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Abstract

Axions and axion-like particles are very well-motivated candidates for physics be-
yond the Standard model, which can be probed by multiple existing and projected
experiments and astrophysical observations. Theoretical determination of the rele-
vant low energy axion interactions is essential for guiding the corresponding exper-
imental and observational efforts. In this thesis, we revisit the previous theoretical
investigations in this direction. In particular, we show that, contrary to assertions
in the literature, the main contribution to the axion-photon coupling need not be
quantized in units proportional to e2. We discuss a loophole in the argument for this
quantization and then provide explicit counterexamples. Based on this, we construct
a generic axion-photon effective Lagrangian and find that the axion-photon coupling
may be dominated by previously unknown Wilson coefficients. We show that this
result implies a significant modification of conventional axion electrodynamics and
sets new targets for axion experiments. We find that the electromagnetic interac-
tions of axions can violate the CP symmetry and that future experiments could be
sensitive to the corresponding coupling. At the core of our theoretical analysis lies a
critical reexamination of the interactions between axions and magnetic monopoles.
We develop the effective field theory approach to the Zwanziger theory of quan-
tum electromagnetodynamics and show that, contrary to claims in the literature,
magnetic monopoles need not give mass to axions. Moreover, we find that a future
detection of an axion or axion-like particle with certain parameters can serve as
evidence for the existence of magnetically charged matter.

Besides studying the structure of the low energy axion interactions in the effective
field theory approach, we explicitly construct new theoretical models for the axion
which realize the newly found interactions. In these models, the PQ mechanism is
realized through a coupling of the Peccei-Quinn complex scalar field to magneti-
cally charged fermions at high energies. We consider both the cases of Abelian and
non-Abelian magnetic charges. We show that these models indeed solve the strong
CP problem and then integrate out heavy magnetic monopoles using the Schwinger
proper time method. We find that the models discussed yield axion couplings to
the Standard Model which are drastically different from the ones calculated within
the KSVZ/DFSZ-type models. As a consequence, large part of the corresponding
parameter space can be probed by various projected experiments. Moreover, the
axion we introduce is consistent with the astrophysical hints for axions suggested
both by the anomalous TeV-transparency of the Universe and by the excessive cool-
ing of horizontal branch stars in globular clusters. We argue that the leading term
for the cosmic axion abundance is not changed compared to the conventional pre-

inflationary scenario for an axion decay constant f, > 102 GeV.



Zusammenfassung

Axionen und axionéhnliche Teilchen sind sehr motivierte Kandidaten fiir Physik jen-
seits des Standardmodells, die durch mehrere bestehende und geplante Experimente
und astrophysikalische Beobachtungen untersucht werden kénnen. Die theoretische
Bestimmung der relevanten Niederenergie- Axion-Wechselwirkungen ist unentbehr-
lich, um einen Leitfaden fiir die entsprechenden experimentellen und beobachtenden
Bemiihungen zu erstellen. In dieser Arbeit iiberdenken wir die bisherigen theoreti-
schen Untersuchungen in dieser Richtung. Insbesondere zeigen wir, dass entgegen
den Behauptungen in der Literatur der Hauptbeitrag zur Axion-Photon-Kopplung
nicht in zu e? proportionalen Einheiten quantisiert werden muss. Wir diskutieren
eine Liicke im Argument fiir diese Quantisierung und liefern dann explizite Ge-
genbeispiele. Darauf beruhend konstruieren wir einen generischen Axion-Photon-
effektiven Lagrange-Operator und stellen fest, dass die Axion-Photon-Kopplung
moglicherweise von zuvor unbekannten Wilson-Koeffizienten dominiert wird. Wir
zeigen, dass dieses Ergebnis eine signifikante Modifikation der konventionellen Axion-
Elektrodynamik impliziert und neue Ziele fiir Axion-Experimente schafft. Wir fin-
den, dass die elektromagnetischen Wechselwirkungen von Axionen die CP-Symmetrie
verletzen konnen und dass zukiinftige Experimente sensitiv zu der entsprechenden
Kopplung sein kénnten. Im Zentrum unserer theoretischen Analyse steht eine kriti-
sche Uberpriifung der Wechselwirkungen zwischen Axionen und magnetischen Mono-
polen. Wir entwickeln den Ansatz der effektiven Feldtheorie zur Zwanziger-Theorie
der Quantenelektromagnetodynamik und zeigen, dass magnetische Monopole im Ge-
gensatz zu Behauptungen in der Literatur Axionen keine Masse verleihen miissen.
Dariiber hinaus stellen wir fest, dass ein zukiinftiger Nachweis eines Axions oder ei-
nes axiondhnlichen Teilchens mit bestimmten Parametern als Indiz fiir die Existenz
magnetisch geladener Materie dienen kann.

Neben der Untersuchung der Struktur der niederenergetischen Axion-Wechsel-
wirkungen im Ansatz der effektiven Feldtheorie konstruieren wir explizit neue theo-
retische Modelle fiir das Axion, die die neu gefundenen Wechselwirkungen realisieren.
In diesen Modellen wird der PQ-Mechanismus durch eine Kopplung des komplex-
ten Peccei-Quinn-Skalarfelds an magnetisch geladene Fermionen bei hohen Energien
realisiert. Wir betrachten sowohl die Félle Abelscher als auch nicht-Abelscher magne-
tischer Ladungen. Wir zeigen, dass diese Modelle tatséchlich das starke CP-Problem
l6sen und integrieren dann schwere magnetische Monopole unter Verwendung der
Schwinger-Eigenzeitmethode aus. Wir stellen fest, dass die diskutierten Modelle Axi-
onkopplungen zu den Teilchen des Standardmodells ergeben, die sich drastisch von
denen unterscheiden, die innerhalb der KSVZ/DFSZ-Modelle berechnet wurden. Als

Folge davon kann ein groffer Teil des entsprechenden Parameterraums durch ver-



schiedene geplante Experimente untersucht werden. Dariiber hinaus ist das Axion,
das wir einfiihren, konsistent mit den astrophysikalischen Hinweisen fiir Axionen, die
sowohl von der anomalen TeV-Transparenz des Universums als auch von der iiber-
méfigen Abkiihlung Horizontalast-Sterne in Kugelsternhaufen nahegelegt werden.
Wir argumentieren, dass der fiihrende Term fiir die kosmische Axion-H&aufigkeit im
Vergleich zum konventionellen vorinflationédren Szenario nicht geéndert wird, falls
die Axion-Zerfallskonstante grofer als 1012 GeV ist.
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Introduction

The Standard model of particle physics provides a very good description of the
interactions of elementary particles. Its structure alone predicts many low energy
symmetries which were never disproved by any experiment, such as for instance
baryon number conservation or time reversal symmetry of quantum electrodynam-
ics. Not all of the possible symmetries of the theory can be however inferred from
the structure of the Standard model. In particular, this is the case of time reversal
symmetry of Quantum Chromo-Dynamics (QCD). Namely, there is a special free
parameter @ in the Standard model which indicates whether this symmetry holds.
Fortunately, there is also an experimentally accessible observable proportional to @
— the neutron electric dipole moment. While any measured value of this observable
would call for some explanation in terms of a more fundamental theory, it is espe-
cially challenging that the measurements of the neutron electric dipole moment re-
veal it to be consistent with zero with an unprecedented precision of 10726 ¢ - cm [5].
The question of why QCD is symmetric under time reversal constitutes the core of
the so-called strong CP problem. As science aims to explain what we observe, one
is tempted to hypothesize a new model where the neutron electric dipole moment
is constrained to be practically zero. In particular, one of the ideas proposed is to
drive this observable to zero dynamically by introducing a new pseudoscalar particle
called axion, which is a pseudo Nambu-Goldstone boson associated to spontaneous
breaking of the anomalous Peccei-Quinn (PQ) symmetry [6-9]. The great advantage
of this mechanism is that the introduction of the axion can naturally solve not only
the strong CP problem, but also a much more pressing problem of missing mass in
the Universe, i.e. the axion is a perfect candidate for dark matter [10-12].

The problem of dark matter has its origins in the work by Fritz Zwicky back

in the 1930s [13]. The latter astronomer investigated the motion of the galaxies of



the Coma cluster and found that the real mass of the cluster is much larger than
the mass associated to the visible matter only. Later, in the 1970s, it was found
that the problem of the missing mass manifests itself also in the rotation curves of
galaxies [14,15]: stars on the galaxy outskirts move much faster than one would
expect taking into account the gravitational pull of the baryonic matter only. Since
then, a lot of different astronomical observations have been made which support the
hypothesis of dark matter. Nowadays, there exists vast evidence that the baryonic
matter makes up on average only around 20% of the total mass of galaxies. It
is reassuring that the energy density of dark matter inferred from astronomical
observations is consistent with the standard model of cosmology (ACDM), which
successfully describes the features of the observed cosmic microwave background and
the structure formation in the Universe!, both these probes being highly dependent
on the abundance of dark matter. Although given the fact that our knowledge
about dark matter comes only from its gravitational interactions one could think
that a suitable modification of gravity would resolve the problem, it is becoming
increasingly difficult to describe all the spectrum of astronomical observations in
this way. A much more simple explanation is that dark matter is composed of
some non-relativistic objects of a new type, which could be either particles beyond
the Standard model or primordial black holes. Primordial black holes are good
candidates for dark matter, as they do not require any physics beyond the Standard
model, however the models of their production in the early Universe normally require
large fine-tuning [17]. While the latter fine-tuning problem can be resolved in some
clever models [18], in this thesis we will discuss a different scenario where the cold
dark matter is produced in a simple way via the so-called misalignment mechanism.
The latter scenario is relevant for axion particles, the properties of which will be the
main subject of this thesis.

Although many properties of axions have been extensively studied in the lit-
erature before, we found that some very important class of axion interactions has
been missed. The reason is that while constructing the low energy effective axion
theories and the corresponding high energy models, one has always paid attention

only to the electric sector of the theory. For instance, in the case of electromag-

LAlthough ACDM has its own problems such as the Hubble tension [16], this does not affect
the conclusion about the presence of dark matter.



netic interactions, using the terms we review in Chapter 1 sec. 1.1, the axion has
always been coupled to the electric part of the helicity of the electromagnetic field.
The magnetic part of the helicity is however by no means less important. What we
find is that the coupling of the axion to this magnetic part is significantly different
compared to the conventional axion-photon coupling and thus has to be thoroughly
studied. In general, we find that the neglect of the magnetic sector of the theory
is absolutely not justified. In fact, not only is it unjustified in the framework of
low energy effective theory, but also in the construction of particular high energy
models. For example, consider the well-known class of axion models called hadronic
axion models [19, 20|, where one introduces at least one new heavy quark beyond
the Standard model. If one wants to keep the model as minimal as possible, one
has to allow this heavy quark to carry magnetic charge, which means that one has
to consider the magnetic sector of the theory. The reason for this is that due to the
quantization of the electric charge observed in nature, one expects to have at least
one particle with magnetic charge in the spectrum of the theory [21]. As no mag-
netic charge has yet been observed, one expects this magnetically charged particle
to be quite heavy. This means that if we introduce a new heavy quark like we do
in hadronic axion models, it is preferred that this quark carries magnetic charge.
Note that the connection between the quantization of charge observed in nature and
the existence of magnetically charged matter is actually very strong. Indeed, as it
was found recently in a number of works [22,23|, in the quantum world like ours
where the quantization of charge coexists with the force of gravity, the existence of
magnetically charged particles is inevitable.

Thus, it is important to investigate axion interactions which arise from the mag-
netic sector of the theory. Although the magnetic sector has always been neglected
in its full generality before, there have been a few works studying the interactions of
axions with magnetic monopoles. In particular, it has been long believed that the
interactions between axions and magnetic monopoles are necessarily induced by the
Witten effect [24]. What we show is that there are more possibilities, so that the shift
of the axion field need not induce electric charge on monopoles. The corresponding
non-conventional electromagnetic couplings of axions enter the axion-photon effec-

tive field theory (EFT) whenever one admits the no global symmetries |22, 25-28]



and completeness of the charge spectrum [22,23,27] conjectures of quantum gravity,
since these conjectures imply the existence of magnetic monopoles with any charge
allowed by the Dirac-Schwinger-Zwanziger (DSZ) quantization condition [21,29,30].
The same new interaction terms enter the low energy EFT of axion-like particles
(ALPs) — pseudo Nambu Goldstone bosons of any spontaneously broken anomalous
global U(1) symmetry. We derive phenomenological consequences of the new elec-
tromagnetic couplings of axions and ALPs, showing that they would represent new,
distinctive features, which are possible to detect in various axion experiments. More-
over, we argue that the detection of axions or ALPs with such features would provide
circumstantial experimental evidence for the existence of magnetically charged mat-
ter.

Besides purely theoretical arguments for considering the new class of axion in-
teractions mentioned above, there are also quite strong phenomenological reasons
to investigate these interactions. Nowadays, there is a vast number of ideas how
one can potentially discover axions, both directly in the laboratory and indirectly
through astrophysical data. Many of them have been already put into practice and
more are yet to be implemented in the future. Although the axion has not been
discovered so far, its parameter space has been constrained and even some hints
pointing to a particular range of parameters have been found [31-33]. Since most
of the axion searches exploit especially its coupling to photons, it is very important
to understand which values of this coupling are theoretically preferred. It turns
out that large part of the parameter space of conventional axion models cannot be
probed in the near-future experiments. Thus, it seems that these models cannot be
falsified in the nearest future. In this thesis, we find that accounting for the magnetic
sector of the theory allows one to significantly alleviate the latter problem. The new
electromagnetic interactions of axions which we find are much stronger than the
conventional one and are in an immediate reach of multiple projected experiments.

This thesis is structured as follows: in Chapter 1, we discuss the electric-magnetic
duality symmetry and magnetic monopoles, both Abelian and non-Abelian; in Chap-
ter 2, we briefly review the physics of axions; in Chapter 3, we elaborate our ar-
guments about why the structure of the electromagnetic interactions of axions as

presented in the literature has to be revised; in Chapter 4, we discuss an exhaus-



tive quantum field-theoretical framework required to take into account the magnetic
sector of the theory and develop an EFT approach to the theories with magnetic
charges; in Chapter 5, we build a generic axion-photon EFT and classify the new
electromagnetic interactions of axions, discussing some of the implications of the
Witten-effect induced coupling; in Chapter 6, we build explicit axion models solv-
ing the strong CP problem which realize the newly found interactions and derive
the low energy axion couplings in these models, studying both the models with
heavy Abelian and non-Abelian magnetic charges; in Chapter 7, we discuss the phe-
nomenology of the new electromagnetic couplings and their implications for axion
search experiments; finally, in Conclusions, we sum up the most important results
of this thesis.

This Introduction is partly written based on the publications [1, 2] of the author
of this thesis.



Chapter 1

Electric-magnetic duality and

magnetic monopoles

1.1 Electric-magnetic duality symmetry

The Maxwell equations for the electric E and magnetic H fields are:

VxH-E=j., (1.1)
VxE+H =0, (1.2)
VH=0, (1.3)
V-E=p., (1.4)

where p and j. are electric charge and current densities, respectively. In the space-
time regions where p, = 0, j. = 0, these equations have a symmetry with respect to

the rotations in the (E, H) plane:

E — Ecosf+ Hsinf,
(1.5)
H — Hcosf — Esinf .

This symmetry is however not manifest in the action for the electromagnetic

field:
1

To see the electric-magnetic duality symmetry (1.5) in the Lagrangian description,



one has to remember that the action for the electromagnetic field (1.6) is introduced
as a functional of the four-potential A, = (Ay, A), which is connected to the physical
fields as follows:

E=—-A—-VA4,, H=VxA. (1.7)

The description of a physical system in terms of the four-potential is redundant.
To discuss transformations of A, describing the free electromagnetic field, we first
fix the redundancy by requiring Ag = 0 and V-A = 0. Performing the Helmholtz
decomposition of the vector-potential A = AT+ ALY, where V-AT = 0and Vx Al =
0, we see that the dynamics is determined by the transverse component of the vector-

potential AT, in terms of which the action (1.6) can be rewritten as follows:

Spn = %/d‘*:c {(AT>2— (VxAT)2} . (1.8)

Now, let us consider the following infinitesimal transformation of the physically

meaningful component of A [34]:
AT = V2V xAT, (1.9)

where § < 1 and (V72Vx) = —(Vx)~! is the inverse curl operator, which is
well-defined while acting on the transverse component of a given vector field. The
transformation (1.9) leaves the action (1.8) invariant, not taking into account the
boundary term which does not contribute to the equations of motion:

to

5Spn = —g/d% {AT.V*Q(VxAT) + AT (VxAT)} (1.10)

t1

Thus, there exists an internal U(1) symmetry of the electromagnetic field with
respect to the transformations arising from the exponentiation of the infinitesimal
transformation (1.9). Although such transformations are in general different from
the transformations corresponding to the electric-magnetic duality symmetry (1.5),
it turns out that these two kinds of variations of A" are equivalent as long as one

assumes the equation of motion (1.1) to hold. Indeed, the variations of electric and



magnetic fields corresponding to the transformation (1.9) in this case are:

0H = Vx AT = AT = —0E, (1.11)
SE = —6AT =9V 2V xAT =¢H, (1.12)

where in the last line we used the equation of motion (1.1) rewritten in terms of the

vector-potential:

AT =V2AT. (1.13)

Exponentiation of the infinitesimal transformations (1.11) and (1.12) gives indeed
the electric-magnetic duality rotations (1.5).

According to the Noether’s theorem, the symmetry of the action (1.8) with re-
spect to the transformations (1.9) gives rise to a conservation law. The conserved
charge is known as the helicity of the electromagnetic field [30,34-39] and is given

by the following expression:

Soz/d3x30: %/d% {AT-v—2V><AT—AT-V><AT} _

1

2/d3x{H~V2VXH+E-V2VxE}. (1.14)

The two terms in Eq. (1.14) have similar bilinear structure in terms of E and H and
their time derivatives cancel each other due to the similarity of the structure of the
Maxwell equations (1.1) and (1.2) for E and —H. Introducing the dual-symmetrized
spin angular momentum density of the electromagnetic field s, one can rewrite the
conservation law in terms of the conservation of the four-current 9,s* = 0.

The transformation (1.9) as well as the corresponding conserved charge den-
sity (1.14) are given by spatially non-local expressions. It is often convenient to
deal with local expressions instead, which can be achieved by introducing a second
(electric) four-potential B, = (By, B). The latter four-potential is related to the

physical fields as follows:

E=-VxB, H=-B-VB3,. (1.15)



The conserved charge (1.14) can then be rewritten in the following simple form:

1
Soz/d3$50:—§/d333(H~A—E-B), (1.16)

while the corresponding three-current density, which equals to the dual-symmetrized

spin angular momentum density of the electromagnetic field, is:
1
s:—g(ExA—i—HxB). (1.17)

While introducing a second four-potential for the electromagnetic field, one has
to make sure that the number of degrees of freedom of the theory is not changed.
The Lagrangian description of the theory of electromagnetic field in terms of two
four-potentials was found by Zwanziger [40]. We will give a description of this
theory in Chapter 4. A nice feature of this theory is that it allows one to introduce
the coupling of electromagnetic field to magnetic currents j* = (pm, jm), which
is completely analogous to the coupling between the electromagnetic field and the

electric currents j* = (pe, je):
Line = —Je Ay — JmBu- (1.18)

Indeed, the duality symmetry tells us that the existence of magnetic charges, and
more generally dyons, is perfectly consistent with the structure of the classical the-

ory, the Maxwell equations being extended as follows:

VxH-E=j., (1.19)
VXE+H=—j,, (1.20)
V-H=p,, (1.21)
V-E=p.. (1.22)

It turned out that the existence of magnetic monopoles and dyons is also fully con-
sistent in the quantum theory. Moreover, not only is it fully consistent theoretically,
but it also implies a restriction on the allowed charges of particles corresponding to

the one observed in nature. Let us proceed to the next section, where we discuss



the perfect fit of magnetic monopoles into the quantum theory as well as why the
magnetic monopoles are probably the best motivated hypothetical particles beyond

the Standard model.

1.2 Magnetic charges in quantum theory

In 1894, Pierre Curie noted that the existence of magnetic monopoles would be per-
fectly consistent with the classical theory of electromagnetism [41]. His motivation
for considering magnetic charges stemmed from the desire to give magnetism an
analogous status to the one of electricity. Now we know that this desire was never
to come true: all magnetic phenomena observed so far can be perfectly described by
the motion and interactions of electrically charged particles. However, the funda-
mental quantum theory which provided for such a successful electric description of
the magnetic phenomena has also revolutionized our views on magnetic monopoles.
Whereas Pierre Curie and his contemporaries regarded magnetic charges as a purely
phenomenological construct, Paul Dirac argued in 1931 that the quantum theoreti-
cal formalism itself suggests their existence [21]. In particular, he pointed out that,
in a consistent quantum theory, the change in the phase of a wave function around
any closed curve must be the same modulo 27n for all the wave functions, where n
is an integer. In case n = 0 one recovers the standard gauge principle, introduced
earlier by Hermann Weyl [42]. This is the case where there are only electrically but
no magnetically charged particles in the theory and which is known to be realized
in the Standard model of particle physics. The quantum theory itself however does
not tell us any reason for why only the case n = 0 should be realized in nature, so
that for a generic quantum mechanical model of particle physics one would expect
that any n is allowed. As Dirac showed, the n # 0 case corresponds to a model
with both electric and magnetic monopoles involved. Moreover, he found that the
corresponding electric (¢) and magnetic (g) gauge charges are necessarily related via
the quantization condition gqg = 27n, which conveniently explains quantization of
the electric charge observed in nature. Note that this is still the simplest explana-
tion for the latter phenomenon to date, since it follows directly from the formalism

of quantum mechanics given one does not put any additional restrictions on the
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quantum states of the theory.

