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Zusammenfassung

Die Natur der Dunklen Materie (DM) ist eine der gro en unbeantworteten Fragen der
heutigen Physik. Eine Vielzahl an Modellen wurde vorgeschlagen, um die Beobachtungen,
die auf DM hinweisen zu erklaren. Die Phanomenologie dieser Modelle zu verstehen und
Grenzen fur selbige abzuleiten oder sie ganz auszuschlie en, ist ein standig voranschreitendes
Unterfangen der aktuellen Forschung. In dieser Arbeit konzentrieren wir uns auf eine
bestimmte Klasse von Modellen, die selbstwechselwirkende dunkle Materie (SIDM). Diese
Klasse ist vielversprechend, um Diskrepanzen zwischen Beobachtungen und Vorhersagen
auf der Gro enskala von Galaxien erklaren zu konnen oder zumindest abzuschwachen.
Insbesondere untersuchen wir Teilchenmodelle, die kleine Streuwinkel bevorzugen (hau ge
Selbstwechselwirkungen).

In der Vergangenheit hat sich gezeigt, dass es schwierig ist, solche sehr anisotropen
di erentiellen Wirkungsquerschnitte in N -Korpersimulationen zu modellieren. Bisher gab
es hierfur kein Verfahren, auch wenn Simulationen von Modellen mit einem typischer-
weise gro en Streuwinkel (seltene Selbstwechselwirkungen) seit mehr als zwei Jahrzehnten
durchgefuhrt werden. Wir haben dieses Problem gelost und das erste numerische Schema
eingefuhrt, das es erlaubt, hau ge Streuung fur Probleme wie die Verschmelzungen von
Galaxienhaufen oder auch kosmische Strukturbildung zu simulieren.

Anhand einer Reihe von Problemen untersuchen wir die Unterschiede zwischen selten
selbstwechselwirkender dunkler Materie (rSIDM) und hau g selbstwechselwirkender dunkler
Materie (fSIDM). Bei der Verschmelzung von Galaxien und Galaxienhaufen stellen wir
fest, dass fSIDM in der Lage ist, einen gro eren Versatz zwischen der DM und einer
kollisionsfreien Komponente (Sterne, Galaxien) zu erklaren. Bei Verschmelzungen mit
ungleichem Massenverhaltnis wird die Winkelabhangigkeit der Streuung fur die resultierende
Materieverteilung noch wichtiger als bei Verschmelzungen mit gleichem Massenverhaltnis.

Au erdem untersuchen wir die Phanomenologie der Selbstwechselwirkungen im kos-
mologischen Kontext. Hierbei stellt sich heraus, dass sich rSIDM und fSIDM in vielen
Aspekten ahnlich verhalten, zum Beispiel bei den Dichte- und Formpro len der DM-Halos.
Die Hau gkeit der Satellitenhalos zeigt jedoch, dass hau ge Selbstwechselwirkung die
Satelliten starker unterdruckt als seltene Selbstwechselwirkungen. In Kombination mit
anderen Gro en wie der Ausdehnung des DM-Kerns oder der Form der Materieverteilung
konnte es schlie lich moglich sein, zwischen einem isotropen und einem sehr anisotropen
Wechselwirkungsquerschnitt zu unterscheiden.






Abstract

The nature of dark matter (DM) is one of the big unanswered questions of physics today. A
plethora of models has been proposed to explain DM. Understanding their phenomenology
and putting constraints on them is an ongoing task. In this thesis, we focus on one
particular class of models, self-interacting dark matter (SIDM). This class is promising to
solve or at least mitigate the small-scale crisis of the cosmological standard model. We pay
particular attention to models favouring small scattering angles (frequent self-interactions).

In the past, it turned out to be di cult, to model very anisotropic di erential cross-
sections having high scattering rates within N-body simulations, although simulations of
large-angle scattering (rare self-interactions) are common. We have solved this problem
and introduced the rst numerical scheme that allows simulating frequent scattering for
problems such as mergers or cosmic structure formation.

Through several problems, we study di erences between rarely self-interacting dark
matter (rSIDM) and frequently self-interacting dark matter (fSIDM). For mergers of
galaxies and galaxy clusters, we nd fSIDM to be capable of explaining larger o sets
between DM and a collisionless component (stars, galaxies). For unequal-mass mergers,
the angular dependence of the scattering is even more relevant for the resulting matter
distribution than in equal-mass mergers.

Furthermore, we study the phenomenology of self-interactions in the cosmological context.
We nd that rSIDM and fSIDM behave similar in many aspects, for example, the density
and shape pro les of DM haloes. In contrast, the abundance of satellites reveals that
frequent scattering suppresses satellites more e ciently than rare self-interactions do. In
combination with constraints from other measures such as the DM core size or the shape,
it could eventually be possible to distinguish between an isotropic and a very anisotropic
cross-section.






Acknowledgements

The emergence of this thesis has di erent roots and may seem rather coincidental with me
as a doctoral candidate, but it was a number of people who made it possible this way and
have thus enabled a small scienti c step forward, at least | hope so. | am grateful to all
those who have contributed to my path, even if without the least intention to do so.

| would especially like to thank my supervisor Marcus Bruggen, on whom | could always
rely and who supported me as much as possible. My thanks go to my co-supervisor
Kai Schmidt-Hoberg for our discussions and his contributions. Unfortunately, our o ine
meetings stopped with the onset of the COVID-19 pandemic. Moreover, | want to thank
all my further collaborators for their contributions to our publications. They are Felix
Kahlhofer, Antonio Raganin, Andrew Robertson and Klaus Dolag, who allows me to
continue my scienti ¢ career beyond the PhD. My thanks also go to Janis Kummer for
helpful comments and discussions. He did his PhD on SIDM in Hamburg and studied fSIDM
too (Kummer, 2019) and | sort of continued his work with this thesis. Moreover, | would
like to thank all the people at the Hamburg Observatory who have turned this beautiful
place into a wonderful research environment and made my time there very enjoyable. |
am also grateful to have had the opportunity to supervise two talented students, Lenard
Kasselmann and Nils Durke, who also worked on simulations of SIDM.

But it took a lot more than this to get me here. All the support I received before and
during my physics studies can hardly be mentioned here. My thanks also go to the people
who were involved in the Heidelberg Life-Science Lab and accompanied me on my way
at that stage. For the time in Heidelberg and the path towards my doctoral studies, |
would like to explicitly thank Hubert Klahr, Ahmad A. Hujeirat and especially Eva K.
Grebel. Even if I can not prove it, there is one book whose importance can hardly be
underestimated, if | learned to think for myself it was through the Critique of Pure Reason
(Kant, 1787).

My special thanks go to my family and, in particular, my mother. They have always
supported me and without them | would certainly not be where | am today. Finally, my
thanks go to Alaa and her support as well as those | may have missed mentioning explicitly
but made me have a great time during my PhD.

This thesis was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy { EXC 2121 \Quantum Universe" {
390833306.






This thesis is based on the following publications:

e M. S. Fischer, M. Bruggen, K. Schmidt-Hoberg, K. Dolag, F. Kahlhoefer, A. Ragagnin,
and A. Robertson, N-body simulations of dark matter with frequent self-interactions,
2021a, MNRAS, 505, 851

e M. S. Fischer, M. Bruggen, K. Schmidt-Hoberg, K. Dolag, A. Ragagnin, and A.
Robertson, Unequal-mass mergers of dark matter haloes with rare and frequent
self-interactions, 2021b, MNRAS, 510, 4080

e M. S. Fischer, M. Bruggen, K. Schmidt-Hoberg, K. Dolag, F. Kahlhoefer, A. Ragagnin,
and A. Robertson, Cosmological simulations with rare and frequent dark matter
self-interactions, 2022, arXiv: 2205.02243


https://doi.org/10.1093/mnras/stab1198
https://doi.org/10.1093/mnras/stab3544
https://arxiv.org/abs/2205.02243




Contents

Contents

List of Abbreviations
1 Motivation

2 Introduction

2.1 The cosmological standard model and its small-scale crisis . . . . ... ...
2.2 Dark matter research . . ... ... ... ... . . ... ... . .
2.2.1 Search fordark matter . . ......... ... ... . .........
2.2.2 Darkmattermodels. . . .. ... ... ... ... .. . . ... .. ...
2.3 Self-interacting dark matter . . ... ... ... .. .. ... . . ... ... ..
2.3.1 Particle physicsmodels . . . ... ... ..... ... .. ... ...,
2.3.2 Propertiesof SIDMmodels . ... ....................
2.3.3 Modelling SIDM . . . . . ... ... . e
2.3.4 Observational constraints . . . ... ...................

N -body simulations of dark matter with frequent self-interactions

3.1 Introduction . . . . . . . . . . e

3.2 Numerical Method . . . . .. .. ... . . .
3.2.1 Firststep: applydragforce . . ......................
3.2.2 Second step: re-add energy . ... ... ...
323 Kernel . ...
3.24 Time-step . . . . . ..
3.2.5 Implementationingadget-3 ... ... .................
3.2.6 Di erences to numerical modelling of infrequent scattering . . . ..

3.3 Meri cationtests . . . . . . . ..
3.3.1 Deceleration problems . ... ....... ... ... ... ... ...,
3.3.2 Thermalization problem . . ... ... ... ... ... ... ...,
3.3.3 Angular de ection problem . ........ ... ... ... . ...,
334 NFWhalo . ... ... .. ... ..

3.4 Core Size of Dark Matter Haloes . . . . . ... ... ... ...........

3.5 Equal-Mass Merger . . .. .. . .. ...
3.5.1 Method of analysis . . ... ....... ... .. .. ... .. ... ..
352 Results ... ... ... . .

3.6 DIiscussion . . . . ... e

3.6.1 Technical aspects . . ... ... .. ... . ...

oo ~N O1 o

11
14
15
16
19
21




ii Contents

3.6.2 Physical considerations . . . .. ... ... ... o 53
3.7 Summary and Conclusions . . . .. ... ... . ... ... 54
AppendiCes . . . ... e e e 55
3.A Kerneloverlap . . .. ... 55
3.B Implementation of rare self-interactions . ... ................. 56
3.C Molere'stheory . .. .. ... . . . . . . e 57
3.D Stability of initial conditions . . . . . ... ... L 58
3.E Additional Merger Plots. . . . . . . . ... ... .. 58
3.F Amplication Process . . . . . . . . . . i i e 62

Unequal-mass mergers of dark matter haloes with rare and frequent self-interactions65

4.1 Introduction . . . . . . ... 65
4.2 Numerical setup . . . . . . . . . e e 68
4.2.1 Simulation code and implementation of self-interactions . . . . . .. 68
4.2.2 Initial conditions and simulation parameters . . . . ... ... .. .. 69
4.3 Methods . . . . . . . . 71
431 Peak nding ... ... .. . .. ... e 71
432 OSelS. . . 75
433 Haloshapes. .. ... ... .. ... .. 75
4.3.4 Mergertimes . . . . . . . .. e 76
44 Results . . . . .. 76
441 Morphology . . . . . .. 77
4.4.2 Centre of mass distance andosets .. ................. 79
443 Shapes. . . . . . e e 83
4.4.4 Frequent versus rare interactions . . .. ... ... ... 0 ... 85
445 Peak nding .. ... ... 90
44.6 Phase{space . .. ... ... ... e 93
45 DISCUSSION . . . . . . o i e e 94
45.1 Technical aspects . .. ... ... .. .. ... .. ... 94
45.2 Physical considerations . . . .. .. ... ... o 96
4.6 Summary and Conclusions . . . . .. ... .. 97
ApPPendiCes . . . . . . 99
4.A Relabelling particles for rSIDM . . . . .. .. ... .. . 99
4.B Morphology . . . . . .. e 99
4.C Peak position, Oset,and Shape . . .. ... .. ... . . ... ... . .0... 99

Cosmological simulations with rare and frequent dark matter self-interactions 109
5.1 Introduction . . . . . ... . ... 109
5.2 Numerical Setup . . . . . . . . . . 111




Contents iii
5.3 Results . . . . . . e 114
5.3.1 Surfacedensity. . .. ... ... ... 114
5.3.2 Matter power Spectrum. . . . . . . ... 114
5.3.3 Distribution of dark matter densities . . . ... ... ......... 116
5.3.4 Two-point correlation function . . . ... ................ 117
5.3.5 Halo and subhalo mass function . .................... 118
5.3.6 Density proles . . ... ... 123
5.3.7 Circularvelocity . . . . .. . ... 125
5.3.8 Shapes. . . .. ... .. 127
539 fSIDMversusrSIDM . . .. ... ... . .. ... 131
5.3.10 Constraintson fSIDM . . . .. ... .. ... . ... .. . 133
5.4 DISCUSSION . . . . . e e e e 134
5.5 Conclusions . . . . ... e 136
AppPeNdiCeS . . . . . e e e 137
5.A Comoving Integration Test . . . . .. .. ... .. . ... .. . . ... ..... 137
5.B Convergence of density proles. . . . ... ... ... .. . ... ... . ... 137
5.C Subhalo massfunction. . .. ... ... .. ... .. ... ... . ... ... . 139
5.0 Density and shape atlargerradii . .. ...................... 139
6 Conclusion and Outlook 143
6.1 Conclusion. . . . .. . . ... e 143
6.2 Outlook . . ... .. . e 144
List of Figures 149
List of Tables 161
Bibliography 163




Contents




List of Abbreviations

AGN
BCG
BH
CDM
CMB
DM
FDM
fSIDM
GR
ICM
CDM
JWST
MW
MMR
NFW
PBH
PDF
rSIDM
SIDM
SKA
SM
UbDG
WDM
WIMP

A ctive Galatic Nuclei

Brightest Cluster Galaxy

Black Hole

Cold Dark Matter

C osmologicalM icrowave Background
D ark Matter

Fuzzy Dark Matter

f requently Self-Interacting Dark Matter
General Relativity

| ntra Cluster Medium

L ambda Cold Dark Matter
JamesWebb Space Telescope

M ilky Way

M erger MassRatio

N avarro{ Frenk{ W hite

Primordial Black Hole

Probability Density Function

r arely Self-Interacting Dark Matter
Self-Interacting Dark Matter
Square Kilometer Array

Standard Model

Ultra- Diuse Galaxy

W arm Dark Matter

W eakly Interacting MassiveParticle







1 Motivation

Astronomy has a history that dates long back to the early civilisations of mankind. Its
subject has always been intertwined with big questions and answers that shaped the human
view of the world. Many things that appear self-evident to us today required great e ort.
What is the nature of the shining dots in the night sky? Are they of the same kind as the
sun? And how distant are they? Today we know this and many other things about our
Universe. But new questions have always arisen as we gained further insights. Thanks
to Galileo Galilei and the invention of the telescope, we know that the di usely glowing
band in the night sky consists of numerous stars, our galactic home, the Milky Way (MW)
(Galilei, 1610). The modern view dates back to Thomas Wright, who thought of the
MW as a system of rotating stars bound by gravity (Wright, 1750). Furthermore, he
speculated that there might be many systems like our Galaxy. His ideas became popular
with Immanuel Kant's progression and re nement of them (Kant, 1755). From that time,
it took more than a century until it became clear that objects such as the Andromeda
nebula are separate galaxies on their own. There had been quite a controversy about this
issue leading to a debate between Harlow Shapley and Heber Curtis in 1920. Today it is
known to astronomers as the Great Debate. A few years later, Edwin Hubble resolved that
pressing question. In the 1920s, he was able to demonstrate with observations of Cepheid
variable stars that Andromeda is far outside the MW (Hubble, 1929). It is the case that
when we take a closer look at things, new questions emerge. Vera Rubin and Kent Ford
studied the rotation velocity of stars in spiral galaxies, starting with Andromeda. They
found a miss-match between observed rotation curves and the one predicted based on the
distribution of luminous matter. With this, they provided a key piece of evidence for the
existence of DM, which can explain the observed rotation curves (Rubin & Ford, 1970).
The potential existence of a matter component, which we do not see, had been pointed out
earlier by other astrophysicists. Among the rst ones was Fritz Zwicky with his studies of
the Coma Cluster (Zwicky, 1933, 1937). Numerous observations of the large-scale structure,
galaxy cluster masses, gravitational lensing studies and more followed, pointing towards
DM too (e.g. Arbey & Mahmoudi, 2021). It became clear that DM makes up the largest
fraction of the matter in the universe, estimated to be about 84% (Planck Collaboration
et al., 2020). But until today, the nature of DM remains largely unknown. A vast number
of models exist that eventually could explain DM. Many studies are carried out to shrink
the possible parameter space for DM candidates. With this, we are at the very issue of
this thesis.

Here, we study the phenomenology of a class of particle physics models that do not only




2 1 Motivation

interact via gravity but also involve new physics allowing the DM patrticles to scatter about
each other, known as self-interacting dark matter (SIDM). These models are of particular
interest to resolve discrepancies between simulations of the cosmological standard model,
CDM, and observations on small, i.e. galactic scales. There exist several problems, and
many of them are closely connected, forming together the small-scale crisis ofCDM.
Speci cally, we are interested in understanding the phenomenology of models that typically
scatter about a tiny angle. Compared to models having a larger typical scattering angle
or even an isotropic cross-section, which we also call rarely self-interacting dark matter
(rSIDM), they would interact frequently (fSIDM). Such a cross-section is well motivated
from the particle physics side by light mediator models (e.g. Buckley & Fox, 2010; Loeb &
Weiner, 2011; Bringmann et al., 2017). But fSIDM has only been studied poorly, as it has
not been possible to faithfully model problems such as mergers of galaxies or galaxy clusters,
although there has been a lot of interest. We aim to overcome this unsatisfactory situation
by developing a novel scheme that allows general modelling of fSIDM and by undertaking
corresponding studies. With this, we gain new insights into the phenomenology of DM
models and thus hopefully get a little closer to a comprehension of the nature of DM.

The only way DM physics is accessible to us today is through astronomical surveys. Hence
it is crucial to derive predictions from DM models for observations. The formation of cosmic
structures behaves non-linearly, and many physical processes play a role. Consequently,
the problem becomes complicated and usually requires running computationally expensive
simulations. We undertake our studies employingN -body simulations to investigate
various DM models. As we are interested in fSIDM, we introduce a numerical scheme
that allows { for the rst time { to model frequent self-interactions from rst principles.

We use this scheme to study mergers of galaxies and galaxy clusters as well as cosmic
structure formation. From our simulations, we gain new insights into the role of the
angular dependence of the di erential cross-section for the phenomenology of DM models.
We describe qualitative di erences between rSIDM and fSIDM as well as give the rst
constraints on the fSIDM cross-section.

Outline

This thesis is structured as follows. In Chapter 2, we explain the theoretical background
for our work. In particular, we describe the cosmological standard model CDM, its
small-scale crisis and elaborate on SIDM. In the following, we introduce in Chapter 3
the rst numerical scheme that allows for N -body simulations of frequent DM scattering
without making simplifying assumptions about the problem at hand, such as assuming
quasi-equilibrium. Besides, we introduce a number of test problems for this new scheme
and perform simulations of equal mass mergers. The concern of Chapter 4 are unequal
mass mergers. Here, we study the morphology of the mergers, their DM{galaxy o sets
as well as their shape and additional properties. In Chapter 5 we focus on cosmological
simulations and study the qualitative di erences between rare and frequent self-interactions




by measuring various properties such as the power spectrum, the halo mass function,
density and shape pro le. These chapters correspond each to a separate publication, i.e.
Chapter 3 to Fischer et al. (2021a), Chapter 4 to Fischer et al. (2021b) and Chapter 5
to Fischer et al. (2022). Finally, we conclude in Chapter 6 and give an outlook on the

research perspective for SIDM.




1 Motivation




2 Introduction

We begin this chapter by brie y reviewing the cosmological standard model and describing
the current state of DM research. It follows a more detailed description of SIDM, including

a discussion about particle physics models, methods to model their phenomenology and
observational constraints.

2.1 The cosmological standard model and its small-scale crisis

Edwin Hubble did not only discover that Andromeda is a separate galaxy on its own. But
he also found that most galaxies are receding, which makes their spectrum appear shifted
towards lower frequencies, i.e. they are redshifted. This has been a key observation for the
construction of the cosmological standard model, CDM. This observation is explained
by the expansion of space which is mathematically described by the Friedmann-Lematre
equation derived from general relativity (GR). It connects the energy and matter content
of the Universe to its expansion rate and is based on two fundamental assumptions. First,
the Universe is assumed to be isotropic, which means that there is no preferred direction.
Secondly, the Copernican principle, which states our place (and any other place) in the
Universe is not special. From these assumptions, also known as the cosmological principle,
it follows that the universe is homogeneous. The Friedmann-Lematre equation describes
the evolution of the Hubble parameter,H a-a, as a function of time.

HZAt' Hg rod 4 m:0 & 3 K:0a 2 . (21)

The scale factora describes how large a length has been compared to its toady's value
and the Hubble constant Hy gives the current expansion rate. From GR follows that
the structure of the space-time depends on the energy and mass content of the Universe.
There are three corresponding parameters describing the radiation, .o, and matter, .o,
content of today's Universe as well as the current values of the cosmological constant or
vacuum density, . The parameters are given by the corresponding density divided by
the critical density, which speci es the density required for a at space-time according to
GR. Note, that the matter density is the sum of the baryonic and DM components. The
cosmological constant, , does not evolve with time and makes up 69% of the energy
content of the Universe (Planck Collaboration et al., 2020). The last parameter, .o,
speci es the \curvature density" and satis es the relation ¢ 1 m

Furthermore, CDM has proven to explain the observed large-scale structure remarkably
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Figure 2.1: The density as a function of radius is shown for an NFW pro le (blue) and a
cored pro le (red).

well.! Here, DM is assumed to be cold and collisionless. Early predictions for the large-scale
structure have been obtained fromN -body simulations modelling only DM. In particular,

the Millennium Run (Springel et al., 2005) and the Bolshoi Simulation (Klypin et al., 2011)
played an important role. Despite the success on large scales, it turned out that these
simulations disagree with observations on small scales, i.e. the scales of galaxies and below.
There are discrepancies in a number of aspects, such as the density pro le of DM haloes,
the variation of rotation curves between objects or the abundance of satellites. These issues
are closely related and together they form the small-scale crisis of CDM, which is by now
known for more than two decades.

One of those problems is the core-cusp problem. Haloes that form in a DM-only
simulation are well described by the Navarro{Frenk{White (NFW) pro le. However, in
general, this is not true for observed haloes. Often they appear to have a constant density
in the central region. In contrast, an NFW pro le has a higher central density with a
steep density gradient. We illustrate the di erent density pro les in Fig. 2.1. Further
small-scale problems are the diversity problem, concerning the huge variation of rotation
curves between objects. Or the too-big-to-fail problem, describing discrepancies between
the most massive satellites of observed systems and CDM predictions. For a review of
those and further small-scale issues, we refer to Bullock & Boylan-Kolchin (2017).

Over the last two decades, several approaches that may solve the small-scale crisis have
been pursued. A clear solution has not been found yet, it seems more plausible that a
combination of multiple attempts to solve small-scale issues will resolve them. In the
following, we discuss brie y several e orts that are undertaken.

First, one avenue to nd a potential solution is to investigate alternative theories of

!Nevertheless, CDM is facing challenges on large and small scales, for a review see Perivolaropoulos &
Skara (2021).
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gravity. They were rst studied as an alternative to DM but would ideally also solve
problems of collisionless cold dark matter (CDM). A variety of theories that could replace
GR have been investigated. The best known is probably modi ed Newtonian dynamics
(Milgrom, 1983) but there exist many more. However, these models face problems in
explaining some astronomical observations. Precisely, merging galaxy clusters, where the
gravitational lensing signal has been found to not coincide with the location of the gas,
pose a challenge (e.g. Clowe et al., 2006). Moreover, the rst detection of gravitational
waves (Abbott et al., 2017) ruled out several alternatives to GR. For more details see the
review by Baker et al. (2021).

Secondly, we want to mention alternative DM models. As the predictions derived from
CDM do not accurately describe observed small-scale structures, alternative DM models
have been investigated. Of particular interest are warm dark matter (WDM), fuzzy dark
matter (FDM) and SIDM as they are capable of suppressing substructure. In the next
section, we will discuss the DM research and these models in larger detail.

Third, there is another important aspect to consider, the impact of baryons. The rst
cosmological simulations that revealed di erences between CDM and observations did
only model DM without including the e ect of baryons. Though baryons can impact the
matter distribution on small scales, for example, the feedback from supernovae can create
density cores (e.g. Read & Gilmore, 2005). But it is di cult to quantify their impact,
because modelling feedback mechanisms in cosmological simulations, is subject to sizeable
uncertainties. Further insights into the physics of these feedback mechanisms which take
place below the resolution length of the simulation may help to improve the modelling.

Lastly, we want to mention that it is crucial how accurate observations and CDM
predictions are compared. This is, in particular, relevant to the core-cusp problem. It
has turned out that the analysis of observed galaxies tends to be biassed towards a cored
halo. Inaccuracies in the characterisation make the central density appear lower. Actually,
the halo might be cuspy, but due to the analysis, it appears to be cored. This a ects
many dwarf galaxies where the density pro le is inferred from rotation curves (e.g. Pineda
et al., 2016; Read et al., 2016; Genina et al., 2018; Oman et al., 2019; Roper et al., 2022).
Consequently, it is important to carefully model the internal dynamics of galaxies to reduce
the bias towards a cored halo.

2.2 Dark matter research

Gaining insights into the nature of DM is one of the great challenges of physics today.
Numerous approaches are being pursued, theorists have developed a variety of models, many
experiments are underway, and astrophysicists have come up with various observational
strategies and are conducting large surveys. The following section is a brief discussion of
e orts to search for DM, as well as potential DM candidates. For more details, see one of
the numerous reviews that exist on DM (e.g. Arun et al., 2017; Buckley & Peter, 2018;
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Salucci, 2019; Arbey & Mahmoudi, 2021; Boddy et al., 2022).

