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Abstract

In this thesis I study implications of finite temperature T on the supersymmetric N = 4
Yang-Mills theory in the presence of Wilson loop defects. External particles moving through
the gauge background of the field theory lose energy upon acceleration. The thus induced
bremsstrahlung function B can be related to the coefficient h of the one-point function
of the stress energy tensor, B = 3h at zero temperature. I will first describe thermal
corrections to a Ward identity at zero coupling. These can be studied with the help of finite
temperature and defect bootstrap techniques, especially the operator product expansion. I
will thus be able to show analytically that the relation between bremsstrahlung and stress
tensor continues to hold in the finite temperature, non-interacting setting algebraically.
This result is verified in a weak coupling perturbative calculation. At leading order and in
an expansion around small and high temperature I discover the existence of a regularization
scheme in which the exact formula holds.

I additionally discuss effects of the interaction terms on the thermal theory. Different
approaches are presented and I discuss how this might affect the thermal Broken Ward
Identity and the relation between bremsstrahlung and stress tensor.

These considerations are supplemented with the second order calculation of the circular

and straight line Wilson loop in a weak coupling expansion.
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Zusammenfassung

In dieser Dissertation untersuche ich die Implikation von endlicher Temperatur 7" auf die su-
persymmetrische N = 4 Yang-Mills-Theorie in der Gegenwart von Wilsonschlaufendefekten.
Externe Teilchen, welche sich in einem feldtheoretischen Eichhintergund bewegen, verlieren
aufgrund von Beschleunigung Energie. Die hierdurch induzierte Bremsstrahlungsfunktion,
B, kann in Verbindung zum Einpunktkoeffizienten, h, des Energie-Impuls-Tensors gebracht
werden, sodass B = 3h bei Temperatur null gilt. Ich werde zunéchst die interaktionsfreien,
thermalen Korrekturen einer Wardidentitét darstellen. Diese konnen dann mithilfe von
Techniken des thermalen sowie des konformen Bootstraps, insbesonder der Operatorpro-
duktentwicklung, untersucht werden. Somit werde ich in der Lage sein analytisch zu zeigen,
dass die Relation zwischen Bremsstrahlung und Energie-Impuls-Tensor in einem thermalen
Hintergund bestehen bleibt, wenn die Kopplungskonstante auf null gesetzt wird.

Dieses Ergebnis wird in einer Naherungsrechnung bestétigt. In fiihrender Ordnung und
einer Entwicklung um niedrige sowie hohe Temperaturen entdecke ich die Existenz eines
Regularisationsschemas, in dem die exakte Formel weiterhin ihre Giiltigkeit behélt.
Dariiber hinaus betrachte ich Effekte von Interaktionen auf die Theorie bei endlicher
Temperatur. Ich stelle verschiedene ansétze vor und diskutiere deren mogliche Implika-
tionen beziiglich der thermalen, gebrochenen Wardidentitéit sowie der Relation zwischen
Bremsstrahlung und Energie-Impuls-Tensor.

Diese Betrachtungen werden um die Berechnung der néchstfolgenden Ordnung der zirkula-
ren sowie geradlinigen Wilsonschlaufen in einer Entwicklung um die schwache Kopplungs-

konstante erganzt.
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Chapter 1
Introduction

Quantum field theories are a powerful and widely used tool in theoretical physics for the
last decades. They are used to describe a plethora of different phenomenon in modern
physics. One of the most notable examples is the Standard Model of Particle Physics which
describes high energy interaction between the known elementary particles. Predictions from
the Standard Model agree with the experimental measurement to very high accuracy. One
example is the measurement of magnetic moments and fine structure constant [2]. Despite
its success which should in no way be underestimated the Standard Model still leaves
some questions unanswered, including - but not limited to - the connection between high
energy quantum field theories and gravity [3,/4]. The missing link between the Standard
Model (SM) and gravity can be considered as a hierarchy problem [5]. Comparing the
electroweak SM interaction and gravitational couplings it turns out that the latter ones
are smaller by several orders of magnitude. Therefore the Standard Model is in fact an
effective field theory for energies under a cut-off at around 1 TeV [6]. The Standard
Model includes a process of spontaneous symmetry breaking which is induced by the
introduction of the Higgs boson [7H10]. While gauge and chiral symmetry protect fermions
and vector bosons from getting large mass corrections through self-energies the scalar
Higgs is a priori not protected in such a way. The quadratically divergent self-energy of the
Higgs boson can technically be renormalized but this requires a very precise fine-tuning
to obtain the experimentally derived mass of my = 125.10 + 0.14 GeV |11}/12]. This fine
tuning seems unnatural and a successful extension of the Standard Model should explain
these inconsistencies.

One such approach is the Minimally Supersymmetric Standard Model (MSSM) [13-
15] which is enriched with an additional fermionic supersymmetry. The corresponding
field transformations relate particles of different statistics with each other. Under the
supersymmetry transformations bosonic particles get mapped to fermionic ones and vice
versa. In such a model the divergences occurring in the self-energy calculations of the
Higgs mass can be canceled by the supersymmetric partners of the SM particles. While

supersymmetry thus might be a suitable solution to the hierarchy problem, experimental
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evidence of supersymmetric particles could not be obtained. In fact, if supersymmetry exists
in nature, it has to be spontaneously broken [13]. As the addition of the supersymmetry
facilitates calculations to a great extend, many supersymmetric toy models are being
studied. They provide a more approachable framework to study and understand quantum
field theories in general.

One of the most important ingredients of the Standard Model are gauge theories which
were first introduced to describe electromagnetism. Especially the non-abelian Yang-Mills
(YM) theories |16] are studied in various different settings and in all numbers of dimensions.
While the mathematically rigorous definition of Yang-Mills theories remains mysterious
and is one of the Millennium Problems [17}/18] the weak coupling expansion has yielded
much insight on the structure of all gauge theories. The amazingly accurate predictions of
the Standard Model being but one example of this. Despite the many interesting results
the complexity of most gauge theories does not allow for predictions beyond the weak
coupling regime which is why our focus will be on supersymmetric YM theories.

While supersymmetric Yang-Mills theories are studied in a great variety of different settings
the most successful one is the N = 4 supersymmetric Yang-Mills theory (M =4 SYM) in
four space-time dimensions and planar limit [19-23]. It preserves the maximal amount
of supersymmetry in a four dimensional YM theory that does not include gravitational
effects. The beta function of this massless toy model vanishes and it is possible to compute
large number of quantities exactly.

One of the most important discoveries in recent decades for high energy theoretical physics
was the relation between N' =4 SYM theory in four dimensions at weak coupling and
supergravity in the Anti-de-Sitter space AdSs x S° |24}25] discovered by Juan Maldacena.
The conjecture usually referred to as "AdS/CFT-correspondence’ or "holography’ allows
for computations to be done in a weak as well as in a strong coupling expansion and to
compare these results with each other [26,27].

Another asset of A/ =4 SYM is that on top of being maximally supersymmetric the theory
is conformally invariant. Conformal invariance is a feature closely linked to scale invariance
meaning that the theory behaves identical at arbitrary distances. The combination of
Lorentz-symmetry, supersymmetry and conformal symmetry leads to large superconformal
algebra (SCA) psu(2,2|4) under which the theory is conserved. This leads to a plethora
of tools available to study A =4 SYM including weak coupling perturbative expansions,
gravitational calculations in AdS-space, as well as superconformal bootstrap techniques,
localization and integrability [28H34].

In recent years an additional focus has been put onto defects in N' = 4 SYM. The
introduction of p-dimensional extended objects such as lines and branes, as well as
boundary defects partially breaks the superconformal symmetry. While the SCA along the
defect is preserved it is broken in the bulk, the directions orthogonal to the defect. Wilson
lines are one example for such a defect which preserves one-dimensional superconformal

symmetry along the line and a three dimensional rotational symmetry perpendicular to it



(see Section . Considering a variety of operators along the defect and in the bulk a
bremsstrahlung function B can be defined which was shown by localization techniques to
be related to the coefficient h of the stress-energy tensor of N =4 SYM in the presence of
said Wilson line [35],36],

B=3h. (1.1)

The above relation could in fact even be extended to theories with N = 2 supersymme-
try [37,38]. Also general multipoint functions in the presence of the multipoint defect
have been of large interest in modern research. It has been shown that a protected sector
of defect excitations can be found in which multipoint correlators can still be expressed
by a generalized bremsstrahlung function [39,/40]. Similar results include line defects in
ABJIM [41] and N = 2 theories [42)].

Exact results have, however, not been obtained in any theory that does not include

supersymmetry.

The intuitive definition of any quantum field theory is that of free particles in an empty
space. Therefore, the Standard Model as well as the N' =4 SYM theory are defined at
a vanishing temperature. Thermal field theories, however have been studies thoroughly
in past decades as thermal effects are of great interest for experimental measurements
and theory such as dark matter freeze-out and phase transitions in the early universe.
These effects include the introduction of a thermal mass for all particles in a theory. By a
folk-theorem thermal masses are proportional to the temperature 1" and positive. Hence-
forth any broken symmetry introduced by a Higgs-mechanism eventually gets restored at
high enough temperatures. At a certain critical temperature a phase transition between
spontaneously broken and restored symmetry can be observed [43]. Finite temperature
further provides insights on the phases of hot QCD and the Quark-Gluon plasma [44-H48].
A thermodynamic system is classically described by an ensemble. As the mechanics of
quantum field theories allow for particles to be created and annihilated at any arbitrary
point in space and time it is intuitive to define a thermal QFT in a Grand Canonical
Ensemble with fixed temperature /3 = /7, volume and chemical potential 1 while corre-
spondingly the energy, particle number N and pressure are variables. The ensemble then

defines a partition function Z given in terms of a density matrix
Z=tr(p) =tr (e‘B(H‘“N)) : (1.2)

where H is the time-independent Hamiltonian of the theory. This yields that the theory is
in fact defined in a thermodynamic equilibrium. While more general theories are studied
in the literature we shall restrict ourselves to this equilibrium case and further assume the

chemical potential to vanish.
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The thermal QFT is based on a theory defined on some R? and conversely the partition
function further has an expression using the path integral formalism. To make this accessible
the time dimension is compactified on a circle with radius of the inverse temperature /3.
This straight forwardly defines a thermal manifold Mg = Sé x R41 on which the thermal
theory thus lives. The time-like components of fields can therefore be expressed in discrete
Matsubara modes. While it is generally possible to include real time effect (Keldysh
formalism) we will mostly focus on the imaginary time formalism here.

From the compactification of the time dimension follows that the respective coordinate 7
is periodic and 7 ~ 7 + 3 can be identified. This yields boundary conditions for all fields in
the theory. These boundary conditions are completely fixed by the commutation relations
of the QFT and the definition of the thermodynamic ensemble. All bosonic fields commute

with each other and they are periodic under translations around the thermal circle

o(r,2) =o(T+ 3,7) . (1.3)

Meanwhile all fields which obey fermionic statistics anti-commute and therefore they are

anti-periodic

W(1,2) =-(T+6,%) . (1.4)

These are the Kudo-Martin-Schwinger (KMS) conditions for any thermal theory [49,50].
Following these different periodicity conditions it follows readily that any supersymmetry
that was introduced at zero temperature must be broken in the thermal theory [51}53].
Similarly the temperature is an explicit scale introduced to the theory thus breaking
conformal invariance. However, locally the thermal manifold Mg looks like flat space
and henceforth techniques of conformal field theories remain to be valid to some extend
(see Section . Two operators in a proximity of each other can be expanded in an
operator product expansion (OPE) as commonly used in zero temperature CETs. The
distance between the two operator insertions must be smaller than the inverse temperature
for the OPE to hold. Furthermore, bootsrap techniques can be applied to the thermal
CFT [54-56].

1.1 Wilson Loops

One consistency check for the AdS/CFT-correspondence is the computation of supersym-
metric Wilson loops (WL). Wilson loops were first introduced by Kenneth Wilson [57]
in 1974 as a gauge invariant observable to measure confinement in lattice theories. Their
generalization to supersymmetric theories, especially with respect to the AdS;/CFTy-
correspondence was introduced 24 years later by Juan Maldacena [58]. For a generic

Yang-Mills theory they describe the holonomy of the gauge connection upon parallel
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transport along a closed path C' as a path-ordered exponential:
W(C) = trgP exp [19{ dz* Au] : (1.5)
c

The trace is evaluated with respect to the gauge group. A,(z) is the gauge field and P is
the path-ordering operator. The Wilson loop corresponds to a heavy quark being moved
along a closed loop in a gauge background A,. In the quantum gauge theory we assume
the quark to have an infinite mass and it can thus be integrated out of the interacting
theory.

One important observation made early is that the Wilson loop of a rectangular loop
measures the quark-antiquark-potential. Therefore consider a rectangle T'x R. The side T’
is in the time direction and R is in the spatial direction. In the limit 7" — oo while keeping
R = const. the two lines along the time direction look like a quark and an anti-quark. The
Wilson loop thus yields the potential V' (R) between the quark and the anti-quark [59,/60]

(W (D)) = e TV, (1.6)

Therefore the rectangular Wilson loop is an order parameter for confinement phase
transitions. For example confinement can be seen from the ’area law’ (W (D)) ~ e TR
(linear potential) [59).

Witten related the Wilson loop in 2+1 dimensional Chern-Simons theory to mathematical
knot theory and found new implications for 1+1 dimensional Wess-Zumino-Witten models
[61]. In supersymmetric gauge theories the Wilson loop is generally interesting as a non-
local gauge-invariant operator. Furthermore, for some specific contours the Wilson loop
can preserve a certain amount of supersymmetry and one is sometimes able to calculate
the Wilson loop exactly. These exact results can be obtained using supersymmetric
localization which leads to solvable matrix models. Examples are the straight line which is
identically one due to SUSY and the circle computed in [62H64]. Moreover, Wilson loops
and their relation to 't Hooft loops (the magnetic dual of Wilson loops) provide tests for
S-duality [65-67].

1.1.1 N =4 Maldacena-Wilson loops

with a closed contour C' parameterized by z(7) and A, (z) the gauge field of the theory.
P is the 7-path-ordering and the trace is over the fundamental representation. It describes
the propagation of a heavy particle (M — oo) on a closed loop C'. We are mainly interested
in the expectation value of the Wilson loop (W (C)).
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Consider this Wilson loop in 4d A = 4 SYM theory and in string theory on AdSs;xS°.
In AdS space a theory with gauge group U(NN) can be build by stacking N D3-branes
at the same point [65]. Consider instead (N + 1) D3-branes where one of the branes is
separated from the others. This yields that the original gauge group U(N + 1) is broken
to a U(N)xU(1) in a Higgs-like mechanism [65-67]. The Wilson loop is interpreted as a
string connecting the single brane with the set of N D3-branes. However, the string must
also have an extension on the 5-sphere S® parametrized by coordinates n” which correspond
to the six scalars ®" of A/ = 4 SYM which is why we introduce the Maldacena-Wilson
loop [5§]

(W(C)) = (%MD exp [ﬁé dt(iA i +n"q>r\5c|)]> | (1.8)

For simplicity we consider n” = constant here. The Wilson loop expectation value can
be obtained by considering the amplitude of the massive particle that is the loop. The
amplitude can be computed in two ways. It can be considered as the WL expectation value
with a prefactor of the exponentiated mass. Furthermore, it is also given by the string

partition function with boundary along the contour C'. Comparing both formulations one
finds

(W(C)) = ¢~ (Sstring[C]-M L(C)) (1.9)

L(C) is the length of the Wilson loop. The string action is proportional to the area of the
worldsheet in AdSsxS® which thus diverges. This divergence, however, cancels against the
divergence coming from M — oo with the latter limit chosen appropriately.

The string we are considering has a tension and following the action principle it wants
to have minimal area. In the very simple case of flat space the tension together with the
boundary conditions would imply that the worldsheets spans the surface enclosed by C.
AdS space, however, introduces a gravitational field dragging the string away from the
boundary. Eventually this gravitational pull is stopped by the tension at some finite value.
The free heavy boson which we subtract above, on the other hand, stretches along the full
AdSs in a straight line parallel to C. We want to calculate thus the string action which is
nothing else but the tension times the area of the string world sheet fixed to the boundary.
The mass term cancels the divergence thus giving the renormalized area from which the

Wilson loop is readily computed
1
Arearen, (C) = lim (Area(0)|z>e - —L(C)) , {W(0)) = e T Areanen(©) (1.10)
€ €

At weak coupling the calculation of the Maldacena-Wilson loop is done via Feynman
diagrams. The general expression (1.8)) can be expanded around small values of the 't
Hooft coupling. This leads to a power series expansion of the exponential with the fields

contracted among themselves or with fields coming from the action.
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We will consider this weak coupling expansion more closely for the circular WL in the

next subsection.

1.1.2 Circular Maldacena-Wilson loop in N =4
We consider a circular loop with boundary parameterization
Cloop + 2#(t) = (0, Rcos(t), Rsin(t),0) , te[0,27]. (1.11)

The area of the circular loop is calculated from the Nambu-Goto action (for details see [67])

R )_27TR

Areace, (O) = £1£IOI [Area(O) |75e — %L (Q)] = lélirol [27r (? -1 ] ==27. (1.12)

€

And therefore we find for the circular Wilson loop at strong coupling

(W (Q))=e". (1.13)

As is expected for a scale invariant theory the final result does not depend on the radius
of the circle. In [62] Erickson, Semenoff and Zarembo managed to calculate the line on

the gauge theory side exactly. They find

2 >> 2

(W (O)) = —=I,(VN) 2225 ([Z AW eVr, (1.14)
VA a

The leading behavior for A >> 1 matches in both calculations thus providing a first

consistency check of the AdS/CFT correspondence using the Wilson loop. Let us review

the main steps of the calculation in [62].

Therefore expand the exponential of the Wilson loop (|1.8)) in a power series

t TaTb 2T t1 ) )
(W(C))w1+%fo dtlfo dty [[i1][ialnn? (B11D,)
—iiy (A2 AL, ]+ O(N2). (1.15)

The linear term involves only one-point functions which are zero. The quadratic term, which
is displayed above, yield Wick contractions between scalar and vector fields. Considering
the bare propagators these contributions yield the leading corrections. Subleading terms
involve corrections to the propagators which come from the expansion of the action as
well as cubic and quartic terms from the Wilson loop exponential.

We can evaluate the integrals by inserting the bare propagators in coordinate space,

2 (5ab5
(@9 (21) DY (22)) = 2 L7

472 () - 22)? (116
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(As(21)Ab(x2)) = AT (1.16b)

472 (21 — x9)?

For the trace of the generators we use the convention Tr(7¢T¢) = N?/2 and thus find

)\ o t . . Y
(W(C)) »1+ f dt, f aty P2 = o o0y (1.17)
812 Jo 0 (21 — 22)?
This first term is depicted in Figure (1.1a}). Inserting the parameterization ((1.11)) we see
that the contributions of the nummerator and denominator cancel up to a factor /2
||| o] = # T2, R? - R2sin(ty) sin(tz) — R2 cos(t) cos(tz) 1

(-2l (Reos(ty) - Reos(t))? + (Rsin(t) - Rsin(t))? 2" 1

The remaining integral is readily evaluated to give a factor of 272 and we can write down

the Wilson loop up to order A
A 2
(W(C’)):1+§+(’)(A ). (1.19)

There are three types diagrams contributing to the next order, shown in the Figure .
The diagram in Figure [I.1a]is the insertion of a single bare propagator contributing at
order A. This is precisely the term considered in the above calculations. Further expanding
the WL exponential yields the insertion of two bare propagators (Figure coming
from the quartic terms. As mentioned previously the expansion of the action allows for
the insertion of self-energies to the leading order diagram. This is shown in Figure [I.1d
The three-point vertices from the action can be Wick contracted with the cubic terms of
the expansion to form the vertex diagram [I.Id] These three diagrams all contribute at the
same order A? in a small coupling expansion. Note that non-planar diagrams like one with
two crossing bare propagators are subleading in the large-/N limit we consider.

By calculating the relevant self-energies in A = 4 SYM and inserting into the circular loop
one can eventually show that the self-energy and vertex diagrams give the

same contribution up to a sign and thus mutually cancel [62].

The ladder diagram ([1.1b|) is thus the only one contributing. Such diagrams will appear
at all orders in perturbation theory and they can be resummed to an exact result.
From the expansion in Equation ([1.15]) it can be seen that the term of order 2n will be

L g [ 2
NA 1 ‘/0 2 A 2n><

x tr ((ZAMLIJIL + <I>11|5U1|n1) e (ZAMangn + (I>]2n|m'2n|n1)) (120)



1.1. WILSON LOOPS

Figure 1.1: The diagrams show insertions into the Wilson loop at low order. The thicker
line is the circular loop of the heavy particle. The curly and straight line respectively

represent a gauge and a scalar Boson inserted. We must sum over all possible combinations
allowed by the present vertices.

(b) Ladder diagram: Insertion (c) Self-energy insertion. The (d) Vertex insertion. This dia-
of two single propagators. This hatched circle in the middle gram contributes at order A2
diagram contributes at order with the 1 stands for any pos-

A2 sible one-loop insertion. This

diagram contributes at order
A2,
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We want to sum only those planar diagrams that have bare internal propagators without

any vertex. Therefore any two neighboring field{] might be Wick contracted to form a

propagator. Each of those n propagators will have a contribution as (|1.16a]) or (1.16b).

Noting that, as before, we may sum gluon and scalar bare propagators we find a contribution
of Ai6r? due to the cancellation of numerator and denominator because of the chosen
parameterization of the circular loop, see also the calculation that led to Equation (|1.18]).
The factor of N arises because the propagators yield a Kronecker delta for the generators
and we have tr(7T%T®) = N?/2. The 2n integrals yield (27)*"/(2n)1. Multiplying all these

factors yields that the contribution of 2n ladder diagrams is

(4*Nf2)"

@) x # of different diagrams at order 2n . (1.21)
n)!

We want to find how many different diagrams we have with n internal propagators. Note
that we do not need to distinguish between scalar and gluon propagators as this was
already included in the above calculation.

For n = 2 there are two diagrams due to different naming of the insertion points. The
higher order diagrams are then given by having the new propagator inserted between any

sub-diagrams of the lower order. Figure (1.2]) shows how this is done. Summing over k

Figure 1.2: Schematic description of how higher order diagrams are obtained from the
lower order ones [62].

then gives the number of diagrams with n + 1 propagators recursively

An+1 = Z An—kAk y AO = 1 . (122)
k=0

All the different A,, might be stored in a generating function

£(2) = ioAnzn . (1.23)

We can then compare the following two quantities:

z)-1 1 I & o RS Sy n
f() ‘;(ZA ):;2 ZA”Zn_ :Z i1 =2§An_k14kz

n=1 n=0
(1.24)

L Also the first and the last field are neighboring because of the cyclicity of the trace.

10



1.1. WILSON LOOPS

f2(z) = (io Amzm) (iAlzl) = iiAn_kAkz” : (1.25)

For the first quantity we plugged in the recursion formula and for the second one we used

the Cauchy product formula

(i amzm) (i blzl) = i cp2"  where ¢, = i 1y . (1.26)
m=0 1=0 n=0 k=0

Therefore we find

2f(2) = f(z) -1, (1.27)
which is a quadratic equation of f(z) with general solution

fu(2) = M2—1Z_4Z . (1.28)

However the function should also match the power series above, espicially Ay =1 yields
f(0) = 1. Computing the limits f,(z — 0) readily yields that only the solution f_(z)
satisfies this assumption. We can then use the known Taylor expansion for v/1 + x to find

the general expression for all A,,:

142

f(2)=f ()= oYL f: 2n)!

(n+ 1)'n' (1.29)

Therefore we finally find A,, = 2n)Y/(n+1)m1. We can now multiply this with the previously

()’

motivated prefactor e and sum over all n to get the final result

(W(C) Nadder = 2}% = —%h (\/X) : (1.30)

where [ is the modified hyperbolic Bessel function.

Erickson, Semenoff and Zarembo conjectured [62] that the result presented above is exact

to all loops. Conversely this means that the cancellation between self-energy and vertex

diagrams similar to Figures [1.1c¢| and [1.1d], respectively. This statement was further

supported later by Drukker and Gross [63] who also computed the circle by an inversion
of the straight line and thus determined the above result as a conformal anomaly. They
gave arguments on how to possibly use supersymmetric localization and discovered that
the circular loop can be computed using a matrix model. The final proof for the formula

above was done by Pestun [64].

11



CHAPTER 1. INTRODUCTION

1.2 Finite Temperature Bootstrap

The conformal bootstrap is a method used in recent years to study theories with scaling
symmetry [68,/69]. One of the most popular example is the bootstrap of the three-
dimenional Ising model [70]. Introducing a finite temperature by a compactification of the
euclidean time breaks the conformal invariance. However, some bootstrap techniques can
still be used to study such theories on Sé x R3. The breaking effectively introduces a scale,
namely the inverse temperature J = /7. One consequence is that one-point functions in
the thermal background may aquire a non-zero expectation value. In fact the preserved
symmetries demand the operators to be symmetric-traceless tensors of even spin J [54].
Such operators are then fixed by the remaining preserved symmetries to depend only on a

one-point coefficient bp

(O (2)); -

(et ...eM —traces) . (1.31)

In the above equation the e# are unit vectors in the direction of the thermal circle. Note

that this yields for the stress tensor

by 1
TH g = — |ete” — =nt"] . 1.32
()= 2 (e - ) (1.32)
To determine the one-point coefficient of the stress tensor consider the energy density

given by [54]

E=—(T00>=—(1—$)bT=—d%dle. (1.33)

The energy E must be positive and thus by < 0. This derivation can be compared to the

free energy density

dF
F=E-TS=FE+T— = fT". (1.34)

ar
The last equality follows from dimensional analysis and f is an a priori unknown coefficient.
Combining the last two equations yields that the stress stensor coefficient can be obtained

from the free energy [54]

F
be—T<O = bT_d

- =7 (1.35)

For four-dimensional ' =4 SYM the free energy was calculated in [71] and we thus find

92 2
—%g%\f? . (1.36)

T2g2 N2T4
6

FN=4 _

N=4 _
by~ =

12



1.2. FINITE TEMPERATURE BOOTSTRAP

1.2.1 Operator Product Expansion

While two-point functions can be fixed using the conformal symmetries at 7" = 0 this is no
longer true at finite temperature. Only the one-point functions can be entirely determined.
Thermal two-point functions can however be obtained by using an Operator Product
Expansion (OPE). These OPEs are known from conformal theories [68}69,/72]. They
describe the product of two operators by a sum of single operators. The convergence of
this series was shown to hold if the two operators are in a sphere with flat interior within
which no further operators lie. For the thermal theory we additionally need to account for
the compactified time dimension. The compactification will spoil the flatness of the OPE
interior for large enough distances between the two operators. In the contrary case we

can, however, still use the original OPE [54]

P(x)p(0)= > fosolx|Ro20 g, x, OF1I(0) (1.37)

Oepxd
The above equation is the operator product expansion for two scalar fields. In general all
operator products statisfy a similar OPE where we would have to account the different
indices appropriately. The structure constant fsso is precisely the one from the zero

temperature theory. Following the above argumentation this OPE converges for

lz| = /T2 + |72 < 5. (1.38)

This means that the largest sphere in which the two operators must lie for the OPE to
still be convergent is a sphere that wraps once around the sphere S}, see Figure ‘)

The Operator Product Expansion introduced above can for example be used to find an

Figure 1.3: The blue sphere shows the maximal region for convergence of the OPE on
S,é x R3. The horizontal direction is the R3 [54].

expression for a scalar two-point function. Therefore consider that the contraction between
the z, from the OPE and the structure of the one-point function is given by Gegenbauer

polynomials

J! N
|2/ @, .y, (€M e —traces) = 2J(1/)JC‘(] ) (m) : (1.39)

13



CHAPTER 1. INTRODUCTION

where v = d4-2/2 and (a),, = '(@*)/r(a) is the Pochhammer symbol. Thus a scalar two-point

function at finite temperature can be written as

T

S fop0bo

57003 (1.40)

g(x) = (p(x)9(0))s = Z ao |x|Ao—2A¢C§u) (

=0 ) , with ap =
Oepxop ﬁ

||

The resulting expressions |z|20=245C() (ﬁ) can be considered as the thermal conformal

blocks [54]. They obey crossing equations similar to the zero temperature conformal
blocks [73].

1.2.2 KMS condition and clustering

Compactifying the time dimension on an Sé yields a periodicity in the 7 component. This
extends to the operators in the theory. This was first discovered by Kudo, Martin and
Schwinger [49,50] who showed that bosonic fields experience periodic boundary conditions

while the boundary conditions for fermions are anti-periodic,

o(r,2) = (7 +5,2) . (7,8) = (7 +5,%) . (1.41)

These KMS conditions need to be satisfied by all correlators in the thermal theory which

puts further restrictions on the thermal conformal blocks introduced above. Namely

9(7,2) = (o(7,2)9(0))g = (d(5 — 7,7)$(0)) 5 - (1.42)

This can then be interpreted as a constraint on the thermal coefficients ap similar to the
crossing equations at zero temperature [54473].
Using the SO(d - 1) symmetry of Sé x R-1 the spatial I can be restricted to a coordinate

on a line zg. Introducing complex coordinates
Z2=T+ixg, Z=T-izg, z=rw, z=tw!, (1.43)

and Wick rotating zx — ixr; we can define a set of two independent variables (z,2). The

KMS condition above can be rewritten as

9(z,2)=9g(1-2,1-2), (1.44)

in the new coordinates where for convenience we set 5 = 1.

The thermal bootstrap including the above thermal blocks ([1.40]) and the Thermal Crossing
Equations (1.44)) relies on the convergence of the Operator Product Expansion as shown
in Figure [1.3] Outside of the sphere with |Z| < 3 the above OPE does not hold. However,

we can consider the two operators at a large spatial separation |Z| - co. In this limit the

14



1.2. FINITE TEMPERATURE BOOTSTRAP

correlator between two scalars will be determined by the thermal mass. There is a folk

theorem at finite temperature saying that all thermal masses are positive my, > 0 yielding
that [54]

(6(7,2)6(0))s ~ (d)5 + O(e ™) for 7] > co. (1.45)

This in turn means that at large spatial separation we find a clustering. The different
operators in the correlator do not interact and we can consider a product of their one-point

functions instead.

1.2.3 Lorentzian inversion formula

The methods of the thermal bootstrap as presented in the previous subsections have been
used to study different conformal field theories at finite temperature, see for example
[56,/68],74]. In this subsection and the subsequent one we will give an overview of the
methods used in these references. They are alternative approaches to CFTs at finite
temperature which will not be used in this thesis. They are, however, state of the art
results of the thermal bootstrap and hence generally interesting

The operator content of theories in flat space can be studied by considering four-point
functions and their conformal blocks. One way of doing this are inversion formulas [74-76].
The inversion formulas are an efficient way of studying crossing equations. As we derived
above, in a thermal theory we instead consider two-point functions and their thermal
blocks |x|AO‘2A¢C§”) (7/iz/). The crossing equations they obey are the KMS conditions
introduced above. Rewrite the thermal OPE for the scalar two-point function as an

integral

(7_ l’) Z %fﬂm do CL(A J)| |A 2A¢C’(V) (| |) (146)

—e—ico 271

We have to assume that the function a(A,J) does not grow exponentially fast in the
right half-plane. Then we can deform the contour and use the Cauchy theorem to pick up
residues. For the above formula to agree with Equation (1.40) these poles have to sit at

the physical operator dimensions

a(A, J) ~ _ATOA@ . (1.47)

The above formula can be inverted by integrating against the Gegenbauer polynomials
followed by a Laplace transform. Using the coordinates as defined in (1.43) we can invert
(1.46) in Lorentzian signature and obtain [54]

a(A,J) = (1+ (-1))K, f = f N T (\@)Disc[g(z,z)]
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+ Q(JO - J)aarcs(Aa J) ) (148)
with
_T(J+ D)I() | d 1)
K=y - @)= h I rdm2g s L vgle) o (1L49)

The first inversion included an integral around a unit circle in the w—plane. The con-
tour then needed to be deformed. To do this in [54] it was claimed for the correlator
g(z =rw,z =rwt) to satisfy two important properties. It is analytic in said w—plane away
from the cuts (—oo,-1/r), (-r,r), (}r,00) for r < 1. This analyticity can be conjectured
from the convergence of the s-channel and t-channel OPEs [54]. Moreover the function
is assumed to be polynomially bounded at large w. For some constant Jy the growth is
bounded by w’. Due to the symmetry w — w™! similarly ¢ is bounded by w=7/ for small
w.

The integral which was originally around |w| = 1 can then be deformed separately for terms
with w’ and with w™/ to enclose the cuts mentioned above. These contours are shown

in Figure (1.4). For J < Jy we pick up non-trivial contributions a,.(A, J) from the arc.

Figure 1.4: The picture shows the different contours. (a) is the original contour while (b)
and (c) are the respective deformations mentioned above [54].

w
AAANAAAAAAANAAD BAAAAAAAAAAANAA
=1/r 11r
(a) Initial integration contour |w| = 1.

(b) The deformed contour for terms (¢) The deformed contour for terms

that behave as w”. that behave as w™.
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1.2. FINITE TEMPERATURE BOOTSTRAP

The contour along the cuts yields the discontinuities of the two-point function

Disc[g(z,2)] := % (g(z+1i€,2) —g(z—i€,2)) . (1.50)

As the discontinuities of thermal two-point functions are often known while their full
structure is not, by using the inversion formula we can determine the thermal
coefficients ap with relative ease. In [54] this was shown for mean field theory. While the
coefficents in this case can also be computed analytically this provides a cross-check for
the inversion formula.

In [55] the thermal coefficients where calculated for the strongly coupled three dimensional

Ising model.

1.2.4 Holographic thermal correlators

Corrections to the mean field theory correlator [54]

Gaw) = (@O = 3 s (151)

m=—00

coming from A¢?* interactions can be studied in AdSg,; space. Using holography the free
theory in AdS is dual to the mean field theory (MFT) on the thermal manifold Sj x R
Considering quartic interactions in the bulk the leading correction to the MFT correlator

can be obtained by an analysis in Mellin space similar to the zero temperature case [77]

Ssp+ioo dS

<¢($)¢(O)>B|A1=§£ ST (A = 5) My(s)G(2) (1.52)

sg—ioco

where 0 < Resg < A — (d-1/2 [56]. This expression depends only on the free MFT result
Gs(z) and on the Mellin amplitude Mz(s). The latter one can be entirely fixed by the
zero temperature results for the anomalous dimensions 7, ;- of spin 0 operators obtained
in [77] which are analytic in n. The analyticity is an important property for the above
formula to work [56]. Additionally the formula for the thermal Mellin amplitudes
are fixed by some consistency requirements.

First and foremost the KMS condition introduced above (see Equation (1.44))

(9(2,2)9(0))s = (p(1 - 2,1 -2)¢(0))5 , (1.53)

must hold. When using the thermal operator product expansion no new operators
are exchanged compared to the zero temperature case. Therefore the anomalous dimensions
at zero and nonzero temperature must be equal. Furthermore the function (¢(z =rw, z =
rw™)$(0))5 must be analytic in the w—plane as shown in Figure[1.4] This was shown in [54].
Similarly for large spatial distances the clustering effect introduced above must be obeyed

by the two-point function. Lastly the correlator must satisfy Regge boundedness [56].
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Considering the quartic interactions and Witten diagrams in the AdS bulk theory the
above formula can be proven while an extension including more general interactions
was proposed [56]. These interactions are covariant derivatives acting on the quartic
term Ay v ¢* where k is summed from 2 to some finite L > 0 corresponding to the zero
temperature solutions of |[77] with maximum spin L. The scalar two-point function can in
this case be written at leading order using the new Mellin amplitudes 9" (s, d,, ;) which

now also depend on derivatives,

(SO = § 7 SIS - )M(5,0.,0)Gulw) . (154)
ME(s,0,,05) = M (s,0:,0.), ME(s,0,,05) = ML (s,-0,,-05) . (1.55)

The constraints on 9 follow from the z <> Z symmetry and the KMS condition ([1.44)).
Again, only the anomalous dimensions of double-trace operators obtained from crossing

equations at zero temperature are needed to determine the thermal Mellin amplitudes [56].

1.3 Outline of the thesis

The main focus of this thesis is on the Relation (|1.1)
B =3h,

between the bremsstrahlung of a heavy particle (the Wilson loop) and the coefficient of
the stress energy tensor. We will show that it continues to hold in a thermal setting of
N =4 SYM at zero coupling both analytically and perturbatively. For the analytic proof
we study a supersymmetric Broken Ward Identity (BWI) and show that in a regime where
the thermal operator product expansion can be applied, no relevant thermal corrections
arise. The algebraic argument is presented at zero gauge coupling g = 0. We will reinforce
this exact statement by a perturbative calculation of the bremsstrahlung B and the stress
tensor coefficient h at leading order in an expansion around weak 't Hooft coupling A.
Subsequently the coupling is turned on and we study the effects of the interactions to
the previous algebraic argument. Additionally, the next-to-leading order of the circular

Wilson loop and the straight Wilson line are computed in the thermal setting.

Chapter [2|is a review of known results at zero temperature.

We start by deriving the Relation (|1.1)) analytically by considering a Ward identity related
to the stress tensor multiplet of N' =4 and the displacement multiplet induced by the WL
defect (Section . The resulting two-point functions which are related to the coefficients
B and h are studied in a way that simplifies their extension to the thermal calculation in

later chapters.
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We furthermore derive the bremsstrahlung as a function of the circular Wilson loop which is
in a 1/2 Bogomol’'nyi-Prasad-Sommerfield (BPS) state and calculate the one-point function
of the stress energy tensor 7, perturbatively from Feynman diagrams (Section [2.2)).
Although our calculation will be carried out in a weak-coupling perturbative expansion
the resulting identity can - in the zero temperature scenario - be proven exactly as well

with a similar calculation.

In Section [3| the above considerations are extended to finite temperature. We restrict
ourselves to the non-interacting case by setting the Yang-Mills coupling ¢ to zero.

Once again, we start by considering an algebraic argument related to a Ward identity
in Chapter [3.1] First we consider the compactification of the time dimension and show
that supersymmetry can be preserved when assuming periodic boundary conditions for all
fields in the theory. In a continuative argument we introduce the anti-periodic boundary
conditions of the thermal fermions through phase transformations. These yields new terms
breaking the supersymmetry of the action and hence the Ward identity. The new Broken
Ward Identity then yields corrections compared to the previous chapter. Subsequently
these corrections are studied in an operator product expansion. By assuming that inserted
operators are sufficiently close to each other, the known OPEs can still be applied such that
we are able to simplify the thermal corrections of the BWI. In a final step, the dependence
on spacetime and R-symmetry indices of these new relations can be restricted allowing us
to show that they ultimately do not affect the relation B = 3h in the given setting.

After obtaining exactly we provide a perturbative check in Section Zero coupling
means in this case that only bare propagator insertions are allowed in the perturbative
expansion of the Wilson loop. The leading order, being the only consistent one in this
context, will thus be studied in detail. We start with a calculation of the circular Wilson
loop at leading order. It will prove convenient to consider this calculation in a small
temperature expansion as well as in a high temperature limit. Equipped with the result of
the circular Wilson loop we can then derive an expression for the bremsstrahlung similar to
the one at zero temperature. We will find that for the straight line WL a scale coefficient
has to introduced for dimensional reasons. The resulting bremsstrahlung can then be
compared with the stress tensor one-point function in the presence of the circular Wilson
loop. We find a scheme for the new coefficient of the straight line which indeed reproduces
the Relation , B = 3h. The scheme is dependent on temperature and the radius of
the circular loop. This suggests that at every temperature a scheme matching can
be found

The extension of the algebraic consideration to the full interacting theory is considered in
Chapteifd] We will follow two different approaches. The goal is to find a supersymmetric
piece of the action and a piece breaking the supersymmetry such that the a thermal Broken

Ward Identity can be applied similarly to the g = 0 case. We consider field redefinitions
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depending on a priori arbitrary integers and a dimensional KK-like reduction by using
Fourier modes.

We first consider the field redefinitions in Section 4.1l The Yukawa interactions will restrict
the fermionic phases mentioned above and furthermore yield the necessity to introduce
similar phases for the scalar fields. What is more, these phases are related in a way
which breaks the R-symmetry. We study how this breaking arises and possible ways to
preserve the largest possible subgroup. Clearly this result alters what we found in the
zero coupling discussion of the BWI. While we did not find a relation for the BWI with
the broken R-symmetry we give arguments regarding the possibility to again obtain the
relation B = 3h. Meanwhile, there is a free choice regarding the phases which influences
the preserved symmetry group. While we considered only classical arguments before, these
choices might be restricted when considering a dynamical calculation. We discuss the
steps necessary to determine these restrictions.

The Fourier series representation of fields is considered in Section Contrarily to the
previous ansatz we can show that R-symmetry is preserved. However, supersymmetry
is not preserved in this ansatz and we derive the breaking term. The reason being that
Yukawa terms yield interactions between different modes because a shift is introduced.
In Section we review the result of the two approaches and discuss the steps necessary
to complete these considerations. We expect that eventually we will be able to find a

consistent manner in which they can be combined into one convincing ansatz.

Considering the interactive thermal theory an alternative ansatz is to consider the relation
B = 3h perturbatively at the next to leading order. We adress this in Chapter 5 As a
starting point we calculate the circular Wilson loop and the straight Wilson line in the
thermal setting at order A2. This order includes the significantly more complex diagrams
of vertex and self-energy insertions to the Wilson loop. It is therefore necessary to
preliminary consider the effects of finite temperature and the WL on the gauge propagator
and calculated propagators at one loop order. Equipped with these results the circular
Wilson loop at order A? is then computed. Due to arising difficulties for the vertex diagram
and the stress tensor calculation, some of the results obtained are only numerical. Similarly
the straight line Wilson loop is obtained from the one-loop propagators. Interestingly, for
the straight line only the self-energy insertion is relevant as the contour prefactor cancels
all other diagrams readily. The calculations are again obtained in a small temperature

expansion and in a high temperature limit.

We conclude the thesis in Chapter [6] where we recall the main results and give a short
recap on the necessary calculation.

Some appendices clarifying certain steps of our considerations are provided. In Appendix
[Al we define Pauli matrices and Clebsch-Gordan coefficients. Furthermore we recall the

superconformal algebra relations of N' = 4. Following this we discuss the breaking of
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the superalgebra by the defect in Appendix [Bl An overview over the N =4 stress tensor
defect and how it can be obtained from N = 2 multiplets is provided in Appendix [C] In
Appendix [D] we derive the supersymmetry transformations of the displacement primary
O and the first descendant 1) of the stress tensor multiplet. Appendix |E|is a consistency
check showing that the displacement-stress-tensor two-point functions we use are consistent
with the similar ones in A/ = 2 presented in [38]. For the finite temperature theory it is
necessary to introduce redefinition of some of the fields with phase prefactors. In Appendix
we show that these redefinitions are non-anomalous at zero coupling. Similarly, we show
that also the anomalies in the interacting theory are zero in Appendix [G] In Appendix
[H| we present the status of the dynamical self-energy calculation necessary to determine
the correct choice for the phases introduced in Section and further considerations in
similar directions. We uncover an inconsistency in the respective approach. Therefore, in
Appendix [[| we suppose a different ansatz. After showing that the R-symmetry is preserved
at finite temperature we write down a general Lagrangian which allows us to use Broken
Ward Identities. We show that its self-energy can be made consistent when introducing

proper masses for scalars and spinors. Lastly the Feynman rules of AV =4 SYM are given
in [J.
1.4 Conventions

Let us clarify some conventions that are used throughout the thesis.
Define the action of N =4 as

S = 2—;2tr f d*z [%FWF’“’ +(0,A")? + D, ®" DF®;; +iX 0" DA +ida" D M +
#ibyy (AN} 507 (0, A+ 5 [08, @8] [Brd,] 4 aMED“c]
= 2%/2 f d*z EF;VFW +(0#A2)" + D, DI + iNGIDAT® — NI (1.56)
+ifabc)\laiﬂjq)rb)\‘k _ ifabcj\?z]i]q)rbj\f]
+%fabcfade@£(bgq)rd®se + 8uc“D#c“] )

The trace is taken over the color group SU(N) and we consider only Feynman gauge. We
use Minkowski indices p,v =0, ...,3 and su(4)p fundamental indices I,J =1,...,4. A, is
the gauge field with F,, = 0,4, -0,A,+[A,, A ], AL, \; are the four Weyl spinors, &1/, &,
are the matrices for the six real scalars and ¢ and ¢ are the ghosts. Covariant derivatives of
any field are given by D, e = 0,e+[A,, ] and (0,,7,) are the Pauli matrices. The structure
constants of the gauge group SU(N) are fob¢ with fundamental color indices a,b=1,..., N.

The generators T employ the known commutation relation [7¢, T?] = ife¢T*. Furthermore
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fabefabe = N(N —1) ~ N2 in the large N limit, tr7® = 0 and T7°7* = §. We follow the
notation of [62,78] and adapt the Feynman gauge & = 1 as it is convenient for Wilson
loop calculations. The first line of (1.56|) is the Lagrangian with a color-trace and su(4)g

indices only while in the second line color indices are written explicitly and we use s0(6)g

fundamental indices r,s = 1,...,6 for the six real scalars. The scalar field matrices are
related by
0 1 ¢ ¢
1 _ ~ 0 ¢35 —o
Ol = ZlIKL . By = o0 0 & 6 (1.57)
2 —¢2 —¢3 0 ¢
~¢3 ¢2 —¢1 0 ]
and their relation to the six real scalars ®, (r =1,...,6) is (considering the matrices Y1

defined below) given by
d, = 8,7, (1.58)

For the R-symmetry we use the Clebsch-Gordan coefficients between so0(6)r and su(4)g

given in [79,80] which are given through the six matrices
0 %
T, =5 ® o r=1,....6, 1.59
5 (Er 0 ) ( )

where 75 = 03 ® 09 and the ¥ and ¥ satisfy

27]«J = _2}]1 ) i:rIJ = _STJI ) s = (STIJ)T ) tr(zrzs) = _4(57',3 . (16())

T

We use the usual form of Pauli matrices o#. The anti-symmetric sigma matrices are

given by

o = = (ota” - a"a") . (1.61)

4

The N =4 stress energy tensor is given by [36}81}82]

1 . )
= ? (T;K/(A) + T}f’;()\) + Tlfy(@) 4 T/;I;teractlons(A’ )\’ q))) : (162)

T,

j0%
14 po 1 2
TW(A) =tr| =Fy,Fen + ZUMV(FPU) ,

1 _ _
TE () = -5t (A0 A = A 0,AT)
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_ 1 _ 1 _
T5,(®) = tr (‘M”@‘PU + S Op® 01y + = (0,0 = 0 0?) ‘P”‘D”) '

The stress tensor is traced with respect to the colors. The conventions of the stress tensor
are the same as in [36]P} The prefactor 1/y2 was included because we defined it also for the

action, see the conventions of [62}78] and our previous definition (1.56]).
The Maldacena-Wilson loop is defined as in [62]
1 .
W(C) = P exp[ § aeid,in s <I>r|:fc|n’")] | (1.63)
c

where A, = A%T is the gauge field and @, = ®¢T* are the six scalars, they are related to
17 and ®;; by the Relation . We denote the generators of the SU(N) gauge group
by T® as mentioned above. The trace is taken over the adjoint representation of the gauge
group. n" is a six-dimensional unit vector (n2 = 1) on the S®. P is the t-path-ordering.
The contour of the loop we consider is C'.