One can wonder if the results which Dirac obtained in the framework of quantum
mechanics can be derived in the more fundamental formalism of quantum field the-
ory. Does a generic quantum field theory of gauge interactions predict quantization
of the electric gauge charge?” The answer is positive and it was found by Daniel
Zwanziger [43,44]. In order to address this question, Zwanziger had to revisit the
very basis of any Poincaré-invariant quantum field theory — irreducible unitary rep-
resentations of the Poincaré group under which particles of the theory can transform.
One-particle irreducible representations were studied in 1939 by Eugene Wigner [45],
however what Zwanziger found is that there exist also two-particle irreducible repre-
sentations. The latter are parameterized by an angular momentum variable, which is
quantized. The two-particle irreducible representations correspond to pairs of parti-
cles, each pair containing both an electric and a magnetic monopole. The quantized
angular momentum variable for a given pair is proportional to the product of the cor-
responding electric and magnetic charges, hence one automatically recovers charge
quantization. Even more, a quantum field theory of gauge interactions which allows
for the two-particle irreducible representations was explicitly constructed in the case
of the Abelian gauge group, both in Hamiltonian and Lagrangian formulations, in
the works by Julian Schwinger and Daniel Zwanziger [40,46|. The latter authors
also showed that in an Abelian gauge theory a particle can have both electric and
magnetic charges, i.e. it can be a dyon, in which case the quantization condition is
generalized: ¢;g; — ¢;9; = 2mn for any pair of particles (7, 5) [29,30]. This means the
right statement is not that the known charged particles have no magnetic charge, as
it is usually claimed, but rather that their magnetic charges happen to be propor-
tional to their electric charges. One of the essential features of both Schwinger and
Zwanziger formulations is the introduction of two four-potentials for the description
of the photon field, one of which couples to the electric and another to the mag-
netic currents. The advantage of the Zwanziger formulation is that it is based on
a Lagrangian which preserves locality and which treats electric and magnetic vari-
ables symmetrically. We will review Zwanziger’s Lagrangian formulation and take
advantage of it later in this thesis.

So far we have been discussing generic magnetic monopoles, i.e. essentially the
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possibility of having two different kinds of gauge charges deeply rooted in the for-
malism of both quantum mechanics and quantum field theory. Let us now con-
sider 't Hooft-Polyakov magnetic monopoles — topological solitons arising in the
spontaneously broken symmetry phase of purely electric non-Abelian gauge the-
ories, discovered by Gerardus 't Hooft and Alexander Polyakov in 1974 [47,48].
These topological solitons were called magnetic monopoles because they create a
monopole-like magnetic field far from their cores. Note however that they are more
complicated constructs compared to their fundamental counterparts which we dis-
cussed earlier. It is important that the difference can reveal itself even at energies
much lower than the inverse monopole core size, for which one would expect 't Hooft-
Polyakov monopoles to behave similarly to fundamental ones due to the identical
monopole-like configuration of the long-range magnetic field. The reason for this
is that the instanton effects of the full non-Abelian theory are not suppressed on
monopoles [49], thus contributing an extra rotor degree of freedom to the EFT
describing infrared (IR) physics [50]. The best known phenomenological implica-
tion of this extra degree of freedom is the Rubakov-Callan effect [49,51]: as Valery
Rubakov and Curtis Callan showed in the beginning of 1980s, the Grand Unified
Theory (GUT) magnetic monopole can induce proton decay at a strong interaction
rate. If one is interested only in the processes which do not involve the rotor degree
of freedom, the 't Hooft-Polyakov monopoles behave similarly to Dirac monopoles
in the IR, i.e. their EFT is given by the above-mentioned Zwanziger theory [52].
Since 't Hooft-Polyakov monopoles (more generally, Julia-Zee dyons [53|) are an in-
evitable prediction of GUTs, they represent a well motivated case for the existence
of magnetic monopoles (more generally, dyons). Explicit constructions show that
such dyons can be bosonic as well as fermionic [54-56]. In this work, we will not
adhere to any particular GUT, keeping our discussion as generic as possible.

From what has been already discussed, we see that the existence of magnetically
charged matter would fit very well both in the structure of quantum mechanics,
completing the gauge principle, and in the structure of relativistic quantum theory,
completing the irreducible unitary representations of the Poincaré group realized in
nature. The observed quantization of the electric charge would be explained. More-

over, the existence of magnetic monopoles would be a natural consequence of the
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unification of fundamental interactions, if the latter unification takes place. This is
however not an exhaustive list of arguments in support of the existence of magnet-
ically charged particles. Another strong motivation comes from our understanding
of gravity: the consistency of a quantum theory of the latter was shown to imply
a number of restrictions on the structure of admissible field theories. In particular,
it was argued that there can be no global symmetries in a consistent theory which
includes quantum gravity [22,25-28| and that in such a theory, the charge spec-
trum is complete [22,23,27]. These conjectures were shown to imply the existence
of magnetic monopoles with any magnetic charge allowed by the DSZ quantization
condition [22,23].

What are the ways to probe magnetic monopoles experimentally? Many direct
search techniques have been proposed [57|, such as searches for monopoles bound
in matter, searches in cosmic rays, searches at colliders and, in the case of some
GUT monopoles, searches via the catalysis of nucleon decay. None of the direct
detection experiments have however yielded a conclusive signal so far. Moreover,
it is quite difficult to derive accurate exclusion limits on the monopole mass due
to the large theoretical uncertainty. In fact, the quantum field theory of magnetic
monopoles is an essentially non-perturbative theory and there is still no reliable
method to calculate cross-sections of the quantum field theory processes involving
magnetic charges. The interpretation of the indirect searches for virtual monopoles
at colliders 58] suffers from the same problem. In this thesis, we will point out a new
possible signature for virtual magnetic monopoles, which has the advantage of being
independent of any non-rigorous statements within the non-perturbative theory of
magnetic charges. In particular, we will show that there is a certain modification
of free electrodynamics which, if experimentally detected, would favor the existence
of magnetic monopoles. A complication is that such a modification must involve a
new hypothetical particle — the axion or, more generally, an ALP.

Till now, we considered only the magnetic monopoles charged under the U(1)gm
gauge group of electromagnetism. However, the electromagnetic field is not unique
in this sense and any other U(1) gauge field could be coupled to magnetic monopoles
as well, which would be described in a complete analogy to the magnetic charges of

electromagnetism. A particularly important example of such non-electromagnetic
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magnetic charges can arise in the description of non-Abelian gauge theories, such
as QCD. Indeed, in the Abelian 't Hooft gauges, the non-Abelian gauge symmetry
of the Yang-Mills theory is reduced to the number of Abelian subgroups. The
gauge fixing procedure introduces singularities which turn out to be magnetically
charged under the surviving U(1) gauge groups. Understanding the dynamics of
these magnetic monopoles can shed some light on the dynamics of the Yang-Mills
theory and QCD in particular. The dual superconductor picture of confinement
suggests that these magnetic charges play a very important role in the IR. Studying
magnetic charges can help one to understand better various phenomena in low energy
QCD.

Considering magnetic monopoles which are charged under different gauge groups,
not necessarily the U(1)gy of electromagnetism, brings us to the next section, where
we will discuss the general case for which the magnetic monopoles could be charged

under non-Abelian gauge symmetries as well.

1.3 Non-Abelian magnetic monopoles

As it was discussed in the previous section, the consistency condition for a theory

with both electric and magnetic currents is:
eg=2mn, n€Z. (1.23)

With the advent of the Standard model of particle physics, this condition was ex-
tended [59] to include all possible types of magnetic charges Cj M, in the theory:

exp (iZ@Mi ﬁ) =1, (1.24)
=1

where Hy = ey - hy are Cartan generators of the Lie algebra G of rank r of the gauge
group multiplied by the corresponding electric charges e;. In case of a non-Abelian
gauge theory, e, are equal to the gauge couplings of the theory. For the Standard
model, at low energies, we have G = su(3) @ u(1), which means that a magnetically
charged particle has generally Abelian as well as non-Abelian magnetic charges. In

this theory, the minimal magnetic charge corresponding to the electromagnetic sub-
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group, is still ¢ = 27 /e, although there are now fractionally charged quarks. The
reason is that quarks interact strongly with the monopole that has a color mag-
netic charge, compensating the would-be observable phase which results from the
electromagnetic interaction. In particular, for a down-type quark the quantization

condition (1.24) can be written as:
€ .
Egsts + (V3 gsts — 3 g = 2m - diag (n1,n2, n3) , (1.25)

where £, € R, ny,n9,ng € Z, t3 = A\3/2, ts = Ag/2; A\, are Gell-Mann matrices;
gs is the strong coupling. Coexistence of a monopole with charged leptons requires
eqg = 2mm, m € Z. Then Eq. (1.25) can be solved with respect to the coefficients
£, ¢

27 27 m
f—g'(2n1+n3+m)v C——g'(n3+§>~ (1.26)

Note that the quantization condition for up-type quarks is satisfied automatically as
long as Eq. (1.25) holds, for their electric charges differ by one elementary charge e
from those of the down-type quarks. One can see that m = 1, which corresponds to
the minimal Dirac magnetic charge, is still possible, although the magnetic monopole
must carry non-Abelian magnetic charge as well. The latter is not necessary in the
case m = 3 where viable solutions include ¢ = ( = 0, which means vanishing
non-Abelian magnetic charge.

Having discussed the Abelian magnetic monopoles and the generic quantization
condition pertinent to both Abelian and non-Abelian magnetic charges, let us outline
the status of the theory of the latter. First, we note that the condition (1.24)
can be expressed in a simple way using the language of the Lie group theory. In
particular, Goddard, Nuyts and Olive [60] showed that the condition (1.24) in a
theory with gauge group G can be regarded as a one-to-one correspondence between
the magnetic charges of monopoles in this theory and the weights of the Langlands
dual gauge group GV, which is now also known as the GNO group. For example,
the gauge group of electromagnetism is self-dual in this sense: (U(1))" = U(1); and
the GNO group corresponding to the gauge theory of QCD can be inferred from the
following identity: (SU(3)/Zs) = SU(3). Based on the derived relation between

magnetic charges and the dual gauge group GV, which is completely analogous to
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the relation between electric charges and the gauge group G, Goddard, Nuyts and
Olive suggested that magnetic monopoles of a gauge theory with a group G generally
transform in the representations of the group GY. The above conjecture, known as
the GNO conjecture, obviously holds in the case of the Abelian group G = U(1), for
which the Zwanziger theory mentioned earlier in this Chapter can be constructed.
The GNO conjecture for the non-Abelian monopoles, in its stronger form known
as the Montonen-Olive conjecture [61], has recently been proven by Kapustin and
Witten [62] for a twisted N' = 4 supersymmetric Yang-Mills (YM) theory. In this
thesis, we assume that the GNO conjecture holds for the gauge theory of QCD as
well, inspired by the findings of Hong-Mo, Faridani and Tsun [63] that the classical
(nonsupersymmetric) YM equations possess a generalized dual symmetry similar to
the electric-magnetic Zs symmetry of the Zwanziger theory mentioned above. Let
us also note, that although non-Abelian magnetic charges are often introduced as
emergent from spontaneous breaking of some larger gauge symmetry, the results by
Goddard, Nuyts and Olive do not depend on such a construction and can be as well
stated for generic magnetic monopoles defined in the fiber bundle framework of Wu
and Yang [64].

This Chapter is partly written based on the publications [1, 2] of the author of
this thesis.
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Chapter 2

Axions and axion-like particles

2.1 Strong CP problem

In QCD, configurations of the pure gauge, i.e. vacuum, gluon fields A7, where
a = 1..8, can be classified by the winding number K € 7Z, which is given by the

following expression:
2

__9 3
K= 5973 /Ko(x)d T, (2.1)

where Ko(z) is the Chern-Simons charge density, which is the zeroth component of

the Chern-Simons four-current:
v a a gs abc pAa c
K# — e (AV 0,75+ % 1 AVAf,AQ , (2.2)

where g, is the strong coupling constant, €”'2 = 1, and f®° are the structure
constants of su(3). Such classification of the vacuum configurations implies that
the space of pure gauge gluon fields is topologically a circle, with I indicating the
number of times a given configuration winds around this circle. Invariance of the
theory with respect to "large" gauge transformations, i.e. the gauge transformations
that can change IC, as well as independently the cluster decomposition principle are

well-known to yield the following structure of the quantum theory vacuum state:

0) =Y ¢ n), (2:3)

nel
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where |n) are the formal vacuum states corresponding to the classical configurations
with definite K, and 6 € [O, 27r).

Note that # is an additional parameter of the theory, the value of which can
influence various physical processes. To be more precise, this parameter enters the

QCD Lagrangian in the following way:

2
Lo = (0 — Argdet M) -2 gorvgae

327T2 Y2 (24)

where M is the quark mass matrix,
Gy, = 0uA% — 0,A% + go f*™ AL A (2.5)

is the QCD field strength tensor, and for any tensor B, its Hodge dual is defined as
Bﬁy = €,u2,B* /2. Let us introduce the notation § = 6 — Argdet M for simplicity.
Although the term (2.4) is a total derivative proportional to 9,K*, it yields in
general a non-vanishing contribution to the action due to the instanton processes,
i.e. non-triviality of the boundary integral. Moreover, the term (2.4) violates the

CP symmetry which is otherwise conserved in QCD. This violation of CP yields

generally non-vanishing electric dipole moment of neutron proportional to 8 [65]:
d, =2.4(1.0)-107%fe-cm. (2.6)

The latter theoretically calculated value of the dipole moment is to be compared

with the experimental measurement, which yields [5]:
|d,| < 1.8-107*%c-cm. (2.7)

The comparison implies |f] < 1071°, which means that the CP symmetry is actually
conserved with a very good accuracy. The question of why QCD is symmetric
under time reversal constitutes the core of the so-called strong CP problem. To get
rid of the extreme fine-tuning of the CP-violating parameter of the theory, one is
tempted to hypothesize a new model where the latter parameter is constrained to

be practically zero due to the properties of the model.
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2.2 Axions

One of the ideas proposed to explain the absence of CP violation in QCD is to drive
the f-parameter to zero dynamically by introducing a new pseudoscalar particle
called axion, which is a pseudo Nambu-Goldstone boson associated to spontaneous
breaking of anomalous Peccei-Quinn (PQ) symmetry [6-9]. The great advantage of
this mechanism is that the introduction of the axion can naturally solve not only
the strong CP problem, but also a much more pressing problem of missing mass in
the Universe, i.e. the axion is a perfect candidate for dark matter [10-12], as we will
outline later in this Chapter.

The PQ mechanism yields the following axion coupling to gluons:

2
L= (ﬁ - 9) s _ Garwgde (2.8)

fa 3272 e
where a is the axion field and f, is the axion decay constant — a parameter of the
axion models directly related to the high energy scale of the PQ symmetry breaking
V.. Due to the instanton processes, the latter coupling does not have the symmetry
with respect to arbitrary shifts of the axion field a — a+ C for C' € R, which means
that such interaction with topologically non-trivial gluon field fluctuations generates
a non-flat contribution to the axion potential. It is straightforward to show that the
minimum of this potential is CP-conserving [66]. Thus the axion dynamically relaxes
the value of f.g = (a)/f, — 0 to zero solving the strong CP problem.

The axion potential can be calculated explicitly using the dilute instanton gas
approximation at high temperatures (7' > 1 GeV), chiral perturbation theory at
low temperatures (7 < Aqgep =~ 0.2 GeV) or lattice QCD methods [67] in the
intermediate temperature region. In particular, at low temperatures, below the
QCD scale Agcep, the chiral perturbation theory gives the following result for the

axion mass:

2 fﬁmi mqy,mq
Cf2 (my+mg)?’

(2.9)

m

so that it is inversely proportional to the axion decay constant f,. Note that m,

is the pion mass, f, is the pion decay constant, and m, and mg, are the up- and
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down-quark masses. The most precise computation to date [68] yields:
me = 5.691(51) ueV (10"2GeV/f,) . (2.10)

The expression for the axion mass in Eq. (2.9) is a robust prediction of the PQ mech-
anism. However, one should keep in mind that some extensions of the mechanism
predict axions that are parametrically lighter [69-71], or heavier [72-87|.

Details of particular axion models can vary. The first axion model proposed,
which is the PQWW model [6-9], identified the axion field with a phase of the
Higgs in a two-Higgs-doublet model (2HDM) and was ruled out experimentally soon
after the proposal. Then the KSVZ [19,20] and DFSZ [88,89] axion models were
constructed, which were called invisible, because interactions of the corresponding
axion particles with the Standard model are very faint. Such faint they are that even
after four decades of exploration the parameter space of these models is still largely
terra incognita. Appeal of the invisible models is their simplicity: the DFSZ model
exploits the 2HDM just as in the case of the PQWW axion but the axion is now
identified with the phase of a new Standard-model-singlet complex scalar field which
couples to the Higgses at high energies; while the KSVZ model exploits coupling of
a new Standard-model-singlet complex scalar field, the phase of which is identified
with the axion, to a new heavy quark. Over the years, there have been attempts
of constructing axion models which would be more "visible" than the DFSZ and
KSVZ models, however it always turned out that simplicity was to be sacrificed. For
example, in the clockwork axion model [90], in order to get an enhancement of the
axion-photon coupling by six orders of magnitude compared to the KSVZ model, one
has to introduce at least 13 new scalar fields. A similar enhancement by six orders
of magnitude in all couplings to the Stadard model particles is achievable in the Z
axion model [69,70], but it requires N' = 45 copies of the SM. Although quite non-
minimal from the theory side, such an enhancement would allow one to explain some
uneven astrophysical observations concerning cooling of the horizontal branch stars
in globular clusters 33| and anomalous TeV-transparency of the Universe [31,32],
not to mention that such photophilic axions can be well probed experimentally in
the nearest future.

The main properties of the QCD axion, such as its lightness and feeble derivative
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or anomalous interactions, stem from its pseudo Nambu-Goldstone nature. This in-
forms us about the low energy processes that would be affected by the existence
of this hypothetical particle and thus which detection strategies we should pursue.
Since our detectors are particularly sensitive to the electromagnetic (EM) interac-

tions, most of the axion experiments take advantage of the axion-photon coupling,

Lapy = =2 aF" Fl, = o0 E - H, (2.11)

where F* is the field strength tensor of Quantum Electrodynamics (QED) and E
and H are electric and magnetic fields. With this interaction included the Maxwell

equations get modified as follows [91],

V-E =p—g.,yH-Va, (2.12)
V-H=0, (2.13)
OH
OE Jda
VXHZE—i—J—gQW (EXV@—EH) : (2.15)

In general the axion-photon coupling has a contribution which depends on the
fermionic content of the specific model and another contribution originating from

the axion mixing with neutral mesons [92],

Gary = % (% - 1.92(4)) . (2.16)

a

Here, F and N are the EM and QCD anomaly coefficients and a = €?/(47) is
the fine structure constant. The original KSVZ model predicts E/N = 0 while the
original DFSZ model predicts E/N = 8/3. Due to their simplicity, the latter models
are normally taken as benchmarks.

Although the axion-photon coupling is the most popular one to search for in
experiments, the Lagrangian (2.11) is actually not specific to axions. The same
kind of coupling is shared by any ALP, which need not solve the strong CP problem.
To discover the QCD axion, one has to probe its coupling to gluons (2.8). At low

energies, the latter coupling induces interactions of axions with the electric dipole
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moments of nucleons. The corresponding Lagrangian is,
i _
ﬁaN-y = —§gaN7a\I/NUW’y5\IfNF“” s (217)

where 0, = %['Yw 7] and the nucleon N can be the neutron n or the proton p. The
coupling constants g,n~ corresponding to each of the nucleons depend only on the

PQ scale f, and are given by the following expression [57]:

-~ 1 1
Japy = —YGany = _(37 + 15) x 10 3 (f—) CGeoV . (218)

Axions are also predicted to couple to leptons at tree level in a wide range of
models, such as those based on Grand Unified Theories (GUTs). Even though it is
challenging to probe these interactions with current experiments, a promising avenue
is to study the influence they exhibit on various astrophysical processes, where
the interactions of axions with electrons can play a crucial role. The interaction

Lagrangian with leptons reads,

C _
Eau = # 8Ma \I/['}/u")%\lfg s (2.19)

where the coefficient C; depends on the particular lepton flavor under consideration.
Note that in hadronic axion models, such as KSVZ, the couplings to leptons are
suppressed, since they are generated only at the loop level through the axion-photon

coupling (2.16), whereas DFSZ constructions predict tree-level couplings to leptons.

2.3 Axion-like particles

ALPs are the particles which need not solve the strong CP problem, i.e. couple to
gluons via the interaction term (2.8), but which have couplings with the structure
similar to the structure of the couplings discussed in the previous section. From
the EFT perspective, the similarity of the structure is ensured by these particles
being pseudoscalars and having the shift symmetry a — a + 2mnv,, n € Z, where
v, is some high energy scale. In field-theoretic models, ALPs emerge as Nambu-

Goldstone bosons of spontaneously broken global U(1) symmetries. In string theory,
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ALPs emerge as Kaluza-Klein zero modes of antisymmetric tensor fields living in
ten dimensions [93-95|. Apart from string theory ALPs,; examples of ALPs are the
majoron, which arises as Nambu-Goldstone boson of the broken U(1) lepton number
symmetry [96,97], or the familon, which is associated to the breaking of global family
symmetries [98-100].

For ALPs, the relation between the mass and the decay constant (2.9) need
not be satisfied. Moreover, explicit expressions for the couplings, such as (2.16)
or (2.18), can in general be different from the axion case discussed in the previous
section. Note that the structure of the axion Maxwell equations (2.12)-(2.15) is

unchanged.

2.4 Axions as dark matter candidates

In this section, we will consider axions as dark matter candidates. First of all,
a good dark matter candidate should be stable over the cosmological timescales.
Axions have a decay channel into two photons due to the coupling (2.16). Assuming
E/N = 0 for certainty and taking advantage of Eq. (2.9), one obtains the following
expression for the axion decay time:

1 64 64m3m2 f2

Ta = = ~
2 3 25
FU«—WV gaw’yma armg

, (2.20)

where I'y_,,, is the corresponding decay rate. The decay time being large on cos-
mological timescales then implies m, < O (10) eV. This upper bound on the mass
means that we should consider a non-thermal mechanism of dark matter production,
otherwise it would be hard to produce the required dark matter abundance and keep
the dark matter cold.

It turns out that in the case of axions, non-thermal mechanisms for dark matter
production do exist. Let us consider the evolution of the axion field in the expanding
Universe [10-12]. There are two important epoques during this evolution: the PQ
phase transition and the QCD crossover. At the PQ phase transition, the PQ
symmetry U(1)pg becomes spontaneously broken and the axion field takes some
random value in the vacuum manifold a; € [0, 27v, ), these values being uncorrelated

between different Hubble patches. At the QCD crossover, the PQ symmetry U(1)pq
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becomes explicitly broken by instanton effects, which yield a non-flat potential for
the axion field. In the dilute instanton gas approximation, this potential is given by

the following expression:

V(a,T) = y(T) - {1 — cos (%)} , (2.21)

where x(T) = f2m?2(T) is the topological susceptibility of QCD, and T is the tem-
perature of the early Universe thermal bath.