2.2.1 Search for dark matter

DM research started with astronomical observations that pointed towards a missing force
that could be explained by additional matter. This matter, called dark matter, has not
been observed directly. Hence it does not or only very weakly interact electromagnetically.
However, the in uence of DM via gravity is observable. For instance, gravitational lensing
studies allow inferring the distribution of DM in the Universe. Besides, a variety of
experiments are carried out to detect potential interactions between DM and standard
model (SM) particles. We focus rst on astronomical studies and then discuss particle
physics experiments.

Astronomical evidence for dark matter

All evidence for DM comes from astronomy, implying that it is the only way that gives
us direct access to DM physics today. Moreover, it could be that SM and DM sectors
are decoupled and DM physics is only accessible through observations. The properties
of DM models and potential new DM physics leave their imprint on the distribution of
matter in the Universe and can be probed through astronomical surveys. In turn, there is
a chance that we can learn about the microscopical properties of DM through observations.
A variety of probes to study DM physics exists in astronomy, for a review on galactic scales
see Salucci (2019).

We have already mentioned the rotation curves of spiral galaxies (Rubin & Ford, 1970),
but there exists more evidence for DM. In elliptical galaxies, the mass can be inferred in a
similar way to the rotation curves of spiral galaxies. The velocity dispersion of their stars
depends on the depth of the gravitational potential and thus allows for measuring the mass
(e.g. Cappellari et al., 2006; Churazov et al., 2010). Such studies indicate that DM would
make up a major fraction of the mass of these objects. There are several other dynamical
measurements of the mass distribution that provide evidence for DM. Such measures are
not only applied to galaxies but also to galaxy clusters. For the latter, for instance, the
observed X-ray emission of the intracluster medium (ICM) allows for mass estimates (e.g.
Amodeo, S. et al., 2016).

A powerful tool to probe the distribution of DM is gravitational lensing. Light rays are
bent under the in uence of mass, which allows inferring information about the distribution
of matter from images of lensed objects, such as galaxies. The images of the lensed objects
are distorted by the mass of the lens and may appear as multiple arcs depending on the
exact con guration of the lens and the lensed objects. The distortion of the lensed images
allows inferences to be drawn about the mass distribution of the lens. For a review on
gravitational lensing see Bartelmann (2010). In the case of galaxies and galaxy clusters,
gravitational lensing observations yield that most of the mass is not directly visible and
therefore counted as DM (Massey et al., 2010).
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Photons that have been emitted in the early Universe at the time of recombination,
corresponding to a redshift of aboutz 110Q are today observed as the cosmological
microwave background (CMB). These photons allow us to draw numerous conclusions
about the Universe and make the CMB a tremendous powerful probe for cosmology. Several
satellites and ground-based experiments have been used or are used to measure the CMB.
These include the COBE satellite (Smoot et al., 1992; Bennett et al., 1996) and the later
satellite missions with superior instruments, WMAP (Wilkinson Microwave Anisotropy
Probe, Bennett et al., 2003, 2013) and Planck (Planck Collaboration et al., 2014, 2016).
CMB measurements and the inferred power spectrum allow to constrain DM models (e.qg.
Sarkar et al., 2017; Huo et al., 2018).

Observations of the large-scale structure, i.e. the distribution of galaxies in the Universe,
enable us to draw conclusions about DM. The distance between galaxies and how they
clump together depends crucially on DM. Predictions from CDM simulations (e.g. Springel
et al., 2006) match the observations remarkably well (e.g. Rodrguez-Torres et al., 2016).
This is seen as another piece of evidence for DM and detailed measures of the galaxy
distribution such as the two-point correlation function (see Section 5.3.4) are used to
constrain DM models.

A lot of attention has been paid to galactic scales as the CDM predictions seem to
deviate from the observations at these scales. There is the hope that small-scale issues
could allow to rule out CDM. However, it remains open whether this will happen or
not. Recent reviews of DM in the context of small-scale problems have been written by
de Martino et al. (2020) and Fairbairn (2022). Our Galaxy, the MW, is here of particular
interest. Thanks to high precision astrometry with Gaia , stellar positions and velocities
are measured with unprecedented accuracy (Gaia Collaboration et al., 2016). Especially,
stellar stream, the MW satellites and eld stars allow deriving new constraints on DM
models (e.g. Gardner et al., 2021). Besides, dwarf galaxies are of particular interest for DM
studies as the baryonic component is less dominant than in more massive objects. Hence,
dwarfs provide a good testbed for DM physics (e.g. Lelli, 2022). Future surveys will allow
us to study these objects and others in larger detail. In Section 6.2, we brie y review the
role of upcoming observatories and future surveys for DM, speci cally SIDM.

Experimental search

The astronomical evidence for DM matter has fostered experimental search programs in
the particle physics community to nd particles beyond the SM. Such searches aim to nd
DM particles, which would require interactions between the dark sector and SM particles.
Unfortunately, there has yet not been any evidence for this, rather all evidence for DM
comes from astronomy. Moreover, experimental evidence for particles beyond the SM
does not necessarily imply that it is connected to the astrophysical probes of DM but
would require additional evidence. There are three di erent types of experiments that are
conducted to nd DM. We illustrate these di erent approaches in Fig. 2.2 and discuss them
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Figure 2.2: Schematic representation of DM particle search types. This gure is reproduced
from g. 9 of Arbey & Mahmoudi (2021).

Figure 2.3: Upper limits on the spin-independent DM-nucleon cross-section are shown as a
function of DM mass. This gure is reproduced from g. 27.1 of Particle Data
Group et al. (2020).

brie y. For more details, we refer to a review of DM research from the particle physics
perspective (chap. 27, Particle Data Group et al., 2020).

First, there are direct detection experiments. Here, DM would interact with SM particles
such as the nucleons or electrons of an atom. Experimentalists try to measure the
recoil energy of nuclei to detect potential DM{SM interactions. There exist a humber of
experiments to constrain the DM particle mass and the scattering cross-section (e.g. Cui
et al., 2017; Agnese et al., 2018; Arnaud et al., 2018; Agnese et al., 2019; Aprile et al.,
2019a,b). In Fig. 2.3 we show recent constraints on DM properties from direct detection
experiments.

Secondly, there are indirect detection experiments that aim to detect either the annihila-
tion or decay products of DM particles. DM annihilation usually produces -rays, which in
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Figure 2.4: lllustration of the mass range of DM models that have been studied. This
gure is reproduced from g. 1 of Ferreira (2021).

principle could be detected. Observatories such as the Fermi Large Area Telescope (Atwood
et al., 2009) and ground-based facilities provide -ray surveys that allow searching for DM
signals. One of the most stringent constraints on DM pair-annihilation comes from dwarf
spheroidal galaxies (Ackermann et al., 2015). Other typical end states of DM annihilation
or decay are cosmic rays and neutrinos. Facilities such as IceCube or ANTARES look for
DM signals in neutrino uxes but yield null results (Aartsen et al., 2016; Adran-Martnez

et al., 2016).

Thirdly, collider experiments, i.e. the production of DM in accelerators, could provide
evidence. The DM particles would be invisible to the detectors and thus carry energy
and momentum away. This lack of energy and momentum would point towards new
physics beyond the SM. A number of searches have been carried out by the CMS and
ATLAS collaborations at the LHC (e.g. Kahlhoefer, 2017; Trevisani, 2018; Vannerom,
2019). However, so far there has not been any positive detection and only upper limits on
the interaction between SM and DM particles have been placed.

2.2.2 Dark matter models

Here we review the various classes of DM models. We start with cold and collisionless
DM and discuss more complex DM candidates. They are spanning a large mass range of
about 80 orders of magnitude (see Fig. 2.4) and hence require di erent approaches to be
constrained. Here we will not be able to mention all models, but at least some of them. It
should be mentioned that DM could consist of multiple components, i.e. DM comprises
various candidates, each making up a fraction of the mass budget. How rich the physics of
the dark sector are, is yet to be discovered. In the following, we will go through a variety
of DM model classes and some of their candidates.

Cold dark matter

Cold dark matter, usually thought to be collisionless, is a crucial part of the cosmological
standard model and can explain the observed large-scale structure quite well. From
the particle physics side, there has been a lot of research on weakly interacting massive
particles (WIMPs), which are good candidates for CDM (Steigman & Turner, 1985; Griest,
1988). Often DM candidates arise naturally by solving issues in particle physics. In this
sense, WIMPs are connected with electroweak-scale new physics that address the hierarchy
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Figure 2.5: The proportion of PBHSs to the total DM mass is shown as a function of the
PBH mass. The shaded regions indicate the excluded parameter space by
various probes. This gure is reproduced from g. 2 of Villanueva-Domingo
et al. (2021).

problem. Particles that behave as CDM could interact with the SM sector and may be

visible in direct or indirect detection experiments (see Section 2.2.2). However, potential
interactions between SM and DM patrticles may not only be probed by particle physics

experiments. Astrophysical observations can allow to constrain such interactions too (e.g.
Buen-Abad et al., 2022).

Interesting particle candidates in this context are axions, which have a putative coupling
to photons (e.g. chap. 91, Particle Data Group et al., 2020). Given a su cient particle
mass, they can be considered as CDM. The QCD axion was introduced as a solution to the
strong CP problem and provides a viable DM candidate (Peccei & Quinn, 1977; Weinberg,
1978; Wilczek, 1978). Several astronomical studies try to indirectly detect axions using
radio (e.g. Bai & Hamada, 2018; Battye et al., 2020; Wang et al., 2021), X-ray (e.g. Day
& Krippendorf, 2018; Buschmann et al., 2021) or -ray (e.g. Hooper & Serpico, 2007)
observations. For further experimental detection strategies see Semertzidis & Youn (2022).

Another group of models that falls into the class of CDM are primordial black holes
(PBH), which form soon after the Big Bang. The key parameter is their mass and various
surveys have been used to constrain PBHs. For instance, these are microlensing studies
such asOGLE (Udalski et al., 1992). A major part of the mass range has been excluded
such that PBHs are unlikely to explain the entire DM but eventually make up a minor
fraction. This can be seen from Fig. 2.5 and more details can be found in the review of
Villanueva-Domingo et al. (2021) or Carr & Kehnel (2022).
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Figure 2.6: Constraints on the FDM particle mass from various studies are shown (for
details see Ferreira, 2021). Under the assumption that FDM makes up most
of the DM in the Universe, the shaded regions are excluded. This gure is
reproduced from g. 18 of Ferreira (2021).

Warm dark matter

In Dodelson & Widrow (1994), WDM is introduced by considering sterile neutrinos as
DM candidates. The small mass of the particles leads to a signi cant thermal velocity
dispersion. The success of CDM is kept on large scales, but WDM predicts a di erent DM
distribution on small scales with suppressed substructure below its free-streaming length
(Colin et al., 2000). Observations of the Lyman- forest appear to be compatible with
CDM and thus imply a very strong bound on how warm DM could be (e.g. Efstathiou
et al., 2000; Viel et al., 2013; Palanque-Delabrouille et al., 2020; Garzilli et al., 2021).

Fuzzy dark matter

The idea that DM could consist of particles as light such as their de Broglie wavelength is
larger than the interparticle distance has been explored as a solution to the small-scale
problems (Hu et al., 2000). In this context axions and axion-like particles are studied,
but generally, ultra-light bosonic DM candidates would imply the imprint of quantum

e ects on astrophysical scales. These models keep the success of CDM on large scales but
form soliton-like cores in DM haloes that can be described as a Bose-Einstein condensate.
Several studies using various probes for FDM, for example, the Lyman- forest (Rogers

& Peiris, 2021), have been conducted. In consequence, a lot of the parameter space for
FDM candidates has been excluded as shown in Fig. 2.6. For a recent review on FDM see
Ferreira (2021).
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Self-interacting dark matter

In addition to the models already discussed, there has been quite some e ort in studying
DM candidates, which do not only interact via gravity but have additional self-interactions.
This class of models is known as self-interacting dark matter. If the DM particle self-
scattering is strong enough it can alter the matter distribution on small scales and in the
limit of a vanishing self-interaction cross-section, it behaves as CDM. It is worth mentioning
that one does not explicitly assume interactions between DM and SM particles to be
present. Consequently, SIDM research focuses on physics which is, as a matter of principle,
inaccessible for experimental searches but requires astronomical studies. Nevertheless,
SIDM candidates could also couple to the SM sector and for example be detected in collider
searches. In the next section, we discuss SIDM in larger detail.

2.3 Self-interacting dark matter

SIDM has gained a lot of interest in recent years as it is a promising avenue to address
small-scale problems. There has been substantial research from both sides, the astrophysical
and particle physics community. Their e orts have been reviewed in Tulin & Yu (2018).

However, the idea that DM could have self-interactions dates back several years. It
was rst expressed by Carlson et al. (1992), though in a di erent context. Spergel &
Steinhardt (2000) proposed SIDM for the rst time as a solution to the small-scale crisis. In
consequence, researchers tried to model the scattering of DM particles in their simulations.
Burkert (2000) did the rst N-body simulation modelling the self-interactions based on
a Monte Carlo scheme. Quite a number of studies followed in that early SIDM research
phase. At that time Miralda-Escude (2002) and Meneghetti et al. (2001) obtained quite
stringent limits on the self-interaction cross-section. Therefore, SIDM did not seem to be a
likely solution to the small-scale issues as this would have required a substantially larger
cross-section. In addition, a study of the Bullet cluster favoured collisionless DM (Randall
et al., 2008). As a consequence, the interest in SIDM faded away.

However, in recent years there have been a lot of studies on SIDM. Earlier constraints
turned out to be much too stringent in the light of studies with higher resolution and better
halo statistics (Vogelsberger et al., 2012; Rocha et al., 2013; Peter et al., 2013; Zavala et al.,
2013; Vogelsberger et al., 2014; Elbert et al., 2015; Fry et al., 2015; Dooley et al., 2016).
There are many recent studies of SIDM that model self-interactions within the cosmological
context including various processes related to baryonic physics (e.g. Robertson et al.,
2019, 2020; Bondarenko et al., 2021; Harvey et al., 2021; Sameie et al., 2021; Shen et al.,
2022; Sirks et al., 2022; Despali et al., 2022). Moreover, studies consider various SIDM
models beyond elastic scattering with a velocity-independent and isotropic cross-section
(e.g. Robertson et al., 2017b; Vogelsberger et al., 2019; Huo et al., 2020; Nadler et al., 2020;
Bondarenko et al., 2021; Shen et al., 2021). Nowadays, SIDM is a vivid research eld and
seems promising to solve or, at least, mitigate problems on small scales.
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In the following, we describe various patrticle physics models and discuss the properties
of SIDM candidates. In addition, we explain how to model the phenomenology of SIDM
on astrophysical scales and review constraints from observations.

2.3.1 Particle physics models

A large variety of particle physics models for SIDM exists and can di er substantially
in their phenomenology. They typically involve new forces from the dark sector as the
cross-section for interactions with SM patrticles has experimentally been constrained to
be tiny. Exploring their impact on the DM distribution in the Universe and shrinking
the available parameter space for those models is an ongoing and challenging task. In the
following, we brie y review some of these particle models.

A simple SIDM model would be a self-coupled scalar (Bento et al., 2000; Burgess et al.,
2001). In principle, a real scalar eld can provide a suitable DM candidate, but the major
disadvantage is that the cross-section is velocity-independent (see also Sec. 2.3.2).

Frequent self-interactions, the focus of this thesis, are strongly motivated by light
mediator models (Feng et al., 2009; Buckley & Fox, 2010; Loeb & Weiner, 2011; Tulin et al.,
2013a,b; Agrawal et al., 2017). The interaction between the DM particles is mediated by a
light boson and thus falls into the regime of long-range interactiond. The scattering is
usually described by a Yukawa potential implying for light mediators a velocity-dependent
cross-section. In the perturbative limit ( m ~m P 1) the di erential cross-section is

22

m
(2.2)

da :
d &M2v2°1 cos ~-2 m2e’
The dark ne structure constant is given by . m denotes the particle mass andn the
mediator mass. The scattering velocity isv and the scattering angle is given by . At low
velocities, the cross-section is almost independent of velocity but above a given velocity
scale, set by the mediator mass, the cross-section is decreasing with velocity. This is even
the case for a massless mediator (Ackerman et al., 2009; Feng et al., 2009; Agrawal et al.,
2017).

DM could be similar to the SM, including the existence of dark atoms. In the simplest
form, there would be a hydrogen-like atom, formed from dark electrons and dark protons.
These dark atoms can be subject to self-interactions (Cline et al., 2014; Boddy et al., 2016)
and are thus of interest in the context of SIDM. The dark sector could be even richer, for
example like a mirror copy of the SM sector (Mohapatra et al., 2002; Mohapatra & Teplitz,
2000; Foot & Vagnozzi, 2015) or dark atoms make up only a small fraction of the DM as
in the double disk DM model (Fan et al., 2013).

2This does not mean that the interaction scale is inevitably long in respect to galactic scales, but compared
to the de Broglie wavelength of the DM particles. Furthermore, numerical schemes to model SIDM
within N -body simulations typically assume the interaction scale of DM particles to be below the
resolution limit.
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DM interactions are not necessarily elastic, they also could be inelastic with an excited
state. Such models have been motivated by experimental search programs. But could also
be relevant for the astrophysical studies of SIDM. Inelastic scattering could occur in models
of atomic DM (Cline et al., 2014; Boddy et al., 2016) or strongly interacting composite
DM (Boddy et al., 2014).

An approach to generalise over multiple DM models is the e ective range framework
(Chu et al., 2020). It aims to be a model-independent approach to approximate the
self-interaction cross-section using only two parameters. The e ective-range-framework can
be interpreted in terms of various scenarios, including self-interactions induced by Yukawa
forces, Breit{Wigner resonances and bound states. However, we have to note that this is
not applicable to the type of models falling into the regime of fSIDM. For them, S-wave
scattering is not su cient, but higher partial waves have to be taken into account.

Besides SIDM, there exist many more particle candidates, and their prospects might be
a ected by research on SIDM. In case there is evidence for signi cant DM self-interactions,
this would rule out or at least lead to rigorous constraints on some popular DM candidates,
such as supersymmetric neutralinos or axions.

It has been recently pointed out by Loeb (2022) that if DM particle masses are large
enough the gravitational interaction could explain DM self-interactions. However, this is
hardly a new insight as the gravothermal uid formalism (Lynden-Bell & Eggleton, 1980)
used to model SIDM is based on the assumption that a gravitational bound system can
behave similarly to SIDM haloes (see also Section 2.3.3). For the long-mean-free-path
regime, the formalism relies on an empirical formula which well-describes the gravothermal
collapse of globular clusters. Furthermore, the DM particles would need to be extended
objects. Otherwise, the relevant mass range of 10 M; would already be excluded by
PBH studies (see Fig. 2.5).

2.3.2 Properties of SIDM models

Particle models for SIDM can have various properties, for many astrophysical studies
elastic velocity-independent isotropic scattering has been assumed. Several recent studies
considered more complicated models resulting in a di erent phenomenology. In the following,
we want to discuss the angular and velocity dependence of the di erential cross-section but
also consider the e ect that DM models can have on the matter power spectrum in the
linear regime.

Rare and Frequent self-interactions

The angular dependence of particle candidates for SIDM di ers between the models. For
instance, particles can be subject to hard-sphere scattering with an isotropic cross-section
or could have an anisotropic cross-section as in light mediator models with long-range
interactions. Models that typically scatter about a large angle, transfer on average a lot of

momentum and energy per scattering event. In contrast, momentum and energy transfer
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Figure 2.7: Illustration of scattering events in the centre of mass frame. Left side: large-
angle scattering, which is rare. Right side: small-angle scattering, which is
frequent.

are fairly low for models that prefer small scattering angels. In consequence, DM with
a strongly anisotropic cross-section would need many more scattering events to have a
comparable impact on the DM distribution. Therefore we also refer to such scattering
as frequent in contrast to rare scattering of cross-sections that are closer to an isotropic
cross-section (also illustrated in Fig. 2.7).

There exist a variety of particle models that may scatter frequently via long-range
interactions. Those are models of mirror DM (Blinnikov & Khlopov, 1983; Kolb et al.,
1985; Berezhiani et al., 1996; Foot, 2004) or atomic DM (Kaplan et al., 2010; Cline et al.,
2012; Cyr-Racine & Sigurdson, 2013) as well as all light mediator models (Feng et al., 2009;
Buckley & Fox, 2010; Loeb & Weiner, 2011; Tulin et al., 2013a; Bringmann et al., 2017).

Frequent DM scattering has received some attention in the context of galaxy cluster
mergers. In the literature, these systems have been studied to investigate a potential o set
between the DM component and galaxy distribution (e.g. Randall et al., 2008; Robertson
et al.,, 2017a; Kim et al., 2017). Besides, also the o set on an individual galaxy falling
into a cluster has been investigated (Kahlhoefer et al., 2015). In this context, fSIDM
models which typically scatter about small angles are of particular interest as they behave
gualitatively di erent compared to rSIDM. For models with long-range interactions, a drag
force can occur and decelerate the DM component which leads to an o set (Kahlhoefer
et al., 2014). In Fig. 2.8 we illustrate this for an individual particle travelling through a
constant density.

In Chapter 3, we use the drag force to derive a numerical scheme that allows us to model
fSIDM within N -body simulations and we study the DM{galaxy o set in mergers of galaxy
clusters.

Velocity dependence

There exist motivation from astrophysics and particle physics for velocity-dependent self-
interactions. Various studies have used the core sizes of DM haloes to constrain the
strength of the DM self-interaction using velocity-independent scattering. For galaxy
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Figure 2.8: lllustration of the drag force acting on a DM particle or a phase-space patch of
DM patrticles as it moves through a background density. The velocity changes of
many small-angle scattering events average out for the perpendicular component
but sum up for the parallel component and thus lead to a deceleration.

clusters relatively strict limits on ~m of the order of 0:1cm?g ! have been obtained
(Kaplinghat et al., 2016; Elbert et al., 2018; Sagunski et al., 2021; Eckert et al., 2022). In
contrast, for galaxies the limits are lower, 1:0cm?g ! (Daw et al., 2001; Kaplinghat et al.,
2016; Shi et al., 2021; Ray et al., 2022). This could be explained by a velocity-dependent
cross-section. If ~m decreases with velocity, it a ects high mass objects less because they
have a higher velocity dispersion. In Fig. 2.9 we show a plot of Kaplinghat et al. (2016) to
illustrate this with constraints from various systems.

There exists a variety of particle models with velocity-dependent scattering. Naturally,
this arises in models with Yukawa or Rutherford-like long-range interactions with a light
mediator (e.g. Feng et al., 2009; Loeb & Weiner, 2011; Tulin et al., 2013b). The di erential
cross-section for these models is anisotropic. But also resonant scattering could explain a
velocity-dependence (Chu et al., 2019, 2020; Tsai et al., 2022). In these models, no light
mediator is needed and the di erential cross-section would be isotropic.

Impact on the matter power spectrum

Most SIDM studies assume that the matter power spectrum in the linear regime remains
unchanged compared to CDM. This is relevant for the initial conditions of N -body sim-
ulations. Such studies, using the same initial conditions as for CDM, nd the matter
power spectrum at late, non-linear, stages to be suppressed at small scales due to the
self-interactions (e.g. Rocha et al., 2013; Sta ord et al., 2021). However, there have been a
few studies that investigated models with a modi ed initial matter power spectrum (e.qg.
Huo et al., 2018). In particular, the ETHOS collaboration studied SIDM with damping due

to dark radiation (Cyr-Racine et al., 2016; Vogelsberger et al., 2016). The considered power
spectrum in the linear regime is already suppressed at small scales, implying a suppression
of substructure at later stages too. Whether the matter power spectrum in the linear
regime di ers from CDM depends on the particle physics model. Multiple processes could
lead to a damping on small scales, such as coupling between DM and a dark radiation
component (Boddy et al., 2016; Feng et al., 2009; van den Aarssen et al., 2012; Buckley
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Figure 2.9: The velocity weighted self-scattering cross-section is plotted as a function of
the average velocity for various systems. Observational limits for dwarf galaxies
(red), low surface brightness galaxies (blue) and clusters (green) are shown. A
velocity-dependent model is tted to the data (yellow). Besides bounds derived
from simulated systems with ~m  1cm?g ! are displayed (grey). Contours
of constant ~m are given by the diagonal lines. This gure is a reprint of
g. 1 of Kaplinghat et al. (2016).

et al., 2014; Cyr-Racine & Sigurdson, 2013; Cyr-Racine et al., 2014) or slow cooling during
freeze-out in cannibalisation models (Carlson et al., 1992; de Laix et al., 1995).

In this thesis, we focus only on the late time e ects of SIDM assuming a CDM initial
power spectrum.

2.3.3 Modelling SIDM

Several methods have been used in the literature to study SIDM. Some of them make
simplifying assumptions, limiting the range of problems that can be studied. But therefore
they are computationally cheaper. In the following, we discuss the three most common
methods for SIDM.