Two contours are of special interest to us, the circular loop and the straight line. For a

circular loop with radius R € R* we can parameterize the contour by [62]
Cloop * @"(t) = (0, Rcos(t), Rsin(t),0) , te[0,27]. (1.64)

Similarly we introduce a length parameter R in the parameterization of the straight line.
Similar to [35,63] we use a hyperbolic tangent function. As we want to eventually consider
finite temperature we cannot put the line in the zo component?| and instead place it in the

T3 component.

Cline : a:'u(t) = (07 OJ 07 Rtanh (%)) ) te (—OO, OO) . (165)

The above n,. € S® from the Wilson loop breaks the SO(6)z symmetry group to SO(5)g ~

Sp(4) . For the latter one it is convenient to define a symplectic metric
QIJ = TL,«ZiJ i Q[J = TLTE;[J . (166)

This symplectic metric is an Sp(4)g singlet [83,[84]. It is used to raise and lower indices

and satisfies the following properties

Qry=-Qr, Q5 =-65 errr =00+ UrQyn - Uk . (1.67)

2The convention in [81,[82] differs in a sign for the scalars.
3This would yield a Polyakov loop at finite temperature.
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Furthermore, note the relation

nrnsi,«uisKL(Si = 7125;( = 5}( . (168)
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Chapter 2
Zero temperature

In this Chapter some known results at zero temperature are reviewed. The relation B = 3h
is derived in two different manners which eventually will prove helpful for the thermal
computation in the subsequent chapter.

While the Relation has first been derived using localization in [35,36] we will start
with a different approach. We want to consider a supersymmetric Ward identity allowing
us to relate several two-point functions of operators in the displacement and stress tensor
multiplet. Each of these correlators has either B or h as a coefficient and the Ward identity
will eventually yield B = 3h. This approach has first been used to prove an identical
relation for N = 2 supersymmetric theories by [38]. As the relations in N =4 are similar
we can closely to the presented derivation.

In a second section the Relation ([1.1)) is shown to hold in a weak coupling perturbative
expansion. Using the results of [35] the bremsstrahlung of a moving quark can be calculated
from the circular Maldacena-Wilson loop. The expectation value of said WL is known
from [62]. The one-point function of the stress tensor in the presence of the Wilson loop
can be computed from leading order Feynman diagrams reproducing the result found
by [81]. Comparing these two calculation indeed reproduces B = 3h.

We present all calculations in a way which will make the application of finite temperature

effects as easy as possible.

2.1 Supersymmetric Ward Identity

The bremsstrahlung B of a moving heavy quark in /' =4 SYM theory can be related to
the coefficient of the stress tensor h, sometimes also called energy at infinity. The relation
B = 3h was derived originally by [35,36]. We will recall a proof of this relation which is
similar to the one for an identical identity in N’ = 2 SYM theories as proposed by [38]. This
proof mainly relies on algebraic analysis of the stress tensor and displacement multiplets

as well as a Ward identity.
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Consider a straight line Wilson loop]l] in 4 dimensional ' =4 SYM defined by
1 -
W = NtrP exp [i f dt (A3 —in,P") | . (2.1)

Here n, € S5 (r=1,...,6) is a vector in the SO(6)r ~ SU(4) g symmetry group. Note that
we use 23 = y(t) to identify the component along the Wilson loop. This Wilson line is a
defect which breaks the original superalgebra psu(2,2[4) to the subalgebra osp(4*|4) [85].
The preserved fermionic supercharges are

1 1 1 1 _—
ﬁ E EQI‘]SJQ + ﬁ@'idg‘]a , (22)

analogous to [38]. This choice ensures that the Wilson loop operator is preserved under

1 1J .3 o 1
Qa: Q chdQ?v and Sa:_

I
Qo +

supersymmetry transformations 6W = 0. For details see Appendix [B]

Let us consider the conformal symmetry. Naively scale invariance is broken by the
introduction of the defect as the distance between any point in the bulk and the Wilson
line becomes a relevant distance scale. However, scale invariance and also conformal
invariance remain unbroken on the one-dimensional Wilson loop insertion. This leads
to the preservation of the translations Pj, special conformal transformations K3 and
dilatations A along the defect. Furthermore, the aforementioned distance between a bulk
coordinate and the defect is purely radial one and therefore rotations in the bulk directions
orthogonal to the defect are also preserved. The respective Lorentz rotations and boosts
are My, (m,n=0,1,2).

The introduction of the ’preferred direction’ n, € S® breaks the R-symmetry group to
SO(5)g ~ USp(4)g. It is convenient to introduce the USp(4) g singlet [83]86]

Qry=n2r15 Q' = nTZ{“J ) (2-3)

using the Klebsch-Gordan coefficients between SO(6) and SU(4) | The symplectic metric
Qy; for USp(4) g thus follows directly from the Wilson loop and will be an integral part of
our calculations. It can be used to raise and lower R-symmetry indices.

The original 15 R-symmetry generators R’ split into preserved and broken generators.

The 10 symmetric R-symmetry generators
5 _ Lpr qux L pr oar
R" = §R SQ7" + §R L0 (2.4)

are preserved by the USp(4)g symmetry group while the five anti-symmetric generators

1

le —
2

1
R, Q7K - 535,9” : (2.5)

'Note that compared to [38] the Wilson line is placed in a different spacetime coordinate.
2See also Appendix
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2.1. SUPERSYMMETRIC WARD IDENTITY

are broken [83]. Note that by construction Q;x9R’8 = 0. This breaking into symmetric
and anti-symmetric components is straight forward and matches with the dimension of

the preserved R-symmetry group.

Let us gather all operators of the psu(2,2|4) algebra. We generally use calligraphic letters
for most of the preserved generators while broken ones are written in a fraktur font. The
preserved generators thus are

roosto AN, P, Ky, M,,, R!'. (2.6)

a ) e

They define the preserved osp(4*|4) algebra. The broken generators are
Qé ) 6& ) ;Bm ) Rm ) 93tSm ; i):{IJ . (27)

We want to use a Ward identity similar to Equation (33) in [38]. Therefore we need to
take a closer look at the displacement multiplet and the stress tensor multiplet in A/ = 4.
This is done in chapter [2.1.1] We will then discuss the zero temperature Ward identity in

chapter 2.1.2]

2.1.1 Stress tensor and displacement multiplet

The idea of our calclation is to use a Ward identity similar to the one used in [37,38§|
to find a relation for the Wilson loop. Therefore we will need the bulk-to-defect two-
point functions between operators from the stress-tensor and the displacement muliplet,

respectively.

The displacement multiplet is closely linked to the broken supercharges. As mentioned
above, when placing the straight line a relevant distance scale is introduced. Therefore
translational symmetry is broken in the components orthogonal to the Wilson line. With
translations no longer a symmetry of the theory it is convenient to introduce a new operator
called displacement operator D that can be derived from the components of the stress
tensor which are no longer conserved. The displacement operator is only well defined

inside a correlator. For any operator x of the theory the displacement operator is

oy (TH™ (w0, 21,72, 23)X(2)) = 0(20)0(21)d(22) (D™ (23)X(2)) - (2.8a)

As we saw above, due to the introduction of the Wilson line defect also half of the
supercharges are broken. This leads to the supercurrent W/ splitting into a preserved

part \TJ’;O‘ and a broken part U**. Similar to above we thus define a fermionic displacement
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operator following from the broken part of the supercurrent

0, (W™ (o, 1, 9, 23)X(2)) = 6(20)8(21)6(22) { §(w3)x(2)) - (2.8b)

Similar to the supercurrent also the R-symmetry current J %i is split in an unbroken part

and an anti-symmetric broken part .J ’}g = Qg i* with

O <j””x(z)) =0(x0)d(x1)0(x2) (OI‘](xg)X(z)> : (2.8¢)

Equations (2.8) are the analog of Equations (5), (6), (7) in [38]. They define the full
displacement multiplet [85].

Acting with the broken generators on the Wilson loop operator yields precisely the broken

currents above and thus

Ly :—2i/dx3 ( Lw), (2.9a)
(PB"W) =-i f dzz (D"W) , (2.9b)
(RIW) =i [ day (07W) | (2.9¢)

where m = 0,1,2. This yields the tracelessness condition ;;0// = 0 for the primary of
the displacement multiplet. The action of the preserved supercharges on the displacement

multiplet is

507K = 2017 Ko _9QIK Jea K Ica (2.10a)
0 4 =-4i0" (6°™) T eysDpn( - 2easDs0™ (Y (2.10b)
D™ =2(0*) "Dy e (2.10c)

The stress tensor multiplet of A" =4 SYM is well known [87,88]. Its field content is given
in table below where we include also the displacement multiplet for convenience.

More details on the stress tensor multiplet and its relation to N' = 2 multiplet are
summarized in Appendix . For later convenience consider the transformation of the

field ¢ under the preserved supersymmetry transformations [87]
5¢}7c5{: CN aa‘PlNUaaCN+SDIN77N Q7 p f CN
- SOLFIN G 208 SN - pracase” OGS
—QIKQ pQOR PN, 537 CR - 3(5JJmML O TIM ) o3Pk (2.11)
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field field constraints A | (j1,J2) | su(4)g rep | usp(4)g rep
o gpfiju 0 2 | (0,0) [0,2,0] [0,0]®[0,1]e]0,2]
bIK K = zgm =0 31 (30) | [o11 [1,0]e[1,1]
Tra Uik =Vlxar Yika =0 31 (0.3) [1,1,0] [1,0]e[L,1]
(1]
fas 1= f(am = f U] 3| (1,0) | [0,1,0] [0,0]@[0,1]
IJ IJ
e a3 = (aﬁ) —fa 31 (0,1) [0,1,0] [0,0]®][0,1]
prJ P1J = P(1]) 31 (0,0) 0,0,2] 2,0]
Pt P17 = po) 31 (0,0) | [200 2,0
Tk Tler = T = T 31 (33) | [1.0] [0,1]@(2,0]
):Ia % (%7 O) [07071] [170]
AL 51 (0,3) | [100] [1.0]
tpéﬁd \I]iﬁa = ‘Ij{aﬁ)a ’ aa.aq'iﬁa =0 % (}v %) [1,0,0] [1,0]
\DIoao'zB \Ijlaoa,b’ ‘Ijloc(oaﬁ) ’ g% \Ijlaaﬁ =0 2 (57 1) [07071] [170]
o 41 (0,0) [0,0,0] [0,0]
® 41 (0,0) [0,0,0] [0,0]
T THe = T(ww) 4 1 (1,1) [0,0,0] [0,0]
o1/ ol =0l | ;017 =0 1| (0,0) [0,1]
! 5 | (3.0) [1,0]
D 2 | (3.3) [0,0]

Table 2.1: The fields of the stress-tensor and displacement multiplet with their respective
quantum numbers, constraints and representations. This table can originally be found
in [87] with the stress-tensor multiplet only.

The relevant correlation functions for our main calculation are bulk-to-defect two-point
functions between operators of the two above multiplets. For the case of N = 2 the relevant
correlators are known from [38,[89]. Here we suggest the respective ones for N' = 4. This
can be done as the structure of these two-point functions is equivalent to the N = 2 ones.
In Appendix [E] we check that all fields and correlation function can be consistently reduced
to theories with lower supersymmetry. We will explain the structure of the R-symmetry
index which must agree with the field properties and constraints following table 2.1} The

kinematic structure and the spinor indices are equivalent to the N =2 case [83].

3h (XmUm 6) B

(£15(X.0)05(0,)) " = - 7 X3(Er X2) "

x (QIKQJL _ QILQJK _ %QIJQKL) ) (212&)
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The indices IJ and KL are anti-symmetric while at the same time we should get zero
upon contraction with g, which is the reason for the structure that is slightly more
complicated than simply picking Q//QKL. The reason we cannot have a structure like
y (o3a3€) op = ~Y€ap In the numerator is that the indices o and § are symmetric which is

not true for the anti-symmetric epsilon tensor.

QKLX

17 MN (T=0) _ B X2y
(JBKL(X 0)0™#(0, )> T [XP(y? + X2)2

% (QIMQJN _ QINQJM _ %QIJQMN) , (212b)

B X, (y?-X?)

MN (T=0) _
(e (X 00000}y = 5 a2

QKLX

x (QIMQJN _ QINQJM _ %QIJQMN) ) (212C)

Again the above property of contracting with 2,,5 leads to an identical structure which
is antisymmetric in the three pairs I.J, KL and M N as can be seen readily. Note that
we split the current J, into the component J3 along the Wilson line and the orthogonal

components J,, because they have different kinematics.

3h [iyeaﬂ - (Xmam53)aﬁ]
T or X(y?+ X?)?

(500,00 4(0,9)) " =

x (367 QKL - gFQIE 4+ 5FQTE) (2.12d)

This structure makes sure that we find anti-symmetry in the indecs K and L. Furthermore
the tracelessness condition [87] is satisfied, (¢,/F(X,0) 3(0, )>(T V.

(prs(,0)0%%(0,9)) ™ = 0. (2.12¢)

Here, lastly, we find the correlator be identically zero. This can be seen by the index
structure as there is no invariant tensor that can combine with the symmetric I, J indices

in a non-vanishing manner.

We want to define the following three functions ¢;(X,,,y) (i = 1,2,3) which capture the

kinematics of the above correlators

iy
X =
gl( 7y) 67T’X|(X2+y2)2 )
-1
92(X,y) = (2.13)

6r(X2+y2)2
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1
X
93(Xo0) = o )
Furthermore, define
% Xm m =3
Xop = 4] (o™o )aﬁ : (2.14)

which captures the dependence on spinor indices. The correlators needed for the Ward

identity we consider below thus are

(T=0) .
(FLA(X,00055(0,y)),, = -18hgs(X,y) Xapx

x (Q’KQJL —QILQIK 1Q”QKL) (2.15a)
2
(0,000 (0.9)) 3™ = 6Bg1 (X, y) e
x (QIMQJN _ QINQJM _ lQIJQMN) (2 15b)
2 ’ '
(T3 (X, 000%™ (0,9))11™" = 6B(92(X, ) + ga(X, y))| |QKLX
% (QIMQJN _ QINQJM _ EQIJQMN) (2 15C)
2 ’ '

(0 52(X,0) 50.9))0 7" = 9 (91(X, y)ews + g2 (X, ) Kag) x

x (367 QKL — 5 QI+ 5FQIE) (2.15d)

2.1.2 Zero temperature Ward Identity

We want to consider the zero temperature Ward identity
(QF (12 (7,7,0)0"(0,0,9)))w =0, (2.16)

which is the A/ = 4 version of the Ward identity discussed in [37,38]. Before we go into the
calculation let us review why this identity needs to hold. We follow the derivation of a
similar Ward identity done in [90].

Therefore recall that the supercharges are linked to the time component of the supercurrent

via an integral,
- f Bl (2.17)

The supercharge we consider is the one preserved by the Wilson line v/2Q = Q + ¢3Q and

similarly the supercurrent we consider comes from the combination V20 = U + ¢3W. This
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is the part of the supercurrent which remains preserved by the Wilson loop and thus
8, Wik =0. (2.18)
We can define a related current by contracting the spinor index
G = kg (2.19)

where ¥® is an a priori arbitrary spinor. For our purpose we assume that it is constant in
spacetime, 0,1 = 0.
Consider any local operator ¢(z). Its operator product expansion with the supercurrent

is given by

TH
22| x|t

THT e

P10 0)=...
o (2)p(0) + 277

(2. 0] (0) +

[S7¢, ] (0) +... (2.20)

with no other operators that have the same powers of x. If we now integrate the current
jT# around the insertion point of the operator ¢(x) we find that just these two parts of

the OPE can yield non-vanishing contributions to the contour integral.
$dz, 1) = § az, b))
= [Qh ] (0)v + oh, [S" 0] ()00 = [Qh, ] (w)y . (2:21)

In the last line we used our assumption that ¥ is in fact constant.

Let us now define a general correlatof| with n € N operator insertions of generic operators

;i at different points z}" # 2 e R12.

VIR = () () pn(at), - (2.24)

We want to consider this correlator away from the insertion points of the ;. Therefore
define a subset of the spacetime which does not contain these insertions,
D =RY3\{x1,...,2,}. The correlator defined above then is a divergentless field and hence

9,VIr =0 on D [90]. For completeness we will proof this relation. Let us act with the

3Recall the definition of the expectation value

(O)w == f[dm]@e’SW. (2.22)
For later use note that the supersymmetry transformation § was chosen in such a way that
SsusyW=0 < Qw=o0, (2.23)

namely we act with the supercharge QY as given by Equation 1)
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derivative where we are careful to use the definition of the correlation function.

0V =9, (71 ()1 (1) - pnln)),,
=0, [ [douli" ()er(@1) . on(z)e W (2250)
= f[d%u][(auj[“(Z))%(xl) o pn(@n)e W
e kil o1(21) - (Do) - pn(@)e W (2.25D)

+ 3 (=) e1(@) - pn(an)e(9,W)

L (0,9)5()pr(ar) ... son<xn>e-swl .

The last line consists of four terms. Let us consider them individually. The first has
the derivative acting on the supercurrent. We established above that this is a preserved
current 0,j'# = 0. Furthermore we look at a domain D away from the insertion points
of the ¢, and therefore 0,px(x)) = 0 for all £ thus killing the second term. The third
and fourth term can be treated in a very similar manner. The action S and the Wilson
loop operator W both are functionals of the A = 4 fields. They do, however, include a
spacetime integral over the coordinates. Therefore they do not depend on any coordinate

and thus a derivative acting on them must readily give zero. Therefore indeed

V' = %V”‘(z) =0, forzeD=R"\{zy,...,z.}. (2.26)
z

This relation can be integrated over a volume V c D. As the integrand is identically zero
inside the volume V' the remaining integral continues to vanish. When expanding the
volume we only find problems in crossing the insertion points of the operators, however
these singular points can be excluded from the integration domain. Therefore we can
extend the volume to cover all of D. By applying Stoke’s theorem instead of integrating

over the divergence of the field VI # we can consider the surface integral over the boundary

of D,

0= f OVIH(2) = f S, V1H(z) = j§ A, Vin(z) -y 95 ds,Vir(z).  (2.27)
D oD S3, k=1 Tk
Note that there is no integral which goes around the Wilson line because this is not a

boundary of D. We mentioned above that the relation d,V{# = (0 also holds on the Wilson

line operator. We only get boundaries from the sphere at infinity and from the insertion
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points of the operators ¢,. The conformal dimension of the current Ulris A = /2 and
thus VI# falls off at least as |z|~7 at infinity thus canceling the first term.

For the remaining terms we can use Equation (2.21]) to finally find the result

0= fa VIk(z) = i(gpl(xl) a,gok(xk)]...gon(xn))ww

=—([Qéﬂol(xl)~--90n(xn)]>wwa . (2.28)

This result is indeed analogous to result (A.8) in [90]. This result can be rewritten in a

manner that is slightly more approachable for our further considerations

0= [ du(0.8 e pu(ea)), G =~ o) galan)y - (229)

Let us now write out the identity. The supersymmetry transformation acting on the two
fields above is given in the previous chapter by Equations (2.10a]) and (2.11]). They are
furthermore derived in Appendix D] Recall

5¢ "1 aaSOINUw(NJFSOJNUN Q7FQ, ffBNCN 35Jf CN
5Kf CN PILEaBt?JKNOCB QIEQ PO, aaQRigﬂCN (2.30)
Loss K 6B L
g(d JaaML_(S JaaML) O3 Cﬂ )
GO = (@ - 20 1) g5 (2.31)
The Ward identity then is given by a combination of the two-point functions we introduced
above:
N, JKALM
0=(Q5v7a 0")y,

= 20M{ G )y =20 G0 )+ AT )y - QT Qe (fa5 Oy,

<f OLM> + = 5K (f OLM> QJKQ QQR(J QROLM>

n

. (2.32)

oa|»— w|»—~

_ L (57 (JEEOMM) 6K (JIELOH) )N (0ha),,

I3 B

The correlators above are bulk-to-defect two-point functions between operators of the
displacement and stress tensor multiplet. These were derived in the previous Subsection
2.1.1} Some operators which are zero were omitted.

Let us rewrite this in terms of the kinematic functions g; (2.13). Therefore use the
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expressions (2.15)) for the correlators, yielding

(3h - B) [91(X,y)eas + 92(X, y) Xap + g3(X, y) Xap | €/KEMNCE = 0. (2.33)

JKLMN
Q:I

were is some Sp(4)g index structure:

Q:I‘]KLMN — [5;((2QJLQMN _ 2QJMQLN + QJNQLM) _ (J PN K)]
+ 30N QIEQLM _ 6gMQIKQLN 4 6sEQIKQMN (2.34)

It is anti-symmetric in J, K and in L, M, respectively. Furthermore it obeys two traceless-

ness conditions €/KIMN = ( and Qp €/ EEMN = (0. We readily see that this yields

B=3h, (2.35)

as expected.

2.2 Perturbative check

The above identity B = 3h can be checked by a perturbative calculation. Therefore
we need to calculate the expectation value of the circular Wilson loop from which the
bremsstrahlung can be obtained [35] and the one-point function of the stress-energy tensor.
For a better understanding of the used methodology it is convenient to calculate the
circular Wilson loop first. This 1/2-BPS Wilson loop was first perturbatively calculated
in [62] with a conjecture for an exact result due to a cancellation of interacting diagrams.
This was later proven by [63,/64]. For our purposes we will only consider the leading order

in perturbation theory.

2.2.1 Circular Wilson loop

The goal of this derivation is to reproduce the first order of the result from [62]. This will
be the groundwork to obtain similar results at finite temperature.

Recall the definition of the Lagrangian from which we can read off the bare
propagators to be [62]

92 5ab6rs

a( s b)) = 925“b77uu af b(p)) =
(AN( 1)AV( 2)> (q)r( 1)(1)5( 2)) 47T2(371—.CE2)2 .

= 2.36
An2(zy —x9)2 (2.36)

A note considering our normalization is in order at this point. Because the action depends
only on an overall coupling constant 1/¢> and the terms themselves are all independent of
g the counting is simplified. Every propagator in a Feynman diagram contributes with ¢?

and every vertex with 1/g2. For the vertices it is not important whether they are three- or
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four-point.
The Maldacena-Wilson loop [58] for a general contour C'is defined by ((1.63))
1 -
W(C) = P exp[ ¢ de(ia, i+ @T|¢|nr)] | (2.37)

We want to expand the exponential in the Wilson loop with a power series. This will

eventually yield a perturbative expansion.
1 -
(W(C)) w1+ Pir ( § b (4,0 + c1>,,1|¢1|nr)> (2.38)
1 -
+ ﬁptr <_#C\’ dtldtg (lAHliC'Lf + <I>T1|9'c1|n’") (IA,/Q.Z’% + <I>5,2|:t'2|ns) +...,

where we used the notation A,; = A,(z(t;)), ., = ¢, (x(t;)) and z; = z(;). When taking
the expectation value (...) we Wick contract the bosonic fields among themselves (or with
fields from the expansion of the Euclidean action at higher order). For the leading order
correction there is simply a sum of single fields which cannot be contracted. This term

thus is zerd?] For the second term we can multiply out and find
1 - [
(W(C)) & 1+ 5 tr(TT*)P ( # auas (|5U1||5U2|Cbg1¢22nrns
c

—;tf;tgAglAl;z» ..., (2.39)

The minus sign comes from the imaginary unit in front of the gauge field. The color
charges were made explicit. We thus see that we will have a gauge propagator and a
scalar propagator connecting two points on the Wilson loop. This can be pictured by the

diagram in Figure 2.1} For a circular loop with radius R € R* we can parameterize the

Figure 2.1: Leading order Feynman diagram of the circular Wilson loop. The bold circle
is said Wilson loop. Inside it we see a propagator with the mix of curly and straight line
representing the vector and scalar propagator, respectively.

4In fact also the color trace will be TrT® = 0.
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contour by ((1.64))
C: a"(t) = (0, Rcos(t), Rsin(t),0) , te[0,27].

We want to plug these boundaries into the integration over the contour. The two choices
of t-ordering will give identical contributions. We can therefore include a factor of 2 and

assume t; >ty yielding

1 2m t — —
(WO)=1+Ntr<T“T”fO dtlfo1dt2(|¢1||:t2|q>glq>gzn7“ns—¢5¢5A31A32+))+.,,

g2 27 151
=1+ =tr(T°T°6*) f dt, f dt, (2.40)
N 0 0

(|:t1||‘rt2|57"snrns - nuuftlfj?g) A($1 - $2) +... .
In the second step we plugged in the propagators (2.36))

(Al (21)AY(22)) = g6 nuwA(xy — 22) , (P (21)PU(w2)) = g70%0rs Ay —22) ,  (2.41)

1

T e

Before we consider the kinematics let us focus on the other contractions. The color trace
will have two identical generators yielding a quadratic contribution from the number of
charges N. The S® unit vectors n” will simply give one while the loop parameterizations

& will be contracted

N N?
tr(7°7) = Etr(l) = Spsn'm®=m? =1, 1, @5 =01 do. (2.42)

Note that the N2 will combine with the prefactor 9°/n to the ’t Hooft coupling A = g?N.
Therefore, we indeed find that this diagram is the leading order in perturbation theory.
Diagrams involvoing more propagators or vertices or loop corrections are of higher order
in A |62]. We thus find

Aot
(Wob=1+5 [T dt [ dt(liullial - d1-d2) Alws - 2) + O) (2.43)
T R O | R 5
_1+§f0 dt1f0 Aoty + O, (2.44)

Let us now focus on the kinematics. Recall the parameterization (1.64) of the contour.

This implies some simplifications in the above double integral. We have

(z(t1) - z(t2))* = 2R*(1 - cos(ty — t2)) = 4R?sin’ (tl ;tz)

37



CHAPTER 2. ZERO TEMPERATURE

#"(t) = (0, —Rsin(t), Rcos(t), 0) (2.45)

-t
= |iy||@e] - @1 - @2 = R*(1 - cos(t - t2)) =2R2sin2( 12 2)

|@1 ||| — &1 - do 1

=—. 2.46
(l’l - IQ)Q 2 ( )

Plugging this in the integral over the contour becomes indeed trivial and we find
Wo) =1 Tan [0 =142 0N 247
(Wob=1+725 [Tan [Tde+00d)=1+5+003). (2.47)

In [62] also the diagrams at the next order where calculated. For insertions of several bare
propagators the integral at all loops remains trivial and can be summed consistently, see
the discussion around Figure [I.2] Generally further diagrams can contribute at higher
order. These are self-energy diagrams and contributions with internal vertices. It was
shown in [62] that these diagrams cancel each other at leading order. The conjecture that
this cancellation is found at all orders allowed a summation of only rainbow diagrams and
the all-loop result
2

ﬁJl(ﬁ) . (2.48)

This non-perturbative result agrees with the large coupling computation [25,(91]. The

(Wo) =

conjecture was later proven by [63,64]. Following [35] the bremsstrahlung can be computed

from this expectation value of the circular Wilson loop.

Note that the calculation for the straight line Wilson loop at leading order is almost
identical. Independently from the parameterization all Feynman diagrams have a canceling
prefactor| and thus

(W_)=1. (2.49)

This result can also be proven non-perturbatively [63].

2.2.2 Bremsstrahlung

The bremsstrahlung of a heavy particle moving in N' =4 SYM can be obtained from the
expactation value of the circular Wilson loop [35]. In this section we review the general
derivation. In a later section we will discuss corrections yielded by thermal effects. The
derivation relies on two different calculations of scalar two-point functions and a relation
between circular Wilson loops that conserve different amounts of supersymmetry. Consider

a circular loop where the vector 7 € S® that chooses the contributing scalars depends on

5This cancelation is discussed in more detail in Section
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an angle # and the parameterization of the loop. Let
7i = (n1,n2,n3,0)  withng =sin(f) cos(t), ny=sin(f)sin(t), nz=cos(d), (2.50)
where 6 is some angle and t parameterises the Wilson loop
C: z*(t) = (0, Rcos(t), Rsin(t),0) , te[0,2x]. (2.51)

The Wilson loop as defined above is 1/a—BPS [35,92]. For 6 = 0 the vector 7 is independent
of the parameterization and therefore this is the known 1/2-BPS circular loop computed

in [62H64]. Let us compute the 1/a=BPS circular loop to leading order. Recall its definition

W, - %trﬁexp[ ¢ de(ia,0in() + |;i:(t)|®r(t)n”(t,9))] | (2.52)

As for the other calculation we find

tr(TeT?) - .
(WQ) =1+ %'P #C:dtldtg(h'l”l‘ﬂAgg(l’l - xg)nr(ﬁ,tl)ns(ﬁ,tg)

- BBy AD (21 - 2) + ) +0(\?). (2.53)
We can insert the bare propagators
A (21— x2) = % . A%z —xy) = % , (2.54)
and thus find [92]
et [ [ O ) et
g [Tan [ an el o (2.55)

=1+ 20052(0) +O(N\?) .

The loop-to-loop propagator combines to the same prefactor in the numerator for all
rainbow diagrams and yields only t-independent integrals. This is analogous to the case
studied in [62]. It can further be argued [92] that the interacting graphs cancel each
other at all orderdf and for all values of 6. In order to do this one needs to consider the
contributions from ®; and ®, separately from the one coming from ®3. The former ones

will have a sine as prefactors while the latter yield a cosine. Then the two can be regarded

6This is where the finite temperatrure calculation will differ. The self-energy contributions are not the
same and the cancellation does not take place.
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as the 0 = 7/2 and 0 = 0 case, respectively. For 6 = 7/2 the corresponding Wilson loop is
trivial for reasons similar to the straight line while the case 6 = 0 is known from [62].
Therefore one finds that the #-dependent loop can be obtained from the /2-BPS circular
loop by a simple redefinition of the coupling [92]

(Wa) = (Wozo0) [x=rcos2(0) - (2.56)

The expansion of this result in terms of small angles yields [35]

(Wo) — (Weo)

(W9:0> = —92)\8)\ 10g<W9:0> . (257)

Let us now look at the left hand side by using the original definition of the WL operator.
The dependence on the angle @ sits in the unit vector 7 of the first Wilson loop. Expanding
around small angles will therefore yield factors of scalar fields coming from the exponential.
At leading order in the 't Hooft coupling they sit in one- and two-point functions contracted
with the n,.

(Wo) — (W)
{(Wo-o)

=0 . gl (L0 (@, Oy + 5 f @GO (@, )y (259

+%25Igdt1 j’gdf2|$'1||¢2|(30n’"(f1,9))(59n3(t2,0))tr((I)r(tl)CI)S(tQ))W+@(93)‘

In the first line we have one-point functions along the defect. The conformal invariance is
preserved and thus they are zero. For the term in the second line the two-point function
will contract the n,. As the dependence on the angle in the prefactor is already quadratic

not all components of the unit vector remain relevant.
Ogni = (cos(0) cos(t), cos() sin(t), —sin(6),0,0,0)
= (cos(t),sin(t),0,0,0,0) + O(0) . (2.59)
Hence only the fields ®; and ®, contribute above. The contour yields |#1||42| = R2. The
remaining correlator is different from the bare propagator introduced above because it is

defined in the presence of the Wilson loop while the propagator is defined in the N =4

vacuum. For the scalar two-point function along the defect we have

((I)r(tl)q)s(t2)W0:0>
(Wo-o)

tr(q)r(tl)q)s(t2)>w =tr (26())
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t L= . A
tr @, (t)ehs MEITHEDG (1)’ WD)

) tr (eyf dt(|j:|ﬁ<f>+igb~A)> . (2.61)

The closed integral of the Wilson loop operator in the numerator was split into two parts
connecting the insertion points of the fields. This is a correlation function on the defect
where conformal symmetry is preserved. Therefore, for some constant « it has the general

form

’767’5 _ 757"5
(21 -22)2  2R%(1-cos(t; —t))

tr (@, (t) Ps(t2) )y = (2.62)
The path ordering P in the above integral yields a factor of 2 which cancels the 1/2 prefactor
from the expansion. The contour and the unit vectors yield further prefactors such that

finally

(Wo) — (Wo—o) _ 0° 2m 2m R2 cos(t; — t2)
== dt dt
! ' Jo 22R2(1 - cos(t; - 1))

<W9=0> - 2 0
1 [ ti-e 2 cos(t; — t2)
=92—f dt [f dt f dt] 0% (2.63
74 0 "o 27 e 1—cos(t; —t2) +0(0) ( )

+0(6%)

_ 2 (2%” - w%) +O(6%) = ~m20% + O(6°)

in agreement with [35]. The 1/c divergence can be cured by a proper renormalization and
was thus removed. Above we showed that the left hand side of the last calculation is equal
to the derivative of the logarithm of the circular Wilson loop. Simplifying with the result

we find an expression for the scalar two-point coefficient [35]
A

To relate this to the bremststrahlung we switch the setting and take a look at the
anomalous dimension of a cusped WL. Therefore, consider a straight Wilson line with a
cusp introduced by giving the heavy particle a push such that it’s contour is altered by an

angle ¢. Due to the cusp the line is not equal to one but gets a logarithmic divergence
(W) ~ g Tewsp(9)loa(Mir/suy) (2.65)

This divergence depends on an infrared and an ultraviolet cut-off and the prefactor
Teusp(¢) is called the anomalous dimension of the cusp. Note that in M =4 we consider
the supersymmetric Maldacena-Wilson loop which also includes the six adjoint
scalar fields. They contribute by a factor i® where 7 is a unit vector on the S5. A sudden
change in this vector (happening precisely at the cusp) leads to another angle ¥ with

cos? = in’. We thus consider [eusp(,¥). Both angles contribute to the same anomalous
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dimension because they are introduced at the same point of the contour.
If both these angles vanish we know that the cusp anomaly is zero thus we can expand

around small angles
Leusp(0,0) = (192 - g02) B for @, ¥<<1, (2.66)

where B is defined as the bremsstrahlung function [35].

Consider a map from R* to R x S3 where the real line is precisely where the straight Wilson
line sits. A cusped Wilson line thus is represented on the cylinder by two Wilson lines
inserted at two different points of the cylinder with an angle 7 — ¢ as figure shows.

Setting the angle ¢ = 0 for the moment we want to calculate the second derivative of the

/"—-.-—_-—-—‘N:‘

D

L'-\._______________/

Figure 2.2: Map from R* to the cylinder R x S3. The map goes from polar coordinates to
the cylinder yielding that the side of the cylinder is the radius of the polar coordinates.
The line can be cut at the cusp which yields an angle m — ¢ on the sphere as shown in the
picture [93]. For ¢ =0 the Wilson lines sit at opposite points of the cylinder, for instance
the north and south pole and we rediscover the 1/2-BPS configuration without the cusp.
On the cylinder the setup is essentially that of a quark anti-quark configuration and the
Wilson loop can be calculated for these quarks sitting at a relative angle m — ¢ on two
points of the S? [35,94,95].

cusp anomalous dimension. This can be viewed as the energy exchange between to static
quarks sitting at opposite points on the S3 [35,(94,95]. At leading order the cusp anomaly

is thus given by the exchange of two scalars

Feusp = %2 [ dt [ dwliteolli(e)l(@ () (k) (2.67)

Again we find the same correlator as above

tr (P (21)P(22))y (2.68)

_ g
(z(t) - x(t2))*
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The straight line can be parameterized by a hyperbolic tangent function ((1.65)) which is
identical to [35].

C:x“(t)z(0,0,0,Rtamh(%)) , te[-o0,00]. (2.69)

While other, seemingly simpler, parameterizations would be possible they might change
the renormalization prescription used and for later convenience we will stick to the scheme
used in [35]. The prefactor in the above integral and the two point function can simplified
to

(0]= 5 (270)

t %E:sech2 (tl ) %ﬁsech2 (%) 1
2) ’ [ t

hQ(— - '
nee 2)]2 2cosh (t; —t3) — 2

Plugging this into the above integral we find

o= M [ ans [T a !
cusp Z"Y /:oo ! I:.[oo 2" L+a 2] cosh (tl - tg) -1

o (11
:1927[00 dtl(g—§)+—02(g—%)=02%. (2.71)

Again the cut-off could be dropped due to renormalization. Regarding the second integral

an overall factor "length of time" was extracted. Due to the relation between partition
function and energy, Z = e Teusp(Length of Time) a1y additional minus sign arose [35]. Recalling
that for ¢ = 0 we had I'cysp () = 92 B lets us conclude

v=2B, (2.72)

and therefore we finally find a relation between the bremsstrahung and the expectation

value of the circular loop [35]

)
B = 250\ log(Wo). (2.73)

Recall that at zero temperature the straight line is exactly one
(Wine) = 1. (2.74)

The transformation of the straight line to a circle turns out to be anomalous and thus
the computation of the circular Wilson loop is non-trivial. We are only interested in the
leading orders at small coupling. Following [62-64] it is given by the modified Laguerre
Polynomial L

1

(Wcircle> = NL}V—I (_

A

A
AN _ - 2
_4N) e 1+ g o). (2.75)
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This yields an expression for the bremsstrahlung which mainly depends on two Bessel
functions [35]. We expand the results in weak coupling to leading order as this is the

regime in which we shall later consider to test at finite temperature

1 AL(VA) )
B=- L) 1o +0()\?). (2.76)

We want to compare this with the ’energy at infinity’ h, namely the coefficient of the stress
tensor one-point function. We will do this for the straight line as here the calculations
can be carried out much more easily. For later convenience we also calculate the stress
tensor coefficient for the circular loop. Following [96] both coefficients are the same in
N = 4. Generally the stress tensor one-point function in the directions of the defect is
given by [37,96]

h
(T33)wine = i (2.77)

where r is the radial distance to the defect and R is the radius of the circular loop.
The relation we want to proof is (1.1)) as derived in [35}36]

B =3h.

2.2.3 Stress tensor one-point function

In the previous subsection we computed the bremsstrahlung function B to leading order in
A. We now want to confirm that it is indeed three times the coefficient of the stress tensor
one-point function. We will show this for the straight line as well as for the circular loop.
The N =4 stress energy tensor is given by [36}811[82,/97,98], recall Equation (1.62)

1 . .
T = 5 (T (A) + T () + T3 (@) + T (A, 0. @) ) (2.78)

1
T/YV(A) =tr (_FMPFMWOU + Z%V(Fpa)z) ;
1 _ _
Tlfj,()\) = —Ztr ()\I'yu&,)\[ - )\Ivyﬁu)\l) ,
_ 1 _ 1 _
va(q)) =tr (_auq)ljazxq)IJ + §7Zuu3pq’1J8pq}1J + 6 (QL&/ - 7]#1182) (I)IJ(I)IJ) .

The trace is taken with respect to color indices. We only wrote the kinetic terms explicitly
as the interaction terms are not relevant at the leading order which we consider. The
conventions of the stress tensor are the same as in [36].

Let us explicitly derive the contribution of free scalar and gauge fields. We ignore color

and R-symmetry indices and also ignore the contribution which ensures tracelessness.
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Therefore Consider
E - —~ 5 (3 (b()lj(b E‘/ - l _Z v (2 19)
S 292 n/LV I 192 ’r]/wnpa N °

We define the stress-energy tensor as a differential of the Lagrangian with respect to the

metric

THY = -2 oL
0Ny

L (2.80)

Then we find for the scalar by a straight forward calculation

v 1 0

1 1
- P AT T M 2_ =
TS g2 alrluy (npa'a ¢a ¢) + 2927] (a¢)

1
= [oreorer o] sy

and similarly for the vector

1 0 ot 1 1 1
T = ——— — (n,yN o FPP FoO ) 4 — V2 = — [— o FHPFY + —nh (0 2] . (2.82
V= (1001 ) " il 17(00)°| . (2.82)
This indeed reproduces the above definition. Note that the stress tensor given by [81] has

a minus sign in front of the scalar stress tensor, but not for the gauge stress tensor.

Following [37] we want to compute the two-point function between the stress tensor and
the straight Wilson line. This is defined by an expectation value which gets normalized by
the WL operator.
{(TwW-)

T. =———— where (W _)=1. 2.83

(T =55 (W) (28
As the expectation value of the straight line is equal to one we do not need to worry about
the denominator at all. If we were to consider the circular loop instead we would have to
account for loop corrections in the denominator. However at leading order in the 't Hooft
coupling the result would still not change. The corrections from the denominator only

contribute at the next to leading order corrections.

2.2.3.1 Leading order contribution

The exponential in the definition of the WL is expanded as before and at leading order
we just get a simple insertion of the free part of the stress tensor. The free part is then
contracted with scalar or gauge fields, respectively. Other diagrams and their order are
discussed below.

We can therefore simply insert the free stress tensor into the expansion Equation (2.39)) as
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given above:
1 > . .
Lo = QNPtr (TaTb j@g dtdt, (|$1||952|¢’?1q’22nrn5TW
- i?:i?ZAﬁlAisz)) +0O(N) . (2.84)

Let us plug in the parameterization of the straight line above. Analogously to before the

choice of y-ordering P cancels the factor /2 in front. Thus
1 agt [ " a b 1,7
(Tuhw = tr (T T [y [ (@) )0 T,

- () A ()T )| + O02) (2.85)

We now want to Wick contract the fields. Let us start with the vector fields. We could

in principle contract A5(z1)A5(xs) and the fields in the stress tensor with themselves.

However, this would yield a splitting of the correlators
(L W)~ (T )W) (2.56)

At zero temperature, however, the one-point function (7),,) = 0 by conformal invariance.
Therefore, such contractions can be ignored. Each gauge field from the loop needs to
be contracted with one of the gauge field from the free stress tensor. Analogous for the

scalars. This yields the diagram shown in Figure ([2.3))

Figure 2.3: The diagram shows the one-loop Feynman diagram for the expectation value
of the stress tensor in presence of the Wilson loop. The former is represented by the blue
circle while the former is given through the thick line. The interacting particles are scalars
or gluons which, as before, we depict by a single propagator.
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2.2.3.1.1 Contractions For the contractions first focus on the vector fields. The free

part of the stress tensor is given by

Cc IC PO 1 c
T;X/ = _F,usz/onp + Zr],ull(FpU)Q

= 8, A0, APC — 9, AC P A + 8, AP AL + D,ACD, AP (2.87)

17 v c c 17 v c C
+%8P1Ap28"114"2 —%3,,114/)25”14"1 .

Each of the terms in the above equation contains two gauge fields. Each of these can
be contracted with each of the fields from the Wilson loop expansion. This yields two

different possibilities for contractions and therefore twelve terms in total.

: T;X,Ag(:vl)Ag(xg) :
1 —
= ~(0,A°p) (9, AP ) A5 (1) A3 (2) - (8M"L1;CJ)(aVApC)Ag(xl)"ng(xQ) (2.88)

1 [ — \
= (9pA47,) (07 A7) A5 (1) A3 (2) = (0, A) (9 A7) A (1) A3 (2)

— 1 [ — \
+ (9, A7) (07 A7) A5 (1) A3 (2) + (0, A7) (97 A ) A (1) A3 ()

] [ — \
+(9p A7) (0, AP) AG (1) A5 (2) + (9,A7,) (9, A”€) A5 (1) A3 (2)

T]MV [ c ‘ c ‘ a b T]HV | c c a ! b
+ 7(8[)114[)2)(8/)114"2 )Ag(fﬂl)Ag(fEQ) + 7(3p1Ap2)(0p1Ap2 )A3($1)A3($2)

Nuw [ c 02 ﬁ b N | c 02 AP1C a | b
==y (05 A5,) (07 AP ) A5 (21) A3 (22) = == (0, A, ) (07 A" %) A5 (1) As(22) -
Note that for each term in 7| }Yy there are two possible contractions written next to each
other. The structure of all terms above is very similar, the difference is in the space-time
indices. Define the coordinate where the stress tensor is inserted as z € R%. Then the

contractions will yield the following Wick contractions between WL and stress tensor fields

r— 1
AT A5 () = G20 N3, where A; = A(z—x;) =

- Gy (2.89)

From the color contractions will will always find §2¢4% = 62, The index of the metric
may be free or contracted. If it is a free index we will keep the metric. For contracted
indices we directly apply the metric and set the corresponding index to p = 3 as the metric
demands. We are especially interested in the component T33 of the stress tensor. In this

case the above simplifies
: T?E)Ag(JZl)Ag(J]Q) L= g45ab[ - (ﬁpAl)(f)”Ag) + (agAl)(agAg)] . (290)
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Here we simply plugged in =3 and v = 3 in the first term. Using a mostly plus metric

we set 133 = 1 and then collected the terms leaving us with a simplified result.

Before we plug in the propagators and take derivatives we will repeat the same exercise

for the scalar fields. Let us first expand the stress tensor
S c tc 1 c\2 1 2 c\2
T (@) = ~0,@50,9" + 11, (9,9)* + = (0,0, = 1w 0%) (®5)

2 1 1
= _g(auq)g)(avq)tc) + gq)f(auavq)tc) + énul/(apq)f)(apq)tc) (2.91)

1
- gnw,fbf (0,0°9) .
We Wick contract this with the two scalars coming from the Wilson loop ®¢(z;) and

®b(x5). The contraction yields a propagator analogous to the vector case

1

V() = 700 where Asi= Az =) = s
m(z —x;

(2.92)

We will always find 69¢§% = §% as in the case of the gauge field. Similarly for the R-
symmetry index we find §,40¢ = §,5s. As the propagator is on-shell it is easy to see that
0,0°A; = 0. Furthermore, we focus once again on the component 733 of the stress tensor.
Compared to the case of the gauge fields the spacetime indices are relatively simple and

the resulting structure can be obtained readily.

4 1 1
: T%@ﬁ(xl)@g(@) ‘= 945ab6rs [—5(83A1)(33A2) + §A1(8383A2) + §A2(3383A1)
1
+§(8,JA1)(8PA2)] : (2.93)

2.2.3.1.2 Coefficient of the Stress Tensor With this results we can finally go back
to the full calculation. Recall the expression we need to integrate. It includes a scalar and

a gauge part with WL fields in a correlator with the stress tensor.
1 ) t1
(Tsshw = = f dt, / dtgtr(T“T” (T5,(D) PG (1) DY (22) ) n'n’
=TT (T35 (A) A4 (z1) A (2)) ) +0O(N\?). (2.94)

We can use the above results to contract the color generators with 6%°. We find tr(7%7?) =
N?/3 together with the 1/n from the Wilson loop, the 1/g2 from the definition of the stress
tensor and the g* from the two propagators this yields a prefactor %2. For the gauge fields
note that they have an imaginary prefactor coming from the Wilson loop definition and

thus the sign of this contribution is negative. For the scalars we additionally find ¢,, and
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thus can plug in the contraction of the unit vectors n? = 1.
Let us separate the scalar and the vector contributions. Using the above Equations ([2.90)

and (2.93) we find the integrals

(Tss)w = (Tss)p + (D) (2.95)
(Ts), = —g [: dt, f; dty [~(8,A0) (87 2) + (D) (851)] (2.96)

A > t 4 1
(ng)%ﬁ = 5 /:00 dtl [OO dtz I:—g(agAl)(agAQ) + §A1(8383A2)

+%A2(8333A1) + %(@Al)((‘?pAg)] : (2.97)

We want to integrate the different propagators. Recall

1
NN ‘ 2.
i (L z) 47r2(—z(2) + zf + z% + (Z/z - 23)2) ( 98)

Define r = \/m as the distance between the stress tensor and the Wilson loop.
We expect the final result to not depend on the coordinate z3. This coordinate is along
the defect where translational invariance is preserved. We shall keep the coordinate for
the calculations and it will eventually cancel out.