Let us approximate the potential assuming that the axion field is close to the
minimum of its potential: V(a,T) = m2a?/2. In this case, the equation of motion

for the axion field in the expanding Universe is:
i+ 3H(T)a+m2(T)a=0, (2.22)

where H(T) is the Hubble parameter. The equation (2.22) is analogous to the
equation for a harmonic oscillator with frequency m, and friction 3H. Before the
QCD crossover, the friction term obviously dominates, and the axion field is frozen at
its initial value a; = 6, f,, where 6 € [0, 27) is usually called the misalignment angle.
During the crossover, the axion mass starts to increase and given the decrease of the
Hubble parameter with time, at some point m,(Tion) ~ 3H (Tron) and the oscillations
start, where T, is the corresponding temperature. Knowing the dependence of the
topological susceptibility on temperature, which can be found from lattice QCD
simulations, one can determine the value of T,,; as a function of zero-temperature

axion mass m, = m,(0). The mean energy density of the oscillating axion field is:

o) = G + ) — i) £2(62) 229

Using ny(7T)/s(T) = const, where s(T) is the entropy density of the early Universe
thermal bath, and the relation between T,,; and m,, one can obtain the expression
for the present day energy density of the axion field normalized to the critical energy

density p. = 3M2HG /8m, where M,y is the Planck mass and Hy = 100k km /s/Mpc
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is the Hubble constant:

28 pueV\"/° (62)
Q,h% ~0.12 ! 2.24
W0 ( Mg ) 162’ (224)

while the observed cold dark matter abundance satisfies
Qcpuh? = 0.12. (2.25)

The mechanism of the generation of the axion dark matter which we discussed
in the previous paragraph is called the misalignment mechanism. It is easy to see
that the oscillating axion field has the equation of state corresponding to the cold

dark matter, as the pressure of such dark matter is zero:

@ M> =0. (2.26)
To determine the masses of axions which could allow for 2, = Qcpwm, one has to find
the value of the average square of the initial misalignment angle (6?). The latter
value depends on the point in the cosmological history where the PQ phase transi-
tion occurs. If the PQ symmetry is broken during inflation and is never restored,
the value of the initial misalignment angle is homogeneous and completely random.
In this case, which is normally called the pre-inflationary scenario, (§?) in Eq. (2.24)
is an arbitrary number between 0 and (27)?, which means that axions could com-
prise dark matter for any mass m, < 107 eV. In the other case, where the PQ
symmetry is broken spontaneously after inflation and which is normally called the
post-inflationary scenario, the Hubble patches with the different values of 6; reenter
the horizon later in the history of the Universe, and one has to average over the
random uniformly distributed values of #;. Taking into account the unharmonicities
of the potential (2.21), one obtains (f?) = 4.62. Naively, this could mean that the
mass of the dark matter axions in the post-inflationary scenario is fixed, however the
situation is not so simple. Indeed, in the latter scenario, due to the difference in the
initial misalignment angles between different regions, there arise topological defects,
which emit axions in the process of their evolution and thus make an additional con-

tribution to the axion dark matter abundance. The evolution of these topological
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defects is an essentially non-linear phenomenon which is quite challenging to study
even numerically. We will not deal with the post-inflationary scenario in this thesis.
This Chapter is partly written based on the publication []] of the author of this

thesis.
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Chapter 3

Structure of the axion-photon

coupling — need for revision

3.1 Previous arguments supporting quantization

As it was discussed in the previous Chapter, the axion is the pseudo Nambu-
Goldstone boson of the spontaneously broken U(1)pq Peccei-Quinn (PQ) symme-
try [6-9]. Since the PQ) symmetry is anomalous, the low energy axion Lagrangian
generally contains non-derivative couplings of the axion to CP-odd combinations of

the gauge fields of the low energy Standard model:

1 2
LoD —=guyaFFL 4 295 ganvgda

4 e 32nt f, e (3:1)

where a is the axion field, F), (G, ) is the field strength tensor of the QED (QCD)
gauge field, g,y is the axion-photon coupling, g, is the coupling constant of QCD,
fa is the axion decay constant; summation over the index a = 1...8 for gluons is
implied and for any tensor B,,, its Hodge dual is defined as Bf, = €,,,,B* /2, where
0123 _ 1

Both axion-photon and axion-gluon couplings are probed in various experiments.
Interactions of the axion with photons are particularly well constrained. In fact, a
large parameter region on the (g,,~, fo) plane has been excluded already and there

are a lot of new different experiments planned which are going to explore the axion-

photon coupling further in the nearest future. A natural question then arises: where
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should we look in the first place? What are the best motivated values for g, and
fa from the theoretical viewpoint? In the last years, it has been claimed by many
authors that this question can be answered by considering a consistency condition
for the axion EFT [101-103|. The latter condition takes advantage of the fact that
the axion is essentially an angular variable with a period 27wv,, where v, is the PQ
symmetry breaking scale, so that the effective low energy action must be symmetric

under the following shifts:
a—a+2mvn, n€Z. (3.2)

Let us review the argument of Refs. [101,102|. First, since the topological charge
of QCD,
2
Q= > / d'z GGl (3.3)

3272 o
is an integer, symmetry of the axion-gluon interaction under the transformation (3.2)
requires

fa = va/Now, Npw €Z, (3.4)

in which case under the transformation (3.2), the action changes by 27k, k € Z,
and the path integral is unchanged. Second, since one cannot generically exclude
the presence of magnetic monopoles at high energies, it has been claimed that the

Witten effect [104] makes the term

¢? 4 v od
b 7 / d'e FEL (3.5)

which enters the QED action, physically relevant. The parameter 6., is cyclic with
a period that depends on the global structure of the Standard model gauge group,
see Ref. [105]. For the following argument, it is important that the period of ey
is always an integer multiple of 27. Identification of the two similar structures in
Eqgs. (3.1) and (3.5) restricts the values of the axion-photon coupling ¢, due to the
periodicity of the axion field Eq. (3.2):
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where N = Npw/2, E € Z, and we used Eq. (3.4) in order to relate g,y to fo.
The authors of Refs. [101,102] then proceed to argue that any contribution to g,y
that is not quantized, i.e. which does not satisfy Eq. (3.6), must be proportional
to the mass of the axion squared and can be significantly larger than the order of
magnitude of the quantized contribution e?/(87%f,) only in non-minimal models
which introduce new unnecessary energy scales and/or particles.

Let us highlight the step in the derivation where one identifies the two similar
Frv Fd, structures in Eqgs. (3.1) and (3.5) in the presence of magnetic monopoles.
Physically, it is equivalent to stating that electromagnetic interactions between ax-
ions and magnetic monopoles are necessarily induced by the Witten effect. What
we found is that the latter statement has actually never been consistently derived;
moreover, it does not necessarily hold. Before we explain the loophole that has been
overlooked, let us briefly review the Witten effect and its low energy description

since they are central to the following discussion.

3.2 Witten effect and its low energy description

The Witten effect is an effect in a theory with spontaneously broken non-Abelian
gauge symmetry derived in 1979 by Edward Witten [104]. The latter author showed
that if the full non-Abelian SO(3) theory with coupling constant g and field strength

G, has a CP-violating parameter ¢ in the Lagrangian:

8—2
EG — g Gaul/Gda

- 32m2 e

0 + 2mn (3.7)

where n € Z, then 't Hooft-Polyakov monopoles of the broken phase of such a theory
get an additional contribution dq to their electric charges ¢ = mg + dq, m € Z:

0z
0q = J

T oor

k, kel (3.8)

which is not quantized in units of g, but which is proportional to the CP-violating pa-
rameter 6. One can wonder if there exists a low energy Lagrangian, which would ac-
count for the Witten effect, i.e. which would ensure that any monopole-like magnetic

field comes together with the monopole-like electric field of strength corresponding
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to the non-quantized electric charge dq from Eq. (3.8). One would normally write

such a Lagrangian in the following form®:

1 5 Oe? Y d
L = _ZF“”F“ — %F“ Fuw (3.9)

where F,, = 0,4, — 0,A, is the electromagnetic field strength tensor, A, is the
electromagnetic four-potential and e is the low energy electric gauge coupling. The
non-trivial topology of the A, field in the vicinity of the magnetic monopole ensures

that the second term of Eq. (3.9) has physical importance. Indeed, if one imposes

drk
R s Y (3.10)
e

m )

where j” is the current of magnetic monopoles and 47 /e is the minimal allowed
charge of the SO(3) 't Hooft-Polyakov monopole, then one obtains the following

equations of motion corresponding to the Lagrangian (3.9):
O F" =——kjy . (3.11)

Comparing the latter equation with the expression (3.8) for the non-quantized con-
tribution to the electric charge of the 't Hooft-Polyakov monopole, we see that the

low energy Lagrangian (3.9) does allow us to account for the Witten effect.

3.3 Loophole in the previous arguments

Suppose now that we know nothing about the high energy non-Abelian theory and
want to justify the Witten effect merely by means of the low energy EFT. In this
EFT, we introduce the topological term, which coincides with the second term of
the low energy Lagrangian Eq. (3.9). The coefficient §e?/(3272) is fixed by topo-
logy. Derivation of the Witten effect then proceeds on the lines reviewed in the

previous section. Let us however stress an essential assumption that enters such

!Note the difference in the coefficients of the f-terms in Egs. (3.5) and (3.9). The reason is that
defining the Abelian theory of Eq. (3.9) we made a definite choice for the underlying non-Abelian
gauge group SO(3) = SU(2)/Zy. The spectrum of line operators in the non-Abelian theory with
this gauge group fixes the period of 6 to be 47 [105], so that an extra factor of 2 accumulates in
the denominator of the corresponding 6-term.
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considerations. Namely, one assumes that the electromagnetic field is quantized in
terms of the four-potential A, in the presence of magnetic monopoles. The latter
quantization procedure is only valid if all the magnetic monopoles of the theory are
treated as merely quasi-classical external sources. Only then is the second term in
Eq. (3.9) topological. This description of nature, where the magnetic monopoles
are non-dynamical, is incomplete. An exhaustive quantization of the system with
magnetic charges has to follow the works by Schwinger and Zwanziger [40,46]. Note
that the particular case of GUT monopoles is not an exception [52].

The interactions between axions and magnetic monopoles have never been de-
rived from a high energy theory, such as a GUT, but only from the low energy axion
EFT, namely from the first term in the Lagrangian (3.1) — see Ref. [24], which is
followed by all other works on the subject. Such derivation suffers from the same
supposition as that discussed in the previous paragraph. Quantum dynamical ef-
fects of the monopoles are neglected. This means for example that the loop effects
of magnetic charges cannot be reliably accounted for. Such truly quantum field-
theoretical effects involving magnetic monopoles can however play a very important
role in low energy physics: in particular, as we show in the following Chapters,
they dominate the axion-photon coupling and can lead to novel experimental signa-
tures for axions. Thus, the conventional derivation of the axion-monopole Witten
effect induced interactions from the low energy EFT (3.1) has a limited range of
applicability.

What are the ultraviolet (UV) models in which it is possible to prove that the
interactions between axions and magnetic monopoles are the ones induced by the
Witten effect? We can find the answer to this question by deliberately preserving
the full analogy to the case of constant . Note that the second term on the right-
hand side of the Eq. (3.9) is derived from the #-term (3.7) of the corresponding high
energy Lagrangian, either by requiring that the Witten effect is reproduced, as we
did in sec. 3.2, or by simply neglecting the contribution from the heavy gauge fields
in the symmetry broken phase. The latter consideration allows us to substitute 6

with the axion field, but only both at low and high energy scales:

=2

2

ag ae

UV _ apv ~da IR _ d
G, = L, =

7%

— ja&d3
32m2f, M

(3.12)

o« T 3272,
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where the notations are adopted from sec. 3.2. The logic outlined in (3.12) is possible
only in a theory where the PQ scale v, is much larger than the GUT scale: v, >
vgur. It is thus not applicable to the vast majority of axion GUT models (starting
from the model of Ref. [106]), where one normally identifies some part of the PQ
field with the scalar Higgs fields which govern the breaking of the unifying gauge
group.

In closing, we see that there is really no robust theoretical argument showing
that the electromagnetic interactions between axions and magnetic monopoles are
necessarily induced by the Witten effect. Thus, the argument for the axion-photon
coupling quantization from sec. 3.1 is inconclusive. But then, how can one infer
the structure of the axion-photon coupling relevant for experimental searches? The
answer to this question follows straightforwardly from the nature of the loophole
discussed: we have to consider a proper quantum field theory with magnetic charges,
e.g. Zwanziger theory. Let us proceed to the next Chapter, where we will outline
the main features of the Zwanziger theory and develop an EFT approach to it.

This Chapter is written based on the publication [1] of the author of this thesis.
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Chapter 4

Quantum electromagnetodynamics

4.1 Zwanziger theory

Quantum electromagnetodynamics (QEMD) is the quantum field theory describing
interactions of electric charges, magnetic charges and photons. Local-Lagrangian
QEMD was constructed by Zwanziger [30]. In the latter theory, the photon is
described by two four-potentials A, and B,, which are regular everywhere. The
gauge group U (1) of electrodynamics is substituted with the new one U(1)g x U (1),
where the electric (E) and magnetic (M) factors act in the standard way on A, and
B, respectively. One fixes the gauge freedom and restricts the physical states by
requiring that they be vacuum states with respect to the free scalar fields' (n-A)
and (n-B), where n* = (0,1) is an arbitrary fixed spatial vector. The right number
of degrees of freedom of the photon is preserved due to the special form of the

equal-time commutators between the potentials:

[A“(t7 f)v By(t7 ?j)] = ieuyp(] n® (na)_l(f - g) ) (41)

[A#(t, @), A (t,9)] = [B*(t, @), B"(t, )] = =i (g5"'n" + gy"n") (n-0)""(Z - §) ,
(4.2)

!We use the following simplified notations: a-b = a,b".
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where (n-@)fl(f— ) is the kernel of the integral operator (n-@)*1 satisfying n -
9 (n-0)"(Z) = 6(2):

(n-8)" / 5 (7 — ls) e(s)ds, (4.3)

g(s) is the signum function. The commutation relations Eqs. (4.1), (4.2) thus make
the theory essentially different from the simple case of the gauge theory with two
electric U(1) gauge groups, used e.g. in models with a hidden photon. The two four-
potentials are not independent and their relation absorbs the non-locality which is
inherent to any quantum field theory with both electric and magnetic charges. The

Lagrangian of the Zwanziger theory is local and is given by the expression?:

{ (OAB)-[n-(ONA)Y — n-(OAA)]-[n-(0AB)] —

[n~(8/\A)]2 — n-@AB)?} = joA — ju-B + Lg, (44)

where j. and j,, are electric and magnetic currents, respectively, and L is the
gauge-fixing part:

Lo = AP+ 10 (n-B)} . (4.5)

2—722{[5(%

The Lagrangian (4.4) is invariant under those SO(2) transformations which ro-
tate the two-vectors (A, B) and (Je, jm) simultaneously. This symmetry ensures
that the absolute directions in the gauge charge space (g, g) are not observable. An-
other important symmetry is however not manifest in the Lagrangian (4.4) — the
Lorentz-invariance seems to be lost. This appearance is in fact deceptive. The rea-
son is intimately connected to the non-perturbativity of the theory and to the DSZ
quantization condition. It was shown in Refs. [107,108| that, after all the quantum
corrections are properly accounted for, the dependence on the vector n, in the ac-
tion S factorizes into a linking number L,, which is an integer, multiplied by the
combination of charges entering the quantization condition ¢;g; — ¢;g;, which is 27
times an integer. Since S contributes to the generating functional as exp(:.S), this
Lorentz-violating part does not play any role in physical processes. The same result

has been obtained directly at the level of amplitudes in the toy model where the

2The notations are further simplified: (a A b)* = a#b” — a”b*, (a-G)" = a, G .
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magnetic charge is made perturbative [109].

4.2 Classical limit and its peculiarities

Let us now show that the classical limit of the theory with the Lagrangian (4.4)
indeed corresponds to classical electromagnetism with magnetic currents. The clas-
sical equations of motion for the potentials corresponding to the Lagrangian (4.4)

are:

n-d oo
gy (n-0A" — 0"n-A — n"9-A — €', ,n"0"B%) = jl, (4.6)
nn;? (n-0B* — 9"n-B — n"d-B — e“ypan"apA") = jh. (4.7)

They are first-order equations in the time derivative, which allows the two different
four-potentials to describe a sole particle — the photon. To transform these equations,
it is convenient to use the identity

X=— {[nA(n-X)] = [nA(n- X"}, (4.8)
which holds for any antisymmetric tensor X. Namely, assume X = F', where F' is
the field strength tensor introduced such that n-F = n-(OAA) and n-F¢ = n-(OAB).

Then, recalling that the scalar expressions n.A and n:B are free fields by definition, one

can transform Eqs. (4.6), (4.7) into the Maxwell equations with magnetic currents:

" =37, (4.9)

O FiH =5 (4.10)

Thus the Lagrangian (4.4) gives us the correct classical equations of motion for the
electromagnetic field.

What remains to be seen is whether the classical equations of motion for the
charged particles are recovered. Classical expressions for the electric and magnetic

currents are:

@)=Y a [ 5~ ai(m)) (4.11)

35



TACED ! / 5 (x — wi(m)) da? (4.12)

where z;(7;) is the trajectory of the i-th particle. Supplementing the Lagrangian (4.4)
with the standard kinetic terms for the particles, one obtains the following classical

equations of motion for the i-th particle:

d [ mu;
dr; ((ug)lﬂ) = (@ [0 N A(@i)] + g: [0 A B(xi)])-ui (4.13)

where u!' = dx!' /dr;. The way the electromagnetic field strength tensor was intro-
duced above (n-F = n-(0 A A) and n-F? = n-(0 A B)) and Egs. (4.9), (4.10) suggest
that

ONA=F+ -0 (nAjm)?, (4.14)

ONB=F'—(n-0)""(n A j.)?, (4.15)

so that the final expression describing the classical force exerted on the i-th particle

by the electromagnetic field is:

diri (%) = (@F () + g:F () ) -us

=Yg~ g [ (1:0) o - ) (s M)y (416)

This expression correctly accounts for the Lorentz force law only if the non-local
term in the second row does not contribute. It is easy to see that the latter term
indeed cannot play any role in classical dynamics, since the support of the kernel

(n-0)~'(x; — x;) is restricted by the condition
(1) — (1) = 1s, (4.17)

which contains three equations, but only two independent variables and is thus
satisfied only for exceptional trajectories. At the points of these trajectories where
Eq. (4.17) is satisfied, Eq. (4.13) should be solved by continuity, which makes it
basically equivalent to the conventional equation for the Lorentz force given by the

first row of Eq. (4.16). As it was mentioned before, the full quantum dynamics
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does not depend on the choice of 7, so that the appearance of the non-local 7i-
dependent term in Eq. (4.16) is a mere artifact of the classical approximation. For
instance, in the path integral formulation, exceptional trajectories form a measure
zero subset of all trajectories and thus do not contribute to physical amplitudes.
The practical prescription which one can use for deriving the classical equations of
motion is simple: in the resulting equations, one should omit any singular terms

proportional to (n-0)"'G, where G is some function of the currents.

4.3 EFT approach to QEMD

Let us consider the QEMD Lagrangian (4.4) from the EFT perspective. In par-
ticular, we want to find all independent marginal operators respecting the gauge
invariance of the theory and preserving the number of degrees of freedom of QEMD.
Such operators can be constructed from the gauge invariant tensors and the vector
n,. For now, we will not consider the operators containing the gauge currents j.
and j,,, which will be discussed in the next section. We find six classes of dimension
four operators, each class containing operators of the form tr(X-Y') and (n-X)(nY),
where X and Y can stand for any of the two tensors 0 A A and 0 A B. From the
identity (4.8), one can find the relation between the operators pertaining to the same

class:

tr(X-Y) = % [(n- X" (n-Y?) = (n-X)(nY)] . (4.18)

Let us name the classes depending on the pair (X,Y):

x for (ONA,OANB), y for (OANA, [0ADB]?),
a for (ONA,ONA), p for (OANB,0NB),
a for (ONA [ONAY), b for (OADB,[0ADB]*).

The members of the same class are distinguished by indices:

o = % (n-(OA A) (n-(OAB))

1y = 2 (DA ALY (n-( A B)Y),

n2
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Ty =21+ Ty = 3{(n(@/\A)) (n-(OAB)) + (n-(0 AN A)*) (n-(dAB)")} ,

n2

t_=x1—x=—tr((0ANA)(OAB)),

where we used Eq. (4.18); indices are assigned analogously for the operators in
the other five classes. In each of the classes x, y, a or 3, the basis is formed
by any two members. The classes a and b each contain only one operator, since
a; = —ay = a_/2, a;r =0 and by = —by = b_/2, by = 0. Disregarding the source
terms, there are thus 10 independent gauge-invariant dimension four operators in
the Zwanziger theory, which we choose to be =1, z_, y., y_, a1, a_, B1, b, a_,
b_. From these, only three enter the Lagrangian (4.4), the free part of which can be
rewritten as follows:

£y = o tp) (4.19)

Let us see which operators can be added to this Lagrangian without conflicting

with the structure of the theory. The inclusion of the terms

r_=—tr((0NA)(OAB)), (4.20)
a_=—tr((ONA)(ONA), (4.21)
f-=—tr((0AB)(0ANB)) (4.22)

is incompatible with the number of degrees of freedom in QEMD, since these oper-
ators give rise to second order time derivatives of the four-potentials A, or B, in
the classical equations of motion. There is no such problem with the four remaining
independent operators, three of which correspond to the total derivative terms in

the Lagrangian:

a = —tr{(aAA) (8/\A)d}, (4.23)
b= —tr {(a A B) (9 A B)d} , (4.24)
y_ = —tr{(aAA) (8/\B)d} , (4.25)

and thus do not contribute to the equations of motion. The last operator from our
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basis is:

5= 2 (DA A) (n-(D A B)) (4.26)

n2
which does modify the equations of motion and should be added to the Zwanziger
Lagrangian (4.4) in the EFT approach. Note that since the two four-potentials A,
and B, have different parities®, the operators a_, b_ and z; are CP-odd, while the
operator y_ is CP-even. This means that one can expect the operator x; to be
responsible for CP-violation in QEMD. Let us proceed to the next section to see

that x; is directly related to the Witten effect.

