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	Zusammenfassung: 	In this dissertation we develop two algorithms for solving the linear-quadratic optimal control problem of externally stable well-posed linear systems. 
The first algorithm is an extension of the Alternating Direction Implicit (ADI) iteration in order to solve the regular linear-quadratic optimal control problem. The algorithm is based on approximating the output map and the input-output map of the well-posed linear system using projections on appropriate subspaces. These projections are determined by the so-called “shift parameters”. We prove that the approximation obtained by this algorithm expresses the optimal cost for a projected optimal control problem. Furthermore, we show that the sequence of approximate solutions obtained by this algorithm is monotonically non-decreasing. Under mild assumptions on the shift parameters, we prove convergence of this sequence to the optimal cost operator (Riccati operator). Later on, we turn our focus to the singular linear-quadratic optimal control problem in the bounded real and positive real case. We show that the ADI iteration can be applied to find approximate solutions of these singular optimal control problems. By assuming finite-dimensionality of the input and output spaces (which is justified in the actual applications), our method provides approximate solutions in low-rank factored form. In order to show convergence, we establish a connection to the projected singular linear-quadratic optimal control problem. As in the regular case, we show that the sequence of approximate solutions is monotonically non-decreasing. If the shift parameters are chosen appropriately, the sequence converges to the optimal cost of the singular optimal control problem in the bounded real and positive real case. 
The second algorithm is an extension of the Newton-Kleinman iteration to the infinite-dimensional spaces. We propose an extension for solving the regular linear-quadratic optimal control problem subject to regular linear systems which have regular dual systems. We construct a sequence of infinite-time observability Gramians to approximate the Riccati operator. These Gramians have finite rank, if the input and output spaces are finite-dimensional. The feasibility of iterations is shown with the help of an interconnection of the system with its anticausal dual. In addition, we establish a direct connection between the Riccati operator and the sequence of infinite-time observability Gramians. In order to prove monotonicity and convergence of our algorithm, we further assume strong stability of the semigroup and boundedness of the control operator. Moreover, the quadratic rate of convergence of the Newton-Kleinman iterations is proven under the additional assumption of exponentially stability on the semigroup. The presented numerical example suggests that it is even possible to apply our method in case of unbounded control operators. However, the proof of convergence in this case requires more investigations and is left as an open problem. 
The two algorithms given in this dissertation are developed for the class of well-posed linear systems. If these systems arise from abstract formulation of partial differential equations, then our algorithms allow numerical solutions of the optimal control problems using the approach “optimizing-then-discretizing”. We verify the applicability of our algorithms by applying them to a two-dimensional heat equation with Robin boundary control and boundary integral observation. We present three numerical examples. The first two deal with the regular linear-quadratic optimal control problem. The Riccati operator associated with these examples is nuclear. We find approximations of the Riccati operator once by applying the ADI method and once by employing the Newton-Kleinman iteration. The last example demonstrates the applicability of the ADI method for solving the singular linear-quadratic optimal control problem in the positive real case. A correct choice of shift parameters is crucial for convergence of the ADI method. We propose an effective strategy for choosing the shift parameters based on the stable eigenvalues of the even matrix pencil. In all the examples, monotonicity and convergence of the approximate solutions are illustrated by observing the nuclear norm of the approximations at each iteration.
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