Let us look more closely on the different components of these contributions. The different

terms we need to integrate are

_ (y1 - 23) (y2 — 23)
(0381)(9:82) = At (r2+ (y1 - 23) ) 2 (r2 + (Y2 — 23)2) 27 (2.99)

(0,A1)(°Ay) = e "2232) (y2=2) , (2.100)
At (7“2 + (Y1 — 23) ) (r2+(y2—23)%)2

=3 (yi—2)" +1?

0505\; = — )
272 (r2 +(yi - 23)2)3

(2.101)

The above functions now need to be integrated along the Wilson line. We find only one of
the integrals to give a nonzero result. The two other integrals vanish due to symmetry
properties of the numerator. Recall that we use the parameterization ([1.65))

oo t1
[ dtl f dtg (83A1)(83A2) = 0 5 (2102)
) t
/ dtl [ dtQ Az(agagA]) = 0 y (2103)
) t ]_
[ Cdy / At (9,00)(0) = o (2.104)
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Due to the symmetry of the integrals only the term with 72 in the nominator did not
vanish under the integral sign. Note furthermore that as expected the result does not
depend on z3.

We can plug these results into the full calculation.

(Tys)V f dt, f Ata(0,00)(0°8) = == . (2.105)

A
19272p4

(T33)5, f dt, / dts(9,A,) (9P Ag) = — (2.106)

This agrees with the results (Equations (3.13)) from [36] and with (Equations (3.3) and
(3.5)) from [81] found for free fields up to a factor of /2. As mentioned before the difference
in the sign of the scalar between our result and the one in [81] is due to a difference in the
scalar part of the stress tensor, see also the discussion in [36]. The factor /2 comes from
the color group (tr(7T¢) = N?/2) and can be seen in Equation (4.1) of [81] for the gauge
boson.

We therefore find for the full stress tensor

A N A
W 4824 4872 °

(T33) (T33)W +(Ta3)y, (2.107)

2.2.3.2 Stress tensor in the presence of a circular loop

For completeness we want to also calculate the stress tensor for the circular loop. Following
[96] we expect to find the same expression for h. However, this does not necessarily mean
that the expressions coming from the gauge field and the scalar field need to be equal.
The reason for the similarity of the two calculations are the symmetries of N/ =4 SYM
which cannot be expected to hold for free field theories. We parameterize the WL defect
by a circle in the [12]-plane (1.64)

C: 2*(t) = (0, Rcos(t), Rsin(t),0) , te[0,27]. (2.108)

The bare propagator then is similar to before

1
472 (p2 + 22+ R2 - 2Rz, cos(p - t;))

A(z-z(t)) = (2.109)
Here 22 = 22 + 22 is the radial coordinate in the [12]-plane and ¢ is the corresponding angle.
Similarly p? = 22 + 22 is the distance between the stress tensor and the plane in which the
circular loop lies. Also in this [03]-plane an angular dependence could be included. Due
to the rotational symmetry in this problem, however, the correlator does not depend on
said angle and we can exclude it from our further calculations. The distance between the
loop and the stress tensor is given by r = \/m . The calculation is analogous

to the straight line calculation. We are interested in the component (Tyg),,, of the stress
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2.2. PERTURBATIVE CHECK

tensor which can be achieved naively by replacing 3 - ¢ in the derivation above.
However, the calculation of the vector contribution requires some additional care. Recall
for example the contribution in the stress tensor. We suppress color charges and use

euclidean signature

—F= ——F——
L (04 AN (B Ap) Agy Ay = =0, A0, Ay Agy Agy i i = 0, 4,0, Ay Agy Agy i3
= (810, + 0, 090,1)8 0, B pry i (1) - 72 ()
= (8,210, A9 + 0,000, A1 )io(4)i(ty) (2.110)
= —(0,A10, M9 + 0,000, A1) R cos(t; — ta) .

This is very similar to the contribution we also found from the Wilson loop at leading
order [62]. For some of the other components we do not find only the cosine function.

Instead

: _(8PAM)(aPAV)AmAUQj"Uli‘Uz :
—F= —F——
= —80,A,0,A, Ay, gy 0% - 0,A,0,A Ay, Apye®i®  (2.111)
= _8PA18PA2(5HUI(SVU2 + (5,,01 5#0-2)i'01 (t1)$02(t2) .

Taking the component 7T}, — T} of this expression means to use the sum of all components

of 7(%;). More precisely we have in the [12]-plane

_ - . —sin(t)
2(t;) = Rép + Rté = R ,
(t) ‘ ( cos(t) )

801 0p0n 27 (11272 (t2) = R (_sin(tl) cos(tl)) (1 1) (_Czlsrzi?))) (2.112)

= R*(cos(t; — tp) —sin(t; +t)) .
This finally yields
: —(8pA¢)(8pA¢)AUIA02i”1x"’2 L= —2R28pA18pA2(COS(t1 - tg) - sin(’q + tg)) . (2113)

All remaining terms in 7T, ;Y; can be treated similarly. The scalar contribution is calculatedin

the same manner as before. Therefore, we find for the stress tensor

(Tso)w = (Tos)i +{Tsohww (2.114)
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(Tl = —%RQ f: dt, fi dty [(~(8,A1)(872s) + (BA1)(9325)) cos(tr — t2)
+ (—2(8pA1)(8pA2) + 3(83A1)(83A2)) sin(‘q + tg)] s (2115)
(Ty)S, - 332 [ : ay [ i Ay [—%(agAl)(agAg) N %Al(agagAz) N %Ag(agagal)
%(@,Al)(amg)] . (2.116)

For simplicity and without loss of generality of the result we assume that the projection of
the stress tensor to the polar plane is in the origin of the circular loop, z. = 0. Including

this in the calculations we find the following integrands from the correlator

R2 sin (tl) sin (tg)
(9581)(05A2) = P 7 (2.117)
T’2+R2COS(f1 —tg) —R2
(0pA1)(0°Az) = o , (2.118)
A, = 7 —2R*+2R?sin(2t;) + 2R? cos(2t;) ‘ (2.119)
27216
The stress tensor one-point function is thus given by
ARY AR* 9 AR* 9
Toohwo = 1905 ~ Tgazs OO = Igm + OV (2.120)

This matches the form in [96]. We therefore see that also for the circular loop we are able
to reproduce the result of [36,81]

A
4872

h +0O(\), = 3h= +O(N\?) . (2.121)

1672
Above we found

A

1672

+O(N). (2.122)
Hence, we indeed reproduced the Relation (1.1)), B = 3h in a perturbative calculation.

2.2.3.3 Diagrams of subleading orders

So far we simply assumed that the above diagram (Figure is the only one relevant at
leading order. Although this makes sense from a calculational point of view, we want to
show it more explicitly. Therefore will will look at the relevant Feynman diagrams.

There are several diagrams that we have to consider in a perturbative expansion. Recall
from the Feynman rules of N = 4 that any propagator comes with a factor of g2

while all three- and four-point vertices yield 1/42. Due to the prefactor of the stress tensor
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2.2. PERTURBATIVE CHECK

we also get the 1/¢2 factor for all insertions. These are given in [99] for QCD. In our case
the possible vertices include all the vertices that come from the Lagrangian but with a
stress tensor insertion instead of the actual vertex. The precise Feynman rules for the
different diagrams are of minor importance here and we will not write them out.

The simplest diagram has an insertion of the stress tensor which is connected to the
straight line through two propagators, either scalars or vectors, see figure above. This
diagram comes with a prefactor g> which will combine with the N yielded by the color
trace to the prefactor \ thus agreeing with the similar leading order diagram of the Wilson

loop. We saw this in the above calculation for the leading order.

At subleading order there are serveral diagrams relevant. They are shown in Figure 2.4 A
one-loop self-energy might be inserted to either propagators of the above diagram. Also a
three-point connection between the stress tensor and the Wilson line is possible as well as

a tad-pole. In principle there might also be diagrams with one connection between the

Figure 2.4: The diagrams show the two-loop (O(A?)) Feynman diagrams for the expectation
value of the stress tensor (blue circle) in presence of the Wilson loop (thick line). At
second order we can have a one-loop correction to the diagram of lower order (a). Other
possible diagrams are a three-point (b) or four-point vertex (c). The propagators in the
four-point vertex can also be all connected to the Wilson loop operator. However, this
represents a higher order diagram, namely O(\3).

Wilson loop and the stress tensor and a propagator between two insertion points on the
Wilson line. From the Wilson line calculation, however, we know that such insertions are
always zero (this holds for the straight line, not the circle).

Other diagram at low orders are the so-called lollipop diagrams. The lollipop diagrams
are of the kind shown in Figure [2.5| with the displayed diagram just being one of many

examples. This diagram and all others of the same kind, however, will not contribute. The
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<)

(a) (b)

Figure 2.5: In the Lollipop diagrams only one propagator is connected to the Wilson line.
This can a priori be a scalar or a gluon. This one propagator is either directly connected
to a vertex-like insertion of the stress tensor (a) or to a vertex coming from the action
which itself connects to the stress tensor.

reason lies in the color index structure of the diagrams. Without writing their contribution
explicitly this can be seen.

Every propagator carries a color charge. This charge cannot change. From the color
charges in the definition of the stress tensor it is straight forward that also the
stress tensor insertion must preserve the incoming and outgoing charges. The Wilson loop
operator contracts the open charge of the incoming propagator with the SU(V) generator
Te. Later a trace is taken over this group (but this is not important here).
Furthermore, the diagrams of the type depicted above have one vertex where one line
comes from the Wilson line, carrying color charge a. The two outgoing lines carry charges
b and ¢, respectively. These two lines eventually connect yielding some §%¢. The vertex

itself comes with a structure constant fabe,
tr (7 fePe6¢) = tr (T f***) =0 . (2.123)

All in all, we therefore find the color structure to vanish because the structure constants
are anti-symmetric and all diagrams of the type shown in Figure vanish. In other
words, this follows because propagators are diagonal in color space and the vertices are

skew-symmetric [20].
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Chapter 3
Finite temperature and zero coupling

In this chapter we consider the relation between the bremsstrahlung and the stress tensor
at finite temperature while setting the coupling to zero (g = 0). The calculations from
the previous Chapter [2| are applied to the new setting. For the Ward identity we
find thermal correction terms. Setting the coupling to zero will ensure that the new terms
preserve R-symmetry and we will be able to indeed reproduce the Relation , B =3h.
The implications of nonzero coupling are addressed in Chapter

The analytic result at g = 0 will be supported by a perturbative calculation. The first term
in a weak coupling perturbative expansion of the Wilson loop represents the contribution
coming from free fields. We will find a scheme for the parameter R introduced in the
straight line parameterization for which the relation B = 3h indeed is reproduced. This
scheme is dependent on the temperature 7" and the radius R of the circular loop. We
consider a Taylor expansion around small temperatures up to order 7% and in the high
temperature limit.

The action as defined in Equation has a prefactor 1/2¢2. Before sending the coupling

to zero we therefore renormalize the coupling dependence of the field by setting
Ap=9gAu, Mi—>ghr, P1y—>gPr, c—oge. (3.1)

Consequentially the kinetic terms and propagators will be independent of the coupling.
The interactions are coupling dependent. The Yukawa and other three-particle interactions
contribute at order g while for quartic interactions like ®* we find a prefactor ¢g2. Now

setting g = 0 is possible and the Lagrangian consists only of the kinetic terms
1 g 3 1 uv 12 1J 9 s NI p
S - 5[() drfd 2t | SFa P + (0,A) + 0,010/ D 1y + N0 A
+ a0, \ |+ O(g) , (3.2)

with F,, = 9,4, - 9,A,..

The Wilson loop operator will likewise obtain a coupling dependence in the exponent. In
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CHAPTER 3. FINITE TEMPERATURE AND ZERO COUPLING

a strict zero coupling regime the Wilson loop will thus always be one. We will, however,
allow for a coupling between the bosonic operators and the Wilson loop at leading order
(yielding diagrams of order A = g2N). This order is independent from interactions between
the particles of A/ = 4 while still allowing for a computation of the bremsstrahlung and

the stress tensor one-point function. In other words, we allow for the appearance of the

diagram only.

3.1 Thermal Broken Ward Identity

In this section we want to study how the Ward identity is corrected at finite temperature.
The breaking of arises mainly from the fermionic boundary conditions on the
compactified time dimension. Recall that the anti-commutation properties of fermionic
fields together with the definition of the thermodynamic ensemble partition function yield
anti-periodic boundary conditions for fermions on the thermal circle [49,50].

For completeness let us show this explicitly. Therefore, consider a fermionic field (1)
where we only explicitly write the dependence on the temporal component. For two such
fields we have the anti-commutation property ¥ (1) (72) = =9(72)1 (7). The partition
function is defined as the trace of the density matrix Z = trp = tre #7 and hence
(assuming 1, > 75) [47},/100,/101]

(Y (r)U(12)) = tr [W(m)v(r2)e 7 | = tr[e PHap(m1)eP e PHap(ry)
=tr [w(ﬁ + B)e‘ﬁHz/J(Tg)] = —tr [1/1(7'1 + ﬁ)w(Tz)e_ﬂH] (3.3)
== (Y(m + B)v(72)) -

These anti-periodic boundary conditions for the fermions will break the supersymmetry of
the theory |53] and in consequence also the Ward identity . To see this we make
the periodic and anti-periodic boundary conditions explicit in a redefinition of the fields.
Then the BWI can be obtained consistently.

The thermal theory is obtained by Wick rotating before the compactificaion of the time

dimension. The coordinate along the time dimension therefore is
T =1ixg . (3.4)

Likewise, also the the o-th spinor matrix is Wick-rotated such that we find the Euclidean
ot = (i1,0%) and d% = (i1,—0%). All relevant relations are given in Appendix [A]

To consider how the superalgebra breaks let us introduce an intermediate step. When the
time dimension is compactified on a circle 5[17, the boundary conditions are not a priori fixed.

As the calculation (3.3)) clarified they get determined by the thermodynamic ensemble. For
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3.1. THERMAL BROKEN WARD IDENTITY

this calculation we do not introduce such a thermodynamic ensemble. Instead we simply
compactify the time dimension similar to a Kaluza-Klein (KK) reduction and assume
all boundary conditions of both, bosonic and fermionic fields, to be periodic. This is a
reduction purely with respect to the spacetime which a priori will not yield a thermal
theory. In such a setting supersymmetry can remain unbroken.

Note that the introduction of the WL operator already reduced the preserved superalgebra
to osp(4]4) [83]. For details on the full algebra see Appendix [A] the breaking of the
algebra is shown in detail in Appendix |B| while the commutation relations of the osp(4|4)
subalgebra are given in Equation below.

We want to see how the superalgebra osp(4]4) is effected upon compactification of the
time dimension on a circle. The symmetries of the theory yield conserved Noether currents.
If these currents remain conserved in the new setting we can infer that the respective
symmetry is unbroken. Consider the supercurrent U!* as the main important example.
It is related to the Poincaré supercharges Q! and the conformal supercharges S, see
Equations and for the definitions. They are preserved after the insertion of the
straight Wilson line defect. Meanwhile it is rather intuitive for the R-symmetry generator
to not be affected by compactified time at allf] Similarly the rotations in the [12]-plane,
Mo, must be preserved as said plane is neither affected by the WL nor by the compactified
time. Conversely the rotations My, and My, involving the time dimension are broken.
The WL already lead to a breaking of any rotation Ms, including the x3 direction where
the line is placed.

Let us consider the supercurrent " which is the Noether current of the supercharges.
It is the preserved part of the field \Iléﬁd in the stress tensor multiplet H For our
considerations it is not important how it looks like precisely. If supersymmetry is unbroken

the current is preserved,
9, =0 and ¥lrol=0. (3.5)
Consider the related current
j” = gi(x“)QIJeaﬂ\i/g“ . (36)

This current is obtained by contracting the supercurrent with a superconformal Killing
spinor ¢! which can depend a priori on the spacetime coordinates. The newly introduced
current is assumed to be preserved, d,j# = 0. This restricts the Killing spinor. The most

general solution to make the current conserved is [90]

Colz(xlt) =L+ Iuagaﬁld . (3.7)

'We will eventually show that finite temperature also induces a breaking of the R-symmetry. This is
considered in details below.
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We introduced the constant left and right spinors n! and /¢, respectively. The Poincaré

and conformal supercharge can be constructed from the supercurrent by an integration
ol ~ f B O Sla [ d*z x“&ﬁ‘a\iféo : (3.8)

For the Killing spinor this implies that the choice n! # 0 and ! = 0 is associated to the
Poincaré supercharge Q@ while the converse choice ! =0 and 7! # 0 yields the conformal
supercharge S [90].

When the time dimension is compactified on a circle Sé we assume periodic boundary
conditions for all bosonic and fermionic fields as stated earlier. Therefore the above

superconformal Killing spinors must satisfy the periodic KMS condition [49,50]

Cal@n) = G0, ) = Col@o + B, ) . (3.9)

I are constant an hence the spacetime dependence is only in the

The spinors n! and v
prefactor of /. Shifting x¢ — x¢ + 3 yields an additional factor which needs to vanish for
the KMS condition to hold,

Bol 1% =0. (3.10)
Therefore the conformal supercharges S must be broken. The above equation can only
be satisfied if ! = 0 which, as stated above, corresponds to considering the Poincaré
supercharges Q only. Therefore conformal invariance is broken by the introduction of the
compactified time with finite radius . For identical reasons finite temperature will neither
be conformally invariant [54].
In principle this clearly shows the breaking of the conformal part of the algebra as expected.
Due to the broken Lorentz invariance it is, however, possible to define a different Killing
spinor which preserves the KMS condition. Such a Killing spinor is given by a construction

with Heaviside theta functions,

AT, Z) = nl + wol ' + fa(T)o0s " (3.11)
Fo(7) = i (r—mB)O(r - mB)O((m+1)8 1) .

This superconformal Killing spinor clearly obeys the KMS periodicity condition (I(7,x;) =
CI(t + B,z;) due to the introduced step-function fz(7) which is piece-wise linear and
periodic. Note also that at 7 = fm € § x Z the functions is not smooth. The function
jumps back to zero as an effect of the Heaviside theta functions.

The Killing spinor equation 9,,j# = 0 is not necessarily preserved with the newly defined
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3.1. THERMAL BROKEN WARD IDENTITY

Killing spinor. In fact we will find a breaking of the conformal supercharges.
0ui" = 0uCA(2,) V7" = 0:CL (1, B)UF + 0L (7, 3) U
= (ai)ad\iléaﬂld + (affg(T))Ugd\TJ?OﬂM ) (3.12)

The derivative acting on the supercurrent \iff,‘ and on the spinors n! and v/ vanishes as
before. Therefore we only find a non-trivial contribution from the action of the derivatives
on the chainsaw function fz(7) and a term with the Pauli matrices. We write the sums
out explicitly. If the derivative acts on the linear term, we get a sum over theta functions
only. This will ultimately yield 1 and cancel in combination with the first term in the
above equation. For the derivatives acting on the Heaviside theta functions we will find

Dirac delta functions,

NgK

[O(t-mp)O((m+1)-7)]=1 and (3.13)

m=—00

Y. (r=m3), [0 ~mA)O((m +1)5-7)

= > (r-mB)[6(r-mB)-d((m+1)3-7)]
= - Z Bo(T—mp) . (3.14)
This gives all in all
0NC(£(3:N)J}J‘“ = Ugaﬂm\i’?i + Uga’ﬂd\i’?o - Z 65(7 - mﬁ)gga’jmjfao . (3-15)

The first two terms combine and we can use \f/é" 055 =0 to eliminate it. Thus we are left

with the final expression

0" = 0uCL(r) " = Y B3(r—mB)ol b, (3.16)
This yields that the generators S! are broken whenever 7/g € Z. Therefore the full
superconformal group cannot be preserved.
This calculation has a further important implication. While the conformal supercharge is
broken, the Poincare supercharges remain unbroken. Therefore the Ward identity
still holds for compactified time. This has major importance when we consider the thermal

corrections of the Ward identity.
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3.1.1 Thermal action

In the previous considerations we compactified the time dimension and showed that
supersymmetry can be preserved in such a setting. This is no longer the case for finite
temperature. Our calculation in Equation shows that fermions get anti-periodic
boundary condition from the KMS conditions [47,[100]. Let us consider the thermal action

at zero coupling. Following our definition (|1.56|) we have in the thermal setting
=3 f dT/ dx tr[ F S 4 ((9#121“)2 + 8“<i>”8“&>u + iila“8“5\1+
HA 9N |+ O(g) (3.17)

As we are considering the free case g = 0 here only the kinetic terms are present. All
fields were renamed with a tilde for later convenience. We want to make the boundary
conditions explicit by giving the fields a phase factor. Thus we will rewrite the action with
identical terms consisting solely of periodic fields and hence preserving supersymmetry.
The phase factor will yield further terms explicitly breaking the symmetries. As the gauge
field is real it cannot acquire any phase factor. The ghost fields, although being Grassmann
variables, can be assumed to be periodic in order to ensure BRST invariance. This is an
allowed transformations as the ghost fields are unphysical. We can thus define the phase
of the ghosts to be zero [53]. The fermionic fields, however, will get a phase to ensure that
they do get anti-periodic boundary conditions. As there are no interactions in the case
at hand the scalar fields do not necessarily need a phase as they are already periodic by

construction. Therefore we replace
A1, 8) = Ay(1,7), Pri(1,8) > Ory(7,2), &(1,3) - &(T,7),
(7, %) = €97\ (7, 7) with = %(2n +1), neZ. (3.18)

All fields without the tilde are periodic. The « are fermionic phases yielding anti-
periodic boundary conditions for 7. They are real coefficients and the conjugated fields !
consequently have a phase with a negative sign in the exponent. The action thus will get

corrections from the kinetic terms while the phases cancel each other. We find
- —tr f dr f &z [ Fo " 1 (3,A") + D, " DFd; + iMo# DA+
+HA g DA = aX o)) + oz>\160;\1] +0(9)

B - B
~S+a [Car [dru[neN]=S+a [Cdr [ detemy (3.19)
0 0
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The kinetic terms thus get reproduced depending only on the periodic fields. Additionally
a new term is introduced for the spinor fields. An interpretation of the new term is that

we introduced a covariant derivative
V, =0, +iad, with «a = %(271 +1), neZ. (3.20)

This covariant derivative is the gravitational coupling of the spinor to the background Sé.
It is suggestive of an U(1)-type coupling where the spinors have a charge o while all other
fields are not charged.

The original action S depends only on periodic fields and preserves supersymmetry unlike
the new term. This new mass-like term suggest the preservation of su(4)r symmetry.
This is only true for the free theory (g = 0) we consider here. For non-zero coupling the
conditions yielded by the Yukawa interactions contradict a choice where every spinor in the
tuple A\; get the same phase and consequentially R-symmetry is broken. This is studied in
detail in Chapter [4

The transformations act not only on the fields in the action but also transform the
measure of the path integral yielding a Jacobian. This can potentially yield a non-vanishing
quantum anomaly for the thermal theory [6]. In Appendix [F| we show that the above

transformation is in fact anomaly-free.

3.1.2 Broken Ward Identity

Let us now go back to the Ward identity. Even though supersymmetry is manifestly
broken through the introduction of a fermionic mass term, we are allowed to introduce
an operator Ulr defined identically as the field content of the supercurrent. The main
difference to note here is that this ’supercurrent’ is no longer a Noether current of the full
action. In a similar manner, supercharges Q can still be defined in the thermal setting.
They transform bosonic operators to fermionic ones, but are not a symmetry of the theory.

Let us consider the action of a supersymmetry on the action with § = QI (¢
g 3 1 &1 I
5S = 6y + 65, = f dr f d's (0,017 + a QM7 ]
0

:fOBded%%[aN@gﬂmAg]cﬁ. (3.21)

We defined a new operator A% = QX M, which represents the thermal corrections at zero
coupling. Recall the Ward identity derived in Section from the supercurrent W2, At
zero temperature we found ([2.29))

f At (B, 0L (w)pr(1) - nln)) =~ (Qhor(an) - oulin))y, - (3.22)
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The left hand side of this equation was shown to be zero hence yielding the Ward identity
we used in Equation (2.16]). In the thermal case not only the spacetime changes. We saw
above that we need to consider a mass correction for the fermions as well. The respective

terms must hence be included to the Ward identity.

AT RRE ) W

I u -
6(5%)([&3) dzu (q/a (UO, u)gpl (l‘l) o e SOn(Z'n)>W

+af06duofd3u(Ag(u0,a)¢1(x1)...%(xn))w. (3.23)

The right hand side of this identity has two terms. The first one was also present in the
zero temperature case. It is derived using Stoke’s theorem and is a boundary integral of
the thermal manifold. Due to all fields being periodic we can show that this term also
will not contribute in the thermal setting at zero coupling. The additional term is the one
breaking the Ward identity and it is generally non-zero.

Consider the term with the original supercurrent. We need to be careful with the boundaries
of this integral. The full space is Sj x R®. Then

i -
f(s(séng) A8, (#20 (un, @) r (1) - ).
B |z
:/ dUO[ dE(‘I’é(uo,ﬂ)golgon> (324)
0 S2, W

. N B
+a/d5u<[\11£0(uo,ﬂ)] 1. ..g0n> .
up=0 w
Let us first consider the last term. The main reason behind the introduction of the mass
term correction above was to keep all fields periodic. The field U hence is a combination
of these periodic elementary fields and therefore periodic on the thermal circle. The

respective term thus vanishes
N B . .
[#20 o, 1)| = WL )~ BE0(0, ) = 0. (3.25)
ug=

The remaining term involves an integral over a sphere at infinity. In the zero temperature
case one can argue using the conformal dimension of the field that it needs to fall off
with a certain power law at infinity thus not giving any contribution [90]. While a similar
approach might naively work in the thermal case as well, the conformal symmetry and
hence the notion of conformal dimensions is, strictly speaking, no longer valid. We therefore
provide another argument.

As we are in a limit where the radial component |i| - co we can use the thermal
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clustering |54]. The field U in the correlator is split into a product of one-point functions

Ithm ! Sug, i)y .. >W = <¢lé(uo,ﬂ)>w (1) - {@adyy + O (e (3.26)
As the thermal mass is positive by a folk theorem the corrections fall of exponentially
fast and we can henceforth ignore them. The leading term involves a one-point function
of the Wi which is in the [1,0] = 4 representation of the usp(4)z symmetry, see table
[2.1] This representation is charged and thus yields that the one-point function must be
zero. Furthermore, \iﬂa is not a symmetric traceless tensor with even spin which would be
required for a non-vanishing one-point function at finite temperature [54]. Therefore the
terms from the spacetime boundary indeed cancel and we finally find the general thermal
broken Ward identity

_<Q£ (S01---SOn)>W =Q[O’Bduofdg’u(/lé(uo,ﬁ)gol...gpn>W ) (3.27)

Above we considered a Ward identity between the first descendant v from the stress tensor

multiplet and the diplacement primary O. The respective BWI thus is

B
~(QY (¢2K0MM))  —a fo dug f du (KON AL (g, @) ),y (3.28)

)

The integration over the insertion points of the correction A is non-trivial. It is thus
useful to simplify the correlator by taking an operator product expansion between the two
operators ¢, XL and OMN. Following [54] such an OPE can be used in a finite temperature
setting provided that the operators are within a certain radius of convergence. This will

be the focus of the following chapter.

3.1.3 Operator Product Expansion

Operator product expansions are a useful tool in any conformal field theory, especially in
the computation of multipoint correlation functions. They allow to express an n—point
function by a sum over (n - 1)—point functions which are generally easier to compute.
Generally OPEs can be applied for two operators which share a sphere in spacetime in
which no other operator is inserted.

In a conformal field theory with a defect two kinds of OPEs are relevant. One might be
interested in a product of either two bulk or two defect operators, respectively. For these

cases the operator product expansions of two scalar fields read

O1(X)05(0) = ij%og(xp... . (3.292)
O3
O1(1)02(0) = Z B R T (3.29h)

|A1+A2 A3
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Here X are the bulk coordinates while y is on the defect. The ¢;;;, are the CF'T structure
constants. Here and in many subsequent equations the dots (...) represent regular terms
which we will ignore in our calculations. This is a valid limit if X,y << 1.

Note, however, that bulk operators can also be expanded in terms of defect operators

provided they are close enough to the defect [89]

O(X,y) = Zo: pg%é(y) T (3.30)
This expansions underlines that a bulk operator which is very close to the defect can be
interpreted as an excitation of the defect [89].
In the equations given thus far we suppressed any indices. In the more general case the
OPE is restricted by these indices. While in principle any operator can appear in the
OPE, the overall indices need to match between the two sides. If this cannot be achieved
by including dependencies on spacetime coordinates or invariant tensor structures the
respective operator cannot appear in the OPE.
Although finite temperature breaks conformal invariance it is still possible to apply the
OPEs in a thermal setting. The OPE is valid in case the operators lie in a sphere with
flat interior. Demanding that x#x, = X? + y? < 52 this is in fact the case in the thermal
setting [54]. See also Figure with more details on the OPE in finite temperature given
in the introduction, Subsection [I.2.1]

3.1.3.1 Representation theory

Before we consider the details of the operator product expansions it is useful to review
some relevant aspect of 1d Representation theory [85] .

We originally study N = 4 supersymmetric Yang-Mills theory with superconformal algebra
psu(2,2|4). It has 16 Poincaré supercharges Q! , Q?‘ and the conformal supercharges
Sra, ST where I = 1,...,4 is an index of the su(4)r R-symmetry and o, & = 1,2 are
spinor indices of su(2), and su(2),, respectively. The bosonic subalgebra consists of the
conformal su(2,2) and the aforementioned R-symmetry su(4)g. The conformal generators
are the translations P,, the rotations M,,, the dilatation A and the special conformal
transformations K. The R-symmetry is generated by R’ ;. For details on commutation
relations of the unbroken algebra see Appendix [A]

The Wilson loop operator is introduced according to the definition . For the purpose

of this subsection we restrict ourselves to the straight line Wilson loop

1 -
Wiine = NtrP exp [i / dt(As - inr(I)”)] ) (3.31)

1_
2

psu(2,2[4) breaks to the subalgebra osp(4*|4). This preserved subalgebra has an su(2),; ®

Due to the introduction of the :-BPS Wilson loop defect the superconformal algebra
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usp(4)r R-symmetry. Generic representations are labeled by [j](ARI’RQ) where j € N is

the spin quantum number of su(2),, while Ry, Ry are the Dynkin labels of the usp(4)g
representations. There is a special isomorphism for this algebra, usp(4) ~ so(5). Therefore,
we clarify our definition (1,0) =4 as the usp(4)g fundamental while (0,1) = 5. Off the
original 16 Poincaré supercharges 8 are preserved and likewise 8 conformal supercharges
are preserved. Those are

- L (QL+Q63,Q5), Sl= L (21780 - 05,5™) . (3.32)

\/5 a acxJ) > a \/5 « ad

The symplectic metric Q77 is the usp(4) singlet we introduced in ([1.66)). Furthermore, the

conformal symmetry along the Wilson line (A, P, K3) and rotations M,,, orthogonal to

Q]

the defect (with m,n =0,1,2) are preserved. The preserved R-symmetry generator is the

symmetric [83]

R = ~ (R, Q% + R QKT (3.33)

N =

The osp(4*|4) algebra is thus given by

[A7P3]:_P37 [AaK3]:+K3a [P37K3]:2A7

[MmmA] =0 ) [an7p3] =0 ) [an,Kg] =0 )
[P5,0l]=0, [K3S!]=0,
[8.Q1]= 50k, [As!]=-38!. (3.34)

[ My, QL] =1(0mn)’ Q5 [Minn, SE] = i(0mn) S5

[RY7, QK] =aXIQl+ QX' Ql | [RY,SK]=-aKS]-ak/Ql
{QL. 0]} =20 Pens, {SL, 81} =20"Kseqs
{QL.8]} = Q" (6™5™) 0y My + 2 €0 A + geaﬁnu .

Note that the supercharges transform in the fundamental representation of su(2),.; ®
usp(4)g. The original algebra of N’ =4 SYM without the defect is given in Appendix
while the broken algebra given above is derived in detail in Appendix [B]

(ARl’R2) labeled by its primary state. It

Let us consider a generic long multiplet £ : [j]
is generated by the action of the 8 supercharges Q!. By definition all 8 supercharges
S! annihilate the primary state. Short multiplets are obtained if the primary is also
annihilated by a certain combination of supercharges. These shortening conditions are

summarized in table Most of the short multiplets can be recombined into long ones at
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Multiplet Unitarity bound Shortening condition | BPS
E:[j](ARl’RQ) A>Ri+Ry+i+1]- -
) A= R+ Ry+ i1 | Q) 1
Ac[IE™ | A=Rp+dl Q) O i
A [GI8Y | Aa={+1 Q4 1
Ay [018F) | A= Ry + Ry + 1 o} Yol 1
Ao [0 | A=Ry+1 0O}, B+ A9t | §
A [0]¢” | A=1 050} + QL Qf 3
B [0]{"™ | A= R+ Ry o i
B, :[0]") | A=R, QL, Q2 3
Table 3.1: Long and short multiplets of osp(4*|4).
threshold A, = Ry + Ry + % + 1 following the recombination rules
Lo[188) — A [T e A [ - 1]2?;;32) : (3.35)
L:[0]0) = 4y [0]() @ By« [0] (2 (3.36)

From this it follows readily that the multiplets B : [O](ARl’R2) with R; <1 are absolutely
protected.

3.1.3.2 Bulk OPE

We want to simplify the correlator we obtained from the broken Ward identity,
<¢](L)¢7K(Xm7 O)OLM(O7 y)Aé’V(uma u3)>W

Let us look at the bulk operator 9,75 (X,,,0) and write it as defect excitations in the
limit close to the defect, X,, = 0

b 0 A JK
g—A [C~O(0)]Ia +..., forX—0. (3.37)

my

Here C' is a placeholder for any invariant tensor necessary to match all indices. Just like
the two-point functions in the above ward identity this OPE is valid for the operators close
to each other. We therefore only focus on the divergent terms in the limit | X| << 1,
the terms that blow up. Due to the convergence of the OPE the regular terms can be
omitted. This can only be guaranteed if we allow solely defect operators with A< 5/2.

Following the above discussion this OPE is valid for finite temperature. The reason is that
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for y < B the thermal OPE condition 72 + 22 + y2 < (§ is obeyed [54].

Let us discuss which defect operators satisfy the constraints. There are several multiplets
on the defect which have primaries and descendants with conformal dimension A < 5/2, see
the general multiplets in table [3.1] in Subsection [3.1.3.1] [85].

For a better understanding let us consider only the displacement multiplet for the moment.
It consists of the three fields D™, I and O/ defined through Equations (2.8). The terms

coming from the displacement multiplet thus are

b b
V12" (1K, 0) IJ?ID D" C + 757 (OF 2 =87 & +30Q" 7)

+ E{% (07K Oy + (further structures with I, J, K)) . (3.38)
2

In the above equation, we are missing fitting structures for the identity and the operators D
and O. Especially the open index a cannot be reconstructed by any known structures. We
furthermore cannot have any usp(4)x structure with one or three open indices] Therefore
the operators D and O cannot appear in the OPE. There neither is an invariant tensor
with one spinor index, nor one one with a single Sp(4)z symmetry index. This observation
is crucial to identify further operators which cannot contribute. Concretely we need to
have A <5/2, 7 =1,3,... and matching usp(4)p indices.
Let us now look at the general case and consider all multiplets that possibly can contribute.
We need to check which multiplets are in the preserved osp(4*|4) algebra. Following [85]
(compare also table the relevant short multiplets (including the primary field) are

1
Avs IR A=gj+ RisRyv 1, (3.39)
Ay [0]8F) 0 A=Ry+Ry+1, (3.40)
By: [0]{"™) A=R/+R,. (3.41)

Here j is the spin of the preserved su(2) while the R; are the Dynkin labels of the R-
symmetry representation, see paragraph for details.

Let us consider spinor indices. The operator ¢ © has one spinor index and thus j = 1. There
are no invariant tensors with odd spinor indices and therefore any operator contributing
to the OPE must have an odd number of spinor indices. Odd spins of a representation

yield half-integer scaling dimensions and we therefore have the constraint

1

) Z 3
A< 5 , A€ E\Z = Aprimary < = A= 5 or A= 5 . (342)

NN V]

2To be precise only even numbers of open indices can work because we construct from the symplectic
metric Qj .
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This means with the above arguments we can exclude multiplets whose primary has
dimension 2. These operators cannot have the correct spinor index structure and their
descendants will have too high conformal dimensions. The only conformal dimension
allowed for operators contributing to the OPE thus are 1/2 and 3/2. These can be the
dimensions of primary or descendant operators. Consequentially, all multiplets which
might give a contribution to the OPE are
0,0 . 0,0 . 0,0 . 0,1 . 1,0

A 185, Axe (0085, Bis [0, Bus [015) . Bi: [0R . (343)
Let us go through these multiplets one at a time.
The primary of A : [1](:’:2;2

For all descendants the other quantum numbers clearly will not match. First descendants

are [2](;;12’&). Independently of the R-symmetry charges these descendants have even spin

is in a singlet of usp(4)g and thus cannot appear in the OPE.

and thus two spinor indices. This cannot reproduce the single spinor index we need for
the OPE. Higher descendants already will have a too large conformal dimension. The
identity By : [0](2’:%) will not contribute. The multiplet By : [O](Al’:ol) has as first descendant
[1]&22 which is in the 5 representation of usp(4)g and thus does not contribute. The first
mentioned displacement multiplet Bj : [0](2’:11)

I'. The multiplet Aj : [O](AO’:OI) is the Konishi multiplet /C on the defect has a descendant
[1]2;2}2 which is an operator K/ with matching indices and thus appears in the OPE.
The descendant of the Konishi operator is called K to ensure a clean notation. Higher

yields a contribution from the operator

descendants with A > 2 will either have an even number of spinor indices or a conformal

dimension that is too high to match our condition.

Both of the fields A and K are in a representation [1]2;2}2. Let us consider the primaries of

the respective multiplets B : [0]20;11) and Aj : [O](AO’:OI). The displacement scalar contains

the scalar fields which are not coupled to the Wilson loop
o' =i¢" (I - n,xn,) . (3.44)

In the literature [39,/102H105] a preferred direction is often chosen for the Wilson loop
coupling to the scalars by setting n,®" = ®6 in (1.63)). In this case we can write the

displacement scalar
O ~d% (3.45)

with a =1,...,5 the R-symmetry indices of the bulk scalars. The prime was introduced to
distinguish the operator from the one we defined in our calculations. The primary of the

Konishi multiplet in this setting is
K~ ®° (3.46)
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In our general notation the Konishi primary is

KE =in,Xn, o . (3.47)
The Konishi operator is in an unprotected multiplet Aj : [O]g)ﬁ) which can combine with a

multiplet B : [O]g;g) to the long multiplet L : [O]X)’_?i. The relation for the recombination
rules are given in Equation (3.35]). Therefore the Konishi multiplet can get an anomalous

dimension. It has been computed in strong and weak coupling [106}/107]

A A2 56 A3
Apzlimeels oo (D 12) A 4
e=te =it s 167r4+( 5" 128 Jogem O (3-48a)
5 2051 305 1 1
Ae =1 —9_ =y oY — 3.48b
N T W T (/\2) (3.48b)

The displacement multiplet is, in contrast, absolutely protected [85]. Note that we found
the constraint A < 3/2 for operators appearing in the OPE. As 7 < 1 for all values of the
coupling the Konishi fermion does indeed appear in the OPE. We can furthermore write
the displacement and Konishi operator in terms of the original spinor fields A/ and ;\?
projected onto the defectf] by the limit X — 0

L= A0 = QY ol A lxo0 KL= Allxoo + QY0 A x o0 - (3.50)
This clearly shows the separation into fields orthogonal and longitudinal to the defect.
Then we find for the OPE

b
IiK(|X|m70)=ﬁ((ﬁ( 76] K130,007K 0)

b
+ |X|qf:,< ((ﬁ(K%]a - 5}]ng + 3QIOQJKK1~OQ) +... . (3.51)

The operator in the Broken Ward Identity (3.28|) therefore simplifies to

(i (X, 0)0(0, 1) As 1ty 1))y = f;@—|< 2(0)0(0, ) As (1, 15))
. |Xf’|ffw (K (0)0(0, 1) As (ttms )} + -+ (3.52)

3The action of the preserved supercharges on the two operators is as follows
ol f=-4a0" (037")07 €430 — 2ieq s D307 (3.49a)
QLKE ==2(0"™") 5 Frnm = 8[ @M Qs @ | €0 + 8 (am&?))a[j D,,®' - 2i (a3aﬂ)aﬁ D, o' (3.49b)

where it is important to note that m,n =0,1,2 denote directions orthogonal to the defect.
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where for simplicity we omitted the usp(4) R-symmetry structures.
Let us check that the above OPE satisfies the constraints on ¢, 5% as given in table
[2.1] The above expression is manifestly antisymmetric in the indices K and L. Also the

tracelessness condition is obeyed as can be checked readily:

b
ozwng(|X|m,0)=|;’<—|(5{< L6l Ki3000'K Q)+ »K]+...

b
:’;b(_|( K_y4 Ki3 §)+[ - Ky]+...=0+.... (3.53)

3.1.3.3 Defect OPE

In the previous section we expressed the bulk operator v in terms of the defect operator
and the operator K. Thus we can now use the defect OPE between each of these operators
and O. The constraints we will get from the limit of the operators close to each other will
be very similar to before as also the quantum numbers are largely identical. The main
difference to the previous OPE we will find is coming from the anomalous dimension of
the Konishi multiplet. This will allow for operators with higher dimension which did not
appear before.

With this calculation we are in fact projecting the operators 1) and O directly on top of
each other. This means we are in fact calculating an OPE between a bulk and a defect
operator by expanding it in two subsequent OPEs. Therefore we in fact do not have to
expect any inconsistencies from the convergence and the finiteness of the tails. For details
on OPE convergence see [108].

First consider the OPE between and O. From the above formula we find

¢ 00 A ]KLM

& (000" (y) =3 =22 [C-O(y)
Gy

+..., fory—-0. (3.54)

«

As before the limit y — 0 ensures that the product is within the radius of convergence
72+ 22 +y2 < 3 of the thermal OPE [54]. The power on the spacetime coordinate is 5/2 — A
as in the first OPE yielding the same constraint on dimensions of fields in the OPE. The
usp(4) g representation of the operator product, following table

[0,1]®[1,0] =[1,0]®[1,1], (3.55)

which is precisely the representation of ¢ on the defect. Therefore both operator product

expansions are identical, only and K are in the OPE

¢ 1
K(0)0M(y) = Z2- (0 () -0 Ly 308 K(y) (3.56)
- 3 S0 (UKL () - VKL (1) + G2IKE () +

%
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With this expression we indeed find the constraints from table

0=Qux 5(0)0"M(y)

= —Cyo (QLMQKL y(y) ~ QM 5(y) + %QLMQLM f(y)) +[ Kv] T

2570(_ K- E@+5 K@)+l = K]+ =05 (3.57)

In a similar way we can find the OPE between O and K;. The anomalous dimension yx of
K is positive and smaller than 1, see Equation ({3.48). Thus we find

A

KE(0)0M (y) = 3. L [C-O(y)]. " +..., fory—0. (3.58)
oY

§+’Y)CfA

We therefore see that the constraint for this OPE is A < g + k. The operators with  and
K will thus contribute to the OPE analogous to the above case. With the same argument
as made around Equation only operators with odd dimensions may contribute.
Differently to the above OPE, here also operators from short multiplets with A =5/2 can
contribute. Higher conformal dimensions are not allowed because v < 1. Let us gather all
multiplets which might have contributions from table [85].

Avs (U89, Ap: 0109 B[00, Bi: [0]$Y . Bi: [0]8
Avs 2109 A (80, A [R5, A [R5, A: [01%), (3.59)
Bi: [01%7, Bi: [018), Bi: [0]9Y)

From these multiplets we find several representations of operators which might have the
correct index structures. We list all primaries and descendants which might appear at

A =5/2 and have matching spin j = 1, 3.

[ .](1,0) [ .](2,0) [ .](3,0) [ »](0,1) [ v](072)

j A=5/2 ) A=5/2 ) A:5/2 ) A=5/2 ) A=5/2 )
.9(1,1 2,1 1,2
GIS, . %, 82, (3.60)

Most of these representations correspond to operators that are part of several of the above
multiplets. All of them are in a multiplet which can eventually recombine with another
short multiplet to a long one. As mentioned before, to correctly connect spinor indices
with invariant tensors we need to have half integer spin operators (yielding an odd number
of spinor indices) which boils down to operators with j =1, 3.

Not all of these representations can contribute to the final result. Before we go into details

of matching the indices on both sides of the OPE, we take a step forward. The resulting
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operator will be in a two-point function with an operator in the (1,0) representation of
usp(4)g. Furthermore the R-symmetry group has a subalgebra usp(4)g 2 su(2) ® u(1)
[109]. Only if the combined representation have a charge 0 associated to the U(1) the
corresponding two-point function can be non-zero. Therefore we only have potential
contributions from

.7(1,0 .1(3,0 (1,1 1,2
SO, DISY,. LISh, S, (3.61)

where j =1,3.

The operators in the fundamental representation (1,0) have one R-symmetry index and
are similar to all representations above.

The representation (3,0) has dimension 20. This comes from one free index and two
anti-symmetric ones yielding an operator D//X = D/[VK], Such an operator has 4 x 6 = 24
independent components. Together with the four trace-like conditions Q;xD!/E =0 we
indeed find 20 independent components.

The representation (1,1) has two independent indices and hence dimension 16. Operators
from this represenntation cannot match the number of indices on the left-hand side of the
OPE.

Finally, operators in the (1,2) representation have three indices where two of them are
symmetric. The dimension thus is 10x4=40. Although the number of free indices matches,
such operators cannot contribute. We need to have anti-symmetry in two indices from the
operator O/ in the OPE and symmetry in two of the three indices from the representation.
Such a combination is impossible with non-zero coefficients and hence this representation

also does not contribute.

