the structure of the Sudakov kernel in generic coupled gauge

environments. In this case, an approximate analytic method is not easily extendable and

one would have to resolve into (further) approximations for its solution. In addition, given

the high precision requirements that this case necessitates and in light of our findings in

the single gauge interaction picture, we concluded that approximate analytic methods do

not fit for the purpose of its evaluation. In turn, the seminumerical method provides an

excellent candidate, combining both high-accuracy and reasonable computing times. We

applied the seminumerical method to the NNLL Sudakov evolution kernel for the mixed

QCD⊗QED scenario, where its relative difference to the ‘exact’ kernel did fall into our

expectations of having sub-percent relative errors, even when running at the lowest scales.

Subtractions at N3LO. In chapter 4 we studied the singular structure of both qT and

T0 beam and soft functions. Specifically, by exploiting that their all-order logarithmic

structure is predicted by the RGEs they satisfy, we derived the O(α3
s) coefficients. We then

performed a numerical analysis on the newly calculated terms by inspecting the residual

scale dependence that the resummed beam and soft functions exhibit, finding in (almost)

all cases significant reduction at the N3LL′ order. These results are necessary ingredients

for the resummation at N3LL′ and N4LL orders, for qT and T0 subtractions at N3LO and

for the extension to N3LO+PS.

In addition, we extracted the eikonal terms (z → 1) for both qT and T0 beam function
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boundary coefficients at N3LO, by relating them to soft matrix elements in different fac-

torization limits. These correspond to genuine predictions that provided nontrivial cross

checks to the authors that performed the exact calculations after our work had appeared.

The derived relations hold at all orders in perturbation theory, and therefore they are a

useful tool for the extraction of the eikonal terms of even higher order beam functions, once

the relevant soft matrix elements are known. Notably, the knowledge of the beam function

singular terms can also simplify their full calculation since it allows for their calculation at

z < 1, reducing their degree of divergence.

Exploiting the predicted eikonal terms of the beam boundary coefficients, we constructed

ansätze that are valid beyond the limit z → 1 by utilizing their known analytic form at

subleading powers. Since the exact kernels were made available some time after our ansätze

construction, we were able to perform a direct comparison, finding in all cases very good

agreement, always within the uncertainties of the latter. We are confident that our ansätze,

given that they are tested at two nontrivial orders (NNLO and N3LO), will be useful,

providing reliable approximations for (incomplete) beam function boundary terms beyond

the eikonal limit.

In the last part, we proposed a method for an improved approximation of kernels that

bear a complicated dependence on HPLs and rational functions. Our motivation lies

in that implementing such kernels in terms of available numerical codes does not address

sufficiently the requirements for high-precision phenomenological analyses since catastrophic

cancellations can occur. Our strategy is based on exploiting the analytic structure of the

kernels and the Bernoulli transformations. The latter result in an increased radius of

convergence, allowing for a lower truncation order compared to a plain series expansion,

and therefore a low computational cost. To further stress the gains of our method, we

compared results of our approach both to a plain series expansion and to an available

numerical code. While in both cases the improvements of our method were evident, the

latter clearly demonstrated its inadequacy for high-precision applications by exhibiting

relative errors larger than an order of magnitude. Given the ubiquitous presence of HPLs

and the complexity of results in higher-loop calculations, we expect that our method will

provide an improved way for a precise numerical implementation.

Higgs physics. In chapter 5 we presented predictions for the Higgs transverse momen-

tum (qT ) spectrum in the channel gg → H → γγ at N3LL′+N3LO at the LHC. We studied

both the inclusive and the fiducial spectrum, where for the latter we saw that in the limit

qT → 0, it receives linearly enhanced (fiducial) power corrections arising solely from the ex-

perimental cuts applied on the diphoton phase space. Crucially, said power corrections can

be uniquely predicted by qT factorization and resummed, together with the kinematically

induced timelike logarithms, at the same order as the inclusive spectrum. For the fiducial

spectrum we saw a significant improvement compared to previous orders. The excellent

perturbative convergence was evident and the included O(α3
s) coefficients resulted in reduc-

ing the theoretical uncertainties 50% compared to the previous order (N3LL+NNLO). In

addition, we performed a comparison to ATLAS preliminary data where we found a very
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good agreement, both in the resummation and in the tail region.

Employing differential qT subtractions, we then integrated the fiducial qT spectrum

and predicted the total fiducial cross section at N3LO order. We investigated both cases

of integrating the qT spectrum with or without resummation, and for the latter case a

poor convergence was observed. This is attributed to the fiducial cuts, that impact the

cross section’s perturbative expansion via leftover logarithms of pL/mH , with pL � mH

a kinematic scale specific to the fiducial cuts. We addressed them by considering the

fiducial power corrections as part of the leading singular cross section and resumming them.

Including both qT and timelike resummation, it lead to an excellent convergence of the

fiducial cross section, with our best prediction at N3LL′+N3LO given by

σfid = 57.69 (1± 2.7%pert ± 2.1%Bγγ ± 3.2%PDF+αs ± 2%EW ± 2%t,b,c) fb .

For both the qT spectrum and the total fiducial cross section, central ingredients were

the quadratically power suppressed (nonsingular) contributions. For these, a dedicated

extraction took place by exploiting the known analytic form of the cross section at subleading

powers, which allowed us to perform a fit for all coefficients up to O(α3
s). Having these at our

disposal, we were able to explicitly perform differential qT subtractions for the calculation

of the total cross section and avoid the qT -slicing method. For the latter method, we showed

that at three-loop order and for commonly used values of qcut
T , it can have severe effects on

the precision of the results, especially if the fiducial power corrections are included at fixed

order and they are not resummed.

Possible future avenues involve a more thorough uncertainty estimate of PDFs and

αs, the exploration of electroweak effects as well as finite mt,b,c contributions. For the

latter and based on their impact on the inclusive cross section, they are expected to be

nonnegligible at this order. Their inclusion however requires their proper incorporation

into the resummation framework which we plan to address in the future.

With the LHC Run 2 data still to be fully explored and the upcoming HL-LHC era,

a precision-driven physics program will play a central role in shedding light on the SM

itself but perhaps also to the questions that it has left unanswered. This thesis constitutes

part of an effort to improve theoretical precision by providing higher-order perturbative

ingredients, tools and predictions for differential distributions in order to keep up with the

remarkable experimental efforts.
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Appendix A

Notation and conventions

A.1 General notation

Throughout this thesis we use the lightcone coordinates

nµa ≡ nµ = (1, 0, 0, 1) , nµb ≡ n̄µ = (1, 0, 0,−1) , (A.1)

and in this basis we decompose an arbitrary four-vector pµ as

pµ = n̄ · pn
µ

2
+ n · pn̄

µ

2
+ pµ⊥ = (n̄ · p, n · p, ~p⊥) ≡ (p−, p+, ~p⊥) . (A.2)

We denote the perturbative expansion of any function F (µ) as

F (µ) =

∞∑
n,m=0

F (n,m)(µ)
[αs(µ)

4π

]n[αe(µ)

4π

]m
. (A.3)

and in the pure QCD case we use the abbreviated form

F (n)(µ) ≡ F (n,0)(µ) . (A.4)

All QCD anomalous dimensions γix(αs) and the QCD splitting functions are expanded as

γix(αs) =

∞∑
n=0

γix n

(αs
4π

)n+1
, Pij(z, µ) =

∞∑
n=0

P
(n)
ij (z)

[
αs(µ)

4π

]n+1

. (A.5)

In QCD⊗QED the cusp and noncusp anomalous dimensions are expanded as

Γicusp(αs, αe) =
∑
n,m

n+m≥1

Γi(n,m)

(αs
4π

)n(αe
4π

)m
, (A.6)