4.4 CP-violation in QEMD

Contrary to QED, the theory of QEMD has an intrinsic source of CP-violation.
The reason is that the magnetic charge changes its sign under any of the discrete
transformations C, P or T [110], so that a dyon with charges (¢, g) is mapped into a
dyon with charges (—¢, g) under a CP-transformation. The spectrum of charges is
not CP-invariant if there exists a state (g, g) while its CP-conjugate state (—gq, g) is
missing. In this case, it is impossible to define a CP transformation in such a way
that the theory is invariant under it [111]. Note that due to the DSZ quantization
condition,

49; — 4;9; = 2mn, n € L, (4.27)
and our choice for the gauge charges carried by the electron (e,0), any magnetic
charge must be quantized in the units of the minimal magnetic charge gy = 27 /e:

9i =19, n; €L. (4.28)

(2

The case of electric charges is however different: what one can infer from the quan-
tization condition (4.27) applied to dyons with charges (¢, 1) and (g2, g2) is that
only the difference of some multiples of the electric charges of dyons is quantized:
ny'qy — n'qa = ne, n € Z. The latter condition leads to the quantization of the
electric charges themselves only if ¢ = —¢ and g; = ¢, i.e. only if the theory is

CP-invariant. Thus, absolute values of the electric charges introduce a CP-violating

3Parities of A, and B,, can be inferred for instance from Eqs. (4.14) and (4.15).
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parameter 6 into the theory:

7
¢ = (nf + —n:”) e, n; €. (4.29)
2m

Since only the total value of the charge, and not any separate contribution, is phys-
ical, the parameter ¢ introduced in this way is defined on the unit circle 6 € [0, 27) .
The additional contribution to the electric charge which is proportional to € is in
perfect consistency with Eq. (3.8) derived from the Witten effect, which means that
in the particular case of 't Hooft-Polyakov monopoles the parameter 6 is the vacuum
angle of the full non-Abelian theory.

Let us now find the connection between the CP-violation in QEMD discussed
in the previous paragraph and the CP-violating operator x; introduced in the pre-
vious section. We will show that it is possible to remove 6 from the definition of
charges (4.29) at the cost of adding the operator x; with an appropriate coefficient to
the kinetic part of the Lagrangian as well as modifying the coefficient in front of the
[n-(d A A)]? term. First, we redefine the electric current j. — Jj. so that it contains

only the contribution proportional to n{e. The QEMD Lagrangian becomes:

c - %{[n-(@/\B)][n'(a/\A)d] — (@A A) - [n-(0 A B)Y] —
(AN A — [n-(aAB)]2} - (je+zi:2jm)u4 — B (4.30)

Next, we make the following SL(2, R) transformation in the space of four-potentials:

A 1 0 A
s . (4.31)
B — 62—9 1 B
472

The first row of the Lagrangian (4.30), which corresponds to the operator y, from
the previous section, is not affected by this transformation. The second row is trans-

formed yielding the conventional source terms and an extra x; term as promised:

g {In-@nB)- [0 A A = [0 A A) - [0 (0 A BYY

2n?
2

(14 7o ) @A AL = @A B + 55 (@A) (@A B | -
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je'A - jm'Ba

(4.32)
which can be rewritten more compactly in our operator notation:
1 et0? e20 -
L= —- 1 - — —JerA — ju-B. 4.33
1 (y+—|— ( +167T4) a + B 27r25171) J J ( )

Several important comments are in order. First, note that the periodicity of 6
is no longer explicit in the Lagrangian (4.33). In fact, to see the symmetry under
0 — 6 + 27 transformation, we have to account for the implicit dependence of the

four-potential B, on 6 arising from the transformation (4.31). The term

1 e%0 e%0
e%0 e%0
— W(n-F) (n-F%) = T (FF?) , (4.34)

is similar to the conventional QED 6-term (3.5), but is by no means symmetric under
the transformation # — 6 + 27 by itself. We see that in the theory where magnetic
currents are properly included in the Lagrangian of the theory, not only does the
term (3.5) lose its total derivative structure, but it is also no longer topological.
The second comment which we would like to make is about Lorentz-invariance of
QEMD with CP-violation. Although the Lagrangian (4.33) contains an extra term
with n,-dependence, added to the Zwanziger Lagrangian (4.4), and a change in the
coefficient in front of the a; term, it is clear that the theory is Lorentz-invariant,
since one can get rid of the unusual n,-dependence by performing a SL(2,R) trans-
formation of the potentials. Since it is always possible to get rid of the z; term
in this way, we see that the three operators y,, a; and j; entering the Zwanziger
Lagrangian (4.19) are indeed the only independent gauge-invariant four-dimensional
operators which are relevant for the kinetic part of QEMD. The possible CP-violation
is most elegantly accounted for in the expression (4.30) for the QEMD Lagrangian,
since in this form the periodicity of the #-parameter is made obvious. The latter
form of the QEMD Lagrangian is also convenient for finding the extension of QEMD

which incorporates axions — the endeavor we accomplish in Chapter 5.
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4.5 QEMD of 't Hooft-Polyakov monopoles

Let us now consider the QEMD of 't Hooft-Polyakov monopoles. After introducing
the CP-violating parameter 6 into the Zwanziger theory, we identified it with the
instanton angle of the UV non-Abelian theory through the Witten effect. Still, the
modified Zwanziger Lagrangian (4.30) misses some of the effects associated with the
't Hooft-Polyakov monopoles, since, as we discussed in Chapter 1 sec. 1.2, the latter
monopoles cannot be modeled by simple point-like magnetic field sources even in
the IR.

Consider instanton effects of the UV non-Abelian theory. At low energies, in
the symmetry-broken phase, they are known to be suppressed everywhere, but on
't Hooft-Polyakov monopoles [49]. As a result, some of the good symmetries of the
low energy EFT can be violated by unsuppressed instanton-induced effects on the
monopole. The most famous example is the Rubakov-Callan effect [49,51]: the de-
cay of a proton catalyzed by a monopole. A consistent QEMD of 't Hooft-Polyakov
monopoles has to account for such instanton effects. To satisfy this requirement, we
introduce an extra degree of freedom ¢ (z#) into QEMD, which interacts with the
electric current j# via the following Lagrangian: £ = (j.- 0) ¢. The field ¢ does not
contribute to the classical equations of motion, as it should be for a variable describ-
ing instanton effects. As the latter effects are localized on the monopole, we require
that the interaction Hamiltonian H = — (j.- V) ¢ vanishes outside the monopole
core, so that V¢ is zero everywhere but on the monopole. The latter localization
property also means that in our low energy EFT, only s-wave fermions can interact
with ¢, because wave-functions of scalars and higher partial wave fermions vanish
on the monopole due to the centrifugal barrier [112,113]*.

Let us now show that the interaction Hamiltonian H introduced in the previous
paragraph can provide a valid description for the Rubakov-Callan effect. For this, we
take advantage of the work by Joseph Polchinski [50]. In the latter work, the author
showed that the Rubakov-Callan effect can be described as an interaction between
s-wave fermions and a rotor coordinate a(t). One can show that this description is

equivalent to ours as long as one identifies a(t) with the temporal dependence of e¢.

4In this section, we assume the magnetic monopole to be a scalar particle, since to our knowledge
this is the only case which has been studied in the literature on the Rubakov-Callan effect.
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For the sake of comparison, consider the case of a left-handed Weyl fermion yx inter-
acting with an SU(2) monopole. The only part of the electric current contributing
to H is associated to s-wave fermions j’ = ¢ )Z’(“S)aix’(cs) /2, where k is a flavor index,

so that the theory can be reduced to (1+1) dimensions:

Hoo +oo
H:—/fuva:—g!w@kwquam5éw@wwwh@%)

where, following the notations of Ref. [50], we define &4 spinors as charge eigenstates,
Ue(Er) = P qlr|r<—ro) = 1/2 and q(r|r>rg) = —1/2; ro is the size of the
monopole core; we omitted the terms which are suppressed by the high energy scale
1/ro. One sees that the interaction Hamiltonian (4.35) is equivalent to the one used
in Ref. [50]°. Thus, to account for the Rubakov-Callan effect, the source term of
the QEMD Lagrangian has to be modified as follows: —j.-A — —j.- (A — 0¢).
In the case of non-zero 6, one obtains:

LD — (]e + 62—ejm) (A —=09¢) . (4.36)

472

The term €20 (j,,- 0) ¢/4m? corresponds to the f-term in the worldline action for the

collective coordinate eg:

0
S 23 [ grileo). (4.37)
Z'Yi

where ~; are the monopole worldlines.

There is yet another way to understand why in the case of 't Hooft-Polyakov
monopoles, the §-term of the QEMD Lagrangian (4.30) has to be modified. In par-
ticular, consider the case of a varying 6. It is clear that in the full non-Abelian theory
the coupling of the new pseudoscalar field 6 to GG is legitimate. However, varying
in the Lagrangian (4.30) would be inconsistent with electric charge conservation: the
gauge invariance of the theory would require 9,0 = 0. A way to resolve this paradox
is to introduce a Stiickelberg field ¢ localized on the monopole, so that j,,- (A — J¢)
is gauge invariant [114|, which leads us again to the coupling (4.36). Note that the

®The other two terms in the Hamiltonian of the model of Ref. [50] containing only the collective
coordinate o and its canonical momentum II correspond to the potential and kinetic energy terms
for ¢, respectively.
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dependence of the vacuum energy on ¢, which was calculated in Ref. [50] using the
low energy theory with the interaction Hamiltonian (4.35), agrees with the high
energy non-Abelian theory result obtained in dilute instanton gas approximation
V(f) < —cosf. A similar dependence was found in Ref. [115] where the authors
took advantage of the worldline action (4.37) and computed the self-energy of ¢.

4.6 Scattering in QEMD

4.6.1 Basic features of scattering

Dirac quantization condition [21] tells us that for any particle with magnetic charge

g, the following identity holds:
eg=2mn, new. (4.38)

Since the unit of electric charge is small e ~ 0.3, the interaction between a given
electric and a given magnetic charge as well as the interaction between any two
given magnetic charges are strong. This means that the perturbation theory is of
no help while calculating the scattering amplitudes involving magnetically charged
particles. The scattering theory has to be built differently. For an illustration, let
us consider again the work by D. Zwanziger [30], where he finds a local Lagrangian
for QEMD. As it was mentioned in sec. 4.1, due to the presence of the fixed vector
n in its formulation, this Lagrangian is not Lorentz-invariant. It was shown both
in path integral formalism [107,108] and in a toy model with perturbative magnetic
charge [109], that one has to take into account all quantum corrections to recover
Lorentz-invariance of the theory. Although formal Feynman rules can be formulated,
the tree-level (or any finite order) amplitudes do not make sense in this case, since
they are not even Lorentz-invariant. The Lagrangian approach is not useful for
studying the scattering of electric and magnetic charges.

An option which is left and which has been successfully pursued in the literature
is to assume that the magnetic charge is static, i.e. that electric particles scatter on
the classical electromagnetic field created by the heavy magnetic monopole. In this

case, it is convenient to make use of the axial symmetry of the problem and expand
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the scattering amplitude as a series of partial waves, each of which corresponds to
the fixed value of total angular momentum j.

Beyond non-perturbativity, another important property of the existing field-
theoretical constructions of QEMD is non-locality. While Zwanziger theory La-
grangian (4.4) is local, the connection between the two four-potentials A and B
describing the electromagnetic field in this formulation is non-local, see Eqgs. (4.1)
and (4.2). Another formulation of QEMD due to J. Schwinger [46] reveals its non-
local properties already at the level of the theory Hamiltonian.

So why is QEMD essentially non-local? To answer this question, let us investigate
a system of particles with charges (e;, g;) which move in the asymptotically distant
past or future [44]. Such particles can be approximated as moving along the straight
lines limg 4o 4 (t) = uf't with the constant four-velocity u!. The electromagnetic
field which is spatially far from particle trajectories can be calculated classically.

Solving the Maxwell equations

O F" =37, (4.39)
O Fi =5 (4.40)
one obtains
: __ pofree 4 o s - \d
Jim F(z) = F'*(2) + /d yG@—y) (ONje— (0N jm)?) (4.41)

where G(x — y) is the Green function (retarded or advanced) for the wave equation,
F'ree(1) is a solution of the free Maxwell equations. Due to the simplicity of the
motion of the particles in the asymptotic region, the integral in the right-hand side
of Eq. (4.41) is nothing more than the well-known Liénard-Wiechert solution for

uniformly moving electric charge plus the dual solution for the magnetic charge:

i

The source contribution to F vanishes as t72, so that the corresponding energy-
momentum tensor 7}, scales as t~*. Since the volume scales as t3, total energy and

momentum associated to the charges vanish for ¢t — +o00, however there is a finite
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contribution to the angular momentum tensor:

M" = lim [ &z (z"T" — 2z"T") , (4.43)

t—+oo

where T = (F-F + F%.F) /2. Let us keep only the source contribution to F' since we
are interested in the self-fields of the charges. After a straightforward calculation,

one arrives at the following expression for the asymptotic angular momentum tensor:

v Ko\

. €ig; — €;Gi  E"Auu;
M =S 4 , 4.44
Z A [(uluj)g _ 1]3/2 ( )

i>j

where the sum is over all possible pairs of particles. The term for each pair comes
with the plus sign if the pair is incoming (in-state) and with the minus sign if the
pair is outgoing (out-state). In the non-relativistic limit, summing over all pairs of

particles (i,j) with the relative velocities ¥;; one obtains:

Ok _ 7_ €igj — €9 YVij
M% =0, J_;i FAENE (4.45)
where J, = €, M™ /2 is angular momentum. The angular momentum does not
depend on the values of the relative speeds and agrees with the expression for the
angular momentum of the static system of electric and magnetic charges.

The presence of extra angular momentum in the in- and out-states associated
to the pairs of particles implies that these pairs are quantum mechanically entan-
gled: the quantum state of the pair cannot be reduced to the product of one-particle
states. This non-locality is connected to the failure of the quantum-field-theoretical
Lagrangian methods in providing the scattering matrix: note that the usage of
quantum fields for calculating scattering processes is motivated by the cluster de-
composition principle [116], which is basically the principle of locality. This means
that for the calculation of the electric-magnetic S-matrix we have to resort to on-shell
methods.

Another important property of the scattering amplitudes in QEMD is the absence
of the crossing symmetry. This property follows immediately from the non-locality

we have just discussed. Since each given pair of particles (i,j) in the in- or out-state

is entangled as long as e;g; — e;g; # 0, one cannot CPT-transform one particle from
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the pair without affecting the other. Moreover, all the incoming pairs have different
sign in front of their additional angular momenta compared to all the outgoing pairs.
This means that no single particle from the in-state can be transferred to the out-
state without modifying the amplitude unless all particles in the in- and out-states

are either purely electric or purely magnetic.

4.6.2 Pairwise helicity

The asymptotic properties of in- and out-states can be inferred from the analysis of
the irreducible projective unitary representations of the Poincaré group [45]. Nor-
mally, in- and out-states of the S-matrix approach the product of states transforming
under one-particle irreducible representations of the Poincaré group. In fact, this
is the basis of the normal "electric" quantum field theory, where the particles are
defined by these representations. For example, any state of a single massive particle
in the reference frame where it is at rest generically has extra degrees of freedom as-
sociated to the rotations in the SU(2) double covering of the SO(3) rotation group.
All the massive particles are then parameterized not only by their mass, but also
by their spin s which fixes the (2s 4+ 1)-dimensional representation of the Poincaré
group. Similarly, it can be derived that the massless particles are parameterized by
an extra degree of freedom called helicity which is an integral multiple of 1/2.

Let us apply Wigner’s method to the particle states in QEMD. Allowed ex-
tra degrees of freedom will follow from the little group transformations, i.e. the
Poincaré group actions which do not affect particle momenta. Wigner classified all
the little groups for one-particle states. Let us now follow Zwanziger [44] and con-
sider multi-particle states, too. An arbitrary two-particle state can be transformed
into COM frame (or simply the frame where momenta are collinear) via a Lorentz
transformation:

lp1,p2)  — |k ka) (4.46)

so that El i IZQ. It is now easy to see that the little group which preserves both
momenta is the U(1) subgroup of the Poincaré group: both momenta are invariant
under rotations around the axis directed along /21. This means that one can associate

an extra helicity with each electric-magnetic pair which is called pairwise helicity g;;.
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Pairwise helicity parameterizes a finite-dimensional representation of the little group
and thus is an integral multiple of 1/2. Under a generic Lorentz transformation A,

any two-particle state must transform as follows:

U(A)|p1,p2; 01,025 q12) = €722 Doy (W1) Dy, (Wa) [Apr, Apa; 01, 0%; qi2)

(4.47)
where 01, 09 are little group parameters (spins, their projections or helicities) of the
one-particle states |p;) and |pg), respectively; Wi and W; are the corresponding
little groups and D(W;) are their representations. Extension of the transformation
law (4.47) to generic multi-particle states is straightforward. Indeed, there is no
subgroup of the Poincaré group that would leave more than two momenta invariant,
which means that a generic n-particle state transforms as a product of n one-particle
states and n(n — 1)/2 two-particle states.

Let us now connect the pairwise helicity g2 to the observables in QEMD. Con-
sider a pair of massive spinless particles with charges (e, g1) and (e, g2) in the in-
or out-state. In the frame where the first particle is at rest p; = (m,0,0,0) and
the second is moving along the z-axis p, = (\/W, 0,0,p), the expression for
non-vanishing component of the angular momentum tensor derived in subsec. 4.6.1
1s
€192 — €201

My ==+
12 A )

(4.48)

where plus sign is for in-state and minus sign for the out-state. Thus, under the

rotation around the z-axis the two-particle state transforms as follows:

pr.p2)  — M9 p po) . (4.49)

Comparing this transformation with the transformation given by eq. (4.47), we

obtain the value for the pairwise helicity in terms of electric and magnetic charges:

€192 — €201

e (4.50)

qi2 = &

Note that we have derived the Dirac quantization condition once again, since the
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representation theory restricts pairwise helicity g2 to the integral multiples of 1/2:

qio=—= = e1ga—€g1=2mn, nei. (4.51)

|3

4.6.3 Electric-magnetic S-matrix

Now that we determined the Lorentz transformations of in- and out-states of electric-

magnetic scattering, we can infer the corresponding transformations of the S-matrix:

S(p/177p,m|p177pn) = <p,177p;n7_|p177pn7+> =

(Phs- - P = (UMW) UM)pr, - i +) =

n

ST D) [[DWe) S(APL, - A APy, .. Ap,), (4.52)
=1

=1 V=

where

Yy = Z 1ij @i Y= Z ity Pirge (4.53)

i>j i'>j’
(i,7) and (i, ) are indices for incoming and outgoing particles, respectively, and

tab = (€agb — €p9a)/4m. Thus, S-matrix transforms as follows:

m

S(APy, .. AP, |Apy, ... Ap,) = eI T DW) -
=1

[IPW) SWh,- . Plpr, - pw) - (4.54)
=1
The transformation law (4.54) restricts the explicit form of the S-matrix in each
particular process. To see what these restrictions are, it is convenient to work with
spinor-helicity variables, since they transform under the little group in a simple way.
S-matrix depends on momenta p; which transform in the (1/2,1/2) representation
of the Lorentz group (note the isomorphism so(1,3) ~ su(2) @ su(2)). This means
that every momentum can be represented as a bispinor:

0 3 .
. . p—=0p —p1 +p
P = oty = i (4.55)

—p1— P2 Po+ D3
where o, = (1,7). Note that det p** = m?. For massless particles, detp®® = 0,
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which ensures that one can decompose the momentum matrix into the product of
two spinors:

P = XA = p)[p. (4.56)

For massive particles, the momentum can be represented as rank two matrix, which

means that it can be decomposed into the sum of two rank one matrices as follows:
Pt = AN =ppt, T=1,2. (4.57)

In the spinor-helicity variables, we will denote the momentum of the ith particle p;
simply by i. Then our building blocks for the S-matrix are 4), jr), [ and [j7, where i
runs over all the massless particles and j runs over all the massive ones. Under the

action of the corresponding little groups, these spinors transform in a simple way:
i) = Py, = e TP g = Widin, [T (WHET (4.58)

where W € SU(2). For simplification, let us work in the out-out framework, in
which all of the particles in the process are formally considered outgoing. This is
possible if we always keep in mind which particles are really incoming and do not
pair particles one of which is in the in-state and another is in the out-state. Helicities
and spins of the particles in the scattering process put a constraint on how many
helicity spinors of each type we are supposed to have in the S-matrix. For example,
if the particle 1 is massless and has helicity h;, we will have n spinors 1) and m
spinors [1, such that m —n = 2h;. The massive particle of spin s enters the S-matrix
as a symmetric rank 2s tensor which forms an irreducible spin-s representation of
the SU(2) group. For this reason, the S-matrix is always symmetrized over [ indices.
Keeping this in mind, we will omit them and write massive spinors in bold, like i).

Let us first consider an example which involves only electrically charged particles.
In this case, we already have all the helicity spinors necessary to construct the S-
matrix. Our example will be a massive particle decaying into the two massless
particles. Suppose that the massive particle has spin 1/2. The S-matrix can then

be given by the following expressions:

Soc (12)[23](23)™  or  [12][23]"(23)™ or 2 ¢ 3, (4.59)
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from which we infer that precisely one of the massless particles must be a fermion. In
general, it is clear that using this method one can find no-go theorems (or selection
rules) for various processes. In particular, using the same setup of one massive and
two massless particles, one can prove that a massive spin one particle cannot decay
to a pair of photons and that a massive spin three particle cannot decay to a pair
of gravitons [117].

Let us now adapt this method to the electric-magnetic scattering [118]. In this
case, we have to account for the extra little group transformations associated to the
pairwise helicities. Since these transformations are U(1) rotations, similar to the
massless particle case, we have to introduce new spinor helicity variables associated
with null momenta. The required null momenta must be linear combinations of the
particle momenta in the pair, so that they have the same Lorentz transformation
properties. It is especially easy to build the reference null momenta in the COM

reference frame:

(k5)" = pe(1,0,0,+£1), (4.60)

where p. is the COM momentum of the (7, j) pair. Boosted to any other frame,
the null momenta are given by the following covariant expressions in terms of the

particle momenta:

= e [(E . — (E° — po) p;
P = Bt B [(E§ +pe) i = (EY = pe)pi] (4.61)
_ 1 . .