(1,0)
A=5/2

We can call this operator Ci b In the OPE we just have a single open spinor index and

Let us now discuss spinor indices. Consider an operator in the [3] representation.

therefore need to contract. This is usually done with x“&ﬁﬁ . The OPE we consider, however,
is localised on the defect and thus the only z, that may contribute is the coordinate y.
Therefore the relevant contraction is y (0353)0‘5 = ye*# which is anti-symmetric. Contracted

with the symmetric operator this yields zero.

The operators which can additionally contribute in the OPE thus are

L2~ Jan [R5~ "R (3.62)

Each of these operators can come from several multiplets and hence we gave them an
additional index j which we sum over in the OPE. Similarly these operators might have

anomalous dimensions 7;. The full OPE between K and O in the limit y — 0 is then given
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KEO)0M () = 2 (0 () - 0P 2(y) + 50V L(y)

1+ @
Y K

- SO QIKY() - K )+ KEW) (369

+ZCK—O(QLM M(y) -ty %(y)+%QMN fa(y))

; yWC Y

+ Z éKOA ~"LMN

: + ...,
YK Jo

J
As mentioned multiple times before we focus on the divergent terms only, sending all other
terms to the tails as they are not relevant in the limit y — 0. This yields that we can

further constrain the anomalous dimension of the newly introduced contributions to

0<vy;<k<l. (3.64)

3.1.4 Thermal correction

The zero temperature Ward identity is broken at finite temperature and zero cou-
pling to . We are able to simplify the three-point thermal correlator to a sum over
two-point functions. Therefore we can use the Operator Product Expansions , ,
. Still there is a spacetime integral over the insertions of the thermal mass operator
A which needs to be computed. At first glance it seems difficult to constrain these integrals
as complex thermal effects have to be taken care of and although the two-point function in
the zero temperature limit could be optained from [89] the extension to finite temperature
is non-trivial. As we would want an expression for all values of T" a Taylor expansion is
not feasible and the introduction of the temperature as a scale parameter allows for a
dependence on the massless combination T'|u,| as the argument of any arbitrary function.
It is, however, possible to further constrain the two-point functions of the thermal correc-
tions after using the OPE. They are correlators of two fermionic operators each carrying
one spinor and one or three R-symmetry indices. We want to make the index structure
of these correlators explicit. Here we profitfromthe preservation of R-symmetry in the
g =0 case. Turning on a coupling the R-symmetry group will eventually break. Here, the
usp(4) g symmetry group preserved by the defect comes equipped with a symplectic metric
Q7. This singlet can be used to raise and lower R-symmetry indices [83]. Therefore the
correlators will naturally depend on it. Let us now look at the spinor indices. We have a
correlator of two fermionic operators ( ,.Ag)w which has two left spinor indices. There is

only one possible general combination for the numerator then. Namely

( &(0) A (up)w o< [uu0ta®] . (3.65)
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This makes sense as for example the operator (¢, z)w has an identical spinor structure
[38,89] and it is the only structure allowed here. One might argue that the epsilon tensor
€ap should also be in the above, however it is in fact already there because (0303),5 = €ap-
Further note that c™a3 = —g3¢™ for m = 0,1,2 and therefore the above is the only
combination we need to care about. Any more complex structure would eventually reduce
to the contraction (3.65). Following [38,[89] and in comparison to the correlator (L )

we can fix "
( 2(0)A% () = un(0"0%)ap QM f (uf), (3.66)
(KE(0) A7 (w))y, = 20, (075 )ap fic(ur)
( 7a(0) A5 () = 2 uu(045%)asf (uf), (3.67)

(ALMN(O)Aé(Uu)>W _ uu(0“53)a,3 (QLMQNJ _ QLNQMJ + %QMNQLJ) fAA(“i) .

J«

“LMN

The last correlator is anti-symmetric in M, N and satisfies the trace condition €,y o

These two conditions are met by the above combination of the symplectic metric €2;;.

The R-symmetry indices can then be simplified by using the OPEs , and
(3.63)). The resulting structure €, /KEMN ig the same as the one from the original zero
temperature Ward identity, Equation ([2.34]). The thermal Ward identity (recall the zero
temperature Ward identity including corrections can be simplified to

. 1 2 % 3 %
(3h=B) Jim |97 (X.0)6as + 9520(X.0)Kas + 950 (X, 4) Xag | € 1HHN

_ by € o byk ko B
) (0%3)&6[7”( X[y X[ gt ) ./o duo ./ Cuwy [ () (3.68)

by € ok, bykCrok b 3 9
+a(|X|y1—'w< +|X|1‘7f€y fo duofd wuy, fu(u;)

waéKO B 3
+Q;WA dUOfd U,U,uf (Ui)

bdeéKOA h 3 JKLMN
+&;Wﬁ dU()[d 'LL'LLHfA(Ui) Q:I + ...

This furthermore clearly shows that the result of the integrals is a function of  only.
The functions f are quadratic in the u,. This can be seen straight forwardly at zero
temperature as the functions f will be mainly denominators which depend on the squared
coordinates. In the thermal case the temperature introduced allows for more general terms

in principle. On the other hand, the temperature does not allow for new combinations
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3.1. THERMAL BROKEN WARD IDENTITY

of a single coordinate. Especially for the coordinates u; and us rotational symmetry is
preserved hence allowing only for a dependence on u? + u2. Therefore we are interested
in the following integral. After the integration is carried out it will only depend on the

temperature

B
f duofd u[ugo®c® + uy o' 5 + up0?5® + uzotc ] I (u3,,u3) . (3.69)
0

The spatial integrations over the full R3 are symmetric and therefore cancel the anti-
symmetric integrands. Only the term with ug can have a non-vanishing contribution. Thus
define

J () :'/Oﬁduofdguuof (ud, u?,u3) . (3.70)

The above integral then reads

(Mg [ @ unoraMast a2y = [ du [ 5 uo0%5)usf aud )
= (0%5%)agT 4(5) . (3.71)

The arguments presented here for 3 hold analogously for all other integrals and we can
always take out a factor uy(c%G3),3. Therefore we finally have the correction to the zero
temperature Ward identity (2.33). We can then write the new thermal Ward identity

BT9) s

. . 5 (T50)
(3h - B) )}1520 [91(X, ) €ap + 92(X, ) Xap + 95(X, y) Xas]

= a(075%)asG(X,y. B) (3.72)

B b¢ ¢ o waéKO ~ waéKOA ~
G(X,y,8) = [( X[y + |X|1—Vfcy1+%)J (5)+;WJ ()

by € ok bykCkok \ ~k. bykCeo~  ~"
QMMW+MWWyJ<@+;§F%ﬁ:#<m

Recall the original definition of the kinematic functions (2.13))

a0 (X, y)
g (X, y)
o= (X,y)

GWIXI(X2+y2)2 ’

(3.73)

127rX2(X2+y2) :

1)



CHAPTER 3. FINITE TEMPERATURE AND ZERO COUPLING

and the spinor structure
m =3
oG )aB _ (3.74)

Furthermore note that if we would have introduced the method of images it might have
changed the integral. This is by applying method of images to the uy in particular.
However, this change could only yield a different prefactor for the integrals and is not able
to change the result as a whole.

Consider that the index structure of the whole Ward identity can be captured by the

following matrix.

(3.75)

C1-iCy Cy-C:
CH(U“U) =C,ot.0°% e 5= ( Lo o 3)

Co+03 Cl+iCQ B

where the C, are any prefactors. However, due to the integration the only allowed structure
for the thermal correction was Cy (6°5%),,5. Therefore the components in the diagonal
of the above matrix must vanish independently from the thermal correction.
This is one reason for our result B = 3h.

To make this more precise let us contract the Ward identity with the matrix combination

Mol g (3.76)
Note that this yields
(0“63)(16 (0103) = =201 . (3.77)
and thus for the Ward identity
(3= B) Jim, =& [a2(X.) + o (X.0)] -0 (3.79)
= [B=3n]. (3.79)

In conclusion we showed that the exact relation between the bremsstrahlung of a moving
particle in N' =4 SYM and the coefficient of the stress tensor holds at finite temperature
in the OPE limit.
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3.2. PERTURBATIVE CHECK

3.2 Perturbative check

In the previous part we provided an algebraic proof for the relation
B =3h, (3.80)

between the bremsstrahlung and the stress tensor coefficient at finite temperature and
at zero coupling. In this chapter we will provide a "perturbative” check for the above
relation. We explicitly see that in perturbation theory there exists scheme which allows
for B = 3h. We find such a scheme in an expansion around small temperatures and in a
high temperature limit. This suggests that there also exists a respective scheme for any
arbitrary temperature.

Strictly speaking in a theory with zero coupling the Wilson loop expectation value must
always be one and the bremsstrahlung consequentially zero. For the purpose of this chapter
we keep the coupling in the Wilson loop operator. We are thus allowing for scalars and
vector fields to couple to the Wilson loop. This will yield a contribution as presented in
Figure at leading order in a perturbative expansion. At the first subleading order
we would find a contribution as in Figure [[.1Ib| The diagrams of Figures and
contain vertices from the action which are not allowed at zero coupling. However, these two
diagrams are also contributing at the first subleading order in a weak coupling expansion.
Henceforth our ansatz is only consistent at leading order in A which is thus what we will

consider in this chapter. We gather all higher order corrections coming from Figures [1.1D)]
and as well as even higher orders writing

<W> =1+ )\(W>(1) + <W>interactions . (381)

The ”zero coupling” we consider is thus defined as setting all terms of the last piece to
zero, (W )interactions = (),

In Chapter [2.2] we provided a perturbative proof for the relation B = 3h at zero temperature.
In this chapter we will repeat all the steps while discussing corrections due to thermal
effects. The thermal effects then come from the insertion of one bare thermal propagator.
While all steps then are a priori straight foreward, some of the integral we need to calculate
cannot be obtained from the general expression of the finite temperature. Instead we will

expand in both, high and low temperature where appropriate.

Before we consider the circular Wilson loop and the bremsstrahlung, consider thermal
effects on the stress tensor. Due to conformal invariance, one-point functions in conformal
field theories are always identically zerd’] This can be seen because there is no relative scale
on which the correlator could possibly depend on. The introduction of finite temperature

breaks the conformal invariance and introduces such a scale. It can be shown [54] that

4Only the identity is an exception to this.
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CHAPTER 3. FINITE TEMPERATURE AND ZERO COUPLING

only symmetric traceless tensors with even spin J can aquire non-zero one-point functions

which are of the form
(OFr-17y = b TR0 (ST 857 — traces) . (3.82)

The stress tensor T}, is such a symmetric traceless operator. Splitting up the correlator
between stress tensor and Wilson line into parts which are connected and disconnected we
find

_ <T33W)connected n
(Ts3)y = ) (Ts3) . (3.83)

Let us look more deeply into the structure of the stress energy tensor expectation value.
In the case without a Wilson loop insertion and zero temperature we have a one-point

function in full V' = 4 which is zero
(Tw)(r) =0, (3.84)
while in the thermal case without defect the result was derived by [54], see Equation (i3.82])

(T (r) =br T (3000 - ) - (3.85)

Let us derive the coefficient by from the theory. The energy density E is given by the time

component of the stress tensor [54]

B = (T =~(1 - )br =~3br (3.86)

The energy E must be positive and thus by < 0. This derivation can be compared to the

free energy density which we consider as a thermodynamic ensemble equation

dF
F=E-TS=FE+T— = fT*. (3.87)
ar
The last equality follows from dimensional analysis and f is an a priori unknown coefficient.
We introduce it for convenience of the calculation. Combining the last two equations yields
that the stress stensor coefficient can be obtained from the free energy [54]
br 4F

f=—<0 = bT

Therefore we should focus on the computation of the free energy of A =4 SYM. It can be

derived from usual statistical physics. Recall the definitions of the partition function and
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3.2. PERTURBATIVE CHECK

free energy [47.|{101]

Z= /[dgb] exp (—fOI/T ded%E) , F=-Tlog(2). (3.89)

In small coupling perturbation theory the partition function Z is computed by vacuum
bubbles. The leading order one is simply a single propagator connected with itself [47,53].

The free energy for free scalars, free dirac fermions and QCD are derived in [101].

Ffree scalar _ T [ log[ - exp (_m)] - — 7r_2T4 (3 90)
(27)? T 00" '
k| 7
Ffree fermlon _ 2T[ 1 [1 ( | )] ———T4 391
(2 )3 og + exp T 490 ) ( )
2
FQCD _%T‘* [Q(NC2 -1)+ ZZNCNf] . (3.92)

For the fermions we include a minus sign due to the fermionic loop and use Fermi-Dirac
statistics instead of the Bose-Einstein statistic used in the scalar case. The additional
factor of 2 for the fermions is yielded by the two components of the Weyl spinor. Note
that this factor 2 is different in [101] where Dirac fermions are considered which have four
components. The QCD results includes the number of fermions (flavor charges) Ny and
the number of color charges N.,.

We consider N =4 SYM which consists of 6 real scalars, 4 fermions and a gauge field each
in the adjoint representation and N, = N color charges. We use the large N limit with
N2 -1~ N2, Therefore we find in agreement with [71]

1 2 2
1577 naa T s (3.93)

2
G, [2N2 N 6N2] - -
1 90 6

90

Thus using by = 4F/r*

2 2
b= = —%NQ (3.94)
We should compare this to the zero temperature result of the stress tensor one-point

function in the presence of the Wilson loop,

(3.95)

In the large N limit which we are considering, the thermal coefficient is thus of higher
order than the zero temperature expactation value. We can assume that the thermal
one-point function is not relevant for the interaction energy h. The coefficient by is a
constant parameterizing the interaction between the stress tensor and the thermal vacuum

while for h instead the interaction with the Wilson line defect is considered. Therefore, we
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will exclude by from further calculations and consider

T: W connecte !
h = 7,4( 33 UZV) ted _, .4 (Ts3) s - (3.96)

In an abuse of notation let us drop the prime in all following steps and assume that due
to the argument given here we do not consider disconnected diagrams for the calculation

of the stress-tensor.

Bare Thermal Propagator

As mentioned above the main difference in the thermal theory compared to zero tempera-
ture will arise from the propagator. This is especially true for the zero coupling case we
consider here. Thermal propagators are usually [47,53,|100] defined in momentum space
for either the real time or the imaginary time formalism. We first focus on the Fourier
transformation of the real time propagator and show that it is equivalent to the Fourier
transform of the imaginary time one.

Introducing finite temperature to a quantum field theory means to compactify the time
component on a circle with the radius being the inverse temperature g = /7. Calculations
can be done in the imaginary time (Matsubara) formalism where the periodicity of the
time component is satisfied by introducing discrete frequencies pg — iw,, n € Z. To obtain
kinetic behaviors the propagators need to be analytically continued. Alternatively one can
also introduce the real time (Kheldysh) formalism keeping the kinetic behavior throughout
the process. However the real time formalism leads to a doubling of degrees of freedom. If
the system under consideration is in a thermal equilibrium both formalism are equivalent.
For a review of these formalisms see the textbooks [47,53],100] or the lecture notes [101].
As the calculations are more hands-on and we have defined the Wilson loop to be orthogo-
nal to the time cicle, we will mostly work in the Matsubara formalism. Let us however
start by considering the Keldysh formalism and show for the bare thermal propagator that
they are equal in both formalisms.

As mentioned above the real time formalism leads to a doubling of the degrees of free-
+
dom. For all the fields the real time formalism yields a splitting ¢ — Sp_ where @*

are independent fields. Similarly the new Lagrangian becomes L(¢*) = L(¢*) — L(¢7).

The propagator of a simple massless scalar field thus has a matrix structure with four

components
ATt = i +2ming(|po|)6 (p?) , (3.97a)
A = 2mi [O(-po) + ns(Ipo])16(p*) | (3.97b)
AT =2mi [O(po) + np(|po))](p?) . (3.97¢)
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A__ =

—— +2ming(|pol)d (p°) - (3.97d)
p? —ie
np(p) = (€% = 1) is the Bose-Einstein distribution which for Fermions gets replaced by
the Fermi-Dirac distribution ng(p) = - (e +1)™'. We denote the respective fermionic
propagators by A+*. The propagators for the fields of A" =4 SYM become in Feynman

gauge

(AZAg>ii(p) — 5ab (5MV + pﬂpl’)Aii ’ <Eacb>ii(p) — 5abAii ,
p

2
(D9DY)=*(p) = 590, ;A% | (NINS) ¥ (p) = —2i6%6; 0% p, A% . (3.98)

It is worth noting at this point that the finite temperature part of all four components of
the propagator is the same and that they satisfy the constraint A** + A== = A+~ + A=+,

As the Lagrangian factorizes into parts with plus and parts with minus presign it is easy
to obtain the vertex rules from the ones given in Equations . Any of these vertices
will be present twice where once all legs carry a plus sign and the other time all carry a
minus sign. The former ones stay equal while the latter ones obtain an addition minus

sign due to the one in front of the Lagrangian.

The Wilson loop will similarly also get two different contributions. It now reads
1 -
W(C) = NtrPexp[% § ac(iagie+opjien) + 2 4 dt(z’A;x‘“+(I>}|x'|®I)] (3.99)

From the above discussion it is clear that the diagrammatic expansion will be the same as
in Figure at leading order, however, now every vertex (internal and the ones directly on
the loop) can be labeled by either 7+ or ”—"" and we need to sum all possibilities. When
multiplying out the expansion we find all four propagators A** contributing. In fact the
zero temperature propagator 1/ar?(z,-z,)? gets replaced by the real time propagators while

the rest of the calculations stays the same.

)\ 2 t ' ' ' ‘
(W>5:1+§_/0 dt, [0 dty (|21]|d2] — 21 - 22) [AT (21 — 9)+

+ AT (2 —x9) + A () —20) + AT (2 — 22) ] + O(N?) (3.100)
=it % fo27T dt fotl dty (|1 [|2] = &1 - £2) x
[A™ (21— 22) + A (21— 22)] + O(N?) . (3.101)

In the last step we used the above relation A** + A== = A*~+ A=+, In Equations (3.97))

these propagators are given in momentum space. Therefore we will calculate the Fourier
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transform to coordinate space. Therefore consider that using lsiir& (pzfria - le_Z.E) =(p?):

A+ AT = =2m16(p?) (1 +2np(|pol)) = —27id(p? )coth(gy) (3.102)

Noting that ©(-py) + O(py) = 1 it is easy to see that A*~ + A~* will yield the same
expression.
We can now start with the Fourier transformation. The delta function makes the integral

over the time component trivial

4 ip
(A+++A“)(:c):—27rif dgM—;a( 2)coth(|§%’) (3.103)
T

- or f Lpp et o )coth(’p(”) (3.104)

nt P oT '

d®p e 1 ) »

Y 20 4 b0 1

() 2p th(2T)[e +e 7P (3.105)

In the first step we Wick rotated from Minkowski to Euclidean space as indicated by the
subscripts M and E, respectively. In this expression *1/2p is the residue of 1/p2-p? at py = £p
which comes from the delta function. As the hyperbolic cotangent function is even we can

write the above as

d3p e-ip2 1 Do x
WRGS})O%&P [W] coth (ﬁ) ePoo
0

This expression is precisely twice the result of a frequency sum according to the imaginary

(A + A7) (z) = (3.106)

Po=+£p

time formalism. Thus we see that the calculation in real and imaginary time is indeed
equal. The additional factor of 2 is canceled by the 1/2 in the exponential of the Wilson
loop for real time.

We can then go backwards and rewrite the full original sum which in this case would be

d3p e-iv® -1
(27)3 (iw,)?-p?’

(A" + A7) (x) =2T Z glen®o (3.107)
where w,, = 2minT for bosons. As the Wilson loop only couples to bosonic fields, we exclude
the fermionic case here. Generally this would lead to different statistics and hyperbolic
cotangent functions being replaced by hyperbolic tangent functions. First consider now
a more general sum over a function depending on w,, which will allow us to simplify the

above calculation [54]:

Yo f(wp)ento = fdw W —wy) f(w)ewro (3.108)

nez nEZ
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-y / dw [5(@=wn)] @mm) f(w)er =% 5 f 021—: F(w)e@min . (3.109)

meZ meZ

- = S [ o+ ) (3.110)

Tz
From the first to the second line the Poisson resummation formula was used. The factor of
27 in the argument arose because of the different prescription of Fourier transformation. In
our case f(w) =1w2p? and thus in total we need to compute the four dimensional Fourier
transform of 1/p2 which is given by 1/4x222. Therefore we obtain an expression which can

be summedPl

AT¢0_A+++A___ 1 & 1
2 A% e (o +mYr)? + |3
T L S
= S| [coth (T (|Z| + ixg)) + coth (7T (|Z] - ixg))] - (3.111)
|z

This propagator matches the result from [110,[111] and satisfies two important properties.
In the zero temperature limit it yields the correct propagator and it is periodic in the

inverse temperature /3, obeying the Kudo-Martin-Schwinger (KMS) Relation [49,50]

lim AT - L
T=0 A2 2’

AT#0(g4) = AT#0 (;po + %) . (3.112)

The above result (3.111]) is the bare thermal propagator which we shall use throughout

the rest of our calculations.

3.2.1 Circular Wilson loop

Let us consider first the expectation value of the circular Wilson loop. We expect it to be
related to the bremsstrahlung in an equation very similar to (2.73]). Finite temperature
effect at leading order will enter through the propagators. The expansion of the WL is

equivalent to the zero temperature case,
A i Ml Y A(T20) 2
(Woy=1+5 fo dt, fo dty (| ||ia] = 31 - 2) AT=0 (2y — 22) + O(N2),  (3.113)

with |21 ||#s| - 41 - & = 2R?sin® (452 ). Where from now on we stick to the imaginary time
formalism as in this case we do not need to worry about the different fields and as shown
above there is no relevant effect on the calculations. The bare propagator now is the finite
temperature one derived in Equation [110,111]

AT (7 20) = #hrl [coth (xT (2] + i) + coth (+T(|] - izo))] - (3.114)

®We include a factor 1/2 because of the similar factor in the Wilson loop.
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As the integral cannot be carried out with this more complex hypergeometric function we
have to expand with respect to the temperature. Plugging in the parameterization ((1.64))

we find

T 27 t1 _ —
(Wo)=1+ M / dty dts sin(Jcl 5 tz)coth (27rRTsin (tl 5 t2)) + (9()\2) .
0 0

8T
(3.115)

We can calculate this integral by a power series expansion in the parameter RT. This
will generally yield a power series of terms with sin(%)n where n € N. For every n
these terms can be integrated. In general every such integral will yield a hypergeometric
function.

Note also that it makes no sense to expand separately around a certain temperature or
radius as the Wilson loop depends only on their product and thus only their respective
behavior is of importance. We will start by assuming RT — 0 and later go to RT — oo.
Moreover, we will find the dependence on the combination RT" also for the higher orders.
This is because N =4 is a conformal theory at zero temperature and the circular Wilson
loop is thus independent of the radius. When switching to finite temperature also the radius
of the circular loop becomes a relevant scale. However, the Wilson loop is a dimensionless

object and can thus only depend on the dimensionless combination RT'.

For small values of RT with some ¢ € R we find

1 s cRT  A(RT)?
cRT 3 45

coth(cRT) = +O((RT)%) . (3.116)

Plugging this expansion into the above integral, we are able to evaluate it for each order
of RT and find

2.2 4.4
(WO)=1+5+A(RT) ™D

8 12 s T OURT)) +O(N) . (3.117)

Note that we reproduced the T' = 0 term (W@)‘TZO = 1/ first calculated by Erickson,
Semenoff and Zarembo [62] which is a sanity check of our calculation. Increasing the
computation time we are able to evaluate (Ws) up to any order around RT = 0. To see the
precision of this approximation we can compare it with sample points that are numerically
integrated. Figure shows this for RT < 0.7 with the plots of the expansion up to order
O((RT)') and O((RT)?°). We can see that both curves nicely fit the sample points for
RT < 0.3, the higher order one even until RT < 0.4 and diverge from it beyond that point.

For large RT', however, the hyperbolic cotangent function grows exponentially fast. Thus

the Taylor expansion of the hyperbolic cotangent at 1/, = 0 (correspondig to z — o0) up
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<Wy>/g°N

030
0251

0201

0151

RT
0.1 0.2 0.3 op 05

Figure 3.1: Plot of (Wo)(l)/A for RT between 0 and 0.7. The blue line is the expansion up
to order O((RT)'), while the orange one includes all terms of order O((RT)?°) while
the green line is the next higher order for comparison. In the region where two or three
expansions almost overlap only the green line is visible. The black dots represent the
numerically integrated values.

to any order n is constant,

Taylor [coth (xi) , T = O,n] =1+0(z"') VneN. (3.118)
0

This is due to the fact that all derivatives of the function vanish close to infinity. To
understand how this comes about more clearly, look at the function exp(-1/=) which is
very close to the hyperbolic cotangent with argument /2. In the limit 2 — 0 this function
vanishes. It’s first derivative is readily computed to be (1/z2) exp(-1/z) which also vanishes
in the limit given. From here it is not hard to see that also all other derivatives will vanish
in the limit x - 0 as the exponential function approaches zero faster than any power-like
divergence blows up.
For the derivatives of the hyperbolic cotangent the same behavior is obtained although it
is not as trivial as for the exponential function. Therefore the only consistent way to work
with the hyperbolic cotangent for large RT is to take coth(z — oo) ~ 1. We will see in the
following steps that this result is a very good prediction for what we find numerically.
Inserting this into the full expression we find

gQNRT 2w b . t1_t2 n
(W@>6‘RT—>OOZ o /0 dt ; dt281n( 5 )+O((RT))

2

:%RTJrO((RT)”) ,VneN. (3.119)
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Thus we predict to find a linear behavior as RT — oco. The plot in Figure [3.2] shows how
<Wa>ig?N
50 F
40

a0

20+

RT
20 40 60 &0 100

Figure 3.2: Plot of W@)s/g2n for RT between 0 and 100. The blue line is the linear
function 47 RT while the dots indicate several numerical values.

the linear function fits together with the numerical points already for RT' 2 20.

All in all we find at leading orders in the two limits for the temperature

A A
(RT—o0) _ - 2 v
(Wo) 1+2RT+O(A,(RT)H) , neN
2.2 4.4
(W)~ 1 4 % . A(qug T A(Rgg) T OO, A(RT)S). (3.120)

Note that here we consider the limit always for the dimensionless quantity RT on which
the Wilson loop naturally depends.

Meanwhile up to this order the straight line remains
(WD =1+ 0(\?). (3.121)

because of the same cancellation as above. This will only change for the self-energy
insertions. For more details on the thermal calculation of the straight line consider chapter

5.5l Higher order corrections to the circular WL at finite temperature are calculated in [5.4]
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3.2.2 Small temperature expansion
3.2.2.1 Bremsstrahlung

Let us go through the derivation of the bremsstrahlung function again and point out where
finite temperature effects need to be included.
Therefore start with the 1/4+-BPS circular Wilson loop given in the same way as in the zero

temperature case:
n = (n1,ng,n3,0,0,0) with  ny =sin(f)cos(t), mne =sin(f)sin(t), ng=-cos(d)

C: z#(t) = (0, Rcos(t), Rsin(t),0) , te[0,27].

The leading order expansion has only a single propagator insertion. While the propagator
gets thermal corrections in the manner discussed above, the prefactors at this order are
not affected

<W9>:1+%cos2(e)f02”dtlfoh Aty 21— cos(t — )] A(rr - 22) + OO . (3.122)

This again is the same contribution as for the 1/>-BPS Wilson loop up to a redefinition
A = Acos?(0) of the coupling. Note, however, that this only holds at leading order. For
the subleading order the gauge and scalar will combine with different prefactors, especially
considering the self-energy diagram, and therefore no common cos?(#) can be pulled out.

Hence we find

(Wa) = (Wo=0) [rorcos2(a) + O(N?) . (3.123)
and therefore
(o) = Woso) __g2 g, log(Wp-o) + O(N?) . (3.124)
{(Wo-o)

Once again we then expand the left hand side around small angles 6. This will yield

one-point and two-point functions of the scalar on the Wilson line. Recall

(Wé’) - (Wé):o) _ . - 62 ‘ -
W) jgdflxl@n (60t (Pr(8)y + 5 ygdt|x|(aen (t,0))tr (@, (8))y

" 95 f atdeli 1@ ()@ (@) (@, (1) @(6))y (3.125)
+0(6?) .

A priori the one-point functions do not have to be zero as we are in a finite temperature

setting [54]. However, the fields we are interested in carry a nonzero charge with respect
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to the R-symmetry and thus still have a vanishing one-point function,
tr (®(t), ), =0 (3.126)

Similar to our calculation in Section [3.2] the thermal two-point function of scalars is

obtained by the method of images applied to the time component.

o0

(0, (1) B (0))y = 50—

m=—o00 (IO + %)2 + |Zi|2

T

= %5,% [coth (7T (|Z] +izo)) + coth (7T (|Z| - ixg))] - (3.127)

Hence for our parameterization (|1.64) we find the correlator

coth [7TT\/2R2 - 2R?cos(t; — tz):l

tr (@ (2 (1)) s (2 (£2)) )y = TY0rs T V2R~ 2R2cos(t; - b)

(3.128)

The hyperbolic cotangent function with a sine function as an argument could not be
integrated analytically. Note also that a full convergent series expansion of the hyperbolic
cotangent is only known for coth(z) with 0 < |z| < 7. This would yield that an expansion
in RT is only valid for RT' < 1/2. We instead consider a Taylor expansion at leading order

for small and high temperature:

VT e T s 6

tr (@r(x)CDS(O))W]T_)O = P + g’}/T - E")/T T+ O(T ) s (3129)
Tmry

(@ ()20l = i (3.130)

The high temperature limit thus yields a correlator with an z-dependence one would
expect to see in three dimensions. This is intuitively explained because the limit T" — oo
sets the radius of the circle on which we compactified the time dimension to zero. This is

essentially a Kaluza-Klein reduction. We will therefore address this limit in a later section.

For the small temperature limit the leading term was computed in the zero temperature
case. We thus find

(We) = (Wi=0)

(Wo-o)

5 9 1 2m 2 9 7T2 )
=0°|-m Y+ = f dfl [ dth COS(tl - tQ) —’}/T
2 Jo 0 3

_Z_gy(RT)“(Q - 2cos(t; - tz))2:|] +0(6°,0°T°)
(3.131)

6
= —20%y + %HQV(RT)‘* +0(6°,0*T°) . (3.132)
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Plugging this into the original expressions yields

A
— 4 (RT)* + O(T")

v = AlOg(WO> . (3133)

Let us now go to the calculation of the cusp anomalous dimension at finite temperature.

We find again that the leading correction in the cusp angles is the bremsstrahlung function
Feusp(,0) = (02 =¢*) B for p,0<<1. (3.134)

The anomalous dimension is then computed again as the scalar correlator in the presence

of a straight line.

P =5 [ [ dupli )l )lix(@(0 ) B (3.135)

However, we again use the two-point function obtained by method of images

(D, (2)®4(0))yy 752’"|5”|T [coth (rT(|Z] + izo)) + coth (T(|7] - izo))]  (3.136)
s
-2 7T—2fyT2 - 7T—47T4x2 +0O(T°) (3.137)
2 3 45 ’ )

given the parameterization of the straight line ([1.65)
. t
C: ah(t) = (0, 0,0, Rtanh(a)) , te[-o0,00]. (3.138)

this yields

2 t1—€ >
LCeusp = 1927 + 0—7 d’q [[ dts + f dtz] R—sech2 ( )sech2 (tQ) X
—00 t1+e€ 4 2 2

2 4 2
X [%VTz - 2—57R2T4 (tanh (%) - tanh (%2)) ] +0O(T°) (3.139)

_9 7[; +—(RT)2—ﬁ(RT) ]+(9(T6). (3.140)

Here we see why the introduction of the scale parameter R was necessary. While the
dependence vanishes directly in the conformal case, a dependence on the parameter is
obtained for the thermal theory. Similar to the circular WL the dependence is in fact in
terms of the dimensionless combination RT. Thus the bremsstrahlung function is given by

B=n [; . —(RT)2 ™ (RT) ] +O(T") . (3.141)

45
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Plugging in the result for v from the circular loop yields a formula similar to ([2.73))

1420 (RT)2 - AT (RT)4 + O(TS
B-2"73 5 426 1355 ) +6 ( )Aaxlog(WQ> (3.142)
72— 25 (RT)4 + O(T°)
1 2 = 272 42 -
- (2_7r2 + 5(RT)2 + 4—5(RT)4 - ﬁ(RT)“) A0y log(Wa) + O(T®) . (3.143)

Recall the expectation value of the circular loop (3.120)

2.2 44
AJ”\(RT) T _/\(RT) T

(RT-0) _ 1
(o) "3 12 60

+ O\, M(RT)%) . (3.144)

From this we can derive the thermal corrections to the bremsstrahlung

B(RT—>0) _ A A

T 1672 24

A2 (60( RT)?(RT)? - 4(RT)* - 3(RT)*)
i 1080

(2(RT)? + (RT)?)

+ O\, M(RT)%) . (3.145)

3.2.2.2 Stress tensor

The bremsstrahlung above shall be compared to the coefficient of the one-point function
of the stress tensor. The relation between the circle and the line for 7'=0 N =4 SYM
namely that one goes into the other might not hold any longer at finite temperature. We
therefore repeat the above calculation for the circular loop interacting with the stress
tensor. We consider the small temperature expansion including the first two corrections.
The calculations are identical for the zero temperature case. For convenience we will not
include the lengthy expressions we have to consider after taking derivatives but we focus
on the final result. We find

ARY  m2A(RT)*

(TsoWo )10 = “T6:58 " 3600 " o(T°) , (3.146)
(b0~ e+ 2
_mEARPT (! - 27“22%?: +325) + 4R222) L O(TY) . (3.147)
The full stress tensor is then given by
(Tl = (TssWo 7o + {TssWo )i (3.148)

(Wo)r=9

_. AR'  M(RT)?(r?-2R?) N Am2T4R2(4r2 - 11R?)
48728 3676 108074
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AT2R2T422 (2R? - 3r2)
+
135r6

+ O((RT)%) (3.149)

To make this result more comparable let us set the stress tensor in the center of the circular

loop by setting r - R. Also note that (Tys),,, = "/r* and we therefore find

A MRT) TAn*(RT)!

h=3RY(T -
Sh =31 (Tos )y 1672 12 360

+ O(X%, A(RT)Y) . (3.150)

This should be compared to the result for the circular Wilson loop

A A

B(RT—>0) — + =
16702 24

(2(BRT)*+ (RT)?)

Ar? (60(RT)?(RT)? - 4(RT)* - 3(RT)*)
* 1080

+ O\, M(RT)%) . (3.151)

The coefficient R of the straight line is a priori an arbitrary constant. It can depend on

the radius of the circular loop as well as on the temperature. By setting

. 1 4772(RT)% 611a4(RT)4
R—-R|—- + +O((RT)%) |, 3.152
V2 90/2 3240/2 ((RT)") ( )

we can indeed reproduce the above relation

B=3h, (3.153)

and therefore provide a cross-check for the fact that it still holds at finite temperature.
More precisely we found a scheme for the coefficient R reproducing the relation between
bremsstrahlung and stress tensor in a small temperature expansion.

We will now turn to the high temperature limit. We will find a new scheme for R at large

temperatures.

3.2.3 High temperature limit

In the limit 7 — oo we again find a scheme for R that reproduces B = 3h. We start by
discussing how the high temperature limit is best implemented in our calculations.

In finite temperature we compactify the time dimension on an S' with radius g = /7.
Taking the high temperature limit 7' — oo correponds to making the radius infinitesimal
£ — 0. This corresponds to a Kaluza-Klein reduction of the four dimensional theory
to three dimensions. Following the standard procedure for KK-reduction for the scalar
fields we find a tower of massive scalar fields with M,, = nT where n € N. In the high
temperature limit we can integrate out all massive fields and simply keep the massless field
P(z) = =0 (x) (x € R3). Similar the gauge fields A, split into the three-dimensional
vector fields A; and an additional scalar Ag. As the field Ay will not couple to any field in
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the Wilson loop, we can ignore it for all further considerations. Similarly we also ignore
the fermionic fields.

When considering the action let us for a moment ignore that we are at zero coupling. We
consider the original action with the coupling as an overall prefactor. The action

It is useful to analyze the mass dimensions of the action. For a dimensionless action
the Lagrangian needs to have mass dimension [£] = 3. The three-dimensional scalars
have dimension [®] = 4-2/2|,.3 = 1/2 and therefore [(0®)?] = 3. Contrary to the scalars,
the mass dimension of the gauge fields is independ of the space-time dimension. For all
values of d we have [A;] = 1 and therefore [F?] = 4. We thus see that the kinetic term
of the scalars reproduces the correct dimension while the vector fields do not. Usually
this is fixed by making the Yang-Mills coupling g dimensionfull. Here the coupling g is a
prefactor to all fields in the Lagrangian alike and assuming its dimension to fit one term
of the Lagrangian will sabotage another term. Therefore we need to add an additional
dimensionfull parameter. This can only be the scale T" as there is no other possible scale
in the theory. This is why we introduced the respective prefactor in the above equation.

Going back to zero coupling we henceforth find the high temperature action

1 1 1 - _
ST—>c>o = 5 [ d3xtr [ﬁ MVF‘LW + T (8#14“)2 + 8N<I>U6V‘Q)U + i)\IO"uaﬂ)\[+

+iA g9\ |+ O(g) | (3.155)
The stress tensor has the same dimensions as the Lagrangian. We find

1
Tij = - Fiy i - 0:27°0; 1 + O(g) . (3.156)

It is important to note that the stress tensor now has mass dimension [T;;] = 3 yielding

that also the dependence on the distance to the defect is expected to contribute at cubic

order
(T~ 5 - (3.157)

For the Wilson loop it is important to recall that we have a parameterization z(t) where t
is a dimensionless parameter by construction. Keeping this in mind we need to ensure

that the argument of the exponential function is dimensionless. We find

w(C) = %trpexp [gjgdt (iAMx'“ + \/T@Aﬂ@’”)] , (3.158)
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We need to include the temperature as a factor for the scalar to match the mass dimensions.
Note that it would be possible to make the unit vector n, € S° dimensionfull. However, it

would have to scale with /7 in this case thus finally yielding an identical result.

We then find the propagators to be

Téabnwj 5ab5rs

Ar/(21 — 12)? dmy/ (21 = 22)? .

This means that for Wilson loop calculations we in fact have the same propagators 7/«

(AZ(%)AZ(@)) = (<I>$(:(:1)<I>Z(x2)) = (3.159)

as one would predict in a more naive approach to high temperature. The combination
[7/=] = 2 has the correct dimension for a gauge propagator. For the scalar propagator note
that the temperature factor will at later calculations be included from the expansion of
the Wilson loop (which is what we use in all calculations) and therefore also fits in the
dimensional analysis.

The two-point function in the presence of the Wilson loop is then analogously given by
tr(®, ()0 (0))y = - . (3.160)
x

We thus find including a factor 7" from the Wilson loop

_ 2 2 2 _
Wo) = (Woo) | _ 02 (27 g [ gy, T o8t ~ o) (3.161)
{(Wo-o) Toeo 20 0 V2 - 2cos(ty - ta)
= 470>y RT log (i) —-8m20*yRT = -87%0*~yRT . (3.162)

As in the zero temperature case the divergence can be taken care of by a renormalization.
This yields for the coefficient

A
VYT—so00 = W&\ lOg(Wo> . (3163)

Let us now go to the calculation of the cusp anomalous dimension at finite temperature.
We find again that

Ceusp(0,9) = 9B for ¢=0,0<<1, (3.164)

and the anomalous dimension is computed via

792 oo ) . .
Pap = 5T f dt, / b (4)[(6) [t D () D (£2) ) 50 (3.165)
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However, we again use the two-point function obtained by method of images and expand

around high temperature. Given the parameterization of the straight line ([1.65)) this yields

\/

sech? (%)Sech (2
Loy = ——VRT[ f dt+ [ dtQ] f d’q (3.166)
V(tanh () - tanh (%))
= 20%1yRT log(2) . (3.167)
This would mean that the bremsstrahlung in the T — oo limit is
Alog(2
p - 2s®) RaA log(Wo) - (3.168)
A
Recall that
(W) ET=ee) = 1 4 Arrrofa, 2 VneN (3.169)
© 2 "(RT)*) ' '
From this we can derive the thermal corrections to the bremsstrahlung
_A log(2) R A
RT)+ O\, VneN. 3.170
R e I 3170

For the calculation of the stress tensor we can count powers of T'. Let us start with the
easier scalar case. Here we find a power of T from the Wilson loop and no further powers
from propagators. For the gauge fields the propagators each yield a temperature factor,
hence T2. However, one of the temperature factors cancels with the 1/7 from the definition
of the stress tensor.

Plugging in the integrals with the 1/z propagator we find

AR'T AR2T(2R? - 12)
(TpsWo)" o560 (TpeWo)® = 10276 (3.171)
The full stress tensor is then given by
TosWo oo + {TusWo)o  AR2T (5R2 — 4r2
<T¢¢)W:( 0sWO g0 + (TosWo ) ARPT (5R? - 4r?) LO0Y) . (3172)

(WO )/3_,0 - 768T6

Here we ignored the one-point coefficient from [54], because we are considering effectively
a zero temperature 3d theory with a distance parameter § which is an artifact of the
KK-reduction. Setting r - R as above and recalling that in the KK-reduced theory we
have (Ty4)y,, = /r* we find

A(RT)

orG +0(\?), B-= MO;g(Q)(ﬁaT). (3.173)

h:
3 8
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As in the small temperature limit we can find a convenient replacement for the line

parameter R:

~ ™

- —_— f T — . 174
R 3210g(2)R or 00 (3.174)

In this scheme we indeed find the relation
B=3h (3.175)

to hold.

To conclude, we showed similar to the previous subsection that there exists a scheme for
R in which the Relation holds. We explicitly found a scheme for small temperature
and high temperature . Therefore we assume that such a scheme exists for

any temperature 7'.
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Chapter 4

Finite temperature and non-zero

coupling

The calculation in the previous Chapter [3| has been considered without interactions by
setting the coupling g = 0. In this chapter we consider how interactions affect the thermal
Broken Ward Identity and the resulting relation B = 3h. I will present our current
understanding of the interactive theory as well as give an outline for the follow up steps
which are necessary for a deeper understanding. This describes our ongoing work.

Effects on the perturbative calculation from interactions at finite temperature similarly to
Section are considered in the next Chapter [5| where we consider the circular Wilson
loop at order A2. These include the leading corrections yielded by interactions in the

action such as self-energies and vertex diagrams.

We will follow two different ansétze here. One allows a splitting of the action into a term

preserving supersymmetry and another consisting of mass terms similar to (3.19)

S4d th. N=4 = SSUSY + Smass—terms . (41)

While such a splitting is very helpful in the derivation of a thermal BWT like the
respective ansatz breaks R-symmetry. More precisely we consider field redefinitions with
phase transformations as used in the previous chapter. They will be restricted by the
Yukawa interactions and yield a non-trivial breaking of the R-symmetry. The upshot of
this approach is that it is straight forward to isolate one part of the Lagrangian which
preserves supersymmetry and we can thus consider the BWI in a very similar manner
to before. However, the way R-symmetry is broken is ambiguous. There seems to be a
freedom of choice preserving different amounts of R-symmetry. We suggest that with
a dynamical calculation including the phases this issue might be solved. We suspect
that by considering the self-energy and the comparison of thermal masses we are able to
find restrictions on the phases determining the preserved R-symmetry. As Appendix [H]

shows we in fact find an inconsistency. The thermal mass of the theory with the phase
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redefinitions cannot be matched with the known thermal mass of thermal A =4 SYM.
For completeness we still present this ansatz here. An alternative ansatz which in turn
preserves R-symmetry is thus presented in Appendix [, While being relatively novel this
ansatz provides a consistent way of defining thermal masses and we are able to obtain a
BWI similar to which preserves B = 3h.

What is more, we introduce the different periodicity conditions by employing a Fourier
series representation of the fields. From the KK-like reduction of the thermal circle we
will find a tower of massive modes. This then becomes a three-dimensional theory of
infinitely many fields. On the one hand, contrarily to the previous ansatz, this approach

will manifestly preserve R-symmetry,

S4d th. N'=4 = Smassive 3d R-sym. - (42)

On the other hand, it is not clear whether a part of the Lagrangian can be identified
that preserves supersymmetry. Most importantly, we again consider Yukawa interactions.
We find the interaction between different modes. This might spoil the preservation of
supersymmetry. Upon the application of supersymmetry transformations we expect to

find some constraints which are consistent with the constraints of the first ansatz.

Let us stress here that these two approaches have as of now not been carried out to the
fullest. We present how the respective ansatz is applied to A = 4 SYM at finite temperature
and discuss all steps necessary to validate them. Furthermore we will indicate possible
implications on the thermal BWI. Ideally we hope to find that it can be applied as in the

last sections, see Equation (3.27)).

4.1 Field redefinitions in 4d

Let us discuss here how the field redefinitions with phase transformations and the
thermal Broken Ward Identity are affected by interactions. The field redefinitions provide
a setting where a part of the Lagrangian can be identified that preserves supersymmetry
as in . We will find, however, that the Yukawa terms yield conditions on the phases
of the fermionic fields introduced in the previous chapter. Additionally we find that each
scalar field ®;; will required a unique phase &;; determined by a combination of the
fermionic phases ay. These phases are different for each spinor in the tuple A; which
yields a breaking of the R-symmetry. We will consider in detail how this affects the Ward
identity and possible ways to preserve the Relation (|1.1)).
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4.1.1 Yukawa interaction

Compared to the previous chapter we now allow for all values of g and can thus use the

action as originally given in Equation ({1.56))
§-= _u« f ar [ d [ Fo B 4 (9,41) + D& Drdyy + i 0" DA+
+i5\[5'uf)#§\1+i§)[] {5\175\‘]}—1&)[‘] {i[,j\]}+ (43)
Lezry k1[5 & 0. &DHe
[0 @] (1@ | + 9,eDre|

As before we write all fields with a tilde and we assign phases to them such that we
can write down a new action depending only on periodic fields in the finite temperature
setting. We will derive step-by-step which fields need to obtain a phase dependence. In
each consecutive step we try to introduce as few phases as possible, however, keeping in
mind new restrictions we found.

As argued in Subsection the gauge and ghost field do not require a phase. The
spinor fields meanwhile must get a phase factor which ensures the anti-periodic boundary
conditions on the thermal circle. For the scalars let us first assume that as in the zero

coupling case they do not get a phase factor. In this case we would again have the

transformations of Equation ((3.18))
A (1, 8) = Au(1,7) (7, 3) > Ory(r,7), &(1,3) > (T, 1),

S\I(T,f) - T\ (7,7) with a:%(2n+1) , nez.