γix(αs, αe) =
∑
n,m

n+m≥1

γix (n,m)

(αs
4π

)n(αe
4π

)m
, (A.7)

and in the pure QCD case we use the abbreviated form

Γin ≡ Γi(n+1,0) , γix n ≡ γix (n+1,0) . (A.8)
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We use the following notation to abbreviate Mellin convolutions and flavor sums

(I(m)P (n))ij(z) ≡
∑
k

∫
dz′

z′
I

(m)
ik

( z
z′

)
P

(n)
kj (z′) ,

[I(t, µ)P (n)]ij(z) ≡
∑
k

∫
dz′

z′
Iik
(
t,
z

z′
, µ
)
P

(n)
kj (z′) , (A.9)

where i, j, k ∈ {g, u, ū, d, d̄, s, . . .} label parton type and flavor. We also define a correspond-

ing identity operator as

1ij(z) ≡ δij δ(1− z) with (1P )ij(z) = Pij(z) . (A.10)

For Fourier-type convolutions, we use the notation

(FG)(k, µ) ≡
∫

dk′ F (k − k′, µ)G(k′, µ) ,[
F Iij(z)

]
(t, µ2) ≡

∫
dt′ F (t− t′, µ2) Iij(t′, z, µ2) . (A.11)

and the corresponding identity elements are simply δ(k) or δ(t).

Two-dimensional convolutions are defined as

F (~qT , . . .)⊗~qT G(~qT , . . .) =

∫
d2~k1

∫
d2~k2 F (~k1, . . .)G(~k2, . . .) δ

(2)(~qT − ~k1 − ~k2) . (A.12)

where now the identity element is δ(2)(~k2). The case of multiple convolutions corresponds

to a straightforward extension,

F1(~qT , . . .)⊗~qT . . .⊗~qT Fn(~qT , . . .)

=

∫
d2~k1 . . .

∫
d2~kn F1(~k1, . . .) . . . Fn(~kn, . . .) δ

(2)(~qT − ~k1 . . .− ~kn) . (A.13)

We denote logarithmic plus distributions as

Ln(x) =

[
θ(x) lnn x

x

]
+

with

∫ 1

0
dxLn(x) = 0 . (A.14)

For dimensionful arguments, we define

Ln(k, µ) =
1

µ
Ln
(k
µ

)
, Ln(t, µ2) =

1

µ2
Ln
( t

µ2

)
, Ln(~qT , µ) =

1

πµ2
Ln
(
q2
T

µ2

)
. (A.15)

More details are given in appendix A.2.

A.2 Plus distributions and Fourier transforms

A.2.1 One-dimensional plus distributions

Following ref. [146], we denote plus distributions as

Ln(x) =

[
θ(x) lnn x

x

]
+

= lim
ε→0

d

dx

[
θ(x− ε) lnn+1 x

n+ 1

]
,

La(x) =

[
θ(x)

x1−a

]
+

= lim
ε→0

d

dx

[
θ(x− ε)x

a − 1

a

]
, (A.16)
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such that

Ln(x > 0) =
lnn x

x
, La(x > 0) =

1

x1−a ,

∫ 1

0
dxLn(x) =

∫ 1

0
dxLa(x) = 0 . (A.17)

For distributions with dimensionful arguments we define

Ln(k, µ) =
1

µ
Ln
(k
µ

)
, Ln(t, µ2) =

1

µ2
Ln
( t

µ2

)
. (A.18)

Using La(x) we further define the distribution

Va(x) =
e−γEa

Γ(1 + a)

[
aLa(x) + δ(x)

]
, Va(k, µ) =

1

µ
Va
(k
µ

)
, (A.19)

which satisfies the group property

(VaVb)(k, µ) =

∫
dk′ Va(k − k′, µ)Vb(k′, µ) = Va+b(k, µ) , V0(k, µ) = δ(k) . (A.20)

The µ dependence of Va(k, µ) is given by

Va(k, µ) =
(µ′
µ

)a
Va(k, µ′) , µ

d

dµ
Va(k, µ) = −aVa(k, µ) . (A.21)

Expanding Va(k, µ) in powers of a we find

Va(k, µ) = δ(k) + aL0(k, µ) +
a2

2!

[
2L1(k, µ)− ζ2δ(k)

]
+
a3

3!

[
3L2(k, µ)− 3ζ2L0(k, µ) + 2ζ3δ(k)

]
+O(a4) . (A.22)

The Fourier transformation of Va(k, µ) is given by∫
dk e−iky Va(k, µ) = e−aLy ,

∫
dy

2π
eiky e−aLy = Va(k, µ) , Ly = ln(iyµeγE ) . (A.23)

A.2.2 Two-dimensional plus distributions for ~qT

Following ref. [144], we define two-dimensional plus distributions in ~qT as

Ln(~qT , µ) =
1

πµ2
Ln
(
q2
T

µ2

)
, (A.24)

where Ln(x) is defined as above in eq. (A.16), such that∫
|~qT |≤µ

d2~qT Ln(~qT , µ) = π

∫ µ2

0
dq2
T

1

πµ2
Ln
(
q2
T

µ2

)
= 0 . (A.25)

The cumulant for a generic cut |~qT | ≤ qcut
T follows to be∫

|~qT |≤qcut
T

d2~qT Ln(~qT , µ) =
θ(qcut

T )

n+ 1
lnn+1 (qcut

T )2

µ2
. (A.26)
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Lnb FT−1[Lnb ]

1 δ(2)(~qT )

Lb −L0(~qT , µ)

L2
b +2L1(~qT , µ)

L3
b −3L2(~qT , µ)− 4ζ3δ

(2)(~qT )

L4
b +4L3(~qT , µ) + 16ζ3L0(~qT , µ)

L5
b −5L4(~qT , µ)− 80ζ3L1(~qT , µ)− 48ζ5δ

(2)(~qT )

L6
b +6L5(~qT , µ) + 240ζ3L2(~qT , µ) + 288ζ5L0(~qT , µ) + 160ζ2

3δ
(2)(~qT )

Table A.1: Fourier transform of Lnb = lnn(b2Tµ
2/b20) to ~qT space for n ≤ 6, as given by eq. (A.27).

The Fourier transformation of Ln(~qT , µ) and its inverse are [144]∫
d2~qT e

−i~qT ·~bTLn(~qT , µ) =
1

n+ 1

n+1∑
k=0

(−1)k
(
n+ 1

k

)
R

(n+1−k)
2 Lkb , (A.27)

∫
d2~bT
(2π)2

ei~qT ·
~bTLnb =

n−1∑
k=0

(−1)k+1n

(
n− 1

k

)
R

(n−k−1)
2 Lk(~qT , µ) +R

(n)
2 δ(2)(~qT ) ,

where Lb is the usual logarithm in Fourier space

Lb = ln(b2Tµ
2/b20) , b0 = 2e−γE , (A.28)

and the coefficients R
(n)
2 in eq. (A.27) are given by

R
(n)
2 =

dn

dan
e2γEa

Γ(1 + a)

Γ(1− a)

∣∣∣∣
a=0

. (A.29)

For the analysis that takes place in sections 4.3 and 5.4 up to N3LO, we require the Fourier

transforms of Lnb with n ≤ 6, which are summarized in table A.1.