Gravothermal uid formalism

The gravothermal uid formalism for SIDM is used to model individual haloes. It was
rst introduced by Lynden-Bell & Eggleton (1980) to describe the evolution of globular
clusters and has been transferred to SIDM haloes. Here, the in uence of self-interactions is
e ectively described as heat conduction. Early studies of SIDM (Gnedin & Ostriker, 2001,
Balberg & Shapiro, 2002; Balberg et al., 2002) used that formalism to study the evolution
of DM haloes. It should be mentioned that it is not derived from rst principles but needs
to be calibrated against simulations. A detailed comparison of the uid model with N-body
simulations was done by Koda & Shapiro (2011). An advantage of the gravothermal uid
formalism is not only being computationally cheap but also that it is able to model the
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core-collapse phase of DM halos (e.g. Pollack et al., 2015; Essig et al., 2019), which is
impossible or at least di cult for other methods. There have been attempts to include
further physical processes into the formalism, for instance, cosmic infall (Ahn & Shapiro,
2005) or tidal stripping (Nishikawa et al., 2020) or a GR formulation to include BHs
(Shapiro, 2018). The uid model was mainly used for elastic isotropic velocity-independent
scattering. However, (Essig et al., 2019) used it to investigate dissipative self-interactions
and recent work extended it to velocity-dependent cross-sections (Outmezguine et al., 2022;
Yang et al., 2022).

Isothermal Jeans approach

The isothermal Jeans approach for SIDM was introduced by Kaplinghat et al. (2016) and
allows to describe cored density pro les of SIDM haloes and estimate the corresponding
self-interaction cross-section. Although it is subject to a few internal inconsistencies
(Sokolenko et al., 2018), Robertson et al. (2020) found the isothermal Jeans model to
provide a surprisingly accurate description of SIDM haloes. However, Jeans modelling can
only be used to describe the core formation phase but not the core-collapse phase. It has
been applied to low mass DM haloes (Gilman et al., 2021) as well as to high mass DM
haloes (Sagunski et al., 2021).

Simulations from rst principles

Numerical schemes for SIDM derived from rst principles tend to be computationally
expensive. Though, they are the only way to accurately model systems far from equilibrium,
such as merging DM haloes or the formation of the large-scale structure. So far, all these
approaches are based on the framework dfl -body simulations. Here, the mass distribution
is discretised by N resolution elements each representing a mass element. In astrophysical
simulations, these resolution elements typically follow the in uence of gravity and eventually
other forces that act on them. Generally speaking, the Vlasov-Poissohequation is solved.
In case of SIDM we have an additional collision termC that describes the self-interactions.

%‘; v Of © ©f Cf : (2.3)
Here, f denotes the phase-space density the spatial position and v the velocity. The
gravitational potential ~ follows from the Poisson equation,

4 Gg f R R te di: (2.4)

There have been early attempts to simulate SIDM based on a gas dynamical approach
(Moore et al., 2000; Yoshida et al., 2000a), thus not directly derived from rst principles. It
was Burkert (2000) who did the rst simulation that was based on a Monte Carlo scheme.

3For a review of numerical and analytical method to solve the Vlasov-Poisson equation and its connections
to plasma physics see Rampf (2021).
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The numerical resolution elements are treated analogously to physical DM particles. Several
early studies adopted that approach or used a similar one to study the evolution of SIDM
haloes (Yoshida et al., 2000b; Kochanek & White, 2000; Craig & Davis, 2001; Dawe
et al., 2001; Colin et al., 2002). Later on, this scheme has been signi cantly improved by
Rocha et al. (2013). Almost all schemes used today are similar but di er in the way the
interaction probability of the numerical resolution elements is computed. Unfortunately,
the prescriptions of those schemes usually lack a derivation of this probability. In this
context, we want to highlight the derivation we provide in Sec. 3.B.

The rst simulation with a velocity-dependent cross-section may have been performed
by Colin et al. (2002). Also further properties of SIDM models have been simulated,
such as anisotropic scattering (e.g. Robertson et al., 2017b), inelastic scattering (e.g. Huo
et al., 2020) or multistate scattering (e.g. Vogelsberger et al., 2019). Simulating extreme
anisotropic cross-sections has turned out to be challenging as the required time step in
rSIDM schemes would become prohibitively small. Consequently, the numerical schemes
mentioned above were exclusively used to simulate rSIDM. There have been a few attempts
to simulate fSIDM (Kahlhoefer et al., 2014; Kummer et al., 2019), but these schemes
were not derived from rst principles and thus made simplifying assumptions. We have
nally resolved this issue by introducing a novel scheme that allows us to simulate fSIDM
without simpli cations (see Chapter 3.2). In contrast to rSIDM schemes, we do not treat
the resolution elements analogously to physical DM particles.

Overall, N -body simulations are an important tool for SIDM studies. They are capable
of incorporating further physical processes, in particular, those related to baryons, which
is crucial for a comparison of simulation results to observational data (e.g. Vogelsberger
et al., 2020).

Although modelling SIDM from rst principles has so far solely relied on N-body
simulations it could be possible to discretise the relevant equations di erently. The Vlasov-
Poisson equation is not only relevant in astrophysics, but in plasma physics too (for a review
see Palmroth et al., 2018). In both elds there are studies that resolve the phase-space
in terms of a 6-dimensional phase-space grid (e.g. Yoshikawa et al., 2012; Tanaka et al.,
2017; Deriaz & Peirani, 2018; Kormann et al., 2019). However, the interest in this type of
simulation code might be larger in the plasma physics community. For SIDM, these codes
may provide an alternative possibility to formulate the e ect of self-interactions. But until
now, the use of such a framework has not been explored. The computational costs might
be much larger than in N -body simulations and thus be prohibitive.

In addition, various techniques for simulations of DM, including SIDM, are reviewed in
Angulo & Hahn (2022).

2.3.4 Observational constraints

There exist a variety of constraints on SIDM models derived from various observations.
Usually, bounds on the cross-section are given, but other properties such as the angular
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dependence are not constrained. However, studies at various mass scales have obtained
quite di erent limits on the cross-section, making it plausible that the strength of self-
interactions is decreasing with velocity. In the following, we discuss some studies and their
SIDM constraints.

Rotation curves and core sizes

SIDM can explain observations of cored DM haloes. This is probably the most studied
phenomenological feature of SIDM. It has been investigated at very di erent mass scales,
from MW satellites and dwarf galaxies to galaxy clusters (e.g Zavala et al., 2013; Kaplinghat
et al., 2016; Elbert et al., 2015; Elbert et al., 2018). Depending on the system, di erent
methods such as rotation curves or gravitational lensing are used to probe the matter
distribution. Recently, constraints for MW satellites have been obtained by Correa (2021)
and Sagunski et al. (2021) studied groups and galaxy clusters. But there are more studies
that derived bounds on the cross-section (e.g. Eckert et al., 2022; Ray et al., 2022) or claim
that observed cores of ultra-di use galaxies (UDG) are inconsistent with state-of-the-art
CDM simulations (Kong et al., 2022). In particular, Andrade et al. (2021) studied the
density pro les of galaxy clusters and derived an upper limit of ~m  0:13cm?g ! at an
con dence level of 95%.

Besides, less massive system have been studied and their density pro le has often been
inferred from rotation curves. But there exist also other arguments for density cores, for
example the orbits of globular clusters in the dwarf galaxy Fornax (e.g. Oh et al., 2000;
Angus & Diaferio, 2009; Boldrini et al., 2020; Bar et al., 2021; Genina et al., 2021). In

CDM, one would expect their orbital decay times to be shorter than their age. In contrast
to observations, one would expect them to have formed a nuclear star cluster. This problem
is also known as the Fornax timing problem. It could potentially be solved by a density
core reducing the dynamical friction. But we have to note, that such timing arguments can
not conclusively rule out a cuspy density pro le (Cole et al., 2012; Meadows et al., 2019;
Shao et al., 2021).

Many other dwarfs have been studied and used to constrain DM physics. Shi et al.
(2021) studied an UDG and claim that it has a cuspy density pro le excluding cross-section
of ~m C1:63cm?g L. In this line is also the work of Roper et al. (2022). They and
other authors (Pineda et al., 2016; Read et al., 2016; Genina et al., 2018; Oman et al.,
2019) have pointed out that rotation curve measurements may make galaxies appear cored
although they have a cuspy density pro le. This can be caused by not taking non-circular
gas motions properly into account when measuring the rotation curves of dwarf galaxies.
Hence it is important to analyse observational data more carefully than this has often been
done in the past. Recently, the core-cusp problem of dwarf spheroidal galaxies has been
reviewed by Boldrini (2022).
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Figure 2.10: An image of the galaxy cluster 1E 0657-56, better known as Bullet Cluster, is
shown. It is composed of multiple observations with di erent telescopes. The
data in the visible spectrum stems from Magellan and Hubble Space Telescope
(Clowe et al., 2006). In pink, the x-ray emission as detected by the Chandra
Telescope, is visualised (Markevitch, 2005). From gravitational lensing, the
mass distribution has been calculated and is shown in blue (Clowe et al., 2006).
Author: NASA/CXC/M. Weiss, Source: Chandra X-Ray Observatory: 1E
0657-56

DM{galaxy o sets

Numerous publications on SIDM discussed the o sets in mergers of galaxy clusters. From
the theoretical side, exist several studies concerning the emergence of o sets between the
DM component and the galaxies (e.g. Kahlhoefer et al., 2014; Kim et al., 2017; Robertson
et al., 2017b). For fSIDM, an e ective drag force (see Fig. 2.8) would decelerate the DM
component but leave the galaxies una ected, thereby creating an o set. And from the
observational side, the reliability of measured o sets has been discussed (e.g. Bradea et al.,
2008; Dawson et al., 2012; Dawson, 2013; Jee et al., 2015; Harvey et al., 2017; Peel et al.,
2017; Taylor et al., 2017; Wittman et al., 2018). Especially the galaxy cluster 1E 0657-56,
also known as the Bullet Cluster, gained a lot of attention. Fig. 2.10 clearly shows that the
mass distribution derived from the gravitational lensing e ect (blue) is o set from the ICM
(pink). However, an o set between the DM and galactic component being in tension with
CDM has not been found (e.g. Randall et al., 2008; Robertson et al., 2017a,b). To date,
there is no conclusive observation of an o set between the DM and galactic component in
any galaxy clusters that would favour substantial self-interactions. Furthermore, it should
be noted that even in CDM, the DM component could appear to be o set from the
galaxies (Ng et al., 2017). For individual systems, uncertainties about the exact merger
con guration worsen the situation. Consequently, it is di cult to derive reliable constraints

on the self-interaction cross-section from DM-galaxy o sets.
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DM halo shapes

DM haloes are typically not spherically symmetric but are better described by a triaxial
ellipsoid. On average, self-interactions make DM halos rounder compared to their CDM
counterparts. Due to the scattering, the velocity distribution becomes more isotropic and
thus the shape of the DM halo changes. This has been used to constrain the strength of
self-interactions. For velocity-independent elastic scattering Miralda-Escude (2002) found
a total cross-sections with ~m A0:02cm?g ! to be excluded. Later Peter et al. (2013)
studied the ellipticity of haloes and found these bounds to be far too tight. Instead, only
a cross-section of ~m C1:0 is unlikely larger for galaxy clusters. However, recent halo
ellipticity measurements are in good agreement with CDM (Schrabback, Tim et al., 2021).
Moreover, Despali et al. (2022) studied early-type galaxies and found CDM as well as
SIDM to be capable of explaining observations when accounting for the e ect of baryons.

DM substructure and gravitational lensing

The abundance of substructure is a promising probe to study DM microphysics. The
self-interactions lead to DM cores making satellites more prone to tidal disruption. As a
result, one would typically expect that SIDM haloes have fewer satellites. However, given
that the self-interactions are strong enough, satellites can enter the core-collapse phase
and have central densities much larger than in CDM. Meneghetti et al. (2020) reported an
excess of small-scale lenses in galaxy clusters compared to CDM predictions, which could
be explained by collapsing SIDM satellites (Yang & Yu, 2021). However, there has been a
discussion on how reliable these results are. Bale (2021) and Robertson (2021) disagree
with Meneghetti et al. (2020) and do not nd a tension with CDM predictions.

Not only the substructure in galaxy clusters is of interest but also less massive systems.
Studies of the substructure in the MW with weak gravitational lensing (e.g. Mondino et al.,
2020) could also help to constrain SIDM. In this context, density cores would help to solve
the too-big-to-fail problem (e.g. Kaplinghat et al., 2016).
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3 N -body simulations of dark matter with
frequent self-interactions

This chapter presents work as published in Fischer et al. (2021a).

Abstract  Self-interacting dark matter (SIDM) models have the potential to solve the small-
scale problems that arise in the cold dark matter paradigm. Simulations are a powerful tool
for studying SIDM in the context of astrophysics, but it is numerically challenging to study
di erential cross-sections that favour small-angle scattering, as in light-mediator models.
Here, we present a novel approach to model frequent scattering based on an e ective drag
force, which we have implemented into theN -body codegadget-3 . In a range of test
problems, we demonstrate that our implementation accurately models frequent scattering.
Our implementation can be used to study di erences between SIDM models that predict
rare and frequent scattering. We simulate core formation in isolated dark matter haloes, as
well as major mergers of galaxy clusters and nd that SIDM models with rare and frequent
interactions make di erent predictions. In particular, frequent interactions are able to
produce larger o sets between the distribution of galaxies and dark matter in equal-mass
mergers.

3.1 Introduction

Dark matter (DM) is an essential component of the standard cosmological model (Lambda
cold dark matter, CDM), which was introduced to explain a variety of observations, such
as the formation of large-scale structure and the cosmic microwave background. These
observations can be explained remarkably well under the assumption that DM is cold
and collisionless (e.g. Planck Collaboration et al., 2020). Nevertheless, on small scales, i.e.
galactic scales, the predictions of CDM are in tension with observations. The di erent
aspects in which the predictions deviate from observations on small spatial scales could
present a challenge to our CDM model. Usually, up to ve small-scale problems are
considered. These are the missing satellites problem, the too-big-to-fail problem, the
diversity problem, the core-cusp problem, and the plane-of-satellites problem (for a review
see Bullock & Boylan-Kolchin, 2017). Not all of them describe actual problems of CDM
and at least the missing satellites can be explained within the cosmological standard model
(e.g. Kim et al., 2018).

In order to resolve the small-scale problems, a number of potential solutions have been




26 3 N-body simulations of fSIDM

proposed. Some of them attempt to mitigate the tensions by more accurate subgrid models
of the baryonic physics in cosmological simulations. It has been shown by numerous studies
that DM cores can be created by feedback processes such as out ows from supernovae
(Read & Gilmore, 2005; Governato et al., 2012; Pontzen & Governato, 2012; Di Cintio et al.,
2013; Brooks & Zolotov, 2014, Cintio et al., 2014; Pontzen & Governato, 2014; ORforbe
et al., 2015; Tollet et al., 2016; Bentez-Llambay et al., 2019) as well as due to black holes
(e.g. Martizzi et al., 2013; Peirani et al., 2017; Silk, 2017). Other work shows that tensions
can be reduced by improving the modelling of the internal dynamics of observed galaxies
(Oman et al., 2019).

An alternative to these small-scale problems pointing towards some de ciency in the
modelling of baryons is that they are telling us something fundamental about the nature
of DM. DM that is "'warm' (Dodelson & Widrow, 1994) or “fuzzy' (Hu et al., 2000) would
change the abundance and internal structure of DM haloes. Along this line, a promising
alternative DM model is self-interacting dark matter (SIDM) (for a review see Tulin & Yu,
2018), which was proposed by Spergel & Steinhardt (2000) as a solution to some of the
small-scale problems:

More precisely, SIDM is a class of many physics models that all have in common that
DM consists of particles and these particles interact with each other so strongly that the
interaction can alter the distribution of DM on astrophysical scales signi cantly, e.g. create
density cores in haloes of DM. From observations, the interesting range of cross-sections
divided by DM mass is of the order of 1 cnf g *. In the limit of a negligible cross-section,
SIDM behaves the same way as CDM.

A range of methods have been proposed to study the e ects of SIDM on cosmic structures.
The isothermal Jeans approach (Kaplinghat et al., 2014; Kaplinghat et al., 2016) and the
gravothermal uid model (Gnedin & Ostriker, 2001; Balberg & Shapiro, 2002; Balberg
et al., 2002; Koda & Shapiro, 2011; Pollack et al., 2015) are based on assuming that
self-interactions maintain an equilibrium state, in which the full phase-space information is
not required. However, in many situations DM is neither collisionless nor fully collisional,
which means that the simplifying assumption of local equilibrium cannot be made. The
most general { but also computationally most expensive { method to study SIDM is to
run N -body simulations. Here, the Vlasov{Poisson equation with a collision term for DM
self-interactions is solved in six-dimensional phase-space. The scattering of the numerical
particles is treated analogously to physical particles. The rst such simulation using a
Monte Carlo scheme for the scattering angle was performed by Burkert (2000). Modern
schemes used for SIDM only di er from this approach in the way in which scattering
probabilities are computed.

The common approach of explicitly simulating individual scattering events leads to
complications when the di erential cross-section favours scattering by small angles. In this
case it becomes necessary to simulate large numbers of scattering events that individually

1Cold dark matter with self-interactions was rst proposed by Carlson et al. (1992), but this was in a
di erent context.
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have negligible impact on the phase-space distribution. For very frequent scattering
events, this becomes prohibitively expensive (Robertson et al., 2017b) because the required
time-steps become too small.

Previous attempts to address this problem have relied on a number of simplifying
assumptions. Kahlhoefer et al. (2014) performed simplistidN -body simulations of mergers
by using an external gravitational potential for each halo and sampling the DM and galaxies
with test particles. In this set-up, the e ects of frequent self-interactions were modelled
with an e ective drag force. Kummer et al. (2019) combined the heat conduction approach
from uid models with N-body simulations, which assumes that the system is in local
equilibrium such that a well-de ned temperature exists. Consequently, this approach is
limited in its versatility, and, for instance, cannot be applied to merging systems.

In this paper, we present a novel method designed for the frequent scattering regime,
which enables general astrophysical simulations of frequent self-interacting dark matter
(fSIDM). Our method employs a fundamentally di erent formulation of the collision term
compared to the state-of-the-art schemes for rare self-interacting dark matter (rSIDM)
and makes use of the fact that the e ect of frequent scattering events in fSIDM can be
described by an e ective drag force (Kahlhoefer et al., 2014).

In fSIDM, a DM particle travelling through a space lled with other DM particles would
undergo many small-angle scattering events. Each scattering event leads to a small change
of the velocity, but the cumulative velocity change perpendicular to the initial direction
of motion will tend to average out, with an expectation value: ~ vye 0. The expected
parallel component of the velocity change is non-zero™(v gex 0), which can be interpreted
as a drag force. At the same time one nds’ v&eAO0, which can be regarded as kinetic
heating.

Rare self-interactions have a much larger velocity change per scattering event and thus
cannot, in general, be described by a drag force. Only when the density is very high, an
e ective drag can occur (Kim et al., 2017). As we will explore in this paper, the di erent
e ective descriptions of fSIDM and rSIDM lead to signi cant di erences in the predicted
DM distributions in astrophysical systems. In particular systems far away from equilibrium,
such as ongoing major mergers of galaxy clusters respond in di erent ways to frequent and
rare self-interactions. Indeed, we nd that the e ects for fSIDM can be substantially larger
than those previously found for rSIDM.

This paper has several aims: First, we present a new numerical scheme to simulate
frequent self-interactions of DM, which is described in Section 3.2. Secondly, in Section 3.3
we validate our scheme and its implementation in theN -body codegadget-3 using a
number of test problems. We then study core formation in an isolated Hernquist halo (see
Section 3.4) and compare the e ects of fSIDM and rSIDM. Finally, we explore di erences
between fSIDM and rSIDM in equal-mass mergers. In Section 3.5, we simulate a merger
of DM haloes with parameters typical of galaxy clusters. In Section 3.6, we elaborate on
various technical aspects of our code and discuss the physical implications of our results.
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Finally, we summarize and conclude in Section 3.7. Additional details are provided in the
appendices.

3.2 Numerical Method

In this section, we rst describe the key aspects of our method to simulate frequent
scatterings. We then explain its implementation in the N -body codegadget-3 , which

contains a description of the parallelization. Finally, we point out di erences between
state-of-the-art schemes for rSIDM and our formulation of fSIDM.

In N-body codes, the phase-space distribution of DM is represented by numerical
particles. These particles each represent phase-space patches consisting of many physical
particles. They are assigned a velocity and to smooth the represented matter distribution
in con guration space a kernel is employed. Such a Lagrangian description has some
advantages over an Eulerian approach, such as Galilean invariance. But there are also
disadvantages, for instance when it comes to the parallelization (see below).

Let us rst look at the interaction of two phase-space patches, i.e. two numerical
particles, which we assume to have equal mass. If the scattering is elastic, we can derive
the post-scattering velocities of the particles from energy and momentum conservation:
E® E® Ei Ejandp® p® pi pj.

We divide the scattering process into two steps: The rst one applies a drag force and the
second one re-adds the energy lost in the rst step. The latter is done in a random direction
but perpendicular to the direction of motion to model kinetic heating. We indicate the
intermediate state between the two steps by the superscriptt. The velocity of the two
numerical particles can be expressed as follows:

s . ¥
Vit Vi Vdrag » Vi

¥ .
Vi Vrand » Vj

Vi Vdrag (3.1)

e e V]:t Vrand: (3.2)

Vi

Here, vgrag denotes the velocity change due to the e ective drag force. viang denotes
the velocity which is added to ensure energy conservation, while momentum conservation
is guaranteed as velocity changes are symmetric for the two particles.

3.2.1 First step: apply drag force

We introduce the relative velocity vj; v Vvj and use it to express the velocity change
Vdrag due to the drag force,
Vi .
S Vijj S

Vdrag S VdragS (3-3)
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Next, S VgragScan be written as:

I:drag

The drag force is given byFgag and t denotes the time-step.

To derive the drag force, we start from the same assumptions as made by Kahlhoefer et al.
(2014). They derived the deceleration rate Rgec Vo' dvgdt) of an individual physical
DM particle travelling with velocity vg through a background density ; and found

Vo
R L2 7. 35
dec om ( )
Here, m denotes the mass of a DM particle and
1
+ 4s "1 COS ¢ms*dCOS cms (3.6)
0 d cms

denotes the momentum transfer cross-sectiof. In the regime of isotropic scattering, this
de nition is a factor of 2 smaller than the one commonly used in studies of rSIDM.

To apply this calculation to our simulations we interpret the background density ; as
the density of a single phase-space patch represented by a numerical particle. Moreover,
we need to consider the scattering of many particles and their total momentum change,
which can be written as

dpg s nim dvedV g jdvsdV (3.7)

Here, the number density of physical DM particles belonging to phase-space patchis
given by n;  i-m , where ; denotes the mass of the numerical particle multiplied by the
kernel: i"xe m; W™ x;Sh;je with h; being the kernel size (see below). The physical
density can then be obtained by summing over all numerical particles at a given position.

Using the deceleration rate from equation(3.5) we can therefore express the resulting
drag force acting on a phase-space patch as

1
Fdrag E S Vij §m—T S i dv : (3.8)
Using the kernelW"X  x;Sh;e, we can express the drag force as
1 g_T
Fdrag > S Vjj o m; m;j
s WX X;Shjs WX XjShjedx: (3.9)

Note that we do not consider interactions between particles belonging to the same phase-

2Note that if the di erential cross section is invariant under the exchange (as in the case of the
scattering of identical particles), this de nition is equivalent to the one advocated by Robertson et al.

(2017b); Kahlhoefer et al. (2017): + 2 Rll d“m“l S0S cms SECOS cms -
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space patch, as they have parallel trajectories. Furthermore, we assume; to be velocity
independent in this work.

3.2.2 Second step: re-add energy

In the second step, we re-add the energye that is lost due to the drag force. It can be
written as ”E

To ensure that the local velocity distribution evolves towards thermal equilibrium, the
added velocity Viang Needs to be perpendicular to the relative velocity v¥. We then

nd that 3,

2E
S Viand S ?: (3.11)
The direction of vang is chosen randomly in the plane orthogonal to vj . Once the
velocity change due to the random component has been computed, we can update the
velocity according to equation (3.2) and continue with the next particle pair.

Note, that the post-scattered velocitiesv®are treated as pre-scattered velocities for
any subsequent pair computations in the same time-step. This implies that the result
depends on the exact order in which the particle pairs are considered. However, this is
an e ect which is only relevant at the level of individual particle trajectories. It has no
meaning for the statistical properties of the DM distribution. Treating particle pairs in a
di erent order would lead to a dierent N -body representation of the same distribution, as

would di erent random directions for the re-added energy.

3.2.3 Kernel

The drag force computation is based on a kernel function representing the DM density
distribution of a nhumerical particle in con guration space. Here, we will discuss the use
of kernel functions, describe how we compute the overlap and explain how we choose the
kernel size.

The application of kernel functions in this work is quite di erent from the one in smoothed
particle hydrodynamics (SPH), where they are used to compute derivatives and therefore
need to be di erentiable. For the scheme presented here, we only need to integrate the
kernel functions as described in Section 3.2.1. We have tried a number of di erent kernel
functions and found that they all perform similarly well in the context of the rst test
problem presented in sec. 3.3.1. In the end, we choose the spline kernel introduced by
Monaghan & Lattanzio (1985), which is very popular in SPH. For our studies, we use a
scaled version such that it becomes zero for Ch, where h denotes the kernel size:

£8 1 6 rh2"1 rhe if 0Br-h @5,
W7rhe ) 261 “rhe 3 if 0:5Br-h @, (3.12)
0 if 1Br~:
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Using this kernel, we can calculate the overlap j of the particles i and j, which
corresponds to the integral of equation (3.9):

ij S W™ Xishi' WX sthj'dXZ (3.13)

Details on how this integral is calculated in practice, are given in Appendix 3.A.

The kernel size should be chosen adaptively to reach a high resolution in regions with
a large particle number density. Simultaneously, the kernel size needs to be large in
low-density regions to ensure that each particle has a su cient number of neighbours to
interact with. We use the common method to set the kernel size to a length such that the
kernel includes a given number of neighbouring particlesNgp,.