Now that we defined the pairwise null momenta, it is straightforward to define the
corresponding spinor helicity variables, in full analogy to the case of the massless

particles discussed above:
()™ = o ()" = Pl (4.63)
Their little group transformations are given by the following U(1) rotations:

p) = RpE) [ — TP (4.64)
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Note that p;;> and p;;) have opposite pairwise helicities £1/2. Explicit contractions

with the other spinors in the massless limit are:

[p5i] = (ip) = [nipy) = (piym) = 0, (4.65)
[pji] = (ipy;) = \/2pelnip] = v/ 2p(piimi) = 2pe (4.66)

where n; are Parity-conjugate massless spinors which appear in the massless limit
of the massive spinors i [117]. Note that in constructing the S-matrix we require
that the helicity weights under each individual particle as well as the pairwise he-
licity weights are matched for both the initial and the final states, since only the
diagonal Lorentz transformation for which each particle and each pair of particles
are transformed simultaneously is physical.

Let us construct the S-matrix of a massive vector decaying to two different mass-
less fermions with the pairwise helicity po3 = —1. For the massive vector, we need
two spinors 1). For the massless fermions, it is enough to take spinors 2) and
3). Now, there are four spinor indices from the normal spinors which need to be
contracted with the pairwise spinors. In total, we should have 4 pairwise spinors,
three of which should have negative helicity and one positive, since we require that

fo3 = —1. The scattering matrix for positive helicity fermions is then:

S (127112, 3712 ~ (2p) (053) (1p3s)° (4.67)

paz=—1

up to a little group invariant. We also see that the decay to the different helicity
fermions hy = —h3 = 1/2 is forbidden in this case, since [p533] = 0.

Now let us consider the same example where the pairwise helicity of the massless
fermions is g3 = —2. In this case, the situation is the opposite: the S-matrix for
the same helicity fermions vanishes, while for the different helicity fermions it does
not vanish:

S (15127172 3+172) ~ (2p2)[p353)(1p23)° (4.68)

po3=—2

up to a little group invariant. Same helicity fermions are forbidden in this case since

(p233) = [p52] = 0.

Finally, let us deal with a more general case of a massive particle decaying into
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two other massive particles. The S-matrix is a contraction of the massive part:

(<1,251){a1--~a251} ((2,232){51...5252} (<3]253){”1"”2“’3} (4.69)

with a massless part involving the pairwise spinors:

c

S%al-noﬂsl}{61--~B282}{71~~~7283} = izlai (|p2_3>s_u23 |p;3>s+#23){al,.msl}{ﬁl...5252}{71...7253} ’
(4.70)

where § = s; + so + s3 and C counts all the ways to group the spinors into «, 3,

indices. Since we cannot have negative powers of pairwise spinors, a selection rule

follows:

lq] <3, (4.71)

which restricts the charges and spins of individual particles.
This Chapter is partly written based on the publication [1] of the author of this

thesis.
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Chapter 5

(GGeneric low energy axion-photon

EFT

5.1 Anomalous axion-photon interactions

Let us now find the extension of QEMD which incorporates axions. We first limit
ourselves to the CP-conserving axion interactions, which means that the dimension
five operators containing the axion field are obtained from the CP-odd dimension
four operators of QEMD: a_, b_ and x;. Axion EFT must be symmetric under the
transformation a — a+ 27wv,n, n € Z, which suggests that we use the operator j,, A
instead of xq, since axr; would not have the discrete shift symmetry required, as
outlined in Chapter 4 sec. 4.4. The operator j,, A corresponds to the Witten-effect
induced axion interaction and we postpone its discussion until the next section,
limiting ourselves to the pure axion-photon couplings first. Thus, the Lagrangian

for a generic CP-conserving axion-photon EFT is:

L= #{[n-(a/\B)]-[n-(a/\A)d] — (@A A)] - [n-(D A B)] —
n-@AA)P = (@A B} -
;lgaAAatr{(ﬁ/\A) (0n 4y} - igaBBatr{(a/\B) @nB)} . (5.1)
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or written in a more compact operator notation:

1 1 1
L = _4_1 (y++a1+ﬁ1)+19aAAaa—+ZgaBBab—- (5'2>

The coefficients g,oa and g,ps cannot be determined by symmetry arguments,
since both a_ and b_ terms are total derivatives, which ensures shift symmetry
regardless of their coefficients. However, to compute the coefficients, we can take
advantage of the fact that these terms arise from the anomalous divergence of the
Peccei-Quinn current, so that g,ax and g.ss are determined by the U(1)pq (U(1)g)?

and U(1)pq (U(1)ym)? anomalies, respectively!:

Ee? 9

Jann = In2y, E= ;% -d(Cy) (5.3)
Mgg 2

GaBB = M , M= %gzp ) d<01/1) ) (54)

where E and M are electric and magnetic anomaly coefficients, respectively; g, and
gy are electric and magnetic charges of heavy PQ-charged fermions 1 in units of e
and g, respectively; d(Cy) is the dimension of the color representation of 1. Due
to the DSZ quantization condition, gy > e so that the Wilson coefficient g,pzp is
expected to dominate the axion-photon coupling.

Let us now consider the CP-violating axion interactions. We have not yet taken
advantage of the CP-even four-dimensional operator y_, which can be coupled to the
axion since the resulting CP-odd five-dimensional operator ay_ respects the axion

shift symmetry. The corresponding term in the Lagrangian is:
1 d
Lor O —5gaABatr{(aAA)(aAB) } (5.5)

where the coefficient g, is determined by the U(1)pq U(1)g U(1)m anomaly. Note
that the latter anomaly is non-zero only in the case where the spectrum of dyons
violates CP. In this case, the intrinsic CP-violation of high energy QEMD is trans-
ferred to the low energy axion-photon EFT after integrating out heavy dyons. As

we show later in Chapter 6 sec. 6.3, the coefficient g,,5 is given by the following

IFor the detailed derivation, see Chapter 6 sec. 6.3.
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expression:

Deg
Jasw = 15— D= aqugy-d(Cy) . (5.6)
()

2 b
42,

where D is the mixed electric-magnetic CP-violating anomaly coefficient, which de-
pends on the spectrum of heavy PQ-charged dyons. The DSZ quantization condition
ensures go > e, so that the CP-violating axion-photon coupling g,,s is naturally
suppressed compared to the CP-conserving g,z5 coupling, but dominates over the
CP-conserving gaaa coupling: gase > [gaan| > gaaa-

Not only do the values of the anomaly coefficients E, M and D depend on the
details of the UV model, but also the value of the minimal magnetic charge gq
does. While we used gy = 27/e for pure QEMD in Chapter 4 sec. 4.4, the real
low energy theory describing nature involves also the SU(3). color gauge group,
and the quarks charged under this group have minimal electric charge |eg| = e/3.
Naively, this implies that the minimal magnetic charge is go = 27/|eg| = 67/e.
However, this is true only if the magnetic monopoles are Abelian, i.e. if they do
not carry color magnetic charge. As we discussed in Chapter 1 sec. 1.3, if the
monopoles are to the contrary non-Abelian, i.e. if they carry also color magnetic
charge?, the DSZ quantization condition generalizes to include such extra magnetic
charges [59, 122, 123] and allows for a minimal U(1)y magnetic charge similar to
the one of pure QEMD: gy = 27/e. In Chapter 6, we build an axion model with
heavy PQ-charged fermions v; carrying SU(3)y color magnetic charges and show
that it indeed solves the strong CP problem. In the explicit calculations, it will be

convenient to parameterize the minimal magnetic charge gg by an integer (:

2n( 3, Y; € U(l)EXU(l)MXSU(?))E
go= —, C = . (57)

€ 1, ¢ € U)pxU(1)mxSU3)u
As we derived the axion-photon couplings (5.1) and (5.5) from general symmetry
arguments, the field a entering our EFT need not be the QCD axion, but could as
well correspond to a generic ALP. In this case, Egs. (5.3), (5.4) and (5.6) need
not hold. Nevertheless, the scaling of the corresponding ALP-photon couplings with

electric and magnetic elementary charges e and go given in Egs. (5.3), (5.4) and (5.6)

2Note that contrary to the Abelian case, there are no non-Abelian dyons, i.e. particles which
carry both color electric and color magnetic charges [119-121].
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persists for any ALP, because with our normalisation of A, and B, four-potentials,
the former four-potential always enters the interaction Lagrangian with a factor of
e while the latter one always enters the interaction Lagrangian with a factor of go.
This means that for a generic ALP, one still expects the above-mentioned hierarchy

of couplings: gass > |gaas| > Gaan-

5.2 Witten-effect induced axion interaction

Let us return to the discussion of the CP-conserving O = a (j,, - A) operator of a
generic axion EFT. The coefficient in front of this operator is determined by the
discrete shift symmetry requirement. The corresponding term in the Lagrangian is

obtained by the substitution § — a/v, in Eq. (4.30):

4720,

2
@_(;e+ﬂjm).,4. (5.8)

Indeed, the results on the periodicity of # obtained in Chapter 4 sec. 4.4 show that
the axion field has the required discrete shift symmetry a — a + 27wv,n, n € Z.
Note also that, as we discussed in Chapter 4 sec. 4.4 for the analogous case of the
f-parameter, the latter symmetry would no longer be explicit if we were to redefine
the fields and move the axion dependence into the kinetic part of the Lagrangian.
The term (5.8) is not gauge invariant unless d,a = 0, which tells us that our
axion EFT has to be modified. A way to restore the gauge invariance is to introduce

a Stiickelberg field ¢ into the Lagrangian:

2

ca jm)- (A—89) . (5.9)

LD (Jjet+——
- (j+47r2va

As we discussed in Chapter 4 sec. 4.5, such an extra degree of freedom ¢ arises
naturally while considering the case of 't Hooft-Polyakov monopoles, where it plays
the role of the dyon collective coordinate. Let us then consider the case where the
interaction Lagrangian (5.9) corresponds to the low energy phase of a non-Abelian
gauge theory. Comparing Eq. (5.9) with the 6-term (4.36) of the low energy phase,
we see that the CP-violating #-parameter of a non-Abelian theory is simply sub-

stituted with the axion field # — a/v,, so that the a (j,, - A) operator corresponds
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to the aGG? operator at high energies. This means that the coupling (5.9) de-
scribes Witten-effect induced axion interactions. Indeed, as we discussed in Chap-
ter 3 sec. 3.2, one expects the Witten-effect kind of coupling between axions and
monopoles whenever one considers the spontaneously broken symmetry phase of a
high energy non-Abelian theory with aGG? term.

Contrary to the three anomalous axion couplings described in the previous sec-
tion, the coupling (5.9) does not respect the continuous shift symmetry a — a + C,
where C' is an arbitrary constant. This means that the latter coupling generates
a non-flat contribution to the potential for the axion field. Since the axion cou-
pling (5.9) arises in the low energy EFT of a non-Abelian theory with aGG? in-
teraction, such a contribution to the axion potential is not unexpected: in fact, it
has to correspond to the potential created by instantons of the high energy non-
Abelian theory. As it was discussed in the end of Chapter 4 sec. 4.5, explicit cal-
culations [50,115] support the latter correspondence. Note, however, that contrary
to the claim made in Ref. [115], additional contribution to the axion potential need
not arise in every theory of an axion coupled to an Abelian gauge field whenever
there are monopoles magnetically charged under the latter field. The axion mass
is generated not by magnetic monopoles, but always by instantons, even if these
instantons happen to live on the monopole worldvolume in the low energy EFT.
Indeed, consider the simplest example of a QEMD theory (4.4) which has no extra
degrees of freedom. In such a theory, there cannot exist a consistent Witten-effect
induced axion coupling, although there can exist the anomalous axion-photon cou-
plings discussed in the previous section. Thus, such a theory has both axions and
magnetic monopoles interacting with the Abelian gauge field, but no axion mass is
generated through these interactions, which contradicts the statement of Ref. [115].
In general, we see that the anomalous axion-photon couplings and the Witten-effect
induced axion coupling are independent. The Witten-effect induced coupling arises
only in theories which have instanton degrees of freedom, e.g. in the spontaneously

broken symmetry phase of a high energy non-Abelian gauge theory.
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5.3 Axion Maxwell equations

Having analyzed different axion-photon interactions in the previous two sections, we

are now ready to collect them all together in a generic axion-photon EFT Lagrangian:

L = L{[n-(aABﬂ-[n-(aAA)d] — (@A A)] @A B —

2n?
n-@AAP — n@ABP} - igaAAatr{(a/\A) (0n )"} -

igaBBatr{(a/\B) (aAB)d} _%gaABatr{(a/\A) (a/\B>d} B

- 62a
' o). (A — — jm-B 1
(]e+ 47T2Ua jm) ( a(b) Jm + £G7 (5 O)

or written in a more compact operator notation:

1
L = —Z<y++a1 + 1 — Jasa @ — gapp a b —2gaABay,> -

- e’a
A d) . o s .
(]e + 47T2’Ua jm) (A @¢) Jm B+ ‘CG ) (511>

where we denoted the part of the magnetic current j,, carrying an instanton degree of
freedom ¢ by j%. For instance, j¢ can correspond to a current of 't Hooft-Polyakov
monopoles. Let us remind the reader that Lg is the gauge-fixing Lagrangian given
by Eq. (4.5), j. is the part of the electric current which is quantized in units of ele-
mentary electric charge and y., oy, £, a_, b_, y_ are the QEMD operators defined
in sec. 4.3. Note that since we derived the Lagrangian (5.11) from general symmetry
arguments, the field a entering our EFT need not be the QCD axion, but could as
well correspond to a generic ALP.

Let us derive the classical equations of motion corresponding to the Lagrangian
(5.11). For this, we follow the standard procedure outlined in Chapter 4 sec. 4.2.

Varying over the two four-potentials, we obtain:

”n—'f (n-0A" — 9n-A — nf9-A — ', n"O°B%) —

2
Gorn 0va { (0N A" = gornd,a { (O A BY Y — 2 jou — Gu
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0 (n-0B* — 9"n-B — n0-B — e“l,ponl'apA") -

n2

m

(5.13)

Jans 8,,@{((3/\B)d}w — Garn aya{(ﬁ/\A)d}w = gk,

Then, transitioning to the description in terms of the field strength tensor F', we
find the following axion Maxwell equations:
% d pv N2 62a cpv Sv
auF - gaAA aua F + gaAB 8Ma F - M ]m = -]8 5 (5.14)
OuF M 4 Gupp 00 F* — Goap Opa FM = Y. (5.15)

Note that the terms proportional to (n-9)™" (n A jn)* and (n-0)"" (n A jo)" do
not contribute to the classical equations of motion, as it was discussed in Chapter 4
sec. 4.23. Egs. (5.14) and (5.15) are to be supplemented by the following equation

of motion for the axion field:
2 2 1 d pv 1 Qv
(0°=m)a = -1 (Garn + Gaps) Flu FH — 3 Gans Fu F™ (5.16)

where the right-hand side is obtained by varying the Lagrangian (5.11) with respect
to the axion field and transitioning to the description in terms of the field strength
tensor F. According to the discussion of the previous section, the axion mass m,
receives an additional contribution from the Witten-effect induced interaction in the
case j¢ # 0.

Let us now bring Eqs. (5.14), (5.15) and (5.16) into the form convenient for
their experimental study. First, we set j,, = j¢ = 0, since there are no magnetic
monopoles in the laboratory. Second, we expand the electromagnetic field in powers
of the anomalous axion-photon couplings guss, gass and gqas, keeping only the zeroth
and the first orders F' = Fy + F,. At zeroth order, Egs. (5.14), (5.15) and (5.16)
decouple and give the ordinary Maxwell equations as well as the homogeneous Klein-

Gordon equation for the axion field. At first order, Egs. (5.14), (5.15) and (5.16)

3That such terms cannot contribute to the classical equations of motion is also clear from
the fact that the interaction of axions with electromagnetic field cannot depend on the kind of
currents sourcing the latter field: for instance, in a given setting the axion field could be causally
disconnected from these currents. In fact, one can obtain the axion Maxwell equations (5.17),
(5.18) and (5.19) by using an even simpler two-potential framework of Ref. [39] which does not
involve currents at all.
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yield:

aMFci“/ — Jaaa 8ua Fgwj +gaAB a,uaFé“/ == 0, (517)

aMsz/W + Gaps Oua Féw — Gaas Oua Fodlw = 0, (5.18)
1 L, 1 .

(0 —m?)a = - (Gann + Gans) Fo 0 g™ — §gaABF0WF5L . (5.19)

so that F, is an axion-induced part of the electromagnetic field sourced by the

following effective electric and magnetic currents:

jg) eff — Jaan aua F(;im/ — GaaB aua Féw s (520)

et = —Gann Op B} + Gans Oua F§ 1, (5.21)

which depend on the external field F|, created in the laboratory. Egs. (5.20) and
(5.21) extend the results of the axion EFT of Ref. [91], which yields

3 o = Garn Opa Fg " and 4 g =0. (5.22)

As we discussed in sec. 5.1, in an axion model with a generic spectrum of heavy

PQ-charged dyons the couplings satisfy gaps >> |gaas| => Gaaa, so that the additional

terms we obtain dominate the conventional contribution to the effective currents.
Finally, in terms of electric and magnetic fields, Eqgs. (5.17), (5.18) and (5.19)

are given by the following expressions:

VxH, — E, = guas (BoxVa — aHp) + gaas (HoxVa+ aEy) ,  (5.23)

VXE, +H, = —gass (HyxVa + aEo) — gaas (BoxVa —aHy) , (5.24)

v'Ha = —0aBB EO 'VOJ + Jaas HO 'VCL ) (525)
V'Ea = Gaaa HO'va — Jaas EO'vaa (526)
(82 - mi) a = (gaAA + gaBB) Eq.-Hy + Gaan (E?) - H(2)) s (5.27)

where E, and H, are axion-induced electric and magnetic fields, while Eq and H, are
background electric and magnetic fields created in the detector. Note that to study
the propagation of light with Eqs. (5.23)—(5.27), it is convenient not to perform the
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expansion of the electromagnetic fields E, and H.,, in which case the equations are
the same, but with the substitutions E,, Eg — E, and H,, Hy — H,,.
This Chapter is written based on the publication [1] of the author of this thesis.
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Chapter 6

(General hadronic axion

6.1 KSVZ-like models are intrinsically biased

Normally, construction of the KSVZ-like axion models proceeds as follows. One in-
troduces a complex scalar field ®, which breaks the U(1)pq symmetry spontaneously
after relaxing to its non-zero vacuum expectation value v,/ V2. For consistency with
observations, v, must correspond to some high energy scale. Moreover, in order to
solve the strong CP problem, the U(1)pq symmetry has to be color anomalous. This
is achieved via introducing a new vector-like colored fermion ¢ = v, + 1R, so that
U(1)pq acts differently on the two chirality components of 1. These requirements
lead naturally to the following Lagrangian:
Vo

2\ 2
LD " Dup+y (Prig +he ) — A (|<1>|2— 2) , (6.1)

where y and Ag are some dimensionless constants and D,, is a covariant derivative
encoding the interaction of ¢ with the gauge fields of the Standard model. Note that
as a result of the spontaneous symmetry breaking 1 gets a mass m = yv,/v/2, which
is very large for reasonable values of y. What remains as a low energy degree of
freedom is a pseudo Nambu-Goldstone boson of the spontaneous symmetry breaking
a — the axion — which can be thought of as an angular mode of ®. The axion interacts
with the gauge fields of the Standard model through loops of . In particular, as
it was discussed in Chapter 2, at low energies where the relevant gauge bosons

are photons and gluons, these interactions are given by the axion field times the
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expressions for axial electromagnetic and color anomalies, respectively, with some

coefficients:
1 0 uv md agz a pv ~da
/v‘a > _4_1 ga'Y’Y aF FNV - 3271'—2fa G G,uy 5 (62)
where
Vg 0 E e
fa: N ga'yy:N'&ﬂ_—Qfau (63>

and the parameters ' and N are called electromagnetic and color anomaly co-
efficients, respectively. They depend on the representation of ¢ under the gauge
symmetries of the Standard model. Since the latter representation is unknown, F
and N can in principle vary considerably, which gives rise to an uncertainty in the
parameter g9 . [124]. This uncertainty translates into a band on the plot of possible

axion-photon couplings g, versus axion mass m,, see fig. 6.1, due to the following

relations':
2
e 4md + My, mrrfﬂ'\/ myMmyq
Jayy = ggw - 2 ’ y Mg = : (64>
1272 f,  my +my (my +maq) fa

Let us now elaborate why the construction presented in the previous paragraph
contains an implicit far-reaching assumption. While allowing the new heavy fermion
1 to be charged under any possible gauge symmetry at hand is indeed the most
generic option, it is not consistently implemented in the KSVZ-like models. The rea-
son is that these models consider only electric representations of the gauge groups.
Meanwhile, as it was shown back in 1931 by Dirac [21]|, gauge interactions in the
quantum theory need not be limited to the electric ones: gauge charges can be elec-
tric as well as magnetic. Although we do not see magnetic charges at low energies,
their existence is actually indirectly evidenced by the quantization of the electric
charge observed in nature. Indeed, as Dirac found, quantum theory requires that the
electric gauge charge e is related to the magnetic one g as follows: eq = 2mn ,n € Z,
so that the charges are quantized. Moreover, as it was advocated in ref. [23] and
mentioned in Chapter 1, there is a mounting evidence supporting the conjecture
that charge quantization is not only a necessary but also a sufficient condition for
the magnetic monopoles to exist. Quantum field theory coupled to gravity suggests

that any possible electric or magnetic charge should have a physical realization. The

Yy, mg, my are masses of u-quark, d-quark and pion, respectively; f, is pion decay constant.
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construction of KSVZ-like models is thus too restrictive, so that the gauge charges
assigned to the heavy fermion 1 are not generic and the resulting predictions for

axion couplings are biased.