A.3 Mellin kernels and splitting functions in QCD

In QCD we decompose the flavor dependence of a generic Mellin-convolution kernel Kij(z)

as

Kqiqj (z) = Kq̄iq̄j (z) = δijKqqV (z) +KqqS(z) +Kqq∆S(z) ,

Kqiq̄j (z) = Kq̄iqj (z) = δijKqq̄V (z) +KqqS(z)−Kqq∆S(z) ,

Kqig(z) = Kq̄ig(z) = Kqg(z) ,

Kgg(z) = Kgg(z) ,

Kgqi(z) = Kgq̄i(z) = Kgq(z) . (A.30)
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This decomposition is sufficient and unique to all orders by the flavor and charge symmetries

of QCD. The KqqV and Kgg contributions are already present at tree level, the Kqg and

Kgq channels start at one loop, the KqqS and Kqq̄V channels open up at two loops, and the

Kqq∆S channel only receives contributions from topologies at three loops and beyond. This

decomposition also makes it straightforward to evaluate and iterate sums over intermediate

partons. For example, for the convolution of two generic kernels (KK ′)ij(z), we have

(KK ′)gg(z) = (KggK
′
gg)(z) + 2nf (KgqK

′
qg)(z) ,

(KK ′)qg(z) =
[(
KqqV +Kqq̄V + 2nfKqqS

)
K ′qg

]
(z) + (KqgK

′
gg)(z) ,

(KK ′)gq(z) =
[
Kgq

(
K ′qqV +K ′qq̄V + 2nfK

′
qqS

)]
(z) + (KggK

′
gq)(z) ,

(KK ′)qqV (z) = (KqqVK
′
qqV )(z) + (Kqq̄VK

′
qq̄V )(z) ,

(KK ′)qq̄V (z) = (KqqVK
′
qq̄V )(z) + (Kqq̄VK

′
qqV )(z) ,

(KK ′)qqS(z) =
[
KqqS

(
K ′qqV +K ′qq̄V

)]
(z) +

[(
KqqV +Kqq̄V

)
K ′qqS

]
(z)

+ 2nf
(
KqqSK

′
qqS

)
(z) +

(
KqgK

′
gq

)
(z) ,

(KK ′)qq∆S(z) =
[
Kqq∆S(K ′qqV −K ′qq̄V )

]
(z) +

[
(KqqV −Kqq̄V )K ′qq∆S

]
(z)

+ 2nf
(
Kqq∆SK

′
qq∆S

)
(z) , (A.31)

where nf is the number of active flavors, and the outer brackets on the right-hand side

indicate Mellin convolutions without flavor sums.

The DGLAP splitting functions are defined as the anomalous dimension of the PDFs,

µ
d

dµ
fi(x, µ) = 2

∑
j

∫
dz

z
Pij(z, µ) fj

(x
z
, µ
)
. (A.32)

We perturbatively expand them in powers of αs/4π, see eq. (A.5), and decompose their

flavor dependence as in eq. (A.30). The DGLAP kernels have been calculated at three loops

in refs. [128, 129]. Denoting the results of refs. [128, 129] by a calligraphic P to distinguish

them from our P
(n)
ij , we can relate the two notations by

P
(n)
qqV (z) =

1

2

[
P(n)+
ns (z) + P(n)−

ns (z)
]
, P (n)

gg (z) = P(n)
gg (z) ,

P
(n)
qq̄V (z) =

1

2

[
P(n)+
ns (z)− P(n)−

ns (z)
]
, P (n)

gq (z) = P(n)
gq (z) ,

P
(n)
qqS(z) =

1

2nf
P(n)
ps (z) , P (n)

qg (z) =
1

2nf
P(n)
qg (z) ,

P
(n)
qq∆S(z) =

1

2nf
P(n)s
ns (z) . (A.33)
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Appendix B

Perturbative ingredients

In this section we collect all relevant perturbative ingredients that were used in chapters 3,

4, and 5. For clarity, we use wherever it is relevant both the usual notation found in much of

the QCD and SCET literature, as well as the two-dimensional notation that we introduced

in chapter 3 (see also appendix A.1).

B.1 QCD ingredients

We expand the QCD β -function according to eq. (3.67) (see eq. (3.77) for the two-

dimensional notation). The coefficients in the MS scheme up to 4 loops read [131–134]

β0 ≡ βs00 =
11

3
CA −

4

3
TF nf ,

β1 ≡ βs10 =
34

3
C2
A − 2TF nf

(10

3
CA + 2CF

)
, (B.1)

β2 ≡ βs20 =
2857

54
C3
A + 2TF nf

(
−1415

54
C2
A −

205

18
CFCA + C2

F

)
+ 4T 2

F n
2
f

(79

54
CA +

11

9
CF

)
,

β3 ≡ βs30 =
(149753

6
+ 3564ζ3

)
−
(1078361

162
+

6508

27
ζ3

)
nf+

(50065

162
+

6472

81
ζ3

)
n2
f+

1093

729
n3
f .

where for a more compact result we specified Nc = 3 for the four-loop coefficient β3.

The MS cusp anomalous dimension coefficients up to three loops are [121, 128, 129]

Γi0 ≡ Γi(1,0) = 4Ci ,

Γi1 ≡ Γi(2,0) = 4Ci

[
CA

(67

9
− π2

3

)
− 20

9
TF nf

]
, (B.2)

Γi2 ≡ Γi(3,0) = 4Ci

{
C2
A

(245

6
− 134π2

27
+

11π4

45
+

22ζ3

3

)
+ 2TF nf

[
CA

(
−209

27
+

20π2

27
− 28ζ3

3

)
+ CF

(
−55

6
+ 8ζ3

)]
− 16

27
T 2
F n

2
f

}
.

where Ci = CF for i = q and Ci = CA for i = g. The four-loop coefficient entering at

N3LL has become available during recent years, see e.g. refs. [123–125, 130, 403, 404]. In

chapter 3 we use the numerical result for Nc = 3 and nf = 5 obtained from ref. [125],

Γq3 ≡ Γq(4,0) = 104.93CF , (B.3)

whereas in chapters 4 and 5 we use the exact Γi3 given in ref. [404].
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Appendix B – Perturbative ingredients

The MS quark and gluon noncusp anomalous dimension coefficients for the hard function

are known up to three loops [116, 209–212, 214, 215, 379, 405, 406]. For the quark read

γqH 0 ≡ γ
q
H (1,0) = −6CF ,

γqH 1 ≡ γ
q
H (2,0) = −2CF

[
CA

(41

9
− 26ζ3

)
+ CF

(3

2
− 2π2 + 24ζ3

)
+ β0

(65

18
+
π2

2

)]
,

γqH 2 ≡ γ
q
H (3,0) = −2CF

[
C2
A

(66167

324
− 686π2

81
− 302π4

135
− 782ζ3

9
+

44π2ζ3

9
+ 136ζ5

)
+ CFCA

(151

4
− 205π2

9
− 247π4

135
+

844ζ3

3
+

8π2ζ3

3
+ 120ζ5

)
+ C2

F

(29

2
+ 3π2 +

8π4

5
+ 68ζ3 −

16π2ζ3

3
− 240ζ5

)
(B.4)

+ CAβ0

(
−10781

108
+

446π2

81
+

449π4

270
− 1166ζ3

9

)
+ β1

(2953

108
− 13π2

18
− 7π4

27
+

128ζ3

9

)
+ β2

0

(
−2417

324
+

5π2

6
+

2ζ3

3

)]
.

and the corresponding ones for the gluon are

γgH 0 = −2β0 ,

γgH 1 = 2CA

[
CA

(
−59

9
+ 2ζ3

)
+ β0

(
−19

9
+
π2

6

)]
− 2β1 , (B.5)

γgH 2 = CA

[
C2
A

(
−60875

162
+

634π2

81
+

8π4

5
+

1972ζ3

9
− 40π2ζ3

9
− 32ζ5

)
+ CAβ0

(7649

54
+

134π2

81
− 61π4

45
− 500ζ3

9

)
+ β2

0

(466

81
+

5π2

9
− 28ζ3

3

)
+ β1

(
−1819

54
+
π2

3
+

4π4

45
+

152ζ3

9

)]
− 2β2 .