3.2.4 Time-step

Our implementation of frequent scattering does not introduce an additional time-step

constraint. This is because for our simulations the gravitational time-step is smaller than

what is required for the frequent self-interactions. However, for di erent applications it

is conceivable that the gravitational time-step becomes larger than what is needed for

the scattering, for example in the phase of gravothermal collapse of a DM halo. Let us

therefore brie y outline how the time-step requirements depend on the relevant quantities.
For the derivation of a time-step criterion one can start from the drag force:

1
Farag 5 ém—Tmz ; (3.14)

where m denotes the simulation particle mass and we have dropped the subscripts;j .
This equation implies a velocity change of

I:drag

t %S/ § Tm t: (3.15)

Vo d
rag m

Here, t denotes the time-step. For a conservative estimate we replacen  with ~, which
is inversely proportional to Npgp:
3m

~ ; 3.16

From equations (3.15) and (3.16), we derive the time-step assuming the numerical error is
kept constant (V grag~% S const):
1

— st : 3.17
t m Nngb ( )

One nds that a smaller time-step is required when using a larger SIDM cross-section
or when the relative velocities, i.e. the velocity dispersion, increases. Moreover, a smaller
time-step is reasonable in dense regions. From equatio8.17), we also obtain a dependence
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on the number of neighbours, choosing a larger value can relax the time-step constraint.

3.2.5 Implementation in gadget-3

We implement the DM self-interactions in gadget-3 , which is an updated version of the
N -body codegadget-2 (Springel, 2005)2 Here, we will describe our implementation in
the simulation code. We begin by describing how to nd pairs of particles that should
interact. Then, we comment on adaptive time-stepping. Lastly, we explain how we deal
with the largest challenge posed by the parallelization.

How to nd interacting particles?

In gadget-3 a tree structure is used in the gravity calculation, and we use this same tree to
nd neighbouring particles that will scatter with one another. De ning the distance between
particles i and j asdj, we use the tree to nd all particle pairs for which dj @h; ;.
For all pairs of particles that ful | this relation, we compute the e ect of the frequent
self-interactions and apply the velocity changes. Note, that for particles separated by more
than the sum of their kernel sizes the overlap expressed by equation 3.13 vanishes.

Adaptive time-stepping

gadget-3 uses an adaptive time-stepping scheme, where individual time-steps are assigned
to each particles, with a power-of-two hierarchy of time-step lengths. Our scheme for
frequent self-interactions is not based on individual particles, but on pairs of particles.
Consequently, we need to compute a time-step for a pair.

The adaptive time-stepping scheme assigns particles to time-step bins, which leads to
active and passive particles. The details can be found in thgadget-2 paper (Springel,
2005). In consequence, a pair consists of one active particle and one which is active or
passive. For an active{active pair, the time-step of the pair is given by
min~t j;t ;e
f‘; (3.18)
where we divide by two because active{active pairs are considered twice per time-step (i.e.
particle i nds particle j as a neighbour and vice versa). In the active{passive case, the
pair is considered only once per time-step. Assuming that the active particle has the index
i, the time-step can be written as

t ot (3.19)

We wish to point out that the time-step of the active particle is always shorter than that
of the passive one. The time-stept computed as described above is used to compute the
change in velocity due to the drag force using equation (3.4).

3Recently, the latest version gadget-4 has been published (Springel et al., 2021).
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Parallelization

The parallelization of our scheme for frequent self-interactions is more complicated than
for classical gravity or hydrodynamic schemes. The di culties arise from the fact that one
cannot treat the velocity change due to the particle{particle self-interactions cumulatively.
Rather the computation of a scattering event requires the information from previous
scatterings. Consequently, we cannot send one particle to multiple processes (execution
instances of a computer program) simultaneously to make sure that each particle is only
used by one process at a time. In addition, when sending particles to other processes it
needs to be ensured that they are not needed locally (by the sending process) to scatter
with particles received from other processes. This is ensured by allowing only half of
the processes to send particles at a time, while the other half only receives particles.
Consequently, only the processes that receive particles compute the scattering, while the
other half of the processes wait.

The communication between the processes is done in multiple sub-steps. We allow every
process to communicate with all the other processes, but only one per sub-step. Given
N processes we hav8® N 1 sub-steps. In each of these sub-steps, we create pairs
of processes and the two processes of a pair communicate with each other, i.e. exchange
particle data. The pairs of a sub-step do not have common members, i.e. they are disjoint
sets. In practice, we have2B sub-steps, i.e. every pair is considered twice. The rstB
sub-steps are used for sending particles to the process of a pair that has the larger ID (a
unigue number for identi cation) and in the second B sub-steps data is sent to the process
with the smaller ID. Theoretically, sending particles to only one process of a pair could be
enough, i.e. havingB sub-steps. But in practice, it is more complicated than the exchange
in both directions due to the use of adaptive time-stepping. The local procesg given a
sub-stepb communicates withc p~ b. Here,b> 1;B and denotes the XOR operator.
This scheme has the advantage that it can be easily implemented. However, it does not
give the best performance theoretically possible because half of the processes are waiting
while the non-local scattering is computed and also because symmetries are not exploited,
i.e. each process pair is considered twice per time-step. Nevertheless, the parallelization
leads to a large speed-up of the computations and thus allows us to run reasonably large
simulations.

This parallelization scheme can also be used for infrequent large-angle scattering. It
allows overcoming the problem of "bad scatterings' observed by Robertson et al. (2017a),
although it is more computationally expensive because each process can only communicate
with one other process at a time, requiring more communication cycles per simulation
time-step. Our implementation of rare scattering is described in Appendix 3.B.

3.2.6 Dierences to numerical modelling of infrequent scattering

To conclude the presentation of our numerical method let us discuss the di erences to the
common Monte-Carlo scheme for large-angle scattering. The modelling of such infrequent
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scattering events with the N -body method has similarities to our approach described above
in the sense that both methods are based on the same numerical representation, but they
are not identical. In the following, we point out di erences referring to the scheme used by
Rocha et al. (2013).

First of all, the scheme for infrequent scattering computes a probability that two particles
with a separation smaller than the kernel size scatter. This is in contrast to the presented
scheme for frequent interactions, where a drag force acts on all particle pairs with a
su ciently small separation, i.e. overlapping kernel functions.

Furthermore, the two schemes di er in the magnitude and the direction of the velocity
change. For the infrequent scattering the post-scattering velocity of particle 1 interacting
with particle 2 can be expressed as

Vi Va2,
2 b

ce

Vi© Vi v SvSe with Y,

(3.20)

where e; is a random direction. The corresponding equation for the frequent scattering
scheme is given by

ce

Vi Vi Vdrag S Vrand S €f ; (3.21)

wheree; denotes a random direction perpendicularto Vgrag. Crucially, S Vyrag$SS Viand P
S v$Si.e. the velocity of the scattering particles change only slightly in fSIDM, while the
di erences can be of order unity in rSIDM.

Besides, the rSIDM scheme provides a more general description of self-interactions and is
also capable of describing highly anisotropic cross-sections, whex is chosen according to
the di erential cross-section. But for those cross-sections favouring small-angle scattering,
it would require a very large number of individual scattering events, which would cause a
problem in terms of run time.

3.3 Veri cation tests

To test that our numerical scheme works properly and that the implementation accurately
models frequent self-interactions, we use several test-problems, which we present in this
section. The rst problems study purely self-interactions. In contrast, the last problem,
where we simulate an isolated DM halo, is motivated by astrophysics and includes gravity.

3.3.1 Deceleration problems

In our rst test problem, we study a particle travelling through a background density,
which is sampled by particles at rest. Here, we only consider the drag force and neglect the
random component. Due to the drag force the test particle, which has a non-zero initial
velocity, is decelerated by the background particles. We compare the trajectory of the test
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particle to the exact solution, obtained from

X2 (3.22)

_T.
m

NI =

We make use of two di erent initial conditions. First, we consider a constant density
and secondly, we introduce a density gradient. For both we use TOparticles. They have a
total mass of 10°My. A self-interaction cross-section of .-m 200cm?g ! is used for
the test simulations and the time-step is settot  0:02Gyr. Besides,Nyg, 64 is used
to determine the size of the spline kernel, which is used to compute the drag force.

Without density gradient

First, we choose a constant background density with an average density o4:46 10’
Mp kpc 3. In Fig. 3.1 (upper panel), we show the velocity (blue) and position (black) of
the test particle. For the velocity we nd only minor deviations which should be negligible.
For the particle position, the deviation is the integral of the minor deviations in the velocity.
Here, we nd a larger deviation at the end of the simulations. However, we do not expect
this numerical error to be of a problematic size. Later we comment on the accuracy and
argue that we expect a higher accuracy for typical astrophysical simulations.

With density gradient

Secondly, we choose a linear background density. The density is zero at the initial location
of the test particle and increases linearly along its path. The simulation results are shown
in Fig. 3.1 (lower panel). The exact solution is computed numerically using a Runge{Kutta
fourth-order method. Compared to the problem without density gradient (Fig. 3.1, upper
panel) we nd even smaller deviations from the exact solution.

It is worth mentioning that in a typical astrophysical simulation of fSIDM the relevant
self-interaction cross-sections are smaller than the one simulated here by at least one order
of magnitude, while the typical DM densities are comparable. Moreover, in astrophysical
simulations the time-steps will usually be much smaller because of the gravity constraints.
Both will increase the accuracy of the modelling of frequent interactions.

3.3.2 Thermalization problem

In this test problem, we study a periodic box that contains randomly distributed particles.
Initially, all particles have the same absolute velocity but with random orientation. The
system is not in equilibrium but is expected to evolve towards an equilibrium state. The
velocity distribution should become Maxwellian due to the self-interactions.

For the simulation we used 1@ particles representing a total mass of 18 M, within a
cubic box of a side length ofl0kpc, the corresponding density is10’ My, kpc 3. Initially, the
absolute velocity of all particles is set to2kpc Gyr 1. We use a self-interaction cross-section
of .-m 10cn?g !, atime-stepof t 0:012Gyr andNpg, 64.
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Figure 3.1: A particle is travelling through a constant background density (upper panel)
or a linear background density with positive gradient (lower panel) and is
decelerated through DM self-interactions. A velocity-independent cross-section

of +-m 200cm?g ! is applied. The desired number of neighbours is set to
64.
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In Fig. 3.2, we show our results for this test problem. We simulated the test problem
with rare and frequent self-interactions. Our implementation of rare scattering is described
in Appendix 3.B. Indeed, for both fSIDM and rSIDM we ultimately obtain a Maxwellian
velocity distribution which is stable over time (lower panel). However, the shapes of the
intermediate velocity distributions (upper and middle panels) are quite di erent for the two
cases. The velocity distribution peak of rare self-interactions at xpc Gyr ! is mainly due
to unscattered particles. The sharp cut at large velocities after 1 Gyr (upper panel) can
be explained py the maximum velocity that a particle can gain due to a single scattering
event, Vmax 2Vini. The distribution function can become non-zero beyond that limit
only if particles scatter multiple times. The middle panel reveals that rare self-interactions
lead to more particles in the low-velocity regime, whereas frequent interactions produce
more high-velocity particles.

3.3.3 Angular de ection problem

Our last test problem that purely studies the frequent self-interactions deals with a particle
travelling through a constant background density. Along its path, the particle undergoes
many small-angle scattering events and gets de ected. We measure the total de ection
angle of many particles and compare them to the probability density function of Molere's
theory (Moliere, 1948)*.

We are simulating 8000 test particles with an additional 92000 particles to model
the density background. In total, the simulation contains a mass of 101° My, which
resides in a cube with a side length ofl4kpc. This implies a background density of

3:353 10° My, kpc 3. The initial velocity of the test particles is Vi  2:0kpc Gyr 1,
while the background particles are at rest. For the simulation we use a cross-section of

+ 10cm?g !, atime-stepof t  0:001Gyr and Npg, 64. The de ection angle  of the
test particles is de ned as the angle between the initial and the current velocity vectors
in the centre-of-mass system of the scattering physical particles, i.e. where they have the
initial velocity of vj,it 2. The details about the derivation of the prediction from Molere's
theory can be found in Appendix 3.C.

In Fig. 3.3, we show our results for the distribution of the de ection angles. The left-hand
panel shows the distribution after the particles have travelled 001Gyr within the target
and the right one is fort 0:1Gyr. The plots demonstrate that our simulation agrees well
with Molere's theory. From the test problems studied so far, we can conclude that we are
able to model frequent self-interactions accurately.

3.3.4 NFW halo

To test our scheme for frequent self-interactions in an astrophysical context including gravity
we simulate an isolated DM halo. As initial condition we choose a halo with a Navarro{
Frenk{White (NFW) pro le (Navarro et al., 1996) with M, 10*°My, rs  300kpc,

“For a paper written in English on Molere's theory, we refer to Voskresenskaya & Tarasov (2012).
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Figure 3.2: The velocity distributions for the thermalization problem are shown. The
initial distribution is given in black. The evolution for rare (red) and frequent
(green) self-interactions is shown fot 1 Gyr (upper panel), 10 Gyr (middle
panel) and 50 Gyr (lower panel). The plots demonstrate that the system
evolves towards a Maxwell{Boltzmann distribution. The expected Maxwellian

is plotted as well. In total 10000 particles were simulated with a cross-section
of .-m 10cn?fgt.
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Figure 3.3: The distribution of the total de ection angle after 0.01 Gyr (upper panel)
and 0.1 Gyr (lower panel). The self-interaction cross-section was chosen as
+-m  10cm?g 1. A number of 8000 test particles were used and in total
100000 particles were simulated.
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Figure 3.4: We show the evolution of the total energy for simulations of an initial NFW
halo evolved with three di erent cross-sections. The black curve corresponds
to +~m Ocn?g %, which is identical to the collisionless CDM.

and s “ree 7:25 10°Mp kpe 3. The NFW halo is sampled up to the virial radius
(rvir  1626kpc). We integrate the Jeans equation to obtain the velocity dispersion.
To sample the initial velocities, we locally approximate the velocity distribution by a
Maxwell{Boltzmann distribution, i.e. we draw the velocity components randomly from a
Gaussian. The gravitational softening length is setto  0:56kpc and Npgp 64 is used.
In Appendix 3.D, we demonstrate the stability of our initial conditions for a resolution of
N 10 particles when evolved without self-interactions.

First, we study the energy conservation for three di erent cross-sections using a resolution
of N 10° particles. For this purpose we compute the total energy of the entire halo
and divide it by the absolute value of the initial total energy. Our results are shown in
Fig. 3.4. The total energy is not perfectly conserved as the formulation of the Poisson
solver does not explicitly conserve energy. This is in contrast to the formulation of frequent
self-interactions, which does conserve energy explicitly. Nevertheless, the deviation from
the initial energy is small enough that we can consider it as conserved for our purpose of
astrophysical simulations.

Finally, we investigate the convergence of our numerical scheme. We simulate the DM
halo choosing di erent resolutions and a self-interaction cross-section of .~m 10cm?g L.
In Fig. 3.5, we show our results, i.e. density pro les at several times for di erent resolutions.
The upper panel represents the initial conditions, the middle and lower panel are for
t 1Gyr andt 4Gyr. We can see that the density prole converges for increasing
resolution, which con rms that our scheme is suitable for the application to astrophysical
problems.

Fig. 3.5 shows that initially a constant-density core forms, whereas at later times the
central density increases. This is because the self-interactions lead to a transport of energy
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Figure 3.5: Density pro les for an initial NFW halo simulated with a cross-section of
+-m 10cm?g * are shown. Di erent resolutions were chosen to demonstrate
convergence. The upper panel gives the initial conditions, the middle panel
gives the DM halo after 1:0Gyr and the lower panel for4:0Gyr. For comparison,
we show the analytical NFW pro le in black.
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in the outward direction. This energy loss causes the core to shrink which, eventually, leads
to a gravothermal core-collapse like in rSIDM (e.g. Burkert, 2000; Kochanek & White, 2000;
Koda & Shapiro, 2011). This process will be investigated in more detail in the following

section.

3.4 Core Size of Dark Matter Haloes

In this section, we study the formation and evolution of a DM core in an isolated halo and
compare frequent and rare self-interactions. We rst describe the simulation set-up, then
explain how we measure the core size and nally present our results.

As initial conditions, we take similar ones to Robertson et al. (2017b). The initial density
follows a Hernquist pro le (Hernquist, 1990) with a mass of M 2:46 10'“M,, and a scale
radius of rs 279kpc. We sample the halo up tor  400rs usingN 10’ DM particles.

We explore the same cross-sections as in g. 1 in Robertson et al. (2017b), chosen as
“0;1;3;10 with ~ "2 .~m< M ~2+, which implies ~m >~0;0:227,0:757, 2:272 7:57%
“cm?g .5 We simulate these cross-sections both as frequent and rare scattering using
our respective implementation in gadget-3 , assuming the rare scattering to be isotropic.
This approach allows us to study di erences between fSIDM and rSIDM in the context
of core formation. We conduct our simulations with a gravitational softening length of

0:56 kpc and useNng, 64 for the scattering.

In order to measure core sizes, we follow Robertson et al. (2017b), i.e. we t a cored

Hernquist pro le to the radial density distribution,

M r 1
“re — S : (3.23)
2 oy Feore®?™ I rged

As free parameters we take the core radiuscqre, the scale radiusrs and the massM , while
is kept xed to 4. We then determine the number of particlesN; in several radial bins
with boundaries r; and r; 1 and compare this number to the expected value ; according
to the cored density pro le:
4 i1 o, .
T r< “redr; 3.24
b Sri ( )
where m denotes the mass of a simulation particle. To t the density pro le we maximize
a likelihood based on Poisson statistics,

N;!

(3.25)

In Fig. 3.6, we show the evolution of the core size over a time of:2Gyr. Within the
studied range of*, we nd the time it takes for the core to grow and collapse to decrease

SWe use + as de ned in Kahlhoefer et al. (2014), which is a factor of 2 smaller in the regime of isotropic
scattering compared to the commonly used values given in terms of .
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Figure 3.6: The evolution of the core size for an isolated DM halo is shown. The halo has
initially the shape of an Hernquist pro le. The halo was simulated using several
cross-sections for frequent and rare self-interacting DM. The errors correspond
to the 16% and 84%levels. They were computed using the Markov chain Monte
Carlo sampling implementation of emcee (Foreman-Mackey et al., 2013).

with increasing self-interaction cross-section. Moreover, the core formation happens much
faster than the core-collapse. We nd that the maximum core size is nearly independent
of the self-interaction cross-section for both rSIDM and fSIDM, in agreement with earlier
ndings for rare self-interactions (e.g. Kochanek & White, 2000).

When comparing frequent and rare self-interactions with the same momentum transfer
cross-section, the evolution of fSIDM is a bit faster, i.e. maximum core size is reached earlier.
Nevertheless, there is no big di erence between frequent and rare scattering. The largest
deviation is found at late times for a cross-section of* 3. The other free parameters of
our t(e.g. M andrg) behave very similar for rSIDM and fSIDM. Similar to the di erence
in core size we observe di erences in the central density of the halo.

In comparison to g. 1 Robertson et al. (2017b), we nd a smaller maximum core-size,
but overall a similar evolution. The di erences may be due to slight di erences in the
initial conditions. Here, we approximated the local velocity distribution of the halo by a
Maxwellian to sample the initial velocities. As one can see in Fig. 3.6, at the very beginning
of the simulation a core forms. This is because the initial conditions are not in perfect
equilibrium. Even for a CDM run with awless initial conditions, the core formation cannot
be avoided completely as numerical e ects lead to a small core.

We also note that core-collapse happens much faster in isolated DM haloes than in
cosmological simulations, where the core is heated up through late-time infall.
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3.5 Equal-Mass Merger

In this section, we study the evolution of an equal-mass merger using frequent and isotropic
rare scattering. We investigate several cross-sections and compare the two types of scattering.
This is interesting because merging systems allow to constrain DM self-interactions. The
scattering does lead to drag-like behaviour under given circumstances. This decelerates
the DM component but does not a ect the galaxie€ and thus leads to an o set between
the two. There have been several studies on merging systems with DM self-interactions in
the literature (e.g. Randall et al., 2008; Kahlhoefer et al., 2015; Robertson et al., 2017a)
as well as discussions on the size of observed o sets (e.g. Brada et al., 2008; Dawson
et al., 2012; Dawson, 2013; Jee et al., 2015; Harvey et al., 2017; Peel et al., 2017; Taylor
et al., 2017; Wittman et al., 2018). There is also an extensive literature on how the
self-interactions a ect the merger evolution and under which conditions the picture of a
drag force is appropriate (e.g. Markevitch et al., 2004; Harvey et al., 2014; Kahlhoefer et al.,
2014; Kim et al., 2017; Robertson et al., 2017b). As the drag-like behaviour is expected to
depend on the shape of the di erential cross-section, merging systems potentially allow for
constraining not only the strength of the self-interactions but also its angular dependence.

We start with a description of our simulation set-up and then explain how we analyse
the simulation. Finally, we present and interpret our ndings, in particular how the merger
leads to o sets between DM and galaxies. A schematic illustration of the merger is shown
in Fig. 3.7. The various details shown in this gure will be discussed in the remainder of
this section.

Our initial conditions are chosen similar to the ones of Kim et al. (2017). We set up two
NFW haloes, each with a virial mass ofMy; 10'°My. They are separated by 400Bpc
and move initially with a relative velocity of 1000kms ! along the merger axis towards
each other, such that the impact parameter of the merger is zero. The two DM haloes
are described by the same parameters but sampled independently. The concentration
parameter isc 3:3 and the scale radius isrs 630kpc. We sample each halo up to
a radius of 2667kpc using 6 10° DM particles for each halo with a particle mass of
mpy 2 10°My.

In addition, we include particles representing galaxies in our simulations. Each halo has
3 10* of these particles with a mass ofmgy 8 10 M; each. These particles do not
represent individual galaxies (they are more abundant than galaxies in clusters) but they
can be seen as a\smoothed out" galaxy distribution. As in Kim et al. (2017), we place
a particle at the centre of each halo to model the brightest cluster galaxy (BCG). These
particles have a mass ofmgcg 7 101°My,. This is a very idealized treatment of the BCGs
as we neglect their extension. In Appendix 3.D, we demonstrate that the haloes used for
the merger simulation are stable when simulated in isolation without self-scattering.

We simulate the same self-interaction cross-sections as in Kim et al. (2017) plus some
additional ones, i.e. ~m >70:.0;0:5; 1:0; 1:5; 2:0; 2:5; 3:5; 5:0¢" cm?g 'e. In practice we

®Note that we treat galaxies as collisionless test particles in this work as is mostly done in the literature.
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Figure 3.7: The evolution of an equal-mass galaxy cluster merger for frequent and rare
DM self-interactions is illustrated. We only illustrate the DM (grey circles) and
Galaxy (black spirals) positions as well as their direction of motion indicated
by the arrows. The shape of the DM haloes is not taken into account. Rare
scattering is shown on the left-hand side and frequent scattering on the right-
hand side. The time propagates from the top to the bottom. The evolution
we illustrate here is similar to the one we found for a cross-section of.~-m
1:5cm?g 1, but exaggerated. In (a) we show the initial state and in (b) we
illustrate the infall-phase. The rst pericentre passage is displayed in (c) and
(d) gives a time a little bit later. This is the rst time where we nd a signi cant
di erence between rSIDM and fSIDM. For the frequent interactions, the DM is
closer to barycentre, but the galaxies behave similarly implying larger o sets
for fSIDM. About the rst apocentre passage both components reach a larger
distance from barycentre if the self-interactions are rare. This is illustrated in
(e). In (f), at a later time we nd larger o sets for fSIDM, although the DM
component is closer to barycentre than in rSIDM. Finally, we illustrate the
second pericentre in (g).
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match rare and frequent cross-section using .  ~2 as appropriate for isotropic scattering
(see Appendix 3.B). For the gravitational softening length we use a value of  0:56kpc
and employ Ng, 64 for the scattering.

3.5.1 Method of analysis

Before discussing our results in detail, let us rst give an overview of the various gures
that we have produced and the methods used to obtain them. To analyse the simulations
we nd the peaks of the DM and galactic component (see Fig. 3.8). Several methods for
peak nding can be found in the literature. In this work, we follow the algorithm described
in Kim et al. (2017), i.e. we use a kernel density estimate (KDE) with a 2D Gaussian
smoothing kernel with a width of 100kpc, while we project along one axis perpendicular
to the merger axis. As we only study simulations with an impact parameter equal to zero,
we perform the peak search only along the merger axis, i.e. we take the positions with
maximum density according to the KDE. In order to obtain uncertainties on the peak
position, we bootstrap the galaxy distribution 1000 times and the much better sampled
DM component 10 times.

We then compute o sets between the components as the distance between their density
peaks. Therefore we de ne the \half-separation between two peaks of the same species, i.e.
the two DM peaks, the two galaxy peaks or the two BCGs.

81 XoS_

d 5

(3.26)

where x is the x coordinate with respect to barycentre. The o sets shown in Fig. 3.9
are the mean o set of the two haloes, with positive values implying that the galaxies are
closer to the barycentre than the DM and negative values corresponding to the opposite
case. In Fig. 3.10, we show the maximum positive o set as function of the self-interaction
cross-section. Furthermore, we compute how much the peaks for fSIDM and rSIDM deviate
from each other (Fig. 3.11). For this purpose, we de ne a quantity that is based on the

mean of the two haloes,
Ko Xr1S S0 X11S

2
Here, x denotes the peak position of the DM haloes (0 and 1) for rare (r) and frequent (f)

(3.27)

self-interactions. A positive value of implies that the fSIDM peaks are closer to barycentre
than the rSIDM peaks and vice versa.

When the peak separation is small the peak identi cation becomes inaccurate and biased
towards the barycentre (as can be seen in Fig. 3.8). This is why we do not show o sets
and peak deviation for separations less than the scale radiug{ 630kpc). We also do not
consider these values for the subsequent analysis.