All fields without tilde are periodic in 7 — 7 + 3. This yields identical mass terms for the
fermions as we found above. All kinetic terms are then preserved. Consider, however, the

Yukawa interaction
ici)[J {:\I, S\J} g i(I)IJ {eiaT/\I, 610”)\‘]} = i€2iaTCI)IJ {)\I, )\J} i (44)

By keeping the scalar fields without a phase we thus find that an overall phase factor

would appear in the action. To avoid that we introduce a phase for the scalar fields as well

~ A 2n
&;(7,7) = 47D, ,(7)  with &:?z,neZ. (4.5)
This new phase is even to ensure periodicity of the scalar field as demanded by the KMS
conditions. From the above Yukawa interaction we would find a relation between the
bosonic and the fermionic phases, & = 2a.

Let us, however, consider the scalar fields more closely. The matrix ®;; is a convenient
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way of manifestly writing the action in a manner reflecting the self-dual R-symmetry

representation the scalars are in. In fact we have that [112]

0 ¢ ¢ @3
g1 0 ¢y oo
;5= _ _ 4.6
" -¢3 —¢3 0 @ (4.6)
~¢3 ¢a ¢ O

1J

Hence, assigning an overall phase to ®;; would mean to assign the same phase to each of
the three complex scalars ¢; as well as their conjugates ¢;. Therefore, we cannot simply

assign an overall phase. Instead the following transformations can be suggested,

A (1,%) > Au(1,T) E(T,f) - (7, 7)
0i(7,%) > €97y (7,7) with & =

(2m), meZ, (4.7)

A (7, 7) - €97\ (7, %) with «a =

(2n+1), neZ.

w3 @l

The index ¢ = 1,2, 3 labels the three complex scalars.
We turn once more to the Yukawa interaction. Let us expand the sum over R-symmetry

indices by using explicitly the matrix representation of ®;;,

o1/ {i;, )\J} = §12 {il, )\2} + % {3\4, 5\3} +...
= ¢y {5\1,5\2}+Q:51 {5\475\3}#-' (4.8)
AR DIPTSR DVID T

The dots represent additional terms in the sum over R-symmetry indices. In the last step
we used the above phase transformations. The kind of interactions we find here, however
does not allow for a consistent choice of o and & that makes the Yukawa interaction
independent of the phases.

Conclusively, we need to break the R-symmetry and introduce different phases to each

scalar and each fermion. This can be done by by considering the phase transformations
Au(r @) > A (r.3), &1,8) ~ e(r,3)

Gi(7,%) > 97 (7,5)  with ai=%(2mi), m; €7 (4.9)

S\I(T,f) — e\ (7, 7) with a1=%(2n1+1) , nreZ.
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The indices ¢ and I above are not summed. The considerations above suggest that the
Yukawa interaction will restrict the choice for these phases. In order to understand these
restrictions it is convenient to work in a notation using the old R-symmetry. Therefore

introduce phases to the self-dual scalars by writing
é](](T,i‘)ﬁeidI‘]TCbL}(T,f) with &IJ:%(QmIJ) , m]JEZ (410)

Explicitly this yields

O eid12T¢1 ei&137’¢2 eid14’r¢3
- _eidng O eidzg‘r n _eid24‘r 4
Qry— " b - ¢s - ?2 (4.11)
_6104317'¢3 _€1a327¢3 0 61&34T¢1
_piag T idgaT b _pidusT b
eMT gy M2y —e!M3T 0 .

Consider the constraints on the scalar coefficients @;;. By looking at the above matrix
we see that they are symmetric &;; = &y; and the diagonal components are a;; = 0.
Furthermore for each of the three scalar fields the phase of the conjugate ones must come

with an opposite sign yielding the constraints
Q1 =012 =-Q34, Qa=013=-Qoq, Q3=014=—Q03. (4.12)

The final constraints furthermore follow from the transformations (4.9). The Yukawa

interaction then relates the fermionic and bosonic phases to each other
@U {;\1’ 5\J} S iel@er-anty {/\I’ )\J}
= arr=ar+ay. (4.13)
Combining these conditions we find a final relation for the fermionic coefficients
o +oag+az+ay=0. (4.14)

This condition shows that the su(4)g symmetry cannot be preserved because it is not
possible to have equal phases for the four spinors. The constraint (4.14]) can also be applied

to the bosonic phases. We then find the following transformations
121“(7',51':) - A, (7,2), c(r,z) - e(r,%) ,
O1(T, &) > DTG (1, F) (7, ) > MO y(7, 1)
953(7',33) N e—i(a2+a3)7—¢3(7_’f) ’

5\1(7,%) - T\ (1,7) S\Q(T,f) — €2\ (7,1) (4.15)
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:\3(7',{2‘) — 61a37)\3(7',i’) s 5\4(7’7[%) — e—i(a1+o¢2+o¢3)7)\4(7_757) s
. ™ v e
with a1:3(2n1+1), a2:5(2n2+1), a3:5(2n3+1), Nni,No,ng €% .

Note that all fields in satisfy their respective KMS conditions. The bosonic phases are
even yielding periodic boundary conditions. The fermionic phases are odd and thus
manifest their anti-periodicity on the compactified time dimension. Note that we can find
special choices for the a; which partly preserve some part of the original R-symmetry.
These will be considered in Section below. In Appendix [G] we show that the above
transformations are anomaly-free.

We will now turn to the effects on the action. As in the zero coupling case studied above

we will find mass terms for the scalars and spinors depending on the phases.

4.1.2 Mass terms

The derivatives in the kinetic terms of the action will act on the phases as well as on the
fields. Therefore, we will find new mass-like terms similar to Equation (3.19). We only
need to consider the kinetic terms of scalars and spinors as the gauge and ghost fields do

not obtain a phase factor. Therefore consider

~ 1 B8 - .~ = ~ - o~ - ~ ~
§= 5t fo dr f d% [4D,,5' D4; + i 0" D, As +iAra* DM |+

Compared to the original definition of the Lagrangian we used the kinetic term for the
three complex scalars explicitly. The dots denote terms that will not be affected by the
phase transformations.

Let us start by considering the spinors
ij\IO"uDHS\] + ij\lé“lz?uif - iS\IO'”D'u)\[ + i)q&“l_)uy - S\IO'O()([)\] + )\1600415\1
=iN "D, A; +iAa" DA = 2a M 00N (4.16)

These mass terms for the fermions are in fact identical to the ones we obtained at zero

couplig. For the scalars let us focus on one of the complex scalars for convenience
Duﬁglﬁ“& — D¢ D'y +i(an + an)d' Dby = (i + o) Do 1 + (a1 + a2)* ¢ oy
= D, ¢' D¢y +i(cn + a2) (¢'0°¢1 — o9 1)
+ (o + a2) (¢'[A%, 1] + [Ao, 91161 ) + (ar + a2)? @' ¢y (4.17)

Consider the terms linear in the phases. We can make the SU(N) indices explicit and

include the trace over the gauge group by using ¢ = ¢¢T* with T being the generators of
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the gauge group SU(N). This is only interesting for the term with the gauge interaction.

It becomes

tr (¢1[Ao, ¢1] + [Ao, @111 ) = A%@bStr (TP[T, T¢] + [T, T|T¢)
- Aagb’{gﬁgtr (T”TaTc - Tbrere  Tebe TbT“TC) =0. (4.18)

The first and last term canceled readily and the remaining two chancel by cyclicity of
the trace. The correction terms for the scalars ¢, and ¢3 are obtained similarly with
dependence on the respective phases.

For both, scalars and spinors, we see that we reproduce the original kinetic term and
additional terms with phases as prefactors. Then we can rewrite the action as the original
one, Equation (|1.56)), and additional terms

5 1 8 _ _ )
S=5+ ﬁtrf dr f dSIl - 20[1/\15'0)\1 - 2052)\25'0)\2 - 20(3)\35'0)\3
q 0

+ 2(0&1 + Qg + 063)5\45'())\4 + 4i(041 + 062) (qﬁlﬁogf;l — agqblq;l) (419)

+4i(a1 +as) (¢280$2 - 30¢2<52) —4i(ay +as) (¢350¢_53 - 80¢3q33)
+ 4(0[1 + 0[2)2¢1§Z§1 + 4(0[1 + O[g)QQZSZggQ + 4(0[2 + OZ3)2¢3§53 ,
with a; = %(in +1), ap= %(an +1), ay= %(2713 +1), nyne,nzeZ.

The original action S depends only on periodic fields and preserves supersymmetry unlike
the new terms. This is because S is the original action of A =4 SYM in terms of only
periodic fields on the thermal manifold Sé x R3. As the periodicity is identical for all fields
the supersymmetry transformations are unchanged and supersymmetry is preserved. For
the entire action S it is broken by the additional mass term.

When looking at the new action (4.19) after the introduction of the phases note that we
can write it as the old action with a set of new covariant derivatives. Focus first on the

spinor fields. Here the covariant derivative becomes
D, =0,+iA, -V, =0,+iA, +iad,0 (4.20)

Due to the broken R-symmetry this would yield, however, a different covariant derivative

for each of the fields. Similarly also each of the three complex scalar fields would obtain

1See also our discussion at the beginning of Chapter
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| Field | Phase | No Rsym. [ SU(2)eSU(2) |SU@B)eU(1) |
M | a=7TC@ni+1) || 37T (ni=1)| 7T (ny=0) [ -37T (ny=-2)
Ao ag =T (2ny + 1) 57T (na=2) | 7T (ny=0) 7T (ng =0)
A3 az=7T(2nz + 1) 7T (n3=3) | -7nT (ng=-1) | 7T (n3=0)

A1 -] — Qg — Qi3 -157T T T

01 aq + o 8T 27T 27T
03 o + a3 1077 0 27T
O3 —Qig — (3 1277 0 27T

Table 4.1: In this table we present possible choices for the phases which preserve a
different amount of R-symmetry. The first choice is one where no R-symmetry is preserved.
The other two choices preserve a particularly large amount of R-symmetry that will be
suggestive of different A/ =1 and A = 2 multiplets, respectively. Those are considered in
more detail below. Note that these are not actual supersymmetric multiplets as bosons
and fermions have different masses.

its own new covariant derivative depending on the phase, for example
Vu =8M+1Au+i(041 +042)(5M70 R (421)

for the field ¢;.
These covariant derivatives can be interpreted as the coupling of the fields to the background
gravity. Namely they couple to the compactified Sé where the phases determine the

respective couplings.

4.1.3 R-symmetry breaking patterns

The above consideration suggest that the R-symmetry is broken in N = 4 at nonzero
coupling while in Section of the previous chapter we saw that the R-symmetry is
preserved at zero coupling. In this section we look more closely at this breaking. Table
shows that by conveniently choosing the integers that are associated to the phases it is
possible to preserve some amount of R-symmetry. Considering only the classical action
as we did above the choice of these phases seems arbitrary. Following [113]/114] it might
be possible to find constraints on how and which amount of R-symmetry is preserved.
Therefore we will consider a dynamical calculation in Appendix [H]

This consideration will also have an impact on the Ward identity calculation. We showed
that B = 3h at zero coupling using a Ward identity and its thermal corrections. In fact,
when constraining the two-point functions after taking the OPE (see Subsection m
Equation (3.66])) we explicitly used the usp(4)z symmetry preserved by the Wilson line.
Therefore we hope to find a choice which preserves as much R-symmetry as possible.
Ideally this allows us to constrain the two-point functions of the thermal BWI similarly
to before and still obtain information on the relation between bremsstrahlung and stress

tensor.
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What is next, we focus on possible subgroups of the original SU(4)g as presented in Table

preserving a large amount of R-symmetry.

4.1.3.1 Preserved subalgebra su(2) @ su(2)

It is convenient to consider a different choice where two pairs of two fermionic phases are

equal
Q1 =09 =—03 =—04 . (422)

For example we can choose ny = ny =0 and ng = -1 yielding &, = &g = 77T and &3 = Gy =

—7T" such that the three scalar phases become
C/\h =2nT y 6&2 = 6&3 =0. (423)

In this case we see that also the scalar fields are separated with one having a different
phase than the two others. This suggests that the two spinors A\; and Ay form a N =2
vector multiplet together with the complex scalar ¢; and the gauge field. Of course
supersymmetry is in fact broken by the introduction of the phases. This can also be seen
by the masses which are not equal for bosons and fermiong?} However, the identical masses
for the spinors are suggestive of the respective supermultiplet. Similarly the remaining
two fermions A3 and )\, and scalars ¢, and ¢3 suggest an N = 2 hypermultiplet. The

R-symmetry is reduced to a maximal subalgebra [115]
su(4) — su(2) @ su(2) . (4.24)

This preserved symmetry can be made explicit in the action. We focus on the new mass

terms. Recall that with the above definitions we can write

- B — _ _ _
S5+ itrf dr [ d's [21 (Mo + X200, = X300 — Mo¥),) +
29 Jo p

1672 - 8ni - -

+7¢1¢1 + 7 (30¢1¢1 - ¢130¢1)] . (4.25)
We do not see terms for the scalars ¢, and ¢3 because we made a convenient choice that
set their masses to zero. The above equation otherwise would become more confusing
while still preserving the same amount of symmetry.
It is now convenient to define two projectors
_ 1+ 1-9

Py = 75 = diag(-1,-1,1,1) . (4.26)

P
1 9 ) 2 )

2For the vector multiplet masses moreover would have to be zero to ensure supersymmetry.
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The above projectors clearly satisfy
P12=P1, PQQZPQ, P1+P2:1, Pl'PQZO. (427)

This separation is almost identical to the separation of 4-component Dirac spinors to
2-component Weyl spinors. The same matrices are used but instead of the spinor indices
they now affect R-symmetry indices spliting the index [ =1,...,4toi=1,2 and 7=1,2.

The scalars and spinors thus separate into two independent su(2)’s as follows

Ar) 0 ¢ 0 0
Ao ~4 0 0 0
P\ = . P® P+ Py Py = -1, 4.28
1NT 1*¥7JL1 2%F L2 O O O ¢1 ( )
0 0 -¢ 0
0 0 ¢ o3
0 0 0 o3 -0
Py = . P®; P+ P® P = )0 ~02) (4.29)
A3 -2 —¢p3 0 O
A4 -3 ¢ 0 O

We can thus separate the matrices into independent su(2); and su(2); ones. The algebra
su(2); @ su(2); is a maximal subalgebra of the original su(4)g [115]. We can define two

new scalar matrices

(0 & RN (2, @,
CI)U (_¢1 O)ij’ (Dzj (Q_S?) Q_SQ)Z] e (_(Iﬂj _(I)ij). (430>

Note that the original matrix satisfies the self-duality condition [112] and is anti-symmetric
= 1
(I)I'] = §€IJKL(I)KL s CI)[J = —(I)J[ . (431)

Compare this to the new matrices we found above. The scalars ®;; inherit the anti-

symmetry while the self-duality is lost in the reduction
(I)ij = _(I)ji . (432)

Note, however, that the matrix ®;; depends only on one complex scalar field ¢;. Therefore

it is in fact convenient to write the splitting of the scalars as

oi=¢1, ¢pi= (ZZ) (4.33)
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Similarly the fermions can be split into
)\i = ()‘17 )‘2)1 ) /\i = ()\?n )\4)5 (434)

Using this notation the action can be rewritten in form manifestly showing the su(2); ®

su(2); symmetry. We focus on the mass-like terms

- B — __ 2
S-S+ 2ngtr /0 dr / d*z [%T ()\ZO'O)\Z‘ - )\ZO'O)W) + 85%06

Am ] . (4.35)

+— (Ogod — 00y0)
B
As two of the scalar masses are zero in our choice the fields ¢; only appear in the original

action S.

Wilson loop defect

What is more, when introducing the Wilson loop operator, the R-symmetry is broken due
to the interaction of scalar fields and WL. We saw above that this breaks su(4)r — usp(4)x.
For the case at hand the su(4)g symmetry is broken in a way that is suggestive of an
N =2 hyper and an N =2 vector multiplet. Only the scalar field of the vector multiplet,
¢1 = o in our case, can couple to the Wilson loop?] The action reduced to A/ = 2 multiplets
is invariant under SU(2),®SU(2);®U(1) [79]. The scalar ¢; = o is in a singlet with respect
to both SU(2)’s but charged under the U(1). When coupled to the Wilson loop the U(1)
is thus broken [38]. Further note the isomorphism su(2) ~ usp(2) |115] which thus induces
a breaking of the R-symmetry as

usp(4)r — usp(2); ® usp(2)s, (4.36)

where Usp(2)®USp(2) is a maximal subgroup of Usp(4) [115]. This can be made explicit
by choosing n, = d,6. We can then write down the matrix €2;; and see a splitting intos the

two usp(2)’s. In our convention this yields

0 1.0 0
-1 0 0 0

QIJ = O 0 0 _1 — Q’L] = 62] s sz = _eij s Qlj = 0 . (437)
0 01 0

We can then straight forwardly restrict to be only in usp(2); by choosing the appropriate

indices. By similarity all arguments presented in the following also hold for a restriction to

31t is the current state of the art that a coupling of a scalar field coming from a hypermultipet to the
Wilson loop is not allowed.
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usp(2);. The OPE is not affected by the reduction of the R-symmetry and it is sufficient
to apply the reduction to the new operators. Consider for instance that after applying the
OPEs the thermal correction will depend on the correlators (3.66)). For example

( LO)AG (), = uu(0"5®)apQ" f a(ul) . (4.38)

We restrict the fields to be in the usp(2);. Then

( L0)AL(un)),, = up(0"5%)ape? [ a(ul) (4.39)

and similarly for all other operators appearing in the OPE. Furthermore the coefficient
¢ JKLMN i Jikewise reduced to €, 7*"™". This index structure was defined in Equation ([2.34)).

What is more, the phases of the scalar fields introduce additional mass terms. These
must then consequentially appear in the OPE as do the fermionic mass terms through
the operator A. This yields further corrections which could potentially break the relation
B = 3h in this setting.

Let us thus review the process that lead to the final form of the Ward identity at zero
coupling. We first considered the original terms of the Ward identity at T = 0, .
They where given through kinematic functions g; defined in Equation , some spinor
coefficients and the index structure €, /KEMN — The latter one was discussed above, it
can conveniently be reduced to the usp(2); subalgebra. The kinematic function can be
thermalized and the spinor structure is neither affected by finite temperature nor by the
broken R-symmetry.

In a subsequent step we considered a thermal contribution to the BWI , namely

(¥ "OMN QIM (uo, @) )y, - (4.40)

The operator M, is the newly introduced mass term for the fermions. We then considered
an OPE. We assumed the two operators ¢, 5% and OMN such that we could use the
expansion despite being in a finite temperature setting [54]. This lead to several two-point
functions. These can be reduced in the case of broken R-symmetry as given above.
Lastly we considered that the Ward identity has an integral over the insertion points of
the operator M. By restricting the spacetime dependence of the correlators the integral
yielded a unique dependence on spinor indices. This was sufficient to ensure the relation
B =3h.

When we consider also scalar masses, two new mass terms

{m2 — . ~ 47

My = Fq)ijq)” and M, = 5 (0@ — @;50,97) (4.41)
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are introduced to the Ward identity. Similar to the fermions this will yield the contribution
of a correlator such that the BWT ({3.28)) will become

) 8 .
(93 (¢iikolm)>WT - fo duof d'u [<¢i§loanJBM>\(u0,ﬁ))W,T
+ (1,50 QI My (o, ﬁ))m (4.42)
(610N 0,1} ]

As the OPE was not taken with respect to the mass operator, we can use the same OPE
for this new contribution. Therefore, we also can use the same restrictions on the yielded
two-point functions as before. This is possible as the mass operators Mg and M, are
singlets with respect to the spacetime-, spinor- and R-symmetry. Combined with the
acting supercharge Q! it is then in the same representation as A? , just possibly with a
different conformal dimension. The dimension, however, was not relevant for the argument.
To see this consider Equation . Restricting ourselves to A we now find

( G(0)QMi(up)),, = ui(0"T)ase f aay (ujy) | (4.43)
( 2(0)QMo(up)),, = uu(0"5%)apeg aa, () (4.44)
( G(OQMo(un))y, s =uu(05)aseg a1, (u7) - (4.45)

The new functions g and g have different conformal dimensions as the original f and thus
yield different powers of  when we integrate over them. This yields an equation similar
to (3.72) with different integral functions J a4, (8), J m,(8) and J 4, (8). Their result
differs in the prefactor and the power of 5. For the argument we make, however, these
functions are clearly not relevant. Henceforth, the relation B = 3h is again obtained.
Conclusively, it is very important to note that this relies on the projection to the preserved
usp(2); which allows for all correlators to depend on the singlet matrix €2;;. We cannot
assume that this argumentation also works for a different breaking of the R-symmetry.
One example of a different breaking is considered in the next subsection. We will focus on
the case where all bosons and three of the four fermions have the same mass. This will be
suggestive of a triplet of A/ =1 chiral multiplets, similarly to the considerations made in

the beginning of this subsection.

4.1.3.2 Preserved subalgebra su(3) @ u(1)

The combination of phases discussed above is one convenient choice that preserves a
large amount of R-symmetry. Another possibility is to preserve an su(3) symmetry that

interchanges three of the spinors and the three complex scalars. It is obtained by the
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choice

0[2204320[4:—3041.

(4.46)

For convenience let us specify éq = &3 = &4 = 71" and &1 = —=37T. The bosonic phases then

are

Gp =09 =Gz =-21T, (4.47)
and thus all scalar fields obtain the same phase. This splitting is very suggestive of N =1
supermultipets. The fermion \; with &; = 37T is associated to a vector multiplet while
the remaining spinors together with the three scalars form a triplet of chiral multiplets.
Again these phases suggest mass terms for the respective fields and as they are different for
bosons and fermions supersymmetry is clearly broken as expected at finite temperature [53].

The breaking of the R-symmetry algebra consequentially is

su(4) - su(3)eu(l). (4.48)

Note that the combination SU(3)®U(1) is a maximal subgroup of the original SU(4)
group |115]. In the previous subsection we introduced projectors that restricted the su(4)g

invariant structures to the respective preserved subgroups. By similarity we suggest

Py = diag(1,0,0,0), P, =diag(0,1,1,1). (4.49)
It is easy to check that these matrices are indeed projectors as they satisfy the relations
(4.27). Let us consider how these matrices act on the scalar and spinor fields of the

Lagrangian. We find

A1 0O 0 0 0
A 0 s o8 |00 g3 -
P = , Po;P=0, Po;P= - -1, (4.50)
0 0 —-¢3 0 03}
0 ¢2 -1 O
0 0 &1 @2 @3 0 000
~ Ao . . O 0 0 O . . -1 0 0 0
Py, = . Pd, P, - . PP = 4.51
22\] )\3 1¥1JL2 0 O 0 0 2¥1JL1 _¢2 0 0 O ( )
A4 0O 0 0 0 -¢p3 0 0 0

We see that this does not create a clear structure of scalar matrices as we had in the above

case. Let us thus first look at the Yukawa interactions

Ly = —i®"{\;, A} +hee. = =i{\ (P, + P,)2®" (P, + P,)?\,} +h.c.
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= —i{(;\lﬁ’l)(ﬁléulﬁl), (]31;\J)} —i{(j\[pg)(pgq)ljpg), (pQS\J)}

—i{(A P (PO By), (Por )} —i{ (N Po) (Po®™ Py), (P )} +hc.

MY(0 0 0 O\ [N\ o\fo 0 0 0 0
. 0000 A2 |]0 0 b5 —de| | A
- 000 o0f “Masllo <65 00 6 T
0000 MINO 6y -1 O A\
MY[O &1 ¢ o5\ [0 o\(f0o 0 0 0\ [N\
dlollo o 0o of X Xll-01 0 0 0] 0
-1 A - -iq| - , +h.c.
0llo 0 0 0| |X Mll-02 0 0 0|0
00 0 0] \\ MJ\=63 0 0 0
=i {5, } —1{A¢", 0} +1{hi¢", A} + hec. . (4.52)

Following this consideration it is convenient to introduce a new notation respecting the

su(3) @ u(1) symmetry

Ao (G o
/\1 - A s )\3 — 77Z}2 =: ¢1 y (bz = ¢2 s 7= 1, 2, 3. (453)
Ay V3 ®3

The new index i = 1, 2,3 reflects the su(3) invariance of the respective vectors.

Writing the new mass terms of the action in a manner reflecting this invariance yields

S = S+—f ded3xtr[ @/}’ O4h; + F)\ O\ + 127;—2¢i¢i
8;“ (60°6, - 05'6) | (4.54)

The newly arising terms can in fact be identified as specific operators. The mass term of
the scalars by itself preserves the su(4)g invariance, the breaking can only be seen for the
spinor fields. Therefore the pure mass term of the scalars can be identified as the primary

Konishi operator [116]

K= %twi@ . (4.55)

The R-symmetry group has 15 generators, three of which can be diagonalized simulta-
neously. Most importantly one of them is 15 = diag(1,1,1,-3). The spinors and scalars
have charges associated to this generators. These are precisely proportional to the mass

terms in the above equation [117,[118]. This yields that the remaining terms are in fact a

111



CHAPTER 4. FINITE TEMPERATURE AND NON-ZERO COUPLING

component of the R-symmetry current

2  —
JE = —tmbZ O4h; — —tr/\ao)\ + —tr (¢'0°p; — Do’ ;) (4.56)
P - Jgitath- Semiath e S )
Therefore we can write the mass terms of the action conveniently as
2 2 i
g - S+—f ded?’ l?’ LI V?”Jﬁ . (4.57)
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Wilson loop defect
As in the previous case the coupling of the scalar fields to the Wilson loop should be
discussed. They are in a fundamental of su(3), however, this is not associated to a

supersymmetry. Therefore we can split the triplet into a doublet and a single scalarf]

o1

6i = | 62 »(U), 1=1,2. (4.58)
¢

®3

The scalar doublet ¢; can then again be interpreted as coming from an N = 2 hypermultiplet.
Due to the scalar and fermionic phases being equal, respectively, this is as in the breaking
discussed previously. We therefore know that this will yield a su(2); ~ usp(2); preserved
by the Wilson line. The complex scalar ¢; = o again preserves a u(1), symmetry. It can
be considered as coming from an A = 2 vector multiplet and hence couple to the Wilson
loop. The difference to the previous consideration, however, is that the spinors of the
vector multiplet obtained different masses and we therefore interpreted them as N =1
vector and chiral multiplets, respectively. Hence the su(2); symmetry obtained previously
is not present in the case at hand.

The u(1), symmetry associated to the complex scalar o is broken when the Wilson loop is

introduced. We can thus again write the Matrix (4.40)

0 10 O
Qry= _01 g 8 _01 (4.59)
0 01 0
The full algebra preserved after the Wilson loop insertion is
su(3)ou(l) » su(2);®u(l), ®u(l) > usp(2); ®u(l) . (4.60)

Restricting to operators that are in the leftover u(1) corresponds to taking the original
usp(4)g index I = 1. Comparing this to the symplectic €2;; we see that the respective

component is zero because it is skew-symmetric. We then would find for example

( LO)AG(w))),, = 4(0)A5(up)),, < Q' =0. (4.61)

This would be the case for all operators in the Ward identity. This implies that we are not
able to use the Ward identity calculation introduced in to relate the bremsstrahlung
and the stress tensor.

If we restrict all operators to be in the usp(2); representation we can follow the argument

4There is choice that we make here corresponding to a rotational symmetry between all three complex
scalars.
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starting at equation (4.40)) analogously and obtain that B = 3h is still preserved.

What is next, we consider a different ansatz. By using a Fourier series representation of
the time dimension the theory is reduced to three dimensions. In this case we are able
to show that R-symmetry can be preserved. For the beta function this yields that the

expected result is to find that the phases go to zero hence preserving R-symmetry.

4.2 Fourier series to 3d

In the previous section we chose an ansatz of field redefinitions allowing us to write the

action in terms of periodic fields only. This yielded a convenient splitting of the action like
Sth. N=4 = SSUSY + Snew . (462>

The part Ssysy is supersymmetric and in the above case in fact has an identical Lagrangian
to the N =4 theory at zero temperature. As this part depended only on periodic fields it
preserves supersymmetry. The new term of the action is the one breaking supersymmetry.
We discussed above at length that this ansatz, however, yields an ambiguity concerning
the R-symmetry. Therefore we suggest an alternative approach here.

The compactification of the time dimension is analogous to a Kaluza-Klein reduction as
we already saw in Section . Following [119] we write the four-dimensional theory as a
tower of KK modes with masses depending on the temperature. The modes are introduced
by a Fourier series. In this section, we will introduce these modes and discuss their effects
on the manner in which we can write the Lagrangian as well as the possibility to preserve
R-symmetry. We focus on the scalar and spinor fields only as gauge and ghost fields are
not relevant for the considerations at interest.

The compactification of the scalars is straight forward. We use a simple Fourier series.

For simplicity start by considering a single scalar
6(r,8) =Y €97 (F)  with @, = %(%) . (4.63)

The extension to a set of scalars ¢; is straight forward. A/ =4 SYM theory is manifestly
SU(4) g invariant and the scalars are conveniently written in a self-dual matrix ®//. The

Fourier series for this matrix is written as

o & e s\
N
@, B, 0

O (7,2) =) TR (7)) =) T (4.64)
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From this matrix we see that complex conjugation is consistent. The conjugate scalars
indeed get an Fourier phases @, with an opposite sign. Furthermore, the self-duality is

preserved and continues to hold for each of the modes
w_ 1 ke
(Dn = 56 (I)—nKL . (465)

This is a first indication that R-symmetry is preserved by the KK-modes. To fully
understand this we will below consider the Yukawa terms.

Before this, we turn to the spinors. Similarly to above we find [119]
No(r, i) = S e Al (E)  with  w, = %(m +1). (4.66)

What is next, we consider the kinetic terms for bosons and spinors. We will show that
these can be combined in a set of periodic fields with a correction term similar to what
we found in the zero coupling calculation [3.1] This will thus link this approach to the

previous one.

4.2.1 Kinetic terms

The Fourier representation of the compactification can be plugged in the kinetic terms of
the action. This is in fact where we expect all correction terms to come from. The reason

being the derivatives acting. We find

B — _ _
Skin. :% f dr f atr [0,07 0" Dry +1IN o O N +iX5" O N ]
0

1 B I - _
= ﬁ Z [ dr f d3517 6‘(”"_°’m)7tr [an@m(bylqu)m 1J+ @(D{l‘]@’q)m IJ
g n,m 0
—wm;\éao)\m] + 1;\{10261)\771[ + wmAn[(}O;\fn + 1)\,1[6’8@;\7{”]
- L S | Patr[+0;0170'D, 15 +iN 0 0N 1 + 1N 15 ON]
_292 — X i X p nlJ n0 UiAnT1 n10 O;A\,
+5, L @, 17 — 2w, N 00N, 1] (4.67)
The final action thus contains indeed what appears as a three-dimensional theory. This
theory has a tower of infinitely many massive scalai’| and massive spinor fields. To find

the final equation we solved the integration over 7 which yielded Kronecker deltas for the

frequencies. Note that these fields can be recombined to periodic fields. For instance note

®The scalars ®17 are massless.
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that we can write

Wp = Wy + (4.68)
The fermionic frequencies can be separated in such a way. Then doing all the steps

backwards we can recreate a four-dimensional theory depending only on periodic fields

S, = SEerode) 2—;2 fo "ar / d%tr[%)\ﬁo/\f] (4.69)
This is (up to a field redefinition in terms of the coupling) exactly the action in
with o = 7/3. Therefore we find that the difference between this approach and the one
considered in the previous one must be yielded by interactive terms. For this it is further
notable that we did implicitly fix a choice for « in our calculation. As the sums are infinite
we would find a similar result by taking out « = 37/s as the mass. This freedom is reflected
in the freedom for « in . Similarly one can argue that also mass terms similar to
can be obtained. If we restrict to the g = 0 case, however, we would be free to chose
the scalar phases. Implicitly we chose the zero mode in our above calculation which does
not yield a mass term.

This freedom of choosing is different here than above. We have no interactions which break
the R-symmetry and hence all choices preserve symmetry in exactly the same manner and

our choice truly does not matter.

4.2.2 Interaction

We can infer from the previous considerations that the interactions are what should mostly

interest us. Therefore consider the Yukawa terms
i B 3 s <
Sk = —f ded tr (A, A} + hee.
29% Jo

B o B B
= Lfo dT/d3:1: Z el @k —wn—wm) T . q)iJ{/\nI,)\mJ} +he.

292 n,m.k
_ QLQQT Er S tr O Ams} +hec. (4.70)

The Yukawa interaction thus preserves R-symmetry and so will the quartic scalar in-
teractions. This is especially interesting when comparing with the previous approach
where we saw that the Yukawa terms break R-symmetry. Such symmetry breakings are
analyzed in [113]. While N =4 SYM theory was not studied in the cited paper, the general
structure suggests that one should not expect R-symmetry to break in A/ =4 SYM at finite
temperature. This is all the more a reason to suspect that the beta function will show a

running of the coefficients towards a fixed point that does actually preserve R-symmetry.
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What is more, an interesting observation can be made in the above result. Consider the

phases in the exponent
N m 2m
O — Wy, — Wiy = E(Qk—(2n+1)—(2m+1)) = E(l{;—n—m—l) (4.71)

Setting this to zero in the Kronecker deltas which emerge from the d7 integral we find that
k =m+n+ 1. The shift by one integer is a consequence from the fermionic frequencies.
Let us trace back how this affects the possibility of recreating the original theory with
only periodic fields. We will find the additional shift in the interaction. This can also not
simply be absorbed in the infinite sum. To see this consider the scalar only by assuming
we made the fermions periodic. This yields

Ze

(2k-2)im 2)17T
B

B = ¥ Heral) = Y Gl s 1 (4.72)
k k

Hence it is not feasible to recombine the Yukawa terms into a four-dimensional theory
depending only on periodic fields using this approach. This reflects, in a yet to be
untwisted way, the observation that we found a breaking of the R-symmetry in the above
considerations.

Let us try to phrase this a bit differently. The reason we did not find a consistent way to
preserve the R-symmetry of N =4 when introducing the phases is a consequence of
the way the Yukawa interactions of the theory are built. This can be seen from the Fourier
series as we see an interaction between different modes. Naively one would expect to find
an interaction between the same modes only. These two observations are closely linked to

each other. Unfortunately the true nature of this connection remains mysterious to us.

For completeness regarding our arguments, let us consider the quartic scalar interactions

as well. We have

1 B -
S¢4=4—g2fo dT[detr [@IJ,@KL] [CDIJ(I)KL]

__[ dedS i@ rin-in-anriy [Q1) KL [By 1By ]
m,n,k,l
4g fd3 Z tI‘ q)]J,(DTIL(L] I:(i)kIJ(T)ernkaL] (473)
m,n,k

We hence find an expected mixing of phases. The striking difference to the Yukawa

interactions is that there is no shift involved.
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4.2.3 Supersymmetry

What is more, we have not discussed how and if the above three-dimensional theory
preserves supersymmetry. If we can find a part of the action that preserves some three-
dimensional supersymmetry, we can construct a thermal BWI with the additional terms
similar to and thus hopefully recreate the relation B = 3h in an analogous way as
we did in the zero coupling case.

If we ignore finite temperature for a moment we would find identical modes for Bosonic
and Fermionic fields in the Kaluza-Klein reduction. With the radius (corresponding to /3
in the thermal case) of the S! taken to zero we would only find the massless zero modes.
This reduction preserves supersymmetries of the four-dimensional theories. In fact, an
N =8 theory is obtained from N =4 SYM [120]. This scales down to theories with a lower
amount of supersymmetry. 4d A = 2 theories are reduced to 3d N =4 theories [121] and
4d N =1 theories are reduced to 3d N =2 theories [122]. We therefore have to consider
how the temperature affects the reduction.

Finite temperature yields the KMS periodicity conditions. Therefore we find only even
modes for the bosons and odd modes for the fermions. Furthermore, we do not consider
any high temperature limit and thus the radius S of the compactified circle is not send to
zero. Hence all massive modes and their respective mass terms are kept. We have shown
above that the KMS conditions ultimately yield an interaction between different modes.
We considered this for the Yukawa interaction in (4.70]).

Let us thus consider a chiral multiplet consisting of only one spinor and one scalar field.
We try to suggest supersymmetry transformations which are indeed consistent with the
interaction of different modes. Albeit providing a consistent cancellation between the
purely kinetic term and a cancelation between the Yukawa and the ¢* interaction, we see
that supersymmetry in fact cannot be preserved with the interacting modes.

Consider the Lagrangian
Echiral = Ekin. + £Yukawa + £¢>4

1
== ,u(bnaugbn + 1)\n$)\n + ¢m)\n)\m—n—1 - Z¢m¢n¢k¢m—n+k . (474)

Repeated indices m,n are summed over all modes.
Supersymmetry is introduced by the action of the supercharge () on the fields. We propose

the following transformations

Qou=Au, QAu= i+ biuannr (4.75)

Again, the index k above is summed over all integers. Let us now look separately at the

supersymmetry transformation of the different parts of the Lagrangian. Note that modes
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can be shifted in a convenient manner. We have for example
Z gbm/\m+n = Z qsm—n/\m ) (476)

which will help us in some of the considerations. For instance the supercharge acting on a
product of identical fields with different charges is written readily as the action on one of

the fields with a respective prefactor. Therefore we find for the kinetic term

Qﬁkin. = _282(Q¢n)82¢n + ziAna(QAn) + 8#( : )

= _287,)\nal¢n + 2>\n$$¢n + 1An$(¢k¢n+k’+l) + au( . )

200026 — 200020 + Ik DDrsist + iAnOrier P + D) . (4.77)

We see that the purely kinetic part cancels readily and we only obtain an interaction-like
term. We took out a total derivative which is not relevant to supersymmetry preservation.

We now turn to the Yukawa interaction

Q'CYukawa = (ngm)/\n)‘m—n—l + 2¢m(Q)\n))\m—n—1
= /\m)\n)\mfn—l - 21¢m>\m—n71$¢n + (bm)\mfnfl(bk(anrkJrl
= )\m)\nAm—n—l - 21)\n¢k$¢—n+k—1 + ¢m>\n¢k¢m—n+k . (478)

Note that the term with the four spinors will cancel independently by a Fierz identity [13].

For the quartic interaction we find

Q£¢4 = _¢m(Q¢n)¢k¢m—n+k = _d)m)\ngbkgbm—fwk . (479)

Let us therefore collect all nonzero terms

Qﬁkin. = i>\n¢k¢¢—n+k—1 + i>\n¢k$¢n+k+l + a,u,( . ) ) (480)
Q‘CYukawa = _21)\n¢k$¢—n+k—l + ¢m)\n¢k¢m—n+k s (481)
QL1 = =P MOk Prn—ni; - (4.82)

The term from ¢* cancels the second term from the Yukawa as they have the same phases.
Consider the remaining terms. The second term of the kinetic ones has the same modes as
the remaining Yukawa term. The leftover term of the kinetic, however, cannot be canceled.
Here is where the problematic of the mixing modes comes into play. The two scalar fields
are distinct and we cannot combine them readily. Where there no modes involved, the

two terms of the kinetic Lagrangian would combine into a single term with prefactor. We
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would have

QLyin. = INOPD +iNdPD + D,u(. . ) =2i\gdd + 9, (. ..) (4.83)
QEYukawa = _21)\¢$¢ + ¢A¢¢ = _21)‘¢¢¢ + )‘¢3 ) (484>
QLys = —-dAdo = 23 (4.85)

In this case we would obtain supersymmetry. The modes, however, make this impossible.
This clearly shows that due to the mixing of the modes, supersymmetry cannot be preserved.
Further note that the cancellation of all other terms clearly showed that we need to have
the supersymmetry transformations as suggested above to cancel the ¢* term and the

kinetic terms.

Supersymmetry is broken by a specific term. Considering again the supersymmetry

transformation of the kinetic term note that we can shift indices to find
QLuxin. = NP1 + N1 dr, + (. .)
= N OkPDni-1 — N OEDDpi-1 — 1kP—nin-1PNn + 0,u(. )
- i P + 0 ) (4.86)
In the second line we used partial integration. We can thus combine all terms and find
QLehiral = —10kP-nsk-1IN — 2IN Ok PP pir1 + 0, (.. )
= Q016 1#60) - 3 Q62030 151) + B )
= -iQ) ((ﬁn(ﬁk(ﬁ(ﬁfnﬂcfl) +0u(.-.) (4.87)
The full action can then by hand be written with a term that preserves supersymmetry
Lo = 06000+ M+ oAt = TomOndidm s
+ 10 OrO k1 = iOn kPP ik
= Lsusy — 10n kP nik-1 - (4.88)

Note that throughout these calculations we did not consider the mass terms of the phases.
As the fermionic and bosonic mass terms differ they also break supersymmetry.
Naively we thus wrote the action satisfying (4.1)). Therefore a BWI similar to (3.27)) can

be derived allowing us to relate the bremsstrahlung to the stress tensor. The difference

120



4.3. OUTLOOK

here, however, are the different modes. We would have to derive the BWI of the above
action taking into account the interactions between the different modes. Furthermore, we
note that the supersymmetric Lagrangian is very different from the zero temperature one.
We had to include an additional term to the Lagrangian which would change the present

supercurrent. Also, the above considerations should be explicitly calculate for the full
N =4 SYM theory.

4.3 Outlook

Let us summarize the outcome of this chapter. We found that the Yukawa terms are what
does not allow for a clean redefinition of the action as a supersymmetric term depending

on periodic fields only plus mass corrections, see (4.1))

S4dth./\f=4 = SSUSY + Smass-terms . (489)

This is what was a key to deriving and using the BWI in Chapter |3} We compared two
approaches.

Firstly we employed a field redefinition making the fermions periodic by taking out a
phase. This approach is analogous to the one used at zero coupling in Section [3.1} The
Yukawa interaction then yielded similar phases for the bosons and finally a breaking of
R-symmetry. While at g = 0 the choice of phases had no impact on our final result, here
we would find that the symmetry breaks into different preserved subgroups. Therefore an
explicit choice for the phases turned out to be very relevant to the interacting theory. The
idea to fix such a choice consistently is to consider a dynamic calculation. This is inspired
by [113]. By computing the self-energy we expect to find some restriction. Our advances
in the self-energy calculation are presented in Appendix [Hl There we start by considering
the scalar self-energy and eventually find that this ansatz is seemingly inconsistent. As of
now we are uncertain regarding the source of said inconsistency as the derivation given
in this chapter is straight forward. We suspect that it is possible to employ the phase
redefinition ansatz if appropriate changes are made. Those changes have to, for instance,
preserve R-symmetry and reproduce a consistent thermal mass.

While the first approach had the upshot of manifestly preserving supersymmetry (modulo
the mass terms) the R-symmetry is seemingly broken. We therefore employ an additional
different ansatz. We considered the fields of A/ = 4 SYM by a dimensional reduction
inspired by [119]. From the KK-modes we found a tower of massive fields. The kinetic
terms allowed for us to reproduce our findings at zero coupling. This can be interpreted
as a consistency check for Section The Yukawa interaction, however, created an
ambiguity. By plugging in the phase expansion we found that, unlike the quartic scalar
interaction, there is an interaction between different Fourier modes. We showed that this

interaction breaks supersymmetry with a new breaking term. Furthermore, to further
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employ calculations with this theory another issue needs to be adressed. The KK reduction
also introduced an infinite tower of massive gauge fields. To allow for these we would have
to introduce a Higgs-mechanism for each of the fields making loop calculations considerably
more difficult.

In conclusion the two approaches both have an ambiguity created by the Yukawa interaction.
One seemingly breaks R-symmetry, the other breaks supersymmetry. Whatsoever, each
ansatz for itself follows a self-consistent logic. With the considerations outlined we hope
to be able to find that both sides eventually merge into a common result. If this result, as
desired, has a SUSY-preserving part and another part with (mass-like) breaking terms
we would be able to reproduce the thermal BWI . This might lead to a calculation
similar to the one at zero coupling showing that B = 3h also in the interacting finite
temperature theory.

In Appendix [[] we thus suppose a different approach which does not rely on an explicit
field redefinition. Ideally we will find that this ansatz for the action is the consistent
combination of the two approaches presented in this chapter. We write down the most
general Lagrangian with periodic fields. This includes also all operators of small mass
dimension which then get prefactors of the temperature. In this way the mass term for the
scalars and fermions are readily recreated. In a dynamical calculation of self-energies we
find (at leading order) that we get constraints on newly introduced mass-terms. Therefore
this approach is very promising and would allow us to use the BWI in the same manner
as in Section 3.1} Although the arguments presented in [[] strongly suggest that B = 3h
holds as an exact relation at finite temperature it is relevant to mention that the presented
consideration are to some point work in progress and we therefore do not claim to definitely
know that the relation holds.

What is more, this relation between bremsstrahlung and stress tensor can also be studied
in a weak coupling perturbative approach. In the following chapter we provide a starting
point for such calculations by considering the circular and straight line Wilson loop at

order A2, that is including self-energy corrections and vertex diagrams.
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Chapter 5

Higher order corrections to thermal

Wilson loops

The result obtained thus far have been at zero coupling. In the preceding chapter we dis-
cussed the effects of interaction terms on the Broken Ward Identity. Most importantly we
found a breaking of R-symmetry. The relation between the bremsstrahlung and the stress
tensor can, however, also be considered following the perturbative argument of Section [3.2]
For any steps in the presented argumentation it was vital to know an expression for the
circular Wilson loop.

Therefore, in this chapter, we turn to the perturbative calculation of the the Maldacena-
Wilson loop in SU(N) N =4 SYM theory [57,58| at finite temperature. More precisely we
study the corrections of order A\? by going to a non-zero coupling. This will yield vertices
from the action in the weak coupling perturbative expansion. We will not consider the
bremsstrahlung explicitly here. Instead, we simply compute the Wilson loop expectation
value. We will find that the thermal corrections at this order yield non-trivial terms which
do not allow for a straight foreward derivation as presented in [2.2.2] Consider for instance
the result . The calculation in this chapter, especially concering the self-energy
diagram will make clear that such an explicit relation cannot be expected at order A\2.
As the interactive diagrams are not trivially obtained we require some preliminary consid-

erations. Recall the definition of the Wilson loop

1 -

W(C) = ytPesp| f de(ia,(2(0)(0) + @, (o)l | (5.1)
c
L P [Jc{dt('A 4 B, iln") (5.2)
= —trPe iA, & AEn) ], :

N *PlJe :
where as before A, = A4T“ is the gauge field and ®, = ®¢T* (r = 1,...,6) are the six
scalars. We denote the generators of the SU(NN) gauge group by 7% as mentioned above.

n" is a six-dimensional unit vector (n? = 1) on the S® on which the 10 dimensional N =1

theory was compactified to get A =4 in 4d. P is the t-path-ordering.
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The integral in the exponential function runs along a (closed) contour C. We are interested

in two different paths. We considered the circular loop with radius R
Co:trx(t) = (0, Rsin(t), Rcos(t),0), te[0,2n], (5.3)

and the straight line of length L — oo

O itoa(t) = (0,0,0,8), te [-g g] | (5.4)
Generally we have z# = (x9,Z) € R3. Zero temperature results for these are known
from [62-64]. The leading order thermal correction was considered in the previous chapter.
For the circular loop we found an expansion in small and high temperatures while
the straight line remains to be equally one due to vanishing prefactors.
When including higher orders, further effects need to be accounted for. The Wilson loop
gets three different corrections at order A2. The respective diagrams are gathered in Figure
[1.1] The single propagator insertion [I.Ia]is the only diagram contributing at order A. This
diagram will be called (W@) 3 in the following. From the Feynman rules we saw that the
propagator yields a factor g2§% and the color trace tr 7%T* = N?/2 combines with the 1/n
to give a total prefactor of 9°N/j2 = M.
Such a combination will in fact occur for all the diagrams and we will note everything
in terms of the 't Hooft coupling A in the following whenever possible. When we turn to
calculating the diagrams explicitly we shall see that this prescription can indeed be found.
The insertion of two parallel propagators conversely is then proportional to A? and
called (W@) 3. The self-energy insertion has only one-loop insertions at leading order
which contribute at order \° such that with the two external legs we find again \2. We
will call this diagram (Wg)s.The insertion of the three-vertex interaction shall be called
1.1dl From the Feynman rules it follows that the vertex contributes as A~!. Hence, the
coupling dependence of one of the three propagators is canceled and we are at order A\? as
expected.
One could suspect that there should be a diagram with two crossed propagators. However,
such a diagram is non-planar and thus subleading in the large N limit. Also the insertion
of a four-point vertex does not contribute at this order because the four propagators and

one vertex yield A1 = \3 «< A2, The full Wilson loop is then given by

(W)=1+Wa)s+[(Wg)s + (W@)s + (W@)s] +O(NP) . (5.5)
o) O()2)

Note that the next subleading order is not A3 as naively expected. This is due to the
infrared divergences which appear at finite temperature [47,100].