B.2 QED and mixed QCD⊗QED ingredients

Here we collect various pure QED and mixed QCD⊗QED perturbative ingredients, part of

which enter in the numerical results in sections 3.3.2 and 3.5.

We expand the coupled β-functions for αs and αe according to eq. (3.77). The mixed

QCD β-function coefficients to three loops are

βs01 = −4TF Q2 ,

βs02 =
44

9
TF Q2

(
NcQ2 + n`Q

2
`

)
+ 2TF Q4 ,

βs11 = (4CF − 8CA)TF Q2 , (B.6)
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while the pure and mixed QED β-function coefficients up to three loops are

βe00 =
4

3

(
NcQ2 + n`Q

2
`

)
,

βe10 = 4
(
NcQ4 + n`Q

4
`

)
,

βe20 = −44

9

(
NcQ4 + n`Q

4
`

)(
NcQ2 + n`Q

2
`

)
− 2
(
NcQ6 + n`Q

6
`

)
, (B.7)

βe01 = 4CF NcQ2 ,

βe02 =
(133

18
CA − CF

)
2CF NcQ2 − 44

9
CF TF nf NcQ2 ,

βe11 = −4CF NcQ4 . (B.8)

Here we defined

Qn =
∑
q

Qnq , (B.9)

where the sum runs over the active quark flavors with Qu,c = 2/3 and Qd,s,b = −1/3 the

quark charges, Nc = 3 the number of colors, Q` = −1 the lepton charge, and n` = 3 the

number of charged leptons. The extraction of the three-loop mixed coefficients is discussed

in appendix C.

The QED coefficients for the cusp anomalous dimension are obtained straightforwardly

by taking the abelian QED limit of eq. (B.2) following the abelianization procedure in

ref. [108],

Γq(0,1) = 4Q2
q ,

Γq(0,2) = 4Q2
q

[
−20

9

(
NcQ2 + n`Q

2
`

)]
,

Γq(0,3) = 4Q2
q

[
Q2
q

(
NcQ2 + n`Q

2
`

)(
−55

3
+ 16ζ3

)
− 16

27

(
NcQ2 + n`Q

2
`

)2]
. (B.10)

Up to three loops, the mixed coefficients vanish, as was noted in ref. [83],

Γq(1,1) = Γq(1,2) = Γq(2,1) = 0 . (B.11)

A nonzero mixed contribution is expected to first appear at four loops.

The quark noncusp anomalous dimension for the hard function are

γqH (0,1) = −6Q2
q ,

γqH (0,2) = Q2
q

[
Q2
q(−3 + 24ζ2 − 48ζ3)− 2βe00

(65

18
+ 3ζ2

)]
,

γqH(1,1) = −2Q2
q CF (3− 24ζ2 + 48ζ3) . (B.12)

For completeness, we also give all relevant ingredients for the QCD⊗QED qT resumma-

tion at NNLL for the process qq̄ → ZX, where only ISR QED effects are considered. The

183



Appendix B – Perturbative ingredients

quark noncusp anomalous dimension for the qT beam function are

γ̃qB(0,1) = 6Q2
q ,

γ̃qB(0,2) = Q2
q

[
Q2
q(3− 24ζ2 + 48ζ3) + βe00(1 + 8ζ2)

]
,

γ̃qB(1,1) = 2Q2
qCF (3− 24ζ2 + 48ζ3) , (B.13)

and for the qT soft function are

γ̃qS(0,1) = 0 ,

γ̃qS(0,2) = 2Q2
qβ

e
00

(56

9
− 2ζ2

)
,

γ̃qS(1,1) = 0 . (B.14)

The quark rapidity anomalous dimension boundary coefficients are given by

γ̃qν(0,1) = 0 ,

γ̃qν(0,2) = −Q2
qβ

e
00

112

9
,

γ̃qν(1,1) = 0 . (B.15)

To obtain the coefficients we take the abelian limit of the corresponding coefficients in pure

QCD, following the abelianization procedure in ref. [108]. They agree with those given in

refs. [112, 141].

The one-loop pure QED boundary terms read,

Ĩ
(0,1)
qi (z) = Ĩ

(0,1)
qqV (z) δiq + Ĩ(0,1)

qγ (z) δiγ , (B.16)

Ĩ
(0,1)
qqV (z) = 2Q2

q(1− z) , (B.17)

Ĩ(0,1)
qγ (z) = 4Q2

qz(1− z) , (B.18)

s(0,1) = 2Q2
qζ2 , (B.19)

CV (0,1)
qq = Q2

q(−8 + ζ2) . (B.20)

where Ĩ
(0,1)
qi (z) and s

(0,1)
q correspond to the qT beam and qT soft function respectively,

whereas C
V (0,1)
qq corresponds to the Wilson coefficient that enters the hard function. The

one loop QED corrections to the splitting functions which are required for the quark beam

function are given in, e.g., refs. [105, 106].

184



B.3 Ingredients for T0

B.3 Ingredients for T0

The quark beam function noncusp anomalous dimension coefficients to three loops are [118]

γqB 0 = 6CF ,

γqB 1 = 2CF

[
CA

(73

9
− 40ζ3

)
+ CF

(3

2
− 12ζ2 + 24ζ3

)
+ β0

(121

18
+ 2ζ2

)]
,

γqB 2 = 2CF

[
C2
A

(52019

162
− 1682

27
ζ2 −

2056

9
ζ3 −

820

3
ζ4 +

176

3
ζ2ζ3 + 232ζ5

)
+ CACF

(151

4
− 410

3
ζ2 +

844

3
ζ3 −

494

3
ζ4 + 16ζ2ζ3 + 120ζ5

)
+ C2

F

(29

2
+ 18ζ2 + 68ζ3 + 144ζ4 − 32ζ2ζ3 − 240ζ5

)
+ CAβ0

(
−7739

54
+

650

27
ζ2 −

1276

9
ζ3 +

617

3
ζ4

)
+ β2

0

(
−3457

324
+

10

3
ζ2 +

16

3
ζ3

)
+ β1

(1166

27
− 16

3
ζ2 +

52

9
ζ3 −

82

3
ζ4

)]
. (B.21)

They have been confirmed recently by an explicit three-loop calculation of the jet func-

tion [407], see also ref. [408].

The gluon beam function noncusp anomalous dimension coefficients to three loops

are [142]

γgB 0 = 2β0 ,

γgB 1 = 2CA

[
CA

(91

9
− 16ζ3

)
+ β0

(47

9
− 2ζ2

)]
+ 2β1 ,

γgB 2 = 2CA

[
C2
A

(49373

162
− 944

27
ζ2 −

2260

9
ζ3 − 144ζ4 +

128

3
ζ2ζ3 + 112ζ5

)
+ CA β0

(
−6173

54
− 376

27
ζ2 +

140

9
ζ3 + 117ζ4

)
+ β2

0

(
−493

81
− 10

3
ζ2 +

28

3
ζ3

)
+ β1

(1765

54
− 2ζ2 −

152

9
ζ3 − 8ζ4

)]
+ 2β2 . (B.22)

The soft noncusp anomalous dimension coefficients to three loops follow from consistency

by γiS(αs) = −2γiB(αs)− 2γiH(αs), where the γiH(αs) are given in eqs. (B.4) and (B.5). We

obtain,

γiS 0 = 0 ,

γiS 1 = 2Ci

[
CA

(
−64

9
+ 28ζ3

)
+ β0

(
−56

9
+ 2ζ2

)]
,

γiS 2 = 2Ci

[
C2
A

(
−37871

162
+

620

27
ζ2 +

2548

9
ζ3 + 144ζ4 −

176

3
ζ2ζ3 − 192ζ5

)
+ CA β0

(4697

54
+

484

27
ζ2 +

220

9
ζ3 − 112ζ4

)
+ β2

0

(520

81
+

10

3
ζ2 −

28

3
ζ3

)
+ β1

(
−1711

54
+ 2ζ2 +

152

9
ζ3 + 8ζ4

)]
. (B.23)
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Finally, the soft function coefficients to two loops are [65, 236–239]

s
(0)
i = 1 ,

s
(1)
i = Ci 2ζ2 ,

s
(2)
i = Ci

[
−Ci 27ζ4 + CA

(
−640

27
+ 8ζ2 + 44ζ4

)
+ β0

(
−20

27
− 37

3
ζ2 +

58

3
ζ3

)]
. (B.24)

where Ci = CF for i = q and Ci = CA for i = g. The three-loop coefficient is still unknown.