"This de nition di ers from the one in Kim et al. (2017), where T is used.
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3.5.2 Results

The upper panel of Fig. 3.8 shows how the density peaks of all components evolve with
time for frequent scatterings with a cross-section ~m 1:5cm?g . The DM component
coalesces earlier than the galactic component due to the self-interactions. Similar to Kim
et al. (2017), we nd long-lasting oscillations of the BCG particles. The same plot for
several other runs can be found in Appendix 3.E. From these plots, we can see that
the galaxies and BCGs behave di erently, depending on the type of DM self-interaction.
An exaggerated illustration of the merger evolution for rSIDM and fSIDM inspired by
simulations with a cross-section of .~-m 1:5cn?g ! is shown in Fig. 3.7.

In general, we nd that larger cross-sections lead to shorter merger times for both rSIDM
and fSIDM. This is shown in the lower panel of Fig. 3.8, where we show the evolution of
the DM peak position for selected merger simulations. Furthermore, the distance of the
DM peaks at rst apocentre passage shrinks with increasing cross-section. The evolution
of the DM peaks for rSIDM and fSIDM is similar but not identical. For the shown
simulations the largest di erence occurs in our run with a self-interaction cross-section
of .-m L5cm?g L. For large cross-sections the di erences vanish since the two haloes
coalesce on contact.

Next, we study galaxy{DM and BCG{DM o sets for fSIDM and rSIDM, which are shown
in Fig. 3.9. In general, we nd the o sets to be larger for fSIDM when comparing to the same
rSIDM momentum transfer cross-section. Also, the o sets of the BCG particles are larger
than the o sets of the galactic component. This is probably a consequence of modelling
them as point-like instead of treating them as extended objects. For .~m 1:5cm?g 1,
the o sets are zero when the galaxies are roughly at apocentre, but before and afterwards
they are non-zero with di erent signs. Compared to the rst apocentre passage the point
in time when the sign of the o sets changes becomes earlier with decreasing cross-section.
For the early o sets, the DM component is closer to barycentre (i.e. the o set is negative),
but for the late o sets, the DM is more distant from the barycentre than the galaxies (i.e.
the o set becomes positive). It is worth mentioning that the di erence between fSIDM and
rSIDM in the o sets shortly after the rst pericentre passage are mainly due to di erent
peak positions of the DM as we explain below. But for the later o sets it is the other
way around because then the o sets are caused by di erences in the galaxy peak positions.
Note, here we only considered o sets before the second pericentre passage. For even later
o0 sets, the sign potentially changes again, but typically the o sets are smaller.

In the literature, the early o sets, e.g. for the Bullet Cluster, have been studied, which
arise directly after the rst pericentre passage. In contrast, we will mainly focus on a
later stage of the merger evolution. In Fig. 3.10, we compare the maximum size of the
o sets in the stage where the galaxies are closer to barycentre. We nd the largest o set
for fSIDM in the simulation with  .~m 1:0cm?g ! and for rSIDM in the simulation
with +~m 1:5cm?g . The largest fSIDM o set is more than a factor of 2 larger than
the largest rSIDM o set. In other words, frequent self-interactions can cause much larger
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o sets (when the galaxies are closer to barycentre) than rare self-interactions. For smaller
cross-sections (~m 3 1:0cm?g 1), the maximum o set decreases, but there are still
di erence of more than a factor of 2 between fSIDM and rSIDM. The larger o sets of
fSIDM at small cross-sections (+-m 0:5cm?g 1) are particularly interesting as they
could potentially be observable.

For large cross-sections (+~-m a 1:5cm?g 1), the maximum o sets decrease with in-
creasing cross-section and so does the di erence between simulations of rare and frequent
scattering. For +~m a5:0cm?g * the DM haloes coalescence on contact and the type of o -
sets we discuss here no longer occurs. We note that measuring o sets with our peak nding
method could be inaccurate for some cross-sections, i.e. for.~m >~2:0; 2:5;3:5" cm?g 1.,
since we neglect the o sets for small halo separations as the peaks are biased towards
barycentre.

Finally, we compare the peak positions in rSIDM and fSIDM. In Fig. 3.11 we show the
quantity de ned in equation 3.27 and nd that increases with ~m in the regime of
small cross-sections. Of particular interest is the evolution between the rst pericentre
passage and the second one, which occursl:9Gyr after the rstone for .-m 0:5cm?g *
and for larger cross-sections earlier. The DM peaks of the fSIDM run are found to be closer
to the barycentre than for the corresponding rSIDM run, corresponding to A0 (solid
lines). The same is true for the galaxies (dashed lines) and the BCGs (dotted lines). Shortly
after the pericentre passage, is smaller for the galaxies than for the DM component
because only the DM and not the galaxies are a ected by the self-interactions. However,
the deviation of the galaxy peaks grows subsequently and becomes larger than the one
for DM well before the rst apocentre ( +~m 0:5cm?g 1) or at a somewhat later time
around the rst apocentre ( +-m 1:5cm?g 1). This is a consequence of how the galaxies
respond to di erences in the DM distribution via gravitational interaction. This response
leads to a greater di erence in the galaxy distribution and creates the larger o sets for
frequent scattering compared to rare scattering shown in Fig. 3.10. In Appendix 3.F, we
provide further details on this ampli cation mechanism.

Overall, we found that the phenomenology of fSIDM di ers signi cantly from the one of
rSIDM. In particular, frequent self-interactions can lead to much larger o sets than rare
scattering. Consequently, it should be possible at least in principle to distinguish between
the two types of DM self-interactions using detailed observations of merging galaxy clusters.

3.6 Discussion

In this section, we rst discuss technical issues concerning the numerical scheme, its
implementation and the analysis of our simulation. Then we elaborate on the physical
implications of our results.
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Figure 3.8: Upper panel: The density peak distance to barycentre for various components
of a merger is shown as a function of time. Two NFW haloes were merged
using frequent self-interacting DM with a cross-section of .-m 1:5cm?g L.
We measure the density peak for each of the two haloes. We do this separately
for the DM and galaxies. Each halo contains one particle to model the BCGs.
For the plot we simply use the position of that particle. The plot shows the
distance to the barycentre along the merger axis. Lower panel: The plot is
similar to the upper one. Here, we show the DM component only, but for
several merger simulations with di erent self-interaction cross-sections.
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Figure 3.9: O sets between DM and galaxies (upper panels) or BCGs (lower panels)
are shown as function of time. Here we measure the time with respect to
the rst pericentre passage tr,c 1:87Gyr). We display results for several
self-interaction cross-sections. The left-hand panels give the o sets for rare
self-interactions and the right-hand panels for frequent scattering. The galaxy
o0 sets before the rst pericentre passage are mainly due to the uncertainty in
the galaxy peaks (compare upper and lower panels).
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Figure 3.10: We show the maximum o set as function of self-interaction cross-section.
We consider the distance between DM peaks and the peak of the galactic
component or the BCG as shown in Fig. 3.9. The o sets are shown for both,
frequent and rare self-interactions. It should be mentioned that we only
consider o sets where the DM component is more distant to the centre of
mass than the galaxies. The shown results for .~-m >72:0; 2:5; 3:5¢" cng L
are likely inaccurate due to the peak nding method.

3.6.1 Technical aspects

From a technical perspective, there are several interesting directions for future extensions
and improvements. An obvious next step would be to include an angular dependence in the
rSIDM scheme (Robertson et al., 2017b). It should then be possible to simulate arbitrary
di erential cross-sections, including those that have signi cant scattering probabilities
in both the rare and the frequent scattering regime. For this purpose one could for
example introduce a cut-o angle that distinguishes between the two cases, such that
small-angle scattering is treated in the frequent regime while large-angle scattering is
simulated explicitly in the scheme for rare scattering. To validate this approach one needs
to con rm that results do not depend on the precise value of the cut-o angle.

Another important extension will be to model velocity-dependent di erential cross-
sections, which appear to be preferred by observational data (e.g. Correa, 2021; Sagunski
et al., 2021) and have been investigated in severdll -body studies (e.g. Colin et al., 2002;
Vogelsberger et al., 2012; Banerjee et al., 2020). In fact such a velocity dependence is very
natural from the particle physics perspective, in particular for frequent DM scatterings
induced by light-mediator exchange, see e.g. Buckley & Fox (2010); Loeb & Weiner (2011);
Bringmann et al. (2017). Such a velocity dependence can be easily implemented in our
code, for both rSIDM as well as fSIDM. Furthermore, one could abandon the assumption
that scattering is elastic and also model dissipative scattering processes within thal -body
method (Huo et al., 2020).
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Figure 3.11: The deviation ( , see equation 3.27) of peaks between the fSIDM and rSIDM
runs is shown as function of time. We measure the time with respect to the
rst pericentre passage tpc 1:87Gyr). A positive value of implies that the
peak of the fSIDM simulation is closer to barycentre than the rSIDM one. We
compare DM and galaxy peaks as well as the positions of the BCGs. Results
are plotted for .-m 0:5cm?g ! (green) and ~-m 1:5cm?g ! (orange).
Note, the peak deviation is only shown when the distance of the peaks is larger
than the scale radius ©30kpc). We also apply this to the BCGs. The rst
apocentre passage (which is very similar for rSIDM and fSIDM) is indicated
by an arrow for each cross-section.
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In addition to the scattering process, one could improve the treatment of the galactic
component in our simulations. In this study we have treated galaxies as collisionless
particles, which may be inaccurate to some extent (Kummer et al., 2018). Moreover,
galaxies are extended objects and their size may be too large to be approximated by point
masses. Especially the trajectory of BCGs could be a ected in relevant ways.

As mentioned in the description of the implementation, the parallelization of the frequent
scattering is presently not optimal. One can envision a better scheme that exploits
symmetries and does not cause large latency times, even though such a scheme could not
make use of the infrastructure (e.g. tree algorithm, domain decomposition) thatgadget-3
provides. However, for our purpose the current parallelization is su cient to complete our
simulations in reasonable times. For example, consider the simulations presented in sec. 3.5,
which were executed using MPI parallelization only on 64 logical cores. The computation of
the frequent scattering took 80% of the computing time, out of which a quarter was spent
on the scattering itself. The rest of the time was used for other parts of the calculation,
such as the neighbour search and the parallelization overhead. In comparison the scheme
for rare self-interactions is less complicated and needs less computation time.

The robustness of our implementation could be increased by using an additional time-step
constraint for the self-interactions. This would make the simulation code more capable of
handling situations like gravothermal core-collapse of DM haloes. For the simulations we
presented here, we only relied on the gravitational time-step, which is small enough for the
situations we considered.

Finally, for our merger simulations, we used an algorithm to nd peaks of the DM and
the galactic component based on KDEs. Unfortunately, the results are biased towards
the barycentre for small peak separations, which limits the conclusion that can be drawn.
Other methods may perform better, for example nding the most tightly bound particle.

3.6.2 Physical considerations

In our various simulations, we found that fSIDM and rSIDM lead to di erent e ects even
when using the same momentum transfer cross-section. One may wonder whether this
is simply the result of an incorrect matching, i.e. whether for each fSIDM cross-section
one can nd an rSIDM cross-section that produces the same behaviour. Indeed, Fig. 3.6
suggests that core formation simply proceeds a bit faster in fSIDM than in rSIDM and it
should be possible to improve the matching by using slightly larger cross-sections for rare
scattering. However, given the physical di erence between rare and frequent scattering it is
also conceivable that the two cases cannot be matched to one another in a simple way. Rare
self-interactions a ect only a few particles per time, whereas frequent self-interactions a ect
all particles, which could contribute to a faster core-collapse for fSIDM. One consequence of
this is that systems with frequent or rare scatterings follow di erent paths to equilibrium,
i.e. the velocity distributions are di erent. This can be seen from the idealized case studied
in Fig. 3.2.
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Nevertheless, when we go beyond relaxed systems we nd that the two types of self-
interactions lead to qualitatively di erent e ects. This can be seen most clearly in Fig. 3.10,
where the largest o sets found in fSIDM cannot be reproduced for any cross section in
rSIDM. In other words, frequent and rare self-interactions cannot be matched by a simple
rescaling of the cross-section. It is worth mentioning that the cross-section needed to
create the largest possible o set for a given system depends on the central density of the
system. Thus, not all systems would allow rare and frequent scatterings to be distinguished
observationally, and in the case of very small cross-sections all systems would be consistent
with either rare or frequent scatterings. However, in the past, there have been claims
of observations of large o sets (Harvey et al., 2015, though see Wittman et al. (2018)).
Observed o sets are typically smaller (3 60kpc) than the one that can only be explained
with frequent self-interactions in our simulations. Nevertheless, the observed o set of the
Musket Ball Cluster ( 80kpc) is larger (Dawson, 2013).

Furthermore, we have found that the di erence between frequent and rare self-interactions
results in an ampli ed di erence in the galactic component, i.e. the maximum is larger in
the galaxy distribution than for DM. Large o sets are easier to detect and their existence
or non-existence has the potential to distinguish between frequent and rare scattering.
Hence, the ampli cation process for fSIDM provides an important handle for determining
the nature of DM.

Finally, we emphasize that we have adopted a simpli ed and idealized set-up in our
simulations. For instance, we do not include baryons which could a ect our results (Zhang
et al., 2016). For a detailed comparison with observations, more realistic simulations will
be required. As mentioned above, such future simulations should also investigate in more
detail the case of non-isotropic and velocity-dependent self-interactions, which has been
found to have a signi cant impact on the o sets in merging galaxy clusters (Robertson
et al., 2017b) for rSIDM.

3.7 Summary and Conclusions

In this paper, we have presented a novel method for modelling frequent self-interactions of
DM within the framework of the N -body method. Our numerical scheme conserves energy
and momentum explicitly. Moreover, it does not rely on equilibrium or quasi-equilibrium
states but is capable of treating typical astrophysical initial conditions. We introduced
several test problems to demonstrate the accuracy of our numerical scheme. Furthermore,
we performed several simulations of isolated haloes and mergers using frequent and rare
self-interactions. Our main results from these simulations are as follows:

" fSIDM can be modelled accurately within N -body simulations.

" Rare and frequent interactions lead to similar core formation in DM haloes. When
considering the same momentum transfer cross-section, the evolution is slightly faster
for fSIDM than for rSIDM.
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" We found that fSIDM produces larger DM{galaxy o sets than rSIDM in equal-mass
mergers.

" This e ect can be traced back to an ampli cation in the displacement of the galactic
component for the case of fSIDM.

~ In conclusion, the phenomenology of rSIDM and fSIDM is di erent in the sense that
for a given strength of frequent self-interactions one cannot in general nd a rare
self-interaction cross-section that gives the same e ects.

This paper only constitutes the rst steps towards exploring the astrophysical phe-
nomenology of frequently self-interacting DM, in the sense that it provides the numerical
methods for further investigations. Future simulations of various astrophysical set-ups
may provide deeper insights into the phenomenology of fSIDM and allow for a detailed
comparison with observations.
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Appendices

3.A Kernel overlap

In this appendix we discuss the computation of the kernel overlap j , which arises from
the integral of equation (3.9). To exploit symmetries, we express the integral in cylindrical
coordinates,

a a o

i 2 Sa SO WS z2 r2;hi-
o

WS "z de? r2hjerdrdz: (3.28)

In order to simplify the notation we have introduced the distanced S x Sbetween the two
particles. We have also integrated directly over the angle of the cylindrical coordinates,
remaining only with two integrals over r and z. Using the assumption that the kernel
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function becomes»zero beyond, we,gan place tighter integration limits. For this purpose,

we introduce ;  h? zZand | h? "z de2, such that
min“~hjh; de min® ;e %
i 2°S S WS z2 rZhje

max~ hj; h; de 0 o

WS "z de? r2hjerdrdz: (3.29)

For a given kernel function, W’r;he values for are tabulated in advance and then
interpolated to obtain  for given h;, h; and d. Although depends on three variables,
we need only a two-dimensional table for this purpose, as one variable can be interpreted
as a scaling factor. To make this explicit, we introducehpyin ~ min“hj;hje and hmax
max_h;;h;js and scale all variables with hpin, i.e. we introduce d® d~hyin and h®
hmax~min. The scaled version of can then be written as

Zmax  Tax >
£ dTh% 2 S. S. W< z® [ 1e

min min
»

W "z%® d%2 1B h%r%r%z® (3.30)
with r® r~hmin and z€ z~hmin. The unscaled version of is then obtained from
e

i h3” . (3.31)

min

3.B Implementation of rare self-interactions

N -body simulations of DM with rare self-interactions employing an isotropic cross-section
are well established. There exists a variety of schemes, which di er in the way scatter
probabilities are computed (e.g. Burkert, 2000; Vogelsberger et al., 2012; Rocha et al.,
2013). Rocha et al. (2013) introduced a scheme where the scattering probability arises
from the kernel overlap. We follow this approach because we already compute overlaps for
our fSIDM scheme. By using the total cross-section and the physical particle massm
we can derive the scattering probability of a numerical particle pair. Similar to the drag
force we start from a microparticle travelling through a constant density . The particle
has the velocity v and travels for the time t. The probability that it scatters with another
particle is given by

Pscatter m vit: (3.32)

Note, this is valid only for Pscaer P 1. Now we consider two overlapping phase-space
patches as represented by our numerical particles with densities; and ;. The expected
number of scattering events is given as

‘Ne s m_l Pscatter dV (3.33)
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Here, Pscatter denotes the probability that a microparticle of i scatters with one ofj.
We multiply by the microparticle mass and obtain the expected value for the mass per
phase-space patch that scatters:

‘Me m—S viSt 5 jjdV; (3.34)

where vj vj V;j is the relative velocity and t is the simulation time-step. The kernel
overlap j is computed as described in Appendix 3.A. We can then express the scattering
probability of i representing a mass ofn; as
P; le —m; SvjSt (3.35)
m; m

For our implementation we use numerical particles that have the same masm, such that
Pj Pi Pj. The time-step t is kept small enough such that the scattering probability
is well below unity. To determine whether two particles scatter during a given time-step
we take a random numberx from the interval 0;1 and let the particles scatter if x BPj; .
The scattering process can be described as follows:

Sv; S
V® Vems 2” e (3.36)

and Svis
v® Vems ;” e: (3.37)

Here,vems “Vi Vj*~2, i.e. the centre-of-mass velocity. The vectore is a normalized vector
that points into a random direction. Here, we assume the cross-section to be isotropic, but
anisotropic cross-sections can also be implemented (Robertson et al., 2017b). Our rSIDM
implementation uses the same time-steps as for fSIDM (see Section 3.2.5) and the same
parallelization (see Section 3.2.5).

3.C Molere's theory

In Section 3.3.3, we use Molere's theory to predict the result of the angular de ection test
problem. Here, we give further details on how to derive the prediction. The probability
density distribution of the de ection angle, assuming scattering about small angles, was
derived by Moliere (1948) and can be written as®

N

2
fooe expE :2‘ : (3.38)

=2

8Here, we only give the zeroth-order term, because the assumption of our method is that the underlying
di erential cross-section is extremely forward peaked, such that a given momentum transfer cross-section
is achieved in the limit of an in nitely large cross-section for in nitesimally small-angled scattering
events. In such a case, the so-called screening angle in Moliere theory is zero, which in turn implies that
B (see Moliere, 1948) is in nitely large, which means that the zeroth-order term is the only term that
contributes to the distribution of scattering angles.
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To compute the distribution of the scattering angle one needs 2, which is given as

2 2nyglsg g—3d: (3.39)

Here, ng denotes the particle number density. It can be expressed asy ~m , where s
the matter density and m the physical particle mass. The distance travelled by a particle
through the target is given by |. Equation (3.39) is not directly applicable for us as we only
know the momentum transfer cross-section .~-m . But we can rewrite equation (3.39)
using the de nition of the momentum transfer cross-section as given in Kahlhoefer et al.
(2014).

1
+ 4 50 S—Al cos «dcos (3.40)
0
4 S~23_Sin "1 cos «d
~2d
2 — 3d: 3.41
S, g (3.41)

In the nal step we have assumed thatd ~d is strongly peaked at small angles, such that
we can approximate sin "1 cos ¢ 3~2. We therefore nd

2 2ngl + 21 m—T: (3.42)

3.D Stability of initial conditions

Here, we show that the NFW haloes used for our simulations in Sections 3.3.4 and 3.5 are
stable when evolved without DM self-interactions.

For the simulations presented in Section 3.3.4, we used an initial NFW halo. The halo
has a virial mass ofM; 10'*>My, and is resolved byN  10° particles. In the upper panel
of Fig. 3.D.1, we demonstrate the stability of these initial conditions.

In the lower panel of Fig. 3.D.1, we demonstrate that the haloes we use for our merger
simulations (section 3.5) are stable when simulated without self-interactions. One can only
see minor changes of the density pro le. The largest di erence occurs in the centre of the
halo.

3.E Additional Merger Plots

Here, we show additional plots of our merger simulations, which are presented in section 3.5.
In particular, we show for peaks of all components the distance to barycentre as a function
of time for cross-sections of .~-m 0cm?g ! (Fig. 3.E.1), -m 15cm?g ! (Fig. 3.E.2),
and .-m 5cn?g ! (Fig. 3.E.3).
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Figure 3.D.1: We show the evolution of an initial NFW halo as used for our test simulations
in section 3.3.4 (upper panel) and our merger simulations in section 3.5
(lower panel). The haloes were simulated without DM self-interactions, i.e.
consistent with CDM. Here, we display the density pro le at several times.
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Figure 3.E.1: The same as in Fig. 3.8 but for collisionless DM.

Figure 3.E.2: The same as in Fig. 3.8 but for rare self-interactions. A self-interaction
cross-section of .-m 1:5cn?g * was employed.
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Figure 3.E.3: The same as in Fig. 3.8. The upper panel shows the evolution with frequent
self-interactions and the lower panel displays the simulation with rare self-
interactions. But for a cross-section of -m 5cm?g L. Interestingly, the
BCG peak distance at second apocentre is larger than at the rst one. This
is a consequence of the DM relaxation time. A atter gravitational potential
allows the BCG's to reach a larger distance at the second apocentre.
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3.F Ampli cation Process

As we mentioned in section 3.5.2 the positions of BCGs and galaxy density peaks do not
re ect the di erences between rSIDM and fSIDM dark matter peaks one-to-one. The
deviation in BCGs and galaxies is larger than for the DM distribution when considering the
maximum value of as shown in Fig. 3.11. In the following, we investigate this observation
in more detail.

For this purpose, we compute the projected 1D density along the merger axis using a
KDE with a 1D Gaussian smoothing kernel with a width of 50kpc. From this, we obtain
the normalized density as shown in Fig. 3.F.1. We also compute the di erence between
fSIDM and rSIDM, which is shown in Fig. 3.F.2.

The key observation is that the central region close to the barycentre has a higher
projected density for fSIDM than for rSIDM. Although this could be a projection e ect
and does not necessarily imply that the actual density at the interaction point is larger for
fSIDM, it clearly demonstrates that the distribution of DM, and hence the gravitational
potential, di ers for the two cases shortly after the collision. This observation is readily
understood in terms of the underlying di erences between the two self-interaction schemes.
In fSIDM all DM particles are decelerated and de ected, i.e. some energy from the forward
motion is redirected into the perpendicular direction. In rSIDM, on the other hand, most
DM particles are una ected by self-interactions, while some particles scatter and experience
a strong de ection.

In rSIDM, the DM halo therefore travels further after pericentre passage than in fSIDM.
The deceleration of the DM component in fSIDM leads to a larger galaxy{DM o set.
The galaxies hence experience a stronger gravitational pull in fSIDM, which ampli es the
di erences in the galactic component between rSIDM and fSIDM.
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Figure 3.F.1: The normalized projected density along the merger axis is shown. We
compare the density of the galactic and DM component for frequent and
rare self-interactions. All three panels belong to the same cross-section
( +-m L:5cm?g ') and give the density for several times at pericentre
passage and shortly afterwards.
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Figure 3.F.2: The relative projected density di erence between fSIDM and rSIDM from
Fig. 3.F.1, but for several cross-sections. A positive value implies that fSDIM
is denser than rSIDM.
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4 Unequal-mass mergers of dark matter haloes
with rare and frequent self-interactions

This chapter presents work as published in Fischer et al. (2021b).

Abstract Dark matter (DM) self-interactions have been proposed to solve problems on
small length scales within the standard cold DM cosmology. Here, we investigate the e ects
of DM self-interactions in merging systems of galaxies and galaxy clusters with equal and
unequal mass ratios. We performN -body DM-only simulations of idealized setups to study
the e ects of DM self-interactions that are elastic and velocity-independent. We go beyond
the commonly adopted assumption of large-angle (rare) DM scatterings, paying attention
to the impact of small-angle (frequent) scatterings on astrophysical observables and related
guantities. Speci cally, we focus on DM-galaxy o sets, galaxy{galaxy distances, halo
shapes, morphology, and the phase{space distribution. Moreover, we compare two methods
to identify peaks: one based on the gravitational potential and one based on isodensity
contours. We nd that the results are sensitive to the peak nding method, which poses a
challenge for the analysis of merging systems in simulations and observations, especially
for minor mergers. Large DM-galaxy o sets can occur in minor mergers, especially with
frequent self-interactions. The subhalo tends to dissolve quickly for these cases. While
clusters in late merger phases lead to potentially large di erences between rare and frequent
scatterings, we believe that these di erences are non-trivial to extract from observations.
We therefore study the galaxy/star populations which remain distinct even after the DM
haloes have coalesced. We nd that these collisionless tracers behave di erently for rare
and frequent scatterings, potentially giving a handle to learn about the micro-physics of
DM.