6.2 Axion-photon coupling from the axial anomaly
of magnetic currents

Let us now relax the above-mentioned assumption on the representations of the
heavy fermion 1 under the gauge groups of the Standard model and consider a
truly generic setting. In this setting, ¢ is a dyon, i.e. a particle carrying both
electric and magnetic charges. We limit our investigation to axion phenomenology
at low energies, so that the relevant gauge interactions are electromagnetic and
color ones. For simplicity, in this section we do not consider the case where 1) has
a color magnetic charge, which is studied in detail later in this Chapter. Since this
means we do not modify the strong sector of the model, phenomenology of the strong
interactions of axions is fully analogous to the one in the KSVZ model: in particular,
the strong CP problem is solved and the relation between axion mass m, and decay
constant f, is standard. What is modified are axion-photon interactions. Let us
proceed to derive the latter interactions from the UV theory with the Lagrangian
given by eq. (6.1). As it was shown by Zwanziger [40], a local quantum field theory
with both electric and magnetic charges necessarily involves two vector-potentials,
A, and B,,, each having the standard coupling to the corresponding current, electric
or magnetic, respectively. The covariant derivative entering eq. (6.1) is thus D, =
0y — €0 e Ay — Go gm By, where ey = e/3 and gy are elementary electric and magnetic
charges, respectively. Due to the Dirac quantization condition, gy = 27/e.

Below the PQ symmetry breaking scale, one can expand
D = (v, + p) exp (ia/va)/ V2, (6.5)

where p is a heavy radial mode and a is a pseudo Nambu-Goldstone boson (axion).

The terms in the resulting Lagrangian which are relevant for the low energy phe-
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nomenology are:

L D ipy"Da + % {exp (:}—a> VLR + h.c.} . (6.6)

We perform then an axial rotation of the fermion 1) — exp (ia7ys/2v,) -1, after which
there arise an anomalous term Ly from the transformation of the measure of the

path integral and a derivative coupling of a to the axial current of :

ota -

Yl Y50 — L. (6.7)

L3 Db+ R =

The axial anomaly in a theory with dyons was found in ref. [111], from where one

infers the expression for the anomalous term:

a-d(C 3 )
ﬁF = _16752Uw) . {(egqg - g(% q?n) F“ F;jy — 47TqmquMVFN } . (68)

The dimension d(Cy) of the color representation of ¢ in the numerator on the right-
hand side comes from summing over the color indices. We corrected a mistake which
crawled into the coefficient of the last term on the right-hand side in the original
expression for the anomalous current in ref. [111]. This term is CP-violating and
arises only if there is CP-violation in the UV theory. As it was shown in Chapter 4,
a generic theory with dyons does violate CP, unless for any dyon with charges (g,
¢m) there is another dyon with charges (¢., —¢,,). Anyway, be there CP-violation
or not, it is easy to see that the second term on the right-hand side of eq. (6.8)
dominates over all other terms: if we assume q., ¢, ~ 1, its coefficient is by a factor
of 47w%/ej larger than the coefficient in front of the first term and by a factor of
7/e2 — than the coefficient in front of the third term. At the leading order, as long
as m = yv,/V/2 is very large, the derivative axion coupling from eq. (6.7) does not
contribute to the low energy Lagrangian of axion-photon interactions, for the same
reason as in the KSVZ-like models?. The leading effect in the interactions between
axion and photons is thus given by the following Lagrangian:

4, d(Cy) g3
472y,

(6.9)

1 v nd ~
'Ca’y = 4_1 Garyy aF" Fuw Gayy =

2The reason is the behaviour of the Ward identities for the correlation functions which involve
the axial current of ¥ in the limit m — oo.
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where we took into account that the contribution to the axion-photon coupling ga--
from the strong sector, see eq. (6.4), is now absolutely negligible. The axion-photon

coupling can be rewritten in terms of the magnetic anomaly coefficients M,:

M 2
Gon =5 sar M= %; M, = g 0, (¥) - d(Cy) | (6.10)

where ¢, (1)) € Z are magnetic charges of new heavy fermions .

The effective axion-photon Lagrangian (6.8) is however not fully satisfactory, as
it seems to lack the axion shift symmetry a — a + 27nv,, n € Z. The reason for
this is simple. As it was argued in Chapter 3, to obtain reliable EFT from the UV
model containing magnetic monopoles and dyons, one has to stick to the QEMD
formalism discussed in Chapter 4 until the very end of the calculation. In fact, the
fully consistent EFT derived from the Zwanziger theory has to contain two four-
potentials, not one as in Eq. (6.8). Let us proceed to the next section where we
derive the effective Lagrangian using the Zwanziger theory from start till finish and
show that the relevant anomaly coefficients are given by the expressions derived in

this section.

6.3 Calculation of the anomaly coefficients

Let us calculate the anomaly coefficients E, M and D, which enter the expres-
sions (5.3), (5.4) and (5.6) for the axion-photon couplings. We start with a high-
energy QEMD theory and integrate out heavy fermions v carrying P(Q charges. In
the PQ-symmetric phase, the Lagrangian includes the following terms for each of

the fermions :

L D ipy"Dp+y (Prr +he ), (6.11)

where y is a dimensionless Yukawa constant, D, = 0, — ey quA, — go gy B, is a
covariant derivative including both magnetic and electric four-potentials multiplied
by the corresponding electric and magnetic charges, and ® is the PQ complex scalar

field.
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As in the previous section, for energies below the PQ scale, we expand
® = (v, + p) exp (ia/vy) /V?2, (6.12)

perform an axial rotation of the fermion 1, and obtain

T o YUq - ota -
L D iwpy"Dyp + NG Y — S0, Yy 1Y — L. (6.13)

The fermion 1 gets its mass m = yv,/v/2, which we assume to be large compared
to the energy scales probed in experiments. In the large m limit, the derivative
axion coupling from eq. (6.13) does not contribute to the low energy Lagrangian of
axion-photon interactions due to the Sutherland-Veltman theorem [125,126]. The
axion-photon couplings are thus given by the anomalous terms Lr which can be
calculated using the Fujikawa method [127]|. In particular, following Fujikawa, we
apply the gauge invariant heat kernel regularization to the path integral measure

which yields:

Lo = =%t tr {rexp (P2/A%) 84— 1)} (6.14)
¢ Ty

We then notice that the commutators egs. (4.1) and (4.2) vanish if the four-potentials
are taken at the same space-time point. This means that these commutators do not

contribute to the expression for 7?, which becomes:
P? =D* — iy (eogy I"A” + gogy I"B) . (6.15)

It is then convenient to express the delta-function as a superposition of plane waves:
0 (x —y) = [ d*ke*@=v) / (27)*, each of which shifts the derivative operator D, —

D,, + tk,. Taking into account eq. (6.15), we obtain:

a d*k
= ——- 1l 4 —1 HAY UV 2
b= T ey tr {25 05 (=i (coas 94" + gog 0B) /A% +

(D +1ik)* /A?)} . (6.16)

Any terms in the integrand which are o(1/A*) vanish after performing the integration
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and sending A — oo. Taylor expanding the exponent, we are then left with a finite
number of terms, which after taking the trace, the integral and the limit simplify

nto:

ad(Cy)

8m2v,

Ly = iy (eoqw DAY + gogu 8“B”> (coqy A + gogy B?),  (6.17)

where d(C)) is the dimension of the color representation of ¢. Using the notations
of sec. 4, eq. (6.17) can be rewritten as follows:

ad(Cy)

Ly = ——2
¥ 16720,

(gzu{@nn@rat+ggufonn@np’+
2 Gy gy €ogo tr {(8 NA)(ON B)d}> . (6.18)
If there are multiple dyons 9, each of them gives a similar contribution to the result-

ing axion-photon Lagrangian. Thus, the expressions for the axion-photon couplings

Jaans Jabs, Jaap and the corresponding anomaly coefficients E, M, D are:

Fe?

Jarn = —WQO , E= qu (6.19)
Mgs 2

Jass = dr2y, M = Zgw ~d(Cy) (6.20)
D€090

Gar = An QUQ 3 - Zq¢g¢ (621)

Note that these expressions for the anomaly coefficients agree with the results of the

previous section.

6.4 Solution to the strong CP problem

Now that we derived the effective Lagrangian and explicit expressions for the axion-
photon couplings in the case of Abelian magnetic charges, it is time to consider the
case where the heavy magnetic monopoles carry also non-Abelian magnetic charges,
in particular if they are magnetically charged under the SU(3). of QCD. We remind
the reader that we had a general discussion of the non-Abelian magnetic monopoles

in Chapter 1 sec. 1.3.
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Suppose there exist a vector-like fermionic magnetic monopole ¢ = ¢ + ¥g
which transforms under an anomalous PQ symmetry U(1)pq [6,7] and a complex
scalar field & which breaks the PQ symmetry spontaneously at some high energy
scale v,. For a moment, assume that v transforms in a fundamental representation
of the QCD gauge group, i.e. it is a new quark. As far as we do not consider the
electromagnetic interaction, such model with a new quark is an exact analog of the
KSVZ axion model and thus it provides a solution to the strong CP problem in the
same way the KSVZ model does. The aim of this section is then to show that the
model with the non-Abelian color-magnetic monopole solves the strong CP problem

as well. The high-energy Lagrangian in this case includes the following terms:

2\2
LD w00 + vy Cup +y (PYrtr + hee) — Ao (|<1>|2 - %) : (6.22)

where C), is a connection on a GNO group SU(3) multiplied by the corresponding
magnetic coupling: C, = gnt, Cj;. In the broken phase, there exists a pseudo
Goldstone boson a (axion), which can be introduced via the polar decomposition of
the PQ scalar field ® = \/Li (va + o) - exp (—ia/v,) near the vacuum. Let us dispose
of the axion dependence in the Yukawa term by performing a chiral rotation of the
fermions 1) — exp (ia7ys/2v,) - ¥. Omitting the terms containing a heavy radial field

o, one then obtains:

YUa

V2

- - — ota -

LD Wy o) + Py O + —= 9P — o= ¥y + L, (6.23)
where L is a Fujikawa contribution coming from the transformation of the fermion
measure in the path integral, i.e. the density of the index of the Dirac operator

D, ="(0,—C,). By the Atiyah-Singer index theorem, the latter is equal to the

characteristic class of the GNO group bundle, so that:

a
= tr CH e
16720, g

pv?

Ly

(6.24)
where O, is the curvature of the GNO group connection and Cf, = €, C*/2,
0123 —

In order to see that such a model provides a solution to the strong CP problem,
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we invoke Abelian gauge fixing introduced by 't Hooft [128]. In the Abelian gauges
there arise singularities corresponding to effective color magnetic currents which
result in the violation of the non-Abelian Bianchi identities (VNABI) [129]. The

time reversal violating term of the QCD action can then be expanded as follows:

aeb 3272 st we 3272

8
{/d4x €prp 8“2

a,b,c=1

8
(Az G ~ = gulae AZA£A§> 2 [y (Dqu*‘”)a} 7
a=1

where GY,, (A}.) are components of the non-Abelian field strength tensor G, (four-
potential A,) of QCD, fu. are su(3) structure constants, 6 is QCD vacuum angle,
G2 = €3, G2

Let us consider the first term on the right-hand side of Eq. (6.25). Since all the
singularities characteristic of the Abelian 't Hooft gauges arise in the diagonal part
of the gluon field, i.e. in the components A3 and A%, the terms of the integrand
which contain solely off-diagonal fields can be safely integrated with the use of the

Stokes theorem:

8
v 1 v
/d4x €uvip 8“ Z (Aa Gép - § gsfabc AQAZ\A[C)) =

a,b,c=1

(6.25)

8
/ d'z € 0" Y Y (ALGY + 29, fare ALAVAD) + / dS" &, [Aoiding) ,  (6.26)

a=3.8 be=1 3
oo

where ¥t = OFAY — OYAR (o = 3,8) are Abelian field strength tensors. As it
is derived both from theoretical considerations [130] and lattice calculations [131],
in the Abelian gauges off-diagonal gluons obtain finite mass, which means that the
functional R, [Aoft.diag] Vanishes at the surface at infinity, Q.. For the same reason
the integrand in Eq. (6.26) proportional to O*(AY A} A?) is restricted to arbitrarily
small surfaces around the singularities after application of the Stokes theorem and
finally integrates to zero due to regularity of the off-diagonal fields.

Equation (6.25) can now be rewritten in the following way:

8
/ d'z Y GG = / d'z Y GGty
a=1

a=3,8
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2/ (Z A0, G — ZAW (D.G*™), ) (6.27)

Let us show that the VNABI, D, G*, is diagonal in color space, so that the second
row in Eq. (6.27) equals to zero. First, note that the only contribution to VNABI
comes from singularities, where topological defects associated with the monopoles
hamper commutation of partial derivatives, so that in the expression for a commu-

tator of covariant derivatives,
[D,,D)] = —iG,x + [0,,0,] , (6.28)

the second term on the right does not vanish. After taking advantage of Eq. (6.28)
and Jacobi identities for partial as well as covariant derivatives, the expression for

VNABI can be simplified [132]:

1 1
Dqu#V - 5 €uvpA [DH, Gp/\} - 5 €pvp [ap) a)\] Al = apgdpl/’ (629)

where in the last step only diagonal gluons survive. One can see that the diagonal
form of VNABI is ensured by its linearity in the A, field. We note that the sec-
ond term on the right-hand side of Eq. (6.25) is then nothing but a manifestation
of the Witten effect [104]: QCD monopoles are dyons with color electric charges
proportional to the vacuum angle 6.

Due to the identities Egs. (6.27) and (6.29) the CP violating term of the QCD

Lagrangian reduces in the Abelian gauges to

egs auVpdo
— 23 > gy (6.30)
a=3,8

which involves now only Abelian four-potentials. By the analogous transformation
of the Fujikawa contribution (6.24) to the axion Lagrangian (6.23), i.e. choosing
the same Abelian gauge in the GNO gauge group, one obtains the term for the

interaction of the axion with the Abelian dual four-potentials:

Lp = —Yn ZC""“’CW (6.31)

3272y, p
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where the axion field is assumed to be constant and homogeneous, since this is a
vacuum expectation value of it which is a key to the PQ mechanism. Now that we
have abelianized the relevant terms, we are in the realm of the Zwanziger theory,
so that the electric and magnetic four-potentials can be related due to the dual

symmetry?, C%, = 4%, which yields:

Qé 2
Laop D —2ude? T N ggriwgga (6.32)

Physically, this is just an instantiation of the fact that the U(1) electric and magnetic
fields enter the expressions (6.30) and (6.31) symmetrically, as products E - B. The
standard P(Q mechanism is now in order: redefinition of the pseudo Goldstone axion
field a — a—v,0 g2 /g2, absorbs the f-term into the axion-gluon term and subsequent
application of the Vafa-Witten theorem [133] ensures (@) = 0. The strong CP

problem is thus solved.

6.5 Calculation of the effective Lagrangian

Let us return to the original Lagrangian (6.22) and derive the corresponding low
energy physical phenomena. For that, we use a linear decomposition of the PQ
field, ® = (v, + o +ia)/V/2, where a is a pseudo Goldstone axion field.* Below the
PQ scale, the field ¢ decouples and we are left with the Lagrangian involving axion

and heavy monopoles:

L > "o + vy Cu + % Ui + % a5, (6.33)

where C), now also includes the electromagnetic four-potential and corresponds in
general to the connection on either of the two GNO gauge groups, Abelian or non-
Abelian, discussed in Chapter 1 sec. 1.3. The aim of this section is to integrate out

the heavy field v. The beauty of the pseudoscalar interaction is that in this case

3The existence of the Standard model quarks — given the absence of their magnetic partners —
obviously violates the electric-magnetic symmetry of this U(1)? Zwanziger-like theory. However,
these quarks are known to be massive. This means they have no relevance for the instanton vacuum
effects which are responsible for the generation of the f-term

4o and @ introduced here are different from the fields denoted by the same letters in Sec. 6.4,
but there should be no confusion, since different notations are restricted to different sections.
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the calculations can be done exactly, without the need of perturbative expansion in
the coupling constant. In order to get an effective Lagrangian at low energy we use
the proper time method [134] developed by Schwinger. The effective pseudoscalar

current 1s

Jo = i (CY(2)s0(2)| C) = —i y—\;]% 000 ds e V' val? ¢y [<x|'y5e_iﬁ8|:1r>] , (6.34)

with the proper time Hamiltonian

== (h= Q@) = — (hu— Cu@)* + 50" Culd),  (6.39)

where 0., = 5 [V, W), Cw = 0,0, — 0,C, + [Cy,C,] and ¢ = a,y*.

First, our goal is to evaluate the matrix element entering Eq. (6.34), which
modulo 5 denotes the probability amplitude of returning to the same point z*
in Minkowski space after proper time s. Note that since we are interested in the
phenomenology at energies much less than the PQ scale v, and the fluctuations of
heavy fields 1 are possible only at the spatial and temporal extent ~ v, !, external
gauge fields in the following calculation can be considered constant. Our calculation
of the pseudoscalar current then closely follows that performed by Schwinger [134],
although we are considering a generic non-Abelian GNO group connection instead
of the electromagnetic four-potential. We solve the Heisenberg equations of motion

in a constant field C,,,

di, [ .
Tt [H,ﬂu} — 20,7, (6.36)
@zi[ﬁﬂzzﬁ (6.37)
ds TR .

and find the generalized momentum 7, = p, — C), and position 2, as a function of

proper time s:

Tu(s) = 29 7(0), (6.38)

Fu(s) = 2,(0) + 2 (C") - e sinh sC, , - 7°(0) . (6.39)
Next, with the use of Egs. (6.38) and (6.39) we rewrite the Hamiltonian (6.35) in
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terms of position operators z,(s) and z,(0):
- 1
H> — 1 (sinh SO,{)\)il C,C"? (sinh 30’"’)71 X
A i Xoi ]' uv
[2x(s),2°(0)] + S 0C™,  (6.40)

leaving only the terms that do not vanish after taking the matrix element

((0)|Hla(s)) o< (x(0)|(s)). (6.41)

Note that the exponents coming from Eqs. (6.38), (6.39) contract into the identity
matrix due to antisymmetricity of the field strength tensor C),,,. The commutator in
Eq. (6.40) is easily calculated with the help of Eq. (6.39) and canonical commutation
relations. Since the Hamiltonian (6.40) is a generator of proper time translations,

one can write now a differential equation for the sought-after matrix element:

10 ((0)|(s)) = (x(0)|Hlz(s)) = (x(0)]a(s)) x

) 1
{% C,, coth sC*" + 3 UWCW} . (6.42)

The solution is:

pfcag 18
0 — A Pes B0 6.43
(O)e(e) = A= B0 (o0 (6.43)
where A = —i/(4m)? is an integration constant which is calculated by matching

with the elementary case of vanishing field strength ¢“ = 0. A skew-symmetric
four-by-four matrix has two pairs of opposite sign eigenvalues, which we denote as
+A;, £A5 in the particular case of Chg. The trace entering Eq. (6.34) can be now

rewritten in the following form:

t [t 10)] =~ ozt |

- t c . . X
1672 g sinh sA; sinh sA,

tr, {75 exp (—%aWCW) H ,  (6.44)

where we have explicitly separated traces over colour (tr.) and spinor (tr,) indices.
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Sums over the spinor indices can be performed using simple algebraic relations,
namely (0, C")? = 811 + 8ivslz, 72 = 1, trys = tro,, = tryso, = 0, where
I =C,CM/4 Iy = €, CPC/8:

tr, {75 exp (—EO'W,O‘LW> } = 4iImcosh s X =

2
X+ X X - X
4 sinh (s +T) sinh (s T) ,  (6.45)

where X = iv/2-\/I; + il,. Quite conveniently, by solving the characteristic equation
for the matrix C,5, which has the form A* 4+ 2I;A? — I7 = 0, one can infer that

XX X - X

Ay = = - A4
1 9 9 9 ) (6 6)

and the overall expression for the current simplifies into

W trc(Iz)/ ds e™sv™va/2 — E€pnp tTe (C"“’C’\p) ) (6.47)
0

1
J, = _
44/ 272 16v/2712yv,

Finally, we calculate the trace over color indices and expand in terms of the

electromagnetic and color gauge fields:

1

2
AR I CO RS
Jo=—n—
8\/§7r2yva %

(6.48)

2
SQSFV#VFLCI + % Gam/GZ’c/z’

where summation over a = 1...8 is implied. We also introduced notation for the
dual gluon fields (Gv)w " which are components of the connection on the color
GNO group, and the dual electromagnetic field strength tensor FV #.

For concreteness, in phenomenological applications, we limit ourselves to the two
minimal magnetic charge assignments: a pure Abelian magnetic monopole with a
charge 67 /e and a non-Abelian color-magnetic monopole with an Abelian magnetic
charge 27 /e, which correspond respectively to the cases m = 3 and m = 1 discussed
after Eq. (1.26) in Chapter 1 sec. 1.3. For the non-Abelian case, we will consider
only magnetic charges transforming in the fundamental representation of SU(3)
with the coupling constant 27/g,, bearing in mind that the higher representation

GNO monopoles are unstable due to the Brandt-Neri-Coleman analysis [135, 136].
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Thus, g1 = 27/e and g, = 67 /e are the two cases, corresponding to the stable non-
Abelian monopole and the minimal Abelian one, respectively. The effective axion

Lagrangian is then given by the following expression:

3 oV pvd Lo vyamr f ynda
y a @6 F 1% FHV + @gs (G ) (G )/.u/ s
Lg D —al, = ——X s (6.49)
V2 16720, 21 5 wvuwpva 1 2 qaw da
@ e“F ij + 595 G GP«V s

where we introduced the fine-structure constant o = e¢?/4r and its QCD analogue

_gs/47T

6.6 Axion couplings

6.6.1 Axion couplings to gauge bosons

Let us introduce the axion decay constant f, = 4a2v, (f, = v,), for the case of
the non-Abelian (Abelian) monopole. Assuming the dual symmetry of a Zwanziger-
like theory describing diagonal gluons and photons, we obtain the relation between
the magnetic and electric U(1) field strength tensors ¥V = @?* (a = 3,8) and
FV = 4. The effective Lagrangian Eq. (6.49) can then be rewritten in the following

form: )
1 ag
- F,ude o s Ga /,LI/GdCL £O
T (gav) pv 3212 f, v T Loff
Leg D 1 9 (650)
- FHVFd Clgs a v ~da
4 (ga’y) a 3271.2]0 G GIW ’
where
s/ mar)
Jary = (6.51)
27/ (4rafs) ,

is a coupling of axion to photons. For convenience, we separated some axion-gluon

interactions into L.g, which is given by the following expression:

2
_ a’gs aw/ da 2 : aplopdo 1% _
Lo N 3272 f, . ( G a= 38g gm/ ! (A_>A )> -

2
gs aﬂa y 1 .
a 1672 f, Cpvph X { Z (Ai OPA} + 3 s fijuA; A?Az) +

iajak EIOH
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SN G fanALAAL 4 (A AY) } . (6.52)
a=338 jkeTog

where Zog = [1;7]/{3}°. Note that each of the interactions presented in Eq. (6.52)
contains two or three off-diagonal (dual) gluon fields. Restricting our study in what
follows to the field of low energy QCD, we neglect contribution from these terms. The
reason are strong indications [130,131,137,138] of Abelian dominance in QCD below
the energies of 1 GeV, which means that the processes involving off-diagonal gluons
are suppressed in the IR. Moreover, as we will show in sec. 6.6.2, the term (6.52) is
exactly zero in the classical approximation. Let us note, however, that in the future
it would be very interesting to study if the quantum effects can generate non-zero
Lo, because, although such effects are expected to be small in IR, they would be a
very distinctive feature of the model we discuss.