B.4 Ingredients for qT

In the exponential regulator, the noncusp anomalous dimension γ̃iS(αs) of the qT soft

function is equal to that of the threshold soft function γithr(αs), which in turn is the

negative of the T0 soft anomalous dimension γiS(αs). As a result, we have

γ̃iS(αs) = γithr(αs) = −γiS(αs) , γ̃iS n = −γiS n ,
γ̃iB(αs) = γiB(αs) + γiS(αs) , γ̃iB n = γiB n + γiS n . (B.25)

The result for γ̃iB(αs) follows from RG consistency and the fact that the hard anomalous

dimension is the same for qT and T0. The γiS n and γiB n coefficients are given in eqs. (B.21),

(B.22), and (B.23) above.

The rapidity anomalous dimensions coefficients, which enter the fixed-order expansion

of γ̃iν in eq. (4.55), are known up to three loops [115, 119, 120]. They are given by

γ̃iν 0 ≡ γ̃iν (1,0) = 0 ,

γ̃iν 1 ≡ γ̃iν (2,0) = 2Ci

[
CA

(
−64

9
+ 28ζ3

)
− 56

9
β0

]
,

γ̃iν 2 ≡ γ̃iν (3,0) = 2Ci

[
C2
A

(
−37871

162
+

620

27
ζ2 +

2548

9
ζ3 + 144ζ4 −

176

3
ζ2ζ3 − 192ζ5

)
+ CAβ0

(3865

54
+

412

27
ζ2 +

220

9
ζ3 − 50ζ4

)
+ β2

0

(
−464

81
− 8ζ3

)
+ β1

(
−1711

54
+

152

9
ζ3 + 8ζ4

)]
. (B.26)

The soft function coefficients are also known up to three loops [115, 119], and are given by

s̃
(0)
i ≡ s̃

(0,0)
i = 1 ,

s̃
(1)
i ≡ s̃

(1,0)
i = −Ci 2ζ2 ,

s̃
(2)
i ≡ s̃

(2,0)
i = Ci

[
Ci 5ζ4 + CA

(208

27
− 4ζ2 + 10ζ4

)
+ β0

(164

27
− 5ζ2 −

14

3
ζ3

)]
,
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s̃
(3)
i ≡ s̃

(3,0)
i = Ci

[
−C2

i

35

6
ζ6 + CiCA

(
−416

27
ζ2 + 20ζ4 − 35ζ6

)
+ Ciβ0

(
−328

27
ζ2 + 25ζ4 +

28

3
ζ2ζ3

)
+ C2

A

(115895

324
− 51071

486
ζ2 −

23396

81
ζ3 − 58ζ4 + 240ζ2ζ3 − 224ζ5 +

928

9
ζ2

3 −
3086

27
ζ6

)
+ CAβ0

(
−363851

2916
+

2987

486
ζ2 −

428

81
ζ3 +

830

9
ζ4 −

220

3
ζ2ζ3 +

1388

9
ζ5

)
+ β2

0

(
− 64

729
− 34

3
ζ2 −

140

27
ζ3 −

11

3
ζ4

)
+ β1

(42727

972
− 275

18
ζ2 −

1744

81
ζ3 −

76

9
ζ4 +

40

3
ζ2ζ3 −

112

9
ζ5

)]
. (B.27)

where Ci = CF for i = q and Ci = CA for i = g.

B.5 RGE solutions

In this section we summarize the results for the higher-order analytic RGE solutions that

are used in chapters 3, 4, and 5.

For the β-function RGE

dα(µ)

d lnµ
≡ β[α(µ)] = −2α(µ)

∞∑
n=0

εnβn

[α(µ)

4π

]n+1
, (B.28)

the iterative solution up to N3LO, O(ε3), reads

α(µ0)

α(µ)
= X + ε

α(µ0)

4π
b1 lnX + ε2

α(µ0)2

(4π)2

(
b2
X − 1

X
+ b21

1−X + lnX

X

)
+ ε3

α(µ0)3

(4π)3

[
b3
X2 − 1

2X2
+ b2b1

(1−X
X

+
lnX

X2

)
+ b31

(1−X)2 − ln2X

2X2

]
, (B.29)

where bn = βn/β0 and X = 1 + α(µ0)
2π β0 ln(µ/µ0).

The functions Ki
Γ, ηiΓ, and Ki

γ appearing in the unexpanded analytic Sudakov exponents

are defined as

Ki
Γ(µ0, µ) =

1

ε

∫ α(µ)

α(µ0)

dα

β(α)
Γicusp(α)

∫ α

α(µ0)

dα′

β(α′)
, (B.30)

ηiΓ(µ0, µ) =
1

ε

∫ α(µ)

α(µ0)

dα

β(α)
Γicusp(α) , (B.31)

Kγi(µ0, µ) =

∫ α(µ)

α(µ0)

dα

β(α)
γi(α) , (B.32)

187



Appendix B – Perturbative ingredients

and up to N3LL, O(ε3), they are given by

Ki
Γ(µ0, µ) = − Γi0

4β2
0

{
4π

α(µ0)

(
1− 1

r
− ln r

)
+ ε
[
(Γ̂i1 − b1)(1− r + ln r) +

b1
2

ln2 r
]

+ ε2
α(µ0)

4π

[
(b21 − b2)

(1− r2

2
+ ln r

)
+ (b1Γ̂i1 − b21)(1− r + r ln r)

− (Γ̂i2 − b1Γ̂i1)
(1− r)2

2

]
+ ε3

α(µ0)2

(4π)2

[
(b2 − b21)(Γ̂i1 − b1)

(1− r)2(2 + r)

3

+ (Γ̂i3 − b3 − b1(Γ̂i2 − b2))
(1− r3

3
− 1− r2

2

)
+ b1(Γ̂i2 − b2 − b1(Γ̂i1 − b1))

(1− r2

4
+
r2 ln r

2

)
+ (−b3 + 2b1b2 − b31)

(1− r2

4
+

ln r

2

)]}
, (B.33)

ηiΓ(µ0, µ) = − Γi0
2β0

[
ln r + ε

α(µ0)

4π
(Γ̂i1 − b1)(r − 1) + ε2

α(µ0)2

(4π)2
(Γ̂i2 − b1Γ̂i1 + b21 − b2)

r2 − 1

2

+ ε3
α(µ0)3

(4π)3

[
Γ̂i3 − b3 − b1(Γ̂i2 − b2) + (b21 − b2)(Γ̂i1 − b1)

]r3 − 1

3

]
, (B.34)

Kγi(µ0, µ)=− γi0
2β0

[
ε ln r + ε2

α(µ0)

4π
(γ̂i1−b1)(r−1) + ε3

α(µ0)2

(4π)2
(γ̂i2 − b1γ̂i1 + b21 − b2)

r2−1

2

]
,

(B.35)

where bn = βn/β0, Γ̂in = Γin/Γ
i
0, γ̂in = γin/γ

i
0, and r = α(µ)/α(µ0).