4.1 Introduction

In the standard cosmological model, structures in the Universe such as galaxies and galaxy
clusters are thought to form hierarchically, meaning that small objects merge to form larger
ones (e.g. Lacey & Cole, 1993). In particular, cosmologicaN -body simulations have been
used to investigate structure formation within the standard CDM model (e.g. Springel
et al., 2005; Boylan-Kolchin et al., 2009; Klypin et al., 2011; Pillepich et al., 2017; Hopkins
et al., 2018). These simulations agree remarkably well with observations of the large-scale
structure (e.g. Springel et al., 2006) and allow us to explain the formation of a wide range
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of cosmic objects. In the cosmological standard model, today's Universe mainly consists
of dark energy and dark matter (DM), which is thought to be collisionless and cold (cold
dark matter { CDM). The underlying nature of those two components is largely unknown.

Although the large-scale structure of our Universe is reproduced well byN -body sim-
ulations assuming only CDM, there seem to be discrepancies between predictions and
observations on scales of galaxies. This is often referred to as the small-scale crisis @DM,
which manifests itself in the core-cusp problem, the diversity problem, the too-big-to-fail-
problem and the plane of satellites problem (for a review see Bullock & Boylan-Kolchin,
2017).

Many solutions have been proposed to solve these problems, including alternative models
for DM (e.g. Dodelson & Widrow, 1994; Hu et al., 2000). One class of these models
assumes that DM is not fully collisionless but that DM particles scatter o each other with
a non-zero cross-section (Spergel & Steinhardt, 2000). Such models with self-interacting
dark matter (SIDM) provide a promising solution to the small-scale crisis (for a review see
Tulin & Yu, 2018). The dark sector might be strongly coupled to itself, while interactions
with standard model particles are weak enough to ful | current constraints from laboratory
experiments. In several particle physics models, this would be natural, (e.g. Carlson et al.,
1992; Kusenko & Steinhardt, 2001; Mohapatra et al., 2002; Frandsen et al., 2011).

A variety of SIDM models exist for which the self-interactions can be velocity-independent
or velocity-dependent (e.g. Ackerman et al., 2009; Buckley & Fox, 2010; Loeb & Weiner,
2011; van den Aarssen et al., 2012; Tulin et al., 2013a) as several studies have assumed (e.qg.
Coalin et al., 2002; Vogelsberger et al., 2012; Vogelsberger & Zavala, 2013; Vogelsberger
et al., 2014; Robertson et al., 2017b; Banerjee et al., 2020; Nadler et al., 2020; Turner
et al.,, 2021). The self-interactions could be elastic or inelastic (e.g. Essig et al., 2019;
Huo et al., 2020) and the di erential cross-section may have di erent shapes. The latter
implies that the typical scattering angles can be of di erent sizes. In the regime of rare
self-interacting dark matter (rSIDM), the typical scattering angle is large, the scattering
can be isotropic as most studies assumed, but there have also been a few studies with
anisotropic scattering (e.g. Robertson et al., 2017b; Banerjee et al., 2020; Nadler et al.,
2020). In contrast, the regime of frequent self-interacting dark matter (fSIDM) has typical
scattering angles that are tiny and thus transfer less momentum per scattering event
compared to rSIDM (Kahlhoefer et al., 2014). There exists a variety of particle physics
models with long-range interactions arising from a mass-less mediator. These models have
a strongly anisotropic cross-section, which typically is velocity-dependent. This is the case
for mirror DM (Blinnikov & Khlopov, 1983; Kolb et al., 1985; Berezhiani et al., 1996; Foot,
2004), atomic DM (Kaplan et al., 2010; Cline et al., 2012; Cyr-Racine & Sigurdson, 2013)
and some other hidden sector DM models (Feng et al., 2009; Foot & Vagnozzi, 2015; Boddy
et al., 2016).

In addition to cosmological simulations, a number of studies have focused on individual
mergers to constrain the nature of DM. Several studies simulate galaxy clusters in a CDM
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cosmology including the intracluster medium (ICM; Poole et al., 2006; ZuHone, 2011,
Machado & Lima Neto, 2015; Zhang et al., 2016; Doubrawa et al., 2020; Moura et al.,
2020). Mergers between galaxy clusters provide important test cases for theories of DM.
Dissociative mergers, where the intracluster gas becomes separated from the DM haloes,
are especially interesting, with known examples including the Bullet Cluster (e.g. Springel

& Farrar, 2007; Mastropietro & Burkert, 2008; Lage & Farrar, 2014), the "El Gordo' cluster
(Donnert, 2014; Molnar & Broadhurst, 2015; Zhang et al., 2015, e.g.), the "Sausage' cluster
(Donnert et al., 2017; Molnar & Broadhurst, 2017, e.g.), A1758N (Machado et al., 2015;
Monteiro-Oliveira et al., 2016), and ZwCl008.8+52 (Molnar & Broadhurst, 2018).

In the context of SIDM, merging galaxy clusters have attracted attention since o sets
between the DM component and the galaxies may provide evidence for DM self-interactions.
There have been several observational studies on galaxy cluster o sets that sparked a
debate on the reliability of the largest o sets measured (e.g. Brada et al., 2008; Dawson
et al., 2012; Dawson, 2013; Jee et al., 2014, 2015; Harvey et al., 2017; Peel et al., 2017,
Taylor et al., 2017; Wittman et al., 2018). Here, we focus on o sets that could discriminate
between rSIDM and fSIDM.

From the theoretical side, several numerical studies of galaxy cluster mergers with
SIDM have been carried out. Although SIDM encompasses a wide range of models, most
studies assumed elastic velocity-independent isotropic scattering (Randall et al., 2008;
Kim et al., 2017; Robertson et al., 2017a). Robertson et al. (2017b) performed the rst
study of anisotropic scattering. Nevertheless, these studies have been limited to large-angle
scattering. Meanwhile, frequent self-interactions have only very recently been implemented
in N -body simulations based on an e ective drag force (Fischer et al., 2021a), which is more
generally applicable than the description in terms of a heat conduction approach (Kummer
et al., 2019).

Kim et al. (2017) have performed a parameter study of equal-mass mergers that demon-
strated that o sets between DM and galaxies can arise from rare self-interactions. Building
on this, Fischer et al. (2021a) showed that even larger o sets arise when fSIDM is considered,
as expected by Kahlhoefer et al. (2014). Unequal-mass mergers are interesting since they
occur much more frequently than equal-mass mergers. In rSIDM, they have been studied
in simulations which reproduce the Bullet Cluster (1E 0657{56) (Randall et al., 2008;
Robertson et al., 2017a,b). In addition, there are many studies on structure formation in
rSIDM using cosmological simulations (e.g. Vogelsberger et al., 2012; Vogelsberger et al.,
2014; Vogelsberger & Zavala, 2013; Peter et al., 2013; Rocha et al., 2013; Despali et al.,
2019; Banerjee et al., 2020; Nadler et al., 2020; Robertson et al., 2020; Vega-Ferrero et al.,
2020; Sameie et al., 2021; Shen et al., 2021).

In this paper, we focus on idealized equal and unequal-mass mergers of galaxies and
galaxy clusters usingN -body simulations. Although the ICM contributes signi cantly
to the total mass of galaxy clusters, we neglect the contribution from gas and consider
idealized systems that only consist of DM and galaxies. Likewise, for the galaxy simulations,
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we also consider only DM and stars. In our model, the DM is subject to self-interactions
that are elastic and velocity-independent, and we investigate, both, rare and frequent
self-interactions.

In Section 4.2, we brie y describe the simulation code with its implementation for DM
self-interactions and explain our initial conditions. In Section 4.3, we present the methods
of our analysis, especially for the peak nding. Subsequently, we present the results of our
simulations in Section 4.4. In particular, we measure o sets and shapes of the merging
systems, investigate the morphology and phase{space distribution of the mergers and
compare peak nding methods. In Section 4.5, we discuss our results and their physical
implications in the light of the assumptions we have made. Finally, we summarize and
conclude in Section 4.6. Additional details and plots are provided in the appendices.

4.2 Numerical setup

In this section, we describe our numerical setup including the simulation code and the
description of the initial conditions.

4.2.1 Simulation code and implementation of self-interactions

For our simulations, we use the cosmologicaN -body codegadget-3 , which is a successor
of gadget-2 (Springel, 2005). For rare and frequent self-interactions, we are using the
implementation described in Fischer et al. (2021a). This means that for the rare self-
interactions, a similar scheme to the one introduced by Rocha et al. (2013) is used and the
scheme for frequent self-interactions is based on an e ective description employing a drag
force (Kahlhoefer et al., 2014) and was introduced in Fischer et al. (2021a). In addition
to the existing implementation, we added a time-step criterion and slightly modi ed the
implementation of rSIDM as described below.

Time-step criterion for self-interactions

For both rare and frequent self-interactions, we implemented a time-step criterion that
limits the maximum allowed time-step for each particle. In this context, our explanation
about the time-step scaling for fSIDM in section 2.4 Fischer et al. (2021a) might be of
interest.

In gadget-3 , particles are assigned an individual time-step and our new criterion does
not allow it to be larger than t ¢, which is de ned as

h3
|

.maxm

t s (4.2)

Here, h denotes the kernel size (which is used in the implementation of the self-interactions)
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and m denotes the numerical particle mass.! nax is computed as follows

' max Mmax’! e with ! V; (4.2)

_T
m
where v denotes the relative velocity of two particles. We compute! for each particle
interaction, and then determine ! o for a given particle as the maximum value of! over
all interactions involving that particle. The size of the time-step can be adjusted by the
numerical factor . For frequent self-interactions, this enables the control of the relative
velocity change per particle interaction. The simulations in this paper were conducted with
a value of  0:1.

rSIDM { relabelling of particles

In this paper, we study mergers where we know which halo each particle initially belongs
to. This information is used in the peak nding as described in Section 4.3.1. However,
when considering rSIDM, the question of which DM halo a particle belongs to is not as
clear as it might seem. Consider two indistinguishable particles that belong to di erent
haloes. If they scatter by an angle @ -2, this cannot be distinguished from an event with

a scattering angle A ~2 where the two particles are exchanged. Hence, we modify our
rSIDM implementation such that particles are not allowed to scatter by angles larger than
90°, but use the smaller angle instead. This has the same e ect as relabelling (exchange of
host halo labels) the particles for scattering angles larger than 90 In appendix 4.A, we
study the e ects of this modi cation.

4.2.2 Initial conditions and simulation parameters

In this paper, we perform a parameter study of head-on collisions of DM haloes. Initially,
the individual haloes are assumed to follow a Navarro{Frenk{White (NFW) pro le (Navarro
et al., 1996). As the total mass of an NFW halo is in nite, it needs to be truncated at some
radius, which we set as 20 times the scale radiuss. We ran simulations for galaxy and
cluster-scale mergers, i.e. the main haloes have virial masses Mfyir:main 102 or 10"°My,,
respectively. For all haloes, the concentration parameter in the NFW pro le, ¢, was chosen
according to Dutton & Macco (2014). In Tab. 4.2.1, we give the corresponding scale radius
and scale density for our haloes. All haloes have an equal number of DM and collisionless
galaxy/star particles. Each of these components follow an NFW pro le with the same value
for rs. The cluster-scale simulations have a mass resolution afipy 2 10° M, for the DM
particles and mgay 4 10° My, for the galaxy particles. For the galaxy-scale simulations, the
mass resolution is:mpy 2 10°M, and mgier 4 10°My,. In addition, the haloes contain
one more massive collisionless particle at their centre. For the cluster-scale simulations, it
may be interpreted as the brightest cluster galaxy (BCG) although it has only a mass of
Mecg 7 109My.

All our mergers are head-on mergers, i.e. their impact parameterd), equal zero. Initially,
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M yir s 0

"Mpe | (kpc) | (Mp kpc 3)
10 [ 389.31| 1:33 10°

2 10" | 194.76| 191 1P
104 | 144.53| 2:24 10°
1012 19.92 | 6:56 10°

2 101 | 9.97 9:64 10°
10 7.40 1:14 10’

Table 4.2.1: The scale radiusrg and the density o

haloes, which have the virial massM y;, .

4 “rge

are given for our initial NFW

Mvir:main | MMR dini V ini -m

“Mp (kpc) | (km s ) “cm?g le
10%° 1:1 | 4000 | 1000 | 0.0,0.1,0.3,05
101° 1:5 | 4000 | 1000 |0.0,0.1,0.3, 0.5
101 1:10 | 4000 | 1000 |O0.0,0.1,0.3, 0.5
102 1:1 500 140 0.0, 1.0, 2.0
1012 1:5 | 500 140 0.0, 1.0, 2.0
102 1:10 | 500 140 0.0, 1.0, 2.0

Table 4.2.2: Initial condition and simulation parameters for the runs presented in this
paper. Myir:main denotes the virial mass of the main halo, MMR gives the
merger mass ratio in terms of the virial mass. The initial separation of the
two haloes centres is given bydiy, their initial relative velocity is v i, and
they are all head-on collisions. The self-interaction cross-section is; (see
equation 4.3) and the given values have been simulated with rare and frequent
self-interactions, except of . 0:0 which corresponds to CDM.

they are separated by a distanced;y; and they have a relative velocity of v, . We simulate
collisionless DM as well as rare and frequent interacting DM with several cross-sections.
The initial velocity is chosen such that the sub halo is still gravitationally bound to the
main halo. An overview of all runs is given in Tab. 4.2.2. In addition, we simulated the
cluster-scale setup of the 1:10 merger employing a cross-section of -m 0:5cm?g 1 with
half the resolution to check that our results are converged.

For the self-interactions, we use the momentum transfer cross-section de ned &s

1

"1 COS ¢ms*dCOS ¢ms: (4.3)

4
T SO d cms

1:2kpc for the cluster-
0:06kpc for the galaxy-scale simulations. We use an adaptive

In addition, we employ a xed gravitational softening length of
scale simulations and
kernel size for the DM self-interactions, which varies to keep the number of neighbours
within each particles' kernel, Nngp, equal to 64. For fSIDM, a larger number would lead to
more interactions, enabling the use of a larger time-step and reducing numerical noise, but

! Note that for the case of identical particles, as implicitly assumed here, this de nition is equivalent to the
one advocated by Robertson et al. (2017b) and Kahlhoefer et al. (2017).
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at the same time it would reduce spatial resolution and would require the computation of
more particle interactions. As a compromise, we choose to use the same value as in Fischer
et al. (2021a).

4.3 Methods

In this section, we describe how we determine the peaks of our particle distributions and
then how we de ne o sets. As we will describe below, the peak nding is a complex issue
and crucial for the study of self-interactions in halo mergers. Finally, we will explain how
we measure halo shapes and compare time-scales across simulations.

4.3.1 Peak nding

In the literature, one can nd various methods to nd peaks of particle distributions.

For instance, the shrinking spheres/circles method (Power et al., 2003) or parametric ts
(Robertson et al., 2017a) or the search for density maxima based on kernel density estimates
(Kim et al., 2017). Finding peaks for an unequal-mass merger is more di cult than for an
equal-mass merger as the peak for the less massive halo vanishes faster and is harder to
detect. In this paper, we use two methods to nd peaks, as we explain in the following
subsections.

Gravitational potential based peaks

We employed a peak search strategy that is based on the gravitational potential energy
of the particles. We use the information of which halo a particle initially belongs to, and
perform the search for the most gravitationally bound particles of each halo and each
particle type separately. For instance, the DM potential based peak of the main halo is the
location of the DM particle that experience the lowest potential originally from the main
halo, where the potential at each particle is calculated with respect to only the other DM
particles that were originally part of the main halo. While this approach does not directly
map to observationally available information, it does give an insight into the underlying
merger dynamics.

In order to speed up the peak search, we employ an octree-like structure to cluster the
particles, where every node is required to contain no more particles than a given maximum.
In the rst step, we compute the potential using the nodes of the tree and search for local
minima. Thus, we estimate the potential at the centre of mass of each node and compare
it to the neighbouring nodes.

In a second step, we investigate particles close to the minima, i.e. particles that belong to
the corresponding node and its neighbours. For the computation of the binding energy of
individual particles, we also use the tree nodes, such that distant particles are not evaluated
individually, but are clustered in nodes. For the main halo, we search only for the global
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minimum, which is usually the only minimum, although there can be more. The main
peak is then given by the coordinates of the particle where the potential is minimal.

For the subhalo we investigate the deepest minimum, but also the second deepest local
minimum provided it exists. Typically, a second potential minimum forms at the centre
of the main halo and after a while it becomes the dominant peak as the subhalo merges
with the main one. It is worth mentioning that the formation of the second peak is
strongly a ected by the relabelling procedure for rSIDM, which is implemented via a
limited scattering angle as described in Section 4.2.1. In Appendix 4.A, we demonstrate
the e ects from this procedure.

If the subhalo contains a second peak, we check whether the rst one coincides with
the peak of the main halo. If this is the case, we take the second one as the peak of the
subhalo. From some point in time on, this second peak is no longer present as a minimum
in the potential and, consequently, we are no longer able to determine the peak position of
the dissolving subhalo.

For our computation of the gravitational potential, we also employ a gravitational
softening length to avoid artefacts from very close particles. In contrast to the actual
simulations and for the sake of simplicity, we use Plummer softening (e.g. Dyer & Ip, 1993).
A large softening length would impact the peak positions. Consequently, we choose a value
that is small enough to obtain reliable peaks but large enough to avoid misdetections due
to close particles. For the analysis of the cluster-scale simulations, we use 1:2kpc and
for the galaxy-scale simulations, we employ 0:06 kpc.

Finally, we estimate the error for the peaks by bootstrapping the particle distribution 24
times and determine the peaks again. We obtain the error on the peak position by simply
using the standard deviation of the peaks obtained from the bootstrapped haloes. Finally,
we set the error to a value that has at least the value of the softening length.

The peak nding algorithm is illustrated in Fig. 4.3.1 and can be broken down into ve
steps as follows:

1. Generation of the mesh.

2. Estimation of the potential at the positions of the cells.

3. Search for local minima by comparison with neighbour cells.
4. Determination of the particle with the lowest potential.

5. Bootstrap distribution to obtain errors on peaks, redo (ii){(iv).

The peak nding method we are using is not a ected by projection e ects because we
work in all three dimensions. For peaks of collisionless particle components, this typically
leads to a peak that coincides with the position of the single tracer particle placed initially
at the halo centre. Note that this is in contrast to methods that work in projection as in
Kim et al. (2017) or Fischer et al. (2021a). However, the three-dimensional approach may
not be ideal when comparing DM-galaxy o sets of simulations to observations, where the
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three-dimensional information is not available. Moreover, our approach relies on knowledge
to which halo each particle originally belongs, which can only be traced in simulations.

For a comparison with observations, ts of parametric models seem to be more interesting.
They are often used to analyse observational data. Among other things, Robertson et al.
(2017b) employed this method to determine the positions of di erent components in
simulations of a system that was designed to mimic the Bullet Cluster. For isotropic
scattering, their measured o sets arise solely from tting the wake of scattered particles,
whereas unscattered particles behave in the same way as the collisionless galaxy particles.
In consequence, measured o sets depend strongly on the chosen method and our potential
based approach may lead to smaller o sets than parametric ts. Moreover, spherically
symmetric parametric models may not always provide a good description of the DM
distribution and an asymmetric model is favourable (Taylor et al., 2017). This problem
does not arise in other methods, such as the shrinking spheres method.

But the shrinking spheres or its two-dimensional analogue, the shrinking circles method
su ers from more severe problems. It is highly sensitive to the starting position and radius
(Robertson et al., 2017a). Moreover, for a multiple peak search, extra guidance would be
needed to detect the di erent peaks which is not necessary in the method based on the
gravitational potential that can detect multiple peaks more easily. Finally, the position of
the subhalo can be strongly a ected by the density gradient of the main halo (Robertson
et al., 2017a).

Isodensity contour based peaks

In addition to the peak nder based on the gravitational potential, we use a second
method which may be more easily transferable to observations. In this second method, we
determine the peaks of the particle distributions based on isodensity contours in projected
two-dimensional density maps (similar to Kahlhoefer et al., 2014). To this end, we project
the density for each component onto a plane in which the merger axis lies and determine
how many regions exceed a given threshold in surface density. Initially, we choose a
threshold close to the maximum surface density and lower it until we nd two separate
regions that exceed the threshold. For each region, we compute the centroid of the particles
that belong to this region, which gives us the peak position. We perform this procedure
for the DM and galactic component, separately. In contrast to the peak nder described
above, this method does not require any information about the origin of the particles. In
order to still be able to assign peaks to haloes, we linearly extrapolate the peak position of
a halo from the past and compare it to the identi ed peaks. The one which is closer to the
linear prediction is associated with the halo.

If the centres of the haloes are too close, we are no longer able to identify them as
separate peaks as we nd only one region exceeding the density threshold. In this case, we
use the only peak found for the two haloes. As a result, we are not able to give accurate
peak positions for very small separations and do not show quantities derived from the
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Figure 4.3.1: lllustration of the peak nding method. Particles (black dots) are clustered
in cells (squares) of di erent sizes adapted to the particle number density.
On the basis of the cells, a search for local potential minima (squares with
red lines) is performed. The particles which have locally the lowest potential
(red dots) are searched for in a neighbouring area around the minima (red
shaded regions).
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peaks if they are close.

Errors on the peak positions are computed via bootstrapping the particle distribution 24
times. In general, the obtained errors are tiny and thus usually not visible in our plots.

4.3.2 O sets

Here, we describe how we measure o sets between DM and galaxies, i.e. the distance
between their respective peaks. There are multiple ways that they could be de ned, i.e.
how their sign is chosen, but here we de ne the o sets between DM and the componenit
by

oset Xpm Xi; (4.4)

where the coordinate along the merger axis is given byx. Note that this de nition is
di erent from the one we used previously in Fischer et al. (2021a).

4.3.3 Halo shapes

In order to compute halo shapes we use the inertia tensor, with its moments of inertia, i.e.
its eigenvaluesl 1, 12, and 3. For N point massesmy at position ry, the inertia tensor is
N
Il Qmp rp rpel rpary : (4.5)
n
Here, |1 corresponds to the principal axis (or eigenvector) which is most closely aligned to
the merger axis. The ratio of the moments of inertia gives us a shape variable

214
o I3’

(4.6)

For our head-on mergers, we expect, |3 due to the symmetry of the system and initially
our haloes are spherical, which implies 1. Values larger than one correspond to oblate
haloes and values smaller than one to prolate haloes. In Section 4.4, we compute the halo
shape separately for the components of the haloes and with respect to the peaks determined
according to the method based on the gravitational potential described in Section 4.3.1.
We consider only particles that are closer than twice the scale radius of the initial NFW
pro les.

In contrast to our shape de nition often a reduced inertia tensor is used (e.g. Allgood
et al., 2006; Bett, 2012; Peter et al., 2013; Vargya et al., 2021). This is in the context
of measuring the shape as a function of distance. According to Zemp et al. (2011), the
1~ 2 weighting of the reduced inertia tensor does not improve the shape measurement and
they recommend using elliptical shells. However, for our work, we are only interested in
an estimate of the shape that allows us to understand qualitative di erences between DM
models as a function of time. That is why we pursue a simpli ed approach.
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4.3.4 Merger times

Self-interactions can change the merger time of a system, which can be problematic for
a comparison between simulations using di erent cross-sections. A system evolved with
SIDM may have reached the second pericentre but when simulated with CDM after the
same time, it could be in a phase before the second pericentre. To allow comparison
between the same stages in the evolution of a merger, we de ne an internal time of the
system

tt i
rstperlcentre ’ (47)
tm
where tm  tsecondpericentre  Urstpericentre  gives us the merger time. By de nition, 0

corresponds to the rst pericentre passage and 1 to the second pericentre passage. For
the analysis of the simulation, we use the BCGs/BHs to compute the time . This has
the advantage that the time is independent of the peak nding algorithm and thus always
known.

4.4 Results

In this section, we present our results on equal and unequal-mass head-on mergers, both, for
frequent and rare self-interactions. In particular, we focus on the morphology (Section 4.4.1),
DM-galaxy o sets (Section 4.4.2), shapes of the haloes (Section 4.4.3), compare fSIDM and
rSIDM (Section 4.4.4) as well as the peak nding methods (Section 4.4.5) and examine the
phase{space distribution (Section 4.4.6). The numerical setup used to produce the results
is described in Section 4.2 and the methods employed to analyse the data are explained in
Section 4.3.

In the following, we call the more massive halo the “main halo' and the less massive one
the “subhalo’. We will use this terminology even in the case of an equal-mass merger in
which case the assignment of the “main halo' and “subhalo’ is arbitrary.

In Fig. 4.4.1, we illustrate the evolution of an unequal-mass merger and indicate the
di erent evolution stages of the system. During the infall phase, the self-interactions do
not a ect the merger, apart from core formation in the two haloes. At the rst pericentre
passage, self-interactions can be strong and decelerate the DM component. This can lead
to a smaller separation of the haloes at the rst apocentre passage and a shorter merger
time-scale as well as other phenomena such as o sets between the DM and galactic/stellar
components. Depending on the DM physics, the haloes coalesce at di erent rates, such that
there can be further apocentre passages or not. In the most extreme case, self-interactions
are so strong that the haloes coalesce on contact. Since stars or galaxies are not subject
to self-interactions, they behave di erently from SIDM but are a ected by the overall
gravitational potential. This can lead to di erences in the distribution of stars and galaxies
between di erent DM models. These di erences tend to grow with time as we will see in
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Figure 4.4.1: lllustration of the evolution of an unequal-mass merger without self-
interactions. The halo position along the merger axis is shown as a function
of the internal merger time  (see Eq. 4.7).

the following analysis of our merger simulations.

To simplify the discussion, we will largely concentrate on a 1:10 cluster-scale merger
for CDM, rSIDM, and fSIDM in the following. We will x the cross-section to  ~m
0:5cm?g ! for the self-interacting cases, before we come to a comparison of the di erent
mass ratios and cross-sections. Further details on additional runs with other parameters
can be found in the Appendices.