The effective Lagrangian Eq. (6.50) without the term L. has the form of the
conventional axion effective Lagrangian. As we will show, however, the correspond-
ing axion particle has couplings with the Standard model particles which differ a lot
from the ones calculated in DFSZ and KSVZ models. In particular, the coupling to
photons g, is enhanced by many orders of magnitude compared to the conventional
models. Namely, after the standard chiral rotation of quarks

—1
an

i75 W) - q, Mq = dlag (mu, md) s (653)

q—>exp(

which eliminates the GG? term, is performed, one finds that the coupling to photons

18

0 a  [(4mg+my, 0
oy = — ~q. ., 6.54
Jor = 9oy ™ 31 < Mq + My > Jav (6:54)

so that it is practically not affected by the quark masses. In the conventional

notation used to parameterize the strength of the axion-photon coupling,

o «a E
- 2rf, N’

Gar (6.55)

5By this notation we mean all integers from 1 to 7 excluding 3.
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our model predicts
6oy /a?,

= (6.56)
27/(20%),

2=

so that the coupling gets increased by 5-6 orders of magnitude. Bearing in mind

that the standard expression for the axion mass,

o mﬂ'frr\/ mMyMyq (657)

Mg = 77—~ 7 >
(my +mg) fa

is derived from the conventional axion-gluon coupling and thus holds in our case au-
tomatically as long as L.g is small, we plot the axion-photon coupling as a function
of axion mass and decay constant in Fig. 6.1 together with the hints and existing as
well as projected constraints from various experiments and astrophysical observa-
tions.® For reference, we show axion-photon couplings in KSVZ models with heavy
fermions in one representation of the Standard model gauge group [124] and in DFSZ
model.

In Fig. 6.1, possible values for the axion-photon coupling in the model with
the non-Abelian monopole are organized in a vertically hatched band, while the
model with the minimal Abelian monopole yields a single line inside this band.
The band denotes the uncertainty we estimate for the model with the non-Abelian
monopole, which is associated to the dependence of the first line of Eq. (6.51) on
the strong coupling o, in the IR. The state of the art in studies of the behavior
of the latter was discussed in detail in a recent review [149], where it was shown
that there exists a definition of ay in the IR, which is analytic, independent of the
choice of renormalization scheme or gauge, universal, based on first principles and
IR finite (see Table 5.4 in Ref. [149]). This choice of definition for IR «; corresponds
to the so-called effective charges ag,, ap, and «,, which are directly related to the

observables of low energy QCD. The measurements show that the IR strong coupling

SHints and most constraints are discussed in detail in Ref. [139]. We present updated astro-
physical constraints from Ref. [140] together with the constraints derived from Chandra data on
NGC 1275 [141] (see however Ref. [142]), as well as constraints derived from the data on SN1987A
from the GRS instrument of the SMM satellite [143], constraints from NuSTAR data on super star
clusters [144], constraints from GBT data on neutron stars in the Galactic Center [145], and pro-
jected constraints from advanced LIGO [146]. Constraints from ADMX SLIC [147] search for dark
matter axions include three very narrow close exclusion regions which are impossible to resolve in
our plot. SHAFT constraint is discussed in Ref. [148].
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Figure 6.1: Comparison between the axion-photon couplings predicted in the con-
ventional DFSZ- and KSVZ-like models (orange band) and the ones predicted in
the general hadronic models (blue band). Axion-photon coupling is plotted as a
function of axion mass and decay constant together with the existing and projected
(dashed lines) constraints on the corresponding parameter space from experiments
as well as from astrophysical data. Note that the haloscope experiments search-
ing for light axions (m, < peV) are blind to the new axion-photon couplings of
the general hadronic models, as it will be discussed in Chapter 7 sec. 7.3. Astro-
physical hints are also shown. The dash-dotted line corresponds to the model with
the non-Abelian monopole where the IR strong coupling «, value calculated in the
AdS/QCD framework is adopted. The line in the center of the vertically hatched
band corresponds to the model with the minimal Abelian monopole. For further
discussion, see main text.

a, defined in such a way freezes at low energies. The freezing behavior of IR «y
is also supported by the success of the AdS/QCD technique in the description of
hadron properties [150]. Moreover, the value of the IR strong coupling calculated
in AdS/QCD, aags (0) = 7, is consistent with the values ay, (0) and ap,(0) “. All

this convinces us to assume that the AdS/QCD value of IR strong coupling is a

"Although the effective charge o (0) is different, it is known that it contains an unsubtracted
pion pole.
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relevant one, that is why we highlight the corresponding values of g, in Fig. 6.1
with a dash-dotted line. However, bearing in mind that low energy QCD is still
largely terra incognita, we allow for uncertainty in «g which results in a band in
Fig 6.1 where the lower edge a4(0) = 0.7 is chosen. Such choice is suggested by
the observation in Ref. [149] that most of the values of a4(0) in the literature are
clustered around a,(0) ~ 3 (close to the AdS/QCD value) and a4(0) ~ 0.7, not
taking into account the decoupling solution a,(0) = 0 disfavored for a number of
reasons [151,152]. Let us note as well that too large values of «ay are disfavored
by calculations in Ref. [153], where it was shown that the magnetic coupling (i.e.
the coupling inverse to «,) never gets too small in pure SU(2) gluodynamics, these
results being extended to the pure SU(3) case in Ref. [154].

Finally, let us mention that there is yet another source of uncertainty in our
predictions, both for the models with Abelian and non-Abelian monopoles, which is
associated with the U(1) magnetic charges of the monopoles. Whereas we consider
them to be minimal in each of the model, they are in principle not constrained by
the stability arguments. This means that g,, can be further increased in Fig. 6.1

for the general hadronic axion models discussed in this chapter.

6.6.2 Axion-gluon coupling in the classical approximation

In this section, we show that the axion-gluon coupling in the model with a heavy
non-Abelian monopole preserves its universality in the classical approximation, i.e.
it is given by the expression:

2
a.gs a/“’Gda

T Soref, oy (6.58)

so that Log = 0 in Eq. (6.50), at least classicaly. We use the formalism of loop
space variables pioneered by Polyakov [155] and developed with the focus on the
electric-magnetic dual symmetry of the YM theory by Hong-Mo, Faridani and
Tsun [63]. Central object of the formalism is the parallel phase transport along

the loop £(s), s € [0, 2] from one point s; to another so:

o) = Pros (10, [ ds A, (60 616)). (6.59)

S1
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where P, is the Dyson ordering. Loop derivative of the holonomy defines the

Polyakov variables:

FLlEls] = ifbgl (27, 0) - 0P (2,0)

0 Sen(s) (6.60)

which are known to constitute a valid set for a full description of the YM field [156,
157]. It was shown in Ref. [63] that another complete set of variables is better
suited for dealing with the electric-magnetic dual symmetry of the classical YM
theory, namely:

Ey [€]s] = @¢ (5,0) Fy [€]s] ¢ (5,0) (6.61)
which can be connected to the local quantities by the expression:

@) Gl ()0 (0) = e [ 865 PG E7(9)€2(5) 00— €05)) . (602

where w () is an arbitrary local SU(3) matrix and N is a normalization factor. The
dual (magnetic) variables E,Sd) were shown to be related to the electric ones F, in

the pure YM theory in the following way:

7 00)) B 0l 0 0(8)) = - e’ (6 [ s B [el]

£°(s)€72(s) 8(E(s) — (1)), (6.63)

while the inverse transformation is:

w(n(t)) By nft] w™ (n(t)) =

2

N Euupaﬁ”(t)/cSSdsE(d)”[éIS] £7(s)€7%(s) 6(&(s) — (1)) . (6.64)

Since in the derivation of the axion effective Lagrangian external fields can be con-
sidered constant and homogeneous, as discussed in sec. 6.5, we can apply Egs. (6.63)
and (6.64) in order to find the relation between the expression (6.58) and its dual

analogue, constructed from the GNO group connection, in the classical theory. The
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calculation proceeds as follows:

/d4x a(z) G (x) ng(if) =
2/d4x a(z) tr {w ' (2) G (z)w (z) w™ ' (2) qu (r) w(z)} =

3 [ drstdsay i (w7 w) Gl () w (2) B8]} €4(6) € 20) Bl ) =

N e [ Bt s alu) v (£ ) E¥ [¢]s) -

07 ()72 (1) €(5) €72(s) 8(n(t) — &(s)) =

& [ ot atn(o) s (B ini) 7 (a(6) L ) w (afe)) 17> (0) =
5 [ st atn(o) Lo o)) B e 0) B ol 12 (0) =

€ / Sndt €ds a(n(t)) tr {ED [olt] E ]3]}
7 ()72 (1) €7 (s) €2 (s) d(n(t) — £(s)) =
_/d4x a(z) (GV)"" (z) (GV)Z:(:C) : (6.65)

where we took advantage of Eqs. (6.62), (6.63) and (6.64), as well as of the cyclic
property of the trace. The last identity follows automatically as far as one notices
that the third and the sixth lines of the Eq. (6.65) are identical but for the overall
sign and electric-magnetic variables interchange. Now, one can clearly see that
classically we recover the universal axion-gluon coupling even in the model with the

non-Abelian magnetic monopole:

2 2
Seﬂ", classical /d4[E & (GV)‘““’ (GV)Z: = —/d4$ & GauuGiS‘

3272 f, 3212 f,
(6.66)
6.6.3 Axion couplings to fermions
Let us consider the following couplings of axions with matter:
Jai = aimi/fa ) (667)
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where m; is the mass of fermion ¢, which correspond to the following terms in the

effective Lagrangian:

9.a -
Leg D Ca,z'sza Yy ys1); - (6~68)

As electrons do not carry PQ charge in the general hadronic models we consider,

the axion-electron coupling g,. is generated radiatively [158,159]:

gae = g(l’y . 2—me ].n ) (669)

where gg,y is given by the expressions (6.51), for the models with the minimal Abelian
or non-Abelian monopole, and we took into account that the term associated to the
axion-pion mixing is negligibly small compared to the leading contribution®. We
find that the experiments and astrophysical observations probing axion-electron in-
teractions do not yield new constraints on the model. Indeed, the CAST bound [160]
on the axion-photon coupling, g4, < 0.66 - 1077 GeV ™!, constrains the phenomeno-
logically viable region for axion-electron coupling: g, < 1.2-107'®1n f,/m,.. This
constraint is stronger than any existing or projected bound from interaction with
electrons. As to the interactions of the axion with nucleons, it turns out that con-
tributions from radiatively generated axion-quark couplings are non-negligible and
actually enhance axion-nucleon couplings with respect to the conventional DFSZ
case in much of the parameter space. One can find that the coefficients Cy), and Cy,,

are

Cop = —0.47 — 0.39 6¢4 + 0.88 dcy, (6.70)
Can

= —0.02 + 0.886cq — 0.39 ¢, , (6.71)

where the numerical coefficients were calculated in [161] and the radiatively gener-

ated quark couplings read as follows:

S8a f
— 40 a
6Cu - gafyfa : ﬁln mN 9

(6.72)

8Note that in principle the axion-fermion couplings discussed in this section have to be calculated
within the full non-perturbative QEMD formalism of Chapter 5; however, as it was discussed in
Chapter 4 sec. 4.6, there exist no reliable methods for such an exact calculation, so we assume that
the result can be approximated by the one obtained in the QED framework.
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6¢a = Gorfa- 5i In Ja : (6.73)

4T mpy

where my is the nucleon mass. Constraints on axion-neutron interactions are more
stringent than constraints on interactions with protons. We plot g,,, as a function of
axion mass and decay constant in Fig. 6.2 together with the constraint from neutron
star cooling [162] and the projected reach of the CASPEr Wind experiment [163].
For reference, we show the neutron-axion coupling in DFSZ models, the range of
which is constrained by the requirement of perturbative unitarity of the Yukawa
couplings of the Standard model fermions [164|. Note that the slope of the DFSZ
band in Fig. 6.2 is different from the slope of the band corresponding to the axion
model of this paper. The difference arises because, in the DFSZ case, one obtains a
linear dependence of the coupling on the axion mass, g,, o m,, characteristic of the
tree-level couplings to quarks, while in the case of our model the linear dependence
is superseded by a nonlinear one, g,, x m, In (const/m,), due to the radiative origin
of the coupling.

In Fig. 6.2, we show also the CAST bound [160] which is translated to a constraint
on the axion-neutron coupling with the use of Eqgs. (6.71)-(6.73). Uncertainty in the
prediction of the axion-neutron coupling in the axion models of this Chapter comes
from the uncertainty in the prediction of the axion-photon coupling, the latter being

discussed at length in sec. 6.6.1.

6.7 Axion dark matter

Let us discuss if the axions we propose can comprise dark matter. In order to
avoid the cosmological magnetic monopole problem [165,166], i.e. overproduction
of monopoles during the hot Big Bang epoch, we will set their masses and there-
fore the axion decay constant f, to be larger than the reheating temperature. This
means that we have to deal only with the pre-inflationary scenario of axion dark
matter production, which hinges upon the misalignment mechanism [10-12|. Our
model with a heavy Abelian magnetic monopole charged electrically under SU(3)
will then give exactly the same dark matter abundance as in the case of the KSVZ

model. This follows from the fact that the axion-gluon couplings are identical in the
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Figure 6.2: Axion-neutron coupling as a function of axion mass and decay constant
for various axion models together with the existing and projected (dashed lines)
constraints on the corresponding parameter space from experiments as well as from
astrophysical data. The dash-dotted line corresponds to the model of this Chapter
with the non-Abelian monopole where the IR strong coupling «, value calculated
in the AdS/QCD framework is adopted. The line in the center of the vertically
hatched band corresponds to the model with the minimal Abelian monopole. For
further discussion, see main text.

latter two models. Meanwhile, calculation of the dark matter abundance is generally
not so simple in the case of our model with a non-Abelian magnetic monopole. Note
that while Abelian dominance suggests that the low temperature axion mass m,(f,)
in this case is given approximately by the familiar expression for the standard QCD
axion, at higher temperatures, 7" 2 1 GeV, the axion mass can differ significantly
from the standard case. The cosmic axion abundance resulting from the misalign-

mis

o8 is inversely proportional to the square root of the

ment production mechanism p

axion mass at the moment where oscillations of the axion field start:

pglis XX L ./T" (Trou) ; (674)

mg (Troll)
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where Tiop is the temperature at which m,(Tion) = 3H (T on), H being the Hubble
expansion rate, and F a fixed function of temperature. Due to Abelian dominance,
we expect that p™° does not change too much with respect to the conventional
QCD axion models if T,y < 1 GeV. The latter condition can be recast into the
form m,(GeV) < 3H(GeV), which yields f, > 10" GeV assuming the axion mass
at 1 GeV is not much off the values given in Ref. [67]. Combining it with the CAST
bound, we see that in much of the allowed parameter space axions produced via the
misalignment mechanism have approximately the same abundance as axions with
the same mass in KSVZ and DFSZ-like models. The case f, < 102 GeV is more
difficult: in order to infer the abundance of cosmic axions in the model with a non-
Abelian monopole in this case, one has to calculate the axion mass as a function of
temperature in the energy range where there is no Abelian dominance.

This Chapter is written based on the publications [2, 3] of the author of this

thesis.
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Chapter 7

New experimental targets for axions

and magnetic monopoles

7.1 General lessons

Let us discuss the phenomenology of the new electromagnetic couplings of axions
and ALPs found in the previous Chapters. In our discussion, we will always consider
first the general case of ALPs, i.e. Nambu-Goldstone bosons of an arbitrary spon-
taneously broken global U(1) symmetry, which by definition include QCD axions
as a special case, and only then make quantitative predictions in particular axion
models.

Due to the scaling of the new g,z and gq.5 couplings with the elementary electric
and magnetic charge units found in Chapter 5 sec. 5.1, in any model where g 5 # 0,
one expects the ratio g.sp/|gaas| to be proportional to a large number go/e > 1. This
means that the possible effects associated to the g,,5 coupling play the dominant
role only for those observables, which do not get any sizable contribution from the
Jass coupling. As we will discuss in the next sections, such observables do exist and
can be probed in various experiments by studying the interactions of ALPs with
polarized light, searching for electric dipole moments of charged particles and a fifth
force or by looking for light ALP dark matter in an external magnetic field with
haloscopes.

Still, for most of the processes involving ALP-photon interactions, the dominant

effect is associated to the g,z coupling. Symmetry of Eq. (5.27) with respect to the
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interchange of the g,.. and g,ps couplings suggests that in any process of creation
or disappearance of a certain number of ALPs, the effect of the g,sz5 coupling is
analogous to the effect of the conventional g, coupling'. This means that the rates
of such processes as ALP-photon conversion in external electromagnetic fields [167],
ALP decay, ALP emission through Primakoff effect [168] or photon coalescence, are
all given by the conventional expressions, but with the g,,, coupling substituted by
the g,ps One.

The same simple rule of replacing the g,,, coupling with the g,z coupling in
conventional expressions applies to the dispersion relation of light in an ALP back-
ground. Indeed, after we omit the subdominant |g,ap| < ¢gess coupling and put
E.,, Ey - E, and H,, Hy — H,, the axion Maxwell equations (5.23)-(5.26) be-
come invariant under the interchange of the couplings guaa and g,zs supplemented
by the electric-magnetic duality transformation E, — H,, H, — —E,. Since the
propagation of light is electric-magnetic duality invariant, the g,zs coupling enters
the dispersion relation in the same way as the conventional g,,, coupling. It can
also be explicitly checked that the form of the second-order differential equations
for E, and H,, does not change.

Let us consider the existing constraints on the ALP-photon g, coupling which
take advantage of the effects discussed in the previous two paragraphs. It is now
clear that the same constraints hold also for the new g¢,z5 coupling and the cor-
responding search strategies need not be updated. In particular, this is the case
of astrophysical and cosmological constraints [139], helioscope searches [169-171],
light-shining-through-wall (LSW) [172-178] and axion interferometry [146,179-182]
experiments as well as the ones of those haloscope searches, where the ALP Comp-
ton wavelength fits into the experimental apparatus and thus where the interaction
between an ALP and a magnetic field can be described as an ALP-photon conversion
in an external field. We present the corresponding constraints on the g,g5 coupling
in Fig. 7.1. Note that as |guas| < ¢ass, the same constraints obviously hold for
[ans| and /[gass| gass.

The qualitative distinction between the new g,z5 coupling and the conventional

Jary coupling arises whenever a given process cannot be described by Eq. (5.27)

!This statement need not hold for loop effects, as Eq. (5.27) is classical.
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Figure 7.1:  Existing and projected (dashed lines) constraints on the parameter
space of ALP-photon g,ss and g, couplings versus ALP mass and decay constant

together with the lines corresponding to g,sp (solid), |guas| (dashed) and \/|gaas| Gass

(dash-dotted) in different hadronic axion models with one heavy PQ-charged fermion
1 with the parameters given in a box and Npw = 1. Astrophysical hints are also
shown. For further discussion, see main text.

and involves observables which are not invariant under the electric-magnetic dual-
ity symmetry. In this case, the values of these observables derived from the axion
Maxwell equations (5.23)—(5.26) are not symmetric with respect to the interchange
Jaasn < Gaps Of the two couplings, so that there is a qualitative difference in the
effects of these couplings. We give a particular example where the latter difference
plays a crucial role in sec. 7.3. In particular, in the latter section, we discuss halo-
scope experiments searching for light ALP dark matter (m, < peV). We find that
in this case, the constraints obtained for the g, coupling need not hold for the g,z
coupling. This means that to probe the latter coupling, these experiments should
exploit a search strategy which is different from the one normally used.

To be more specific, when we make quantitative predictions in the next sec-
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tions, we will consider a particular kind of ALP: the axion particle arising in general
hadronic models discussed in the previous Chapter. In this case, we will take advan-
tage of Egs. (5.3), (5.4) and (5.6) for the axion-photon couplings. As we discussed
in Chapter 5 sec. 5.1, there are two families of axion models where the new electro-
magnetic couplings g,s and g.sp can arise: those with Abelian (¢ = 3) and those
with non-Abelian (( = 1) magnetic monopoles, cf. Eq. (5.7). In the former case,
the axion decay constant f, is obviously related to the QCD anomaly coefficient
N and PQ scale v, in the standard way: f, = v,/2N, while in the latter case,
as it was shown in Chapter 6, the relation is non-standard: f, = 2a?v,/N, where
as = g2/4m. Using these relations, we plot the lines corresponding to guss, |Jaas|
and \/m 2 in different hadronic axion models. For simplicity, we choose the
models having only one heavy vector-like PQ-charged fermion v, which transforms
trivially under the SU(2), gauge group of the weak interactions and in the funda-
mental representation under the color SU(3). gauge group (electric SU(3)g in the
Abelian monopole case or magnetic SU(3)y in the non-Abelian monopole case), and
has charges g, and gy, see Fig. 7.1 and the legend therein. In these models, the QCD
anomaly coefficient is N = 1/2, so that Npw = 1. In the non-Abelian monopole
case ( = 1, there is an uncertainty associated to our ignorance of the exact value of
as at low energies [149], see the discussion in Chapter 6 sec. 6.6.1. Note that the
axion models populate a region of the parameter space, which in the analogous plot
for the g,,» coupling would be extensively probed by existing and projected halo-
scope experiments searching for light ALP dark matter (m, < peV), see Fig. 6.1.
However, as we discussed briefly in the previous paragraph and will elaborate later
in sec. 7.3, the constraints from such haloscopes cannot be translated to Fig. 7.1.
Also, note that the conventional KSVZ and DFSZ axion lines are obviously missing
from the plot in Fig. 7.1, since this plot depicts the gups and |gaas| couplings, but

not the g,,, coupling.