The corresponding kernels for the expanded analytic method are obtained by inserting

eq. (B.29) into the above and expanding the results to O(ε3).
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Extraction of three-loop mixed

QCD⊗QED coefficients

In this section, we discuss our extraction of the three-loop coefficients of the mixed

QCD⊗QED β-functions from the results in ref. [143], which are required for the complete

NNLO running in sections 3.3.2 and 3.5.

Ref. [143] considers the coupled β-function RGE for a generic gauge group given as the

product of n simple groups, G = G1 ⊗ G2 ⊗ · · · ⊗ Gn. They explicitly calculate the case

of three distinct simple groups G = G1 ⊗G2 ⊗G3, since at most three gauge bosons can

propagate simultaneously at three loops. They consider the case where each simple group

Gi is nonabelian, but it is straightforward to apply their results to the abelian case by a

proper modification of the Casimir invariants.

To obtain the QCD⊗QED coefficients, we specify ourselves to the product group

G = SU(3)c ⊗U(1)em ⊗ 1, where 1 is the trivial identity group. In addition, we only

keep fermionic matter couplings, setting the Yukawa and scalar (quartic) couplings and

the Casimir invariants of the scalar representation S to zero, as they appear in eq. (3.1)

of ref. [143]. We have explicitly checked that with this procedure we reproduce the pure

QCD β-function coefficients.

Since we only have two couplings, namely αi with i = s, e for QCD and QED respectively,

the usual Casimir invariants for the SU(3)c gauge group are

[TAF , T
B
F ] = ifABCTCF ,

TrTAF T
B
F = δAB T (Fs) ,

(TAF )ab(T
A
F )bc = δacC(Fs) ,

fABCfDBC = δAD C(Gs) ,

δAA = d(Gs) , (C.1)

where Fs and Gs stand for the fundamental and adjoint representations, so C(Fs) ≡ CF
and C(Gs) ≡ CA. For the case of U(1)em, we take the abelian limit

C(Fe)→ Q2
f , T (Fe)→ Q2

f , C(Ge)→ 0 , (C.2)

with f representing quarks and leptons. Note that sums over fermion species do appear in

the β-function coefficients that each gauge group involves, i.e. quarks for SU(3)c and both
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quarks and leptons for U(1)em. Also, since ref. [143] decomposes Dirac fermions into chiral

fermions, we have to substitute nf → 2nf for the number of quarks and n` → 2n` for the

number of leptons in their results.

All of this considered, the βe11 coefficient can be extracted from the generic results of

ref. [143], finding1

βe11 =
∑
F

2[2C(Gi)− C(Fi)]T (Fi)C(Fj)D(Fij)D(Fi) , (C.3)

where i = e, since we are considering the U(1)em β-function, and j = s. These specifications

then give

βe11 = −2
∑
F=q,`

C(Fe)T (Fe)C(Fs)D(Fes)D(Fe) = −4CF Q4Nc , (C.4)

where the fermion sum over the leptons does not contribute due to the presence of C(`s) = 0

and the multiplicity factors

D(Fes) =
∏
k 6=e,s

d(Fk) = d(1) = 1 , D(Fe) =
∏
k 6=e

d(Fk) = d(Fs) d(1) = Nc (C.5)

in our case correspond to the dimension of the trivial group factor and of the fundamental

SU(3)c representation.

We can also read off the βe02 coefficient2

βe02 =
∑
F

(133

18
C(Gj)− C(Fj)

)
C(Fj)T (Fi)D(Fij)D(Fi)

−
∑
Fm,Fn

11

9
C(Fm,j)T (Fn,j)T (Fm,i)D(Fm,ij)D(Fn,j)D(Fm,i) , (C.6)

where again i = e and j = s. We therefore find

βe02 =
(133

18
CA − CF

)
CF 2Q2 d(1)Nc −

∑
Fm

11

9
C(Fm,s)T (Fm,e)D(Fm,es)D(Fm,e)(2TF nf )

=
(133

18
CA − CF

)
2CF NcQ2 − 44

9
CF TF nf NcQ2 . (C.7)

Observe that again only the sum over quarks contributes, since the leptonic sums include

a C(`s) = T (`s) = 0.

Following the same procedure we also obtained the mixed QCD coefficients βs11 and βs02

as given in eq. (B.6), in agreement with the corresponding results given in ref. [412], where

βs11 was obtained from an explicit three-loop calculation.

1We found a typo in this term in eq. (3.1) of ref. [143], which is missing the last D(Fi) factor. This is

confirmed by comparing this term for the full SM gauge group with the results of refs. [409, 410].
2We also found a typo in these terms in eq. (3.1) of ref. [143], which are missing the last D(Fi) and D(Fm,i)

factors. This is confirmed by comparing the result for βe02 with the results in ref. [411].
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Appendix D

Extraction of beam functions in

the eikonal limit

This appendix is based on ref. [2] and parts of it have also appeared in ref. [163] as a result

of a close collaboration with the author.

D.1 Threshold soft function

In this section we discuss the double-differential threshold soft function Sthr
i (k−, k+, µ),

which appears in the soft threshold factorization for the inclusive cross section in eq. (4.39)

and determines the eikonal limit of the T0 beam function in eq. (4.43). We give its complete

N3LO result in appendix D.1.2 in terms of a convenient plus distribution basis defined in

appendix D.1.1. In appendix D.1.3, we discuss how the three-loop coefficients are extracted

from the known three-loop results for the closely-related inclusive threshold soft function.

D.1.1 Plus distribution basis

A key property of the threshold soft function is that is invariant under the simultaneous

rescaling k− 7→ k−e+y and k+ 7→ k+e−y, see eq. (4.40). To make this property manifest,

we define a basis of plus distributions in k± that individually satisfy this property,

θ(k−)θ(k+)

µ2

(k−k+

µ2

)−1+a
=

[
δ(k−)

a
+
∞∑
n=0

an

n!
Ln(k−, µ)

][
δ(k+)

a
+
∞∑
m=0

am

m!
Lm(k+, µ)

]

≡ δ(k−, k+)

a2
+
∞∑
n=0

an−1

n!
Ln(k−, k+, µ) . (D.1)

Note that the leading δ(k−, k+) term multiplies a double pole in a. The second line

implicitly defines the Ln(k−, k+, µ) by the expansion of the first line in powers of a. They

are by construction invariant under rescaling, because the left-hand side is. Explicitly, they

are given by

δ(k−, k+) = δ(k−) δ(k+) ,
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Ln(k−, k+, µ) = δ(k−)Ln(k+, µ) + Ln(k−, µ) δ(k+)

+ n
n−1∑
m=0

(
n− 1

m

)
Lm(k−, µ)Ln−1−m(k+, µ) . (D.2)

D.1.2 Three-loop result

The threshold soft function satisfies the all-order RGE

µ
d

dµ
Sthr
i (k−, k+, µ) =

∫
d`−d`+ γithr(k

− − `−, k+ − `+, µ)Sthr
i (`−, `+, µ) ,

γithr(k
−, k+, µ) = −2Γicusp[αs(µ)]L0(k−, k+, µ) + γithr[αs(µ)] δ(k−, k+) . (D.3)

Expanding the threshold soft function in αs/(4π) and suppressing all arguments for brevity,