4.4.1 Morphology

Let us start with examining the physical DM and galactic densities in the plane of the
merger, where we consider particles within a slice of 100 kpc height. An illustration of the
time evolution of the merger is provided as supplementary material. For convenience we
show both, the density of the two haloes combined as well as only the density of particles
which originally belonged to the subhalo to facilitate the physical intuition of the merger
process. We also present DM and galactic components separately for clarity. At the rst
pericentre passage, di erences between the di erent DM models are still very small but they
grow over time and become signi cant at later merger stages, so we will mainly concentrate
on these in the following. In Fig. 4.4.2, we show the subhalo density at 1:16, i.e. some
time after the second pericentre passage. At these later stages in the evolution we do
observe some di erences between frequent and rare scatterings.

For example, the DM densities of the left-hand column show that matter is most
concentrated for CDM, less for rSIDM, and least for fSIDM. The fSIDM subhalo dissolves
faster than its rSIDM counterpart thus distinct DM peaks are only detectable for a shorter
period of time. This is related to di erences in the gravitational potential, which a ect
the galaxy particles and creates distributions that di er signi cantly from each other (see
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Figure 4.4.2: The subhalo's physical density of the DM (left-hand side) and the galactic
component (right-hand side) in the merger plane is shown for cluster-scale
mergers with an MMR of 1:10. The upper panel gives the density for the CDM
run, the middle panel for rSIDM, and the bottom panel for fSIDM. All panels
display the density for 1:16, i.e. sometime after the second pericentre
passage. At this stage, the subhalo is moving in the positivex-direction.
The self-interaction cross-section is +~m  0:5cm?g . The black circles are
drawn around the potential based peak position of the subhalo and have a
radius of twice the initial scale radius. Hence, they indicate the area from
which the particles for the shape computation are selected. However, they are
shown even in the case where we considered the peaks as too uncertain for the
following analysis (this concerns rSIDM and fSIDM). In the supplementary
material, we provide the time evolution as a video.
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right-hand column of Fig. 4.4.2).

The density at the peak position as a function of time is shown in Fig. 4.4.3. Here,
one can see the quantitative di erences between the DM models. The central density
of the subhalo is more a ected than the main halo and galaxies are less a ected than
the DM. Usually, the density stays constant or is decreasing, except for short periods of
density increase that occur subsequent to pericentre passages. Note that we measured
the mean density within a sphere that has a radius of 4&pc. As the density gradient in
the vicinity of the peak position is non-zero, the measured density depends on the chosen
radius. However, the results do not qualitatively depend on the selection criterion.

In Fig. 4.4.2, the shapes of the densest regions for rSIDM and fSIDM look rather di erent.
The matter distribution for rSIDM appears to be very oblate in the vicinity of the peak
for both DM and galaxies. In contrast, for fSIDM the distribution looks more prolate. In
section 4.4.3 and 4.4.4, we study the evolution of the halo shape. However, for the fSIDM
and rSIDM, runs we do not consider the potential based peaks to be accurate enough to
compute the shape at the merger stage we discuss here.

With time, the subhalo particles get caught by the main halo. For fSIDM, a fraction of
stripped patrticles appear as a dense tail in between the halo peaks (at the left side of the
black circle, lower right-hand panel of Fig.4.4.2). This is less the case for rSIDM.

Besides, there are shell-like features in the galactic distribution. For rSIDM, there seem
to be two shells, the peak belongs to one of them and another one is in front of it. The
fSIDM morphology looks di erent, there appears to be only one shell which is located in
front of the peak.

Based on the morphology, minor mergers seem to be well suited to distinguish rare and
frequent self-interactions. However, in practice, observational limitations could alter the
picture. It remains to be seen whether this persists in the presence of baryonic matter
and this will be the subject of forthcoming work. Moreover, we should note that we have
only looked at a slice in the merger plane and not a projected two-dimensional density
map, which is more relevant from an observational point of view and may look somewhat
di erent due to projection e ects. For clarity, we only considered the particles of the
subhalo and ignored the main halo which is the dominant component. But even if the
main halo is taken into account, one can recognize di erences between DM models as we
demonstrate in Appendix 4.B.

4.4.2 Centre of mass distance and o sets

Let us now come to a discussion of the peak positions of the di erent sub-components as
well as the inferred o sets for our merger simulations. In Fig. 4.4.4, we show the positions
of the peaks of the various components (DM, galaxies, BCGs) along the merger axis for
runs of the 1:10 cluster-scale merger. For the same simulations, we display the o set in
Fig. 4.4.5.

The peaks were determined by using the potential-based peak nder described in
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Figure 4.4.3: The density at the location of the halo peak is shown as a function of time.
The density is computed from the particles within a sphere of 4&kpc around
the peak. Only the particles which initially belonged to the halo in question
were considered for the density computation. The shaded regions display the
error. Here, we show the central densities for the same simulations as studied
in Fig. 4.4.2.

Section 4.3.1. This peak nder has the e ect that the peaks of a collisionless component
behave very similarly to the BCG positions. This can be seen when comparing the galaxy
peaks with the BCG positions. For the CDM run, the DM is collisionless and thus all peaks
coincide; the vanishing o sets shown in the upper panel of Fig. 4.4.5 demonstrate this.
Furthermore, the vanishing DM{galaxy o set demonstrates how small the peak nding
error is. Besides, it seems that the haloes are a little o set from the centre of mass, e.g.
the pericentre passage does not coincide with the centre of mass. This is only the case for
the unequal-mass mergers and might be caused by the asymmetry of the system. During
the infall phase, the haloes are deformed due to tidal forces, which may lead to a shift
between the centre of mass and the weighted centre of the two peaks.

For the CDM and fSIDM run, the rst pericentre passage occurs after roughly 2.1 Gyr.
Self-interactions have the e ect of reducing the merger time for the fSIDM run. Also, the
second pericentre passage occurs earlier than for CDM. Another di erence between SIDM
and CDM shows up in the oscillation of the BCGs in the DM potential. For CDM, the
amplitude decays much faster than for SIDM where the orbital decay is minimal. This
e ect exists in unequal-mass mergers as well as in equal-mass mergers as demonstrated in
Kim et al. (2017). At a basic level, this reduction in dynamical friction with SIDM results
from the lowered DM densities in the merger remnant compared with in the CDM case
(e.g. see Fig. 4.4.3), and the fact that the dynamical friction force is proportional to the
background density (Chandrasekhar, 1943). We note however (as also discussed in Kim
et al., 2017) that dynamical friction acting on bodies orbiting in a cored DM distribution
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Figure 4.4.4:For a 1:10 merger, the peak positions for various components (DM, galaxies,
BCGs) are shown. The red line indicates the centre of mass of the system.
The upper panel gives the positions for a simulation with CDM and the lower
panel for a simulation with fSIDM and a cross-section of .-m 0:5cm?g 1.
Peak positions are shown as long as the peak nder provides reasonable
results.
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Figure 4.4.5: O sets for the runs shown in Fig. 4.4.4. The upper panel displays o sets for
the CDM merger and the lower panel for the fSIDM merger. The shaded areas
indicate the 1 error. The rst and second pericentre passage are indicated
by the vertical grey lines.
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is more complicated than the motion through an in nite constant-density background
considered by Chandrasekhar (1943), and that dynamical friction can vanish almost entirely
in such a case (Read et al., 2006).

Before the merging system reaches equilibrium, the common potential becomes deeper
and thus the amplitude of the BCGs oscillation decreases until the DM core of the coalesced
halo has formed. However, the orbits of the BCG could change once the e ects of the ICM
are considered and the BCG is modelled more realistically.

The o sets for the fSIDM run are large enough such that they can already be identi ed
in the lower panel of Fig. 4.4.4. These large o sets do not arise close to the rst pericentre
passage, but between the rst apocentre and the second pericentre. However, we should
point out that we have no reliable peak positions for the subhalo at times later than 4 Gyr.
While in principle a merging system could have its largest o set after the second pericentre
passage, the observational identi cation of separate DM peaks becomes prohibitively
di cult at late merger stages as the subhalo dissolves. In contrast, separate stellar or
galactic components could be identi ed more easily and o sets after coalescence of the DM
component associated with core sloshing could provide a signature of SIDM (Kim et al.,
2017). In particular, the minimally decaying orbit of the BCGs could be of interest. We
provide further results on core sloshing using multiple peak nding methods in Section 4.4.5.
We also compare o sets of di erent runs including various merger mass ratios (MMR) and
self-interaction cross-sections in Section 4.4.4.

4.4.3 Shapes

DM self-interactions a ect the peak positions of the haloes as well as the higher order
moments of the DM distribution. Here, we focus on the shape variable of the haloes as
de ned by Eg. (4.6). In contrast to other studies, we pursue a simpli ed approach by
considering all particles within twice the scale radius of the initial NFW pro le instead of
measuring the shape as a function of radial distance as done in other studies (e.g. Zemp
et al., 2011, Peter et al., 2013; Chua et al., 2020; Vargya et al., 2021).

In Fig. 4.4.6, we show the shape parameter for a 1:10 merger evolved with CDM and
fSIDM, the same simulations as shown in Fig. 4.4.4 and Fig. 4.4.5.

Initially, the haloes are spherically symmetric (s 1) and subsequently evolve to become
more elliptical owing to gravitational interactions with the other halo. The shape of the
main halo indicated by the solid line is only slightly a ected by the merger and becomes a
little more elliptical, in particular about the pericentre passages. In contrast, the shape of
the subhalo is more strongly a ected, for both CDM and fSIDM. For the CDM merger, we
are able to track the peaks for much longer times and thus can compute shapes for later
times compared to fSIDM. As we can see in the upper panel of Fig. 4.4.6, the evolution
of the CDM subhalo can be described as follows: During the infall phase directly before
the rst pericentre passage, the shape becomes much more prolate due to tidal forces and
the size of this distortion depends on the mass ratio. Close to the core passage, gravity
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Figure 4.4.6: Shapes for the runs shown in Fig. 4.4.4. The upper panel displays shapes for
the CDM merger and the lower panel for the fSIDM merger. The rst and
second pericentre passage are indicated by the vertical grey lines.




4.4 Results 85

has a di erent e ect, which leads to a more oblate shape. The halo becomes even more
oblate than it has been initially. But when it climbs out of the potential of the main halo
afterwards, then it becomes more prolate due to tidal forces again. When the separation
between the two haloes has grown large enough (about the rst apocentre passage3:4
Gyr) the tidal force can become small compared to the self-gravity of the subhalo. Hence,
the self-gravity makes the subhalo more spherical. A rough estimate of the tidal radius
at the rst apocentre passage leads to536kpc or 3:7rs. Thus, the particles we selected
for the shape computation should be within the tidal radius. Later on, when the merger
is getting close to the second pericentre passage, tidal forces make the halo more prolate
again. The described picture depends strongly on the considered patrticles. If one would
take particles beyond twice the scale radius of the initial NFW pro le into account, the
evolution of the shape would look very di erent.

In comparison to CDM, the fSIDM subhalo is less prolate about the rst pericentre
passage and also the maximum in shape shortly after the core passage is more extreme
for fSIDM. Frequent self-interactions transfer energy from the direction of motion to the
perpendicular component which contributes to a more oblate halo. Besides, one can observe
that a di erence between the galaxies and the DM component arises. This is simply due
to the collisionless nature of our galaxies that do not undergo frequent self-interactions.

About the rst apocentre passage ( 3:1 Gyr), when the tidal force becomes less important,
the self-gravity can lead to a more spherical halo as we found for CDM. But for fSIDM
the subhalo's gravitational potential is less deep and the apocentre distance is shorter
compared to CDM, resulting in a halo that becomes even more prolate.

Going beyond the parameter values assumed here, we compare shapes of di erent
simulations for a variety of MMRs and cross-sections in Section 4.4.4.

4.4.4 Frequent versus rare interactions

In the following, we compare the e ects from rare and frequent self-interactions in mergers
for various MMRs. In Fig. 4.4.7, we show DM-galaxy o sets for subhaloes employing
several cross-sections and in Fig. 4.4.8, we compare the subhalo shapes of SIDM runs to
the CDM shapes. In this section, we concentrate on the cluster-scale simulations. Plots for
the galaxy-scale simulations can be found in Appendix 4.C.

O sets

For the equal-mass mergers, we nd that the largest o sets occur at late stages, i.e. after
the second apocentre passage (see Fig. 4.4.7) of the mergers as the time di erence between
the pericentre passages of DM and galaxies becomes larger for late times. This phase shift
increases for larger cross-sections, leading to larger o sets. For unequal-mass merger, we
nd similar results. However, in the latter case, we encounter di culties in determining

the peaks at late times due to the evaporating subhalo.
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Figure 4.4.7: DM-galaxy o sets from merging system with various MMRs (upper row: 1:1,
middle row: 1:5, lower row: 1:10) for the subhaloes. The results were obtained
using the potential based peak nder. The o sets are de ned according to
Eq. (4.4) and shown for frequent (high opacity) and rare (low opacity) self-
interactions as well as for several cross-sections:.~m 0:1cm?g ! (blue),

+-m 0:3cm?g ! (orange), ~-m 0:5cm?g ! (green). The shaded areas
indicate the 1 error.
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Figure 4.4.8: Di erences in the shape between SIDM and CDM subhaloes from merging
system with various MMRs (upper panel: 1:1, middle panel: 1:5, lower
panel: 1:10). The shapes are de ned according to Eq(4.6) and shown
for frequent (high opacity) and rare (low opacity) self-interactions as well
as for several cross-sections:.~-m 0:1cm?g * (blue), ~m 0:3cm?g?!
(orange), -m 0:5cn?g ! (green).
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For all mergers, we nd the general trend that frequent self-interactions produce larger
o0 sets than rare self-interaction when comparing the same momentum transfer cross-section
and the size of o sets increases for larger values of.~m (see Fig. 4.4.7). In addition,
frequent self-interactions usually lead to somewhat shorter merger times than rare self-
interactions. We observe that di erences between the two cases are maximized for small
MMR (i.e. larger di erence in mass) and large cross-sections.

Furthermore, we nd that runs with smaller MMR show larger o sets. As the subhalo is
less massive in this case, its particles are less bound to it. Therefore, DM self-interactions
and tidal forces of the main halo can a ect it more, resulting in stronger e ects of DM
scatterings. Moreover, for our unequal mass mergers the merger time is longer, i.e. the time
between two pericentre passages, such that the ampli cation process as observed in Fischer
et al. (2021a) has more time to act on the galactic component. By ampli cation, we denote
the process that the small initial o sets created by the self-interactions at the time when
the system is close to its rst pericentre passage evolve to much larger o sets at a later
merger phase. Those o sets are caused by the di erent shapes of the DM gravitational
potential acting on the trajectories of the collisionless galaxies/stars.

The magnitude of the o sets for rare and frequent self-interactions is substantially more

di erent for unequal-mass mergers than for equal-mass mergers when considering the
time before the second pericentre passage. In addition, unequal-mass mergers seem to be
more sensitive to the cross-section than equal-mass mergers. For instance, consider the
1:5 merger (middle panel of Fig. 4.4.7) and compare the fSIDM o set of the runs with

+-m 0:3cm?g ! (orange) and -m 0:5cm?g ! (green). For & 0:4, the evolution
of the o sets is quite di erent, the smaller cross-section shows decreasing o sets whereas
for the larger one the o set continues to grow, implying that the relationship between
cross-section and o set size is highly non-linear in general.

To obtain a better understanding of the underlying dynamics, let us now discuss the
various e ects which enter into the development of the o sets: when the drag force
decelerates the DM, an o set between galaxies and DM arises. The gravitational pull of the
DM halo acts against the o set. Thus, the smaller the subhalo, the weaker the gravitational
attraction and, as a result, larger o sets occur. But it is not as simple as this. The picture
is more complicated as the gravitational attraction depends on the gradient of the potential,
which is attened by the self-interactions and on the o set itself. Consequently, the rst
pericentre passage o sets could also be larger for equal-mass mergers depending on the
actual mass pro le. The mass pro le of galaxy clusters also depends on the ICM, which
we did not include in our simulations. However, the description above is only appropriate
for the time about the rst pericentre passage. At a later time, the DM peak overtakes the
galaxies (i.e. becomes more distant to the centre of mass) as the galactic component has
experienced a larger deceleration due to the o set, i.e. its corresponding DM halo has led to
further deceleration. At the point in time when the DM is overtaking, i.e. the galactic peak
is passing the DM peak, the DM gravitational potential is shallower. As a consequence, the
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galaxies can escape further and much larger o sets ensue. The size of these o sets depends
on how much shallower the gravitational potential becomes compared to the rst pericentre
passage. Lower mass haloes are less gravitationally bound, they dissolve faster due to
self-interactions, and thus their gravitational potential becomes shallower and the o sets
larger (and at the same time, harder to observe given the dissolving subhalo). The size of
the e ective gravitational attraction acting against the o set should depend on the o set

and decrease for large enough o sets. Hence, the growth of large o sets can be accelerated
further as observed for the unequal-mass mergers evolved with.-m 0:5cm?g ! (middle
and lower panel of the left-hand column of Fig. 4.4.7).

For equal-mass mergers, we nd that rSIDM can show large o sets & 100kpc) only at
late times via an accumulated phase shift. However, due to shallower density gradients
at later times peak nding becomes more di cult, directly impacting the observational
prospects of nding large o sets. However, also the large o sets of fSIDM will, in general,
be di cult to observe as we discuss in Sec. 4.5.1. Nevertheless, the conditions under which
an o set of observable size arises are more easily and more often met for fSIDM than for
rSIDM.

Shape

In Fig. 4.4.8, we compare the shapes of SIDM subhaloes to the shapes of the corresponding
CDM haloes using the time as given by Eq.(4.7). The shapes of the individual mergers
are displayed in Appendix 4.C. Before the rst pericentre passage ( @0) di erences occur
only because of the di erent merger times as we use to match the times of the simulations.

If one used the physical time for the infall phase, any signi cant di erence would vanish
and we do not display them in Fig. 4.4.8.

At the rst pericentre passage (  0), the shapes are almost the same for all cross-
sections. However, for the second pericentre passage ( 1), this is no longer the case. How
much the shapes of SIDM haloes deviate from their CDM counterpart depends strongly on
the MMR. For equal-mass mergers, the di erences in the shape parameter between CDM
and fSIDM are small before the second pericentre passage and become larger for more
unequal halo masses. As expected, the di erence increases with increasing self-interaction
cross-section.

Self-interactions can lead to more oblate as well as more prolate shapes compared to
CDM. The di erence depends on the merger stage and the self-interaction type. For the
phase before the rst apocentre passage, frequent self-interactions tend to produce haloes
that are always more oblate. In contrast, rare self-interaction show also a phase ( 0.1{0.2)
with a signi cantly more prolate shape. While both fSIDM and rSIDM lead to a shallower
potential, the phase{space distributions are di erent. Unlike frequent interactions, the
isotropic, rare self-interactions do not preferentially transfer the energy from the forward
motion to a perpendicular component but can create a tail of back-scattered particles.
Hence, the shape of haloes in rSIDM can be more prolate than for fSIDM.
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For the unequal-mass mergers, there is a phase at 0:7 where the self-interactions {
given the cross-section is large enough { lead to more elliptical haloes than CDM. This can
be understood in terms of a smaller pericentre distance implying a stronger tidal force and
a shallower potential due to the DM scattering as explained in Section 4.4.3. The galactic
component can be even more elliptical than the DM as it is not subject to self-interactions.
Thus, the naive picture that self-interactions render haloes always more spherical fails in
the case of an unequal-mass merger.

In most cases, fSIDM leads to a more oblate DM halo compared to rSIDM assuming
that the same momentum transfer cross-sections are compared. In addition to the fact
that fSIDM is transferring momentum from the direction of motion to a perpendicular
component, there could also be di erences between frequent and rare self-interactions
regarding the e ciency of making haloes more spherical.

Furthermore, we also observe shape di erences between the DM component and the
galaxies/stars. The most striking di erence can be seen for frequent self-interactions and
unequal-mass mergers at around the rst apocentre passage. The galactic component is
more prolate than the DM and for the 1:10 merger, this phase lasts remarkably long. For
rSIDM, there is only a very small di erence between galaxies and DM shape. Interestingly,
we nd that the shape for the galactic component is more prolate for fSIDM than rSIDM.
This occurs due to di erences in the gravitational potential, for fSIDM, the particles are
less strongly bound and thus more prone to tidal disruption.

Finally, we want to emphasize that our results depend on the particles selected for the
shape computation. Particles of the inner or outer halo are a ected di erently during the
merger. Hence, any comparison with simulation data or observations needs to be cautious
about the scales on which quantities are measured.

4.4.5 Peak nding

In Section 4.3.1, we described two peak nding methods. So far, we have only discussed
results relying on the peak nding method based on the gravitational potential. In this
section, we will compare these results to the ones we obtain using the method of isodensity
contours and discuss the origin of the resulting di erences.

In Fig. 4.4.9, we show the peak positions as a function of time for an equal-mass merger
evolved with frequent self-interactions and +-m 0:5cm?g 1. The upper panel shows the
peak position using the peak nder based on the gravitational potential; and the lower
panel displays the positions of the peaks based on isodensity contours. One can recognize
two main di erences between the peak nding methods: First, in the lower panel, the peak
position around the pericentre passages is biased towards the centre of mass as no separate
peaks can be identi ed for small separations and thus the haloes seem to coalesce earlier.
Secondly, we observe the o sets to be smaller for the isodensity contour peaks at the rst
apocentre passage. They are about half the size of the potential-based o sets. This is
caused by the projection since self-interactions mainly alter the evolution of the central
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Figure 4.4.9: The peak positions for an equal-mass merger are shown as a function of
time. For the upper panel, the gravitational potential-based peak nder was
employed and for the lower one, the one based on isodensity contours. DM
peaks are indicated in black, galaxy peaks in blue, and the position of BCG
particles in orange. The red lines indicate the centre of mass of the system.
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Figure 4.4.10: The DM-galaxy o set is shown as a function of time for an unequal mass
merger with an MMR of 1:5 of our cluster-scale mergers. The simulation
was evolved with a cross-section of .~m 0:5cm?g 1. We display the
o set based on the potential-based peak nder as well as the isodensity
contour-based peak nder. The shaded areas indicate the error.

Figure 4.4.11: The separation between the peaks of the galactic component is shown as a
function of time for an equal-mass cluster-scale merger at late merger stages.
The DM component coalesced, but separate peaks for the galaxies can be
identi ed using the potential-based or isodensity contour-based peak nding.
The displayed merger was evolved with the lowest cross-section we present
in this paper, -m 01 cn? g 1. The shaded areas indicate the error.
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part of the haloes and the peaks identi ed in the potential-based method heavily depend
on this region, whereas the isodensity contour peaks are due to projection more sensitive
to matter in the outer regions of the haloes.

For comparison, the o sets for the two peak nding methods are shown for a 1.5
cluster-scale merger in Fig.4.4.10. The isodensity contour-based o sets are noisier than
the potential-based ones, but overall they follow the same trend. Interestingly, also the
measured o sets direct after the rst pericentre passage appear to be larger in this case. For
the isodensity contour peaks, all particles are considered, thus the main halo can in uence
the position of the subhalo. If the density gradient in the DM component of the subhalo is
lower than the one of the galactic component, the DM peak could be more a ected by the
main halo. Potentially, this could lead to a larger o set measurement. In contrast to the
potential-based o set measurements, the isodensity contour-based ones are not much larger
about the rst apocentre passage (negative sign) compared to the ones subsequent to the
rst pericentre passage (positive sign), but they last for a longer time and, as such, could
be easier to observe. But the isodensity method does not provide reasonable o sets at
times as late as for the potential-based peaks. However, for comparison with observations,
an observationally motivated peak nding strategy should be employed (Robertson et al.,
2017a).

Let us point out that very late merger stages at which the DM haloes already coalesced
could nevertheless be of interest from an observational point of view. This is because the
presence of self-interactions may lead to distinguishable galactic/stellar components. In
Fig. 4.4.11, we show this late stage for an equal-mass merger because for that MMR the
peak nding works best. The separation between the galaxy peaks for the cluster-scale
merger evolved with .~m 0:1cm?g ! is shown. For comparison, we also display the
separation for the corresponding CDM merger. Here, the separation vanishes quickly. But
if self-interactions are present, even if they are rather small, large separations are found with
both methods. For fSIDM, the distance between the galaxy peaks tends to be larger than
for rSIDM if the same momentum transfer cross-sections are compared. In Section 4.4.2,
we mentioned that a lower density due to self-interactions reduces dynamical friction and
thus can lead to core sloshing as previously studied by Kim et al. (2017). However, it
remains to be seen whether this persists in more realistic simulations including the ICM.

4.4.6 Phase{space

Finally, we study the phase{space distribution of our 1:10 cluster-scale merger using the
same simulation as for the morphology. For the phase{space distribution, we do not only
consider particles of the subhalo but also from the main halo. In Fig. 4.4.12, we show the
distance to the centre of mass as a function of the radial velocity (with respect to the centre
of mass) for  0:56. These quantities are all computed in 3 d. We display results for CDM

and for rare and frequent self-interactions with a cross-section of .-m 0:5cm?g . On

the left-hand side, we display the DM and on the right-hand side, the smoothed galactic
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component is shown.

A clear di erence between the distributions for the DM models is visible, especially when
focusing on the clump of particles atr 1500kpc. These particles primarily belong to the
subhalo and disperse over time depending on the DM physics. If DM self-interactions are
present, the gravitational potential is shallower, which also leads to a faster dispersal of
the galactic component. As we can see in Fig. 4.4.12, the subhalo clump is strongest for
CDM, less strong for rSIDM and the weakest for fSIDM for both DM and galaxies.