The calculation of the diagrams at order A\? is significantly more complicated compared
to the leading order. While the rainbow diagram is relatively straight forward, the
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self-energy insertion and the vertex are challenging. The vertex calculation will
mostly be calculationally heavy with integrals that require a numeric integration. For the
self-energy at T # 0 one finds [47,53/100] that even the leading orders have integrals which
cannot be solved analytically. We therefore will need to consider a limit before considering

their Fourier transform from momentum to coordinate space.

In this chapter we will consider a couple of preliminary calculations for this self-energy
diagram. Firstly we will explain corrections of higher order and show that in fact we will
expect the next order to be A2, The gauge propagators in general might have a non-trivial
dependence on spacetime indices, especially when self-energy corrections are included.
How this affects the WL calculation will be regarded in the second section. Finally we will
consider the scalar and gauge self-energy. We calculate in a Feynman diagram approach
and by using a thermal averaging process will be able to Fourier transform the resulting
propagators to momentum space. Equipped with these preliminary results we are then
able to calculate the next-to-leading order contributions to the circular and straight line

Wilson loop at weak coupling.

5.1 Corrections beyond \?

Let us consider higher order contributions to the perturbative Wilson loop calculation.
Naively one would expect the next subleading order to come with A3, however some of the
diagrams in the finite temperature approximation will have infrared divergences [47,(100].
These divergences can be resummed to a finite contribution which turns out to be of
order A2, We will not calculate these corrections explicitly but rather explain how the

dependence on A? is yielded.

Therefore consider a simple self-energy in ¢* theory. There are two self-energy diagrams we
naively expect to contribute at order A2, the one with two bubbles and the sunset diagram.
We name the former Eél) where the subscript indicates the naive order in perturbation

theory and the superscript distinguishes it from the sunset diagram.

o5 =

d3q A3k 1 1

=96\ (27‘(‘)3 (27‘(‘)3 T m’;oo [(iwm)Q _ q2]2 (in)Q — kg .

(5.6)

We clearly see that the two sums and integrals may be separated. The integral over the

one propagator (l% and w;) is the one-loop self-energy integral which is proportional to the
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thermal mass m? = AT2?. We will call this one-loop self-energy ¥; = 12m?2. Hence

(1 _ S L
2D = A% T/(2 5 Y oy (5.7)

Let us look at the zero mode which is proportional to

q? 1
Aqungqu?. (5.8)

This integral is IR divergent. However, this is not the only IR divergent diagram propor-
tional to A. In fact only diagrams of the form in Figure will contribute. The diagram

Figure 5.1: Self energy corrections with N bubbles. On the tadpole correcting the
propagator N more tadpoles are attached.

consists of a single loop correction attatched to the propagator. This loop itself carries
several one-loop corrections. For an N loop diagram there are N — 1 of the small loop
corresponding to ¢, where N > 2.

Following Kapusta’s book [47] and defining the bare propagator Ag!(w,,p) = w? + |p|?, we

may sum up all such diagrams to be

B = A Z f(z 7 2 i (=20 A (wn. )

- f [ ok mw i

To find the correct order in the coupling we can replace X1 = 12AT? and calculate the zero

mode

$(n=0) _ _ y(1=0) _ 6\/_

- ) [ VS oy 5.10
o2 (2m)3 |p|2+12)\T2 (5.10)

The first term above is the temperature independent term which is of no importance as its
ultraviolet divergence can be renormalized. The second term, however, clearly shows the
next order in perturbation theory is A¥2. Note also that in agreement with [47] the sign of
the new subleading term is negative. In the case of a three-particle vertex we also find
diagrams depending on log(\), which, however, are of even higher order. For the scalar
self-energies they would start to contribute at order A?log(\) yielding an appearence at

order A3log(\) for the Wilson loop calculation.
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Conclusively, the next higher order we expect in the thermal perturbative expansion of

Wilson loops in weak coupling is \*2.

5.2 Theorem on gauge propagators and closed Wilson

loops

In the perturbative expansion of the Wilson loop we will consider the insertion of scalar and
gauge propagators including low order Feynman diagram corrections. While the structure
of the scalar propagator is straight forward, the gauge propagator has two spacetime
indices yielding a nontrivial structure especially at finite temperature. We thus want to
write down the gauge propagator in the most general and most covariant form possible,
considering that at finite temperature Lorentz invariance is broken and we therefore get a
separation between transverse and longitudinal components [47,100]. We then want to see
which part of it can contribute to the Wilson loop.

The momentum space gauge propagator in any R, gauge is generally given by [47]/100,
123/124]

P,uu Qp,u

P[R,
T L

P4

A

¢ (5.11)

with the transverse and longitudinal projectors ]SW, and QW, respectively. They are given
by

A (Py = pou) (P, —pow,) (00

P, == +uyu, + H “|#|2 = 0 5. and (5.12a)
P AR

. 2w, + po P, — piu,) (|p|2u, + po P, — p2u, PP, .

QW:_(| Py + po by o};;3|](3||2| 0 oUv) = b~ ~5" =B (5.12D)

u, = 0,0 is the unit vector along the time direction, sometimes called "mean velocity of the
heat bath'. See [47,53,[100] for further explanation. Also, as mentioned above, P* = (pg, p).
The transverse and longitudinal self-energies I and 11, are a priori arbitrary functions.
They can be obtained from the vacuum polarization tensor 1I,, as defined in Section
below (Equations . Generally the transverse polarization Il is related to the
transverse projector pu,, and likewise the longitudinal polarization I, is related to the
longitudinal projector QW as can be seen from the above definition of A,

We can show that the terms with projectors P, P, and p;p; will not contribute to a closed
Wilson loop. Thus we also do not need take care of the gauge part. We state this as a

theorem:

Theorem 1.

Any smooth closed Wilson loop parametrized by x(t), t € Z c R does not receive contributions
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rom any propagaior term wi maexr structure v OT P;p; at teaaing oraer in (& 00
fi tor t ith index structure P, P, i at leading order in the 't Hooft

coupling.

To plug these terms of the propagator into the Wilson loop they need to be Fourier
transformed. The idea of the proof is that P, can be pulled out of the Fourier transform
as a derivative. Using the prefactor &}z these can be combined to form derivatives with
respect to the contour parameters t;. Partial integration can then be used to show that only
boundary terms contribute. These are the beginning and end-points of the parametrized
contour and for a closed contour these terms thus vanish. We will proof the theorem in
full detail below.

Note that the straight line Wilson loop as parameterized above is not closed. However, it
would also not be gauge invariant. We therefore assume that we can identify the points
at +oo and —oo with each other to thus close the loop|I| [63]. Then we can indeed use the
above theorem also for the straight line.

The contribution of the propagator in the Wilson loop comes from
THEYA (21 — 22) (5.13)

Due to the broken Lorentz invariance it is most useful to consider

o [a®Y
iy (t)—(g(t)) . (5.14)

where the unorthodox convention i = (a, 5) is introduced for later convenience. Theorem
shows that terms with P, P, structure can contribute only with boundary terms in case
the loop is not closed. The same holds for p;p; analogously.

Let us look at how @#(t;)"(t2) contracts with the two projectors. We ignore the fact that
the projectors are in momentum space as the momentum space dependence will eventually

be Fourier transformed. For the transverse case we obtain only the spatial components

[b(t1)p] [b(t1)7]
15[

()i (t) P, = b(1)b(ty) - = b(t)b(t) . (5.15)

As argued above the second term does not contribute. For the longitudinal contribution

we find the opposite, only the time component contributes:

[b(t1)p] [b(t1)7]
B[

[ (t) Pu] [ (4) B ]
P2

() d (4) Q= i ()i (t) — —b(t)b(ty) +

= a(t))a(ty) + b(t)b(t:) - b(+)b(t2) = a(t)a(ty) . (5.16)

! An alternative way to get gauge invariance would be to calculate the Wilson line sandwiched between
two fields.
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Again we canceled structures with P,P,. As mentioned above this result is independent of

the momentum. We can clearly make one crucial observation from this.

Corollary 1.
Non-constant Wilson loop contours in the 0-direction (time) allow only for longitudinal
contributions.
Non-constant Wilson loop contours in the i-directions (space) allow only for transverse

contributions.

Wilson loops that include both, transverse and longitudinal terms thus must come from
contours that are in the 0— and also in the ¢-directions. Further note that constants in the
parameterization of the contour are of no importance as the contributions depend only on
TH(t) = 92" (V/at.
The theorem [I| implies that for closed Wilson loops in the spatial directions the gauge-
propagator to consider is
6#,, d;j

A, = P2 _ HT s = 5;5,{]32 . +.o (5.17)

where the dots represent all terms which do not contribute. Similarly this is also what

contributes for the straight line.

Let us now proof theorem [I] in detail.

Proof.
Recall the transverse and longitudinal projectors (5.12)),

(P, —wuy,)(P, - wu,)

P, =0 —uuu, + P37 and (5.18a)
([w? - P?lu, + wP, - w?u,) ([w? - P?lu, + wP, —w?u,)
Quv =~ Po? D7) : (5.18b)

respectively. Thus we can write the gauge propagator as
A (P) =01 (P) + P,P,Ay(P) + uyu, As(P) + (Pyuy +u, P, ) Ay(P) . (5.19)

The contribution of the gauge propagator to the Wilson loop at leading order is

ygdt % F[Aw(P)] (21 - 22) (5.20)

where F denotes the Fourier transform. The first two terms of A, (FP) above may
contribute to the Wilson loop following corollary . The last term is odd in P, and hence

necessarily cancels in the Fourier transform which is naturally even.
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We thus only need to show that P,P,A,(P) does not contribute to a closed Wilson loop,
this term is denoted by (/\VV) The idea is to extract the P#P"” dependence from the Fourier
transformation and include it as an external derivative acting on the propagator. This
step is valid if the function Ay(P) is continuous differentiable and if Ay(P) as well as its
derivative are integrable. Remembering that the propagators get an additional +ic in the
denominator to move poles away from the real axis which is usually omitted, one clearly
sees that for real P the stated assumptions are met.

The only possible pole one would expect is at P = 0 which the +ie shifts to a non-divergent
result. One needs to take the limit € - 0 in the end and to be most precise we define the
propagator which has this cut-off as AP] Then the P#P” can be taken out of the Fourier
transform as derivatives.

o 0 o 0
o g 2D (@) = 5550

0 0 %

F[PMPVAE(P)] (:L‘) = ]:[Aa(P)] ("E)

We want to turn this expression into a total derivative by combining with &% = 925/at,,
however, we need to be careful with x; and x5 appearing in the calculation. The propagator
depends on x; — x5 and therefore we also want every other factor to have the same
dependence. Therefore we write

ony Oy -ay) Oy Oaf-ab)

- (4 — ) . 22
ot ot ot o, (ti-t) (5-22)

The Dirac delta function in the last term will set the insertion points of the propagators
into the Wilson loop to the same point. This will cause a divergence which is well known
in the literature and can be regularized by a mass renormalization of the particle forming
the Wilson loop [1257127]E|. We implicitly do this renormalization and can thus assume

the two insertion points never to meet, writing

Oxg __ O(xf —x35)
= - . 2
Oty oty (5:23)

Define the interval on which the Wilson loop is parametrized as Z = [a, b] with z(a) = x(b)

as the loop is closed. Then the gauge contribution becomes

— A\ b t T
(W) :5[ dtlf dty &4 T5A 0 (21 — 2)

A b o
=§fa dt1'[a dtg@(tl—tg)xlfxgﬁw,(xl—xQ)' (524)

2 Another way to circumvent the divergence at P =0 is to define the radial integration in the Fourier

transform as AlimO /. AojR dP. As our result does not depend on the type of regularization we use, we will
IR
stick to the above notation for both.

3For a review see [67].
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A, is the Fourier transform of the momentum space propagator as defined above. This

implies that in the Wilson loop the part with P, P, is given by

— )\ [P b o O 0
(W):Efa dtlfa dtz@(’q—’cz)xlxg(axl,%ﬁz,e)(ml—$2)

0 0 %
A27€(1'1 - 1’2) (525)

A bd bd O
——5 . tlfa fg (tl_t2_€)8_’c18_t2

Ao 0 b
2—5/; dty ([@(h—fz)a—hAz,e(xl—f@)] -

to=a

A 0 «
—El dfg 5(t1—t2)8—t1A275($1—$2)) .

In the last step we partially integrated by moving the derivative with respect to t;. The ¢,
integral in the second term sets x; = x5 and thus the t; derivative acts on a constant, thus

vanishing
b 0 o
/ dts (b — o) Ao (2(t) — 2(t2)) = —As.(0) =0 . (5.26)

For the remaining piece we can plug in the boundaries. ©O(t; — a) does not change
the integration boundaries while ©(¢; — b) sets the lower boundary to b. Again partial

integration can be used to solve these integrals such that we only get boundary terms.

) =5 [t g dacat) = s(@) -5 [ dt 5-Bac(olt) - o(0)

A

= 2 [Bou(@(b) - 2(a)) = Bo(0)] . (5.27)

Using z(a) = z(b) yields

>

W) = 5 [A2.(0) = Ay (0)] = 0. (5.28)

This completes the proof. [

5.3 Thermal self-energy of N =4 supersymmetric
Yang-Mills theory

One key ingredient we need for the order \? calculation of the WLs are the self-energy and
vacuum polarization of the scalar and vector field, respectively. They will enter through
diagrams in the second order correction as explained in the introduction, see Figure [1.1c
Unlike in the zero temperature case [62] the insertion of the self-energy will not cancel
against the insertion of a vertex (Figure [L.1d).
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Thermal self-energies are known quantities in textbooks on thermal QFTs [47,/53,/100],
however, their computation usually involves a nontrivial integration over hyperbolic
functions that cannot be solved analytically. One known approach to thermal theories
is the Hot Thermal Loop expansion [119]. Internal and external momenta are separated
in soft p ~ VAT and hard p ~ T momenta. While In this section we apply the two above
theories to a concrete example. Let us consider A/ =4 SYM theory at a finite temperature
T'. We calculate the scalar self-energy and the vacuum polarization without focusing on

the presence of the Wilson loops into which they will be inserted in later.

5.3.1 Vacuum polarization and scalar self-energy

We want to obtain the vacuum polarization and scalar self-energy starting from the
Lagrangian, focusing only on the T"# 0 terms as the Wilson loop at zero temperature is
well known [624/634|67].

Loop integrals at zero temperature can be calculated using the known methods presented
for example in [128]. For loop integrals at finite temperature we will use the imaginary
time formalism [47,53,|100]. This yields that frequency sums must be evaluated. The
relevant frequencies are @, = 2n7f for Bosonic and w,, = (2n + 1)x3 for Fermionic loops,
respectively. Recall that we introduced the inverse temperature 5 = /7. The frequency
sums are then given by the hyperbolic cotangent (Bosons) or hyperbolic tangent (Fermions)
functions times the residues of the propagators [47,/53,|100]. It is then easy to separate the

zero temperature contribution by introducing the Bose-Einstein and Fermi-Dirac statistics

2

|pol
COth(ﬁ):1+2nB(|p0|)=1+eiﬂo/T_1 , (529)
tanth ( 2) = 1~ 9 (lpol) =1 - —2— (5.30)
o)~ FAPOV = 27 ror 41 - ‘
The more precise formula for Bosons reads
N 1 D
T f(po=idy) = ) > Respy—p [f(po)] coth (ﬁ) : (5.31)

nez p=poles of f

For Fermions the hyperbolic cotangent is replaced by a hyperbolic tangent because of the

different statistics of Matsubara frequencies.
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5.3.1.1 Scalar Self-Energy

Following the Lagrangian (1.56|) and the Feynman rules (J.2)) we find four diagrams for

the scalar self-energy:

Q+P
. /\ ,
(Si)hi=g? al b
Q
- >\5ab5 2 P2
=4 1J ,i@ @ - W ) (5.32a)
P+Q
(D1 0 t;z} e W
al------"-@-------@------- bJ
P Q P
- )\(Sabé 1 P2 b
=2 IJiQ 2Q2+Q2(Q+P)2 : (5.32b)
Q
a 0 . 1
(5102 = g? o - 5\ bcsujf o (5.32¢)
al------- RREEEEE bJ ?
P P
Q
: %) 1
(2171,)[3 c = 92 %;i;% - _4/\5(112(5[] i @ . (532d)
al-------®&------- bJ Q
P P

The additional ¢? was added due to the discussion in |3.2.1, Moreover, here we used the
notation P = (p07ﬁ)7 Q = (q07(j) and

N d"'q 7= d‘Q
y‘;'_Tn_me 2m)t @) (5.33)

The full scalar self-energy is then given by the sum of all four diagrams

ab ab ab ab ab
(El)IJ = (Zl,f)u + (El,sv)lj + (2175)1J + (ZLU 1J > (5'34)
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however, we need to pay attention to the different statistics for Bosons and Fermions
when adding the different contributions. Because of this some terms which cancel at zero
temperature due to a relative minus sign will give non-vanishing contributions in the
thermal case yielding for example the thermal mass [47,53}/100].

Note also that we did not yet include the external propagators of the diagram proportional
to (92/P2)2 which will, together with the N from the Wilson loop exponential yield a

prefactor of g N2 = A2 as is expected for this order of perturbation.

5.3.1.2 Vacuum Polarization

For the vacuum polarization of the vector field we find

Q+P
_r N _r
(Hl,f>7f; = g2 ha vbh
Q
1 QuQy
_ ab 2 _ _ ab H
= 4N (P2, Pupy)yg—Qz(Q+P)2 160 ;; Zo e 53
1 Ny
L 4\6P, P, j S S SV T
"I QHQ+ P)? ¢ Q?
Q+P
p N p
T ] 9000200000 1 b
Q
Qu@y 1
_ ab H _ ab
120 j/v?; Fope PMPVJQQ—QQ(Q+P)2 , (5.35b)
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Q+P

_ a 1 a QMQV
_ 2§ (P2, - P,P,) 2‘; I ;; G (53

|
~ 6P, P, j@ —Q2(Q TP
Q
(M) 2 = 92 g y b = —GA0 Q% (5.35d)
P P ’
Q
(i)™ = g W& - 20 ¥ % . (5.35¢)
P P ’

The full vacuum polarization at one loop is given by
Mgh, = (Mo p)5 + ()5 + (Tawg) o + (Maee) o + () (5.36)

Mind again fermionic and bosonic statistics. Although the ghosts are anti-commuting
Grassmann fields we set their statistic to be bosonic following [53,(129]. Therefore, only
(11, f)Zl; is a fermionic integral.

5.3.1.3 Contribution From The Divergence

The full results for the scalar self-energy and the vacuum polarization are

1 1
EZ_8>\$Q(5B_5F)@+2)\P2£(63_25F)W7 (537&)
1
M, = 8N f (35 - 5F>— 2 (P = BP) (o= 200) sy (53T
Quly
_4)\PMPV2;(5B _5F>—Q2(Q s+ 16A§f(53 ) G L P
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Again, d g indicates Bosonic Matsubara frequencies @,,, = 2rmT while 0 indicates Fermionic
Matsubara frequencies w,, = m(2m + 1)1 with m € Z. These frequencies are the ones

associated to the loop momentum Q? = (iw,,)? - |G|*> where we defined furthermore

j Tm_z f 2703. (5.38)

These integrals are evaluated using expansions in high and low temperatures. At exactly
zero temperature we can simply add the above results and find, including also the external

propagators explicitly [62]

I'(e) 1
ab _ _ 4 ab i
NOW e
4, = —12¢g* Ny, 6% 2 : 5.39b
We used dimensional regularization in d = 4 — 2¢ dimensions to compute
at 1 r
© _LE) (5.40)

(2m)42 Q*(Q + P)?  (4m)?

For the calculation of the Wilson loop it is important that we have the same prefactor for
the scalar and vector fields, such that we can combine their respective contributions as
we did for the ladder diagrams. The above result reproduced the well known one from
Erickson, Semenoff and Zarembo [62]. We will not go into details of how the divergence

for € - 0 is renormalized and the Wilson loop computed as this is done in the cited paper.

5.3.1.4 Longitudinal And Transverse Parts

From the general vacuum polarization the longitudinal and transverse part can be obtained
via

2

I = —Wu“u”l_[w, , (5.41a)
1 1 uw
HT = —EHL + 57] ij , (541b)

respectively [100,/123,124]. This yields the two expressions

p? )
II; = - |p|2 lAT2+2A(P2 6p0)$ m+4)\(P2_2pg)i@cy(Q—F-;-P)2
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1 Sp— 40
My = —=II, + AT? APQjM. 5.42h
TR T R Qe Py o420)

5.3.2 Frequency sum and angular integral

To obtain a final expression for the self energies we need to evaluate the frequency sum
and an integral over the three-momentum. Without expansion it is possible to sum all
Matsubara frequencies and to evaluate the angular part of the integral. The result of this
calculation for the polarizations is known [123] and therefore we will here go through the
calculation for the scalar self-energy.

Recall

1

TGITT (5.43)

1
> =-8\ ‘iQ‘((SB - 5F)@ + 2)\P2 %(53 - 25}7)

with P? = p2 - |p?> and Q? = —w?2 - |G[>. The Matsubara frequency sums are obtained by

using residues as follows

o 1 q
TS f =500 =k X ety (a0 xcort (11 (5.44a)
nez 2 g=poles of f 2
: 1 ]
Ty f(go=1iwp)0p=-= Y Resg-q[f(q0)]x tanh (M) : (5.44b)
nez 2 g=poles of f 2T

Using this we find

E:4>\f

In the next step we turn to the angular integral by using spherical coordinates d*q =

d’q 1 Jesels (2) B P2(p3+q®-1|p- §|2)tanh(%) (coth2 (%) - 2) (5.45)
(2m)% q T -2p3 (¢2 + [ - G*) + pi + (¢~ [p - G*)°

r2sin(0)drdfd¢ and (p-qG)? = p?+q>—2pqcos(f). As the integral over ¢ is trivial it simply

yields a factor 27 while after integrating over 6 we find

A e q\, q q
Y= = fo dq [32qcsch(f) + ? (coth(?) - 3csch(?) - 1) X

(p—po—29)(p+po—2q)
1Og((p—po +2q)(p+po +2Q))] ' (5.462)

Similarly the longitudinal and transverse polarization can be obtained. The calculation is
known [123] and we find

A [ q
"= 5 fo dq (coth (T) - 1) [16gpe™ (p*p3) + (0 - B3)
2p
e (2(po - 29)* +p*) - p*) o (1_—)
(( (2(po - 2¢)* + p?*) - p*) log P
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+(p* - e (2(2q + po)? + p?)) log (Z—p + 1)

20 =p+po
+16¢poe?” log (p +p0))] (5.46b)
Po—Dp
) P— (pQ—pﬁ)foodq (coth(g)—l)x
8m2p3 0 T
x [(6‘”T (30"~ 4(po —29)*) ~p*) log (1 - 2—p)
20 +p—"po

+ (e (4(29 + po)? - 3p°) +p*) log (ﬁ ' 1)

-32¢poe?T log (p Po ) + 32quQ/T] . (5.46¢)
Po—-Pp
These integrals over ¢ cannot be solved without expanding. Therefore we need to consider

different limits.

5.3.3 High and small temperature limits

Let us assume that T" — oo and that further P << T'. This is in fact the same assumption
also made for the Hard Thermal Loop approximation [119] where one sets P o< VAT. For
the high temperature limit first rescale ¢ - T'q and in the next step expand around high
temperature. This yields

2= () = ° )
(@) 3) ()2 oo
1) ) == 25 [ (eram(eot() - 1) (65 - 5 105 (22 - 20m)
AT [ 5er-3) cotia) -1+ O 77 (5.47b)
1) ) = Sy [ daeta(eotis(e) - 167 - 59) (20 - poton (222
-0t [T L9 (ot -1 +0(35) . BT

For all three cases the first integral is readily evaluated. The second integral, however,

suffers from an IR divergence which we will regularize by a cut-off ;. Furthermore the
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constant part can only be computed analytically. All in all we thus find

1
ST=) (pg, p) = 2AT? + 2 (p] —PQ)( L loe(s,) + cl) +0 (i) :

2m2e, 472

oo AT2p D+D
) (po, p) = ! ((pﬁ—zﬂ)log( 0)—2]9170)

2p° Po-p
N 1 log(g,) 0 1 1
oo AT2 (p? - p? +
I3 (po.p) = % (2p—po log (]];0 _p;))
1 log(e,) 1
+A(p* - p5) (_67T2€q+ 47T2q +02)+0(ﬁ) :

The leading order does indeed agree with the HTL limit in [123]. The constants came

from numeric integration with
c1 ~0.07659513875211767 , o ~ 0.014887402805171021 (5.49)

Assuming that the temperature is smaller than any other scale is very similar and in this

case the remaining integral is readily evaluated in all cases such that we find

2T 4472 AT (p* + 3pp)

E(T—>O) — E(T=0) + O T6
(pOap) (p0>p) 3 45(]72 _pg)Q + ( ) )
- AT2 4Ar2X\T* (13p2 + 9p?)
7= = 1170 + - o/ L O(T 5.50
T (pOap) T (vap) 3 45(]72—]93)2 ( ) ’ ( )
- - N2 A2 T4 (17p? — 9p?
I (o, p) = I (po, p) + o + 70"~ 90o) +0O(T°) .

3 45 (p2 - p2)°

Once again, we do not write out the 7' =0 result (5.39)) explicitly as it is known from [62].

5.3.4 Fourier transform of the corrected propagator

The most straight forward but naive calculation is to take the self-energy corrections
and as they are and plug them into the Wilson loops. This involves a 4-dimensional
Fourier transform and the nested integral along the loop contour. Due to the involved
structure of the self-energy which needed to be expanded we use one further simplification
before considering the Fourier transform.

Let us move to the calculation of the straight Wilson line which we define to be entirely in
the spatial x5 = z direction as an example. The point at which the straight line attaches

to the thermal circle should in principle be kept arbitrary. Therefore we will average over
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all points z € [0, /7] thus taking the thermal average. Let f(&,,p) be the insertion
to the Wilson loop in momentum space and f (g, Z) its Fourier transform according to

Equation (5.51]). From this the thermal average is defined as

< R f dIO f(iUO; I) 1WnTo—IPT
fin av.(Z) = ° fol/Td _T/ dzo Z f(2 )3 f(@n,p)e

—Tf o )3f(wn_ B (5.51)
We used that

1T N -1 2imn -1 2imn
Tf dl'() eiwnTo — _@+—e =0 Vn € Z\ {0} and lim (_1+—6) =1.
0

2mn n—0 2mn
(5.52)

Therefore, by taking the thermal average we pick up only the zero mode in the self-energies
and do a three dimensional Fourier transform with prefactoff] T. Note, however, that this

smearing cannot be used for the Polyakov loop which lies on the thermal circle.

When considering Wilson loops we can use the smearing introduced in the above Equation
(5.51). By taking the thermal average we effectively set py = 0 which thus simplifies the

self-energies and vacuum polarization we consider. They are given for the high and low
temperature limit by Equations (5.48) and (5.50)), respectively. They read

E(T_’“)(O,p):Q)\TQ—Z)\pZ( : —log(gq)ml)m(i),

2m2e, 42 12
(T—>00) 5 1 log(e,) 1
IT; (0,p) =Ap _67r25q t— o te|t @] 73 (5.53)

(T—>o0) o2 L \L2 1 log(eg) 1
I} (0,p) =2XT" + \p (_67r25q+ a2 e +0| =) -

and

2NT? 4472 \T?

E(T—A))(O’p) - E(TZO)(O,p) + 3 - 15,2 +0 (T6) ’
o - AT? 52w \T4
L0 (p0.p) =10 (0,p) + == = ===+ O(T°) | (5:54)
N - AT2 68w A\TH
HET 0)(0,]3) _ HET 0)(O,p) i n ™ +0 (T6) .

3 45p?

4The fact that this prefactor is present can for example be seen by dimensional analysis.
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The remaining Fourier transform is then rather straight forward. Using Equations (5.51))

we are interested for each of these self-energies in the propagators

_ d°p I(py=0,p) fipe
AH(;;;)_f(%)3 o . (5.55)

The Fourier transformations for a massless propagator in three dimensionsﬂ is [62,/128]

dp ere T(5-a) 1
Gry (7~ BT (a) ()

(5.56)

We have three different powers of interest given through the above self-energies, namely
we need
d®p eire 1 d®p eire || dPp eire g3

ep ) e J @ er s ) @y wen OO0

Note the negative sign which arises in the second integral. This will be the leading behavior
in the high and the low temperature limit alike. Due to this integral the overall sign of
the result will be negative. Comparing with the general formula above this sign comes
from I'(-1/2) = -2\/7.

From this we can write down a propagator for all the self-energies above. Note that we
have to add an additional factor of T' coming from the thermal average .

3 1
A(ZT_)“)(x):—)f; |lz| - AT ( L 08(q) +cl)+(’)(l) 7

2nlz| \ 272,  4Am? T
R 1 log(e,) 1
A=) - 4 0(—) 5.58
o (@)= 47r|x| 6n2e, a2 2)TEAT) (5.58)
T3 AT 1 log(e,) 1
AT=) 0y - _ B q o (_)
e @) =gl e e, a2 O\ )

(T—0) _ (T=0) B )\7"3 _ ]_17TAT5 3 7
(TAO) (T 0) B T3 ]_37TAT5 3 7
A (p0,p) = Ay (0, p) Sy |z| - 1050 2P+ 0 (T7) , (5.59)
AE-0 -0 _ATE L 1TmAT 7
(0,p) = Ay (0,p) 24||+ 1080||+(9(T).

As mentioned above, all these correlators (except for Ap.) have a leading order contribution

proportional to —73|z| with the negative sign coming from the above Fourier transform.

5The temporal dimension is not relevant anymore due to the thermal average.
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These propagators can thus be used in the calculation of the self-energy insertions of the

Wilson loops we consider below.

5.4 The circular Wilson loop

Given the results of the previous sections it is now straight foreward to calculate the
circular Maldacena-Wilson loop at order A? in the weak coupling expansion. The contour

of the circular loop with radius R € R* is parameterized (?7) by
C: 2*(t) = (0, Rcos(t), Rsin(t),0) , te[0,27].

As derived in the previous chapter, we can calculate the Wilson loop perturbatively by

expanding the exponential. The first terms of this expansion are given in Equations(2.38))
1 - 27 t1
(W(C)) w1 + WP“< [ [t At i) (4,28 + Boolisln)
0 0
1 - 27 {1 to ) i ) ,
+ 3'—N73t1" <'/0 dtl —/0 dfg ‘/0 dtg (lAulxl + <I>r1|x1|n ) X
(IAVQJIg + CI>32|j:2|n5) (lApg,Ig + CI>t3|x'3|nt) + ... (560)

where we used the notation A,; = A,(x(t;)), @7, = ®,(2(t;)) and x; = 2(t;). When taking
the expectation value (...) we Wick contract the bosonic fields among themselves or with
fields from the expansion of the Euclidean action. We work in perturbation theory around
small 't Hooft coupling A = g2N as well as in the large N limitf] This means that we only
need to consider planar diagrams of low loop order. As derived in chapter the above
expansion of the exponential is indeed also an expansion in weak coupling A. The leading
order diagrams following from this expansion were shown in Figure for the circular

loop.

The first order diagram has been calculated in the above Section [3.2.1 We saw that at
this order corrections to the zero temperature result [62] arose from the corrected bare
thermal propagator [111] and we obtained the result in an expansion around small and high
temperature. The result was found to entirely depend on the dimensionless combination

RT between the temperature and the radius of the circular Wilson loop. Finally we

obtained ([3.120)):

A A
WAYET=2) =1 4y ZRT + O N2, ——— VneN
(Wo) +5 BT+ D) n e

SMore precisely we take N — oo and g — 0 while keeping A = g? N <« 1 fixed.
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2.2 4.4
(W )(RTHO) 14 é +)\(RT) 71— _)\(RT) T +O(>\2? )\(RT)E’) .
O ] 12 60

In this chapter we focus on the corrections of the next order in the weak coupling expansion,

A2, The diagrams in Figure [1.1b] [1.1c¢/ and [1.1d| show the three contributions we need to

consider.

The rainbow diagram, the insertion of two bare propagators, is relatively easy and follows
straight forwardly from the calculation of a single insertion at lower order. For the self
energy we need to insert the corrected propagator at one-loop order. This propagator was
derived in a thermal average in Section from the self-energies in momentum space.
Again we thus only need to insert the parameterization of the WL and integrate its contour.
The vertex insertion features an additional spacetime integral over the insertion point of
the vertex which can be chosen arbitrarily. Due to the more complex structure of this
insertion and the additional integral even in the thermal limits we were only able to obtain

numeric results.

5.4.1 Rainbow diagram

The rainbow diagram in Figure [1.1b)]

: (5.61)

follows straight from the one at lower order, Figure For the single propagator insertion

we considered a loop to loop propagator

(||| = 21 - 29) AT () — 25) = sin(tl ;tz)coth(QﬂRTsin(tl ;tQ)) . (5.62)

which was then integrated along the parameterization (??) with ¢; > 5. The hyperbolic
cotangent function had to be expanded around small and high values of the dimensionless
parameter RT on which the circular WL naturally depends. Finally the result (3.120]) was
obtained after integrating along the contour.

The rainbow diagram of order A? similarly has two insertions of the above loop-to-loop
propagator. We need to take into account all possibilities for contractions. Therefore
assume for the insertion points t; > t, > t3 > t4. Then the points 12 and 34 can be connected
but similarly also the connection 41 and 23 are possible. As we consider a closed loop the

insertion points on opposite ends are still next to each other. Contrarily a connection 13
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and 24 is not relevant as it would lead to a subleading diagram in the large N expansion.

Inserting these two possibilities we find

22 2 t1 t2 t3
WQ@D)BZZA dt1‘/0 dt2‘/0 dtg 0 df4><

x l [(|d1[|d2] = i1 - E2) (|ds][Ea] = 5 - d2) ] AT (g = o) ATFO (35 — g )+

+ [(|da]|a] = &1 - d4) (Jol 5] = B - d3) ] AT (2 = 24 ) AT (5 - 903)]

T)2 )2 27 t t t
= (R64)2)\ / dtlfldt2[2dt3 3dt4>< (563)
™

[Sin (tl—Q) coth (27TRT sin (t )) sin (t34 ) coth (27TRT sin (t34 )) +
2 2 2 2
+sin (t2 ) coth (27rRTsin (%1)) sin (%)’) coth (27rRTSin (%)’))] ,

where t;; = ploop;—t;. As in the one loop case we will expand the dimensionless combination
of temperature and radius of the circular loop RT before evaluating the contour integrations.
At small RT we expand around 0 and integrate term by term. For RT — oo we set the
hyperbolic cotangent to 1 and then evaluate the integral. We will compare both of these

results with the numerically integrated values.

The hyperbolic cotangent function is expanded according to Equation (3.116) around
RT = 0. The terms can be multiplied out between the two hyperbolic functions yielding
different powers of 7 at the same order in RT. Integrating over the contour then yields
the final result

T2

L +(RT)? (— - i) +(RT)* (

192

74 ~ T2
1080 1152

(W@>RT»0=)\ [ 41" %

)+O((RT)6)] . (5.64)

Figure shows the result of the expansion compared with the numerical value. We see
a very nice fitting for RT < 0.4 which could in principle be improved by including also
higher orders in the expansion. Again one could attempt to look for a general expression
for arbitrary powers of RT. As mentioned in Section the known series expansion of
the hyperbolic cotangent has a certain radius of convergence yielding that only for RT < 1/2
the expansion would be valid. Figure [5.2] however, shows that in this regime good results

can be obtained already by a simple perturbative expansion.

For large RT we again take the hyperbolic cosine to be one as explained above, see
Equation (3.118). Then the t integrals can be carried out readily and we find a quadratic
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Figure 5.2: Plot of (W@)s/g*n? for RT between 0 and 0.7. The blue line is the expansion
up to order O((RT)%). The black dots represent the numerically integrated values. We
again added the vertical line at RT' = 0.4 to indicate where the perturbation seemingly
breaks down.

dependence on the dimensionless combination RT',
)\2 2 n
(W@)rr—oo = 2 (RT)?2 +O((RT)") ,YneN. (5.65)

We thus expect to see a quadratic behavior which can in fact be seen to fit the numerical
values. This is shown in Figure [3.2] This is an interesting observation. In the RT — oo
limit each propagator comes with RT to the power one. Therefore the rainbow diagrams
in the high temperature limit are expected to precisely yield a dependence of (ART)™ at
order n in the small coupling expansion. While this observation certainly is interesting
we will see below that the self-energy and vertex diagram at quadratic order in the weak
coupling yield a cubic dependence on the dimensionless combination RT. Therefore the

rainbow diagram is actually subleading in said limit.
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Figure 5.3: Plot of W@)s/g>n for RT between 0 and 100. The blue line is the quadratic
function 472 (RT')? while the dots indicate several numerical values.

5.4.2 Self-Energy Insertion

Let us consider the self-energy diagram Figure [I.1c

containing the insertion of a single propagators at one loop order. The calculation of the
self-energy and vacuum polarization was considered in chapter [5.3| where also the Fourier

transform of the corrected propagator was obtained. Recall that from the definition of the

WL we find

N 2 “ d ; TS| Ha SBavoAa
Wahs=5 [ dt [ dt (foalliolnnt (02,00,): - #4a5(A2, ALo)) . (567)

where the correlators as written denote the one-loop corrections to the bare propagators.
Due to theorem [If we only need to consider the scalar propagator and the transverse parts

of the vector bosons. The propagators we thus consider are given in Equations (5.58))

T3 AT 1 log(e,) 1
> @) =gkl o o, T ) O\ T)

146



5.4. THE CIRCULAR WILSON LOOP

1
AI(TTT_’“)(QC) _ A ( L + 08(<q) +02)+(’)(l) :

 drlx] _67r25q 472

T3 117\T®

(T-0) _ A(T=0)

Ay (x) = Ay T (z) - Tor || - 1080 P+ 0 (T7) ,
(o0 A@=0) y AT® - 13TAT®

By () = Ay (0) = lel = —agglel + O (T7)

The zero temperature part is known from [62}64)130] and cancels against the vertex. We

will hence ignore it in the following calculation. Further recall that we used a thermal
average (5.51)) for these propagators.

In the limit RT — 0 the parameterzation ([1.64)) can be inserted with x - x(t;) — z(t2) and
as usual we satisfy the path ordering by setting t; > t;. Then the contour integral at each

order is straight forward

m b Rsin (%52) 11772 R3sin (152
(W@)s =A2T3f0 dt, fo dt2[32(_ 2(7T? ) (13 ))

1080
Rsin (852) 13772 R3sin (152
~R%cos(t; —t) [ - (%5 )— (432) +0O(T7)
127 1080
19X\2(RT)3  75272(RT)5
=- (9 Y _ 20(25 ) +O (N(RT)7) . (5.68)

Compared to the above result ([5.64]) this diagram is subleading in the limit considered.

The calculation for the limit RT — oo is mostly very similar. However, the contour
integration yields a divergence when the insertion points of the correlators coincide. This

is handled by the introduction of a small cut-off parameter &

2 t Rsin(ﬂ)
AT f dt f dty | -p2 |22
<W@)6 0 Y Jo 2| =1t 2

1 1 log(g,)
- : t1—to 2 - 2 ta
47 Rsin (T) 2m2e, 4

_R?cos(ti - tp) ( 1 . log(eg,) . 02) s O(i):l

8rRsin (L52) \ 6m%,  dn? T?

log (g,) (1og (é) - 2) 10log (é) +4
A2 T 1on2e,

= —2\%(RT)? + %/\QRT
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+2C110g(§t)—C2 (10g(%)+2)]+0(%) : (5.69)

This result depends on the two cut-off parameters €, and ¢ coming from the loop integration

and the contour insertion points, respectively. The leading term does, however not depend
on these parameters and as mentioned above we see that the self-energy insertion is indeed
of higher order in RT" than the rainbow diagram ([5.65)).

5.4.3 Vertex Diagram

The contribution from the vertex diagram, Figure (1.1d)) has three bare propagator

insertions which are connected in a vertex in the bulk

(5.70)

The insertion point w of the vertex in the bulk is arbitrary and thus we need to integrate it
over the spacetime. As only bare thermal propagators are considered the general structure
does not change from the conformal result which is given in [62]. Let us briefly discuss
how to obtain the vertex expression. There are two possible three point vertices whose

operators can be contracted with the Wilson loop expansion
-3
oy dfx"l‘a'ch'g’(trp (A" Ay A2] (— [ atw f"bcc‘)”Ai(w)Ag(w)Aj(w))) ,

o § bt (P (014g00) (- [ dtwsrorer @A) w)) . 6

There is always one contraction with a field depending on t; and one depending on w. The
open &; whos A; is contracted with the A(w) that contracts the partial derivative will
lead to terms of the form #;0,,. The remaining prefactors then form (||| - 2;-4;). The
path ordering P and the different possibilities of contracting then cancel the prefactors
and yield the introduction of e(ttat3) = 1 for t; > t > t3. The function ¢ we defined is an

anti-symmetric path ordering symbol.
22
(W)ﬁ = —Z f dtldtgdtg)&f(tltgfg) (|l’1||$3| - jfl . LE3) X

X Tg - 8i d*w A(zy — w)A(zy — w)A(zs —w) . (5.72)

x1
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A(x) is the finite temperature propagator which we derived in Equation (3.111f). For the

vertex it is important to recall the full expression

AT#O

= ({o)] _ 87%' [coth (7T'(|Z] + izo)) + coth (xT(|7| - iz0))] . (5.73)

T

The vertex depends on operators A(z — w) where w = (wp, wy,ws,ws3) is the vertex
coordinate over which we integrate and z = (0, x1,z2,0) it the insertion point along the

WL contour. Therefore the full propagator reads

T (coth |:7TT (\/(Il —wi)® + (22— wy)? + wi + iwo)]

V(@ = wi)2 + (22 — we)? + w?

N (5.74)

coth [WT <\/($1 —w)? + (w2 —ws)? + wj - iw())])

\/(351 —wy)?+ (22 —w2)? + w3

Analogous to all above calculations we are not aware of a possibility to integrate the hyper-
bolic cotangent without expanding. Usually the expansion was around the dimensionless
combination RT between temperature and radius of the circular loop. Let us make this
dependence explicit. Therefore replace z; > Rx; for i € {1,2,3} and the new x; will then
parameterize a unit circle. Furthermore it is useful to substitute w - Rw. The above

propagator thus becomes

A(r-w) =

T (coth |:7TRT (\/(xl —w1)? + (g — wa)? + w3 + iwo)]
(4m)*R V(T —w1)2 + (22— w2)? + w?

N (5.75)

coth [ﬂ'RT (\/(331 —wi)® + (22— wy)? + wi - iwo)] )

V(@ —wi)2+ (22— w)? + W]

The prefactor proportional to 7/r will come three times from the three propagators.
Additionally the contour prefactors and the integral measure yield a total R® such that
finally we will have, before integrating, (Wgg))s o< (RT)? coth?(RT(...)) meaning that an
expansion around some value of the radius will always match the expansion around that

temperature as we expected.

5.4.3.1 Small radius & temperature

Changing t; <> t3 with respect to Equation (5.72)) for the vertex and setting t; > t; > t3 we

can write the vertex diagram in the following form

N
(W@)ﬂ=zvfo dtl_/(; dfg]; dt3(|:)31||x2|—:101:(:2)><

149



CHAPTER 5. HIGHER ORDER CORRECTIONS TO THERMAL WILSON LOOPS

ity [ d*w RA (21 - w)R2A(2s - w)RA (25— w) . (5.76)
T

The propagators R?A(x; —w) depend on the combination RT as derived above. We thus

can consider the expansion

R2AT¢0(1.) — RT

[coth (m RT(|Z] +ixg)) + coth (7T (|Z| - iz))]

87|
1 RT?
"t +O((RD)) . (5.77)

We use this expansion for all three propagators and combine the expansion keeping only
the leading order in RT. Keeping also expression of the order (RT)* would yield more
complex expressions. We did not keep them as wee see that even the result for order
(RT)? can only be obtained by a numerical integration. The vertex diagram thus

becomes

A2 e u 2 N
<W@>B:_Z/0‘ dtl_/(; dt2‘/0\ dt3(|$1||$2|—$1l’2)$3a—

, 1
8 f dw |:(47r2)3($1 - w)2(ff2 - w)2($3 - w)2+

(5.78)

T?2R?[(x1 —w)? + (22 —w)? + (x5 — w)?]
12(472)2 (21 — w)? (29 — w)?(x3 — w)?

+O(RT)*

The first fraction gives precisely the zero temperature term which is treated in [62]. It
eventually can be cancelled against the self-energy insertion Figure [I.1¢| The focus will
therefore be on the next order term. Here we see three very similar terms, however, the
first one will vanish because after canceling numerator and denominator it is independent
of x1. Let us therefore focus on the last term as the second term follows by simply taking
Ty < T3.