S
thr(n)
i ≡ S

thr(n)
i (k−, k+, µ), Ln ≡ Ln(k−, k+, µ), δ ≡ δ(k−, k+), the three-loop solution of

eq. (D.3) takes the form

S
thr(0)
i = δ ,

S
thr(1)
i = L1 Γi0 − L0

γithr 0

2
+ δ s

thr(1)
i ,

S
thr(2)
i = L3

(Γi0)2

2
−L2

Γi0
2

(
β0+

3

2
γithr 0

)
+L1

[
−2ζ2(Γi0)2+

(
β0+

γithr 0

2

)γithr 0

2
+Γi1+Γi0s

thr(1)
i

]
+ L0

[
Γi0
(
2ζ3Γi0 + ζ2γ

i
thr 0

)
− γithr 1

2
−
(
β0 +

γithr 0

2

)
s

thr(1)
i

]
+ δ s

thr(2)
i ,

S
thr(3)
i = L5

(Γi0)3

8
− L4

5

8
(Γi0)2

(2

3
β0 +

γithr 0

2

)
+ L3 Γi0

[
−2ζ2(Γi0)2 +

β2
0

3
+
(5

3
β0 +

γithr 0

2

)γithr 0

2
+ Γi1 +

Γi0
2
s

thr(1)
i

]
+ L2

{
(Γi0)2

[
5ζ3Γi0 + 3ζ2(β0 + γithr 0)

]
−
(
β0 +

3

4
γithr 0

)(
β0
γithr 0

2
+ Γi1

)
− (γithr 0)3

16
− Γi0

2

[
β1 +

3

2
γithr 1 +

(
4β0 +

3

2
γithr 0

)
s

thr(1)
i

]}
+ L1

{
(Γi0)2

[
4ζ4Γi0 − ζ3(6β0 + 4γithr 0)

]
− ζ2Γi0

[
(3β0 + γithr 0)γithr 0 + 4Γi1

]
+ β0γ

i
thr 1 +

γithr 0

2
(β1 + γithr 1) + Γi2

+
[
−2ζ2(Γi0)2 + 2β2

0 +
(

3β0 +
γithr 0

2

)γithr 0

2
+ Γi1

]
s

thr(1)
i + Γi0 s

thr(2)
i

}
+ L0

{
(Γi0)2

[
−Γi0(8ζ2ζ3 − 6ζ5) + 2ζ4(β0 − γithr 0)

]
+ ζ3Γi0

[(
β0 +

γithr 0

2

)
γithr 0

+ 4Γi1

]
+ ζ2

(
γithr 0Γi1 + Γi0γ

i
thr 1

)
− γithr 2

2
+
[
(Γi0)22ζ3 + Γi0ζ2(2β0 + γithr 0)

−
(
β1 +

γithr 1

2

)]
s

thr(1)
i −

(
2β0 +

γithr 0

2

)
s

thr(2)
i

}
+ δ s

thr(3)
i . (D.4)
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D.1 Threshold soft function

Consistency of the factorization theorems in eq. (4.5), (4.38), and (4.39) implies

2γiB(αs) + γiS(αs) = 2γif (αs) + γithr(αs) = γif (αs) + γiB(αs) , (D.5)

because the hard function is the same in all cases. Here, γif (αs) is the coefficient of δ(1− z)

in the PDF anomalous dimension eq. (A.32). Solving eq. (D.5) for γithr(αs), we find

γithr(αs) = −γiS(αs) , γithrn = −γiS n , (D.6)

where the soft anomalous dimension coefficients γiS n are given in eq. (B.23).

The boundary coefficients s
thr(n)
i , which are defined as the coefficients of δ(k−, k+) in

eq. (D.4), are given by [173, 174]1

s
thr(1)
i = −Ci 2ζ2 ,

s
thr(2)
i = Ci

[
Ci 21ζ4 + CA

(208

27
− 4ζ2 − 10ζ4

)
+β0

(164

27
− 5ζ2 −

10ζ3

3

)]
,

s
thr(3)
i = Ci

[
C2
i

(640

3
ζ2

3 −
499

6
ζ6

)
+ CiCA

(
−416

27
ζ2 −

512

9
ζ3 +

188

3
ζ4 + 224ζ2

3 − 77ζ6

)
+ Ciβ0

(
−328

27
ζ2 −

448

9
ζ3 +

235

3
ζ4 +

308

3
ζ2ζ3 − 64ζ5

)
+ C2

A

(115895

324
− 45239

486
ζ2 −

23396

81
ζ3 −

334

3
ζ4

+ 240ζ2ζ3 − 224ζ5 +
1072

9
ζ2

3 +
4348

27
ζ6

)
+ CAβ0

(
−363851

2916
+

1043

486
ζ2 −

140

81
ζ3 +

230

9
ζ4 −

164

3
ζ2ζ3 +

632

9
ζ5

)
+ β2

0

(
− 64

729
− 34

3
ζ2 −

20

27
ζ3 +

31

3
ζ4

)
+ β1

(42727

972
− 275

18
ζ2 −

1636

81
ζ3 −

76

9
ζ4 +

40

3
ζ2ζ3 −

112

9
ζ5

)]
. (D.7)

where Ci = CF for i = q and Ci = CA for i = g. We have also checked that inserting the

above coefficients into eq. (D.4) and expanding against the Drell-Yan hard function, we

reproduce the three-loop soft-virtual partonic cross section in refs. [176, 248] in terms of

1− za = k−/(Qe+Y ) and 1− zb = k+/(Qe−Y ).

D.1.3 Extraction method

The double-differential threshold soft function depends on the total lightcone momentum

components k± of the soft hadronic final state. Equivalently, its Fourier transform

Ŝthr
i (b+, b−, µ) =

∫
dk−dk+ e+i(k−b++k+b−)/2 Sthr

i (k−, k+, µ) , (D.8)

1We note that the coefficient of CiCA in the two-loop finite term disagrees with the ~bT → 0 limit of the

fully-differential soft function as reported in terms of k± and ~bT in ref. [283]. This color structure only

enters at two loops and thus is unaffected by non-Abelian exponentiation. We were unable to resolve

this difference, but tend to attribute it to a typographical error in ref. [283] because refs. [76, 119] agreed

with the pure position-space result of ref. [283] in terms of b± and ~bT .
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depends on the time-like separation (b−nµ + b+n̄µ)/2 between the Wilson lines in the soft

matrix element.

Importantly, Ŝthr
i (b+, b−, µ) only depends on the product b+b− by the rescaling relation

eq. (4.40), and thus only depends on b+b−µ2 by dimensional analysis. On the other hand,

the dependence on µ is fully predicted by the RGE eq. (D.3), which in position space reads

µ
d

dµ
Ŝthr
i (b+, b−, µ) =

{
2Γicusp[αs(µ)]Lthr(b

+, b−, µ) + γithr[αs(µ)]
}
Ŝthr
i (b+, b−, µ) . (D.9)

This implies that at any given order in perturbation theory, Ŝthr
i (b+, b−, µ) is a polynomial

in

Lthr(b
+, b−, µ) ≡ ln

(
−b

+b−µ2e2γE

4
− i0

)
. (D.10)

The relevant Fourier transforms between Lnthr and Ln(k−, k+, µ) follow from the one-

dimensional Fourier transforms in appendix B of ref. [144], accounting for the relative

factors of −1/2 in the Fourier exponent in eq. (D.8).

A factorization analogous to eq. (4.39) holds for the inclusive cross section dσ/dQ2,

where the corresponding inclusive threshold soft function Sthr
i (k0, µ) only depends on the

total energy k0 of soft radiation. In particular, Sthr
i (k0, µ) is the process-independent soft

contribution to the inclusive partonic cross section σab(z) in the soft-virtual limit z → 1,

where 1− z = 2k0/Q. In position space, the inclusive threshold soft function Ŝthr
i (b0, µ) is

defined in terms of Wilson lines separated by b0(nµ + n̄µ)/2, i.e., strictly along the time

axis. This is a special case of eq. (D.8), so the two position-space threshold soft functions

are simply related by

Ŝthr
i (b0, b0, µ) = Ŝthr

i (b0, µ) . (D.11)

This is of course equivalent to integrating over the longitudinal momentum k3 of soft

radiation. We stress that eq. (D.11) cannot be used to approximate Ŝthr
i (b+, b−, µ) by

taking b+ = b− in general. This is because in eq. (4.39) the k+ and k− dependences are

separately convolved with the PDFs and thus the rescaling property eq. (4.40) is lost at

the level of the cross section. See also Appendix D of ref. [241] for further discussion of this

point.