2The /|gaas| guss line is relevant for LSW searches, see Eq. (7.2) and discussion in sec. 7.2.
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7.2 Purely laboratory-based experiments

A particularly clean way to measure the g,,p5 coupling is provided by LSW exper-
iments [183]. As one can see from Eq. (5.27), contrary to the CP-conserving cou-
plings, the CP-violating g.,s coupling allows interaction between ALPs and light
polarized in a plane perpendicular to the external magnetic field. As one can con-
trol the polarization of the incoming light in a LSW experiment, it is straightforward
to artificially turn off the CP-conserving ALP-photon interaction on the photon to
ALP conversion side before the wall. Using guss >> |Jaas| > Gaaa, we find the fol-

lowing LSW probabilities corresponding to different linear polarizations of incoming

light:
answHo)? 2L
Plyy—=a—~) ~ 16 (g Bl;ng 0) sin4(m1 HO) , (7.1)
answWH)? (gappswHy)? 2L
Plyi—a—7y) ~ 16 (gons O)m(E;q n Ho) sin4(—ma H°> , (7.2)

where 7 (v.) denotes the incoming light with frequency f = w/(27) and with
polarisation parallel (perpendicular) to the magnetic field Hy, which is supposed to
be transverse to the direction of the light beam and which is sustained in a cavity
of length Ly, both before and behind the wall. Clearly, from a detection of LSW
with some probability P(y; — @ — 7), one can determine the g,ss coupling in
a first measurement. In a second measurement, one can also search for LSW via
71 — a — 7. Then, for the case of axions, using Eqs. (5.4), (5.6) and (5.7), we see

that the coupling g,.s can be determined from the following ratio:

2 2 2 2

Pluoa=1) | Yan _ (23) —4 (2) 0? > 213 x 107 (£> .
Plyy=a—=7)  gws \ Mg (M (M 3
7.3

For example, the experiment ALPS II (Hy = 5.3T, Ly, = 105.6 m, w = 1.17eV)

has the capability to search for LSW using incoming light with both polarisations, v
and v, [184]. For both of them, ALPS II has the projected sensitivity Pieps &~ 1072
to the corresponding LSW probabilities. This would allow for the detection of a
light, m, < 107*eV, axion featuring a CP-conserving coupling (gaas + Yaps) =~

Jass 2 2 x 107" GeV™! via 9 — a — 7, as can be inferred from Eq. (7.1). If this

newly discovered axion features also a CP-violating coupling, then the latter has to
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be in the range

|Gass| = 20(|D|/CM ) gass = 3 x 1072 GeV (| D| /(M) . (7.4)

~

If |D| ~ M, to detect such a coupling via v, — a — 7 requires a sensitivity im-
provement by four order of magnitudes, to Py ~ 10733, as can be seen from
Egs. (7.1) (7.2), and (7.3). Intriguingly, such a sensitivity has been argued to be
achievable by the next generation LSW experiment JURA (also known as ALPS

III [185,186]). Indeed, see Fig. 7.1, where we showed the g.sp (1/|Jass| gass) param-
eter space probed by JURA according to Eq. (7.1) (Eq. (7.2)) together with the lines

corresponding to g.ss and \/m in the axion model with |D| =M = = 1.
Thus, our considerations show that an eventual detection of an ALP by ALPS II
would strongly motivate the construction of JURA. After all, an experimental veri-
fication of Eq. (7.3) would allow a deep view into the UV, provide strong evidence
for the existence of heavy dyons and even an insight into their spectrum via the
ratio |D|/CM.

Although LSW experiments can probe the g, 5 coupling, we saw that the effects
of the g.sp coupling are dominant and are expected to be discovered first. To the
contrary, there exist purely-laboratory experiments which are primarily sensitive to
the g,ap coupling. These are the experiments which probe CP-violating observ-
ables, since only the g, 5 coupling violates CP. One can probe the corresponding
CP-violating effects by searching for electric dipole moments of charged particles,
such as electrons, protons and muons [187]. Moreover, the CP-violating axion-
photon coupling can be probed in various experiments searching for fifth force or
monopole-dipole axion-induced interactions [188], since one expects the g,,p cou-
pling to radiatively induce CP-violating interactions between axions and charged
fermions f of the form graff. Naively, one could argue that there exist strong
constraints on the g,,5 coupling already, analogously to the constraints obtained in
Ref. [189]. Note however, that although all the couplings of the ALP EFT (5.10)
are small, the theory is still essentially non-perturbative, so predicting the exact val-
ues for the discussed CP-violating observables is not straightforward and requires

further investigation.
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7.3 Haloscope experiments

As we mentioned in sec. 7.1, the effect of the dominant g,z coupling on the ALP-
photon conversion in an external electromagnetic field is the same as the effect of
the conventional g,,, coupling. This means that in the case of the haloscopes that
search for cosmic ALPs with masses m, 2 (0.1 —1)pueV, such as ADMX [190],
CAPP [191], HAYSTAC [192|, KLASH [193], MADMAX [194], ORGAN [195] and
others, all the constraints obtained for the g,,, coupling are valid also for the g,z
coupling. Indeed, in this case, the Compton wavelength of an ALP A\, = 27/m,, is
comparable to the physical size of the utilized detectors, or even smaller, and thus
one can use a particle-like description of the process.

The same cannot be stated in the case where ALPs have large Compton wave-
lengths A, compared to the length scale L of the experiment. In particular, this is
the case of light cosmic ALPs with masses m, < pueV, which one aims to detect
with such haloscope experiments as ABRACADABRA [196,197|, ADMX SLIC [147],
DM Radio [198], SHAFT [199], and others. In these experiments, one maintains a
constant magnetic field Hy in a laboratory and searches for an ALP-induced oscil-
lating magnetic field H,. Note that due to the condition A, > L, interactions of
ALPs with the field Hy cannot be described as a conventional ALP-photon con-
version phenomenon. To determine the expected magnitude of the induced fields
in this case, one has to use the axion Maxwell equations (5.23)—(5.26). The latter
equations can be significantly simplified since most of the terms on the right-hand
side are normally suppressed. Indeed, considering the case of axions and assuming
E ~ M =~ |D|, the axion-photon couplings satisfy gaaa/gass = (¢/90)*> < 2 - 1074
and |gaas|/Gass =~ €/90 < 1072, Moreover, the cosmic axions that form dark matter
have typical velocities v, ~ 1073, so that the gradient of the oscillating axion field
is suppressed with respect to its time derivative: |Va| ~ 1073 a.

Leaving only the first three dominant terms, we obtain the following simplified

axion Maxwell equations:

VxH,-E,=0, (7.5)

VXE, +H, = —gass (HyxVa + aE) + gaancHy (7.6)
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V.H, =0, (7.7)

V-E, =0, (7.8)

where we included the dominant effect arising from an external electric field Ej.
Note that all the existing haloscopes use an external magnetic field Hy instead,
partly because the dominant effect for the usually considered g,,. coupling is due
to the term with an external magnetic, but not electric, field and partly because it
is technologically challenging to sustain a large enough electric field in a big enough
volume. It is clear from Eq. (7.6) that if the latter technological problem is solved,
so that Ey = 1072 (|D|/¢M) Hy in the CP-violating case or Ey = 1072 Hy in the
CP-conserving case, the g,55aEq term will allow one to search for dark matter axions
in an external electric field with the sensitivity which is not worse than the one of
the conventional searches conducted in an external magnetic field.

Returning to the case of the existing haloscopes where Ey = 0, Hy # 0, we
see that the axion Maxwell equations (7.5)—(7.8) have significantly different struc-
ture compared to the conventional axion Maxwell equations which take into account
solely the g,,, coupling. While in the latter case axions generate an effective elec-
tric current jSg = —gaan@Hp, in the former case an effective magnetic current is
generated:

jgf = gaBBHO xVa — gaABdHO . (79)

Note that in the case M ~ |D|, the term proportional to the CP-violating guas
coupling is dominant. To the contrary, if the underlying UV theory is CP-conserving,
then D = 0 and g,.s = 0, so that only the term proportional to the g,5s coupling
contributes.

Let us now find experimental implications of the magnetic current (7.9). Ap-
plying the curl differential operator to the Eqs. (7.5) and (7.6), and using the other

equations from the system (7.5)—(7.8), we obtain:

AE, — E, = Vxj7%, (7.10)

AH, — H, = 0j% /0t . (7.11)
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The leading terms contributing to the right-hand side are:

\Y ngfLE = JanB (V(Z V) Hy — gaapa V xHy, (7.12)

0ot/ Ot = gapsHoxVa — gaasiHy . (7.13)
The axion dark matter field is given by the following expression:
a(t,r) = agcos(wat — kyr) | (7.14)

where w, = m, and k, = m,v,. The leading CP-conserving effect then depends on
the direction of the axion wind and thus experiences modulations with the periods
of one sidereal day T; and one sidereal year T, due to the rotation of the Earth
around its axis and around the Sun, respectively. To find the axion-induced E, and
H, fields, Egs. (7.10) and (7.11) have to be solved for a particular geometry of a
given haloscope experiment.

Let us illustrate the general features of the solution by considering the example
of a very long solenoid of radius R with magnetic field Hy directed along the z-axis.

In this case, Egs. (7.10) and (7.11) become:

AE, - E, = — (Gass Opa €, + gaasaes) Hyd(p — R) | (7.15)

AH, — H, = gussHo X Vi — gaaniHy, (7.16)

where we work in cylindrical coordinates (p, ¢, z) with unit vectors (e,, ey, €). Let

us parameterize the direction of the axion wind
¥, = (sinf cos(¢ — &), —sinbsin(¢p — &), cosh) (7.17)

in cylindrical coordinates by two angles 6 and &. Assuming Ty > 27/w,, which
corresponds to mg > 5 - 10720 ¢V, we neglect the terms proportional to ¢ and 6 in
the Egs. (7.15) and (7.16). It is then straightforward to obtain the solutions of these
equations in terms of Bessel functions. All we need however are these solutions in
the limit w, R < 1, as we are interested in axions with large Compton wavelengths.

In the latter limit, solutions to Eqs. (7.15), (7.16) with physical boundary conditions
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are:

% agwap Hy (gaAB €p — Jans Ua SIN O cos(¢p — &) ez> sinw,t, p<R

Ea = )
%ao wa%Hg <gaAB €p — Janp Vg SIN O cos(¢p — &) ez> sinw,t, p>R
.
% ag (waR)2 H, (gaAB €. + Gupg VU, Sin 0 {cos(qb — &) eyt
sin(¢p — &) ep}> (lnwaR + %) coswyt, p< R
H, =

% Qo (waR)z Hy (gaAB €; + Yans Va sin ¢ {COS<¢ - 5) qu—f-

sin(¢p — &) ep}> Inwyp cosw,t, p> R

It is immediately clear that E, > H,, which means that in an experiment with
the geometry of our example one has to search for axion-induced electric, but not
magnetic, fields. Moreover, it turns out that this feature persists for any other
possible geometry as well. Indeed, our Egs. (7.10) and (7.11) can be rendered
equivalent to the equations studied in Ref. [200] by substituting E, — H,, H, —
—E, and ji — j%- In the latter work, it was found that for any haloscope geometry
with characteristic length scale L, equation involving the time derivative of the
effective current yields solutions which are suppressed by powers of w,L < 1 with
respect to the solutions of the equation involving the curl of this current. In our case,
this means that in any haloscope probing m, < peV, the axion-induced magnetic
field H, is suppressed with respect to the axion-induced electric field E,.

Note however that all the existing as well as many projected haloscopes search-
ing for such light axions — such as ABRACADABRA, ADMX SLIC, DM Radio,
SHAFT, ... — aim to measure only the axion-induced magnetic, but not electric,
fields. Thus, the constraints on the conventional g,,, coupling obtained by these
experiments do not hold for the dominant axion-photon couplings gsas and gugs.
The latter couplings can be probed by future haloscopes equipped with electric field
sensors. One haloscope of such kind has already been proposed, see Refs. [201,202].
We hope that our work will encourage more experimental effort in this direction,

as we provided a sound theoretical motivation for such an endeavor. Since the
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electromagnetic fields generated in a haloscope by the g,s5s and g,.s couplings are
qualitatively different from the fields generated by the conventional g,,, coupling,
for which H, > FE, [200], the first detection of cosmic axions with electric, but
not magnetic, sensor haloscope would not only constitute the discovery of axions
and dark matter, but also provide a circumstantial experimental evidence for the
existence of heavy magnetically charged particles. Furthermore, as one can see from
Eq. (7.18), the direction of the detected electric field could allow one to infer the
ratio gaap/gass = 20(D/CM) and thus get information about the spectrum of dyons
in the UV.

Finally, to compare different extensions of electrodynamics which could be probed
by haloscope experiments, it is convenient to reexpress the axion Maxwell equations
in terms of the axion-induced polarization and magnetization vectors [200, 203],

which are defined as follows:

VxH, - E, = agfﬂ” + VxM%, (7.20)
Van+Ha:—%+VxMZ§, (7.21)
V-H,=-V-P7%, (7.22)
V-E,=-V-P%. (7.23)

Note that along with the ordinary effective electric polarization and magnetization
vectors P¢; and M¢g;, we introduced effective magnetic polarization and magnetiza-
tion vectors P and M, which describe electromagnetic properties of an effective
medium consisting of magnetically charged particles. The explicit expressions for
the effective polarization and magnetization vectors corresponding to a generic axion

in an external electromagnetic field are:

off = —Yaan aHo + gaan aEo , (7.24)
M = gass aHo + gaas aEo, (7.25)
off = —Yaaa aEo — gaas aHy, (7.26)
offt = Jans AEq — gaap aHy . (7.27)

The fact that it is possible to bring the axion Maxwell equations (5.23)—(5.26) into
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the form (7.20)—(7.23) suggests that the effects of axions in external electromagnetic
fields are analogous to the effects of a certain medium consisting of both electri-
cally and magnetically charged particles. From what has been discussed before, it is
clear that for a generic axion, effects of the magnetic polarization (magnetization)
vectors P (M7) in an external magnetic field dominate the effects of the electric
polarization (magnetization) vectors P& (MS;). Such asymmetry between the ef-
fects exhibited by electric and magnetic constituents of the effective medium is to
be contrasted with the case of gravitational wave electrodynamics [204], where there
exists an electric-magnetic U(1) duality symmetry rendering electric and magnetic
variables equivalent. This difference in the symmetry properties of the two theories
can be easily understood from the fact that the axion-photon interactions are fun-
damentally mediated by heavy charged particles which break the duality symmetry,
while in General Relativity, the interaction between gravity and electromagnetic field
is direct and independent of any charges. For an experimentalist, this distinction
signifies a substantial difference in the distribution of the induced electromagnetic
fields inside the haloscope. Indeed, as it was discussed before, for a generic light
axion (m, < peV, gaps > |Jaas| > gaaa) in an external magnetic field one expects
0t > joy and thus E, > H,, while for a gravitational wave in an external magnetic
field, due to the electric-magnetic duality symmetry, one obtains ji ~ j&s and thus
E, ~ H,.
This Chapter is written based on the publication [1] of the author of this thesis.
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Conclusions

As it was asserted by J. Polchinski [23], “the existence of magnetic monopoles seems
like one of the safest bets that one can make about physics not yet seen”. Indeed, in
Chapter 1, we reviewed a number of theoretical arguments which together provide
an overwhelming theoretical evidence for magnetic monopoles, like there probably
exists for no other kind of hypothetical particles. There are nevertheless multiple
practical challenges behind the experimental study of monopoles. While some of
the discussed arguments for the existence of monopoles do not restrict their masses,
another part of these arguments suggests that monopoles are super heavy, with
masses well beyond the energy reach of the present-day collider experiments. Thus,
although monopoles almost certainly exist from the theoretical point of view, it
might be difficult to directly probe them with existing and near-future experiments.

In this thesis, we developed a framework which allows one to study the indirect
effects magnetic monopoles could exhibit on the interactions of other particles. In
particular, in Chapter 4 we applied the EFT approach to QEMD by classifying all the
possible marginal operators consistent with the symmetries and degrees of freedom
of the theory. We found the CP-violating operator responsible for the Witten effect
and showed that it does not have a total-derivative structure, contrary to the case
of the conventional QED approach. Moreover, we incorporated the Rubakov-Callan
effect for the 't Hooft-Polyakov monopoles into the QEMD framework by means of
introducing a Stiickelberg scalar into the Lagrangian and showing that the latter
scalar corresponds to the instanton degree of freedom known as the dyon collective
coordinate.

We then showed that our research in QEMD allows one to introduce novel elec-
tromagnetic couplings for axions and ALPs in the EFT approach. As we discussed

in Chapter 2, axions and ALPs form a class of very well-motivated candidates for
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physics beyond the Standard model, since different particles of this class are indis-
pensable ingredients to various new physics models and theories which solve the
long-standing physics puzzles, such as the quantization of gravity (string theory),
the strong CP problem (models implementing the PQ mechanism), the smallness
of neutrino masses (models with spontaneously broken global lepton number sym-
metry) etc. Furthermore, axions and ALPs are perfect candidates for cold dark
matter. All this suggests that the experimental searches for these particles are of
paramount importance. As the main search strategies exploit the electromagnetic
interactions of axions and ALPs, we decided to analyze all such interactions, and
in Chapter 5, we found that instead of the only one kind of coupling considered in
the literature, there are actually four different types of axion-photon couplings. The
three new couplings are associated to the effects of magnetic monopoles and dyons
— two of the couplings are generated by virtual monopoles and dyons, while the
remaining one is the Witten-effect induced coupling which describes the interaction
vertex including an axion, a photon and a 't Hooft-Polyakov monopole. Although
the Witten-effect induced coupling has been described in the literature before, it has
never been distinguished from the conventional axion-photon coupling. We clarified
the physics of the Witten-effect induced coupling showing that it is not generic to
all possible models containing monopoles, but only to the models which contain an
instanton degree of freedom localized in the monopole worldvolume, such as the
models with 't Hooft-Polyakov monopoles. We also found the scaling of the dif-
ferent axion-photon couplings with the elementary electric and magnetic charges,
and showed that the two new electromagnetic couplings of axions associated to the
virtual monopoles and dyons dominate the conventional axion-photon coupling.
Based on our theoretical analysis of the axion extension to QEMD, in Chap-
ter 7 we proposed experiments which could probe magnetic monopoles indirectly,
in particular through the influence virtual monopoles would exhibit on the inter-
actions of axions and ALPs with an electromagnetic field. We found that the new
electromagnetic couplings of axions give rise to unique experimental signatures in
LSW experiments and in some kinds of axion searches, such as haloscopes search-
ing for low-mass axions (m, < peV). In the latter case, we showed that the best

sensitivity to the new electromagnetic couplings of axions could be achieved by mea-
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suring an induced oscillating electric field, instead of an induced oscillating magnetic
field, contrary to the setup of existing experiments. The case of low mass axions
is particularly interesting, since, as it can be seen from Fig. 7.1, the simplest axion
models predict rather large g,ps and g, couplings, which can be probed by many
projected experiments. Thus, we encourage the development of electric sensor halo-
scopes which would search for axion dark matter in the corresponding parameter
region.

In the case of the LSW experiments and the ALPS II experiment in particular, we
found that due to the new electromagnetic couplings of axions, ALPS II is sensitive
to the QCD axion. Moreover, it probes the very interesting region in the parameter
space of the g,z coupling between the QCD axion and photons where there have
been claimed several astrophysical hints, see Fig. 7.1. The axions with the g.pp
couplings in the latter parameter region could also form the cold dark matter, which
hypothesis can be probed by future haloscope experiments with electric field sensors.
Moreover, in the case of the detection of the axion signal in ALPS II due to the g,pg
coupling, we found that the projected LSW experiments of the next generation, such
as JURA, would be sensitive to the corresponding CP-violating g,.s axion-photon
coupling in the channel where the incoming light is polarized perpendicular to the
magnetic field. The ratio of the two couplings would give information about the
spectrum of heavy dyons.

Apart from unveiling these intriguing experimental applications, our work re-
considered several questions in axion theory. First, in Chapter 3 we showed that
contrary to the existing statements, the main contribution to the axion-photon cou-
pling need not be quantized in units proportional to e?. Second, contrary to what
has been advocated recently in the literature, we found that magnetic monopoles
of an Abelian gauge field need not give mass to axions coupled to this gauge field.
We showed that the axions do get mass in theories with magnetic monopoles only
if these monopoles carry an additional instanton degree of freedom interacting with
the axion a, e.g. in the case of the spontaneously broken symmetry phase of a non-
Abelian gauge theory with aGG? term in the Lagrangian, where G (G?) is the (dual)
field strength tensor of the non-Abelian gauge field. This axion mass is generated via

the conventional mechanism through instantons of the non-Abelian theory, which
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however live on the ’t Hooft-Polyakov monopoles in the low energy phase. Finally,
we found that the interaction between axions and an electromagnetic field need not
preserve CP. In particular, as long as one has heavy dyons in the high energy theory,
there exists a natural source of CP-violation which can be transferred to low energy
physics through axion-photon interactions. We discussed experiments which can
probe this new CP-violating axion coupling.

In Chapter 6, we built novel models of axion which provide UV-completions
to the axion-photon EFTs discussed in this thesis. In particular, we introduced
two new families of hadronic axion models which involve a very heavy vector-like
fermion magnetically charged either under the full non-Abelian symmetry of the
low energy Standard model or only under its electromagnetic subgroup. In the
case of the models with non-Abelian magnetic monopoles, we assumed that these
monopoles transform in the representations of the Langlands dual (GNO) group of
the SU(3). QCD gauge group, in accord with the GNO conjecture. We showed
that both models with the Abelian and non-Abelian magnetic monopoles realize
the PQ mechanism and thus solve the strong CP problem. We calculated the low
energy axion couplings in these models. We argued that in the models involving
non-Abelian magnetic monopoles there could arise a deviation from the property
of universality of the axion-gluon coupling, however we showed that the latter cou-
pling recovers its universal form in the classical approximation. If the quantum
corrections are not negligible, difference in the electric dipole moment coupling with
respect to the conventional QCD axion models can offer an exciting opportunity
of distinguishing the model involving non-Abelian magnetic monopoles from other
QCD axion models in the experiments such as CASPEr Electric [163].

These Conclusions are partly written based on the publications [1,2] of the author

of this thesis.
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