For this term we will first calculate the integral over w by introducing Feynman parameters
in the known way. Note that, since we parameterize unit circles with the x; we can set

x? = 1. Then the integral we need to compute is

fdd (21 - w)2(m2-w)2 f do‘fdd (w2+A)2 f do (ZW)Q Er(g)» (5.79)

with A =2(1-a+a?) +2a(l - a)z; - 9. We used dimensional regularization in d = 4 - 2¢

dimensions to compute the logarithmically divergent integral. This yielded the gamma
function I'(¢) which has a simple pole at zero. For the moment we keep the gamma

function as it will eventually vanish when taking the derivative with respect to x;. Before
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calculating further let us include also the operator @3 - 9/oz; yielding

0 fold@w - /Olda(QWV5F(6)(—25)9;~3-g;2a(1_a)

S 2A SN

1 (27)283 - 2o (1 — @)
:_./0 da2(1—a+(x2)+2a(1—a)x1-x2 +0) (5.80)

_ (27)? . 1 N 4 arctan (\ /é:i—ifé)

T3 T2
2 1-21-23 \/(3+931'5172)(1‘331'IB2)3

After acting with the operator i3-9/az, we found a factor € in the numerator which canceled
the divergence eI'(¢) = 1+ O(g). Recall that there is also a similar term like this which
needs to be added with the replacement x5 <> x3, however #3 must remain unchanged as
we included it only later as an overall operator.

Plugging in our parameterization x; = (0,cos(t;),sin(t;),0) we see that z; - x; = cos(t; - ;)
and &; - z; = sin(t; - t;) yielding that @3- 23 = sin(0) = 0 and thus the contribution from
replacing xo <> x3 in the above equation vanishes. The first integral over t3 is readily

evaluated
T T
(Wa)s = 5 (RT) /0 dtlfo dtgfo dty (|31 |[do] — 1 - 32) x

l1-zi-x
(27)2 . 1 4 arctan (\ /—3—951.903)
X T3 -T2 +
2 I-—21-29 \/(3+:171-m2)(1—x1~x3)2

A272

R (RT)Z[O%dfl fotl dty (1-cos(tz)) x

4 arctan ( L-cos(t1a) )

3—cos(t12)

1+
\/(3 +cos(t12)) (1 - cos(t12))

(5.81)

The second part of this integration cannot be done analytically. However we see that it

does not depend on any variable and thus we can get a numeric result.

272

2

(W@)s » —==—(RT)? (21 +24.94) » —220.51\2R*T? . (5.82)

Comparing this result with the ones from the rainbow diagrams ([5.64) and the self-energy
insertion ([5.68)) we see that as the rainbow diagram it is at leading order in the small RT

expansion while the self-energy insertion is subleading.
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5.4.3.2 High temperature

Instead of small radius we can also consider the limit RT — oo. As coth(RT — o0) =1
to all orders in Taylor expansion, see Equation (3.118]), we have to consider a seemingly

simple expression in the high temperature limit

A2 3 [T h t2 s ... 0
<W@>R—>°°=I(RT)/O dtl./(; dfg/g dt?,(|$1||$2|—5131'952):763'a—xlX

4 1 +
* f d w(87r)3(x1 —w)(xe —w) (3 — W)

O(RT)") ,VneN. (5.83)
Note that we already substituted x - Rx and w - Rz as discussed above to determine

the dependence on RT. To evaluate the integral over w (the second line in the above

expression) we again introduce Feynman parameters and shift the w integration to find

4T 1 ! 4 S(a+B+y-1)
d*w = dadfd d*w
/ i1 (7 —w) fo ’ 7'/ [a(z1 —w) + B(x2 —w) + (23 —w)]3/2

ot g 6(a+fB+y-1)
- fo dadBdy f dhw N (5.84)

=47 Aldadﬂdvé(a +0+7- 1)\/Z

where A depends on the Feynman parameters and insertion points. Plugging this into the

above equation for the vertex insertion we find

N oopupe
<W@>RT_>00:_7T?(RT)‘[O dtl_/() dtQ_/(; dt3(|$1||5€2|-$1‘1’2)x

drg - A
VA

A= 04(1 - 04)95% + 5(1 - 5)@ + 7(1 - 7)$§ — affr179 — YT 133 — fyT07s

x/oldadﬁdyé(a+ﬁ+7—1) +O((RT)") ,VneN, (5.85)

A= 98 =2a(1l - a)ry - afzy — ayzs .
83:'1

We can plug in the parametrization of the circle as given in (??), most importantly

z;-xj=cos(t; —t;) and &; - z; = sin(t; — t;), to find

22 27 t1 t2 1
(W@)n-oo = 75 BT fo dt, /0 dty fo dts (1 cos(t - &)) /0 dadBdyx  (5.86)

y da+p+y-1)[2a(1 - a)sin(t; - t3) — afsin(ty — t3)]
Va(l-a)+B(1-8)+v(1-7) —aBcos(t; — t2) — aycos(t — t3) — Bycos(ts — t3)

+O((RT)") ,¥neN.
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After the integral over the first Feynman parameters we again find an expression which we

need to integrate numerically. Finally we then find
22
(W@) rooo » —3.131877T?R3T3 + O ((RT)") ~ -4.91952 \? R3T3 . (5.87)

This result can again be compared with the calculations of the rainbow diagram ([5.65))
and the self-energy insertion ([5.69)). The vertex can be seen to contribute at the same

order in RT while the rainbow diagram is in fact subleading.

5.4.4 Full Thermal Circular Wilson Loop

We are now ready to put all the above results together. Actual results can only be obtained
when taking the limit RT - 0 or RT — oo, in some cases also a numerical calculation
was necessary. The results for the single propagator insertion were obtained in Equation
(3.120). The second order results for small thermal corrections are derived in Equation

(5.64) for the rainbows, Equation ([5.68]) for the self-energy and Equation (5.82)) for the
vertex. The respective results in the high temperature limit can be found in Equations

5.65, [5.69 and [5.87] All of these results can be combined to the final expression for the

thermal circular Wilson loop

(Whs=1+Wg)s+[(We)s + (W@)s + (W@)s] +O(N"?) ,
O(A) O(A?)

A RT)?m? RT)*m4
(W@)RT_,():—-F)\( )7T —)\( 63)71-

S + ONRT)")

_ A 2 2 us 1 2 4
(Wi -0 =~ + N(RT) (144 96)+(’)()\ (RT)) ,
2 3
19X(RT)?

: (R(RTY) .

(W@)rr-0 = -

(W@ rr—o » —220.5102R*T? + O (N (RT)*) |

(5.88)
A A
<W@)RT—>OO = §RT+O((_RT)'”) R VTLEN,
N A
(W@)RT—»oo = ? (RT) +0O W , Vne N,

log (g,) (log (5%) - 2)
472

1
(W@)rr-co = ~2N(RT)* + SN RT

153



CHAPTER 5. HIGHER ORDER CORRECTIONS TO THERMAL WILSON LOOPS

10log (£) +4 4 e, \2
— 2% 19 logl=)-cllogl=]|+2 2~
12n%, Og(et) Cz(og(4)+ ) +0(RT)’
2
(W@) Br—oo » —4.91952\* R*T? + O ( (RT)R) ,¥neN.

5.4.5 Effective coupling

Recall from Equation that the 1/s-BPS circular Wilson loop can obtained from the
one preserving half of the symmetries by a redefinition of the coupling [92]. We want to
look at similar relations for the thermal Wilson loop. The coupling A.g is expected to
depend on the parameters RT' in an expansion.

(WS = xa) = (W) (5.89)

RT—-0

Naturally this replacement can only be obtained for small thermal corrections. In the
high temperature limit we are disconnected from the original zero temperature result for
the circular loop [62]. A zero temperature limit from which the conformal result can be
obtained does not make sense in a high temperature limit.

Therefore recall the results up to order A? for the circular Wilson loop at temperature zero
and in the small thermal expansion

2

_ A A
(& 0)>:1+§+—+O()\3) ,

192
2.2 4.4 2 2 2 2 3
<Wg>>‘ A \(BTPR  (RT)'7t N N(RT)*  19X°(RT)
RT—0 8 12 60 96 192 9
21\2 2 2 T 2
L NRT)? N(RT) — N (RT)*0 + O (A(RT)®, N3 (RT)*, \) .

144 96

Ignoring higher powers in RT" we obtain

A(RT—»O) _ )\(1 + 27T2(RT)2 B 27T4(RT)4
eff - 15

~ \(RT)? (% + 8v) +O (A(RT)S, N2(RT)*, N | (5.90)

v~ -220.51.
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5.5 The straight line Wilson loop

Let us again recall the definition of the Maldacena Wilson Loop of N/ =4 SYM theory as
given in [24,54]

W(C) = %trﬁ eXp[ ¢ de(i,in <I>r|:i:|n")] | (5.91)

In this chapter we consider a straight line insertion. By assuming that the points at +oo
along the straight line can be identified this setup is a closed WL and hence a gauge
invariant observable. The contour of the straight line in the z3 spatial direction can be

generally written as
C:zM(t) =(0,0,0,f(t)) , teZ, (5.92)

with some interval Z c R as proposed in [63]. To form a proper straight line f(t) needs to
be differentiable and monotonically increasing f’(t) >0Vt e Z. Furthermore, if we set the
interval to be Z = (a,b) for some a <b, then f(t \ a)=—-o00 and f(t 7 b) = o] Figure
shows the leading order corrections to the straight line. At leading order (O(\)) there is
only the insertion of a bare propagator (Figure while at order A\? there are a priori
three diagrams contributing. These are essentially the same diagrams we found for the
straight line, see Figure We will go through all these diagrams one by one and will see
that most of them will actually have a vanishing contribution. The thermal corrections to
the straight line WL are only obtained from self-energy insertions as the supersymmetry
is manifestly broken in the expansions we consider. Note, however, that the thermal mass
m2, = A\T? is in fact equal for all fields [123}/131].

The straight line is parameterized by x#(t) = (0,0,0, f(t)) which for all monotonically
increasingf| differentiable functions f yields that the combination between scalar and vector

propagator in fact gives zero readily,
() [|2(t)] = & () - &(t;) = [ () ()] = f'(6) f(t) = 0. (5.93)

The expression (|1 ||#2| — 21 - £2) appears in most of the Wilson loop diagrams. While the
bare propagator gets thermal correction it does not change this structure.

Consider for instance the leading order insertion of a single propagator

Ao W
(W) = 5 [ dty f dto (|| |iia] — 1 - 0) AT (215) = 0, (5.94a)

"The function f can also be monotonically decreasing with f/(t) < 0Vt e Z, f(t \ a) = oo and
f(t 7 b) = —co. In this case we would, however, prefer to work with the function f(t) = f(a+b-t) defined
on the same interval which now is monotonically increasing.

80r monotonically decreasing, see footnote

155



CHAPTER 5. HIGHER ORDER CORRECTIONS TO THERMAL WILSON LOOPS

Figure 5.4: The diagrams show insertions into the straight Wilson loop at low order.
The thicker line is the circular loop of the heavy particle. The curly and straight line
respectively represent a gauge and a scalar Boson inserted. We most sum over all possible
combinations allowed by the present vertices.

P v

(b) Ladder diagrams: Insertion of two single propagators,(W(b)). These diagrams
contribute at order \2.

(c) Self-energy insertion, (W(c)). The hatched circle with the 1 stands for any possible
one-loop insertion. This diagram contributes at order A%

(d) Vertex insertion, (). This diagram contributes at order A2,
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where the part responsible for the vanishing was marked in red. Similarly for the ladder

diagram at order A\? and the vertex diagram we find the above prefactor

A2 bi t t2 t3

x [ [(|d1|[ o] = 1 - o) (Js]|da] = B3 - ) ] AT (212) AT (54) +

 [(alaa] =@ da) ([l [ds] = @ - d23) ] ATHO (214) AT (55)

=0, (5.94¢)
)\2 b t t2
(W)Z Z/ dt1[ dtg—[ dt3(|T1||T2|—’111'2)><
.0 4
Xﬂfg'a— d 'UJA(.CUl —w)A($2_w)A($3_w) =0 ) (594d)
A

respectively. Only the self-energy diagram will have a non-vanishing contribution coming
from the difference between the scalar self-energy and the vacuum polarization of the

gauge fields,

o) =5 [ [ du[lelled [ 22 o) - atisr [ )]

_ %[abdtl fatl dtzf[E(P) ;DPT(P)] (12) - (5.94¢)

The calligraphic F denotes the Fourier transform, ¥(P) is the scalar self-energy and
[1"(P) the vacuum polarization of the gauge field. They were calculated and Fourier
transformed in the above chapter |5.3] The contribution above only came from self energy
diagrams. Therefore this is the only diagram we need to consider in our calculations. Note

that we already substituted in the transverse polarization via theorem [I}

We parameterize the Wilson loop by a linear function. This is the easiest choice for the

function f(t) satisfying all of the above requirements,

' (t) =

N | B

: te [—g, ] for L - o0. (5.95)

-~ O O O
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We know the Fourier transform of the self-energy diagrams from Equation (5.58]) in a limit

of large and small temperature where the thermal average ([5.51]) was used,

Tosoo T VA AT 25 3log(ey) 1
AL - AL ) = At o (o - P - a) v (1)

62, 42 T
N o T3 AT
Ay w) = A7) = 5l - el +0(17)

The zero temperature terms are known to cancel each other [63]. The integral we then

need to evaluate has the following form

(W) = L2 [ dt, f dty (An(Lt - Lt)) - An, (Lt - L)) . (5.96)

where we substituted t; - Lt; which changes the above propagators to

L2 (A An) T (L)) - AR

MTL)( 25  3log(e,) 1

" el (6w S e *201—02)“9(;), (5.97)
27 (A5 - A )0 (L)) = 20 LR - PO o (7). (5.98)

540

Therefore we clearly see that the Wilson loop will only depend on the dimensionless
combination T'L. Henceforth the limit 7" — 0 is of no relevance for this calculation. As
clearly L - oo we would have a limit %Fm%) (f(TL)|;..,) which cannot be subject to a

rigorous expansion. Therefore we only consider the limit LT — co. Here

(W orc =145 A / dt, / dty ((As - A )7 (Lt - Lty)

N(LTY N2 (LT)
T o (log(ep) +1) x (5.99)
1
(20 Blos(ed) L, +(9( A log(/\))
6m2e, 472

Again we introduced a dimensionless cut-off €, to regularize the divergence that occurs
when the insertion points are equal. In analogy to the calculation of the straight line (5.88|)
the leading order is cubic in the temperature and indipendent of any cut-off parameters

we had to introduce throughout the calculations.
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Chapter 6
Conclusion

Supersymmetric and superconformal Yang-Mills theories have been studied with great
interest throughout the last decades. The high amount of symmetries allowed for the
introduction of various tools such as integrability, localization, holography and bootstrap
which aimed at tackling problems from different sides. Using these it was possible to
derive a number of exact results. Defects in superconformal theories partly break the
symmetry group, however, in recent considerations some further exact relation could be
obtained in these theories. In particular line defects in the maximally supersymmetric
N =4 Yang-Mills theory have been studied with great interest. The introduction of a
finite temperature is similar to a boundary defect and it was discovered that techniques of

the conformal bootstrap are applicable to thermal theories under certain conditions.

In this thesis the implications of a line defect placed in thermal N = 4 supersymmetric
Yang-Mills theory have been studied by considering the bremsstrahlung function, the energy
loss of a heavy particle (WL). This bremsstrahlung B can be related to the coefficient of

the stress tensor’s one-point correlation function, h. While the Relation ([1.1J),
B=3h, (6.1)

is well known at zero temperature we have shown in this thesis that said exact relation
continues to hold in the thermal setting at zero coupling.

The proof of this relation was done in two different manners. Algebraically the relation
B = 3h can be proven by a supersymmetric Ward identity, (2.16). However, thermal
effects introduce new additional terms to the identity which potentially yield corrections
to the exact relation. We introduced a phase « o< 2n + 1 which allowed us to express the
action in terms of fields that have periodic boundary conditions on the thermal circle only.
This anomaly-free field redefinition yields new mass-terms in the Lagrangian which break
supersymmetry. Henceforth the above Ward identity needs to be corrected and becomes
a thermal Broken Ward Identity . We expressed the resulting correlator using an

operator product expansion borrowing tools of the thermal and defect bootstrap. In this
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OPE limit the correlation function can be constraint and compared to the original Ward
identity. Due to an integral of the correlator some spinor components could be shown
to cancel and therefore we were able to show the conservation of the relation between
bremsstrahlung and stress tensor at zero coupling.

In a second step we provided a perturbative check of the result. The bremsstrahlung
function can be obtained from the expectation value of a circular Wilson loop. The leading
order in a weak coupling expansion has controllable thermal corrections to the known
formulas in the zero temperature theory. In this perturbative calculation we allowed only
for the fields of A/ =4 to couple to the Wilson loop but not for interactions coming from
the action. Therefore this calculation is comparable with the algebraic approach at zero
coupling. Likewise the one-point function of the stress tensor can be computed using
Feynman diagrams at leading order in the thermal theory. For both calculations an expan-
sion around high and low values of the temperature proved convenient. Consequentially
we were able to compare the two leading order thermal results in two different thermal
expansions. We found that a regularization scheme can be found in both limits which
reproduces B = 3h. The scheme determined an a priori arbitrary parameter that needed to
be introduced for the straight line WL in a dimensional analysis. This length parameter
has an expression in terms of the radius of the circular WL and the temperature. As we
found a matching scheme in a small temperature expansion, Equation , as well as
for the high temperature limit, Equation (3.174)), it is reasonable to assume that a similar

scheme can be obtained for any value of the temperature.

What is more, we studied the implications of interactions to the algebraic argument. Es-
pecially the Yukawa-type coupling between spinors and scalars introduced new constraints
on the way the thermal theory is introduced. We studied two different approaches.
Firstly, we introduced phases as in the zero coupling case. However, the Yukawa inter-
actions yielded constraints. The scalar fields need to obtain phase factors as well. Also
each of the complex scalars and each of the spinors get an individual phase prefactor,
Equation . The four fermionic phases are related by Equation (4.14)) showing that
their sum is zero. They cannot all be equal. Therefore we found that R-symmetry is
broken. We discussed the implications of this breaking. While it seems possible that
R-symmetry is not entirely broken this depends on the choice of some coefficients. While
not being able to further restrict this ambiguity we discussed that with a dynamical
calculation of the self-energy more constraints might be found. Our current understanding
of this calculation was presented in Appendix [H| where we showed that this ansatz suffers
from an inconsistency with known results. From this we inferred that this approach is
somewhat flawed and we discuss the most likely sources of the appearing inconsistencies.
In consequence, a new ansatz is developed in Appendix [l| suggesting a more consistent
approach. We argue that in this case the result from the BWI can again be obtained.

Secondly, we used a KK dimensional reduction to three dimensions. We considered the
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whole tower of emerging massive modes and showed that R-symmetry can in fact be

preserved.

Overall our considerations indicate that it is indeed possible to rewrite the action in a
convenient way, see . We would have a sum of a part of the action which preserves
supersymmetry and a part with corrections. Everything depends only on periodic fields.
The first part preserves supersymmetry and obeys a zero temperature Ward identity
similar to . When the "new” term, the parts breaking supersymmetry, are included
we thus find a thermal BWI. The thermal corrections are introduced through a term
which introduces an interaction with newly defined operators. Those are yielded by the
supersymmetry transformation of the SUSY-breaking part of the action. Once these
operator is known we can use an OPE and hopefully constrain the correlator as in the
zero coupling case. Should this be possible, we might be able to show that the Relation
continues to hold in the interacting theory.

Looking forward, the aim must be to better understand the different approaches we
employed to understand the interacting thermal theory. Our hope is that they can be
condensed straight forwardly into a single consistent ansatz which yields a thermal BWI
in the form expected and we are then able to generally proof the relation B = 3h holds at

finite temperature.

Last, but not least, we considered a brute force perturbative calculation in the non-zero
coupling case. We considered the circular and straight line Wilson loop at subleading
order in a weak coupling expansion. We had to restrict ourselves partly to numeric calcu-
lations. Moreover, it proved convenient to consider a thermal average. This underlines our

observation of the arising difficulties in the non-zero coupling case.

All in all, we can conclude that we were able to proof the relation B = 3h between the
bremsstrahlung and the stress-energy tensor to hold for N' = 4 SYM theory at finite
temperature and zero coupling. This is an interesting result as it shows how exact results
from the theory at zero coupling might be applicable to thermal theories as well. We hope
that further research will proof that this relation can be extended to the interacting theory
as well. Considering the interacting case we further reviewed our current understanding
which indicates a high probability for the relation to continue to hold. The most promising
approach is to write down a general consistent Lagrangian including all periodic fields from
which the thermal BWI are again obtained. Further investigations in this direction are
very captivating due to the possibility of finding a first exact result for a finite temperature

theory.
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Appendix A

Group theory & algebras definitions

In this appendix we review the superalgebra of the full A'=4 SYM theory without any
defect insertion as well as definitions for generators and matrices used in group theory
considerations. For Minkowski space we use a metric in the mostly plus convention

N = diag(-1,1,1,1) unless stated otherwise.

Pauli matrices

Let us start with the Pauli matrices. In Minkowski space they are defined in the usual

manner
10 0 1
oY, = 0% = . Oy =—0% = , Ala
M M= 1) M M (1 0) ( )
0 -i 1 0
o2 =-02, = . oS =03, = ) A.1b
M M=l O) M M (O _1) ( )

This means essentially of, = (1,0%), o, = (1,-0%). For the calculations at nonzero
temperature we first Wick rotate and then compactify the time dimension on a circle.
Consequentially we need to use Euclidean Pauli matrices. This affects only the 0-th

component such that we find
oh=(i1,0') and ol =(il,-0"). (A.2)

The relations we discuss in this chapter hold for both, the Minkowski and the Euclidean
Pauli matrices alike such that we leave out the subscript in the considerations to follow.
Only when the importance is actually significant we will specify which matrices we mean.

Then the sigma matrices with two indices are a combination of these, namely

oh = i (ohG" - oVG") . (A.3)
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From this equation it is clear that these double-index sigmas are anti-symmetric, o#” = —g¥#.
The relations with bars then follow analogously.

Following [6,/13,|[132] with €!?2 = +1 we have the relations

0 -1 iy 0 1
€aB = €45 = , € = €8 = , Ada
B ap (1 0) 1 0 ( )

= 6a56d56“55 : gHoe = EaﬁEdBJZB : (A.4Db)

Q
I

between the barred and unbarred sigma matrices. We introduced su(2), and su(2), spinor
notation with o, 5 =1,2 and d,B =1, 2, respectively.
For arbitrary spinors x® and (¢ this yields [13}|132]

XC=Cx, xo'(=-(oty. (A.4c)

Furthermore for products of the Pauli matrices we find

(o4, %+ ohiohy) S = 28,7 (A.4d)
(ohat +ahah) P =20m65,0 (A.4e)
(Fh0h +ahoh) s = 206%, (A.4f)
(0107 + Tho) = 26M8% (A.4g)
Gh ok, T, = =T = nPPa 4 G+ e P G, (A.4h)

A TR L VA T L L (A.4i)

ok oo, = -l —ntPal, + Mol — e P oy, (A.4))

ohopoh = —0" ol — 0" ol + Mo, — i P o, . (A.4k)

For traces of the Pauli matrices we find

tro" =0, (A.ba)
uv __po 1 vo o,V vpo
troy oy = 5 (""" = kol +eP7) | (A.5Db)
1
trohy oy = 5 (§HPOVT = GHTGVP 4 ePT) (A.5c)
— v —po 1 P VT Ho, Up uvpo
troh ol = ) (ntPm¥e —nkon'P — P | (A.5d)
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1
ol o = 5 (8577 - 54767 - i) (A.5e)

Superconformal algebra

The superalgebra of the full N = 4 theory is usp(2,2|4). It consists of the conformal

algebra su(2,2), an extension of the Lorentz algebra. The generators are the rotations
M

v, the translations P,g, the dilatation A and special conformal transformations K.

The fermionic sector consists of the known 16 + 16 supercharges. These are the 16 Poincaré
superchagres Q1 and Q;, together with another 16 conformal supercharges SI and S7¢,
The spinor indices a, 8 = 1,2 and &, 8 = 1,2 denote left and right spinors, respectively.
The index I = 1,...,4 labels the different supercharges and can be rotated with the
anti-hermitian generators R’ ; of the su(4)r R-symmetry algebra. By construction these

generators are traceless, R’, = 0. The supersymmetry algebra is given by

[P, QL] =0=[P,,Q"], (A.6a)
(L, QL] =1(00) ) @, (A.6b)
(L Q5] =1(5)% QY (A.6c)
(@43} = 265057 Py (A.64)
{eh.@iy=0={es.q7} (A.Ge)
[R,QK) =6/Qh-10/Q5 . [R,.Qk]=-0"@ + 10,0k (A.66)

(R}, Sia] = ~6",05 0 + ia{,sm o [R, 554 = 5,55 iajszd . (AGe)
(QL. 855} =65 (0"5"). €5 L + €as (SR{, . 5{,A) , (A.6h)
{Q;‘v, éJB} = 6,7 (5"0")% 5L, + e (;RJI - 5J,A) : (A.6i)
(QL,57%) 0= 5,07 . (A.6)

Clebsch-Gordan coefficients between SO(6) and SU(4)

We use the Clebsch-Gordan coefficients given in [80] (see also [133,[134] for alternative
derivations) to convert indices between the su(4) and so(6) R-symmetry algebras. The
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generators of s0(6) are given through the six matrices

0o Xr
I"=va| - , r=1...,6, AT
V5 (ZT 0) ( )

where 75 = 17°919293 = 03 ® 00 and the ¥ and ¥ are the Clebsch-Gordon coefficients. They

are given by
N=-%'=-0?®0° , =-Y?=¢%00! , yW=-¥3=-0"90%, (A.8a)
N=¥t=—iol @02 , ¥ =¥%%=—jg?® " , Y =¥0=iod®o?. (A.8b)

These coefficients satisfy

Y= it = gl (A.9a)
w7, = - () (A.9D)
b (S75) = —407 (A.90)

Let n” € S® be a unit vector then
nn, Sy KL = p26K = 5K (A.9d)

The scalar fields ®” in the SO(6) representation are then related to the ones ®45 in the
SU(4) one by

o =37, (A.10)
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Appendix B

Superconformal algebra preserved by
the straight Wilson line

In this appendix we explicitly derive that the superalgebra conserved by the Wilson line
defect is indeed osp(4[4). We first focus on the supercharges preserved by the Wilson line.
We then consider their commutation relations. By assuming the algebra to be closed the
other preserved and broken generators can be identified exactly. The unbroken psu(2,2|4)
algebra of the full theory is discussed in Appendix [A]

Conserved supercharges
Recall that the straight line is placed in the x5 direction. It is given in Equation (|1.63])

W = trP exp [i f dT.A] , A=A3-in,d" |

where n, € S5 and ®" are the six scalars. Consider the supersymmetry transformations of

the Bosonic fields [135]]
(SCA,M = i(falc_ff}a)\é - 5\1d5ﬁaCi) 5 (Bla)
3" = 7 1 CLe PN + B (e (B.1b)

In the following we derive conditions on the spinor variables ¢ and ¢ by demanding the WL
operator to preserve supersymmetry. Therefore consider the action of the supercharges on

A containing the gauge and scalar field:
0= 5(./4 = 5(143 - inR(SCCI)R (BQ)

= iCar0§ONL = iA1a 8L = in, X7 CLe®P N - inTi”J&de‘m;\m

IMind the slightly different conventions.
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APPENDIX B. SUPERCONFORMAL ALGEBRA PRESERVED BY THE STRAIGHT
WILSON LINE

(G S G N~ g (067 S, )
Here we used that (5,\ = ~\o,( [13,/132]. The conditions for 5.4 = 0 thus are
Elaf}?a = —QIJEQBC/}] and 5:?&(; = QUEQBEJB : (B.3)

We included the symplectic matrices €2;; introduced in (1.66). The above calculation

yields the following condition for the killing spinors ¢
(¢ =Qra*e¢] and L =Q"03.(5. (B.4)

Both conditions are in fact identical and we can therefore restrict ourselves to the second
one. The superconformal killing spinor ( can be seperated into a sum of the supersym-
metric killing spinor 1 (corresponding to the Poincaré supercharges ) and its conformal

counterpart v (corresponding to the conformal supercharges S). More precisely
¢E=nl +x,08 0" and (& =08 +2,0" Y, . (B.5)

Plugging this into the above condition yields

nk+ w0t 1 = QY08 (05 + 2,0" )
I QI3 o
- ad'ly (B.6)
My =-03 0%,

Therefore the preserved supercharges are a combination of the supercharges () and their
conjugates Q. The factor between them can be read off from the above equation. The
resulting preserved supercharges are similar to the ones in A = 2 [38]. Note that for

convenience we include a normalization factor. The conserved superchagres for this line

thus are
Q! = —=Ql + Q5% 3 (B.7)
- 5%
I L L 5 i
S, =———7=VS5+—=0,,57. (B.8)

T2 V2

The broken supercharges are given in a similar way. They are the orthogonal charges to

the above ones and obtained by a sign change for the second term,

1 1
Qé \/_ I \/_ IJ 3 a (Bg)
I 1 IJ 1 3 QJa
Sl = —QlVS,, + —03,57% (B.10)

V2 V2
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Commutation relations

Putting the straight Wilson line as a defect in the theory breaks the Lorentz generators
L,3 and all translations P,.3 as well as the special conformal transformations K,.5. We
claim that with the charges defined above form an algebra which is still closed. This is
indeed the case for N = 2 where the remaining conformal group is osp(4*]2) [38]. In the
N =4 case we shall find an osp(4*]4). The original supersymmetry algebra is given in
Appendix [A] with the commutator of two supercharges given in Equation (A.6d). When
commuting the preserved Q found above the result should only depend on the leftover

translation Ps.
{QI QK}_}{QJ + Qg3 08 QK + OF L3 QB}
ar = _2 «a adw J) W BR YL
1 .
505003 {1 Q1) + S0Mol, (QF.Q5)

= QLT o8 o E'YBP +Q75%0

55007 o3, MEWP (B.11)

= QI (035“ + 630“)67 evp Py
= 2QIKP3€a5 .

We used the fact that the Q7% anti-commute, see (1.60)). Considering the commutator
between a broken and an unbroken supercharge we expect the result to depend on the

broken translation generators P,, (m =0,1,2).
I K 1 1J 43 K KL B
{Ql.0ff} = 5 {@h +21702.Q5,Qf - 03,01 |
S0, {QK, Q1) - 5057 { o
= 0500 ,05.64P, - Qo o e”fBP (B.12)

= QIK (035” - 630“)07 evg P, = —4iQIK (03“)0:Y e3P,

:2QIK P() —P1+iP2
P1+iP2 —P() aﬂ‘

With an identical computation we can see that the commutator of the preserved conformal
supercharges yields the special conformal transformation along the defect K3 which we

expect to be preserved,

{SL, 8K} =20/  Kseqs . (B.13)
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WILSON LINE

Similarly the special conformal transformations K, are broken.

We thus have to consider the R-symmetry charges, the Lorentz

{0185} = 3 {Qh+2703,Q5, -0 515 + 07,55

1 1 R
= SO H{QL S} + 500l { Q5,577
1 KLgI n=vy Y 1 KL 3 I I
=—§Q &' (ata”),, eyﬁMW—éﬁ €ap §R L +0 A (B.14)

1 . o a3
+ 5@”0%026 [5% (6“0”)0; M, + P (éRIf, - 5{(]A)]
1 3

= éQIK [0“6” - 036“0”63]: €5 L + e A+ 1 as (R[SQ“ + RIJQJK)

=/ (amén)aﬁ Mo + U7 €05 A + geagRU .
This is indeed independent of the broken Ls,. Note furthermore that we defined

m
5 _ Yot ik L pk it

This symmetric combination of the SU(4)g generators are the ten generators of Sp(4) [83].

Likewise the five broken generators are

1
2

1
RIE = —RIOIE - §Rff,§zﬂ : (B.16)

This can be seen by commuting the unbroken supercharge with the broken 6?
m 3
{oL, fo} = Q' (o )aﬂ Ms,, + §EQB%U . (B.17)

This depends indeed on the three broken rotations Ms,, and thus &;, must indeed be
excluded from the algebra.
Therefore, in conclusion, we see that the algebra osp(4[4) is indeed closed and preserved

in the presence of the Wilson line defect.
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Appendix C

Mulitplets

In this appendix we gather some multiplets of N’ =4 and /=2 SYM theories. The aim

is to explicitly understand how the N = 4 stress tensor multiplet can be obtained from

several N = 2 multiplest [112].
The N =4 stress tensor multiplet B

SIS

1
(01,00, 5 given in [87] with our index notation is

A
2 Prs
—I
% ¢Iro¢ wrd
3 fraB Jrsad 7710‘4/3"
prJ o’
— —I
% Ala q’éﬁd Vraas &
4 |0 Tupas [
Y |2 3 1 i 0 -1 -1 -3 -2

It has dimension 256 The samemultiplet can be written using su(4) g ® s1(2), ® 51(2) dota

representations [8§].

173



APPENDIX C. MULITPLETS

a- i - i~ 0 i I ; ¢ A
Am\im\aﬁo ‘0°0]- g
Am\wov: ‘0°0]- onm\ﬁvﬁo ‘01]- /s

©0[1°01]-
@[ *0*0] D00 0] ©ofp‘p0] | ¥
“0o‘01] (<10 0] " Do‘01] @100 n

Ao“ovﬁo ‘0 NNQ Ao,ovﬁm ‘0 HOH

deﬁoﬁﬁ ‘0] Am\ﬂm\ﬁv: ‘0°1] AQHVSJ ‘0] ¢
Am\iovﬁo ‘1 BZ Ao“m\l: ‘I “OQ m\m
00z 0] ¢
\Y%
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Let us continue with A/ = 2 multiplets. These are representations as given in [88}[112]. Let

us start with the multiplet & which has dimension 16

A

5 1

2 2(0,3)

3 0¢0,1)s 1(0,0)

7 1

2 2(0,3)

4 0(0,0)
r 2 % 1 % 0

The multiplet £, follows similarly.

The stress tensor multiplet in N =4 is C/\()(Oyo) and has dimension 48

A
2 0¢0,0)
5 1 1
2 2(40) 2(0.4)
3 | Va0 La 0.) 0o,
7 1 1
2 2(14) 2(3)
4 O¢1,1)
=0¢0,0)» —1(0,0)
9 1 1
2 2(3,0) 2(0,3)
° i
ro| 1 3 0 -1 -1
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Next we have the multiplet B, which also has dimension 16

A

2 L0,0)

5 1 1

2 2(4.0) 2(0.3)

3 0(0,0) 0( 7%) 0(070)
7 -1 _1

2 2(3.0) 2(0.3)

4 —0(070)

ro o1 3 -3 -1

Last we have the multiplet D%(o,o) with dimension 16 and its analogous counterpart 5%(070)

A
1
2 2(0,0)
5
2 030 L) O0.21)
1 1 1 1 1
3 " 2(0,0) 2(1,4)y T2(3,2)) 2(0,1)° i5(0,0)
7
2 00.4): ~Ls) O30 0G0 O0.4)
o)
4 I | 1
2(0,1)" ~ 2(0,0) 2(1,1)
3
T2(0,0)
: “2(04)
r 2 % 1 % 0 —%
These N = 2 muliplets can be combined into the A = 4 stress tensor multiplet
11 R — . _
8[207;70](0’0) ~ 3B & 52(070) @ 52(070) 7] Co(oyg) @ QD%(QO) ® 2D%(0’0) . (Cl)
As a consistency check we can see that the dimensions match
256 =3x16+16+16+48 +2x32+2x32. (C.2)
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Appendix D

Some details on supersymmetry

transformations

For the superconformal Ward identity (2.16) we need to know the supersymmetry trans-
formation of the field ¥,;7% of the stress tensor multiplet as well as of the displacement

primary fields O/,

The SUSY transformation of ¢,/K is given in a s0(6) index notation in [87]. in this

appendix we derive the transformation using su(4) indices only.
~ o . s_Lle o .8
5SUSera = 1804(51907"3/755 + 4()07"8'7377(1 - fra,BE - 6fsaﬁ’7r785

o1 .
+ p€aﬁ55 + Jrsad;}/sga + EJstao'z;}/r’ys;Ytéa . (Dl)

Note already that the indices for the contribution with p are not matching. Therefore we
will add a matrix v, here to restore the missing index. Furthermore, this representation

supresses the SU(4) indices. Let us restore these.
: - — s Lo o K8
5SUSYwITa = 1801(54%07“8731]6 + 490r8751J77a - frozﬁgj - éfsaﬁf)/rlt]’ys €K

[ | _ .
+ pIJ'Ea,@’Y;]Keff( + Jrsaa%lﬁ‘]a + EJstaa%IJ’Y;IK%KﬁLO‘ . (D-Q)
For convenience let us contract all terms with M~

5wfro¢77MN = iaadsorsﬂ_}/sIJ’nyng + 450rs’_}/sIJ77MN77i - froz,nyrMNf:?

1. . S
- éfsaﬁf}/rIJ’yq{wN’y;]KEf( + pIJeaB’V;]K’Yq]“\/[Ngi + Jrsoad/y?{wN’}/slng (D3)

1 .
- MN,_ JK = ~L
+ =JataaYrrs Yy Ve VKLE .

6
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This is now fully consistent in all indices. In the next step we want to get rid of the SO(6)

indice Note that the gamma matrices contract to deltas ~,1, 755 = 2056% — 26555
) . s 4 4
OUia A ™ = 10napl NN + A0y ng — AN e] = 207 S ek + SOT fai ek

JKMN€5 + JMN =Jé

—4pryeape K aalJ€ (5?4%]5\7@4]1(@ - 5§VJ%§(L) ghe ) (D-5)

W

i .
JK _ JK =La& JK, L
5wla

1 1
= J0naIL £+ g = Filf el - 301 fael + 307 fakel

af €L aB EL
prpcase” IV + T S (5 TN - SN L) (D)
Note that we found for the Killing spinor the constraint €/¢ = —g¢*¢Z. Then we find
SUFE = ~LOaas N + ol — FIA - SOl N+ Lo S,
= prcape’ N Oeg = k55 e - é (67 Jaitirs = 01 Jldire) 757 ¢f . (D.7)
Then we readily see that the Ward identity indeed yields

0= (0u7af QMM ), = 20ME( Jl ) e = 20N BupgdR) e+ QFY(Fu ) e

—e

Onc (P]KOMM) | G5ee + (ol KOMM) nN — (fIKOMM) <

W

JKNO B JK LM —af N
€€ 50—(J SN0 )Wag‘ €3

«

r
- 01 LNORM) | < 2ot (15 0MM) 5
(

(67 (TS5 0M1),, = 08 (T2 OH), ) 55%€) (D.5)

Now consider the displacement multiplet. Before we apply the supersymmetry transforma-

IRecall that

Yrra = Uiy Y Yrmn (D.4a)
ah = ifmmf‘] v frap = fap el s (D.4b)
Trsac = SR e r sk L (D.4c)
kL = orsr Ak - (D.4d)
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tion we derive the primary O in terms of the scalar fields. This can be done by commuting

the broken R-symmetry generator with the Wilson line. Consider first that for R,

(R, Al =[R!,, A3 —in,®"] = ~iQx[RL,, ®KL] (D.9)
_ _%QKL (65 @1E - 51, BIK) %QKLEIKL%MJ (D.10)
_ ‘51 (L 0E - Q1K)+ M By, (D.11)
=10 KQ; +1QM Dy, (D.12)

The broken R-symmetry generator is the anti-symmetric part of the original generators.
We thus find

(17, A] - %[RIM, Al - Lips - qgom (D.13)

N | —

= LQIKQ M 4 %QINci)NMQMJ - %@JKQKMQM[ - %QJNti)NMQMI (D.14)

2
- —%(I)” ¥ %qr” +iQIE P e QF (D.15)
= -0 110K D QP = —2ip17 + %Q”QKL@KL . (D.16)

The operator O can be read off from this following Equation ([2.9¢))
= 1
O”:@”—QIK(I)KLQLJ:2®1J—§Q1JQKL®KL. (D.17)

The antisymmetric O’/ obeys the trace condition §2;; = 0 has five components. These are
the five scalars that are not coupled to the WL through the unit vector n,. The sixth field
is the Konishi primary operator [116].

Let us now consider how the preserved supercharge acts on this operator
;0" = 6T — QK6 D O
1 _
=5 (AT = Mot + 7R Ca AT )

ik (va = vas
= 5 (XeCra = XiCiea + excrarvCMONY) Q)

1 —.
- 5 (/\Ioact;f _ )\Jaci + EIJKLQKMCE;WEQ/BO-%Q)\%)

1 - .
- §Q”< (e N = Qe e Pod MG + expanCMOAY) Q7 (D.18)
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— ()\([)[gJoz _ )\igla + EIJKLQKMggGQﬁO'gd;\%)
1 — . —.
_ 5 (CJaQIKaidA%{ _ CIaQJLO_id/\% " QIKEKLMN(MQAJQVQLJ)
1 1 J JK 3 Ya 1 J 1 IK 3 ya
= _§< “ (/\cx -Q O-ad)‘lly() + §C “ ()\a -Q Uad)‘(;()
1 -
_ §<—Mo¢ (QIK€KLMN)\£XVQLJ _ EIJKLQKMO_gd)\%) )

Let us first rewrite the totally antisymmetric tensor as

CIJKL = _QIJQKL + QIKQJL - QILQJK

- CMaQIKGKLMN)\éVQLJ — CMO[AQ] (_QIKQKNQLMQLJ + QIKQKLQMNQLJ
+QIKQKMQLNQLJ)
= (MeNY (6807, + QM Qe — 65,0%) (D.19)

= TN = AT+ QY CRAT

And CMQEIJKLQKMOid;\% — CMao_gdj\% (_QILQJKQJM _ QIJQKLQKM
+QIKQJLQKM)
= (Meg3 N (QIES] + QY 5k - QL6 (D.20)

_ ~JaOIL 3 Y& _ ~laJL -3 Y&
= (o AL — QT oL AT
+ Q”C]?}QMLJEM/\% .

From this we finally can combine all the expressions to the displacement operators
=X\ - Qg3 A4 and thus find

« o

1
§:0M = —¢Ja Ly cla J_ 59”6? K (D.21)
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Appendix E

Reduction to N =2 SYM

The correlators including the displacement and stress tensor multiplet are known for the
zero temperature case in N = 2 from [38]. We should be able to obtain these from the
N =4 correlators above. This is a consistency check for the correlators (2.12). In order to

do that assume n, = 0, 3. We make this choice because then we find
Q 00 Q i Qb = jeob  f, b=1,2 (E.1)
= = ab = —li€ap , =ie ora,b=1,2. :
1o o o ’ ’

Note furthermore that the field ®/7 in terms of the three complex scalars is given by

0 ¢ ¢ @3

pri_ |1 0 ¢ o (F.2)
~p2 —¢3 0 ¢
~¢3 2 —¢1 O

We choose the scalar field of N = 2 to be ¢ = ¢; = ®2. Therefore we are generally interested
in the components with I,J =1,2 (or I, J = 3,4 for the complex conjugate). We call these
indices a,b,... =1,2. Let us check that we indeed find the results of [38] step by step.
Note that contrary to the cited paper we define the Wilson line to be in the x3 not the xq

direction.

Displacement Multiplet

Let us start with the operators in the displacement multiplet. We have the following fields:

0 = ! — Q1K G O, (E.3a)
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D=2 -Ql a3 2\, (E.3b)
D™ = i - %QUD’"CD” : (E.3c)
Including the above €2;; we thus find
0=-02=-021+ Q% 02=¢p-0¢, (E.4a)
@ =\ — iy & (E.4b)
D™ = —iF" - %QUDWI)” = —if%m - %Dm (@2 - 2! + 93— p*3)

=i (F3m + D™ + Dmgg) . (E.4c)

This fits the expressions in [38]. For consistency consider the two-point functions

(o"oxr) = # (QIKQJL - QI - %Q”QKL) , (E.5a)
(L By = o 2ens (E.5h)
(D™D, = wj:" . (E.5¢)
Reducing as above we find
(00)yy = 575 (QHQ?? -0 - %(212912) -5 (E.6a)
(& By = —%E“bfam (E.6b)
(D™D, = V‘Zn . (E.6c)

Thus we find that for v = 12B the correlators indeed match.

Stress Tensor Multiplet

For the stress tensors multiplet we are only interested in some of the fields in the A =4

multiplet. These are

prs = O2=p12, (E.7a)
1 _ 12

o = H = 27, (E.7b)

J,%(L = Ju = J;%A + J3434 ) (E.7c)
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Ia g Xa Qabwba ) (E?d)

T > Ty | (E.7e)
07 -0=0"2, (E.7f)
L— o, (E.7g)

Here we defined the fields with the same letters as in [38].

Bulk-to-Defect Functions

Let us turn to the correlators which are actually included in the Ward identity. These are
for N =4

% Z?n:() (xmo-ma-?))aﬁ
2 w3 (y? +x?)

(£13(#,0)0% (0, ) ™" =

x (QIKQJL _ Q[LQJK _ %QIJQKL) 7 (E8a)
By 1
T (2,008 (6,9))0 7 = 22
(ks @00 @)™ = Tt
x (QIMQJN _ QINQJM _ lQIJQMN) (E Sb)
2 ’ '
B x,(y? - 2?)

( mKL(x O)OMN(O )>(T - 9597

" 2w a3(y? + a2)?

x (QIMQJN —QINQIM _ %Q”QMN) , (E-8¢)

(r=0) h [iyEaﬁ ~ Ym0 (QJmUm&?’)a,B]
y))w T or

(v 55(2,0) 50,
x (367 QKL — 65K QE + 6L ) 2(y? +22)?,  (E.8d)
(o (,0)0%% (0, ), " = 0. (E.8¢)
This would yield for the N =2 case

Z?nd) ($m0m53)aﬁ

3 (y? + 2?)

(T=0) _ 3h
om

( B(m 0)0(0 )) (911Q22 Q12921_%§212QQ12)

3hY2 (zmo™a3), s
dr (P +a?)

(E.9a)
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C = (r=0) B iy 3142 52001 _ L 310912
(ja(2,0)0(0, 1))\ —;m[au(w 02 - 00 - %0

+Q34 (931942 _ 932941 _ 1934912)]
2

B Yy
_B | E.9b
m \/ﬁ(y2 +12)2 ( )

o vard @0 _ B za(y? - a?)
(]m(x7 O)O(an)>w = %W ) m= 07 17 2 ) (EQC)

: N2 m =3
(a(2.0) By = —5o (30205 - 42004 + 41089) vces - Ereo (omo Py

z(y? + x2)?
iyeas — X2 _o (xpo™a3
:%Eab[y 5= Lm=o ( )a5]7 (E.9d)
27 x(y? + 22)?
R - T-=0
(02(2,0)0(0, )y, " =0

(E.9)

184



Appendix F

Anomaly calculation at zero coupling

In this appendix we calculate the anomaly of the phase transformations at zero coupling,
(3-18). We closely follow the calculation of the anomaly as presented in Terning [6]. The
spinor fields are transformed with a phase factor. This field redefinition must be accounted
for in the path integral measure thus yielding a Jacobean which generally might be nonzero.
We will show that the transformations are anomaly-free in the free theory. As all
interactions are turned off, we will furthermore see no effects of the gauge fields as one
might expect for such a transformation.