Inserting eq. (D.11) into eq. (D.9) implies that both threshold soft functions have the

same noncusp anomalous dimension given by eq. (D.6). Moreover, the position-space

boundary coefficients of the double-differential soft function at Lthr = 0, i.e., at µ = µ∗ ≡
+i2e−γE/b0, are equal to the inclusive ones at the same scale. Hence, the double-differential

threshold soft function can be constructed from the inclusive one.

The inclusive threshold soft function was calculated to three loops in refs. [173, 174].

Here we use the results of ref. [174], where the three-loop soft function for i = g is reported

in exponentiated form,

Ŝthr
i (b0, µ∗)=exp

{
Ci
CA

[αs(µ∗)
4π

cH1 ref. [174]+
α2
s(µ∗)

(4π)2
∆cH2 ref. [174]+

α3
s(µ∗)

(4π)3
∆cH3 ref. [174]

]
+O(α4

s)

}
.

(D.12)
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We have also exploited Casimir scaling to three loops to restore the dependence on Ci.

Comparing eq. (D.12) to the position-space solution of eq. (D.9) at Lthr = 0, we obtain

eq. (D.7) for the momentum-space boundary coefficients after performing the inverse Fourier

transform.

D.2 Collinear-soft function for the exponential regulator

In this section we derive the all-order expression for the collinear-soft function using the

exponential regulator, which leads to eq. (4.88) in the main text.

We start by defining the complete Fourier transform of the fully-differential threshold

soft function

Ŝthr
i (b+, b−, bT , µ) =

∫
d4k e+ib·k Sthr

i (k−, k+, kT , µ) , (D.13)

where bµ = (b+, b−,~bT ) is the four-vector Fourier conjugate of kµ = (k+, k−,~kT ) with

b · k = b+k−/2 + b−k+/2 −~bT · ~kT . Correspondingly, we define the Fourier transform of

S̃i(k±, bT , µ, ν) with respect to its lightcone momentum argument k± as

Ŝi(b+, bT , µ, ν) =

∫
dk− e+ik−b+/2 S̃i(k−, bT , µ, ν) , (D.14)

and analogously for b− ↔ b+ and k+ ↔ k−. Fully in position space, the consistency relation

eq. (4.87) reads

Ŝthr
i (b+, b−, bT , µ) = Ŝi(b+, bT , µ, ν) Ŝi(b−, bT , µ, ν) S̃i(bT , µ, ν)

[
1 +O

(b+b−
b2T

)]
. (D.15)

In the exponential regulator scheme, the regulated qT soft function is defined as [76, 119]2

S̃i(bT , µ, ν
′) = lim

ν′→∞
Ŝthr
i

( ib0
ν ′
,
ib0
ν ′
, bT , µ

)
, (D.16)

where we use ν ′ to distinguish it from the scale at which we later wish to evaluate the

collinear-soft function. The prescription for taking the limit is to keep all nonvanishing

terms. In particular, a logarithmic dependence of the right-hand side on ν ′ is to be kept.

Inserting eq. (D.15), we have

S̃i(bT , µ, ν
′) = lim

ν′→∞

[
Ŝi
( ib0
ν ′
, bT , µ, ν

)
Ŝi
( ib0
ν ′
, bT , µ, ν

)
S̃i(bT , µ, ν) +O

( 1

ν ′2b2T

)]
= S̃i(bT , µ, ν) lim

ν′→∞

[
Ŝi
( ib0
ν ′
, bT , µ, ν

)
Ŝi
( ib0
ν ′
, bT , µ, ν

)]
= S̃i(bT , µ, ν) Ŝi

( ib0
ν ′
, bT , µ, ν

)
Ŝi
( ib0
ν ′
, bT , µ, ν

)
. (D.17)

In the second line we moved the qT soft function out of the limit, since it does not depend

on ν ′, and dropped the power corrections. On the third line we used that all dependence

2Comparing eq. (2) in ref. [119] to eq. (33) in ref. [76] suggests that the latter has a spurious factor of 2 in

the denominator, noting that their τ = 1/ν.
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of the Ŝi on ν ′ is logarithmic, so the limit is trivial. Because the exponential regulator is

symmetric under an interchange of collinear-soft directions, we find

Ŝ2
i

( ib0
ν ′
, bT , µ, ν

)
=
S̃i(bT , µ, ν

′)

S̃i(bT , µ, ν)
= exp

[
γ̃iν(bT , µ) ln

ν ′

ν

]
, (D.18)

where the second equality follows from solving the rapidity RGE of the soft function

between ν and ν ′ at fixed µ. Assuming we are dealing with the na-collinear-soft function

that depends on b+, we can analytically continue back to ν ′ = ib0/b
+ = 2i/(b+eγE ), leaving

Ŝi(b+, bT , µ, ν) = exp
[
−1

2
γ̃iν(bT , µ) ln(−ib+νeγE/2)

]
. (D.19)

Evaluating the inverse Fourier transform using eq. (A.23), we find the following all-order

relation for the momentum-space na-collinear-soft function in the exponential regulator

scheme,

S̃i(k−, bT , µ, ν) = Vγ̃iν(bT ,µ)/2(k−, ν) , (D.20)

and identically for the nb-collinear one as a function of k+. In other words, the collinear-soft

function in the exponential regulator scheme is simply given by the rapidity RG evolution

between its canonical rapidity scale νS ∼ k− and ν, with trivial boundary condition at νS .

Inserting this result into eq. (4.86) leads to eq. (4.88) in the main text.
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[311] J. Ablinger, J. Blümlein, M. Round and C. Schneider, Numerical implementation of

harmonic polylogarithms to weight w = 8, Computer Physics Communications 240

(2019) 189–201. [p. 124]

220

https://doi.org/10.1007/JHEP10(2019)136
https://doi.org/10.1007/JHEP10(2019)136
https://arxiv.org/abs/1906.01020
https://doi.org/10.1103/PhysRevD.95.074023
https://arxiv.org/abs/1612.00450
https://doi.org/10.1103/PhysRevD.97.014013
https://arxiv.org/abs/1710.03227
https://doi.org/10.1007/JHEP12(2018)084
https://arxiv.org/abs/1807.10764
https://doi.org/10.1007/JHEP03(2017)160
https://arxiv.org/abs/1612.02911
https://doi.org/10.1103/PhysRevD.97.076006
https://doi.org/10.1103/PhysRevD.97.076006
https://arxiv.org/abs/1802.00456
https://doi.org/10.1103/PhysRevD.101.016005
https://arxiv.org/abs/1907.12213
https://doi.org/10.1007/JHEP04(2019)123
https://doi.org/10.1007/JHEP04(2019)123
https://arxiv.org/abs/1812.08189
https://doi.org/10.1140/epjc/s10052-019-7361-8
https://doi.org/10.1140/epjc/s10052-019-7361-8
https://arxiv.org/abs/1906.09044
https://doi.org/10.1103/PhysRevD.100.114034
https://arxiv.org/abs/1910.10059
https://doi.org/10.1142/s0217751x00000367
https://doi.org/10.1142/s0217751x00000367
https://doi.org/10.1016/s0010-4655(01)00411-8
https://doi.org/10.1016/j.cpc.2019.02.005
https://doi.org/10.1016/j.cpc.2019.02.005


References

[312] S. Buehler and C. Duhr, Chaplin - complex harmonic polylogarithms in fortran, 2011.

[p. 124]

[313] J. Vollinga and S. Weinzierl, Numerical evaluation of multiple polylogarithms,

Computer Physics Communications 167 (2005) 177–194. [p. 124]
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