4.5 Discussion

In this section, we rst discuss aspects relating to the peak nding and the analysis of
our simulation. Then, we elaborate on the limitations of our model and the physical
implications of our results.

4.5.1 Technical aspects

We compared two peak nding methods, whose results di er signi cantly. The one based
on the gravitational potential is more robust but less useful when it comes to a potential
comparison with observational data, whereas the one based on isodensity contours may be
more readily applied to observations.

The isodensity contour method su ers from projection e ects and di culties in the
peak identi cation for small peak separations. As a result, we found smaller o sets (about
half the size for an equal-mass merger) with the isodensity contour method at the rst
apocentre passage. However, it is possible that the isodensity contour method provides
larger o sets close to the pericentre passages as the measured subhalo peak position is
a ected by the main halo. Moreover, we failed to identify distinct peaks at an earlier stage
of the merging process than with the gravitational potential based method. Furthermore,
we only investigated projections of the particle distribution perpendicular to the merger
axis, whereas in observations, the line of sight and merger axis need not be perpendicular
to one another.

However, in real observations, further di culties arise. Especially for galaxy clusters,
the number of observed galaxies (100{ 1000 is much less than the number of particles
( 9 10°{10°) we used for our smoothed galactic cluster component. Nevertheless, this
problem could be allayed by using the BCGs to measure o sets.

We nd that observations at a later stage of the merger, rather than around the time of
the rst pericentre passage, might be more interesting because o sets typically become
larger with time. However, the largest o sets might be di cult to observe as the subhalo
dissolves rather quickly. Nevertheless, a late merger phase when the DM haloes coalesce
and form a single DM peak may still provide evidence for DM self-interactions as in general
two separate galactic or stellar components will be present. For equal-mass mergers, Kim
et al. (2017) found at these later merger stages that BCGs and galaxies oscillated around
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Figure 4.4.12: The phase{space distribution of a 1:10 merger evolved with di erent DM
models is shown at  0:56, i.e. close to the rst apocentre passage. The
left-hand side column displays the DM distribution and on the right-hand
side, the smoothed galactic component is shown. The top row gives the
phase{space distribution for CDM and below SIDM is shown with a cross-
section of -m 0:5cm?g ! for the case of isotropic scattering (middle
row) and small-angle scattering (bottom row).
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the centre of mass. We make a similar observation in our simulations and nd that this also
persists for unequal mass mergers. Interestingly, the galactic peak separations are found to
be generally large even for rather small cross-sections and can also be seen employing the
more observationally motivated peak nding method. Hence, these types of observations
could be a promising way to provide evidence for DM self-interactions.

Distinguishing between di erent DM models through the morphologies of the galaxies
within merging galaxy clusters may prove di cult owing to the small number of collisionless
tracers (galaxies) on these scales. However, on galaxy scales, stars may provide enough
tracers to better estimate the locations and shapes of the collisonless components. In
addition, galaxies might also o er a chance to distinguish stellar components according to
their origin using stellar population properties such as metallicity. Nevertheless, resolution
limits of astronomical observations might pose a challenge for such an approach.

4.5.2 Physical considerations

The focus of this paper lies on understanding the di erent phenomenologies of rare and fre-
guent self-interactions and not a comparison to observational data. Hence, the dependence
of our results on the initial conditions is less of a concern. For example, we nd larger
o sets than in Fischer et al. (2021a), despite the haloes starting with the same virial masses.
This is because they start with higher concentration parameters, which for the present
study lead to higher central densities and thus larger o sets. Aside from quantitative dif-
ferences, some results may change qualitatively as physical processes shaping the evolution
of merging systems act on di erent time-scales. For instance, the merger time-scale di ers
from the time-scale on which self-interactions isotropize the DM velocity distribution. In
particular, this could complicate the evolution of the halo shapes. Consequently, it would
be informative to extract merging systems from cosmological simulations to obtain more
realistic results that can be directly compared with observations. In addition to the study of
individual systems, this would also allow us to estimate how frequently o sets of observable
size would occur for various SIDM models. In the literature, observations of fairly large
o0 sets have been claimed but there is also reasonable doubt about them (for references see
sec. 4.1). However, in the light of large o sets, fSIDM models are particularly interesting
as they can explain larger o sets than rSIDM.

We found minor mergers to be interesting in terms of distinguishing rare and frequent
self-interactions. In contrast to equal-mass mergers, they have the advantage of being
more abundant in the Universe and thus allow for better statistics than studies based
on individual systems. For fSIDM, the subhalo dissolves faster than for rSIDM, but this
statement depends on the matching of the cross-section. In terms of.., the constraints for
rare and frequent self-interactions would di er from each other. Together with alternative
constraints, there could be a chance to distinguish between rSIDM and fSIDM. However,
to derive constraints on the self-interactions with observations would require a stringent
observational motivated analysis of the simulations and a more realistic setup as we explain
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next. Thus, we do not try to derive any constraints on the di erential cross-section.

Here, we studied an idealized setup that neglects various physical aspects. Perhaps,
most importantly, we did not include the baryonic matter, i.e. the ICM, which contains a
signi cant fraction ( 10%) of the cluster mass. The ICM is likely to change the evolution
of a merger as it behaves collisionally (Zhang et al., 2016) and is a ected by processes
such as star formation and feedback. Moreover, our haloes are totally smooth and do not
contain any substructure. The modelling of the BCGs is also very idealized as they are
approximated as collisionless point masses with unrealistically low masses. Finally, we
treated the galaxies in our cluster simulations as collisionless patrticles, which neglects the
fact that they also have a large DM component (Kummer et al., 2018). More realistic
modelling of the BCGs and the ICM could lead to di erent results, in particular, the
pattern of oscillations of the BCGs and the core sloshing of the galaxies could change. It is
largely unknown how the evolution of a merger subject to self-interactions would change if
one improves on the aspects mentioned above. Hence, we do not want to speculate about
this but leave it for future studies.

In the present work, we only modelled a constant cross-section and did not consider
SIDM with a velocity-dependent cross-section. A velocity-dependence is natural from a
particle physics perspective, especially for light mediator models, which interact frequently
(e.g. Buckley & Fox, 2010; Loeb & Weiner, 2011; Bringmann et al., 2017). In future work,
it would be interesting to also investigate models with a velocity dependence, particularly
as such models appear to be in better agreement with astrophysical observations than
constant cross-sections (e.g. Kaplinghat et al., 2016; Correa, 2021; Gilman et al., 2021,
Sagunski et al., 2021).

4.6 Summary and Conclusions

In this paper, we have studied idealized equal and unequal-mass mergers undergoing
head-on collisions, focusing on the e ects arising from DM self-interactions. In particular,
we have investigated galaxy cluster and galaxy mergers and compared simulations with
collisionless, rare and frequent self-interacting DM. In each simulation, we determined
the peaks of the di erent components (DM, galaxies, and a central massive object) for
each of our two merging haloes, and measured the o sets between di erent components
as well as the shapes of the di erent components. Moreover, we studied the morphology
and phase{space distribution of the mergers and compared two peak nding methods. Our
main results from this suite of simulations are as follows:

" The morphology of the collisionless patrticles, i.e. galaxies/stars shows signi cant
di erences between rSIDM and fSIDM, especially at a later merger phase and in
unequal-mass mergers. It is strongly a ected by the faster dissolving fSIDM subhalo.

~ Minor mergers with SIDM can produce large o sets between galactic/stellar and DM
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peaks. Before the second pericentre passage, we found large o sets only for frequent
self-interactions.

In general, frequent self-interactions tend to produce larger o sets than rare self-
interactions if the same momentum transfer cross-sections are compared. This is even
more extreme in unequal-mass mergers.

Separate galactic/stellar components with a coalesced DM component could provide
evidence for DM self-interactions. Core sloshing seems to be most interesting in the
case of equal-mass mergers, which has been studied by Kim et al. (2017).

For SIDM, the shapes of DM and the galactic/stellar component can di er signi cantly
from collisionless DM. In unequal-mass mergers, self-interactions can lead to more
elliptical distributions between the rst apocentre and second pericentre passage.

We nd the merger phase between 0:25 (halfway to the rst apocentre) and

1:0 (second pericentre) to be more interesting in terms of studying e ects from
self-interactions than the phase near and shortly after the rst pericentre passage
( 0:0). This seems to be true for observations as well, as suggested by our results
concerning isodensity peaks. In general, a late phase of a merging system should be
more interesting as the non-linear evolution of the system can amplify di erences
between DM models.

Peak nding is a major challenge in studying e ects of SIDM and distinguishing
rare and frequent self-interactions. In observations, it might prohibit detecting the
very large o sets at late merger stages. The positions obtained by various methods
can di er a lot with respect to one another, which makes it important to analyse
observations and simulations in a similar manner.

In this paper, we performed a parameter study on idealized mergers in order to understand
the dominant physical e ects and to develop an intuition about the best indicators of
DM interaction properties. A detailed comparison with observations will require more
realistic simulations that include baryonic matter as well as more realistic substructure in
the haloes. This is the subject of forthcoming work.
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Software: numpy (Harris et al., 2020), matplotlib (Hunter, 2007), scipy (Virtanen et al.,
2020)

Appendices

4.A Relabelling particles for rSIDM

For rare self-interactions, large scattering angles are common. When two particles (one from
each merging halo) scatter, a scattering angle larger than 90could be interpreted as an
exchange of particles. If so, it would make sense to switch the labels of the corresponding
particles. We implemented this by limiting the maximum scattering angle to 90°. In
Fig. 4.A.1, we show the density of the subhalo of a 1:10 merger for both rSIDM versions at
about the rst apocentre passage. In the upper panel with and in the lower one without
relabelling. One can see that this a ects the formation of a second peak at the position of
the main halo.

The relabelling procedure suppresses the second peak which in consequence leads to
less elliptical haloes. However, how much the shape is a ected depends on the particles
which are considered in the inertia tensor calculation. If only the matter within twice
the scale radius of the initial NFW pro le is taken into account, the e ects from the
relabelling procedure are negligible, but if all particles are considered, it can make a
signi cant di erence.

4.B Morphology

In Fig. 4.B.1, we show the same plots as in Fig. 4.4.2 but this time including the main
halo. Due to the density contribution of the main halo which has 10 times the mass of
the subhalo, it becomes more di cult to identify morphological features. Nevertheless,
di erences between the DM models are clearly visible.

4.C Peak position, O set, and Shape

In this appendix, we provide further plots of the merger simulations with the highest
cross-section we modelled. In Fig. 4.C.1 - 4.C.6, we show the potential based peak position
together with the o set (Eq. (4.4)) and the halo shape (Eqg. (4.6)).
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Figure 4.A.1: The physical density of the subhalo of a merging system in the plane of
the merger is shown at about the rst apocentre passage. The system is a
1:10 merger simulated with rare self-interactions (+~m 0:5cm?g 1). The
simulation of the upper panel allowed for scattering angles larger than 99
whereas the lower panel does not.
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Figure 4.B.1: The same as in Fig. 4.4.2, but considering both haloes. In the supplementary
material, we provide the time evolution as a video.
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Figure 4.C.1: Peak position along the merger axis (top panel), the DM-galaxy o set (middle
panel), and the shape (bottom panel) for an equal mass merger as a function
of time. Results for CDM are shown in black, for rSIDM in red, and for
fSIDM in green. The SIDM runs were conducted with a cross-section of

+m 0:5cm?g 1. O sets and shapes are shown only for the subhalo. The
DM component is indicated by a solid line and the galaxies by a dashed line.
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Figure 4.C.2: The same as in Fig. 4.C.1, but for an MMR of 1:5.
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Figure 4.C.3: The same as in Fig. 4.C.1, but for an MMR of 1:10.
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Figure 4.C.4: The same as in Fig. 4.C.1, but for the galaxy-scale runs and with a momentum
transfer cross-section of .-m 2:.0cn?g .




106 4 Unequal-mass mergers with SIDM

Figure 4.C.5: The same as in Fig. 4.C.4, but for an MMR of 1:5.
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Figure 4.C.6: The same as in Fig. 4.C.4, but for an MMR of 1:10.
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5 Cosmological simulations with rare and
frequent dark matter self-interactions

This chapter presents work as submitted to Mon. Not. Roy. Astron. Soc. and uploaded to
arXiv (Fischer et al., 2022).

Abstract Dark matter (DM) with self-interactions is a promising solution for the small-
scale problems of the standard cosmological model. Here we perform the rst cosmological
simulation of frequent DM self-interactions, corresponding to small-angle DM scatterings.
The focus of our analysis lies in nding and understanding di erences to the traditionally
assumedrare DM (large-angle) self scatterings. For this purpose, we compute the distribu-
tion of DM densities, the matter power spectrum, the two-point correlation function and the
halo and subhalo mass functions. Furthermore, we investigate the density pro les of the DM
haloes and their shapes. We nd that overall large-angle and small-angle scatterings behave
fairly similarly with a few exceptions. In particular, the number of satellites is considerably
suppressed for frequent compared to rare self-interactions with the same cross-section.
Overall we observe that while di erences between the two cases may be di cult to establish
using a single measure, the degeneracy may be broken through a combination of multiple
ones. For instance, the combination of satellite counts with halo density or shape pro les
could allow discriminating between rare and frequent self-interactions. As a by-product of
our analysis, we provide { for the rst time { upper limits on the cross-section for frequent
self-interactions.

5.1 Introduction

Although many e orts have been made to uncover the nature of DM, it remains largely
unknown even after several decades of research. To narrow down the large number of
models that contain potential DM candidates, a huge variety of experiments, based on
direct and indirect detection, are being carried out. Moreover, forthcoming astronomical
surveys with upcoming telescopes such aBuclid ! (Euclid Collaboration et al., 2020),
Rubin Observatory? (Zhan & Tyson, 2018) and Romar® (Spergel et al., 2015) promise to
tighten constraints on cosmological models and to discriminate between models of DM

YEuclid : https://iwww.euclid-ec.org/

2Rubin Observatory: https://www.lsst.org/

3Nancy Grace Roman Space Telescope:
https://www.jpl.nasa.gov/missions/the-nancy-grace-roman-space-telescope
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beyond the cold collisionless DM of the standard CDM model. Among those are warm
DM (Dodelson & Widrow, 1994) and fuzzy DM (Hu et al., 2000).

In this paper, we focus on a particular class of DM models called self-interacting DM
(SIDM). It was rst proposed by Spergel & Steinhardt (2000) in order to resolve tensions
between cosmologicaN -body simulations and observations. These tensions are known as
the small-scale crisis of CDM, for a review see Bullock & Boylan-Kolchin (2017). SIDM
has been studied in a number of papers and seems to be promising to solve or at least
mitigate several small-scale issues. For a review on DM with self-interactions see Tulin & Yu
(2018). In the limit of a vanishing cross-section, SIDM becomes identical to the collisionless
DM of CDM. But given a large enough cross-section, it alters the DM distribution on
small scales and may resolve issues such as the core-cusp problem. Self-interactions can
transfer heat into the centres of DM haloes and thus create density cores, in contrast to the
cusps of collisionless cold dark matter (CDM). This has been shown, for example, in Dawe
et al. (2001). Moreover, SIDM can create diverse rotation curves (Creasey et al., 2017,
Kamada et al., 2017; Robertson et al., 2018) and may be able to solve the too-big-to-fail
problem (Zavala et al., 2013; Elbert et al., 2015; Kaplinghat et al., 2019).

There exist a number of SIDM models with a set of free parameters, such as the total
cross-section, the angular and velocity dependence and the nature of the scattering (elastic
or inelastic). Most studies have assumed models that are isotropic, elastic and velocity-
independent. Burkert (2000) performed the rst simulations with a Monte-Carlo scheme
where the numerical particles were treated analogously to physical DM particles. Since
then many variants of SIDM have been studied, such as inelastic scattering (e.g. Essig
et al., 2019; Huo et al., 2020; Shen et al., 2021) including multistate scattering Schutz &
Slatyer (2015); Vogelsberger et al. (2019); Chua et al. (2020) or even multi-component DM
(Todoroki & Medvedev, 2018; Vogelsberger et al., 2019). Also anisotropic cross-sections
have been investigated (Robertson et al., 2017b; Banerjee et al., 2020; Nadler et al., 2020).

However, if the self-interaction cross-section is strongly anisotropic, particles scatter
by tiny angles. This implies a much lower momentum and energy transfer per scattering
event compared to an isotropic cross-section. Hence, small-angle scattering must be more
frequent to have a similar e ect on the DM distribution. Models having di erent angular
dependencies might be compared by using the momentum-transfer cross-section. By
frequent self-interactions (fSIDM), we refer to a limit where the scattering angles become
in nitesimal small while the momentum transfer cross-section stays constant. In contrast,
we refer to rare self-interactions (rSIDM) for less anisotropic di erential cross-sections.

Frequent self-interactions have gained popularity in the context of galaxy cluster mergers
because they can explain larger DM{galaxy o sets than rSIDM (Kahlhoefer et al., 2014;
Fischer et al., 2021a,b). However, numerical schemes that treat numerical particles like
physical ones are not capable of simulating fSIDM. Only recently, a general solution to
this problem has been found. Fischer et al. (2021a) developed a new scheme that allows to
model frequent scattering within N -body simulations.
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However, previous fSIDM studies (Kahlhoefer et al., 2014, 2015; Kummer et al., 2018,
2019; Fischer et al., 2021a,b) only considered idealised cases that never took the full
cosmological context into account. In contrast, for rSIDM there are a number of recently
published simulations of cosmological boxes (Rocha et al., 2013; Peter et al., 2013; Vogels-
berger et al., 2016; Robertson et al., 2019; Banerjee et al., 2020; Robertson et al., 2020;
Sta ord et al., 2020; Harvey et al., 2021; Sta ord et al., 2021; Ebisu et al., 2022) or using
zoom-in simulations (Vogelsberger et al., 2012; Zavala et al., 2013; Vogelsberger et al., 2014;
Fry et al., 2015; Vogelsberger et al., 2016; Robertson et al., 2018; Despali et al., 2019; Robles
et al., 2019; Vogelsberger et al., 2019; Zavala et al., 2019; Nadler et al., 2020; Vega-Ferrero
et al., 2020; Bondarenko et al., 2021; Sameie et al., 2021; Shen et al., 2021; Bhattacharyya
et al., 2022; Shen et al., 2022; Silverman et al., 2022; Sirks et al., 2022). These simulations
have been used to study the phenomenology of SIDM models on various mass scales, such
as dwarf galaxies, MW-like galaxies and galaxy clusters. Several properties of the DM
haloes such as their density pro le and their shape have been measured and predictions for
observations, such as gravitational lensing, have been made. This enabled constraints to be
put on the total cross-section of rSIDM models, while fSIDM models have remained poorly
constrained. In this study, we investigate fSIDM, for the rst time using a cosmological
simulation.

This paper aims to study the e ects of SIDM on large scales to understand the di erences
between fSIDM and isotropic rSIDM. In this rst e ort, we assume the self-interactions to
be velocity-independent and elastic. We conduct DM-only cosmologicaN -body simulations
using a full box as well as zoom-in simulations and study various properties of the DM
distribution.

In Section 5.2 we brie y describe our numerical methods and present the setup for our
cosmological simulations. The results are presented in Section 5.3. For example, we show
the matter power spectrum, the halo mass function as well as density and shape pro les
of DM haloes. A discussion of our results, their limitations, implications and further
perspectives follows in Section 5.4. Finally, we summarise and conclude in Section 5.5.
Additional details and plots are provided in the appendices.

5.2 Numerical Setup

In this section, we describe the numerical setup for this study. We give details of the code
and algorithms that we have used as well as our simulations and their initial conditions.
In this paper, we used the cosmologicaN -body codegadget-3 , the predecessogadget-
2 is described in Springel (2005). The implementation of rare and frequent self-interactions
has previously been described in Fischer et al. (2021a,b). Additionally, we implemented
the comoving integration for the SIDM module to perform cosmological simulations. A test
problem that demonstrates that the comoving integration is working as expected can be
found in Appendix 5.A. To match rare and frequent self-interactions we use the momentum




112 5 Cosmological simulations of SIDM

transfer cross-sectiorft

+ 4 s "1 COS ¢ms*dCOS ¢ms: (5.1)

0 d cms

We simulated a full cosmological box and and also performed zoom-in simulations.
All simulations are DM only and the self-interactions are always velocity-independent
and elastic. In the case of rSIDM the di erential cross-section is isotropic while fSIDM
corresponds to a very anisotropic cross-section.

The size of the self-interaction kernel for each particle is set by the distance to the 64th
nearest neighbour. Finally, we employ the following cosmological parameters: y 0:272,
0:728,h 0:704,ns 0:963 and g 0:809 (WMAP7, Komatsu et al., 2011).

To generate the initial conditions for the full box we use N-GenIC (Springel, 2015).
The initial conditions are similar to box4 of the Magenticum simulations® with a comoving
side length of 48Mipch 1. We run simulations with di erent resolutions and refer to those
using the naming convention of Magenticum (hr and uhr). Our highest resolution run
(uhr) contains  1:9 1C? simulation particles. More details on the full cosmological box
are given in Tab. 5.2.1. Moreover, we performed cosmological zoom-in simulations with
di erent resolutions of the same region. The region is selected from a large box with a
comoving side length of 1Gpch 1. Several publications (e.g. Planelles et al., 2013; Rasia
et al., 2015) have used this box for zoom-in initial conditions and it was rst described in
Bonafede et al. (2011). In our zoom-in region, the most massive halo has a virial mass of

8:8 10''My h 1. Further details can be found in Tab. 5.2.2. In addition, we provide in
Appendix 5.B a convergence test of the density pro le of the most massive halo.

For the analysis, we identify DM haloes using the friends-of-friends algorithni imple-
mented along with gadget-3 . The built-in module subfind also identi es substructure
within the haloes (Springel et al., 2001; Dolag et al., 2009). We use halo and subhalo
positions, masses and radii as provided byubfind . The virial radius, r, and the virial
mass,M;; , are measured with the spherical-overdensity approach based on the over-density
predicted by the generalised spherical top-hat collapse model (e.g. Eke et al., 1996). Here,
rvir is de ned as the radius at which the mean density becomes larger than the one of the
top-hat collapse model andM,;; is the mass insider;.. Every halo contains at least one
subhalo, which is the primary subhalo located at the same position as the halo (determined
by the location of most gravitationally bound particle). The primary subhalo typically
contains most of the particles that belong to the halo.

“We implicitly assume identical particles, in this case, the de nition is equivalent to the one recommended
by Robertson et al. (2017b) and Kahlhoefer et al. (2017).

®Magneticum: http://www.magneticum.org

®A description of the friends-of-friends algorithm can, for example, be found in More et al. (2011).
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name lbox Npwm Mpwm +m
cMpch 1! Mp h * cm?g !
hr 48 216° [ 828 10° | 0.0,0.1, 1.0
uhr 48 576° | 437 10’ | 0.0, 0.1, 1.0

Table 5.2.1: Properties of the full cosmological box simulations. In detail we provide the
name, the side length of the comoving box lgox), the number of numerical
DM particles (Npy ) and the mass of the numerical DM patrticles fnpy ) as
well as the momentum transfer cross-section per physical DM particle mass
( +~m ). The non-zero cross-sections have been simulated using fSIDM and
isotropic rSIDM. All simulations share the same initial conditions but with a
di erent resolution.

name N high res Mpm +n
Mph?! | cm?g?
1x 451 10°| 83 10° | 0.0, 1.0
10x 452 10° | 83 10° | 0.0, 1.0
25x 1:13 10° | 33 10’ | 0.0,1.0
250x | 1:13 10’ | 33 1¢° | 0.0,1.0
2500x | 113 10° | 3:3 10° | 0.0, 1.0
Table 5.2.2: Properties of the zoom-in simulations. We provide the name of the simulation,
the number of particles in the highly resolved region Nnighres), the mass of the
high resolution particles (mpy ) and the cross-sections we simulated (.~m ).
The non-zero cross-section has been simulated using fSIDM and isotropic
rSIDM. All simulations share the same initial conditions but with a di erent
resolution.
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Figure 5.3.1: Surface density of the full cosmological box (uhr) at a redshift ofz 0.
The panel on the left-hand side shows results from the CDM simulation
and the one on the right-hand side displays the fSIDM simulation with

+~m Locnég L.

5.3 Results

In this section, we present the results of our simulations and compare the e ects of DM
models. To this end we study several statistical properties such as the matter power
spectrum, the probability density function (PDF) of the DM densities, the two-point
correlation function and the halo and subhalo mass function. We then study the impact of
self-interactions on the density and circular velocity pro le of DM haloes. Furthermore, we
investigate how the shapes of haloes change when self-interactions are present. Besides, we
study qualitative di erences between rSIDM and fSIDM and discuss transferring constraints

on the cross-section of rare scatterings to frequent self-interactions.

5.3.1 Surface density

In Fig. 5.3.1 we show the surface density of the full cosmological box for our CDM and
fSIDM ( .~m  1:0cm?g ') simulations. At a cosmological redshift ofz 0, basically, no

di erences between the simulations are visible. Hence, fSIDM seems to agree well with the
collisionless DM on large scales. Previous studies that examined the large-scale structure
in rSIDM found that it looks like CDM, but di erences arise on small scales (e.g. Rocha
et al., 2013; Sta ord et al., 2020). Hence SIDM keeps the success of CDM in explaining
the large-scale structure but could be capable of resolving small-scale issues. In the next
sections, we investigate quantitatively the e ects of fSIDM and rSIDM.

5.3.2 Matter power spectrum

Cosmological structure is characterised by the matter power spectrum. Sta ord et al. (2021)
computed it for several cosmologies including isotropic SIDM. They found a suppression of
small-scale structure with increasing cross-section, while on large scales SIDM behaves like
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