For the purpose of this appendix we ignore R-symmetry indices. In the free theory the
spinors of the tuple A; can get an overall phase factor thus preserving R-symmetry. The
anomaly can then be calculated independently for each of the fields A\;. It is therefore
convenient to focus on a single spinor field A. If the transformation of this single field
is anomaly-free the free N' = 4 theory is also anomaly-free consequentially. From the

Lagrangian only the spinor part is relevant for our considerations
Ly =i\ O\ . (F.1)

We then Wick rotate and compactify the time dimension. Recall that this yields Euclidean
Pauli matrices 0%, = (i1, 0%) and o%, = (-1, -0?). Therefore we also have

o = i (ko —okah) and  ohah +ohat = —20M . (F.2)
For better readability we drop the subscript indicating Euclidean Pauli matrices in the

following. To account for the periodicity conditions (KMS) we redefine the spinor fields

with an explicit phase

2n+1)w
B

The fields with the tilde are the new fields respecting the thermal KMS conditions which
are made explicit through the phases. The fields A are periodic. The Lagrangian thus

A= \=eo) with a= , forneZ. (F.3)
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becomes
Ly — Ly +iara®A (F.4)

The original Lagrangian £, is the one depending on periodic fields only and thus preserves
supersymmetry. The additional mass-like term breaks supersymmetry. The full quantum
theory is given by the path integral over the exponentiated action. Therefore, we need
to consider the Jacobean of the above transformation. This is where possibly anomalies
might arise. We will follow the anomaly calculation as presented in [6]]

Let us first consider which differential operators act as we will need them to regularize in

a later step. For the fermionic fields we find
%iaﬂ@ux = %e_i‘”;\&“é?ueim)\ - %X (60, +15°a) A . (F.5)

the calculation follows analogously for X\. This leads to the definition of the slashed
differential operators similar to the covariant derivative mentioned above, see Equation
(13.20)),

Y = j(a#@u + i&oa) , Y = i(a’“‘@u - iaoa) . (F.6)

Following [6] it will prove convenient to build an operator which does not depend on a

single Pauli Matrix. We therefore define
D3 = l,_Dlﬁ = i(a“@u - iaoa) i (6”&, + i&oa) =0,0" + 46%00; + a? | (F.7)
D2 = IDIp = 9,0" - 45% ad; + o> . (F.8)

We used that o#a? + g¥a# = —20*¥ in Euclidean signature and the fact that the derivatives
commute.

For completeness we check that the differential operators defined above are hermitian and
have negative eigenvalues. We work in a basis with fermionic eigenfunctions x,(z) and

Nn(2). The completeness properties are
Do xXn(@)xn(y) =0(x=y) s Y ia(@)a(y) = 0(z ~y) (F.9)

it [ @) (@) =5 itr [ A @) =G (R0
Mg Mg

LConcretely Section 7.2.
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We included a unity matrix by writing 1 = —ic? to contract right and left spinors. We now

focus on the operator D3 showing that it is hermitian by considering
<X|D§n) = —itr/;vl d*ax, (2)a° D32n, (x)
8

= —itr fM d*zxn(2)5° (8,0" + 40" ad; + a2) n, (z)
B

= —itr /M Az (0,01 + 40%ad; + a2) xu (7). (7) = (Di)dn) : (F.11)
8
Negativity is shown by setting 1 =y
(\DRx) =i [ dax, (2)0" D ()
=itr .//.\/t d*zx,(x) (5#5;1 -i6%) 0% (570, +1i6°a) xn(z)
8
= —tr[M d*z |(6”8l, +i6%a) Xn(I)|2 <0. (F.12)
8
The calculation for Df\ is analogous.

Equipped with this we can define the above introduced functions y and 7 as eigenfunctions

of the respective differential operators with eigenvalues ¢,

D3 () = ~xa(a) . Dinu(e) = —ca(a) (F.13)

The spinor fields can thus be expanded in terms of those eigenfunctions
AMx) = ;anxn(x) . M) = ;bnnn(x) . (F.14)
The coefficients a,, and b,, are Grassmann variables. Let us now write our phase factor

as a transformation of these coefficients. Therefore consider the field . It transforms as

follows
A(#) = T anxa(®) = Ax) = €2 A(@) = 3 alxn() (F.15

The redefined field is expanded in the same basis but with different coefficients. The new

primed coefficients can be obtained from the original ones due to the completeness relation
Z anXn () = Z aneiaTXn(x)
n n

= 0= Cuntn s Con= [ A2 (@)xn(a) (F.16)
B
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APPENDIX F. ANOMALY CALCULATION AT ZERO COUPLING

In an analogous way we define the transformation matrices for the conjugate spinor

V) = Crmbm ,  Coum = f/vt d*ze i, (2)nm (1) . (F.17)
5

The Jacobian is then given by the inverse determinant of the transformation matrices [6],
Jacy = det (00)71 = exp (—i / d'z ozA(x)) , (F.18)
Mg

A() = tr 3 (Xn (@) xn(2) = (@)1 (2)) - (F.19)
The function A(z) can be evaluated by introducing a regulator function R which suppresses
the highest eigenvalues. The regulator is chosen in such a way that its value and all its
derivatives vanish at z = co. Furthermore it is regularized to unity at zero, R(0) =1. An

example for such a function is e7*. Using the completeness relations we can write

A(z) = }gﬂlo%lg%tr [R(_jgg\) - R(_jii)jlé(x -y) . (F.20)

We use the Fourier expansion of the Dirac delta function allowing us to express the

differential operator in terms of Fourier momenta and Matsubara frequencies w,, = 77/

A= i 7Y [ (A o o)

A—)OO
(2 2 _AAF0 A, — A2
_R( (P +wi, = d0%api —a ))] (F.21)

A2

We can use a formal Taylor expansion of the regulator functions R. Expanding around

40%p; = 0 yields the exact formula

A = pim Tter S Zoﬂ l( ampz) (%Z’Pi) ]RU)( (p? +X)22 az))

]0.7

dgA NS [ (40, T (-45%p N\ w2 - a?
tnrerf (3O o (o 5)
Jim Tty (27r)3]0 l A A P

In the second step we rescaled p — pA. This Taylor expansion is not a perturbative

expansion. We need to consider all terms of the infinite sum, however the cut-off parameter
A allows us to ignore certain higher order terms. The limit A - oo in fact cancels all terms
with j > 4. These must eventually converge to zero when the limit is taken. The term with

J = 0 vanishes readily due to the intermediate minus sign. The odd terms with 7 = 1,3
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vanish due to the even integration over d*p. Therefore only the j = 2 term can contribute

, Pp 1602A [, 4ian2  /—0ix\2] 1o(2 , wi-a?
Let us now look at the spinor traces. We need
1 0i _0i 1 ..
trotof? = 3 (GHPVT = GHTQVP + VP = tro'c’ = =0,
— UV =p0 1 vo o SV vpo —0¢ =07 1 i
trot o” 25(5’”5 — GHIOVP — VP = tro 03255]. (F.23)
Plugging this back into the anomaly calculation we find
d*p

. p A w2 —a?
A(x) = I%LIEO Ty f (%)32042/\ [p2 _pQ] R® (—p2 - ) =0. (F.24)

Conclusively, there is no quantum anomaly arising from the transformations of the spinors

(3.18) in the free (¢ =0) N =4 SYM theory.
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Appendix G

Thermal quantum anomaly at

nonzero coupling

Similar to the previous Appendix [F| we consider the anomaly of the phase transformations
. Here we consider the interacting theory which most importantly yields that also
gauge interactions need to be included.

For the calculation of the quantum anomaly we again closely follow the derivation of
Terning [6]. In a first step we show that a phase transformation acting on a single free
scalar field is anomaly free. Using this result and the calculation of Appendix [F] we then

consider N = 4 showing that it is indeed anomaly-free.

G.1 Thermal anomaly for a free scalar

The calculations for the free scalar are analogous to the free spinor. We start with an

action

Sy=- f 20" 9,6 (G.1)
We then Wick rotate and compactify the time dimension as above and introduce phases
to the scalar fields
(2m)m
/8 )

The scalars with an without tilde have to be periodic to satisfy the KMS conditions.

> d=e¢ where & =

formeZ. (G.2)

Forconvenience let us again consider which differential operators act. For the scalar field

we have
“0,0M ¢ = & 0,0 ar g = (0, 0" G0, A2
——¢ ¢=-—=e [0) eTp=—=0¢ ( + 2160, — & )¢

= D} = 8,0" + 2160, - &° . (G.3)
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The calculation for ¢* is analogous. Again we check that these differential operators
are hermitian and negative. Therefore define a basis of eigenfunctions f,(z), ¢,(z) with

completeness properties
Y ha@)fay) =0z -y), X gn(x)gn(y) =d(z~y), (G.4)

[ A @ @) =, [ g @)gn(@) = (G.5)
Mg Mg
Hermitianity is then shown by considering
(f|D;g> = f d*z fr (:E)Dign(x) = [M d*z £ (z) (QL@“ + 2140, — d2) gn()
Msg ]

- [ 4w (0,00~ 2160, - 62) £ (2)gu(x)
Mg

- [M A*2:(0,07 + 2140, — &%) Fo(2)gn(x) = (D2flg) - (G.6)
8
Setting f = g we find that the operator is negative definite
(F1D2f) = f d'zf?(z) (8,0 +2ia0, - 62) f,(x)
Mg
- f 'z (=0% +1a0"0) () (B, +140,0) fu(z)
Mg

. fM A*2|(8, +i66,0) fu(x)]* <0 (G.7)

Conclusively Dg is indeed hermitian and negative. By an analogous calculation the same
holds for D%. Once again f and g are now defined as eigenfunctions of the respective

differential operators

Difn(x) = _Angn(x) ) Dz’ggn(x) = _E%gn(‘r) . (G.8)

The scalars can thus be expanded in terms of those eigenfunctions
¢(x) =Y anful(®),  &(x) =) buga(2) . (G.9)

The coefficients a,, and b,, are now C-numbers.

Let us now write our phase factor as a transformation of these coefficients

¢(x) =Y anful(@) > €76(x) = 3 ay, fu() (G.10)
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The redefined field is expanded in the same basis but with different coefficients. The new

primed coefficients can be obtained from the original ones due to the completeness relation
; ap fn(7) = Zn: a, e f(2)
= a,=Cunm, Cum= [M d*zeT () f(2) (G.11)
8
In an analogous way we define the transformation matrices
V. = Crpmbm s Com = [M dipeiar gi(x)gm(x) . (G.12)
8

The Jacobian is then again given by the inverse determinant of the transformation

matrices [6],
Jacy = det (00)71 = exp (—i / d*z dfl(x)) , (G.13)
Mg

A(w) = Y (fr (@) ful@) = gi (@) ga()) - (G.14)

We introduce the same regulator function R which suppresses the highest eigenvalues as

above. Using the completeness relations we can write

A

A) = i R[5 @R(55) ) - 6208 (57) 900

A—oo

_ D2 e
= lim Z (:L‘)R( )fn(a:) g ()R ( A2¢)gn(x)]

—D; D2
R( 12 )—R( 12 ) Mz -y). (G.15)

We can again use the Fourier representation of the delta function. The anomaly can thus

= lim lim

A—oco Yy—x

be rewritten as

A() —hmTZ/ 27r)3[ ( (p +¢u24;é104w —a2))

A—oo

(102 + w2 — Didvio. — A2
—R( (p? +w? Azlozwn a))] (G.16)

Let us now write down a formal power series expansion of R around 2idwn/a2 — (. All even

term cancel readily as (2iaw, )% = (-2idw, )% for integers j. Therefore

°° 2 (2idw, \7T i (P2 WP - G2)
A(z) = hm TZ/ (2r)s 2 (2]+1)'( e ) R 1)( 2 ) . (G.17)
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Recalling that w, o« n it is easy to see that the above expression is zero. The sum runs
over all integers n, positive and negative. However, the power series consists only over
terms with odd powers and hence is uneven in n. Note that this is the same symmetry
argument Terning uses to cancel all odd term in his calculation [6]. Only here instead of a

Fourier integral we have a fourier series in the 0-th component. Henceforth
A(z) =0, (G.18)

and the transformation of free Bosons is indeed anomaly-free.

G.2 Thermal anomaly in N =4 SYM

The above anomaly calculation provides a basis for the anomaly calculation of N = 4
SYM theory. In principle all steps can be adapted. We only need to be careful about two
changes which arise. N =4 is an interacting theory yielding that the partial derivative 9,

has to be promoted to a covariant derivative including the gauge field
D,=0,+i4,, D,=0,-iA,. (G.19)

Additionally, we need to be careful about R-symmetry indices. Each scalar field and
each fermionic field comes with a distinct phase, see Equation . For the purpose of
calculating the anomaly they can be considered independently. It is not relevant that
we have R-symmetry indices of su(4)r which eventually gets broken. We can keep these
indices arbitrary and sum in a final step. Therefore, for the purposes of this chapter we
do not assume that repeated R-symmetry indices are summed.

Consider the action of the differential operators on the scalar fields analogous to before

1= ~ 1 .. = s 1 . = s
_éq)IJDMDM(I)IJ — _§€_la1JT®[JD“D#elaIJT®IJ _ _56—1a1JT(I)IJ (aﬂ + 1AN) (a,u + 114‘“) elerimpld

- —%e‘i@’ﬂ@” (aua“ +1(9,A") + 21410, + %{Au, A“}) eI Hl7

1- 1

T (a#au FA(OA) + 214D, 5 2 Ay A} + 286150, + o) - @},) 1
1=

==5%u (D,D* +2i6r;D, - &3,) @' (G.20)

Similarly we find for the fermions
D2 = PIp =i ("9, - io" A, —i0%a;)1(5"0, +i5" A, +i5%y;)

= 0,0" + o'V A, A, —10"5Y (0, A,) + 201 A, 0,1 + 40" 1 0; + 2 Ay + o (G.21)
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1 :
=0,0" + §{Aw Ay} = 0" F, + 20" A0, +10 - A+ 40% a0; + 2A0ar + aF . (G.22)
Let us collect the differential operators we are thus interested in. They are
1
D3 = 0,0" +1(9,A") + 21 A9, + §{AM, AR} +2iar (0, +14g) — 47,
=: 82+A2—CA¥%J+2OA([JA0+A (G23)

D2 = 0,0" —i(9,A") - 21419, + %{Aﬂ, AP} 9i6,,(0: +iAy) - 42,

L2+ A2~ a2, 4+ 207, A0 + A (G.24)

A
Il

0, 0" + %{AM, At} =" E,, +1(0- A) + 20 Ap,0,) + 40V a1 0; + 2 Agar + o

10?7+ A%+ a? + 2Apar + A (G.25)
_ 1 ,
D3 = 00"+ S { Ay AV} 45 By =10+ A) = 2 Ay - 46% sy + 2400 + a}

=92+ A%+ a2 + 2A0a; + A . (G.26)

We defined A% =1/2{A,, A*}. The terms which differ between the derivative without and
with bar are called A and A, respectively, for the fermions. For the Bosons we include use
A and 3, respectively. These operators are slighly different for each of the fields ®;; and
for each A; due to the different phases that appear. In consequence we will compute the
anomaly for each I,J independently. Further note that operators with a hat generally
refer to the bosonic versions. The derivation on how the anomaly is computed in a basis

of eigenfunctions is identical to the case of free fields,

Jacp-y4 = exp (—1/ dT/ I (Z OqJAU(:c) Z a[A](SE))) (G.27)

Apg(x) = tr Y (fars(@) fur(2) = Gn1s(2)gn 15 (2)) (G.28)

Ap(x) =tr Z()ZnIJ(SC)XnIJ(x) — ()N (x)) - (G.29)

The traces here are taken with respect to the color group SU(V) and - for the fermionic
case only - over spinor matrices.

The regulator function R(z) can be introduced in the same manner as in the calculations

for the free fields. Likewise we write the resulting Dirac delta function in the Fourier

representation and take a formal power series expansion of R around the respective A = 0.
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In the bosonic case this yields substituting again p - pA

3% °°A3 AY (AY
Apy(z) = hmTZ[ (gﬂ)?’ (P) _(F) .

| 2 A2_ 42 +24,,A
« R (-p2—w” CX2J+ ar 0). (G.30)

The trace, as mentioned above, is taken with respect to the SU(N) color group. The j =0
term vanishes readily. In the limit A — oo the highest term in A has O(A) and hence all
terms with j >4 also vanish. We then only need to consider j = 1,2,3. It is convenient to

choose a gauge 0- A =0 as the final result cannot depend on the gauge choice. Then we
find

d3/\ 3 2 _AZ _ A2 24 A
Ary(z) = hmTZf T )3 —t R(J)( “n OX2J+ A O)X (G.31)

iAoy + 21 Agwy, + 2MAPT Y (=214 wn — 21Aown — 21AA; PP
I A2 ) - A2 J|-o

The term for j = 2 is zero readily while for j = 1,3 the even sum over all integers is taken
over an odd function of n thus vanishing or the three-momentum integral vanishes due to
an odd power of p; in the expansion. Recall that we used an identical argument to show

that the bosonic transfomrations are anomaly-free in the free model.

In the fermionic case we assume the trace to be acting on the color group and on the Pauli

matrices. We find

Ar(z) = Llim trTZ[ (2%)33 < 5! (%)] (é)]

W + 200 A, Py + 40 agp;
= lim trTZf 7 id 7 b
Ao (27T)3 = ]'

A2
_(+au E,, =20 A wP — 409 041]%) ]R(j) (_p2+w72l—A2_a§+2A00q)

R

( P +wZ—A2—a§+2Aoa1)
A2

A2 A2
, dPp 3 w2 + A% + a2 + 2A00
- fm uT) | @y @n)p 2 Z R(]) ( : A2

(G.32)

(_O-'LLVFMV + 2010 (Azwn - AAOﬁZ) + QAUZ]A[’LﬁJ] * 400ia1Aﬁi )j
A2
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6'“‘1/ij + 251 (Azwn - AAoﬁz) + 2A5’Z]A[Zﬁj] - 450iCk]Aﬁi J
_ % .
In the last step we substituted p - Ap. Any terms with j > 4 vanish readily in the A - oo
limit. Following [6] tro#¥ = 0. Therefore only terms with j = 2,3 contribute. From the free

model we know that for j = 2 we will have to consider contractions

trot P = % (61P5VT — §HO VP 4 P (G.33)
tratv 5Po = % (5#p6ya N S - 6/“/00') . (G34)

Here, only the epsilons can lead to terms which do not cancel each other due to symmetry
between the two terms we substract. Furthermore terms linear in p; will readily cancel in
the integration and analogously all linear terms in Py = w,, cancel against the sum. For
simplicity we ignore the dependence on A and consider 3-momenta p; with P, = (w,,p;).

Hence for the j = 2 term we find a contribution
trA? = tr [—a“”FW + 201" A, Py + 400i0qp7;]2

=tr O'NVU'MFMVFpU - O“VUPGFM,,A[pﬁU] - U“VOpUA[uﬁI,]FpU

_ 4UWJOJ'FW0qu - 400i0p”a[ping + 40““0P"A[HJ5V]A[ppa]

+ SJ“VJOjA[M]SV]aij + 800i0p"a1piA[p}Ajg] + 160-0i0-0jO{[Oé[pipj (G.35)

=1tr (GMVPUFNVFpJ + 4E”VpUA[upy]A[ppg]) + ...
= PR Fop .. (G.36)

The dots represent terms which eventually will cancel against respective terms of A. The
last term in the second line with the anti-symmetriced indices also canceled. Either the
term depends on a linear momentum canceling against the single integral or the two indices
of the momenta are identical thus canceling against the totally anti-symmetric epsilon.

Similarly we have

trA? = tr [C_TWF/W = 20" APy - 450i041pi]2 == Fpo (G.37)
We then find
d*p e F,,F, w2 — A% -a?
_ T vt po )| _p2_=n 1
Aj(x) AI_E}OHTZ”:_/ @) o R o= |- (G.38)

197



APPENDIX G. THERMAL QUANTUM ANOMALY AT NONZERO COUPLING

The first term is the instanton term and yields the difference between chiral and anti-chrial
spinors in the action, ny —njy [6]. Due to the thermal theory, the limit A — co eventually
cancels the instanton contribution. This difference arose because instead of the integral
over 4-momenta we only integrated spatial 3-momenta and had a frequency sum. This
leads to A® in the numerator instead of the A* dependence found in the zero temperature
case. This is the reason for the instanton cancellation in the finite temperature theory.
Now let us look at the j = 3 term. Consider again the dependence on A. Due to the
pre-factor A? all terms from the expansion in j that go like A** in the denominator can
be ignored as they are eventually zero in the limit we consider. In turn this yields that
only terms with a dependence on p; can give non-zero results. On the other hand, each of
these terms will be uneven in some p; and hence cancel against the symmetric integral.
Therefore no terms with j = 3 contribute.

Conclusively also the fermionic transformations introduced are anomaly-free and
we find that the Jacobean of the phase transformations is

Jacy-4=1. (G.39)
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Appendix H

Self-energy from phase redefinitions

When considering ' =4 SYM at finite temperature we found it convenient to write the
action in terms of periodic fields only. By doing this the terms breaking supersymmetry
can be identified readily. In Section we considered these phase transformations and
found further conditions on the phases from the Yukawa interactions. This yielded the
transformations in . It is straight forward to see that R-symmetry is broken by these
phases. The dependence on three different integers creates an ambiguity. A priori these
integers can take any value. For some specific choices different amounts of R-symmetry
can be preserved. Some examples are reviewed in Table [4.1]

In this appendix we consider restriction on these choices by a dynamic calculation of
self-energies. We present the respective considerations to the best of our understanding.
We emphasize, however, that the steps in this appendix are novel and have not yet been
fully verified.

The scalar self-energy for N =4 is known at leading order in a weak coupling expansion
[123,/131]. In the Hard Thermal Loop (HTL) limit it yields the thermal mass m2, = AT
which is identical for scalars, vectors and spinors. Looking at our ansatz with only periodic
fields and correction terms, we should be able to obtain an identical result for the self-energy.
We will eventually show that the conditions imposed by the phase redefinitions yield an
inconsistency. It turns out to not be possible to find the expected result. Therefore, a
different approach is then proposed in Appendix [[}

Although the ansatz with the phase definitions was introduced in straight forward manner
we find said inconsistency. This strongly indicates that at least one of the steps we took or
present here is not fully consistent. At the current state of the art it is difficult to identify

this problematic step precisely.

Consider a perturbative expansion around the ’t-Hooft coupling A = g2 N. The counting in

Feynman diagrams is simplified by the replacements in (]3.1))

A#—>gA#7 )\]—>g/\[, (I)[J%gq)](], E%gé. (Hl)
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APPENDIX H. SELF-ENERGY FROM PHASE REDEFINITIONS

Then all propagators are independent of the coupling while all three-point vertices are
proportional to g and four-point vertices are proportional to g?. Note that when comparing
to the Feynman rules presented in Appendix [J] below, the old definitions were used.

Considering the phases we use the field redefinitions of Equation (4.9)). This yielded the

mass terms presented in (4.19))
Linass = tr| = 7T (2ny + DAGON, — 7T (2ng + 1)A26%0, — 7T (2n5 + 1) X360
— 7T (2ny + 1)ANGONy + 4inThy (¢ 01 — Bod 1) (H.2)
+4in Ty (2000 — Bo¢*2) + 4imThs (%0 ds — Do b3)
+ 8 T3¢ o1 + 872 T?130° o + 8T T?N30° s | |
N1, Mo, N3, Ny, Ny, Mo, N3 € Z .
The restrictions yield that
ny+ng+nz+ng=-2, Ny=ni+ng+1, Ng=ny+ng+1, fAz=ny+ny+1. (H.3)

Then the transformations are in fact the ones presented in (4.15)). We kept all phases
independent as this allows to write the following equations more conveniently. The phases
were replaced by their expression in terms of temperature and integers to make the

dependence on T explicit.

H.1 Feynman rules for new mass terms

The new terms of the action are mass-like depending on the different phases. They yield
new building blocks for the Feynman diagram calculation. For both scalars and fermions
we use the convention of a cross along the propagator to indicate the insertion of the

respective propagator . For the Feynman rule consider for example
. 8 , _ _
4inTh, f dr / &P ($20°0% - Bp66%)
0
N 3,2 3 3
= 4inTn,0° f dedJ:T Z[dq/dkx
0 m,n
» (eianﬂiqu@oe—iamf—iki B e—iwmfr—ifciaoeianrﬂtﬁ) qb‘f(q,n)q?{(k, m)

= 877,07 (27) Y f &g / by 0 (G~ B (g, )8 (k, m) (H.4)
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72y f &g [ Ak [(27)° 1672720, mo™6,,,0(G - k)] 6% (q, n)d! (k. m) .

From this the Feynman rule can be read off. Overall we find

ns m’E k
y (©n, @) (@m, k) o 5 =~ (2m)%2mT (20 +1)6%656,,0(7 - F) | (FL5)
I ———X—»— 0, 7

;= (2m)2167T% (72 + fym) 0%6:6,,06 (G~ k) - (H.6)

For a convenient phrasing we will refer to these diagrams as ”"phase insertion” from now
on.

Note that these insertions are of order ¢°72 and ¢°T"! for bosons and fermions, respectively.
Henceforth, in a perturbative expansion these "vertices” do not increase the order of the
coupling. An expansion around small temperatures then seems suggestive although we
will see below that the above insertions yield IR divergences and hence a resummation is

in any case need.

H.2 Leading order self-energy from original N = 4
SYM

Consider first the terms that are equivalently obtained in a zero temperature theory. This
meant that we exclude the phase insertions. The relevant self-energy are derived for the
gauge and the scalar in Section [5.3.1] The final result for a theory at finite temperature is

given in
_ PN 2 Cosy_ 1
¥ - 8@%(@ ) g + AP ;;(53 %0) Grg TP (H.7)

QuQy

—4AP“PVijQ(5B o) ooy

1
—— ¢ 16A$(5B -0F)
Q*(Q+P)? 0
Note that these results where derived considering that the fermions are anti-periodic. In
the above equations dp thus indicated the need to substitute in even (periodic) frequencies
while odd (anti-periodic) frequencies are indicated by dr. The periodicity condition of
the fermions is now absorbed in the phase leading to the new correction terms. For

all calculations we hence only consider periodic fermions. Therefore g = dr and the
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self-energies simplify to

1
1

The self-energy of the fermion is given in [20] and shown to depend on the same integral

1

Y4 o )\J}bad —_ . H.11
A 0 Q*(Q+P)? (H.11)
Consider the remaining integral. We split it into two pieces
1 ;( 1 i‘ 1
- - - + e — H.12
haarr hoarr,, boorr,, O

The first term in the above is the zero temperature term. It is know for example from [62]

o dFQ 1 _T(e)
o 4 @RO)EQAQ+P)? T (4m)?

(H.13)

1
Y@y

We used dimensional regularization in d = 4 — 2¢ dimensions to determine the divergence
explicitly.

We are then left with the thermal contribution of the remaining integral. In thermal
field theories one usually uses a Hard Thermal Loop (HTL) approximation. It is straight
forward to also employ this approximation here. Note that in thermal N =4 there are no
known phase transitions. The constraints in the HTL approximation are thus the same as
the ones for the general theory and it is legitimate to pursue this ansatz. Therefore we
assume that the external momenta are soft p ~ ¢g7'. As is known, the leading contribution
to the integral will come from hard internal momenta ¢ ~ T [47,/100,(119]. Therefore we
can conveniently expand around #/q << 1. Following [100] this yields that all dependence

on external momenta in the numerator can be neglected. In this case we find

1
E:—QAPQi?W»O, (H.14)
1
M, = =2X (P, - P, P,) jQ oro+pe Y (H.15)
1

$9% oc AP (H.16)

0 Q*(Q+P)? -0
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Hence the terms coming from the zero temperature theory can all be neglected in the HTL
approach. In other words, the terms yielding thermal masses are those with a quadratic
UV divergence at zero temperature which the above integrals do not posses.

What is next, we will consider the phase insertion to the scalar self-energy. We eventually
find that the scalar fields get a mass due to an IR resummation. This is in fact analogous

to the resummation needed in general thermal theories. We discussed the main effects for

¢* theory in Section |5.1}

H.3 IR resummation

We need to further consider the self-energy diagrams with the internal propagators dressed
with phase transitions. Let us first consider the scalar tadpole as it is the most straight
forward example. This means including the new mass terms . We consider here the
scalar tadpole diagram which contributes to the self energy. The mass insertion is denoted

by a cross. We have at order T2

N . . n + pm
ai---->-@<----bj =167°T?*\6%5;;T Z f(2 5 b ; ) s (H.17)
P P )3 21 ((2mimT)2 - ¢2)
1
_ 22 ab
= 167*T*\(AF + A3 + 13)0°06;T Z f @) (2T - @) (H.18)

The piece anti-symmetric in m readily is evaluated to zero. Compare the remaining piece
with the expression in . The sum and integral are precisely the same and we find an
infrared divergence for the zero mode. The zero mode namely behaves as /42 creating
the IR divergence. Therefore a resummation is needed. All diagrams that contribute
have the form of the one in Figure but with crosses (phase insertions) instead of
additional bubbles. The resummed version then is (the circle around the cross indicating

the resummed result)

A6, T Z f TR AT (H.19)
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M? = 16m°T?(72 + 23 + 72)
- 167r2(5n%+n§+n§+(n1 +n2+n3+2)2—1) )

In the last step we used the constraints for the 7; and the n; as given above in (H.3]).
The resummation was, as indicated, carried out in analogy to . The difference here,
however, is that the new mass M is not dependent on the coupling and therefore we
cannot simply expand around it. Recall that in the usual thermal IR resummation such
an expansion yields diagrams of order A2 in the perturbative expansion. In fact our
calculation shows that we have to consider all scalars in the diagrams we compute as being

massive with the mass M.

What is more, let us consider the fermionic loop. Also here similar insertions must be
considered potentially leading to the same kind of IR divergence. Note, however, that
as the node in is inserted to an internal propagator all indices are summed. This
yielded the sum ¥7_, (ﬁi + ﬁkm) in case of the scalar above. For the fermions we find

schematically

(wru Q) (Wmv E)

4 4
==Y (27)3 Na;6%616,, ,6(G - k
I; a,] —»—X%—>»—0b,J I;( ) ! 70m.n0( )

= —(27)22N (e + g + a3 + 4 ) 00616, 0 (G- k) = 0 . (H.20)

=0

In the last step the Constraint (4.14]) coming from the constraints on the phases was used.
Therefore we see that there are no relevant mass terms for the fermions. Only the scalars

become massive.

H.4 Self-energy with massive scalars

We can then reconsider the scalar self-energy. In the following all scalar propagators are im-
plicitly assumed to be massive with M2 = 1672 (5n? + n2 +n2 + (ny+ng+ng+2)2-1) , n; €
Z. The diagrams are the same as in ((5.32)). The mass is included readily

Q+P
L/\L
(Sop)thi=g? al------- et Y
Q

204



H.4. SELF-ENERGY WITH MASSIVE SCALARS

= 4\5P§ 2 i H.21
“ 0 Y | gy )
P+Q
(D1 ??7 = g? W
QI ------- € - bJ
P Q P
1 P2
_ ab
= 2)\J 51J$Q|:2Q2+2M2+(Q2+M2)(Q+P)2] , (H.21Db)
Q
1
(El,s (;bJ - g2 N - —5)\5ab51J$ 5 (H.21C)
QI------- s bJ 0@+ M
P P
Q
. (%) o
(El,v ]bJ ‘= 92 éij;z% = —4)\(5 bé[J i @ . <H21d)
al -------®&------- bJ Q
P P

As bosonic and fermionic frequencies are even we can combine all diagrams to

a a 1 1
(21)13 = >‘5 b(SIJ [_4P2£W +4‘i62@

e N o roryo A szwl
GGy, [4;2& —4}; m] | (H.22)

In the second line we took the HTL limit. Consider the remaining integral [47]

gf L1 [A2—M21n(A_2)]+L/°°d ¢ ! (H.23)
5 Q21 M2 (4n)? M2)| " am o M JE AR eV T

We introduced a cut-off A to regularize the quadratic and logarithmic UV divergence.
Therefore we find the final result for the HTL limit

(21)§) = A6®5;, l (;{; In (]\/}—22) + T; - 4](]\/[)] . (H.24)
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1 [°°d q> 1
oz Jo VP + M2 VA _

I(M): = (H.25)

The UV divergent term can be renormalized by a mass counter-term and we ignore it for
the following argument.

This result can be compared to known finite temperature corrections. If the anti-periodic
boundary conditions of the fermions are kept in the Lagrangian, supersymmetry is fully
broken [129]. The computation of the thermal masses, however, showed that all particles,
scalars, gauges and fermions, obtain an identical thermal mass m2, = \T? |123}131].

Demanding consistency of this result with our calculation yields
(1) = AT2696,, . (H.26)

Therefore we need to consider the integral I(M) more closely. We expect to find 1(M) =

—T?/6. In the form the integral is written in now we cannot solve it. We therefore substitute

. . qdé
PT? = 2 +T2M? . T°M?=M?, = dg=T—22 (H.27)
R /(’]“2 _ M2
The integral thus reads
_ M2
I(M) = f 7Y qq (H.28)
6 p—

As we are integrating a smooth function the resulting expression I (M) will also be smooth.
Furthermore consider the limit of lagre M. Using the original definition (H.25)) it is easy

to convince ourselves that
J\I}E%OI(M) =0. (H.29)
Furthermore a numerical evaluation for some arbitrary M shows that
I(M)20. (H.30)

In figure we show some numerical results for arbitrary M underlining the above two
arguments. Conclusively there is clearly still an ambiguity in this approach. Note that we
used it exploiting the Fourier representation in an attempt to identify a supersymmetry
preserving part of the Lagrangian. When considering the full Fourier series we, however,
found an interaction between different modes, see Section [£.2] Such an interaction was

ignored in this approach which might henceforth explain the inconsistency we found.

All in all, this dynamical calculation suggests that there is in fact a flaw in the manner

we define the field redefinitions with phases and that we are, in fact, not allowed to do
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AT?
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Figure H.1: Plot of ¥; depending on M between 0 and 5. The integral I(M) was solved
numerically. The results are clearly all positive and approach a value of %)\T2 as expected.
It is further clear that they cannot the expected result 3, = AT?

this in the way we did. One important restriction yielded by the Yukawa-interactions
was that the fermions do not obtain a resummed mass as the bosons do, as the sum of
all fermionic phases is set to zero. without this restriction it might be possible to find a
consistent result in the thermal mass calculation.

In the following Appendix [[| we suggest another approach which does not suffer from the
problem we found here. We will show that generally R-symmetry is preserved for thermal

N =4 SYM and from this derive a general Lagrangian.

In this Appendix we will finally find the Action (L.8). This action depends only on periodic
fields and we show that it can be made consistent with the thermal mass of N’ =4 SYM.
This suggests that we can derive a thermal BWI for this theory similar to equation

(3.27)). In Subsection [4.1.3.1] starting around Equation (4.40)) we discuss the implications

of additional operators to the Ward identity. These arguments can likewise be applied to
the new Lagrangian we found here. This then suggests that the Relation (1.1]), B = 3h
indeed holds for any coupling g in thermal N'=4 SYM theory. This then is the first exact

thermal result.
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Appendix 1

Implicit field redefinitions

In the previous Appendix [H] we considered a dynamical calculation for the phase redef-
initions introduced in Section £.1 We demanded consistency for the computation of
thermal masses which is naturally considered in a HTL approximation. We were able to
show, however, that the known thermal masses of N'=4 SYM cannot be obtained in the
suggested approach. Therefore, we concluded that the ansatz was flawed. Inspired by the
results we found, we suggest a different ansatz here. We are in fact able to show that the
SU(4)g symmetry of N =4 is unbroken at finite temperature. We then assume that we
are able to write the Lagrangian in terms of only periodic fields with breaking terms, see
. In this appendix we derive these corrections from scratch.

The obvious ambiguity with this ansatz is that we will assume that the anti-periodic
spinors are written in a periodic manner. We do not give these field redefinitions of the
spinors, and assume that possible anomalies or constraints arising are either not present
or can be ignored. This then yields that action of A/ =4 SYM but depending only on

periodic field plus correction terms.

I.1 Ward identities & unbroken R-symmetry

We start by considering Ward identities similar to the ones studied in Sections [2.1] and [B.1]

For any symmetry of the theory at zero temperature we find [90]

Qor-gn) = [ a0, (" (@)p. .00 =0. (L1)

In the above equation () is the charge associated to the symmetry and J*# its current. The
©; denote any operators in the theory. We ignored R-symmetry and spinor indices in the
above equation. They may or may not be present depending on the symmetry we consider.
We do not make further assumptions on it.

We now consider finite temperature. First and foremost one assumption must be made.
Symmetries can only be softly broken at finite temperature. A soft breaking of symmetries

is then visible in the Ward identities by yielded breaking terms. We saw one example
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of this in Section [3.1] where the breaking of the SUSY Ward identity was studied in a
non-interacting setting. We hence exclude all symmetries that transform the coordinates.
The breaking terms can be seen when using Stoke’s theorm on the above equation. The

integral will now be over the thermal manifold Sé x R3,
- 4 =
Q1. pn)p = fséstd 20 (JH(T,Z)p1 - on)s
= dX (JH(T,Z)p1 ... ¢n
v/é\(SéXR3) N( (7—7"'2:)@1 (p )xB

B )
- [l nd P D)l o) (12)

o [ () = 0. 1o

with n;,  =1,2,3 a unit vector in the spatial direction. For the first term in the last line
we used clustering at large distances Z — oo [54]. We assume that the one-point function

of any spatial component of a current is zero
(Ji(1,3))s =0 (1.3)

in any thermal theory. This follows because the spatial components must obey the residual
3d Lorentz symmetry, see also [54]. Then we only need to consider the second term. Here,

the boundary conditions yielded by finite temperature can be used

0 b = 0/ 0 for bosonic symmetries ,
JU(B,%) - J(0,%) = (1.4)
2J°(5,%) for fermionic symmetries .

Note that when considering bosonic symmetries the yielded current is also bosonic and
hence obeys periodic boundary conditions. Fermionic currents similarly obtain anti-periodic
boundary conditions.

As the gauge and R-symmetry are bosonic they are thus unbroken by finite temperature.
This underlines the result we found when considering the reduction to three dimensions
by a Fourier series, Section [4.2] It also further puts into question the first approach using
explicit phase prefactors, Section As stated previously this is probably linked to the
interaction between different modes. With a more careful analysis it might be possible to
re-interpret the Fourier modes as phase transitions for the full theory. We saw that this is

indeed possible when the coupling is set to zero.
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1.2 Periodic Lagrangian

The above consideration showed how bosonic symmetries are preserved at finite temperature.
This is, however, not true for the fermionic supersymmetry. The supersymmetry Ward
identity is thus broken. For consistency, we want to write the full action of N =4
SYM at finite temperature in terms of periodic fields with possible additional breaking
terms as in . This will clearly then yield the breaking terms of the supersymmetric
Ward identity at finite temperature. We suggest the following approach:

Let us assume that there is a consistent way of making the fermions periodic and deriving

corrections. This will yield

T+0 _ pT+0
EN:4 - [’./\/:4 periodic + Lnew, periodic * (15)

Consider the new term (also depending on periodic fields) conceptually. We need to write
down all relevant operators which are allowed by the preserved symmetries and further
make sure that mass dimensions are consistent. The new terms can generally have various
conformal dimensions A. The dimension of the Lagrangian is [£] = 4. Deformations with
A > 4 are irrelevant. They would contribute with a prefactor 1/74-4 which blows up in zero
temperature limit. This is forbidden by the samll temperature limit using our assumption
of soft breakings. It is therefore consistent to discard these transformations. Hence only
deformations A <4 can contribute. They can be considered one by one. The unbroken
gauge and R-symmetry restrict the possible choices. All deformations need to be singlets
as is the Lagrangian.

At A =0 only the identity operator exists. As there is no field dependence the spacetime
integral in the action readily yields a volume of spacetime factor. Following [137] the
prefactor of the identity is the free energy F'. For A =1 we are not able to construct a
singlet operator which could contribute. Due to the low conformal dimension only a single
field could be added which would not be gauge invariant. Also single scalar fields and
spinors are not R-symmetry singlets.

The primary Konishi operator is [116]

It has mass dimension [K] = 2 and hence is a possible contribution at the next order. The
spinor fields have a conformal dimension of [A] = 3/2 and hence are only relevant at the
next order. Considering gauge fields, it turns out impossible to include a term which does
not break the gauge symmetry.

For A = 3 we find Chern-Simons terms of the gauge fields. One might suspect to find
derivatives acting on the Konishi operator. However, the partial derivative will yield a
total derivative term inside the spacetime integral. The covariant part including the gauge
field is similar to the consideration in and can be shown to eventually cancel. All in
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all we thus write
Sffi% = ffi(zl periodic + FT4 Vol (Sé x R?))
g 3 2 I_0Y ijk 2
+ L de d’xtr [m¢lC1 + m,\>\ g )\[ +al'e” (AZAJAk + gAla]Ak)] . (I7>

The coefficient a is real and a priori arbitrary and so are the masses mg, my o< T'. The
first two terms in the second line give masses to the scalars and fermions, respectively. A
priori these masses are free parameters. We assume that the Chern-Simons term can be
shown to cancel. The volume of the thermal manifold diverges and we can consider it

renormalized thus omitting it. Hence

B _
S0 = ffi%pcriodic+f0 dT/d3xtr [mi/C+m,\/\IUO)\I] : (L.8)

This action is now build in a manner that preserves R- and gauge symmetry. However,
it will clearly break supersymmetry and insofar it is as expected. Further note that the
term MoO)\; is precisely the SUSY breaking term we discovered in Section in the
consideration at zero coupling.

The above is thus a consistent suggestion for a Lagrangian which preserves the symmetries
we showed are preserved. In contrast, it manifestly breaks supersymmetry. Also Lorentz
symmetry is broken from four to three dimensions. This can be seen by the explicit o°

which appears in the fermionic mass term.

1.3 Scalar self-energy
The above action depends on two newly introduced mass coefficients
me =myT and my=myT . (L9)

They are a priori arbitrary, however, we again demand that the thermal mass m? = A1?
can be obtained consistently. We therefore go back to the calculation of self-energy as in
the previous Appendix [H.4] As previously, all fields are assumed periodic and we should
demand consistency in the computation of the scalar self-energy. The relevant Feynman
diagrams are given in Equation (H.21)). The difference in the case at hand are the masses
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for the fermionic particles. Hence we find

Q+P
_ P _ P
ab . _ 2 7 _______ -
(Bvp)pyi=g ol B

— ab 2 _ P2
=4 5]J—$Q2|:Q2+m?\ (Q2+m§)((Q+P)2+m?\)] ’ (1.10)

and all other diagrams are the same with M? — m . Thus the full diagram is, in the HTL

approximation, given by

ab _ysabs | gf Ly L 1
(X)), =A0 b‘SIJ[ 4 o Q2 4$QQ2+mé+8-iQQ2+m?\]
- A8 [1(0) + I(my) - 21(my)] - (L.11)

We introduced an integral similar to the Equations (H.23), (H.24) and (H.25) in the

previous chapter. With an analogous substitution this yields

WLT ;Y _ﬁ. (112)

ed-1

1
I(m) = .iQQ2+m2

We implicitly renormalized the UV divergence. As discussed above the integral is positive

ren.

and converges to zero for high m. Note for the remaining term that the temperature
dependence is entirely in the prefactor. We have that m o< T" and hence the combination
m =m/7 does not depend on the temperature.

Using that 7(0) = 7°/12 we find in the HTL limit

oo q2—77~7,2 oo 2 _ 2
(20)% = AT?5%0,, —%—if d —V‘Hif dg YL TN 1)

w2 Jing el -1 72 Jimy el -1

The thermal mass of N =4 is [123,131] m2 = AT?. Therefore we need to find solutions in

terms of my and my to the equation

~ 2
1 2 o C-mg 4 e S 2
S A e = (1.14)
me - my -

In principle this equation will yield a relation between the two masses. Figure shows

this relation through numeric results. The values for the new masses are thus also generally

213



APPENDIX I. IMPLICIT FIELD REDEFINITIONS

Figure I.1: Plot of ¥; depending on m, between 0 and 0.6 and mg between 0 and 10. The
result X is plotted in orange while we included the plane ¥ =1 in blue. This is the result
we expect to find following . The intersection between the two planes are the
allowed values when demanding consistency. This clearly shows that there is some relation
between the two masses. The integrals I(m) were solved numerically.

constrained. Taking only the first four digits we find
mg 2 0.32057", my $0.5315T . (I.15)

Employing more numerical results it is possible to further restrict these masses. Employing
a numerical calculation it is further feasible to fit a function to the relation between the
two masses.

This suggest that our ansatz is indeed consistent. It might further be possible by similar
consistency calculations to fully determind the masses mi and m3.

With this result it is possible to consider the BWI similar to the considerations in Section
3.1} Starting from Equation we argue why the new terms in the BWI will not

change the final result. With the Lagrangian as given above we indeed obtain the Relation

(), B =3h.
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Appendix J

Feynman Rules of N =4 SYM

We defined our conventions for the Lagrangian in (1.56). The Feynman rules can be
read off readily from it. We will discuss the momentum space Feynman rules at zero
temperature. Thermal effects include the discretisation on the Matsubara circle and are
taken in account when computing the self-energies. For details see [47].

Following the overall dependence on the Yang-Mills coupling, 1/¢2, every vertex scales with
g~2 and every propagator with g thus making any diagrammatic expansion and power
counting rather intuitive. The bare propagators are

(A2A%) (p) = g(; (o (1-0"55) L @ )0) - gf:b

(@108 (p) = g 5“;5’”57 XA (p) = ~2ig2 0 s (1.1)

Note that our calculations are carried out in the Feynman gauge £ = 1 and the gauge
propagator thus simplifies and only has a metric prefactor.

For the vertices we find [ rules

ap

\k f“bc [10p(q = k) + 1o (k= D)o + 1 (P = @) ]

cp

(J.2a)

!These and all other Feynman diagrams where created with TikZ-Feynman [138] unless indicated
differently.
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1 abe rcde
= ? f b f d (nupnua _T]uanup)

+ facefdbe (nuanup _ nuunpa)

+ fadefbce (nuunpa - Uupnua) )

c
r fabe
a _ if
= W% )
bu
Jc
i
p J/ .
> -1
la--=---- % = Efab%sm(l?+ Dy s
bu
Ia
? 1
,,,,,,,,,, cv _ ?51J77u1/ (fabefcde + facefbde) ’
bu
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(J.2b)

(J.2¢)

(J.2d)

(J.2e)



_____________ 0 -1 abc
pp— g%%% =—f§;—pu, (J.21)

bu
C
ITg------- — L achI J.2
22 2

b

Ia
? 1
Jb oo ‘f __________ Ld _ ; fabefcde (6IK5JL

Kc

—51L5JK) + facefdb6 (51L5JK - 51J5KL)

+ [t (Ors0kL = O1rcdaL) | - (J.2h)
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